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ABSTRACT  

SCATTERING OF EVANESCENT WAVES 
BY REFLECTORS 

 
KARA, Mustafa 

Ph. D., Electronic and Communication Engineering Department 

Supervisor: Prof. Dr.Yusuf Ziya Umul 

July 2017, 121 pages 

 
In this thesis, the scattering integral of electromagnetic incident waves scattered by a 

cylindrical parabolic perfectly electric conducting reflector is evaluated asymptotically. 

For the determination of the reflected fields the method of stationary phase, and for the 

diffracted fields the edge point method, whose details are given in appendix, are 

employed. A plane wave with an arbitrary angle is assumed as incident on the reflector. 

The evaluated reflected and diffracted fields are examined numerically for any 

observation point.  In the evaluation of diffracted fields, the non-uniform diffracted field 

expression encountered is overcome by means of Fresnel function. For the numerical 

analysis, basically two cases are taken into consideration. One of them is the incident 

angle being real, and the other is the complex value of it. For these values, the effects of 

all possible combinations including the complex conjugates are examined and plotted 

numerically. 

Keywords: Scattering, Reflection, Diffraction, Evanescent Waves. 
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ÖZ 

EVANESENT DALGALARIN REFLEKTÖRLER TARAFINDAN SAÇINIMI 
	

KARA, Mustafa 

Doktora, Elektronik ve Haberleşme Mühendisliği Anabilim Dalı 

Tez Yöneticisi: Prof. Dr. Yusuf Ziya Umul 

Temmuz 2017, 121 sayfa 

 
 

Bu tezde silindirik parabolik mükemmel elektriksel iletken bir reflektör tarafından 

saçınıma uğrayan gelen elektromanyetik dalgaların saçınım integrali asimptotik olarak 

hesaplanmıştır. Yansıyan alanların belirlenmesi için , ayrıntıları appendix’te verilen, 

stasyoner faz hesabı yöntemi, kırınan alanlar için köşe noktası/kırınım yöntemi 

kullanılmıştır. Bir düzlem dalganın herhangi bir geliş açısıyla reflektöre geldiği kabul 

edilmiştir. Hesaplanan yansıyan ve kırınan alanlar herhangi bir gözlem noktası için 

incelenmiştir. Kırınan alanların hesaplanmasında karşılaşılan üniform olmayan ifade  

Fresnel fonksiyonuyardımıyla düzeltilmiştir.Sayısal analiz için temel olarak iki durum 

düşünülmüştür. Bunlardan biri geliş açısının reel olması, diğeri kompleks olmasıdır. Bu 

değerler için kompleks eşlenik de dahil olmak üzere bütün olası durumlar incelenmiş ve 

sayısal olarak çizdirilmiştir. 

Anahtar Kelimeler: Saçılma, Yansıma, Kırınım, Evanescent Dalgalar. 
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INTRODUCTION 

 

1.1 Background 

In the analysis of wave propagation, scattering by the obstacles reflecting or diffracting 

the waves has a significant place. Exact solutions of the scattered fields are required to 

satisfy the Helmholtz equation as well as the boundary conditions. Basically, there are 

three solution methods known as analytic, numerical, and asymptotic. The first two are 

ray-based and current-based methods. High frequency asymptotic methods are used where 

the conventional solution methods fail. High frequency asymptotic condition is valid for 

kρ>>1, where k is the wave number, and ρ is the distance between source and observation 

point [1]. Geometrical Optics (GO) is one of the ray based techniques where it is assumed 

that electromagnetic waves propagate like rays at high frequencies. With this method only 

incident and reflected fields can be obtained. However, the drawback of this method is 

that, diffraction is out of its scope. Geometrical Theory of Diffraction (GTD) and Uniform 

Theory of Diffraction (UTD) are the ray-based techniques interested in investigation of 

diffracted fields [2-4]. 

These techniques cannot give a solution to a problem at the caustic regions. Therefore, 

fields go to infinity at caustic regions. This problem is overcome by the one of the current-
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based or integral-based techniques. One of the integral-based technique is the Physical 

Optics (PO) suggested by McDonald [5].  

It is based on the integrating current induced on the scatterer surface. It gives accurate 

results except the edge diffracted fields.  UTD analysis of the scattered fields by a 

Perfectly Electric Conducting (PEC) cylinder, asymptotic evaluation of the edge 

diffraction in cylindrical parabolic reflector antennas, and asymptotic evaluation for the 

scattering by a perfectly conducting cylinder are investigated [6-8].  

 

Plane wave scattering by a perfectly conducting circular cylinder near a plane surface [9], 

and plane wave diffraction by various surfaces are also studied [10-13]. Physical optics 

(PO) does not consider shadow area contribution which is another lack of this method. 

Ufimtsev proposed physical theory of diffraction (PTD) method to solve these problems 

by defining additional correction current and called that non-uniform current and later it 

was called as fringe current as well. In PTD scattered field consists of uniform and non-

uniform field components where the uniform field is obtained by the PO method and the 

non-uniform field is the result of the fringe current flowing on the discontinuities of the 

obstacle.  Ufimtsev proposed general form of the PTD for electromagnetic edge-waves 

and eliminated the singularities for electromagnetic wave problems as well as that of 

acoustic waves [14-19]. A recent method for obtaining the exact solution of diffracted 

fields from perfectly electric conducting (PEC) surfaces is the modified theory of physical 

optics (MTPO) that eliminates all mentioned difficulties [20]. This method is applied to 

the problems of wedge diffraction [21], impedance wedge [22], impedance half plane [23]. 

Besides, diffraction by a black half plane [24], its uniform version [25], and MTPO based 
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potential function of the boundary diffraction wave theory [26] are the applications of this 

method. PO theory for the wave diffraction by impedance surfaces [27], for the wave  

scattering by an impedance strip [28], and a half- plane with different face impedances 

[29] are also investigated. Physical optics of phase-conjugate mirrors [30], PO theory of 

resistive surfaces [31], physical optics integral of creeping waves [32] are other studies in 

this field.  

UTD analysis of the scattered fields by a PEC cylinder is carried out by Pathak [33]. 

Asymptotic expansions of exact solutions for the scattered fields by perfectly conducting 

cylinder are carried out on a complex plane by Kouyoumjian [34].  A new method for the 

evaluation of the plane wave scattering by a perfectly conducting circular cylinder near a 

plane surface is proposed [35]. Diffracted and reflected fields by any convex cylinder are 

constructed by Keller [36]. The eigen-function solution for electromagnetic scattering by 

the cylinder, and parabolic cylinder [37, 38], and asymptotic approximation for the current 

on the illumination side of the cylinder by using the saddle point method are investigated 

[39]. The first two terms of the asymptotic expansion of the current on the illuminated part 

of the cylinder is obtained by Riblet [40]. Wetzel studied the high frequency currents on 

all parts of the cylinder [41], and the current on a parabolic cylinder in the vicinity of the 

shadow boundary is obtained by Waith [42]. 

Lawrence and Sarabandi obtained an analytical solution for the electromagnetic scattering 

by a dielectric cylinder [43] and the examination of the scattering by a conducting 

cylindrical reflector is carried out by Yalçın [44]. Plane wave scattering by a perfectly 

conducting circular cylinder near its surface is investigated by Borghi et al. [45]. 

Büyükaksoy and Uzgören studied the diffraction of waves generated by magnetic line 
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source by the edges of a cylindrically curved surface with different phase impedance [46]. 

Physical optics integral for a cylinder is obtained as well. [47]. For some impedance and  

coated structures, equivalent surface currents in a standard general purpose PTD code are 

implemented [48]. Michaeli worked on the diffracted fields from the smooth convex 

perfectly conducting surface [49].  

Young first proposed the physical meaning of the scattered fields by a knife edge by means 

of the superposition of the incident and edge diffracted fields [50]. However, his proposal 

was not able to account for the scattering in all ways. Later, it was replaced by the Fresnel 

diffraction theory. Moreover, mathematical expressions for the qualitative representation 

of the Young’s idea is derived by means of Kirchhoff's integral [51-52] which has a new 

representation as well [53]. A work as a modification of Kirchhoff diffraction theory is 

carried out [54]. The obtained line integrals in the studies of [51] and [52] are the reduction 

forms of the surface integrals, and their evaluations give the edge diffracted fields. Later, 

Ganci's works on the half plane indicated that Maggi-Rubinowitz boundary diffraction 

wave does not give an exact solution, but an approximate solution [55-56].  

Ufimtsev improved his theory in his study by reducing his surface integrals for reducing 

the edge point contributions [57]. Umul solved the corner problem with defining the exact 

form of the equivalent edge currents by using the axioms of the modified theory of 

physical optics (MTPO) he proposed [26, 58]. Scattering of the electromagnetic fields by 

the curved surfaces is studied [59, 60]. Scattering of a line source from a cylindrical 

parabolic impedance reflector is investigated [61]. Wave scattering by a wedge with 

perfectly reflecting boundaries is also investigated [62]. Scattering of high-frequency 

fields by conducting surfaces having cylindrical shapes is also available in the literature 
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[63-66]. Scattering by a cylindrical reflector which is fed by an offset electrical line source 

is investigated by Yalçın [67]. Cylindrical reflector antennas have been studied for a long  

time. Asymptotic evaluation of the reflected field is carried out for plane and cylindrical 

waves being incident on circular and parabolic cylinders [68]. Circular cylindrical 

reflectors for scattering of waves are studied as the part of curved shapes [69]. Exact 

solution of the half-plane problem is obtained for the PEC by Sommerfeld. Ufimtsev's 

PTD takes this exact solution as a base. Non-uniform fringe fields can be obtained by the 

subtraction of asymptotic PO fields from asymptotic exact solutions while the uniform 

fringe fields can be obtained by subtraction of uniform PO fields from uniform exact 

solutions. Umul pointed out that the values used by Ufimtsev were quite large and not 

giving the correct results for the fringe fields. According to his work, approximate 

expressions are not valid in the transition regions. Therefore, the solutions represented by 

the Fresnel functions must be used for the scattering problems [70]. Syed and Volakis 

derived PTD formulation for radar cross section (RCS), and for impedance and coated 

structures [71]. However, in their study, fringe field expressions are not studied 

analytically and numerically. Also, the work does not include the uniform field 

expressions. In the literature, there are several of applications on the diffraction analysis 

for impedance surfaces [72-75]. Studies in the scattering of inhomogeneous waves are 

keeping pace with the other classes of works in electromagnetic scattering phenomena 

[76-80]. Inhomogeneous waves are studied by using the method of complex rays that are 

calculated by the solution of the high frequency Luneberg-Kline expansion of the 

electromagnetic field having complex-valued amplitude and phase functions [81-85]. 

