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7 ...Now you put water into a cup, it becomes the cup, put it in a
teapot, it becomes the teapot...”
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ABSTRACT

Some modified theories of gravity in four and higher dimensions that are motivated
by the low energy effective string field theories are considered. The corresponding
variational field equations are derived using the method of Lagrange multipliers in
the language of exterior differential forms over the space-time manifold. Cosmological
solutions are discussed, paying special attention to the anisotropy and the late-time
acceleration of the expansion of our three dimensional space. Comments on recent

observational data are made.
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OZETCE

Bu tezde diigiik enerjilerde etkin sicim alan kuramlarindan esinlenen dort ve/veya
daha yiiksek boyutlarda taniml bazi kiitlecekim teorileri incelenmektedir. Bu teo-
rilerin varyasyonel alan deklemleri uzay-zaman manifoldu tizerindeki dig diferansiyel
formlar cinsinden verilen bir Lagrange ¢arpanlar1 yontemiyle belirlenmektedir. Bu
denklemlerin kozmolojik ¢oziimleri, ozellikle i¢inde bulundugumuz ti¢ boyutlu uzayin
anizotropisi ve ge¢ zamanlarinda ivmelenerek geniglemesi iizerinde durularak incelen-

mektedir. En son gozlemsel veriler tartigilmaktadir.
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Chapter 1: Introduction 1

Chapter 1

INTRODUCTION

Einstein’s theory of general relativity (GR) has completed a century as a success-
ful theory of gravity. Alongside its successes for being a tested gravitational theory
of our solar system, it is also worthwhile to note that GR initiated the use of differ-
ential geometry in physics, opening up the way to new physical theories. However,
due to inherent nature of science, it also needs to be renovated as the scales of our
interest change. As we investigate the larger scaled structure of the universe, this
need becomes more apparent. One of the shortcomings of Einstein’s GR is that it
cannot predict the observationally confirmed late time accelerated expansion of the
universe [I], 2], given the observed matter distribution. Thus, the need arises to mod-
ify either GR or the matter distribution to get a theory consistent with cosmological
observations.

The standard cosmological model based on GR is the ACDM model[3]. It assumes
that the universe is described by GR on a spatially flat, isotropic and homogeneous
spacetime whose metric is given by Robertson-Walker (RW) metric and the mate-
rial content of the universe consists of a positive cosmological constant A together
with distributions of cold dark matter (CDM) and baryonic matter. The latest ob-
servational data from the Planck Cosmic Microwave Background (CMB) experiment
indicates that the ACDM model provides a reasonably well description for the ob-
served features of the universe [4, Bl [6]. However, some of the observational data
brings the assumptions of the ACDM model into question. Foremost, the isotropy
of the metric assumptions need to be reconsidered due to anomalies in the cosmic

microwave background (CMB), obtained first from the WMAP experiment [7] and
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confirmed also by Planck data [5, [6]. Also, the cosmological constant assumption
may need to be amended due to some theoretical and observational problems. A
well known problem is called the cosmological constant problem. Taken as a perfect
fluid, the value of A differs from the theoretical value of the vacuum energy density
significantly (~120 orders of magnitude) [8,[9]. Another problem is mentioned as the
coincidence problem. As the universe expands the decrease in density of matter is
inversely proportional to the volume of the universe, while the density related to the
cosmological constant does not change. However, today nearly 13.8 billion years after
Big Bang, these densities are nearly the same, which suggest that there should be an
explanation for such a coincidence. Furthermore, observationally it seems that the
equation of state parameter of dynamical dark energy models fits the data slightly
better than a cosmological constant when taken into account in the analysis [4], [10].

The Brans-Dicke gravity is a well-known extension of GR that is obtained by
coupling of a scalar field. Scalar fields are natural to consider not just because of
their string origins but also because they can provide a dynamical model of dark
energy[I1], such as in the inflationary models. The inflationary models, driven by
scalar fields, predict an isotropic universe. Prompted by anomalies in CMB that are
discovered recently, several models inducing a small anisotropy are considered. A way
of introducing anisotropy is to consider inflationary scenario driven by a vector field
[12, 13, 14, [15, 16]. However, as it is shown in [I7] these models may suffer from
ghost instabilities. Another way is to keep inflation scenario as it is and introduce
an anisotropic dark energy source like a vector field so that the late time universe
accelerates anisotropically [14], [18] 19, 20} 21], 22, 23] 24], 25].

Motivated by the arguments above, we believe that the modified theories of gravity
may provide some answers to the problems that the cosmology is facing. Lovelock’s
theorem states that the unique theory with second-order gravitational field equations
derivable from an action containing the four dimensional metric tensor alone is the
Einstein’s GR with a cosmological constant. This indicates that we may modify

Einstein’s theory of GR in the following ways: (i) by adding extra fields, (ii) by
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accepting higher dimensions, (iii) by adding terms with higher derivatives of metric
in the field equations. Indeed, it would be more preferable if these modifications
arise from a unified theory of fundamental interactions of nature such as the string
theories, or M-theory. There is wide literature of gravity theories motivated by the
low energy effective string field theories [26], 27, 28, 29, 30, 31, B2, B33, B4]. As the
universe we observe is 3-dimensional, the reductions of these theories also play an
important role for physical interpretation. The standard Kaluza-Klein reduction of
gravitational actions that include dimensionally continued Euler-Poincaré forms in
dimensions higher than four dimensions has been analysed [35], [36], 37]. Their various
cosmological solutions have also been studied [38],[39], 40}, 411, 42, [43]. With the relatively
recent notion of dark energy the interest in the cosmological solutions was sparked
again [44] 45] 406, 147, 48|, 49, [50].

In this thesis, we study the cosmological implications of some gravity models with
string theory inspired modifications. In chapter [2, we review and set the notation for
some geometrical concepts that will be used throughout this thesis. Many concepts
can be approached and defined in more than one way, usually depending on the
generalization needed. Here, we try to take the most practical approach, since we use
them as mathematical tools to work on our subject. If needed, details can be found
in [51], [52], [53].

In chapter |3| we consider the Brans-Dicke theory of gravity coupled to a mass
varying vector field [54]. The anisotropy is induced by the an electric field along
a chosen direction. In order to discuss cosmological solutions, we take a spatially
homogeneous and flat but not necessarily isotropic locally rotationally symmetric
Bianchi T type space-time metric. The accelerated expansion of the universe in our
model turns out not to be driven by the vector field contrary to other vector field
models in the literature , but rather by the scalar field.

In chapter [4] we analyse a higher dimensional gravity that includes a second order
Euler-Poincaré form[55]. Euler-Poincaré forms appear in the expansion of super-

string/supergravity theories as mentioned in [30] and references therein. In fact, long
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before the string models, they were suggested as higher dimensional generalizations
of Einstein’s gravity, because in four dimensions they reduce to GR, while for higher
dimensions they contribute to the field equation by tensors which are covariantly con-
stant and contain at most second derivatives of the metric components [50, [57]. We
describe the cosmological space-time geometry by a spatially homogeneous and flat
but not necessarily isotropic (1 4+ 3 + n)-dimensional synchronous space-time metric.
We specify the matter content of the universe by a higher dimensional fluid with
distinct pressures for external and internal dimensions which are in accordance with
the anisotropy of the metric. The field equations can be further reduced by the as-
sumptions that the dynamics of the external space in a higher dimensional steady
state universe as that was characterized by [58, 59]: (i) The higher dimensional uni-
verse has a constant volume as a whole but both the internal and external spaces are
dynamical. (ii) The energy density is constant in the higher dimensional universe.
Introduction of a higher dimensional anisotropic fluid provides us with new degrees
of freedom that in return allow us to deal with the dimensional dichotomy of our
higher dimensional steady state universe without over-determining the system of field
equations. We are interested in a more general case, where the second assumption is
relaxed. We take the parameters of the higher dimensional fluid along the external
and internal dimensions as dynamical but keep the difference between them constant.

In chapter [0} we take an action of a bosonic part of a six dimensional supergravity
with a curvature square correction. An important feature of the model is its well-
established M-theory origin [60]. Written in the string frame, the action contains a
scalar field corresponding to the dilaton, an antisymmetric closed 3-form related to
the axion in four dimensions, an R? term that includes also the so called Lorentz-
Chern-Simons term, which is crucial for getting a supersymmetric theory [61]. We
find an equivalent action on a space-time with torsion. The particular space-time
torsion is imposed by the Palatini-type variations of the action using the method of
Lagrange multipliers. We discuss equations of motions on (i) AdS3x S® and (ii)warped

AdSs x S backgrounds. We find a solution for the first case, and we only list the
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reduced field equations for the second case.
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Chapter 2

PRELIMINARIES

2.1 Exterior Algebra of Differential Forms on a Smooth Manifold

Let M be a n-dimensional smooth manifold. We denote the tangent space of M at
x by T,M and its dual space called the cotangent space at x by 7M. A basis of
T,M is called a frame and a basis of T;M is called a coframe at x. Taking a local
coordinate system (z',...,2") in a neighborhood of x, we get the standard basis or
the so called coordinate basis of T,.(M) given by the set of vectors {01, ..., 0, } and the
corresponding dual basis given by the co-vectors or basis 1-forms {dz', ..., dz"}.
A disjoint union of tangent spaces of M,
U {@y)ly € .M}
zeM
determines the tangent bundle T'M of M, with a natural projection 7 : TM — M
mapping each tangent space T, M to x. Similiarly, the cotangent bundle T« M of M is
the disjoint union of all cotangent spaces on M. A vector field is an assignment of each
point x € M to an element of T, M and a 1-form is similiarly an assignment of a point
x € M to an element of Ty M. More precisely, 7'M and T*M are vector bundles with
base space M, projection map m : TM(T*M) — M with fibers 7~ (z) = T, M (T M).
We can define a vector field as a smooth section of TM and a 1-form is as a smooth
section of T*M.
A tensor at € M of type (r,s) can be defined as a multilinear map
T (M) x T7(M) x .. x T}(M) x Ty (M) x ... x T,(M) = R.

vV vV
r times s times

This tensor is said to be contravariant of degree r and covariant of degree s. Given a co-

ordinate transformation provided by the transition functions (z', ..., ") — (Z*, ..., 2"),
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we have
0 B oxd i
oF  OF Oxd
and
ozt
~ J
dr = By da?.

Thus vectors transform covariantly, while the covectors transform contravariantly.
The tensor product of two tensors T and S of type (p,q) and (r, s), respectively,
gives a tensor of type (p + 7,q + s) denoted by T'® S, where

T @ S(Wipyeees Wiy Wiy s ey Wi3 Vi s ey Vs Vg s oevy U,

= T (Wi y ooy Wiy Vi s ey Vi ) S (Wi s ooy W3 Vg5 oeny V5, )

The indexed w are elements of 7 M and the indexed v are elements of T, M.
A tensor field is a map that assigns each point x € M to a tensor defined at
z. Given a coordinate system (z',...,2™), a tensor field of type (r,s) can be locally

written as

T=T0"8, ®. 00 @d’ @.. & ds'* (2.1)

J1---Js

A differential form on M is a completely antisymmetric tensor field of type (0, p)
for some non-negative integer p. It is also called p-form, that can be written locally
as

1

w= —'wiliQ_“Z-pdx“ ANdz A .. A e (2.2)
p!

or in terms of a noncoordinate basis {e®} as

1

W = Hwala%apeal ANe®2 A ... N\e. (2.3)

A O-form is by definition a smooth function on M. The wedge product of a p-form «
and a g-form [ can be defined as

(@ AB) X1y Xpig) = p+q, Z sgn(P)a(Xpw)-- Xpe) B(Xppr1), - Xpprg)
PesSy+

(2.4)
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where S,;, is symmetric group of order p + ¢.
Suppose we denote the space of p-forms on M by APM . Then the space of all

differential forms will be
AM =AM AN'MOAN°’Me---dAM.

