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ABSTRACT

MANIPULATION VIA INFORMATION IN LARGE ELECTIONS

Sezer, Ilhan
M.A., Department of Economics

Supervisor: Prof. Dr. Semih Koray

January 2006

This thesis studies manipulations of equilibria by candidates in two-alternative
elections along with their effects on voter turnout, winner of the election and social
welfare where voters have common values, and both voting and manipulating are costly.
We show that manipulation is not desirable for the society, and the candidates’ incentives
for manipulating can be mitigated by appropriately sequencing the order of
manipulations. We present some results of a manipulation game which may rather
unexpected under the assumption that the candidates have prior beliefs about each others’
manipulations. Finally we determine the set of manipulations which can be prevented by

informed voters for a given composition of society.

Keywords: Voting, Manipulation, Social Welfare, Voter Turnout, Trust Ratio

v



OZET

SECMEN SAYISI BUYUK SECIMLERDE BiLGI UZERINDEN MANIPULASYON

Sezer, Ilhan
Yiiksek Lisans, Ekonomi Boliimii

Tez Yoneticisi: Prof. Dr. Semih Koray

Ocak 2006

Bu calismamizda oy kullanma ve manipiilasyon yapmanin maliyetli oldugu, ortak degerli
iki alternatifli se¢imler ¢ercevesinde adaylarin denge manipiilasyonlarini, bunlarin oy
kullanma orani, se¢imi, galibi ve toplumsal refah {istiindeki etkileriyle birlikte inceledik.
Manipiilasyonun toplum ic¢in istenilir olmadigin1 ve adaylari manipiilasyona 6zendiren
etkenlerin uygun bir manipiilasyon yapma siralamasi ile yumusatilabilecegini gosterdik.
Adaylarin birbirlerinin manipiilasyonlar1 hakkinda onsel bir saniya sahip olduklari
varsayimi altinda oynanan bir manipililasyon oyununun sasirtict olabilecek bazi
sonuclarina ulastik. Son olarak verilmis bir toplum bilesimi i¢in bu konuda bilgi sahibi

secmenler tarafindan dnlenebilecek manipiilasyon kiimesini belirledik.

Anahtar Kelimeler: Oy kullanma, Manipiilasyon, Toplumsal Refah, Se¢gmen Katilimi,

[timat Oram
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CHAPTER I

INTRODUCTION

Elections have become an important part of our life in democratic societies. In our
modern world election is the most frequently used mechanism by which the offices in the
executive, judiciary, regional or local government are filled. Elections are also held in
many other settings, ranging from clubs and societies to business. The idea which results
this situation is that the person who is supported by the majority should be the executive,
and elections are held for determining this person. There are two sides in each election,
the candidates and the voters. It is the interaction between these two sides, which
determines the outcome of an election. On one side, the candidates try to influence
voters’ preferences along with their decisions to participate in the elections. They do this
by giving information about their future plans or relevant properties of themselves or
their parties, where this information need not be true. On the other side, the voters do
affect the candidates: lots through the voters they cast or by simply not casting any vote
at all. So the underlying reasons for a voter to support a candidate and cast a vote in his
favor, as well as the possible efforts of the candidates to influence the results of an

election should be researched, aiming to reach socially desirable results in the elections.



There have been many studies concerning these issues from various aspects. In this study
we will focus on the effects of possible manipulations on the past of the candidates.
However, such an analysis cannot be done without analyzing voters’ behavior. In the
present setup, we refer to Taylor and Yildirim (2005), who consider voting in two
alternative elections with common value. They present a theory of strategic voting, and
figure out the effects of relevant information on voters’ behaviors. In their setting, the
relevant information is restricted to the distribution of political preferences, and they
regard voting to be costly. A voter casts a vote for his preferred candidate only if the
effect of his vote, which is proportional to the probability of his vote being the decisive
vote, is not less than the cost of voting for him. In our study, we analyze candidate’s
behavior, while regarding how voters behave in this setting we borrow the results of

Taylor and Yildirim (2005).

In the light of Taylor and Yildirim (2005), we consider in our study two different
cases. In the first case of informed voters, the voters are assumed to be informed about
the distribution of political preferences. The second case is that of uninformed voters,
where the voters are assumed to be symmetrically ignorant about the distribution of
types. The voters are not aware of the manipulations in either of the settings. In the first
case if the candidates manipulate simultaneously, then cooperation among the candidates
is impossible. We try to predict what manipulations will take place along with the result
of the election, when the candidates have a prior belief about each others’ manipulation.

On the other hand when the candidates manipulate sequentially, there are equilibria in



which the order influences the cost of the election both the candidates and the society. In
the second setting, there turns out to be a positive probability that one of the candidates
wins without manipulation whatever the other candidate does. Whenever this is the case,
cooperation is obviously possible, but otherwise cooperation is again impossible. Using a
setup where candidates have prior beliefs about each others’ manipulations, we get some
unexpected results: A candidate who has the support of a majority may lose the election.
When the candidates manipulate sequentially, we again determine the effect of
sequencing on the cost and the winner. We examine what properties a society, which can
undo the effects of manipulations is endowed with, under the assumption that the people
who are not manipulated know the exact number of manipulated voters. We observe that
the society can prevent some manipulations, while manipulation is always possible as
long as the society is large and there are manipulable voters manipulation is always

possible.

The rest of the thesis is organized as follows. In the next chapter, we survey the
literature on voting concerned with turnout, manipulation and social welfare. In chapter
3, the framework and findings of Taylor and Yildirim (2005) are summarized. Chapter 4
deals with manipulation via information on the part of candidates along with its welfare

implications. Chapter 5 concludes our study.



CHAPTER Il

LITERATURE SURVEY

Voting and manipulation are important in democracy and have been studied in
many papers. A significant observation about democratic political process is that only a
fraction of eligible voters turn out to vote, which gives rise to an important question:
“Why do some voters not vote?”. To answer this question we have to accept that voting is
costly for the voters, for otherwise they would vote for certain as this would increase the
probability of victory of the candidate they support. When voting has a positive cost, the
fraction of the electorate participating in an election will depend on the magnitude of
cost, and this will of course have an impact upon welfare of the society. In the voting
literature, the works of Ledyard (1981), Palfrey and Rosenthal (1983, 1985) are important
for understanding the theory of participation, While Ledyard (1984), Borgers (2004) and

Campbell (1999) can be consulted regarding the welfare aspect.

Ledyard (1981) models simultaneous voting. In his model, the citizens have rational
expectations about the probability of being decisive; they know the size of the electorate

and their own preferences. The probability distribution from which the other voters’



preferences are drawn is assumed to be common knowledge. The major result of this
paper is that turnout is positive, when the cost of voting is very small for some of the
citizens, when compared with their valuation for their candidates’ victory. Ledyard’s
conclusions about turnout are rather limited. But Palfrey and Rosenthal (1983) obtain a
richer variety of conclusions using a similar approach. They consider a costly voting
game-theoretic model under complete information. They focus on the voter turnouts at
some equilibria of the voting game which they characterize in their study. Their
predictions about the size of voter turnout are rather weak for small numbers of voters,
but for large electorates they conclude that the percentage of voter turnout approaches
zero or the turnout percentage of the majority side is smaller than that of the minority
side. In their 1985 paper, the citizens are assumed to be privately informed about their
own cost of voting, and it is shown that this leads to a unique equilibrium at which only

citizens with costs below an endogenous threshold vote.

Ledyard (1984) develops a Bayesian model of a two candidate competition to deal
with the game theoretic considerations on the part of the voter. In his model the voters
vote deterministically, they can vote for one of the candidates or abstain. The cost of
voting is a random variable. His major result is that, in large elections, if voting costs are
non-negative there is an equilibrium at which the social welfare is optimal. At this
equilibrium the candidates choose identical positions which maximize welfare, and at
which no one votes. But Ledyard (1984) does not study the possibility of multiple

equilibria. Campbell (1999) studies a model in which the voters in the minority group



possess stronger political preferences (lower costs) than the ones in the majority. He finds

that when the number of voters tends to infinity, the minority group wins the election
with a probability which is at leasta. This result may seem a bit unexpected but it is

supported by other recent papers on this issue. Borgers (2004) investigates an informed
voter setting in which it is common knowledge that each citizen is equally likely to
support either candidate. He proves the existence of a unique symmetric equilibrium
when preferences are independent, and shows that equilibrium turnout may be excessive,

which in term means that these equilibria are suboptimal.

Goeree and Grosser (2004), Taylor and Yildirim (2005) are two recent studies,
which are closely related to the present study of ours. Goeree and Grosser (2004) present
a simple two candidate voting model to answer the following question: “Why do the polls
predict the wrong outcome?” Their results support the intuition that after releasing the
results of the pre-election polls, the members of the minority group participate in the
election more frequently to offset the advantage of the majority group. They also find that
polls raise the expected turnout but reduce the expected welfare by increasing the effect
of the minority group, because the election leads to in a tie in terms of expected values.
Their results support Campbell (1999) too. Taylor and Yildirim (2005) consider the
impact of public information on expected turnout and electoral outcomes. They present a
strategic voting model with two candidates, which predicts the probability of victory for

the majority group to be less than that for the minority group (democratic inefficiency),



and voter turnout turns out to be higher (economic inefficiency) when citizens possess
more information about the composition of the electorate. Thus social welfare is higher
when the citizens possess less information. A fine point of their model is that it can easily

be extended to deal with other issues.

There is also a recent empirical study of Levine and Palfrey (2005) on voter
participation. They test three voter turnout predictions of the rational choice Palfrey-
Rosenthal model of participation with asymmetric information: turnout goes down in
larger electorates (size effect), turnout is higher in elections in which the votes the
candidates receive are expected to be close (competition effect), voters supporting the

less popular alternative have higher turnout rates (underdog effect).

Taylor and Yildirim (2005) concerns the effect of information on voters’ behaviors.
Here we continue this story by examining how the candidates can use the effect of
information, by manipulating the knowledge of voters. Thus another important notion,
manipulation, is included into our study. Gibbard (1973) proves that any non-dictatorial
voting scheme with at least three possible outcomes is subject to individual manipulation.
Following Gibbard (1973), there are some papers which compare the vulnerability of
different election methods, exemplified by Lepelley and Mbih (1994), Dummett (1998)
and Favardin, Lepelley and Serais (2002). Some papers study the complexity of
manipulating existing protocols, as Conitzer and Sandholm (2002), Conitzer, Lang and

Sandholm (2003); Finally, papers as Franzese (1999) and Drazen and Eslava (2005)



study the effects of manipulations in different models and some other studies the effects

of manipulations in different models.

Lepelley and Mbih (1994) define vulnerability of a social choice function to
coalitional manipulation of preferences as the proportion of voting situations in which the
social choice function can be manipulated by a coalition of individuals. They provide
exact relations yielding the vulnerability of four specific social choice functions (plurality
rule, anti-plurality rule, plurality with runoff, anti-plurality with runoff) in three-
alternative elections and show that plurality with runoff is less vulnerable than the others.
Dummett (1998) draws attention to the objection that Borda count is subject to agenda
manipulation and describes two possible ways for fixing it by introducing revised and
adjusted Borda scores. He shows that these will often, but not always, undo the agenda
manipulation effect, and questions whether it is desirable at all to undo it altogether.
Favardin, Lepelley and Serais (2002) characterize the voting situations at which the
Borda rule or the Copeland method can be manipulated in three-alternative elections and
derive some analytical representations measuring the vulnerability of these rules to
strategic misrepresentation of preferences. They show that the Borda rule is significantly

more vulnerable than the Copeland method.

