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ABSTRACT

SCATTERING OF EVANESCENT WAVES
BY REFLECTORS

KARA, Mustafa
Ph. D., Electronic and Communication Engineering Department
Supervisor: Prof. Dr.Yusuf Ziya Umul

July 2017, 121 pages

In this thesis, the scattering integral of electromagnetic incident waves scattered by a
cylindrical parabolic perfectly electric conducting reflector is evaluated asymptotically.
For the determination of the reflected fields the method of stationary phase, and for the
diffracted fields the edge point method, whose details are given in appendix, are
employed. A plane wave with an arbitrary angle is assumed as incident on the reflector.
The evaluated reflected and diffracted fields are examined numerically for any
observation point. In the evaluation of diffracted fields, the non-uniform diffracted field
expression encountered is overcome by means of Fresnel function. For the numerical
analysis, basically two cases are taken into consideration. One of them is the incident
angle being real, and the other is the complex value of it. For these values, the effects of
all possible combinations including the complex conjugates are examined and plotted

numerically.

Keywords: Scattering, Reflection, Diffraction, Evanescent Waves.
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0z
EVANESENT DALGALARIN REFLEKTORLER TARAFINDAN SACINIMI

KARA, Mustafa
Doktora, Elektronik ve Haberlesme Miihendisligi Anabilim Dali
Tez Yoneticisi: Prof. Dr. Yusuf Ziya Umul

Temmuz 2017, 121 sayfa

Bu tezde silindirik parabolik miikemmel elektriksel iletken bir reflektor tarafindan
saginima ugrayan gelen elektromanyetik dalgalarin saginim integrali asimptotik olarak
hesaplanmistir. Yansiyan alanlarin belirlenmesi i¢in , ayrintilar1 appendix’te verilen,
stasyoner faz hesab1 yontemi, kirinan alanlar i¢in kose noktasi/kirinim yontemi
kullanilmigtir. Bir diizlem dalganin herhangi bir gelis agisiyla reflektore geldigi kabul
edilmistir. Hesaplanan yansiyan ve kirinan alanlar herhangi bir gozlem noktasi i¢in
incelenmistir. Kirman alanlarin hesaplanmasinda karsilasilan {iniform olmayan ifade
Fresnel fonksiyonuyardimiyla diizeltilmistir.Sayisal analiz i¢in temel olarak iki durum
diistiniilmiistiir. Bunlardan biri gelis agisinin reel olmasi, digeri kompleks olmasidir. Bu
degerler i¢in kompleks eslenik de dahil olmak iizere biitiin olas1 durumlar incelenmis ve

sayisal olarak ¢izdirilmistir.

Anahtar Kelimeler: Sagilma, Yansima, Kirinim, Evanescent Dalgalar.
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CHAPTER 1

INTRODUCTION

1.1 Background

In the analysis of wave propagation, scattering by the obstacles reflecting or diffracting
the waves has a significant place. Exact solutions of the scattered fields are required to
satisfy the Helmholtz equation as well as the boundary conditions. Basically, there are
three solution methods known as analytic, numerical, and asymptotic. The first two are
ray-based and current-based methods. High frequency asymptotic methods are used where
the conventional solution methods fail. High frequency asymptotic condition is valid for
kp>>1, where k is the wave number, and p is the distance between source and observation
point [ 1]. Geometrical Optics (GO) is one of the ray based techniques where it is assumed
that electromagnetic waves propagate like rays at high frequencies. With this method only
incident and reflected fields can be obtained. However, the drawback of this method is
that, diffraction is out of its scope. Geometrical Theory of Diffraction (GTD) and Uniform
Theory of Diffraction (UTD) are the ray-based techniques interested in investigation of
diffracted fields [2-4].

These techniques cannot give a solution to a problem at the caustic regions. Therefore,

fields go to infinity at caustic regions. This problem is overcome by the one of the current-



based or integral-based techniques. One of the integral-based technique is the Physical
Optics (PO) suggested by McDonald [5].

It is based on the integrating current induced on the scatterer surface. It gives accurate
results except the edge diffracted fields. UTD analysis of the scattered fields by a
Perfectly Electric Conducting (PEC) cylinder, asymptotic evaluation of the edge
diffraction in cylindrical parabolic reflector antennas, and asymptotic evaluation for the

scattering by a perfectly conducting cylinder are investigated [6-8].

Plane wave scattering by a perfectly conducting circular cylinder near a plane surface [9],
and plane wave diffraction by various surfaces are also studied [10-13]. Physical optics
(PO) does not consider shadow area contribution which is another lack of this method.
Ufimtsev proposed physical theory of diffraction (PTD) method to solve these problems
by defining additional correction current and called that non-uniform current and later it
was called as fringe current as well. In PTD scattered field consists of uniform and non-
uniform field components where the uniform field is obtained by the PO method and the
non-uniform field is the result of the fringe current flowing on the discontinuities of the
obstacle. Ufimtsev proposed general form of the PTD for electromagnetic edge-waves
and eliminated the singularities for electromagnetic wave problems as well as that of
acoustic waves [14-19]. A recent method for obtaining the exact solution of diffracted
fields from perfectly electric conducting (PEC) surfaces is the modified theory of physical
optics (MTPO) that eliminates all mentioned difficulties [20]. This method is applied to
the problems of wedge diffraction [21], impedance wedge [22], impedance half plane [23].

Besides, diffraction by a black half plane [24], its uniform version [25], and MTPO based
2



potential function of the boundary diffraction wave theory [26] are the applications of this
method. PO theory for the wave diffraction by impedance surfaces [27], for the wave
scattering by an impedance strip [28], and a half- plane with different face impedances
[29] are also investigated. Physical optics of phase-conjugate mirrors [30], PO theory of
resistive surfaces [31], physical optics integral of creeping waves [32] are other studies in
this field.

UTD analysis of the scattered fields by a PEC cylinder is carried out by Pathak [33].
Asymptotic expansions of exact solutions for the scattered fields by perfectly conducting
cylinder are carried out on a complex plane by Kouyoumjian [34]. A new method for the
evaluation of the plane wave scattering by a perfectly conducting circular cylinder near a
plane surface is proposed [35]. Diffracted and reflected fields by any convex cylinder are
constructed by Keller [36]. The eigen-function solution for electromagnetic scattering by
the cylinder, and parabolic cylinder [37, 38], and asymptotic approximation for the current
on the illumination side of the cylinder by using the saddle point method are investigated
[39]. The first two terms of the asymptotic expansion of the current on the illuminated part
of the cylinder is obtained by Riblet [40]. Wetzel studied the high frequency currents on
all parts of the cylinder [41], and the current on a parabolic cylinder in the vicinity of the
shadow boundary is obtained by Waith [42].

Lawrence and Sarabandi obtained an analytical solution for the electromagnetic scattering
by a dielectric cylinder [43] and the examination of the scattering by a conducting
cylindrical reflector is carried out by Yal¢in [44]. Plane wave scattering by a perfectly
conducting circular cylinder near its surface is investigated by Borghi et al. [45].

Biiytlikaksoy and Uzgoren studied the diffraction of waves generated by magnetic line
3



source by the edges of a cylindrically curved surface with different phase impedance [46].
Physical optics integral for a cylinder is obtained as well. [47]. For some impedance and
coated structures, equivalent surface currents in a standard general purpose PTD code are
implemented [48]. Michaeli worked on the diffracted fields from the smooth convex
perfectly conducting surface [49].

Young first proposed the physical meaning of the scattered fields by a knife edge by means
of the superposition of the incident and edge diffracted fields [50]. However, his proposal
was not able to account for the scattering in all ways. Later, it was replaced by the Fresnel
diffraction theory. Moreover, mathematical expressions for the qualitative representation
of the Young’s idea is derived by means of Kirchhoff's integral [51-52] which has a new
representation as well [53]. A work as a modification of Kirchhoff diffraction theory is
carried out [54]. The obtained line integrals in the studies of [51] and [52] are the reduction
forms of the surface integrals, and their evaluations give the edge diffracted fields. Later,
Ganci's works on the half plane indicated that Maggi-Rubinowitz boundary diffraction
wave does not give an exact solution, but an approximate solution [55-56].

