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ABSTRACT

CLOSED-FORM GREEN’S FUNCTIONS IN
CYLINDRICALLY STRATIFIED MEDIA FOR
METHOD OF MOMENTS APPLICATIONS

Sakir Karan
M.S. in Electrical and Electronics Engineering
Supervisor: Asst. Prof. Dr. Vakur B. Erturk
August, 2006

Closed-form Green’s function representations for cylindrically stratified media,
which can be used in conjunction with a Method of Moments, are developed. The
closed-form expressions are valid for all possible source and field points including

the axial line (p = p’ and ¢ = ¢’), which has not been available before.

Closed-form expressions in cylindrically stratified media are first reported by
Tokgoz (M.S. thesis, 1997). However, the given expressions have accurate results
only when the field point (p,$,z) is far away from the source point (p',¢’,2'), in
particular along the p-axis. Therefore, the expressions given by Tokgoz, can not

be used in a Method of Moments solution procedure for antenna problems.

The spectral domain Green’s function components are modified in order to
perform calculations for all possible source and field points. In the course of
obtaining closed-form expressions, the modified spectral domain expressions are
calculated efficiently and transformed to the spatial domain in the form of disc-
rete complex images with the help of the generalized pencil of function method.
Numerical results are presented in the form of mutual coupling between two tan-
gential current modes which lie on the same air-dielectric interface, and compared
with the eigenfunction results to assess the accuracy of the developed closed-form
Green’s function representations. Excellent agreement with the eigenfunction so-

lution is obtained for arbitrary source and field locations.

Keywords: Closed-form Green’s function representations, discrete complex image
method, generalized pencil of function method, mutual coupling, cylindrically

stratified media.
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OZET

SILINDIRIK KATMANLI ORTAMDA MOMENTLER
METODU UYGULAMALARI IQIN KAPALI FORMDA

GREEN FONKSIYONLAR

Sakir Karan
Elektrik ve Elektronik Miihendisligi, Yiiksek Lisans
Tez Yoneticisi: Vakur B. Erturk
Agustos, 2006

Silindirik katmanli ortamlar i¢cin Momentler Metodu ile kullanilabilecek kapali
formda Green fonksiyonlar1 elde edilmigtir. Kapali formdaki ifadeler, daha ¢nce

verilmeyen bir durum olan biitiin kaynak ve gozlem noktalar: i¢in gegerlidir.

Silindirik katmanli ortamlarda kapali formdaki ifadeler ilk olarak Tokgoz
tarafindan verilmistir (Yiiksek Lisans Tezi, 1997). Fakat verilen ifadeler sadece
gozlem noktasi (p,p,z) Ozellikle p-ekseni boyunca kaynak noktasindan (p’,¢’,2")
uzak oldugunda gecerlidir. Bu yiizden Tokgoz tarafindan verilen ifadeler anten

problemleri i¢cin Momentler Metodu ¢oztimlerinde kullanilamaz.

ngel diizlemdeki Green fonksiyonlari, hesaplamalari biitiin kaynak ve
gozlem noktalarinda yapabilmek igin degistirilmigtir. Kapali formdaki ifadeleri
hesaplama esnasinda, izgel diizlemdeki ifadeler hesaplanmis, kalem fonksiyonu
metodu kullanilarak uzamsal diizlemde kompleks imgeler seklinde yazilmistir.
Niimerik sonuclar ayn1 hava-dielektrik yilizeyinde yer alan yilizeye teget iki akim
modelinin karsilikli etkilesimi seklinde verilmis ve kapali formdaki ifadelerin
dogrulugu o6zisglev sonugclar1 ile karsilagtirilmigtir.  Degisik kaynak ve gozlem

noktalar1 i¢in 6ziglev sonuclari ile uyum miitkemmeldir.