Given o € APM | 5 € A?M and v € A*M, the wedge product satisfies the following

properties:
(i) (associativity) (a AB) Ny =a A (B A7)
(ii) (graded commutativity) a A 5 = (—1)P15 N «
(iii) (bilinearity) (ace +bB) Ay = ala A~y) +b(B A7) for a,b € R.

Therefore, AM with the wedge product A is a graded algebra and this algebra is
called the exterior algebra on M.

Exterior derivative of a differentiable p-form on M is a map d : A?(M) — APT(M)

satisfying

(i) For a smooth function f: M — R, the differential df is a 1-form given in terms

of local coordinates as df = %dazi.
(ii) d(a A B) =da N B+ (=1)Pa A dS where a is a p-form and [ is a g-form.
(iii) d?a = 0.

Therefore, the exterior derivative of a p-form w given in (2.2)) in local coordinates we

have
10 a i i i
dw = Tﬁwilzé-nipdx ANdx™ ANdx N .. N\ dx'. (25)
p:
Let X € T'M. The wnterior product with respect to X is a linear map ix :

AP(T*M) — AP~ (T* M) such that given a p-form w and vector fields X, ..., X,_1

iXW(Xl, ceey Xp—l) = (.U(X, Xl, ceey Xp—l)
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Using ([2.2)), in terms of local coordinates
1 < . , . .
IxWw = 5 ZX”“wilmikmipdx“... Adz" 1 A dx N N dx
P
The interior product satisfies

(i) ix(a AN B) =ixa NG+ (—1)Pa Aix[ for a p-form « and a g-form S |
(i) (ix)*a=0.

Both the interior product and exterior derivative satisfy the properties of a graded

derivation.

2.2 Metric, Connection and Torsion

A metric tensor g on a smooth manifold M is a symmetric, nondegenerate (0, 2) tensor
field on M. In other words, it is a way of assigning to each point z, an inner product
gz : Ty M x T, M — R. We say the metric has signature (p,q) when for all z € M,
dimension of maximal subspace W of T, M where g,|w is positive (negative) is p(q).
Furthermore, in a coordinate system at x € M, the metric can be prescribed in terms
of a real symmetric matrix [g;;](z) as g = g;;(z)dz’ @ dz?. A symmetric matrix [g;;]
can be diagonalized. Using eigenvectors of [g;;], we can choose a suitable orthonormal
basis for T, M such that in terms of the dual basis, i.e. orthonormal coframe 1-forms

{€, ..., e"}, the metric can be written locally as
g=—€e"®e — ... —eP@eP + Pt 4 4Pt

A smooth n-dimensional manifold equipped with a metric of signature (p, q) for
some positive integers p, ¢ such that p+¢q = n is called a pseudo-Riemannian or semi-
Riemannian manifold. A Riemannian manifold, has a metric with definite signature,
either (n,0) or (0,n). A Lorentzian metric with signature (n — 1,1) is essential for

the theory of relativity.
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Any given metric tensor g (pointwise) induces a canonical isomorphism between
the tangent space and its cotangent space. In a local coordinate system this cor-
responds to index raising/lowering using the metric components g;; or the inverse
matrix g%,

Another structure we need to put on a manifold for our work is a connection, which
is a way to relate the vectors at different points of the manifold. Connection can be
realized as a kind of differential operator V called the covariant derivative. Let T'M
denote the space of smooth vector fields on M. Covariant derivative V : TM xT M —

TM on M is a bilinear map ,where V(v,w) is denoted by V,w, satisfying
(i) vaH-ngY = va1Y +9Vx,Y
(i) Vx(fY) =df(X)Y + fVxY

where f,g € C°(M) are smooth functions on M and X, X;,Y € TM are smooth
vector fields on M. The above definition of covariant derivative can be extended such
that V, takes tensor fields to tensor fields. Further information can be found in [52].

On a pseudo-Riemannian manifold, we say that a connection is metric compatible

if Vg = 0. The torsion of a connection defined ny
T(X,Y)=VxY -VyX — [X,Y]
is a type(1,2) tensor field. A connection is said to be torsion-free if
VxY —VxY =[X,Y]

The unique metric compatible torsion-free connection is called the Levi-Civita con-
nection. Finally, the curvature R can be defined as an operator on the connection
such that for X,Y € TM , R(X,Y) = [Vx, Vy] — Vxy] and can be expressed as a
(3,1) type curvature tensor [51].
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2.3 Cartan Formalism

In this thesis, we express our work using differential forms rather than ordinary ten-

sors. Let S be a tensor field of type p,q + r, S can induce an r-form as follows
Salmaqblmbp(Xl, ey Xr) = S(Xl, cevy Xm Xb17 ceey qu, e“l, ceey €ap)

where indexed X, are frame elements and indexed e’ elements of the corresponding
coframe elements.

We can employ the connection using a operator called exterior covariant derivative
acting on the space of differential forms. Linearity of connection suggests that a
connection can also be described entirely using its action on basis elements. Let
{e1,...,en,} be a frame and X be a vector field in TM. The image of the connection
can be written as a linear combination of frame elements with coefficients depending
on X:

Ve, = w’, (X)e,

b

The 1-forms w”, are called the connection I1-forms.

With the use of connection 1-forms {w?}, the exterior covariant derivative of the

above r-form can be expressed as

DSal"aqbl..bp = dSm"aqbl..bp +wh A Sa"aqbl..bp o F W ASTY, L, (2.6)

_wbbl A Saluaqb‘.bp - Wbbp A Salnaqbl..b'
Cartan’s Lemma: Let {e*} be a coframe on M. If there are 1-forms w® satisfying
wh A =0, W+ wp =0,

then w? = 0.
Using Cartan’s Lemma we can prove that metric compatible torsion free connec-

tion of 1-forms w? are determined uniquely by
de® + 0% NP =0, Qg+ g = 0

and called the Levi-Civita connection 1-forms.
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For an arbitrary metric compatible connection, we have the following Cartan struc-

ture equations:

de® +w® NP =T, (2.7)
dwab + wac /\ wcb — Rab (28)

that define the torsion and the curvature 2-forms, respectively. The above equations
are the main equations we use to describe the geometry of space-time.

If the manifold M is a Lie group, then things get much simpler. We know that for
any Lie group G the vector space of all left invariant vector fields on the Lie group is
isomorphic to its tangent space at identity as a vector space, called the Lie algebra g

of G. If we take a frame {X,} on M satisfying

{Xa, Xb] = chec, (29)

a

where C¢, are structure constants of the Lie algebra of M, then

de® = —Cfeb A et (2.10)

The above equation is called as Cartan-Maurer equation and valid for any Lie
group.

We also introduce the Hodge star map and integration on a pseudo-Riemannian
manifold. In order to understand these two operations we first need to specify the ori-
entability of M. Orientability of a n-dimensional smooth manifold can be determined
by the existence of a nowhere vanishing n-form called the volume form.

Let M be an orientable smooth pseudo-Riemannian manifold and the metric g
have signature (k,n — k). Given an orthonormal coframe {¢°;...,e"} and a p-form
w, Hodge star map is a linear bijection * : AP(T*M) — A"P(T*M) such that for a

p-form w we have

_ o el p+1 n
*W = Wiy iy € ipi1ninC N NET
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Here , the Levi-Civita symbol is given by

;

+1 if (4y...7,) is an even permutation

€iy.in = § —1 if (4;...7,) is an odd permutation (2.11)

0  if any two indices are the same
\

The Hodge star map given above satisfies the following properties:
(i) **w = (—1)ktr(n=p)yy,
(i) *1 = Zeape..€* A ...em,
(iii) For any p-forms a and 5, a A %3 = B A xa.

Let M be an orientable smooth manifold and w = f(p)dz! A ... A dz™ in a neigh-
bourhood U of p. For the coordinate chart (U, ¢) with = ¢(p). Then for a smooth

function g on M

/ gw = / g @) flo Hx))da A ... Ada™ (2.12)
U w(Us)

Let {U;} be a covering of M and {¢;} be a partition of unity subordinate to U;. Then

we can define integration on this manifold as

/Mgw = Z/U giw (2.13)

where g;(p) = €;(p)g(p) for a point p € U;.
Stokes’ Theorem: Let w be an (n — 1)-form on a smooth oriented n-dimensional
manifold M such that the subset where w is nonzero is a compact subset of M. If

OM denotes the boundary of M then

/dw:f w.
M aM
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2.4 Homogeneous Spaces

An action of a group G on a set X is a binary operation G x X — X such that for

all z € X satisfying the following:

(i) (Compatibility)(gh)x = g(hx) Vg, h € G

(ii) (Identity) 1z = x, where 1 denotes identity of G.

For g,h € G and x € X, if gr = hx implies g = h, then the group action is said
to be free. We can define an equivalence relation on X using the group action of G.
Two elements z,y € G are in the same equivalence class, © ~ v, iff there exists g € G
such that y = gz. The equivalence class Gx = {gx : g € G} is called the orbit of x
in G. If there is only one orbit at x, in other words if for any x,y € X there exists
g € G such that y = gx the the group action is called transitive. We say the action
is effective, if for all x € X gr = x implies that g = 1. One can easily show that for
r € X, theset G, = {g € G : gr = x} is a subgroup of G. This subgroup is called the
isotropy group(or stabilizer) of x. The isotropy groups of two elements of the space
are conjugate if they are in the same orbit.

A homogeneous space is a manifold with a transitive group action by a Lie group G.
We know that for a set X with a group action G, there is a one to one correspondence
between GG /G, and an orbit Gz given by the map gG, — gz. Transitivity of the group
implies that there is only one orbit which is the set itself and the isotropy groups of
all points are conjugate subgroups. Hence, a homogeneous space X is ‘isomorphic‘ to

G/H where H is the isotropy group.

2.4.1 Mazimally Symmetric Spaces

Maximally symmetric spaces are important examples of homogeneous spaces, which
are widely used in physics, especially in cosmology.

Let M be a pseudo-Riemannian manifold and g be the metric defined on M.
Isometry group Iso(M,g) of M is a subgroup of all diffeomorphisms ¢ : M — M

which preserves the metric, i.e. ¢*¢g = g and ¢ is called local a isometry
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If we think in terms of local coordinates, the diffeomorphisms are coordinate trans-

formations x — y. We can express the isometry condition as

ox™ Ox™
"= (o* = — 2.14
Gab (Qb g)ab 0ya 8@/” Imn ( )

One can define a Killing vector as the generator of an infinitesimal isometry.
More precisely, a Killing vector X is a vector field on M satisfying Lxg = 0, where L
stands for the Lie derivative. For the definition of Lie derivative and details related

to maximally symmetric spaces see [52].

M can admit at most @ independent Killing vectors, where n= dim M. If M
admits @ independent Killing vectors, then it is called a maximally symmetric

space.

