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” ...Now you put water into a cup, it becomes the cup, put it in a

teapot, it becomes the teapot...”

Bruce Lee
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ABSTRACT

Some modified theories of gravity in four and higher dimensions that are motivated

by the low energy effective string field theories are considered. The corresponding

variational field equations are derived using the method of Lagrange multipliers in

the language of exterior differential forms over the space-time manifold. Cosmological

solutions are discussed, paying special attention to the anisotropy and the late-time

acceleration of the expansion of our three dimensional space. Comments on recent

observational data are made.
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ÖZETÇE

Bu tezde düşük enerjilerde etkin sicim alan kuramlarından esinlenen dört ve/veya

daha yüksek boyutlarda tanımlı bazi kütleçekim teorileri incelenmektedir. Bu teo-

rilerin varyasyonel alan deklemleri uzay-zaman manifoldu üzerindeki dış diferansiyel

formlar cinsinden verilen bir Lagrange çarpanları yöntemiyle belirlenmektedir. Bu

denklemlerin kozmolojik çözümleri, özellikle içinde bulunduğumuz üç boyutlu uzayın

anizotropisi ve geç zamanlarında ivmelenerek genişlemesi üzerinde durularak incelen-

mektedir. En son gözlemsel veriler tartışılmaktadır.
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Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

Einstein’s theory of general relativity (GR) has completed a century as a success-

ful theory of gravity. Alongside its successes for being a tested gravitational theory

of our solar system, it is also worthwhile to note that GR initiated the use of differ-

ential geometry in physics, opening up the way to new physical theories. However,

due to inherent nature of science, it also needs to be renovated as the scales of our

interest change. As we investigate the larger scaled structure of the universe, this

need becomes more apparent. One of the shortcomings of Einstein’s GR is that it

cannot predict the observationally confirmed late time accelerated expansion of the

universe [1, 2], given the observed matter distribution. Thus, the need arises to mod-

ify either GR or the matter distribution to get a theory consistent with cosmological

observations.

The standard cosmological model based on GR is the ΛCDM model[3]. It assumes

that the universe is described by GR on a spatially flat, isotropic and homogeneous

spacetime whose metric is given by Robertson-Walker (RW) metric and the mate-

rial content of the universe consists of a positive cosmological constant Λ together

with distributions of cold dark matter (CDM) and baryonic matter. The latest ob-

servational data from the Planck Cosmic Microwave Background (CMB) experiment

indicates that the ΛCDM model provides a reasonably well description for the ob-

served features of the universe [4, 5, 6]. However, some of the observational data

brings the assumptions of the ΛCDM model into question. Foremost, the isotropy

of the metric assumptions need to be reconsidered due to anomalies in the cosmic

microwave background (CMB), obtained first from the WMAP experiment [7] and
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confirmed also by Planck data [5, 6]. Also, the cosmological constant assumption

may need to be amended due to some theoretical and observational problems. A

well known problem is called the cosmological constant problem. Taken as a perfect

fluid, the value of Λ differs from the theoretical value of the vacuum energy density

significantly (∼120 orders of magnitude) [8, 9]. Another problem is mentioned as the

coincidence problem. As the universe expands the decrease in density of matter is

inversely proportional to the volume of the universe, while the density related to the

cosmological constant does not change. However, today nearly 13.8 billion years after

Big Bang, these densities are nearly the same, which suggest that there should be an

explanation for such a coincidence. Furthermore, observationally it seems that the

equation of state parameter of dynamical dark energy models fits the data slightly

better than a cosmological constant when taken into account in the analysis [4], [10].

The Brans-Dicke gravity is a well-known extension of GR that is obtained by

coupling of a scalar field. Scalar fields are natural to consider not just because of

their string origins but also because they can provide a dynamical model of dark

energy[11], such as in the inflationary models. The inflationary models, driven by

scalar fields, predict an isotropic universe. Prompted by anomalies in CMB that are

discovered recently, several models inducing a small anisotropy are considered. A way

of introducing anisotropy is to consider inflationary scenario driven by a vector field

[12, 13, 14, 15, 16]. However, as it is shown in [17] these models may suffer from

ghost instabilities. Another way is to keep inflation scenario as it is and introduce

an anisotropic dark energy source like a vector field so that the late time universe

accelerates anisotropically [14, 18, 19, 20, 21, 22, 23, 24, 25].

Motivated by the arguments above, we believe that the modified theories of gravity

may provide some answers to the problems that the cosmology is facing. Lovelock’s

theorem states that the unique theory with second-order gravitational field equations

derivable from an action containing the four dimensional metric tensor alone is the

Einstein’s GR with a cosmological constant. This indicates that we may modify

Einstein’s theory of GR in the following ways: (i) by adding extra fields, (ii) by
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accepting higher dimensions, (iii) by adding terms with higher derivatives of metric

in the field equations. Indeed, it would be more preferable if these modifications

arise from a unified theory of fundamental interactions of nature such as the string

theories, or M-theory. There is wide literature of gravity theories motivated by the

low energy effective string field theories [26, 27, 28, 29, 30, 31, 32, 33, 34]. As the

universe we observe is 3-dimensional, the reductions of these theories also play an

important role for physical interpretation. The standard Kaluza-Klein reduction of

gravitational actions that include dimensionally continued Euler-Poincaré forms in

dimensions higher than four dimensions has been analysed [35, 36, 37]. Their various

cosmological solutions have also been studied [38, 39, 40, 41, 42, 43].With the relatively

recent notion of dark energy the interest in the cosmological solutions was sparked

again [44, 45, 46, 47, 48, 49, 50].

In this thesis, we study the cosmological implications of some gravity models with

string theory inspired modifications. In chapter 2, we review and set the notation for

some geometrical concepts that will be used throughout this thesis. Many concepts

can be approached and defined in more than one way, usually depending on the

generalization needed. Here, we try to take the most practical approach, since we use

them as mathematical tools to work on our subject. If needed, details can be found

in [51], [52], [53].

In chapter 3 we consider the Brans-Dicke theory of gravity coupled to a mass

varying vector field [54]. The anisotropy is induced by the an electric field along

a chosen direction. In order to discuss cosmological solutions, we take a spatially

homogeneous and flat but not necessarily isotropic locally rotationally symmetric

Bianchi I type space-time metric. The accelerated expansion of the universe in our

model turns out not to be driven by the vector field contrary to other vector field

models in the literature , but rather by the scalar field.

In chapter 4, we analyse a higher dimensional gravity that includes a second order

Euler-Poincaré form[55]. Euler-Poincaré forms appear in the expansion of super-

string/supergravity theories as mentioned in [30] and references therein. In fact, long
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before the string models, they were suggested as higher dimensional generalizations

of Einstein’s gravity, because in four dimensions they reduce to GR, while for higher

dimensions they contribute to the field equation by tensors which are covariantly con-

stant and contain at most second derivatives of the metric components [56, 57]. We

describe the cosmological space-time geometry by a spatially homogeneous and flat

but not necessarily isotropic (1 + 3 + n)-dimensional synchronous space-time metric.

We specify the matter content of the universe by a higher dimensional fluid with

distinct pressures for external and internal dimensions which are in accordance with

the anisotropy of the metric. The field equations can be further reduced by the as-

sumptions that the dynamics of the external space in a higher dimensional steady

state universe as that was characterized by [58, 59]: (i) The higher dimensional uni-

verse has a constant volume as a whole but both the internal and external spaces are

dynamical. (ii) The energy density is constant in the higher dimensional universe.

Introduction of a higher dimensional anisotropic fluid provides us with new degrees

of freedom that in return allow us to deal with the dimensional dichotomy of our

higher dimensional steady state universe without over-determining the system of field

equations. We are interested in a more general case, where the second assumption is

relaxed. We take the parameters of the higher dimensional fluid along the external

and internal dimensions as dynamical but keep the difference between them constant.

In chapter 5, we take an action of a bosonic part of a six dimensional supergravity

with a curvature square correction. An important feature of the model is its well-

established M-theory origin [60]. Written in the string frame, the action contains a

scalar field corresponding to the dilaton, an antisymmetric closed 3-form related to

the axion in four dimensions, an R2 term that includes also the so called Lorentz-

Chern-Simons term, which is crucial for getting a supersymmetric theory [61]. We

find an equivalent action on a space-time with torsion. The particular space-time

torsion is imposed by the Palatini-type variations of the action using the method of

Lagrange multipliers. We discuss equations of motions on (i) AdS3×S3 and (ii)warped

AdS3 × S3 backgrounds. We find a solution for the first case, and we only list the
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reduced field equations for the second case.
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Chapter 2

PRELIMINARIES

2.1 Exterior Algebra of Differential Forms on a Smooth Manifold

Let M be a n-dimensional smooth manifold. We denote the tangent space of M at

x by TxM and its dual space called the cotangent space at x by T ∗xM . A basis of

TxM is called a frame and a basis of T ∗xM is called a coframe at x. Taking a local

coordinate system (x1, ..., xn) in a neighborhood of x, we get the standard basis or

the so called coordinate basis of Tx(M) given by the set of vectors {∂1, ..., ∂n} and the

corresponding dual basis given by the co-vectors or basis 1-forms {dx1, ..., dxn}.

A disjoint union of tangent spaces of M ,⋃
x∈M

{(x, y)|y ∈ TxM}

determines the tangent bundle TM of M , with a natural projection π : TM → M

mapping each tangent space TxM to x. Similiarly, the cotangent bundle T ∗M of M is

the disjoint union of all cotangent spaces on M . A vector field is an assignment of each

point x ∈M to an element of TxM and a 1-form is similiarly an assignment of a point

x ∈M to an element of T ∗xM . More precisely, TM and T ∗M are vector bundles with

base space M , projection map π : TM(T ∗M)→M with fibers π−1(x) = TxM(T ∗xM).

We can define a vector field as a smooth section of TM and a 1-form is as a smooth

section of T ∗M .

A tensor at x ∈M of type (r, s) can be defined as a multilinear map

T ∗x (M)× T ∗x (M)× ...× T ∗x (M)︸ ︷︷ ︸
r times

×Tx(M)× ...× Tx(M)︸ ︷︷ ︸
s times

→ R.

This tensor is said to be contravariant of degree r and covariant of degree s. Given a co-

ordinate transformation provided by the transition functions (x1, ..., xn)→ (x̃1, ..., x̃n),
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we have

∂

∂x̃i
=
∂xj

∂x̃i
∂

∂xj

and

dx̃ =
∂x̃i

∂xj
dxj.

Thus vectors transform covariantly, while the covectors transform contravariantly.

The tensor product of two tensors T and S of type (p, q) and (r, s), respectively,

gives a tensor of type (p+ r, q + s) denoted by T ⊗ S, where

T ⊗ S(ωi1 , ..., ωip , ωj1 , ..., ωjs ; vi1 , ..., viq , vj1 , ..., vjs)

= T (ωi1 , ..., ωip ; vi1 , ..., viq)S(ωj1 , ..., ωjs ; vj1 , ..., vjs)

The indexed ω are elements of T ∗xM and the indexed v are elements of TxM .

A tensor field is a map that assigns each point x ∈ M to a tensor defined at

x. Given a coordinate system (x1, ..., xn), a tensor field of type (r, s) can be locally

written as

T = T i1...i
r

j1...js
∂i1 ⊗ ...⊗ ∂ir ⊗ dxj

1 ⊗ ...⊗ dxjs (2.1)

A differential form on M is a completely antisymmetric tensor field of type (0, p)

for some non-negative integer p. It is also called p-form, that can be written locally

as

ω =
1

p!
ωi1i2...ipdx

i1 ∧ dxi2 ∧ ... ∧ eip (2.2)

or in terms of a noncoordinate basis {ea} as

ω =
1

p!
ωa1a2...ape

a1 ∧ ea2 ∧ ... ∧ eap . (2.3)

A 0-form is by definition a smooth function on M . The wedge product of a p-form α

and a q-form β can be defined as

(α ∧ β)(X1, ..., Xp+q) =
1

(p+ q)!

∑
P∈Sp+q

sgn(P )α(XP (1)...XP (p))β(XP (p+1), ..., XP (p+q))

(2.4)
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where Sp+q is symmetric group of order p+ q.

Suppose we denote the space of p-forms on M by ΛpM . Then the space of all

differential forms will be

ΛM := Λ0M ⊕ Λ1M ⊕ Λ2M ⊕ · · · ⊕ ΛnM.

Given α ∈ ΛpM , β ∈ ΛqM and γ ∈ ΛsM , the wedge product satisfies the following

properties:

(i) (associativity) (α ∧ β) ∧ γ = α ∧ (β ∧ γ)

(ii) (graded commutativity) α ∧ β = (−1)pqβ ∧ α

(iii) (bilinearity) (aα + bβ) ∧ γ = a(α ∧ γ) + b(β ∧ γ) for a, b ∈ R.

Therefore, ΛM with the wedge product ∧ is a graded algebra and this algebra is

called the exterior algebra on M .

Exterior derivative of a differentiable p-form on M is a map d : Λp(M)→ Λp+1(M)

satisfying

(i) For a smooth function f : M → R, the differential df is a 1-form given in terms

of local coordinates as df = ∂f
∂xi
dxi.

(ii) d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ where α is a p-form and β is a q-form.

(iii) d2α = 0.

Therefore, the exterior derivative of a p-form ω given in (2.2) in local coordinates we

have

dω =
1

p!

