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ABSTRACT

This thesis explores Schwartz distributions, their properties, and applications to study
solution of linear partial differential equations with constant coefficients. Special type of

distribution such as Heaviside or Dirac delta functions are also discussed.

Additionally, important topics such as the Hadamard finite part, Cauchy principal values,
and the Laplace operator are examined. The thesis also addresses the solution of
differential equations using Fourier transforms, providing examples and discussing the

elementary solution of the wave equation and the Laplace equation.

Furthermore, the solutions a differential equation in the space of Schwartz distributions

and the iterated Laplace operator are discussed.

With the introduction, this thesis consists of ten chapters. First chapter provides an
introduction to the topic of the thesis. It discusses the concept of distributions. The
chapter also emphasizes different aspects related to distributions, such as compactly
supported distributions, differentiation of distributions, and the sum and product of

distributions by a smooth function.

In the third chapter , the Fourier transform in the context of the real line, R, is discussed.
Firstly, by defining the Fourier transform on R, the aim is to better understand the
Fourier transform on R. The space of infinitely differentiable functions with compact

support and the space of rapidly decreasing functions are examined.

Next, the Fourier transform is defined on R”. It is studied in the space L!(R"), the space

(R") is examined, and the Fourier transform on the space L?(IR") is discussed.
In the fourth chapter is devoted to the study of the Fourier transform on the torus.

In the sixth chapter, the Hadamard finite part and its consequences are emphasized.
Additionally, the relationship between the Cauchy principal value integral and the
Hadamard finite part is discussed. Furthermore, the application of the Hadamard finite

part to differential equations is examined.

In the seventh chapter , the Laplace operator is explored, particularly in different

coordinate systems.



The eighth chapter focuses on solving partial differential equations using the Fourier
transform. This chapter discusses the elementary solution for the wave equation and
highlights the application and significance of the Fourier transform in solving differential

equations.

In the last chapter, the elementary solution of iterated Laplacian is examined.

Keywords: Schwartz distributions, elementary solution of linear partial differential
equation, Hadamard finite part, Cauchy principal values, Heaviside function, Dirac delta

function, Fourier transform, Laplace and Wave equation, smooth functions.



OZET

Bu tez, Schwartz dagilimlarini, 6zelliklerini ve sabit katsayili lineer kismi diferansiyel
denklemlerin ¢6ziimlerini incelemektedir. Heaviside veya Dirac delta fonksiyonlar1 gibi

ozel tiirdeki dagilimlar da ele alinmaktadir.

Ayrica, Hadamard sonlu parca , Cauchy temel degerleri ve Laplace operatorii gibi
onemli konular da ele alinmaktadir. Tez ayrica Fourier doniigiimlerini kullanarak kismi
diferansiyel denklemlerin ¢oziimlerini ele almakta, 6rnekler sunmakta ve dalga denklemi

ve Laplace denklemi gibi temel ¢oziimleri tartigmaktadir.

Ayrica, Schwartz dagilimlarinin uzayinda bir diferansiyel denklemin ¢oziimii ve

iterasyonlu Laplace operatorii de tartisiimaktadir.

Giris ile birlikte, bu tez on béliimden olusmaktadir. Tlk boliim, Schwartz dagilimlar

hakkinda bir giris sunmaktadir.

Bu tez, dagilimlarin kavramini ele alir. Ayrica, kompakt destekli dagilimlar, dagilimlarin
tiiretilmesi ve diizgiin bir fonksiyon tarafindan dagilimlarin toplami ve ¢arpimi gibi

dagilimlarla ilgili farkli yonleri de arastirir.

Uciincii boliimde, Fourier doniisiimii, reel ¢izgi R baglaminda ele alinmaktadir.
Oncelikle, R iizerinde Fourier doniislimii tanimlanarak, R iizerindeki Fourier
doniisiimiinii daha 1yi anlamak amaclanmaktadir. Sonsuz kez tiiretilebilir ve kompakt

destekli fonksiyonlarin uzay: ile hizla azalan fonksiyonlar uzay1 incelenmektedir.

Ardindan, Fourier doniisiimii R” iizerinde tanimlanmaktadir. L' (R") uzayinda
¢aligilmakta, . (R") uzay1 incelenmekte ve L?(R") uzayinda Fourier

doniislimii tizerinde durulmaktadir.
Dérdiincii boliim, torus iizerinde Fourier doniigiimiiniin incelenmesine ayrilmigtir.

Altinc1 boliimde, Hadamard sonlu parca ve sonuglart tizerinde durulmaktadir. Ayrica,
Cauchy 0zel degerleri integrali ve Hadamard sonlu par¢a arasindaki iligki ele
alinmaktadir. Ek olarak, Hadamard sonlu par¢canin diferansiyel denklemlere

uygulanmasi incelenmektedir.



Yedinci boliimde, farkli koordinat sistemlerinde Laplace operatorii incelenmektedir.

Sekizinci boliim Fourier doniigiimiinii kullanarak kismi diferansiyel denklemlerin
cOziimlerini ele almaktadir. Dalga denklemi i¢in temel ¢oziimiin tartisildigr bu boliim,
Fourier doniistimiiniin diferansiyel denklemleri ¢6zmedeki uygulamasini ve 6nemini

vurgulamaktadir.

Son boliimde, tekrarlanan Laplasyen’in temel ¢6ziimii incelenmektedir.

Anahtar Sozciikler: Schwartz dagilimlar, lineer kismi tiirevli denklemlerin temel
¢Ozlimii, Hadamard sonlu parca, Cauchy temel degeri, Heaviside fonksiyon, Dirac delta

fonksiyonu, Fourier doniisiimleri, Laplace ve Dalga denklemi, diizgiin fonksiyonlar,



1 Introduction

Schwartz distributions represent a class of generalized functions that play a significant
role in functional analysis and frequently arise in fields such as mathematical physics,

wave equations, and quantum mechanics.

In this thesis, we initially address the definition and properties of Schwartz distributions.
The fundamental characteristics of these distributions, such as operations of addition and

multiplication, their relationship with differential operators.

1.1 Distributions

In this chapter, we will define the Schwartz distributions and their properties.

Proposition 1.1.1. For any compact K of U, there exist numbers di € N and ¢, > 0 such
that for any function @ € 94 (U), the following inequality holds:

|<T,0>|<c; sup [0%Q|(x). (1.1.1)
o <dj,x€C
The set D4 (0) is defined as the subset of test functions in 9 (0) whose support is

contained within X .

Definition 1.1.1. We call distribution, any linear form on%(0) which satisfies the
continuity properties, for any compact X C U. We denote by 7 (O), the set of

distributions on O.

A distribution T is a linear functional defined on &, where its restriction to each compact
subset 7y of R" is continuous. In simpler terms, a distribution 7 is a functional

¢ —<T,¢ >, defined for all functions ¢ € & , and it possesses the following properties:

e T is linear:

<T,0+@ >=<T,0; >+ <T,0, >
P17 %2 1 2 (1.1.2)

<Tko>=k<T,p>, kecC

¢ T is continuous.



Definition 1.1.2. [If, for a given distribution T, there exists a number d € N such that
dy < d, for any compact K C U, then the smallest number d having this property is

called the order.

Example 1.1.1. Consider a function f that is locally integrable on R". The integral

<f0>= [ FWe(ds (1.1.3)
defines a distribution for all function @ € Z(R").

Recall that the definition of some spaces:

o supp(f) = {x € Dom(f) : f(x) # 0} C Dom(f)

* C(U): the space of continuous functions on an open set U
C(V) =C%U) = {f : U — C | fis continuous}.

C>(U): the space of smooth functions on an open set U.

C2(U): the space of smooth functions with compact support in U, also denoted as
2(0), is the space of test function on U, which consists of smooth functions with
compact support. C°(U) = Z2(0) = {f € C*(0) | supp(f) is compact}.

2'(U): the space of distributions, which consists of linear functional on Z(0).
Definition 1.1.3. A distribution T called positive if < T,@ >> 0 forall @ >0, ¢ € .
Remark 1.1.1. The distributions of order zero are said to be measures. (chapter Il page

25)

1.1.1 Compactly Supported Distributions

Let K = supp(T) be the compact support of T, X C U, o be a function of Z(U ), equals

to 1 on an open neighbourhood of . Then we have:

<T,p>=<T,a0>, YoecZ{U), (1.1.4)

since @ — @ has its support in the complementary open of A

i.e.: supp(@—o@)Nsupp(f) = 0.

Theorem 1.1.2. A distribution is positive if and only if it is a positive measure.



Proof. Consider a compact set & and a positive function @y € & such that =11ina
neighbourhood of % .
For all ¢ in &, we know that:

—@o(x) sup |[@| < @(x) < @o(x)sup ||, ©>0.
XEX XEHX

Therefore, we have the following:

Tis positive <= <T,0>>0
— | <T,0>|=|<T, 909 >|
— |<T7(p>|2< Tv(p0>supx€3‘(’(p"

]

Definition 1.1.4. A distribution T is called harmonic if it is a solution of the differential
equation AT = (.

Definition 1.1.5. A distribution T is said to be sub-harmonic in a domain U if AT >0
on .

1
loc

We notice that the space L; . consists of functions that are locally integrable. For a

1

function f to be a member of L,

set A C R.

(R), if the function f is integrable on every compact

Theorem 1.1.3. A sub-harmonic distribution is locally integrable function in O
(integrable on all compacts of U), which, in the interior of any closed ball ‘B, center 0

and radius p, admits the representation:
T(x)=h(x)+E *u, (1.1.5)

where h is harmonic and u is the restriction of AT to the ball (u is a positive Radon

_ (-1
measure on ‘B),) [reference for radon measure], E = —kn|x]2 "and k,, = (2—n)

412
Proof. Let u(x) = (E % u)(x).

If u has compact support, then we have:

Au = A(E * )
=AExu

:u‘



We know also that u = AT in the interior of B, (since u is the restriction of AT to B,).

Therefore,

AT = Au
= A(T—u)=0=Ah

—=T—-u=h

is a harmonic function.

So, we finally have;
T(x) =h(x)+E*pu.

Since u has compact support and E € L! , Exuc Ll . ({E,Exu} €Ll ))

loc? loc* loc

1.2 Differentiation of Distributions

Consider a function f that belongs to the set C' (U), continuously differentiable on the
open U C R". For all @ in Z(U), we have:

of Jp
/Uw(pdx——/l]fﬁdx. (1.2.1)

Assuming that f belongs to the space of locally integrable functions Ljoc(U), the
existence of the second integral allows us to interpret it as defining the derivative

(distribution) of f. In general, the derivative of a distribution is defined as follows:

Definition 1.2.1. Let T be a distribution on 9'(U), U is an open in R". For all @ in
P2(U), the partial differential % of T is given by:

L)

>=— T,—.
? ox!

< ﬁ’ > . (1.2.2)
Since the derivative of test function is again a test function, then we can consider
successive derivatives of distributions. By applying the derivative operation repeatedly,
we can obtain higher-order derivatives of distributions. The following equation

represents the successive differentiation:

<D'T,o>= (-1 <T,Dip>, Voe2(U). (1.2.3)



Definition 1.2.2. Given a test function ¢ € Z(R"), the Dirac delta function often

referred to as the Dirac measure, has the following properties:

* at the origin
< 3,0 >=¢(0) (1.2.4)
* at the point x = Q.
< o, @ >= @(t). (1.2.5)
Example 1.2.1. We define the Heaviside function on R by:

Hx)=1 forx>0

(1.2.6)
H(x)=0 forx<O.
The derivative is by definition:
<H ,¢o>=—-<H,¢ >= —/Ooo(p'(x)dx:(p(O) (1.2.7)
So, we have < H',@ >=< 8,9 >. This show that the derivative of H is d:
H =3. (1.2.8)

Example 1.2.2. For all ¢ € C*=, the derivative of the Dirac delta function is defined in

the sense of distributions as follows:

on R:
<8&,0>=—-<8,0 >=—¢'(0) (1.2.9)
<8P o >= (=1)PeP)(0). (1.2.10)

on R":
<D/§,¢>= (-1 < § Dip>= (—1)I(D/g)(0). (1.2.11)

We can examine the derivative at the point o. € R":

< D'8y, ¢ >= (—1)V(D/g)(a). (1.2.12)



1.3 Sum and Product of Distribution by a Function C*
Let T, T, T> be in 2'(U). We can define the sum of two distributions as follows:

<N +To>=<T,0>+<h,0o> VocPU) (1.3.1)
and the product of a distribution by a function f € C*(U):

<fr,o>=<T,fo>, VYoecPU), foc2U,). (1.3.2)

As a starting point, we can examine the multiplication on 9:

Example 1.3.1. Let us consider the multiplication of & with x. For any ¢ in Z(R), we

have:

<x&+8,0>=< (x8)',0 >
=— <x8,¢' >
=—<8,x¢ >
= —x¢'(0):=0
=0.

—=x8+8=0=1x8 =-3 (1.3.3)

1.3.1 Division Problem

To better understand what we have done and the Dirac delta function, let’s solve a few

problems. First, let’s look at the general results of multiplying distribution by a function.

Exercise 1.3.1. Show that the equation
xT =0 (1.3.4)
has the solution in 2'(R")
T =Cd, C:constant. (1.3.5)
Proof. Let ¢ be in Z(R). We have:

<xT,0>=0 <= <T,x¢p>=0 (1.3.6)



We know also that all @ in Z(RR) can be represented in the following form:
¢(x) = 9(0)8(x) +xy(x) (1.3.7)
where 8 € Z(R), fixed, such that 6(0) = 1; y € Z(R). Then we have:

<T,0(x) >=<T,0(0)0(x) >+ < T,xy(x) >
=@(0) < T,0(x) >

=Co(0)
withC =<T,0 >.
Thus,
T =Ca.
]
Exercise 1.3.2. Find the general solution of
(x—o)T =0 (1.3.8)
in 7'(R).
Proof. For ¢ € Z(R), we have:
<(x—a)T,0>=0 <= <T,(x—0)p>=0 (1.3.9)

We have the knowledge that every function ¢ can be represented in the following form:

9(x) = 9(0)8(x) + (x— o) y(x) (1.3.10)

where 6 € Z2(R) such that 6(a) = 6'(a) = 1; with ¢’ () — @(a) = y(a) € Z(R). We
have then:

<T,9(x) >=<T,0()0(x) >+ < T, (x—o)y(x) >
=o¢(a) <T,0(x) >
= Coop(a)



with Cp =< T,0 >. Hence,
T = Cyyq. (1.3.11)

O]
Remark 1.3.1. We will adopt the following notation when we solve the problems:

Ty,: particular solution

T,,: homogeneous solution

The general solution deduces by adding the particular solution to the homogeneous

solution.