Conitzer and Sandholm (2002) deal with the level of difficulty of manipulation for
practical multi-agent settings where the number of voters can be large but the number of

candidates is small. They show that individual and coalitional manipulations-with



unweighted voters- are easy with complete information about others’ votes. However,
constructive coalitional manipulation with weighted voters turns out to be intractable for
all of the voting protocols under study, except for the nonrandomized cup. Destructive
manipulation is shown out to be relatively easy, while randomizing over instantiations of
the protocols makes the manipulation hard. Finally, they show that if weighted
coalitional manipulation with complete information about the others’ votes is hard in
some voting protocol, then individual and unweighted manipulation is also hard when
there is uncertainty about the others’ votes. Conitzer, Lang and Sandholm (2003) are
concerned with the necessary number of candidates to make elections hard to manipulate.
They show that the voting protocols they study become hard to manipulate with three
candidates, four candidates, seven candidates or never. Conitzer and Sandholm (2003)
show how to tweak existing protocols to make manipulation hard, where the tweak

consists of adding one elimination preround to the election.

Franzese (1999) examines the manipulation of public debt, and suggests an equally
rational-strategic logic for partisan manipulation. Drazen and Eslava (2005) present a
model of the political budget cycle in which they consider manipulation via expenditure
composition. They predict that election-year shifts of the budget improve the incumbent’s
chances of being re-elected, since voters are manipulated about the incumbent’s true
preferences for types of spending with a positive probability. They also find that the
incumbent party is penalized for running large deficits before elections and is rewarded

for increasing the amount of targeted spending.



Although most of the researchers think that manipulation is a serious problem, there
are authors who do not worry about manipulations. Hees and Dowding (2005) call certain
manipulations as ‘sincere’ and ’transparent’ manipulations, and claim that they are
virtues rather than vices. They show that a class of familiar voting procedures only allows

sincere and transparent manipulation, so there is no need to fear manipulations.

10



CHAPTER I

SUMMARY OF TAYLOR AND YILDIRIM (2005)

3.1 The Model

Suppose that there are n>2 voters who may vote in an election between two
candidates, A and B. Each voter is one of the two types: A voter prefers A, and B voter
prefers B. A t voter receives payoff 1 if t is implemented and 0 otherwise, for t=A,B
where cost of voting is € € (0,1] for all voters. Thus all voters have a common value for
the victory of their candidates, and each possesses two actions, to abstain or to vote for
his preferred candidate. Voters simultaneously choose whether to vote or not. Majority
rule is used in the election and ties are broken by a fair coin toss. Each voter privately
knows his type but believes that another voter is an A voter with probability 4 € (0.1).
Taylor and Yildirim compare the symmetric Bayesian Nash Equilibrium (BNE) outcomes
of the voting games described across two informational settings. The value of A4 is

common knowledge among the voters in the informed-voter setting. All the voters have a

11



non-degenerate common prior over possible values of A4 in the uninformed-voter setting.

All the results listed in this chapter are borrowed from Taylor and Yildirim (2005)

3.2 Informed Voters

Denote the probability that a t voter casts a vote with ¢,. A symmetric BNE is a
pair (¢,,,) such that it is optimal for a t voter to vote with probability ¢, when all other

voters use this strategy. Note that voters compare the expected payoff from voting with
the payoff from abstaining, to find such an equilibrium; and for the equilibria in totally
mixed strategies these payoffs must be equal. Let the ex ante probability that an agent

votes for candidate A and B be denoted respectively by «,and «,, whence «a, = A,

and o, = (1-A4)¢,. The number of ways Kk, voters can vote for A, k, voters can vote for

n-1 1!
Band n—1-k, —k, can abstain is = (n=1)! :
K. kp.n=1-Kk, =k, ) k,!k,!(n—-1-k, —k,)!

Lemma 1: The net expected utility to a type t agent from voting can be written as

% P (a,,a,)—C where

k

n-1
Pt (ataat') = [i} n-1 atkat'k (1 _ at _ at')n—l—zk
= |k, k,n—=1-2k

n-2
+[22:} n-1 atkat'kﬂ (l—at _at')n—z—Zk =2c
~1\k,k+1,n—2-2k

12



for t=a, b, t #t', and [] is the usual operator that rounds a number to the lower integer
when necessary.

Proposition 1 (Neutrality): Suppose (¢,,9,) is a symmetric BNE in totally mixed
strategies; i.e., 0 < ¢, <1 fort=a,b.

(i) The ex ante probability that an agent votes for alternative A equals the ex ante
probability that he votes for B, i.e. Ap, =(1-21)g,.

(i)  Both  outcomes are equally likely in  equilibrium, i.e.

Pr{Awins| A} =Pr{B wins | 1} = %

Let o denote the ex ante probability that an agent votes for one of the two
candidates in a symmetric totally mixed-strategy BNE when one exists, so he casts a vote

with probability 2«a, which means « €(0,0.5] . Thus to find a mixed-strategy
equilibrium, we have to find a€(0,0.5] solving %P(a,n)—c=0 where

P(a,n) =PR(a,a).
Lemma 2: P(a,n) is strictly decreasing in « € (0,0.5].

An important implication of this result is that there is at most one solution to

%P(a,n)—c =0 . Furthermore there is a such solution if and only if %P(O, n)>c and

1 P(%, n)<c.Let a(c,n) denote the solution when it exists.

2

13



Proposition 2 (Characterization): There exists a unique symmetric mixed-strategy

BNE if and only if c(n) <c S% and a(c,n) <A <1-a(c,n) where

n-1 "
n-1 (—) if nis odd
—2 2
c(n) = N1 N
n [—j if nis even.
E 2

Lemma 3: (i) c(n) is decreasing and converges to zero as N — .

(if) a(c,n) is decreasing and converges to zero as N — .

Theorem 1 (Neutrality in Large Elections): For any voting cost ¢ € (0,0.5) and
any distribution of preferences A € (0,1), there exists a critical population size n such that

n>n implies the existence of a unique symmetric BNE (¢,,¢,). Moreover, in this

equilibrium A, = (1-A1)@, and Pr{Awins | 1} = Pr{B wins | A} = %

The disturbing results in Proposition 1 and Theorem 1 are a consequence of the
strategic voting behavior that arises as a result of agents having information about voter
preferences. When agents do not know the actual value of 4, the alternative favored by
the majority is more likely to win. This is demonstrated in the following setting, which

considers an uninformed voter where n is respectively finite and infinite.

14



3.3 Uninformed Voters

In this setting A is not common knowledge. Suppose that before learning their
types, the agents’ beliefs about A correspond to a non-degenerate common prior
distribution. Assume that the prior is symmetric and defined over a finite set of values,

0< 4, <4, <..<A4,(rz2). From the symmetry of the prior we have 4, =1-4 and

r+l-i

Pril=4}=Pr{1=1-4,} =6, €(0,]) for Vie{l,..,n}. Note that that & =6, for

Viedl,..,n} and ZHi =1. After learning their types, agents’ updated beliefs are

i=1
P(A=4|A)=204 and P(4 =4, |B)=260,(1-4,) for Vie{l...,n}. As in the
informed voter setting a symmetric BNE is a pair of voting probabilities (¢,,¢,), and

(p,,9,) 1s a symmetric BNE in totally mixed strategies if and only if it satisfies
1 1
EE[Pa(/lcoa,(l—/”t)(/)b) |A]-c=0 and EE[PD((I—ﬂ)%,Mﬂa) |B]-¢=0.

Proposition 3 (Non-Neutrality): Suppose (¢,,9,) is symmetric BNE in totally
mixed strategies.

() Both types of agents vote with the same probability ¢, = ¢, =¢.

(if) For n < o0, the candidate favored by the expected majority is more likely to win

the election, Pr{Awins|A} > %@ A> %

15



To characterize a symmetric BNE in totally mixed strategies in the uninformed

voter setting, recall that the agents vote with the same probability ¢. Given A, the
probability that an agent’s vote is pivotal is Ea(Q) |4,n)=P,(Ap,(1-1)p) if he is an A
voter and Py (| A,n)=P,(1-A)p,Ap) if he is a B voter. Under the symmetric prior,

each type of agent expects to be pivotal with probability Q(¢,n|6)=E[P,(¢|4,n)|t]

5]

2 — —

= 3'20T(p,n,2) for t=ab where T(p,n,2) =4 Pa(@| 4,n)+(1-4)Pa(p|1-4,n)
i=1

for 4, #0.5 and T(¢,n,0.5) = Ea((ﬂ |0.5,n)/2. Hence a symmetric BNE in totally mixed

strategies corresponds to a solution ¢@(n)e(0,1) which of the equation

%Q(gp,n|0)—C:0.

Proposition 4 (Characterization): There exists a unique symmetric BNE in totally

mixed strategies if and only if c(n) < ¢ < 0.5, where

n+1 n-1

c(n) = c(nN)2"E[A 2 (1-4) ? 1,if nis odd

n
c(n)2"E[(A1-A1))?] .if niseven.
Corollary 1: For any n, ¢(n) < ¢c(n), and hence limc(n)=0.
n—oo
This result indicates that if a symmetric BNE in totally mixed strategies obtains in
the informed setting, then an analogous BNE obtains in the uninformed-voter setting too.

Moreover, for n sufficiently large, existence and uniqueness of these equilibria are

assured.

16



Proposition 5 (Expected Turnout): Suppose there is a symmetric BNE in totally
mixed strategies in each of the two informational settings. Then the expected equilibrium
voter turnout is higher in the informed-voter setting than in the uninformed-voter setting,
ie. 2na(c,n) > ne(n).

Definition 1 (Mean-Preserving Spread): Let 6'=(6',,6',,..,6'.) and
0=(6,,0,,..,0,) be two symmetric distributions over {4,,4,,...,4,}. Distribution ' is

said to be a mean-preserving spread of & if there is some i, € {1,2,...,|_(r +1)/ ZJ} such

0. >0, ,ifi=1,..i,
that L
0.<6, ,ifi=i,+1,.,[(x+1)2].

Proposition 6 (Uncertainty): Let ' and € be two symmetric priors that
respectively induce the equilibrium voting probabilities ¢ and ¢ . If #'is a mean-
preserving spread of @, then ¢" < ¢ .

This result indicates that voters are less likely to vote when there is more
uncertainty about the distribution of voter preferences.

Theorem 2 (Welfare): Suppose a symmetric BNE in totally mixed strategies
obtains in either informational setting. Then, for any givenA, expected equilibrium
welfare is higher in the uninformed-voter setting than in the informed-voter setting.

This indicates that for a fixed n, expected welfare is higher when voters are
uninformed. In particular in the uninformed-voter setting, the candidate preferred by the

majority is more likely to win the election and expected voting costs are strictly less.

17



3.4 Large Elections

In this section the uninformed-voter setting is studied in the important case as the

number of agents tends to infinity.

Lemma 4: (i) ¢ (n) is decreasing.

(ii) lim " (n) = 0.

(i) !i_)rrolon(p*(n) <o,

For a given n and A, let X, and X, be the random variables representing the

equilibrium number of votes for candidates A and B, respectively.

Lemma 5: Let 11_1’)2 Ng (n)=m. Then, the limiting marginal distributions of X
and X, are independent Poisson distributions with respective means Am and (1-A4)m.

Lemma 6: Let X, and X, be two independent random variables that follow
Poisson distributions with respective means Am and (1 - A)m. Then:

Q) nlg?o Pr{X, = X, +k} =0 for any finite integer K;

(i) limPr{X, > X,} =1 ifand only if 1 >%.

Notice that T(¢ (n),n,A,)=Pr{X, = X, }+24 Pr{X, = X, +1}. Applying the

results of lemma 5 we get imT (" (n),n, 4,) = lim[Pr{X, = X, } +24, Pr{X, = X, +1}]

18



2k m2k+l

-”‘{Z(z (1-2))" T +2Z(,1 1= N —— RTCEE =J(m,A4). Thus, expected

L(r+)/2]
equilibrium voter turnout in the limit, m", is determined by z 6,J(m,A4,)-c=0.
i=0

Lemma 7: (i) For ¢ € (0,0.5) there exists a unique and finite expected equilibrium
voter turnout in the limit, m”.

(ii) m" is strictly decreasing in C.

(iii) For any M < oo there exists E(M) > 0 such that ¢ < E(M) implies m" > M .

