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ABSTRACT

CURVE-SKELETON AND MESH TRANSFER BETWEEN SHAPES

Seylan, Çağlar
Ph.D., Department of Computer Engineering
Supervisor: Assoc. Prof. Dr. Yusuf Sahillioğlu

January 2021, 112 pages

The set of points having more than one closest point to the boundary of a shape is
called the medial-axis or skeleton. Since its �rst introduction, many of its variants
have been developed and used in shape analysis, retrieval, deformation, and many
other applications. Medial-axis of a 3D shape consists of both 2D and 1D structures
and may become quite complex. Thus, 1D curve representations of medial-axis,
called curve-skeletons, have been becoming more popular. The thesis considers two
related problems regarding curve-skeletons. In the �rst part, a method for transfer-
ring the curve-skeleton of a source shape to target shapes without extracting them
from scratch is given. The second part deals with the inverse problem, that is, con-
structing mesh structure from a curve-skeleton given a source shape with its curve-
skeleton. For the both parts, we demonstrate the advantages of our methods over the
existing ones through comprehensive evaluations, both visually and quantitatively.

Keywords: Skeleton, 3D shape abstraction, ARAP, Rigging, Skinning
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ÖZ

ŞEKİLLER ARASINDA EĞRİ-İSKELET VE KAFES AKTARIMI

Seylan, Çağlar
Doktora, Bilgisayar Mühendisliği Bölümü
Tez Yöneticisi: Doç. Dr. Yusuf Sahillioğlu

Ocak 2021 , 112 sayfa

Bir şeklin yüzeyinde birden fazla en yakın nokta içeren ve şeklin içinde yer alan nok-
talar kümesine orta eksen ya da iskelet denir. Bu kavram ilk ortaya atıldığından beri
bir çok varyasyonu geliştirilmiştir ve şekil analizi, şekil sorgulama, şekil deformas-
yonu ve başka bir çok alanda başarılı şekilde uygulanmıştır. 3 boyutlu bir şeklin orta
ekseni 2 ve 1 boyutlu yapılardan oluşmaktadır ve oldukça karmaşık olabilmektedir.
Bu nedenle, orta eksenin tek boyutlu bir varyasyonu olan eğri iskelet kavramı or-
taya çıkmıştır ve oldukça popüler hale gelmektedir. Bu tez iki farklı fakat birbiriyle
ilgili problemi ele almaktadır. Ilk kısımda bir kök şeklin eğri iskeletini hedef şekillere,
onların eğri iskeletlerini en baştan hesaplamadan, transfer eden bir yöntem anlatıl-
maktadır. İkinci kısımda ise bu problemin tersi, yani, elimizde bir kök şekil ve onun
eğri iskeleti varken, o şeklin diğer eğri iskeletleri için kafes yapısı hesaplanması ele
alınmaktadır. her iki kısım için önerdiğimiz metodun var olan metodlara göre avan-
tajları kapsamlı şekilde hem görsel hem de niceliksel olarak değerlendirilmiştir.

Anahtar Kelimeler: İskelet, 3B şekil soyutlama, ARAP, 3B model üretimi
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Curve-skeleton and surface are two primitives related to a shape. Di�erent poses
of a shape are usually represented with manifold meshes registered to each other
vertex-by-vertex. Curve-skeleton is an abstraction capturing geometric and topo-
logical properties of a shape. We plausibly expect for the curve-skeleton of a shape to
be same throughout every pose of a character. However, existing curve-skeleton ex-
traction algorithms produce di�erent skeletons for di�erent poses of the same char-
acter: The number of bones, the number of vertices, and even how those primitives
are connected are usually di�erent. Given a curve-skeleton (called source skeleton)
along with a mesh representing a pose of a character (called source shape), we should
be able to "transfer" the same skeleton to the other poses (called target shapes). In
the �rst part of this study, we address this skeleton transfer problem: Instead of
computing curve-skeletons of other poses of a character, we directly transfer curve-
skeleton of a source shape to the target shapes, such that the transferred skeleton
will be registered to the source skeleton vertex-by-vertex. We demonstrated versa-
tility of our algorithm on many di�erent test cases, also veri�ed our transfer method
is much more fast than skeleton extraction algorithms.

Reversely, we can have a closed manifold mesh representing a shape and only skele-
tons representing other poses of this shape. The second part of this study addresses
this inverse problem called mesh transfer: Given simple curve-skeletons consisting
of only a few bones (called target skeletons) along with an initial template shape
(called source shape), transfer the surface of the source shape to the target skeletons
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to obtain new poses of the source shape represented by these target skeletons. We
also propose a solution to embedding each target skeleton into the source shape.
To do this, we �rst compute curve-skeleton of the source shape by using an existing
skeleton extraction algorithm and match the target skeleton with the curve-skeleton
before transferring the surface. While the embedding part of the algorithm can be
used for character rigging purposes, the second part of the algorithm can be used
as a skeleton-based skinning method. We also show with various test cases that
our shape transfer method produces more accurate results than classical and recent
skinning methods when used as a character skinning method.

1.2 Contributions

The study consists of two independent parts: Skeleton transfer, and mesh transfer,
which were mentioned in 1.1.

The contributions for the skeleton transfer part are as follows:

1. A fast curve-skeleton transfer method which does not require skeleton com-
putation for each target mesh from scratch, preserves connectivity and com-
plexity of the source skeleton and works even if the target meshes have de-
generacies up to some extent. Meshes are not necessarily watertight and in
�xed topology, and also can be disconnected triangle soups or point clouds.

2. Two novel error metrics allowing us to measure the accuracy of centeredness
property of a curve skeleton inside of tubular structures quantitatively and
to compare the results with other methods in a more systematic way. To our
knowledge, no quantitative error metric was proposed in previous studies to
assess centeredness property of curve-skeletons.

The contributions for the mesh transfer part are as follows:

1. A user-friendly framework to create new poses of an articulated human or
non-human character with two basic inputs: a target skeleton (from any source
such as motion capture, sketching) and the source template shape.
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2. A skeleton embedding approach which can also be used as an automatic rig-
ging method.

3. A method to augment the source mesh for a novel volume and detail preserv-
ing as-rigid-as-possible deformation.

1.3 Organization of the Thesis

In Section 2, background information necessary to understand our methods pro-
posed to solve skeleton transfer and mesh transfer problems are provided. In Chap-
ter 3, we brie�y explain our solution to skeleton transfer problem. In Chapter 4,
we explain our solution to the �rst part of the mesh transfer problem which deals
with embedding an IK skeleton into a template shape. In Chapter 5, we explain
our solution to the second part of the mesh transfer problem, which is about ARAP
deformation based on skeleton. Please note that each of these three chapters are
self-contained like a paper: We brie�y introduce problem, provide related work,
explain method, and provide results with a conclusion. In Chapter 6, we provide
conclusions, last words, and possible future research directions about the thesis.
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CHAPTER 2

BACKGROUND

2.1 3D Point-Set Matching

Suppose we have two sets each consists of n points in 3D: P and Q. Further suppose
the points in the sets are registered, i.e., for every point pi in P, there is one and only
one point qi in Q. Our aim in this problem is to �nd a rigid transformation, i.e., a
rotation R and a translation t such that when applied to the points in P, sums of
squared distances between registered pairs will be minimum. This setup in 2D can
be seen visually in Figure 2.1. A solution to this problem is given in [4] step-by-step
but the solution will be summarized here too for the integrity of the thesis. The
solution of this problem is used in Chapter 3.

The problem is formulated mathematically as follows:

(R̂, t̂) = argmin
R∈SO(3),t∈R3

n∑
i=1

wi||(Rpi + t)− qi||2, (2.1)

where wi > 0 is the weight indicating the importance of matching iit points.

Let us suppose we know the optimum rotation matrix R already and trying to �nd
the optimum translation vector t.

∂

∂t
[
n∑
i=1

wi||(Rpi + t)− qi||2] =
n∑
i=1

2wi((Rpi + t)− qi)

= 2t
n∑
i=1

wi + 2R
n∑
i=1

wipi − 2
n∑
i=1

wiqi

= 0.

(2.2)
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Figure 2.1: Point sets P and Q. The points are registered to each other. That is, for
every point in set P, there is a point in set Q. Best match is �tting P onto Q with a
rigid transformation so that the sum of squared distanced between registered points
are minimum.

Let

p̄ :=

∑n
i=1wipi∑n
i=1wi

(2.3)

and

q̄ :=

∑n
i=1wiqi∑n
i=1wi

. (2.4)

Inserting 2.3 and 2.4 into 2.2 gives us optimum translation as

t = q̄−Rp̄. (2.5)

Now, plug 2.5 into 2.1 and arrange,

R = argmin
R∈SO(3)

n∑
i=1

wi||R(pi − p̄)− (qi − q̄)||2

= argmin
R∈SO(3)

n∑
i=1

wi||Rxi − yi||2
(2.6)

where xi := pi − p̄ and yi := qi − q̄.
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Writing 2.6 as and then after arrangements, we obtain,

R = argmin
R∈SO(3)

n∑
i=1

wi(Rxi − yi)
>(Rxi − yi)

= argmin
R∈SO(3)

(−2
n∑
i=1

wiy
>
i Rxi)

= argmax
R∈SO(3)

n∑
i=1

wiy
>
i Rxi

= argmax
R∈SO(3)

tr(RXWY>)

(2.7)

where

X = [x1 x2 ... xn], W := diag(w1, w2, ..., wn), and Y = [y1 y2 ... yn].

Let S := XWY> and SVD of it be S = UΣV>. Inserting this to 2.7 yields

R = argmax
R∈SO(3)

tr(ΣV>RU). (2.8)

This equation is maximized only when R = VU>. To handle also the case when R

contains a re�ection, we can write optimum R as,

R = Vdiag(1, 1, ..., det(VU>))U>. (2.9)

2.2 ARAP Deformation

Let r(u, v) be a parametrized surface with (u, v) as the parametric coordinates. The
�rst fundamental form I(u, v) is de�ned with three coe�cients in a 2× 2 matrix as

Ic =

(ru · ru) (ru · rv)
(ru · rv) (rv · rv)

.

Metric properties of a surface such as length of arcs or areas of regions on the sur-
face are completely determined by I(u, v). In a similar fashion, di�erential properties
such as curvatures of the same surface is completely determined by the second fun-
damental form II(u, v) which can also be de�ned with three coe�cients in a 2× 2

7



matrix as IIc =

(ruu · n) (ruv · n)

(ruv · n) (rvv · n)

 where n = ru×rv
|ru×rv | .

The change of the fundamental forms throughout a deformation gives a measure of
stretching and bending [5],

E(S,S ′) =

¨
Ω

ks||I′c − Ic||2F + kb||II′c − IIc||2Fdudv (2.10)

where ks is the weight of tangential distortion, kb is the weight of distortion along
surface normal S is the initial shape, S ′ is the deformed shape, Ic, IIc are the �rst and
second fundamental forms of the initial shape, and I′c, II′c are the �rst and second
fundamental forms of the deformed shape. Equation 2.10 is impractical to compute
in a reasonable amount of time. Thus, it is approximated [5, 6] in the discretized
domain as,

E(S,S ′) =
N∑
i=1

wi
∑
j∈N (i)

wij||(p′i − p′j)−Ri(pi − pj)||2, (2.11)

where

• wi = 1,

• N (i) is the 1-ring neighbor of ith vertex,

• pi is the coordinates of ith initial mesh vertex,

• p′i is the coordinates of ith deformed mesh vertex,

• Ri is the rigid transformation mapping 1-ring neighborhood of ith initial mesh
vertex (also called as a cell) to that of ith deformed mesh vertex.

Given an initial solution to Equation 2.11, we can solve it to �nd "best" p′ making
the deformations as-rigid-as-possible [6]. An example cell for initial and deformed
mesh is shown in Figure 2.2. If this deformation is rigid, then the following should
hold:

p′i − p′j = Ri(pi − pj),∀j ∈ N (i). (2.12)
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Equation 2.12 should hold for every vertex in an as-rigid-as-possible deformation.
This intuition leads us to express the global rigidity di�erence as an energy func-
tional, as in Equation 2.11. The higher E(S,S ′) is, the higher the nonrigidity of the
deformation. Thus, one should �nd p′’s making E(S,S ′) minimum. Reproducing
from [6], 2.11 is solved in a two stage optimization, where in the �rst stage the op-
timum local rotations Ri’s are found, and in the second stage of each iteration, p′’s
are computed.

Let

E(Ci, C ′i) := wij||(p′i − p′j)−Ri(pi − pj)||2. (2.13)

E(S,S ′) =
N∑
i=1

wi
∑
j∈N (i)

wijE(Ci, C ′i), (2.14)

To minimize E(S,S ′), we should minimize E(Ci, C ′i). Let eij := pi − pj and e′ij :=

p′i − p′j . First, optimum local rotations are found,

argmin
Ri

E(Ci, C ′i) = argmin
Ri

∑
j∈N (i)

wij(e
′
ij −Rieij)

>(e′ij −Rieij)

= argmin
Ri

∑
j∈N (i)

wij(e
′>
ij e′ij − 2e

′>
ij Rieij + e>ijeij)

= argmin
Ri

∑
j∈N (i)

−2wije
′>
ij Rieij

= argmax
Ri

∑
j∈N (i)

wije
′>
ij Rieij

= argmax
Ri

Tr(
∑
j∈N (i)

wijRieije
′>
ij ).

(2.15)

Let Si :=
∑

j∈N (i) wijeije
′>
ij . Further, let Si = UiΣiV

>
i be its SVD. Then, the

optimum rotation per cell is obtained as [4]

Ri = ViU
>
i . (2.16)

After obtaining optimum local rotations, Equation 2.11 is solved for pi’s which is
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Figure 2.2: Left shows a cell in the undeformed initial triangular mesh and right
shows the same cell after deformation.

called as the global step, as the coordinates of the mesh vertices are computed con-
sidering the whole shape instead of cells.

∂E(S,S ′)
∂p′i

= wi
∂

∂p′i
[
∑
j∈N (i)

wij||(p′i − p′j)−Ri(pi − pj)||2

+
∑
∀j∈N (i)

wji||(p′j − p′i)−Rj(pj − pi)||2]

= 0.

(2.17)

After arranging the equality we arrive at

∑
j∈N (i)

wij(p
′
i − p′j) =

∑
j∈N (i)

wij
2

(Ri + Rj)(pi − pj) (2.18)

At this point, wi should be chosen as 1 as it should be proportional to cell area and
we are already integrating over cells. To best approximate Equation 2.10, wij should
be 1

2
(cot(αij) + cot(βij)) [7]. In Figure 2.2 de�nitions of angles can be seen.

Equation 2.18 results in the following system equation with the weight selections
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mentioned above:

Lp′ = b. (2.19)

LetH be the set of handle vertices whose transformations are completely determined
by the user. Then the elements of Laplace operator for discrete meshes L is,

Lij =


wij if i 6= j and i 6∈ H

−
∑

j∈N (i) wij if i = j and i 6∈ H

1 if i = j and i ∈ H.

(2.20)

b in Equation 2.19 is the right-hand-side of Equations 2.18. p′i is [p′i,x p
′
i,y p

′
i,z]
>.

Equation 2.19 is a sparse linear system, which can be solved by various sparse nu-
merical solvers like Eigen or TAUCS.

2.3 Skinning

Skinning is binding the surface of a shape to some control structures allowing it to
be deformed bu using those in the �eld of digital geometry processing. Although
researchers state some classi�cations about skinning in their articles, there is not an
agreement on the taxonomy of skinning methods among researchers up to date. For
example, Le et. al. [8] categorized skinning methods into three: Geometric, example-
based, and physically-based. According to his classi�cation, geometric methods
are those not having any physical meaning but binding the surface to the con-
trol structures through some geometric and algebraic derivations. On the other
hand, example-based methods learn how to deform the surface according to the
control structures through a set of examples given to the system as the training set.
Physically-based methods deform the surface according to some procedures derived
by using the principles of classical mechanics.

As we did not provide any training set to our method, example-based skinning meth-
ods are irrelevant to our discussion. Physically-based methods require too many
parameters like Lamé coe�cients and/or Young’s modulus [9] and we do not pro-
vide those parameters to our framework. Thus, physically-based skinning methods
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are also out of scope of the thesis like example-based ones. Geometric methods,
on the other hand, require only skinning blend weights, which can be computed via
automatic methods making them candidate methods to be integrated into our frame-
work. For this reason, we compared our method with geometric skinning methods.
We will provide background information about geometric skinning methods in this
section and provide the comparison results in 5.4.