Scattering of evanescent waves by cylindrical structures is also studied [86]. 
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In this thesis, scattering of a plane wave incident with an arbitrary complex angle on the 

cylindrical parabolic reflector is investigated.  This study is the first to contribute the 

investigations in wave scattering.   A time factor of exp (jωt) is assumed and suppressed 

throughout the study. 

1.2 Objectives 

 

The aim of this thesis is to investigate the behavior of evanescent waves. For this goal, 

inhomogeneous plane waves and Gaussian beams that are known as the members of 

evanescent waves will be studied. Inhomogeneous plane wave will be derived and its 

scattering behavior will be observed and discussed. Similarly, Gaussian beam will be 

taken into consideration. As a third attempt, scattering expressions of a 

HOMOGENEOUS plane wave by a cylindrical parabolic PEC reflector will be obtained. 

To do that, for the asymptotic evaluation of the scattering integral, reflected field will be 

obtained by means of stationary phase point method. Then edge point method will be used 

to obtain the diffracted field. The obtained fields will be plotted numerically for both 

homogeneous and inhomogeneous plane waves. 
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1.3 Organization of the Thesis 

This thesis is composed of six chapters. 

Chapter 1, which is the introduction, is a brief history of the works on electromagnetic 

scattering that have been carried out so far. 

Chapter 2 explains the diffraction theory. Geometrical theory of diffraction (GTD) and 

Kirchhoff’s diffraction theory are described. Also, Fresnel function that is used in 

obtaining a uniform fields by exploiting its asymptotic property is introduced. 

Chapter 3 is an introduction to evanescent waves. For this aspect, as the subclasses of 

evanescent waves, inhomogeneous waves and Gaussian beams are described. Theoretical 

deductions are verified by the graphical representations. 

In Chapter 4, mathematical expressions of Modified Theory of Physical Optics article [20] 

on which the scattering integral we started to evaluate asymptotically is based are clarified. 

Chapter 5scattering of homogeneous and inhomogeneous plane waves by a cylindrical 

parabolic perfectly electric conducting reflector is investigated. 

Chapter 6 is the conclusion section. 

Appendix describes the Stationary Phase Point Method and Edge Point Method used for 

the asymptotic evaluation of integrals. 
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DIFFRACTION THEORY 

2.1 The geometrical theory of diffraction [2] 

This theory was developed by Keller for homogeneous isotropic media but it has also been 

extended to inhomogeneous, anisotropic and to media such as warm plasma supporting 

several wave types. The simple ray solutions can be utilized for complicated high-

frequency scattering problems by using the geometrical theory of diffraction. The theory 

says that the scattered field at any observation point is combination of geometrically 

reflected or refracted, and diffracted rays. The incident field is represented by rays which 

are scattered when striking an obstacle. The nature of these scattered rays around the 

scatterer surface depends on the surface and medium properties. 

A ray striking a flat obstacle is reflected or refracted according to the plane-wave 

reflection or refraction law. It is propagated with an amplitude which is determined by the 

plane-wave reflection coefficient. 

 A ray striking a curved obstacle is reflected as from a plane which is tangent to the surface 

at the striking point, but the intensity along its path is determined by a "divergence 

coefficient," due to the surface curvature. The radius of curvature explains the spreading 

of the energy contained in a narrow ray bundle. Here we assume that the radius of 



10 
	

curvature is always much greater than the wavelength of the incoming rays. The reflected 

and refracted rays are encountered in the geometrical optics of isotropic and anisotropic 

media.  

A ray incident normally on an edge creates "edge-diffracted" rays that emerge in all 

directions in the plane that is perpendicular to the edge at the striking point. The intensity 

along an edge-diffracted ray decreases like ρ1/2, where ρ is the distance from the edge.  

The edge-diffracted rays due to an obliquely incident ray lie on a cone that has a semi-

angle at the apex equal to the angle between the incident ray and the edge. The incident 

and diffracted rays lie on opposite sides of the perpendicular plane through the striking 

point. 

A ray striking on a conical tip or a corner is scattered in all directions. The intensity along 

a "tip-diffracted" ray decreases like 1/r, where r is the distance from the tip.  

 A ray incident tangentially on a curved object creates a creeping ray traveling along the 

obstacle surface into the shadow region. Its amplitude along the surface decays 

exponentially with distance. 

If there is an interface between two media, an incident ray at the critical angle θc from the 

optically denser medium launches a lateral ray that travels along the interface in the 

optically thinner medium and sheds energy back to the denser medium by refraction. The 

decay of the lateral ray amplitude due to energy leakage is found to be algebraic. 
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The trajectories of the reflected and diffracted rays are in accord with Fermat's principle 

of least propagation time, and the variation behavior of the field, both in amplitude and 

phase, along a reflected or diffracted ray can often be predicted from simple geometrical 

considerations. 

The initial amplitude and phase along a diffracted ray cannot be determined from the 

geometrical theory but it must be taken from the asymptotic solution for a simple 

canonical scatterer whose contour at the diffraction point is identical to that of the obstacle. 

After satisfying this condition, the scattered field for the canonical object agrees with the 

asymptotic form of the rigorous solution as the wave number goes to infinity. The 

geometrical theory of diffraction has important features such as conceptual simplicity and 

broad range of applicability in homogeneous and inhomogeneous, isotropic or anisotropic 

regions. The drawback of the theory is that it is based on some postulates whose validity 

have not been proved so far. Therefore, it is necessary to verify the theory by using the 

asymptotic expansions of the problems. However, it is important to note that the 

geometrical theory of diffraction is capable of predicting at least the dominant effects of 

high-frequency scattering for relatively arbitrary conditions. By using space-time rays 

instead of time-harmonic rays this theory has also been applied to transient problems in 

dispersive media. 

Generally, it is necessary to solve the scattering problems of the canonical form for 

specification of initial field values on diffracted rays. However, certain general 
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observations can be made for the multiplicity and orientation of diffracted rays created by 

an incident ray. 

For example, when using a lowest order of approximation, an incident ray on a slowly 

curved edge in a slowly varying medium creates the same scattered field as a plane wave 

in a homogeneous medium that is incident on a straight edge extended along the tangent 

at the striking point.  

2.2 Kirchhoff’s diffraction theory 

 

∇"# + %" = 0.  (2.1)
  
This indicates that there is no any source inside the volume because the wave equation is  
 
equal to zero. 

	
∇") + %") = −4,- . − .′ , (2.2)                        
  
where G is the Green function. 
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Figure 1 Source enclosed by S and observation point outside S. 

 

 

The term in the right side of the equation shows that there is a point which is a source 

somewhere into the space. We can write that, 

∇ #∇) − )∇# = #∇") − )∇"#.  (2.3) 

Taking the volume integral of both sides we write, 

∇ #∇) − )∇# 012 = #∇") − )∇"# 012. (2.4) 

Left hand side of the equation is reduced to surface integral as, 



14 
	

#∇) − )∇# . 4 05 = #∇") − )∇"# 012.  (2.5)	

Using Eq. (2.2) we can write, 

#∇) − )∇# . 4 05 = %")# − 4,- . − .2 # + %")#, (2.6) 

#∇) − )∇# . 4 05 = −4,- . − .2 # . .  (2.7) 

Finally, 

# 6 = −
7

89
#∇) − )∇# . 4 05,  (2.8) 

which is the Huygens-Helmholtz theorem. As a result, 

#∇) − )∇# . 4 05 =
−4,# 6 	,																					6 ∈ 1
0	,																										<=ℎ?.@AB?

 .  (2.9) 

 

If the observation point is carried out of the volume (body), the Green function is zero 

inside the body but nonzero outside of it. 

# 6 = −
7

89
#

CD

CE
− )

CF

CE
05.  (2.10) 

 

Eq.(2.10) is known as Kirchhoff’s diffraction integral. 

Letting the body be transparent we draw Fig. 2 below. 
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Figure 2 Possible diffraction geometry. 

 

 

In this case we write, 

#∇) − )∇# . 405 = −4,# 6
GHIGJ

,  (2.11) 

which can be rewritten as,  

#∇) − )∇# . 405 + #∇) − )∇# . 405
GJGH

= −4,# 6 . (2.12) 

 

In Fig. 3 diffraction problem is separated into three regions as shown.  
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Figure 3	Diffraction geometry. Incident rays represent the source region. Parts A, B, and 
C represent the diffraction regions. 

 

Transmitted and reflected electric and magnetic fields are needed by means of incident 

ones. For this situation, the properties of the boundary are also taken into account. On the 

surface of the opaque sheet the boundary conditions must be satisfied. The diffraction 

integral for S2 in Fig.2 vanishes inversely as the hemisphere radius goes to infinity [87]. 

The Kirchhoff’s approximation is based on two assumptions: 

1. K and its normal derivative on the surface (
CL

CE
 ) vanish everywhere on S1 but not in 

the opening(s). 

2. The values of K and 
CL

CE
 in the openings are equal to the values of the incident wave. 

Therefore, there are A, and C parts left. 
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#∇) − )∇# . 405 = −4,# 6
MINIO

, (2.13) 

u P = −
7

8R
u

ST

SU
− G

SW

SU
dS

Z
,  (2.14) 

or  

# 6 = −
7

89
#[

CD

CE
− )

CF\

CE
05

M
. (2.15) 

 

2.3 Fresnel function 

 

When the field expressions approach to infinity at the reflection and transmission 

boundaries for the scattering problems, field expressions are needed to be finite for these 

points. For these cases asymptotic property of the Fresnel function can be used [88]. 