Exercise 1.3.3. Find the general solution of
(x—a)’T =0 (1.3.12)

in 7' (R).

Proof. We know that Cdy, is the general solution of (x — )7 = 0, where C is any
constant. By definition, the Dirac delta function has the property that &, = 0 for x # o
and [*_8y(x),dx = 1. Therefore, the equation (x — a)?7T = 0 is equivalent to

(x— )T = Cdy with constant C. To see the equivalence between these two equations,
we can multiply both sides by (x — @) to get (x — &)>T = 8¢ (x — &t). The right side
simplifies to 8 (x — &) = 0. Therefore, we have (x —a)?T = 0.

By the definition of the derivative of Dirac delta, we have:

< (x— )8, 0(x) >=— < 8q, D((x — ) Q(x)) >
= — < 8¢, O(x) + (x — )9’ (x) >
= —(p(0) + (x—)o'(x)| _,

=—¢(a)
=< _Sa,(p(x) > .
Therefore,
(x— oc)SQ = —dq. (1.3.13)

Thus, the particular solution is:

(x— )T, = C8y —> (x— )T, = —C(x — )3, = T, = —C3), (1.3.14)



Finally, we have the general solution as:
T = C184+C28),, Cy,C, : constants. (1.3.15)

]

Exercise 1.3.4. Find the general solution of
(x—a)T = dg (1.3.16)

in the space 9'(R).

Proof. In the context of exercise[I.3.1] the homogeneous solution 7, is represented by

Cdy. We will examine the particular solution in two part:

 If a0 # B, we can write:
< (x=)Tp, @ >=<Tp,(x — Q) >=< 0,9 > (1.3.17)

Therefore, the particular solution is:

because when x 7§ B, 8[5 = 0. So, the general solution is:
B o ( e )

with a constant C.

 If o = B, can be expressed in the following form:
(x—o)T = dy, (1.3.20)

We found the homogeneous and particular solution of (1.3.19)) in the previous
exercises. By the equations (1.3.10) and (1.3.12), the general solution is:

T =Cd,— 9, (13.21)

where C is any constant.
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Exercise 1.3.5. Find the general solution of
(x—o)T = 3§, (1.3.22)

in 7'(R).

Proof. By the exercise[1.3.2] the homogeneous solution is 7, = Cd,, with any constant
C. To calculate T),, we will evaluate the two conditions on @, B:

 If a0 # B, we have:
<(x—a)Tp, @ >=<§,,0>. (1.3.23)

Therefore, the particular solution is

8,
T, = 1.3.24
because when x # B, &, = 0. So, the general solution is:
5,
T = C8 13.25
B — o + oy ( )
with a constant C.
* If a = B, the equation takes the form:
(x—a)T =8, (1.3.26)

As the definition of the derivative of the Dirac delta function, we obtain:

< (x—0)8;,0(x) > = (—1)> < 8¢, D*((x— ) 9(x)) >
=< 80,20 (x) + (x — 0)@" (x) >
= (2¢'(0) + (x —)9" (%) |,
=2¢'(a0)
=< 28, 0(x) > .

So,

(x— )8! = —28/ (1.3.27)
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Therefore,

(x— )T, =8, = (x—oc)Tp:—%SZ (1.3.28)
—5"
= T,=—" (1.3.29)

In conclusion, the general solution can be expressed as:

_g!
T = 2“ +Cdy, C:constant. (1.3.30)
O]

Exercise 1.3.6. Determine the general solution of the equation
(1+x*)(1-x»)*T =0 (1.3.31)

in the space 9'(R).

Proof. We can divide both sides by (1 +x?) as long as 1 +x? is not equal to zero. Since
1 +x? is always positive, we can safely divide by it. So (1 4+x?)(1 —x?)?T =0 is
equivalent to (1 —x?)>T =0 on R.

Now, our goal is to determine the general solution for the equation
(1—x*)2T = (1—x)*(1+x)’T =0. (1.3.32)

Therefore, using the help of the exercise [I.3.3| we can obtain the general solution with
two different equation solutions.

First, let us consider
(x—1)’T =0. (1.3.33)
The solution can be expressed as follows:
Ty = C18) + G281, C1,C, : constants. (1.3.34)
The second equation

(x+1)’T =0. (1.3.35)
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has the solution
T =D& +Dy3_ |, Di,D;:constants. (1.3.36)
Consequently, the general solution of (1.3.32) is
T ==C18| +C28, + D& |+ D5, (1.3.37)

where C1,C,D1,D; are any constants. ]

1.4 Classification of Partial Differential Equations

Definition 1.4.1. A partial derivative equation(PDE) of order d with constant

coefficients on R is written:

Y auD%u=f, o= (0,...,00), |0 =0+ -+t (1.4.1)
la|<d

where aq, given numbers, f,u € 2(R").

The principal part of the differential operator is:

Z agD”.

|a|=d

A sub-variety S of dimension n — 1, of the equation s(x) = 0 is said to be characteristic
for PDE (1.4.1)), if it verifies the first order PDE :

Y auwp®=0 (1.4.2)
|a|=d
where, following our usual notations,
p()(:p(lxlpgn, |a‘:a1++an (143)
and we set:
Os
pi=so (1.4.4)

The properties of the solutions of a PDE depend essentially on the nature of its
characteristics. We are thus led to the classification which we state for PDE, where we

suppose the coefficients ag, to be real.
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 The PDE (1.4.1) is said to be elliptic if the polynomial of p*

Y auwp®=0, p#0 (1.4.5)
la|=d

does not vanish for any systems of p' reals(it has no real characteristics).

 The PDE is said to be x' -hyperbolic if the polynomial at p; :

Y auwp®=0, p#0 (1.4.6)
|a|=d

has d real and distinct roots for all systems of numbers p», ..., p, reals.

Example 1.4.1. The Laplace’s equation

Au=}y =" (1.4.7)

is elliptic.

The Wave equation

92 no 92
Clu = <(axl)2 _l._zz(axiﬁ) u=0 (1.4.8)

is hyperbolic.

* An important class of equations which are neither elliptic nor hyperbolic are the
parabolic equations: these equations are not characterized only by their principal

part.The PDE is said to be x'-parabolic if it can be expressed in the following

form:
ou o
a__ Z agD u:f (149)
o jal<d
a1:0
with
Y awp® Vp#0, real (1.4.10)
la|<d
a1=0

which implies that .|, <4 agD® is elliptic, in n — 1 variables.
a1=0
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Example 1.4.2. The Heat equation

——Au=0 1.4.11
5 Au ( )
is t- parabolic.
The equation
ou
—+Au=0 1.4.12
5, HAu ( )

is not t- parabolic, is (-t)- parabolic.



2 Newtonian Potential

Consider in R? the equation
—Au=f (2.0.1)

where f € € and u € D/(U). € means the dual to €, in other words it is C*(U).

The convolution between E and f is said to be the Newtonian potential of f:

u=—Exf=ky|x]> "% f. (2.0.2)
for n > 3, where k,, = 1“(4%—%1) . Note that we have for n = 2:
T
E = (2n) 'log|x|. (2.0.3)

2.1 The Volume Potential

Let U be a bounded open of R” and supp(f) C O. Suppose f € L=(U) (so € L*(R").

By definition of convolution, the potential u of f has the form:

u(y) = (~Ex£)(y)
— - [ EG-0sax

1
= kn/zj—]y—x\”zf(x)dx'

We know that € L (R"), so it is bounded by a constant M in U. Thus we have f(x) <M
Vx € .
Consider a sequence y; in R” that converges to yg as k approaches infinity for a fixed

point yp € R". We want to show that limy_,. u(yx) = u(yo).

15
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By converging of y, to yo, we have |y —x| — |yo — x| Vx € U. Furthermore, we obtain:

1 1
) —ul0)| = ko | o P [ o

1
gkn/
O

1
vk —x["2 |yo—x|"2
< kM /
O

1
By the dominated convergence theorem, we can interchange the limit and the integral:

| (x)]dx

dx.

1
vk —x["2 |yo —x["72

1 1

— dx=0.
lyk —x["2 |yo —x|"~2

U k—oo

lim |u(yx) —u(yo)| < k,M [ lim
k—yo0

This shows that limy_e u(yx) = u(yo)-
We know that d is unitary for the convolution and the convolution is commutative and

associative. Then, the differential of u in the sense of distribution is

ou oE
& — R 2.1.1
ox! f ox! ( )
Outside the origin, we have:
oE X x
_ 2— _ 1—n X _
E= k" = 35 = 2=kl = (1= 2k

the integral of ‘% over U is finite. Because:

E|, x|
/U@dx—/uun—z)knw

c
< n—2)ky|—
— U’( )n‘|x|n

< oo

for a constant ¢ as O is bounded. Thus, we have:

oE

= € L. (0). (2.1.2)

Consequently, % is continuous.

Theorem 2.1.1. Let f € L*(U) and supp(f) C U. Suppose that the potential u of f is in
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CY(R"), bounded and

0
limu(x) =0 inR", lim — = 0. (2.1.3)
X—roo xi—oo axl
Then we have:
||ull ety < KO)[|f|L=w) (2.1.4)
where K(U) is a number depending only on U.
We have more precisely:
u(@)| < K, 0) || fllL=w) (2.1.5)

where K(y,U) = ky [;5 ‘y_‘i% is uniformly bounded for y € R" as limy,_,., K(y,U) = 0.
Recall that

m = Y sup|=—|, w(75) = SU x)|. (2.1.6)
et = Losup| S5 Il = suplr o)
The j — th derivatives of u in 2’ are:
—D/u=f+«D'E=D/f+E. (2.1.7)

If j >, then D/E ¢ L] : the hypothesis f € L*(0), supp(f) C U and the same
hypothesis f € @O(U) are not sufficient to assure that the second derivatives of u are not
usual function, i.e.; u is usual solution of Au = — f’; this result will be ensured by the

following theorem:

Theorem 2.1.2. (i) If f € W (R") and supp(f) C U, then the potential u of f is in
C2(R™M).

@ii) If supp(f) C O, f € L™(0) and f has the fist derivative of the form;

CLY 2.1.8)
ox!
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where g; € L=(U), supp(g;) C U, supp(h;) C U, then the potential u of f is in C*(U)
and C*(C0).

Proof. (i) In &', we have;

ou oE
0%u _df OE

Coxiox/  oxi * oxJ

— uc C*(R").

(ii) By (i), we have;

Fu _of or
oxidx)  9xt  9xJ

This implies that

o’u oE
T oxiox (gi+hi) % ox/
s oE ol oE
TS T
O]
Remark 2.1.1. If U is a regular open in the sense of Stokes’s formula and f € C*(0),
suppf C U, then the under conditions of previous theorem (ii), we have;
ue CHR")NC?(C(aV)). (2.1.9)
Remark 2.1.2. If f is not a compact support but is a measurable function, bounded,
tending to zero at infinity faster than |x|~2, i.e. such as;
oo (o1 A
feL”(R"Y), |f(x)|<’x’m forx| >1,0<a<1 (2.1.10)
then f % E is a function C', given by
uly) =k iGN @.1.11)

e o=y

We will show that (2.1.11) satisfies the equation Au = f using the Fubini’s Theorem. Let
¢ € Z. The inner product gives us
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<f.9>= /Rnf(x)cp(x)dx

= Rnf(x)(A(|)>|<E(x)a’x
= [ 1) (—k,, /R n —|yA_(px(,yn)_2 a’y) dx
- [ (o [ ) ot

= [ (f(x)*E)(y)A0(y)dy

Rﬂ
=< fxE,AQ >
=< f,AQxE >

=< f,0>=<f*xE,AQ >
=<A(f*E),¢>

= [=A(f+E)
=Au

2.1.1 The Single Layer Potential

Let S be differentiable sub-manifold of R" of dimension n — 1 at finite distance. Let f be
a measure of support S identifiable with an integrable function f on S. The potential u

of f is the given by the usual integral:

_ Jo(x)
u(y) = kn Y Ux (2.1.12)

where U, is the form of Leray of S at the point x. Note that u(y) € C=(C(S)).

2.1.2 The Double Layer Potential

Let f be a measure of support S identifiable with an integrable function fy on S. Let f be

a distribution of order 1 of S of the form:
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n a i
fZ; (5;7) 2.1.13)

where n' are the normal components to S and f; is a measure of support S, identifiable

with an integrable function on S. The potential u of f is then:

u=fxE= (i 8(5;1’)) *E

where a = (n—2)k, Y1 n'(x) (‘);:))a :

2.1.3 Stokes’s Theorem

Let U be an open dU (with its boundary satisfying the Lipschitz condition),
feCH(B)NCO(T). We have:

of i
of . _ 2.1.14
e dx s fm'o ( )
where U is (n — 1)-form on o0 and n’ = (n!,...,n") is normal vector to 9. And we
denote:
90 = {xeR" : 5(x) = 0} 2.1.15)

ONds(x) =d(x) =dx; A+ Ndxy (2.1.16)
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2.2 Energy Integral, Uniqueness Theorem

Let U be a bounded open of R" and U be its closure. Let u, @ be two functions of

CH(B)NC? (V). In U, we have:

du d¢

"9
uAQ = lz{ oxi ( 8x’) Z oxi oxi 2.2.1)

If we integrate on the both sides on U, we have then:

:Z[/U%(?)dx] /,iiﬁ?ﬁi
=2 (fursis) - [ v

where 7' is the normal to 00 and U is the Leary’s form of 9U. Taking ¢ = u, we get the

energy integral:

B 00 ; L du .,
/U(uA(p)(x)— usonits - /Z Y (5o)dx (2.2.2)

i3 5=

2.2.1 Uniqueness Theorem

The equation Au = T has only are solution u € C'(5) N C?(0) taken on dU given values.