2.3.1 Linear Blend Skinning (LBS)

The most basic skinning method is Linear Blend Skinning (LBS) [10]. It uses the
following formula for deforming an initial mesh through control structures.

v′i =
M∑
j=1

wijTjvi (2.21)

where

• vi ∈ R4×1 is ith initial mesh vertex in homogeneous coordinates, i.e., the last
member is 1,

• M is the number of bones,

• wij ∈ [0, 1] (
∑M

j=1wij = 1) is in�uence of jth bone on ith vertex,

• Tj ∈ R3×4 is the rigid transformation jth bone is undergoing,

• v′i ∈ R4×1 is the deformed position of ith initial mesh vertex.

Please note that control structures can be either a skeleton consisting of several
bones embedded inside the character or a cage built around the character in geo-
metric skinning. Cage-based skinning methods are not suitable for our framework,
so in this work we mean skeleton-based geometric skinning methods by geometric
skinning methods. Although Equation 2.21 does not limit number of bones that a
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vertex can be in�uenced, it is limited by 4 in practice for enabling hardware imple-
mentation. Equation 2.21 can be written as,

v′i = (
M∑
j=1

wijTj)vi (2.22)

from which we can interpret the deformation as �rst blending Tj’s according to the
weights to obtain a new transformation and applying it to vertex vi. This interpre-
tation reveals the source of the main drawback of LBS: While Tj’s are rigid transfor-
mations (A rotation and a translation only),

∑M
j=1 wijTj is not a rigid transformation

anymore which creates artifacts on the deformed shape [11]. This can best be seen

by an example. Consider, T1 =


1 0 0 0

0 1 0 0

0 0 1 0

 and T2 =


−1 0 0 0

0 1 0 0

0 0 −1 0

 with

weights wi,1 = wi,2 = 0.5.

While T1 and T2 are rigid transformations, T = 0.5T1 + 0.5T2 =


0 0 0 0

0 1 0 0

0 0 0 0

 is

not a rigid transformation and it constraints every argument it takes to y-axis which
causes artifacts.

As mentioned in the discussions above, the quality of the resulting deformation with
LBS depends heavily on the chosen weights. In practice, the blend weights are still
chosen manually: Rig artists adjust blend weights by painting the shape in programs
like Maya or Blender. If we had incorporated LBS into our framework, we would not
have the chance to adjust the weights manually. Thus, we do not prolong the manual
weight adjustment discussion here. In the following section, we will brie�y explain
an automatic skinning weight computation method using heat-bone equation [3]
with which we computed skinning weights in the comparisons.

2.3.2 Heat-Bone Weight Computation

The blend weights should smoothly vary across the surface of the shape so that
the deformations will be smooth too, also they should also be summed up to 1 for
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each mesh vertex and wij ∈ [0, 1]. Heat-bone method satis�es these requirements
in a neat and natural way. We brie�y explain the algorithm in this section which is
reproduced from [3].

Let us assume the "temperature" at the skeleton is 1◦ and it "heats up" the surface
of the shape. The temperature at any point on the surface of the shape gives us
the blend weight at that point of the shape. Solving heat di�usion equation for
volumetric shape gives us the exact weight, however, it takes too much time to solve
it for volume making it impractical. Approximating the discretized version of the
equation for triangular meshes still provides practical blend weights:

(L + H)W = HP (2.23)

where

• L ∈ RN×N is discrete Laplacian,

• H is a diagonal matrix such that Hii = A(i)

d2S(vi)
, A(i) is the total area of the

triangles incident to ith mesh vertex and dS(vi) is the distance between ith

mesh vertex and closest point on the skeleton to it,

• P is a matrix such that Pij = 1 if the closest point on the skeleton to ith mesh
vertex is on jth bone, and it "sees" this closest point, Pij = 0 otherwise,

• W is the weight matrix we are seeking such that wij := Wij .

Equation 2.23 is solved for each column of W separately by using BiCGSTAB [12].
Result of applying the method on a cylinder mesh is depicted in Figure 2.3.

2.3.3 Dual Quaternion Skinning (DQS)

Linearly blending bone transformations in LBS setting causes artifacts near joints,
speci�cally, elbow-collapse e�ect for bending and candy-wrapper e�ect for twisting.
Figure 2.4 explains the case better. Let us assume points P1, P2, P3 lies on the unit
circle, each having blend weight 1/3. When we compute Pavg, average those points,
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Figure 2.3: Top row depicts a cylinder mesh with a two bone skeleton embedded
inside it. The bottom two �gures show blend weights computed by the heat-bone
weighting procedure.
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we can see that it does not lie on the circle anymore but inside of it as in the left
�gure, which is the case not wanted in LBS. Instead, Pavg should lie on the unit
circle so that artifacts will not occur as in the right �gure. To achieve this, "angles"
should be averaged instead of positions in Cartesian coordinates.

Averaging angles on the unit circle can be most easily and intuitively handled by
using complex numbers. Let eiθ1 , eiθ2 , and eiθ3 be complex numbers representing
P1, P2, and P3 in the complex plane, respectively. We can obtain Pavg by �rst
converting P1, P2, and P3 to eiθ1 , eiθ2 , and eiθ3 , computing ei(θ1+θ2+θ3)/3 and then
converting it back to the Cartesian coordinates.

Now assume we want to apply the same procedure in 3D this time. Assume P1,
P2, and P3 lies on the unit sphere, and we want Pavg to lie on the unit sphere
too. We can use quaternions, an extension of complex numbers, for this purpose.
A quaternion q is represented as q = w + ix + jy + kz where w, x, y, z ∈ R and
i, j, k are quaternion units. In a similar fashion how we convert P1, P2, and P3

to complex numbers, they can also be converted to quaternions along with bone
transformations. After averaging the quaternions, when we convert the result back
to the Cartesian coordinates, we obtain the average position of P1, P2, and P3 on
the unit sphere.

Nevertheless, directly using quaternions with Equation 2.21 is not enough. This is
because while Tj consists of both rotations and translations, quaternions represent
only the former. Dual numbers equip us with translations instead of rotations. A
dual number â is represented as â = a0 + εaε where a0 is the non-dual part, aε is
the dual part and ε is the dual unit satisfying ε2 = 0.

By de�ning dual-quaternion q̂ as q̂ = ŵ+ix̂+jŷ+kẑ, we achieve combining the rep-
resentation of rotations property of quaternions and representation of translations
property of dual numbers. DQS takes advantage of this representation: Bone trans-
formations of mesh vertices are �rst converted to dual-quaternions, the weighted
averaging is performed on dual-quaternions, and the result is converted back to the
Cartesian coordinates. As the operations are computed on a sphere rather than a
line, elbow-collapse and candy-wrapper artifacts are expected not to occur. Nev-
ertheless, it causes bulges near bending joints instead of elbow-collapses, also for
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Figure 2.4: Left �gure shows averaging points linearly which results in a point inside
of the unit circle. Right �gure shows averaging points by using angles which results
in a point on the unit circle (Reproduced from [1]).

candy-wrapper e�ects not to occur in twist cases, the weights should be chosen very
carefully (See Section 5.4. This section is mostly reproduced from [1], and those who
are interested more information about quaternions and dual-numbers are suggested
to read the related article.

2.3.4 Fast Automatic Skinning Transformations (FAST)

Fast Automatic Skinning Transformations proposed by Jacobson and his colleagues
[13] incorporates ARAP framework into skinning. Equation 2.21 can be expressed
in matrix form as V′ = MT. Also, the user can de�ne some constraints on trans-
formations which can be expressed as MeqT = Peq enabling users to add abstract
handles by adding extra columns to T. Equation 2.14 can also be expressed in matrix
form. Those who are interested in the full derivation can see it in [13]. Then, V′

incorporated into E(S,S ′) and the optimization problem is stated as,

argmin
R,T

E(S,S ′)

subject to MeqT = Peq.

(2.24)

Solution of this optimization problem is similar to that of ARAP, and is brie�y ex-

17



Figure 2.5: Visual summary of Direct Delta Mush (Figures are reproduced from pre-
sentation of [2]).

plained in [13].

Without abstract handles, FAST reduces to standard LBS so it is suggested to de�ne
extra handles. Comparisons fo our method with this method with related discussions
are provided in Section 5.4.

2.3.5 Direct Delta Mush (DDM)

Direct Delta Mush proposed by Le et. al. [2] is the most suitable skinning method for
our framework because it does not require any blend weight (manual or automatic)
unlike its predecessors. It �rst smooths out the initial mesh with well-known Lapla-
cian smoothing yielding "mush", and the displacements of mesh vertices before and
after smoothing are kept. Also, initial mesh is deformed via rigid skinning, in which
each mesh vertex is simply attached to the closest bone to it, and transferred with
the same transformation of the bone it is attached to. Exactly the same smoothing is
applied to the deformed mesh. Then, the displacements kept initially while smooth-
ing the initial mesh is added back to the deformed shape. The process is summarized
in Figure 2.5.
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CHAPTER 3

3D SKELETON TRANSFER BETWEEN MESHES AND CLOUDS

We present a curve-skeleton extraction method in the form of curve-skeleton trans-
fer from the source shape to the target. The shapes we deal with need to be in
correspondence. They are discretized as meshes embedded in 3D and are not neces-
sarily watertight. They can even be in arbitrary topology, and furthermore be dis-
connected point clouds. Our method associates the source skeleton with the source
shape and computes the optimal rigid transformations towards the corresponding
query shape points. This transformation for each source skeleton point is followed
by a post-processing operation. Fixed skeleton connectivity maintained through-
out the transfer guarantees that the resulting skeleton is as complex as the source
skeleton, e.g., no redundant branches and complicated joint hierarchies. The perfor-
mance and versatility of our method as well as its advantages over a direct skeleton
extraction method are demonstrated.

3.1 Introduction

The set of points having more than one closest point to the boundary of a shape
is called the medial-axis or skeleton. Since its �rst introduction in [14], many of its
variants have been developed and used in shape analysis, retrieval, deformation, and
many other applications.

One problematic issue with the initial version of the medial-axis is being too sen-
sitive to small variations on the boundary. Even with a boundary with small noise,
the produced medial-axis is too complex to be processed or to be practical especially
for 3D shapes because medial-axis of a 3D shape not only consists of curves, but also
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contains 2D surfaces. Such structures are unnecessarily complex for some applica-
tions. To promote usage of medial-axis, 1D curve representations of medial-axis,
called curve-skeletons, have been introduced. In spite of their di�erences, the terms
curve-skeleton and skeleton are used interchangeably in the literature. Throughout
the paper, we refer to curve-skeleton by the phrase “skeleton”.

Numerous methods have been proposed for computing medial-axes of shapes. In
cases where there are several shapes in correspondence such that they represent
di�erent poses of the same entity at di�erent times, e.g., animation sequences, some
recent techniques like [15] allow transfer of medial-axis computed for one shape to
other shapes. Analogously, many methods have been proposed for extracting curve
skeletons of shapes, however, no study has been done speci�cally for transferring
an already extracted curve-skeleton between shapes in correspondence. There exist
common scenarios where this correspondence information is available, e.g., anima-
tion sequences, simulated models, or registered models. Computing the skeleton
for each shape directly in such scenarios with the existing methods has three dis-
advantages. First, the extraction process for all the shapes may take a long time as
each one is treated independently in isolation. Second, it is highly unlikely that the
resulting skeletons will be registered to each other vertex-by-vertex, however, this
missing one-to-one correspondence property may also be desirable. Third, many of
the skeleton extraction methods require that the mesh, arguably the most common
shape representation, is watertight, i.e., possess no holes, voids, or non-manifold
structures, and complete, and represented by �ne tessellations. Majority of these
direct methods are also likely to su�er from producing artifacts such as redundant
branches.

In this study, we propose a simple yet accurate method that enables curve-skeleton
transfer between shapes in correspondence. To do this, we need an already extracted
skeleton, which we refer to as the source skeleton throughout the paper. Firstly, for
each source skeleton vertex, we associate a set of vertices of the mesh from which it
is extracted. This mesh is called the source mesh throughout the paper. The corre-
spondence process to achieve this association is explained in detail in Section 3.3.1.
Subsequently, for each skeleton vertex, the optimum rigid transformation that maps
its associated vertices to the corresponding point set of the target shape is computed
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separately. Note that, the target shape in our versatile method admit many repre-
sentations but, without loss of generality, we assume mesh representation hereafter.
Note also that this target mesh is also referred to as the input mesh since we want
to extract the skeleton for this query mesh. Optimum transformation computation
results in a rotation matrix and a translation vector for each skeleton vertex. The
resulting transformations are applied to their skeleton vertices one-by-one, trans-
ferring the skeleton vertices to the input mesh. This transfer process is explained
in Section 3.3.2. Finally, 1D curve skeleton is smoothed during the post-processing
stage whose details are given in Section 3.3.3.

The study has two main contributions.

• A curve-skeleton transfer method which works quite fast, does not require
skeleton computation for each target mesh from scratch, preserves connectiv-
ity and complexity of the source skeleton and works even if the target meshes
have degeneracies up to some extent. Meshes are not necessarily watertight
and in �xed topology, and furthermore can be disconnected triangle soups or
point clouds.

• Two novel error metrics that allow us to measure the accuracy of centeredness
property of a curve-skeleton inside of tubular structures quantitatively and to
compare the results with other methods in a more systematic way. To our
knowledge, no quantitative error metric was proposed in previous studies to
assess centeredness property of curve-skeletons.

3.2 Related Work

Unlike medial-axis, curve-skeleton is not formally de�ned. Although some attempts
were made to mathematically de�ne what a curve-skeleton is, e.g., [16], these de�-
nitions have not been accepted widely by the community. Due to the lack of formal
de�nition, there has not been an exact algorithm to compute the curve-skeleton of
a shape. However, several properties that should be satis�ed by a curve-skeleton is
listed at least: Topology preserving, invariance under isometric transformations, re-
constructability, thinness, centeredness, reliability, component-wise di�erentiation,
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connectedness, robustness, smoothness, and hierarchicalness. We will not explain
what those properties mean for the brevity of the discussion, those who are inter-
ested in brief de�nitions and analysis of those properties are encouraged to read the
survey [17]. Identi�cation of the properties does de�nitely not imply that a curve-
skeleton should satisfy all of them. In fact, it is impossible for a curve-skeleton to
satisfy all of the properties because some of them are con�icting. For example, cen-
teredness and robustness are con�icting properties which further implies a curve-
skeleton does not have to be a subset of the medial-axis invalidating the de�nition
in [16]. Instead of full�lling all of the properties, non-con�icting and di�erent sub-
sets of them are satis�ed for di�erent applications. This has led to development of
numerous techniques and algorithms to compute the curve-skeleton of a shape.

First computing medial-axis and then pruning it to obtain the curve-skeleton is one
of the most widely used strategies for computing curve-skeleton of a shape, [18]
and [19] are recent examples to algorithms adopting this strategy. Low robustness
to surface noise and computational expensiveness are two major drawbacks of such
approaches. Some techniques to produce robust skeletons have also been developed.
For example, a generalized potential �eld generated by charges placed on the sur-
face of the object is used by [20] in order to de�ne a repulsive force that pushes
the surface towards centering skeleton. Even though curve-skeletons produced by
such such techniques are almost excellent in terms of robustness and smoothness,
it is challenging to trace the �eld discontinuities due to numerical issues and their
computational cost is quite high. Exploiting curve-skeleton extraction in 2D which
is a relatively well-studied area is another strategy for 3D curve-skeleton extraction.
For example in [21], the shape is �rst orthographically projected onto 2D scenes,
its curve-skeleton is computed in 2D domain, and it is projected back to 3D. Al-
though robust curve-skeletons can be computed with a low computational cost with
this method, it may be out of the shape and a large number of projections may be
required. Contraction-based methods have been becoming more popular in curve-
skeleton extraction area. [22] is a good representative of this family, which was also
used in this study to extract the source skeleton. Major drawbacks of such methods
are they usually require many parameters to tune, quite di�erent skeletons can be
generated for di�erent discretization of the same surface, and they usually assume
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that the surface is watertight, possessing no holes. Other than these, many di�erent
methods were developed for curve-skeleton computation from probabilistic meth-
ods [23] to the ones using shape diameter function [24]. Curve-skeleton extraction
methods are certainly not limited the mentioned ones, those who are interested are
encouraged to read the surveys [17] and [25]. Both medial-axis and curve-skeleton
computation has drawn noticeable attention up to now, and this trend will most
probably continue in the future due to the diverse range of applications taking ad-
vantages of them.