Fresnel integral function can be given as, 

] ^ =
_`a	(c9 8)

9
?^e −f=" 0=

g

h
. (2.16) 
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Figure 4 Plot of Fresnel function, -I(x).

	

Figure 5 Plot of Fresnel function, abs (I). 
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We know that, 

 

] ^ − # −^ =
] ^ − 1,							^ < 0

] ^ ,															^ > 0
  , (2.17) 

and  

 

?^e −f=" 0= = 1
g

lg
. (2.18) 

 

Eq. (2.16) can be rewritten as, 

 

] ^ − 1 =
_`a c9 8

9
?^e −f=" 0=

g

h
− 1 ,  (2.19) 

 

] ^ − 1 =
_`a c9 8

9
?^e −f=" 0=

g

h
− ?^e −f=" 0=

g

lg
, (2.20) 

] ^ − 1 =
_`a c9 8

9
?^e −f=" 0= −

g

h
?^e −f=" 0=

h

lg
+ ?^e −f=" 0=

g

h
. 

 (2.2  

As a result, 

] ^ − 1 =
_`a c9 8

9
− ?^e −f=" 0=

h

lg
. (2.22) 

Letting = = −e, for the lower and upper limits of the integral in Eq. (2.22) we write 

= = −∞	
n[opqr

e = ∞ , (2.23) 

	

= = ^	
n[opqr

e = −^ , (2.24) 

 

Eq. (2.22) becomes as, 
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] ^ − 1 = −
_`a c9 8

9
exp −fe" −0e

lh

g
. (2.25) 

Applying change of variable again, 

let = = −e,  then  0= = −0e , 

e = ∞	
n[opqr

= = −∞ , (2.26) 

	

e = −^	
n[opqr

= = ^ , (2.27) 

 

Eq. (2.25) becomes as, 

 

] ^ − 1 =
_`a c9 8

9
exp −f=" −0=

h

lg
 , (2.28) 

from which it can be written that, 

exp −f=" −0=
h

lg
= exp −f=" −0=

g

lh
. (2.29) 

Finally, 

] ^ − 1 = −
_`a c9 8

9
exp −f=" 0=

g

lh
 , (2.30) 
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] ^ − # −^ =
−

ohv c9 8

9
?^e −f=" 0=

g

lh
,						^ < 0

ohv c9 8

9
?^e −f=" 0=

g

h
,											^ > 0

  , (2.31)	

by combining these two cases we get, 

] ^ − # −^ = BAw4 ^ ?^e −f=" 0=
g

h
, (2.32) 

we obtain, 

] ^ − # −^ = BAw4 ^ ] ^ . (2.33) 

Another result can be found as, 

BAw4 ^ ] ^ ≈
ohv lc9 8

" 9

ohv lchJ

h
 (2.34) 

 

The plot of Eq. (2.33) is shown in Fig. 6 below. 
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Figure 6 Plot of F[x]-u(-x). 

 

Fresnel sine and integral is given as, 

 

5 # = sin
7

"
,^" 0^

F

|
, (2.35) 

 

and its plot is given in Fig. 7. 
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Figure 7 Plot of Fresnel sine function. 

	

Fresnel cosine function is given in Eq. (2.35), and its plot is given in Fig. 8. 

 

} # = cos
7

"
,^" 0^

F

|
. (2.36) 
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Figure 8 Plot of Fresnel cosine function. 

 

Fresnel integral function is the combination of Fresnel cosine and sine functions as, 

] ^ = } # + f	5 # . (2.37) 
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EVANESCENT WAVES 

 
For the wave propagation concepts evanescent waves have been in the secondary place 

due to the nonevanescent waves coming first. Their contribution to the total field is in the 

near field but they can be ignored in the far field due to their negligible amplitudes. 

However, if they are the only waves representing the entire field they must be expressed 

according to their parameters. They are investigated for the cases such as the surface wave 

structures of slab or rod dielectric to which evanescent waves are exterior. Also they are 

concerned when there are two media one of which is denser than the other, and when total 

reflection occurs. They take place on the dark side of the caustics as well [84]. 

After the development of laser sources evanescent waves have been a very popular 

research area of optics. They comprise the inhomogeneous plane waves and the Gaussian 

beams [85]. The characteristics of these waves is that their amplitudes decay in a direction 

that is different from propagation direction. Studies on evanescent waves are carried out 

by the complex-rays method in which the eikonal and transport equations are obtained by 

the solution of the high frequency Luneberg-Kline expansion of the electromagnetic field 

for complex-valued amplitude and phase functions. [84, 85]. Solution of these functions 

are used to calculate the complex rays.   
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In this chapter we will discuss the Gaussian beams and inhomogeneous plane waves that 

are the members of these waves.  

 

3.1 Derivation of an inhomogeneous wave expression from a plane wave  

 
To obtain an inhomogeneous wave we can start with a plane wave as in Eq. (3.1). 

	

Figure 9 Plane wave propagation. 

 

 

# = ?Ä?^e	 −f%. . , (3.1) 

where  

. = ^?h + Å?n + Ç?Ä , (3.2) 
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and 

% = % É<B Ñ| ?h + BA4 Ñ| ?n . (3.3) 

Here φ0 is the angle of incidence, k is the wave number expressed as 2π/λ. The dot 

product of % and . is written as, 

 

% ^É<B Ñ| + %Å BA4 Ñ|. (3.4) 

 

Substituting Eq. (3.4) into Eq. (3.1) the wave becomes, 

 

# = ?^e −f% ^É<B Ñ| + Å BA4 Ñ| . (3.5) 

 

In Cartesian coordinates. It can be written in cylindrical coordinates by using, 

^ = ÖÉ<B Ñ , (3.6) 

and  

Å = ÖBA4 Ñ . (3.7) 

Eq. (3.5) is written as,  

# = ?^e −f% ÖÉ<BÑÉ<B Ñ| + ÖBA4Ñ BA4 Ñ| . (3.8) 

As a result, 

# = ?^e −f%ÖÉ<B Ñ − Ñ|  , (3.9) 
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is obtained for an outgoing wave. Now, we can conclude that for an incoming wave, its 

expression will be as, 

# = ?^e f%ÖÉ<B Ñ − Ñ| . (3.10) 

If we use this expression to obtain an inhomogeneous plane wave, we need to take the 

angle of incidence as complex parameter.  

Assuming, 

Ñ| = ÑÜ + fÑ[ , (3.11) 

Eq. (3.10) can be rewritten as, 

# = ?^e f%ÖÉ<B Ñ − ÑÜ − Ñ[  , (3.12) 

which can be arranged as, 

# = ?^e f%ÖÉ<B Ñ − ÑÜ É<Bℎ Ñ[ − %Ö BA4 Ñ − ÑÜ BA4ℎ Ñ[ . (3.13) 

By letting,  

%7 = % É<Bℎ Ñ[ , (3.14) 

and 

%" = % BA4ℎ Ñ[ 	, (3.15) 

u can be expressed as, 

# = ?^e f%7ÖÉ<B Ñ − ÑÜ ?^e −%"ÖBA4 Ñ − ÑÜ , (3.16) 
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or 

# = ?^e f%7 ^É<BÑÜ + ÅBA4ÑÜ ?^e −%" ^BA4ÑÜ − ÅÉ<BÑÜ . (3.17) 

 

This equation is an inhomogeneous plane wave in which the first exponential term 

determines the propagation direction and the second one identifies the amplitude of the 

wave. Amplitude of this wave attenuates in a way that is perpendicular to the propagation 

direction in a homogeneous medium [89]. 

 

3.2 Numerical results 

 
The following figures are plotted for λ=0.1m, ρ =3λ and 0 ≤ Ñ ≤ 2,. 
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Figure 10 Inhomogeneous wave for various φi values of incident angle. 

 

In Fig. 10 incident angle has a real component φr of π/3 radians, which is 60 degrees, and 

the beam direction is in –π/6 radians. This verifies the fact that the beam decays in the 

direction that is perpendicular to the direction of propagation.  In Fig. 11 amplitude of the 

beam versus φ graph is given that validates our conclusion we did for the Fig. 10. 
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Figure 11 Inhomogeneous wave for various φi values of incident angle. 

 

As we can see from the figures above, if the imaginary component φi of the incident angle 

increases, amplitude of the wave increases as well. Complex conjugate of incident angle 

yields the field that is opposite of the first one. That is, incident angle and its complex 

conjugate result in the fields that are 180 degrees out of phase. In Fig. 12 and Fig. 13, 

incident angles given are the complex conjugates of the ones given in Fig. 10 and Fig. 11, 

and the fields obtained are in opposite directions between these two groups. 
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Figure 12 Inhomogeneous wave for various φi values of incident angle.

	

Figure 13 Inhomogeneous wave for various φi values of incident angle. 
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If the φr is decreased, this results in a phase shift in the beam only. That is, the beam shift 

occurs but the beam magnitude/amplitude is not affected. In any case, the attenuation 

direction is always perpendicular to the real part of the incident angle. 

When φr is equal to zero, one possible radiation pattern becomes as in Fig. 14. In that 

figure beam is directed to -90 degrees. However, if the φi is taken as negative, beam 

direction is directed to +90 degrees that is the opposite direction of the former one as 

shown in Fig. 15. 

	

Figure 14 Inhomogeneous wave for incident angles with only positive φi. 
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Figure 15 Inhomogeneous wave for incident angles with only negative φi. 

 

If the incident angle has a nonzero real component but zero imaginary component, 

inhomogeneous wave, denoted by “u” in Fig. 16, turns out to be a plane wave. 
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Figure 16 Inhomogeneous wave for incident angles with only real parts. 