We say M is isotropic if for any point x € M and unit vectors u,v € T, M there
is an isometry ¢ : M — M such that ¢.(u) = v. If a space is isotropic at a point
x € M then there exist w independent Killing vector fields fixing the point x.

For a pseudo-Riemannian manifold M the following are equivalent:
(i) M is maximally symmetric.
(ii) M is isotropic at all points of M.
(iii) M has a constant curvature.
(iv) M is homogeneous and isotropic about some point.

Note that the cosmological principle assumes that there is no preferred point
or direction in our space, so it should be isotropic and homogeneous and the above
proposition tells us the motivation of a physicist to study maximally symmetric spaces.

The homogeneity of maximally symmetric spaces implies there is another impor-
tant aspect of the Killing vectors in a maximally symmetric space. The isometry group
of a homogeneous space is a Lie group. Therefore, the corresponding Lie algebra is

spanned by the Killing vectors.
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Riemannian examples of maximally symmetric spaces are Euclidean spaces and
spheres. Pseudo-Riemannian examples are Minkowski, de Sitter and anti de Sitter
spaces.

Given a constant curvature K and the signature of the metric a maximally sym-
metric space can be uniquely determined.

While studying cosmology, we usually deal with the spaces whose spatial parts
are maximally symmetric. Robertson-Walker(RW) spacetimes are good examples of
this type of maximally symmetric subspaces. We can identify an (n + 1) dimensional
spacetime by a metric given in terms of coordinates (¢, z") by

bijdx’ @ da?

(14 K/437 (27)%)?

where a(t) is a scalar function called the scale factor. K is related to the curvature of

g = —dt* + a*(t)

the maximally symmetric spatial part. The choices K = —1,0, 1 give negative , zero

and positive curvature spaces, respectively.

2.5 FEuler-Poincaré Densities

Characteristic classes provide a measure of deviation of topological spaces from the
local product structure from a global one. Their importance in gravitational theories
arises from their relation to the notion of curvature.

We are especially interested in Euler classes. For a detailed explanation on char-
acteristic classes and their relation to curvatures see appendix of [62]. For a finite cell
complex X, its Euler characteristic is defined as

V(X) = S (~1)Fan (2.15)
k
where o, is the number of k-cells. Euler characteristic of a manifold M can be related

to the cohomology classes by the Euler-Poincaré formula

X(X) =" Br. (2.16)
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where 3, is the kth Betti number that can be identified with the dimension of kth
cohomology class H*(M). For the definition of cohomology classes and other details
see [53].

Generalized Gauss-Bonnet theorem: Let M be an 2n-dimensional oriented and

compact manifold, then
X(M) = / e(TM) (2.17)
M
where e(M) denotes the Euler class of forms € H*"(M). Note that for odd dimensions

the above equality trivially holds, since both sides would be equal to zero.

For 2-dimensional, 4-dimensional and in general 2n-dimensional manifolds

LO) = 41, (2.18)

LW = %Rab A *(e® A e), (2.19)

L = %Rab A Reg N\ x(e* A e’ A et A ed), (2.20)
L(")Q%Ram Ao A Rayy vagy N *(€ A LA %20, (2.21)

are elements of the corresponding Euler class and called the Euler-Poincaré forms. The
zeroth order Euler-Poincaré form is set equal to the volume form and by definition
gives the cosmological constant. The first order Euler-Poincaré form is linear in the
curvature. In a 2-dimensional space the Ricci scalar curvature R is the Gaussian
curvature whose integral over a 2-manifold M with boundary leads to the famous
Gauss-Bonnet theorem. In D = 4 dimensions the integral of L(") gives the Einstein-
Hilbert action density that yields the Einstein field equations. The second order
Euler-Poincaré form that is quadratic in the curvature components is a closed form
in D = 4 dimensions and its integral over a 4-manifold M gives the topological Euler
number of M. In D < 4, the second order Euler-Poincaré form vanishes, while for
D > 4 its variations lead to second order dynamical field equations. The higher
dimensional modified gravitational action obtained by the integration of the second
order Euler-Poincaré form over M is sometimes called the Gauss-Bonnet gravity in
current literature. Similarly, the n-th order Euler-Poincaré form is a closed form

in D = 2n dimensions and vanishes for D < 2n. As Lovelock shows in [56], the
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action obtained by the integration of the n-th order Euler-Poincaré form on a D > 2n

dimensional manifold contributes to the highly non-linear variational field equations

only in second order.
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Chapter 3

BRANS-DICKE GRAVITY COUPLED TO A
MASS-VARYING VECTOR FIELD

3.1 Field equations

We derive the non-minimally coupled Brans-Dicke-vector field equations from the

infinitesimal variations of the action density

c[e,as,A]:%R*l—%b

where A is the vector potential 1-form of Proca with F' = dA. w is the Brans-Dicke

do A +dep — %F/\*F— mzz[¢]AA*A (3.1)

Y

parameter and m|¢] is the variable vector boson mass that is given as a function of
the scalar field . We find it convenient to re-express the action density in terms of

a new scalar field o = ¢ and consider the variations of

2

2
Ez%R*l—dea/\*da—%F/\*F—m o]

AN A, (3.2)

subject to the constraint that the space-time torsion vanishes. The co-frame variations

of (eq3.2)) give the Einstein field equations

2
—%Rbc A x(eq Aey Aee) = D(1g x do?) + 4w, [a] + 7,[F] + m?*a],[4],  (3.3)

where the stress-energy 3-forms on the right hand side are given by

] = %(Lada/\*doz—l—da/wa*da), (3.4)
1

T[F] = §(LaF/\*F—F/\La*F), (3.5)
1

T.JA] = §(LQA/\*A+A/\LQ*A), (3.6)

respectively. Here ¢,’s denote the interior product operators dual to the co-frames,

that is, t,(’) = 6. The scalar field equation is given by

3 dm?
(w+5)dx da? + (m? - %%)A AxA =0, (3.7)
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while the variations of (3.2)) with respect to A yield the vector field equation

d*F+m?+A=0. (3.8)

3.2 The cosmological ansatz

We start by assuming a time-dependent scalar field
a = at) (3.9)
and a time-dependent, spatially homogeneous potential 1-form
A= ((t)dz. (3.10)

Since F' = Bdt A dz is an electric field along the z-direction, the rotational symmetry
of the space is broken. Accordingly, we introduce two metric scale factors; a(t) in
the z-direction that is pointed by the vector field and b(¢) for the transverse z- and
y-directions and work with a locally rotationally symmetric (LRS) Bianchi type-I

metric tensor
g=—dt @dt + a*(t)dz @ dz + b*(t) (do ® dz + dy ® dy) . (3.11)
With the choice of an orthonormal co-frame as
e =dt, ' = a(t)dz, € = b(t)dz, ¢* = b(t)dy; (3.12)

the Levi-Civita connection 1-forms {w%} can be solved from the first Cartan structure
equations

de® + w® A e’ = 0. 3.13
b

0 a 1 0 b 2 0 b 3 1 2 1
= 0 3.14

in terms of which the curvature 2-forms are calculated from the second Cartan struc-
ture equations

R = dw® 4+ w® A wS. (3.15)
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The resulting curvature 2-forms are

; b ;

R = Ze0 A e', R%= 560 Ner, RY = 560 Aed, (3.16)
a
ab b ab
R, = Eel Ne®, RE = ﬁel Ne?, RYL = %61 Ae?,
and the corresponding Ricci scalar is
i b ab PP

=2 20 4o L 7). 3.17
R = ( 220+ b2> (3.17)

The set of coupled ordinary differential equations that describes our cosmologi-

cal model can now be obtained by substituting the above expressions into the field

equations (3.3), (3.7) and (3.8). We get the following vector field equation

and the scalar field equation

. . 2 . 7 .

o & a b)a ﬁQ , adm?

T (2 C407) 2 ~ o2 3.19
« * (a) i (a - b) a] 20202 (m 2 do (319)

Three other independent equations are provided by the Einstein field equations:
o h-au o (Reg)) - 2 (). o

22 + Z—z + (2w + 2)2—2 + 2% + 4%% 25; (gz — m2> ;o (3.21)

g+g+“—z (2w—i—2) @ +2— 2% <§+§) =%< gz m2>. (3.22)

We thus end up with a system of five ordinary differential equations (3.18])-(3.22) to

(2w +3)

be solved. It can be checked that this system is fully determined, yet they are far too
complicated for us to be able to write down a general analytic solution. However, we
can construct a family of exact solutions assuming a power-law behavior in cosmic
time ¢ for all the variables involved. In the next section, we first discuss some physical
parameters related with anisotropic cosmological models that can be handled without
making use of any explicit solution. In the section that follows we present the exact

power-law solution and then discuss the corresponding cosmological model in detail.
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3.3 Physical parameters of the model

It would be convenient at this stage to introduce some cosmological parameters that
we shall later use. Namely, we define the average scale factor v, the average Hubble pa-
rameter H and the deceleration parameter of the volumetric expansion, respectively,

as follows:

1({a b v d /1
— 2 = — —_ — = —— = — —_— e
v = (ab®) ,}{—3<a+%J, q = 1+dt< ). (3.23)

In a similar way, the directional Hubble parameters and the directional deceleration

Wl

parameters along the z, y and 2z axes will be given:

b a d /1 d /1
e =ty =0 =0 = +a<m>’% +m<m)

(3.24)
The deceleration parameters are the key parameters among the others, because for
any expanding scale factor (viz. v, a or b), the negative values of the corresponding
deceleration parameter imply acceleration, positive values deceleration and the special
values —1 and 0 correspond either to exponential expansion or the constant-rate ex-
pansion, respectively. Two further cosmological parameters relevant to the discussion

of anisotropic cosmological models are the shear scalar

(Hi—H)* | (3.25)

1

3
02:

DN | —

(2
and the expansion anisotropy parameter

3

A::%§:<;Q§jz)2 (3.26)

i=1
where the sums are on (1,2,3) = (x,y,2). A is a measure of the deviation from
isotropic expansion; the universe expands isotropically for A = 0. The time-evolution
of A is crucial for deciding whether the universe approaches isotropy at some stage
or not. In particular, the spatial section of the metric approaches isotropy for v — oo
and A — 0 as t — oo [63]. In order to determine the shear scalar and the expansion

anisotropy, we consider the difference between the expansion rates of the z- and the
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x- or y-axes. Then subtracting (3.22) from (3.21)) and re-organizing the resultant

equation we get

%(Hz - Hm) + SH(HZ - H:c) + 2%(Hz - Hx) = -

1

a?a?