Ufimtsev improved his theory in his study by reducing his surface integrals for reducing
the edge point contributions [57]. Umul solved the corner problem with defining the exact
form of the equivalent edge currents by using the axioms of the modified theory of
physical optics (MTPO) he proposed [26, 58]. Scattering of the electromagnetic fields by
the curved surfaces is studied [59, 60]. Scattering of a line source from a cylindrical
parabolic impedance reflector is investigated [61]. Wave scattering by a wedge with
perfectly reflecting boundaries is also investigated [62]. Scattering of high-frequency

fields by conducting surfaces having cylindrical shapes is also available in the literature
4



[63-66]. Scattering by a cylindrical reflector which is fed by an offset electrical line source
is investigated by Yalg¢in [67]. Cylindrical reflector antennas have been studied for a long
time. Asymptotic evaluation of the reflected field is carried out for plane and cylindrical
waves being incident on circular and parabolic cylinders [68]. Circular cylindrical
reflectors for scattering of waves are studied as the part of curved shapes [69]. Exact
solution of the half-plane problem is obtained for the PEC by Sommerfeld. Ufimtsev's
PTD takes this exact solution as a base. Non-uniform fringe fields can be obtained by the
subtraction of asymptotic PO fields from asymptotic exact solutions while the uniform
fringe fields can be obtained by subtraction of uniform PO fields from uniform exact
solutions. Umul pointed out that the values used by Ufimtsev were quite large and not
giving the correct results for the fringe fields. According to his work, approximate
expressions are not valid in the transition regions. Therefore, the solutions represented by
the Fresnel functions must be used for the scattering problems [70]. Syed and Volakis
derived PTD formulation for radar cross section (RCS), and for impedance and coated
structures [71]. However, in their study, fringe field expressions are not studied
analytically and numerically. Also, the work does not include the uniform field
expressions. In the literature, there are several of applications on the diffraction analysis
for impedance surfaces [72-75]. Studies in the scattering of inhomogeneous waves are
keeping pace with the other classes of works in electromagnetic scattering phenomena
[76-80]. Inhomogeneous waves are studied by using the method of complex rays that are
calculated by the solution of the high frequency Luneberg-Kline expansion of the
electromagnetic field having complex-valued amplitude and phase functions [81-85].

Scattering of evanescent waves by cylindrical structures is also studied [86].



In this thesis, scattering of a plane wave incident with an arbitrary complex angle on the
cylindrical parabolic reflector is investigated. This study is the first to contribute the
investigations in wave scattering. A time factor of exp (jot) is assumed and suppressed

throughout the study.

1.2 Objectives

The aim of this thesis is to investigate the behavior of evanescent waves. For this goal,
inhomogeneous plane waves and Gaussian beams that are known as the members of
evanescent waves will be studied. Inhomogeneous plane wave will be derived and its
scattering behavior will be observed and discussed. Similarly, Gaussian beam will be
taken into consideration. As a third attempt, scattering expressions of a
HOMOGENEOUS plane wave by a cylindrical parabolic PEC reflector will be obtained.
To do that, for the asymptotic evaluation of the scattering integral, reflected field will be
obtained by means of stationary phase point method. Then edge point method will be used
to obtain the diffracted field. The obtained fields will be plotted numerically for both

homogeneous and inhomogeneous plane waves.



1.3 Organization of the Thesis

This thesis is composed of six chapters.

Chapter 1, which is the introduction, is a brief history of the works on electromagnetic
scattering that have been carried out so far.

Chapter 2 explains the diffraction theory. Geometrical theory of diffraction (GTD) and
Kirchhoff’s diffraction theory are described. Also, Fresnel function that is used in

obtaining a uniform fields by exploiting its asymptotic property is introduced.

Chapter 3 is an introduction to evanescent waves. For this aspect, as the subclasses of
evanescent waves, inhomogeneous waves and Gaussian beams are described. Theoretical
deductions are verified by the graphical representations.

In Chapter 4, mathematical expressions of Modified Theory of Physical Optics article [20]

on which the scattering integral we started to evaluate asymptotically is based are clarified.

Chapter Sscattering of homogeneous and inhomogeneous plane waves by a cylindrical
parabolic perfectly electric conducting reflector is investigated.

Chapter 6 is the conclusion section.

Appendix describes the Stationary Phase Point Method and Edge Point Method used for

the asymptotic evaluation of integrals.



CHAPTER 2

DIFFRACTION THEORY

2.1 The geometrical theory of diffraction [2]

This theory was developed by Keller for homogeneous isotropic media but it has also been
extended to inhomogeneous, anisotropic and to media such as warm plasma supporting
several wave types. The simple ray solutions can be utilized for complicated high-
frequency scattering problems by using the geometrical theory of diffraction. The theory
says that the scattered field at any observation point is combination of geometrically
reflected or refracted, and diffracted rays. The incident field is represented by rays which
are scattered when striking an obstacle. The nature of these scattered rays around the

scatterer surface depends on the surface and medium properties.

A ray striking a flat obstacle is reflected or refracted according to the plane-wave
reflection or refraction law. It is propagated with an amplitude which is determined by the

plane-wave reflection coefficient.

A ray striking a curved obstacle is reflected as from a plane which is tangent to the surface
at the striking point, but the intensity along its path is determined by a "divergence
coefficient," due to the surface curvature. The radius of curvature explains the spreading

of the energy contained in a narrow ray bundle. Here we assume that the radius of



curvature is always much greater than the wavelength of the incoming rays. The reflected
and refracted rays are encountered in the geometrical optics of isotropic and anisotropic

media.

A ray incident normally on an edge creates "edge-diffracted" rays that emerge in all
directions in the plane that is perpendicular to the edge at the striking point. The intensity

along an edge-diffracted ray decreases like p'"’%, where p is the distance from the edge.

The edge-diffracted rays due to an obliquely incident ray lie on a cone that has a semi-
angle at the apex equal to the angle between the incident ray and the edge. The incident
and diffracted rays lie on opposite sides of the perpendicular plane through the striking

point.

A ray striking on a conical tip or a corner is scattered in all directions. The intensity along

a "tip-diffracted" ray decreases like 1/r, where r is the distance from the tip.

A ray incident tangentially on a curved object creates a creeping ray traveling along the
obstacle surface into the shadow region. Its amplitude along the surface decays

exponentially with distance.

If there is an interface between two media, an incident ray at the critical angle 6¢ from the
optically denser medium launches a lateral ray that travels along the interface in the
optically thinner medium and sheds energy back to the denser medium by refraction. The

decay of the lateral ray amplitude due to energy leakage is found to be algebraic.
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The trajectories of the reflected and diffracted rays are in accord with Fermat's principle
of least propagation time, and the variation behavior of the field, both in amplitude and
phase, along a reflected or diffracted ray can often be predicted from simple geometrical

considerations.

The initial amplitude and phase along a diffracted ray cannot be determined from the
geometrical theory but it must be taken from the asymptotic solution for a simple

canonical scatterer whose contour at the diffraction point is identical to that of the obstacle.

After satisfying this condition, the scattered field for the canonical object agrees with the
asymptotic form of the rigorous solution as the wave number goes to infinity. The
geometrical theory of diffraction has important features such as conceptual simplicity and
broad range of applicability in homogeneous and inhomogeneous, isotropic or anisotropic
regions. The drawback of the theory is that it is based on some postulates whose validity
have not been proved so far. Therefore, it is necessary to verify the theory by using the
asymptotic expansions of the problems. However, it is important to note that the
geometrical theory of diffraction is capable of predicting at least the dominant effects of
high-frequency scattering for relatively arbitrary conditions. By using space-time rays
instead of time-harmonic rays this theory has also been applied to transient problems in

dispersive media.

Generally, it is necessary to solve the scattering problems of the canonical form for

specification of initial field values on diffracted rays. However, certain general

11



observations can be made for the multiplicity and orientation of diffracted rays created by

an incident ray.

For example, when using a lowest order of approximation, an incident ray on a slowly
curved edge in a slowly varying medium creates the same scattered field as a plane wave
in a homogeneous medium that is incident on a straight edge extended along the tangent

at the striking point.

2.2 Kirchhoff’s diffraction theory

Viu + k? = 0. (2.1)

This indicates that there is no any source inside the volume because the wave equation is
equal to zero.

V3G + k%G = —4ns(r —1"), (2.2)

where G is the Green function.

12



. U(P)

Figure 1 Source enclosed by S and observation point outside S.

The term in the right side of the equation shows that there is a point which is a source

somewhere into the space. We can write that,

V(uVG — GVu) = uv2G — GV2u. (2.3)

Taking the volume integral of both sides we write,

[[f V(uVG — GVu)dV' = [[f (uV2G — GV*u)dV'. (2.4)

Left hand side of the equation is reduced to surface integral as,

13



$FuVG — GVu).7 dS = [[[ (V26 — GV*u)dV'. (2.5)

Using Eq. (2.2) we can write,

$P(uVG — GVw).1dS = k*Gu — 4nd(r — r')u + k*Gu, (2.6)
(VG — GVw).1dS = —4ns(r — rHu(@). (2.7)
Finally,

u(P) = — = gf(uVG — GVu).7 dS, (2.8)

which is the Huygens-Helmholtz theorem. As a result,

—4mu(P), PevV

0, otherwise * (2.9)

P (uVG — GVu).ndS = {

If the observation point is carried out of the volume (body), the Green function is zero

inside the body but nonzero outside of it.

oG

u(P) = — =4 (u2 - 622) ds. (2.10)

on on

Eq.(2.10) is known as Kirchhoff’s diffraction integral.

Letting the body be transparent we draw Fig. 2 below.
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Propagationdirection

Figure 2 Possible diffraction geometry.

In this case we write,

f51+52(uVG — GVu).1ndS = —4nu(P), (2.11)

which can be rewritten as,

fsl (uVG — GVu).ndS + fsz (uVG — GVu).7ndS = —4nu(P). (2.12)

In Fig. 3 diffraction problem is separated into three regions as shown.
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Opaque

Incident rays

No reflection
in this band

Opaque

Figure 3 Diffraction geometry. Incident rays represent the source region. Parts A, B, and
C represent the diffraction regions.