One of the applications in which skeletons are quite useful is the compact encoding
of animation sequences. A naïve approach that stores each animation frame model
explicitly with the full mesh details would be too redundant and expensive in terms
of streaming, storage, and processing. Extracting and rigging the skeleton of a sin-
gle model is a much more e�cient alternative for the faithful reproduction of the
sequence poses [26, 27, 28]. These methods have been improved recently, at the ex-
pense of increased computational load, by automatic pruning of redundant bones
[29] and introduction of deformable medial spheres [15]. The input to this family
of methods is a set of example poses with temporal consistency, i.e., di�erent poses
with the same �xed connectivity. We should note that while most of the sequences
come with this information naturally, e.g., meshes produced by animations, defor-
mations, simulations, and registrations, one can also employ fully automatic dense
correspondence algorithms to obtain this knowledge [30, 31, 32, 33, 34].

Another usage of skeletons is to represent static models e�ciently for various pur-
poses such as animation or deformation. Given a static character mesh and a generic
template skeleton, for instance, [3] adjusts the skeleton so it can �t into the mesh
properly and then attaches it to the surface with the appropriate blend skinning
weights that derive the animation afterwards. Electors voting approach [35] per-
forms similarly for this so-called animation re-targeting task except it extracts the
skeleton automatically instead of �tting a template. Regardless of how skeleton is
placed in this family of animation re-targeting methods, one needs to bind the skele-
ton to the surface vertices with the appropriate blend skinning weights to enable
the animation of the skeletonized object. This is either a manual burdensome pro-
cess or an automated process up to some accuracy issues [1, 13]. Note that, if the
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source mesh is weighted properly then the skeletonized object through our transfer
is already equipped with this important weight information since the new skeleton
comes with its binding to the new surface through perfect correspondences.

There are several other useful static shape representations through skeletons. Shape
retrieval application, for instance, greatly bene�ts from skeletons while comparing
the similarity between a query model and many database models without getting
confused and slowed down by the geometric factors [36, 17, 37]. Sometimes, how-
ever, these geometric factors may be useful, e.g., skeletons of a horse and a camel are
similar but they are geometrically di�erent and should not be matched [38]. Conse-
quently, one needs to keep this trade-o� in mind while employing skeletons for this
task.

Several applications like the ones mentioned above usually use a series of poses
of the same model. A computationally lightweight method for computing curve-
skeletons for all of the poses of a model such that the resulting curve-skeletons will
be topologically equivalent and have the same number of skeletal elements is lack-
ing. At this point, one may attempt to use medial-axis deformation based methods
like [39] and [15]. Nevertheless, such methods are proposed for generating surfaces
for animating mesh sequences and using them for curve-skeleton transfer comes
with a few important disadvantages. For example, in the approach in [15], which
was based on [40], the two stage optimization process is computationally costly.
Even for a small number of medial primitives (∼ 50), the computation takes dozens
of seconds yet it takes less than a second with the method proposed here for a large
number of skeleton vertices (∼ 500) (See Section 3.4.9). Moreover, the proposed
method allows curve-skeleton transfer when the input subject changes, e.g., trans-
fer from a male to a female, or from a slim subject to a fat one (See Section 3.4.3).
However, it is unclear how deformation based methods behave when used for such
a purpose. As mentioned, medial-axis deformation methods and this study bring
solutions to di�erent problems. If the objective is to embed surface information into
a medial structure and reconstruct the animated surface, then deformation methods
like [15] should be favoured. Nevertheless, if the objective is to compute curve-
skeletons for a series of poses of the same model, or even a di�erent model up to
some extend (See Section 3.4.3), in a very fast manner, it is advantageous to use our
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transfer approach.

3.3 Method

The method we propose consists of three stages. A correspondence between the
source mesh and its skeleton is established in the �rst stage which we call as surface
correspondence. Once the surface correspondence is established, the optimum rigid
transformations transferring the skeleton of the source mesh to the possible skele-
tons of the other input meshes are estimated. Skeleton transfer stage is followed
by a post-processing stage in which the estimated skeletons -which are 3D medial
curves- are smoothed by using Laplacian smoothing.

3.3.1 Surface Correspondence

In order to transfer to the input mesh, we need a source mesh and its skeleton, which
can be created manually or computed by any skeleton extraction method. We should
make sure the skeleton extraction method we are using can extract the skeleton as
correct as possible. We used the Mean Curvature Flow (MCF) method proposed in
[22] to extract the source skeleton from the source mesh. The source skeletons used
in this study are shown in Figure 3.1. Please note that the part of the extracted
source skeleton in the right foot of the human mesh does not precisely satisfy the
medial-axis property. Consequently, the transferred skeletons also do not satisfy the
medial-axis property precisely in that region of the meshes (Section 3.4).

A correspondence between the source mesh and the source skeleton should be es-
tablished so that the source skeleton can be transferred to the input meshes using
this correspondence. We continue to provide details for this correspondence com-
putation.

It is assumed that the source skeleton consists of piece-wise linear 1D curves wherein
joints are represented as vertices (which we call as skeleton vertices) and if any two
vertices are connected, they form a line segment. For the ith vertex of the source
skeleton si = [six siy siz ]

T , we �rst determine the number of mesh vertices Ni with
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Figure 3.1: Source skeletons to be transferred (human in two views).

which we are going to establish correspondence. Let (si,vi,1) be a pair of vertices
where vi,1 = [vi,1x vi,1y vi,1z ]

T is the closest vertex of the source mesh to si in terms
of Euclidean distance. Let us denote the distance between si and vi,1 as ri. We
de�ne rmin as the smallest of such distances for all the skeleton vertices, i.e., rmin =

min{r1, r2, ..., rN} where N is the total number of vertices in the source skeleton.

Let us consider a hypothetical case in which si is inside of a cylindrical shape with
height h. vi,1, ri, and the setup is depicted at the top row of Figure 3.2. The top
view of the cross section of the cylinder is shown at right to better see the setup. si

is corresponded with a number of vertices chosen from the surface of the cylinder.
At the bottom row of Figure 3.2, a thicker cylinder is given such that r′i > ri. It
is clear that the surface area of the cylinder increases with increasing ri if h′ ≥ h.
As the cylinder gets thicker, h′ tends to be larger than h implying that the surface
area non-linearly depends on ri. Consequently, Ni should be increased non-linearly
with increasing ri, otherwise, lacking number of corresponding vertices leads to
sub-optimal skeleton transfer results. Besides, it is not a proper way to directly
use Euclidean distance between si and vi,1 while deciding Ni because the scales of
meshes may di�er. Using the ratio ρi := ri/rmin instead of ri by-passes this problem.
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This leads us to choose Ni as

Ni =


8 + b8ρic, if ρi ≤ 3

8 + b12ρic, if 3 < ρi ≤ 6

8 + b16ρic, if 6 < ρi.

(3.1)

When we do not use any constant term and ρi is close to 1, Ni becomes small for a
robust transformation estimation. Thus, we added a constant term to the equation.
To re�ect the non-linearity between ρi andNi mentioned at the previous paragraph,
we divided the equation into three cases and we increase the coe�cient of ρi with
increasing ρi. The value of the initial term which is 8 and the coe�cients of ρi
which are 8, 12, and 16 are determined through various experiments covering many
di�erent cases. Please note that there can exist di�erent procedures for determining
Ni, the one presented in this study produces fairly accurate results which will be
discussed thoroughly in Section 3.4.

Determination of Ni is followed by choosing Ni vertices on the mesh. It is better
to choose the corresponding vertices on the rigid body part of the source mesh to
which si is related so that the estimated rotation matrix and translation vector will
be consistent. Choosing corresponding vertices on an unrelated body part would
lead to suboptimal rotation matrix and translation vector estimation. Nevertheless,
choosing simply closest Ni mesh vertices to si may result in corresponding vertices
clustered in a small area which would provide redundant information or again lead
to suboptimal rotation matrix and translation vector estimation. The corresponding
vertices of si should lie on the body part of the mesh to which si is related as much as
possible while the distance between them should be as large as possible. To achieve
this, we choose Ni vertices on the mesh which are closest to si and they do not
belong to each others’ 1-ring neighbourhoods. More formally, let N (v) be the set
of vertices in 1-ring neighbourhood of vertex v and Ci = {vi,1,vi,2, ...,vi,Ni

} be the
set of correspondent points of si, we choose the Ni closest vertices on the source
mesh to si such that N (vi,l) ∩ N (vi,m) 6∈ Ci for l 6= m. The selection routine can
easily be implemented �rst by sorting the mesh vertices according to their distances
to si and then constructing the set Ci.
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Figure 3.2: Two cylinders represented as triangular meshes. The cylinder at bottom
is thicker than the one at top, that is, r′i > ri, and also h′ ≥ h. Sub�gures at right
show the top views of the cross sections of the cylinders to better depict the setup.
As ri increases, the area of the cylinder increases non-linearly.

Before �nishing this subsection, we would like to justify the need of making the
number of corresponding vertices for a skeleton vertex si dependent on ρi and mak-
ing them not to belong to each others’ 1-ring neighbourhoods. As mentioned, if
we correspond si just with a number of mesh vertices closest to it, then the corre-
sponding vertices have the risk of clustering in a small area on a part of the mesh.
This may further lead to distorted transferred skeletons especially between inter-
subjects. Figure 3.3 depicts an example of this phenomenon. In this example, the
clustered vertices for the skeleton vertices going through the torso of the human
were all selected from the back of the subject. When the skeleton was transferred
to a mesh of another subject, the skeleton segment in the torso became distorted,
given in the top-right sub�gure. This was due to the fact that, as all corresponding
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Figure 3.3: An inter-subject skeleton transfer case (from the source in Figure 3.1
to this di�erent human) showing the resulting skeleton when just the closest mesh
vertices to skeleton vertices were chosen as corresponding vertices (top-right) and
when ρi parameter was used (bottom right).

points for the distorted part of the skeleton were from the back, the estimated trans-
formations for those skeleton vertices cannot capture the surface on the stomach of
the mesh. Resulting skeleton when we used ρi alleviates this problem as shown at
the bottom-right sub�gure.

3.3.2 Skeleton Transfer

While transferring the source skeleton to a target with correspondence, its number
of vertices and connectivity of vertices are preserved so that we obtain a skeleton
for the target mesh registered to the source skeleton vertex-by-vertex. To achieve
this, we �rst compute the optimum rotation matrix R̂i and translation vector t̂i that
map the corresponding mesh verticesCi of the source skeleton vertex si to the corre-
sponding verticesDi of the input mesh, and then apply the computed transformation
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to si to �nd the corresponding skeleton vertex of the input mesh ŝi. Detailed deriva-
tion of the optimum rotation matrix and translation vector computation method we
used can be found in [4]. Not to extend the discussion by repeating the steps in the
indicated study, we just state the optimization problem and give its solution.

Let Di := {wi,1,wi,2, ...,wi,Ni
} be the set of vertices of the input mesh correspond-

ing to its skeleton vertex ŝi. As the input mesh is registered to the source mesh,
the vertices in Di are also registered to the vertices in the set Ci with the same id
numbers. To obtain R̂i and t̂i, we de�ne the following error metric:

Ei(Ri, ti) :=

Ni∑
j=1

||(Rivi,j + ti)−wi,j||2. (3.2)

Our aim is to solve the optimization problem

(R̂i, t̂i) = argmin
Ri,ti

Ei(Ri, ti) (3.3)

subject to RiR
T
i = RT

i Ri = I.

Please note that optimum rotation matrix and translation vector for each skeleton
vertex of the input mesh, i.e., R̂i and t̂i are computed for each si, 1 ≤ i ≤ N ,
by using the method described in [4]. Subsequently, we �nd the location of the
source skeleton vertex si when it is transferred to the input mesh by using the linear
transformation

ŝi = R̂isi + t̂i. (3.4)

Computation of skeleton vertices ŝi for the input mesh is followed by copying the
edges in the source skeleton directly to the skeleton for the input mesh. In other
words, if there is an edge between si and sj in the source skeleton, we connect ŝi

and ŝj by adding an edge between them.

Note that, we build our approach on the observation that even if the shape exhibits
large non-rigid deformations, majority of the skeleton moves locally rigidly, e.g.,
from ankle to elbow. The optimal rotations and translations handle the rigid move-
ment of the local parts as well as the non-rigid movement of the minor joint regions
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which are su�ciently small, e.g., elbow. This is validated through our comprehen-
sive evaluations which involve skeleton transfer under very large non-rigid trans-
formations (Section 3.4).

3.3.3 Postprocessing

    

 

When we follow the procedure mentioned up to now, we obtain a
skeleton for the input mesh registered to the source skeleton, and we
call it as the transferred skeleton. 1D curve representing the trans-
ferred skeleton may have ripples like in the �gure at right due to the
nonzero error values resulting in Equation 3.2. In order to get rid of
those ripples as much as possible, we applied Laplacian smoothing
method to the 1D curve representing the transferred skeleton.

Let {s1, s2, ..., sL−1, sL} be a skeleton segment and let {s′1, s′2, ..., s′L−1, s
′
L}

be the smoothed version of it. Positions of the terminal vertices are
preserved, i.e., s′1 = s1 and s′L = sL. Let sj be a non-terminal vertex in the segment.
Let sj−1 be the preceding vertex and sj+1 be the succeeding vertex of it. Weightwj−1

of the edge between sj−1 and sj and weight wj of the edge between sj and sj+1 are
de�ned as

wj−1 :=
1

||sj − sj−1||
(3.5)

and

wj :=
1

||sj+1 − sj||
, (3.6)

respectively. After computation of the weights, the displacement vector dj for sj is
computed as

dj :=
wj−1sj−1 + wjsj+1

wj−1 + wj
− sj. (3.7)

Finally, s′j is computed by the relation

s′j = sj + 0.5dj. (3.8)
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Applying Laplacian smoothing procedure just one time may not be enough to reach
a satisfying smooth skeleton segment. Thus, the smoothing procedure is applied
repeatedly to a skeleton segment until the displacement is su�ciently small. To this
end, iterations continue until 0.5||dj|| < 0.05λavg condition is satis�ed for any sj

where λavg is the average edge length of the source skeleton segment.

The smoothing operation we used is computationally lightweight, as supported by
the timing values given in Section 3.4.9. It smoothes the curve-skeleton mostly in
one pass, acting just like a low-pass �lter, if not, in a few passes. Note that, it does not
check any condition about surface boundary which may arise the question whether
it can push the transferred skeleton out of the shape boundary. For this to happen
for a skeleton vertex sj , 0.5||dj|| > rj should be satis�ed where rj is the distance
to the closest mesh vertex to sj . Although it is mathematically possible, this can be
considered as an extreme case. An example setup to this case is given in Figure 3.4 in
2D to easily explain the case. In the �gure, black lines represent shape boundary, red
lines represent its curve-skeleton, sj−1, sj , sj+1 represent three consecutive skele-
ton vertices, 0.5dj represents half of the displacement vector, and s

′
j represents new

position of sj . It is hard to encounter such very thin and zigzaggy mesh structures
in animation characters. Legs of the horse and centaur models are closest exam-
ples to such structures in the datasets we used and the smoothing operation did not
push the transferred skeleton out of those structures. Despite all of these, one can
still modify the smoothing operation adding a boundary check condition or use a
completely di�erent one to ensure the skeleton is inside of the shape boundary if
the dataset includes such very thin and zigzaggy structures as in Figure 3.4. How-
ever, this may make the smoothing operation computationally expensive relative to
surface correspondence and transfer stages.

3.4 Results and Discussion

In this section, we will �rst present the datasets used in the experiments. Subse-
quently, we will brie�y explain the experiments we conducted to test the perfor-
mance of the method in various cases and discuss the corresponding results. Finally,
we will present the time consumed by the method for each model.
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Figure 3.4: An extreme case in 2D setup in which the shape boundary is zigzaggy.