 

Fig. 17 - Fig. 20 illustrate the phase shift effect of φr . Phase shift in φr causes the same 

amount of phase shift in the field. 
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Figure 17 Inhomogeneous wave for complex incident angles having various real, but 
constant imaginary components. 

	

Figure 18 Inhomogeneous wave for complex incident angles having various real, but 
constant imaginary components. 
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Figure 19 Inhomogeneous wave for complex incident angles having various real parts. 

	

Figure 20 Inhomogeneous wave for complex incident angles having various real parts. 
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3.3 Gaussian beams 

 

Light can be restricted in the form of beams which approximate to spatially localized and 

nondiverging waves. Examples of this kind of angular and spatial bounding are the plane 

waves and the spherical waves. The wavefront normals of a plane wave are in the same 

direction as the propagation direction and angular spread is not observed. However, the 

energy extends spatially all over the space. Spherical waves are originated from a single 

point whose wavefront normals diverge in all directions.  

Gaussian beams have become very important after the development of laser sources and 

their applications in fiber optics and microwave acoustics. In recent decades the use of 

laser beams has become widespread. Lasers have been increasingly used in the fields such 

as spectroscopical analysis and bar-code reading. 

Although Gaussian beams are generally studied by plane wave spectral analysis, they are 

actually evanescent waves mentioned in previous section [84].     

The beam power of a Gaussian profile concentrates in a small cylinder surrounding the 

beam axis. The intensity distribution in any transverse plane is a circularly symmetrical 

around the beam axis. The width of the Gaussian function is minimum at the beam waist 

and it increases as the distance from the waist is increased in both directions. The 

wavefronts tend to be planar near the beam waist, gradually curve as the distance from the 

waist increases, and tend to be spherical far from the waist [90].  
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In this section we will derive an expression for Gaussian beam. For a two-dimensional 

beam propagating parallel to y axis with no variation along x-axis, and the electric field is 

polarized along z-axis, the electric field produced by a line source can be given as, 

â ≅ â|
ohv lcãålc9/8

ãå
?Ä , (3.18) 

which is a cylindrical wave. We need to assign complex values to the source coordinates 

to obtain a Gaussian beam [91]. For the source coordinates we assume, 

^, Å = −^|, −Å| + fé , (3.19) 

and R can be expressed in the paraxial region as, 

è = ^ + ^|
" + Å − Å| − fé "

H

J , (3.20) 

which can be rewritten as, 

è = Å + Å| − fé 1 +
hIhê

J

nInêlcë
J

H

J
. (3.21) 

To rearrange R, we can use the binomial expansion which is expressed as, 

1 ± ^ E ≅ 1 ± 4^  for x<<1.  (3.22)
   

When the inequality in Eq. (3.23) is satisfied, 

^ + ^|
" ≪ Å + Å| − fé ",  (3.23)  

R can be rewritten as, 

è = Å + Å| − fé 1 +
7

"

hIhê
J

nInêlcë
J

, (3.24) 

and  
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â ≅ â|
ohv lc9/8

ã nInêlcë
?^e −f% Å + Å| − fé ?^e −f

ã

"

hIhê
J

nInêlcë
, (3.25) 

which has the form of Gaussian beam.  

Letting  â| = 1,  ^ + ^| = ^′, and Å + Å| = Å′ , Gaussian beam is obtained as, 

â ≅
ohv lc9/8

ã nîlcë
?^e −f% Å2 − fé ?^e −f

ã

"

h2J

nîlcë
. (3.26) 

 

As “y+y0” goes to zero, this location is called as the beam throat. When considering the 

far field, “b” becomes very small with respect to y’ (b<<y’), and the beam diverges. In 

that case we can say that the beam’s source is a line source whose origin is (-x0, -y0) of 

the beam throat. 
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Figure 21 Gaussian beam cast by complex line source. 

3.4 Numerical results 

Various Gaussian beams are obtained in the following figures for λ=0.1m, ρ =3λ. The 

beam amplitude and ‘b’ are inversely proportional as shown in Fig. 22 and Fig. 23.  
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Figure 22 Gaussian beam amplitude variation for some “b” values. 

	

Figure 23 Gaussian beam amplitude variations for some “b” values. 

The beam amplitude and x are directly proportional as shown the Fig.24 and Fig.25. 
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Figure 24 Gaussian beam amplitude variation for some “x”values. 

	

Figure 25 Gaussian beam amplitude variation for some “x” values. 
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DERIVATION OF SCATTERING FIELD EXPRESSIONS BY MEANS OF 

MTPO METHOD FOR A PEC HALF PLANE [20] 

 

 

	

Figure 26 Geometry of reflection from a PEC half plane. 

 

We will find reflected scattered and incident scattered fields for this problem. Firstly, 

reflected field is taken into consideration. Let us begin with the incident plane wave. That 

is, 

â[ = ?Äâ[?
cã hïñróêIn òôUóê . (4.1) 
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By letting, 

K = ?cã hïñróêIn òôUóê ,            (4.2) 

incident magnetic field can be given as, 

 

ö[ =
7

cõúê

		?h																														?n																																	?Ä
C

Ch
																														

C

Cn
																																

C

CÄ

			0																															0																												 − â[K	

. (4.3) 

As a result, 

ö[ =
ù\

ûê
?hBA4Ñ|l?nÉ<BÑ| K. (4.4) 

Using the boundary condition on the PEC surface, 

47× â[ + âÜ GH
= 0, (4.5) 

where  

47 = cos # + Ñ| ?h + sin # + Ñ| ?n , (4.6) 

and 

# =
9

"
−

†Ióê

"
  , (4.7) 

we write, 
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47× ?Äâ[?
cã hïñróêIn òôUóê + âÜ = 0. (4.8) 

Using the relations of, 

% = −É<B°?h + BA4°?n , (4.9) 

and 

. = ^?h + Å?n + Ç?Ä , (4.10) 

we obtain, 

%. . = ^É<B° − ÅBA4°. (4.11) 

Substituting Eq. (4.11) into Eq. (4.12), reflected field is obtained as, 

âÜ = −?Äâ[?
lcã.Ü, (4.12) 

âÜ = −?Äâ[?
cã hïñr†ln òôU† . (4.13) 

For the reflected magnetic field, we write, 

öÜ =
7

cõúê
∇×âÜ . (4.14) 

Letting, 

¢ = ?cã hïñr†ln òôU† , (4.15) 

 

reflected magnetic field is expressed as, 
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öÜ =
7

cõúê

?h																															?n																																	?Ä
C

Ch
																														

C

Cn
																																

C

CÄ

	0																																	0																												 − â[¢	

, (4.16) 

 

and, 

öÜ =
7

cõúê
?h

C

Cn
â[¢ − ?n

C

Ch
â[¢ . (4.17) 

Finally, substituting Eq. (4.15) into Eq. (4. 17), Eq. (4.18) is obtained as in below. 

öÜ = −
ù\

ûê
BA4°?h + É<B°?n ?cã hïñr†ln r[E † . (4.18) 

The surface current J is written as, 

£ = 47× ö[ + öÜ  . (4.19) 

We write, 

47×ö[ = ?Ä
ù\

ûê
É<B#?cã hïñróêInr[Eóê  , (4.20) 

and 

 

47×öÜ = −?Ä
ù\

ûê
É<B	 # + Ñ| + ° ?cã hïñr†ln r[E †  . (4.21) 

 

As a result, for the MTPO surface current of the PEC surface we write, 

 

£§•¶ß = ?Ä
ù\

ûê
É<B# − É<B # + Ñ| + ° ?cãh2ïñróê, (4.22) 
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and, 

£§•¶ß GH
= −?Ä

"ù\

ûê
É<B # + ° + Ñ| ?cãh2ïñróê . (4.22) 

 

From the geometry in Fig. 26 we can write that, 

 

É<B# − É<B # + ° + Ñ| = −2É<B # + ° + Ñ|  . (4.23) 

Using the relation of, 

# =
9l †Ióê

"
=

9

"
−

†Ióê

"
  , (4.24) 

into Eq. (5.23) we get, 

 

£§•¶ß GH
= ?Ä

"ù\

ûê
BA4

†Ióê	

"
?cãh2ïñróê . (4.25) 

Reflected scattered field, 

 

âÜr = −
cõúê

89
£§•¶ß GH

o®©™´H

åHGH
0^′0Ç′, (4.26) 

 

âÜr = −
cõúê

89

"ù\

ûê
?cãh2ïñróê

g

lg
BA4

†Ióê	

"

o®©™´H

åH
0^′0Ç′

g

hî¨|
, (4.27) 

 

âÜr = −?Ä
c"õúêù\

89ûê
BA4

†Ióê

"

o®©™´H

åH

g

lg

g

|
?cãh2ïñróê0Ç′0^′, (4.28) 

 

âÜr = −?Ä
cãù\

"9
BA4

†Ióê

"

o®©™´H

åH

g

lg

g

|
?cãh2ïñróê0Ç′0^′, (4.29) 
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âÜr = −?Ä
cãù\

"9
BA4

†Ióê

"

g

|
?cãh2ïñróê0^′

o®©™´H

åH
0Ç′

g

lg
, (4.30)

  

is obtained. Here the wave number k is, 

% =
õúê

ûê
 . (4.31) 

Letting, 

Ç − Ç2 = è BA4ℎ ≠, (4.32) 

we get, 

0Ç2 = è É<Bℎ ≠	0≠, (4.33) 

and 

è" + (Ç − Ç2)" = è É<Bℎ ≠. (4.34) 

The incident-scattered electric field becomes as, 

âÜr = −?Ä
cãù\

"9
BA4

†Ióê

"

g

|
?cãh2ïñróê0^′ ?cãå ïñrÆ Ø0≠

O
, (4.35) 

where 

?cãå ïñrÆ Ø0≠
O

=
9

c
ö|

(")
%è . (4.36) 

ö|
(")

%è  is the zero-order Hankel function of the second kind that can approximately be 

written as, 
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ö|
(")

%è ≅
"

9
?
c

∞

±
o®©™´

ãå
 .   (4.37) 

Using Eq. (4.36) in Eq. (4.35) we write, 

âÜr = −?Ä
cãù\

"9
BA4

†Ióê

"

g

|
?cãh2ïñróê0^2 9

c
ö|

(")
%è .  (4.38) 

Using Eq. (4.37) in Eq. (4.38) Ers becomes, 

âÜr = −?Ä
cãù\

"9

9

c

"

9
?
c

∞

± BA4
†Ióê

"

o®©™´

ãå

g

|
?cãh2ïñróê0^2, (4.39) 

and 

âÜr = −?Ä
ãù\

"9
?
c

∞

± BA4
†Ióê

"

o®©™´

ãå

g

|
?cãh2ïñróê0^2. (4.40) 

 

For the incident scattered field, we use the equivalent source that is shown in 

Fig. 27 below. 
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Figure 27 Geometry considered for the evaluation of the incident scattered field. 