(52 . m2ﬁ2> . (3.27)

The integration of this equation determines the difference between the expansion rates
along the z and the z- or y-axes as follows:
H.—H, = % [A - / s (8% — m? 52)014 (3.28)
aab? a
where A is an integration constant. Using and the average Hubble parameter
defined in (3.23]), we obtain the shear scalar

N [A - / s (8% —m? ﬁQ)dtr, (3.29)

3ata?bt a

and the expansion anisotropy

2 b oo 2 2 ’

A:m[x—/g(ﬁ —mﬂ)dt} (3.30)
as well. We note that the difference between the expansion rates along the z and z
axes and the square root of the shear scalar are both inversely proportional to the
volume of the universe and the square of the scalar field. In the case of a model
based on GR alone, the square root of the shear scalar would have been simply
inversely proportional to the volume of the universe. Here the electric vector field also
contributes to the shear scalar, hence to the isotropization history of the universe in
a non-trivial way through the integral term in the above expression. For our massive
vector field, given the energy density and the pressures along the x, y and z-axes

1 . 1 .
P = 2—(12(52 + m262) y Pz =Py = =Pz = 2_(12(52 - m262)’ (331)

we immediately observe that the corresponding EoS parameters along the x, y and

Wy = Wy = —W, = <g—z — m2> / <§_Z + m2> : (3.32)

Z-axes are
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Some limiting cases are as follows: i) g—i >>m? = w, = wy = —w, ~ 1, the EoS

is similar to those of the (static) electric/magnetic fields and of cosmic strings; ii)

2—2 <<m? s w, = wy, = —w, ~ —1, the EoS is similar to those of cosmic domain
walls; iii) g—z ~m? = w, = w, = —w, ~ 0 the EoS is similar to that of a dust. Hence,

the electric vector field in our model may not only describe anisotropic EoS different
than that in the electromagnetic theory but also provides a dynamical anisotropic

EoS parameter that can even become isotropic in some cases.

3.4 The exact power-law solution

In this section, we present a particular solution of the system for which all the variable
parameters are of the power-law form with respect to the cosmic time ¢, and then

discuss the properties of this solution. Let
a:=ath*, b:=bit", a:=oait”° [:=p6t" and m:=myt" (3.33)

where ay, by, a1, 51, my are the values of the variables at time t = 1 and p,, ps, S, u,
r are the powers of ¢ to be determined. As a side remark we note that under these
assumptions the mass of the vector field should be related to the scalar field with a
power-law relation as )

mla] = my (o%) ) (3.34)
Substituting into the system of differential equations —, we imme-

diately see that a consistent solution of the system requires

s m?

1
= —1 a = — 5 = — - — .
r , D s—u, 5 + 5 + 10 (3.35)

making both sides of the vector field equation (3.18|) vanish identically and leading

to the expressions

m2

a=at™, b=bit2Titm, a=oat™*, B=pFt", m=mt". (3.36)
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Now substituting these into the remaining equations (3.19)-(3.22)), we get a set of four

algebraic relations:

4(s —Du— (11 +8w)s* =25 + 1 —4m? —2mi(s — Du~ '+ miu™> = 2x*(u® +m3),

)
+3w)s” +2s —1 —2mj(s—Du " +omju * = 2&7°(u" —m7j),
114 8w)s* + 25— 1—2mi(s — Du ' +3miju? = 2k*(u*> —m]
4u? —2(s — Du+ (11 +8w)s® +2s — 1 —2m?2 + miu? = 2x%*(m?} —u?)
)

25? (2w +3) (u?* —m3) = wKmiu(s—1),

2
where we set k% = % A solution to this algebraic system, parametrized in terms
11

of u and mq, is given by

o 2ut — ud — m2(u? — zu) + 2m] (3.37)
u(—u? + 2m7)

provided

o,  —2u®+2m? 3 1 mi?(2m] — miu® + 2u?)
K=y and w=-—o+ oo 3 2 182
u? — 2mj 2 2(2m{ — (u? — 2u)mi + 2u* — u3)

(3.38)

However, u and m; cannot take arbitrary values: 8; # 0, a; and a4 are real parameters
so that the positivity of kK2 > 0 imposes a restriction on the possible values of the real

parameters u and m; > 0 according to
my < |u| < v2my. (3.39)

This restriction on the parameter values is important since it in turn implies a con-
straint on the dynamics of the model as we shall see below.
3.5 Discussion
We first of all summarize our power-law solution by explicitly giving the metric

g = —dt* + Fﬁ—izt%_%df + s (da? 4+ dy?) (3.40)

1

and the scalar and vector fields

a=ot™* |, A=pit"dz (3.41)
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1

2ut 2w amd mla) = my (&),

u(—u2+2m?)

where s =

It can be quickly verified that the average Hubble and the deceleration parameters

of the universe turn out to be

g Sut — 3u® — 5miu® + 6miu + 6mi 549
B 3u(2m? — u?) B (342)
3u(2m? — u?)

Sut — 3u3 — bmiu? + 6miu + 6mi

q = —1+

(3.43)

It follows from (3.42) that the condition for getting an expanding universe Ht > 0
is satisfied only in case the vector potential 5 decreases as t increases, i.e. only for

w > 0. This further reduces the inequality (3.39) as follows:
my < u < V2my. (3.44)

The conditions v > 0 and m; > 0 put the deceleration parameter in the range
—1 < ¢ < 0, which means that an expanding universe is necessarily be accelerating in
our model. Using the inequalities in (3.44)), we find that the deceleration parameter

reaches its minimum value

Gmin — —1 as uw— V2my (3.45)
and its maximum value
2?711
> — — m. 3.46
q o 4 1 as  u — my (3.46)

We note that the larger m; becomes, the narrower is the range for the allowed values
of the deceleration parameter. Namely, one may check that ¢uax — qumin — —1 for

my >> 1 so that only the exponential expansion is allowed in this limit.

In an anisotropic universe model we should also check the expansion rates along
different spatial axes. We obtain the directional Hubble parameters as

H, = H, = il m%uz i meu i 2mil ', H, = But —u’ — Sm%gz + Qm%u + 2mi1 L
u(2mi — u?) u(2m?2 — u?)
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It is easily verified that the universe expands in all directions since both H, and H,
are positive for v > 0 and m; > 0. The difference between the directional Hubble
parameters will beff]

2m3 — 2u? u QU

H, —H,=—-—"—"% " — =x*—, 3.47
2m? —u? ¢ " (347)

and hence the expansion rate of the universe along the z-axis is always greater than
the expansion rate along the z- and y-axes (since u > 0). On the other hand, the
expansion rates along different axes approach each other inversely in time ¢ and be-
come identical as t — 0o. Accordingly the shear scalar should be decreasing with the
square of the cosmic time t as follows:

4 u? —m? )2

2 2 1 )

o =-u . (3.48)
3 (u2 —2m3

On the other hand, since the average Hubble parameter also decreases inversely with

the cosmic time ¢, the decay of the shear scalar leads neither to isotropization nor to

anisotropization. In fact we have a constant expansion anisotropy

A= ( 2v2u*(u? — i) ) (3.49)

Sut — 3ud — bmiu? + 6miu + 6m}

that takes values in the range 0 < A < % such that A — 0 as u — m; while A — %
as u — V2my.

In an accelerating anisotropic universe, not only the anisotropy of the expansion
rate but also the anisotropy of the deceleration parameter is of interest. We obtain
the directional deceleration parameters as follows:
u(2m? — u?)

ut — ud — 3m2u? + 2miu + 2mi
(3.50)

1t u(2m? — u?)
= W= ut — ud — miu? + 2miu + 2mf

) q. = —1+

The level of the anisotropy of the deceleration parameter can be quantified using the

normalized difference according to

Ag _ N —2u3(2m? — u?)(m? — u?)
q ¢+ q  4Am§ + 3ud — 2u” + 11miu* — 8mSu2 — 6m2ub + 6miu® — 6miud + 4mbu

*The expression that follows is consistent with (28) provided the integration constant A = 0.
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which again takes a constant value.
Regarding the dynamics of the scalar and vector fields, we first note that the
Brans-Dicke coupling parameter w can only take negative values of the order of —1

and exhibit some interesting limits:

3 8m2+6 1 w— -3 as m; =0
UM = w = =g 9m§16m111 2 (3.51)
my T W — —% as  mp — 00
and
11
u—V2m = w — e (3.52)

The above limiting values of w are remarkable: —% <w < —% is the range for which
accelerated power-law expansion exists within Brans-Dicke gravity in the presence of
dust [64]. We also find it interesting to note that the negative values of w of order of
—1 can be motivated from the string theories. For instance, the case w = —1 appears
in the low energy limit of effective string field theories and the case w = —% appears
in four-dimensional 0-brane space-times (d = 1) in string models with (d — 1)-branes
[65], 66].

Next we consider the energy density and the directional pressures of the vector

field given by

i s i e
p= (W +m) T pe=py = —pe = ot —m T (3.63)
1

Then the directional EoS parameters for the vector field will be constant:

2 2
ut—my

We Sy =T =

(3.54)

Using the allowed range for the values of u with respect to m; (3.44)), we find that

the EoS can get values in the range
0<w, =wy, =—w, < 5. (3.55)

It is interesting to note that for the choice m; ~ wu, the above distribution would

be indistinguishable from a dust but with a small anisotropic pressure in contrast
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to the conventional dust fluid that is described with an isotropic EoS parameter
w = 0. Hence, in the present case, the vector field may be regarded as a dark matter
fluid yielding a slightly anisotropic pressure. Moreover, defining the average EoS by
W = (wy + wy + w,)/3, we see that it only takes positive values 0 < @ < §. This
is another indication that the vector field in our model cannot be interpreted as a
possible dark energy source since a negative EoS parameter is characteristic of such

sources.

Before we conclude, we wish to consider some observationally meaningful cosmo-
logical parameter values and evaluate other physically relevant quantities to check
if our model gives consistent results or not. Using the mean deceleration parameter
value as ¢ = —0.7 in and the anisotropy of the expansion as A = 107% in
(3-49) [24], we find a solution with m; = 1.119 and u = 1.136 that satisfies ([3.44).
Using these two values in , we find the directional EoS parameters of the vec-
tor field to be given by w, = w, = —w, = 0.013 and the average EoS w = 0.004.
We note that such a fluid is indistinguishable from dust/CDM but yields a slightly
anisotropic pressure. We find the values of the directional deceleration parameters
as ¢ = qy = —0.698 along the z- and y-axes and ¢, = —0.704 along the z-axis.
Accordingly, the difference between the directional deceleration parameters along the
z and x- or y-axes will be ¢, — g, = —0.006. These imply a level of the anisotropy of
the deceleration parameter % = 0.017 that corresponds to a % 1.7 level of difference.