3.4.1 Datasets

We used the FAUST dataset [41] and the TOSCA dataset [42] in the experiments, for
human and non-human skeleton extraction demonstrations, respectively. FAUST
comes with triangulated meshes of 10 human subjects, each in 10 di�erent poses.
The meshes were obtained by registering a template mesh to all these poses, hence
one-to-one correspondence is available over the dataset. We used a subset of this
dataset that consists of 4 subjects. One pose of the �rst subject is used as the source
mesh from which the source skeleton was extracted. 9 other meshes of this �rst
subject are used as inputs to our intra-subject skeleton transfer experiments (Sec-
tion 3.4.2), and the remaining 30 meshes are the inputs to the inter-subject part
(Section 3.4.3). We also create and use the downsampled point clouds (Section 3.4.4)
and punctured versions (Section 3.4.5) of these meshes for other experiments that
demonstrate versatility.

TOSCA, on the other hand, is a synthetic dataset obtained by deforming reference
mesh models towards new poses, which also brings one-to-one correspondence in-
formation. We used Centaur, Horse, Gorilla, and Wolf subjects from TOSCA. One
mesh of each subject class provides the respective source skeleton. In addition to the
original meshes, we again create and use the downsampled point clouds and punc-
tured versions of these meshes to perform a thorough evaluation (Section 3.4.6).
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3.4.2 Intra-Subject Skeleton Transfer Experiments (FAUST)

In this set of experiments, intra-subject skeleton transfer ability of the method was
tested, that is, transferring the source skeleton to the other poses of the same subject.
Our method transferred the source skeleton, which is inside of the human body
shown in Figure 3.1, to the input meshes successfully. The transferred skeletons for
the 9 poses of the �rst subject can be seen in Figure 3.5 which shows that results
maintain the medial axis property. Note that the deviation of medial axis in the
right foot of the source skeleton (Figure 3.1) is re�ected in our transfer results. The
accurate and smooth results verify the robustness of our surface correspondence,
rigid transformation, and postprocessing schemes in Section 3.3.

3.4.3 Inter-Subject Skeleton Transfer Experiments (FAUST)

In this set of experiments, inter-subject skeleton transfer ability of the method was
tested. In these experiments the source skeleton was transferred to the 10 meshes
representing all 10 poses of the second, third and fourth subjects of the FAUST
dataset. Some of the resulting skeletons transferred from the source mesh to the
meshes of the second, third and fourth subjects of this dataset are shown in Figure
3.6. Our method successfully transferred the source skeleton to 30 di�erent poses ex-
tremely quickly in-one shot. The results show that the established rotation matrices
and translation vectors can represent pose changes not only between intra-subjects
but also between inter-subjects providing the method with the abilities such as skele-
ton transfer between genders and subjects with di�erent weights and heights.

Fast transfer of the source skeleton to several input meshes in
one-shot is not the only advantage of the proposed method.
In some cases, the transferred skeleton is also more accurate
than the skeleton for the input mesh computed from scratch
via a direct method. An example to this case can be observed
in the �gure at right. The skeleton at the top was computed
by using MCF [22] and the one at the bottom was transferred
from the source skeleton by using our method. As it can be
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Figure 3.5: Input meshes for the �rst subject of FAUST dataset with the transferred
skeletons inside of them, resulting from the intra-subject experiments.
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seen, our result is better than that of MCF in terms of medial-
axis property around the armpit (region inside of the red cir-
cles) of the subject. We also note that MCF, and many other existing algorithms,
require watertight input meshes, meaning that they will fail on various other input
types that we support, e.g., point clouds (Section 3.4.4) and punctured models with
boundaries (Section 3.4.5).

3.4.4 Experiments for Skeleton Transfer to Downsampled Point Clouds

(FAUST)

In this set of experiments, the method was tested on input meshes having missing
vertices and no connectivities. For this purpose, �rstly, a number of vertices of the
source mesh were selected randomly uniformly and the id numbers of these vertices
were recorded. After that, vertices with the recorded id numbers were removed from
all of the meshes, including the source mesh and all the input meshes of all of the
subjects. We did not do any remeshing operations subsequently, instead, for each re-
moved vertex, we further removed all the edges emanating from that vertex, and all
the triangles associated with that vertex. To observe the performance degradation
clearly, the number of removed vertices were increased 1000-by-1000 from 1000 to
6000, creating a downsampled point cloud data in each step. Subsequently, surface
correspondences were established between the source skeleton and every downsam-
pled versions of the source mesh, separately. Please note that, it is better to assume
the inputs as downsampled point clouds at this point for this experiments because
while transferring the source skeleton to them, we do not use and need any face or
edge information. After the surface correspondence stage, the source skeleton was
transferred to the point clouds of inputs by using the approach presented in Section
3.3.2 and the resulting skeletons were smoothed by using the approach presented in
Section 3.3.3.

The performance of the method did not decrease noticeably even when approxi-
mately 60% of the vertices of the meshes were uniform randomly removed. Some
of the results of this set of the experiments are shown in Figure 3.7. This high level
of robustness is due to the fact that, as long as the correspondence method men-
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tioned in Section 3.3.1 can �nd alternative vertices for the removed vertices in close
neighbourhoods of skeleton vertices, the established local transformations are able
to represent both intra-subject and inter-subject pose changes.

The transferred skeletons started to deteriorate as the number of removed vertices
were increased. The �rst two rows of Figure 3.8 show four of the results when 5000
of 6890 (72.5% approx.) vertices of the meshes were uniform randomly removed. As
one can verify from the �gure, although the transferred skeletons are still valid for
some input meshes (e.g., �rst two sub�gures of the �rst column), they start to become
inaccurate for some other meshes (e.g., �rst two sub�gures of the second column).
When 6000 of 6890 (87% approx.) vertices were removed uniform randomly, the
method could not compute valid skeletons for the input meshes. Two of the results of
this case are shown at the last row of Figure 3.8, where one can see that although the
transferred skeleton is not bad in some cases (e.g., left sub�gure of the last row), most
of them are deteriorated (e.g., right sub�gure of the last row). The severe decrease
in the accuracy is due to the fact that, when the surface correspondence method
cannot �nd enough number of points in close neighbourhood of a skeleton vertex,
it starts to correspond it to far-away vertices, resulting in erroneous rotation matrix
and translation vector.

3.4.5 Experiments for Skeleton Transfer to Punctured Meshes (FAUST)

In this set of experiments, a set of connected vertices in a speci�c area of the meshes
was removed instead of random removal, resulting in punctured meshes with bound-
aries. The id numbers of the removed vertices were the same for all the meshes
including the source mesh and all the input meshes of all of the subjects. We gen-
erated three types of punctured meshes each one having a hole in a speci�c area:
on the upper left arm, on the upper right leg and on the torso. As in the case for
downsampling, after creation of new input meshes, surface correspondences were
established between the source skeleton and every punctured version of the source
mesh, separately. Surface correspondence step was followed by the skeleton transfer
and smoothing steps in sequence.

The method transferred the source skeleton accurately in various cases of the punc-
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tured meshes. The results related with the inputs from which 91 connected vertices
were removed resulting a hole in the upper left arm are shown in Figure 3.9. In
this case, when the vertices were removed, the skeleton vertices close to the hole
were corresponded to the mesh vertices in the same rigid part with them, that is, in
the upper left arm. As a consequence, the computed rotation matrices and transla-
tion vectors could capture the pose changes accurately. Of course, as the number of
vertices gets larger, the results would become deteriorated.

The accuracy decrease in cases for punctured meshes depends both on the size and
place of the hole. For example, when 88 vertices (almost same with the previous
case) were removed from right-legs of the meshes, the accuracy dropped relatively
severely for the most cases. Four examples to this case are given in Figure 3.10.
While the results at the middle column are accurate due to little pose change at the
legs, the ones at the last column have inaccurate skeletons.

Four of the results can be seen in Figure 3.11 when we removed 176 vertices from
the torsos of the meshes. As it can be veri�ed from the �gure, when the position
of torso of the subject changes signi�cantly, the quality of the transferred skeleton
has a high potential to decrease. The sub�gure at the bottom-right is an example to
this case where the skeleton segment in the torso has an abrupt change. The results
associated with the punctured test cases implies that as the method corresponds a
skeleton vertex si to the vertices in di�erent rigid parts of the mesh than the part in
which si lies, the estimated transformation for si becomes erroneous.

3.4.6 Experiments for SkeletonTransfer BetweenNon-HumanSubjects (TOSCA)

To assess how well the method can be generalized, we used some meshes from the
TOSCA dataset which contains meshes of non-human subjects. More speci�cally,
for each set of Centaur, Horse, Gorilla and Wolf meshes from TOSCA dataset, we
chose a source mesh separately. Following that, we extracted the source skeletons for
each kind of non-human source mesh by using the MCF method as for the FAUST
dataset. Subsequently, for each type, we transferred the source skeleton to other
meshes for the same type. Figure 3.12 shows the results of this set of experiments.
Each row corresponds to a di�erent non-human type, the �rst column shows the
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shaded versions of the source meshes whose skeletons can be seen in Figure 3.1. The
other columns show the transferred skeleton to the poses di�erent than the source
pose for each type. The mesh models in the dataset do not only correspond to non-
human models but also have di�erent number of vertices and sampling densities
compared to the models in the FAUST dataset. We did not modify any parameter of
the proposed method speci�cally for this dataset implying that the method is highly
and easily generalizable.

We also tested the performance of the method on downsampled and punctured mod-
els from the TOSCA dataset to check whether the successful results from the FAUST
dataset still hold. To prepare thee downsampled models, we removed ∼60% of the
vertices uniform randomly. The rest of the procedure was the same as the case for
the downsampled models from the FAUST dataset described in Section 3.4.4. Results
for two of the downsampled models of two di�erent subjects from TOSCA dataset
are shown in Figure 3.13 as point clouds, each row showing a di�erent subject. We
removed 9500 out of 15768 vertices randomly and uniformly from the centaur model
and 11500 out of 19248 from the horse model. The source skeletons are shown in the
�rst column while the transferred ones to di�erent poses are shown in the second
column. The results imply that conclusions for the models from the FAUST dataset
can be generalized to this dataset seamlessly.

To prepare the punctured models, a set of connected vertices from a speci�c part
of the mesh were removed. The rest of the procedure was the same as the case for
the punctured models from the FAUST dataset described in Section 3.4.5. Results
for two of the punctured models from the TOSCA dataset are shown in Figure 3.14,
each row showing a di�erent subject. We removed 579 connected vertices out of
25438 from the back of the Gorilla model and 464 connected vertices out of 4344
from the neck of the Wolf model. Shaded versions of the models and the source
skeletons are shown in the �rst and second columns, respectively. The transferred
skeletons to di�erent poses are shown in the last columns. As it can be seen by the
red circles in the �gure, the transferred skeletons started to become deteriorated,
similar to the case for FAUST models, when we removed a set of vertices from the
models non-uniformly, like creating large holes on the surface.
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3.4.7 Experiments for Skeleton Transfer Between Non-Registered Shapes

In the experiments of Sections 3.4.2 and 3.4.3, the source mesh and target meshes
were registered vertex-by-vertex. The ones used in the experiments of Sections 3.4.4
and 3.4.5, a set of vertices were removed from the meshes but the remaining vertices
were still registered vertex-by-vertex. In this new set of experiments, on the other
hand, we test how well the method performs when true correspondence information
between source and target meshes is unavailable.

To this end, we �rst need to choose source FAUST meshes for each of the second,
third, and fourth subjects in order to perform intra-subject skeleton transfer exper-
iments over these subjects. We chose the meshes in the same pose with the source
mesh for the �rst subject, and then extracted their skeletons by using MCF [22]. Af-
ter skeleton extraction, we registered source meshes and target meshes to each other
for each subject by using the automatic shape correspondence method given in [30].
The rest of the skeleton transfer method is the same as in the other experiments.

The shape correspondence method [30] was run with 9 maximum levels and 8 initial
samples. The details of these parameters can be found in [30]. In this setting, the
algorithm computes approximately 4600 corresponding vertices on average between
the source meshes and target meshes that have 6890 vertices each. Some of the
results from FAUST dataset are given in Figure 3.15. Each row represents a di�erent
subject.

We conducted the same experiment on TOSCA dataset for Centaur, Gorilla and Wolf
models. For all of the models, [30] was run with 10 maximum levels and 8 initial
samples for Centaur model. The respective parameters for Gorilla models were 9 and
8, and for Wolf model they were 8 and 8. Besides, it computed approximately 5000
corresponding vertices out of 15768 for Centaur model, 3400 corresponding vertices
out of 25438 for Gorilla model and 2800 corresponding vertices out of 4344 for Wolf
model on average. We provide one result for each model in Figure 3.16. The number
of computed corresponding vertices for Centaur and Gorilla models are far below
∼40% of number of original vertices, which is insu�cient for estimating optimum
rigid transformations. Their results are consequently not as robust as the Wolf case,
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which aligns with the conclusions drawn in Section 3.4.4.

Accuracy of the skeleton transfer method certainly depends on the accuracy of the
shape correspondence method if vertex-by-vertex correspondence is unknown be-
forehand. Therefore, it would be appropriate to share the accuracy of the shape
correspondence method here. Average ground-truth correspondence cost for a com-
puted map φ de�ned in [30] is given as

Dgrd(φ) =
1

|φ|
∑

(si,tj)∈φ

g(si, tj) (3.9)

where (si, ti) is the ground-truth match and (si, tj) is the computed one. g gives
the normalized geodesic distance between any two vertices such that the maximum
distance is 1. Average Dgrd values for FAUST and TOSCA are ∼0.042 and ∼0.033,
respectively, which verify that our skeleton transfer method works �ne in the pres-
ence of deviations from the ground-truth zero-cost maps.

Accuracy and robustness of skeleton transfer between non-registered shapes depend
on two key points: The number of computed corresponding vertices and accuracy
of the computed corresponding vertices. The accuracy and robustness of the trans-
ferred skeleton increase as these two quantities increase. To conclude, the proposed
method allows skeleton transfer between non-registered meshes if the shape cor-
respondence method run beforehand is robust and produces su�cient number of
corresponding points.

3.4.8 Quantitative Analysis

In addition to visually inspecting the transferred skeletons through all the preceding
�gures, we propose two novel error metrics to quantify the quality of centeredness
propoperty of the results. Let pi,1 be the closest point to the skeleton point si lying
on the mesh in terms of Euclidean distance. Note that pi,1 does not have to be a
vertex of the mesh, it can lie on a triangle or edge of it. Let di,1 := pi,1 − si. We
compute intersection points of the mesh and the ray si−tdi,1, and denote the closest
one to si as pi,2. Let di,2 := pi,2 − si. The setup can be seen at left in Figure 3.17.
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With this setup, we de�ne εi as

εi := ||di,1 + di,2|| (3.10)

which gives us a value measuring how much si deviates from the medial-axis of the
mesh. Close to zero values imply that si is close to the medial-axis of the mesh. We
denote ε̄ as the average value of εi among all skeleton vertices not outliers, which is
going to be explained later in this section. It indicates how much a skeleton vertex
of the mesh deviates from the medial-axis on average.

For the second error metric, we de�ne κi as

κi :=
||di,2||
||di,1||

− 1. (3.11)

Unlike εi, κi provides us a unitless quantity measuring how much si deviates from
the medial-axis of the mesh. Values close to zero imply that si is close to the medial-
axis of the mesh. We denote κ̄ as the average value of κi among all skeleton vertices
not outliers. Like ε̄, it also indicates how much a skeleton vertex of the mesh deviates
from the medial-axis on average yet unlike ε̄ it is unitless.

Error metrics in Equations 3.10 and 3.11 implicitly assume the curve-skeleton goes
through the center of a tubular structure. The models in this study mostly consists
of such structures: Legs, arms, torsos, necks, and tails. However, this assumption
is not true for some parts of the models like shoulders. An example to this case is
shown at right in Figure 3.17. In this case, it is clear that ||di,1|| is not equal to ||di,2||
yet we can say that position of si is appropriate, at least visually. Such skeleton
points should somehow be discarded from the accuracy computation. We call such
vertices as outliers and spot them using the ratio ||di,2||/||di,1||. If the ratio for si is
above a threshold value determined beforehand, which we denote as η, we exclude
si from the computations of the error metrics. Please note that similar outlier re-
moval actions are common in the literature. For example, long rays are eliminated
while computing the well-known and commonly-used shape diameter function [24].
According to our evaluations and observations, setting η = 4 is enough to spot most
of the outliers for FAUST models. η values for the centaur, horse, gorilla, and wolf
models are set to be 6, 6, 7, and 7, respectively. With these thresholds, ∼5% of ver-
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tices of FAUST models were spotted as outliers. Outlier percentages for the centaur,
horse, gorilla, and wolf models are ∼9%, ∼11%, ∼11%, and ∼12%, respectively.