∂

∂xa
ωi1i2...ipdx

a ∧ dxi1 ∧ dxi2 ∧ ... ∧ dxip . (2.5)

Let X ∈ TM . The interior product with respect to X is a linear map iX :

Λp(T ∗M)→ Λp−1(T ∗M) such that given a p-form ω and vector fields X1, ..., Xp−1

iXω(X1, ..., Xp−1) = ω(X,X1, ..., Xp−1)
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Using (2.2), in terms of local coordinates

iXω =
1

p!

p∑
k=1

X ikωi1...ik...ipdx
i1 ... ∧ dxik−1 ∧ ...dxik+1 ∧ ... ∧ dxip

The interior product satisfies

(i) iX(α ∧ β) = iXα ∧ β + (−1)pα ∧ iXβ for a p-form α and a q-form β ,

(ii) (iX)2α = 0.

Both the interior product and exterior derivative satisfy the properties of a graded

derivation.

2.2 Metric, Connection and Torsion

A metric tensor g on a smooth manifold M is a symmetric, nondegenerate (0, 2) tensor

field on M . In other words, it is a way of assigning to each point x, an inner product

gx : TxM × TxM → R. We say the metric has signature (p, q) when for all x ∈ M ,

dimension of maximal subspace W of TxM where gx|W is positive (negative) is p(q).

Furthermore, in a coordinate system at x ∈M , the metric can be prescribed in terms

of a real symmetric matrix [gij](x) as g = gij(x)dxi ⊗ dxj. A symmetric matrix [gij]

can be diagonalized. Using eigenvectors of [gij], we can choose a suitable orthonormal

basis for TxM such that in terms of the dual basis, i.e. orthonormal coframe 1-forms

{e0, ..., en}, the metric can be written locally as

g = −e0 ⊗ e0 − ...− ep ⊗ ep + ep+1 + ...+ ep+q.

A smooth n-dimensional manifold equipped with a metric of signature (p, q) for

some positive integers p, q such that p+ q = n is called a pseudo-Riemannian or semi-

Riemannian manifold. A Riemannian manifold, has a metric with definite signature,

either (n, 0) or (0, n). A Lorentzian metric with signature (n − 1, 1) is essential for

the theory of relativity.
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Any given metric tensor g (pointwise) induces a canonical isomorphism between

the tangent space and its cotangent space. In a local coordinate system this cor-

responds to index raising/lowering using the metric components gij or the inverse

matrix gij.

Another structure we need to put on a manifold for our work is a connection, which

is a way to relate the vectors at different points of the manifold. Connection can be

realized as a kind of differential operator ∇ called the covariant derivative. Let TM

denote the space of smooth vector fields on M . Covariant derivative ∇ : TM×TM →

TM on M is a bilinear map ,where ∇(v, w) is denoted by ∇vw, satisfying

(i) ∇fX1+gX2Y = f∇X1Y + g∇X2Y

(ii) ∇X(fY ) = df(X)Y + f∇XY

where f, g ∈ C∞(M) are smooth functions on M and X,Xi, Y ∈ TM are smooth

vector fields on M . The above definition of covariant derivative can be extended such

that ∇v takes tensor fields to tensor fields. Further information can be found in [52].

On a pseudo-Riemannian manifold, we say that a connection is metric compatible

if ∇g = 0. The torsion of a connection defined ny

T (X, Y ) = ∇XY −∇YX − [X, Y ]

is a type(1,2) tensor field. A connection is said to be torsion-free if

∇XY −∇XY = [X, Y ]

The unique metric compatible torsion-free connection is called the Levi-Civita con-

nection. Finally, the curvature R can be defined as an operator on the connection

such that for X, Y ∈ TM , R(X, Y ) = [∇X ,∇Y ]−∇[X,Y ] and can be expressed as a

(3,1) type curvature tensor [51].
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2.3 Cartan Formalism

In this thesis, we express our work using differential forms rather than ordinary ten-

sors. Let S be a tensor field of type p, q + r, S can induce an r-form as follows

S
a1...aq

b1...bp
(X1, ..., Xr) = S(X1, ..., Xr, Xb1 , ..., Xbq , e

a1 , ..., eap)

where indexed Xa are frame elements and indexed eb elements of the corresponding

coframe elements.

We can employ the connection using a operator called exterior covariant derivative

acting on the space of differential forms. Linearity of connection suggests that a

connection can also be described entirely using its action on basis elements. Let

{e1, ..., en} be a frame and X be a vector field in TM . The image of the connection

can be written as a linear combination of frame elements with coefficients depending

on X:

∇Xea = ωba(X)ea

The 1-forms ωba are called the connection 1-forms.

With the use of connection 1-forms {ωab}, the exterior covariant derivative of the

above r-form can be expressed as

DS
a1..aq

b1..bp
= dS

a1..aq
b1..bp

+ ωa1
a ∧ S

a..aq
b1..bp

+ ...+ ωaqa ∧ S
a1..a

b1..bp
(2.6)

−ωbb1 ∧ S
a1..aq

b..bp
− ...− ωbbp ∧ S

a1..aq
b1..b

.

Cartan’s Lemma: Let {ea} be a coframe on M . If there are 1-forms ωab satisfying

ωab ∧ eb = 0, ωab + ωba = 0,

then ωab = 0.

Using Cartan’s Lemma we can prove that metric compatible torsion free connec-

tion of 1-forms ωab are determined uniquely by

dea + ω̂ab ∧ eb = 0 , ω̂ab + ω̂ba = 0

and called the Levi-Civita connection 1-forms.
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For an arbitrary metric compatible connection, we have the following Cartan struc-

ture equations:

dea + ωab ∧ eb = T a, (2.7)

dωab + ωac ∧ ωcb = Ra
b (2.8)

that define the torsion and the curvature 2-forms, respectively. The above equations

are the main equations we use to describe the geometry of space-time.

If the manifold M is a Lie group, then things get much simpler. We know that for

any Lie group G the vector space of all left invariant vector fields on the Lie group is

isomorphic to its tangent space at identity as a vector space, called the Lie algebra g

of G. If we take a frame {Xa} on M satisfying

[Xa, Xb] = Cc
abec, (2.9)

where Cc
ab are structure constants of the Lie algebra of M , then

dea = −Ca
bce

b ∧ ec. (2.10)

The above equation is called as Cartan-Maurer equation and valid for any Lie

group.

We also introduce the Hodge star map and integration on a pseudo-Riemannian

manifold. In order to understand these two operations we first need to specify the ori-

entability of M . Orientability of a n-dimensional smooth manifold can be determined

by the existence of a nowhere vanishing n-form called the volume form.

Let M be an orientable smooth pseudo-Riemannian manifold and the metric g

have signature (k, n − k). Given an orthonormal coframe {e0, ..., en} and a p-form

ω, Hodge star map is a linear bijection ∗ : Λp(T ∗M) → Λn−p(T ∗M) such that for a

p-form ω we have

∗ω =
1

p!(n− p)!
ωi1...ipε

i1...ip
ip+1...in

ep+1 ∧ ... ∧ en.



Chapter 2: Preliminaries 13

Here , the Levi-Civita symbol is given by

εi1...in =


+1 if (i1...in) is an even permutation

−1 if (i1...in) is an odd permutation

0 if any two indices are the same

(2.11)

The Hodge star map given above satisfies the following properties:

(i) ∗ ∗ ω = (−1)k+p(n−p)ω,

(ii) ∗1 = 1
n!
εabc...e

a ∧ ...en,

(iii) For any p-forms α and β , α ∧ ∗β = β ∧ ∗α.

Let M be an orientable smooth manifold and ω = f(p)dx1 ∧ ... ∧ dxn in a neigh-

bourhood U of p. For the coordinate chart (U,ϕ) with x = ϕ(p). Then for a smooth

function g on M ∫
U

gω =

∫
ϕ(Ui)

g(ϕ−1(x))f(ϕ−1(x))dx1 ∧ ... ∧ dxn (2.12)

Let {Ui} be a covering of M and {εi} be a partition of unity subordinate to Ui. Then

we can define integration on this manifold as∫
M

gω =
∑
i

∫
Ui

giω (2.13)

where gi(p) = εi(p)g(p) for a point p ∈ Ui.

Stokes’ Theorem: Let ω be an (n − 1)-form on a smooth oriented n-dimensional

manifold M such that the subset where ω is nonzero is a compact subset of M . If

∂M denotes the boundary of M then∫
M

dω =

∮
∂M

ω.
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2.4 Homogeneous Spaces

An action of a group G on a set X is a binary operation G ×X → X such that for

all x ∈ X satisfying the following:

(i) (Compatibility)(gh)x = g(hx) ∀g, h ∈ G

(ii) (Identity) 1x = x, where 1 denotes identity of G.

For g, h ∈ G and x ∈ X, if gx = hx implies g = h, then the group action is said

to be free. We can define an equivalence relation on X using the group action of G.

Two elements x, y ∈ G are in the same equivalence class, x ∼ y, iff there exists g ∈ G

such that y = gx. The equivalence class Gx = {gx : g ∈ G} is called the orbit of x

in G. If there is only one orbit at x, in other words if for any x, y ∈ X there exists

g ∈ G such that y = gx the the group action is called transitive. We say the action

is effective, if for all x ∈ X gx = x implies that g = 1. One can easily show that for

x ∈ X, the set Gx = {g ∈ G : gx = x} is a subgroup of G. This subgroup is called the

isotropy group(or stabilizer) of x. The isotropy groups of two elements of the space

are conjugate if they are in the same orbit.

A homogeneous space is a manifold with a transitive group action by a Lie group G.

We know that for a set X with a group action G, there is a one to one correspondence

between G/Gx and an orbit Gx given by the map gGx → gx. Transitivity of the group

implies that there is only one orbit which is the set itself and the isotropy groups of

all points are conjugate subgroups. Hence, a homogeneous space X is ‘isomorphic‘ to

G/H where H is the isotropy group.

2.4.1 Maximally Symmetric Spaces

Maximally symmetric spaces are important examples of homogeneous spaces, which

are widely used in physics, especially in cosmology.

Let M be a pseudo-Riemannian manifold and g be the metric defined on M.

Isometry group Iso(M, g) of M is a subgroup of all diffeomorphisms φ : M → M

which preserves the metric, i.e. φ∗g = g and φ is called local a isometry
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If we think in terms of local coordinates, the diffeomorphisms are coordinate trans-

formations x→ y. We can express the isometry condition as

g′ab := (φ∗g)ab =
∂xm

∂ya
∂xn

∂yb
gmn (2.14)

One can define a Killing vector as the generator of an infinitesimal isometry.

More precisely, a Killing vector X is a vector field on M satisfying LXg = 0, where L

stands for the Lie derivative. For the definition of Lie derivative and details related

to maximally symmetric spaces see [52].

M can admit at most n(n+1)
2

independent Killing vectors, where n= dim M . If M

admits n(n+1)
2

independent Killing vectors, then it is called a maximally symmetric

space.

We say M is isotropic if for any point x ∈ M and unit vectors u, v ∈ TxM there

is an isometry φ : M → M such that φ∗(u) = v. If a space is isotropic at a point

x ∈M then there exist N(N−1)
2

independent Killing vector fields fixing the point x.

For a pseudo-Riemannian manifold M the following are equivalent:

(i) M is maximally symmetric.

(ii) M is isotropic at all points of M .

(iii) M has a constant curvature.

(iv) M is homogeneous and isotropic about some point.

Note that the cosmological principle assumes that there is no preferred point

or direction in our space, so it should be isotropic and homogeneous and the above

proposition tells us the motivation of a physicist to study maximally symmetric spaces.

The homogeneity of maximally symmetric spaces implies there is another impor-

tant aspect of the Killing vectors in a maximally symmetric space. The isometry group

of a homogeneous space is a Lie group. Therefore, the corresponding Lie algebra is

spanned by the Killing vectors.
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Riemannian examples of maximally symmetric spaces are Euclidean spaces and

spheres. Pseudo-Riemannian examples are Minkowski, de Sitter and anti de Sitter

spaces.

Given a constant curvature K and the signature of the metric a maximally sym-

metric space can be uniquely determined.

While studying cosmology, we usually deal with the spaces whose spatial parts

are maximally symmetric. Robertson-Walker(RW) spacetimes are good examples of

this type of maximally symmetric subspaces. We can identify an (n+ 1) dimensional

spacetime by a metric given in terms of coordinates (t, xi) by

g = −dt2 + a2(t)
δijdx

i ⊗ dxj

(1 +K/4
∑n

i (xi)2)2

where a(t) is a scalar function called the scale factor. K is related to the curvature of

the maximally symmetric spatial part. The choices K = −1, 0, 1 give negative , zero

and positive curvature spaces, respectively.

2.5 Euler-Poincaré Densities

Characteristic classes provide a measure of deviation of topological spaces from the

local product structure from a global one. Their importance in gravitational theories

arises from their relation to the notion of curvature.

We are especially interested in Euler classes. For a detailed explanation on char-

acteristic classes and their relation to curvatures see appendix of [62]. For a finite cell

complex X, its Euler characteristic is defined as

χ(X) =
∑
k

(−1)kαk (2.15)

where αk is the number of k-cells. Euler characteristic of a manifold M can be related

to the cohomology classes by the Euler-Poincaré formula

χ(X) =
∑
k

βk. (2.16)
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where βk is the kth Betti number that can be identified with the dimension of kth

cohomology class Hk(M). For the definition of cohomology classes and other details

see [53].

Generalized Gauss-Bonnet theorem: Let M be an 2n-dimensional oriented and

compact manifold, then

χ(M) =

∫
M

e(TM) (2.17)

where e(M) denotes the Euler class of forms ∈ H2n(M). Note that for odd dimensions

the above equality trivially holds, since both sides would be equal to zero.

