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ABSTRACT

GRAVITATIONAL WAVES FROM BINARY BLACK
HOLE SYSTEMS IN INSPIRALLING PHASE

Efekan Kokci
M.S. in Physics
Advisor: Metin Giirses
July 2018

Binary black hole systems have three phases: inspiralling, merger and ringdown
phases. This thesis is a review of methods developed to study the inspiralling
phase analytically. Those methods include post Minkowskian (PM) and post
Newtonian (PN) expansions of the metric, which are perturbative expansions in
G and 1/c respectively. By applying these expansions the general solution with
reasonable boundary conditions is derived, and its near and far zone limits are
studied. This solution is observed to be a multipolar expansion, consisting of
multipole moments that cannot be calculated directly. By using PN and PM
expansions together, those multipole moments are calculated. At last, the metric
is expanded to a 1 PN order and equations of motion for a binary black hole
system in inspiralling phase is calculated to 1 PN order.

Keywords: General Relativity, Post Newtonian Expansion, Post Minkowskian
Expansion, Inspiralling Binary Black Holes.
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OZET

SARMALLANAN KARADELIK CIFTLERINDEN
GELEN KUTLECEKIM DALGALARI

Efekan Kokecii
Fizik, Yiiksek Lisans
Tez Danigmani: Metin Glirses
Temmuz 2018

Karadelik ¢iftlerinin {i¢ evresi vardir: sarmallanma, birlesme ve dengelenme
evreleri.  Bu tez, sarmallanma evresinin incelenmesi icin yapilan analitik
yaklagimlarin bir derlemesidir. Bu yaklagimlar, metrigin Minkowski ve Newton
otesi agilimlart gibi pertiirbatif agilimlar igerir. Bu agilimlar sirasiyla G ve 1/¢
tizerindendir. Bu acilimlarin var oldugu varsayimiyla Einstein alan denklem-
lerinin bazi makul siir sartlar1 altinda genel ¢oztimi tiretilmis ve bu ¢oziimiin
yakin ve uzak bolgelerdeki davranigi c¢ahigilmigtir. Gozlenmistir ki bu genel
¢Oziim, bir dizi dogrudan hesaplanamayan ¢ok kutup momenti tarafindan temsil
edilebilmektedir. Bu c¢okkutup momentleri hem Minkowski 6tesi hem de New-
ton oOtesi yaklagimlarin ayni anda kullanilmasi sayesinde hesaplanabilmistir. En
son boliimde metrik 1 Newton oOtesi seviyesine kadar agilmig ve sarmallanan ka-
radelik ¢iftlerinin hareket denklemleri yine ayni 1 Newton 6tesi seviyesine kadar
hesaplanmigtir.

Anahtar sozcikler: Genel Gorelilik, Newton Otesi Acihm, Minkowski Otesi
Acgilim, Sarmallanan Karadelik Ciftleri.
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Chapter 1

Introduction

Our knowledge about the farther places in our universe consists only of astro-
nomical observations. For a long time, most of the astronomical observations
have ever been made are made via one agent, the electromagnetic waves. By
using them we have observed the expansion of the universe, galaxies, many star
systems, and many other objects that emit electromagnetic radiation or interact
with the electromagnetic field. However, there may be many other types of events
occurring in our universe that do not have any electromagnetic trace, therefore
we were blind to those events. This situation is changed after the first direct
observation of gravitational waves by Laser Interferometer Gravitational-Wave
Observatory (LIGO) collaboration. In fact, the first observation is a binary black
hole collision, which does not have any charged matter involved, and therefore

did not generate electromagnetic radiation.

Gravitational waves were predicted by Einstein almost a century before they
were observed by LIGO, in [1, 2]. Their existence can be traced back to the
principle that states nothing can move faster than the speed of light. If you
consider a field generated by its source, and this source is changing, then its
effect cannot be instantaneous, it should move in space. The metric field, as
will be defined in chapter 2, is the main concern of General Relativity (GR),

and assumed to be determined by energy-momentum densities. As the name



stands, GR is a relativistic theory following the principle above. Therefore, it is
logical to expect that gravitational waves would be produced for certain changes
in the source. For electromagnetism, for an arbitrary change in the charge and
current distribution, the generated electromagnetic wave can easily be calculated.
However, it is not the case in GR due to its extremely nonlinear structure of field

equations called Einstein Field Equations (EFE).

Nonlinear structure of GR makes it almost impossible to find an exact solution
to EFE for a given source distribution unless the distribution is assumed to have
symmetries such as spherical or cylindrical symmetry. Binary black hole merger
event includes two point particles moving around, and does not enjoy any such
symmetry. Therefore, Einstein made a perturbative approach in both of his

papers [1, 2], and assumed an almost flat space-time metric

I = Nuv + Vs (1.1)
where 7, is the metric of the Minkowskian (flat) spacetime and 7, is the small
perturbation. Plugging this in EFE, he found a very nice wave equation. To linear
order in vy, the calculations have shown that at large distances, the leading order

term of v, is like

i ~ %QU (¢~ E) (1.2)
where G is the Newton gravitational constant, c is the speed of light and @);;
is the Newtonian quadrupole moment. Observe that two powers of the 1/c are
generated by the two time derivatives on the quadrupole moment. This is one of
the crucial results that show the difference between gravitational and electromag-
netic radiation. Electromagnetic radiation starts with the first time derivative of
dipole moment. Therefore there is an additional 1/c¢ factor that makes the effect
of the gravitational wave much smaller than the electromagnetic wave. Besides,
the gravitational interaction constant G is also much smaller than its analog in
electromagnetic theory, which means it looks like a dream to observe gravitational
waves directly, as Einstein also was of the opinion once. However, weakness of
gravitational waves has a good aspect too: since the interaction constant G is
small, this means that if a gravitational wave is produced, it will not be altered
by the matter content between us and the source, therefore we can get more clean

information than electromagnetic waves.
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How as impossible as it was thought maybe, an indirect effect of gravitational
waves from the quadrupole formula (1.2) has been measured in the observation of
PSR1913 + 16, made by Hulse and Taylor [3, 4]. When the energy loss formula
obtained from (1.2) is used to calculate the period change of the pulsar, it can
be seen that even in the linear order, GR is within 0.2 percent range of the
experimental data [5]. This result, even if it is indirect, gives a striking proof of
the existence of gravitational waves, and generated a motivation to calculate the
period change as accurate as possible in the late 70s [6]. Yet, there is still a desire

for a direct observation the gravitational waves.

As it was stated, gravitational waves are too weak. Therefore, the experimental
data is buried in white noise caused by any vibration we can think of, including
the seismic vibrations of the earth. Then, to observe gravitational waves directly,
the experimental data should be analyzed very carefully. To do this, we better
know what the theory predicts in the first place so that we can match one of
those theoretical predictions to the data by checking if the difference between the
experimental data and the theoretical prediction is a white noise, as the LIGO
and VIRGO collaboration does for data analysis. They have a large library of

theoretical predictions or templates.

In order to find what the theory predicts, it should be determined that which
approximation scheme should be chosen. For this, physical aspects of the motion
of the binaries should be studied first. In binary systems of two massive objects,
there are three phases that are introduced. They are called inspiralling, merger,
and ringdown phases [7]. Inspiralling phase is while those two objects are spin-
ning around each other and well separated. Merger phase is the time interval that
the source is still generating gravitational waves with large amplitude, but is not
well separated. The ringdown phase is the phase that the source is just slightly
out of equilibrium and slowly decays into a stationary solution by radiating grav-
itational waves. In the case of binary black hole mergers, the inspiralling phase
would be before the horizons touch, merger phase is the short interval that the
horizon evolves wildly, and the ringdown phase would be the last interval which
the resulting spacetime is just a perturbated Kerr black hole solution. Therefore,

as it can be guessed, the inspiral and the ringdown phase can be studied via
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perturbation theory, and the predictions of GR can be approximated order by or-
der. However, there can be wild non-perturbative effects occurring in the merger
phase, meaning that only numerical calculations can be used to investigate the
merger. The exception is the miraculous effective one body approach developed
by T. Damour and A. Buonanno [8]. That approach is based on the perturbative
approach that is developed for the inspiralling phase but turns the perturbation
series by a perfect re-summation so that the waveform generated by it matches to
the numerical results even in the merger phase. This astonishing result made it
easier to calculate gravitational waveforms and enlarged the library of templates

of LIGO in a considerable amount.

Let us go back to the methods that are motivated by the pulsar PSR1913+-16.
Since the pulsar is still in the inspiralling phase, in the calculations motivated by
it, the source is considered to be a slowly moving source and perturbation on 1/¢,
which is called the Post Newtonian (PN) expansion, is applied the most. However,
even when calculating the metric, there are divergent terms that appear in PN
expansion [9]. Therefore, another perturbative approach is developed, which
is expanding not in 1/c but in G. This is called the Post Minkowskian (PM)
expansion due to the fact that G measures the coupling to the gravity, and alters
the Minkowskian spacetime into a curved spacetime. In both of these approaches,
a field variable is defined, as Einstein did as in equation (1.1), but in a slightly

different way:
N T (13)
where ¢ is the metric determinant as it will be introduced in next chapter. Then

PN and PM expansions on this field are applied as

" = Gh’f"%—Gth‘”—i—..., (1.4)
and
¥ = CQh’é” 4h’{4” (1.5)

Both of these expansions have their limits of validity. PM expansion is an ex-
pansion over the nonlinearity of the GR. Therefore, if these nonlinear effects are
as large as linear effects, this expansion would not be an appropriate approach.

Therefore, this expansion is valid only if the distance from the source is much
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larger than the Schwarzschild radius GM/c* where M is the characteristic mass
of the source. PN expansion, on the other hand, is just an expansion in v/c where
v is the characteristic speed of the source. This expansion fails if the source moves
ultra-relativistically. But this is not the only way that PN expansion can fail.
If we look at (1.2), we can see that its PN expansion would be a Taylor series
around r = 0:

3~ 2 (G0~ 040+ @0 + ), (16)

cAr 2c2 7Y

therefore only valid around r = 0. That means, this expansion cannot be used for
large distances. If we define, as it was defined in any radiative theory, the near
zone as © < A and the far zone as r > \ where A is the characteristic wavelength
of the radiation that the source is emitting, then we see that PN expansion can
only be used in the near zone. Considering PS1913+416 and general inspiralling
binaries, the matter content is packed: after a distance, there is no source. Let us
define this distance as a, meaning for r > a, there is no energy nor momentum.
In inspiralling phase, when the objects are well separated, obviously we have
a > GM/c?. For slowly moving sources, it can be shown that a < A. Therefore
we find that the PM expansion can be used for r > a. Distances and their scales

are roughly sketched in figure 1.

0 a A
Far Zone

Near Zone

Figure 1.1: The grey area is where the matter is, the red line inside the grey area
is the Schwarzchild radius GM/c?.



This thesis is a review of the PN and PM methods. In the second chapter,
a brief introduction of General Relativity will be given. Only necessary math-
ematical and physical aspects of the theory will be introduced, such as metric,
curvature, geodesic equations and EFE. For more detail, [10, 11] can be applied.
In the third chapter, mostly the calculations in [6] will be discussed. We will
construct the metric in the region » > a by using PM approach and study its be-
havior in near and far zone limits. In the fourth chapter, we will be reconstructing
the metric in the far zone in such a way that PM expansion will be more accurate
by adding the correction coming from the interaction of the gravitational wave
and the characteristic mass of the source, as done in [12]. In the fifth chapter,
we will consider the PN approach, and solve for the PN expansion of metric for
a general distribution of energy and momentum. In the sixth and final chapter,
we will derive the equation of motion for an inspiralling binary system and study
their behavior to 1PN (O(1/c?)) accuracy.



Chapter 2

A Brief Introduction to General

Relativity

In this chapter, a quick summary of the theory of General Relativity will be given.

For more details, see [10, 11].

2.1 Metric, Connection and (ceodesics

In Einstein’s theory of General Relativity (GR), the universe is assumed to be a

pseudo Riemannian manifold, i.e. it admits a line element in the form
ds® = g, (z*)da"dz”, (2.1)

where g,,, are the components of the metric tensor, dz* is the difference of uth
coordinate between the chosen infinitely close points and ds is the interval or
distance between those points. The components of the metric tensor are assumed
to be sufficient many times differentiable functions of coordinates and symmetric
in two indices i.e. ¢, = gyu. Equation (2.1) is an extended version of the
Pythagorean Theorem we have for a two-dimensional plane which can be applied

to curved spaces. In this expression, as in all the expressions in this thesis,



Einstein summation convention is applied. For example, A,B* = AgB°+ A; B+
Ay B? + A3 B3, We will use greek letters for spacetime indices that can take values

0,1,2,3 and Latin letters for space indices with values 1,2, 3.

In Riemannian manifolds, ds? is always positive definite, because the metric is
considered as a matrix which has all of its eigenvalues to be positive. Signs of the
eigenvalues of this matrix is called the signature of the metric, and Riemannian
spaces have signature (+ + ...+). However, pseudo Riemannian manifolds has
metric with signature (— + +...4) or (+ — —...—). The choice between them is
just a matter of convention which does not affect the essence of the calculations.

Here, the former (— 4 +...+) signature will be used.

Under a coordinate change, ds? is desired to remain the same since what name
you give to the points should not affect the distance between them. Therefore,
under a coordinate change 7# = 7#(2%), we have ds? = ds?. Then since
ozt

oz

dz" =

da?, (2.2)

we will have

oz* oz
_ g @ 0T gy 2.3
{5 @) 55 5 pdada (23
= gro (2%)da?da”
Since dx* can be chosen arbitrarily, this gives us, under the given coordinate
transformation o
T 0T
(%) = =—==5—=07,,(T%). 2.4
Do) = 550G, (%) (24)
Anything that transforms by getting multiplied with the coordinate transforma-
tion matrix 2Z under the coordinate transformations, such as (2.2) or (2.4), is

called a tensor. This g, is called the metric tensor.

We are talking any coordinate transformations, not only the linear ones. Thus,
the matrix g% generally depends on the position. Considering this dependence,

generally, a partial derivative of a tensor will NOT be a tensor, because

oA”  ox> 9 0T oz oz* OAP  dx® O 0T

= AP) = A8 2.5

o5F 07" 0o (axﬁ > 97" 92° 0zo | 0" 0o (81:5) (2:5)
8



If it were a tensor, the second term that is proportional to the derivative of the
matrix would not be there. If the tensor A had n more indices, there would be
n more of those terms. That is why covariant derivative is defined. Covariant
derivative is defined as

VA = 0,A" + TV, A, (2.6)
where ') is called connection. The connection transforms in such a way that
it generates negative of those additional terms, so the covariant derivative trans-

forms as a tensor.

In pseudo Riemann manifolds, additionally the following is assumed:
Vogp,z/ = 0. (27)
From this assumption, connection terms can be found uniquely as

1
r, = 59)\0(8“9011 + 0vGuo — Oo Gy ), (2.8)

where g"” is the inverse metric, simply calculated by matrix inversion, satisfying

9" o, = 01 where 0¥ is the Kronecker delta symbol.

Last thing in this section to be mentioned is the geodesics. Let us have two
points, A and B in our pseudo Riemanian manifold with metric tensor g,,,. Let us
have a curve passing from both of these points. A geodesic between those points
is the curve or curves that give the extremum for the total interval or length of

itself. Which means, geodesic is a curve that solves

B B
ol = 5/ ds = 5/ V Gudardzy = 0. (2.9)
A A

If we apply the variation carefully, we get

A2zt dz¥ dx°
Iz =0 2.10
ds? t e ds ds ’ ( )

as the equation that a geodesic curve must satisfy. By defining the four velocity

as ;
o

P =c—. 2.11

u c s ( )

we can rewrite (2.10) in a more compact form
uVut = 0. (2.12)

9



For the future sections, let us put the geodesic equation in a simpler form. Let

us define
Uy = guuuya (2'13)

If we use the definiton of the connection (2.8), the geodesic equation takes the
following form
du,  utu”

&~ a0 Oeow 24

which can be written with only one derivative term of the metric instead of three.

terms as in (2.10).