Notice the definition of u as the following:
uly) = /UM(AE(x—y))dx (2.2.3)
Proof. Suppose that u; and u, are solutions of Au = T. We will show that u; = u,. The

difference function u = u; — u; satisfies this equation. We have then

Au=0 inUO=u=0 ondl (2.2.4)
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n a(p ;
— 0= /uAu—/ Zuax’ n's— /Z ax’ 2dx
:/i(%)zdx:o

Gi=1
ou _
@ 0 inO
—u=0 in0O
— U = ujp.
[
2.3 Green’s Formula
Let u,® be two functions of C! () N C? (V).
v 9 dude - d ¢ Jdu
UAP = P = l;& ( Bx’) Z oxi Oxi l;ﬁ ( ax‘) Z oxi oxi
"0 [ dp  du
uA(p—(pAu—l;ﬁ (uﬁ —(pﬁ) (2.3.1)

By the integration on O, we have:

LA’ aq) ou
/U<MA(P_ PAu)dx = / Z oxi ( oxi (pax’) dx
= / ( —0=— ou ) n'0 by Stokes’s Theorem
= ] oxi  Toxi

The general potential formula (the volume potential, the single and layer potential) is

:—k/ x — y[>7"Au) dx+k/ < —|x—y*~ "—]x—y\znau)Ux (2.3.2)

g—z is the exterior normal derivative on 90U of u.
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() =~ [ (b= A — =y ")
:—k,,/(|x—y|2_”Audx+kn/uA|x—y|2_”dx
(§)
f Ax—y" y|2 " /Zauapc - "dx]
oxi

/ ox!
/ n a|x y|2n

Z 20— /Z x— Ny

_ a|x—y|2 " ou
— o [ (=P " Audx+k / Sl 2-n %) 15
o [ (b Ptk BU,-;(M OB eyt

Let

— —kn/(|x—y]2_”Audx—|—k
O

by Stokes’s T

— —kn/(|x—y]2_”Audx—|—k
O

|x—y|>" forn#2
E(x—=y)=0(x) = (2.3.3)
loglx—y| forn=2

in C*({(x,y) € R?"|x # y}). Let us define an open set U, which is U deprived of the ball
Be : {xeR": [x—y| < e}
Notice that AE = 0 in Og.

00¢ = 00 U 0Bk.

For y € U, the Green’s Formula gives

_ _ dlx —y|>" ou\ ;
_u2=nA,, _ |2—n — 2—n i
/Ug(]x 7 Au— uA|x —y|= ") dx /BU Z ( i —Jx—y| 5 n'o

ej=1

The function |x —y|*>~"Au is integrable on UJ. We have also:

lim (|x—y|2_"Au)dx:/(|x—y|2_”Au)dx
(§)

€—0/0,

The integral of |x — y|>* "Auon 0B,(= {x €R" : |x—y| =r}) is :

nofo9rTn ou\ ;
_ u|2—n — . 2-n i
/Z,(’x y|" " Au)dx /BU, ,'221 (u e axi) n'0

" ou\
_ . l-n__ 2—n i
= /Ei_zl ((2 n)ur r _8xi) n's
with O = rd%, Y1, (n')? = 1.

Note that )’ is the unit (n — 1)-sphere.(= {x € R" : ||x|| = 1}).




3 Fourier Transform in R

From now on, we discuss the Fourier transform in R. We establish several properties to
be able to prove the Inversion Theorem. We study the operation of convolution and the

Parseval-Plancherel Theorems.

3.1 Fourier Transform in Z(R)

When using the Fourier transform, it is assumed that the functions under consideration
are complex-valued.

Let us consider an open set U in R. We work in the space D(U)

Definition 3.1.1. We define a function @ that is piece-wise continuous and has compact
support.
Consider the functions F @ and F @ as follows:

DF (E) = [ e Eo(x)dx

_ N (3.1.1)
i) F (&) = ]; ™ (x)dx

F ¢ and F ¢ are well-defined (and also convergent) because
@(x)e 2™ = @(x) cos(2mxE) — i (x) sin(27mxE)

F0(6) = | olx)cos(2m&) —i [ o(v)sin(2net)
RIF 9(&)] +S[F 9(&)]

supp(R(e ™¢(x))) C supp(Q(x)) (3.1.2)

supp(3(e2™Ep(x))) C supp(@(x)) (3.1.3)

F ©(§) is referred to as the Fourier Transform of ¢(x).

24
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Example 3.1.1. We shall now compute the Fourier transform of the function f defined as
follows:

b, |x|<a
fx) = (3.1.4)
0, |x|>a

—da
—b

_ Y (,2imag _ 2imak
2@ 4

= %(—Zi) sin(2mag)
== 7% sin(2mag).

Remark 3.1.1. The Fourier transform is well-defined V¢ € D(R) as well.

Proposition 3.1.1. Let ¢ € Z(R).
i) The Fourier transform of @ is k-times differentiable for any k > 1. More specifically, if
© is k times continuously differentiable, then its Fourier transform F ¢ will also be k

times continuously differentiable.
ii)

5 (0)(&) = F (2 e(8)) = (int)\ 7 o) (3.15)

Proof. i)Since the functions & — e 2 are infinitely differentiable, and the functions
x*@(x) are continuous and bounded on the compact support of @, using the Lebesgue’s
Dominated Convergence Theorem (see [5]), Differentiating & (&) under the integral

sign. This yields:

(G [ o= [ (ke Eqtax

:/R[(—2i7tx)k(p(x)]ezmxédx

which is convergent because x¢@(x) € D(R).

ii) Let us calculate & (%)k(p. Firstly we calculate the partial derivative of the product
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9
0x

Using integration by parts, if we integrate both sides , we obtain:

[ (aoyete 2= (2int) [ gla))e " as

= (2in8) F ¢(&).
In other words, we can express it as follows:
(F oV)(&) = (2inE)(F 0(§)), Vo€ 2(R).

If we repeat this process k times, we obtain:

(F 0")(E) = (2inE)“(F (&)

Proposition 3.1.2. For all k > 1 and for all § € R, we have :
. d

i) |20 || F @(&)| < [l¢* [l = /R !(gc)(%(x)\dx

ii) | () F 9(8)| < [|(2inx)*o(x) |1 = /R |(2imx)“(x) |dx.

Proof. i) We have:

2nE | 9(E)| = |(2in)* [ e Sg(x)dx

(P(x)e ™) = ¢f (x)e ™S+ (~2ink)e ™).

(3.1.6)

(3.1.7)
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This implies that:

(oM@ = | [ e 5 s
R
< [ 1e 251 (o)

—/\(p 0ldx

=l -

ii) Since |e’2’m§| = 1, we can deduce the following:

|( by proposition [3.1.1

&)= ’/[ —2imx)* e 2

/ |(2imx) @ (x)|dx

< || 2imx)“@(x)|IL1-

9
&

3.2 Fourier Transform in the Schwartz Space .7 (R)

Definition 3.2.1. The space . (R) ( C C*(R)) consists of functions ¢ that are infinitely
differentiable on R and satisfy the following conditions:

forany k> 0, sup [x¥@(x)| < 400 (3.2.1)
xeR

Z(R) is commonly referred to as the space of rapidly decreasing functions.

Example 3.2.1. The Gaussian density:

The Gaussian density function g is an element of . (R), which is defined as follows:
glx)=e ™. (3.2.2)
This function belongs to the Schwartz space because it is infinitely differentiable and

rapidly decreasing as |x| tends to infinity.
Let us recall that:

/ e ™y = 1. (32.3)
R
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What we are thus proving is:
2
Let us denote I= / e ™ dx then:

R
1> = (/ emzdx) (/ emzdx)
R R
= (/ emzdx) (/ e”yzdy)
R R
:// efmze*”yzdxdy
= // m(x+y?) dxdy
21
:/ / re ™ drd.
0 0

By change of variable u = wr?, we obtain:

3.2.1 Elementary Properties of the Fourier Transform

Proposition 3.2.1. The Gaussian density is a fixed point of the Fourier transform. In

other saying:

F(g(x)) = g(&). (3.2.4)
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Proof.

F(s(8) = [ e g(n)dx
_/ ~2img , nxzdx

. / -7 21x§+x

— [ P +20aE—(i8)*+(i8)) g

B R

_ / o~ T((HEP (&) 4
R

— [ i) -nE g
R

By using the Cauchy’s integral theorem, by making the change of variable y = x — i€,

o ) .
and utilizing the fact that / e ™ dx =1, we obtain:
R

F (g —e_ng/ —my? dy

_ i

Proposition 3.2.2. For a function ¢ belongs to the Schwartz space , we define the

translation operator T, as follows:

©9(8) = 0(E —a). (3.2.5)

Then we have:

F (1,9)(8) = e ™4 F @(5). (3.2.6)
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Proof.

7 (ta9)(§) = /Re‘zi"x‘i(w) (x)dx
- / ¢ TEg(x —a)dx
R
_ / e-2in(y+a)§(p(y)dy where y=x—a
R

:e—ZinaE,/Re—Ziny&(p(y)dy
= T (E).

O
Proposition 3.2.3. For ¢ € ¥ (R), we define the dilation operation is defined in the
following:
1 g
=-0(=). 3.2.7
on(&) = 10(3) 627)

Then, we have:
) F(0n) (&) =F @(ht)
i) F (9(h8)) = (F @) (8).

Proof. i) Since

F(a) (&) = [ ™Sy (x)dx,

we have:
o ity Xy A
F(on)(®) = [ e ™90
R
= / e 2™ p(y)dy where y = al
R h
=7 o(hg).
ii) As

F(p(E)) = | e S,
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we have:
Y d
/ _2’“%§(p(y)—y where y = hx
R h

Definition 3.2.2. Let ¢,y € . (R). The convolution operation is defined as follows

(@xy)(x /(PX VY (3.2.8)

Lemma 3.2.4. For two functions @ and y in . (R), we have

Qx Y =Y. (3.2.9)

Proof.
—+oo

(@¥)(x) = / Q= W0)dy

—o00

0(z)W(x—z)dz where z=x—y,dz=—dy

+oo
= / z)dz

= (y*)(x).

Theorem 3.2.5. (The convolution theorem for the Fourier transform states)

Consider two functions @ and  in . (R). Then the Fourier transform of their
convolution is equal to the point-wise product of their Fourier transforms:

(3.2.10)
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Proof.

F(@rw)(&) = [ e S0 y)(wdx
—/ 2’7“&-*(/([))6 V¥ dy)dx
= / ( / —2m e (x — y)dx) y(y)dy by Fubini’s Theorem

= / (/ —2im(y+z a(p(Z)dZ> y(y)dy wherez=x—y

= / ( / “e(2)d )e‘z”‘yé\v(y)dy
= (/ e_zng(p(z)dz> (/ e_zmyg(p(y)dy) by Fubini’s Theorem
R R

=7 0(5)F y(§).

See [5] for the Fubini’s theorem.

3.2.2 The Inversion Theorem

We will now prove the fundamental theorem regarding the Fourier transform, which

states that F is a bijective map from .#(R) to itself, and its inverse is denoted as F

Theorem 3.2.6. The transformation &, which is a linear operator from .7 (R) to . (R),
is the inverse of the Fourier transformation %. In other words, for any ¢ € ./ (R), we

have:
F(F 0)(x) = ¢(x). (3.2.11)

Proof. Let @ in . (R).We will show the theorem using the Gaussian density, which is

g(x) = e ™
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/ 217'ca§J,,(P g(hE)dE = / )g(hE)dE by (3.2.6)

-/ / 2 (g cp)(x)dx) Qe

= / (T_a0) (x ( “2mS g (hE) d&) dx by Fubini’s Theorem
x)F (g

= [ (@) ) F (s(hE)) (x)dx
— /]R (1_a®) (x)(F g)n(x)dx by Proposition 32.3]i)
= [ @)} (F ) (D)dx because 04(8) = 1 0(7

— [ (-0 (h)(F 8) )z where s
R

)

= / ¢(hz+a)g(z)dz because T,0(&) = 9(§ —a), by Proposition[3.2.1]
R

We have :

™7 o@)s(kE)de = [ o(h:+a)g()d:

By applying the Dominated Convergence Theorem of Lebesgue, as i approaches zero,

we have:

2inaé of;
/R F 9(8)g(0)dg = / ¢(a
— /]R 2ME 5 o(E)dE = p(a) because g(0) = 1 and (323)

— F(F ¢)(a) = 0(a).

Proposition 3.2.7. (Parseval-Plancherel).
For @ and y in . (R), where & denotes the Fourier transform and
(@, ¥) = Jr ©(x)Y(x)dx represents the inner product, we have the following properties:

(0, ¥) = (F 0,F V). (3.2.12)

Furthermore, the Fourier transform defines an isometry with respect to the L? norm from
the space ./ (R) to .7 (R).
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Proof. The result is evident by the Inversion Theorem because:
@¥) = (9.7 (F V)= (T 0,7 V). (3.2.13)
And we have:
9l = (9:9) = (F .7 0) = | F [r2- (3.2.14)

]



4 Fourier Transform in R”

In this chapter, we discuss the Fourier transform in R". We examine some inequalities
using the L' norm. We study the isomorphism of the Fourier transform on the space of

infinitely differentiable functions with rapid decay.

4.1 Fourier Transform in L' (R")

Let U be an open set in R”. The space L!(0) is a vector space defined by:
L (0) := {¢ : U — Rsuch that || be integrable}. 4.1.1)

Thus, if ¢ € L!(U) then ¢ (x) = max{@(x),0} and ¢_ (x) = —min{@(x),0} are

integrable and we have then:
/ O(x)dx — / 0 (x)dx — / o_ (x)dx. 4.12)
0 0 o

The vector space L! (1) is therefore a complete space equipped with the norm

Ol = /U ()| dx. @.13)

Definition 4.1.1. Ler ¢ € L' (R"). We define the functions F ¢ and F ¢ as follows:

)T o) = [ e 5 gx)ds -

iFQ(E) = [ ox)dx

where & = (1,...,&,), x = (x1,...,x,) and
<x,&>= ixiéi. (4.1.5)
i=1

We call F ¢ and F @ the direct and inverse Fourier transforms, respectively.
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Definition 4.1.2. Let ¢ € D(R") and y € D(R"). The function

R" x R™ — R
(4.1.6)
(x,y) = 9(x)0(y)

is infinitely differentiable and has compact support. This function is the tensor product
of the functions @ and \y, denoted by @ @ .

supp(¢ @) = supp(¢) x supp(y) C R"™. (4.1.7)

Proposition 4.1.1. Suppose that n = p + q, where p,q € R, and that @ is the tensor
product of the functions @1 and ©2. Then the Fourier transform of @ is the tensor product
of the Fourier transforms of @1 and @;.

Proof. Letx = (x1,x2) € R" where x; € R? and x, € RY.
Let ¢; € D(R?) and @, € D(R?). We suppose that :

O(x1,x2) = Q1 (x1) ® P2(x2). (4.1.8)

Let § = (&1,&2) € R" where &; € R” and &, € RY. Our aim is to demonstrate that:

Fo€1,82) =F 01(81) @ F ¢2(&2).