Anahtar sozcikler: Kapali-form Green fonksiyon gosterimleri, ayrik kompleks
imge metodu, genellestirilmis kalem fonksiyonu metodu, karsilikli etkilegim,

silindirik katmanl ortamlar.
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Chapter 1

Introduction

Many military and commercial applications require microstrip antennas and/or
arrays, or other types of printed structures that conform to the host platform
due to aerodynamic constraints, reduced radar cross section (compared to an-
tennas and arrays on planar platforms), wider scan range and aesthetic reasons.
Although the method of moments (MoM) based solutions are widely used for
the rigorous analysis of printed structures on planar layered media [1]-[4], avail-
able tools for their curved counterparts are limited, and may suffer from the
efficiency and accuracy problems. Among the curved geometries, cylindrical ones
are very important since they sufficiently model the geometry of many compli-
cated applications. Besides, they may be treated as the canonical geometries,
whose solutions are regarded as the building blocks toward the development of

analysis tools for arbitrary convex curved bodies.

A number of studies regarding the Green’s functions in cylindrically stratified
media have been reported before [5]-[13]. However, a vast majority of them are
not in closed-form. Besides, majority of them either can not be used in conjunc-
tion with MoM or become extremely inefficient when used for antenna problems.
Among them, closed-form results are given in [10]-[12] but they are not valid
for arbitrary source and field points. In [13], a closed-form solution for cylindri-

cally conformal microstrip antennas is given. However, the provided closed-from



expressions are for the impedance matrix and the voltage vector (using entire do-
main basis functions) rather than the Green’s functions, which can not be easily
extended to a multilayer problem. Therefore, in this thesis we present closed-
form Green’s function representations in cylindrically stratified media which are
valid for all possible source and field points. Consequently, the developed exp-
ressions can be used in conjunction with MoM to investigate antennas and arrays

embedded in cylindrically layered media.

Spectral domain Green’s function expression involves a summation over n
that represents the cylindrical eigenmodes and a Fourier integral over k.. The
summation becomes a slowly convergent summation when both the field and
source points lie on the same interface, which is the case for all MoM applications.
As the first step special cylindrical functions, like Bessel and Hankel functions,
are expressed in the form of ratios and their Debye representations [14] are used
for large n values to avoid possible numerical overflow /underflow problems. The
summation of cylindrical eigenmodes n is performed in the spectral domain and
several techniques provided in [12] are implemented to improve the efficiency of
this summation. Once the summation of the cylindrical eigenmodes is performed
to have an integrable expression of the Fourier integral over k, for all possible

source and field points, the technique given in [12] is successfully implemented.

Finally after the summation and integration problems are solved, the closed-
form spatial domain Green’s function expressions are obtained using the discrete
complex image method (DCIM) with the help of the generalized pencil of function
(GPOF) method on a deformed integration path. Unlike previous studies, the
large argument approximation of the Hankel function is not used. This way the
singularity problem at ¢ = ¢’ is easily handled, which has not been reported in

literature before to the best of our knowledge.

In this thesis, the tangential electric field Green’s functions (G%

R 227 ng’ Gf@
Gf¢) due to Z and ¢-directed tangential electric sources are analyzed. G is used
for the spatial domain Green’s function, whereas G denotes its spectral domain
counterpart. X is used for a 2 x 2 matrix. The organization of this thesis is as

follows: In Chapter II, a brief summary of [10] is given. Chapter IIT deals with



the p = p' problem and gives the details of the computation technique. The other
problem, ¢ = ¢’ case is solved in chapter IV. Chapter V gives the closed-form
Green’s function representations in the spatial domain. Numerical results are
presented in Chapter VI, which show the accuracy of the closed-form Green’s
function representations. Concluding remarks are in Chapter VII. Finally, three
Appendices are provided. In Appendix A, a fairly detailed explanation about the
GPOF method is given. In Appendix B, Debye representations of the Hankel
and Bessel functions are given. Finally in Appendix C, current modes and their
spectral domain counterparts are presented. Furthermore throughout this thesis,
the time dependence of e/*' is used, where w = 27f and f is the operating

frequency.



Chapter 2
Green’s Function Representations

A general geometry of a cylindrically stratified media is given in Fig. 2.1. The
point source is located at (p/, ¢, 2’) in the source layer ¢ = j and the field point is
located at (p, ¢, z) in the field layer i = m. As shown in Fig. 2.1, layers may vary
in their electric and magnetic properties (¢€;,1;) as well as their thicknesses. More-
over, a perfect electric conductor (PEC) or perfect magnetic conductor (PMC)

can be considered as the innermost or the outermost layer.