The metric and the connection, as we have seen, carry the information about
the geometry of pseudo-Riemannian manifolds. Geometry is not only distances
and geodesics, there is more information that can be extracted from the metric.

In the next session, we will look at it.

2.2 Curvature Tensors

If we closely look at the covariant derivative, we can easily see that they do not
commute when we are applying it to a generic tensor. Let us specifically consider

it for a vector. It can be shown that

V., V,JAY = R}, A, (2.15)
for
A _ A A A o A «
RWU = 8,,FW — &,FW + FWI‘W — FMFW. (2.16)

Those Rﬁw obviously transform as a tensor and are components of the Riemann

curvature tensor. The Riemann tensor gives us the specific information about

how much the spacetime is curved. Defining

RT;LVU - gT)\RA (217)

nov
The Riemann tensor satisfies the symmetry relations

R)\pua = _R/\,uozz = _R,u)\z/a = Rl/cr)\,uu (218>

10



and the Bianchi identities

A A A _
R, + R,,, + R;,, =0, (2.19)
VQRQWJ + vﬂRéua + vVRéocu = 0

A beautiful fact about the Riemann curvature tensor is, it is equal to zero if
and only if spacetime we consider is flat. This can easily be observed. A spacetime
is called flat only if there exists a coordinate system so that the metric tensor
does not depend oncoordinates. In that case, it is obvious that the connection is

zero, and therefore Riemann tensor is zero. The inverse is also true.

There are two more curvature tensors constructed from the Riemann curvature

tensor: Ricci tensor and Ricel scalar. Ricci tensor is defined as

R = R, = 8,1", — 9,1, + T, 1% — T T° (2.20)

nrvo Vo po ac vu”

It is a symmetric rank 2 tensor just like the metric tensor
R, = Ry (2.21)
Ricci scalar is defined as the trace of the Ricci curvature tensor
R=g¢g"R,,. (2.22)
It can be shown from Bianchi identities that Ricci tensor satisfies
v, <R‘“’ _ %ﬂ”) —0. (2.23)

Due to being divergenceless, the tensor inside of the covariant derivative in the

above equation is called Einstein tensor. Here, we will show it as

G = RM — gg’“’. (2.24)

So far we have given geometrical structures of the spacetime, now we will use

them for gravitational physics.

11



2.3 Einstein Field Equations

In GR, spacetime is generally curved, free particles follow geodesic of the space-
time, thus their trajectories satisfy the geodesic equation (2.10). If we carefully
look at this equation, we would see that the metric tensor is the quantity that
is replaced by the gravitational potential in Newtonian gravity because, in the
Newtonian limit, this equation reduces to the force equation a = —ﬁcID.Thus,
we need an equation or set of equations to replace the Poisson equation in the

Newtonian gravity. This set of equations is the Einstein field equations

Y , R, 81G_.,
G" = R* _Egu :77—'”, (225)

where G is the Newton gravitational constant, c¢ is the speed of light and T" is

the energy-momentum density tensor or energy-momentum tensor to be short.

12



Chapter 3

Multipolar Post Minkowskian

Solution

In this chapter, mostly the calculations in [6] will be discussed. As in [6], we
will expand the metric in G and try to show that there exists a general form
of solution to the Einstein field equations by using an iterative approach. After
that, we will examine the behavior of the metric we found in the near and far

zone limits.

3.1 Post Minkowskian Expansion

We want to solve the Einstein field equations for a given T*" in various regions
such as far zone and near zone. Since the equations are extremely nonlinear, only
thing to do to solve them is to use perturbation theory. As done in [7, 6, 9, 12], let
us define the following variable to use for expanding our theory as a perturbation

on the following field variable

h}tu — /_ggp,u _ ,,,},u,l/7 (31)

where n* = diag(—1,+1,+1,+1) and g is the determinant of the matrix g,,.

This variable somehow measures the difference between our spacetime and the

13



flat Minkowskian spacetime with metric 7,,. With this choice of variable, if we
apply the deDonder gauge
O =0, (3.2)

then we get the Einstein tensor to be [7, 6, 9, 12]
2|g|G* = Oh™ + b 0,0,h" + gogaﬂz“ﬁal’h"A + g,\g@“h"ﬁ&,h”A

1
— 97 950a 0NN = D h O — Sgosg" NPT (3.3)

1 gy 9aB9ra
= —(?Thaﬂaﬁh")‘( g™ — ) < oo T —)

where the d’Alembertian is defined as Ok = n*?9,05h*". 1f we define
A = —h 050, b — g,30\hP OV W7 — grg 0RO, h A
1
+ 9% grgOuP Oy h"> 4+ 0, R Dy h” + igaﬁgﬂ”amaﬁaah“ (3.4)

1 « o T KU ngg/u/ Jap9ro
+ §arh' Banh >\<g Mg il 2 ><g>\,3.gmx = /82 )7

for later convenience, then the Einstein equations become

167G 167G

Oh = 2|7+ A =

— . (3.5)
c

A

Since we have the Einstein equations written as LIh*" = 168—ZG7'“”, the first thing
that comes in mind is to transform that equation into an integral equation under
reasonable conditions, to solve it iteratively. To prevent the incoming waves, we

impose the following:

TH is of spatially compact support: for r = |Z| > a, T* =0 .

o TH is a C*°(R*) function.

Source is post Newtonian, it can be expanded in % .

e For some T, we have, for t < —T space to be asymptotically flat, and
ohH
=0.
ot

14



With these conditions, integral version of that wave equation becomes

) =2
Tt — | Cﬂf I)
|7 — 7|

r—XT

4
(i, 1) = = [ g3y
C

(3.6)

As it was already stated, this is not a solution but an integral equation, since 7
is a functional of A*”. But we can solve it by iteration to any order in G. There
is only one problem, what if that integral diverges at some order? We somehow
need to regularize that integral, but that is not the way we will proceed. Let us

assume we can expand h*” in G, though. Then we would find
R = GhY + G*hYY + ... + G"h™ + ... . (3.7)

This is called the post Minkowskian (PM) expansion. If we put this PM expansion

of h* in the definiton of A we also find
A" = GPAY + GPAY + .+ GPA™ + L. (3.8)

Expansion starts with G? since A" is at least quadratic in h**. In the region
outside of the matter source, from (3.5), the Einstein field equations takes the
form
Oht = APV, (3.9)
By using the PM expansions of h and A,
Onf” =0,
Ohby =APY n > 2.

n

(3.10)

Now, since the structure of A" is like OhOh+ hodh, nth order term of A*” cannot
include nth or higher order terms of h**. Then we have A*” = A" [hy, ha, ..., hy,_1].
That means, if we know hq, hs, ..., h,_1, then we know the source of h,,, thus we

have at least a hope to find a solution for A,,.

3.2 Linearized Solution

In this section, we will solve the Einstein field equations only for the outside of

the matter source, to linear order in GG. Thus, we will consider only
Oni” =0, (3.11)

15



with the boundary conditions above. As it is done in [6], we will use
i) = funl, (3.12)
I

expansion where n’ = 2’ /r and r = V/zizi. Here, A}, represents a tensor with [
spatial index, which actually is A;;, ; with 41, ...,4; = 1,2, 3. Special cases such
as ny, and Jr, means ny = n;,...n;, and J; = 0;,...0;, respectively. If the tensor
has a hat on it AL, or is written as A_y~, this represents symmetric traceless
part of the tensor A;. This A_;- type of tensors are called symmetric and
tracefree (STF) tensor. In a similar fashion, A(y) represents the symmetric part
of Ap. To be more clear, we have A = (A;; + Aj;)/2 and for A = §;;A
we have A_;;s = Agj;) — 0;5;A/3. Finally, Ap By, means both tensor multiplied

R
and all indices of those tensors are contracted. For example, for [ = 3 we have

ApLBr = AijiBiji,

This expansion is exactly the same with the expansion done by using spherical

harmonic Y;"(0, ¢) functions, and just like it, it is unique [6]

@t
= % /dQﬁLf(ﬁ). (3.13)

Therefore, we can expand h}” on its angle dependence as
WA (7 Z P (r, )0 (3.14)

It is easy to show that (3.11) yields

0? 19> 20 IW(+1)\,w
(35— 555 T3 — D =0, (3.15)
Introducing
u=1t— t,
< (3.16)
v=1+—,
c
and defining
hlL(T, t)
== 3.17
o) = A (317)
without spacetime indices for convenience, we find that f(u,v) must satisfy
0 0 0 0
) — = 1) — — 1 =0. 1
{0 =w) g+ 1+ 1) — 1+ D)5} fv) = 0 (3.18)
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This is an Euler Darboux type of differential equation, and its general solution is

)~ 2 {U(u)—i—V(v)}? .19)

oulovt v—u

where U and V' are arbitrary, sufficiently many times differentiable functions of u
and v respectively [6]. We are looking for a solution that is constant in the past.
Therefore, it is obvious that we should have V (v) = constant, and we can choose
this constant to be zero without loss of generality. Putting the definitions of u

and v, one gets

o 0 1,02 2 0°
99 _ Z(@ _f ﬁ) (3.20)
Since we have
(U= _ (9?19 20N\ Ult-7)
0=0(— )—W—c—@*;a)(f) (3.21)

(i + 2 (CD)

then we can write

Fluv) = SV (1 0 )l{ U(u) } (3.22)

2l ror v — U

Therefore from (3.17), after rescaling the function U and putting the indices back

we find ) NP
Wi (rt)=r (——) (—) (3.23)

r or r

This can be written as [6]

) <—Uf£<t — 5)). (3.24)

ﬁLh!ﬁ—:(T, t) == 8L ”

Thus, general solution is

nU(E ) =) 0 (%) (3.25)

l

This solution can be considered as an infinite series. However, not to deal with
the convergence issues, it will be considered as a finite sum, which will terminate
at some [y value. Here, U} are C*(R) and for u < —T', we have U (u) constant,

which means they are past constant functions. When we decompose those Ut
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into the irreducible representations of the rotation group SO(3), we then have,

foru:t—g

Ar(u)
ROO(Z 4) — L
V(@) =) o=,
120
— Br(u Cp1i(u Dyr a1 (u
hll(J(x’t> :ZaZL L< ) + Z (aLl L ,rl ( ) +€iabaaL1bLfl())’
>0 >1
07— EL(U) FL(“)
hlj (ZE, t) = Z (&ULT + 5z‘jaL r (326)
>0
Giyr-1(u Hyp -
+ Z (8L_1(ij)L—1() + eab(iaj)aL—lbL—l(u)>
=1 g "
[i' —2lU 1
+ Z (8L_2]L—2() + Our—2 <_€ab(iJj)bL2(u)>) ;
1>2 r "
where €5, is the totally antisymmetric Levi Civita symbol with €93 = 1,

Ar, By, ..., I, are the symmetric and trace free tensors that depend linearly on
UL U% U, The above general solution satisfies only (3.10) only. To satisfy
the gauge condition (3.2), those functions Ay, By, ..., I, should satisfy

A+ B =0, AL +B,+C,=0,(1>1),

L. . . 1

B+FE+F=0, BL+EL+FL+§GLIO,(121),

1. 1. (3.27)
Cz+§G1:07 CL+§GL+IL:Oa(l22)7

. 1. . 1. 1.

Dz‘i‘éHz:O, DL+§HL+§JL:O,(ZZ2),

where A = %%. How can we make them simpler? Recall that we still have

not specified the gauge entirely. Consider a coordinate transformation: x* =
7 4+ Gw*. Then, if we put the PM expansion in (2.4), we find

h,Llw _ ’H;lw + OH*w” + P wt — nl“/aTwT' (328)

If both satisfy the deDonder gauge 0,,h*"" = aﬁw/ = 0, then we have Uw" =0 .

We then can write w in terms of STF multipole moments, as we have done for

hll

— WL(U)
w(F,t) = o, ’
; ' (3.29)
' X Yi 1 Zpr— '
wz(f7 t) - ZaZL LT(U) + Z (aL—l L ;ﬂ (u_) + EiabaaL—l bL—Tl (U)) .
>0 >1
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This gauge transformation can then be written as a relation between the multipole
moments IZ{L; §L7 ceny jL, AL; BL> ceny JL and WL, XL> YL, ZL as:

Ap=Ap Wy + X, +V,(1>1), A=A-W+X,
BLZEL"‘WL_XLy(lZO)a CLzéL—YL,(lZD,
DL:ﬁL_ZLa(lzl)v EL:EL+2XL7(ZZO)7 (3?)0)
FL:ﬁL_XL_WL_YLaazl)a F=F-X-W-Y,
G =Gp+2Y;, (1> 1), Hp = Hy +27;,(1>1).
Here, by choosing
1~ 1~
XL = __EL7 YL - __GL7
A y & (3.31)
ZL — _§HL7 WL = _BL - _ELa
and writing
4 (=1)! 4 (=11
A= ——=—>M;, D;=———— 3.32
we find
4 (=D Mp(u)
00 =
o ’t)__ﬁz T
>0
i0/ = 4 (—1)l ML_M(U) 1 l SbL_l(u)
R (Z,t) —=2 Il (8L1 + Py 1€iabaaL71— )
>1
. 4 (—1) M _o(u) 2 1 1.
1) (= _ ) - - ) )
hl (xat) - 02 - l' (aL—Q r + cl T 18aL—2<T€ab(zS])bL—2(u)> ’
B (3.33)
with

to satisfy the gauge condition. With that choice of coordinates, we see that M,
and S;, multipole moments are actually enough to represent hy since other Wi....,
Z, moments carry information about the coordinate choice, which is pure gauge.
The solution in (3.33) written only by M}, and Sy, is called the canonical solution.
Coefficients in front of the A; and D; moments are chosen so that if the source
is moving slowly and has sufficiently weak self-gravity, M and S; are mass and

angular momentum multipole moments related to the source as
My (u) = / & o7, w7, (3.35)
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and
Sp(u) = /d?’x’p(f',u)xgva(f',u)eba<ilx;2i3._.il>, (3.36)

where p(7’, u) is the rest mass density of the matter and v, (7', u) is the coordinate
velocity field of the matter. We remark here that not all powers of ¢ are explicitly

shown, there are also powers of ¢ in the dot derivatives, since we defined it as

i _ 104
A_cat'

3.3 Particular Multipolar Post-Minkowskian

Solution

We have solved hy, now we will try to show that there is a solution for h, by

using the method given in [6], i.e. we will solve (3.10):

ORM = AM (B, m < 71,

(3.37)
Dbk =0,

for n > 2. The first thing that appears in mind is to transform this equation into

an integral equation with the boundary conditions and write

1

AR (T e
W) = O ) =~ [l

|7 — 7|

0 : (3.38)

|7=|
C

first one is the region of integration is not finite, and the second one is the source

where t,op =t —

. However, that integral may diverge for two reasons: the

A* is divergent at r = 0. In order to overcome the former reason, we will divide
h*” into two pieces:
" = W + K, (3.39)

where S stands for static, D stands for dynamic part, and the static part is
defined as
R (7) = W (7, =T). (3.40)

Here the name static part really fits because boundary conditions imply that for
all t < =T, we have W (7, t) = h*(7,—T). We also can divide A into static
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and dynamic pieces. After putting PM expansions of both sides in (3.37), the

equations that static and dynamic parts should satisfy become
AN = A,

w w (3.41)
Oh: = A p.

The solution for the dynamic part can be written as an integral equation, where
Ap is zero for past retarded times, thus it is zero for points that are far enough
from the source. This gives the integral a compact support, thus effectively the
integral is to be calculated in a finite region. That leaves only ' = 0 as a region

that possibly make the integral for the dynamic part divergent.

Equation of the static part can be solved without problem and without any
need for actually doing the integral, by using one of the definitions of inverse

Laplacian:
—lﬁ B ;Lp2—a
e (l—a+3)2—1—a)

That definition has no meaning for [ +a = 2 and [ = a — 3. In order to avoid

(3.42)

that, we can multiply whatever function we want to take the inverse Laplacian of,
with r? where B is a complex number. Then the denominator in (3.42) will not
be zero for some values of B, and we can hope to apply analytical continuation.