Transmitted and reflected electric and magnetic fields are needed by means of incident
ones. For this situation, the properties of the boundary are also taken into account. On the
surface of the opaque sheet the boundary conditions must be satisfied. The diffraction

integral for S, in Fig.2 vanishes inversely as the hemisphere radius goes to infinity [87].

The Kirchhoff’s approximation is based on two assumptions:

. o a . .
1. ¥ and its normal derivative on the surface (% ) vanish everywhere on S; but not in

the opening(s).
2. The values of Y and Z—f in the openings are equal to the values of the incident wave.

Therefore, there are A, and C parts left.
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uVG — GVu).ndS = —4nu(P),

fA+B+C

1 aG du
u(P) = _Rﬂ.A (u%— GE) dS,

or

1 G ou;
u(P) = —Eﬂ.A (uia— GE) ds.

2.3 Fresnel function

(2.13)

(2.14)

(2.15)

When the field expressions approach to infinity at the reflection and transmission

boundaries for the scattering problems, field expressions are needed to be finite for these

points. For these cases asymptotic property of the Fresnel function can be used [88].

Fresnel integral function can be given as,

F[x] = %’:mfxw exp(—jt?)dt.

(2.16)
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Figure 4 Plot of Fresnel function, -I(x).
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Figure 5 Plot of Fresnel function, abs (I).



We know that,

_(FIx]-1, x<0
Flx] —u(—x) = {F[ 1 >0 (2.17)
and
IZ exp(—jt¥dt = 1. (2.18)
Eq. (2.16) can be rewritten as,
(m/4) (oo ,
Flx]-1= %[x exp(—jt?)dt — 1, (2.19)
Ur/4) e g oo ,
Flx]-1= % [fx exp(—jt?)dt — [__exp(—jt¥dt], (2.20)

Flx]-1= %:/4) [fxoo exp(—jt?)dt — (f_xoo exp(—jt?)dt + fxoo exp(—jt?)dt)].
2.2

As aresult,

Flx] -1 = %:/‘” [- [ exp(—jt)dt]. (2.22)

Letting t = —p, for the lower and upper limits of the integral in Eq. (2.22) we write

yields

t=—0 —p=0, (2.23)
yields
P = Sp = —x, (2.24)

Eq. (2.22) becomes as,
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Fla] = 1 = — =R (¥ exp(—jp?) (—dp).

Applying change of variable again,

lett = —p, then dt = —dp,

yields
p=00 —>t=—00,
yields
p=—x —t=x

Eq. (2.25) becomes as,

Fla) = 1= 22028 (% exp(—jt?)(~dt) ,

from which it can be written that,

J2 exp(—jt?)(—dt) = [ exp(—jt?)(—d¢).

Finally,

Flx]—1= —%f’: exp(—jt3)dt,

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)
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Flx] —u(—x) = .
(r/4) oo .
%[x exp(—jt?)dt,

by combining these two cases we get,

Flx] — u(—x) = sign(x) flz exp(—jt?)dt,
we obtain,

Flx] — u(—x) = sign(x)F[|x]|].

Another result can be found as,

exp(—jn/4) exp(—jx?)
2Vn x

sign(x)F[|x|] =

The plot of Eq. (2.33) is shown in Fig. 6 below.

exp(ju/4) oo .
—?:f_x exp(—jt?)dt, x<0

x>0

(2.31)

(2.32)

(2.33)

(2.34)
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X
Figure 6 Plot of F[x]-u(-x).
Fresnel sine and integral is given as,
S(uw) = fou sin G nxz) dx, (2.35)

and its plot is given in Fig. 7.
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Figure 7 Plot of Fresnel sine function.

Fresnel cosine function is given in Eq. (2.35), and its plot is given in Fig. 8.

C(u) = fou cos anz) dx.

10

(2.36)
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Figure 8 Plot of Fresnel cosine function.

10

Fresnel integral function is the combination of Fresnel cosine and sine functions as,

Flx] = C(u) +j S(u).

(2.37)
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CHAPTER 3

EVANESCENT WAVES

For the wave propagation concepts evanescent waves have been in the secondary place
due to the nonevanescent waves coming first. Their contribution to the total field is in the
near field but they can be ignored in the far field due to their negligible amplitudes.
However, if they are the only waves representing the entire field they must be expressed
according to their parameters. They are investigated for the cases such as the surface wave
structures of slab or rod dielectric to which evanescent waves are exterior. Also they are
concerned when there are two media one of which is denser than the other, and when total
reflection occurs. They take place on the dark side of the caustics as well [84].

After the development of laser sources evanescent waves have been a very popular
research area of optics. They comprise the inhomogeneous plane waves and the Gaussian
beams [85]. The characteristics of these waves is that their amplitudes decay in a direction
that is different from propagation direction. Studies on evanescent waves are carried out
by the complex-rays method in which the eikonal and transport equations are obtained by
the solution of the high frequency Luneberg-Kline expansion of the electromagnetic field
for complex-valued amplitude and phase functions. [84, 85]. Solution of these functions

are used to calculate the complex rays.
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In this chapter we will discuss the Gaussian beams and inhomogeneous plane waves that

are the members of these waves.

3.1 Derivation of an inhomogeneous wave expression from a plane wave

To obtain an inhomogeneous wave we can start with a plane wave as in Eq. (3.1).

Propagation
direction

v
x

u = é,exp (—jﬁ.?),
where

7 =xé, +yé, +zé,,

Figure 9 Plane wave propagation.

3.1)

(3.2)
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and
k= k(cos Qo € + sin @, éy). (3.3)

Here ¢y is the angle of incidence, k is the wave number expressed as 2a/A. The dot

product of k and 7 is written as,

k xcos @y + ky sin @,. (3.4)

Substituting Eq. (3.4) into Eq. (3.1) the wave becomes,

u = exp(—jk(xcos @, + y sin ¢,)). (3.5)

In Cartesian coordinates. It can be written in cylindrical coordinates by using,

X = pcos ¢, (3.6)
and
y =psing . (3.7)

Eq. (3.5) is written as,

u = exp(—jk(pcosgcos @y + psing sin ,)). (3.8)
As aresult,
u = exp(—jkpcos(p — ¢o)) , (3.9)
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is obtained for an outgoing wave. Now, we can conclude that for an incoming wave, its

expression will be as,

u = exp(jkpcos(p — ¢,)).

If we use this expression to obtain an inhomogeneous plane wave, we need to take the

angle of incidence as complex parameter.
Assuming,

Po =@r +joi,

Eq. (3.10) can be rewritten as,

u = exp(jkpcos(® — ¢, — ¢)) ,

which can be arranged as,

u = exp(jkpcos(p — @,) cosh ¢; — kp sin(p — @,) sinh @;).

By letting,

k, =k cosh g;
and

k, = ksinh ¢; ,

u can be expressed as,

u = exp(jkypcos(p — @,))exp(—k,psin(p — ¢,)),

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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or

u = expljk,(xcos@, + ysing,)]exp[—k,(xsing, — ycose,)]. (3.17)

This equation is an inhomogeneous plane wave in which the first exponential term
determines the propagation direction and the second one identifies the amplitude of the
wave. Amplitude of this wave attenuates in a way that is perpendicular to the propagation

direction in a homogeneous medium [89].

3.2 Numerical results

The following figures are plotted for A=0.1m, p =3A and 0 < ¢ < 2m.
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— phiy=pi/3+j(pi/10.0)
_ phig=pi/3+j(pi/10.1)
— phiy=pi/3+j(pi/10.2)

180 B rrrrrrrrrr 0

/330

270

Figure 10 Inhomogeneous wave for various ¢; values of incident angle.

In Fig. 10 incident angle has a real component ¢, of /3 radians, which is 60 degrees, and
the beam direction is in —n/6 radians. This verifies the fact that the beam decays in the
direction that is perpendicular to the direction of propagation. In Fig. 11 amplitude of the

beam versus ¢ graph is given that validates our conclusion we did for the Fig. 10.
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Figure 11 Inhomogeneous wave for various ¢; values of incident angle.

As we can see from the figures above, if the imaginary component ¢; of the incident angle
increases, amplitude of the wave increases as well. Complex conjugate of incident angle
yields the field that is opposite of the first one. That is, incident angle and its complex
conjugate result in the fields that are 180 degrees out of phase. In Fig. 12 and Fig. 13,
incident angles given are the complex conjugates of the ones given in Fig. 10 and Fig. 11,

and the fields obtained are in opposite directions between these two groups.
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phi,=pi/3-j(pi/10.0)
phi,=pi/3-j(pi/10.1)
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Figure 12 Inhomogeneous wave for various ¢; values of incident angle.
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Figure 13 Inhomogeneous wave for various ¢; values of incident angle.



If the ¢ is decreased, this results in a phase shift in the beam only. That is, the beam shift
occurs but the beam magnitude/amplitude is not affected. In any case, the attenuation

direction is always perpendicular to the real part of the incident angle.