Sy p—
— / e PN g x)dx
:/ e_2m(zz['):1xi5.»i+):;!:1’“xj&j)(P(x)dx

_ e—2i7t(<x1 E1>+<x0,82>)

Rn
= /Rp /Rq e 2MNE1> 28> 0 () ) o (2 ) dx1doxa

= (/R,, €2m<xl"§l>(P1(X1)dx1) (/}Rq €2m<x2’§2>(P2(X2)dx2> by Fubini’s Theorem

=F01&1)F ¢2(&2).

¢(x)dx

Example 4.1.1. The Gaussian density
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The Gaussian density function g is a function in . (R") and is defined as:
g(x) = e HI7, (4.1.9)

. : bl
It has been proven that the Fourier transform of the function x — e e i itself, as

stated in Proposition 3.3. Therefore, we have:

s /Rez"“xie“xzdx =7 8(¢).

Since g(x) = e P x € R” and

By the previous proposition, we have:

Fe(®)= | e 2 g(x)ax
_ / o 2im<x > x|

_ /neZiﬂ',<x,§> (ﬁem?)dx
=Fgi(&1)...Fgn(&n).

where g(&) = g1(&1) ... gu(Ex) and the function g; : x; — e~™. Therefore, we have:

F (e ™) () = F (e ™) ... F (e™)
— e ™ e

_ 2
_ ol

This tells us that the Gaussian density is a fixed point of the Fourier transform in . (R").

Proposition 4.1.2. Let @ be in L' (R") such that the function x = (x1,...,%,) — x;Q(x) is
also in L' (R"). Then F @ has a partial derivative with respect to &; that is continuous,
bounded, and we have:

i) F(-2159) = £ F 9.

ii) || 3 F 0| < |29l 1 -

Proof. i) We denote ¢ := —271x;@ and we calculate the Fourier transform of .
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/ —2in<x &> / e—2lTE<X E.>> anl)(p(x)dx
R" n
— 6—2175 x1<‘;1+ +Xl§,+ +Xnén)( 2nxl)(P(x>dx
Rl’l
_ a *2”1: X1§1+ +xl§l+ +an.>n)
- [ 0(0))dx
= (%) / ne_zm<x’§>(p(x)dx by Lebesgue Theorem
— ()7 ).
&7 ®

ii) As || 32 F

Q(E)]l = supecer |32 F @(8)] and [e~ 75| = 1, we have:

J*(p(&)| F (—2mx;9)

e 2m<xL>( (—27x;) @ (x)dx

< |e 2”t<’“§>\|( 2mx;)p(x) | dx

/ |27tx;(x)|dx

= [[2mxi0][ -

]

Definition 4.1.3. Let us consider an open set U of R". D is a linear operator from D(U)
to D(U) defined by:

D*=D™ .. Do = (4.1.10)

PR

where |0l = 0t + - - - + O,

Proposition 4.1.3. Let ¢ € L' (R"). The function x — x*@(x) belongs to L' (R") such

that :

i) D*F o=

F ((—2inx)%g),

i) |D*F 0(5)| < || (2imx)* |-

Proof. i) We can differentiate the Fourier transform of ¢ under the integral sign using
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the Dominated Convergence Theorem of Lebesgue (See [5]), and we obtain:
D o) =0 [

alot\ —2im(x X,

J —2inx J —2imx
= Jgn (@e 2im lgl...@e 2n”§”> o(x)dx
1 n

:/R (=2imx; )™ ... (=2imx) % e~ 208> o (x) dx

n

e—2in<x7§> (P(X) dx)

= Jo (—2inx)°‘e*2m<x’§>(p(x)dx

=F ((—2inx)%9).
ii) As |e*2"“<x’§>| = 1, we obtain:

IDEF (€)| = | F ((—2imx)%@)(8)]
/n e—2in<x,§>(_2im)ocq)(x)dx

= [ |e 255> (L 2imx) %p(x)|dx
Rn

< [ |im)“o()dx
Rl‘l

= || (2imx)*g|ly, -
]

Proposition 4.1.4. Let ¢ a function integrable.If the partial derivative of ¢ with respect

to x; belongs to L! (R™) so the function E:F ¢ is continuous, bounded, and we have:
i) F(52) = (2in)) F o.

.. 0

ii) |20 F ¢l < || 50 lIL1-

Proof. i) We have:

9(3—3)(&) = / ) e—z""<x’§>(a(§if) )dx.
d

= Jrrox; ¢ 2GS ) o () ) dx

By applying integration by parts, we obtain:
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@ = ([ oe =) [T [ ding e 2 g ar

= (2in) | e Eg()dx
= (2in8i) F 9(&).

ii)Since |e~2<%5>| = 1, we obtain:

2757 9(6)| =17 (G2)©)] par

/nezm<x,§>(aq)(x) )dx

8xl-
e, 200)
< 2ch<x,§>
< [l (S D
_ [ 9ek)
= [ ax
99
<||=— .
= H axi HL1
O
Proposition 4.1.5. Let A € R —{0}, ¢ and f two functions in L' (R") such that
¢ : x+— f(Ax). Then the Fourier transform of @ is the function & — \7»1|” F f(%)
Proof. We have:
F &) = / e S g (x)dx = / e S £(Ax)dx. (4.1.11)
By changing variables with Ax = y, we obtain:
/ e72i7t<x,é';>f(7\‘x)dx :/ €72m<7X»’E-'>f(y) dy
" R" A"
_ 1 / efzin<y,%>f(y)dy
A" SR
1 g
=r T f (X)
O

Proposition 4.1.6. Let ¢* : x — @(—x) a function in L' (R"). Then F ¢* is the complex

conjugate of the Fourier transform of ¢ € LI (R"). In other words, we have:

F o (&) =F ¢(S). (4.1.12)
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Proof. Since

we have:

e—2in<x,&>q)* (x)dx

~2im<r > 0 dx

2im<x,E> O(—x)dx

Il
TS

Proposition 4.1.7. i) Let ¢ € L' (R"). So we have:
F (1) () = e " F (8),

where T,0(&) = @(§ — a).
ii) Let f and @ : x — e*™<%*> f(x) in L' (R"). So we have:

Proof. i) Indeed,

F(10)(©) = [ ¢ " (1,0) ()d

—2in<x,&>

=/ e o(x—a)dx
Rn

_ [ p2im<ytal> o(y)dy wherex—a=y

R’l

(4.1.13)

(4.1.14)

— ¢ 2in<at> /n ¢ 235> 0(y)dy because < .. > is bilinear.

_ 672i7t<a,§> T (p(g)

ii) We have:

—2in<x <:> dX

9= [
/ —2in<x E,> 2in<a, §>f( )
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As < .,. > is bilinear, we have then:

/ 2m<x<‘§,> —2in<x,— a>f
n

e—2m<x§ a>f( )

R
F f(&—a)
T f(§).

]

Theorem 4.1.8. The Fourier transform is an algebra homomorphism and a continuous
mapping from the space L' (R") to the space C°(R") of continuous functions on R" that
tend to zero at infinity. For @,y € L'(R"), we have:

) F(xy) =F oFy.

i) | F @l < [|@][L1.

Furthermore, the image of L' (R") is dense in CO(R").

Proof. 1)First, let’s show that the Fourier transform is an algebra homomorphism.
Let ¢ and y be in L' (R"). We calculate the Fourier transform of ¢ * .

F @) = [ e (gry) (s
_ o 2im<x > ( / o(x— Y)W(Y)d)’) dx. by definition[3.2.2]
R n

According to Fubini’s theorem, we can interchange the order of integration. By changing

the variable x = y + z, we have:
Foew(®) = [ e ([ g@uoy)a

_ (/ne—Zin<z,§>(p(Z)dZ) </Rn e—2in<y,§>w(y)dy)

=F0F V.

Now, let’s verify the continuity of the Fourier transform.
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ii) Since |e"2™<*&>| = 1, on a:

|F 0(E)ll = sup [F @(S)|
EcR”

/neZiﬂ:<x,§>(P<x)dx

< |e—2in<x,§>(p(x) |dx

RI’I
= [ lo(x)|dx
Ri’l
= [l
[
Lemma 4.1.9. (Riemann-Lebesgue)
Let A be a subset of R". If ¢ € A, of complex values, then
lim [ e 2<% ¢(x)dx = 0. (4.1.15)
[[§l[—ee /A
Proof. We utilize the theorem for the integrable function 14¢. 0

4.2 Fourier Transform of an Infinitely Differentiable Function

with Rapid Decay

Definition 4.2.1. .(R") is the space of infinitely differentiable functions on R". A
function ¢ in . (R") is said to have rapid decay if for any integers m and p, The

following condition holds:

Nup(@) = sup  [|x]|P|D%p(x)| < oo (4.2.1)
xeR™|al<m
where
o= (0,00,...,0,), |0|=0]+0+" -+ (4.2.2)
olod
D” (4.2.3)

ax(lxlaxg2 e QxS
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Np,p is a semi-norm for /' (R"). That is, for any @,y € . (R") and any complex scalar
A, Ny, satisfies the following properties:

i) 0 <Ny p < oo,

i) Nin,p (@ + W) < Nin,p (@) + Now,p (W),

iii) Nin,p(A@) = ANy, p ().

Theorem 4.2.1. The Fourier transform is an isomorphism from .7 (R") to .7 (R"). The

inverse transform is given by:

o(x) = / ) 2 m<E> o (8)dE. (4.2.4)

Proof. The Fourier transform being linear, to show that the transform is injective, i.e.,
o,y € . (R") such that F @ = F v, it is sufficient to demonstrate that & ¢ = 0 implies
¢ =0. Since ¢ € ¥ (R"), we can apply Theorem 3.8 and obtain ¢ = 0.

We can verify the inverse transform using the Gaussian density defined as g(x) = e ™

Let ¢ € . (R") and € > 0. We define the following function:
gels) = [ (€)™ F (E)E @25)
Then we have:
o) = [ slepetn s ([ 2% gi)ay ) e

= L., o(y) (/ng(ei)ez’“@x’bdﬁ) dy by the Fubini’s Theorem

= Jon o(y)e " (F g)()%)dy by Proposition
We can make a change of variable using y —x = zg;

= /R” O(x+z8)F g(z)dz = /R” 0(x+2z¢8)g(z)dz because F g(z) = g(z)

When € tends to zero, the limit of @ is:

hm(pg ) = lim (/ O(x+2z¢€)g )
€0 e—0

= (1in(1)[(p(x+z€) (z )]) dz by Lebesgue Theorem, by examples[3.2.1]and @.1.1
R" \&e—

= o(x).
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In .7 (R"), the Fourier transform possesses the following properties:

Proposition 4.2.2. For any a.,3 € N" and any @,y € .7 (R"), we have:
)
(—2in%)P(D*F ¢)(§) = F (DP((—2imx) *o(x))) (§)- (4.2.6)

Note that D* represents the multi-index notation for partial derivatives, where Q. is a

multi-index consisting of non-negative integers.

ii)

o Q) y(§)dE = o, Y(x)(x)dx. (4.2.7)

iii)

[ ovidr= [ F o©F yEde @28)

Rn

iv) (Parseval’s Theorem) The Fourier transform preserves the L2 norm. In other words
19l = [[F @ll2- (4.2.9)
Proof. i) We can apply the Fourier transform to the partial derivative D*@.

D5 9(&) = 0% [ ¢ 2 gl

olo
R OGS 0E"
_/ —2imxy )M . (= 2imx,) Me” TN o (x)dx

/ (—2im) e mEE (1) dx.

72i7'c<x.,§> (p(x)dx
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If we multiply by (2in&)P, we obtain:

(2ing)P Rn(—2mx)%—2m<xé><p(x)dx: /R (2imE)P (—2imx) e 2T o (x)dx
_ /R (@ing)P .. (2in, )P (—2im) e 2 o x) dx
olBl
 Jrgebr gl
DP ((—2i7tx)°‘e_2m<x’§>(p(x)> dx

(—2imx)%e ™2 <YE> g x)dx
-
= F (DP(—2imx)*o(x)) (§).

ii) We have:
[ Fo@wed= [ ([ e o) v (42.10)

Since the function (x,&) — e~ 2<%E>@(x)y(&) is integrable with respect to dxd€, we
can interchange the order of integration using Fubini’s theorem. Thus, we obtain:

[ Fo@w@e= [ o ([ e ue)a
F

- n<p<> W(x)dx.
R

i) As we have previously observed, the inner product in the space .7 (R") is defined as

follows:

(0¥) = [ o(F(x)dx. (42.11)

By writing the form of the inner product, we obtain:

[ 0w = (o.9)

= (0,F(F W)
= (¥ ¢,Fvy) by Inversion Theorem
= | FoE)F y(E)dE.
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iv) As ||(p||i2 = /R ) @(x)®(x)dx, the proposition 4.2.2ii) implies that:

9l = | # 0©F &)t = |F ol

O
Theorem 4.2.3. Let ¢y € .7 (R") and & € R". So we have:

F(0xy)(&) =F 9(8) F w(C) (4.2.12)
and

F (oY) (&) =F 9(€) = F w(E) (4.2.13)

Proof. We have already shown that the Fourier transform is an algebra homomorphism
in Theorem 3.17. Therefore, the first equality is proven. For the second equality, we can
utilize certain properties and the Fubini’s theorem. By the definition of the convolution

operation, we have:
Fo+FW(E) = [ FoE—m)F y(ndn

_ g (/nezm<x,é’;n>(p(x)dx) (/nezm<y,n>w(y)dy)} dn

_ s (/ne2in<x,§>+<x,n>(p(x)dx> </n62in<y,n>w(y)dy>:| dn
_ s (/ne—Zin<x,§>(P(x)dx> (/ne—2in<y—x,n>w(y)dy>] dn.

Thus;

/Rn e—2in<yfx,n>w(y)dy — 62i7t<x,n> /neZin<y,n>W(y)dy

— e2i7t<x,n> [ W(n)

By the inversion theorem, we have the following implication:

/ PN G y() = F (F ) (x) = y(). 4.2.14)

Therefore, we have:

(Fo:FW)E = [ o) y(x)dr = F (W) ).
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4.3 The Extension of The Fourier Transform to Space
L2(R")

In this chapter, we will now extend the Fourier transform from the Schwartz space

7 (R") to the space L2(R").

Theorem 4.3.1. (Plancherel-Riesz)

There exists a unique transformation from L*(R") to L?(R") that coincides with the
Fourier transform on L?(R") NL! (R").