As an example, let us try to solve for hhg. We know that Al is

hg‘g_ZaL<UW 1 ) ZU“” (1) (3.43)

Then by taking derivatives of 1/r, we can write it as

~ L
n
We=> Fiy (3.44)
a>1,1
If we take this sum as a finite sum, we can write Ay, as a finite sum too:

'y
17 v n
Mg = KLY e (3.45)

a>2,l

There a > 2 since we have two h;s multiplied, and that 42 is there since we took
two derivatives. We will remind those constraints when it is time, from now on,

let us not write them for convenience. Then we have
ARLS(B) = rPAg, (3.46)
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A A

T v — v VA — n
thCB)ZZAA 125:}(5L;;I§:E':Zzijjgﬁfﬁ I;ZIE:E' C&47)

l,a l,a
Using (3.42) o
~ n r—a
hhe(B) = K" . A4
5B = K B (BT a) (348)

l,a
Obviously this is an analytical function of B. As we can see, if [ = a — 1 terms

exits, this function have a first degree pole at B = 0. Thus, its Laurent expansion

is like
Whe(Bst) = Y CL(F,t)B". (3.49)
k>—1
Then we have
AQLY(B) = > BFACE = rPALE, (3.50)
k>—1

and, by expanding r” in B, we have this set of equations:
v v logk r 174

ACH =0, ACY = —— Ay, (3.51)
We will define the zeroth coefficient of a Laurent expansion as finite part, which
will be shown as

Ch = FP CyY (7, t)B* = FP A™'(rPALY). (3.52)

=0 &= B=0
Now, it is obvious that at each step in this expansion, we may get another logr
generated, thus it looks like hf'¢ can be chosen as a n — 1 degree polynomial in
logr. But there still remains another question: C}" satisfies our equation, but

does it satisfy the gauge condition? We have the following theorem:

Theorem 1 We can expand hie around r =0 as

hi(7) = Z F pfr=loglr. (3.53)

nap.
l,azn,p<n

We will prove it by induction. It is obvious that the statement holds for n = 1.
Now, assume that it is true for all m < n. Then due to its structure, we can
write A as a n — 2 degree polynomial of logr:
ARG = Y Kb ke logr (3.54)
l,a>n,p<n—1
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Here, due to the structure of A ~ hddh + 0hoh, we have r =2 with a < n. That
—2 is there for taking two derivatives, and a < n since we assume that the leading

power of 1/r for h,,s is at least m for all m < n. We can write

V [ = 4 ap ~ —a—
PPN = Y KR aBp(nLr 2By, (3.55)

l,a>n,p<n—1

Then we have

~ , o Cu
MEB)= 3L Kilupph @)
l,azn,p<n—
_ oy 2 K™ | ibpotB (3.56)
OB (l—a+B+1)(B—-1l—a)

l,a>n,p<n—1

In the same way, after applying the Laurent expansion, we see that the zeroth
order coefficient, which is defined as the finite part, is a solution. In order to take
the zeroth order coefficient out of a term inside the summation, we need to take
coefficient of BP*! inside for pole terms, BP for other terms. They will introduce

p+1

log’™ r and log” r respectively. Since we have p < n — 1, then we just showed

that the finite part can contain powers of logr up to n only. Then we have

T

¢ =FPIG(B) = ) Fntrlog'r. (3.57)
Lazn,p<n
Now, this is a solution to the equation, but does it satisfy our choice of gauge?

Let us calculate its divergence. Knowing that our definition of inverse Laplacian

satisfies ol
1 r'tTon,
APty = —— | &3 ———, 3.58
oty = =g [ (3:53)
fora — 1 —1 < Re(B) < a — [, then we easily have
DA (B Rl) = AT, (rP Rk, (3.59)

within that region for [ > 2. Since both sides are analytic functions of B, we

can extend the region that the equality holds to almost all values of B, except

poles of that function, which are integers. For [ = 0, 1, it can be explicitly proven
without difficulty. Then, using this result, we have

Ouq" = TP ,5(B) = FP 9,07 (Al -

= EE) A Y BrP I A%, + B0, ARY). (3:60)

n
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: o _
Since we have 9,A} ¢ =0,

0uq" = FP A™H(Bro~In'AL)
B=

(3.61)
o v ’L/‘L —a—3+B
= EEJ § BK"‘”’LGB A7 (n'ntr ).

La>n,p<n—1

Now, finite part is getting the coefficient of BY of the whole, which is the coefficient

of B~! of the summation. Thus

o
0ud" =Res ) Ko Spp (WAl (3.62)
l,a>n,p<n—1

Now, n'n” can be written as sum of 7 for s = — 1,1+ 1. In the summation, we
have [ = 0,1,2,.... For [ = 0, we only have s = 1 term, thus we have s = 0,1, 2, ...

too. Then, we can rewrite the sum as

P
uyo__ S —a—3+B
aﬂq - ]ég(s) Z napS OBP oA ( )

s,a>n,p<n—1

(3.63)

or ﬁST—a—l—i-B

= HV ‘
PB{S(S)' Z "PSOBr (B —a+s)(B—a—1—s)

s,a>n,p<n—1

Since a > n and s > 0, poles can only come from a = s and p = 0 terms.
Remember that we can actually write those H coefficients in the summation as a

multiplication of Kronecker deltas, Levi Civita tensors and n multipole moments:

HY apS ~ (5€)ML15L2 ZLn' (364)

mn

Now, if this expression has w Wy, x X and z Z; multipoles, then dimensional
analysis gives us
a:n+Zli+w+2x+z. (3.65)
i=1
Here, H)

is symmetric and traceless. Therefore for v = 0, it already belongs to a spin s

aps has one space-time index v, and s space indices i1, ..., is that it

representation of SO(3). For v = 1, its spinis s—1, s or s+ 1. From the structure

of the H and addition rule of angular momenta
spin <Y 1. (3.66)
i=1
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We know that spin can take values s — 1, s or s+ 1. However, since we only know
one of those spins exists (we assume that coefficient gives a contribution to the

sum), the strongest argument we can have is
s—1<>) 1. (3.67)
i=1
Combining this with (3.65)

n<a—s—w-2x—z+1<a-s+1. (3.68)

Thus, we can have a = s only for n < 1. Therefore, for n > 1, the sum can-
not have any pole at B = 0, thus its residue is zero, then p* is divergenceless,
therefore it can be chosen as a solution for hl%. The statement in the theorem is

already satisfied by our solution for n = 1, thus the theorem is proved [l.

If we consider the dynamic part, we have these equations:

WY A pV
|:|hnD - AnD’

(3.69)
9, = 0.

First guess for the solution is
hiyp = Og' AD, (3.70)

but obviously, AL} is divergent at r = 0, thus integral will diverge. This is the
only possible source for the integral to diverge, since the integral has compact
support. We will try to solve it by applying the same regularization procedure

we have done to the static part, as done in [6].
hip(B) = O A . (3.71)

It is obvious that if we choose Re(B) large enough, the integral we expect to see
as derivative of %ZE(B) would converge. Therefore, that integral is the derivative,
and h" (B) is analytic on B with derivative

Oh,,p(B)

55 = Oz rPlogr AR, (3.72)
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where Re(B) is large enough. Now, observe the following

O F = A'F + 6—12D§1A‘1F, (3.73)
where F' is a past-zero function. d’Alembertian of both sides are the same, and
both sides are past zero. By using the uniqueness of the solution to the wave
equation, we conclude that those expressions must be equal. By using this equal-
ity, we can expand the retarded integral of Ap as inverse Laplacians to some
order. Let us do the integral for n = 2 case, to get some feeling again. We know
that we can write Ayp as sum of terms F(t)n’r?®. Then, it is enough to investigate

their integrals for now:

D;zl(F(t)nLTa+B) Af (F(t) L a+B>+ D IA ( ()AL a+B)

F(t)ﬁLraJrBJrQ i »

“(a+B+2-)(a+B+3+1) TR (a+B+2—-1)(a+B+3+1)
(3.74)

If we apply the same equality again and again to the retarded integral that will

FTt)AL a+B+2

appear on the right side, the power of 7’ in the integral will increase. In that way,
regardless of the value of Re(B), the integral can be made convergent by doing
this iteration sufficiently many times. Then its derivative with respect to B is
also convergent, therefore exists, hence the integral can be made an analytical
function of B. All other inverse Laplacian terms are obviously analytical functions
of B. Therefore we find that k4% (B) is an analytical function of B on C — Z.
By applying Laurent expansion to TZSE(B ), it again will be found that the zeroth
coefficient of the Laurent expansion solves the equation. It can be shown that
poles of Asp are first degree poles. Therefore if B = 0 is a pole, while calculating
FP, a logr term will appear. It appears that a logr will be generated in every
iteration, and FP EﬁVD(B) will be an n — 1th degree polynomial of logr, just as in

the static part case. Let us prove the following theorem:

Theorem 2 We can expand h:7, around r =0 for any positive integer N as

napL

WL (F ) = Y Fh (Hafrlog?r + Sy (F 1), (3.75)

l,a,p<n
where F(t) functions are infinitely many times differentiable past zero functions,
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and Sn (7, t) is past zero, infinitely many times differentiable in time and N times

differentiable in position, and O(r™V) function for r — 0.

We will prove by induction again. The statement is true for n = 1. Let us assume
that it is true for all m < n. Since h!"s is also a m — 1 degree polynomial of logr,
we will have A7, as a n — 2 degree polynomial of logr, plus a remainder term

coming from Sy functions:

ALty = > Kby ()" log? r + Ry (7 t). (3.76)

naplL
l,a,p<n—1

Here, K (t) functions are past zero infinitely many times differentiable functions,
and Ry is past zero, infinitely many times differentiable in time, N — 2 times

differentiable in position, and O(r¥~2) for r — 0. Then we find

v = v oP ~L —a—
rB AR Z Koo (t aBp(nLr 28y PRy (3.77)

lLa,p<n—1

d’Alembert inverse of the Ry reminder term can be shown to be a past zero,
infinitely many times differentiable in time, N times differentiable in position, and
O(r™) function for » — 0 limit. Therefore, that directly will make a contribution
to the Sy term of h,,. We know how to take the d’Alembert inverse of the terms
in the finite sum from (3.74). After applying it, it would be clear that EZVD(B) is
an analytical function of B except the remainder part. d’Alembert inverse of the
remainder terms will be analytical functions of B and convergent at B = 0, due
to the reasons that are explained for the discussion for hyp. That means EZ”D(B )
is really an analytical function of B except the integer values, hence we can do
a Laurent expansion. It can be shown that the zeroth coefficient of the Laurent

expansion around B = 0 is again a solution to the d’Alembert equation (3.69).

If we look at the expansion of the d’Alembert inverse in terms of inverse Lapla-
cian, poles of ZﬁVD(B ) are integer values of B, and all of them are first degree poles.
Therefore, if B = 0 is a pole, it is first degree. Therefore we need the coefficient
of BP*! of the term inside the derivatives with respect to B if the term has a pole

p+1

at B =0, and BP? if it has no pole. Those generate log’™" r ve log? r respectively.

Since we have p < n — 1, this means that the maximum degree of the logr terms
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can be n. Then we get

p = ]1;‘50%“” Z F  (t)afr=log? r 4+ Sy (7). (3.78)

napL
l,a,p<n

This is a solution for the d’Alembert wave equation we have. But does it satisfy

the gauge condition? Divergence of p*” can be calculated to be
o.p" = FP O [BrE—t A% ny). (3.79)
Now, Or# = A#. Thus O(h# — p*) = 0. Let us define ¢"¥ = h*¥ — p"”| then

Hg™ =0,

3.80
0" = —0,p". .

Since we have both Ug"” = 0 and 00, pt” = 0, we can write d,p*" and ¢"” by as
a multipol eexpansion, since they satisfy d’Alembert equation with our specific

boundary conditions:

7 t) = ZaLALTM,

>0
= (3.81)
B Cr_1 Dy
- ZaZL L(U) + Z (6L—1 L (U) + €'iabaaL—l oL 1(“))’
r r r
1>0 1>1
and
. Ap(u)
t) = =
=y,
1>0
Bi( Cr_1; Dy —
Z Oir——=> Al Z (aL—IM + GiabaaL—lbL—M)a
r r
1>0 >1
ij (= EL(U) ﬁL(U)
q7(Z,t) :Z (az'jL Tt 0i50L . (3.82)
>0
Gy (u Hyp 1 (u
+ Z (5L1(¢])LT1() + €ap(i0jyar—1 I)Lfl())
=1
]NZ~ _o(u 1 ~
+ Z <8L23Lf2<> + Oar—2 (;Eab(it]j)bL—2<u>>) -
1>2
If we put those multipole expansions into the equation 9,¢** = —0,p"" we find
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these relations among multipole moments:

—A=A+B, —AL=AL,+B,+C, (1>1),

o L ~ ~ L ~ 1~
—B:B+E+F, —BL:BL+EL+FL—|—§GL (121)7

S 1= S 1= ~ (383)
- Ci=Ci+ 3Gy, ~Co=Cot 3G +1 (122),

S 1= i 1= ~

Those relations does not yield to a unique solution. However, if we seek for the

solution with minimum number of summations, we get

A A(—l) C»(_2)
" = - —0— + 00—,
r

r r
) D A
QOZ = = ZT - Eiabaa - - ; aL—l L 17
=? i . (3.84)
y B B; ijL—2 By L1
U_ _5.(= Lt J 280 == — =
q (LJ(T +0i— ) +) <8L,2 200, — 60—
1>2
Bijr- Cijr- ab(i Djyor—
30,2 g, T2 23(11:—2M>7
r r
as our solution [6]. Here A = 120 and ACY(u) = [*_du'A(u'). Then
hup =" + 4", (3.85)

satisfies both OA!Y) = A and 9,h!7], = 0 gauge condition. Moreover, since ¢
has no logr term in it, just like p, h,p is also an n — 1th degree polynomial of

log r, which finalizes the proof [.

The solution we found with this method will be called the particular multipolar
post Minkowskian (MPM) solution, and it will be shown as a functional of M =
{Mp,Sp} and W = {Wp, X, Yy, Z;} multipole moments as

V' =99part = Bpart = Gpare[M, W], (3.86)
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3.4 Construction of a General MPM Solution

In this section, we will show that the most general solution can be written as the
particular solution we have found in the last section, by using the methods in [6].

For convenience, let M stand for all multipole moments {M, W}.

The solution given in the last section was merely a particular solution, so it
actually is not a general solution to field equations. Let us construct the general
solution order by order. We already now the general solution for h;. Then,

general solution to the first order is given by
Ghen = 1" + G W [M] + O(G?) = gponu[Mi] + O(G?), (3.87)

so the particular solution is general solution to the first order. Let’s increase

accuracy, and solve for second order contribution ALY = AL”. If we subtract

2 gen

. . 72
our particular solution from hy",,, then

OI(Ry”, en hy" art) — 0,
( 2;} 211/) t) (388)
al/(hg gen hg part) =0.

These are the equations for the first order, and general solution to them is just

hY" with other arbitrary multipole moments, call { Mz, Ws}. Then we have

h,ul/ — hl,LV

2 gen 2 part[Ml] + hlluj[MQ] (389)
Then
gggn = 77”” +G hllw[Ml] + Gz(hgypart[Ml] + héw[MQ]) + O(G3)
— £ GRY M, + G M)+ G R [M] + O(G?) (3.90)

2 part
= Gport[ M1 + G M) + O(G?).

Let us assume that the particular solution is general up to order £ — 1 and
define M®*) = S  G*~1M;. Then we assume

B = e[ M V] + O(GY). (3.91)
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Next equations we have to solve are Oh}” = ALY and 9,h% = 0. If we subtract

the particular solution, then again

D(h;cwgen - hZVpart) = 07 (3 92)
aV(hll:Vgen - hZVpaTt) = 0.
General solution to them is again h{"”, thus we have
B gon = B [MV] 4 1 [M], (3.93)
then we have
glgzgn ="+ G R [M(kfl)] 4o+ Gk—lh;k{l pm’t[M(kfl)]
+ G (M e [M D] + BV [M3]) + O(GHY) (3.94)

=" + GRY MW + ... 4+ GER™

k part[M(k_l)] + O(Gk+1)
= g [M Y] + O(G*).