Finally the Brans-Dicke coupling parameter value is determined to be w = —1.377.
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Chapter 4

HIGHER DIMENSIONAL MODIFIED GRAVITY WITH
EULER-POINCARE TERMS

The most general gravitational Lagrangian density in D-dimensions that yields
second order variational field equations can be written as a linear combination of all

possible dimensionally continued Euler-Poincaré densities:

(P74
Ly= > AL™ (4.1)
n=0

where we introduced (dimension-full) coupling constants A,, and the Euler-Poincaré

forms are given by

1

L — —
2n

Ra1bl VANEIIRNVAN Ranbn AN *ea1b1...anbn. (42)

R®, are the curvature 2-forms of (torsion-free) Levi-Civita connection 1-forms {w?}.
They are uniquely determined by a Lorentzian signatured metric tensor g = 7,,e®® e’
where 74, = diag(— + ++), given in terms of an orthonormal co-frame {e®}, through
the Cartan structure equations de® +w? Ae® = 0. We further introduced the notation
e®¢ = e AeP A ... Aef and the Hodge *-map that fixes the space-time orientation

with the volume D-form %1 = ¢%12--P—1

Here we vary the total action (in D > 5 dimensions)

I[e,w,u,...]:/ (Ly+ Lc+ kLy,) (4.3)
M
where we take a truncated gravitational Lagrangian density given by

1 A
Ly=MX*1+ §Rab A xe® + ZzRab A Reg N e, (4.4)
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where Ay stands as a higher dimensional negative cosmological constant. The con-
straint Lagrangian

L. = (de* +w A e®) A pq (4.5)
imposes the zero-torsion constraint on the connection through the variations of the
Lagrange multiplier (D — 2)-forms p,. & > 0 denotes the Newton’s constant that

is scaled appropriately in D-dimensions. Then the co-frame variations of the action

(4.3) give
1 be )\2 be df _
Ao * €, + §R A *€gpe + IR N RY N *€gpeqs + Dpig + £74(m) = 0, (4.6)
while the connection variations of (4.3)) give
A
* egpe N TC + ?2 * Eabedf /\ RANTT + KXap(m) = eq A iy — €y A fg. (4.7)

In these expressions we introduced through the variations of the matter Lagrangian,
the stress-energy-momentum tensor 7,,(m) and the angular momentum tensor S (1)

to be read from

(5;7;) = 7u(m) = Tup(m) + ¢ (48)

and
<%) = Yap(m) = Sapc(m) * €, (4.9)
respectively. The variations of the action with respect to the Lagrange multipliers
impose the zero-torsion constraint 7 = 0 and the field equations and above
are to be solved subject to this constraint. Then the connection-variation equations
simplify and an algebraic solution for the Lagrange multiplier forms can be found as

follows:
1
fo = K (LXbZab ~ 3¢ A LXCLXbEbC> . (4.10)
We use interior products such that ¢y, (¢’) = §°, with respect to orthonormal frame

vectors {X,}. Then the Lagrange multipliers are substituted into the remaining field

equations and we arrive at the final form of our modified Einstein field equations

1 A
Ao *€eq + §Rbc A *€gpe + bec A RY A *Cabedf

= —KT(m)+ HD(LXbEab) + gea A D(LXbLXCEbC>. (4.11)
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As a last remark we note that the integrability of the Einstein field equations (4.11))

yields the conservation law of matter:

D7,(m) = Rap A 1x, 5% (m). (4.12)

4.1 Cosmological Ansatz

The geometry of a cosmological space-time will be given by the metric

n

g = —dt* + R(t)* Z(dﬂ)? +5(6)*) (dy®)? (4.13)

a=1
where {2’} are the Cartesian coordinates of a flat(external) 3-space and {y®} are
the coordinates of a (locally) flat, compact (internal) n-space. R(t) and S(t) are the
corresponding scale factors of cosmic time t. Let us choose the following orthonormal
basis 1-forms

& =dt, e =R(t)ds', e*=S(t)dy", (4.14)

so that the non-zero connection 1-forms are determined to be

R, S
W = Ee’, W, = gea, (4.15)
where "= % denotes time derivative. Therefore the curvature 2-forms are given by
R R? : S 52
0 0 A i 0 0 A o
Ri <R+ﬁ> Ne > Ra (S 5’2) N e,
Rj:ﬁe nNel o, R = 826 AP : Razﬁge A e”. (4.16)

We will model the matter distribution in a D-dimensional space-time by a homo-
geneous but anisotropic fluid with no rotation. Thus we take ¥,(m) = 0 and the

stress-energy-momentum tensor of the fluid will be specified by

n

+pmt ) Z(dyo‘)Z (417)

=1 a=1

Mw

T =Tupe @ e’ = p(t)dt? + peas(t)

where we assume that the mass density p > 0, but the pressures pe,(t) and pi,.(t)

are arbitrary except for the conservation law they should satisfy:

R
p+ 3=

S
7 (P Peat) + 15 (P + Pint) = 0. (4.18)



Chapter 4: Higher dimensional modified gravity with Fuler-Poincaré terms 33

At this point, we skip calculational details and give the independent equations of
motion we obtained as follows:

R? RS n(n—1)5?
Ao+ 3{@+3HE§+ 5 I

R? S?
RS RS3

n(n —1)(n—2)(n - 3) ﬁ} i, (4.19)

4 S4

R? 82 R S?
n(n —1)(n —2)(n —3) S
+ 4 @ = —RPext, (420)

+ o {% (6(—)2 +12(n — 1)%% +3(n—1)(n — 2)%)
$ it RS 32
+ E (6(n — 1)@ + 6(n — 1)(n — Q)EE + (n — 1)(71 — 2)(77, — 3)@)
19— 1) - 22 4 6 - 2
+3(n — 1)@-2)@-3)%%

(n—1)(n—2)(n—3)(n—4)5* } — ki (4.21)
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The coupled equations (4.19), (4.20) and (4.21)) are to be satisfied by five functions
R, S, p, pest and p;y and therefore the system is not fully determined as it is. Two

extra constraints must be provided by some extra assumptions in order to get fully

determined solutions.

4.2 Exact Solutions with Constant Volume

We are particularly interested in higher dimensional steady state cosmologies char-
acterized by the following two properties: (i) The higher dimensional universe has a
constant volume as a whole but the internal and external spaces are dynamical. (ii)
The mass density is constant in the higher dimensional universe. However, in this
study we are going to allow the energy to be dynamical in a particular way, so that
a constant mass density can be studied as a particular case. Therefore, firstly we

assume that the (3 + n)-dimensional volume scale factor of the universe is constant:
R3S™ = V. (4.22)

It will be convenient to introduce the Hubble functions of external and internal spaces

given by H = % and H' = %, respectively. Then it follows from (4.22)) that 3H =

—nH', assuring the dynamical contraction (hence reduction) of the internal space

(H" < 0) for an expanding external space (H > 0). The field equations in terms of H

read:
3n+9
o — 2 3 ob 1Y = kp, (4.23)
N — H+ 2052 g2 <anH - an2) = Kot (4.24)
3. 3n+9 .
Mot SH+ T, ((an — b)) H — anZ) = —Kpint (4.25)
n
where we setf]
2 4 3n — 24 15n — 1
n? 4n3

*Note that a,, and b, are both negative for n = 1 and both positive for all n > 2. For the sake
of simplicity we will keep the second case in what follows.
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Furthermore our conservation law of matter reduces to
p +3H (pemt - Pmt) = 0. (427)
Secondly we assume a simple equation of state
Peat = Pint _ A, (4.28)
P
where Aw is a constant that we propose to call dimensional dichotomy parameter.

R732% in general. A higher dimensional isotropic distribution

It follows that p o
of matter with constant mass density follows in the case Aw = 0. If there is a
dimensional dichotomy i.e. Aw # 0, on the other hand, then, as the external space

expands, the mass density decreases if p.,: > pine and increases if peys < Pint.

In order to solve this system we proceed in the following way. We differentiate
both sides of and on the RHS use the conservation relation together
with our equation of state to replace p. Then we use the first equation (4.27))
again to eliminate p itself, arriving at a first order master equation satisfied by H. We
will solve this master equation and classify its solutions according to the signs and
magnitudes of the cosmological coupling constants Ag and A\s. Once an expression for
H is fixed, the external and internal pressure functions can be found by substituting
this H into the equations and , respectively. Finally we integrate H and

determine the scale factors R and S, thus completely specifying the cosmology.

From now on we will be looking at the master equation for H that reads

3n+9Y\ ., n(n + 3) 1] (3n+9)
H — — H
2n 2(n? + 15m — 18) Ay 2n

_ 3Aw|(3n+9 2H4_ n(n+3) 1 (3n+9Y 5
4 2n (n? 4+ 15n — 18) Ay 2n
nn+3) Ao
—1. 4.2
(n?+ 15n — 18) )\2} (429)

We re-write it as a simple differential equation

i=w {(ﬁ —A) — L} (4.30)
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where we defined

3n+9 2n  3Aw
=/ H w=-— 8w 4.31
v om Y 3n+9 4 (4.31)

with two free parameters

_ n(n+3) 1
~ (n?2+15n —18) 2)\y’

Q=N — 2\ (4.32)

It is worth to note that the field equation (4.23) with the above re-parametrization

gives for the energy density

kp=—[(z® =X - Q]. (4.33)

We first consider briefly the case of an isotropic distribution of matter. Suppose

A # 0. We take w = 0 and the master equation becomes & = 0. This leads to an

exponentially expanding external scale factor R(t) = R(0)ef*! and an exponentially
contracting internal scale factor S(t) = S(0)e~ 0!, For isotropic solutions with A # 0,

the energy density may be positive definite or negative definite or zero depending on

the roots of the algebraic equation

2
)\0_3n+9H2+i(3n+9> Hi— 0,

2n % 22\ 2n
Next we consider cases with w # 0 and A\ # 0:

1. Suppose @) # 0. The generic solution is implicitly given by

A+VQ—x A VA-VQ-—u W = Ce*! (4.34)
A+V0Q+x VA=VQ+a

where (' is an integration constant. We cannot further develop such solutions and
obtain explicit expression for R(t) and S(¢) in general.
2. Suppose @ = 0, that is A = 2. Now the generic solution reads

V-1
\/X+x

and can be inverted to write down explicit expressions. For A > 0 we have

%
= Ce*!, (4.35)

o) = —VAcoth(vVAwt), 22> A (4.36)

—Vtanh(vVAwt), 2% < A ‘
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These expressions can be integrated for the scale factor of the external space so that

| sinh(v/Awt)[¥GAw) 22 >\

R(t) = :
| cosh(vAwt)|YGAw) 22 < )

(4.37)

The corresponding mass density function turns out to be positive definite:

X ginh—t 2
wp(t) = 1 2 sinh™(vVAwt), 2% > A . (4.38)
cosh™(Vwt), 22 <\

o>~

For A < 0 we have
x(t) = —+/|A| cot(v/|A|wt). (4.39)

Again we integrate the above expression and find that
R(t) = | sin(y/|Awt)[¥/ 35w, (4.40)

The corresponding mass density function for this solution is negative definite:
A
kp(t) = —% sin~4 (v \wt). (4.41)
We also wish to point out some special classes of solutions which cannot be ob-
tained from above as limiting cases.
A. First consider the case of Einstein-Hilbert action with a cosmological constant
where the Euler-Poincaré term is absent. We set Ay = 0 accordingly but still keep

w # 0. Then the master equation reads
i = 2w (2° — \o) (4.42)

For Ay > 0 the solutions are given by

o(t) = —v/ g coth(2v/ Agwt), 2% > g (4.43)

—v/ Ao tanh(2v/Agwt), 2% < A '

The external scale factor can be calculated as

R - | cosh(2v/Agwt) [/ 32w 22 > ) (4.44)
sinh(2v/\owt)|>/GAw) 22 < )y ’
|
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which give a positive definite the energy density for 0 < \g < 22

Ao

kp(t) = , 4.45
pll) cosh?(2v/Agwt) (4.45)
and a negative definite energy density for 22 < )¢
Ao
kp(t) = — . 4.46
p(t) sinh?(2v/Agwt) (4.46)
For Ay < 0 we have
z(t) = /| do| tan(2+/ | Ao|wt) (4.47)
and
R(t) = | cos(24/| Ao|wt) [/ 32w, (4.48)
In this case, the corresponding energy density is always negative definite:
A
p=— 2ol . (4.49)
cos?(24/| Ao|wt)
For the particular case Ay = 0 we have the following external scale factor
R(t) oc t¥/ 32w (4.50)
which leads to the following negative definite mass density
! (4.51)
Kp=————. .
P 4w?t?
It is easy to see that, in this particular case Ao = 0, the external space exhibits

accelerating expansion provided that 0 < Aw < % However, we note that it suffers

from the negativity of mass density.