When ¢, is equal to zero, one possible radiation pattern becomes as in Fig. 14. In that
figure beam is directed to -90 degrees. However, if the ¢; is taken as negative, beam
direction is directed to +90 degrees that is the opposite direction of the former one as

shown in Fig. 15.

phi,=i(pi/10)
phi=j(pi/11)
phi,=i(pi/12)

L N

/330

270

Figure 14 Inhomogeneous wave for incident angles with only positive ;.
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phi,= - j(pi/10)
phig= - j(pi/11)
phiy= - j(pi/12)

180

270

Figure 15 Inhomogeneous wave for incident angles with only negative ;.

If the incident angle has a nonzero real component but zero imaginary component,

(14

inhomogeneous wave, denoted by “u” in Fig. 16, turns out to be a plane wave.
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Figure 16 Inhomogeneous wave for incident angles with only real parts.

Fig. 17 - Fig. 20 illustrate the phase shift effect of ¢, . Phase shift in ¢, causes the same
amount of phase shift in the field.
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phi,=pi/3+(pi/10)
phiy=pi/4+(pi/10)
phiy=pi/6+(pi/10)

Figure 17 Inhomogeneous wave for complex incident angles having various real, but
constant imaginary components.
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Figure 18 Inhomogeneous wave for complex incident angles having various real, but
constant imaginary components.
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phi,=pi/3-j(pi/10)
phi,=pi/4-j(pi/10)
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270

Figure 19 Inhomogeneous wave for complex incident angles having various real parts.
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Figure 20 Inhomogeneous wave for complex incident angles having various real parts.
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3.3 Gaussian beams

Light can be restricted in the form of beams which approximate to spatially localized and
nondiverging waves. Examples of this kind of angular and spatial bounding are the plane
waves and the spherical waves. The wavefront normals of a plane wave are in the same
direction as the propagation direction and angular spread is not observed. However, the
energy extends spatially all over the space. Spherical waves are originated from a single

point whose wavefront normals diverge in all directions.

Gaussian beams have become very important after the development of laser sources and
their applications in fiber optics and microwave acoustics. In recent decades the use of
laser beams has become widespread. Lasers have been increasingly used in the fields such

as spectroscopical analysis and bar-code reading.

Although Gaussian beams are generally studied by plane wave spectral analysis, they are

actually evanescent waves mentioned in previous section [84].

The beam power of a Gaussian profile concentrates in a small cylinder surrounding the
beam axis. The intensity distribution in any transverse plane is a circularly symmetrical
around the beam axis. The width of the Gaussian function is minimum at the beam waist
and it increases as the distance from the waist is increased in both directions. The
wavefronts tend to be planar near the beam waist, gradually curve as the distance from the

waist increases, and tend to be spherical far from the waist [90].
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In this section we will derive an expression for Gaussian beam. For a two-dimensional
beam propagating parallel to y axis with no variation along x-axis, and the electric field is

polarized along z-axis, the electric field produced by a line source can be given as,

exp(—jkR—jm/4) A

E =E, N é,,

(3.18)

which is a cylindrical wave. We need to assign complex values to the source coordinates

to obtain a Gaussian beam [91]. For the source coordinates we assume,

(x,¥) = (=x0,—Yo +Jjb), (3.19)
and R can be expressed in the paraxial region as,

1
R =[(x+x0)*+ -y —jb)lz, (3.20)

which can be rewritten as,

1

_ . (x+x0)? 12
R=(y+yo—jb) [1 + —(y+yo_jb)2] (3.21)
To rearrange R, we can use the binomial expansion which is expressed as,
(1+x)"=1+nx forx<<I. (3.22)
When the inequality in Eq. (3.23) is satisfied,
(x +x0)* K (v +y0 — jb)?, (3.23)
R can be rewritten as,

_ . 1 (x+x0)?
R=(y+yo—jb) [1 LY jb)z], (3.24)

and
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~ exp(— J7T/) _ _ .k (x+x0)
E=E k(y+yo— xp[ ]k(y + Yo ]b) exp[ J5 2 (y+Yyo ]b)] (3.25)

which has the form of Gaussian beam.

Letting Eg =1, x + x, = x',and y + y, = y', Gaussian beam is obtained as,

~ exp(=jm/4) _ _ ko x?
E:—m xp[—jk(y" — jb)] exp[ ]Z(y ]b)] (3.26)

As “y+yy” goes to zero, this location is called as the beam throat. When considering the
far field, “b” becomes very small with respect to y’ (b<<y’), and the beam diverges. In
that case we can say that the beam’s source is a line source whose origin is (-Xo, -yo) of

the beam throat.
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Figure 21 Gaussian beam cast by complex line source.

3.4 Numerical results
Various Gaussian beams are obtained in the following figures for A=0.1m, p =3A. The

beam amplitude and ‘b’ are inversely proportional as shown in Fig. 22 and Fig. 23.
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Figure 22 Gaussian beam amplitude variation for some “b” values.
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Figure 23 Gaussian beam amplitude variations for some “b” values.

The beam amplitude and x are directly proportional as shown the Fig.24 and Fig.25.
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Figure 24 Gaussian beam amplitude variation for some “x”values.
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Figure 25 Gaussian beam amplitude variation for some “x” values.



CHAPTER 4

DERIVATION OF SCATTERING FIELD EXPRESSIONS BY MEANS OF
MTPO METHOD FOR A PEC HALF PLANE [20]

p incidentray

bgoo

PEC half plane

Figure 26 Geometry of reflection from a PEC half plane.

We will find reflected scattered and incident scattered fields for this problem. Firstly,
reflected field is taken into consideration. Let us begin with the incident plane wave. That
1s,

- .

Ei — éine]k(xcos<p0+y sin (po)_ (4'1)
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By letting,

W = eJk(xcos@o+y sin o), 4.2)
incident magnetic field can be given as,
&, éy é,
H = jwlﬂo 2 % = | (4.3)
0 0 —Ey
As aresult,
ﬁi = g—é(éxsingoo_éycoswo)v,b. (4.4)
Using the boundary condition on the PEC surface,
ity x (E; + Er)|sl =0, (4.5)
where
7, = cos(u + @g)é, + sin(u + @) &, , (4.6)
and
u=2-H% (4.7)
we write,
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iy x (8, ;e xeosooty singo) 4 ) = 0,
Using the relations of,

k= —cospé, + sinfé, ,

oL

an
T =xé +yé, +zé,,
we obtain,

k.7 = xcosf — ysinB.

Substituting Eq. (4.11) into Eq. (4.12), reflected field is obtained as,

E'; = _éZEiejk(xcosﬁ—y sin ﬁ).

For the reflected magnetic field, we write,

1

= —VXE, .
Jwho

H,

Letting,

n= ejk(xcosﬁ—y sin B)

reflected magnetic field is expressed as,

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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€x y €,
H, =- — 9 2
jope | ox ay a7
0 0 —Ein
and,
o 1 (5 0 A O
Hr = Jjwug (ex ay Ein €y ox Ein)'

(4.16)

(4.17)

Finally, substituting Eq. (4.15) into Eq. (4. 17), Eq. (4.18) is obtained as in below.

H = —j—;(sinﬁéx + cosfé, )elkteosh-ysinf),

The surface current J is written as,

We write,

o A Ej . ]
ﬁlel = ezZ—"cosue}k(xcos(ﬂo'FySln(po) ,
0

and

ﬁp(ﬁr = —éz§COS (u + @y + B)ejk(xcosﬁ—ysinﬁ) )
0
As aresult, for the MTPO surface current of the PEC surface we write,

- A E )
]MTPO = eZZ—;(COSU — COS(u + @, + ﬁ))ejercosq)(),

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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and,

~ 2E; .
jMTPOls = —eZZ—‘cos(u + 06+ (po)e]kxlcosgoo .
1 0

From the geometry in Fig. 26 we can write that,

cosu —cos(u+ B + ¢y) = —2cos(u + B + ¢,) .