Theorem 3 (Non-Neutrality in Large Elections): (i) If n — oo, then the candidate

favored by the majority is more likely to win the election, Pr{Awins| 1) > % S A> %

(if) If n — oo, then the probability that the alternative favored by the majority wins

is arbitrarily close to one when the cost of voting is sufficiently small:
lir%Pr{AWins ) =1 4> % :

Theorems 1,2 and 3 tell us that whether elections are large or small, a setting with
uninformed voters results in electoral outcomes possessing higher expected social
benefits and lower expected social costs. The difference between the two informational
regimes is most stark in the case of large elections in which the cost of voting is very

small.
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In this chapter we have reported some results from Taylor and Yildirim (2005) out
the behavior of the voters when they have some information or belief about the
distribution of political preferences. In the next chapter we will consider the behavior of
the candidates, when they have the power to influence some of the voters’ information
about the distribution of political preferences, where their influence is restricted in such a

fashion that a symmetric BNE in totally mixed-strategy obtains for all the voters.
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CHAPTER IV

MANIPULATION VIA INFORMATION IN LARGE ELECTIONS

4.1 The Manipulation Game of Two Candidates with Informed Voters

The model is almost the same as the one in section 3.2, except that the voters will
now learn A from the companies which predict the distribution of political preferences.
There are three different types of company: A, B and fair type. For ie {A,B}, i type
company supports candidate i, which allows candidate i to release wrong information via
such a company and manipulate voters’ information. None of the i voters trust the other
candidate’s company. Only a portion of the i voters will believe what the i type company

says. The ratio of voters who believe in the 1 company is denoted by n,. We refer to n, as

the trust ratio of candidate i. The remaining i voters believe in the fair type company’s

prediction. The only restriction on the manipulation is its cost, which is given by

C, :[0,]] > R for candidate ie {A,B}. C,(4) is to be interpreted as the cost of making
the voters who trust i to believe that A 1is the proportion of 1 voters in the society, while

the true value A for this proportion is given and fixed. We assume that this manipulation
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cost function is continuous, increases with the distance between the manipulated value
and A, and is zero when there is no manipulation, or in other words the manipulated
value is A.. When A manipulates 4, € (0,1) and B releases A, € (0,1), the profit function
of candidate i € {A, B} is given by:
7,61, 24, 2y) = P(i wins|(e.n.2,,4,) ~ ¢ (4) (1)

So the cost of manipulation is expressed in units of winning probability. The candidates
manipulate so as to maximize their profit functions. In order to find the probabilities of
winning for the candidates, we need to find the voting probabilities of all the voters after
the manipulations. To be able to use Proposition 1 for this purpose, we should guarantee
the existence of a symmetric BNE in totally mixed strategies in the voter’s game voters
for all the three predictions of political preferences. As a result of Proposition 2 the

existence of such a BNE is guaranteed when c¢(n)<c<0.5, and
A, A, A4 € (a(c,n),l —a(c,n)). We assume that C is in the interval [c(n),0.5] and the cost
functions satisfy c,(a(c,n))>1 and c,(1-a(c,n))>1 for ie{AB} to prevent the
manipulations outside the interval («(c,n),1—ea(c,n)). With these assumptions, using
Proposition 1, we observe that A voters who believe in the A type company vote with
probability «(c,n)/A,, B voters who believe in the B type company vote with
probability a(c,n)/(1-4,) , the remaining A voters vote with probability a(c,n)/ A and
the remaining B voters vote with probability a(c,n)/(1-A4). So

P(Avoter votes for candidate A)= n, @ +(1-n,)

a

a(c,n)
A
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P(B voter votes for candidate B)= n, Oll(c—’;) + (1-nb)_0‘1(c’:)
— A _

We denote the total number of people who cast a vote in the election —voter turnout- by k
and define

P(any voter votes for candidate A)

P(any voter votes for candidate B)

A P(Avoter votes for candidate A) n(A/4,)+1-n,

" 1- 1 P(BVvoter votes for candidate B) n,(1-A)/(1-4,)+1-n,

K(4,,4,) =

Lemma 8: The respective probabilities of A and B winning the election are given

by:
k=1
2 (k i
2 K(Aes2,) !
io\J , if k is odd
k (k -
> j K(4a54)""
P(Awins |(c,n,A,,4,)) = Q K k )
2 (k ) 2
Z('jK(/la,zb)k" o k| A)T
i\ J 7 2
,if K is even
k (k -
D1 K (A, ) !
=0\ J
kzz_l: kY 1Y
=\ j\ K(A,,4
\UNK (A 4) — if K is odd
Zk: k 1
. j=0 J K(ﬂ“asz’b)
P(Bwins | (c,n, A,,A,)) =1 (k=2 - k ©)
2 (k 1 1K 1)
SMikaw) 2 ke
iU N K4 4p) 2{ 5 NK(4as4)
= if kis even
ik
j=0 J K(ﬂ’a,ﬂ’b)
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where A, and /4, are values declared by companies A and B, respectively.

This lemma relates the probabilities of winning for the candidates to the probability
that a voter votes for candidate A and the probability that a voter votes for candidate B.
Notice that although the probability that a voter votes for candidate i € {A, B} depends on

n and c, the probability of winning for the candidates depends only on 4,4,,4, and K,

but not n and C.

Lemma 9: When the candidates A and B let 4,, 4, declared respectively,
K, 4,)=1= lgg P(Awins|(c,n,A,,4,)) :%

K(1,,4,)>1= lll?o P(Awins|(c,n,4,,4,)) =1

K(4,,4,) <1= &Ln; P(Bwins|(c,n,4,,4,)) =1

Lemma 9 tells us that when the voter turnout is large, there is sharp cut off in the
manipulation game. The probability of winning the election for any of the candidates can
be 0, 0.5 or 1, but nothing else is possible. From now on we will assume that the voter
turnout is large, i.e. K tends to co. Then, however, we have to show that this is possible
because voter turnout is endogenous.

Lemma 10: For any &£ >0, any M < oo, there exists ¢(M,&) >0, N(M,g)eR
such that for Vc <c(M,¢) and Vn> N(M,¢), P(voter turnout<M)<e¢.

To interpret this result suppose that the society is large, i.e. n can be taken as large
as we wish. Then for sufficiently small voting costs, the probability that the voter turnout

is higher than a certain value can be made arbitrarily close to 1, and as ¢ approaches to

24



zero the voter turnout goes to infinity with a probability which approaches to 1. As we
want to make calculations when k — oo, these calculations will be true only if ¢ goes to
zero. When k — oo, we conclude the following proposition.

Proposition 7: The manipulation game between two candidates does not have any
Nash equilibrium when kK — oo.

As there is no Nash equilibrium cooperation of the candidates in the manipulation
game is impossible. If you oblige the candidates to meet and decide on a procedure of
manipulation, at least one of them has the incentive to deviate from the designated

procedure as it is not the best that it can afford.

Now we will consider what happens when the candidates have some beliefs about
each others’ manipulations. We will use the probability distributions about each others’
manipulations as the belief structures. Furthermore, we assume that none of the
candidates knows what the other candidate thinks about his manipulation for the
consistency of belief structures. Depending on their prior belief, candidate A maximizes

his profit by letting declared, where A, solves:

max{r,(4,): A, €(0,])} = max{probability of Awins—c_(41,): 1, €(0,1)}
= max{P(K (1, 75) > D42 P(K (20, 20) = D=, (2) 1 4, € O}

and similarly candidate B solves the following problem:

max{r,(4,): 4, €(0,1)} = max{probability of Bwins—-c,(4,): 4, €(0,1)}
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:max{P(K(la,/lb)<1)+%P(K(ia,lb) =1)—c,(4,): 4, €(0,1)}

Now we have to figure out the changes in the magnitude of the function K, as the

winner of the election is determined by the magnitude of K at the manipulated values.

na/l—+1—na )
—A)n
K(4,,4y) = 1 2 >l 4, <1- d=An,
n, +1-n, n,—n, +—n,
1- b a
n37+1_na 1
n
K(1,,4,) = 2 <le 4, > 2
n, =4 +1-n, na—nb+ﬂnb
-4 -2,

Using these observations, and assuming that A believes that the manipulations of B

have a continuous distribution function f,, and B believes that the manipulations of A
have a continuous distribution function f,, the problem of the candidates can be stated in

the terms of cumulative distribution functions. Candidate A chooses A, € (0,4] which

maximizes:

7, (2) = Fy[ 1-— =AM

_Ca(ﬂa)
n,—-n,+—n,
a

and candidate B chooses 4, €[4,]) which maximizes:

7y (4,) =1-F, - —Cy(4,)
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Notice that there can be multiple solutions to these maximization problems. To
single out a unique solution, we assume that the candidates prefer the manipulation with
the least cost most among the expected profit maximizers. If K(A4,,4,) >1, the winner of

the election is candidate A; if K(A4,,4,) =1, each candidate can win the election with a

probability of 0.5, and otherwise candidate B wins the election. The following example
will clarify how these implications work.

Example 1: Let B believe that A’s manipulation is uniformly distributed on (0, 4],

and let A believe that B’s manipulation is uniformly distributed on [A,1). Moreover, let

A—X

,x €[0,1]

A

X—A '
,xe (4,1

1 (4,1]

the cost function be affine, namely, c,(X) =C,(X) =

Using the density and cost functions for maximizing 7, (4,),7,(4,), it turns out
that A manipulates A, which is an element of {0,4} UA™ and B manipulates A, which
is an element of {1,1} UA}" ,where AM is the set of all interior extreme points

A7 €(0,4), which satisfy:

07, (43)

el o f|1-
O nb—na+imn

a

1-2)n, (1-A)An,n, B
(AT (n, —=n)+An,)’

a

Ca(43)

An,n, 1
=" m 2 +_:0
A; (n,—n)+An,)” A4

and similarly A" is the set of all 4] € (4,1) which satisfy:

27



a7Z.b(2’?) — f j’na (l_ﬂ‘)ﬂ’nanb _C' (Zm)
A | _p e TA L [@=2)0, —n)+A=2n) T
a My +—— Ny
1- 47
1-4)n,n, 1

=0.

(=AM, =n) +(A=A)n,)* 1-2
Choosing expected profit maximizers from the given sets, we get the following results:
n,=n =>r,(4,)=0 for VA €[0,4], =x,(4)=0 for VA €[Al]=> 1, =4,

A, = A = A and B has equal probabilities for winning the election.

1,

(1= A)n,
Jn, +4n,

This result differs from those in previous researches. The probabilities of winning

n,>n, =4, = Ay = A= K(4,,4,) >1= A wins the election.

n,<n=4,=4, 4, =1- = K(4,,4,) <1= B wins the election.

the election for both of the candidates are equal in Campbell (1999), Goeree and Grosser
(2004), Taylor and Yildirim (2005). The power of a candidate’s manipulation is normally
expected to increase if his trust ratio increases. In this example as the cost function is
same for both of the players and all possible manipulations have a cost less than 1, the
analysis is not disturbed by cost functions. We conclude that the winner depends only on
the trust ratios. On the other hand if some disturbing results occur for different cost
functions, the underlying reason will be that the candidates do not know anything about
each others’ beliefs and so their guesses about each others profit maximizing

manipulation are not perfect.
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The analysis of the setup with belief can be improved. But we will not pursue such
an analysis any further and turn to exploring other possible equilibria of the manipulation
game. Until now we assumed that the candidates manipulate simultaneously. Now we
will consider what happens when they manipulate sequentially. We will assume that there
is a social organizer who has the power to oblige the candidates to manipulate in a given
order. One’s intuition tells that if the candidate who starts the game makes a small
manipulation, the other candidate will win the game with manipulation which is a bit
large, and thus the first manipulation turns out to be meaningless. If the first manipulator
increases the size of his manipulation, the other may match it accordingly. But they both
have a constraint on the feasible set of manipulations, since the cost of manipulation
should not be more than 1. Depending on their feasible sets the result of the game
changes. If the second mover can win against any feasible manipulation of the candidate
who moves first then, being rational, the first player should not make any manipulation,
and the second candidate would win with a small manipulation. Otherwise, the first
candidate has a feasible manipulation against which the second candidate has no feasible
manipulation that would yield him a positive profit. In that case by making that
manipulation, the first candidate wins the election. Now let us clarify the borders of these

possible results with a proposition. But before stating the proposition, we will denote the

manipulations which have unit cost with a” € (0,4) and b" e (4,]) respectively, i.e.

c,(@)=1and c,(b")=1.