Quantitative results for various experiments using the error metrics introduced are
provided in Table 3.1. In order to have a baseline to compare the results with, we
also computed skeletons of the models using MCF [22], evaluated them, and report
the results in the table. µε̄ and σε̄ for an experiment represent average of the error
values ε̄ and standard deviation of ε̄, respectively, among the models used in the
experiment. Likewise, µκ̄ and σκ̄ for an experiment represent average of the error
values κ̄ and standard deviation of κ̄, respectively, among the models used in the
experiment. Asµε̄ represents length, it would be better to have a quantity to compare
it. For that purpose, we report lavg which represents average edge length of the
models used in an experiment. For the experiments with the downsampled models,
results with the meshes whose ∼60% of the vertices were removed are reported.

It is important that the source skeleton ensures medial-axis property as much as pos-
sible so we selected the skeleton with the lowest error values as the source skeleton
among a set of models. Error values related with them are provided separately in the
last 5 lines of Table 3.1. For FAUST dataset, errors values for both original and down-
sampled models for intra-subject skeleton transfer are just a little below the error
values for MCF. This is most probably due to the phenomenon explained in Section
3.4.3. Error values for inter-subject skeleton transfer are slightly above error values
for MCF. For TOSCA dataset, error values for both the original and downsampled
wolf and horse models are a little below the error values for MCF. For both the orig-
inal and downsampled centaur and gorilla models, they are slightly above the ones
for MCF. Furthermore, errors for downsampled models tend to be slightly greater
than, if not they are almost equal with, the values for the original models, as ex-
pected. To sum up, the method provides us a tool allowing fast skeleton transfer
between shapes in correspondence, possibly with boundaries or missing vertices at
the expense of a slight, or for some cases no, decrease in accuracy.

We believe that our error metrics are valuable in the sense they enable further quan-
titative assessments for visually similar skeletons. For example, thanks to our met-
rics we notice that, although visually similar, inter-subject transfer a�ects centered-
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ness more than downsampling does. Also, these error metrics serve the purpose of
comparing methods in terms of centeredness of the resulting curve-skeletons.

3.4.9 Timings

The experiments were conducted on a computer with Intel® CoreTM i7-2630QM CPU
running at 2 GHz. Time consumed by the surface correspondence stage and by the
skeleton transfer plus smoothing stages along with mesh and skeleton vertex counts
for each subject are reported in Table 5.2. Time consumed by smoothing stage along
is almost negligible compared to the other stages so we reported time elapsed in the
skeleton transfer and smoothing stages together. Human model in Table 5.2 refer
to the models in the FAUST dataset in which all the models have same number of
vertices. Centaur, Horse, Gorilla, and Wolf models are from TOSCA dataset. We
also report the timings related with the downsampled versions of the same models
obtained by removing∼60% of their vertices in Table 3.3. One can notice the∼60%

decrease in time consumed by the surface correspondence stage. This phenomenon
is expected because of the linear dependence of surface correspondence to the mesh
vertex count. However, time consumed in skeleton transfer and smoothing stage
did not decrease at the same ratio as these stages depend on skeleton vertex count
rather than mesh vertex counts. In punctured models, the number of removed ver-
tices is small so timings of processing the punctured inputs are almost the same as
the original inputs (Table 5.2). Please note that the time consumed in the surface
correspondence and skeleton transfer stages can further be decreased by making
the implementation parallel.

3.4.10 Limitations

Equation 3.1 implicitly assumes that models has enough vertices on the part of the
mesh to which si is related for a reliable surface correspondence. Drawback of this
implicit assumption can best be explained by an example. Let us discuss about punc-
tured leg sequence given in the top row of Figure 3.18. As the hole gets larger, the
number of mesh vertices at the vicinity of skeleton vertices in the upper right leg de-
creases. Consequently, the surface correspondence stage of the method constructs
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Table 3.1: Resulting error values for various experiments. µε̄ and σε̄ for an exper-
iment represent average of the error values ε̄ and standard deviation of ε̄, respec-
tively, among the models used in the experiment. µκ̄ and σκ̄ for an experiment rep-
resent average of the error values κ̄ and standard deviation of κ̄, respectively, among
the models used in the experiment. lavg for an experiment represents average edge
lengths of the models used in the experiment.

Experiment µε̄ σε̄ lavg µκ̄ σκ̄

Intra-Subject (FAUST) 0.0238 0.0016 0.0163 0.5386 0.0583
Inter-Subject (FAUST) 0.0286 0.0028 0.0168 0.5487 0.0515
Intra-Subject on D. S. Models (FAUST) 0.0239 0.0027 0.0163 0.5487 0.0715
Inter-Subject on D. S. Models (FAUST) 0.0289 0.0032 0.0168 0.5830 0.0726
MCF Human Models (FAUST) 0.0248 0.0042 0.0167 0.5482 0.0728

Centaur Model (TOSCA) 6.6116 0.5257 1.6696 0.9887 0.0679
Downsampled Centaur Model (TOSCA) 6.7015 0.4830 1.6696 1.0030 0.0514
MCF on Centaur Model (TOSCA) 6.1178 0.7676 1.6564 0.8953 0.0871

Horse Model (TOSCA) 8.6509 0.8597 2.0634 0.7819 0.1015
Downsampled Horse Model (TOSCA) 8.6794 0.9241 2.0634 0.7910 0.1140
MCF on Horse Model (TOSCA) 8.7558 0.6345 2.0590 0.7664 0.0497

Gorilla Model (TOSCA) 6.7356 0.6250 1.0729 1.3140 0.2074
Downsampled Gorilla Model (TOSCA) 6.7600 0.5930 1.0729 1.3118 0.1190
MCF on Gorilla Model (TOSCA) 5.8962 0.2415 1.0680 1.2381 0.2664

Wolf Model (TOSCA) 4.5667 0.1731 2.2529 0.8899 0.0118
Downsampled Wolf Model (TOSCA) 4.5556 0.1402 2.2529 0.8875 0.0075
MCF on Wolf Model (TOSCA) 4.7830 0.1582 2.2538 0.9596 0.0462

Source Skel. of Human Models (FAUST) 0.0226 N/A 0.0165 0.4972 N/A
Source Skel. of Centaur Model (TOSCA) 5.5089 N/A 1.6298 0.7675 N/A
Source Skel. of Horse Model (TOSCA) 8.2753 N/A 2.0218 0.7375 N/A
Source Skel. of Gorilla Model (TOSCA) 5.3832 N/A 1.0531 0.9107 N/A
Source Skel. of Wolf Model (TOSCA) 4.3227 N/A 2.2557 0.8108 N/A
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Table 3.2: Time elapsed in the di�erent stages of the method along with number of
input mesh vertices and skeleton vertices. Original meshes are used. All timings are
reported in seconds.

Model
Mesh
vertex
count

Skeleton
vertex
count

Surface
corr.

Transfer +
Smoothing

(Avg.)

Human 6890 522 4.121 0.588
Centaur 15768 664 12.038 1.216
Horse 19248 654 14.840 1.344
Gorilla 25438 493 14.752 1.360
Wolf 4344 508 2.684 0.867

Table 3.3: Time elapsed in the di�erent stages of the method along with number
of input mesh vertices and skeleton vertices. Downsampled (∼60% removed) point
clouds are used. All timings are reported in seconds.

Model
Mesh
vertex
count

Skeleton
vertex
count

Surface
corr.

Transfer +
Smoothing

(Avg.)

Human 2890 522 1.820 0.512
Centaur 6268 664 4.732 0.976
Horse 7748 654 5.787 1.065
Gorilla 10238 493 5.888 0.852
Wolf 1744 508 1.160 0.768

correspondence sets for the skeleton vertices in the upper right part of the man with
points from upper left leg, lower right leg and lower torso, which is a faulty corre-
spondence. As those parts undergo di�erent transformations than the upper right
leg, transferred skeleton becomes inaccurate. However, when the faulty correspon-
dence sets undergo similar transformations with the removed part and/or the pose
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change is little between shapes, the skeleton does not deteriorates drastically. Punc-
tured wolf sequence given at the middle row of Figure 3.18 shows an example to
this case. Full results of all of the experiments with punctured mesh sequences are
provided in the supplementary �le.

In addition to that, when the surface correspondence set undergoes an extreme de-
formation, Equation 3.2 is incapable to capture the required transformation mapping
Ci to Di. This failure can be observed in the experiments with horse and camel col-
lapse sequences [43]. For example, in the horse collapse sequence shown at the
bottom row of Figure 3.18, the front legs of the horse undergo such a drastic defor-
mation that Equation 3.2 cannot capture the true mapping for correspondence sets
on the front legs of the shape. Results for the camel collapse sequence are provided
in the supplementary �le.

Another limitation of the method emerges when the deformation between the source
shape and a target shape is not distance preserving, i.e., non-isometric. The method
can tolerate such deformations and perform transfer successfully in those cases up
to some extent; inter-subject skeleton transfer (Section 3.4.3) can be regarded as mild
cases of such deformations. Nonetheless, if the degree of non-isometry is high, the
resulting skeletons will not be accurate because of the faulty correspondences. For
example, if we transfer skeleton of a cat to a gira�e, the result would be inaccurate
due to high non-isometry (Distance between cat’s chin and leg is not preserved over
the gira�e’s chin and leg due to stretched neck.). In this case, one can employ an au-
tomatic non-isometric correspondence method, or can even manually provide these
correspondences to overcome this shortcoming.

3.5 Conclusion and Future Work

We have introduced skeleton transfer between two shapes in correspondence. The
query shape can be discretized as a mesh (not necessarily watertight, not necessarily
with �xed topology) or point cloud. To perform the transfer, �rstly, the method
is supplied a source shape and its skeleton that can be obtained manually or with
any of the existing methods. For each point of the source skeleton, we associate a
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set of source shape points. After that, for each set of associated points, optimum
rotation matrix and translation vector mapping the point set to the corresponding
query point set is computed. By using these transformations, the source skeleton is
transferred to the query shape point by point. Skeleton transfer process is completed
by a smoothing postprocessing stage.

We conducted experiments to test both intra-subject and inter-subject human skele-
ton transfer performance of the method as well as non-human cases. Various types
of shape discretizations are used in order to show versatility. The results of the ex-
periments demonstrated visually appealing skeletons, even for the cases where the
number of vertices in the meshes are decreased uniformly by ∼60%. Nevertheless,
the transferred skeletons started to loose their accuracy when we removed more of
the vertices than this percentage. When the removal is done non-uniformly, i.e., in
the form of a hole around a speci�c region, our method is still successful but not as
tolerant as the ∼60% case. These two removal cases, consequently, can be cast as
the limitations of our method if they exceed a certain amount. The method was also
tested on cases when no correspondence information available. In such cases, we
�rst established a correspondence between the source shape and the query shapes
by an existing shape correspondence method. Results of these experiments show
that the method is still capable of transferring the skeleton accurately with accuracy
depending on the performance of the shape correspondence method used.

We currently handle skeleton transfer between non-rigid shapes such as di�erent
poses of an articulated model. Another interesting research direction is to extend
the scope of the work so that it can handle shapes with arbitrarily scaled parts, e.g.,
transferring horse skeleton to a gira�e which has a longer neck. Moreover, as the
method keeps topology of the source skeleton during transfer operation, it cannot
handle the cases when genus of the source mesh changes across input meshes. We
leave enhancement of the method to manage such cases as a future work. In addition
to skeleton transfer problem, investigating the inverse problem, that is, transferring
the outer shape to other target skeletons, can be addressed as a future work.
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Figure 3.6: Some of the inter-subject skeleton transfer results. Each column shows
di�erent poses of the same subject and each row shows the same poses of di�erent
subjects.
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Figure 3.7: Some of the skeleton transfer results when 4000 out of 6890 vertices were
removed from the meshes; the subjects are represented as disconnected point clouds
with 2890 points. Each column shows same poses of di�erent subjects and each row
represents di�erent poses of the same subject.
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Figure 3.8: Sub�gures of the �rst two rows show four of the skeleton transfer results
when 5000 of 6890 vertices were removed from the meshes. Sub�gures of the last row
show two of the skeleton transfer results when 6000 of 6890 vertices were removed
from the meshes.
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91 vertexes removed 

     
91 vertexes removed 

Figure 3.9: Four of the skeleton transfer results when 91 vertices connected together
on the upper-left arm of the subjects were removed, forming a hole. Each row rep-
resents a di�erent subject. Shaded versions of the subjects are in the �rst column.
The other two columns show the resulting skeletons for two di�erent poses.
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88 vertexes removed 

  
88 vertexes removed 

Figure 3.10: Four of the skeleton transfer results when 88 vertices connected together
on the upper-right leg of the subjects were removed, forming a hole. Each row
represents a di�erent subject. Shaded versions of the subjects are shown in the �rst
column. The other two columns show the resulting skeletons for two di�erent poses.
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176 vertexes removed 

        
176 vertexes removed 

Figure 3.11: Four of the skeleton transfer results when 176 vertices connected to-
gether on the torso the subjects were removed, forming a hole. Each row represents
a di�erent subject. Shaded versions of the subjects are shown in the �rst column.
The other two columns show the resulting skeletons for two di�erent poses.
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Figure 3.12: Results obtained from the TOSCA dataset. Each row corresponds to a
di�erent subject. The �rst column shows shaded versions of the source meshes, the
other columns show the transferred skeleton to a di�erent pose than the source pose
for each type.
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9500 vertexes removed 

11500 vertexes removed 

Figure 3.13: Skeleton transfer results for two downsampled point cloud models from
the TOSCA dataset. Each row represents a di�erent subject. The �rst column shows
the source skeletons in the point clouds along with the number of removed vertices.
The second column shows the transferred skeletons to other poses again inside the
point clouds.
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464 vertexes removed 

579 vertexes removed 

Figure 3.14: Skeleton transfer results for two punctured models from TOSCA dataset.
Each row represents a di�erent subject. Shaded versions of the models along with
the number of removed vertices are shown in the �rst column. The middle and last
columns show the source and transferred skeletons, respectively.
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Figure 3.15: Some of the skeleton transfer results between non-registered shapes.
The meshes in each row belongs to a di�erent subject.
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Figure 3.16: One skeleton transfer result for each of centaur, gorilla and wolf models
from TOSCA dataset.

𝒔𝑖 
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𝒅𝑖,1 

𝒅𝑖,2 

𝒔𝑖 

Figure 3.17: The sub�gure at left shows a didactic example introducing the variables
pictorially used in the error metrics. The sub�gure at right shows a real case in our
models in which using the error metrics as they are would be inappropriate.
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Figure 3.18: The top row shows the punctured leg sequence and the middle row
shows the punctured wolf sequence. For the mesh pairs at both rows, the shaded
�gure at left shows the source mesh and target meshes with transferred skeletons
are shown at right. Bottom row shows mesh transfer in horse collapse sequence, the
leftmost �gure in this row shows the source mesh and skeleton. .
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CHAPTER 4

TEMPLATE SKELETON EMBEDDING INTO 3D SHAPES

4.1 Introduction

3D content creation is an important computer graphics task as many applications
such as video games and simulations depend on it. To this end, one can repose an
existing character or generate it from scratch based on a basic input. Our method
can be seen as a mean to serve both these two purposes: We have a �xed template
shape which is reposed based on an arbitrary 3D skeleton input. Since the skeleton
input is independent from the template shape, one can also see our method as a
from-scratch shape generator as we manage to surface this independent skeleton,
a task we refer to as shape transfer. Note that this task corresponds to the inverse
problem of skeleton extraction [44].

Di�erent reposing techniques can be used for modifying existing content. Two
prominent approaches for obtaining new poses are Skeletal Subspace Deformation
(SSD), also known as skinning and As-Rigid-As-Possible (ARAP) surface deforma-
tion.