Using the relation of,

_T=(B+go) _ T _ Bt
2 2 2

into Eq. (5.23) we get,

? _ A 2E; . (B+90) jkxrcos
]MTP0|S =é,—~sin (—2 e’ T
1 0

Reflected scattered field,

_ quo
E.s = ff ]MTPo|s1 dx dz',
]wlio ZEl ®© _jkxrcose . ﬁ"“/’o e JkR1
Ens = f Y 0 sin ——dx'dz,
4am Zg - 2 Ry
= ~ J20HQE + eJkR1
E.s=—¢, %f f sin (ﬁ (po) T @ dZ,dx,’
nZ, 2 Ry
= 5. IKE +@o) e JkR1
Eps = —6,7 lf I~ (B %) o e/kx1C0sPoqd 7' dyx’,

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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E.=-é, %fooo sin (%) gJkxrcospody’ [ e_:iRl dz', (4.30)
is obtained. Here the wave number Kk is,

k= “’Z—‘(‘)" . (4.31)
Letting,

z—z = Rsinha, (4.32)
we get,

dz' = Rcosha da, (4.33)
and

JR?+ (z—2')2 = Rcosha. (4.34)
The incident-scattered electric field becomes as,

E.=-é, %fooo sin (%) ellxcosbody’ [ elkRcoshaqq, (4.35)
where

[, efkReoshagy = %Héz) (kR). (4.36)

Héz) (kR) is the zero-order Hankel function of the second kind that can approximately be

written as,
49



@) ~ |2 ,i(5) e kR
HY (kR)_\/;e iy
Using Eq. (4.36) in Eq. (4.35) we write,
- s JKEj ro . jkxr ’
E.s = —ezjz—nfo sin (%) elkxrcospod x %Héz) (kR).
Using Eq. (4.37) in Eq. (4.38) E;s becomes,

o ~ JKEjm |2 f(E) o . (B+eo) e MR ixxicos '
E..=—6é,—- |[=e’\a sin(——)—¢’ Podx
S Z 2m jAm fO 2 VKR 2

and

= ~ KkE; ‘E) o . (B+po)e SR o, ,

E.=—¢6 —‘e](4 sin (—)—ef X1C0SPo !
rs Z.\2m fO 2 VKR

For the incident scattered field, we use the equivalent source that is shown in

Fig. 27 below.

(4.37)

(4.38)

(4.39)

(4.40)
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incidentray

PEC half plane/ﬁ/wn
8

image ray

Figure 27 Geometry considered for the evaluation of the incident scattered field.

Incident equivalent electric field can be expressed as,

Eipq = —é,E;e/k(xcosoo=ysingo), (4.41)
Letting,
X = ejk(xcowo—ysimpo)’ (4.42)
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equivalent magnetic field is written as,

1
leq — jwito VX(Ei)eq >
é, X é,

T 5 2

teq  jwug| ox oy 0z
=3 1 ~ O A 0
Hipy = ——(bxm Eix — &, = Eix)

leq ]wIJ'O xay lX yax lX s

-

1 g . 5 i %
teq — M(_JkEi (—singy)é, — (—]kEi)Cosfpoey) X

7 _ JKE;

. = ] 5 5 \eolk(xcospo—y sin @)
ieq = jomg (sm @g €, + Ccos @g ey)e s

finally, we obtain the magnetic equivalent field as,

-

E. . A A . _ .
= Z—‘ (sin @ & + cos @, ey)efk(xc"s"’o ysingo)
0

where
ko1
wpo  Zo

For the surface current we write,

N —
n XHteq = Jurpos

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)
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Hypo = Hipy + Hrpf s 4.51)
and, ﬁi eq and ﬁr eq AT€ the equivalent incident and reflected magnetic fields
respectively. We can write that,
E,, = &Eelk(xcosb+ysing), (4.52)
eq
Letting,
§ = giklxcosp+ysing) (4.53)
we write,
1 -
red = Tome VXEyr,, > (4.54)
éy éy é,
= 1 ] d d
reqd = Jwmg | ox P Pyl B (4.55)
0 0 E&
- 1 ([, @ . 0
Hypq = o (e gn B = &y 32 Eik), (4.56)



7 [ KE; [ A . A
Hreq = ;wm(ex sin B — é,cos ﬁ)f , (4.57)

finally, we obtain,

_>req _ %(éx sinf — éycos ﬁ)ejk(xcos/?+ysin B (4.58)
By using,
7, = cos(v + @g)é;—sin(v + @,) é,, , (4.59)
we write,

ﬁszteq =1,x H; + ﬁszreq :

(4.60)

ieq
For the first term of the summation of the right hand side of Eq. (4.60) we write,

M, X ﬁieq = cos(V + @) cos Qg é,+ sin(v + @) sin @, é,. (4.61)
Finally we obtain,

N — ~ E;
M, X Hieq = eZZ—;cosv. (4.62)

For the second term we write,

ﬁzxﬁreq = —é, i—; (—cos(v + @g) cos B + sin(v + @y)sinp),

And we obtain, (4.63)
7, xH,

~ Ej
eq = eZZ—Ocos(v + @, + B). (4.64)
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To obtain the surface current we write,
= —

Iurpo = nZXHteq )

and

A Ej ,
Jurpo = €, Z—; (Cosv + cos(v + @y + ﬁ))ejkxICOS(po.

Using the relations of,

cosv = —cos(v + @y + ),

7 _ A 2E; T 9 B jkxrcos
]MTPO——ezZ_COS(;—T—;‘i“Po"‘ﬁ el $o,

2 o 2Ei . (9otB\ _ ikxicos
Jurpo = €z, St (T el o

Incident-scattered field,

e~ JkR1

Ry

- —jwlg 7 ’
E;, = as’.
is AT fsl ]MTPO

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)
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Substituting Eq. (4.70) into Eq. (4.71) we write,

o _ 6 Jwio B+@o e JkR1 ikxrcos ’
Fum 22, B () s,

€z 4m 2 Ry

o A J2WUQE; B + e—JkR1 .
EiS = ez J HoLj f sin (M) _e]kx1c05(p0 dS,’
4z 2 Ry

o ~ JKE; O 0o . + e—JkR1 .
Es=¢e i f_oo f_oo sin (M) £ eikxrcospog gy’

Z o2 2 Ry

where the wave number k can be written as,

wp
k=—"2.
Zo

Incident scattered field can be arranged as,

o e —JjkRq

Ry

!

2 __ A JKE; O ﬁ Po jkxrcosgg
Ex=¢ Lo sin(=")e ax' [~

Z 2m
Letting,
z—2z'=Rsinha,
We get,
dz' = Rcosha da,

and

JR?+ (z—2')2 = Rcosha.

dz'.

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)
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The incident-scattered electric field becomes as,

B _ 5 JKEi (0 . (B+Po\ jkxicos@g . jkR cosha
Eiy =¢é,— [ _sin —)e dx'[. e da,

21

where

fC gJkRcosha g, — %Héz)(kR).

(4.80)

(4.81)

Héz) (kR) is the zero-order Hankel function of the second kind that can approximately be

written as,

@ ~ [2 i) e R
HY (k}te)_\/;e@)m .
Thus,

o= 6, B0 sin (BE2) bvcosonot 1) ().

If Eq. (4.82) is substituted into Eq. (4.83),

Ll
%)

Zor j 2 VKR

= ~ KE; 'E) 0 . (Btoo\e JKR 4., ,
Eg=2¢8 —‘61(4 sin (—)—ef x1cosPod x
ts Z \2m f—oo 2 vkR

is obtained. Finally, we can write total scattered field as,

P (T —-JjkR .
_ e En [20(E) (0 gy (B R
7 —0 ’

(4.82)

(4.83)

(4.84)

(4.85)
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Ee = Eis + Ers (4.86)
- . T ik .
oo —jk 3
f,” sin (@)%elkms%dx'). (4.87)

The first integral, which represents the incident-scattered waves, contains incident, and
incident diffracted fields for ¢ = 7 , and for ¢ € [0, 2m] respectively. The second one
contains the reflected and reflected-diffracted waves. Reflected fields are evaluated
asymptotically by by the stationary phase method whereas the diffracted fields can be

obtained by the edge point method.
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CHAPTER §

SCATTERING OF HOMOGENEOUS AND INHOMOGENEOUS PLANE
WAVES BY A CYLINDRICAL PARABOLIC PERFECTLY ELECTRIC
CONDUCTING REFLECTOR

5.1 Theory

A cylindrical parabolic reflector whose surface equation is given in Eq. (5.1) is placed on

a coordinate system symmetrical with respect to x-axis as shown in Fig. 28.
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Figure 28 Geometry of the problem

The parabola expression can be written as,

' f
p = Q! 2 (51)

where ¢’ and p’ are cylindrical coordinates and f is the focus of the parabola whose

expression can be rewritten as,
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f = p'cos? (%’)

Gradient of ““ f” in cylindrical coordinates is written as,

Vf =7 = cos? (‘%’) é, + ;%(_ %) p'2cos (%’) sin (%') éy

from which the normal of the parabola is obtained in Eq. (5.4).