29



Proposition 8: For sufficiently large k, the following results are satisfied for
ve<0.5.

() (A-a")n,(1-b")>( -A)n,a” = A always wins. If A manipulates first,

an,(1-b")
n,(1-b")+ (" - A)n,

,/1] is a Stackelberg equilibrium; and when B manipulates first
there is an ¢ -equilibrium. In this case, A wants to be second player to reduce the cost of
manipulation, which order also increases the social welfare by decreasing the voter

turnout.

() (A-a)Hn,(1-b")<(( -A)n,a" =B always wins. If B manipulates first,

a n,(A-a")+n,a’
"n,(A-a’)+n,a’

j is a Stackelberg equilibrium; and when A manipulates first there
is an ¢ -equilibrium. In this case, B wants to be second player to reduce the cost of
manipulation, which order also increases the social welfare by decreasing the voter

turnout.

(1) (A-a’)n,(1-b")=(b" - A)n,a” = No matter who manipulates first there is

an ¢ -equilibrium, but both of the candidates want to be the second player to win the
election.

This proposition shows that the effect of manipulation can be made as small as we
want but still positive by an appropriately sequencing the manipulations. The unit cost
manipulations are the only crucial values in determining the winner, where the particular

forms of the cost functions are not effective. The candidate, for whom the cost of

30



manipulation is less in the sense given above, wins the election; and he should
manipulate as the second for the benefit of both himself and the society. On the other
hand, there is a competition for second movement when none of the candidates is
superior to each other. The above proposition shows that in fact neither the candidates
nor the society like the manipulations, but the candidates have the incentive to manipulate

in order to guarantee their victory.

The results so far are under the assumption that the voters believe that they are well
informed about the composition of political preferences in the society. In the following
section, we consider what happens if the voters are not well informed about the

distributions of voter preferences.

4.2 The Manipulation Game of Two Candidates with Uninformed Voters

The model is the same as the one in section 3.2 except that the agents’ learn € from
the companies which predict the distribution of political preferences, where the
companies have three different types: A, B and fair type. For ie {A,B}, i type company
supports candidate i, which allows candidate i to release false information to his favor.
Similar to the previous section no voter believes the announcement of the other

candidate’s company and n, represents the trust ratio of candidate i. The remaining 1

voters believe in the fair type company’s prediction, &, which is the true value without
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manipulation. Manipulation again is restricted since it is costly. The cost is given by
Ci:A" > R* for candidate ie {A,B}. We assume that Ei(ﬁm)zl, Ei(é’):O, Ei(X)
increases with spreading X and Ei(X)=Ei(y) for Vx,y e A" resulting in the same

probability of voting for all types of agents. Here €, is the minimum symmetric spread,

so for odd values of r 8, = (0,...,0,1,0,...,0) with 1 in the ( rTH) th column, and for even

values of r. 6, = (0,...,0,%,%,0,...,0) with % in the (%) th and (Lzz) th columns.

When A chooses 8, € A" and B choosesd, € A", where 6,, =6

a(r+l-i)»

Oy = Opr1iy Tor
Vi € {L,...,n}, the profit function of candidate i € {A, B} is:

7;(6,,6,)=P(iwins | (6,,6,)) —Ci 6, (4)

The candidates manipulate so as to maximize their profits. We will find the
probability of winning for the candidates, by using the voting probabilities of the voters

after the manipulations. From proposition 3, we know that 47) € (0,1), the probability of

voting for the voters who believes in 0, solves

n-1

*n D [7} n-1 ! -1-2
P(@,gp,n):Q((p,nW):ZKkkn 1_2kj226’(1 ) Ao (1-p) k:|

k+1

S RN
n K41 —2k+1 —naok |
" Z: Kk kK+L,n-2- 2kj2129'(1"1|) Ao (I-9) }—20

when these voting probabilities constitute a symmetric BNE in totally mixed strategies.

To be able to use this result, we have to guarantee the existence of such equilibria in the
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game voters’ for all the three predictions of political preferences. As a result of

Proposition 4 this is guaranteed when c¢(n) < ¢ < 0.5. From the Corollary 1 of Proposition
4, we know that %1_{2 c(n) = 0. Thus when n tends to infinity, the existence conditions in
Proposition 4 are satisfied for Vc € (0,0.5), all possible sets of possible values of 4 and
all possible symmetric manipulations. Note that @ solves P*(é, &, n)=2c with
g_o = (p(c,n,é). Then the voters believing in 6, vote with probability ¢, = ¢(c,n,8,).
Similarly, voters believing in 6, vote with probability ¢, =¢(c,n,6,), and the
remaining agents vote with probability ¢ = ¢@(c,n,d). Thus a voter votes for candidate A
with probability A(p,n, +¢(1—-n,)), and for candidate B with probability
(1-A)(@,n, +@(1-n,)). Using these probabilities, we get that candidate A wins the

election with the following probability:

=~

k i
j K(®,,9,)
" , if k is odd
[JK(%,%)“
‘ K
k . 2
(JK(%,%)“ +[kJK((p""’%)
j=0 J 2 2

Zk:( JK(%,%

=0

M~ 204

x._
I
Lo

P(Awins|(6,,6,)) =

M-

,if k is even

P(any voter votes for candidate A)  A(p,n, +p(1-n,))
P(any voter votes for candidate B)  (1—A)(g,n, +@(1—n,))

where K(¢,,¢,) =

Using the same argument as in Lemma 9 we get
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K(@1, ) >1=> lim P(Awins| (6,.6,)) =1

K(,,p,) <1=> lim P(B wins| (6,,6,)) =1

K(9,0,) =1=> lim P(Awins | (6,,6,)) = lim P(B wins| (6,,6,)) =%

Let’s examine the function K(¢,,¢,) as it determines the effect of manipulation.

aK (¢a’¢b) ﬂ'na

= >0
09, (1=A)(@yn, +(1—n,))

8K(¢aa¢b) _ ﬂ’(wana +§0(1_ na))nb

op, (1=A)(@pn, + (1 -1y ))2

The above calculations show us that A wants to increase ¢, , and similarly B wants
to increase ¢, to win the election. Proposition 6 tells us that both of the candidates will

have the aim of minimizing the symmetric spread of & when manipulation is profitable
for them. As in the previous section, we will assume that the voter turnout is large. Again
we have to show that this is possible, since the voter turnout is endogenous.

Lemma 11: When n — «, for any &£ >0, any M <oo, there exists ¢c(M,&) >0
such that for Vc <c(M,¢), P(voter turnout<M)<¢.

We can interpret this lemma such that k — co when ¢ — 0. Noticing this fact, from

now on we will assume that ktends to oo. For simplicity in the calculations we will

denote the manipulation A whose costis 1 by ¢, , the manipulation by B whose cost is 1
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by ¢, and the cost functions with ¢, :[0,1] = R* where ¢, (X) :Ei(y) for Vy such that

X =¢@(c,y) for i e {a,b}.

(p(l—ﬁ)—(l—na)l x A—=(1-ny)(1-4)

Proposition 9: If ¢, < or <
p (oa in (ob (l_/l)nb

, then

a

(¢.,9,) = (@, 9) is a Nash equilibrium. Otherwise there is no Nash equilibrium.

This proposition tells us that cooperation is impossible unless one of the candidates
wins the election even without making any manipulation, whatever manipulation is
undertaken by the other candidate with a cost less than 1. Similar to the informed setup,
the candidates do not have any idea about each other, and we can improve our setup by
assuming that each candidate has a prior belief about the probability distribution of the
other candidate’s manipulation. We assume that that they do not know what the other
candidate believes about them to make their beliefs consistent. Otherwise, if the
candidates know each others’ beliefs, then they will exactly know what the other will
play. But then they will also know that the other knows what he will play for sure,in
which case at least for one of them deviating from his strategy would be profitable which
will also contradict that he played his profit maximizing strategy. Assuming that voter

turnout is large, A chooses A, which results in the voting probability ¢, that solves:

P(K(@a,9,)=1)
2

Max{7z, (9,) : Pa } :maX{P(K(¢a9¢b) >1)+ —Ca(9.): %},

and similarly B chooses 4, which results in the voting probability ¢, that solves:

P(K(@a,9,) =1)
2

max{7z, (@) : @y} = maX{P(K(¢a9¢b) <)+ _Cb(¢b):¢b}
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We now turn to examining the magnitude of the function K as it determines the
winning probabilities of the candidates.

K(ppy) =@M tOU0D) ) APl T (A=) = (1= A)A=1,))

(1= A)(@,n, +o(1-1,)) (1-A)n,

(1-Ae,n, +(1-A)(1A-ny)-4d-n,))
An

K(¢a7(ob) <1<:> ¢a <

a
Assuming candidate A’s belief about candidate B’s manipulations has a continuous

distribution function f,, and candidate B’s belief has a continuous distribution function

f

.» and using the above observation, the candidates’ problem becomes the following:

Candidate A chooses the manipulation which causes the voters believing him to vote with

the probability ¢, €[, @, ] that maximizes:

ApaN, + p(A0-n,) -1 -A){A-n,))
A=,

ﬂa(¢a):Fb( J_Ca((oa) B

and candidate B chooses the appropriate manipulation which causes a corresponding

voting probability ¢, €[, ¢, ] that maximizes:

(1-Deyn, + p((1-A)1-n,)-A(1-n,))
An

ﬂ-b((ob):Fa( J_Cb(§0b)~

a
Notice that there may be multiple solutions to these maximization problems. The

candidates prefer the manipulation with the smallest cost in these cases. Let us denote the

solution to this problem by (¢, @, ). Then, A wins the election if K(¢.',@,')>1; when
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K(p,,¢, ) =1 each candidate can win with equal probability and B wins the election
when K(p,',¢, ) <1. The following example will clarify how these implications work:
Example 2: Let B believe that A’s manipulation is uniformly distributed on
[go,&a], and let A believe that B’s manipulation is uniformly distributed on [(p,g_ob],
where the maximum reasonable manipulations are

9, =inf({p.} Uip, €[0.0.]: K(@..0,) > 1for Vo, e[p,01}) and

@, =inf({p,} Uip, €[o,0r]: K(@,.0,) > 1for Vo, e[p,p.1}). The cost functions are

affine, such that c, (X)= X*_ P Wherex e (0,9, ] and ¢, (X)= X*—_(p where
O, —@ Oy —
X €[@,p,]. Define K = ApaNa +p(1-1,)) and D= goi ¢ _ ( )My where

(1= )N, + p(1-1y)) ’ Py =@ An,

K" is the value of function K when both of the candidates resort to manipulations with
unit cost, or in other words the most costly manipulations possible. We know that the
profit functions are maximized either by interior solutions where the derivative with
respect to the voting probability is zero or by values on the boundary. Using this

information with the given density and cost functions we get the following results:

K'=1= ¢,=¢, ¢o,=0= K((pa,gob):%:if A >% A wins the election, if
A= % , A and B have equal probability of winning; and if 4 < % , B wins the election,;

K'<landD>0= ¢, =¢, ¢, =¢ = K((pa,gob)zﬁ = same results with K™ =1
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. n, Al-n,)—(1-A)1-n,)
v, 7 (-,

K'<land D<0= ¢, =0, ¢, =@, =
= K(@,,9,) <1= B wins the election

K'>land D<0= ¢, =0, ¢, =0 = K((pa,(pb)=£:> same results with K™ =1

K'>1and D>0= ¢, =p, = (1:1/1)% +(p(l—ﬂu)(l—r/l;)—/”t(l—na) |
n n

a a

¢, =0

= K(¢,,9,) >1= A wins the election

After observing the results of the example above, we change our model in the same
manner as we have done in the informed voters setting, and oblige the candidates to
manipulate sequentially one after other. The results are similar, but the main difference is
that in the present setup the candidates take care of the voting probabilities obtained after
the manipulations, as the function K depends on the voting probabilities, not the

manipulated ratios of A voters in the society.