Therefore, we conclude that the most general MPM solution to Einstein’s field

equations can be written as
G = G [M D, WOV O(G7), (3.95)

to any order n we choose [6]. We can symbolically write it as
0l =t | D GTIML Y G, (3.96)
=1 =1

This means, any MPM metric can be represented via 6 multipole moment sets
{M,S, W, X,Y, Z}. This number will go down to two in next sections.

3.5 Generality of the Canonical Solution

I the last section, it has been shown that we can represent the most general MPM
expansion solution with 6 multipole moments by using our particular solution.
In this section, by using the methods in [6], it will be shown that only mass and

angular momentum multipole moments, M, and S}, are sufficient to represent a
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general MPM geometry, i.e. we will show that general solution is related to a

canonical solution via a coordinate transformation.

Canonical metric is defined as gty = g [M,W = 0], which means it does
not include gauge multiple moments. To show that a general metric can be
written in this form, instead of constructing a coordinate transformation, we
will reconstruct a general solution out of canonical solution. The only difference
from the last section will be that while constructing the general solution at a
given order, we will apply a coordinate transformation that cancels the gauge
multipole moments at the corresponding order. Here, it will be done only to the

second order since the proof can be fulfilled by following the steps from the last

section.

To the first order, the most general MPM solution is given as
Ghen = 0"+ GhYY [ My, Wh] + O(G?). (3.97)

We already know that the coordinate transformation z# — x* — Gw*[W;] will

cancel those gauge moments. Then we have
ght, = 0" + GhYy"[My,0] + O(G?). (3.98)

Let’s continue to second order. We will solve the same equation as we have solved

in the last section, the conclusion is

gl =" + G R [My, 0] + GP(RE" s [M1, 0] + hY" [Ma, Wa]) + O(G®)

2 part
— 0 4 GHEY My + G My, G Wal + G2 W M, 0] + O(G®).

2 part

(3.99)

Now, we will apply a coordinate transformation z# — z# — Gw*[GW;]. That
will generate an O(G) change in any of the terms, so changes in the second order

term can be neglected. Thus we have

g = 0" + Gy [My + G Ms, 0] + G* hb”,,.,[M;,0] + O(G?)

2 part (3.100)
= ghart[M1 4+ G M, 0] + O(G?).

Assume this goes all the way to the nth term. For the n 4+ 1th term, homogenous
hi solution will generate a multipole moment G™W,, 1, to be added to the first

term. Then we will apply a coordinate transformation to cancel it. Effect on
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all terms will be O(G™), so any change in the gauge moments can be neglected
except the change on the first term. We know how the coordinate transformation
effects the first term, it will cancel G"W,,,; moment on it if we choose it to do
so. We can erase it from all other terms, since that change can be neglected.

Therefore, we can write
Gt = Gpare M 7D,0] + O(G™) = gl [M"D] + O(G™), (3.101)

to any order n [6]. This can be summarized symbolically as

g, = g"c‘:n[ZGi_lMi] (3.102)
i=1
That means only mass and angular momentum multipole moments are sufficient

to describe a generic MPM geometry.

3.6 Far Zone Structure of MPM Solution

In any radiation field emitted by a source, we have three characteristic regions:
r < A (near zone), r ~ A (transition zone) and r > A (far zone), where A is
the characteristic wavelength of the radiation. Since GR is a nonlinear theory,
we have another characteristic distance that measures the strength of nonlinear
terms: G;—2M where M is the characteristic mass of the source. In this section, we

will study the far-zone behavior of the MPM solution we have found.

We will be taking » — oo limit. However, if we keep ¢ constant, then taking
r to be very large will make u = t — r/c to be smaller than —T', so it will lead
to solutions from the past with no radiation. That happens since we are taking
the limit such that we look at the field at spatial infinity, which is beyond the
reach of the radiation coming from the source. To observe the radiation, since
radiation moves away with speed of light, we should look at future null infinity
instead. Therefore we should take the r — oo limit while keeping u =t — r/c

constant
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The expansion proven in Theorem 2 is not useful for taking the far zone limit
since it involves the Taylor expansions of multipole moments like M (t — r/c)
around 7 ~ 0. Thus, as done in [6], MPM solution will be reconstructed in a
more favorable form to take the far zone limit. From this point in this section,

we will take ¢ = 1. Thus we will take r — oo limit with © =t — r kept constant.

In order to solve (3.37), another iterative expansion of d’Alembertian similar
to (3.74) will be used

5@
=L (3@ Bk F(f — r 2 B—k+1 r(=1) (4 _
R (ACrPTEE(t 1) = — g (t—=7) 510
(B—k+1—¢q)(B—k+2+q) '

Dfl ~Q B*k*lF(fl) t—
2<B—k+2) R(n r ( T))J

where F'(u) is an infinitely many times differentiable past zero function of w.
This equality again can be proved by using the uniqueness of the wave equation
solutions. After applying this identity let us say s many times, we will have a
remainder term proportional to 5! (AQrE=F=s F(=9)(t —r)). By using the angular
expansion of the Green function of d’Alembertian, it has been shown that if f(r, u)

is a past zero function that behaves like O(1/r¥ 1) in the far zone limit, then
~ (G(t—
FP O (%P f(rt = 1)) = g (M) a9t t — 1), (3.104)
= T

where G(u) is a past zero and C*°(R) function and g(r,u) is a past zero function
that behaves like O(1/r") in the far zone limit [6]. By using these facts and the

pattern of the proof of theorem 2, the following theorem can be proved

Theorem 3 We can expand h*'¥ in the far zone limit for any positive integer N

as

1 p
B (T, 1) = ZﬁQ( S R ot =) 2l 1t - m), (3.105)
q

ra
1<a<N
0<p<n

where F(t — r) functions are infinitely many times differentiable past constant
functions, and Iy(r,t) is past zero, infinitely many times differentiable in t —r =

u, and O(ﬁ) function for r — oo and u = constant.
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Therefore again, h,, is an n — 1th degree polynomial of logr in far zone limit
too, as we had in r — 0 limit in Theorem 2. As indicated in [6], these logr terms
are merely a coordinate effect, and there should be a coordinate transformation
that transforms (3.105) to an expansion only in 1/r. This is because, by another
approach, a metric with 1/r expansion has already been found in the far zone
[13, 14, 15, 16]. Besides, even if it feels parallel to the last sections, the result of
the Theorem 3 is undesirable. It is because in the given expansion, there will be
terms that are proportional to (logr)"~!/r in h, [12]. That means, for large r,
we have h,, .1 ~ logr h, > h,, which is undesirable for a perturbative expansion.
Therefore, to make this MPM solution useful in the far zone, this coordinate
transformation that transforms the expansion in Theorem 3 into an expansion in

1/r will be studied in chapter 4.

3.7 Near Zone Structure of the MPM Solution

In this section, the near zone behavior of the general MPM solution will be
discussed, by using the methods done in [6]. The MPM solution obviously works
only for outside of the world tube that contains matter: r > a. In order to
examine near zone behavior of the metric, we need a < r < A. To have the
multipolar expansion be valid in the near zone, we need ¢ < % = P, where
P represents the characteristic period of the motion of the source, which can be
thought as the time between two maxima of the radiation pattern. Thus, we must
have a source that satisfies < ¢, which means that the source should move a

lot slower than the speed of light in our coordinates. Otherwise, we cannot use

our MPM solution in near zone. Besides, we also need r > GC—QM since we want the
expansion in G work with a couple of terms. And lastly, we need to work with
a large number of multipoles to say r > a only, instead of r > a. In short, we
have a < r < A and r > Ci—QM, and for that, the source should be a slow moving

source.
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From Theorem 2, we know that h%” can be expanded as

W@ ) = Y Fhv o o(t) A%rtlogPr + Sy(Z, 1), (3.106)
0552n

where Sy is described in the statement of the theorem. For convenience, the gen-
eral canonical solution will be considered, which means F(t) coefficients consist
of M and S; moments, their time derivatives, Kronecker delta and Levi Civita
symbols. This expansion is valid for r ~ 0. In order to use this expansion to
find the behaviour of the metric for a < r < A\, we can scale the r variable and
replace it with r/A. Then if we define 7 = {, if the expansion can be constructed
in the same way for 7, then the near zone limit corresponds to the region that
expansion is valid, which is 7 ~ 0. But, how to replace r with £? If we look at
hy, we would observe that this replacement corresponds to scaling of multipole

moments:

(3.107)
S =~ N
After that we can re-construct h,, for n > 1 as it has been done before. If we define
new spatial coordinates as 7' = x'/\, we then find d; = \9;. For convenience, let

us define 50 = %8/ ot. If we write h,, — ;Ln, then the new equations become

1/, A& 0 0\ =
—(-2= ), = A,
(= S5 + 5 ) im = A ~ OO + RO 108
. .
= )\—(Ghah + hdoh).
Thus we have
Oh, ~ dhdh + hddh. (3.109)

Structure of the equation is the same with (3.37) apart from the exchange of ¢
and ¢/\ in the definition of d’Alembertian. Therefore Theorem 2 will still be

valid for h,, which means we can expand h,, around 7 = £ ~ 0 as

A
M ) = Y Fl o) % loghF + Sy (#,1), (3.110)
a<N
0<p<n

where F' (t) functions are multiplications of multipole moments, their time deriva-

tives, Kronecker deltas, Levi Civita tensors and powers of 1/A. If we define

B, = MM M glmes) | gl (3.111)

Lnfs+1
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and
s(Eyn) = s,

n 3.112
b(E,) =5+ la, (3.112)
a=1

and show the part of h,, that is proportional to a particular combination F,, as
hE .

0t

hi, (i 1) = Y E,(t) i%“log"F, (3.113)
a<N
0<p<n
then we would have
ha(# 1) = hi, (&) + Sy (3, 1), (3.114)
En
and . . .
= X X
ha(@, 1) = EZ ey <X’ t> + Sn(54): (3.115)

Therefore we would end up with an expansion like

ha(@ 1) =Y W( S B¢ (%)alogp(§>> + SN(?t), (3.116)

a<N
0<p<n—1

where all space and spacetime indices in FE, are kept hidden for convenience.
This is an expansion around /A ~ 0, which corresponds to the near zone limit

as described at the beginning of this section.

From (3.116), we can get the expansion of the metric in 1/¢, which is called the
Post Newtonian (PN) expansion. We will not calculate the Post Newtonian terms,
we will just derive the PN expansion structure. This subject will be discussed in
a more detailed way in chapter 5, where one can find calculation of the terms to
1 PN order (to O(1/c?)). As it was stated in the first paragraph of this section,
(3.116) is valid only for slowly moving sources, which means the characteristic
velocity of the source is much smaller than the speed of light v < ¢. If we choose
a unit system that gives us numerically a« = O(1) and P = O(1), then we would

have v ~ % = O(1) and A = c¢P = O(c). Therefore, numerically, we can put

A = cin (3.116). Using the fact that Sy (7, t) = O(r") for r — o, we find that in
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r = O(1) region the PN behaviour of the metric has the following structure

()~ Y (%)%og”(%)—i—O(%), (3.117)

a
0<p<n—1

for any N. That shows only ¢~ terms are not enough in post-Newtonian expan-
sion of the metric. There are terms that include powers of logc too. This is a

result of nonlinearity of GR, and physically exist in near zone.

Those terms were actually predicted in [9]. Futamase tried to expand in 1/c,
or to be more precise, in € ~ < where v is the characteristic speed of the source.
It has been shown that some of those coefficients give logarithmically divergent
integrals. Those retarded integrals can be calculated a bit more carefully so that
they are actually proportional to powers of loge. Also, it has been shown that
those log e terms exist only if the multipole moment appearing in front of the
term gives a contribution to radiation. This means that if quadrupole moment
radiates, loge terms start at the quadrupole level, which is €® term, otherwise

they start at the octopole and so on.

Let us try to understand this result that relates logarithmic terms to radiation.
In order to trace the source of a logr term back, we need to look for some specific
terms in A. Let us specify the term we are looking for in hy as F'(t)r° logr, and let
us only focus on mass multipole moments Mj, for convenience, since this is just
to understand not to prove the relation between radiation and the logarithmic

terms. Thus, we want spin zero terms 0h;0h, + h100h,, which are just r* terms.

Only for a = —2, —3 we have Laplace inverses that are proportional to logr:
A2 =logr,
At 3 _ _logr. (3.118)
”

If we check the expansion of d’Alembertian inverse in terms of Laplace inverse,
we see that only for a < —2 integers, we have logr terms. If a = —2, —3 there are
no additional time derivatives, but if a = —4, —5 two additional time derivatives
we have, and for a = —6, —7 we have four derivatives, and so on. As it will be
explained later, we want as few time derivatives hitting on the multipole moments

as possible. Therefore, we should investigate a = —2, —3 situation. If a = —2,
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we need only 1/r terms in h; and all derivatives in the structure on the lambda
should hit the multipole moments. If a = —3, only one of those derivatives can
hit the 7=! term in the hy. In either way, we need the examine the 1/r term in
hli

—_1) U

r
>0
- 3.119
11 (_1)laM()+0 ! o
=— —= U — .
cr T r?
>0
Let us choose the case a = —2. Then the terms in Ay we are interested in are

SO Myp(w))?/r? and S (0p My (u)d, My (u))/r2. Therefore, logr terms coming

from a = —2 choice in hy are like

hg ~ Z ((aLML(U))Q + (QLML(U)ﬁLML(u))) 10g’l"

~Las (41,2 4 (=L L (1+2) (3.120)
3 Z ("ML (w)? + (A" My (u) (A5 (ML 2 (1)) log 7.

Obviously, to have a contribution like this, we need to have for at least one value
of [ that [41th time derivative of M is not equal to zero. It is easy to see that this
is the case for a = —3 case too. For smaller a values, we get stronger conditions
like M és) is nonzero for s > [ + 1. Therefore, we find that logr contribution from

mass multipole moment M, exists only if M SH) # 0.

What indicates that if there is radiation or not? Radiation means we have a
nonzero energy flux to infinity. Here, this means A ~ r=2 for large r. If we want
to see this radiation in G? order, this means that Ay ~ r~2, therefore we should
have hy ~ = for large r and h; is nonzero. Immediately from (3.119), this means
that at least for one value of [, M SH) # 0. Therefore, if there is radiation, then

there should be a logr term in the corresponding order; and visa versa.
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Chapter 4

Gravitational Radiation

In this chapter, as in [12], we will reconstruct the metric in such a way that it
will not contain log r terms in the far zone expansion. After that, we will discuss
the behavior of this metric and the multipole moments in the far zone when there
is gravitational radiation. In the last section, we will derive the formula of the

energy carried by the gravitational waves.

4.1 Radiative Metric

Theorem 3 implies that the metric will have logarithmic terms in the far zone
limit. However, these terms are merely a coordinate effect, since the metric in the
far zone can be constructed as an expansion in inverse of the radial coordinate,
1/R only, as in [13, 14, 15] and [16]. In other and more precise words, there are

coordinates (T, X) such that we have

~

. NQ .
H™(X.T)=Y _ Fiv (T —R) o HEN(X, T = R), (4.1)

a<N
where H, is the perturbation variable we have after the coordinate transforma-
tion, R = VXX, N = % and Ky are infinitely many times differentiable in

time, past zero functions that behaves as O( L

R_N) in the far zone limit R — oo
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with 7' — R kept constant.

This will be shown by separating the h*” into static and dynamic parts, as
done in [6] and [12]. Firstly, we will prove a stronger version of theorem 1 which

can be found in [6]:

Theorem 4 We can expand hie around r =0 as

SR = Y Fl atre (4.2)

lL,a>n

We already know that the statement of the theorem is satisfied for n = 1, since
we have

U!WL ~L

H() ZaL(UWL) -y UQ“’LGL(%> =Y = 4y
l

l

Now, let us assume that the statement is satisfied for all m < n. Then we
would find that
Aﬁg F) Z naLﬁ r et : (44)
l,a>n

Proceeding like we have done in theorem 1, we define

ig(B) = AT (rPARG) = Y K AT REP ), (4.5)
l,a>n
Using (3.42)
~ nLrB a
h(B) = K" . 4.6
nS( ) l; "“L(B—i—l—a—l—l)(B—l—a) ( )

In Theorem 1, it was proven that the h,g, the nth coefficient of the expansion
of hg can be obtained by taking the finite part of ﬁnS(B). Since we have a > n
and [ > 0, we cannot have a + [ = 0. Then the only possible way to generate

logarithmic terms is the existence of the terms satisfying [ = a — 1.