Inward vector is the opposite of the Eq. (5.5) as,

A 1A
n = —cos ((L) é, + sin ((’4) é,
2 2

Theta in Fig. (6.1) can be found by means of dot product as,

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)
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The scattering integral [92] of MTPO [20] for an impedance surface can be applied to a

perfectly electric conducting (PEC) surface as,

_ ﬁ Pe B+a e‘jk[P’COS((P,—‘PO)"'R] p! '
Es = — f_‘Pe cos( . ) = Cos%,d(p , (5.11)
where

_ r [
R=pcosy+p cos(ﬁ +?). (5.12)

5.2 Asymptotic evaluation of the scattering integral

For the asymptotic evaluation of the scattering integral, to obtain the reflected field we

need to use the phase function. The phase function of the scattering integral is,

Y =pcos(p’ —po) +R, (5.13)
which can be rewritten as,

Y = p'cos(p’ — @y) + p'cosf + pcosy. (5.14)

Taking the derivative of both sides with respect to ¢’ we get,

I ap! / ’ s I
Y’ =3 cos(@' = @o) = p'sin(e’ = po) +

% cosB — o'sing 25 — psiny 2L
a<p'COS'B psmﬁa(p, psiny 35 (5.15)

where,
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@/

apr ' sin7
apr _ z (5.16)
o/ cos—-

From the geometry in Fig. 28 we write,

£ (5.17)

siny  sinB ’

and
y=n—(p—9¢)—§8, (5.18)

from which we get,

v _1_26
o0 2 g (5.19)

We can rewrite the first derivative of the phase function as,

sin2 i sinﬂ
Y’ =p' —Zcos(@ — @o) — p'sin(@’ — @o) + p' —Lcosp —
2

cos

I d ’ . 7]
psmﬁ( —6—5)—psmﬁa—5, (5.20)

. !
Sin— . 7 I
W' =p'—5(cos(@" = @o) + cosB) — p'sin(p’ — @o) — p'sing, (5.21)
2
Y= p'(p, [sinﬂcos(go’ — o) + sin% cosp —
cos—- 2 2
sin(@' — goo)cos% — sinfcos %] (5.22)
=P Nein(% — o' in (% —
Y= P [sm ( kA <p0) + sin ( . ,8)], (5.23)
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and its first derivative is found to be,

W _ p’(p, [sin ((po — %’) —sin (,8 - %’)] (5.24)

dor cos—-

By equating the first derivative to zero, we obtain the stationary phase point value of 3

as,
Bs=as=po—", (5.25)

where [ is the value of B at the stationary point. Now we need to find the second derivative

of the phase function.

s _ pleolor- ) ()-coslp- ) Gorm3) o (5.26)

=l desro-2) e po-2) B tes( 2] 5

where o , ps are the stationary values of ¢’and p’respectively. As a result,

" s s\ 98
g = copsﬂ cos ((po - %) P (5.28)
2

Here the first derivative of B with respect to ¢’ is needed. From the geometry in Fig. 28

we can write,
p'sinf = psiny. (5.29)

By taking the first derivative of both sides we write,
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. Q!
sin=

p' sinfd + p’cosB:—(j = pcosy;—(; . (5.30)

o7
cos 2

Substituting Eq. (5.19) into Eq. (5.30) we arrange the equation as,

. @l
_9B\ _ (i 9B
pcosy (1 6(pl) =p <COS%, sinf + cosp a<p/>’ (5.31)
;. sinﬂ , ap
pcosy — p'sinff —=% = (pcosy + p'cosB) — . (5.32)
cos% o9
By using the relation of
R = pcosy + p'cosp, (5.33)

For Eq. (5.32) we write the following steps as,

!

i S _ 0B
pcosy — p'sinfs = R—, (5.34)
cost- d¢r
2
!
. sin%
pcosy—p'sinf o
aﬁ _ cos5-
= _ , (5.35)
! !
ap pcosycos%—p’sinﬁsin‘% (5 36)
L - ]
dpr Rcos% ’
! ! ! 1A
o _ pcosycos%+p’cosﬁcos%—p’cosﬁcos%—p’sinﬁsin% (5.37)
= - s .

do! Rcos%



ap cos%,(pcosy+plcosﬁ)—p’cosﬁcos%’—p’sinﬁsin%, (5 38)
dpr Rcos%’ ’ '
% _ Rcos%,—pl<cos,[>’cos%,+sinﬁsin%,) (5 39)
dpr Rcos%’ ’ '
% _ Rcos%—plcos(ﬁ—%,) (5 40)
opr Rcos%’ ' '

ubstituting Eq. (5.40) into Eq. (5.28) we get,
Substituting Eq. (5.40) into Eq. (5.28

nm_ _Ps |_ _Ps pSCOSZ((pO—%)

s COS%[ g (‘Po 2 ) + lcos% ’ (54D
or

nm _ __Ps _Ps Ps _ s

5 = leos s cos ((po . ) [lcos S~ Pscos ((po . )] , (5.42)

where / is the stationary value of R. By remembering that the first derivative of the phase

function is zero, its Taylor expansion is written as,

P9 =h(@s) + 39" () (9 — 95)?, (5.43)

which can be written for our problem as,
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V@) =1+ ps 5B cos (90— 5) X

|icos 2 pycos (9o — 2)| (0" = 5)2.

Reflected field becomes as,

kexp(jm/4)

kD)
E, = =D oxp [~ jkp, cos(ps — ¢o) 52

X

(5.44)

J7 ex p[“ 775 €05 (00 — %) x [1cos 2 — pocos (9o — )] (90— 0, ]d<p,

Er = f;e—]’kps COS(‘PS“PO)e—jle
pscos(00-25)

f_woo e 2lcos? (‘ps
where,

1T

kel% ( ‘Ps) Ps
= COoS — s
fs V2m $o — vkl cos ’

or,

.TT
f _ kel cos (ﬁs"'as) Ps
ST Vom 2 \/_cos(ps ’

Where,

P
ﬁszaszfpo_?s-

The integral in Eq. (5.46) has the form of,

[pscos((po (p) lCOS_](<P ‘Ps)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)
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[, exp (=) dy =2m.

By letting,

1= D, cos (g~ 2) - teos],
the integral becomes,

[ exp (~AL2 )y

Letting,

Alp' — )% = y2,

Then we write,

VA(Q' —p) =y,
and
VAde' = dy.

By using Eq. (6.53) - Eq. (6.55) into Eq. (6.46), reflected field is reduced to,

_Ps
E. = e_jkps COS((PS_(PO)e_jkl Ps COS((pO 2) .
r Ps cos((po—%)—lcos%

(5.50)

(5.51)

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)
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5.3 Numerical results for the reflected fields

The following figures Fig. 29 through Fig. 42 are the plots of the reflected field obtained
in Eq. (5.56) and related geometry given in Fig. 1. The observation angle p is 6A, where A
is the wavelength and taken as 0.1 meter. The focus of the parabola is 3\, and k is the

wave number which is equal to 2m/A.

In Fig. 29 and Fig. 30 reflected field is plotted for po=pi/3, and ¢ € [-pi/3, pi/3] which

means that the cylindrical parabolic reflector is located symmetrical with respect to x-axis.

180

270

Figure 29 Reflected field variation with respect to o.
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Figure 30 Reflected field variation with respect to o.

This curve in Fig. 30 describes the variation of reflected field with respect to ¢. Since ¢ is

a function of ¢y , it takes the values as shown in Fig. 30.

From Fig. 31 and Fig. 32 we see that as the lower limit of ¢y is increased in magnitude,

the reflected field moves clockwise which is reasonable due to the geometry.
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180

270

Figure 31 Reflected field variation for ¢¢ =pi/3, and s € [-pi/4, pi/3].

180

270

Figure 32 Reflected field variation for ¢¢ =pi/3, and s € [-pi/6, pi/3].
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1.2 Er for phisz[-pi/G,pi/S]
1.1 Er for phis=[-pi/4,pi/3]
1.0 Er for phis=[-pi/3,pi/3]

Figure 33 Reflected field variations for ¢y =pi/3.

Here in Fig. 33 and Fig. 34, all three cases are shown together to verify this phenomenon.
In Fig. 33, to avoid coincidences, E;, 1.1 E,, and 1.2 E; are plotted by the colors of black,
red, and blue respectively. In Fig. 34, to show the variations clearly, E; is multiplied by

1.0, 1.05, and 1.1 and these curves are shown in colors of black, red, and blue respectively.
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Figure 34 Reflected field for ¢ =pi/3.

Fig. 35 and Fig. 36 depict the effects of the upper limit variation of the parabola on the
reflected field. As can be seen from these figures when the lower limit of ¢ is increased,
the reflected field moves counter-clockwise which is also an expected case due to the

geometry.

In Fig. 35, to show the variations clearly, E; is multiplied by 1.0, 1.05, and 1.1 and these
curves are shown in colors of black, red, and blue respectively. The same operation is

done for Fig. 36.
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1.0 Erfor phis=[-pi/3,pi/3]
14 Erfor phis=[-pi/3,pi/4]
1.2 Er for phis=[-pi/3,pi/6]

180

270

Figure 35 Reflected fields for ¢y =pi/3.

0.8 4 . .
_1.00 Er for phisz[-pi/3,pi/3]
0.7l — 1.05Er for phis=[-pi/3,pi/4]
1.10 Er for phis=[-pi/3,pi/6]
0.6
0.5
/
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~
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0.3 =
0.2
0.1
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Figure 36 Reflected field versus ¢ variations.
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Er for phi0=pi/3
Er for phi0=pi/4

Er for phiozpi/6

270

Figure 37 Reflected field variations in the interval of ¢ € [-pi/3, pi/3].

Fig. 37 shows the reflected field variation with respect to incident angle having a real
component only. Using the same notation as in Chapter 2, let us call the real component
or, and the imaginary component as ¢; of the incident angle ¢o. When the angle is increased
beam turns clockwise. Because ¢, determines the phase of the beam which is the feature

of inhomogeneous waves.
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phi =pi/3+j(pi/ 100)
phi,=pi/3+(pi/20)
60 phi,=pi/3+j(pi/15)

180

270

Figure 38 Reflected field variations due to positive o; .