5 o= =02

Proposition 10: Assume that ®, P and
na
. A=(1=ny)1-2)
Py ZQ : .
A=,
m K'>I=A always wins. If A manipulates first

[ vnd-2) (d-n)A-A)-(1-n)HA
(¢a,¢b)—[¢b ) +o >

a

,(pj is a Stackelberg equilibrium,
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and if B manipulates first there exists an ¢ -equilibrium. A wants to be the second player

to reduce the cost of manipulation, which also increases the social welfare.

() K'<1=B always wins. If B manipulates first
nA I-n)A-(1-n)(1-2
(.. 0,)=| @, Pa’ls +(p( A 17N )= is a Stackelberg equilibrium. If A
n,(1-1) n,(1-1)

manipulates first there exists an ¢ -equilibrium. B wants to be the second player to reduce
the cost of manipulation, which also increases the social welfare.

(I11) K" =1= there exists an & -equilibrium no matter who manipulates first. Both
of the candidates want to be the second player to win the election.

The voting probabilities, caused by unit cost manipulations, determine the winner of
the elections similar to the informed case. The shape of the cost function just affects the
cost of manipulations for the candidates, and not the winner. Neither the candidates nor
the society like manipulation, but the candidates have an incentive to deviate a bit for
winning, and when the candidate who has the power to win the election manipulates first,
he has to choose his maximal reasonable value to guarantee a victory. Thus, for
decreasing the effect of manipulations a social organizer should oblige an appropriate
order of manipulation. As a result of this proposition, the results of example 2 turn out to
be disturbing too. When A is the stronger candidate, so that K™ >1, B can win the game.
Similarly when B is the stronger candidate, A can win the game. These cases occur
because the candidates’ guesses about each other are very bad in extreme cases where the

boundary values are manipulated.

39



So far we have assumed that the society is ignorant of the candidates’
manipulations. In the next section we examine whether the society can prevent the effects
of the manipulations when they have more information, where the candidates are

unaware of this knowledge of the society.

4.3 The Properties of a Society Which Can Prevent the Manipulation

4.3.1 - Informed Voters

Suppose that there are three different regions each containing one of the three types
of companies. In the region where the t type company is located, the portion of the t
voters who live in that region is given by n, for t € {a,b}, and in the region where fair
type company is located the remaining voters live. For t € {a,b}, we assume that the t
type company can manipulate only all people in its region. Moreover, people living in
same region as the fair type company know the manipulations as well as n, and n,,
exactly as the fair type company reveals this information in its region. But the candidates
are assumed to be unaware of this fact. We assume that the necessary conditions for the
existence of a symmetric Bayesian Nash Equilibrium in totally mixed strategies are

satisfied and {n,,n,} < (0,1). As a result of the unawareness of the candidates, the voters

living in the same region with the fair type company may prevent the effects of
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manipulations if the manipulations are small in the sense stated in the following

proposition.
. . : : . A
Proposition 11: The society can prevent the manipulation (4,,4,)) if n, < 73 and

1-4,
-2

n, <

Using this proposition in Example 1, we can calculate that the society can prevent

manipulation in the following cases:

1,

n,>n, = A4, = A, =A are chosen by the candidates, so when

Jne +4n,

noo M
REREON

inequality is always satisfied and the first one is satisfied only when n_, +,/n,n, <1.

and n, <1 the society can prevent the manipulations. The second

1-2)4n
n,<n =4, =4, 4 :1—% are chosen by the candidates. When n, <1 and
n, +4/Ny,

N

satisfied, the second is satisfied only when n, +,/n,n, <1.

the society can prevent manipulation. The first inequality is always

As a result of this simple example we can say that when the trust ratios of the

candidates are less than half, i.e. n, <0.5 and n, < 0.5, manipulation can be prevented.
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Corollary 2: When n, < n

a(c,n .
b Sl(—’) the society can prevent all

manipulations which have a cost less than 1.

Corollary 3: It is always possible to manipulate in large societies, as long as all the
manipulations on the (0,1) interval have a cost less than one.

Corollary 3 shows us that large societies are more manipulable. But we shall not
forget that the cost of manipulation increases with the size of the society, and the
candidates think that the society is ignorant about their manipulations. Thus, it is still
possible that large societies may prevent manipulation as well. Now we will consider the
uninformed-voters setting and see what the society’s power is in preventing manipulation

when the society is ignorant about the distribution of the political preferences.
4.3.2 - Uninformed Voters

Let {n,,n,} = (0,1), and assume that the voters who are not manipulated, know
exactly what portions of A and B voters are manipulated. In other words, they know n,
and n,. The candidates are unaware of the voters’ knowledge, and this unawareness is

used by the voters to prevent manipulation. The underlying scenario is the same as in the
informed-voters setting. First of all let us define the:

@,.., . The minimal value of the voting probability of a person that can be reached

by candidates’ manipulation
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@, - The maximum value of the voting probability of a person that can be reached

by the candidates’ manipulation

We know that P (8, ... ,n)=2C and P (&

min ° ¢max H

n)=2c, where @ is the

X

maximum symmetric spread of the prior, € is the minimum

max min

= (1,0,...,0,1), and 0@
2 2

symmetric prior, 8_. =6 . These two equations give us the values of ¢_. and ¢_, .
The following proposition clarifies the manipulations that can be prevented by the society
by using mixed strategies, and the corollaries show necessary conditions for preventing
all possible effects of manipulations about the winner of the election.

Proposition 12: The society can prevent the manipulation (6,,6,) when

n, < min{i,l_—(p} and n, <min{£,l_—(p} where @, = ¢(C,n,6,), ¢, =¢(C,Nn,b,)
P 1=, P -0,

and ¢ = ¢(c,n,0).

Corollary 4: The society can prevent all possible manipulations when

n, < m{il_fo} and n, < m{ii}
(Dmax 1 - ¢min ¢max 1 - ¢min

Corollary 5: It is always possible to manipulate large societies when ¢ —@ #0.

Corollary 5 shows us that in large societies, so long as there is a positive probability
of changing the voting probabilities of some voters, the aware voters can prevent only
some of the manipulations but not all of them. As a result of this, if the candidates
become aware of the voters’ knowledge, they can affect the results of the elections.
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CHAPTER V

CONCLUSION

In this study we presented a simple model where voters have probabilistic
preferences over two candidates, and examined the behavior of candidates regarding the
impact of their manipulations of the distribution of political preferences on equilibrium
voting behavior, winner of the election and social welfare. Our results, for two different
settings-informed and uninformed voters- demonstrate that both the candidates and the
society suffer from manipulations. In order to mitigate the negative effects of
manipulation in equilibrium, a social organizer has to have sufficient information about
the candidates’ cost functions and set the rules for the manipulation game accordingly.
Moreover, when the voters who are not manipulated know the manipulated values
together with the number of manipulated people, the society can prevent the effects of
certain manipulations on the winner of the election. Our results are derived under the
assumption that voters’ benefits are correctly measured by the chance of being pivotal,
and the parameters satisfy the necessary conditions for the existence of symmetric

Bayesian Nash Equilibrium in mixed strategies.

44



Further studies can examine the effects of the repetition of the manipulation game
to explain why many countries ban making statements about the distribution of voters’
preferences before the elections. The effects of combined manipulations which have been
studied separately in the literature so far naturally deserve further consideration. Such
studies may also lead to more profitable manipulations on the part of candidates. But the
most valuable contributions of these studies would be to design institutions that prevent
losses in social welfare due to manipulations, possibly by revealing true information
about the composition of the society along with the possible manipulations this

composition results in.
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APPENDIX

Proof of Lemma 8: Let’s say that A voters who believe A, vote with probability
@, , the remaining A voters vote with probability ¢,,, B voters who believe 4, vote
with probability ¢,,, the remaining B voters vote with probability ¢,, . Using Proposition

1 we have:

ﬂ”a(”al = Ot(C, n) ’ ﬂv(Daz = a(C, n) 5 (1 - ﬂ’b )(Dbl = a(C, n) 5 (1 - ﬂ’)(obz = a(ca n)

_a(c,n) _ a(c,n) _ a(c,n) _a(c,n)

¢a1 - ﬂ s §0a2 ﬂ H ¢b1 1_ﬂb s (Dbz l—ﬂ,

a

An
= P(any voter votes for A) =P, (c,n,4,) = An,@,, + A(1-n,)e,, :( p &+1- na]a(c, n)

= P(any voter votes for B) =P, (c,n,4,) =(1-A)n ¢, + 1-A)(1-n,)e,,

a(c,n)

=(1-2A)n, -1

+(-n,)a(c,n)

Using these equations we can find the probability of A winning the election. Let’s

denote the total number of agents who vote in the election by k.
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k k-] j
P.(c,n,4,)" ' PR,(c,n,4,)

7?
I o
(=]

) if kK isodd, and otherwise

P(Awins|(c,n,4,,4,)) =

Mx

]
k]P (c,n, A1) P (c,n,A,)]
J a >t Ma b ERRE R )

|
2

k—

—_
Il
(=]

S}

{0el

Il
(=]

(k.jpa(c,n TR ey {}P(cnﬂ)zP(cnl)z
i\ J b 2

P(Awins | (c,n,A,,4,)) = ”
Z( jp (c,n,2,) 'R, (c,n,4,)’

=0

Dividing both the nominator and denominator by (P, (c,n, 4, ))*, we get the desired result
for P(Awins|(c,n,A,,4,)). On the other hand, as

P(Bwins|(4,,4))=1-P(Awins|(4,,4,)), just by dividing the numerator and the

denominator by K(4,,4, )¢, we get equation (3).

Proof of Lemma 9: We will prove this fact in two parts, K is odd and K is even.

First let’s assume that k is odd. Then K(4,,4,)=1=

303

. . 1
hmP(AWlnsy(c n, a,/1)):1 Zk:(kj &Lr?o k; k k :%152 71 k =E
- | : 2
o ,Zom (k—J ,Z;‘U
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Now assume that

X
Il
-]
—
=
_

K(4,,4,)>1. Let’s fix reN and define X, =

= =
J:k221 :k22
k-1
c K g
kzz“r k=Dl (AasAy) (k+1+2rj!(k—1j!
X - = 2 2
' % ( " j K+1+2r) (k-1Y
Z 7( (ﬂ’a:ﬂ“ )k J+K(iaal) ) 2 . 2 '
. 22 (k=D

k-1 k+1+2r k-1

H HI K(A,,24)"]

r=1 i=k—j+1 I=j+l

=
D
s

k-1 k+1+2r k-1
2

ST K 2 + K (2 2)")

L K=2r-1 i=k— e 1=

k-1 k+1+2r k-1
2 2 i <2 i
o 17 K, 4,)"
jk;ir“ }_[ A'H/ b
- k-1 K+1+2r k-1 (I)
ST Tl (KGe 20 + K 2)1)
-:k—2f—1 i=k— lél +1% ° e

x

-1

ZK(%J )
. k=2r-1
= 2

= lim X, =lim 5

k—o0 k—0 i

S (K (A7) + K(2ga )

j7k—2r—1
2
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r
d b

K—
_ & [k _ _
K(Z’aaz’b)k_J and lej = z (J-)(K(Z’aaib)k_] +K(2’a72’b)1)
1

where



=

-1
k-2r-1

2

k-j-

K(4,,4,)
r-1

|

k—

)

=

2

T_l k7].7k—2r—1 j7k—2r—1
> | KA 4y) 2 1 KA, 4)
-1

2r+l . Kﬂ,,/l r+1_1

> K(Aas )’ K”a’”“b)m[ o, J
K(4,,4,)—1 :K(/ia,/ib) -K(4,,4,) ()

K(A,,4,)"" -1

. j=r+l

=lim =
oo 2141 ) 2142
Y K (4] “4) -l

K(Ag2y) =1

Y! —1- k :
Let’s define YJ-:—J for Vj<¥ where Yj”:(jJK(/la,/lb)k_’ and

]

<

As we’ve

Yy =[§j(+<<ﬂa,ﬂb>“ FK (A 2)).