For 2-dimensional, 4-dimensional and in general 2n-dimensional manifolds

L(0) = ∗1, (2.18)

L(1) =
1

2
Rab ∧ ∗(ea ∧ eb), (2.19)

L(2) =
1

4
Rab ∧Rcd ∧ ∗(ea ∧ eb ∧ ec ∧ ed), (2.20)

L(n) 1

2n
Ra1a2 ∧ ... ∧Ra2n−1a2n ∧ ∗(ea1 ∧ ... ∧ ea2n . (2.21)

are elements of the corresponding Euler class and called the Euler-Poincaré forms. The

zeroth order Euler-Poincaré form is set equal to the volume form and by definition

gives the cosmological constant. The first order Euler-Poincaré form is linear in the

curvature. In a 2-dimensional space the Ricci scalar curvature R is the Gaussian

curvature whose integral over a 2-manifold M with boundary leads to the famous

Gauss-Bonnet theorem. In D = 4 dimensions the integral of L(1) gives the Einstein-

Hilbert action density that yields the Einstein field equations. The second order

Euler-Poincaré form that is quadratic in the curvature components is a closed form

in D = 4 dimensions and its integral over a 4-manifold M gives the topological Euler

number of M . In D < 4, the second order Euler-Poincaré form vanishes, while for

D > 4 its variations lead to second order dynamical field equations. The higher

dimensional modified gravitational action obtained by the integration of the second

order Euler-Poincaré form over M is sometimes called the Gauss-Bonnet gravity in

current literature. Similarly, the n-th order Euler-Poincaré form is a closed form

in D = 2n dimensions and vanishes for D < 2n. As Lovelock shows in [56], the



Chapter 2: Preliminaries 18

action obtained by the integration of the n-th order Euler-Poincaré form on a D > 2n

dimensional manifold contributes to the highly non-linear variational field equations

only in second order.
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Chapter 3

BRANS-DICKE GRAVITY COUPLED TO A

MASS-VARYING VECTOR FIELD

3.1 Field equations

We derive the non-minimally coupled Brans-Dicke-vector field equations from the

infinitesimal variations of the action density

L[e, φ, A] =
φ

2
R ∗ 1− ω

2φ
dφ ∧ ∗dφ− 1

2
F ∧ ∗F − m2[φ]

2
A ∧ ∗A, (3.1)

where A is the vector potential 1-form of Proca with F = dA. ω is the Brans-Dicke

parameter and m[φ] is the variable vector boson mass that is given as a function of

the scalar field φ. We find it convenient to re-express the action density in terms of

a new scalar field α2 = φ and consider the variations of

L =
α2

2
R ∗ 1− 2ωdα ∧ ∗dα− 1

2
F ∧ ∗F − m2[α]

2
A ∧ ∗A, (3.2)

subject to the constraint that the space-time torsion vanishes. The co-frame variations

of (eq3.2) give the Einstein field equations

−α
2

2
Rbc ∧ ∗(ea ∧ eb ∧ ec) = D(ιa ∗ dα2) + 4ωτa[α] + τa[F ] +m2[α]τa[A], (3.3)

where the stress-energy 3-forms on the right hand side are given by

τc[α] =
1

2
(ιadα ∧ ∗dα + dα ∧ ιa ∗ dα) , (3.4)

τc[F ] =
1

2
(ιaF ∧ ∗F − F ∧ ιa ∗ F ) , (3.5)

τa[A] =
1

2
(ιaA ∧ ∗A+ A ∧ ιa ∗ A) , (3.6)

respectively. Here ιa’s denote the interior product operators dual to the co-frames,

that is, ιa(e
b) = δab. The scalar field equation is given by

(ω +
3

2
)d ∗ dα2 + (m2 − α

2

dm2

dα
)A ∧ ∗A = 0, (3.7)
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while the variations of (3.2) with respect to A yield the vector field equation

d ∗ F +m2 ∗ A = 0. (3.8)

3.2 The cosmological ansatz

We start by assuming a time-dependent scalar field

α = α(t) (3.9)

and a time-dependent, spatially homogeneous potential 1-form

A = β(t)dz. (3.10)

Since F = β̇dt ∧ dz is an electric field along the z-direction, the rotational symmetry

of the space is broken. Accordingly, we introduce two metric scale factors; a(t) in

the z-direction that is pointed by the vector field and b(t) for the transverse x- and

y-directions and work with a locally rotationally symmetric (LRS) Bianchi type-I

metric tensor

g = −dt⊗ dt+ a2(t)dz ⊗ dz + b2(t) (dx⊗ dx+ dy ⊗ dy) . (3.11)

With the choice of an orthonormal co-frame as

e0 = dt, e1 = a(t)dz, e2 = b(t)dx, e3 = b(t)dy; (3.12)

the Levi-Civita connection 1-forms {ωab} can be solved from the first Cartan structure

equations

dea + ωab ∧ eb = 0. (3.13)

We find

ω0
1 =

ȧ

a
e1, ω0

2 =
ḃ

b
e2, ω0

3 =
ḃ

b
e3, ω1

2 = ω2
3 = ω1

3 = 0, (3.14)

in terms of which the curvature 2-forms are calculated from the second Cartan struc-

ture equations

Ra
b = dωab + ωac ∧ ωcb. (3.15)
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The resulting curvature 2-forms are

R0
1 =

ä

a
e0 ∧ e1, R0

2 =
b̈

b
e0 ∧ e2, R0

3 =
b̈

b
e0 ∧ e3, (3.16)

R1
2 =

ȧḃ

ab
e1 ∧ e2, R2

3 =
ḃ2

b2
e1 ∧ e2, R1

3 =
ȧḃ

ab
e1 ∧ e3,

and the corresponding Ricci scalar is

R = 2

(
ä

a
+ 2

b̈

b
+ 2

ȧḃ

ab
+
ḃ2

b2

)
. (3.17)

The set of coupled ordinary differential equations that describes our cosmologi-

cal model can now be obtained by substituting the above expressions into the field

equations (3.3), (3.7) and (3.8). We get the following vector field equation

β̈

β
+

(
− ȧ
a

+ 2
ḃ

b

)
β̇

β
+m2[α] = 0, (3.18)

and the scalar field equation

(2ω + 3)

[
α̈

α
+

(
α̇

α

)2

+

(
ȧ

a
+ 2

ḃ

b

)
α̇

α

]
=

β2

2a2α2

(
m2 − α

2

dm2

dα

)
. (3.19)

Three other independent equations are provided by the Einstein field equations:

2
ȧḃ

ab
+
ḃ2

b2
− 2ω

α̇2

α2
+ 2

α̇

α

(
ȧ

a
+ 2

ḃ

b

)
=

β2

2α2a2

(
β̇2

β2
+m2

)
, (3.20)

2
b̈

b
+
ḃ2

b2
+ (2ω + 2)

α̇2

α2
+ 2

α̈

α
+ 4

α̇

α

ḃ

b
=

β2

2α2a2

(
β̇2

β2
−m2

)
, (3.21)

ä

a
+
b̈

b
+
ȧḃ

ab
+ (2ω + 2)

α̇2

α2
+ 2

α̈

α
+ 2

α̇

α

(
ȧ

a
+
ḃ

b

)
=

β2

2α2a2

(
− β̇

2

β2
+m2

)
. (3.22)

We thus end up with a system of five ordinary differential equations (3.18)-(3.22) to

be solved. It can be checked that this system is fully determined, yet they are far too

complicated for us to be able to write down a general analytic solution. However, we

can construct a family of exact solutions assuming a power-law behavior in cosmic

time t for all the variables involved. In the next section, we first discuss some physical

parameters related with anisotropic cosmological models that can be handled without

making use of any explicit solution. In the section that follows we present the exact

power-law solution and then discuss the corresponding cosmological model in detail.
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3.3 Physical parameters of the model

It would be convenient at this stage to introduce some cosmological parameters that

we shall later use. Namely, we define the average scale factor v, the average Hubble pa-

rameter H and the deceleration parameter of the volumetric expansion, respectively,

as follows:

v =
(
ab2
) 1

3 , H =
1

3

(
ȧ

a
+ 2

ḃ

b

)
, q = −vv̈

v̇2
= −1 +

d

dt

(
1

H

)
. (3.23)

In a similar way, the directional Hubble parameters and the directional deceleration

parameters along the x, y and z axes will be given:

Hx = Hy =
ḃ

b
, Hz =

ȧ

a
, qx = qy = −1 +

d

dt

(
1

Hx

)
, qz = −1 +

d

dt

(
1

Hz

)
.

(3.24)

The deceleration parameters are the key parameters among the others, because for

any expanding scale factor (viz. v, a or b), the negative values of the corresponding

deceleration parameter imply acceleration, positive values deceleration and the special

values −1 and 0 correspond either to exponential expansion or the constant-rate ex-

pansion, respectively. Two further cosmological parameters relevant to the discussion

of anisotropic cosmological models are the shear scalar

σ2 =
1

2

3∑
i=1

(Hi −H)2 , (3.25)

and the expansion anisotropy parameter

∆ =
1

3

3∑
i=1

(
Hi −H
H

)2

(3.26)

where the sums are on (1, 2, 3) = (x, y, z). ∆ is a measure of the deviation from

isotropic expansion; the universe expands isotropically for ∆ = 0. The time-evolution

of ∆ is crucial for deciding whether the universe approaches isotropy at some stage

or not. In particular, the spatial section of the metric approaches isotropy for v →∞

and ∆→ 0 as t→∞ [63]. In order to determine the shear scalar and the expansion

anisotropy, we consider the difference between the expansion rates of the z- and the
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x- or y-axes. Then subtracting (3.22) from (3.21) and re-organizing the resultant

equation we get

d

dt
(Hz −Hx) + 3H(Hz −Hx) + 2

α̇

α
(Hz −Hx) = − 1

α2a2

(
β̇2 −m2β2

)
. (3.27)

The integration of this equation determines the difference between the expansion rates

along the z and the x- or y-axes as follows:

Hz −Hx =
1

α2ab2

[
λ−

∫
b2

a
(β̇2 −m2 β2)dt

]
(3.28)

where λ is an integration constant. Using (3.28) and the average Hubble parameter

defined in (3.23), we obtain the shear scalar

σ2 =
1

3α4a2b4

[
λ−

∫
b2

a
(β̇2 −m2 β2)dt

]2

, (3.29)

and the expansion anisotropy

∆ =
2

9H2α4a2b4

[
λ−

∫
b2

a
(β̇2 −m2 β2)dt

]2

(3.30)

as well. We note that the difference between the expansion rates along the x and z

axes and the square root of the shear scalar are both inversely proportional to the

volume of the universe and the square of the scalar field. In the case of a model

based on GR alone, the square root of the shear scalar would have been simply

inversely proportional to the volume of the universe. Here the electric vector field also

contributes to the shear scalar, hence to the isotropization history of the universe in

a non-trivial way through the integral term in the above expression. For our massive

vector field, given the energy density and the pressures along the x, y and z-axes

ρ =
1

2a2
(β̇2 +m2β2) , px = py = −pz =

1

2a2
(β̇2 −m2β2), (3.31)

we immediately observe that the corresponding EoS parameters along the x, y and

z-axes are

wx = wy = −wz =

(
β̇2

β2
−m2

)
/

(
β̇2

β2
+m2

)
. (3.32)
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Some limiting cases are as follows: i) β̇2

β2 >> m2 → wx = wy = −wz ∼ 1, the EoS

is similar to those of the (static) electric/magnetic fields and of cosmic strings; ii)

β̇2

β2 << m2 → wx = wy = −wz ∼ −1, the EoS is similar to those of cosmic domain

walls; iii) β̇2

β2 ∼ m2 → wx = wy = −wz ∼ 0 the EoS is similar to that of a dust. Hence,

the electric vector field in our model may not only describe anisotropic EoS different

than that in the electromagnetic theory but also provides a dynamical anisotropic

EoS parameter that can even become isotropic in some cases.

3.4 The exact power-law solution

In this section, we present a particular solution of the system for which all the variable

parameters are of the power-law form with respect to the cosmic time t, and then

discuss the properties of this solution. Let

a := a1t
pa , b := b1t

pb , α := α1t
−s, β := β1t

−u and m := m1t
r (3.33)

where a1, b1, α1, β1, m1 are the values of the variables at time t = 1 and pa, pb, s, u,

r are the powers of t to be determined. As a side remark we note that under these

assumptions the mass of the vector field should be related to the scalar field with a

power-law relation as

m[α] = m1

(
α

α1

)− r
s

. (3.34)

Substituting (3.33) into the system of differential equations (3.18)-(3.22), we imme-

diately see that a consistent solution of the system requires

r = −1, pa = s− u, pb =
1

2
+
s

2
+
m2

1

2u
, (3.35)

making both sides of the vector field equation (3.18) vanish identically and leading

to the expressions

a = a1t
s−u, b = b1t

1
2

+ s
2

+
m2

1
2u , α = α1t

−s, β = β1t
−u, m = m1t

−1. (3.36)
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Now substituting these into the remaining equations (3.19)-(3.22), we get a set of four

algebraic relations:

4(s− 1)u− (11 + 8ω)s2 − 2s+ 1− 4m2
1 − 2m2

1(s− 1)u−1 +m4
1u
−2 = 2κ2(u2 +m2

1),

(11 + 8ω)s2 + 2s− 1− 2m2
1(s− 1)u−1 + 3m4

1u
−2 = 2κ2(u2 −m2

1),

4u2 − 2(s− 1)u+ (11 + 8ω)s2 + 2s− 1− 2m2
1 +m4

1u
−2 = 2κ2(m2

1 − u2),

2s2 (2ω + 3) (u2 −m2
1) = κ2m2

1u(s− 1),

where we set κ2 =
β2

1

a2
1α

2
1
. A solution to this algebraic system, parametrized in terms

of u and m1, is given by

s =
2u4 − u3 −m2

1(u2 − 2u) + 2m4
1

u(−u2 + 2m2
1)

(3.37)

provided

κ2 =
−2u2 + 2m2

1

u2 − 2m2
1

and ω = −3

2
+

1

2

m2
1u

2(2m4
1 −m2

1u
2 + 2u4)

(2m4
1 − (u2 − 2u)m2

1 + 2u4 − u3)2
. (3.38)

However, u and m1 cannot take arbitrary values: β1 6= 0, a1 and α1 are real parameters

so that the positivity of κ2 > 0 imposes a restriction on the possible values of the real

parameters u and m1 > 0 according to

m1 < |u| <
√

2m1. (3.39)

This restriction on the parameter values is important since it in turn implies a con-

straint on the dynamics of the model as we shall see below.