B. Suppose the gravitational action consists of just the second order Euler-Poincaré
term on its own. This theory is sometimes called the Gauss-Bonnet gravity. Let us

consider the cases where w # 0. Then the master equation becomes
i = wr?, (4.52)
which gives the following a power-law expansion

R(t) oc t4/3Aw) (4.53)
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and the following mass density
1 1

T ot

It is easy to see that in this solution the external exhibits accelerating expansion if

p (4.54)

0 < Aw < %. Additionally the mass density takes positive values properly provided
that A is positive, i.e., A9 is positive in line with string theories.

Among the explicit solutions we presented above, the case for which the external
space expands as R oc |sinh(v A wt)[¥32%) given in is the most promising
solution from the cosmological point of view. We note that in this solution the
external space behaves as R ~ t¥G2%) for ¢t ~ 0 and R ~ 5%t for t > ﬁ
Accordingly, provided that Aw > 3/4, the external space evolves from a decelerating
expansion phase to the de Sitter expansion as the cosmic time ¢ runs. Moreover, if
we choose Aw = 2 then the external space exhibits exactly the same behavior with
the standard ACDM model [67], namely, Rycpym sinh3 ( %t), where A is the
conventional positive cosmological constant. We note that similar results could be
reached in the solution (4.44)) where the second order Euler-Poincaré term is omitted.
However, we notice an important difference between these two solutions when we
consider the corresponding matter densities. The solution for which the second
order Euler-Poincaré term is omitted suffers from negativity of mass density ,
while the solution (4.37) where all the Einstein-Hilbert and the second order Euler-

Poincaré terms are considered leads properly to positive definite mass density (4.38]).
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Chapter 5

SIX DIMENSIONAL R:-GRAVITY INDUCED FROM A
GAUGED CHIRAL SUPERGRAVITY

We start with the following action density:

L = e 2 |R(Q)* 1+ 4dp A *dp — %H A*H 4+ eV (¢) x 1
b 50 [Raw) A R(@) + Rafw) A RV(w) A B (5.1)
given in six dimensions with an R? invariant [68]. The above action density consists
of two parts. The first part defines the low energy axi-dilatonic sector of the heterotic
string field theory in the string frame. It contains the usual Einstein-Hilbert action
density, kinetic term for 0-form dilaton field ¢, dilaton potential V' (¢) that generalizes
a cosmological constant A in such a way V(0) = A and an antisymmetric 3-form field
H. In four dimensions H is related to the axion scalar A by the relation dA =
e 2?x H [69]. We want to note again that the first part is written on the string frame.
By conformal redefinitions of the metric and the corresponding connection; we may
rewrite the related Lagrangian density 6-form in either i) the Einstein frame or ii)
the Jordan (Brans-Dicke) frame. Eventhough such “frames” are conformally-scale
related, the physics they describe are distinct.
The second part consists of the quadratic curvature term R A xR, together with
a Lorentz-Chern-Simons term R, A R® A B whose supersymmetrization is done in
[61]. B is the potential of the antisymmetric 3-form field H such that H = dB. Here,
{€"}a=01,. 5 are the coframe 1-forms in terms of which the metric can be written
as g = Nee® @ ¥, where 0y, = diag(—1,1,..,1). The volume form follows as x1 =
e NelA...\e’. As it is seen from the above Lagrangian density, there are two different

kinds of “w” introduced in the action. w,;, denotes the Levi-Civita connection 1-forms,
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for which the corresponding torsion 2-forms are all zero. wg, are the connection 1-

forms used to write the effective curvature term above:
. 1.,
Wap i= Waigh = Wap T EzbzaH. (5.2)

We checked that the field equations do not depend on the choice of w, or w_. Although
they do not differ in the context of gravity, their supersymmetry transformations
distinguishes between them. In this work, we take w := w, which is consistent
with the model discussed in [68]. It follows from the first Cartan structure equations
and the definition that the torsion of the spacetime equipped with the

connection wgy, will be given by
a a ~a b 1 . b
T = de*+a%Ne +§2bzaHAe (5.3)
1
= SiviaH A el (5.4)
Furthermore, since for any p-form o, e* A 1,0 = po, we have
T = —i"H. (5.5)
The curvature 2-forms follows from ([2.8)) as
“ @/ 1~ I ., e
R%(w) = R%(w) + §D(2b@ H)+ et H Niyi°H,

where we used D to indicate that the connection used for the covariant exterior
derivative is the Levi-Civita connection. It follows from the definition of the curvature

scalar
R(w) * 1 = Ry(w) A*(e* A eb)
that

1. 1
Rw)*1=R(@)*1+ §D(ibiaH) A x(e® A eb) + el H N ii®H (e® A e).

*Here, to prevent confusion we note that in [61I] ” R,;” in the second part of the action density is
taken as Ryp(w_), however in [68] a redefinition is made by sending H — —H. Therefore, Ryp (w4 )
is used.
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Since i, * (€ A eb), iyiq % (€* A e?) and D % (e A €?) are zero, by the Leibniz rules for
the derivations

D(iyiaH) A *(e? A €”) = D(iyig(H A x(e® A €%))).
This term is the covariant derivative of a 7-form and also vanishes.
On the other hand, by a similiar reasoning, together with the fact that iyi, = —i4%,
i H NiyicH % (e* ANe?) = i.H Nigiyi®H (e A €?)
= i H A *(igiyi®He A e”)
= —i.H AN%(2i°H)
= —2H Ni.* (i.H)
= —2H Ax(e. Ni°H)
= —6H AxH.
Therefore, we write the first order curvature term as
R(@) %1 = R(w) 1+ ;H A+, (5.6)
We can also eliminate B from the action by partial differentiation and use only the
corresponding field strength H:
Ruy A R A B = dway N dw™ A B+ 2dway A wy A w™ A B+ wae A wS Aw’y Aw® A B.
It can be seen that last term is zero by simply interchanging the indices. So,

2
Ry A R N B = d(wap A dw™ A B) + (wab A dw®™ + 3Wab / Wy A wdb) NH.

By Stokes’ theorem d(wq, A dw® A B) contributes to the action only as a surface term,
hence can be neglected. We employ Lagrange multiplier forms 4 and p, to constrain
the torsion 7% = —i*H and the fact that H = dB in the action density.

Finally, we rewrite equivalently as

L = e (Rx1+adpAxdp+ BHAN*H)+V(d)*1+yRuy A*xR™ (5.7)
2
+ 0 (wab A dw® + gwab Aw A wdb> ANH

+ (de® +w A e’ + i H) A pig + dH A p,
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with real coupling constants «, [, 71, 72. We keep the constants «, 8,7, to track
the contributions of each term to the field equations. We note that for our model the

values of the coupling constants should be fixed by
1
a=4, =1, 7:5250. (5.8)

With all the construction and simplifications done above, the action we consider can

be written as
I[ea’waba¢7 Ha/l?Ma] - / »C (59)
Mg

where £ is given by (5.7)).

5.1 Variational equations

We first consider the coframe variations of the action (5.9):

e2 {Ruy A*(e* ANeP ANe.) — alicdp A xdp + dp N * do) (5.10)
—  BlicHAN*H + H Nigx H)Y +V($) % ec — Y(icRap A ¥R — Rop Aig % R™)
+  Dp.—i%(i.H N pg) = 0.

Then, we vary the action with respect to the connection 1-forms wgy,. The resulting

field equations
Dx (e (eq Aey)) + 27D % Ry + 20Rapy AN H + ey A g = 0 (5.11)

can be used for the multiplier 4-forms p,. At this point, it is convenient to introduce

an antisymmetric 5-form

Iy = eq Ay — ey A lg, (5.12)
so that by (5.11]),
I = 2D * (e *%e, A ey) + 47D * Ry, + 40Ray A H. (5.13)

With the use of the identities:

i“Iap = Hy + ey A Z.cia]-—[acy
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and

Y1 = 41%Y1q,
we can reexpress the multiplier forms p, as
b 1 c;b
fhg = 1 1y — Zea A 19 p,. (5.14)

We insert this expression for p, in (5.10). The first two variational equations accord-

ingly reduce to the following single equation:

2 {Ry Ax(e* ANeb Aeo) — alicdd A xdo + do Ni, * do) (5.15)
— BlicHAN*H 4+ H Nigx H)} +V(0) % e — Y(icRap A *R™® — Rop A ¥ R™)

1 1
+ Di'Tlee + Zec A d(i%° ) — SieH A 1%y — 1% H N Tl = 0,

where 11, given in ([5.13]).
Obviously, the variations of the action density with respect to the Lagrange mul-

tipliers impose the following constraints
T*=—i"H and H =dB (5.16)

as we assumed earlier.

We obtain a remaining field equation by H —variations:
—2¢ a b 2 a c b -a
20e ™« H — ¢ wadwa+§wc/\wb/\wa + “pg +dp=0. (5.17)

We eliminate i by taking the exterior derivative of the above equation and substitut-

ing in the expression for u, and obtain
1
28d(e™?? « H) — 6Ray N R™ + Zd(z’%"’r[ba) =0. (5.18)

The final variations we perform are with respect to the scalar field ¢:

62

R*1+a(d¢/\*d¢+d*dq§)+BH/\*H—;V/(@*I—O. (5.19)
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The combination of the (5.19) with the trace of the equation ([5.15)) gives us

4e *{Rx 1+ dp A xdp} + 2yRapy N *R™ + € A Di®Tl,. — H A%l (5.20)

+6V ()« 1 =0
implies the dilaton field equation

de *(ad * dp + BH N *H) — 2yRay A *R™ — € A Di*T,. + H N i%i°Tl,,  (5.21)

—6V(¢) x 1 —2V'(¢) %1 = 0.

To sum up, we have at the end three variational field equations given by (5.15)), (5.18]),
(5.20)) subject to the constraint (5.16)) follow from the action ((5.9).

5.2 AdSs; x S? background vacuum solutions

In this section, we will solve the variational field equations found in the previous

section with the metric ansatz:
9 = kigaas, + k3gss (5.22)

where gags, and ggs are the metrics of the spaces AdSs and S? | respectively. The gen-
erators of the associated Lie algebras for AdSs; and S® are the same as the generators

of the su(1,1) and su(2) Lie algebras, respectively, given explicitly as

[(Xo, X1] = Xo, [X1,Xo] =—Xo, [Xo,Xo]=—-X;

(X4, X5] = X6, [X5, X6] = Xy, (X6, X4] = Xs. (5.23)

{X., } constitutes a frame on AdS;x S*. X, correspond to the generators of su(1, 1) for
a=0,1,2 and generators of su(2) for a=4,5,6. The coframe 1-forms {e®} satisy e’(X,) =
8¢ by duality. Using the structure constants C,¢ determined by the commutators
(X, Xp] = C,°X., we can write the Maurer-Cartan equation as de® = —C}, %" A e°.