 

 

Incident equivalent electric field can be expressed as, 

 

â[o≤
= −?Äâ[?

cã hïñróêln òôUóê . (4.41) 

 

Letting, 

 ≥ = ?cã hïñróêln r[Eóê , (4.42) 
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equivalent magnetic field is written as,  

ö[o≤
=

7

cõúê
¥× â[ o≤ ,  (4.43) 

 

ö[o≤
=

7

cõúê

?h																															?n																																	?Ä
C

Ch
																														

C

Cn
																																

C

CÄ

	0																																	0																												 − â[≥	

, (4.44) 

 

ö[o≤
=

7

cõúê
?h

C

Cn
â[≥ − ?n

C

Ch
â[≥ , (4.45) 

 

ö[o≤
=

7

cõúê
−f%â[ −BA4Ñ| ?h − −f%â[ É<BÑ|?n 	≥, (4.46) 

 

ö[o≤
=

cãù\

cõúê
BA4 Ñ| ?h + É<B Ñ| ?n ?cã hïñróêln r[Eóê , (4.47)         

finally, we obtain the magnetic equivalent field as, 

ö[o≤
=

ù\

ûê
BA4 Ñ| ?h + É<B Ñ| ?n ?cã hïñróêln r[Eóê  , (4.48) 

 

where  

ã

õúê
=

7

ûê
  . (4.49) 

For the surface current we write, 

4"×öµo≤
= £§•¶ß, (4.50) 



53 
	

where, 

öµo≤
= ö[o≤

+ öÜo≤
  , (4.51) 

 

and, ö[o≤
	 and öÜo≤

 are the equivalent incident and reflected magnetic fields 

respectively. We can write that, 

 

âÜo≤
	= ?Äâ[?

cã hïñr†In r[E † .  (4.52) 

 

Letting, 

 

∂ = ?cã hïñr†In r[E † , (4.53) 

 

we write, 

 

öÜo≤
	=

7

cõúê
¥×âÜo≤

 , (4.54) 

 

öÜo≤
=

7

cõúê

?h																															?n																																	?Ä
C

Ch
																														

C

Cn
																																

C

CÄ

	0																																	0																																	â[∂	

, (4.55) 

öÜo≤
=

7

cõúê
?h

C

Cn
â[∂ − ?n

C

Ch
â[∂ , (4.56) 
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öÜo≤
=

cãù\

cõúê
?h BA4 ° − ?nÉ<B ° ∂ , (4.57) 

finally, we obtain, 

öÜo≤
=

ù\

ûê
?h BA4 ° − ?nÉ<B ° ?cã hïñr†In r[E † . (4.58) 

By using, 

4" = É<B ∑ + Ñ| ?h−BA4 ∑ + Ñ| ?n , (4.59) 

we write, 

4"×öµo≤
= 4"×	ö[o≤

+ 4"×öÜo≤
 . (4.60) 

For the first term of the summation of the right hand side of Eq. (4.60) we write, 

4"×	ö[o≤
= É<B ∑ + Ñ| É<B Ñ| ?Ä+BA4 ∑ + Ñ| BA4 Ñ| ?Ä. (4.61) 

Finally we obtain, 

4"×	ö[o≤
= ?Ä

ù\

ûê
É<B∑. (4.62) 

For the second term we write, 

4"×öÜo≤
= −?Ä

ù\

ûê
−É<B ∑ + Ñ| É<B ° + BA4 ∑ + Ñ| BA4° , 

And we obtain, (4.63) 

4"×öÜo≤
= ?Ä

ù\

ûê
É<B ∑ + Ñ| + ° . (4.64) 
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To obtain the surface current we write, 

£§•¶ß = 4"×öµo≤
 , (4.65) 

and 

£§•¶ß = ?Ä
ù\

ûê
É<B∑ + É<B ∑ + Ñ| + ° ?cãh2ïñróê. (4.66) 

 

Using the relations of, 

É<B∑ = −É<B ∑ + Ñ| + ° , (4.67) 

and 

∑ =
9

"
−

óêI†

"
 , (4.68) 

Surface current can be found as, 

£§•¶ß = −?Ä
"ù\

ûê
É<B

9

"
−

óê

"
−

†

"
+ Ñ| + ° ?cãh2ïñróê , (4.69) 

 

£§•¶ß = −?Ä
"ù\

ûê
BA4

óêI†

"
?cãh2ïñróê . (4.70) 

Incident-scattered field, 

           

â[r =
lcõúê

89
£§•¶ß

o®©™´H

åHGH
05′ . (4.71) 
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Substituting Eq. (4.70) into Eq. (4.71) we write, 

â[r = ?Ä
cõúê

89

"ù\

ûê
BA4

†Ióê

"

o®©™´H

åH
?cãh2ïñróê

GH
05′ , (4.72) 

â[r = ?Ä
c"õúêù\

89ûê
BA4

†Ióê

"

o®©™´H

åHGH
?cãh2ïñróê05′, (4.73) 

â[r = ?Ä
cãù\

"9
BA4

†Ióê

"

o®©™´H

åH

g

lg

|

lg
?cãh2ïñróê0Ç′0^′, (4.74) 

 

where the wave number k can be written as, 

% =
õúê

ûê
 . (4.75) 

Incident scattered field can be arranged as, 

â[r = ?Ä
cãù\

"9
BA4

†Ióê

"

|

lg
?cãh2ïñróê0^′

o®©™´H

åH
0Ç′

g

lg
. (4.76) 

Letting,  

Ç − Ç2 = è BA4ℎ ≠ , (4.77) 

We get, 

0Ç2 = è É<Bℎ ≠	0≠, (4.78) 

and 

è" + (Ç − Ç2)" = è É<Bℎ ≠. (4.79) 
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The incident-scattered electric field becomes as, 

 

â[r = ?Ä
cãù\

"9
BA4

†Ióê

"

|

lg
?cãh2ïñróê0^′ ?cãå ïñrÆ Ø0≠

O
,  (4.80) 

where 

?cãå ïñrÆ Ø0≠
O

=
9

c
ö|

(")
%è . (4.81) 

ö|
(")

%è  is the zero-order Hankel function of the second kind that can approximately be 

written as, 

ö|
(")

%è ≅
"

9
?
c

∞

±
o®©™´

ãå
  . (4.82) 

Thus, 

â[r = ?Ä
cãù\

"9
BA4

†Ióê

"

|

lg
?cãh2ïñróê0^2 9

c
ö|

(")
%è . (4.83) 

 

If Eq. (4.82) is substituted into Eq. (4.83), 

 

â[r = ?Ä
cãù\

"9

9

c

"

9
?
c

∞

± BA4
†Ióê

"

o®©™´

ãå

|

lg
?cãh2ïñróê0^2, (4.84) 

 

â[r = ?Ä
ãù\

"9
?
c

∞

± BA4
†Ióê

"

o®©™´

ãå

|

lg
?cãh2ïñróê0^2 (4.85) 

 

is obtained. Finally, we can write total scattered field as, 
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âµ = â[r + âÜr , (4.86) 

 

âµ = ?Ä
ãù\

"9
?
c

∞

± BA4
†Ióê

"

o®©™´

ãå

|

lg
?cãh2ïñróê0^2 −

																																																																						 BA4
†Ióê

"

o®©™´

ãå

g

|
?cãh2ïñróê0^2 . (4.87) 

 

The first integral, which represents the incident-scattered waves, contains incident, and 

incident diffracted fields for Ñ ≥ , , and for  Ñ	π	 0, 2,  respectively. The second one 

contains the reflected and reflected-diffracted waves. Reflected fields are evaluated 

asymptotically by by the stationary phase method whereas the diffracted fields can be 

obtained by the edge point method. 
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SCATTERING OF HOMOGENEOUS AND INHOMOGENEOUS PLANE 

WAVES BY A CYLINDRICAL PARABOLIC PERFECTLY ELECTRIC 

CONDUCTING REFLECTOR 

 

5.1 Theory 

A cylindrical parabolic reflector whose surface equation is given in Eq. (5.1) is placed on 

a coordinate system symmetrical with respect to x-axis as shown in Fig. 28. 
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Figure 28 Geometry of the problem 

The parabola expression can be written as, 

 

 

Ö2 =
∫

ªºò
Ωî

J

J , (5.1) 

where φ’ and ρ’ are cylindrical coordinates and f is the focus of the parabola whose 

expression can be rewritten as, 
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æ = Ö′É<B"
ó2

"
. (5.2) 

Gradient of  “ f ” in cylindrical coordinates is written as, 

∇æ = 4 = É<B"
ó2

"
?ø +

7

ø2
−

7

"
Ö22É<B

ó2

"
BA4

ó2

"
?ó , (5.3) 

from which the normal of the parabola is obtained in Eq. (5.4). 