In this chapter, the spectral domain Green’s function expressions given by
[10]-[11] for p # p’ are summarized since the same expressions will be used for
p = p case after they are modified. The details of the formulation given in this

chapter can be found in [8] and [10]-[11].

2.1 Spectral Domain Field Expressions

The current of a dipole can be written in the spectral domain with respect to k.

as
J(7) = Iﬁdeﬁkzz/@cw —¢) (2.1)

where I/ is the current moment, & is the unit direction which shows the direction

of current and 2’ is the location of the dipole along the z-axis. The field expression

4



2.1, 2.l
11 HH

=1 = =N

Figure 2.1: Propagation of waves due to a point source in a stratified media

in the observation point is the sum of the standing and outgoing waves formed by
the multiple reflections from the inner and outer boundaries. The standing and
outgoing waves are represented by the first-kind Bessel and second-kind Hankel

functions, respectively. The z components of the fields are given in [10] as

E,
.

Tleik=2" . N
= Y RS, (2.2)

4w

n=—oo

For an electric source, Sy, is a 2 X 1 matrix operator given by

, L(k2a, + jk.V')a
5, = | u IRV (23)
—jwa(a, x V')
and acts to its left-hand side. In (2.3) V"’ is defined to be
> 0 jn
V =6, — — . a7k, . 2.4
apap/ g o T az) (2.4)



When the field and source layers are the same (m = j) F,, which is a 2 x 2

matrix, is defined as

Fyy = [Jalkiy, )T + HP (ki p) Ry 1) M;_[HP (K, p)T + oKy, p )R 4]
forp <y
Fyy = [HP (K, p)T + Ju(ki,p) Ry ] My [ (K, o )T + H (ke o) Ry 1]
forp>p

(2.5)

and when the field and source layers are different (m # j) F,, becomes

M [HP (ki o)1 + o (ki ) By 1]

'ﬂlz

F, = [ (kp p)I+H(2)(kp p)Rmm 1]

form < j

Fy = [H? (kpo p) T + Ju(bpy0) Rnmeit | Ty M [T (Ko, )T + HD (K, 0') Ry 1]

form > j.
(2.6)

In (2.5) and (2.6) ]\z/j:I: is defined as
Myt = (I = Ry Rjjan) ! (2.7)

where, [ is the unity matrix and ]:%j,jﬂ is the generalized reflection matrix. The
generalized reflection matrix ém-,l contains multiple reflections from the inner
layers with respect to j, while éj,j+1 contains multiple reflections from the outer
layers. The subscript j denotes that }z%j,ijl is the generalized reflection matrix

for layer j. The generalized reflection matrix can be defined as

Riis1 = Rijzr + Tit1iRir ivo Ty i1 (2.8)

where ¢ denotes an arbitrary layer between 1 and N. Similar to é, T is the

generalized transmission matrix, which is defined as

i‘,z‘il = (I - Rz‘:l:l,z‘}:%izl:l,i:t2)_1Tz‘,z‘:l:1' (2.9)

In (2.8) and (2.9), R and T denote the local reflection and transmission matrices.

They contain the interactions between only the two layers which are given in their

6



subscripts. Consequently, the local reflection and transmission matrices R and

T, respectively, are given by

Ri,i+1 = Diil[HT(Lz)(kpia’i>HT(L2)(kPi+la'i) - Hr(Lz)(kPiHai)Hr(?)(kpiaiﬂ (2'10)
_ 2 _ ;0
T =—2p ¢ (2.11)
7 ﬂ-kl%iai 0 —
— — _1 — —
Rz—l—l i Dz [Jn(k;pia'i)Jn(k:Pz-Hal) Jn(kpi+1ai)Jn(kPiai)] (212)
_ 2 _ i 0
Tipri= ——Di 1| (2.13)
TR D1 @i 0 —pin
with
Di = Hr(Lz)(kPiHai)jn(kmai) - Jn(kma»ﬁg)(l{piﬂal')‘ (2'14)