. - k2]
-J — 2K(ﬂ’a,ﬂ’b) k_lzr.lK(ﬂ;aaﬂ’b)<0:>
aj (K(ﬂ‘aaz‘b) : +1)

— K(ﬂ“a’/lb)kizj > I<(/7’a’ﬂ'b)2rJr1 (III)
UKL 1 KA, A4+ ’

129 By using equation (111), we get

Notice that P(Awins|(c,n,4,,4,)) = ———5—
2
j=

XP+ Y

j=0

2r+1
P(Awins |(c,n,A,,4,)) > min{ X, K(la,lbz)l
K(Zas4)™ " +1

Letting k — oo and using (I1)
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2r+2 r+l 2r+1
lim P(Awinsy(c,n,za,zb))zmin{K”a’;‘b) K(Zas4)™ K(Zgs4) } o

K(A,,4,)"" —1 TK(A,,A,)7 " +1

Vre N and when r — o

K 2r+2 K r+l1 K 2r+l1
i KU 2 ™ KO 2™ KO 2™
r—eo K(A,,4,)" " —1 oo K(4,,4,)" " +1

= &im P(Awins|(c,n,4,,4))=>21= lim P(Awins|(c,n,4,,4,)) =1

K(4,,4,) <1= _ >1 and using the above calculations in equation (3) we get

K4, 4)

&im P(Bwins|(c,n,A,,4,))=1= &im P(Awins|(c,n,4,,4,))=0.

a’

To complete the proof, let’s assume that k is even. Then K(A,,4,)=1=

4| O

lim P(Awins | (¢,n, 4,,4,)) = lim <k =lim )
2 (< V)oK
i\ it k—]j gEs
io\\J —J 2

Now we can consider the case, where K(4,,4,) >1. Let’s fix r e N and define X, =

k—

i8]

4|

k
k _ k 2
where X = (ij(/lan)k_J .{EJ%’ and
2

=~
o

2

r

i
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k-2
k-2 k k
x¢=| Y [B](K(za,%)k‘uKua,ﬂb)") +[E}K(ia,ﬂb)2~
j:k—22r J 2
K2 K 5
2 B K(4,,4,)?
l ,ﬂ, k—j k 3713
.Zr(k J)'J' o) {J 2 k+2rj!(j!
. 2
F e 210
. ‘ =
demﬁ(%%)+“%%” 2K%A> 2
k=2 k+2r  k k+2r K
5 2 2 K(4,,4,)?
| K (A ,ﬂ, k—j + _“\a>*hJ
NI RSN
~ == Y
= k-2 k+2r k+2r
k

| (K(A4,,4,) T +K(1,,2,)") |+ HIK(/I )2

K
ﬁ
I_k+2
2

2
k-2 k+2r k+2r k
H 2
i K4, 4)

k
2 . 2
HiK(ﬂ”a’ﬂ’b) : +HV )
2
k+2r
k

= lim X, =lim
k=2

2 2 i
._kz—Zr i=!—J[+1 % |=j+1% i:%
[T, K(i):

(K(Z> ) T+ K(4,,4) ") |+
. k+2

k-2
& KA, A)2
K(AysAy) ! [+ =722
_kz( ») 2
==
k

k—o0 k—>o0

2. . .
;z(K(za,zb)k-l +K(A,,4,)) |+ K(A,,4,)?
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k
K(4,, %) (2K(za,ﬂb)f“ - K(ﬂa,m—lj
, K(A,,4,)—1 2K (A, 4,)™ —K(4,,4,)—1
:111’1’1 k-2r b2r+1 = ( b)r+l ( b) -r (V)
K00 KO 2 K(A,,4,)>"" ~1 2K(A,,4,)" —2K(4,,4,)
o K(A4,,24,)—1

As Y, decreases in ], for each J satisfying | < , we get the following inequality:

KA, 4,) ! . K(4as4)"

= : VI
YK, 4,) T +1 K(/Ia,/lb)z'+1( )
k—2-2r
2
XM+ Y"
. ' JZ;‘ . . K(/laﬂ/lb)zr
From (VI), P(Awins|(c,n,4,,4,)) = —————— 2 min —. X,
: K(4,,4,)" +1
XP+ Y]
j=0

Letting k — oo and using (V)

r+l_ _ 2r
limP(Awins|(c,n,/la,/lb))Zmin{ZK(ﬂa’ﬂb) K(Zas 2o) =1 K(4as %) } .

2K (A, A) ™ =2K(4,, )" K (A, 4,) " +1

Vre N, and when r — o

r+1 _ 2r
lmZK(ﬂ’aaﬂ’b) K(ﬂ’a,ﬂ’b) 1 =11m K(ﬂ’a,ﬂ’b) —
2 2K (A,,4,)" = 2K (A,,4,) " = K(A4,,4)F +1

= lim P(Awins|(c,n,4,,4,))=>21= &im P(Awins|(c,n,4,,4,)) =1

K(4,,4)<1= _ >1 and with similar calculations as in equation (3) we get

K(ﬂ“avﬂ’b)
Eim P(Bwins|(c,n,4,,4,))=1= &im P(Awins|(c,n,4,,4,)) =0 which completes the

proof.
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Proof of Lemma 10:

P(avoter votes for candidate A)=a(c,n)(n,(4/4,)+1-n,)

P(avoter votes for candidate B)= «a(c,n)(n,(1-4)/(1-4,))+1-n,)

a b

= P(avoter votes) = p, = a(c,n)(2+ n, ﬂ;ﬂa +n, /11*’ _jj e[2a(c,n).1]

We know that a(c,n) solves the following equation:

n=l n-2
{Zz“J aZk (1 2a)n -1-2k + ZZ: n _1 2|(+1 (1 _2a)n—2—2k — 2C
k,k,n—1-2k K,k +1,n—2-2k

k=0

n-1 n-1
Using the observation > in the above equation,
a,bn-1-a-b a+b,n-1-a-b

RS n-1 K _1—k
we get (1-a(c,n))"" = Z(k Ja(c, n)*“(1-2ea(c,n)""™* < 2¢c.

o k,n—-1-k
Claim: For VK e®R", 3c, e R",N, eX" such that for vn>N,, Vc<c,

a(c,n)n> K.
1 . s .
Proof: Take ¢, = Ze*K*I. Assume there exists no N, € X" satisfying the desired

conditions. Then there exists a sequence {n;},, such that z, = a(c,n;)n, < K. Then
{z;};., is a bounded sequence in the closed set [0,K]. So there exists a convergent

subsequence. Without loss of generality treat the sequence itself as a convergent

sequence. Then limz, = A< K. Make a new sequence {f;};., such that g, =«a(c,n;) if

I—>0

ie{n}r,, and B =A/i otherwise. Then limig = A= lim(1- /)" =exp(-limig,)
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=e*>e™.So IN eN" such that (1-5)' >(™ +e™*")/2 for Vi>N. Then for
Vnei{n}, and n=N, B =a(c,n) and so (1-a(c,,n))" > (e +e ")/2. This

contradicts that (1-a(c,,7))” <(1-a(c,,n))"" <2c, =e /2. So our claim is true.

As ¢ >0, there exists £ € X" such that ¢ >1//. For K=/M, 3¢, e R",N, e X"
such that for Vvn> N,, Vc<c, we have a(c,n)n> K. Notice also that n> K. We

have np, >2a(c,n)n>2K, and for i<K we know ip, <K = (n-i)p, >K and

n i n—i

[ijp”(l_p”) _G+0-p,)
(- n J |+1( . pv)n_i—l (n_l)pv
1+1

i+)1-p,)<K. So <1 for i<K. So

n ; )
(_Jpv'(l—pv)”"' is an increasing function of i as long as i<K
|

= 1= iUpv(l—pv ZUpv(l—pv >Z_Upv(1—pv)

=0

M -1 n X .
= P(voter turnout <M) = Z(.jpvl(l— p)"" <l/¢<g for Vc<c, and Vn>N,.
|

i=0

So take ¢(M,¢)=c, and N(M,&)=N,.

Proof of Proposition 7: Let’s assume that this game has a Nash equilibrium,

(Aas4y) -
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K(4,,4,) <1= B wins the game, so A manipulates A4, =4 to maximize
r,(C,n,A,,A) by definition of Nash equilibrium. Then

ﬂb+/1>/1. If B had chosen ﬁb;/ﬁt ,

KA, A4)<1=> A4, >A=> 4, >

K(4,,2 1, and o (4)>c, (P2t

) because

b

. s . . . . A+ A
¢, (X) increases with increasing X € (1,1).Thus B increases his profit by playing — S

A
strictly dominates A, which contradicts that (4,,4,) is a Nash equilibrium.

K(4,,4,) >1= A wins the game, so B chooses A, =1 to maximize his profit.

)
Then we have K(A,4)>1= A, <A= A, < 2"

A) > 1=

P(Awins | (c,n,—2—— & > T4 ,A4))=1. On the other hand as c,(4,)>cC, (

) playing

A+ . . . . . e
32 strictly dominates A, which contradicts that (4,,4,) is a Nash equilibrium.

K(1,,4,)=1= P(Awins|(c,n,1,,4,)) = P(Bwins|(c,n,4,,4,)) = %
Candidates guarantee that z,(c,n,4,,4,)=0 and =, (c,n,A,,4,) =0 as they have the

chance of not manipulating, and (A4,,4,) is a Nash equilibrium. Thus, c,(4,) S% and
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1 ) . ) .
C,(4,) < 5 As c,(x) is a continuous function there exists X such that 0 < X< A, and

0.6+c,(4
+(a) >C,(X)>c,(4,). As K is a decreasing function in its first variable we have

K(x,4,)>1 = P(Awins|(c,n,x,4,))=1 = ﬂa(C,n,x,}Lb)>1_0'6+§a(’1a)

A
=0.7- M > %— C,(4,). Thus (x,4,) strictly dominates (A,,4,) which contradicts

that (4,,4,) is Nash equilibrium. Thus there isn’t any Nash equilibrium of this game.

Proof of Proposition 8: Let A start the game and choose A,, and as a best response

B choose 4, . First of all let’s analyze how K changes with respect to its variables.

1 1
—-(1-An,———| An,—+(1—=n
K (s ) _ ( )b(l—/ib)z( * 2, ( "")L
O, ) 2 -
1-A)n +(1—n
( )bl_lb (1-ny,)
_/’ina%
aK(ﬂ“aaﬂ“b)_ ﬂ“a <0
o B 1 -
a (l—ﬂ)nbl_ﬂ +(1-n,)

b

A wants to make K(A4,,4,)>1and B wants to make K(4,,4,) <1, so A decreases
A, >a" till K(4,,4,)>1 and if this isn’t possible he doesn’t manipulate. Similarly B
increases A, <b” till K(4,,4,)<1 and if this isn’t possible he doesn’t manipulate. So

the critical value of the function K is:
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a(c,n)

An, —+({-nyea(c,n)
K'=K(@',b") = 2(c.n)
(1-A)n, 1—;:)* +(1-ny)a(c,n)

(K =1 (A-a)n,(1-b")=(b" -A)n,a" = whatever A ¢ {1,i'} the first
player i € {a,b} chooses the second player | has the ability of making K(4;,4;)>1 and
K(4,4;) <1 by choosing appropriate A; # j* so that j wins the election. So choosing
A, & {A,i’} causes only a positive cost to i, so i doesn’t choose A, ¢ {i,i*}. If 1, =4
then for Ve >0 there exists Xe(j,A) such that P(jwins|(c,n,4,x))=1 and

C;(X) <& so that ;(c,n,A,X) >1—¢ since C;(X) is a continuous function of X. On the
other hand if i choosesA =i", then the best response of j isA, which makes
m(c,n,i’,A)=x,(c,n,i",A)=0.Butif i chooses =4, thenan &—best best response
of j will be close tod, which makes 7;(c,n,4,4;)=0,7;(c,n,4,4;)=1. Thus 4

dominates i, and so i doesn’t choose i". As a result i doesn’t manipulate. On the other

hand the maximum possible value of the profit is 1 and j can achieve a profit arbitrarily

close to this value. So there is an & -equilibrium.