4 = É<B"
ó2

"
?ø − É<B

óî

"
BA4

óî

"
?ó = 0. (5.4) 

Thus, the normal vector of the parabola directing outward is, 

4 = É<B
ó2

"
?ø − BA4

óî

"
?ó (5.5) 

Inward vector is the opposite of the Eq. (5.5) as, 

 

4 = −É<B
óî

"
?ø + BA4

óî

"
?ó (5.6) 

 

Theta in Fig. (6.1) can be found by means of dot product as, 

 

4. ?ø = 4 	 ?ø É<Bθ, (5.7) 

−É<B
óî

"
?ø + BA4

óî

"
?ó . ?ø = É<B¡, (5.8) 

 

É<B
óî

"
= É<B¡, (5.9) 

 

¡ = Ñ2/2. (5.10) 
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The scattering integral [92] of MTPO [20] for an impedance surface can be applied to a 

perfectly electric conducting (PEC) surface as, 

âr =
ão

©
∞
±

"9
cos

†IØ

"

ó¬

ló¬

o®©™ √î ƒ≈∆ Ωî®Ωê «´

ãå

ø2

ªºò
Ωî

J

0Ñ′ , (5.11) 

where 

è = Ö cos » + Ö′ cos ° +
ó2

"
.  (5.12) 

 

5.2 Asymptotic evaluation of the scattering integral 

 
For the asymptotic evaluation of the scattering integral, to obtain the reflected field we 

need to use the phase function. The phase function of the scattering integral is, 

K = Ö′É<B Ñ2 − Ñ| + è , (5.13) 

 

which can be rewritten as, 

 

K = Ö2É<B Ñ2 − Ñ| + Ö2É<B° + ÖÉ<B». (5.14) 

 

Taking the derivative of both sides with respect to φ’ we get, 

K2 =
Cø2

Có2
É<B Ñ2 − Ñ| − Ö2BA4 Ñ2 − Ñ| +

																																																													
Cøî

Cóî
É<B° − 	Ö2BA4°

C†

Cóî
− 	ÖBA4»

C…

Cóî
  , (5.15) 

 

where, 
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Cø2

Có2
= Ö′

r[E
Ωî

J

ïñr
Ωî

J

  . (5.16) 

From the geometry in Fig. 28 we write, 

ø2

r[E…
=

ø

r[E†
  , (5.17) 

and 

» = , − Ñ − Ñ2 − ° , (5.18) 

from which we get, 

C…

Có2
=

7

"
−

C†

Có2
 (5.19) 

 

We can rewrite the first derivative of the phase function as, 

 

K2 = Ö2
r[E

Ωî

J

ïñr
Ωî

J

É<B Ñ2 − Ñ| − Ö2BA4 Ñ2 − Ñ| + Ö2
r[E

Ωî

J

ïñr
Ωî

J

É<B° −

																																																																												Ö2BA4° 1 −
C†

Cóî
− Ö2BA4°

C†

Cóî
			,  (5.20) 

 

K2 = Ö2
r[E

Ωî

J

ïñr
Ωî

J

É<B Ñ2 − Ñ| + É<B° − Ö2BA4 Ñ2 − Ñ| − Ö′BA4°,  (5.21) 

K2 =
ø2

ïñr
Ωî

J

BA4
ó2

"
É<B Ñ2 − Ñ| + BA4

ó2

"
É<B° −

																																																																												BA4 Ñ2 − Ñ| É<B
óî

"
− BA4°É<B

óî

"
 (5.22) 

 

K2 =
ø2

ïñr
Ωî

J

BA4
ó2

"
− Ñ2 + Ñ| + BA4

ó2

"
− ° , (5.23) 
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and its first derivative is found to be, 

 

CL

Có2
=

ø2

ïñr
Ωî

J

BA4 Ñ| −
ó2

"
− BA4 ° −

ó2

"
. (5.24) 

 

By equating the first derivative to zero, we obtain the stationary phase point value of β 

as, 

°r = ≠r = Ñ| −
ó 

"
  , (5.25) 

where βs is the value of β at the stationary point. Now we need to find the second derivative 

of the phase function. 

Kr
22 =

ø ªºò óêl
Ω 
J

l
H

J
lªºò † l

Ω 
J

ÀÃ

ÀΩîl
H

J
l|

ïñrJ
Ωî

J

 , (5.26) 

 

Kr
22 =

ø 

ªºò
Ω 
J

−
7

"
cos Ñ| −

ó 

"
− cos Ñ| −

ó 

"

C†

Cóî
+

7

"
cos Ñ| −

ó 

"
 ,  (5.27)

  

where φs , ρs are the stationary values of  φ’and ρ’respectively. As a result, 

 

Kr
22 =

ø 

ªºò
Ω 
J

cos Ñ| −
ó 

"

C†

Cóî
 . (5.28) 

Here the first derivative of β with respect to φ’ is needed. From the geometry in Fig. 28 

we can write, 

Ö2BA4° = ÖBA4». (5.29) 

By taking the first derivative of both sides we write, 
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Ö2
r[E

Ωî

J

ïñr
Ωî

J

BA4° + Ö2É<B°
C†

Cóî
= ÖÉ<B»

C…

Cóî
 . (5.30) 

Substituting Eq. (5.19) into Eq. (5.30) we arrange the equation as, 

ÖÉ<B» 1 −
C†

Có2
= Ö′

r[E
Ωî

J

ïñr
Ωî

J

BA4° + É<B°
C†

Có2
, (5.31) 

 

ÖÉ<B» − Ö2BA4°
r[E

Ωî

J

ïñr
Ωî

J

= ÖÉ<B» + Ö′É<B°
C†

Cóî
 . (5.32) 

                       

By using the relation of  

è = ÖÉ<B» + Ö′É<B°, (5.33) 

For Eq. (5.32) we write the following steps as, 

ÖÉ<B» − Ö2BA4°
r[E

Ωî

J

ïñr
Ωî

J

= è
C†

Có2
  , (5.34) 

 

C†

Có2
=

øïñr…løîr[E†
 \Õ

Ωî

J

Œœ 
Ωî

J

å
 , (5.35) 

C†

Có2
=

øïñr…ïñr
Ωî

J
løîr[E†r[E

Ωî

J

åïñr
Ωî

J

 , (5.36) 

C†

Có2
=

øïñr…ïñr
Ωî

J
Iøîïñr†ïñr

Ωî

J
løîïñr†ïñr

Ωî

J
løîr[E†r[E

Ωî

J

åïñr
Ωî

J

 , (5.37) 
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C†

Có2
=

ïñr
Ωî

J
øïñr…Iø2ïñr† løîïñr†ïñr

Ωî

J
løîr[E†r[E

Ωî

J

åïñr
Ωî

J

 , (5.38) 

C†

Có2
=

åïñr
Ωî

J
lø2 ïñr†ïñr

Ωî

J
Ir[E†r[E

Ωî

J

åïñr
Ωî

J

 , (5.39) 

 

C†

Có2
=

åïñr
Ωî

J
lø2ïñr †l

Ωî

J

åïñr
Ωî

J

  .  (5.40) 

 

Substituting Eq. (5.40) into Eq. (5.28) we get, 

 

Kr
22 =

ø 

ïñr
Ω 
J

−É<B Ñ| −
ó 

"
+

ø ïñr
J óêl

Ω 
J

p ïñr
Ω 
J

 , (5.41) 

 

or 

Kr
22 =

ø 

pïñrJ
Ω 
J

É<B Ñ| −
ó 

"
–É<B

ó 

"
− Ör É<B Ñ| −

ó 

"
 , (5.42) 

 

where l is the stationary value of R. By remembering that the first derivative of the phase 

function is zero, its Taylor expansion is written as, 

 

K Ñ2 = K Ñr +
7

"
K′′(Ñr) Ñ − Ñr

", (5.43) 

 

which can be written for our problem as, 
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K Ñ2 = – + Ör +
7

"

lø 

pïñrJ
Ω 
J

É<B Ñ| −
ó 

"
×

																																																												 –É<B
ó 

"
ÖrÉ<B Ñ| −

ó 

"
Ñ2 − Ñr

".  (5.44)

   

Reflected field becomes as, 

 

âÜ = −
ãohv c9 8

"9
?^e −f%Ör cos Ñr − Ñ|

_`a cãp

ãp
×  

?^e
cã

"

ø 

pïñrJ
Ω 
J

É<B Ñ| −
ó 

"
× –É<B

ó 

"
− ÖrÉ<B Ñ| −

ó 

"
Ñ2−	Ñr

"g

lg
0Ñ′, 

  (5.45) 

   

âÜ = ær?
lcãø ªºò ó lóê ?lcãp×																			 

																																																							 ?
lcã

√ ƒ≈∆ Ωê®
Ω 
J

J—Œœ J
Ω 
J

ø ªºò óêl
Ω 
J

lp ªºò
Ω 
J

óîló 
J

g

lg
0Ñ′ 

 (5.46) 

where, 

ær =
ão

©
∞
±

"9
cos Ñ| −

ó 

"

ø 

ãp ªºò
Ω 
J

  , (5.47) 

or, 

ær =
ão

©
∞
±

"9
É<B

† IØ 

"

ø 

ãp ïñr
Ω 
J

  , (5.48) 

 

Where,  

°r = ≠r = Ñ| −
ó 

"
 . (5.49) 

 

The integral in Eq. (5.46) has the form of, 
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?^e	(−
nJ

"
)

g

lg
0Å = 2, . (5.50) 

 

By letting, 

“ = −f%
ø ïñr óêl

Ω 
J

pïñrJ
Ω 
J

Ör É<B Ñ| −
ó 

"
− – É<B

ó 

"
 , (5.51) 

the integral becomes, 

?^e	(−“
(óîló )

J

"
)0Ñ′

g

lg
. (5.52) 

Letting, 

“(Ñ2 − Ñr)
" = Å", (5.53) 

Then we write, 

“ Ñ2 − Ñr = Å , (5.54) 

and 

“0Ñ2 = 0Å. (5.55) 

By using  Eq. (6.53) - Eq. (6.55) into Eq. (6.46), reflected field is reduced to, 

  

 

âÜ = ?lcãø ïñr ó lóê ?lcãp
ø ïñr óêl

Ω 
J

ø ïñr óêl
Ω 
J

lp ïñr
Ω 
J

  . (5.56) 

 



69 
	

5.3 Numerical results for the reflected fields 

 

The following figures Fig. 29 through Fig. 42 are the plots of the reflected field obtained 

in Eq. (5.56) and related geometry given in Fig. 1. The observation angle ρ is 6λ, where λ 

is the wavelength and taken as 0.1 meter. The focus of the parabola is 3λ, and k is the 

wave number which is equal to 2π/λ. 