Note that all the reflection and transmission matrices are 2 X 2 matrices, since
the TE and TM modes are coupled in cylindrically stratified media. In the afore-
mentioned equations (2.10)-(2.14), we used HY (x), a2 (1), Ju(z) and J,(z). To
write the expressions in a more compact form we will use B, (x) and B, (z) such
that

_ 1 | —jwek,a;B, (kya;)  nk,B, (k,a;)
B (kpai) = L2 o ’ ’ . /p
pi Qi nszn(szal) quikpiaiBn(kpiai)

(2.15)

where B, (z) can be J,(z) or H\” (z) and hence, the corresponding B, (z) will be
Jn(x) or Hy(?)(x), respectively. Finally, in all the previous equations ’ is used for
the derivative with respect to k,,a; product such that ﬁiai) with k,, = \/W
being the transverse propagation constant of the i layer and k; = w4/€;f1; being
the wave number of i layer. In these formulations, layer (i + 1) is the outer
layer and layer (i — 1) is the inner layer with respect to layer i. Besides, the
reflection matrix R;; ; can be obtained from (2.12) by writing (i — 1) instead of

i. Similarly, R; 1, term is obtained from (2.10) by writing (¢ — 1) instead of 1.

The innermost or outermost layers in Fig. 2.1 can be a perfect electric con-
ductor (PEC) or a perfect magnetic conductor (PMC) layer. The local reflection

matrices from these layers are also given in [10]. However, PEC is mostly used



as the innermost layer for many cylindrical structures. Therefore, the reflection

matrix for an innermost PEC layer is given by

i
_ HP (kpya1)
R271 = O P2 J:L(kmal) (216)

Ho? (kpyar)

where a; is the radius of the PEC layer, which is denoted by i=1 in Fig. 2.1.

2.2 Spectral Domain Green’s Function Repre-

sentations Due to an Electric Source

The ¢ components of the fields in the field layer m are obtained from (2.2) (with
the help of (2.3)-(2.16)) as ([11])

_ Jwem 0 nk,

7 nk, Jwpm 0 H .
¢ k2,.p kpm  O(kppp) N

The spectral domain Green’s functions, which relate the QAﬁ and Z directed electric

fields with the gg and 2 directed electric sources, are defined as

E. GE GE || J.
B |7 e e || (2.18)
¢ ¢z Yoo ¢
and are given in [10] as
~E 1 - / kjlz)y
GE = oW Z €n cosn(o — ¢ )]E—Fn(l, 1) (2.19)
n=0 J
GE & nk?. kp Jwhm 9F, (2,1
¢z J : ! Pj Pj m TL( ) )
=2 — F.(1,1 2.20
T e ) Ljpkzm WD+ ok o) | 22

G- n - jwky, OF(1, 2)}

¢>__i - . o
2= 5, D o~ ) B S D

~ I & n?k? Jjwpmnk, 0F,(2,1)
GE = —— e,cos[n(op— ¢ [721?” 1,1) + i Al
o0 20() nZ:O [ ( )] ejpplk:gm ( ) kpmejp, a(kanp)

_jwnkzk‘pj 0F,(1,2) o Ky OPF(2,2) ] (2.22)

+ W
kp.p o O(kpp) Kpn (Ko, p")O(K,p,, p)
8



where €, = 0.5 for n = 0 and 1, otherwise and F,(1,1), F,(1,2), F,(2,1) and
F,(2,2) are the entries of F,,. In (2.19)-(2.22), to increase the efficiency in the
computation of the Green’s function components, the odd and even properties of
these components are used. For instance, using the odd and even properties with
respect to cylindrical eigenmodes n, the summations that range from —oo to oo
are folded over all n to range from 0 to co. Similarly, to speed up the integration
with respect to k., if the Green’s function component is an even function of k,,
the k., integral is converted to a 0 to oo integral. However, if the Green’s function
component is an odd function of k., it is divided by k. so the integrand becomes
an even function of k,. Then, the resultant integral is converted to a 0 to co

integral.