()K" >l (A-a)n,(1-b)>((b -A)n,a = If A is the second player

whatever 4, €[A,b"] B chooses, Ja, € (@",1) such that K(a,,4,) =1. So A guarantees
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r,(c,n A, A4) 2, (c,na.,l,)= % -C,(a,) and for Vee(0,0.5) there exists

ae(@’,a) such that c,(@)<c,(a.)+e, and a<a = K@A4)>1=

r,(c,na,A)=1-c,(a)>1-c,(a.)—& = 7, (c,n,a,4,) > r,(c,n,a., 4, ). On the other
hand 7,(c,n,a,4,)=1-c,(a) >0, so winning the election is better for A than a tie in
election or loosing the election. Knowing this fact chooses A, =4 to minimize his
manipulation cost and thus to maximize his profit. Then for Ve >0 there exists
a, e(@,A) such that c,(a,)<e, and
a, <A =>K(,,A)>1=r,(,n,a,,4)=1-c,(a,) >1-¢, where the maximal value of

7, 1s 1. Thus we have an & -equilibrium.

Let A be the first player. Now Ja. € (a’,1) such that K(a.,b")=1. So when A

chooses A, €(a.,A], 3b. €[4,b") such that K(1,,b.)=1. So B guarantees a profit of
7, (c,n,A,,0b) = % —c,(b.) and Vee(0,0.5) there exists b e(b.,b’) such that

Cy (b)< Cc,(b.)+e, and as K decreases in its second  variable
b>b, = K(,b)<1=r,(c,nA,,b)=1-¢c,(b)>1-¢c,(b.)-&>r,(c,nA,b) . B
guarantees a positive profit as 7z, (C, n,/la,E) =1-c, (b) > 0. So winning the election is

better for B than a tie in election or loosing the election. As a result, if A chooses

A, €(a.,1), then 7, <0. If A manipulates A, =a., then by choosing 4, =b", B can
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make K(a.,4,)=1 and so ﬂb(C,n,a*,ﬁb)=%—Cb(b*)=—%, or by choosing

A, € [l,b*) , mp(c,n,a.,4,) =-C,(4,), and as is easily seen the best response of B is to
choose A, =A4. Thus ~,(c,n,a.,A)=1-c,(a.). If A chooses A, <a., then for
V1, €[4,b"] K(4,,4,)>1, so B doesn’t manipulate. Thus 7z,(c,n,A,,A)=1-C,(4,).
From all the possible strategies it is seen that choosing A, = a, maximizes the profit of

A. Now let’s determine the exact value of a.. K(a,b")=1

n, (1-b") :[ an,(1-b")

a, = ) - ; - A is a  Stackelberg
n,d-b )+®b —A)n, n,d-b)+®b —A)n,

equilibrium.

(iK' <le (A-a)n,d-b)<(® -A)n,a"= If B is the second player

whatever 1, e[a’,4] A chooses, there exists b, € (1,b") such that K(4,,b.)=1. So B
guarantees 7, (C,Nn,A,,b.)= % —c,(b.). For Ve e(0,0.5) there exists b e (b.,b")such

that c, (b) < C,(b.) + ¢, and as K decreases with respect to its second variable is negative,
b <b, = K(4,,b)<1=7z,(c,n,A,,b)=1-c,(b)>1-c,(b.)—¢ >z, (c,n,A,b). On
the other hand, =, (c,n,4,, b)=1- Cy (b) > 0, so winning the election is better for B than
a tie in election or loosing the election. Thus, A chooses A, =4 to minimize C,(4,).

Then for Ve>0 there exists b, e(1,b) such that c,(b,)<e, and
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b, >1= K(4,b,)<l=r,(c,n,A,b,)=1-c,(b,)>1-¢. Thus we have an ¢&-

equilibrium.

Let B be the first player. Now 3b, €(4,b") such that K(a",b,)=1. If B

chooses 4, €[4,h.), then 3Ja,e(a’,A] such that K(a.,4,)=1. So A guarantees
z,(c,n,a.,A,) =%—Ca (a.). There exists @ e(a,a.) such that c,(a)<c,(a.)+¢& for

Vee(0,0.5), and a<a. = K(a,4,)>1=r,(c,na,l)=1-c,(a)>1-c,(a.)—¢&>
z,(c,n,a,, A ). Taking into consideration that =, (c,n,a,A,)=1-c, (a)>0, it can be
seen that winning the election is better for A than a tie or defeat in the election. If B

chooses A, €(4,b.) he earns a negative profit. If he chooses A, =b., then the best

response of A is to choose A, =A. Because by choosing A1, =a" A can make
1 . 1 .
K(4,,b.)=1 and so 7,(c,n,A,,b)= 5 c,(a)= Y or by choosing

A, e@,A],7,(c,n,A,,b)y=~C,(4,). Thus, =, (c,n,A,b)=1-c,(b.). If B
chooses A, > D,, then as for VA, € [a", A] K(4,,4,) >1, A doesn’t manipulate, and B
gets 7, (c,n,4,4,)=1-c,(4,). From all the possible strategies it is seen that playing

A, =Db. is the best manipulation for B. Let’s find the exact value of b..

K@ .b.) =1 = b. = n,(A—a’)+n,la =>£/1, n,(A-a’)+n,ja

. p . . is a Stackelberg
n(A—-a)+n,a n(A-a)+n,a

equilibrium.
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On the other hand when (I) is the case and A is the first player

7,| c,n, Mla(l_b*) A|=1-c, Mla(l_b*) <l-¢ for
n,-b)+((b —A)n, n,d-b)+((b —A)n,

an (1-b")
n,(1-b")+({b" - A)n,

<c,(

). Thus being the second player A can reduce the cost of

manipulation and increase his profit.

The cost to the society, when (4,,4,) is played, is:

. n n
C(4,,4,) = ncP(avoter votes in the election) = nca(c, n)()t—a +(1-A)—>—+2-n_ - nbj
b™ -1

Aa (I-%4)
An,(1-b") gj =nca(c, n){z +n, Wj . When A is the second

n(1-b")+ (b -A)n,’

Using this C(

player, let (4,,4) be played, where A, € Mf(l_b*) ,A|. Then
n,d-b )+((b —A)n,
- 1=b"
C(A,A) = nca(e,m)| 240 2= | < ¢ A.0-0) ) nca(e.n) £0. Let's
Ay n,d-b)+(®b —A)n,

show that limnca(c,n)#0. We know that (I-«)"'<2c and by using

l—a(c,nn<l-a(c,n)(n-1)<(1-a(c,n)"" <2¢ we have that a(c,n)n>=1-2c. So

limna(c,n)>1-2c >0 since ¢<1/2. Thus limncea(c,n) >0, and when A is the second

n—oo n

player the cost of the selection decreases.
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Similarly when (Il) is the case and B starts the manipulation game

l1-¢ when

n,(A-ah)+nda" ) e n,(A-a’)+nAa’
n,(A-a")+n,a’ " n,(A-a")+na’

T, [c, n,A,

n,(A-a)+na’

- —) , thus being the second player B can increase his profit. The
n,(A-a)+n,a

£ <Cy(

cost to the society when B is the first player is

]: nCa(C,n)[2+ n, /1_*& J When B is the second player, if
a

ol 4 n,(A- a**) + nbia;*
n,(A-a)+n,a

ana +n(1-a)
na +n(1-a")

(4,4,) is played where 4, € (4, ), then the cost of this to the society is

ana +n (1-a’)
na +n (A-a’)

C(4,4,) = nca(c, n)(z +n, ’fb _;“ ] < C(/l, j < nca(c,n)=0. Thus

)

when A is the first player social welfare increases.

Proof of Lemma 11: As & >0, there exists /e N" such that ¢>1//¢. For

K= [%+ IJ , by Lemma 7 there exists ¢, >0 such that for Vc < ¢, we have m” > K .

Lemma 5 indicates that the number of votes for A-X_, - and B- X, - have Poisson

distributions with respective means Am~ and (1-A)m". So,

M-1 *\ K
P(voter turnout <M)=P(X,+X, <M)<P(X, <M)=Y exp(Am") (/“I‘:')
i=0 .
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(Zm*)k+1

exp(Am’) =" el '
Notice that Am” > AK > /M . So (k+1) m >1 when k < /M —1. Thus
(ﬂ,m )k S k+1
exp(Am”)
0 *\k IM -1
I:Zexp(lm*)(/ml:') Ze xp(Am )(ﬂ,m )" >£Ze xp(Am )(im )"
i=0

> (P(voter turnout < M) = P(voter turnout<M)<1//<¢ for Vc<c,. So taking

c(M,¢) =c, will complete the proof of our lemma.

A=(1-n,)(1-2)

Proof of Proposition 9: If ¢, < , then as K increases with ¢,

(1= A)n,
: Ap
and decreases with ¢, we have min K(p,,0,) = *
Paclp.0a ool .03 ] 1=-A)(e,n, +o(1—-n,))
Ap 1

B A-(1-n)1-2) B

1-2 b n, +p(l-n

( (% (- A, b +@( b))

If B chooses ¢,=¢, the K(p,,0)21=x, < %—1 <0. Now

@, <@, = K(@,,0,)>1 =, =-C,(¢,). So B does not manipulate whatever A

chooses. Thus A always wins the election, so A does not manipulate either and this leads

to a Nash and also a Stackelberg equilibrium.
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S@(l_/l)_(l_na)/l

If @
#a n

, then by using the same observations as above, we get

a

1-A)—-(1-n,)4
I DR )
n -nNn n
max K(¢a,¢b): (§0a a+¢( a))g a :1
Paclo.0lppel o0y ] 1-Ae 1-Ae
If A chooses @, = ¢, the K(@,,9,) <1, so profit is at most (1/2)—1<0. Now ¢, < ¢,

= K(p,,9,) <1 =z, =—C,(p,). So A makes no manipulation and B always wins the

election. So B does not manipulate either, and this leads a Nash and also a Stackelberg

equilibrium.

Let’s show that there is not any other Nash equilibrium. Assume not, and let

(¢,,9,) be aNash equilibrium.

K(p,,9,)>1=A wins, and as ¢, is the best response of B, ¢, =¢ and

A=(1-ny)(1-4)

, choosing some value
1-4)n,

7y (0,.0,)=0. If @, =@, then, as ¢, > ¢

closer to ¢, , B makes a positive profit. So ¢, >¢. But then, as K is a continuous
function, by decreasing ¢, a bit(>¢) A can increase his profit, which contradicts that

(¢4,9,) is a Nash equilibrium.
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1-A)-(1-n)HA
An

K(p,,9,)<1=B wins and ¢, =¢.Now ¢, > ¢ =@, >¢.By

a

decreasing ¢, a bit, B can increase his profit, which contradicts that (¢,,¢,) is a Nash

equilibrium.

K((oa,gob)=1:>Ca((oa)S%,Cb((ob)S%. If A chooses ¢ >¢@, such that

. 1 1 . \
Ca(¢)—ca(¢a)<§, then ﬂa(qoa,qob):E—Ca(qoa)<1—Ca(<0 ) =7, (0 ,0,),

contradicting that (¢,,¢,) is a Nash equilibrium.

Proof of Proposition 10: Note that in the given domain of ¢, ,p, we

have min K(p,,9,) <1 and max  K(g,,p,)>1.

Pacl.02 L2y <l00p] Pacl0-0a 100 l0.05]

()K" =1= whatever ¢, ¢ {(p, o, } the first player ie {a,b} chooses the second
player j has the ability of making P(jwins|(¢;,¢;))=1 by choosing an appropriate
@ * (pJ So j wins the election. Choosing ¢, ¢ {(p, o } causes only a positive cost to i.