Skinning approaches are widely used in real-time interactive animations like games
and movies. Basically, the character is rigged by a simple skeleton, called Inverse
Kinematic (IK) skeleton composed of bones, and the deformation is driven by this
IK skeleton. Rigging process involves both embedding the IK skeleton into the char-
acter mesh and establishing a correspondence between each mesh vertex and the
skeleton. Bone transformations are blended according to the surface correspondence
and then applied to each vertex of the mesh. Such approaches are intuitive in the
sense that articulated character motion is driven in the same manner in reality: Mus-
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cles actuate bones, and bones move skin attached to them. The �rst version of these
approaches is linear blend skinning (LBS) [10]. As this approach is very simple and
can be implemented on GPU, the character poses in the upcoming frames of the an-
imation are computed in a very fast manner. However, this swiftness comes with a
drawbacks: The new poses are usually not accurate. Especially the skin near skele-
ton joints collapses towards inside of the mesh near bending regions (referred to
as elbow collapse [45]), and also an undesired artifact called candy-wrapper e�ect
occurs near joints in bone-twist cases. Several di�erent skinning techniques have
been proposed after the introduction of LBS in order to eliminate those artifacts yet
the accuracy of most of those techniques depends on careful adjustment of blend
weights which are best done by rig artists or the selection of some shape-speci�c
parameters contradicting with our design requirements.

ARAP shape deformation is another popular method for mesh editing. It is formu-
lated for meshes embedded in 3D by Sorkine and Alexa [6]. The main point of this
method is keeping surface details as much as possible while editing mesh surface.
Basically, the mesh is considered to be composed of overlapping cells. A subset of
the mesh vertices are de�ned as control points (aka handles) and the user is allowed
to move only these points. The positions of other vertices (aka free vertices) are iter-
atively and automatically updated such that the transformation of each cell will be
composed of only rotation and translation as much as possible. ARAP deformation
technique is promising for mesh reposing because the surface details are su�ciently
preserved owing to the observation that although the deformation is quite nonrigid
globally, it is locally almost rigid. Another important requirement in mesh reposing
is volume preservation yet original ARAP deformation formulation does not take
this into account. Several variants of ARAP deformation has been developed, which
are discussed thoroughly in Section 5.2. Nevertheless, they are still not successful at
volume preservation as those formulations also do not directly consider this issue.

We propose a new shape deformation approach for mesh reposing and transfer, such
that, it will be intuitive like skinning, that is, the deformation will be driven by
skeleton, and produce fairly accurate results alleviating elbow collapse and candy-
wrapper e�ects near joints, and preserve surface details as in ARAP deformations.
It can be both used to i) obtain new poses of an articulated character or ii) transfer
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the surface of a character to 3D stick �gures that can be acquired arbitrarily by any
means, e.g., motion capture, 3D sketching, databases [46]. The user will provide the
desired pose as a simple skeleton composed of a few edges and joints (referred to as
target skeleton) along with the template shape to be deformed (referred to as source
mesh). Our approach �rst embeds the target skeleton into the source mesh (referred
to as embedded skeleton) and then establishes a correspondence between the source
mesh and the embedded skeleton. Finally, the source mesh is iteratively deformed
towards target pose in the guidance of the embedded skeleton by using a new ARAP
deformation formulation.

Our contributions in this study are as follows:

• A user-friendly framework to create new poses of an articulated human or
non-human character with two basic inputs: a target skeleton (from any source
such as motion capture, sketching, [46]) and the source template shape (to be
referred as the source mesh from now on).

• A skeleton embedding approach which can also be used as an automatic rig-
ging method.

• A method to augment the source mesh for a novel volume-preserving ARAP
deformation.

This chapter is devoted to the �rst part of the method: Embedding a target skeleton
into the source shape. As this part resembles character rigging process, we will
�rst review rigging methods in Section 4.2. Then, we will give an overview of the
overall method in 4.3 and brie�y explain it in the same section. The second phase
is explained in Chapter 5. The related work for the second stage is also provided in
that chapter in Section 5.2. In Section 5.3, the skeleton-driven ARAP deformation
will brie�y be explained. The results and discussions will be provided in Section 5.4
and the conclusions will be provided in Section 5.5.
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4.2 Related Work

Most of the previous work about skeleton embedding is related to automatic rigging
methods which include both embedding IK skeleton into source mesh and determin-
ing blend weight of each mesh vertex.

We have to emphasize that computing an IK skeleton from scratch and embedding
an IK skeleton inside of the mesh are di�erent and only the latter one serves our
purpose. A well-known example to the former one was proposed by Aujay et al.
[47] which constructs the Reeb graph of a mesh by using a Reeb graph computation
method [48], and then embeds this graph into the 3D mesh. Machine learning can
also be used other than analytical methods for this purpose, a recent approach uses
deep neural networks to predict animation skeletons for 3D articulated models [49].
Even though these methods produce appealing IK skeletons, they are not suitable
for our purpose. We need the embedded version of the target skeleton de�ned by
the user, i.e, the embedded skeleton should have the same number of joints and
edges, and the connection of these primitives should exactly be same with the target
skeleton.

A closely related approach was proposed by Baran and Popović [3]. The approach
constructs a connected graph using medial surface of the input mesh such that each
node represents center of a maximal ball. A discrete penalty function composed
of 9 basis functions is de�ned. The input skeleton is embedded onto the graph by
minimizing this penalty function. Learning procedure is required to identify the op-
timum coe�cients of the basis functions. The identi�cation process was intervened
manually. As a requirement, the input skeleton and mesh should be in a similar ori-
entation, otherwise the embedding result is wrong. On the contrary, our embedding
method is completely orientation agnostic, and no coe�cient learning procedure is
required.

Instead of trying to �t the input skeleton onto a complex graph, matching it with
the curve-skeleton of the input mesh is more promising, which is also what we do in
this study. Pourier et al. [50] adopted a similar strategy. They �rst extract the curve-
skeleton using Reeb graph which combines the methods in [47] and [51]. Then the
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input skeleton is matched with the curve skeleton using a sub-tree based shape de-
scriptor. The approach can potentially produce good embeddings yet some param-
eters called length variation threshold, and weight balancing parameter should be
tuned by the user, and apparently they seem to be di�erent for each di�erent mesh.

Another IK skeleton embedding approach based on matching with curve-skeleton is
proposed by Pantuwong et al. [52]. As their matching method is based on distance
�eld, their extraction algorithm is based on voxel mesh [53]. This implies, if the
voxelization resolution is low, then computed skeletons will be of low quality. If the
resolution is high, then the computation will take too much time. Also, the method
embeds a prede�ned IK skeleton attached with semantic information from an IK
skeleton database rather than directly embedding a skeleton given by the user.

A recent IK skeleton embedding approach [54] also matches the input skeleton with
the curve skeleton of the input mesh extracted by mesh contraction [27]. Although
the method does not require user involvement, it is only speci�c for human body
models which seriously limits its usage. Stick �gures in the form of skeletons are
used to repose non-human shapes like chairs [55]. Deep learning techniques also
enable reposing of 3D human bodies via 2D stick �gures [56]. All of the methods
discussed thus far are skinning-based [57] and hence prone to elbow collapses and
candy-wrapper artifacts, a problem we alleviate via skeleton-driven ARAP deforma-
tion.

4.3 Method

Overall mesh transfer method takes two inputs: a closed 2-manifold triangular source
mesh, and a target skeleton which is a 1D connected graph embedded in 3D repre-
senting the pose to which the source mesh will be deformed. Its output is a closed
2-manifold triangular mesh representing the new pose of the source mesh dictated
by the target skeleton such that the target skeleton is embedded inside of the out-
put mesh. Overall approach consists of two consecutive phases and summarized in
Figure 4.1.

The target skeleton is embedded into the source mesh in the �rst phase. To do this,
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Figure 4.1: The overall method consists of two stages. The �rst phase takes a source
mesh and a target skeleton, and outputs the source mesh with the embedded version
of the target skeleton inside of it. The second phase takes the source mesh with
embedded skeleton and the target skeleton as inputs. It augments the source mesh
by adding additional edges and deforms the shape towards the target skeleton by
using ARAP deformation.

�rstly, smooth, i.e., high resolution, curve-skeleton of the source mesh is extracted
by using Mean Curvature Flow (MCF) approach [27]. This method takes a closed
2-manifold triangular mesh and computes its curve-skeleton consisting of many
edges and vertices. Our genetic algorithm based graph matching method matches
the target skeleton with the curve-skeleton, embedding the target skeleton onto the
curve-skeleton in essence. The output of the �rst phase is the source mesh with this
embedded skeleton in it. Details of the skeleton embedding are given in this chapter.

4.3.1 Dissimilarity of Two Skeletons

To match the target skeleton with the extracted skeleton we de�ne a measure in-
dicating dissimilarity between two curve-skeletons. First we will give the idea in
continuous case and then state an approximation in discrete setting.

Let dS(x) be the distance between a point x and the closest point on curve-skeleton
S to x. dS(x) de�nes a scalar �eld such that dS : R3 → R. Let S1 and S2 be two
curve-skeletons. As dS(x) is a scalar �eld, curve integral of dS2(x) over S1 gives us
a measure of how dissimilar is S1 from S2. If we denote dissimilarity of S1 from S2
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as DS2(S1), it can be computed with the formula,

DS2(S1) :=

ˆ
S1
dS2(r)ds (4.1)

where r is a bijective parametrization of S1 and ds is in�nitesimally small curve ele-
ment. If we uniformly choose N sample points on curve-skeleton S1, then Equation
4.1 can also be written as

DS2(S1) = lim
N→∞

[
1

N

N∑
i=0

dS2(si)] (4.2)

where si is the ith sample point. Our approximation to Equation 4.1 is based on
Equation 4.2.

Notice that DS2(S1) is non-commutative. This can lead to non-intuitive results. For
example in case S2 ⊂ S1, DS2(S1) = 0 and DS1(S2) > 0 yet it is clear that S1 and
S2 are not similar and the latter one is correct. We de�ne commutative dissimilarity
function D as

D(S1,S2) := DS2(S1) +DS1(S2), (4.3)

on which our skeleton matching algorithm is based.

4.3.2 Skeleton Matching

A skeleton is represented in our discrete setting as S = (V,E) where V is the set
of vertices and E is the set of edges connecting these vertices. Strg = (Vtrg , Etrg)

denotes the target skeleton, Scs = (Vcs , Ecs) denotes the extracted curve-skeleton of
the source mesh, and Semb = (Vemb , Eemb) denotes the embedded version of the tar-
get skeleton. There are three types of vertices: terminal, joint, and regular. A vertex
with only one neighbour is called a terminal vertex, with exactly two neighbours is
called a regular vertex, and with more than two neighbours is called a joint vertex.
A sequence of line segments connected with only regular vertices between joint or
terminal vertices is called a skeleton segment.

The de�nitions above are valid for both Scs and Strg . To embed Strg into the source
mesh we match terminal vertices of Strg with terminal vertices of Scs and joint ver-
tices of Strg with joint vertices of Scs . We place a regular vertex of Strg on Scs by
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Figure 4.2: A skeleton segment in a target skeleton and its embedded version. vj and
vt are the end points of the segment and v′j and v′t are their corresponding points in
the embedded version. The position of v′r is determined according to the parametric
position of vr.

keeping the ratio of geodesic distances from it to the endpoints of the segment it lies
on. More speci�cally, let us consider the setup in Figure 4.2, suppose vj matches with
v′j and vt matches with v′t. We know vr and want to compute v′r. Let g(v1,v2) be
the geodesic distance between v1 and v2, let r′seg(t) be the parametric representation
of the skeleton segment belonging to the embedded skeleton such that r′seg(0) = v′j ,
r′seg(1) = v′t. Then, v′r is computed as

v′r = r′seg(
g(vj,vr)

g(vj,vt)
). (4.4)

The mentioned matching rules are not enough to obtain a valid embedding. Usu-
ally many combinations satisfy joint-joint and terminal-terminal matching yet are
invalid. An example is shown in Figure 4.3. The segment of the target skeleton
representing the right arm is matched with the segment of the extracted skeleton
representing the head in this example. This embedding is clearly not what the user
wants. A valid embedding to this case is also shown in the �gure.

The embedded skeleton should be similar to the extracted skeleton as much as possi-
ble, that is, no other matching should give smaller value thanD(Semb ,Scs) according
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Source mesh and 
extracted skeleton

Target skeleton Valid embedding Invalid embedding

Figure 4.3: First column shows the extracted curve-skeleton of a human mesh to be
used as the source. Second column shows a target skeleton. Third column shows
a correct matching between the extracted skeleton and the target skeleton. Fourth
column is an example to an invalid matching.
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Figure 4.4: Chromosomes and genes in the skeleton matching problem.

to Equation 4.3. We state the optimization problem as follows:

Semb = arg min
S

D(S,Scs) (4.5)

such that,

• E = Etrg ,

• Joint vertices of S match with only joint vertices of Scs ,

• Terminal vertices of S match with only terminal vertices of Scs ,

• Regular vertices of S are placed according to Equation 4.4.

This is a constrained non-linear discrete optimization problem with no concept of
gradient. Moreover, some parts of an embedding may belong to the optimal solution.
These observations as well as the recent success of the evolutionary methods on
shape matching [34] suggests us to use genetic algorithm optimization framework
for skeleton matching.

Let indices of target skeleton vertices be (1, 2, ..., |Vtrg |) and indices of the extracted
curve-skeleton vertices to which they are matched be (m1,m2, ...,m|Vtrg |). In this
representation, ith vertex of the target skeleton matches with mi

th vertex of the ex-
tracted skeleton. Please note that regular vertices are not matched and represented
by−1, they instead placed according to Equation 4.4 after joint and terminal vertices
are matched. Chromosome and gene de�nitions are shown in Figure 4.4.

We choose the �tness function f of chromosome χ to be

f(χ) =
1

D(chrom2Skel(χ),Scs)
(4.6)
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where chrom2Skel(χ) is a procedure converting chromosome χ to the skeleton rep-
resented by χ.

We chose initial population size to be 40 where chomosomes are initialized randomly
obeying terminal-terminal and joint-joint matching rule. The Partially-Mapped Crossover
(PMX) [58] strategy is used for crossover operation. During crossover, terminal ver-
tices are matched only with terminal vertices and joint vertices are matched with
only joint vertices. Two parents are selected with �tness proportionate selection
strategy and two o�springs are produced in each crossover. The population is same
during the optimization process, i.e., if a crossover happens, two victims are selected
by using inverse �tness proportionate selection. Only one randomly selected gene
is swapped in the mutation operation which may follow crossover operation. A ter-
minal vertex is swapped with a terminal vertex, and a joint vertex is swapped with
a joint vertex in the mutation. Probabilities of crossover and mutation operations to
be applied in a single iteration is 0.8 and 0.4, respectively.

4.3.3 Skeleton Segment Reordering and Vertex Positioning

It is not guaranteed that the genetic optimization will result in the embedding exactly
the user desires. For example, imagine a source mesh with two legs and a tail whose
lengths are all equal and the con�gurations of the regular vertices are same. The
optimization may end up an embedding in which one of the legs and the tail may
be swapped. We allow the user to correct such embeddings by manually swapping
some of the skeleton segments in a drag-and-drop manner after the optimization
process ends.

Vertex positions of a rigged skeleton often depends on the user’s or artist’s decision
and it is rather subjective [49]. Thus, we also allow the user to change the positions
of the vertices of the embedded skeleton after the optimization ends. Yet, please not
that, we did not alter the vertex positions of the embedded skeletons manually in all
of the experiments in this study.
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CHAPTER 5

SKELETON-DRIVEN ARAP DEFORMATION FOR 3D SHAPE TRANSFER

5.1 Introduction

The second phase of our approach is mesh transfer. Like the �rst one, this phase can
also be used on its own. That is, if the user already has an embedded skeleton inside
of the source mesh, new poses can be obtained by suitably transforming the bones
of the embedded skeleton by using this phase.

At the beginning of this stage, before deformation, the source mesh is augmented.
More speci�cally, the embedded skeleton is sampled and additional edges are added
between these sample points and a subset of mesh vertices, which we call support
edges. Then the shape is deformed both by using the point-by-point registration be-
tween the embedded skeleton and the target skeleton and by minimizing the ARAP
energy de�ned for the augmented mesh. While ARAP deformation scheme pre-
serves the surface details during deformation, the support edges prevents volume
loss and undesired artifacts near bending joints.