We know we can write the K coeflicients as

K,U«

nalL

(gé)MLlng---ZLry (47)
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Dimensional analysis again gives us

n
a:n+2li+w+2:p+z, (4.8)

i=1
where there are w many Wy, x many X; and z many Z; multipole moments
in the K coefficient. Without loss of generality, we can assume that all gauge
multipole moments are zero and consider only the canonical solution since general
solution can be written by using the canonical solution plus a small coordinate

transformation as indicated in (3.102). Then we can just write
a:n—l—Zli. (4.9)
i=1

Now, we see that K", has two spacetime and [ space indices, and it is already
symmetric and traceless on those space indices. Therefore, for uv = 00, it already
belongs to the spin [ representation f the SO(3) group. For pv = 0i it belongs to
spin [ — 1,0 or [+ 1; for uv =15 to spin [ — 2, ..., [ + 2 representations. Therefore,
the minimum spin it can have is [ — 2. However, it is a product of n STF tensors.

Due to angular momentum addition rules, we have
[—2<spin<y ;. (4.10)
i=1

If we put this to the result of the dimensional analysis, we have
n<a-—1+2. (4.11)

Then, if a pole exists in (4.6), which means if we have | = a — 1 for at least a
term, then we have
n<3. (4.12)

Thus, to prove the Theorem 4 we need to consider only the cases n =1, n = 2

and n = 3. We know it is true for n = 1. Let us check n = 2 and 3.

Using (4.3), we find that

APHe

zbSAJE:a»(%)aQ<%>AJE:;;;EE. (4.13)
pq pq
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Then, as proceeding like in the Theorem 1, we have
7 ~1(,.B AR
hos(B) = A7 (rPAys) ~ A Z S (4.14)

Now, we need to rewrite 2’79 in terms of 7 in order to be able to use the
definition of the inverse Laplacian in (3.42). Since there are no antisymmetric
indices in 77, this expansion cannot include Levi Civita tensor, it can only has

Kronecker delta. With this information, it is easy to show that

AEPhe ~ Z ey (4-15)
lp—q|<k<p+q
p+q—k=even
Then we have
. ’f],K nKT2+B a
ool B) ~o A1 -~ . (4.16
s ot 2 e X Erearamee g

Now, we know that a = p+ ¢+ 2 and p,q > 1. Therefore we cannot have
2—k—a=0. We also have k —a to be an even integer, therefore we cannot have
k —a+3=0. Thus, no term in the expansion of hyg(B) has a pole on B = 0.
Then the finite part means just putting B = 0, and no logr term is generated.
Therefore, the statement is also satisfied for the case n = 2, and we can write

() = Z Frply=e, (4.17)

,a>2

For n = 3, we should consider only spin 2 terms in A%, since we need spin of
the coefficient to be exactly [ —2 to have n = 3. Therefore the critical terms that

can generate logr terms for n = 3 case are

z] ,,”)LLngLgij
3critical rlitla+ls+5 {AMLl ML2 ML3 + BMLlML2 SLs
l1,l2,l3 (4.18)

+CMy,S1,S1, + DS, 51,515}
where we have [ = [ + I3 + I3 + 2. We can immediately say that B = D = 0
by using parity transformations. We need the distance to be the same under
2t — —a', therefore we have h% — A% h% — —h% and h¥ — h¥ under parity.
Therefore hY — hY and AY — AY as well. From (3.33), we find
My — (=1)'Myp, Sp — (—=1)"'S;. (4.19)
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Therefore, terms with odd number of Sy, in (4.18) will generate —1 under parity.
Since we have AY — AY, those terms should not exist, and B = D = 0. If we
put hy and hs in the definition of Aj, after a lengthy calculation, A = C = 0 will
also be found. Thus,

AY 0, (4.20)

critical —

and there are no logr terms in hgj , which finalizes the proof [.

Thus, we actually do not need the radiative coordinates to get rid of these
logarithm terms for the static part. However, there exist logarithmic terms in
the far zone expansion of the metric which comes from the dynamic part. At
the end of [6] and at the beginning of [12], the origin of these logr terms is
discussed. The idea that these discussions yielded is that the logr terms exist
because the far zone limit is taken in a wrong way. u =t —r = constant surfaces
are not the surfaces that the radiation will follow. The reason is those surfaces
are not null surfaces! Radiation moves with speed of light do not mean that its
coordinate velocity is ¢, it means that it will follow null surfaces. When there
is a source at the center, to the first order in GG, our metric will only have a
contribution of hy, which will alter the null surfaces. With that contribution,
we have \/=gg"” = h* + . Metric determinant is |g| = 1 + 1, W + O(h?).
Defining h = n,,,h*" then we have

h
g = <1 — 5) + W + O(h?), (4.21)

and )
P (1 + 5) — "+ O(h?). (4.22)
If we just consider leading order post Newtonian terms, since h%° ~ O(c™?),

h% ~ O(c3) and h" ~ O(c™*), we have

hOO )
G = Ny (1 - 7) — hu + O(R7). (4.23)

The line element will be

ds® = g, dxtdx”
00 00 o (4.24)
= — (1 + %) Adt* + (1 - hT)alxldxZ +0(c™?).
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Null paths are the solutions of ds? = 0. Let us consider a path that does not
rotate around the center, which means it goes away direcly from the center. Then
for r = Vax'xt, we have

hOO hOO
0= d52 = — (1 + 7) C2dt2 + (1 — 7>d7”2 + O(Cig). (425)
Thus
hOO

Considering only leading order terms in %

" 4 (=1, My (u)
00 _
@D =-5 2

120
4 (M M; M;;
4 (M 1 1
=== | — = M0~ + M;;0,0; — ~a)
c2<r 5’T+ ](983%)—#0(0 )
Then
2G (M Mn'  3M;n" _
cdt = 1—1——2(——1- 2n+ j4n ) dr + O(c™®)
@ r r 2r (4.28)
2 1\ Mgad (1 |
:dr+—G Mdlogr — Mnid( - ) — 29" g = +0(c™?).
c? r 2 r3
Thus the equation for null geodesics is
2G Mlnl Mzﬁ” _3
ct—r——% (M logr — - 213 ) = constant + O(c™7). (4.29)

Therefore the far zone limit is not r — oo with ¢ — r = constant, but instead
t—r—2GM log r = constant. Thus, we see that there is a logarithmic contribution
that cannot be neglected. But since this term is proportional to GG, and we were
expanding metric in terms of G, we get logr terms. This is simply the Taylor
expansion of multipole moments My, (t —r—2GM logr) on G, plus the coordinate

transformations [6].

The result we found gives a clue about the coordinate transformation we need

to apply to make logarithm terms disappear. If we write the transformation as
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XH — xt 4+ &* and expand it as

=G+ G + .+ G+ (4.30)
we found that
€8 — 2Mn% log (1) (4.31)
1 o ’

should be chosen, where ry is an arbitrary lengthscale that we will equate to 1
for convenience, as we have done to the logarithmic terms we encountered in the

last chapter. After this transformation
HIY = Ry + OM€r + V€l — ™ 9\&}. (4.32)

Obviously, since the transformation only includes derivatives of £#* and we can
write hi as a sum of terms like n©r=¢F(t — r) where F is past zero function, so

we can write H; as a sum of terms like that.

Now, we want to calculate H,, but first observe that (7, X ) coordinate system
is not harmonic:

oM
o, H" =[0¢H = 777% #0. (4.33)

Therefore to find H,,, the method we have done so far is not enough. We need to
modify it a bit. Firstly, the equation we need to solve becomes a little different
than (3.5). It will be

OH™ = grdY 4+ 9V P+ — nNVa)\(I))\ + Ql“/[[—[]’ (434)

where ®# = 0, H"", and Q" is a divergenceless functional of H*” which is given
as [10]

O = 0,0, (H" H"” — H* H") + O\H" 0, H* — 0\ H" 0, H"”

— 903" " ONH"P 0, H™ — g\sg"" 0, H*P0, H"

1 4.35
+ gaag/\ﬁaaHuﬁaaHV)\ + §gaﬂg;wa)\HaﬁaaHa>\ ( )

g”‘g]’“’) (g o — gaggm>
9 ABYoa 9 .

If we apply PM expansion on both sides of (4.34), we will have this set of equations

1
+ §aTHoc58KHU)\ <g7',ug/iu o

O = 9, H",

(4.36)
OHM = 9MDY 4 0V D — 030 + QM [H,,; 1 < m < n),
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for n = 1,2,3,.... Observe that the former can be considered as a result of the
latter if ®# are past zero functions, so we have a freedom to choose ®# from past
zero functions. Now, let us show that we can choose ®# in such a way that H*"

can be written as an expansion on 1/R:

Theorem 5 There exists a choice of ®* such that we can expand H!" as

H(X,T) =Y N@ ( > FunvgT' = ) + IR, T - R)) : (4.37)
! q 1<a<N R

where F(T — R) functions are infinitely many times differentiable past constant

functions, and Ixy(R,T) is past zero, infinitely many times differentiable in T —

R=U, and O(RLN) function for R — oo and U = constant limit.

In the proof, for convenience, instead of T" and R, we will use ¢ and r, since
we will not be considering the Harmonic coordinates in the proof. Now, let
us consider the static part first. It is obvious from the form of the coordinate
transformation (4.32) that if we apply this coordinate transformation from the
beginning by using (2.4), the derivatives of £* and the derivatives of the metric
on the ¢, direction will be included. Since we know that hgn,s has no logarithms
in it, and their derivative on the &, direction is zero because they are not time

dependent, obviously we find that H,s has no logarithmic terms in it.

We can continue with the dynamic part. We know that we can write H; in
the given form in the theorem from (4.32). Let us proceed with n = 2. We want

to solve
OHLY, = 0'®Y 4 9"y — n 0Dy + QLY [H ). (4.38)

We know that the solution to this equation is
HY = FPOR (0M®Y 4+ 0"Ph — n* 0\@5 + Q5" [Hi]) + ¢, (4.39)

where ¢y satisfies (g, = 0 and is there to adjust the divergence of Hs as we used
it in Theorem 2 before in equation (3.80). Here, we should always remember that

the vector field @5 can arbitrarily be chosen. Let us track the logarithmic terms
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that can be generated from {255 in the far zone limit. If we expand H; in Q9p,

we get

GL (t — T)

Qo (1) = i ( T Tt =) .

2D (.T, t) Z n Z ra + JN+1 (7’, t 7’) ) (4 40)
! 2<a<N+1

where Gz, are past zero functions and J%; are like the IJ% functions in the theorem.

Therefore, we have

FPO,'Qsp = FP O (rP A" Gra(t — 1)) + Z AEJE(rt—7), (4.41)

>0 l

where Jy are like I in the theorem. Now, to have logarithmic terms from the FP
of the retarded integral, that integral should have a pole on B = 0. Therefore,
from the far zone expansion of inverse d’Alembertian (3.103), we see that for
a > 3 in (4.41) there will be no logr term generated. Then the only logarithmic
contribution comes from a = 2. Therefore we should choose ®5 in such a way
that it cancels the r~2 term in Qyp in (4.38).

Due to the structure of Qy ~ OH,0H, + H,00H;, we see that r—2 term of it
includes only time derivatives of 1/r term in H;. Let us define the 1/r term of

the harmonic coordinate metric as

(@) = 2= o(=). (4.42)

T T

which means

- nL .,
22 (u, ) = —4ZWM£)(u),

>2

i _ nrp— l
2% (u, ) = _42 1T Mi(L)—l(u)

>2

! (1)
+4 Z mGiabnaL—lsbL,l(U), (4.43)

>2

i) = —4Y =M (u)

1>2

l 0
+8 Z (l+—1>!naL_2€ab(iSj)bL72<u)'
>2

Note that since all terms include at least second time derivative of the multipole

moments, z*” are past zero functions. Then if we define the 1/r component of
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the radiative metric H; as
. K(t—r,n) 1
H(#,1) = —— = + O(ﬁ>, (4.44)
from (4.32) and definition of @y, for £ =1 and k' = n’ = 2%/r we find
KMt —r i) = 2M (n°k" + 0™ k") + 2 (t — 1, 7). (4.45)

Then, if we define the =2 component of {yp as

= A2(t -, ﬁ) 1
Qop(,t) = ——5——+ O<ﬁ>> (4.46)
we find ) .
A = ke (55 2ap = 22, (4.47)

where # is time derivative of 2z, and z,, = 17,42 = Nuanwsz®?. If we introduce for

convenience, as in [12]

| 1
E(t—r )= /_OO ds(zz'aﬁzaﬁ — gzg‘zg> (s,1), (4.48)
then we have
A (t — 7, 7)) = 4KFEVE(t — 1, 7). (4.49)

If we put this in (4.38), we get

4 : 1
CHjY = 0"4 + 0" — " Os®) + kMK E(t — i) + O(T—3>. (4.50)

If we stare at this equation long enough, it becomes obvious that

2
By = SKE(t— i), (4.51)

would be a solution that leaves no =2 terms on the right hand side.

2 B 1
0,9 = k1O, E(t —7,71) + o(ﬁ)

) . . (4.52)
= k0t = E(t —r.ii) + O(E).
O,(t—r)is 1 for v =0 and n' for v = i. Therefore we have
O (t—1)=—k,. (4.53)
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Putting it in the equation above,
u 2 e . 1
0,0 = ==Kk, E(t = r.7i) + O(ﬁ)‘ (4.54)
Thus

2 . 1
Oy + 0Bl — P ONDY = — (kR — R R)E(E — 1 7T) + 0(—)

r3

4.55)
4 3 | (
= —ﬁk’uk g(t -, n) + 0(70—3),
which means we have .
OHY = o<r—3>. (4.56)

Therefore, Theorem 5 is true for n = 2 too. Now, as outlined in [7], let us
reproduce the proof in [17] and try to cancel the r=2 terms in Q,,p for n > 3. The
crucial reason of getting this result is the fact that we can write the =2 term of

Q57 in the following form

ARFERVE(t — 1, 7) +O< 1>.

QU (&, 1) = . (4.57)

2
That means, if we can write 72 terms in Q%7 in the same form, it is obvious that

we can find a ®,, to cancel the logarithmic terms in H,p!.

We have 9,H!"” = O(1/r?) and 9,HY” = O(1/r?). Let us assume that for
all m < n. To calculate the r=2 term in €),, we need to take only two H,,
multiplied, and only the r=! parts of them should be considered. Since € is
at least quadratic in H, the terms that involve the divergence 0,H}’ can be
neglected, because H*?9, H* = O(r~?) in the far zone limit. We also know that

0, H™ = e, F™ + O(%). (4.58)

Then we can write €2,, as

krEY

ws o +of 7 1
= " (mstea = 2P) ST HHR, 4 0( ), (4.59)

m<n—1
Thus, we can write the dynamic part of it as

ARIRVE(t — 170 1
qur — ARKTE( 1) +0(). (4.60)

r2
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Then we can choose

2
DI = 9, H"™ = ZkPE,(t — 1, il), (4.61)

2
to cancel the logarithm terms in H, as we have done for n = 2. Besides, we
have found 9, H"}, = O(r~?). Since we already have H"¢ = O(r~'), then we have
0,H", = O(r=2). Therefore we have found 9,H" = O(r~?) as an additional
result L.

As given in [12], there is a better proof that also shows that we can make
H, = O(r?) for n > 2. The significance of this additional constraint will be
discussed at the end of this section. We can write this additional constraint as a

separate theorem:

Theorem 6 There exists a choice of coordinates such that the statement of The-
orem 5 1s true, and we have
Lo 1
H(X,T) = 0<§), n> 2, (4.62)

in the far zone limit.