In Fig. 29 and Fig. 30 reflected field is plotted for φ0=pi/3, and φs ϵ [-pi/3, pi/3] which 

means that the cylindrical parabolic reflector is located symmetrical with respect to x-axis. 

	

Figure 29 Reflected field variation with respect to φ. 
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Figure 30 Reflected field variation with respect to φ. 

 

This curve in Fig. 30 describes the variation of reflected field with respect to φ. Since φ is 

a function of φs , it takes the values as shown in Fig. 30. 

From Fig. 31 and Fig. 32 we see that as the lower limit of φs is increased in magnitude, 

the reflected field moves clockwise which is reasonable due to the geometry. 
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Figure 31 Reflected field variation for φ0 =pi/3, and φs ϵ [-pi/4, pi/3]. 

 

	

Figure 32 Reflected field variation for φ0 =pi/3, and φs ϵ [-pi/6, pi/3]. 
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Figure 33 Reflected field variations for φ0 =pi/3. 

 

Here in Fig. 33 and Fig. 34, all three cases are shown together to verify this phenomenon. 

In Fig. 33, to avoid coincidences, Er, 1.1 Er, and 1.2 Er are plotted by the colors of black, 
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Figure 34 Reflected field for φ0 =pi/3. 

 

Fig. 35 and Fig. 36 depict the effects of the upper limit variation of the parabola on the 
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curves are shown in colors of black, red, and blue respectively. The same operation is 

done for Fig. 36. 
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Figure 35 Reflected fields for φ0 =pi/3. 

	

Figure 36 Reflected field versus φ variations. 
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Figure 37 Reflected field variations in the interval of φs ϵ [-pi/3, pi/3]. 

 

Fig. 37 shows the reflected field variation with respect to incident angle having a real 

component only. Using the same notation as in Chapter 2, let us call the real component 

φr, and the imaginary component as φi of the incident angle φ0. When the angle is increased 

beam turns clockwise. Because φr determines the phase of the beam which is the feature 

of inhomogeneous waves. 
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Figure 38 Reflected field variations due to positive φi . 

 

In Fig. 38, for φsϵ [-pi/3, pi/3] variation of the reflected field with respect to φi is shown. 

It can be observed that the field intensity and the φi are directly proportional. Complex 
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Figure 39 Reflected field variations due to φi, for φs ϵ [-pi/3, pi/3]. 

 

From Fig. 28 we can write, 

° = cosl7
åJI ø2 JløJ

"øå
−
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"
 . (5.58) 

 

The plot of β with respect to φ is given in Fig. 40. 
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Figure 40 β versus φ graph for φ'=π/3. 
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Figure 41 Altered β versus φ graph for φ'=π/3. 

For various φ’ values we obtain the curves shown in Fig. 42 below. Any of these can be 

used for the expressions containing β.

	

Figure 42 Revised beta versus φ variations. 
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Fig. 43 is plotted by using the total electric field [61] given by Eq. (5.59). It shows the 

total scattered field whose transmitted and reflected field components are the right and left 

lobes respectively.  

âr =
ãohv c9 8

"9
cos (° + ≠) 2 +

ó¬

ló¬

																																																					sin (° − ≠) 2
ohv lcã ø2 ªºò óîlóê Iå

ãå

ø2

ªºò ó2 "
0Ñ′  

 (5.59) 

 

	

Figure 43 Total scattered field with respect to φ. 

 

For the incident angle of the form “a + j b” where ‘a’ and ‘b’ are constants, the scattered 
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Figure 44 Total scattered field variations with respect to φ for φ0 = a + j b values. 

 

As the φi approaches to zero, the beam amplitude increases. On the contrary, as imaginary 

part of the incident angle having the form of “a-j b” approaches to zero, the beam 

amplitude decreases as shown in Fig. 45. 
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Figure 45 Total scattered field variations with respect to φ for φ0 = a-j b values. 

	

Figure 46 Transmitted field variations with respect to φ for φ0 = a-j b values. 
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Fig. 46 and 47 show the variations of the transmitted and reflected beam amplitudes with 

respect to the imaginary part of the complex angle of incidence respectively. 

	

Figure 47 Reflected field variations with respect to φ for φ0 = a-j b values.

	

Figure 48 Reflected scattered field and its components. 
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In Fig. 48, reflected scattered, reflected and reflected-diffracted fields are shown all 

together on the same plot. Reflected field which is obtained by the stationary phase point 

method is subtracted from the reflected-scattered field and the reflected-diffracted field is 

obtained. 

 

5.4 Diffracted waves 

 
Diffracted field can be written as [61], 

âq ≅
7

cã

∫ ó¬

”2 ó¬
exp −f%w Ño −

∫ ló¬

”2 ló¬
exp −f%w −Ño , (5.60) 

where, 

æ Ño =
ão

©
∞
±

"9

ø¬

ãå¬ ïñr
Ω¬
J

  , (5.61) 

and

 

w Ño = Öo cos Ño−Ñ| + èo . (5.62) 

Eq. (5.60) is obtained as, 

âq =
o
®©

∞
±o©™´¬o©™√¬ ƒ≈∆ Ω¬®Ωê

"ã9å¬

ªºò óêl
Ω¬
J

òôU óêl
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J
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−	
ªºò óêI

Ω¬
J

òôU óêI
Ω¬
J

lòôU†¬J

,  (5.63) 

where,

  

èo
" = Ö" − Öo

" − 2ÖÖo cos Ñ − Ño . (5.64) 
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Using the identity of,  

sin ‘ − sin é = 2 cos
’Ië

"
sin

’lë

"
 , (5.65) 

For the upper edge, 

âq =
o
®©

∞
± o©™´¬o©™√¬ ƒ≈∆ Ω¬®Ωê

" "ã9å¬

M

ªºò
Ωê®
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«Ã¬H

J

+
N

òôU
Ωê®

Ω¬
J

®Ã¬H

J

. (5.66) 

 

	

Figure 49 Upper edge diffraction geometry. 
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By the approach used in [93, 94] if we let, 

=7 = − 2%èo É<B
óêl

Ω¬
J
I†¬H

"
, (5.67) 

we obtain, 

%èo = 2%èoÉ<B
"

óêl
Ω¬
J
I†¬H

"
− %èo É<B Ñ| −

ó¬

"
+ °o7 . (5.68) 

Reflected part of Ed can be written as, 

 

âq7 = −Bw4 =7 ] =7 É<B Ñ| −
ó¬

"
“?

cãå¬ ïñr óêl
Ω¬
J
I†¬H  , (5.69) 

where, 
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 . (5.70) 

Similarly, for  

=" = − 2%èo BA4
óêl

Ω¬
J
l†¬H

"
, (5.71) 

we can obtain, 

%èo = 2%èoBA4
"

óêl
Ω¬
J
l†¬H

"
+ %èo É<B Ñ| −

ó¬

"
− °o7 . (5.72) 

Transmitted part of Ed is obtained as, 

 

âq" = −Bw4 =" ] =" É<B Ñ| −
ó¬

"
◊?

cãå¬ ïñr óêl
Ω¬
J
l†¬H . (5.73) 
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Diffracted field can be concluded as,

 

 

âq7 + âq" = −Bw4 =7 ] =7 É<B Ñ| −
Ño

2
“?

cãå¬ ïñr óêl
ó¬
"
I†¬H 	

− Bw4 =" ] =" É<B Ñ| −
Ño

2
◊?

cãå¬ ïñr óêl
ó¬
"
l†¬H 	. 

where A and B are the undetermined coefficients. (5.74) 

 

	

Figure 50 Lower edge diffraction geometry. 
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In a similar manner, diffracted field for the lower edge can be found as, 

âq7 + âq" = −Bw4 =ÿ ] =ÿ É<B Ñ| +
ó¬

"
}?

cãå¬ ïñr óêI
Ω¬
J
I†¬J −

																																Bw4 =8 ] =8 É<B Ñ| +
ó¬

"
Ÿ?

cãå¬ ïñr óêI
Ω¬
J
l†¬J 	,  (5.75) 

where C and D are the undetermined coefficients, and
 

=ÿ = − 2%èo É<B
óêI

Ω¬
J
I†¬J

"
, (5.76) 

and 

=8 = − 2%èo BA4
óêI

Ω¬
J
l†¬J

"
. (5.77) 

5.5. Numerical results for the diffracted fields 

The following plots between Fig. 51. and Fig. 59 are obtained for the upper edge of the

	

Figure 51 Upper edge transmitted field for positive φi values. 
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reflector. As can be seen in Fig. 51 and Fig. 52, the positive imaginary part φi of the 

incident angle and the beam amplitude are inversely proportional. 

 

	

Figure 52 Upper edge transmitted field for positive φi values. 
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Figure 53 Upper edge transmitted field for negative φi values.

	

Figure 54 Upper edge transmitted field for negative φi values. 
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In Fig. 53 and Fig. 54, the negative imaginary part of the incident angle and the beam 

amplitude are directly proportional. Fig. 55 and Fig. 56 depict reflected part of the 

scattered field for the incident angle having a constant real part and various positive 

imaginary parts while Fig. 57 and Fig 58 are having the same conditions except that they 

have negative imaginary components below. For the positive imaginary components their 

magnitudes are inversely proportional to the beam magnitudes whereas for the negative 

ones they are directly to the beam magnitudes. 

	

Figure 55	Upper edge reflected field for positive φi values.	
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Figure 56 Upper edge reflected field for positive φi values.

	

Figure 57 Upper edge reflected field for negative φi values. 
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Figure 58 Upper edge reflected field for negative φi values. 
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Figure 59 Upper edge reflected and transmitted fields for φ0 =pi/6. 