However, the Green’s function representations given by (2.19)-(2.22) (and
also given in [10]) can be used only when p is far away from p’. They can not
be used when p = p'. The first problem for the calculation of spectral domain
Green’s functions when p = p/ is the slowly convergent summations. In order to
make the expressions valid when p = p’ and to speed up their computations, the
spectral domain Green’s function expressions given by (2.19)-(2.22) are modified

as explained in a detailed way in the next chapter.



Chapter 3

Spectral Domain Green’s
Function Representations and

Their Computation when (p = o)

When p = p/, it is not possible to compute the spectral domain Green’s function
representations using (2.19)-(2.22). Therefore, in this chapter (2.19)-(2.22) are
modified to be valid at p = p'.

The first problem when p = p is the slowly convergent behaviour of 0 to oo
summations used in (2.19)-(2.22). Since these summations are slowly convergent,
computation of Hankel and Bessel functions for large n values becomes manda-
tory. However, for large n values, evaluation of the Hankel (Bessel) functions
shows overflow /underflow problems. Therefore, instead of evaluating each Han-
kel (Bessel) function one at a time, they are written in the form of ratios (i.e., each
Hankel (Bessel) function is written in ratio form with another Hankel (Bessel)
function) and these ratios are directly evaluated. In this thesis, an expression in
the form of ratios means that all the Hankel (Bessel) functions in the expression

are written in ratio form with another Hankel (Bessel) function.

10



3.1 Spectral Domain Expressions In The Form

of Ratios

Although the case of p = p’ is being analyzed, p is not written instead of p’
or vice versa, in order not to create any confusion in the Green’s function exp-
ressions. This way, the developed expressions can easily be made valid for multi-
layer problems. Besides, there are derivatives with respect p and p’ that should
be distinguished. Therefore, only at the final expressions when a simplification is

required, p is equated to p'.

In order to write the spectral domain Green’s function representations in the

form of ratios, we start with B, (k,,a;) term given by (2.15), and rewrite it as

. Bl (kp,a;
— Bn(k‘pzaz) _jWGikpiai B:Ekpz-@i; nkz
Bn(kl)ia’i) = kz a; ’ . B/ (k?pﬂi) (3]‘)
i Qi nk, Jwitikp,a; B:(kp:ai)
Then, the D; expression in (2.14) is rewritten as
i} To(kpar)  HE (ky,,a:)
Dz‘ - H7(12)(kpi+1ai)Jn(kPiai) - - 2) b : (32)
In(kpai) — HP (K, a;)
If we define
Dz = HT(Z2)(]{]leaZ')Jn(kpiai)Dm (33)
we obtain - )
Dm = Jn(kpiai> o n2 (kpz'ﬂai) (3.4)
Jnkpai)  HP (K, a;)

and substituting (3.1) into (3.4), it is seen that (3.4) is obtained in the form of

ratios. In a similar manner the local reflection matrix given by (2.10) can be

written as
i7(2) 7(2)
. = -1 n (kpaai)  Hy (kyai)
Riiy1 = D; [HT(L2)(kpiai)Hr(L2)(/nglal)]( 5 piv1 i) ot (3.5)
n (sz+1aZ) Hn (sza’l

or in terms of Dy,, (3.5) is rewritten as

R‘ o1 = H—1 HT(L2)(k:piai)H7(12)(kPi+1ai) HT(LQ)(kPiHai) FIT(LQ)(kPiai) . (3.6)
7 " J"(kpiai> H7(12)(kpi+1ai> H7(12)(kpi+1ai> HéQ)(kpiai)
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When the certain simplifications are performed, R;; is given by

— HT(L2)(kpiai) =_1 HT(LQ)(kPiHai) H7(12)(kpiai>
R@',Hl = 7Din @) ) ) (3'7>
Jn(kpiai> Hy, (kpi+1ai) Hy (kpiai)
In (B.12) and (B.16) we proved that
B/
im 22 o (3.8)

n—oo N1, (x)

where B, is an Hankel or Bessel function and C'(k.) is a constant with respect to

n. Using this information, it is clear that D; ' decays with 1/n for large n values
AP (kpy, a0) _HP (kpyai)

H (kp, ai)  HY (kp,aq)

_ A HPk,. a) HZP(k,a
Rn:D( ) _ (k) (39)
Hy (kPi+1ai) Hy (kpiai>

where ( ) term grows with n. This means that if we define

we obtain

anJrl (310)
where Rni,iﬂ term becomes constant with respect to n for large n values.