Let us continue to the proof above from (4.56). To avoid confusion, we will
represent Hs defined in Theorem 5 by H,. We want to cancel the ! term in

H,. Let us define that term as

- ZM(t —r,m) 1
HY = -5 O(ﬁ)' (4.63)
Now, we know that .
cur (L
0, L = 0(7&). (4.64)
If we put the definition above in it, we find
. 0
k,Z"(t —rn) = a(k‘MZW(t —r,n)) =0. (4.65)

From Theorem 1, Theorem 4 and our choices of ®} and @5, we can say that the
static part of Hy is O(r~2). Therefore we have this Z"*(t —r, 1) to be a past zero
function. Then we have

k,Z" (t —r ) = 0. (4.66)
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If we write the angular or STF expansion of Z* as

ZM(t —rn) ZnLZW (4.67)

>0

then we can re-write the r—! term of H, as

~ ZM(t —r.n 1
= 20 o)
r

r2
1 ~ 1V 1
=-= ; ntZp (t —r) + 0(;) (4.68)
(—1)12’”(_1)@ —7) 1
_ ; o L )+o(z)

Then if we define

s aL((—l)li’i”(_”(t - 7"))7 (469)

we will have

Y = —p 4 O(r—lz). (4.70)

Now, from (3.25) , it is obvious that we have
Op = 0, (4.71)

for r > 0. If we write p*” in terms of irreducable STF multipole moments as

poo(i 1) = Z o, ALT(U)

1>0
By ( Cr_1; D
pl ZazL LT + Z <8L 1%() + 6wLbaOLL lbllfl()>7
1>0 1>1
i Er(u Fr(u
pi (1) ZZ <&‘jL# + 04,01 L: )) (4.72)
>0
G; H,
+Z (aL—l(z D1 + €ap(i0jyar—1 br1( ))
>1 "
Liir— 1
+ Z (8 B jL 2(u) —l—aa[,_2< €ab( J)bL 2(u)>),
1>2
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then by calculating the 1/r term of it, we find Z* to be

20w, ) =Y (=D)L A (u),

>0
Z(u, 1) = = Y (~1)'niu B (),
>0
- T (naea ) — D )
>1
o . " (4.73)
Z7 (u, i) =Y (=)' nigp By (u) + 6iynp Fy) (u)
120
l !
= Z (nL 16 ())L_l(u) - Gab(z‘nj)aL—1H1§L+_11) (U)>
>1
_ l—
-+ Z (TLL QIjLz)Q(U) - naL—Qeab(iJ;)b;ZQ(u)) :
>2
Then from (4.66), we find
A+B=0, AP 4 gy c”‘” =0,(>1),
B+E+F=0 B\ 4pEH L p0, - G 0,(1>1),
. (4.74)
Cint 3G =0, CiY + 560 + 15‘2) =0,(1>2),
. 1 .. 1 1 4
D+ S H; =0, Dy + g Hy ™ 50 = 0,012 2).

Considering the fact that these Ay, By, ..., J;, functions are past zero functions, we
can take anti-derivatives of each equality in (4.74). After taking anti-derivatives of
those equations, they turn into the equations in (3.27) which were the conditions

for hy to satisfy de Donder gauge condition. Thus, from (4.74), we simply get
o = 0. (4.75)

Therefore we can define
HYY = HY + p, (4.76)

as a solution to (4.38), which satisfies the theorem for n = 2.

For n > 3, let us assume that for all 2 < m < n that the theorem is true.
Then we would find that Q, = O(r=2), which gives Q,p = O(r=3). Therefore

there will not be any logarithmic term in H,. The r~! term in the H, again can
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be thrown away just like it has been done for n = 2 case. Therefore the theorem

is true for n > 3 too, which finalizes the proof 1.

In this section, we have proven that if specific coordinate transformations are
done, the metric can be expanded in the far zone as a power series of 1/R only.

We will show this radiative metric defined in the Theorem 6 as
H" = H" M, S|, (4.77)
where the multipole moments are used in the calculation of H;

HY = Ny 1[My, Si] + 0" + 07€" — 0 05¢”, (4.78)

can 1

where & = 2Mn°logr as already stated many times. This solution will be
called the radiative metric, and the multipole moments it depends on are called
the radiative multipole moments, which will be shown to be different than the

source multipole moments in the next section.

Thanks to the additional constraint that is proven in the Theorem 6, these
multipole moments are guaranteed to be the moments that would directly con-
tribute to the gravitational wave energy, as will be discussed in section 4.3. This
is because the 1/r term in the metric does not get any contribution from H,, for
n > 1, and the energy that the radiation carries is directly the result of the 1/r
term of the metric, as it has been discussed at the end of the section 3.7 and
will be discussed in section 4.3. Since these moments are directly related to the
energy of the gravitational waves, these multipole moments should be calculated
as accurately as possible. Thus, in the next section, the main idea and the outline
of the derivation of the relation between the radiative and the source multipole

moments will be given.
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4.2 Radiative Multipole Moments

In this section, we will relate the radiative multipole moments to source multipole
moments by using the methods in [12] and [18]. For this purpose, let us recon-
sider what kind of coordinate transformations we have applied to the canonical
solution in the proof of the Theorem 5 and 6. Starting with the canonical metric
hean1[M1, St], or in short heq,1[M], we first applied

oM
X =a%+ G =3 + G—n""logr, (4.79)
C

so that the linearized part of the metric solution will truly correspond to the
spherical wave solutions, i.e. constant 7' — R surfaces are the null surfaces that
the waves follow. Then, in order to cancel the logarithmic terms that will appear

in the quadratic part Hs, we have chosen its divergence to be

~ 2
O Hy = @Y = —k'E(t —r,7), (4.80)
r
where £ is defined in (4.48) as
st-ri= [ ds(bez— L) s (4.81)
r i) = - s\ 32" 2as — gPas ) (s,70). :

Let us find out what kind of coordinate transformation that choice corresponds

to. We were trying to solve the dynamic part of Hy as in (4.38)
O = o'y + 0" DY — n'o\®) + Q4 [H,]. (4.82)
We know that the solution to this equation is defined in Theorem 5 is
HY = FPOR! (0" ®Y + 0" — " 0\ @5 + Q5Y[H1]) + ¢4 (4.83)

where ¢b” adjusts the divergence coming from the finite part regularization. Thus,
if we define \* = FP J5'®$, then we have

HEY = "X + 0"\ — 1" 0,X7 + FP 05" (%" [H]) + 65" (4.84)

However, this is not the general solution, and therefore the resulting metric from
this H, may not match to the initial h.,[M]. Therefore we must add a ho-
mogenous solution to H, not to lose generality. Therefore, we must consider

HY — hegni[M'], which will alter the multipole moments.
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After taking care of the logr terms in H, in the Theorem 6, we have added

Hy

- aL( ZZV( Nt = T)), (4.85)

1>0
which satisfies Op* = 0 and 9,p" = 0, to cancel r~2 terms in H,. We can
adjust p* to cancel the r~2 term in Hy — Regni [M'] too since the existence of p*
requires only the divergencelesness of hg,1[M'], which is already divergenceless.
Thus the homogenous part does not bring any difficulty. From the derivation of
(3.33), we find that we can write

= hl

canl

[M"] + 00" + 80" — " 0,6°, (4.86)

for some 6" satisfying 08" = 0. Observe that we then should have M" = M/ =
S = 0 since p" is a past zero function. The 6 part of it is a coordinate trans-
formation. However, if the canonical part is nonzero, i.e. if any of the multipole
moments M and S} is nonzero, then this is not a coordinate transformation, and
alters the multipole moments. We can write the last metric before the addition
of p"¥ which we know to represent the same geometry with the canonical metric

with multipole moment set M as

Gean[M] ~ 0 + GHi[M] + G*(Ho[M] = e [M']) + O(G?)
~ 1)+ GH\[M] + G*(Hao[M] — hean1 [M'] = p) + O(G?) (4.87)
~n+ GH[M] + G*(Ho[M] = hegra [M' + M"] — 90) + O(G?)
~n+ GH M — G(M' + M")] + G*Hy[M] + O(G?).

As we have done in the generality theorems, we can change the multipole moment
in the O(G?) term into M — GM" since the change will be at the order of O(G?).
Thus, we find

Gean[M] ~ 8raa[M — G(M' + M") + O(G?)] (4.88)

which yields to the following [12]
M=M-GM +M")+O0(G?), (4.89)
with the coordinate transformation
X =2+ GE* + G*(\* — 0%) + O(G?). (4.90)
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As done in [18], those multipole moments can be found from the actual coordinate
matching
HY"™ = hgp + 016" + 0"¢, (4.91)

and ~
Héw hgclz/nQ hg;nla Ej + hggnla fu - 50 hgéll/nl

FON DN — 0,07

(4.92)

where some terms are cancelled by using the definition of £# directly. By calcu-
lating the 1/r term of ﬁg Y to the leading PN order, the following results have

been found
M) = Myfu) + 25 [ arityu— ) og (57) + 1] +0(),
(4.93)
S(u) = S (u) + QGM / dréutu—)[1og (5=) +m] +0(5):
where .
212+5l+4 1
K1 = R
T+ +2) ;k o

11 =

TS Z k’
and rg is the arbitrary lengthscale we have chosen in the coordinate transforma-
tion & in (4.31).

4.3 Energy Carried by Gravitational Radiation

In this section, we will calculate how much energy is carried to the null infinity
by the gravitational waves. For this, we will define energy as it is defined in [19],
which will be derived by using the same idea but in a different way. Then, we

will put the metric solution H,, into that definition.

Many ways of defining the gravitational energy momentum tensor, therefore,
the total energy momentum tensor has been discussed in [20, 19]. One of the
ways is to construct a Lagrangian to generate the linear order wave equation,

and then apply the definition of field theoretical energy momentum tensor. But
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since it is not symmetric, it would not be an appropriate candidate for energy
momentum tensor [20]. The other way is to take the Einstein equations (2.25),

and expand both sides in the gravitational wave perturbation A, = g, — 1u.:
1 2
Gu =GO+ G0+ .., (4.95)

where G&l,,) is the linear part, Gfg,) is the quadratic part and so on. Then the

equations become

1rG

G = 00N, = ~— T = € DT (4.96)

where 00 means a linear quadratic differential operator. Therefore, we can con-
sider —G,(fl,) as the energy momentum tensor of the gravitational wave A, in the
leading order [19]. A similar approach can be made in our notation too. We
will be using radiative coordinates, but since we are not applying any coordinate
transformation here, for convenience, we will keep using (¢, ¥) in this section. We

know that (2.25) is equivalent to
167G

O™ = —

|g|TH™ + QM 4 OHD” + 9V DM — v O D, (4.97)

where we have 9, H" = ®”. We know that we have the conservation equation is

satisfied A

| pr
=0 ) 9,7 = 0, (4.98)

Then we can define 7# as the total energy momentum pseudo tensor. The therm

Oulg/T +

pseudo should be used since it actually is not a tensor, i.e. it does not transform
as a tensor under a general coordinate transformation. However, it will be useful

here to develop a concept of energy. Let us define

1
Pt = / 3o, (4.99)
cJv

as the total energy momentum vector of the region of integration V. Then we

can find by using 0; = ¢y
dp* 3 0 3 i i
— = [ &P20pmH =— | dxoiT =— [ dSn't*, (4.100)
dt % \% oV

where OV means the boundary surface of the three volume V', and n' is the normal

vector of the surface. Now, let us take the volume V is as a sphere centered at
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the origin with radius R. Then we will have n* = z'/r. We know that dS ~ R?.
Then if we take R — oo limit by keeping u = t — /¢ constant, then we will have
T = 0 after some value of R, and see that only the 1/r? term in Q" will give a
finite contribution to the energy change. Since we have H* = O(1/r?) for n > 2,
this contribution can only come from Q4" which is quadratic in . Then from
(4.47), if we restore the factors of ¢ by scaling k* — k*/c and 2#* — 2% /¢ we
find

dpP* G .’ kH 1
—, = — dQ < ox T & A )7
dt 32wt Joy e\’ S 2(2’\>

where Z = dz/dt. This is the energy-momentum rate that the gravitational

(4.101)

radiation takes to infinity. Therefore we can write this as

dPly, G L2
— dQEH - . 4.102
o 327TC6 /8‘/ (Z ZU)\ 2( )\) ) ( 0 )
Then we find for Eqy = cPYy,
dE/GW G 1 A\ 2
il 0 - . 4.1
dt 327 /av d <Z Zox Q(Z)‘) > (4.103)

As we can see, the outgoing energy is at the order of 2.5 PN, which is consistent
with the Einstein’s quadrupole formula. If we plug the ¢ restored version of the
definition of z*” in the equation above (4.43), and using the following formula

given in Appendix A of [6]

o 47kl
AgsBop / Ay, = s Borcs (4.104)

(2k +1)!
after a lengthy but straightforward calculation, the following result given in [7]

can be found

dEgw _~—~ G ((+1)(+2) rad(i+1) 5 yrad(i+1)
=2 {l(l M M

dt 20+1 — DI+ Nk L
=2 ¢ i@+ 1) (4.105)
. 4l(l + 2) rad(l+1)Srad(l+1)}
-0+ D20+ ! L L ’

where M7%? and S7%¢ are defined in as in the last section.

Another important property of the (4.103) is that it is positive definite [6]:

oA - L. 1 . : :

87 %0 — §(Z§)2 = §(pipjzij — qigi%i)° + 2(pigiZi;)°, (4.106)
where p; = On'/90 and ¢;sinf = On'/d¢p where 0 and ¢ are the common spherical
coordinate angles. This positive definiteness shows that the definition (4.103) can

actually be considered as the energy of outgoing gravitational waves.
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Chapter 5

Post Newtonian Expansion of
Metric

In this chater, we will use the gap a < r < A that both PN and PM expansions are
valid, and equate them by using the so called matching condition, and calculate
multipole moments. After that we will calculate the 1PN correction on the the

geodesic equation, and give more accurate 2.5 PN result.

5.1 PN Expansion of Multipole Moments and
Matching

We found in Chapter 3 that the metric in the region outside of matter can be
represented by using a set of multipole moments, which are called the source
multipole moments. Obviously, since the metric should be determined by the
energy-momentum tensor 7" via the d’Alembert equations (3.5), we should be
able to determine these multipole moments from 7#”. In order to be able to
interpret these source multipole moments, in (3.35) and (3.36), we have given
the expressions in the really slow moving limit, by assuming that T"” can be

expanded in 1/c. In this section, under the assumption that the source has a

60



PN expansion, we will derive more accurate PN expansions for those 6 multipole

moments, by using the method in [21].

In order to find the source multipole moments, we should consider some no-
tions we have used: MPM and PN expansions. They are two different types of
expansions that we did not prove to be convergent. Therefore, if we show PN

expansion of h as h an MPM expansion of h as M (h), then the numerical equality
h = M(h), (5.1)

which holds for » > a has no meaning at first, since they both may not be
converging series. For simplicity, in this section, we will not put the spacetime
indices . In order to extract a meaning out of the equality above, we need to

consider MPM and PN expansions of both sides:
M(R) = M), (5.2)

and match the corresponding terms. This is somehow a stronger condition than
the numerical equality, but this is pretty much the only way to check if both sides

are equal since we do not have the exact solution that works in every region.

The equation we want to solve is again (3.5):

167G 167G

Oh 9|7 + A = —;
¢

T. (5.3)

A

Here again, we will divide the problem into static and dynamic part problems.

First, let us discuss the dynamic part. Again, for simplicity, we will not put a

subscript D to denote the dynamic part, but remember we are dealing with the

dynamic part of A until further notice. We have

2B 0 B(B+1
0 1y 2 BB 4D

OB M () = r? (DM () + == .

M(h)). (5.4)

Now, we obviously have M (h) = M(A), since it is the solution for r > a where

no matter source exists. Then, we find

B 2B 0 B(B+1)
B _ 1 B
r°M(h) =05, {r (M(A) + o _8TM<h) + . M(h)) } (5.5)
Taking the finite part of both sides with respect to B, we have
B 2B 0 B(B+1)
_ 1/ B
M(h) = E‘E) Ox {r (M(A) + e _GTM<h) + — M(h)> } (5.6)
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Let us focus on the second and third terms:

M(h) = FP O M(A)

1 dylg)® g2 0 B+1 7 - gl (5.7)
——FP BI——M(h M(h) ¢ (y,t — ——=).