5.2 Related Work

5.2.1 ARAP Deformation

Preservation of surface details of the source mesh is a necessity for our purpose.
ARAP deformation o�ers this feature in a neat way. It is shown in [6] that it is
successful at preserving edge lengths and curvatures at vertices. As the method is
originally formulated to keep only surface details, volume loss occurs near articula-
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tion joints in pose deformation.

ARAP deformation can be enhanced by adding a regularization term to the ARAP
energy equation. Levi et al. [59] enhanced ARAP deformation by adding a regular-
ization term to ARAP energy penalizing the di�erence between rotation matrices of
overlapping cells. Minimizing the ARAP energy results in smoother bendings near
articulation joints. It has better volume preservation capability than the original
ARAP formulation yet it may smooth out the skin near joints and mesh transfer
may end up in unnatural results. The approach we propose is also good at volume
preservation and does not smooth out skin near skeleton joints. This issue is brie�y
discussed in Section 5.4 where we report the comparison of our approach with [59]
along with the original ARAP deformation in [6].

Another variant of ARAP deformation is proposed by [55] et al. which allows to
de�ne di�erent rigidity for di�erent parts of a mesh. The rigidity is controlled by
changing the neighbourhood sizes of the local cells, which is 1-ring in [6]. In this
context, while larger neighbourhood size makes the surface more rigid, small neigh-
bourhood size decreases rigidity. A small rigidity is needed near articulation joints
so that the skin can adapt to the bending easily. The smallest neighbourhood size is
1-ring in this approach, which is same with the original ARAP deformation. Thus,
it does not prevent volume loss near bending areas, making it not suitable for our
purpose.

The method proposed by Qin et al. [60] allows even more control on surface defor-
mation. It permits to adjust both overlapping cell sizes, called the global sti�ness
parameter, and weight coe�cient of non-rigidity energy per cell, called local sti�-
ness parameter. It can produce more natural results than the previous approaches
provided that local sti�ness parameters are adjusted properly. Nonetheless, adjust-
ment of those parameters are non-trivial, they should be either de�ned manually
by an expert, or should be learnt from a set of poses of the same shape. In our
approach, neither manual tuning nor example based learning is required to obtain
natural deformations.
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5.2.2 Skinning

The second stage of our approach resembles skinning methods in the sense that
skin deformation of a character is computed from the movement of bones to which
the skin is attached. The �rst and most basic skinning approach LBS [10] deforms
vertex positions by linearly blending bone transformations according to the bone
in�uence weights. However, linearly combining rigid transformations violates or-
thogonality principle [11] which causes volume-loss artifacts near joints known as
elbow-collapse in bending and candy-wrapper e�ect in twisting. To remedy this is-
sue, spherical blending of transformations [61] and usage of dual-quaternions [1]
were proposed yet these approaches introduced bulging artifacts near joints.

Several interesting skinning methods have been developed to alleviate those artifacts
over time. For example, Rohmer et al. [62] proposed a method that exactly preserves
volume of the shape. However, this method requires additional inputs like amount of
corrections and pro�le curves to control the volume preservation which does not �t
our requirements. Realistic results can be obtained with physically-based skinning
methods like [9] but those methods also need some parameters like Young’s modulus
and Lamé parameters which di�er from shape to shape. It is also possible to learn
optimum blend weights by using results of accurate physically-based methods [63].
By introducing new deformers at joints in addition to bones, accurate results can
be obtained but still the parameters of physically-based methods should be tuned
carefully for the blend weight learning stage.

Jacobson and his colleagues [13] proposed a fast skinning method that integrates
hierarchical bone structure and ARAP framework. The method reduces to stan-
dard LBS when adapted to our framework without abstract handles. Using abstract
handles according to the provided algorithm improves the result but still some pre-
viously mentioned artifacts remain (comparisons with this method are provided in
Sec. 5.4).

Le et al. [8] proposed to pre-compute optimum rotation centers of the mesh vertices
before deformation, which signi�cantly improves the results. However, this method
requires careful setting of blend weights which also contradicts with our design re-
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quirements. Moreover, the method also causes some volume loss artifacts around
places where multiple bones meet like chest.

Other than direct skinning methods, implicit surface based methods may produce
high quality results but the quality of the deformation depends on the accuracy of the
initial skinning solution [64]. Also, the �nal pose depends both on the skeleton pose
and on the whole animation history, which causes the �nal pose to be a�ected by
chosen time step [65]. Moreover, those methods require setting of many parameters,
adjustment of which may require a few experiments.

In fact, all the methods using blend weights and/or requiring setting of several pa-
rameters are not suitable for our framework because performance of those methods
highly depends on the blend weights and those parameters. For example, manual
adjustment of blend weights by rig artists gives better results than computing them
with automatic methods like [3]. Nonetheless, we do not provide any other input to
our framework other than the source mesh and target skeleton.

There are some recent skinning methods like [2] not requiring any blend weight to
compute the deformed shape. Although appealing results can be obtained with this
method, some artifacts still remain especially in highly deformed cases (comparisons
with this method are provided in Sec. 5.4).

5.3 Method

Before deforming the shape to obtain new poses, the mesh should be augmented by
adding extra edges between its free vertices and the skeleton. Herein, one may be
curious about why we add extra edges instead of de�ning an ARAP energy like,

E(M,M′) =

|V |∑
i=1

∑
j∈N (i)

wij||(p′i − p′j)−Ri(pi − pj)||2

+ wis||dSemb
(pi)− dStrg (p′i)||2 (5.1)

where dSemb
(pi) is the closest distance of pi to the embedded skeleton, dStrg (p′i) is

the closest distance of p′i to the target skeleton and wis is an appropriate weight.
Nevertheless, such an energy equation cannot be solved for p′i’s as in the original

76



ARAP. However, inserting such pointwise correspondences between the mesh and
its skeleton as in-between edges into the energy equation results in a much simpler
optimization problem.

5.3.1 Selection and Movement of Handle Vertices

In ARAP deformation, a subset of the mesh vertices are selected as handle vertices.
The user is only allowed to move those handle vertices freely. Positions of non-
handle, also called free vertices, are updated automatically by minimizing the ARAP
energy. In a similar fashion, we choose a subset of mesh vertices as handles. Some
parts of the source mesh can be considered as almost rigid during deformation, es-
pecially the parts faraway to joints. It is suitable to choose those parts as handles.
Contrary to tradition, we do not let the user to move those handles directly. Instead,
movement of handle vertices are dictated by the skeleton. Thus, we �rst establish
a correspondence between the skeleton and mesh to decide which bones will move
which handles.

Each mesh vertex is corresponded with a point on the skeleton. The correspond-
ing point of a mesh vertex is the closest point to it on the skeleton. We assign
a parametrization rbone(t), t ∈ [0, 1] to each bone, such that, rbone(0) = u and
rbone(1) = v where u and v are coordinates of two end points of the bone. With
this way, every corresponding point of a mesh vertex has a parametric coordinate.
If the length of a bone with joint vertices in both ends is less than the average bone
length in the skeleton, we choose all mesh vertices corresponding to that bone as
free vertices. For other bones, handle selection procedure is controlled with a pa-
rameter ρ ∈ [0, 1]. Let ti be the parametric coordinate of the corresponding point of
mesh vertex pi on a bone. We have three possibilities for the bone:

1. If neither u nor v is terminal, and if ti ∈ [0.5−ρ/2, 0.5 +ρ/2], then we de�ne
pi as handle.

2. If u is terminal but v is not terminal, and if ti ∈ [0, 0.5 + ρ/2], then we de�ne
pi as handle.

3. If u is not terminal but v is terminal, and if ti ∈ [0.5− ρ/2, 1], then we de�ne
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Figure 5.1: Three cases for a bone while selecting free vertices according to ρ in a 2D
case. In the top, neither u nor v is terminal, in the middle u is terminal but v is not
terminal, in the bottom, u is not terminal but v is terminal. Green points represent
free vertices and black points represent handles.

pi as handle.

Those three cases are depicted in 2D in Figure 5.1 where black points represent
handles and green points represent free vertices. With this way the movements of
only the mesh vertices near joints will be updated by the minimization of ARAP
energy.

Bones in the embedded skeleton are moved to their positions in the target skeleton
one by one. The handles corresponding to the points on a bone are moved to the
target in the same way as that bone. The angle indicating how much the handles
will rotate around the bone can be de�ned by the user (See Figures 5.9 and 5.10.). If
it is not de�ned, the handles are not rotated around the bone.
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Figure 5.2: Top �gure shows the normal plane at point si of the skeleton, which is
shown as a red stick, inside of a hexagonal prism. Bottom �gure shows two parallel
planes to the normal plane si with ε gap in-between.

5.3.2 Mesh Augmentation

The essential point preventing mesh from volume loss artifacts is the additional
edges between some sample points on the embedded skeleton and free vertices of
the source mesh. We call these edges as support edges because basically they sup-
port mesh vertices incident to them and we call the mesh updated with the support
edges as the augmented mesh.

At the beginning of mesh augmentation we uniformly choose sample points on the
embedded skeleton where the gap between each is ε. If we denote ith sample as si, we
compute normal plane Pi of the embedded skeleton at si as shown at left of Figure
5.2. Then we mark the mesh vertices whose distances to Pi are smaller than ε/2 and
which are free as candidates. With this way we actually have chosen as candidate
all the free vertices of the mesh between two parallel planes which are also parallel
to Pi, and distance between Pi and both are ε/2. Those two planes can be seen at
right of Figure 5.2. We chose ε to be the average edge length of the source mesh
throughout the study.

We do not directly add an edge for each candidate. Firstly, for each candidate, we
check whether the edge between it and its corresponding vertex on the skeleton
intersects the mesh. If it does, we discard the candidate because support edges should
completely be inside of the source mesh. If the sample points on the skeleton are
incident to the edges supporting unrelated parts of the mesh, the transfer can result
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in inconsistent deformations. Thus, all the support edges emanating from a sample
should support the vertices only in the most related part to it. To �nd the most
related mesh part of a sample point, we paint each disconnected free vertex set (They
are disconnected by handles.) to a di�erent color. The most related part of a sample
point is the free vertex set having the color of the closest one of remaining candidates
to it. We then discard the candidates in other than the most related parts.

Some mesh vertices may still be corresponded to more than one skeleton sample
after selecting candidates for each sample point in the mentioned way. Multiple
support edges may cause inconsistent deformations around neighbourhood of these
vertices. Thus, we choose the closest corresponded skeleton sample in multiple cor-
respondence cases and discard the others. We add edges between all remaining cor-
responding pairs of free mesh vertices and skeleton samples. Support edges between
a cylinder mesh and its embedded skeleton can be seen in Figure 5.3. Free vertices of
a mesh are indicated with green color and handles are indicated with yellow color
both in Figure 5.3 and all other �gures in the paper. The support edges for a human
mesh are shown in Figure 5.4.

5.3.3 Skeleton-Driven ARAP Deformation

Let us suppose the source mesh is represented as Msrc = (Vsrc , Esrc) where Vsrc

is the vertex set and Esrc is the edge set. Let the set of support edges be Esup and
additional vertices incident to support edges be Vsup . Then the augmented mesh
can be represented as Maug = (Vaug , Eaug) where Vaug = Vsrc ∪ Vsup and Eaug =

Esrc ∪ Esup .

The local cell Ci corresponding to vertex i consists of the vertex i itself and its 1-ring
neighbourhood N (i). The local cell is de�ned over the augmented mesh, which
means a skeleton edge may be incident to a mesh vertex i. Also, there are no edges
between vertices in Vsup .

The structure of the local rigidity equation is same with the one in [6]. Namely, if
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Figure 5.3: Green edges show support edges of a cylinder mesh connecting its skele-
ton to its surface. The middle sub�gures show the same mesh from the inside to
reveal the support edges more clearly. Right sub�gure shows the source mesh, green
region represents free vertices, yellow region represents handles.
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Figure 5.4: Left sub�gure shows the skeleton embedded into the human mesh. Mid-
dle sub�gure shows support edges added to the source mesh which is the augmented
mesh. Right sub�gure shows the source mesh, green regions represent free vertices,
yellow regions represent handles.
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we represent local rigidity energy per cell as

E(Ci, C ′i) =
∑
j∈N (i)

wij||(p′i − p′j)−Ri(pi − pj)||2 (5.2)

where Ci is the cell of ith vertex and C ′i is its deformed version. However, choosing
weights of support edges are tricky here. As Maug is not manifold anymore, we
cannot compute them with the well known cotangent formula. If we just assign them
unit weights, the deformation does not give satisfying results. For example, if wij’s
for non-support edges incident to ith vertex are much smaller than 1, deformation
process does not preserve surface details and its goal becomes only preserving the
length of the support edge. On the contrary, if they are much greater than 1, the
weight of the support edge becomes negligible and the process is reduced to original
ARAP deformation. The weight of the support edge incident to ith vertex should be
related to the weights of non-support edges incident to it. Choosing the weight of
the support edge as the average of weights of non-support edges produce satisfying
and consistent results, i.e., deformation process both preserves surface details and
prevents the surface from collapsing inwards. Thus, edge weights are computed
with the following formula:

wij =


1
2
[cotαij + cotβij] if (i, j) ∈ Esrc

1
2|N ′(i)|

∑
k∈N ′(i)[cotαik + cotβik] if (i, j) ∈ Esup

0 otherwise

(5.3)

where αij and βij are the opposite angles of edge (i, j) and N ′(i) = N − {j}.

The ARAP energy is de�ned as in [6] and computed by using the augmented mesh
and its deformed versionM′. Namely,

E(Maug ,M′
aug) =

Naug∑
i=1

∑
j∈N (i)

wij||(p′i − p′j)−Ri(pi − pj)||2 (5.4)

where Naug is the number of vertices in the augmented mesh. Notice that we im-
plicitly set the weight of per cell rigidity energy to 1 as suggested.

Solution of Equation 5.4 is approximated iteratively where each iteration consists
of two steps. In the �rst step, p′i’s are used from the previous step and optimum
Ri’s minimizing E(Ci, C ′i) in Equation 5.2 are computed. Computation of optimum
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Ri’s is brie�y explained in [4] and we will not repeat the same explanation here. In
the implementation, we used McAdams’ fast SVD algorithm for 3 by 3 matrices to
compute optimum Ri’s [9].

After computing optimum local rotations in the �rst step, optimum p′i’s minimizing
E(Maug ,M′

aug) in Equation 5.4 are computed. Taking derivative of Equation 5.4
w.r.t. p′i and doing the required arrangements results in the linear system

Laugp
′ = b. (5.5)

Laug in Equation 5.5 di�ers from the system matrix in original ARAP deformation in
the sense that Laug contains weights for support edges. LetH be the set of indices of
handle vertices, i.e., the vertices computed with the procedure explained in Section
5.3.1 and skeleton samples incident to a support edge. The elements of Laug are
computed as,

Laug,ij =


wij if i 6= j and i 6∈ H

−
∑

j∈N (i) wij if i = j and i 6∈ H

1 if i = j and i ∈ H.

(5.6)

If i ∈ H then bi is set to the position of ith vertex which is known.

We �rst pre-factored the system matrix of the sparse linear system in Equation 5.5
by LU decomposition then solved the system for p′x, p′y, and p′z independently by
using Eigen linear algebra library in C++. The iteration is stopped when (E ′ −
E)/E < 10−5 where E ′ and E are the global rigidity errors in the current iteration
and previous iteration, respectively. Please note that, we moved each vertex of the
source mesh by applying the transformation of the closest bone (rigid skinning) prior
to the iterative solution, and used this shape as the initial solution.

5.4 Results and Discussion

5.4.1 Visual Results

Results of deforming the cylinder shown in Figure 5.3 by bending the two-segment
embedded skeleton inside with various angles can be seen in Figure 5.5. As it can be
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ARAP

SR-ARAP

Our method
(SD-ARAP)

165° 150° 135° 120° 105° 90°

Figure 5.5: Deforming the cylinder shown in Figure 5.3 with various bending angles
by using ARAP, SR-ARAP, and our SD-ARAP. Top row shows the target skeletons
for various bending angles column by column. Other rows show the deformation
results for ARAP, SR-ARAP, and our SD-ARAP, respectively.

seen in the �gure, the surface near bending joint collapses towards inside in ARAP
deformation especially for large bending angles. SR-ARAP is a remedy to this phe-
nomenon, by generating smooth surface near bending joints it prevents surface col-
lapse. However, although SR-ARAP o�ers visually appealing smooth results, this
may not be what the user wants. For example, the user may want to re�ect the
sharpness of a 90◦ corner to the bending shape without surface collapsing. Our
method SD-ARAP handles those cases successfully as seen in the last row of Figure
5.5.