We take the coframe 1-forms introduced here and scale them as e* — kje® for

a €0,1,2} and e® — kye® for a € {4,5,6, } and write the 6-metric (5.22)) as

g=-e @+t +e' et +e @+ @l (5.24)
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We determine the exterior derivatives of the coframe 1-forms e® without effort thanks

to the Maurer-Cartan equations:

2 2 2
de’ = /{:_161 Ae?, de' = 1{7_160 ANe?, de* = _k_160 Ael; (5.25)

2 2
ZeSNel, de® = —eP Aet, de® = et Aéd.
ko 2 2

The non-vanishing components of the Levi-Civita connection 1-forms are solved from

the Cartan’s first structure equations (2.7)):

1 1 1
~0 2 ~0 1 ~1 0
, ) — & —— eV 5.26
1 k_le ) 2 kle ) 2 kle ) ( )
- 1 - 1 . 1
w45 = _k2 66, CL)56 = _]{;2 647 CU64 = _k'2 65

These are the connection 1-forms without torsion. In order to find the connection
1-forms {w%} with torsion we again employ Cartan’s first structure equation. We see
that w? can be written as the sum of the Levi-Civita connection 1-forms &% and the
1-forms , which we denote by K, called the contortion 1-forms, that are related to

the torsion 2-forms according to

T, = Ky Neb. (5.27)
Solving the above equations with the torsion 2-forms T, = —i,H, the contortion forms
can be written as
1
K = _iiain' (5.28)

At this point we make the following ansatz for the antisymmetric 3-form field H:
H=cie® Ne' Ae? +cpet Ae® A e, (5.29)

whose Hodge dual is given by
*H = —coe® Net Ne? —cret Ae® Aeb. (5.30)

Here c; and ¢y are two constant parameters.
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It follows that all the nonvanishing contortion 1-forms are the following:

C1 o C1 4 €1 o,

K()l = 36 s K02 == — 56 3 K12 == 56 3 (531)
C C C
Ky = 5266, Ks6 = 5264, Key = 5265-

1 o 1 o I
w45 — (k_Q — 5) 667 (,()56 = (k_2 —_ 5) 64, (,L}64 = (k—Q — E) 65. (532)

The corresponding curvature 2-forms follow from the Cartan’s second structure equa-

tions (2.8)):
( 2
<% - ki%) ea N ey, fora, be{0,1,2},

Rap = (5.33)

\ (é — %) e, Ney, fora, be{4,5,6}.
At this point it is better to make some remarks about the resulting curvature. Since
torsion is directly related with the 3-form H, setting ¢; = ¢y = 0 gives the torsion-free
curvature 2-forms. We see that for a, b € {0,1,2} the curvature forms would be all
negative, while a, b € {4,5,6} would be all positive. This shows again that the space
with metric —e® ® € + ¢! ® e! + €% ® €? is a maximally symmetric Lorentzian space
with a constant negative curvature, which is AdS3. On the other hand the space with
metric e? ® e* + e’ ® €% 4+ b ® € is a maximally symmetric Euclidean space with
positive curvature, which is S®.

Let us look at the solutions with a vanishing dilaton field ¢ and zero potential
V(¢). Starting from the last variational equations, we write them term by term. Of
course, the terms involving the derivatives of the dilaton field ¢ are all zero. The total
curvature scalar of the AdSs x S spacetime is found to be

3 (4 4
R = ibiaRab = 5 (ﬁ — ﬁ + C% — C%) s (534)
2 1
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and we have
HA*H = (c3—cl)x1. (5.35)
Hence, (5.19)) gives
1 1 3 9 9

Next, we proceed with the H-variation (5.18)). Since

the H-field equation is satisfied with the given metric g and H.
Finally, we come to the Einstein field equations ([5.15)).

following identity:

We find

Ry A (e*Neb Aep) =

ioRay A *R%® — Ry A «R™® =

dH =0,
dx H =0,
Ru A R =0,

d(i%"Tly,) = 0,

Qg x ey = *(ep A eg).

2(5-d)+1(3— ) we foree{01,2),

\g (c%—,f—%)—i-%(,f—%—c%) * e., force{4,56}

ki

—(2+c2) xe., force{0,1,2},

e NxH + HNi H =

(2 +c2)xe., force{4,56}

—~ —~ —~ —~
o wo
Ne) (0¢]

SN— S~— N— N—

With the use of the

(5.41)

(5.42)

( 2 1\2 L 2\ 2
2(f-%) —6(F-%) re foree{o12),

(5.43)

2\ 2 2 2
2(l_c_2> —6(%—i) xe,, fora, be{4,5,6}
\

(5.44)
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It takes a little more effort to write the terms I, explicitly:

Dx (e, Ney) = e 2D x(eq Aey) (5.45)
= e 2Def Nx(eg ANey Aee)

= e 2%°H Ax(eg Ney Aey).
Hence,

—e 2%c) e f ke, fora, b, c€{0,1,2},
Dx (e e, Ney) = ’ (5.46)

—e 2%cy e, % e.,, fora, b, c€{4,5,6}
The covariant derivative of xRy, is given by
D x Ry =d* Rop + wae N xR — wdb A *Ryq (5.47)

and yields

(é — %) c1 €y * €, fora, b, ce{0,1,2},
Dx Ry = (5.48)

51
L <% - k,‘_g) C2 gabc * €, for a, b, S {4, 5, 6}

We also have

<k_12 o %> C2 Z‘:abc * €cy s for a, ba cE {07 L, 2}’
1
Ry AH — 4 (5.49)
<% - kLQ) 1 Eabc * €y, fOI' a, b7 ce {47 57 6}
\ 2

We put all these together and finally calculate

(

<—201 + (l;i? - c%) (ver + 502)> eql*e., fora, b, ce{0,1,2},
1
M, — (5.50)

(—202 + (c% — %) (yeo + 5cl)> el *e., fora, b ce {4,506}
\ 2

Then, it follows that
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(

(—201 + <% — c%) (yer + (502)) 2¢y x e., force{0,1,2},
1
Di°Tl,, — (5.51)

(—202 - <C% — %) (yea + 501)> 2c9 % €., for ce {4,5,6}
\ 2
and

.b-a 4 2 4 5 6

P71y = ( 12¢1 — 6 @A (ye1 +dc2) | e ANe’ Ne (5.52)

1
s 4 0 A 1 A L2
+ (1202 -6 (02 — ﬁ) (ye2 ~|—(5cl)> e Ne Ne
2

Therefore the coframe variational equations ([5.15) amount to two equations. For ¢ =

0,1,2, we get:

3/4
5 k—%—cz +

1 4 1 3\’
3 (cf — 1?%) + B(c +c3) — 2y (k—% — Zl) (5.53)
2
4

and for c= 4,5,6 we get:

3 4 1 &\’
1 % ’ 2 (2 4 2
+6’Y ]{52 - Z + 2¢ Cy — k_% (’}/Cz + 5C1€2) =0.

Finally, we should solve the three algebraic equations (5.36)), (5.53) and ([5.54) ob-
tained from the variational equations (5.15)), (5.18)), (5.19). As we mentioned at the

beginning of this chapter we take § =y and § = 1. A natural solution can be written

simply as:
4
A=c=-—=—. (5.55)
1
While the solution with ¢; = —c¢y corresponds to a self-dual 3-form H described by

H = «H, (5.56)
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the solution ¢; = ¢y corresponds to an anti-self dual 3-form H given by
H=—xH. (5.57)

According to the solution above, the negative curvature space AdS3 and positive
curvature space S3 after introducing the torsion to the connection, imply that the
total curvature is zero. A similiar solution is obtained in a recent paper [70] where

solutions on the all possible direct product of two constant curvature spaces are listed.

5.3 AdS; and S® in coordinate systems

In the previous section, we make use of the properties of the left invariant vector fields
to determine the coframe 1-forms which satisfy . We did not choose a spesific
coordinate system through the whole section. In this section, we will explicitly write
the left invariant 1-forms in terms of a given coordinate system. This will play an
important role in defining time-warped AdSs; x S® backgrounds.

The AdS; space can be thought as a hypersurface X2 +Y? — U? - V2 = —1
embedded in a flat space with metric ¢ = dX? + dY? — dU? — dV? . This condition

can be given by the group of matrices

o V+X Y+U . (5.59)
Y-U V-X

with detg = U? + V? — X2 —Y? = 1, as well. AdS; as Lie group can be seen as
isomorphic to SL(2,R). AdSs is also an homogeneous space SO(2,2)/50(2,1) with
the action of its isometry group SO(2,2) and isotropy group SO(2,1). Note that,
SO(2,2) is isomorphic to SO(2,1) x SO(2,1) and SO(2, 1) is locally to isomorphic to
SL(2,R). The Lie algebra of the isometry group will be so(2,2) = sl (2, R)®slg(2,R),
which gives two copies of the Lie algebra of AdSs, with one copy corresponding to

right and one copy to left translationsﬂ. Hence, we can make use of the Killing vectors

on AdSs to find the generators of the Lie algebra of AdS;. With the metric choosen

fAlso, note that sl(2,R) ~ su(1,1).
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above, the Killing vectors can be given as

0 o)
Janb - Xam - Xbm, (559)

where X, = (=U, -V, X,Y) They satisfy the following commutation relations:

—Jxaxe, for b€ {0,1} and a # b # ¢,
[JXaXb7JXbXC] = (560)
Jxaxe, for b€ {2,3} and a #b # ¢,
Wlth ‘]X“Xb = —bexa.

Using the commutation relations above, the Killing vectors of so(2,2) can be

grouped into two commuting sets

So=—Juov—Jxy, m=—Juv+Jxy, (5.61)
& = Jxv + Jyv, m = Jxuv — Jyv,
& = Jyu — Jxv, 2 = —Jyv — JIxv,

corresponding to the generators of two copies of s/(2,R) [71],[72]. We can identify
the set {&o, &1, &} as the generators of the Lie algebra of left invariant vector fields
on AdSs;. By the relations ((5.60)), we can show that the generators satisfy

[€0:&1] = &, 6, 6] =~ [60,&] = —&. (5.62)
First, we specify a local coordinate system on AdSs
U = cost X =sintsinh y cos 6 (5.63)
V =sintcoshy Y =sintsinh ysin.
In the above coordinate system, the metric g reads
g = —dt® + sin® tdx? + sin® t sinh? yd6> (5.64)

By the relations (5.59) and (5.61]), the generators {¢#} are calculated as

& = coshyx0, — cottsinh xd, — Oy (5.65)

& = —sinhxcosf0; + (cottcosh x cos @ + sin )0, + (cothx cosf — cot tcosechy sin 6)0p

& = —sinhysinf0; + (cot t cosh x sinf — cos 0)0, + (cothy sin 6 + cot tcosechy cos 0)0y
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Finally, we can invert these for the left-invariant 1-forms {e°, e!, €?} using the duality

et(&,) = o for p, v € {0, 1,2} as follows:

" = cosh ydt + costsintsinhydy + sin® t sinh? xd#, (5.66)
¢! = sinhy cos@dt + (costsint coshy cosd + sin® t sin 0)dy

+ sin® ¢ sinh y(cosh y cos § — cot ¢ sin §)db),
e = sinh ysin0dt + (costsint cosh y sin 6 — sin®t cos 0)dy

+ sin® ¢ sinh y(cosh x sin @ + cot t cos #)d6.
It can be checked that the metric (5.64]) can be written in the following form:
Gags; = —€"®@e’ +e' @e' +e* ® e (5.67)

A similiar method can be applied to the 3-sphere S®. 53 is also a homogeneous
space, which can be identified with SO(4)/SO(3). However, there is an easier way
that we may reach to S3 Lie algebra, because we already have results regarding AdSs.
As AdSj; is defined by the embedding relation X2 +Y? — U? — V2 = —1, in a similiar
way S° can be defined as an embedding by replacing X with —iX and Y with —iY’,

and letting y = 1. Accordingly, we choose a coordinate system such that
U =cos¢ X = sin¢sin g cos Y (5.68)
V = sin ¢ cos ¢ Y = sin ¢ sin psin .
results in the following generators of the Lie algebra su(2) of S3:
e = cosdp + cos ¢ sin psinpdyp + sin® ¢ sin® pdip, (5.69)
e’ = singcosidep + (cos ¢ sin ¢ cos pcosi + sin’psina)dp
4+ sin® ¢ sin p(cos p cos Y — cot ¢ sin ) da,
e® = singsinyde + (cosgsin ¢ cos psin i — sin® peosy)dyp
4 sin? ¢ sin ¢(cos @ sin 1 4 cot ¢ cos ) d.