3.5 Discussion

We first of all summarize our power-law solution by explicitly giving the metric

g = −dt2 +
β2

1

κ2α2
1

t2s−2udz2 + t1+s+m2
1/u(dx2 + dy2) (3.40)

and the scalar and vector fields

α = α1t
−s , A = β1t

−udz (3.41)
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where s =
2u4−u3−m2

1(u2−2u)+2m4
1

u(−u2+2m2
1)

. We have set m[α] = m1( α
α1

)−
1
s .

It can be quickly verified that the average Hubble and the deceleration parameters

of the universe turn out to be

H =
5u4 − 3u3 − 5m2

1u
2 + 6m4

1u+ 6m4
1

3u(2m2
1 − u2)

t−1, (3.42)

q = −1 +
3u(2m2

1 − u2)

5u4 − 3u3 − 5m2
1u

2 + 6m2
1u+ 6m4

1

. (3.43)

It follows from (3.42) that the condition for getting an expanding universe Ht > 0

is satisfied only in case the vector potential β decreases as t increases, i.e. only for

u > 0. This further reduces the inequality (3.39) as follows:

m1 < u <
√

2m1. (3.44)

The conditions u > 0 and m1 > 0 put the deceleration parameter in the range

−1 < q < 0, which means that an expanding universe is necessarily be accelerating in

our model. Using the inequalities in (3.44), we find that the deceleration parameter

reaches its minimum value

qmin → −1 as u→
√

2m1 (3.45)

and its maximum value

qmax → −
2m1

2m1 + 1
as u→ m1. (3.46)

We note that the larger m1 becomes, the narrower is the range for the allowed values

of the deceleration parameter. Namely, one may check that qmax → qmin → −1 for

m1 >> 1 so that only the exponential expansion is allowed in this limit.

In an anisotropic universe model we should also check the expansion rates along

different spatial axes. We obtain the directional Hubble parameters as

Hx = Hy =
u4 − u3 −m2

1u
2 + 2m2

1u+ 2m4
1

u(2m2
1 − u2)

t−1, Hz =
3u4 − u3 − 3m2

1u
2 + 2m2

1u+ 2m4
1

u(2m2
1 − u2)

t−1.
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It is easily verified that the universe expands in all directions since both Hx and Hz

are positive for u > 0 and m1 > 0. The difference between the directional Hubble

parameters will be∗

Hz −Hx = −2m2
1 − 2u2

2m2
1 − u2

u

t
= κ2u

t
, (3.47)

and hence the expansion rate of the universe along the z-axis is always greater than

the expansion rate along the x- and y-axes (since u > 0). On the other hand, the

expansion rates along different axes approach each other inversely in time t and be-

come identical as t→∞. Accordingly the shear scalar should be decreasing with the

square of the cosmic time t as follows:

σ2 =
4

3
u2

(
u2 −m2

1

u2 − 2m2
1

)2

t−2. (3.48)

On the other hand, since the average Hubble parameter also decreases inversely with

the cosmic time t, the decay of the shear scalar leads neither to isotropization nor to

anisotropization. In fact we have a constant expansion anisotropy

∆ =

(
2
√

2u2(u2 −m2
1)

5u4 − 3u3 − 5m2
1u

2 + 6m2
1u+ 6m4

1

)2

(3.49)

that takes values in the range 0 < ∆ < 1
8

such that ∆ → 0 as u → m1 while ∆ → 1
8

as u→
√

2m1.

In an accelerating anisotropic universe, not only the anisotropy of the expansion

rate but also the anisotropy of the deceleration parameter is of interest. We obtain

the directional deceleration parameters as follows:

qx = qy = −1+
u(2m2

1 − u2)

u4 − u3 −m2
1u

2 + 2m2
1u+ 2m4

1

, qz = −1+
u(2m2

1 − u2)

3u4 − u3 − 3m2
1u

2 + 2m2
1u+ 2m4

1

.

(3.50)

The level of the anisotropy of the deceleration parameter can be quantified using the

normalized difference according to

∆q

q̄
= 2

qz − qx
qz + qx

=
−2u3(2m2

1 − u2)(m2
1 − u2)

4m8
1 + 3u8 − 2u7 + 11m4

1u
4 − 8m6

1u
2 − 6m2

1u
6 + 6m2

1u
5 − 6m4

1u
3 + 4m6

1u

∗The expression that follows is consistent with (28) provided the integration constant λ = 0.
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which again takes a constant value.

Regarding the dynamics of the scalar and vector fields, we first note that the

Brans-Dicke coupling parameter ω can only take negative values of the order of −1

and exhibit some interesting limits:

u→ m1 =⇒ ω → −3

2

8m2
1 + 6m1 + 1

9m2
1 + 6m1 + 1

=⇒

ω → −
3
2

as m1 → 0

ω → −4
3

as m1 →∞
(3.51)

and

u→
√

2m1 =⇒ ω → −11

8
. (3.52)

The above limiting values of ω are remarkable: −3
2
< ω < −4

3
is the range for which

accelerated power-law expansion exists within Brans-Dicke gravity in the presence of

dust [64]. We also find it interesting to note that the negative values of ω of order of

−1 can be motivated from the string theories. For instance, the case ω = −1 appears

in the low energy limit of effective string field theories and the case ω = −4
3

appears

in four-dimensional 0-brane space-times (d = 1) in string models with (d− 1)-branes

[65, 66].

Next we consider the energy density and the directional pressures of the vector

field given by

ρ =
β2

1

2a2
1

(u2 +m2
1) t−2s−2 , px = py = −pz =

β2
1

2a2
1

(u2 −m2
1) t−2s−2. (3.53)

Then the directional EoS parameters for the vector field will be constant:

wx = wy = −wz =
u2 −m2

1

u2 +m2
1

. (3.54)

Using the allowed range for the values of u with respect to m1 (3.44), we find that

the EoS can get values in the range

0 < wx = wy = −wz <
1

3
. (3.55)

It is interesting to note that for the choice m1 ∼ u, the above distribution would

be indistinguishable from a dust but with a small anisotropic pressure in contrast
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to the conventional dust fluid that is described with an isotropic EoS parameter

w = 0. Hence, in the present case, the vector field may be regarded as a dark matter

fluid yielding a slightly anisotropic pressure. Moreover, defining the average EoS by

w̃ = (wx + wy + wz)/3, we see that it only takes positive values 0 < w̃ < 1
9
. This

is another indication that the vector field in our model cannot be interpreted as a

possible dark energy source since a negative EoS parameter is characteristic of such

sources.

Before we conclude, we wish to consider some observationally meaningful cosmo-

logical parameter values and evaluate other physically relevant quantities to check

if our model gives consistent results or not. Using the mean deceleration parameter

value as q = −0.7 in (3.43) and the anisotropy of the expansion as ∆ = 10−4 in

(3.49) [24], we find a solution with m1 = 1.119 and u = 1.136 that satisfies (3.44).

Using these two values in (3.54), we find the directional EoS parameters of the vec-

tor field to be given by wx = wy = −wz = 0.013 and the average EoS w̃ = 0.004.

We note that such a fluid is indistinguishable from dust/CDM but yields a slightly

anisotropic pressure. We find the values of the directional deceleration parameters

as qx = qy = −0.698 along the x- and y-axes and qz = −0.704 along the z-axis.

Accordingly, the difference between the directional deceleration parameters along the

z and x- or y-axes will be qz − qx = −0.006. These imply a level of the anisotropy of

the deceleration parameter ∆q
q̄

= 0.017 that corresponds to a % 1.7 level of difference.

Finally the Brans-Dicke coupling parameter value is determined to be ω = −1.377.
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Chapter 4

HIGHER DIMENSIONAL MODIFIED GRAVITY WITH

EULER-POINCARÉ TERMS

The most general gravitational Lagrangian density in D-dimensions that yields

second order variational field equations can be written as a linear combination of all

possible dimensionally continued Euler-Poincaré densities:

Lg =

[D−1
2

]∑
n=0

ΛnL
(n) (4.1)

where we introduced (dimension-full) coupling constants Λn and the Euler-Poincaré

forms are given by

L(n) =
1

2n
Ra1b1 ∧ · · · ∧Ranbn ∧ ∗ea1b1...anbn . (4.2)

Ra
b are the curvature 2-forms of (torsion-free) Levi-Civita connection 1-forms {ωab}.

They are uniquely determined by a Lorentzian signatured metric tensor g = ηabe
a⊗eb

where ηab = diag(−+ ++), given in terms of an orthonormal co-frame {ea}, through

the Cartan structure equations dea+ωab∧eb = 0. We further introduced the notation

eab...c = ea ∧ eb ∧ ... ∧ ec and the Hodge ∗-map that fixes the space-time orientation

with the volume D-form ∗1 = e012...D−1.

Here we vary the total action (in D ≥ 5 dimensions)

I[e, ω, µ, . . . ] =

∫
M

(Lg + Lc + κLm) (4.3)

where we take a truncated gravitational Lagrangian density given by

Lg = λ0 ∗ 1 +
1

2
Rab ∧ ∗eab +

λ2

4
Rab ∧Rcd ∧ ∗eabcd, (4.4)
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where λ0 stands as a higher dimensional negative cosmological constant. The con-

straint Lagrangian

Lc =
(
dea + ωab ∧ eb

)
∧ µa (4.5)

imposes the zero-torsion constraint on the connection through the variations of the

Lagrange multiplier (D − 2)-forms µa. κ > 0 denotes the Newton’s constant that

is scaled appropriately in D-dimensions. Then the co-frame variations of the action

(4.3) give

λ0 ∗ ea +
1

2
Rbc ∧ ∗eabc +

λ2

4
Rbc ∧Rdf ∧ ∗eabcdf +Dµa + κτa(m) = 0, (4.6)

while the connection variations of (4.3) give

∗ eabc ∧ T c +
λ2

2
∗ eabcdf ∧Rcd ∧ T f + κΣab(m) = ea ∧ µb − eb ∧ µa. (4.7)

In these expressions we introduced through the variations of the matter Lagrangian,

the stress-energy-momentum tensor Tab(m) and the angular momentum tensor Sab,c(m)

to be read from (
δLm
δea

)
= τa(m) ≡ Tab(m) ∗ eb (4.8)

and (
δLm
δωab

)
= Σab(m) ≡ Sab,c(m) ∗ ec, (4.9)

respectively. The variations of the action with respect to the Lagrange multipliers

impose the zero-torsion constraint T a = 0 and the field equations (4.6) and (4.7) above

are to be solved subject to this constraint. Then the connection-variation equations

simplify and an algebraic solution for the Lagrange multiplier forms can be found as

follows:

µa = κ

(
ιXbΣ

b
a −

1

2
ea ∧ ιXcιXbΣbc

)
. (4.10)

We use interior products such that ιXa(e
b) = δba with respect to orthonormal frame

vectors {Xa}. Then the Lagrange multipliers are substituted into the remaining field

equations and we arrive at the final form of our modified Einstein field equations

λ0 ∗ ea +
1

2
Rbc ∧ ∗eabc +

λ2

4
Rbc ∧Rdf ∧ ∗eabcdf

= −κτa(m) + κD(ιXbΣ
b
a ) +

κ

2
ea ∧D(ιXbιXcΣ

bc). (4.11)



Chapter 4: Higher dimensional modified gravity with Euler-Poincaré terms 32

As a last remark we note that the integrability of the Einstein field equations (4.11)

yields the conservation law of matter:

Dτa(m) = Rab ∧ ιXcΣcb(m). (4.12)

4.1 Cosmological Ansatz

The geometry of a cosmological space-time will be given by the metric

g = −dt2 +R(t)2

3∑
i=1

(dxi)2 + S(t)2

n∑
α=1

(dyα)2 (4.13)

where {xi} are the Cartesian coordinates of a flat(external) 3-space and {yα} are

the coordinates of a (locally) flat, compact (internal) n-space. R(t) and S(t) are the

corresponding scale factors of cosmic time t. Let us choose the following orthonormal

basis 1-forms

e0 = dt, ei = R(t)dxi, eα = S(t)dyα, (4.14)

so that the non-zero connection 1-forms are determined to be

ω0
i =

Ṙ

R
ei, ω0

α =
Ṡ

S
eα, (4.15)

where ˙ = d
dt

denotes time derivative. Therefore the curvature 2-forms are given by

R0
i =

(
R̈

R
+
Ṙ2

R2

)
e0 ∧ ei , R0

α =

(
S̈

S
+
Ṡ2

S2

)
e0 ∧ eα,

Ri
j =

Ṙ2

R2
ei ∧ ej , Rα

β =
Ṡ2

S2
eα ∧ eβ , Ri

α =
Ṙ

R

Ṡ

S
ei ∧ eα. (4.16)

We will model the matter distribution in a D-dimensional space-time by a homo-

geneous but anisotropic fluid with no rotation. Thus we take Σab(m) = 0 and the

stress-energy-momentum tensor of the fluid will be specified by

T = Tabe
a ⊗ eb = ρ(t)dt2 + pext(t)

3∑
i=1

(dxi)2 + pint(t)
n∑

α=1

(dyα)2 (4.17)

where we assume that the mass density ρ > 0, but the pressures pext(t) and pint(t)

are arbitrary except for the conservation law they should satisfy:

ρ̇+ 3
Ṙ

R
(ρ+ pext) + n

Ṡ

S
(ρ+ pint) = 0. (4.18)
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At this point, we skip calculational details and give the independent equations of

motion we obtained as follows:

λ0 + 3

{
Ṙ2

R2
+ 3n

Ṙ

R

Ṡ

S
+
n(n− 1)

2

Ṡ2

S2

}

+ λ2

{
9n(n− 1)

Ṙ2

R2

Ṡ2

S2

+ 6n
Ṙ3

R3

Ṡ

S
+ 3n(n− 1)(n− 2)

Ṙ

R

Ṡ3

S3

+
n(n− 1)(n− 2)(n− 3)

4

Ṡ4

S4

}
= κρ, (4.19)

λ0 +

{
2
R̈

R
+
Ṙ2

R2
+ n

S̈

S
+ 2n

Ṙ

R

Ṡ

S
+
n(n− 1)

2

Ṡ2

S2

}

+ λ2

{
R̈

R

(
2n(n− 1)

Ṡ2

S2
+ 4n

Ṙ

R

Ṡ

S

)

+
S̈

S

(
2n
Ṙ2

R2
+ 4n(n− 1)

Ṙ

R

Ṡ

S
+ n(n− 1)(n− 2)

Ṡ2

S2

)

+3n(n− 1)
Ṙ2

R2

Ṡ2

S2
+ 2n(n− 1)(n− 2)

Ṙ

R

Ṡ3

S3

+
n(n− 1)(n− 2)(n− 3)

4

Ṡ4

S4

}
= −κpext, (4.20)

λ0 +

{
3
R̈

R
+ (n− 1)

S̈

S
+ 3(n− 1)

Ṙ

R

Ṡ

S
+ 3

Ṙ2

R2
+

(n− 1)(n− 2)

2

Ṡ2

S2

}

+ λ2

{
R̈

R

(
6(
Ṙ

R
)2 + 12(n− 1)

Ṙ

R

Ṡ

S
+ 3(n− 1)(n− 2)

Ṡ2

S2

)

+
S̈

S

(
6(n− 1)

Ṙ2

R2
+ 6(n− 1)(n− 2)

Ṙ

R

Ṡ

S
+ (n− 1)(n− 2)(n− 3)

Ṡ2

S2

)

+9(n− 1)(n− 2)
Ṙ2

R2

Ṡ2

S2
+ 6(n− 1)

Ṙ3

R3

Ṡ

S

+3(n− 1)(n− 2)(n− 3)
Ṙ

R

Ṡ3

S3

+
(n− 1)(n− 2)(n− 3)(n− 4)

4

Ṡ4

S4

}
= −κpint. (4.21)
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The coupled equations (4.19), (4.20) and (4.21) are to be satisfied by five functions

R, S, ρ, pext and pint and therefore the system is not fully determined as it is. Two

extra constraints must be provided by some extra assumptions in order to get fully

determined solutions.

4.2 Exact Solutions with Constant Volume

We are particularly interested in higher dimensional steady state cosmologies char-

acterized by the following two properties: (i) The higher dimensional universe has a

constant volume as a whole but the internal and external spaces are dynamical. (ii)

The mass density is constant in the higher dimensional universe. However, in this

study we are going to allow the energy to be dynamical in a particular way, so that

a constant mass density can be studied as a particular case. Therefore, firstly we

assume that the (3 + n)-dimensional volume scale factor of the universe is constant:

R3Sn = V0. (4.22)

It will be convenient to introduce the Hubble functions of external and internal spaces

given by H = Ṙ
R

and H ′ = Ṡ
S

, respectively. Then it follows from (4.22) that 3H =

−nH ′, assuring the dynamical contraction (hence reduction) of the internal space

(H ′ < 0) for an expanding external space (H > 0). The field equations in terms of H

read:

λ0 −
3n+ 9

2n
H2 + 3λ2bnH

4 = κρ, (4.23)

λ0 − Ḣ +
3n+ 9

2n
H2 + λ2H

2
(
anḢ − bnH2

)
= −κpext, (4.24)

λ0 +
3

n
Ḣ +

3n+ 9

2n
H2 + λ2H

2
(

(an − 4bn)Ḣ − bnH2
)

= −κpint (4.25)

where we set∗

an =
9 (n2 + 3n− 6)

n2
, bn =

3(n+ 3)(n2 + 15n− 18)

4n3
. (4.26)

∗Note that an and bn are both negative for n = 1 and both positive for all n ≥ 2. For the sake
of simplicity we will keep the second case in what follows.
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Furthermore our conservation law of matter reduces to

ρ̇+ 3H (pext − pint) = 0. (4.27)

Secondly we assume a simple equation of state

pext − pint
ρ

= ∆w (4.28)

where ∆w is a constant that we propose to call dimensional dichotomy parameter.

It follows that ρ ∝ R−3∆w in general. A higher dimensional isotropic distribution

of matter with constant mass density follows in the case ∆w = 0. If there is a

dimensional dichotomy i.e. ∆w 6= 0, on the other hand, then, as the external space

expands, the mass density decreases if pext > pint and increases if pext < pint.

In order to solve this system we proceed in the following way. We differentiate

both sides of (4.23) and on the RHS use the conservation relation (4.27) together

with our equation of state (4.28) to replace ρ̇. Then we use the first equation (4.27)

again to eliminate ρ itself, arriving at a first order master equation satisfied by H. We

will solve this master equation and classify its solutions according to the signs and

magnitudes of the cosmological coupling constants λ0 and λ2. Once an expression for

H is fixed, the external and internal pressure functions can be found by substituting

this H into the equations (4.24) and (4.25), respectively. Finally we integrate H and

determine the scale factors R and S, thus completely specifying the cosmology.

From now on we will be looking at the master equation for H that reads[(
3n+ 9

2n

)
H2 − n(n+ 3)

2(n2 + 15n− 18)

1

λ2

](
3n+ 9

2n

)
Ḣ

= −3∆w

4

[(
3n+ 9

2n

)2

H4 − n(n+ 3)

(n2 + 15n− 18)

1

λ2

(
3n+ 9

2n

)
H2

+
n(n+ 3)

(n2 + 15n− 18)

λ0

λ2

]
. (4.29)

We re-write it as a simple differential equation

ẋ = ω

[
(x2 − λ)− Q

(x2 − λ)

]
(4.30)
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where we defined

x ≡
√

3n+ 9

2n
H, ω ≡ −

√
2n

3n+ 9

3∆w

4
(4.31)

with two free parameters

λ ≡ n(n+ 3)

(n2 + 15n− 18)

1

2λ2

, Q ≡ λ2 − 2λ0λ. (4.32)

It is worth to note that the field equation (4.23) with the above re-parametrization

gives for the energy density

κρ =
1

2λ

[
(x2 − λ)2 −Q

]
. (4.33)

We first consider briefly the case of an isotropic distribution of matter. Suppose

λ 6= 0. We take ω = 0 and the master equation becomes ẋ = 0. This leads to an

exponentially expanding external scale factor R(t) = R(0)eH0t and an exponentially

contracting internal scale factor S(t) = S(0)e−
3
n
H0t. For isotropic solutions with λ 6= 0,

the energy density may be positive definite or negative definite or zero depending on

the roots of the algebraic equation

λ0 −
3n+ 9

2n
H2

0 +
1

2λ

(
3n+ 9

2n

)2

H4
0 = 0.

Next we consider cases with ω 6= 0 and λ 6= 0:

1. Suppose Q 6= 0. The generic solution is implicitly given by∣∣∣∣∣
√
λ+
√
Q− x√

λ+
√
Q+ x

∣∣∣∣∣
1

2
√
λ+
√
Q

∣∣∣∣∣
√
λ−
√
Q− x√

λ−
√
Q+ x

∣∣∣∣∣
1

2
√
λ−
√
Q

= Ce2ωt (4.34)

where C is an integration constant. We cannot further develop such solutions and

obtain explicit expression for R(t) and S(t) in general.

2. Suppose Q = 0, that is λ = 2λ0. Now the generic solution reads∣∣∣∣∣
√
λ− x√
λ+ x

∣∣∣∣∣
1√
λ

= Ce2ωt, (4.35)

and can be inverted to write down explicit expressions. For λ > 0 we have

x(t) =

 −
√
λ coth(

√
λωt), x2 > λ

−
√
λ tanh(

√
λωt), x2 < λ

. (4.36)
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These expressions can be integrated for the scale factor of the external space so that

R(t) =

 | sinh(
√
λωt)|4/(3∆w), x2 > λ

| cosh(
√
λωt)|4/(3∆w), x2 < λ

. (4.37)

The corresponding mass density function turns out to be positive definite:

κρ(t) =

 λ
2

sinh−4(
√
λωt), x2 > λ

λ
2

cosh−4(
√
λωt), x2 < λ

. (4.38)

For λ < 0 we have

x(t) = −
√
|λ| cot(

√
|λ|ωt). (4.39)

Again we integrate the above expression and find that

R(t) = | sin(
√
|λ|ωt)|4/(3∆w). (4.40)

The corresponding mass density function for this solution is negative definite:

κρ(t) = −|λ|
2

sin−4(
√
λωt). (4.41)

We also wish to point out some special classes of solutions which cannot be ob-

tained from above as limiting cases.

A. First consider the case of Einstein-Hilbert action with a cosmological constant

where the Euler-Poincaré term is absent. We set λ2 = 0 accordingly but still keep

ω 6= 0. Then the master equation reads

ẋ = 2ω
(
x2 − λ0

)
(4.42)

For λ0 > 0 the solutions are given by

x(t) =

 −
√
λ0 coth(2

√
λ0ωt), x2 > λ0

−
√
λ0 tanh(2

√
λ0ωt), x2 < λ0

. (4.43)

The external scale factor can be calculated as

R(t) =

 | cosh(2
√
λ0ωt)|2/(3∆w), x2 > λ0

| sinh(2
√
λ0ωt)|2/(3∆w), x2 < λ0

, (4.44)
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which give a positive definite the energy density for 0 < λ0 < x2

κρ(t) =
λ0

cosh2(2
√
λ0ωt)

, (4.45)

and a negative definite energy density for x2 < λ0

κρ(t) = − λ0

sinh2(2
√
λ0ωt)

. (4.46)

For λ0 < 0 we have

x(t) =
√
|λ0| tan(2

√
|λ0|ωt) (4.47)

and

R(t) = | cos(2
√
|λ0|ωt)|2/(3∆w). (4.48)

In this case, the corresponding energy density is always negative definite:

κρ = − |λ0|
cos2(2

√
|λ0|ωt)

. (4.49)

For the particular case λ0 = 0 we have the following external scale factor

R(t) ∝ t2/(3∆w), (4.50)

which leads to the following negative definite mass density

κρ = − 1

4ω2t2
. (4.51)

It is easy to see that, in this particular case λ0 = 0, the external space exhibits

accelerating expansion provided that 0 < ∆w < 2
3
. However, we note that it suffers

from the negativity of mass density.

B. Suppose the gravitational action consists of just the second order Euler-Poincaré

term on its own. This theory is sometimes called the Gauss-Bonnet gravity. Let us

consider the cases where ω 6= 0. Then the master equation becomes

ẋ = ωx2, (4.52)

which gives the following a power-law expansion

R(t) ∝ t4/(3∆w), (4.53)
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and the following mass density

ρ =
1

2λω4

1

t4
. (4.54)

It is easy to see that in this solution the external exhibits accelerating expansion if

0 < ∆w < 3
4
. Additionally the mass density takes positive values properly provided

that λ is positive, i.e., λ2 is positive in line with string theories.

Among the explicit solutions we presented above, the case for which the external

space expands as R ∝ | sinh(
√
λωt)|4/(3∆w) given in (4.37) is the most promising

solution from the cosmological point of view. We note that in this solution the

external space behaves as R ∼ t4/(3∆w) for t ∼ 0 and R ∼ e
4
√
λω

3∆w
t for t � 1√

λω
.

Accordingly, provided that ∆w > 3/4, the external space evolves from a decelerating

expansion phase to the de Sitter expansion as the cosmic time t runs. Moreover, if

we choose ∆w = 2 then the external space exhibits exactly the same behavior with

the standard ΛCDM model [67], namely, RΛCDM ∝ sinh
2
3

(√
3Λ
4
t
)

, where Λ is the

conventional positive cosmological constant. We note that similar results could be

reached in the solution (4.44) where the second order Euler-Poincaré term is omitted.

However, we notice an important difference between these two solutions when we

consider the corresponding matter densities. The solution (4.44) for which the second

order Euler-Poincaré term is omitted suffers from negativity of mass density (4.46),

while the solution (4.37) where all the Einstein-Hilbert and the second order Euler-

Poincaré terms are considered leads properly to positive definite mass density (4.38).
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Chapter 5

SIX DIMENSIONAL R2-GRAVITY INDUCED FROM A

GAUGED CHIRAL SUPERGRAVITY

We start with the following action density:

L = e−2φ

[
R(ω̂) ∗ 1 + 4dφ ∧ ∗dφ− 1

2
H ∧ ∗H + e2φV (φ) ∗ 1

]
+

1

2
σ
[
Rab(ω) ∧ ∗Rab(ω) +Rab(ω) ∧Rab(ω) ∧B

]
(5.1)

given in six dimensions with an R2 invariant [68]. The above action density consists

of two parts. The first part defines the low energy axi-dilatonic sector of the heterotic

string field theory in the string frame. It contains the usual Einstein-Hilbert action

density, kinetic term for 0-form dilaton field φ, dilaton potential V (φ) that generalizes

a cosmological constant Λ in such a way V (0) = Λ and an antisymmetric 3-form field

H. In four dimensions H is related to the axion scalar A by the relation dA =

e−2φ ∗H [69]. We want to note again that the first part is written on the string frame.