If ¢ =¢, then for Ve&>0 there exists Xe(o, ¢’;) such  that

A —(1=n))A,
An

i

P(jwins|(¢,,9;)=(p,X))=1 and c;(X)<c;(p )+¢&, so that
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ﬁ“i - (1 - nj )/Ij . . . .
/1—) — & since C;(X) is a continuous function of X. On the
n

i

”j((oax)>1_cj((0

other hand, if i chooses ¢, =¢,, then best response of j is ¢, which makes

r(p ,p)=1 j (¢, ,0)=0.So ¢ dominates ¢, and as a result i chooses @, =¢@. As the

. . ﬂ*i_(l_nj)lj .
maximum  value for 7z, s 1—Cj(go/1—) and ] can make
n.
1)
ﬂ’i_(l_nj)/lj . eyep e
T, >1—Cj(¢/1—)—£ for any &, there is an &-equilibrium. For
n.
ity
ﬁ“i_(l_nj)j’j .
Vee|0,]l-cC j((oi—) , 7;>0, so both of the candidates want to be the
n.
ity

second player.

(ii) Consider the case where K > 1. If A is the second player whatever ¢, €[@, ¢, ]

B chooses, 3¢,. €[@,¢,) such that K(p,.,p,)=1 or ¢,. =¢ and K(p,.,p,)>1. For

K(p,9,) > 1, knowing that he will lose the election B chooses ¢, = ¢ . For first case,

K(@,.,p,) =1, where A guarantees 7,(@,,9,) 27, (@u,P,)= % —C,(p,) and for

Ve €(0,0.5) 39,, € (@,.,p,)such that C,(p)<C (@) +e, and

¢a*<¢aa:>K(waaagob)>ljﬂa(¢aa=¢b)>l_ca(¢a*)_g
= T, (PaarPy) > 7Ty (@,0,0,). On the other hand 7,(¢,,,p,)=1-C,(p,,)>0. So

winning the election is better for A than a tie in election or loosing the election. Knowing
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1-A)-(1-n)HA
An

this fact B chooses ¢, = ¢ . Then for Ve >0 ¢, (¢ ,9,) such that

a

= K(p,,p)>1

o) <e, @I o ang g5 p AU

An, ‘ An,
(1-4)-(d-n,)4

)—¢. Thus we have an ¢&-
An

=>r,(p,,0)=1-C.(p,)>1-C,(¢p

a

equilibrium.

Let A be the first player. Now 3¢, € (¢,¢.) such that K(¢.,¢,)=1. So when A

chooses ¢, €[p,9.), 3¢, €lp,p,) such that K(p,,p,.)=1. So B guarantees
1 .
o (Pa0pe) =5 Co(pe)  and V£ e(0.0.5)  dpy, €(@e.p,)  such that

Cp (@) <Cy(@p) + &, and
Do > P = K(@,,040) <1 = 7 (@0,,Ppy) = 1= Cp (@) > 1= Co (@) — € > 71, (@, Py ) -

On the other hand 7, (¢,,9,,)=1-C,(¢,,) > 0. So winning the election is better for B
than a tie in election or loosing the election. As a result if A chooses ¢, €[¢,.) then

7, <0.If A chooses @, = ¢., then by choosing ¢, = ¢, B can make K(¢.,¢,)=1 and

1 . 1 . .
7o (Pery) == = Cy (@) == or by choosing ¢, €[,,) 7, (P2,05) = =Cy (@) - Thus
the best response of B is to choose ¢, =¢ which maximizesz,. Thus

ﬂ-a((o*a¢):1_ca(¢*)' If A ChOOSGS (oa >(0* then as fOI‘ v(/)b E[(D,@;], K(¢a,¢b)>1a

so B chooses ¢, = ¢ . Thus 7, (¢,,p) =1-C,(¢p,). From all the possible strategies of A,
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P, = Qs maximizes 7, . Now

\ n(1-2)  (1-n)1-A)-(1-n)A
K(p.,0,) =1= 0. = ¢, bM + : — =

a

((0;; ”b(l—i)+¢(1—nb)(1—/1)—(1—na)/1

,@ | 1s a Stackelberg equilibrium.
n,A n,A

)

When ¢ < Ca(go; an;i) +¢(l_nb)(l_nﬂ;_(l—na)ﬂ]_ca((o (l—i);rﬁl—na),l

a a

we get 7,(@,,9) > 7, (¢.,9) = C,(p,) <C,(p.) = @, <p.. So A wants to be the second

player to reduce the cost of manipulation, and this also decreases the probability of voting

for the people who believe in A, thus increasing the social welfare as well.

(iii) Now assume that K™ <1. If B is the second player, whatever ¢, €[p,p.] A

chooses, 3¢,. €[@,p,) such that K(¢p,,0,.)=1 or ¢,. =¢ and K(p,,p,.)<1. For

K(p,,9) <1, knowing that he will lose the election, A chooses ¢, = ¢ . For the first

1
case, K(@,,p,.)=1, B guarantees 7, (@,,0,) =7, (@,, @)= 5 C,(¢,:) and for

Ve €(0,0.5) 3¢, € (@,,p,)such that C, (@) < Cp(Ppe) + &, and

Poe < Py = K(@4,0) <12 7, (0,1, P0) > 1 =C(@p) =& = 7, (045, P) > 7 (P, P -

On the other hand, 7,(¢,,9,,)=1-C,(¢,)>0. So winning the election is better for B

than a tie in election or loosing the election. Knowing this fact A chooses ¢, = ¢ . Then
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A-(1=n,)(1-2)

fi Ve >0 3 , 0 h that
or £ . <(p a—n. ?y) suc a
A-(-n)(1-4)
o <C +&, d K(p,p,) <1
0 (9.) <Cy(9 A= n, )+e an, (0.9.)

A-(1-n)(1-2)
A-An,

= 1,(p,p,)=1-C, (p.)>1-C (¢ )—¢. Thus we have an ¢&-

equilibrium.

Let B be the first player. Now 3¢, € (¢,,) such that K(¢,,9.)=1. So when B

chooses ¢, €[p,9.), 3¢.. €[p,p,) such that K(p.,p,)=1. A guarantees

T (Poer ) = % —c,(p,.) and Vee(0,05)  3Fo, e(p,..,p,) such that

Ca(waa)<ca(¢a*)+ga and Paa >¢a*:>K((Daa’wb)>1:>”a(¢aa’¢b):1_ca(¢aa)
>1-C, (@)= &> 7,(@p,,). On the other hand, 7,(¢..p,)=1-C,(¢,,)>0. So
winning the election is better for A than a tie in election or loosing the election. As a

result, if B chooses ¢, €[¢,9.), then 7, <0. If B chooses ¢, = ¢., then by choosing

0, = 9., A can make K(g,,9.)=1 and 7,(¢,.0.) =%—ca(¢:) = —% or by choosing

0a €[0.0.).7,(90,.0.) = —C,(9,). Thus @, =¢ and 7,(p,¢.)=1-Cy(p.). If B
chooses @, > ., then for Vo, €[p,0.] K(p,,0,)>1. So ¢, =¢ is the best for A.

Thus 7, (¢,¢,) =1-C,(¢,). From all the possible strategies of B, ¢, = ¢. maximizes
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A, (-n)2-(=n)1=0)
n,(1-2) n,(1-2)

Ty - Now K(g,,p.)=1= ¢, =

( panA (-0 )A-(1-n)(1-2)

, is a Stackelberg equilibrium.
o= T - ] =

)

When £<Cb( A + (l_na)ﬂ_(l—nb)(l—/i)j_cb( A-(1-n)1-4)

(-2 n,(1—4) (1= A)n,
we get 7, (@,9,.) > 7, (@,0.) = C, (¢,) <C,(¢.) = @, <@.. So B wants to be the second

player to reduce the cost of manipulation. This also decreases the probability of voting

for the people who believe in B, they increasing the social welfare as well.

Proof of Proposition 11: The voters who believe 4 determine their strategy - ¢,,

and ¢y, - such that:

a(c,n
a(€.n) = 2@, +0,(1-1,)) = (1= D@y, + 9, (1-1,))  Where @, = 2 ' and

A 1-1
) e . a(c,n)(l—%naj a(c, n)[l - =y nbj

P -1, Paz = A(1-n,) > Poo = (- 2)1-n,)

If {¢,,,9,,} ©(0,1) then the society can prevent manipulation using totally mixed

strategies and P(A wins) = P(B wins) = % occurs as the result of the election. Now
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a(c, n)(l - ja naJ

A(—=n,)

0<¢p, = <le 0<a(c,n)(l—%naJ <A(l-n,)< A4, > An,, and if

a

a(c,n)An,

a(c,n)—A(l-n,) >0, then 4, <
a(c,n)—A(l-n,)

or a(c,n)—A(l-n,)<0.Now

< a(c,n)An, o < A, (A —a(c,n))
a(c,n)—A(l-n,) A4, —a(c,n))

and using the fact that 4, € (a(c,n), 4]
we have, Aa(c,n) = A,a(c,n) = L, A-Aa(c,n) =, A—-Aa(c,n) >0

:M21>na. So 0<e¢,, <1 doesn’t depend on the sign of
A4, —a(c,n)

A
a(c,n)—A(l-n,) and thus 0<¢,, <l<n, <7a.N0w

1-1
a(c,n)(l—nbj ;
j— — b — — — —
0<o, = (= -n) <1©O<a(c,n)£1 -4 nb]<(1 A)1-ny)
=>4 <1-(1-)n,, and if ac,n)—(1-4)1-n,)>0, then

N a(c,n)—(1-A)A-n,)—ea(c,n)(1-4)n,

ﬂ“b
ac,n)—(1-A)1-n,)

or a(c,n)—(1-4)1-n,)<0.Now

N ac,n)—1-A)(1-n,)—a(c,n)(1-A4)n, -n < 1-4,)d-4-a(c,n))

ac,n)—(1-Ad-n,) " S -1 - 4, —ae,n)) and - as

Ay

A, €[A,1—a(c,n)) we have Aa(c,n) = Aa(c,n)

= Aa(c,n)+1-A—a(c,n)— A, + LA > Aa(c,n)+1-A—a(c,n)— A, + LA
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1-4,)1-A—-al(c,n))
1-A)1A-4, —a(c,n))

= (1-4,)1-A-a(c,n) = (1-)(1- 4, —a(c,n) = >1>n,.

1-4,
-1

So 0<¢,, <1 when n, <

Proof of Corollary 2: We get the desired result by using Proposition 11 together

with the fact that 4, € (a(c,n), 4] and 4, €[4,1-a(c,n)).

Proof of Corollary 3: If limea(c,n)=0 then the society can prevent all

manipulations only when n_ =n, =0. But as {n_,n,}c (0,1), the society cannot prevent

1- 4,

A
the manipulations {1, 4, } satisfying n_ > 7a and n, >

Proof of Proposition 12: The voters who believe P(4 =4, | A) =26, 4, vote with

probability ¢,, which satisfies:

—N, @,
¢ =n,0, +(1_na)¢)aa = Paa :% >

and the voters who believe P(4 =4, | B)=26,(1-4,) vote with probability ¢, which
satisfies:

Q—Nyo
@ =n,0, +(1-ny)p,, < @, = 1 rl:b
-
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If {goaa > Pop } < (0,1), then it is possible for the society to prevent manipulation and get the

same result in the election with the case without manipulation.

_n —
0<¢) a(ﬂa<1@0<¢_na¢a<1—na@na<min i)l 4
1-n, Pa 1=04
_n —
0<(P b(Db<1c>()<¢;_nb¢)b<l—nb<:>nb<min{£,1 (ﬂ}
1-n, oo 1=

Proof of Corollary 4: We get the desired result by using Proposition 12 together
with the fact that {gpa,gpb}c[gpmm,gpmax]. When we take {(oa,(ob}c[(p,(pmax], as the
candidates are rational, then the society can prevent all possible manipulations, when

n, <2 and n, <2

¢max max

, which follows from Proposition 12.

Proof of Corollary 5: If limg =0, then the society can prevent manipulation only

when n, =n, =0. But as {n_,n,}c (0,1), the society cannot prevent the manipulations

{(9a,6’b} satisfying n, > 2 -0 and n, = # —0. Now as the candidates can manipulate

¢a ¢b
such that ¢, € (¢,¢,.. ] or ¢, € (9,0, ], they have the power to manipulate and win the

election.
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