We will still call it The Fourier Transform. This transformation possesses the following
properties:

i) For any ¢ € L2(R")NC(R"),

F(F 0)(x) = 9(—x). (4.3.1)
ii) For any ¢ € L2(R"),
17 o2 = [[@]L2- (4.3.2)

iii) For any @,y € L>(R"), we have:

|7 e@F v~ | olWdx

(4.3.3)
| 1Fo@Pde= | lo(Pdx
R R
iv) For ¢ € L?(R") and for every positive real number R, we define:
F or(E) = / | ¢ 2m<XE> ¢ (x) dx (4.3.4)
x||<R
F(F @r)(x) = / ek PS5 (F o) (8)dE (4.3.5)

then |FOr — FQ|l;2 — 0 and ||F (F @r) — @12 — 0.

Proof. As the space . (R") of rapidly decreasing infinitely differentiable functions is
dense in L?(R") and considering & : ./ (R") — .#(R") as a unitary map according to
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the extension theorem, there exists a unique continuous linear map
F : L>(R") — L?(R")such that ¥ is the Fourier transformation.
i) We consider a sequence @; € .7 (R") that converges to @ in the sense of L?(R").

Q

(F 9)() = F(F( lim 0)(x)

— 1 of, (of
— lim F(F @)

= i -
Jim @ (—x)

= ¢(—x).

ii) Since & and ||.||; > are continuous, we have:

[F @l = lim F @y
k—+-o0
— li]ll J
K Oo” (PkHLZ

= lim
Jim iy

= || lim
I lim gl

= llollr2-

iii) Indeed, we have shown that the Fourier transformation in . (R") is an onto isometry
from .7 (R") to .7 (R") with respect to the norm induced by L?(IR"). This isometry can
be uniquely extended to an isometry from L?(R") to L?(R").

iv) According to (iii), the function Qg = @ 1<z converges to @, and the function

F Qor =F @ 1 g < converges to F ¢ when tends to infinity. So, as F Qg converges to
F @, and correspondingly, F (F @g)converges to F (F @) = ¢ in L?(R"). O



5 Fourier Transform on T"

Definition 5.0.1. The n-dimensional torus, or n-torus, is the Cartesian product of the

unit circle S' with itself n times in a topological space. It is denoted by T".

T =T'x-- xT' (5.0.1)
—
n times
For n = 1, we obtain the circle T' =S!. It is known that T' is isomorphic to R /Z, the

quotient of the real line by the integers.

Vx,y € Tl,xwyﬁ)xzy(modZ). (5.0.2)

5.1 Fourier Transform in L!(T")

Definition 5.1.1. For any function f in L'(T"), it is true that f is periodic in each
variable. That is, for any (x1,...,x,) € R" and any (u1,...,u) € Z", we have:

flr+pr,. X+ u,) = f(x1,.. %) (5.1.1)

Definition 5.1.2. Let ¢ be a function belonging to L' (T)". The Fourier transform of @ is
defined as follows:

F &) = / ¢ 28> ¢ (x)dx. (5.1.2)

n

We call the Fourier series of ¢ "the formal Fourier series” of .

Y F &) mre, (5.1.3)
Eezr

Remark 5.1.1. For n = 1, when @ is a real-valued function, we define:

1
a, = / ¢(t) cosntdt n<o0, (5.1.4)
0
1

by :/ ¢(t)sinntdt n<l. (5.1.5)
0

50
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and the associated Fourier series, denoted ¥y, is given by:
Pr(x) = "2—0 + Y (ancosnx+ by sinnx). (5.1.6)
n=1

Proposition 5.1.1. Let x € T". We have:

9
9(8—;‘:) — (2iE) F o. (5.1.7)

Proof. We have:

70 = [ s (2,
0

_ 4 ge—ZiTC(Xlgl+'"+Xi§i+"'+XnE_.n)(p(x)dx.

By integrating by parts, we obtain:

9 —2in<x Xi=rteo e . _Dim<x
0= (f e [ gt

— (2ink;) /T ¢ A g (x)dx

= (2in8i) F 9(&).
H
Proposition 5.1.2. The Fourier transform of a translated function has the following
expression. Fora € T" and & € 7.
F (1) (§) = P F @€)  where T9(8) = 0§ —a). (5.1.8)

Proof. We establish the following equality:

F(E0)E) = [ ¢ (1) (x)d

Tl‘l

o efzm<x.,§>(p(x —a)dx
Tl‘l

_ o 2in<y+at> ¢(y)dy wherex—a=y
Tn

_ p2in<af> /n e72in<y,§>(p(y)dy as < .,. > is bilinear

_ efZin<a,§> g (P(E,,)
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Proposition 5.1.3. Let ¢ € L!'(T"). We have:

F (2T 0(x))(€) = T g€~ k). (5.1.9)
Proof.
e (€2i7t<x.,k>(p(x>) (&) _ / e—2in<x,§>62in<x,k>(P(x)dx
Tn
_ €—2i7t<x,<";—k>(p(x)dx
Tn
=F o(E—k).
O]
5.2 Fourier Transform in L?(T")
Theorem 5.2.1. (Riesz) The Fourier transform on the torus T" is an isomorphism of
L2(T") and 1>(Z"). We have:
| F@5® = ¥ smelm)  Vr.geP@)
L mez
o ) . (5.2.1)
[VF@Pr= X 1fmP  vrer@
T mezZ"
where
flm)= / e HMSmI> £(1)d, (5.2.2)
and we have:
@)=Y e 2™ fm)—s f in LT (5.2.3)
meZ"
|m|<N

Proof. We will prove it in three steps:
i. Let us consider ¢ € L?(T") such that ¢(m) = / e~ Hm<mt> o (1)dt for all m in Z".
Now, let P be a trigonometric polynomial with finitely many terms. For any

trigonometric polynomial P,

Py(t)= Y P(t)e*™, we have Q(1)Py(t)dt = 0.
keZ'NP T

This tells us that ¢ is orthogonal to Py. The set of trigonometric polynomials Py (t)ycn



53

is dense in CO(T"). We know that ||@[|2 < [|@||«, then Py(¢)y € N is dense in the space
L2(T").
for any function ¢ € C° (T™), there exists a sequence of trigonometric polynomials

Py (t) yep Such that Py(t) converges uniformly to ¢ on T". Let Py (t) — ¢(t) in L?(T").

[ Jow)Par= lim | o()@(0) - Py(0)dr =0 (52.4)
o\ N0 JTn
Because

| 90@(0) ~ Pu(e))dr = o] < @ ll2en [0~ PullLzcr (52.5)

Therefore ¢(¢) = 0 L?(T").

This shows that if §(m) = 0 for all m € Z", then ¢(¢) = 0 in L?(T").

ii. Let @ € L?(T"). By using the definition of the norm in L? and equation (33), we
obtain the following equality:

lowlit = | exoyon(ar
4y @(m)lz/ o 2immt 2immt g,
Tn

By the triangle inequality, we have:

0< [loy —@lf2 < lonlif> — ol

= lollf2 < llonlit-
= llollf. < Y [9m)*.

|m|<N

—2in<m,t>

By (1), we know that the system of functions e :m € Z" is an orthonormal

complete system. Therefore, we obtain the Bessel’s inequality:

Y [om)* < |lol;.. (5.2.6)

Im|<N
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We have:

lolZ.= Y [W(m)?. (5.2.7)

jm|<N

This shows that the Fourier transform of @ belongs to 17(Z").
iii. Let Wy € L2(T") be such that for all m in Z",

yn(m) =Y e 2 G(m). (5.2.8)
|m|>N
We have then:
g(t) =yn+on = Z e MG (m). (5.2.9)
mezn

Thus

{{l}N(m)}mEZn & lz(Z"), 1.e.: Z |\Tj(m)|2 < +oo

|m|>N

We have then:

Y Bm)P+ Y [Wm)P < 4o (5.2.10)
Im|<N

|m|>N

When N — 0,
Y [®(m)P =0
Im|<N

Y, [W(m)P? =0

|m|>N

= Y 1@m)P+ ), [Wm)P -0

Im|<N |m|>N

Therefore, the series g() converges in L?(T"). We can thus write the following

implications:

g(m) =o(m).
= (g—@)(m)=0 VmeZ"
=g—0=0 in L2(T”).

The relation shows that we indeed have an isometry. O



6 Hadamard Finite Part

6.1 Hadamard Finite Part

The Cauchy Principal Value integral does not work for a higher singularity. For instance,

consider @(x) =1 and y =0 in

ap
/ cp(x2 A< x <dh) 6.1.1)
a

that is,

@ dx

/ - a1 <x<ap.
X

ay

The integral is not convergent, neither does the principal value exist. Since

dx —€dx a dx 1 1 2
/ _2:/ _z+/ S =t
lap,az]\(—€.€) X a X e X a, ay €
an @

PG = limgﬁo(% — % + %) is not finite. Hadamard finite part integral is defined by
disregarding the finite part %, and keeping the finite part, i.e.

pp [Pdx_ 11
a X2 a ay

Definition 6.1.1. Let € > 0 and denote
F(g,a0) = / f(x,a0)dx a; <ap < ap, (6.1.2)
a1,a2]\(ap—€,a0+¢)
where the singularity appears at the point x = ay. If F(€,a9) is decomposed into
F(g,a0) = Fo(g,a0) + Fi(g,a0)
and

lim Fy(€,ap) < oo lim Fi(g,a9) = oo,
£—0 e—0

55
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then the finite part integral is defined by keeping “the finite part”, i.e.:

Pf /a * Flx, a0)dx = lim Fy(€,a0) (6.13)
= ;E%[F(&ao) — Fi(g,a0)]. (6.1.4)

Example 6.1.1. Finite part ofé on[—1,1]:
We know that @(x) = ¢(0) 4+ ¢'(0) +¢"(0) + ..., then we have:

/
/ —(P(;C)dx:/ —(P(S)dx+/ X(pgo)dx—k...
[_1>]]\(_8>8) X [_17]]\(_878) X [_171}\(_878) X

If we solve in two parts:

—& 1
/ ma’x = Kg)dx—f— / &g)dx
[—L1\(-&¢) & e X

x2 -1
= ~29(0)+ 222

! —£ ¢/ 1 o
/ X‘P§°>dx: <p(0>dx+/ ¢ .
[-L1\(-eg) X -1 X e X

—€ 1
=¢'(0) | In|x[| +Inlx|
-1 €
=0.
The divergent part of < é, ¢ > is equals to Z(PT(O) and we can define the distribution finite
part ofé as the following limit:
1 . ox) ,  20(0)
Pf— =1 dx— = —20¢(0). 6.1.5
<Pf 59> Sg%(/m 2 == ¢(0) (6.1.5)

Note that: Pf f_ll i—f is the finite part of limg_,q ( = % + 81 %) = lime_,0 (% — 2).
ThereforeP f é is equals to the distribution —28(x).

Example 6.1.2. Finite part of)% on[—1,1]:
We have:

/ 2 I
/ @dx:/ q>(0)dx+/ x«p(O)dH/ x¢"(0)
LI\ (—eg) X LI\ (—eg) X LI\ (—eg) X LI\ (-eg) X3

dx+....
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If we solve in tree parts:

—€ 1
/ @a’x:/ de—l—/ wdx
CL1]\(—eg) X X e X3

[2)62 1 2x2 J
! —& i/ 1 !
/ x<P(0>dx:/ <p(0>dx+/ ¢'(0) .
C11\(—ee) X -1 x? e X2
2¢'(0

2 1 —£ (! 1 (/!
/ x <p3(0)dx: ¢ (O)dH/ ¢"(0) .
[-L1\(-eg) X -1 X € X

—€ 1
=¢"(0) [ In]x|| +In|x|
-1 €
=0.
The divergent part of < é, O© > is equals to w and we can defined the distribution
finite part of)% as the following limit:
1 2¢'(0
<Pf=,9>=lim (/ (P(;C)a’x— LA >> (6.1.6)
X e—0 |x|>e X €

6.2 Cauchy Principal Values Integrals

6.2.1 The Principal value of %

The function f : x — )—IC is not locally integrable. It do not define a distribution.
However, taking care to avoid the singularity at 0 and by deleting a symmetrical
integration with respect to 0, we will still be able to associate a distribution to f.
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Let ¢ € C5(R) = 2(R).

1
<pv—,(p> pv/ ol dx (%_I}I(l)/>£@dx)
—&€

hm( (p d +/ (P )
e—0

— lim </ (= )
e—0

_ lim / (P;dx
e—0J¢ X

L ee,
2 ) X

Asx — 0, thehmltofulsﬂp( 0):

. <P(x) B P(x (—x)—(p(O)
lig 2= 90 ;5%( o)
'(0)+0'( )

=2<p( )-

Remark 6.2.1. The distribution pv% is a distribution of order 1 on R. Since
lim,_0 w =2¢/(0), for any ¢ € 2(R), we can write:
(p(X) — (P(—X) < 2Sllp |(p/|
X

This show that [ wdx exists. Suppose that supp@ C [—a,al.

’<pv1,(p>’: lim wdx‘
X e—0 Ix|<e X
' “ QL) — (=)
2 X
gl ¢ @(x)—(p(—x) .
2/ X

1 e p
<= [ 2supl¢’|dx
2/-a
= 2asup|¢’|

1
= ‘<pv—,(p >‘ <2asup|¢/|.
X

(6.2.1)

Thus pv% is a distribution of order at most 1. We need to show that pv% is not of order 0.
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Exercise 6.2.1. Show that pv% is an odd distribution.

Proof.

—€
<pvi,(p>—hm( o d+/(p )

£—0

~tm ([ _ _d+/

:lim/ Pl
e—=0Je

1
=—<pvr—,0>.
X

= pvlisodd.
Exercise 6.2.2. Show that xpv)—lc =1 and so supp( pv%) =R

Proof. Let @ € Z(R), we have:

1 1
< Xpv—,@ > =< pv—,xQ >
X X

= lim ©(x)dx
€0/ |x|>e
= / o(x)dx
R
=<1,0>
1
= xpv— = 1.
X

Exercise 6.2.3. Show that 2-In|x| = pvL.

Proof. Let @ € Z(R) and In|x| € L} (R).

J
< —In|x[,¢>=— <In|x|,¢'(x) >

ox
_ / In |x|¢ (x)dx
R

= —lim In |x|@’ (x)dx

e—0 |x|>¢

)
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By integration by part, we have:

/ In |x|¢ (x :/ dx+/ In(x
|x|>¢€

— (10 ()95~ [ (=200 >dx+<1n<x><p<x>r:’— | mt'etds

—&
Inep(—¢) — (pix) —Inep(e / o)
~mne(o(—) —oe) ~ [ Wax
Ix[>e X
Then,
J /
< =—Inx|,¢ > = —1lim In |x| @’ (x)dx
ox e—=0J|x|>e
= lim [— Ing(p(—€) — () + Ma’x}
£-0.J|x|>e lze X
= lim Ma’x
e=0/|x|>e X
1
= pv—,0>.
D
This is what we want to prove. [

Exercise 6.2.4. Show that xPf é = pv}c and x*Pf é ={1}.