In Fig. 38, for g€ [-pi/3, pi/3] variation of the reflected field with respect to ¢; is shown.
It can be observed that the field intensity and the ¢; are directly proportional. Complex

conjugate of the incident angle does not affect the results as shown in Fig. 39 below.
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phi,=pi/3-j(pi/100)
0 o8 — phiy=pi/3(pi/20)
phi,=pi/3-j(pi/15)

180

270

Figure 39 Reflected field variations due to ¢i, for s € [-pi/3, pi/3].

From Fig. 28 we can write,

o1 ((RP+(p2=p?)\ @1
f = cos (—(ZPR) ) S (5.58)

The plot of B with respect to ¢ is given in Fig. 40.
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Figure 40  versus ¢ graph for ¢'=mn/3.

400

To obtain smooth varying curve we need to alter this graph by means of unit step

functions. This is necessary for preventing the abrupt changes in the transmitted, reflected,

or both transmitted and reflected field plots. By doing this we obtain,
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Figure 41 Altered B versus ¢ graph for ¢'=n/3.

For various ¢’ values we obtain the curves shown in Fig. 42 below. Any of these can be

used for the expressions containing 3.

250 r r
(phi)' =pi/3
200 (phi)' =pi/4 ||
———— (phi)' =pi/5
150 ——— (phi)' =pi/6 |
100
3
o 50
(@]
o}
(=]
< 0
©
m
-50
-100
-150
-200
0 50 100 150 200 250 300 350 400

Phi, Degrees

Figure 42 Revised beta versus ¢ variations.
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Fig. 43 is plotted by using the total electric field [61] given by Eq. (5.59). It shows the
total scattered field whose transmitted and reflected field components are the right and left

lobes respectively.

k i1t/ 4 e
E, = “EID (9 [cos((B + @)/2) +

. exp{-jk[pr cos(¢’—po)+R]} p! ,
sin((8 - @)/2)] ost I dp

(5.59)

180

270

Figure 43 Total scattered field with respect to .

For the incident angle of the form “a + j b” where ‘a’ and ‘b’ are constants, the scattered

field varies with respect to ‘b’, keeping ‘a’ constant, as in Fig. 44 below.
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phi,=pi/3+j(pi/ 100)
phi,=pi/3+(pi/150)
phi,=pi/3+(pi/300)

1110 S NS

/330

270

Figure 44 Total scattered field variations with respect to ¢ for o = a + j b values.

As the ¢; approaches to zero, the beam amplitude increases. On the contrary, as imaginary
part of the incident angle having the form of “a-j b” approaches to zero, the beam

amplitude decreases as shown in Fig. 45.
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phi,=pi/3-j(pi/100)
phi,=pi/3-j(pi/150)
phi,=pi/3(pi/300)

180

270

Figure 45 Total scattered field variations with respect to ¢ for ¢o = a-j b values.

phi,=pi/3-j(pi/100)
phi=pi/3-j(pi/150)
phi,=pi/3-j(pi/300)

330

270

Figure 46 Transmitted field variations with respect to ¢ for ¢y = a-j b values.
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Fig. 46 and 47 show the variations of the transmitted and reflected beam amplitudes with

respect to the imaginary part of the complex angle of incidence respectively.

phi,=pi/3-i(pi/100)
phi,=pi/3-j(pi/ 150)
phi,=pi/3-j(pi/300)

270

Figure 47 Reflected field variations with respect to ¢ for ¢y = a-j b values.

Reflected scattered field
Reflected field

90 g
Reflected diffracted field ’

180

270

Figure 48 Reflected scattered field and its components.
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In Fig. 48, reflected scattered, reflected and reflected-diffracted fields are shown all

together on the same plot. Reflected field which is obtained by the stationary phase point

method is subtracted from the reflected-scattered field and the reflected-diffracted field is

obtained.

5.4 Diffracted waves

Diffracted field can be written as [61],

a =

Jk 9'(@e ) 9'(=¥e)
where,
fpe) = "F”—_ :
and

9(@e) = pe cos(@.—¢,) + R, .

Eq. (5.60) is obtained as,

L@e) oy (—jkg(@e)) — L2 exp(—jkg(— %))]

E e—f%efkReejkpe cos(pe—¢o) cos((po—&) COS(‘Po+ﬂ)
a— J2kmR, sin((po tpe) sin Beq sin((p0+7) sin Be; |’
where,

RZ = p? — p& — 2pp, cos(p — @,).

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)
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Using the identity of,

a+b a—b

sina —sinb = 2cosTsinT, (5.65)
For the upper edge,
e_j(%)efkReejkpe cos(@e—@o) A B
Eq = Pe Pe . (5.60)
2y2kmR, Po—5+Be1 . P05~ Be1
Cos 2 sin 2
y i L
\/ TN
Ye Re R _
Pe (
P fi‘fé (o R
pe /
Qe ’
Q 3
®. L P
I"’\
A
incidentray

Figure 49 Upper edge diffraction geometry.



By the approach used in [93, 94] if we let,

Pe
@o—+Pe
t, = —/2kR, cos (%),
we obtain,
_Pe
kR, = 2kR,cos? (%) — kR, cos (goo — % + Bel).

Reflected part of Ed can be written as,

: Pe
Ear = —sgn(t)Fllt; ] cos (py — £2) Ae/Recos(0o5res)
where,

& 2
e Iz e_]tl

sgn(t)F[lt;|] = BN

Similarly, for

¢0—&—ﬁe1
t, = —/2kR, sin (ZT),

we can obtain,

q’o‘%—ﬁﬂ
2

kR, = 2kR,sin? ( + kR, cos ((po - % - ,3e1)-

Transmitted part of Eq4 is obtained as,

: Pe
Eqp = —sgn(t,)F[lt;l] cos (cpo — %) Be/kRecos(9o=5~Fe),

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)

(5.72)

(5.73)
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Diffracted field can be concluded as,

j Pe
Egq1 +Egp = _Sgn(tl)F[|t1|] cos (‘Po — %) Ae}kRe cos((p0—7+591)

— sgn(t,)F[[t[] cos (g — 22) Be/*Recos(v0=5Per)

2

where A and B are the undetermined coefficients.

(5.74)

incidentray

Figure 50 Lower edge diffraction geometry.
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In a similar manner, diffracted field for the lower edge can be found as,

j Pe
Eg1 + Egy = —sgn(t3)F[|ts]] cos (‘Po + %) Cel¥Re cos(po+2e+Bez) _

: Pe
sgn(t)F[|t.l] cos (@, + £2) De*Re cos(po+5=pez) , 5.75
2
where C and D are the undetermined coefficients, and

<Po+%+ﬁez>’ (5.76)

t; = —/2kR, cos( >

and

, <Po+%—ﬁe2
ty, = —/2kR, sin — |- (5.77)

5.5. Numerical results for the diffracted fields
The following plots between Fig. 51. and Fig. 59 are obtained for the upper edge of the

phi,=pi/6+j(pi/800)
phiy=pi/6-+j(pi/300)
phiy=pi/6+(pi/150)

180

Figure 51 Upper edge transmitted field for positive ¢; values.
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reflector. As can be seen in Fig. 51 and Fig. 52, the positive imaginary part ¢; of the

incident angle and the beam amplitude are inversely proportional.
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Figure 52 Upper edge transmitted field for positive ¢; values.
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Figure 53 Upper edge transmitted field for negative ; values.
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Figure 54 Upper edge transmitted field for negative ¢; values.
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In Fig. 53 and Fig. 54, the negative imaginary part of the incident angle and the beam
amplitude are directly proportional. Fig. 55 and Fig. 56 depict reflected part of the
scattered field for the incident angle having a constant real part and various positive
imaginary parts while Fig. 57 and Fig 58 are having the same conditions except that they
have negative imaginary components below. For the positive imaginary components their
magnitudes are inversely proportional to the beam magnitudes whereas for the negative

ones they are directly to the beam magnitudes.

phi,=pi/6+(pi/800)
phi,=pi/6+(pi/300)
phi=pi/6+j(pi/150)

Figure 55 Upper edge reflected field for positive ¢i values.
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Figure 56 Upper edge reflected field for positive ¢; values.
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Figure 58 Upper edge reflected field for negative ¢; values.
We can conclude that for the negative imaginary components of the incident angle, beam
amplitude and the absolute value of the imaginary part are directly proportional, for the

positive imaginary components they are inversely proportional.

In addition, symmetry axis of the beam varies by changing the imaginary component
value. It is remarkable to note that when the imaginary part of the incident angle vanishes,
the beam becomes symmetrical with respect to an axis which connects the origin and

vertex of the beams shown in Fig. 59 below.
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Reflected field
Transmitted field

180

270

Figure 59 Upper edge reflected and transmitted fields for ¢y =pi/6.