 

The following plots Fig. 60 through Fig. 67 are obtained for the lower edge of the reflector. 

The first four figures belong to the reflected field, whereas the last four ones represent the 

transmitted field. Fig. 60 and Fig. 61 show the changes in the beam amplitudes for the 
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Figure 60 Lower edge reflected field for positive φi values. 

	

Figure 61 Lower edge reflected field for positive φi values. 
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Figure 62 Lower edge reflected field for negative φi values.

	

Figure 63 Lower edge reflected field for negative φi values. 
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Figure 64 Lower edge transmitted field for positive φi values.

	

Figure 65 Lower edge transmitted field for positive φi values. 
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Figure 66 Lower edge transmitted field for negative φi values.

	

Figure 67 Lower edge transmitted field for negative φi values.	
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CONCLUSION 

 
In this study, evanescent waves are reviewed, and as the subclasses of these waves, 

inhomogeneous plane waves and Gaussian beams are derived. Also, for these two 

subclasses numerical analyses are carried out to figure out the behavior of these waves. 

The diffraction theory is discussed briefly and Kirchhoff’s diffraction integral on which 

many diffraction problem solutions are based is derived. A non-uniform diffracted field 

expression encountered at the end of asymptotic evaluations had to be solved to get a 

uniform field expression. Otherwise diffracted field would approach to infinity at the 

reflection and shadow boundaries due to the asymptotic high-frequency characteristics of 

the obtained field expression. To obtain a uniform expression, a feature of Fresnel function 

is utilized. The uniform field expressions for both upper and lower edges of the reflector 

are obtained. 

Inhomogeneous wave is obtained as the multiplication of two exponential terms, one 

representing the phase or propagation direction, and the other the amplitude of it. It is 

observed that the wave amplitude decreases with the decreasing imaginary component of 

the incident angle meaning that they are directly proportional. Complex conjugate of 

incident angle resulted in a field that is 180 degrees out of phase with the former one. 

Also, an incident angle with no real component resulted in beam radiation directed to –
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π/2 or π/2 depending to the polarity of the imaginary component of the incident angle. To 

verify the theory, an incident angle with no imaginary component is applied and a plane 

wave radiation which is a circle is obtained. Besides, it is observed that when the real 

component is changed and the imaginary component is kept constant in the incident angle, 

a phase shift in the beam direction with the same amount as the change in the real 

component occurs. For the Gaussian beams all the necessary calculations to obtain the 

ultimate expression are performed and the plots of Gaussian beams for its parameters are 

implemented. In the last stage that is the main part of this study, the asymptotic evaluation 

of the scattering integral based on the MTPO is carried out. We used the surface integrals 

of MTPO to express the scattering integral for a cylindrical parabolic PEC reflector on 

which a plane wave is incident with an arbitrary angle. Asymptotic evaluations of the 

scattering integrals are obtained by some approximation methods. For the reflected and 

diffracted fields, we used the stationary phase method, and the edge point method 

respectively. Reflected and edge diffracted waves are plotted numerically for some 

parameters. It is observed that the fields that are obtained and plotted are reasonable and 

consistent. Also, by taking the incident angle as a complex parameter, evanescent waves 

are obtained for both reflected and diffracted fields. The behavior of evanescent waves is 

observed and compared to the theory. The results obtained complied with the theoretical 

derivations. 
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APPENDICES 

 

A.1 The Stationary Phase and Edge Point Methods 

 

A.1.1 Stationary phase point method [78] 

 

Radiation integrals consist of an amplitude function times a phase function. In many  
 
cases an asymptotic evaluation is employed if the amplitude function varies slowly 
 
whereas the phase function varies rapidly. For our problem we consider the integral, 
 

⁄ = æ ^
ë

’
?c†… h 0^	, (A.1) 

  

where f(x) and γ(x) are real functions, and β is a large number. The integral endpoints can 

be infinite. If f(x) is slowly varying and βγ(x) is rapidly varying functions over the interval 

of integration due to β being large, the main contribution to the integral comes from the 

stationary phase point. If there exist more than one stationary points, the contribution of 

all these stationary points will be summed up. A stationary phase point is defined as a 

point where the first derivative of the phase function γ is equal to zero: 

q…

qh
= 0,  (A.2) 

meaning that the function )(xγ is maximum at x0. If )(xγ is multiplied by β, the difference 

between the maximum-valued γ and any other x-valued γ will rapidly increase resulting 
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in a rapid exponential growth of the integrand. Therefore, the significant contribution to 

the integral will come from the points that are close to x0. 

If we expand the phase function in a Taylor series around the stationary phase point, the 

following expression can be written: 

» ^ ≅ »| + ^ − ^| »|
2 +

7

"
^ − ^|

"»|
22 +⋯  , (A.3)

  

where '

0
γ  and ''

0
γ  represent the derivatives of γ with respect to x, evaluated at x0. Now '

0
γ  

is assumed as zero by definition in the neighborhood of the point of stationay phase the 

quantity (x-x0) is small and therefore the high-order terms (i.e., order 3 and higher) in Eq. 

(A.2) may be neglected. If there is only one stationay point x0 in the interval from a to b, 

and x0 is not close to either a or b, the Eq. (A.1) can be written as, 

⁄ = æ ^ ?c†…ê?c† hlhê
J…ê

îî/"0^
hI‹

hl‹
, (A.4) 

when  »|
22 ≠ 0 where δ represents a small number. By doing this we reduce the range of 

integration to a small neighborhood about the stationary phase point. If f(x) is slowly 

varying, it can be approximated over this small interval. In this case Eq. (A.3) becomes, 

⁄| = æ ^| ?c†…ê ?c† hlhê
J…ê

îî/"0^
g

lg
,  (A.5) 

⁄| = æ ^| ?c†…ê ?c†Ä
J…ê

îî/"0Ç
g

lg
,  (A.6) 

where (x-x0)=z. For convenience, the limits of integration are changed to infinity. This 

causes a little error which can be neglected. In other regions, the rapid phase variations 
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will cancel each other because of the slowly varying characteristics of f(x). Now let us 

consider the integral 

?c’Ä
J
0Ç

g

lg
.  (A.7) 

 Eq. (A.7) can be written via the Euler’s formula as, 

 

É<B ‘Ç" + f BA4 ‘Ç" 0Ç
g

lg
.  (A.8)  

By solving this equation we obtain, 

9

’
?c

∞

±
r”E ’   , (A.9) 

where,  

 

Bw4 ‘ =
−1, ‘ < 0
1, ‘ > 0

  . (A.10) 

                                                  

To evaluate Eq. (A.4),  Eq. (A.5) is used and as a result the stationary phase 
approximation results in, 
 

⁄ = æ ^ ?c†… h 0^
hI‹

hl‹
≈ æ ^| ?c†… hê

"9

† …ê
îî ?

c
∞

±
r”E hê  . (A.11)

                  

If more than one stationary phase points exist in the integration interval and there is no 

coupling between them, the total value of the integral is obtained by summing the 

contributions of all these stationary points. Eq. (A.9) is invalid if the second derivative of 
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the phase function is zero at the stationary phase point. In that case, the third-order term 

in Eq. (A.2) is used. In addition, Eq. (A.9) becomes invalid if one of the limits of 

integration is close to the stationary phase point. For this case we can express the integral 

in the form of a Fresnel integral. One more problem arises if there exist two or more 

stationay points close together in the integration range.  To obtain the endpoint 

contribution, it is reasonablet to write Eq. (A.1) as, 

⁄ = æ ^ ?c†… h 0^ − æ ^ ?c†… h 0^
g

ë
−	 æ −^ ?c†… lh 0^

g

l’

g

lg
,  (A.12) 

or 

⁄ = ⁄| − ⁄ë − ⁄’,  (A.13)                              
  

Evaluation of I0 has been done in Eq. (A.9). Ib, for instance, can be evaluated via 

integration by parts with the wave number to be complex and to have a small amount of 

loss (i.e., small α) so that the contribution to the integral by the upper limit at infinity 

vanishes, and then letting the wave number to be approximated by β,as before. Thus, 

⁄ë ≅ −
7

c†

∫ ë

…2(ë)
?c†…(ë).  (A.14)  

A similar expression can be found for I-a. Eq. (A.12) is valid when the limit value “b” is 

not near or coupled to x0. When the stationary point is coupled to the endpoint, it is written 

that, 

⁄ë ≅ # −Bw4 é − ^| ⁄| + Bw4 é −	^| ×

																																																																																	æ é ?c†… ë ∓cflJ "

† …ê
îî ]± ∑ ,  (A.15)   
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where, 

u is the unit step function 

)(vF± is the Fresnel integral 

»′′(é) ≠ 0,  (A.16) 

and 

∑ =
†

" …ê
îî(ë)

»|
22  .  (A.17) 

 

A.1.2 Edge Point Method 

 

For the edge diffraction this method is employed. The integral, 

æ ^ ?^e −f%w ^ 0^
g

’
, (A.18) 

can be written as, 

æ ^
”2 h

”2 h
?^e −f%w ^ 0^

g

’
. (A.19) 

If the method of integration by parts, 

#0∑ = #∑ −
ë

’
∑0#

ë

’
, (A.20) 

is applied by assuming, 

# =
∫ h

”î ‡
 , (A.21) 

we write, 
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”2 h J
 , (A.22) 

and, 

0∑ = w2 ^ ?^e −f%w ^ . (A.23) 

By assuming, 

∑ = −
7

cã
?^e −f%w ^ , (A.24) 

the integral becomes as, 

æ ^
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                                              −
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If the integration by parts method is used for the integral term on the right hand side of 

the equality, this will result in terms having k2 or in the denominators which make the 

integral negligible due to the high value of “k” at high frequencies. As a result, the 

integral will be approximately as, 

æ ^
”2 h

”2 h
?^e −f%w ^ 0^

g

’
≅

∫ h

”î ‡
−

7

cã
?^e −f%w ^

’

g

. (A.26) 

This approach is known as the Edge Point Method.  
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