Proof. Let € Z(R).

1 1
<XPf—,0>=<Pf—,x¢ >
Xfx2<l> fx2 x¢

= lim x(p(zx) dx
e—0 |x|>e X
= lim wdx

e—0 |x|>e X

1
=pv—,0>.
X

1 1
= xPf— = pv-.
X X
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1 1
<XPf—,0>=<Pf— ¢ >
X X

2

= lim / O 4
£—0 |x|>e X

=<1l,0>

:szf%:{l}.

Exercise 6.2.5. Find the Fourier transform of the distribution pv)—lc.
Proof. Firstly note that xpv)l—c =land ¥ (8) =1. Let ¢ € Z(R).

<8,0>=0(0)=F ' (F(9(0)))

= [ 20 (g(x)dx
R

We want to find F (pv1). Beside, we know that:

1 1
xpyv—=1=F (xpv—) =F (1) =0.
x x
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Then we can conclude distribution of 9,

1
<80 >=<F(1),0>=< S’F(xpv;),(p >

X
—<pv 25,;"2 > since F(o(x) = (mlix)k F (¢4(x)
=< ﬁ@(pv}c),(p’ >
< 2 F ()0

3= 5 2 (F(pv))

— 2= 2 (F(pv1)

= Qf’(pv%) = —2inH + cy.
where co:constant and H is Heaviside function. Note that: H' = 8. 0

6.3 Application Hadamard Finite Part to Differential Equation

In the previous sections, we examined test functions and their properties, and performed
operations on them. In this section, we will investigate the solutions of differential
equations in the distribution space. Here, the finite part and Heaviside functions that we
have learned before will be helpful in this regard.

Let us recall that Z is the space of C* functions with compact support on R and 2’ is
the space of distribution on R.

For any function ¢ € Z of support in [—a,a), we define the functional u by:

<= /u de—k(pm)loga. 6.3.1)
0
We will note
"= Pf@. 6.3.2)

where H is the function Heaviside.
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Let us start by verifying the linearity of u. Let ©1,@, € &, and let o be a constant. Then

we have:

/“ (01 +@2)(x) — (0“P1 +¢2)(0)

<u, 0] + @y > = dx+ (0p1 +@2)(0)loga

_a/ P1(x ‘p‘ QW =90, +/ (Pz—(pz()dx+(0c(p1(0)+(p2(0))loga

=0 <u,Qr>+<u@>.

Thus, u satisfies the linearity property.
Also the absolute value of the functional < u,® > is bounded for any test function

¢ € Z. By the Mean Value Theorem, we have:

/ 0w =90) , _ / "ol (€)dx (6.3.3)
0 X 0

for some § € (0,x). Taking the absolute value, we have:

| <u,@0>|= ‘/ 0(x) —9(0) ;(p(o)dx+(p(0)loga
0

a
§/ |9'(&)|dx+|9(0)||logal (using triangle inequality)
0

<a sup |¢'(€)|+|0(0)|[loga| (since 0 <& < a).
0<x<a

Next, we need to show that u is a continuous functional on . Let @, be a sequence in ¥
such that ¢, — 0in Z, i.e., ¢,(x) — 0 and all its derivatives converge uniformly to zero
as n — co. We want to show that < u, @, >— 0.
Since @, converges to zero in Z, we have ¢, (x) — 0 uniformly on any compact subset of
(0,a). This means that for any € > 0, there exists N; such that for all n > Ny, we have
|on(x)| < € for all x € [0,a].

| <u,@,>|= ’/ (pn—(pn(o)dva(pn(O)loga

n a no
< / — |+ / (p—de‘~|—|(pn(0)loga|
0 X 0 X

< eloga+2|9,(0)|loga.

Since @,(0) — 0. Thus, for any € > 0, there exists N, such that for all n > N, we have
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|0, (0)| < €. Choosing N = max N, N,, we can bound the expression above as:
| <u,@,>|<3eloga. (6.3.4)

We see that < u, @, > converges to zero as n — oo. Since u is a linear functional and is
continuous on &, it is a distribution in 2’ of order 1.

To find the support of u, we need to determine the values of x for which < u, @ > 0 for
any ¢ € 2. If @ has support in (—oo,0), we know that ¢(x) = 0 for x > 0. Thus,

<u,Q>= / Md’x—kq}@)loga
0

a1

= —(p(O)/ —dx+¢(0)loga
0 X

=0.

Therefore, the support of u is the complement of the support of ¢, which is the interval
[0, 4-o0).

Let us denote " as the derivative of u. We will calculate the product xu’. By definition:

a (v _
<l 9>=— <u,¢ >=— (/0 de—k(p’(m loga) \ 6.3.5)

Note that @(a) = 0 according to the condition of support. Integrating by parts, we have:

<u,0>=¢ (0)4+a o0 /(P (p(o)dx—(p'(O)loga

= (—(p’(o)a_1 +¢'(0) 10ga+/ (p—zdx—/oa de) +¢'(0)

X2

(Z (Pk’ _1 (p d +/ (Z (p2<k'>>d +¢'(0 )) by the Taylor formula

_ —Pf/o (Px—zdx+ ¢/(0)

=< —Pf%#p > +¢'(0)

H(x)

=< —Pf—550>+< —8,¢>

=< —Pf%—s’,(p>.

— ' = —Pfo(;)

-9 (6.3.6)
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By the definition of product of a distribution by a C* function,see the section[I.3] we

have:

<xu',@>=<u ,x¢>. (6.3.7)
If we replace @ with x@ in equation (6.3.3):( (x@)' = ¢+ x¢")
<xu',@>=<u xp>

_ / (x@) (x) — (x@) (%) [x=0 — (x¢)" (x) =0

x2

dx+a~" (x9) (x)|x—0 — loga(x@)' (x) =0 + (@

/‘p - 9 4~ logae(0) +0(0)

_—Pf/aH)(Cx dx+¢(0)

e —Pf¥+6,(p>.

H()

— xu' = —Pf—— +38. (6.3.8)

Hence,if we combining two equations (6.3.6) and (6.3.8]), we obtain:

xu =x (—Pfly —8’) = —Pf@%—ﬁ

H(x)

= Pf , (6.3.9)

Here, we used the equality x8' = —3. (See the example in chapter|[L.1])
Note that every distribution on an open interval of R has a primitive. Therefore, we can

determine a primitive of u. Let v be a primitive of u such that
<@ >=—<V,0>=—<u,¢>. (6.3.10)

Hence, by definition of u we have:

“9(x) — 0(0)

<@ >=—<u,@>= —/ i dx—@(0)loga. (6.3.11)
0
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Integrating by parts, we obtain:
<19’ > = —[(0() —0(0)logxf§ + | ¢/(x)logxdx—¢(0) loga
= ~(0(@) = 0(0))loga+ | ¢'(x)logxdx—9(0) oga

:/ @ (x)logxdx, because ¢(a) =0
0

=< H(x)logx,@ > .
Consequently, we find a primitive for u as:

v=H(x)logx+C, C:constant.

Exercise 6.3.1. Write a solution in D' (distribution of support [0, +o0|) of the

differential equation of

xy +y=24.

(6.3.12)

(6.3.13)

Proof. We know that (xy(x))" = xy'(x) +y(x) and H' = §, H:function Heaviside. So we

have this implication:

xy +y=080= (xy) =39
—xy=H+C, C:constant
H(x)+C

= y(x) = — C:constant.

Here, y is general solution in 2’. We can write this solution as the following:

H(x)

y=Pf

1
+Cpv—.
X

The proof of xPf @ = H(x) can be easily established .For any ¢ € 2:

<fo¥,(p > =< PfH)(Cx),x(p >
:/“de
0 X

=<H(x),p>.

(6.3.14)
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Therefore the general solution of (6.3.13)) in 2’ is

y= Pf@ +va§ +Cpd, C,Cy:constants. (6.3.15)
Recall that Cyd is a homogeneous solution of (6.3.13)). (See the exercise in the
section[L.3]

Now, we look the general solution for the space D'". For this, we need to remember our
knowledge about the support of Hadamard finite part and Cauchy principal values. In the
section we shown supp( pv%) = R. (See, the exercise . Hence, the solutions in
D' are:

Pf +Cpd, Cp:constant. (6.3.16)

H(x)

O
Thanks to the above exercise, we can obtain the general solution in 9" of

xy +y :Pf@. (6.3.17)

This equation can be written in the following form:

H(x)

(xy) = Pf (6.3.18)
X
We found a primitive xy = H(x)logx + C, C:constant for previous equation (See
paragraph 9). Therefore, we have the general solution of (6.3.18)) is:
H(x)1 1
y=plogr, o 1 o (6.3.19)
X X

where C,Cy are constant, Cyd is the homogeneous solution of (6.3.18)) and

H(x)1 “(x) - !
pf (x)x ogx o _ /0 M log.xdx + %(p(o). (6.3.20)



7 Laplace Operator

7.1 1In Polar Coordinates

Recall that the Laplace’s equation in R? in terms of the usual (x,y) coordinates system

is defined as follows:

*u  *u

W—Fa_yz:uxx_kuyy:o (7'1'1)

The Cartesian coordinates can be represented by the polar coordinates as follows;

X =rcos0

(7.1.2)
y=rsin0
The partial derivatives of x,y w.r.t r,6:
dx :

a =cosO, 55=—rsin®

- o (7.1.3)

5, =sinB, 55 =rcos6
Let us compute 55 a % using Chain Rule;

Pu_ 2 (uds dudy
or2  or \oxor Odyor
0 ou ou
ar (cos9$+s1 Gay)
0 Jdu 0 Ju
—COSGEﬁa—F ega—y

— 0 a_x@_l_ﬁi +sin® %@_Fa_y&
O orae T or dyox ° or dx2  dr dxdy
2 2, 2 2,

0“u 0“u
= coszeﬁ +cos9s1neayax + s1necos(9% -+ sin 268

0%u 0%u o%u
— coszeﬁ —|—251necoseaxay + sin? Ga 5

Let us compute

862 ’
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Pu_ 9 (o
002 20

d

20
0 (Judx Judy
5o (5130 ov0)
0

2x00 | 9y 90

. 0X dy
=39 (—rsmeae +rcoseae)
ox 0 Jdu

= —7c0SO0=— —rsinO=—— — rsinf—

00 06 ox

+ cosea ou
"0%%30 9y

2
= (cosea—+sm9 ) —rsin® rsme +rcosea—u>

00 dyox

+rcos0 —rsmﬁaz—u + rcose
0xdy ay

B A w\ Qu Pu_ o Pu
= —r (COSO%+sm68y) +r (sm Gax —2cosesm6m+ Gg)

1 azl/l lau 2 82 82 2 82
il i i, } il i
29 r or sin eaxz Cosesmeaxay teo eay
1%u  d%u 1 du 2 0’u ’u 2 0%u
_ou, ow_ A 02 2cosBsinf— 02—
2 002 * or? ror sin PIVARAS sin 0xdy teo dy?
0%u 0%u 0%u
+coszeﬁ +2005951n9m+ sin ZGF

P Pu_ v Fa P
r200% = or2 ror ox*  0dy?
Pu Pu Pu 10u 1%
e Ty TR

1 1
= Upx T Uyy = Upr + — ur+ MGG—O

7.2 In Spherical Coordinates

The spherical coordinates can be represented by the polar coordinates as follows;

x=rsinBcos® O € [0,7]
y=rsinfsin@ @ € [0,2n]

z=rcos0

ou
dy
ox ox0*u 9y d*u ox 0° dy 0%u
=—r (coseae—i—sme ) —rsin® (89 52 aeayax) +rcos© (%m—k%a—yz

(7.2.1)

)
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Laplace equation in R? in terms of (x,y, z) coordinates system is:

u *u
E_Fa—yz—ka—zzzuxx—kuyyﬁ—ua:() (722)

The partial derivatives of x,y,z w.r.t ,0, @ is:

3’“ = sinBcos @, gﬁ = sin@sin g, gi =cos0
gg = rcos0coso, ge = rcos0sin@, gg = —rsin®
g(f) = —rsinBsinQ, a(p = rsinBcos O, g—é =0

Let us compute % by using Chain Rule:

Pu 9 [Judx Oudy Oudz
a7z " or (axar+ dyor azar)

u [ . Ju . . ou ou
=3, (sm@cos@a o smesm(pa + cosea—)
:sinOCOS(pia—u—ksinGsin(pﬁa—u—k Gia—u

or dx or dy or 0z
, oxd*u dy *u 9z o%u ox o°u  dyd*u 9z o%u
= sinfcos¢ (5@ i or dyox N gazax) sinsing <8r 0xdy L 92 - E’?@y)
LA )
Oroxdz drdydz Or dz2

+cos9<

= sin0cos sin©® 82—u-l—sinG in 82_u+ oseaz—u
= sInbcosQ COS(Pax2 3 (pa ox ¢ 070x

+ sin@sin @ (smGCOS(p u +sm951n(paz +cosO—— Fu >
dxdy dy? 0zdy

2 2 2,
+cos9 (smecosq)§a +smes1n(p§5t +cos(9a )
yoz

dz2
2, 2 2 2
= sin’@cos (pg 2—|—sm 0sin (pg—z—l—coszé)g—2 + 2sin Gcosq)sm(paaau
2 0%u

o“u
+25inecosecoscpﬁ +2sin900sesin(pﬁ
X0z yoz

%u.