The following plots Fig. 60 through Fig. 67 are obtained for the lower edge of the reflector.
The first four figures belong to the reflected field, whereas the last four ones represent the
transmitted field. Fig. 60 and Fig. 61 show the changes in the beam amplitudes for the
positive imaginary values (¢;) of the incident angle. We see that amplitude decreases with

the increasing values of ¢;

Fig. 62 and Fig 63 show the effect of complex conjugate of incident angles used in Fig.
60 and Fig. 61. It is seen that the beam amplitude and ¢; are directly proportional for this
case. In Fig. 64 and Fig. 65 the beam amplitude and ¢; are inversely proportional whereas

in Fig. 66 and Fig. 67 they are directly proportional.
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Figure 60 Lower edge reflected field for positive ¢; values.
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Figure 61 Lower edge reflected field for positive ¢; values.
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Figure 62 Lower edge reflected field for negative ; values.
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Figure 63 Lower edge reflected field for negative @i values.

96



phi,=pi/6+j(pi/800)
phi,=pi/6+j(pi/300)
phio=pi/6+(pi/ 150)

180

270

Figure 64 Lower edge transmitted field for positive ¢; values.
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CHAPTER 6

CONCLUSION

In this study, evanescent waves are reviewed, and as the subclasses of these waves,
inhomogeneous plane waves and Gaussian beams are derived. Also, for these two
subclasses numerical analyses are carried out to figure out the behavior of these waves.
The diffraction theory is discussed briefly and Kirchhoff’s diffraction integral on which
many diffraction problem solutions are based is derived. A non-uniform diffracted field
expression encountered at the end of asymptotic evaluations had to be solved to get a
uniform field expression. Otherwise diffracted field would approach to infinity at the
reflection and shadow boundaries due to the asymptotic high-frequency characteristics of
the obtained field expression. To obtain a uniform expression, a feature of Fresnel function
is utilized. The uniform field expressions for both upper and lower edges of the reflector

are obtained.

Inhomogeneous wave is obtained as the multiplication of two exponential terms, one
representing the phase or propagation direction, and the other the amplitude of it. It is
observed that the wave amplitude decreases with the decreasing imaginary component of
the incident angle meaning that they are directly proportional. Complex conjugate of
incident angle resulted in a field that is 180 degrees out of phase with the former one.

Also, an incident angle with no real component resulted in beam radiation directed to —
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n/2 or m/2 depending to the polarity of the imaginary component of the incident angle. To
verify the theory, an incident angle with no imaginary component is applied and a plane
wave radiation which is a circle is obtained. Besides, it is observed that when the real
component is changed and the imaginary component is kept constant in the incident angle,
a phase shift in the beam direction with the same amount as the change in the real
component occurs. For the Gaussian beams all the necessary calculations to obtain the
ultimate expression are performed and the plots of Gaussian beams for its parameters are
implemented. In the last stage that is the main part of this study, the asymptotic evaluation
of the scattering integral based on the MTPO is carried out. We used the surface integrals
of MTPO to express the scattering integral for a cylindrical parabolic PEC reflector on
which a plane wave is incident with an arbitrary angle. Asymptotic evaluations of the
scattering integrals are obtained by some approximation methods. For the reflected and
diffracted fields, we used the stationary phase method, and the edge point method
respectively. Reflected and edge diffracted waves are plotted numerically for some
parameters. It is observed that the fields that are obtained and plotted are reasonable and
consistent. Also, by taking the incident angle as a complex parameter, evanescent waves
are obtained for both reflected and diffracted fields. The behavior of evanescent waves is
observed and compared to the theory. The results obtained complied with the theoretical

derivations.
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APPENDICES

A.1 The Stationary Phase and Edge Point Methods

A.1.1 Stationary phase point method [78]

Radiation integrals consist of an amplitude function times a phase function. In many
cases an asymptotic evaluation is employed if the amplitude function varies slowly

whereas the phase function varies rapidly. For our problem we consider the integral,

I = f: f(x) e?Pr®qy, (A.1)

where f(x) and y(x) are real functions, and f is a large number. The integral endpoints can
be infinite. If f(x) is slowly varying and fy(x) is rapidly varying functions over the interval
of integration due to {3 being large, the main contribution to the integral comes from the
stationary phase point. If there exist more than one stationary points, the contribution of
all these stationary points will be summed up. A stationary phase point is defined as a

point where the first derivative of the phase function y is equal to zero:

v _,

ax (A.2)

meaning that the function y(x)is maximum at Xo. If y(x)1is multiplied by £, the difference

between the maximum-valued y and any other x-valued y will rapidly increase resulting
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in a rapid exponential growth of the integrand. Therefore, the significant contribution to

the integral will come from the points that are close to xo,

If we expand the phase function in a Taylor series around the stationary phase point, the

following expression can be written:
! 1 n
y(x) =yo+ (x —xp)yo + E(x —x0)%yg + (A.3)

where y, and y, represent the derivatives of y with respect to x, evaluated at xo Now y,

is assumed as zero by definition in the neighborhood of the point of stationay phase the
quantity (x-X¢) is small and therefore the high-order terms (i.e., order 3 and higher) in Eq.
(A.2) may be neglected. If there is only one stationay point x, in the interval from a to b,

and xo is not close to either a or b, the Eq. (A.1) can be written as,

x+6

1=[" £(x)eBrogiBle=x0)v0 /2 gy (A.4)
M

when y(' # 0 where d represents a small number. By doing this we reduce the range of
integration to a small neighborhood about the stationary phase point. If f(x) is slowly

varying, it can be approximated over this small interval. In this case Eq. (A.3) becomes,

Io = f(xg)elPro [7 eIBG=x0)?v0' /2 gy (A.5)
IO — f(xo)ejﬁyo f_oooo ejﬁzzy({),/zdzj (A6)

where (x-x0)=z. For convenience, the limits of integration are changed to infinity. This

causes a little error which can be neglected. In other regions, the rapid phase variations
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will cancel each other because of the slowly varying characteristics of f(x). Now let us

consider the integral
IZ el da. (A7)

Eq. (A.7) can be written via the Euler’s formula as,

ffooo(cos az? + jsinaz?)dz. (A.8)

By solving this equation we obtain,

\/% elison@ (A.9)

where,
-1, a<0
sgn(a) = { La>0" (A.10)
To evaluate Eq. (A.4), Eq. (A.5) is used and as a result the stationary phase
approximation results in,
_ [Xt8 By (x) By (xo) |_2T_ i%Gsgn(xo)
I=["0 f)ePr@dx ~ f(xy)elPrxo it . (A.11)
0

If more than one stationary phase points exist in the integration interval and there is no
coupling between them, the total value of the integral is obtained by summing the

contributions of all these stationary points. Eq. (A.9) is invalid if the second derivative of
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the phase function is zero at the stationary phase point. In that case, the third-order term
in Eq. (A.2) is used. In addition, Eq. (A.9) becomes invalid if one of the limits of
integration is close to the stationary phase point. For this case we can express the integral
in the form of a Fresnel integral. One more problem arises if there exist two or more
stationay points close together in the integration range. To obtain the endpoint

contribution, it is reasonablet to write Eq. (A.1) as,

I = ffooof(x)ejﬁy(x)dx — fboof(x)ejﬁy(x)dx F f_a; f(=x)eBr=2gx, (A.12)
or
I=1,—1,—1, (A.13)

Evaluation of Iy has been done in Eq. (A.9). I, for instance, can be evaluated via
integration by parts with the wave number to be complex and to have a small amount of
loss (i.e., small a) so that the contribution to the integral by the upper limit at infinity

vanishes, and then letting the wave number to be approximated by f3,as before. Thus,

~ _ 1 D) jyb)
b= T ig i ¢ : (A.14)

A similar expression can be found for I.,. Eq. (A.12) is valid when the limit value “b” is
not near or coupled to xo. When the stationary point is coupled to the endpoint, it is written

that,

I, = u(—sgn(b — x¢))Ip + sgn(b — xp)x
F(b)e/Br®Fjv? ,ﬁ|]2/,,|Fi(v), (A.15)
0
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where,

u is the unit step function

F_(v)is the Fresnel integral

y'(b) # 0, (A.16)

and

b= B lvd| . (A.17)
2lyg' )70

A.1.2 Edge Point Method

For the edge diffraction this method is employed. The integral,

[ fGexp(—jkg(x))dx, (A.18)

can be written as,

[ F@) jgi exp(—jkg(x))dx. (A.19)

If the method of integration by parts,

f: udv = uv — f: vdu, (A.20)

is applied by assuming,

_ f)

=19 (A21)

we write,

119



_ f10)gr)—-f(x)gri(x)
du = PO , (A.22)

and,
dv = g'(x)exp(—jkg(x)). (A.23)
By assuming,

v = —jikexp(—jkg(x)), (A.24)

the integral becomes as,

7 1@ LB exp(—jkg() = [L35 (=) exp (kg ()] -

1(x) 1(x)
Ji = feexp(=jkg () [FREERT  dx. (A25)

If the integration by parts method is used for the integral term on the right hand side of
the equality, this will result in terms having k* or in the denominators which make the
integral negligible due to the high value of “k” at high frequencies. As a result, the

integral will be approximately as,

J7 1) 8 exp(—jkg(0)dx = [L35 (5, exp(=ikg ()] (A.26)

This approach is known as the Edge Point Method.
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