4w B=0 | |Z— 1 {rﬁr (h) + r ( )}(y, c )

Since the integral is proportional to B, we get
M(h) =FPOz' M(A)
1 Pylg)? (2 0 B+1 17— 7 (5.8)

~ R {——Mh —Mh} 7t .

4WBSS/|f—g| ror (h) + r (h (7 )

Therefore we are looking for a specific part of the integral that diverges when
we put B = 0. Since we are dealing with the dynamic part, large y means that
we are dealing with smaller retarted time, therefore after some point, there is no
contribution to the integral. Since we are dealing with the multipole expansions,
only source of divergence is y = 0 limit. Therefore the region we integrate can be
considered as y < € for some positive real e. This means that components of ¢
are really small, then we can make a Taylor expansion on retarded time around

y = 0. Define 5 Bl
——M(h) + i
,

M(R)} (7.1). (5.9)

K= 220 5 0 g (KD (510)

Thus the integral would become

_ R R L
M(R) — FPO' M(A) = —— Res |f_q|f<<y,t— —4)
L[ dyll” Kt

L T 0, (KDY

1l =D (1 d*ylg)” r
Ly, (1 k(-1
4’/Tzl: il L(rBSS |f—37|yL Y c

Thus we have

M(h) = FP O M(A) — — 3 (_DlaL(KL(t - 9), (5.12)



where

Ko =Bes [ atotn (C oo+ R Mm) G 619

B=0 ror r

Now, let us look at the PN expansion of this. We know that we can expand M (h)

on the region we integrate, as

M(h) = 0" Frap(t)r*log?r, (5.14)

lap

which is the near zone expansion. Therefore, K can be written as a sum of

integrals of those terms

B=0

Kr(u) =Y Res /*| APy Fap(t)npn®y P log y. (5.15)
Qap Yy|<e

Now let us focus on the integral. After the angular integration, it will be propor-

tional to .
/ dyy* P2 10gP y. (5.16)
0

Now, let us consider the analytical continuation of that integral. This can be done
since on (5.5), we have left side analytic on B, therefore we can take analytical

continuation of both sides and consider the new version of the equation. Now
/oo dyyatBHH2 ogP y = (i)p /00 dyyo+BH+2
0 OB/ Jo

a P € oo
_ duyg@ B2 / dyyatBrit2 |
(58) ( s [

The former integral converges for Re(B) +a + [+ 3 > 0 and the latter one

(5.17)

converges for Re(B) +a+ [+ 3 < 0. Taking the analytical continuation of them

) (5.18)
8 D 6&+B+l+3 6&+B+l+3
:<—> — —0+0———F++—— 1] =0
0B a+B+1+3 a+B+1+3
Therefore we found that, if we consider analytical continuations, we can write

/ dyy® B2 ogl y = —/ dyy* B2 og? y. (5.19)
0 €
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separately, we find the analytical continuation of (5.16) as

00 O \p a+B+1+3 € a+B+I1+3
/ dyya+B+l+2 logp y = ( > ( Yy + €
0

0B) \a+B+i1+3lo a+B+1+3



If we undo the angular integration here and put this on K, then we find

Kot = ~Tes [ ity (g 0 + SIEW0) ). (20)

B=0

If we take € large enough, we would have M (h) = h. Since h is regular everywhere
and we are interested in with the residue of this integral, then after replacing M (h)

with h, we can replace the integral region to the whole space. Then
20 B+1-
Ku(w) = ~Res [ @ylgPu (G oi+ 2R G (s21)

Using h instead of M(h) in (5.4)

r

Ki(u) = —gfo/d?’ny(D(TBﬁ) — rP0R) (7, u)

5.22)
167G ,_ —R (
:E‘_O/dSny( i T’BT—D(TBh))(y,U).
Let us calculate the second term.
3 BT\ /[~ 3 BT P97
[ @R @) = [ Sy (AR - SR G
3 (7 Sl T 5.23
= [ &®y(AyLh( ,U)—yLC—Q@h(y,U))y (5.23)

- 10%—,
= /d3y(l(l - 1)y(L—25il,1il)h(y, u) — ng@h(y,u))yB.

On the second line, partial integration was taken and the term that has L — 2

indices is zero for [ < 2. Now, if we put this into the sum in (5.12)

(_1)l 1 FN v yL 82_—»
> 0 ([ @t = Dya-sbih(G0) - % 205 0)”)
D )y w0 (BGw\Y g
- Ja {W—” aertiandu () = G g0 (5

~MF”1M

Lo v () 2, (50) 0
l/dgy 0 = 1)sadr 2A(E(37 U)> _%8_25 (H@@)}yg

r 2 g2 " r
(5.24)
Now, for r > 0, we know that
h(i h(y,t—1
D(M) _ D(M) —0. (5.25)
r r



Thus, the sum will become

S fafi i g, () ey ()

:Zl:/dgy{((l—i)wy;g%&2(h(yr,u)) _ (—“1) Z_I;%aL(h(;’,u))}yB.

(5.26)
Obviously, this is a telescopic sum and will give
_ (_1)l0+1 1 3,,B 825(377 u)

where [y is the maximum value that [ can get. For a large [y, this term can be
neglected if we consider the solution for a finite order in 1/r and 1/c. Therefore
we find that the second term in (5.22) has no contribution. Therefore we find PN

expantion of metric to be

y 1 (1)t Kp(t—1)
M(h) = FP O M(A) — — ( =) 2
e e
where K moments are given as
167TG 3 B—/ >
Kp(u) = i EE) yyry°T (Y, u). (5.29)

This was only for the dynamical part. However, the whole calculation can
be done for static part in the same way too. Only difference would be solving
Laplace equation instead of d’Alembert equation. Instead of Taylor expanding
after (5.5), since we are interested in the far region which is |Z| > a > |y|, we

can immediately put the Taylor expansion

-> S (h).
l

to arrive at the same expression as (5.13), which would lead to the same equations

=0

(5.30)

as above. Therefore, (5.28) applies not only for dynamic part, but also for the
whole h. However, the calculation is not over yet. In (5.28), those K moments

are not STF tensors. After a few algebraic calculations, one finds for

1
Pr(u) = FP/d3JZTB£i‘L/ dséy(s)7 (2, u + ﬂ), (5.31)

B=0 1 c
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where

5,(5) = (22:—1;3”( ) (5.32)
we would have
M(h) = FPO5' M(A) — 46—? 3 (_l})léL(PL(tr_ E)). (5.33)

Now, remembering from 3.4 the fact that we can have multipole moments as
expansions of GG, if we expand both sides of the equation above in G, we would
find that the first order term is

). Pt
hlz—% <“1) 8L<P <tr C)), (5.34)
l

which means, those P; are the Uy multipole moments we have introduced in

(3.25). This can be justified by the fact that for n > 1, that expansion generates
h, = FPOR'A,, (5.35)

which are precisely the equations hat we solved before. Thus, we can conclude
that (5.33) implies that, MPM expansion of the metric is

M(h) = hpart[ML; WL], (536)

where My, S, and Wy, X, Y., Z;, are the corresponding irreducible source mul-
tipole moments and gauge multipole moments to P} moments we have found.
Thus, as in [21], after some messy algebraic calculations, those multipole moments
can be found from (5.31), (3.33), (3.29) and (3.28) as

s [ . 420+ 1)ori(s)
My (u) = FP/d x/l ds{ —8(s)zLX — 20+ 1)(20 1 3)
220+ 1D)diga(s) E}
A+ 1) +2)(20 1 5) LT
SL(U) = Fp/dgx /1 dSGab<il{5l<S>£‘L71>azb

(20 + 1511 (s) . .
- - ac2 C (>
2(l+2)2+3) "}

i

(5.37)
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and

25+ )0i+1(5) .
1)(20 + 3)
(20 + 1)6142(5) '
C22(l+ D)(1+2)(21+ 5) ijLEij’}
2“‘ 1)6142(s) 5 }
) 1jL~g

=e [ [ o
/ / DI+2)@+5)"
e fa [ o
we [ [ oo

T2,

1 (5.38)
()i + 3(20 + 1)0141(s) .

I+ D)2l +3) T

224 Dhis(s) 2}
A1+ 1)(1+2)(20+5) 77
(20 + 1)1 (s
T (+2)(20+3

; ab<il§7L—l>chac} )

where in the integral ¥ = all ¥,3;,%;; are function of ¥(Z,u + sr/c) and

Bt )
they are defined as

E:?OO_Z?“,
CA
Z.:im (5.39)
1 C’
Y =T

As it can be seen, we have not written these multiple moments just by using 7T+,
since 7 includes h*" itself. However, we can expand h*” and put in those equa-
tions to write these multipole moments only in terms of the energy momentum
tensor to any order we want either in G or 1/c. These expansions obviously will
include nonlinear terms that can be interpreted as the self interaction energy and

angular momentum of the source itself.

In this section, even though we just have calculated the multipole moments,
there is a really important result: if 7" admits a PN expansion, so does the
multipole moments, thus h; also admits a PN expansion. This is a crucial fact

that will be used in next chapters.
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5.2 PN Solution

In this section, we will solve the Einstein field equations (3.5) by using a PN
expansion for the metric instead of an MPM expansion, by using the methods in
22].

As we know from (3.117), the PN expansion of the metric will involve logc
terms, and cannot be just written by using powers of 1/c. But, for convenience,
we will use an expansion that results from summing up all the logarithmic terms

that is multiplied with the same power of 1/¢:
— 1
h(Z,t) = —h, (7, t,1 , 5.40
(.0 = 3 (@t logo) (5.0)

where spacetime indices were not written for convenience. We will assume a

similar expansion for 7

1
HGHOESY — (1, logc). (5.41)

n

Putting these expansions in (3.5), we then get

[0
Ahy, =
ot

for all m = 2,3, ... where we assume that h,, = 7, = 0 for m < 1.

+ 167G T4, (5.42)

Before solving (5.42), we should observe the fact that the expansion (5.40) is
valid only in the nearzone approximation [23]. Because even the most simple
expression that solves d’Alembert equation outside the matter source has a PN

expansion like

K(tr— & _ Ky@ - %K(t) + %sz"((t)r - %K(z&)# +o (5.43)

which consists of terms that diverges for r — oo limit. And for sufficiently large

r, n + 1th term of the expansion becomes a lot larger than the nth term of the
expansion. Therefore, the equation (5.42) is not valid in the whole spacetime, it
is valid only in the near zone. Then, if we take the Laplace inverse of both sides
with finite part, we then find
0?hyp_o
ot?

hm =FPA™! + 167G FP A7, 4 + wn (7, 1), (5.44)
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where w,, is a well behaving function that satisfies

Awn,(Z,t) =0, (5.45)
in the near zone. It is not hard to see that the general solution to the equation
above is

wn(Z,t) = BhL(t)E". (5.46)
!
Thus we have
by, = Fp A1 +167GFP A 7,y + > BL(1)i" (5.47)
" ot? " y ' '

1
Let us define A~! = FP A~!. Then, we can write

o
ot

B = A1 +167GA 1y + Y Bh(1)2". (5.48)
l

If we repeat this equality R times, then we get

r 2R+2 R 2k
o = A1 o 66§ A‘l‘k{—a ]

at2R+2 at%
k=0
R O*BLE () <y o)
+Z at% A -,
I k=0
where we have
AN @ = - BB [T (5.50)
41 B=0 (2k)!

We know that hg = hy = 0 which means this iteration will truncate at some value
of R. Therefore even if we take R — oo, all the summations in the equation
above will actually remain a as a finite sum. Then

B = 167G i A—l—k{%}
k=0

- (5.51)
— 0Bl () 5 o
+2.) g AT
I k=0
If we calculate h by doing the sum for m = 2, 3,4, ... as in (5.40), we find
— 167G~ O %«
h=—— —— ¢ ATlRF
ct z_: {8(015) } T
(5.52)

> g; {8(6075) } BunAit,

69



where we have defined B as

Br(t)=>)_ Cimen(t). (5.53)

Now, if we carefully look at the first sum, we would see that it is a form of an
inverse d’Alembertian. It does not include any odd powers of 1/¢, therefore we

can easily conclude that if we define

O 47 = :20 { > ((Zt) }%AW?, (5.54)

where the subscript I stands for instant, then it could be shown that in terms of

PN expansions

]_ r .
O;'7 = 5(FP Ox'r + FPO, '), (5.55)

where R stands for retarded and A stands for advanced.
The second sum has been shown to be an antisymmetric wave solution [22]:

O X e

where we have

A@HD)
B _ L
Bp(t) = (2] 1) (5.57)
Thus, we find the PN expansion of h as
— 167G __,_ ~ ALt =) — ALt + L)
h=—0r 7+ Y o o ). (5.58)
!

These Aj, functions are called the ”radiation reaction functions”. At this point,

they cannot be calculated without using the matching equation (5.2).

In [22], by doing similar calculations, the following has been found:

L I | 1) s (FL(t =54+ Fr(t+5)
M(O;'7) = 07 M) - =3 ( z') aL( N ) (5.59)
— !
where .
Fo(t) = i Lopp [ 171BA= 8—2]—(” t) (5.60)
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They also found that we can write

_ ——— 4G ~1) s /Rp(t—5)+ Rp(t+ %)
FPORM(A) = Oy M(A) - — ( “) aL< o

), (5.61)
where R; are calculated to be

Rult) = —2FP / SMELY /1 d20,(=) M (7) (f,t—ﬁ>, (5.62)

C

where the integral inside is calculated first for the values of [ that makes the
integral convergent, then the analytical continuation with respect to [ is taken.
Combining (5.58) and (5.59) we find

r

M(R) = B o1 +25’L(ZL( DA+ E))

ct l 2r
_ (5.63)
_g (—1)lA (FL(t——)—FFL(t—i-E))
ct & 1l v 2r ’
and by combining (5.33) and (5.61) we find
_ 4G (1) ; (P(t—1)
W = 0P ) - 9y E, ()
l !
— — 5.64
IG5 (U, Fali =9 T+ 1) .
ct v 2r '
Since we have %€M (1) = M(A), from (5.2) we directly find
Pr(t) = Fi(t), (5.65)
and G (1!
Ag(t) = —C—4<_“) (FL(t) + Ri(t)). (5.66)

The former could also be shown by comparing the expressions (5.31) and (5.60).
Thus, the radiation reaction multipole moments can also be calculated directly
from 7" itself, and the PN expansion (5.58) is shown to be calculable to any
order in 1/c. In the next section, this expansion will be reconstructed and then
calculated to a finite PN order.
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5.3 Geodesic Equation to 2.5 PN Order

In this section, we will calculate the 1 PN or O(1/c¢?) correction to the geodesic
equation by using the method in [24], and give the results given in [7] for higher
order terms. To calculate the 1 PN correction, let us find to what order the metric

should be calculated. We have the geodesic equation from (2.14) as

14

du,  uvtu

— = ——0aGu, 5.67
ds 2c In ( )
or p p
Ugy s uHtu” cutu”
di = % 9 (9ag#,, = W{%guy. (568)

Now, let us assume that the point particle that follows this geodesic moves slowly.
Let us define p p

e xH ut ;
We assume v' = O(1) since we will study the slowly moving particles. It is easy

to show that u, can be written as

CGpuaV”

Uy = —————— (5.70)

V=gorvoo
If we rewrite the geodesic equation (5.68) by using (5.70), we find
dug "0 0uGuw
dt 2 V _ga)\UUUA .

To find the O(1/¢?) term of the right hand side of this equation, it is obvious that
we need to know gop to O(1/c?) terms, go; to O(1/c?) terms and g;; to O(1/c?)