By conformal redefinitions of the metric and the corresponding connection; we may

rewrite the related Lagrangian density 6-form in either i) the Einstein frame or ii)

the Jordan (Brans-Dicke) frame. Eventhough such “frames” are conformally-scale

related, the physics they describe are distinct.

The second part consists of the quadratic curvature term Rab∧∗Rab together with

a Lorentz-Chern-Simons term Rab ∧ Rab ∧ B whose supersymmetrization is done in

[61]. B is the potential of the antisymmetric 3-form field H such that H = dB. Here,

{ea}a=0,1,..,5 are the coframe 1-forms in terms of which the metric can be written

as g = ηabe
a ⊗ eb, where ηab = diag(−1, 1, .., 1). The volume form follows as ∗1 =

e0∧e1∧...∧e5. As it is seen from the above Lagrangian density, there are two different

kinds of “ω” introduced in the action. ω̂ab denotes the Levi-Civita connection 1-forms,
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for which the corresponding torsion 2-forms are all zero. ωab are the connection 1-

forms used to write the effective curvature term above:

ωab := ω±ab = ω̂ab ±
1

2
ibiaH. (5.2)

We checked that the field equations do not depend on the choice of ω+ or ω−. Although

they do not differ in the context of gravity, their supersymmetry transformations

distinguishes between them. ∗ In this work, we take ω := ω+ which is consistent

with the model discussed in [68]. It follows from the first Cartan structure equations

(2.7) and the definition (5.2) that the torsion of the spacetime equipped with the

connection ωab will be given by

T a := dea + ω̂ab ∧ eb +
1

2
ibiaH ∧ eb (5.3)

=
1

2
ibiaH ∧ eb. (5.4)

Furthermore, since for any p-form σ, ea ∧ iaσ = pσ, we have

T a = −iaH. (5.5)

The curvature 2-forms follows from (2.8) as

Ra
b(ω) = Ra

b(ω̂) +
1

2
D̂(ibi

aH) +
1

4
ici

aH ∧ ibicH,

where we used D̂ to indicate that the connection used for the covariant exterior

derivative is the Levi-Civita connection. It follows from the definition of the curvature

scalar

R(ω) ∗ 1 = Rab(ω) ∧ ∗(ea ∧ eb)

that

R(ω) ∗ 1 = R(ω̂) ∗ 1 +
1

2
D̂(ibiaH) ∧ ∗(ea ∧ eb) +

1

4
ici

aH ∧ ibicH ∗ (ea ∧ eb).

∗Here, to prevent confusion we note that in [61] ”Rab” in the second part of the action density is
taken as Rab(ω−), however in [68] a redefinition is made by sending H → −H. Therefore,Rab(ω+)
is used.
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Since ia ∗ (ea ∧ eb), ibia ∗ (ea ∧ eb) and D̂ ∗ (ea ∧ eb) are zero, by the Leibniz rules for

the derivations

D̂(ibiaH) ∧ ∗(ea ∧ eb) = D̂(ibia(H ∧ ∗(ea ∧ eb))).

This term is the covariant derivative of a 7-form and also vanishes.

On the other hand, by a similiar reasoning, together with the fact that ibia = −iaib,

ici
aH ∧ ibicH ∗ (ea ∧ eb) = icH ∧ iaibicH ∗ (ea ∧ eb)

= icH ∧ ∗(iaibicHea ∧ eb)

= −icH ∧ ∗(2icH)

= −2H ∧ ic ∗ (icH)

= −2H ∧ ∗(ec ∧ icH)

= −6H ∧ ∗H.

Therefore, we write the first order curvature term as

R(ω̂) ∗ 1 = R(ω) ∗ 1 +
3

2
H ∧ ∗H. (5.6)

We can also eliminate B from the action by partial differentiation and use only the

corresponding field strength H:

Rab ∧Rab ∧B = dωab ∧ dωab ∧B + 2dωab ∧ ωad ∧ ωdb ∧B + ωac ∧ ωcb ∧ ωad ∧ ωdb ∧B.

It can be seen that last term is zero by simply interchanging the indices. So,

Rab ∧Rab ∧B = d(ωab ∧ dωab ∧B) +

(
ωab ∧ dωab +

2

3
ωab ∧ ωad ∧ ωdb

)
∧H.

By Stokes’ theorem d(ωab∧dωab∧B) contributes to the action only as a surface term,

hence can be neglected. We employ Lagrange multiplier forms µ and µa to constrain

the torsion T a = −iaH and the fact that H = dB in the action density.

Finally, we rewrite (5.1) equivalently as

L = e−2φ (R ∗ 1 + αdφ ∧ ∗dφ+ βH ∧ ∗H) + V (φ) ∗ 1 + γRab ∧ ∗Rab (5.7)

+ δ

(
ωab ∧ dωab +

2

3
ωab ∧ ωad ∧ ωdb

)
∧H

+ (dea + ωab ∧ eb + iaH) ∧ µa + dH ∧ µ,
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with real coupling constants α, β, γ1, γ2. We keep the constants α, β, γ, δ to track

the contributions of each term to the field equations. We note that for our model the

values of the coupling constants should be fixed by

α = 4, β = 1, γ = δ =
1

2
σ. (5.8)

With all the construction and simplifications done above, the action we consider can

be written as

I[ea, ωab, φ,H, µ, µa] =

∫
M6

L (5.9)

where L is given by (5.7).

5.1 Variational equations

We first consider the coframe variations of the action (5.9):

e−2φ {Rab ∧ ∗(ea ∧ eb ∧ ec)− α(icdφ ∧ ∗dφ+ dφ ∧ ic ∗ dφ) (5.10)

− β(icH ∧ ∗H +H ∧ ic ∗H)}+ V (φ) ∗ ec − γ(icRab ∧ ∗Rab −Rab ∧ ic ∗Rab)

+ Dµc − ia(icH ∧ µa) = 0.

Then, we vary the action with respect to the connection 1-forms ωab. The resulting

field equations

D ∗ (e−2φ(ea ∧ eb)) + 2γD ∗Rab + 2δRab ∧H + eb ∧ µa = 0 (5.11)

can be used for the multiplier 4-forms µa. At this point, it is convenient to introduce

an antisymmetric 5-form

Πab := ea ∧ µb − eb ∧ µa, (5.12)

so that by (5.11),

Πab = 2D ∗ (e−2φea ∧ eb) + 4γD ∗Rab + 4δRab ∧H. (5.13)

With the use of the identities:

iaΠab = µb + eb ∧ iciaΠac,
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and

ibiaΠab = 4iaµa,

we can reexpress the multiplier forms µa as

µa = ibΠba −
1

4
ea ∧ icibΠbc. (5.14)

We insert this expression for µa in (5.10). The first two variational equations accord-

ingly reduce to the following single equation:

e−2φ {Rab ∧ ∗(ea ∧ eb ∧ ec)− α(icdφ ∧ ∗dφ+ dφ ∧ ic ∗ dφ) (5.15)

− β(icH ∧ ∗H +H ∧ ic ∗H)}+ V (φ) ∗ ec − γ(icRab ∧ ∗Rab −Rab ∧ ic ∗Rab)

+ DiaΠac +
1

4
ec ∧ d(iaibΠba)−

1

2
icH ∧ iaibΠba − iaicH ∧ ibΠba = 0,

where Πab given in (5.13).

Obviously, the variations of the action density with respect to the Lagrange mul-

tipliers impose the following constraints

T a = −iaH and H = dB (5.16)

as we assumed earlier.

We obtain a remaining field equation by H−variations:

2βe−2φ ∗H − δ
(
ωab ∧ dωba +

2

3
ωac ∧ ωcb ∧ ωba

)
+ iaµa + dµ = 0. (5.17)

We eliminate µ by taking the exterior derivative of the above equation and substitut-

ing in the expression for µa and obtain

2βd(e−2φ ∗H)− δRab ∧Rab +
1

4
d(iaibΠba) = 0. (5.18)

The final variations we perform are with respect to the scalar field φ:

R ∗ 1 + α(dφ ∧ ∗dφ+ d ∗ dφ) + βH ∧ ∗H − e2φ

2
V ′(φ) ∗ 1 = 0. (5.19)
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The combination of the (5.19) with the trace of the equation (5.15) gives us

4e−2φ{R ∗ 1 + dφ ∧ ∗dφ}+ 2γRab ∧ ∗Rab + ec ∧DiaΠac −H ∧ ibiaΠab (5.20)

+6V (φ) ∗ 1 = 0

implies the dilaton field equation

4e−2φ(αd ∗ dφ+ βH ∧ ∗H)− 2γRab ∧ ∗Rab − ec ∧DiaΠac +H ∧ ibiaΠab (5.21)

−6V (φ) ∗ 1− 2V ′(φ) ∗ 1 = 0.

To sum up, we have at the end three variational field equations given by (5.15), (5.18),

(5.20) subject to the constraint (5.16) follow from the action (5.9).

5.2 AdS3 × S3 background vacuum solutions

In this section, we will solve the variational field equations found in the previous

section with the metric ansatz:

g = k2
1gAdS3 + k2

2gS3 (5.22)

where gAdS3 and gS3 are the metrics of the spaces AdS3 and S3 , respectively. The gen-

erators of the associated Lie algebras for AdS3 and S3 are the same as the generators

of the su(1, 1) and su(2) Lie algebras, respectively, given explicitly as

[X0, X1] = X2, [X1, X2] = −X0, [X0, X2] = −X1;

[X4, X5] = X6, [X5, X6] = X4, [X6, X4] = X5. (5.23)

{Xa } constitutes a frame on AdS3×S3. Xa correspond to the generators of su(1, 1) for

a=0,1,2 and generators of su(2) for a=4,5,6. The coframe 1-forms {ea} satisy eb(Xa) =

δba by duality. Using the structure constants C c
ab determined by the commutators

[Xa, Xb] = C c
ab Xc, we can write the Maurer-Cartan equation as dea = −C a

bc e
b ∧ ec.

We take the coframe 1-forms introduced here and scale them as ea → k1e
a for

a ∈ {0, 1, 2} and eb → k2e
a for a ∈ {4, 5, 6, } and write the 6-metric (5.22) as

g = −e0 ⊗ e0 + e1 ⊗ e1 + e2 ⊗ e2 + e4 ⊗ e4 + e5 ⊗ e5 + e6 ⊗ e6. (5.24)
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We determine the exterior derivatives of the coframe 1-forms ea without effort thanks

to the Maurer-Cartan equations:

de0 =
2

k1

e1 ∧ e2, de1 =
2

k1

e0 ∧ e2, de2 = − 2

k1

e0 ∧ e1; (5.25)

de4 =
2

k2

e5 ∧ e6, de5 =
2

k2

e6 ∧ e4, de6 =
2

k2

e4 ∧ e5.

The non-vanishing components of the Levi-Civita connection 1-forms are solved from

the Cartan’s first structure equations (2.7):

ω̂0
1 =

1

k1

e2, ω̂0
2 = − 1

k1

e1, ω̂1
2 = − 1

k1

e0; (5.26)

ω̂4
5 =

1

k2

e6, ω̂5
6 =

1

k2

e4, ω̂6
4 =

1

k2

e5.

These are the connection 1-forms without torsion. In order to find the connection

1-forms {ωab} with torsion we again employ Cartan’s first structure equation. We see

that ωab can be written as the sum of the Levi-Civita connection 1-forms ω̂ab and the

1-forms , which we denote by Kab, called the contortion 1-forms, that are related to

the torsion 2-forms according to

Ta = Kab ∧ eb. (5.27)

Solving the above equations with the torsion 2-forms Ta = −iaH, the contortion forms

can be written as

Kab = −1

2
iaibH. (5.28)

At this point we make the following ansatz for the antisymmetric 3-form field H:

H = c1e
0 ∧ e1 ∧ e2 + c2e

4 ∧ e5 ∧ e6, (5.29)

whose Hodge dual is given by

∗H = −c2e
0 ∧ e1 ∧ e2 − c1e

4 ∧ e5 ∧ e6. (5.30)

Here c1 and c2 are two constant parameters.
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It follows that all the nonvanishing contortion 1-forms are the following:

K01 =
c1

2
e2, K02 = − c1

2
e1, K12 =

c1

2
e0; (5.31)

K45 =
c2

2
e6, K56 =

c2

2
e4, K64 =

c2

2
e5.

Therefore the full connection 1-forms are explicitly given by

ω0
1 =

(
1

k1

− c1

2

)
e2, ω0

2 = −
(

1

k1

− c1

2

)
e1, ω1

2 = −
(

1

k1

− c1

2

)
e0;

ω4
5 =

(
1

k2

− c2

2

)
e6, ω5

6 =

(
1

k2

− c2

2

)
e4, ω6

4 =

(
1

k2

− c2

2

)
e5. (5.32)

The corresponding curvature 2-forms follow from the Cartan’s second structure equa-

tions (2.8):

Rab =



(
c21
4
− 1

k2
1

)
ea ∧ eb, for a, b ∈ {0, 1, 2},

(
1
k2

2
− c22

4

)
ea ∧ eb, for a, b ∈ {4, 5, 6}.

(5.33)

At this point it is better to make some remarks about the resulting curvature. Since

torsion is directly related with the 3-form H, setting c1 = c2 = 0 gives the torsion-free

curvature 2-forms. We see that for a, b ∈ {0, 1, 2} the curvature forms would be all

negative, while a, b ∈ {4, 5, 6} would be all positive. This shows again that the space

with metric −e0 ⊗ e0 + e1 ⊗ e1 + e2 ⊗ e2 is a maximally symmetric Lorentzian space

with a constant negative curvature, which is AdS3. On the other hand the space with

metric e4 ⊗ e4 + e5 ⊗ e5 + e6 ⊗ e6 is a maximally symmetric Euclidean space with

positive curvature, which is S3.