Let us compute 557



71

82_u ou 8u8x+8u8y+auaz
002 90 \0x0d0 0yd0 0706
Ju

= — 0 a—+ Osin 8__ mGau
=39 rCcos cosq)ax rcos0s (pay rs %

= —rsin0cos %—krcosecos ia—u—rsinesin a_u
- Pox ?5x 90 ?3y
0 du

0 du
—|—rcos€sin(p—— —rcos0— —rsinf——

dy 06 az 00 dz

=—r (sinecos (Pg_x + sin@sin (pg—;t +cos Gg—z)
oxo*u dy d*u 9z d°u ox *u  dyod*u 9z ou
909x2 T 90 9yax | %azax) T reosBsing (ae xdy 909y | %@)
—rsin® (a_x azu _i_@ azu _|_%az_u)

000xdz 00dydz 06 dz>

+ rcos0cos @ (

. ou . . ou ou
=—r s1n9005(pa+sm9s1n(pa——|—cosea—

+rcos0Ocos rcos0cos ’u + rcos0sin Fu —rsinO——— Fu
¢ P2 P oyox Jz0x

0%u 0%u o’u
+rcosOsin@ rcochos(pa 3 —|—rcoses1n(pa 5 rsmea 5
zay

82 82 az
—rsin@ (FCOSGCOS@W—I—FCOSGSIHQ&) Bu rs1n9a u)
yoz 72

_ du ) o’u 5 o’u o%u
_—rg-l—r [cos 0 cos’ (pﬁ + cos?Osin’ (pﬁ-i—sm 68—2}

& 2 Fu
+2r2 [cos2 6 cos @sin (pﬁ —cos0sinBcos (paxauZ —cos0sin0sin (Payauz}
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Let us compute a—(pz

®u Ou [Judx Oudy Oudz
ww(m*m*m)
du . . Ou . ou
= 8_ <—rs1nesm(pa— —l—rs1n9c0s<p5>
ou d du ou 0 du
——rsmBCOS(pa——rsmesm(pa(pa rsmesm(pa +rs1n6005(paq)ay
, ou . Jdu . oxd*u dy d*u 9z %u
= —rsin0 (cos(pa —|—sm(p$) —rsin@sin@ (%ﬁ + a_q)ayax + %azax)
LIRS
0Q0xdy d@dy>  0Q dzdy

+rsinecosq)(
= —rsin0 | cos a—u—l-sin % —rsin@sin@ | —rsinOsin az—u—i-rsiné)cos 82_u
. Pox ¢ dy ¢ Pox ¢ 0xdy
+ rsin® rsin®si o’u +rsin® @
rsinBcos@ | —rsin sm(p—axay rsin cos(pay2
, ou . du s onf .o Ou , d%u , 0’u
= —rsin6 <cos<p§+sm(p®) +r°sin“ 0 (sm (p$+cos (pa—yz—Qsm(pCOS(pm

Consequently, we have:

Fu 200 cond du 1P 1P
or2  ror r’sin0d® 12002  25in%0 Q2

0? 0?
= (sin?@cos® ¢+ cos* Bcos” @ +sin? @) 8_1; + (sin*@sin? @ + cos” Bsin® @ + cos @) a_th
x y
n (0032 6+ sin 6) 0%u N 2sinOcos @ n cos? 9005([) _ sinBcos@ cgs<p du
07> rsin@ r rsin® ) ox
2sin@sin@ cos’@sin@ sin®sin@  sin@ \ du
- + - -— =
r rsin® r rsin® ) dy

a2
+ (2sin*Bcos Psin@ +2cos?Hcos Psin P — 2cosq)s1n(p)—u

xdy
PP
:(@Jray a2> u(x %)
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7.3 Laplace Operator in Polar Coordinates in Several

Dimension

Let n > 2 be an integer. Consider R". The Laplace operator R" is

n a2
L,,:A:i_zia—x? (7.3.1)
For k with 1 < k < n define
k
re=Y % (7.3.2)

and for 2 < k < n write

Xk = i COS ek, Ve—1 = rk Sinek (7.3.3)

The polar coordinates of the point (x1,x7,...,x,) will be (r,,02,03,...,8,).
Incase n =2;(k=1,2), (n=r), (6, =0)
X1 =r8in0y = rpsinf =y
X2 =1ryc080) = rpcosO =x
r2 = x% —HC% :y2 —|—x2
T be a linear map such that

T:(x1,%0,...,%) — (rn,02,...,6,)

Calculate the Jacobian matrix with k = n:

[arnl axn] [a(r,, sin®,) a(rncosen)] [ sin® cosO ]
— = " !

Irn—1:%) _ | Tr an o, o
a(rn’en) ory—1  Oxy, d(rysin®,)  d(rycosBy) 7,c080, —r,sin®,

20, 00, 99, 99,

Calculate the Jacobian matrix of % using Chain Rule, that is the inverse of

Jacobian matrix of 2\n=1n).
a(rﬂ7en)

or, 09, 06, dr, 98, 99,

ary, 06, aﬂ ory ary. 90, 90, . cos 0, drp_1

It dma | |am ey T e oy andr T e ant| _ |S6 T |5
ory 29, | or, or, | Ory 00, 00, dr, , 00, 00, o cosO, — sin®, | — | 9ru_1
n n 20,

aXn axn m m aen Wn E Wn E axn
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We want to evaluate the differential operator D?  +D? .

D;
n—1 'n '

. cos0 . cos0
= <sm 0,D;, + L Den) (sm 0,0, + : D9n>

cos0 cos0 cos0 2
— (sin®,D,,)* +sin®,D,, ( " Den) +—"Dg, (sin®,D, )+ ( " Den)
14 n

n In
. . 2
.9 » sin©,cosH, sin©,,cos 0, cos“ 0,
=sin"0,D; ————>——Dp,+ ————— Dy, Dg, + D,,
r3 n n
co0s0,,sin 0, cos0,,sin0,, cos2 8,
DenDrn - 2 On 2 Den
' ra ra
. 2sin©,,cos O cos20 2sin©,,cos O cos20
= sin*0,D; + n “D;,Dg, + —5—Dg, — ———"Dg, + "D,,.
n P rs n

X
I'n I'n

in® in0
D; = <cos 0,D,, — L "Dgn) (cos 0,D,, — i "D9n>
sin© sin 0 sin© 2
= (c0s8,D,,)* —cos8,D,, (uD9n> 4= “Dg, (cos6,D;, ) + ( ! "D9n>
r ry

n Tn
cos0,,sin0 cos0,sin0O sin’0
— cos?0,D? + " Dy ——""""D. Dy + "D,
'n 2 n n n n
ri 'n 'n
sin©,,cos 0, sin©,,cos 0, sin? 0,
— —DrnDen + > 0, T 5 Den.
'n ri rs
2sin®, cosO cos?0 2sin0, cosO cos20
2 2 -2 2 n n n n n n
D; | +D; =sin 0.D; + D, Dy, + 5—Dg, ———5—Dp, + D,,
'n rs rs rn
4 cos20.D2 + cos0,,sin 0, co0s9,,sin 0o, $in 0,
cos g, — ——————— 0
n=ry r’% n i 'n n Fi n
sin©,,cos 0, sin©,,cos0,, $in 0,
————DpDe,+———5—"Dp, + —5Des,
n rs ri

D+ ;b
gy rnZ On T Tn*

In case n = 2, we have:

r=Xxp=Yy
Xp =X
0,=06

- (x2+y2)1/2.
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So we obtain the Laplacian D?, + D% .

1 1
D> +D 2:D3+;D,+r—2D%

1D(D)+1D
= -D,.(rD, —Dg.
r I”Ze

In case n = 3, we have :
x1=y, 0,=0, p=+/x*+y2=r,=rsinQ@
x=x, 03=0,

X3 =2, r3 =r.

1 1
D =D*+Dy*+ D2 =Dy’ + 5Dt FDez +D.?

1 1
- N Dp +
rsin@

A 1
Do+ Dj+-D;+—D

2
r2sin® @ ¢

¢

1 . cos 1 I | |
- (sm oD, + TD‘P) + 55 D+ Dy +-Dr+ 5D,

rsin@ rZsin

2 cos
=p2+p,+ 22
r r

¢

1
——Dj.
r2sin” @

) 1
sin@Dg + r_2D<2|> + 5



8 Solution of Partial Differential Equations

by Fourier Transform

We have studied the Fourier Transform in the previous chapters. Now we will determine
the solution of differential equations using the Fourier Transform. For this purpose, we

will make use of an important theorem for differential equations.

Remark 8.0.1. Let f € L?(R"). Various variants can be found in the literature for the
Fourier transform of f, for example (Y. Choquet-Bruhat)

FI6) =02 [ e fds
Y " (8.0.1)
Fr0) =m0 pd

F f(y) is the Fourier transform of f, and F f(y) is the inverse Fourier transform of f.

This form is used in exercises.

8.1 Example in R’

Definition 8.1.1. The Delta function is often also referred to as the Dirac delta function,
defined as follows:

¢ 3(x) =0, x#0,
+ [ 8= x)fdr = £, VS € S @),
Example 8.1.1. Let

9?2
AE=Y" (aXi)2E:8. (8.1.1)

i=1

Let us determine a tempered elementary solution of A in R? using Fourier transform.

Let p = |y|? = (y1)? + (12)* + (y3)%. We have the following equivalences:
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AE =8 «— FAE(y) = F 8()
— —p’FE=(2n)"3%1
_(9m)-3/2
— FE= %
p

By the inversion theorem, we know that E = F (FE), then

— — — (27 -3/2
E—F(FE) :9(%
(rm\=3/2
_ Y i<xy>—(27)
= (2n) /R3e< y>—p2

1<x,y>

4 -3 ¢
= —(2m) /R3 52 dy.

We use polar coordinates p > 0, 0 € [0,7] and ¢ € [0,27];

x| =r,

y1 = psinBcosQ,
y2 = psinOsin @,
y3 = pcosH.

dy
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We have < x,y >= |x||y|cos® = rpcos® and dy = dy;dy,dys. Thus, we obtain:

/ €i<x’y>dy: eirpcoseao,l,yz,y?))
g3 p2 B p> 9(p.0,9)
eirpcose )
_ sinBdpdOd
R p? P P
o= 211: p=-too B=T ,irpcosO
_ / p?sinBdOdp
0=

p=+c ,0=T zrp cosO
=2n / / p%sin0d0dp
p= 0=

:275/[) +w( 1 eirpcose )dp
p=0 —rp 6=0

= 27{;/+w L(e—irp _ eirp)dp
0 —rp

_on /+°° 2smrp

oo R
=— &dR where R = rp
r Jo R

4nn
r2
_27t

Therefore, we have:

8.2 Elementary Solution of The Wave Equation

Example 8.2.1. Let us consider the elementary solution E(t,x) of the wave equation in
R*:

2 2

3(t,x), teR, xeR>. (8.2.1)
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We define the Fourier transform of E with respect to the variables x in R?, denoted by
g(t,y) :=F E(t,x). Let 8(t,x) = 0(t) x O(x).
Let us calculate the Fourier transform of UE:
’E & 9OE
FUE)=F (= —
(OE) =F (57— ). (axi)Z)

i=1

=F( atz) 5‘(; (axl)z)
0? 3 E

=3 B - (LT ()
az 3

= J 2£+Z(yl)28

i=1

az 3

_a ﬁg—i_ng’ ;(yl)Z — p2

2
= (S oM

= (2m)73/28(r).
As we have (% +p?)e = (21)~3/28(¢t), we apply the previous theorem. We find the

homogeneous solution of € that satisfies f(0) =0 and f'(0) = 1. These conditions give

us.

By this theorem, we have:

_ H(r) sinpr e _ ory H(t) sinpt
€= (2n)3/2 I:)p — {6}8 == gj ( (21'6)3/2_ I:)P )
— E(x,1) = i (S5)

Now, let’s calculate the inverse Fourier transform of m;)i in R3. For this, we will use

polar coordinates p > 0, 0 € [0,7] and ¢ € [0,2m).

x| =r,

y1 = psin@cosQ,
y2 = psinOsing,
y3 =pcosHO
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We have < x,y >= |x||y|cos® = rpcos0 and dy = dy,dy,dys. Thus,

< O=21 pp=-oc ,O=T
g;(Sll’lpt 3/2/ / / Sll’lpt zrpCOSQPZSined(pdedp
p 0= p= 6=
p=rte , 0=
= (2n)‘3/2(27t)/ (/ ”pcosesmecZG)psm(pI)dp
p=0 6=0
p=-too ,_ 6=
— —1/2 —_ irpsin®
(2m)~7%( /p . ( o )psm(pt)dp
p=te D
= (275)_1/2/ smprp sin(pt)dp
p=0 pr
= %/0 <cosp(r—t)—cosp(r+t))dp

To obtain the solution, we need to evaluate the integrals:

+oo +oo
/ cosp(r—1t)d / (r=1) 4 o=P(r=1) g
0 2
—+oo
|:/ r tdp—f—/ )
0
o0
r t
=5/
~+oo

=nd(r—t), because / ePdp = 2md(s).

—o0

Similarly, we find:
—+oo
/ cosp(r+1t)d / Prt) 4 o=ip(rt1) g
0 "2

:_|:/+ r+tdp_|_/ r+t )
0
~+o0
r+t
5[

=nd(r+1).
Thus,

Joo
/ cosp(r—t) —cosp(r+t)dp =nd(r—t) —nd(r+t).
0
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Therefore, we have:

— sin -1/2
7 (Pl = B

P r
:\/§%<8(r—t)—8(r+t)).

We know that H(t)3(r+1t) = 0 for r > 0 and t > 0 by the definition of the Heaviside

function. Therefore, the elementary solution is:

<n8(r—t) —Ttﬁ(r—}—t))

E(x,t) =

We also note that:

3
suppE (x,t) = {(x,1); lez —2=0,r>0}.
i=1



9 Iterated Laplace Operator

In this chapter, our aim is to obtain the elementary solution of the iterated Laplacian
denoted by A?

Recall that if E is the elementary solution of A?, it must satisfy the condition A’E = §,
where d represents the Dirac delta function.

Consider a function f defined on the complement CO of the origin in R”,n > 2, and

suppose that f admits a partial derivative (in the usual sense) everywhere on CO.

_Jof
o1 {g} 9.0.1)

Given that f and g;, when regarded as functions defined almost everywhere on R”, are
locally integrable, it follows that g; can be identified as the partial derivative of f with
respect to x; in the sense of distributions.

Indeed, it is evident that this result does not hold for n = 1. (example: The Heaviside
function. We know H’ = & and & is not a locally integrable function). We will now
assume n > 2:

I" denotes the function gamma. We recall that I'(x + 1) = xI"(x).