(5.71)

terms. Now, from (3.1), we have
g,LLV = nlﬂj _|_ hlﬂj?
NS
where g is the determinant of the matrix g,,, and g"” is the inverse of the matrix
gu as stated before. We know that h% = O(1/¢?), h" = O(1/¢*) and h" =

O(1/c*) from (3.33). Therefore, we need to calculate every expansion in h to the

(5.72)

quadratic order, since the cubic term is O(1/c®). The absolute value of the metric

determinant can be found from (5.72) as
1
lg|=14+h+ §(h2 — hu W) 4+ O(h%), (5.73)
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where h = 1, h*" and h,, = h*n,,ns,. The metric can be found from (5.72) as

h
Guv =Npw — (huu - 5”#1/)
h R Rhy

+ <huohg - §huv + nuvg — N 4

(5.74)

)+ o).

The only thing left is to solve h*¥ to required orders. We already know the
PN expansion of h*”, however, as in [24], we will reconstruct it by defining new
gravitational potentials. Since we are dealing with the PN expansion, as stated
before, we are solving the metric only in the near zone. Therefore, we will continue
to study the metric in harmonic coordinates. In [24], matching between a far zone
metric and the solution we will obtain is studied too. This will be unnecessary
to calculate the geodesic equations in the near zone, which are needed in the
next chapter to calculate the trajectories of the singularities of binary black hole

systems, and therefore not will be discussed here.

We will assume that the source is moving slowly, and admits a PN expansion.

This fact will be plugged into the calculation as
T = 0(c),
T = O(c), (5.75)
TV = O(1).
We again will solve (3.5)
167G

ct

OR = g| T + A (5.76)

)

), (5.77)

For convenience, as in [24], let us define
TOO + TM
G

At first iteration, we have

h00=0(

W]~

n =0

|}—tﬁw|»—

hij:O<

(9}
~

g

?

0i
A

o' = ,
c

o — TZj,

(5.78)
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so that we have all those o, ¢, 0% to be O(1). Then the next order equations

are g
Op% = 160—7;G<0 - Z—Z) + O<c_14> = 16;G0 + O(C—14>,
R0 — O(Cig), (5.79)
Oh = 0(6—14).
Let us define the potential
V= G/ |j,diy?j|a(gj,t — |f; y*|). (5.80)

This integral is convergent since we are dealing with compact sources, i.e. there

are no matter for » > a. Then we find

- o)

02
B — 0(0—13), (5.81)
-o(l)

If we plug these in A%, A% and A¥, we then find

14 1
00
A® = — 2OV OV + O(C—6>,

A% = O(%), (5.82)

a4 1 1
AY == (aivajv - §5ijakvakv) + O(E)
For the next order equations, we also need the metric determinant to 1 PN order.
We have

1 av 1
gl =1+h+OMR2) =1+ (—h™ +h )+o<g) - 1+?+0(C—4). (5.83)

Then we have the equations as

113

OR% = IGWG( —Z> (v - “-) - i—ffakvakv + 0(0_16>’
e 16;G i ( ) (5.84)
O = 16ch iy %(a-vajv - §5ijakvakv) + O(C—16>.
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Second and the third equations are handled by defining new potentials

&y 7 — 4]
Vi=G | ——=oo'(y,t — ———), 5.85
t/W—ﬂ“@ =) (589)

and
W = G/ ﬂ(aiﬂ' + L(a»vav - 16-'8kV8kV>)(g tr).  (5.86)
‘ |7 — 7] 4G\ 2" e
The integral for V; is convergent again from the compactness of the source. W;;
is also convergent since for  — oo we have V' = O(1/r), thus 9;V 9,V = O(1/r*).
Let us put OOV = —47Go in the first equation, then we find

ane — _ 2oy - By _ 167G

c? ct ct
It can be shown that O(V?) = 20,V 9,V + 2VOV. Then we find

4 8 167G .. 2 1
00 __ 2 i1
OR% = —=0V = Z0(V2) - =20 + 20V aV +0(5)

ct c
4 8
=20~ 4

c2

.14 1
P gakva,,CVJr()(c—(s). (5.87)

(5.88)
4 1

2 — .. —
O(V?) + 5 0W; + 0(66).

Thus, the solution to this iteration will be, as found in [24]

0= = o) o 2),

R = _jgvi + O(é), (5.89)

hij:LZ%jLO(l).

c A

Then by plugging this result in (5.74), the metric tensor can be found as

2V 2v? 1
goo = —1+—2——+O<_6),
c c

C4
9oi = —4; + 0(6—15), (5.90)
9ij = 5ij<1 + 20_‘2/> + O(%).

Plugging this metric in (5.70) and (5.71) we find

11}21)1' + 3V’ — 4Vi> + 0(0—14>, (5.91)

i+1<
U; = —
v c2\2

and

= OV + 0—12( VOV + ;UQ&V — 40,V ) + o(%). (5.92)
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This calculation can be continued further, as done in [24] and [25]. Here, we

will give the results in [25]:

2V 2172 8 1 1
goo:—1+———+—<X+%%+—v3> +O(—),
c2 ct I 6 8

4V, 8 1
—_ ' "R +0O(= 5.93

2 2 .\ 4 1
gij:&j(l—i-gv—i-gv ) +9WZ‘]‘+O(E>,

where V', V; and W;; are as defined before, the other 2 PN potentials are defined

as

3
R, =07 [ — 4nG (Vo — Vio) — 20,V O,V — 5@1/@1/],

(5.94)
and the equations of motions will be obtained from
11, , 1 , .
u ="+ = <—v2vl + 3V — 4Vi> +— (§U4U2 + Zszv’
C2 2 C4 8 2 (595)

o 9 ‘ ‘ 1
— 4Vjoh? — 2Vi? + SV — AV Y+ AW — 8R:) + O(C—6>,
and
: 1 3, N LT,
c2 2 A \8
) 9 ) . )
— 20, Vvl v? + 51/@1/@2 + 20,WivivF — AV,0,V o7 — AV 9,V (5.96)

1 1

In the next chapter, we will calculate these potentials and their derivatives
for the energy-momentum tensor of two non-rotating black holes to obtain the

trajectories of those black holes from the geodesic equation.
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Chapter 6
Binary Black Hole Systems

In this chapter, evolution of the binary black hole systems will be discussed

equations of motion of two gravitating particles to 1 PN will be derived.

6.1 Energy Momentum Tensor of a Massive

Point Particle

In this section, we will construct the gravitational energy momentum tensor of
a point particle from the action. In GR, in the test particle limit, ie. the limit
they do not contribute to the gravitational field, they follow the geodesic lines.
This is the result of many discussions that can be found in both [10] and [11]. To

obtain this result, the obvious choice of action can be made

Spart = —mc/ds, (6.1)

so that the minimization will lead to the geodesic equation, where m is the mass
of the particle. Now, if we assume that this form of action can actually work for
gravitating particles too, as assumed in may other papers, we would find total

action to be

16
77

3
S = —mc/ds— c /d4:c\/—gR, (6.2)
e



where d*z = dz°dz'da?da3. Then, by varying the metric and assuming that this
total action is extremized, we then find that the T*” on the right hand side of
the Einstein field equations (2.25) to be

dz* dz"
ds ds’

T = mec

(2% = 2%(s))— - (6.3)

where the integral region is the trajectory of the particle, and the curve that par-
ticle follows is given as x* = 2#(s) and the four dimensional Dirac delta function
is defined, just like the three dimensional one, as §*(x®) = §(2°)d(x')d(2?)d(x?).
Additionally, we want our particle not to be in different positions in a given time,
ie. we need 2°(s) to be a one to one function. By using these information, if we

separate the time part of the four dimensional delta, this integral can easily be

done 4 Db 4o
(o § 0_ .0 300 %" az
1(a) = me | ZEoba® = ()5’ — 25 GG
me dztdz" ds 5, ,
- (—, = d @ ), (6.4)
mc utu” , ,
=(—— & — 2'(s
(\/_g uf ( (>>>x0z0(s)

and finally by putting (5.70), we get, as in [10]

mc Y 53< .,
T
V=9 \/ —gapv®0?

For a non interacting two particle system, except from gravity of course, the en-

TH (7, 1) = — (1)), (6.5)

ergy momentum tensor will be considered as the summation of energy momentum

tensor of each particle, ie.

,, vhvu,
@) = > F (6.6)
a=1,2 —gaﬁvava

where a runs over all of two particles. In general, we will not write the index a

for convenience, and we will write

;,LV
7jﬁot‘

=Y m - #(1)) (6.7)

and always remember that this sum is over two particles, and v* and z* are

changing while doing the summation.

78



6.2 Equations of Motion to 1 PN Order

In this section, we will calculate the equations of motion to 1 PN order as done

in [23], and will give further results obtained in [25] at the end.

In [23], instead of using the energy momentum tensor directly in the given

form in (6.3), the following form is used:

(6.8)
A here is a complex number, and the function Z4 is called Riezs’ kernel satisfying

lim Z,(2%) = 0*(z®). (6.9)

A—0

Exchange of the four dimensional Dirac delta function with Z4 can be shown to
be equivalent to exchanging the three dimensional Dirac delta function in (6.5)
with the following [18]

1
47

A = _AAZY s (6.10)

5A<f) - 47

After plugging this function in the energy momentum tensor, we will calculate
the analythical continuation of the acceleration with respect to A, and then take
A — 0 limit.

Let us expand the mass term in (6.5) by using (5.90):

1—K+U2>+0(1>. (6.11)

mc
\/_—g\/W_m( 222 o

m =

If we define )
O(C—4>, (6.12)

JZZWSA@_Z)—FO(%)’ (6-13)
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From (5.91) and (5.92), we see that we need to calculate V to O(1/c?) and V; to
O(1/c?). Let us calculate V; first,

Vi = —47TGD_1UZ~

_G/l 3/7 ret)

~¢ |x—Z7|<Oi =) +o(3) (614

— _4rGAlo, - Yo, / Byo, + 0(—2)
C C

Gmv' G A= AW . 1
=3 (g o f e T =) (),

If we shift the integration variable by Z in the remaining integral, we have an

integral of the type fooo dyy®, which was shown to be zero after the analytical

continuation (5.18). Therefore, we conclude that we have

VZ:ZVG%qLO(i). (6.15)

—

If we define R = & — 2, then we can write

V=3 Gmu' R+ O(C%). (6.16)
Then we have
0,V = Gm(A - 1) R* ) +0( ) (6.17)

where we have n' = R'/R. At the point 7}, we find
. . 1
V;(Zl) == (‘/Yz)l == Gmﬂ)i(O)A_l + GmgvéRf{l + O(C—z), (618)

where we defined ﬁu = ﬁl — ﬁg. Now, (V;); is an analythical function of A for
Re(A) > 1, and on that region it equals to

) . 1
Vi(Z) = (V)1 = Gt RA + O(;). (6.19)
With A — 0 limit G 4
2y (), = Gmets L oL
Vi(E) = (V= T2t O<CQ>. (6.20)

We should calculate 0;V; too.
i PA—2, ] 1
(0,Vi)1 = Gma(A — 1R 2nd, + o(g), (6.21)
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then taking A — 0 limit

] +O(C—). (6.22)
Let us now calculate V. We have
Py o |F-gl.  E-gPF. [T-gP.
V_G/|f—gj| c ot 2¢? 7 6¢3 )+O( >
= ZG,uRA_1 8 /d3y0—|——8 /d3y|x—y|a (6.23)
G 3 3 1= 2
—@@ /d y|lZ — 7] O'—i—O(g).

The 1/c integral equals to zero due to the same reason we had for V;. In the 1/¢?

integral, we can write

/ ylE — PG — A = / Byl — RPyr?

00 1 (6.24)
= / dyy?1 / du(y® + R* — 2yRu),
0 -1

then it becomes integral of a polynomial from zero to infinity, thus its analytical
continuation is zero too. Analytical continuation of the 1/c? integral is calculated

as
87TRA+1

3,17 _ Al AA-3 _ _
/dW ylly =21 (A-DAATD(A+2)

Then we have

- ot G () o) o

It is easy to calculate

(6.25)

RRM = (A+1)(v* — Rld' + (A — 1)(n'v")?) R, (6.27)

where a' = ¥*. Therefore we find

V=> Gur*"
G mRA i i i) i\2 1 (6:28)
b A+2<v —Ra+(A—1)(nv)>+O<g>.
Now, we have p; of the first particle
V(Zl) 31)% 1
= R o VARt § — 6.29
i m1<1 > +262>+O<C4>. ( )
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The potential V' at & = Z; to Newtonian order is

1
(V)1 = GmaRA™ + +O<g>. (6.30)
Putting this in (6.29)
— ez T - 6.31
i m1<1 c2 +202)—i_0<c4)’ ( )

then we finally have

V:ZGm(l—M 05 )RA !

A-1 “ 2
+ ng ﬂ;fi 5 (112 — R'a’" + (A — 1)(nivi)2) + O(é);

where m’ means use the other mass while summing. Then we find

&'VZZGm(A—l)(l_%]jﬁl 222>RA »

(6.32)

+ c%{ A”j 3 (122 — RFa* + (A— 1)(nkvk)2> (A— 1)RA_2ni
+ Z ALHRA—1< - + Q(AR— 1) (nkvkv’ _ (nkvk)ZnZ)) } + O<C_14)

If we calculate it at 2}

GmRA 302 -
(0;V)1 = Gma(A — 1)<1 - % + 2_63)3?27271112
G m 9
2 A +22 { < — Ryyas + (A — 1)(71]1621)]2?)2) (A—1)Riy *niy (6.34)
. 2A-1 l Z. 1
+ Ry 1( — Qg+ %(n’fzvgvz (n]f2v§)2n12)> } + O(c_‘*)'
Now, if we put a* = 9;V + O(1/c?) and take A — 0, we find
, p ; (1/c%) ,
Gmon'® Gmo . 3 Gm
OV ) = =22 + 22ty (= 208 + S(nhd)? + 2
Ry, Riyc 2 R (6.35)
Rz 2(”12 2) +O< )
Then by using equations (6.20),(6.22),(6.30) and (6.35), we find
1 /v? Gmay i Gmav} 1
(i) = v} + (G0l +372 ol )+o(5).  (630)
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and

Gmy [ 0% ; .
TR (n 31 + 4(n’f21112)1112 + (n]fQU;“)m)
12

_ G*maniy
3 2
Riyc

(6.37)
(3mg + 4my) + O(%).

Here we defined vi, = v} — vi. Then if we take the time derivative of (6.36) and

use the expansion (6.37), we have

i Gms
a} = ——-n
R,
Gman; 3 5Gmy  4Gmy
C2R%212 ( — 21}% = vf + i(n%vgy + 4va§ + Ry + o > (6.38)
G'my i 1
+ R%QC_Q niy(4vF — 3v3)v, + O(;)-
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Chapter 7

Conclusion

We have studied the PM expansion of the metric and found a particular solution
(3.86) which can be represented by a set of multipole moments My, Sy, ..., Zp,
which are called the source multipole moments. Then this solution is proved to
be the general solution if we consider those multipole moments as PM expansions
i.e. taking multipole moments as expansions in GG. By assuming that source is
moving slowly, the far zone and near zone limits of this solution is discussed,
and logr terms have been found. It has been shown that there exists a coor-
dinate transformation such that in the far zone, the metric can be written as
an expansion in 1/r only. By using the leading order term of this metric in the
far zone limit, radiation multipole moments have been calculated in terms of the
source multipole moments. Assuming that the energy momentum tensor is a PN
expansion, it has been shown that the metric can also be considered as a PN
expansion. We then applied both PM and PN expansions at the same time and
used the matching condition (5.2) to relate the source multipole moments to the
the energy momentum tensor. In the end, we found the equations of motion of a

binary system in inspiralling phase.

With all the connections that is shown in this thesis, it becomes just an al-
gebraic work to calculate first the source multipole moments from the motion

of the binary by using the Riezs’ kernel and equations (5.37) and (5.38), and
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then to calculate the radiative multipole moments from the source moments by
using equation (4.93). Therefore using methods discussed in this thesis, physical
quantities about the inspiralling phase of binary black hole systems including
gravitational wave form, energy flux resulting from the gravitational waves, near
zone and far zone metric, geodesics of the resulting spacetime and the change of

the period of the motion of the binary system in time can be calculated.
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