Let us look at the solutions with a vanishing dilaton field φ and zero potential

V (φ). Starting from the last variational equations, we write them term by term. Of

course, the terms involving the derivatives of the dilaton field φ are all zero. The total

curvature scalar of the AdS3 × S3 spacetime is found to be

R = ibiaRab =
3

2

(
4

k2
2

− 4

k2
1

+ c2
1 − c2

2

)
, (5.34)
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and we have

H ∧ ∗H = (c2
2 − c2

1) ∗ 1. (5.35)

Hence, (5.19) gives

6

(
1

k2
2

− 1

k2
1

)
+

(
β − 3

2

)
(c2

2 − c2
1) = 0 (5.36)

Next, we proceed with the H-variation (5.18). Since

dH = 0, (5.37)

d ∗H = 0, (5.38)

Rab ∧Rab = 0, (5.39)

d(iaibΠba) = 0, (5.40)

the H-field equation is satisfied with the given metric g and H.

Finally, we come to the Einstein field equations (5.15). With the use of the

following identity:

ia ∗ eb = ∗(eb ∧ ea). (5.41)

We find

Rab ∧ (ea ∧ eb ∧ ec) =


3
2

(
4
k2

2
− c2

2

)
+ 1

2

(
c2

1 − 4
k2

1

)
∗ ec, for c ∈ {0, 1, 2},

3
2

(
c2

1 − 4
k2

1

)
+ 1

2

(
4
k2

2
− c2

2

)
∗ ec, for c ∈ {4, 5, 6}

(5.42)

The remaining terms are as follows:

icRab ∧ ∗Rab −Rab ∧ ∗Rab =


2
(
c21
4
− 1

k2
1

)2

− 6
(

1
k2

2
− c22

4

)2

∗ ec, for c ∈ {0, 1, 2},

2
(

1
k2

2
− c22

4

)2

− 6
(
c21
4
− 1

k2
1

)2

∗ ec, for a, b ∈ {4, 5, 6}

(5.43)

icH ∧ ∗H +H ∧ icH =

−(c2
1 + c2

2) ∗ ec, for c ∈ {0, 1, 2},

(c2
1 + c2

2) ∗ ec, for c ∈ {4, 5, 6}
(5.44)
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It takes a little more effort to write the terms Πab explicitly:

D ∗ (e−2φea ∧ eb) = e−2φD ∗ (ea ∧ eb) (5.45)

= e−2φDec ∧ ∗(ea ∧ eb ∧ ec)

= −e−2φicH ∧ ∗(ea ∧ eb ∧ ec).

Hence,

D ∗ (e−2φea ∧ eb) =

−e
−2φc1 ε

c
ab ∗ ec, for a, b, c ∈ {0, 1, 2},

−e−2φc2 ε
c

ab ∗ ec, , for a, b, c ∈ {4, 5, 6}
(5.46)

The covariant derivative of ∗Rab is given by

D ∗Rab = d ∗Rab + ωac ∧ ∗Rc
b − ωdb ∧ ∗Rad (5.47)

and yields

D ∗Rab =



(
1
k2

1
− c21

4

)
c1 ε

c
ab ∗ ec, , for a, b, c ∈ {0, 1, 2},

(
c22
4
− 1

k2
2

)
c2 ε

c
ab ∗ ec, , for a, b, c ∈ {4, 5, 6}.

(5.48)

We also have

Rab ∧H =



(
1
k2

1
− c21

4

)
c2 ε

c
ab ∗ ec, , for a, b, c ∈ {0, 1, 2},

(
c22
4
− 1

k2
2

)
c1 ε

c
ab ∗ ec, , for a, b, c ∈ {4, 5, 6}.

(5.49)

We put all these together and finally calculate

Πab =



(
−2c1 +

(
4
k2

1
− c2

1

)
(γc1 + δc2)

)
ε c
ab ∗ ec, for a, b, c ∈ {0, 1, 2},

(
−2c2 +

(
c2

2 − 4
k2

2

)
(γc2 + δc1)

)
ε c
ab ∗ ec, for a, b, c ∈ {4, 5, 6}

(5.50)

Then, it follows that
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DiaΠac =



(
−2c1 +

(
4
k2

1
− c2

1

)
(γc1 + δc2)

)
2c1 ∗ ec, for c ∈ {0, 1, 2},

(
−2c2 −

(
c2

2 − 4
k2

2

)
(γc2 + δc1)

)
2c2 ∗ ec, for c ∈ {4, 5, 6}

(5.51)

and

ibiaΠab =

(
12c1 − 6

(
4

k2
1

− c2
1

)
(γc1 + δc2)

)
e4 ∧ e5 ∧ e6 (5.52)

+

(
12c2 − 6

(
c2

2 −
4

k2
2

)
(γc2 + δc1)

)
e0 ∧ e1 ∧ e2

Therefore the coframe variational equations (5.15) amount to two equations. For c =

0,1,2, we get:

3

2

(
4

k2
2

− c2
2

)
+

1

2

(
c2

1 −
4

k2
1

)
+ β(c2

1 + c2
2)− 2γ

(
1

k2
1

− c2
1

4

)2

(5.53)

+6γ

(
1

k2
2

− c2
2

4

)2

− 2c2
1 +

(
4

k2
1

− c2
1

)
(γc2

1 + δc2c1) = 0,

and for c= 4,5,6 we get:

3

2

(
c2

1 −
4

k2
1

)
+

1

2

(
4

k2
2

− c2
2

)
− β(c2

1 + c2
2)− 2γ

(
1

k2
2

− c2
2

4

)2

(5.54)

+6γ

(
1

k2
1

− c2
1

4

)2

+ 2c2
2 −

(
c2

2 −
4

k2
2

)
(γc2

2 + δc1c2) = 0.

Finally, we should solve the three algebraic equations (5.36), (5.53) and (5.54) ob-

tained from the variational equations (5.15), (5.18), (5.19). As we mentioned at the

beginning of this chapter we take δ = γ and β = 1. A natural solution can be written

simply as:

c2
1 = c2

2 =
4

k2
1

=
4

k2
2

. (5.55)

While the solution with c1 = −c2 corresponds to a self-dual 3-form H described by

H = ∗H, (5.56)
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the solution c1 = c2 corresponds to an anti-self dual 3-form H given by

H = − ∗H. (5.57)

According to the solution above, the negative curvature space AdS3 and positive

curvature space S3 after introducing the torsion to the connection, imply that the

total curvature is zero. A similiar solution is obtained in a recent paper [70] where

solutions on the all possible direct product of two constant curvature spaces are listed.

5.3 AdS3 and S3 in coordinate systems

In the previous section, we make use of the properties of the left invariant vector fields

to determine the coframe 1-forms which satisfy (5.2). We did not choose a spesific

coordinate system through the whole section. In this section, we will explicitly write

the left invariant 1-forms in terms of a given coordinate system. This will play an

important role in defining time-warped AdS3 × S3 backgrounds.

The AdS3 space can be thought as a hypersurface X2 + Y 2 − U2 − V 2 = −1

embedded in a flat space with metric g = dX2 + dY 2 − dU2 − dV 2 . This condition

can be given by the group of matrices

g =

 V +X Y + U

Y − U V −X

 . (5.58)

with detg = U2 + V 2 − X2 − Y 2 = 1, as well. AdS3 as Lie group can be seen as

isomorphic to SL(2,R). AdS3 is also an homogeneous space SO(2, 2)/SO(2, 1) with

the action of its isometry group SO(2, 2) and isotropy group SO(2, 1). Note that,

SO(2, 2) is isomorphic to SO(2, 1)×SO(2, 1) and SO(2, 1) is locally to isomorphic to

SL(2,R). The Lie algebra of the isometry group will be so(2, 2) = slL(2,R)⊕slR(2,R),

which gives two copies of the Lie algebra of AdS3, with one copy corresponding to

right and one copy to left translations†. Hence, we can make use of the Killing vectors

on AdS3 to find the generators of the Lie algebra of AdS3. With the metric choosen

†Also, note that sl(2,R) ' su(1, 1).
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above, the Killing vectors can be given as

JXaXb = Xa
∂

∂Xb
−Xb

∂

∂Xa
, (5.59)

where Xa = (−U,−V,X, Y ) They satisfy the following commutation relations:

[JXaXb , JXbXc ] =

−JX
aXc , for b ∈ {0, 1} and a 6= b 6= c,

JXaXc , for b ∈ {2, 3} and a 6= b 6= c,

(5.60)

with JXaXb = −JXbXa .

Using the commutation relations above, the Killing vectors of so(2, 2) can be

grouped into two commuting sets

ξ0 = −JUV − JXY , η0 = −JUV + JXY , (5.61)

ξ1 = JXU + JY V , η1 = JXU − JY V ,

ξ2 = JY U − JXV , η2 = −JY U − JXV ,

corresponding to the generators of two copies of sl(2,R) [71],[72]. We can identify

the set {ξ0, ξ1, ξ2} as the generators of the Lie algebra of left invariant vector fields

on AdS3. By the relations (5.60), we can show that the generators satisfy

[ξ0, ξ1] = ξ2, [ξ1, ξ2] = −ξ0, [ξ0, ξ2] = −ξ1. (5.62)

First, we specify a local coordinate system on AdS3

U = cos t X = sin t sinhχ cos θ (5.63)

V = sin t coshχ Y = sin t sinhχ sin θ.

In the above coordinate system, the metric g reads

g = −dt2 + sin2 tdχ2 + sin2 t sinh2 χdθ2 (5.64)

By the relations (5.59) and (5.61), the generators {ξµ} are calculated as

ξ0 = coshχ∂t − cot t sinhχ∂χ − ∂θ (5.65)

ξ1 = − sinhχ cos θ∂t + (cot t coshχ cos θ + sin θ)∂χ + (cothχ cos θ − cot tcosechχ sin θ)∂θ

ξ2 = −sinhχ sin θ∂t + (cot t coshχ sin θ − cos θ)∂χ + (cothχ sin θ + cot tcosechχ cos θ)∂θ
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Finally, we can invert these for the left-invariant 1-forms {e0, e1, e2} using the duality

eµ(ξν) = δµν for µ, ν ∈ {0, 1, 2} as follows:

e0 = coshχdt+ cos t sin tsinhχdχ+ sin2 t sinh2 χdθ, (5.66)

e1 = sinhχ cos θdt+ (cos t sin t coshχ cos θ + sin2 t sin θ)dχ

+ sin2 t sinhχ(coshχ cos θ − cot t sin θ)dθ,

e2 = sinhχ sin θdt+ (cos t sin t coshχ sin θ − sin2 t cos θ)dχ

+ sin2 t sinhχ(coshχ sin θ + cot t cos θ)dθ.

It can be checked that the metric (5.64) can be written in the following form:

gAdS3 = −e0 ⊗ e0 + e1 ⊗ e1 + e2 ⊗ e2 (5.67)

A similiar method can be applied to the 3-sphere S3. S3 is also a homogeneous

space, which can be identified with SO(4)/SO(3). However, there is an easier way

that we may reach to S3 Lie algebra, because we already have results regarding AdS3.

As AdS3 is defined by the embedding relation X2 + Y 2−U2− V 2 = −1, in a similiar

way S3 can be defined as an embedding by replacing X with −iX and Y with −iY ,

and letting χ = iψ. Accordingly, we choose a coordinate system such that

U = cosφ X = sinφ sinϕ cosψ (5.68)

V = sinφ cosϕ Y = sinφ sinϕ sinψ.

results in the following generators of the Lie algebra su(2) of S3:

e4 = cosϕdφ+ cosφ sinφsinϕdϕ+ sin2 φ sin2 ϕdψ, (5.69)

e5 = sinϕ cosψdφ+ (cosφ sinφ cosϕcosψ + sin2φsinψ)dϕ

+ sin2 φ sinϕ(cosϕ cosψ − cotφ sinψ)dψ,

e6 = sinϕ sinψdφ+ (cosφ sinφ cosϕ sinψ − sin2 φcosψ)dϕ

+ sin2 φ sinϕ(cosϕ sinψ + cotφ cosψ)dψ.

We also note that the corresponding metric is

gS3 = e4 ⊗ e4 + e5 ⊗ e5 + e6 ⊗ e6
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which is written in the given coordinate system as

gS3 = dφ2 + sin2 φ(dϕ2 + sin2 ϕdψ2).

5.4 Equations of motion on a warped AdS3 × S3 background

In this section, we start with a time-warped AdS3 × S3 metric described by

g = f(t)2gAdS3 + h2(t)gS3 , (5.70)

where gAdS3 and gS3 denote the metrics of AdS3 and S3, that are derived in the

previous section. f, h : R → R are smooth functions of time t identified from the

metric:

gAdS3 = −dt2 + sin2 tdχ2 + sin2 t sinh2 χdθ2. (5.71)

Since the total metric is time warped, we do not need to specify a coordinate system

for S3. We again make use of the generators of the Lie algebra su(2) and take the S3

metric

gS3 = ẽ4 ⊗ ẽ4 + ẽ5 ⊗ ẽ5 + ẽ6 ⊗ ẽ6. (5.72)

where the coframe 1-forms dẽi = −εi jkẽj ∧ ẽk.

Hence the full metric can be given in the following form:

g = −e0 ⊗ e0 + e1 ⊗ e1 + e2 ⊗ e2 ⊗ e4 ⊗ e4 + e5 ⊗ e5 + e6 ⊗ e6, (5.73)

where the coframes are given as

e0 = g(t)dt, e1 = f(t) sin tdχ, e2 = f(t) sin t sinhχ, ei = h(t)ẽi (5.74)

We will later take g(t) = f(t). However let us keep it as g(t) in order to single out

the time component of the metric. To simplify the relations, we make the following

changes in the notation:

F := f(t) sin t, G := g(t), and H := h(t). (5.75)
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We first calculate the exterior derivatives of the coframe 1-forms:

de0 = 0, de2 =
F ′

FG
e0 ∧ e2 +

cothχ

F
e1 ∧ e2 (5.76)

de1 =
F ′

FG
e0 ∧ e1, dei =

H ′

HG
e0 ∧ ei − 1

H
εijke

j ∧ ek.