We put, in R",
i ) n a2
r= x5, A=) —. (9.0.2)
= 5 ox}

We define the function {P;}, where s is a real parameter, in CO as follows:

’,.S

= —2s/2F(S+Tn) ) (9.0.3)

{P}

Let a; and by be constants (which depend on s) that will be determined. First, we show

the following formulas, in the usual sense in CO:

A{PS—FZ} = as—|—2{Ps}- (904)
; i P} =b{P 9.0.5
;xzaxi{ s}— s{ s}- (9.0.5)
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For better understanding, we examine {P;} and A{P;} for n = 2:

2, 2y\1/2 > P
r=(xy+x , A=—+—. 9.0.6
(i +2) ox?  0x3 ( )
The partial derivatives of r with respect to x; and x; are:
or A+ xp o A+ x
— =1 e T =1 T e (9.0.7)
ox1 ox1 r’ ox ox, r

Let us calculate the partial derivatives of {Ps} with respect to x; and x:

oy 9 [~
0x| N 0x1 25/21—~(s+7n)

B 1 ors

25/2T (52 ox
y 1 or or
25/2F(S+T") or ox;
1 X1
= e =
2S/2F(S+T") r

sri2 .
22 (%)
Similarly,
P} sr2 .

dxy  29/2r (1)
Now, we shall compute the second partial derivative of Py with respect to x; and x»:

*{P} 0 sri2 .
- ~s/2T( stny 1
PPT()

8x% ©dx
_ s _x1 or' 2 N I”S_z}
272T(52) [ ox
s [ 92 or
= — 2
25/2T(552) _xl or oxi N ]
) [ _2X] )
_ —2 341 s
ENED) _x](s ) o ]
_ s 2 s—4 -2
_m[xl<s—2>r +rs i|
s—2
. St 2 -2
_W(sizn)[xl(s—2)r +1:|
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az{PS} — Srs_z [x%
oxi  2820(41)

(s—2)r2+1]. (9.0.8)

In a similar way,

0*{P;} sr2 )
ax% - 2s/2l—~(s+7n) [(S—Z)er

+1]

Hence, by [0.0.8}

s 2
2L
B srs2
- 2s/21"(s+n)

SZ,,.S—

= AT

A{P;} = [(S—Z)X%F_Z—I— 14 (s—2)x3r 2+ 1]

[(s =2)(xf +x3)r % +2]

l\.)[\.)|

N|+

Now, we can determine for n dimensions. Let us start with c%r

o _ 9 yel=l 2z _x
ox; ox; = ! 2 noy2 r
i=1"

Let us calculate the partial derivative of { P} with respect to x;:

P} i rs
ox; _axl' 25/21—‘<s+7n)

L o
25/2F(H7n) axi
1w
- 28/20(552) Ir ox;

1 sfl)ﬁ

= ————— ST
BRT(S) r

srs—Z
= — X
23/21’*(&5}1 )
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Now, we will determine the second partial derivative of { Py} with respect to x;:

PHRY _ 9 (s
ox?  ox; \ 2/2r(:fm)
B s [ or?

2205 |
s (o 2or .,
= xi
2720 (42) [ 9r Ox
5 T(s— il
2521 () L r

s _ .
B CD) et (s =2)r" 7]
2
sri2 .
= A (7 (s —2)r 2 +1]
2

_sr
= (g |
P2 (s—2+n)
e

(s=2)r 20 4+ ) +1]

Now, We can prove the formulas (9.0.4)) and (9.0.5). By definition of I, we have:

s+n s+n s+n
r 1) = I .
() =5 ()

(9.0.9)
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We can easily show them using this equality:

A{Ps+2} =

Hence, we have:

A{Pis} = (s+2){P}, withasy=s+2. (9.0.10)

On the other hand,

Lt = Yo, (ﬁ)

s S ..
2s/21"(%) [2 (x1+ +x )]
sr
2 ()
= s{P}.
We have then:
Zx, {PS} by{P;}, withb;=s. (9.0.11)

For s > —n, { P}, considered as defined almost everywhere in R”, is locally integrable.
Therefore, it defines a distribution on R”, which we will also denote as P;. To show that
equations (9.0.4) and (9.0.3]) remain valid in the sense of distributions for s > —n when
replacing {P;} with P, we need to demonstrate that the operations involved in these

equations are well-defined for distributions. Since {P;}, a{P”Z} i {;;*2} are locally
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integrable, (9.0.4) is also valid in the sense of distribution:

APyir = asioPy,  with g = s+2. (9.0.12)

‘%(xi{l?s})‘ = xia%{Ps} +1{Ps}

d
< Xia_xi{PS}

+{Ps}]

+ {5}

"9
< ina_{Ps}
i=1

Xi

< s{P}.

Since {Ps} is locally integrable, xi%{Ps} is also locally integrable.
Therefore, the validity in the sense of distributions of the equation (9.0.5)):
"9
Y xi=—P;=bsP;, withb;=s. (9.0.13)
S ox
For any arbitrary real number s, our aim is to define the distribution Py in R" as the

following formula (in the sense of distributions):

1
Py = AkP k integer > 0 9.0.14
ST 1 2)(514).. (sr2k)" etk RIMEEEr= ©0.14)

We will choose the integer k such that P ; is defined according to the first question,
1.e., s+2 > —n, but such that s +2,5+44,...,5+ 2k are all non-zero. This is always
possible, except in the exceptional case where n = 2 and s is a negative integer. We will
temporarily set aside this exceptional case for now.

We will show that this definition of P is independent of the chosen integer k, that it gives
back the previously defined P; if s > —n, and that P coincides with the function {P} at
Co.

Suppose s > —2. For k = 1, we have:

AP, 5 = (s+2)P,. (9.0.15)
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The formula (9.0.14) coincides with the formula (9.0.12). Iterating of (9.0.12):

APS+2 = (S+2)PS

APy 4 = A(AP;4)
=A((s +4)Psy2)
= (s+4)APs
= (s+2)(s+4)Ps

Ak_lPs—i—Z(k—l) = A(Ak_zp s+2(k—2))
:A(s+2)(s+4) . (S—|—2(k — 2))Ps+2(k—1))
=(s+2)(s+4)...(s+2(k—2))(s +2(k— 1)),

AkPH_zk = A(Akilszrz(kfl))
=A((s+2)(s+4)...(s+2(k—1))Py)
=(s+2)(s+4)...(s+2(k—1))(s+2k)P.

1

(S+2)(S‘|‘4) - (s_|_2k)Asz+2k-

:>PS:

If s > —n, then there exists an integer k such that s + 2k > —n and Py is defined by the
equation (9.0.14)). If k' > k integer such that s+ 2k’ > —n, the formula (9.0.12)) show that

AP = (s42) ... (s+2Kk) (s +2(k+1))...(s+2K )P,
= (s4+2(k+1))...(s+2k") AP .

Consequently, P is independent of the chosen integer k.
Let us verifying (9.0.4)) and (9.0.5) hold for distributions P for any s (except when n = 2

and s is an even negative integer):
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For k = 1, the equation (9.0.14) becomes:

1
P, = AP >
as12

— APS+2 = as-i—2ps~

Then, according the equation (9.0.14), Py verify (9.0.12). We show (9.0.13)) by
recurrence. Suppose that (9.0.14) hold for P;.

Let T be any distribution. According to the laws of differentiation and product with a C*

function, we have:

o Ifi# j,
oT o \2/ or
A(XIaxt):Zl(gj) (Xlaxl>
=
_§ 2 (2
_].Zlaxj xzaxj'ax,'
noo9 3\’
= L, (5) 7
o Ifi=j,

NAAWEAWAL
A dx; )\ 9x; A ox;
arfar, (AN,
_Bx,- axl- A Bx,-
0 \? 2\’
=2(5) Trulan) T
So,

oT o9 /3?2 3 \2 p) 9 \?
A(xia—)q) _jz'lxia_m (a—x) T+2(a—Xi) T—xia—)CiATJrZ(a—)Ci) T. (9.0.16)



- ixiAT =A ixa—T —2AT
i—1 ’ax,- - i=1 ’ax,- '
Using (9.0.12)) and (9.0.13) for s+ 2, we obtain:
n n a 1
1

T 542 ox;

i=1

1
= S+2 [A((S+2)Ps+2)_2APs+2] by

1
s+2

=sP; by (9.0.12).

SAPg >

It is the relation (9.0.13)) for P;.

Consider a distribution 7. The Laplacian of the product 727 is the form:

& & oT oT
_ 2
= 2 [—ax% z xj+ A —2x; +2x,a i+2T

n
oT
2
=r°AT 42 2nT.
r —}—llx,ax+n

2
= r?AT = A(r*T) -4} x;=— —2nT.
r (r Zx’ax, n

" 9P,
A(zx,-—+2)—zAPs+z] by @0.17)

(9.0.17)

(9.0.18)
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We will show by recurrence that

PPy = (s4n)Pyys. (9.0.19)

Suppose that (9.0.19) holds for Py, i.e.: r*Ps12 = (s+n-+2)P;s. 4. Then we have:

r2PS

By iterating, we obtain:

1
S+2r APs—i—2
C aPs—§—2
= A(r ’p, 2)—4) x —2nP;. >
s+2 s+ Z 1 8x,~ s+
" [A(r*Pyy2) — (45 +8+2n)Pyyo]
1
) [(S +n+ Z)AP5+4 - (45 + 84 27’1)Ps+2]
-y [(s+n+2)(s+4)Po— (4s+ 8 +2n) Py 7]
= —ls+2)(s+n)Pya]
= (s+n)Psi2.
=(s+n)(s+n+2)...(s+n+2(l—1))Ps . (9.0.20)

P2 P

The distribution P is said to depend continuously on the parameter s if < Ps, @ > is a

continuous function of s for all ¢ € Z.

If s > —n, we have:

< Ps,0>= / Py@(x)dx
Rn

= (/ Ps(p(rQ)rnldr> dQ
Qes—1 \Jo

R N
- A T 14
suppp 2820 (342)

R
/ dQ‘ / gy
Qesn—1 0

Rs+n
s+n

<

— area(S" Y)c
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because,

{|suppo|} C {|x| <R} = |supprcr"®(x)| < c : constant (9.0.21)

where dQ is area of the sphere of radius 1 in R,,. The function to be integrated is a
continuous function of s if s > —n and of x € supp@ except at point = 0, bounded in
modulus by an integrable function the integral is therefore a continuous function for

s > —n, by the Lebesgue theorem.

For any s different from an even = negative integer if n = 2, we prove that P, depends
continuously of s by using and the fact that if T € &’ depends continuously on a
parameter, it is the same for its partial derivatives, since

9

<a—T >=-—-<T
7(p I 7a

>, Yo, —€9. (9.0.22)
axi

Now, we will show that P_,_»,, p integer > 0, n # 2 is of the form c,A? 9, and we will
deduce the limit (in the sens of distribution) of (s +n)r® when s tends to n, by values
> —n, n# 2.

e The case s+n > 2:

If s+n > 2 is an integer odd, we have:

APy o = (S—|— 2)Ps = AP; =sP;_»
s 5—2
A s/21(s4n =5 52 ' 2
257°T (%) 27 [($H=2)

— A(®) =2421(2 er d

)

T
T +1)
r<%>
_S+n—2
2
=s(s+n—2)r"2

=2sr""

=2sr°

— A(F) =s(s+n—2)r"2 (9.0.23)

e The case n > 2:
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Consider s = 2 — n. We have then:

r2—n
Py=—F5——= /21 2n,
272 I(1)
We know that:
L 2V 5

where S, is the area of the sphere of radius 1 in R".

Using (9.0.12)), we obtain:

APy =sP_p = AP,_, = (2—n)P_,
— AQ"? 12 = (2-n)P,

2(vm)"

— 2" (n—2) T(n72)

d=(2—n)P_,.

_ 2y

Using (9.0.14)), we have also:

1

Py = A*P; .
ST 5+2),(s+4), . (s+2k) " ST

1
— P, 9= APP_
" T (Cp—2p+2)(—n—2p+4).. (—n)" "

(0
_(n—|-2p—2)...nAp( I'(n/2) 8)

_ (—pr 2" (@,
 (n+2p—2)...n T'(n/2) A"S

Consequently, P_,_>,, n # 2 is of the form c,A”d:
—> P_,_2p = cpAPS (9.0.26)
where

_ (—nyr  2A(ym)"
P r2p—2)..n T(n/2)
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Thus, we obtain the elementary solution of iterated Laplacian A”:

P,
AP <—+2I’) = 3. (9.0.27)
C—p
In conclusion, we have:
APE =9 (9.0.28)

where E = A? (1)’%;2”) = J is a elementary solution of A”.

¢ The case s > —n:

We have:

(s+n)r = (s+n)P2"I(

=2/ ZHF(HTH +1)P; by definition of Gamma function.

s+n
)

So, by definition of P_,, we obtain:

lim 2*“/2“F(S+T” +1)p,=2"""2p_, =8,3. (9.0.29)

S——n
e Thecasen=2 (s > —2):

By replacing, in (9.0.4)), Ps1» by P2 — Py, we show that similar for n = 2, P, has a limit
in D' when s tend to 2, and we will calculate this limit when s tend to —2p, p positive

integer; we will call P_», this limit so that now P; is defined for all s and all n > 2.

= , Py=1. 9.0.30
s 25/2F(§+ 1) 0 ( )
By the equation (9.0.12),
P — APy 1o

N

P2 —Po
— P =A| ——
s+2 : ( s+2 )

Piio— P
— lim A(M) — lim P,=P 5
5420 s+2 s—>—2

On the other hand, we have:

Pyr—P P
lim 2R _ foP (9.0.31)
s+2-0  s+2 ds J o



95

Taking integration by part, we conclude this limit:

d d d
Y sy—s/2 —s/2 Y \H—s/2
(P27R) = 2P 4P ()2
=23/2 aae ?;t (g s/2)> where slogr =u
u s
=272(Flogr) + (2 5/210g2
J s/2
= aS(r”VZ ) =logr+K, K:constant. (9.0.32)
s=0
Consequently, we obtain:
P_» = Alogr = 2md. (9.0.33)
Py, & AP, (9.0.34)

T (—2p+2)...(-2)



10 Conclusion

This thesis has explored significant mathematical topics including Schwartz
distributions, Fourier transform, and the iterated Laplacian. Additionally, important
concepts such as the Hadamard finite part, Cauchy principal values, and the Laplace
operator have been thoroughly examined. The impact of these concepts on differential
equations and their application has been emphasized. Particularly, the importance of the
iterated Laplacian has been highlighted, and its potential in solving differential equations

has been discussed.

Furthermore, the Fourier transform has been studied on the real line, R, and in R”. The
definition and properties of the Fourier transform on R have been elucidated, with a
focus on spaces such as the Schwartz space and the space of rapidly decreasing
functions. Similarly, the Fourier transform on R” has been addressed, discussing its

properties in the L', .7, and L2 spaces.

In the subsequent sections of the thesis, the influence of the Hadamard finite part,
Cauchy principal values, Laplace operator, and the iterated Laplacian in different
coordinate systems has been investigated. Moreover, the practical applications of the
Fourier transform in solving differential equations, particularly providing elementary

solutions for the wave equation and the iterated Laplacian, have been discussed.

In conclusion, this thesis has delved into important topics in mathematical analysis,
including Schwartz distributions, Fourier transform, the iterated Laplacian, and the

solution of differential equations.
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