Aforementioned more natural-looking results near bending joints for articulated
characters can be seen in Figures 5.6 and 5.7 which are from TOSCA dataset [66]. In
the �rst column of Figure 5.6, embedded skeletons, source meshes, and target skele-
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ARAP SR-ARAP Our method (SD-ARAP) 

Figure 5.6: Producing a new pose of the horse with the original ARAP, SR-ARAP
and our SD-ARAP. The leftmost column shows the embedded skeleton, source mesh
and the target skeleton row by row. While the �rst row of other columns shows the
deformed meshes, other two rows zooms to the highlighted regions.

tons are given in row by row, respectively. We did not provide the target skeleton
in Figure 5.7 as it is obvious. Results for deformations with di�erent approaches can
be seen in the other columns of the �rst row. The surface collapse happened in the
cylinder case also happened for bending joints in the front-right and rear-left legs
of the horse with ARAP deformation. The smooth surface generated by SR-ARAP
looks unnatural while results generated by SD-ARAP are more natural-looking, as
it can be seen in the highlights in Figure 5.6. The same is valid for the tail of the wolf
in Figure 5.7 which can be observed in the highlights in the �gure.

Di�erent poses of the human �gure from MPI FAUST dataset [41] in Figure 5.4 gen-
erated by our method can be seen in Figure 5.8. Target skeletons and new poses
can be seen in the left column and zoomed regions highlighted in the right column.
It can be veri�ed from the �gure that surface details are preserved around armpits,
shoulders, ankles, waist and knee during the deformation.
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ARAP SR-ARAP Our method (SD-ARAP)

Figure 5.7: Producing a new pose of the wolf �gure with the original ARAP, SR-
ARAP and our SD-ARAP. The leftmost column shows the embedded skeleton and
source mesh row by row. While the �rst row of other columns shows the deformed
meshes, the second row zooms to the highlighted regions.

The user can de�ne rotation around the axis of a target skeleton edge. The e�ect
is formed as a twist near joint regions on the surface. An example is given in Fig-
ure 5.9. The embedded skeleton and source mesh of a box is given in the top row.
Resulting deformations for 90◦ and 180◦ rotations are given in the middle row. De-
formation results of adding 60◦ to the target skeletons are given in the last row. A
result of applying rotation around skeleton edge axis is given in Figure 5.10. Here,
right arm of the source mesh was rotated 90◦, and our method produced a plausible
deformation.

We also deformed the source mesh by using classical and recent skinning methods to
compare them with our method. Deforming the cylinder in Figure 5.3 as in the same
ways in Figure 5.5 with LBS [10], DQS [1], Fast Automatic Skinning Transformations
(FAST) [13], and Direct Delta Mush (DDM) [2] are shown in 5.12. The skinning
weights for cylinder are shown in Figure 5.11 as a color map. We also generated the
same poses given in the top and bottom rows of Figure 5.8 by using LBS, DQS, FAST,
and DDM. The skinning weights for the human mesh can be seen in Figure 5.13 as
color maps for various bones. Aforementioned and well known volume-loss artifacts
occurring with LBS and DQS can be noticed around armpits of the human shape in
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Figure 5.8: Various poses generated by deforming the source mesh in Figure 5.4
towards the target skeletons shown in the left column with the resulting meshes.
Right column zooms to the highlighted regions on the results.
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120° 120°

90°

90° 180°

180°

Figure 5.9: Twisting a box by rotating the skeleton edge as shown. The embedded
skeleton and source mesh are given in the top row. Middle row shows the results of
rotating the edge for 90◦ and 180◦, The last row shows the results of de�ning 60◦

bending in addition to the rotations.

Figure 5.10: Rotating the right arm of a human around its corresponding bone with-
out su�ering from the candy-wrapper artifact. Result shown in di�erent views.
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Figure 5.11: Skinning weights computed with heat bone method [3] as a color map
for the cylinder. Its source skeleton consists of two bones.

Figure 5.14 obtained by deforming the source in Figure 5.4. FAST reduces to LBS in
our framework without using abstract handles. Thus, we enriched the deformation
space by adding abstract handles as suggested. Although this improves the results,
the deformation around armpits of the human shape is still unnatural. The quality of
the deformations can be increased by careful setting of blend weights. However, as
our framework aims to minimize human intervention we have to rely on automatic
blend weight computation methods which usually do not produce better results than
manual setting [3]. DDM is a recent skinning method not requiring any blend weight
setting yet the results obtained with that are still not as natural as results obtained
by our method.

The di�erence between our method and skinning methods are much more promi-
nent in twisting cases. While twisting with skinning methods causes distortions and
singularities around the twisting joint, our method results in much more intuitive
and visually appealing results as can be seen in Figure 5.15.

5.4.2 Quantitative Analysis

Apart from visually inspecting the results, we also analyzed them quantitatively.
Volume of a shape in pose deformations should not change as most of the articulated
characters are assumed to be consisting of incompressible �uids. We report volumes
of the deformed cylinders in Figure 5.5 along with the volume of the source mesh in
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165° 150° 135° 120° 105° 90° 

Figure 5.12: Deforming the cylinder shown in Figure 5.3 with various bending angles
using LBS, DQS, FAST, DDM, and our SD-ARAP. Please note that we did not add any
abstact handle for FAST as we obtained the best results in that way. The top row
shows the target skeletons for various bending angles column by column. Other
rows show the deformation results for LBS, DQS, FAST„ DDM, and our SD-ARAP,
respectively.
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Figure 5.13: Skinning weights computed with heat bone method [3] as a color map
for the human shape whose skeleton consists of 16 bones.

LBS DQS FAST DDM 
Our method
(SD-ARAP)

Figure 5.14: Some poses shown at the top and bottom rows of 5.8 are obtained by
deforming the source mesh given in 5.4 by using di�erent skinning methods. Volume
loss artifacts still occur with the skinning methods around the right armpit of the
human while the proposed method results in more natural deformations around
those areas.
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LBS

DQS

FAST

DDM

Our method
(SD-ARAP)

Figure 5.15: The box shown in Figure 5.9 are twisted 180◦ by using di�erent skin-
ning methods. The proposed method is signi�cantly more successful than skinning
methods to handle twisting near joints without requiring any blend weight painting
and parameter tuning.
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Table 5.1: Change in the volume of the cylinder in Figure 5.3 throughout the de-
formations given in Figure 5.5. Initial volume V is 30.78. V ′ represents the vol-
ume of the resulting mesh. Percentage changes are also reported in the neighboring
columns.

Bending ang. 15◦ 30◦ 45◦ 60◦ 75◦ 90◦

V = 30.78 V ′ Ch. (%) V ′ Ch. (%) V ′ Ch. (%) V ′ Ch. (%) V ′ Ch. (%) V ′ Ch. (%)

ARAP 30.68 -0.33 30.36 -1.36 29.88 -2.95 29.32 -4.73 28.74 -6.64 28.01 -8.72

SR-ARAP 30.69 -0.31 30.41 -1.21 29.97 -2.65 29.39 -4.53 28.72 -6.71 27.99 -9.07

LBS 30.73 -0.17 30.57 -0.68 30.32 -1.49 30 -2.55 29.62 -3.77 29.21 -5.09

DQS 30.78 0 30.77 -0.03 30.76 -0.06 30.75 -0.11 30.73 -0.18 30.70 -0.26

FAST 30.73 -0.17 30.57 -0.68 30.32 -1.49 30 -2.55 29.62 -3.77 29.21 -5.09

DDM 30.73 -0.18 30.6 -0.69 30.32 -1.51 29.99 -2.58 29.61 -3.81 29.21 -5.12

SD-ARAP 30.74 -0.12 30.64 -0.47 30.46 -1.04 30.23 -1.8 29.95 -2.71 29.64 -3.71

Table 5.1. DQS is the best method for volume preservation, however, it is not good at
handling twisting cases. SD-ARAP is the second best at volume preservation during
deformation and this is more prominent for large bending angles, e.g., the mesh
losses ∼ %9 of its volume with ARAP and SR-ARAP in 90◦ bending, while the loss
is only ∼ %3.7 with SD-ARAP.

We quantitatively assessed how well SD-ARAP deformation can approximate to the
ground truth deformations in addition to volume loss. To do this, we used the hu-
man �gure in Figure 5.4 as the source mesh, and tried to obtain other poses in MPI
FAUST [41] dataset, which were obtained by using real subject. To compute the
target skeletons best describing the poses, we �rst transferred the skeleton samples
of the embedded skeleton into the target pose by using registration between the
two poses, and constrained them to lie on linear segments so that we can obtain
the target skeleton by combining these samples. We transferred the free vertices of
the source mesh to new pose with SD-ARAP by moving handles of the source mesh
to their registered vertices on the ground-truth pose and by moving the embedded
skeleton to the computed target skeleton. We measured the distance ∆i between
each vertex of the deformed and ground-truth poses. Then we scaled each distance
with 1/lN (i) where lN (i) is the average length of the edges between ith vertex and
the vertices in its 1-ring neighbourhood. The results of this experiment are stated
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in Figure 5.16 where the target skeleton, transferred mesh, ground-truth mesh, and
∆i/lN (i) values as color codes are given in column by column. Each row shows a
di�erent pose.

5.4.3 Timings

We ran all the experiments on a personal desktop system with 2.2 GHz 6-Core Intel®

CoreTM i7 processor. Average computation times for obtaining new poses are sum-
marized in Table 5.2 in milliseconds for both the original and SD-ARAP. As sup-
port vertices and edges are added to the vertex and edge sets of the source mesh,
one iteration of SD-ARAP deformation takes more time than one iteration of ARAP.
However, number of iterations needed to meet the convergence criteria has a more
dominant e�ect on total time and changes from case to case, e.g., while ARAP needs
less number of iterations for human shape, it requires much more for horse and wolf.
Thus, we cannot state additional vertices and edges increases deformation time. It
should be noted that initial solution a�ects number of iterations needed for conver-
gence, we achieved the least number of iterations by deforming the source shape
with rigid skinning initially. Nevertheless, we did not observe any e�ect of initial
solution on the quality of the �nal shape. Although the running times does not al-
low the method to be used in real-time applications like computer games, the overall
deformations end in a reasonable amount of time and interactive frame rates are not
impossible with a more powerful hardware and advanced sparse matrix manipula-
tion techniques for moderately-sized meshes. Also, please note that mesh augmen-
tation procedure takes very little time if a bounded volume hierarchy is used, as can
be seen from ”Pre.” column in Table 5.2.

5.4.4 Limitations

The extracted skeleton and target skeleton matching procedure
described in Section 4.3.2 places the regular vertices from the tar-
get skeleton to the embedded skeleton according to Equation 4.4.
This implies the user should carefully place the regular vertices
in the target skeleton. If the user places them far away to articulation regions, the
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0 21

Figure 5.16: Reconstructing some poses in the FAUST dataset. The source mesh is
shown in Figure 5.4. Target skeletons are given in the �rst and transferred meshes
in the second column. Ground-truth poses from the dataset are shown in the third
column. Displacement errors ∆i/lN (i) between the approximated and ground-truth
mesh vertices are shown in the last column as a color code. Average displacement
errors on the overall surfaces of meshes in terms of the given metric are 0.189, 0.192,
and 0.182 from top to bottom.
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Table 5.2: Average computation times for ARAP and our SD-ARAP deformations for
human, horse, and wolf meshes in milliseconds, with the relevant vertex and edge
set sizes. The column with caption ”Pre.” shows the total time consumed in mesh
augmentation stage and LU factorization of the system matrix.

Source Mesh |Vsrc| |Esrc| ARAP Num. iter. Per iter. |Vsup| |Esup| Pre. SD-ARAP Num. iter. Per iter.

Human 6890 20664 15 4 3.75 131 991 234 42 8 5.25

Horse 19248 57738 2423 168 14.42 226 3291 1106 653 34 19.21

Wolf 4344 13026 335 127 2.64 135 810 25 100 30 3.33

matching procedure has no means to correctly embed them close to articulation re-
gions, which in turn results in unnatural deformations. The �gure inset shows a
resulting mesh from a target skeleton in which the regular vertices around shoul-
ders are poorly placed. Moreover, our method cannot be used for stretching out
limbs of the source mesh as the handles on the mesh surface are transferred rigidly,
not non-isometrically, to the target skeleton.

5.4.5 Example Application

We also assessed the performance and robustness of our method on wild data. We
used jumping jack motion from Carnegie Mellon University Motion Capture Dataset
[67]. More speci�cally, we used recording of subject 14 and trial 6 for this purpose.
The recording was captured by a motion capture system at 120 Hz framerate. The
skeleton consists of 31 vertices and 30 bones. We transferred human mesh of FAUST
dataset into the skeleton of the subject used in CMU MoCap database for each frame.
The transfer results can be seen in Figure 5.17 for some of the frames. The artifact
around the shoulders is due the di�erence between shoulder lengths of the subject
in FAUST dataset, and CMU MoCap dataset, which can be considered as a mild case
explained in 5.4.4 section (Placement of regular vertices). Those artifacts can be
alleviated by a smoothing operation of some other postprocessing. In the �gure,
raw output is given.
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Frame 0 Frame 10 Frame 20

Frame 30 Frame 40 Frame 50

Frame 60 Frame 70 Frame 80

Frame 90 Frame 100 Frame 110

Figure 5.17: Results of transferring human mesh from FAUST dataset to the skeleton
obtained from CMU MoCap dataset for some of the frames. The motion was captured
at 120 Hz framerate.
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5.5 Conclusion and Future Work

We proposed a skeleton based shape deformation method in which the source mesh
is �rst augmented by introducing new edges between the embedded skeleton and
the source mesh. Then, the mesh is deformed towards the new pose by utilizing the
one-to-one correspondence between the embedded skeleton and target skeleton, and
by minimizing an ARAP energy de�ned for the augmented mesh.

The current version of the method does not consider possible self-intersections of the
deformed mesh. One of the future work directions is introducing a contact model,
so that we can get rid of self-intersections with bulging e�ect in a realistic manner.
Non-isometry support that would allow additional stretching and squeezing defor-
mations can also be incorporated into our framework. Lastly, the method will be
tested more on wild data such as skeletons from motion capture systems and still
images to assess the performance of the method on real data.
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CHAPTER 6

CONCLUSION AND FUTUREWORK

In the �rst part of this thesis, we introduced skeleton transfer between shapes in
correspondence. The target mesh can have holes on it, or can even be downsam-
pled point clouds. The method can e�ectively transfer the skeleton between inter-
subjects, too. We tested the proposed approach both with human and non-human
datasets. As a limitation, when the mesh is downsampled too much (Speci�cally
below ≈ %60), or the hole on the mesh is too large, the accuracy of the method
drops signi�cantly. In the study, we handled skeleton transfer between non-rigid
shapes such as di�erent poses of the same articulated model. An interesting future
research direction would be extending the scope of the work so that it can handle
shapes with arbitrarily scaled parts. Also, handling topology di�erence between
source and target shapes can be another future research direction.

In the second part of the thesis, we proposed a two-stage shape deformation method
which can be used to repose an articulated character with a 3D stick �gure, or trans-
fer a source mesh to a target skeleton. The method consists of two stages: First,
the target skeleton is embedded inside of the source mesh so that the pose of the
source mesh is captured by the target skeleton. Then, the source mesh is deformed
towards the new pose imposed by the target skeleton by exploiting the matching
between the source and target skeletons. Our method currently does not consider
self-intersections after transfer operation. Although there are methods to handle
self intersections, a future research direction can be removing self-intersections by
introducing bulging e�ects in a realistic manner. A second research direction is
adding non-isometry support to our framework such that it will support stretching
and squeezing deformations. Also, although not a future research direction, design-
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ing a more user-friendly GUI to allow the users sketch target skeletons easily is
another future work.
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