We solve the Levi-Civita connection 1-forms using the first Cartan-Maurer equations

(2.7)

ω̂0
1 =

F ′

FG
e1, ω̂0

i =
H ′

HG
ei, (5.77)

ω̂0
2 =

F ′

FG
e2, ω̂ij = − 1

H
εijke

k,

ω̂1
2 = −cothχ

F
e2, ω̂1

i = ω̂2
i = 0.

Then the corresponding curvature 2-forms follow from the second Cartan equations

(2.8):

R̂0
1 =

(
1

G

[
F ′

FG

]′
+

[
F ′

FG

]2
)
e0 ∧ e1, R̂0

i =

(
1

G

[
H ′

HG

]′
+

[
H ′

HG

]2
)
e0 ∧ ei,

R̂0
2 =

(
1

G

[
F ′

FG

]′
+

[
F ′

FG

]2
)
e0 ∧ e2, R̂1

i =

(
F ′

FG

)(
H ′

HG

)
e1 ∧ ei,

R̂1
2 =

([
F ′

FG

]2

− 1

F 2

)
e1 ∧ e2, R̂2

i =

(
F ′

FG

)(
H ′

HG

)
e2 ∧ ei

R̂i
j =

([
H ′

HG

]2

+
1

H2

)
ei ∧ ej.

We recall that the action (5.9) is written in terms of the connection ωab = ω̂ab +

1
2
iaibH that induces a torsion 1-form T a = −iaH. Let us choose the 3-form field H

as

H = c1(t)e0 ∧ e1 ∧ e2 + c2(t)e4 ∧ e5 ∧ e6, (5.78)

where contrary to the ansatz (5.29), we take the coefficients c1(t) and c2(t) as functions

of time t. Also note that the coframe is different. Thus, (5.29) reduces to (5.78) if

f(t) = g(t) = k1 and h(t) = k2. It follows from dH = 0 that c2 is a constant. With
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the H-ansatz above the contortion 1-forms Kab = 1
2
ibiaH are same as the ones listed

in (5.31), just with the replacement c1 → c1(t).

The curvature 2-forms of the spacetime with the ω connection can be written as

Ra
b = R̂a

b + dKa
b +Ka

c ∧Kc
b +Ka

c ∧ ω̂cb + ω̂ac ∧Kc
b. (5.79)

Therefore, we get

R0
1 =

(
1

G

[
F ′

FG

]′
+

[
F ′

FG

]2

+
c2

1

4

)
e0 ∧ e1 − c′1

2G
e0 ∧ e2,

R0
2 =

(
1

G

[
F ′

FG

]′
+

[
F ′

FG

]2

+
c2

1

4

)
e0 ∧ e2 +

c′1
2G

e0 ∧ e1,

R1
2 =

([
F ′

FG

]2

− 1

F 2
+
c2

1

4

)
e1 ∧ e2,

R0
i =

(
1

G

[
H ′

HG

]′
+

[
H ′

HG

]2
)
e0 ∧ ei −

(c2

2

)( H ′

HG

)
εijke

j ∧ ek,

R1
i =

(
F ′

FG

)(
H ′

HG

)
e1 ∧ ei −

(c1

2

)( H ′

HG

)
e2 ∧ ei,

R2
i =

(
F ′

FG

)(
H ′

HG

)
e2 ∧ ei +

(c1

2

)( H ′

HG

)
e1 ∧ ei,

Ri
j =

([
H ′

HG

]2

+
1

H2
− c2

2

4

)
ei ∧ ej +

(c2

2

)( H ′

HG

)
εijke

0 ∧ ek.

To make the notation short, we define a set of functions :

A1 :=
1

G

[
F ′

FG

]′
+

[
F ′

FG

]2

+
c2

1

4
, A2 :=

[
F ′

FG

]2

− 1

F 2
+
c2

1

4

A0 :=
c′1
2G

, S1 :=
1

G

[
H ′

HG

]′
+

[
H ′

HG

]2

,

S2 :=

[
H ′

HG

]2

+
1

H2
− c2

2

4
, S3 :=

(
F ′

FG

)(
H ′

HG

)
,

S4 :=
(c1

2

)( H ′

HG

)
, S0 :=

(c2

2

)( H ′

HG

)
.
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Therefore, the curvature forms can be expressed equivalently as follows:

R0
1 = A1e

0 ∧ e1 − A0e
0 ∧ e2 (5.80)

R0
2 = A1e

0 ∧ e2 + A0e
0 ∧ e1

R1
2 = A2e1 ∧ e2

R0
i = S1e

0 ∧ ei − S0εijke
j ∧ ek

R1
i = S3e

1 ∧ ei − S4e
2 ∧ ei

R2
i = S3e

2 ∧ ei + S4e
1 ∧ ei

Ri
j = S2e

i ∧ ej + S0εijke
0 ∧ ek

Finally, the curvature scalar will be

R = 4A1 + 2A2 + 6S1 + 6S2 + 12S3. (5.81)

One can check that this is equal to the scalar curvature of the previous section, if

we take g(t) = f(t) = k1 and h(t) = k2. We set φ as a function of time φ := φ(t).

Now, we will write the variational field equations (5.15), (5.19) and (5.18) in the time

warped AdS3 × S3 background.

Starting from the (5.19), first we get the following equation:

4A1 + 2A2 + 6S1 + 6S2 + 12S3 + β(c2
2 − c2

1) (5.82)

− α

{(
φ′

G

)2

+
1

G

(
φ′

G

)′
+

(
φ′

G

)(
2
F ′

FG
+ 3

H ′

HG

)}
− 1

2
e2φV ′(φ) = 0

(5.18) give the following equation:

2βe−2φ

{
2
φ′

G
c1 −

(
c′1
G

+ 6
S0

c2

c1

)}
− 12δS0(2S1 + S2) +

1

G

[
e−2φc1 (5.83)

+ γ

(
4
A′0
G
− 8A0

F ′

FG
+ 12(A0 − S4)

H ′

HG
+ 2c1(2A1 − A2)

)
+ δc2(−4A1 + 6A2c2

]′
+ 3

H ′

HG

{
e−2φc1 + γ

(
4
A′0
G
− 8A0

F ′

FG
+ 12(A0 − S4)

H ′

HG
+ 2c1(2A1 − A2)

)
+ δc2(−4A1 + 6A2c2} = 0.
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The Einstein equations, obtained from the (5.15) give four independent equations.

In (5.15), for c=0 we get

e−2φ

{
2A2 + 6S2 + 12S3 + α

(
φ′

G

)2

+ β(c2
1 + c2

2)

}
+ V (φ) (5.84)

−γ
{

4A2
1 − 2A2

2 + 4A2
0 + 6S2

1 − 6S2
2 − 12S2

3 − 12S2
4 + 18S2

0

}
−2

F ′

FG

{
4e−2φφ

′

G
+ 4γ

(
−A

′
1

G
+ (A2 − A1)

F ′

FG
+ 3(S3 − A1)

H ′

HG
− c1

2
A0

)
− 4δA0c2

}
+c1

{
−2e−2φc1 + γ

(
4
A′0
G

+ 4A0
F ′

FG
+ 12(A0 − S4)

H ′

HG
− 2c1(A1 + A2)

)
− 4δA1c2

}
= 0.

c = 1 and c = 2 cases give the following same set of equations:

e−2φ

{
2A1 + 6S1 + 6S2 + 6S3 − α

(
φ′

G

)2

+ β(c2
1 + c2

2)

}
+ V (φ) (5.85)

−γ
{

2A2
2 − 6S2

1 − 6S2
2 + 30S2

0

}
− 1

G

[
4e−2φφ

′

G
+ 4γ

(
−A

′
1

G
+ (A2 − A1)

F ′

FG

+3(S3 − A1)
H ′

HG
− c1

2
A0

)
− 4δA0c2

]′
+

(
F ′

FG
+ 3

H ′

HG

){
4e−2φφ

′

G

+4γ

(
−A

′
1

G
+ (A2 − A1)

F ′

FG
+ 3(S3 − A1)

H ′

HG
− c1

2
A0

)
− 4δA0c2

}
+
c1

2

{
4e−2φc1 + γ

(
−4

A′0
G
− 12A0

(
F ′

FG
+

H ′

HG

)
+ 12S4

H ′

HG
+ 2c1(A2 + 3A1)

)
+4δc2(A2 − A1)} = 0.

−2e−2φ(A0 + 3S4) +
1

G

[
e−2φc1 + γ

(
−4A0

F ′

FG
+ 2c1A1

)
+ 2δc2A2

]′
(5.86)

+

(
F ′

FG
+ 3

H ′

HG

){
e−2φc1 + γ

(
−4A0

F ′

FG
+ 2c1A1

)
+ 2δc2A2

}
+
F ′

FG

{
−e−2φc1 + γ

(
4
A′0
G

+ 12(A0 − S4)
H ′

HG
− 2c1A2

)
+ δ(−4A1 + 2A2)c2

}
+
c1

2

{
4e−2φφ

′

G
+ 4γ

(
−A

′
1

G
+ (A2 − A1)

F ′

FG
+ 3(S3 − A1)

H ′

HG
− c1

2
A0

)
− 4δA0c2

}
= 0
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For c ∈ {4, 5, 6}, we get one independent equation:

e−2φ

{
4A1 + 2A2 + 4S1 + 2S2 + 8S3 − α

(
φ′

G

)2

− β(c2
1 + c2

2)

}
+ V (φ) (5.87)

+γ
{

4A2
1 + 2A2

2 + 4A2
0 + 2S2

1 − 2S2
2 + 4S2

3 + 4S2
4 + 6S2

0

}
− 1

G

[
4e−2φφ

′

G

+4γ

(
−S

′
1

G
+ 2(S3 − S2)

F ′

FG
+ 2(S2 − S1)

H ′

HG
+ c1S4 − 2S0c2

)
− 8δS0c1

]′
−2

(
F ′

FG
+

H ′

HG

)[
4e−2φφ

′

G
+ 4γ

(
−S

′
1

G
+ 2(S3 − S2)

F ′

FG
+ 2(S2 − S1)

H ′

HG

+c1S4 − 2S0c2)− 8δS0c1]′ − c2

{
−c2e

−2φ − 2γ

(
−S0

G
− 2S0

F ′

FG
+ 2S0

H ′

HG

+c2S2)− 2δc1S2} = 0

There are two assumptions that we can make here: (i) f = g and (ii) g = 1, that

define different types of spacetimes. However, we can not obtain an explicit solution

other than the solution we obtained in section 5.2. Therefore, the equations above

are left for further investigation.
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Chapter 6

CONCLUSION

In this work, we consider gravity theories alternative to Einstein’s theory of grav-

ity, where the field content is usually inspired by effective string theories and discuss

their cosmological implications. First, we study the Brans-Dicke gravity coupled to

a mass-varying vector field, where the mass depends on the scalar field. We derive

the variational field equations. Assuming a Bianchi type I metric and homogeneous

time dependent scalar and vector fields we find a set of solutions parametrized by two

variables. We also discussed the special cases where we can compare the cosmological

parameters with the observational parameters. We show in our model that the ac-

celerated expansion is driven by the scalar field. The vector field acts as a cold dark

matter source. A constant expansion anisotropy is found to be due to both the scalar

and vector fields that interact nontrivially through the mass of the vector field.

Secondly, we work on a higher dimensional model of gravity with a second order

Euler-Poincaré form. The metric employs two scale factors to distinguish between

the internal and external dimensions. In accordance with the metric, we take a mat-

ter distribution modelled by a cosmic fluid which exerts different pressures along the

external and internal spaces. With the constant volume assumption extra space di-

mensions(internal dimensions) contract, while the three space dimensions(external di-

mensions) we can observe, expands. It is speculated that this picture would be driven

by mass that is being continuously transferred from the contracting n-dimensional

internal space into the expanding 3-dimensional external space [58]. We further in-

troduce the assumption that this anisotropic fluid satisfies an equation of state with

dimensional dichotomy. We show that the expansion of the external space in our

model provides compatible results with the standard ΛCDM model. Even if we omit
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the second order Euler-Poincaré term, the solution still shows the same behaviour.

However, the absence of Euler-Poincaré term results in a negative mass density, while

the solution where all the Einstein-Hilbert and the second order Euler-Poincaré terms

are considered can maintain the positivity of the mass density properly.

Finally, we consider the bosonic part of the six dimensional chiral gauged super-

gravity action[68] with a R2 term as our modified gravity model. We first transformed

the action by fixing a connection with a particular torsion tensor. Then we found the

variational equations under the constraints put on the torsion and the antisymmetric

3-form field H. In order to determine the field equations on AdS3 × S3 background,

we benefit from the fact that AdS3 and S3 are both Lie group manifolds. We write the

metric according to the corresponding Lie algebras without specifying a coordinate

system and obtain the reduced field equations. We find a zero curvature solution. We

also investigate the model in a time warped AdS3 × S3 spacetime. Now, in order to

specify the time coordinate, we give the AdS3 metric in terms of a coordinate system

for which we introduce the corresponding left invariant forms used in the previous

solution. Unfortunately, we can not get an exact solution of the reduced system

of equations on the warped background, which would have provided us with some

cosmological results.
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preprint arXiv:1507.08225 (2015).

[56] D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys. 12

(1971) 498.

[57] D. Lovelock, The four-dimensionality of space and the Einstein tensor, J. Math.

Phys. 13 (1972) 874.
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