We also note that the corresponding metric is

g53:e4®e4+e5®e5—|—66®66



Chapter 5: Siz Dimensional R?-Gravity Induced From a Gauged Chiral Supergravity — 54

which is written in the given coordinate system as

ggs = d¢? + sin? ¢(dp?® + sin® pdyp?).

5.4 Equations of motion on a warped AdS; x S® background

In this section, we start with a time-warped AdSs x S® metric described by

9= f(t)*gaas, + 1> (t)gss, (5.70)

where gags, and ggs denote the metrics of AdSs; and S3, that are derived in the
previous section. f,h : R — R are smooth functions of time ¢ identified from the

metric:
Gads; = —dt* + sin® tdx? + sin® t sinh® yd6>. (5.71)

Since the total metric is time warped, we do not need to specify a coordinate system
for S3. We again make use of the generators of the Lie algebra su(2) and take the S®

metric
g =ét@et+ e e+ @ el (5.72)

where the coframe 1-forms dét = —¢t jkéj A ék.

Hence the full metric can be given in the following form:
g:—€0®60+61®61—|—62®62®64®64+65®65+66®66, (5.73)
where the coframes are given as
e’ =g(t)dt, e'= f(t)sintdy, e?= f(t)sintsinhy, ' = h(t)é (5.74)

We will later take g(t) = f(t). However let us keep it as g(t) in order to single out
the time component of the metric. To simplify the relations, we make the following

changes in the notation:

F:= f(t)sint, G:=g(t), and H :=h(t). (5.75)
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We first calculate the exterior derivatives of the coframe 1-forms:

F th
de® = 0, @%:FG$A62+QFEJA62 (5.76)
E’ . H’ . 1 .
1 i 0 i =] k
de FGe Neb,  de HGG Ne H%ke N e,

We solve the Levi-Civita connection 1-forms using the first Cartan-Maurer equations

ED)

F’ H' .
(2)01 = F—G€1, C:)Oi = H_GGZ’ (577)
F’ , 1
(2)02 = F—G€2, C:)Zj = —Eeijkek,
th
iy =——2Xet, Wh=ah=0

Then the corresponding curvature 2-forms follow from the second Cartan equations

(2.8):

_ 1 + F/ ? 0/\ 1 PO 1 H, , H, 0/\ 7
“\c rG| 1€ T \¢|HG oGl |7 ¢
2
/ . F/ H/
_ 0 2 1 _ 1 7
- - G}>€Ae’ = () (@) 1

R

i

(1
1 i n

H G —|— m e Ne’.

We recall that the action ([5.9)) is written in terms of the connection w,, = Wy +

%z’az’bH that induces a torsion 1-form 7% = —i*H. Let us choose the 3-form field H

as
H=rci(t)e" Nel Ae? +cp(t)et Ae® Aeb, (5.78)

where contrary to the ansatz ((5.29)), we take the coefficients c¢; (t) and cy(t) as functions
of time ¢. Also note that the coframe is different. Thus, (5.29) reduces to (5.78]) if
f(t) = g(t) = ky and h(t) = k. It follows from dH = 0 that ¢y is a constant. With
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the H-ansatz above the contortion 1-forms K, = %ibiaH are same as the ones listed

in (5.31)), just with the replacement ¢; — ¢ ().

The curvature 2-forms of the spacetime with the w connection can be written as

~

Rab - Rab+dKab+Kac/\ch+Kac/\C:)cb+d)ac/\ch.

Therefore, we get

. - (b5
w- (415
o (]
- (3]
F

. _ /
i = (FG>
2 F

Ry = (FG

RT,

To make the notation short, we define a set of functions :

1 [F
A '_E[FG
_a
0 -— QG’
H' 1?
% ‘{HG]

= ([HG} o

=

C2

2

)

H'
HG

2 !

8 gy (2 (HY . 0
4)6 N e +<2>(HG>6W6 Ne
' Fr1? 121 &
%[m} T A [F_G} “mty
o .1 ’+ a°
"' G |HG HG| "’

1 (VT H'
Ty 5 = <FG) (HG)’

)

(5.79)
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Therefore, the curvature forms can be expressed equivalently as follows:

RO, = A’ Ael — Ape A €? (5.80)
RO = A1’ Ae® + Ape’ Ae!

RY, = Aje; Aé?

R, =51’ Ael — Speijne’ A e

R,

)

= Sset Al — Spe? A el
R? =S5’ ANe'+ Seel A e

7

sz = See' Ned + Soeijkeo A eF

Finally, the curvature scalar will be

One can check that this is equal to the scalar curvature of the previous section, if
we take g(t) = f(t) = k1 and h(t) = ko. We set ¢ as a function of time ¢ := ¢(t).
Now, we will write the variational field equations ([5.15)), (5.19) and (5.18) in the time
warped AdSs x S? background.

Starting from the , first we get the following equation:

S RN ) R

(5.18) give the following equation:

2e™2? 2% e~ ﬁ+6& — 1265,(2S +S)+l[—2¢ (5.83)
€ Gcl G e (&1 0 1 2 G e G .
A/ F / /
+ Y (45 - 8A0 G + 12<A0 - S4) HG + 261(2A1 - Ag)) + 502(—4141 + 6A2C2:|
H’ A} F’ H’

+ 502(—4141 + 614202} = 0.
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The Einstein equations, obtained from the ([5.15)) give four independent equations.

In (5.15)), for ¢=0 we get

{2A2 + 65y + 1253 + « (g) + B(c + c§>} + V(9) (5.84)
—v {4AT — 245 + 4A} + 657 — 655 — 1255 — 1257 + 1857 }
F' ! A F H ¢
e {462% + 4y (—51 + (Ay — Al)FG +3(S;3 — Al)HG — 51140) — 45A002}
C1 —2672(1)01 + Yy 4A—6 + 4A0 r + 12(A0 — 54) il — 2C1 (Al + AQ) — 4(5A1C2
G FG HG

=0.

¢ =1 and ¢ = 2 cases give the following same set of equations:

{2A1 + 65 + 659 + 653 — a (g) + B(cF + cg)} +V(9) (5.85)
1] Al F
—7{2A§—6Sf—65§+305§}—5{ 2¢G—|—4’y(—61+( A)FG
H' / /
gy 3)-wne] (i) [

A F’ H

o f o A o H
+2 {46 Cl—l—’}/( 4G 12A0 (FG+HG +1254HG—|-261(A2+3A1)
+4502(A2 - Al)} =0
Y 1 5 F '
—2e (AO + 354) + 5 (& c + Y —4A0 G + 261141 + 2562A2 (586)

F’ H F’
+ (FG + BHG) {6_2¢Cl +")/ (—4A0FG + 201A1> + 2562/12}

F’ Al H'
+FG {—€2¢Cl + y (460 + 12(140 — 84) HG — 201142) + (5(—4141 + 2142)02}

c ! A F’ H’ c
+§1 {4€2¢% + 4"}/ (—El + (AQ — Al)FG -+ 3(53 — Al)H—G — §1A0> — 4614002}
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For ¢ € {4,5,6}, we get one independent equation:

/

2
020 {4A1 +2A5 + 451 + 25, + 853 — « (%) — B(c3 + cg)} +V(p) (5.87)

1 /
+y {4AT + 243 + 4A5 + 257 — 255 + 455 +45; + 655} — e [46%5%

s F H’ ’
—|—47 (——1 —+ 2(53 — Sg) + 2(52 — Sl) + 0154 - 25062) - 855’001:|

G FG HG
F’ H' _2¢¢/ Si F H'
/ _ Y F’ H'
+6154 - 28002) - 855()61] — Cy {—626 2 _ 2’7 (—EO — 2SOF—G + QSQH—G

+CQSQ> - 250152} =0

There are two assumptions that we can make here: (i) f = g and (ii) g = 1, that
define different types of spacetimes. However, we can not obtain an explicit solution
other than the solution we obtained in section 5.2l Therefore, the equations above

are left for further investigation.
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Chapter 6

CONCLUSION

In this work, we consider gravity theories alternative to Einstein’s theory of grav-
ity, where the field content is usually inspired by effective string theories and discuss
their cosmological implications. First, we study the Brans-Dicke gravity coupled to
a mass-varying vector field, where the mass depends on the scalar field. We derive
the variational field equations. Assuming a Bianchi type I metric and homogeneous
time dependent scalar and vector fields we find a set of solutions parametrized by two
variables. We also discussed the special cases where we can compare the cosmological
parameters with the observational parameters. We show in our model that the ac-
celerated expansion is driven by the scalar field. The vector field acts as a cold dark
matter source. A constant expansion anisotropy is found to be due to both the scalar
and vector fields that interact nontrivially through the mass of the vector field.

Secondly, we work on a higher dimensional model of gravity with a second order
Euler-Poincaré form. The metric employs two scale factors to distinguish between
the internal and external dimensions. In accordance with the metric, we take a mat-
ter distribution modelled by a cosmic fluid which exerts different pressures along the
external and internal spaces. With the constant volume assumption extra space di-
mensions(internal dimensions) contract, while the three space dimensions(external di-
mensions) we can observe, expands. It is speculated that this picture would be driven
by mass that is being continuously transferred from the contracting n-dimensional
internal space into the expanding 3-dimensional external space [58]. We further in-
troduce the assumption that this anisotropic fluid satisfies an equation of state with
dimensional dichotomy. We show that the expansion of the external space in our

model provides compatible results with the standard ACDM model. Even if we omit
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the second order Euler-Poincaré term, the solution still shows the same behaviour.
However, the absence of Euler-Poincaré term results in a negative mass density, while
the solution where all the Einstein-Hilbert and the second order Euler-Poincaré terms
are considered can maintain the positivity of the mass density properly.

Finally, we consider the bosonic part of the six dimensional chiral gauged super-
gravity action[68] with a R? term as our modified gravity model. We first transformed
the action by fixing a connection with a particular torsion tensor. Then we found the
variational equations under the constraints put on the torsion and the antisymmetric
3-form field H. In order to determine the field equations on AdS; x S? background,
we benefit from the fact that AdS5 and S? are both Lie group manifolds. We write the
metric according to the corresponding Lie algebras without specifying a coordinate
system and obtain the reduced field equations. We find a zero curvature solution. We
also investigate the model in a time warped AdSs; x S? spacetime. Now, in order to
specify the time coordinate, we give the AdS3 metric in terms of a coordinate system
for which we introduce the corresponding left invariant forms used in the previous
solution. Unfortunately, we can not get an exact solution of the reduced system
of equations on the warped background, which would have provided us with some

cosmological results.
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