Similar to R; .1, the R;11; term given by (2.12) can be written as

jn(kpi+la’i) . jn(kpiai) (3 11)
Jn(kpi+1ai) Jn .

- -1
Rip1; = D; [Jn(kpiai)t]n(kpi+1ai)] (
or in terms of Dy,, (3.11) is rewritten as

. (Jn(kpi+1az-) B Jn(kpiaf)) L (3.12)

_ T (ko ;) — o Tk,  a; T (k, a;
Ri+1,i = %D@nl ( ( p1+1a’ ) - J (kpza’ )) . (313)
Hp (kpi+1ai) J"(kpzﬂai) Jn(kp az)
Similar to Rn; .1, we define
B, m— jn(k az) j (k’ a)
Rnisii = Dy, pt o 3.14
N1, in (Jn(kpz-t,-lal) Jn(k,,a;) ( )



and Rn;;1,; becomes constant with respect to n for large n values. Then, we

obtain
Jn (kpi+ 1 i )

H7(12) (kpi+1 a;

RiJrl,i = RnHu. (3.15)

In [10], the simplified expressions given by (2.11) and (2.13) are used for the
local transmission matrices qurl and THM, respectively. However, when they
are used in the F), expression given by (2.5), F,, can not be expressed in the form
of ratios. Therefore, the actual transmission matrix definitions, which are not
simplified, are used in this thesis. These actual transmission matrix definitions

are

Tz‘,z‘—i—l = D_i_l[Hr(z2)(kpiai)jN(kpiai) - Jn(kpiai)Hr(z2)(kpiai)] (316)

Tiri = Di ' [HP (kp,,,a3) Ty yai) — Ju(k

n

ai)ﬁqg2)(kpi+1ai)]' (317)

Pi+1
As a result similar to reflection matrices, the transmission matrix 7; ;41 is ex-

pressed as

_ _ ] ‘ A2k, a;
Ty =D [H? (kp,a:) Jn(kp,a;))] (jn(k 0 (hp.a )> (3.18)

pi .
(kmai) H’I(LQ)(kjpzal)
or in terms of Dy,, (3.18) is rewritten as
HP (kya;) Ju(kpa) | =y ((Tukpa:)  HP (kya;)
(2) - - Dzn - - (2) - 5 (319)
HY (K, a;) Inlkp,a:) In(kpai) — Hy, (kpa;)
and when the simplifications are performed, we obtain

P HV(LQ)(k:piai) =1 [ In(kpai) _ FIT(LQ)(kpiai)
t,04+1 — (2) Dzn (2) . (320)
H? (k.. a;) In(ko,ai)  HY (k,,a;)

Tiiv1 =
Pi+1

Now, T; ;11 term is in the form of ratios and constant with respect to n for large

n values.

Similarly, T;1; is written as

jn(kpwrlai) . 7(12)(kpi+1ai>> (3 21)

T iZDi_lH(2)k' Ik, a;
+1, [ n ( Pz+1a) ( pir1@ )] Jn(kpi+1ai) Hn2)(k

or in terms of Dy,, (3.21) is rewritten as

T‘+1 _ HT(LQ)(kpiHai) Jn(kpi+1ai) D1 jn(kpi+1ai) _ HT(L2)(kpi+1ai) (3 22)
7 Hq(zQ)(kpiﬂai) Jn(kmai) " Jn(kpiﬂai) Hr(zz)(k i
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and after the simplifications it becomes

_ Tk a;) - Tk, @)  HP(k, . a
j—‘i+17i — ( Pz+1a’ )Dl_nl ( Pz+1a’ ) o 2)( Pz+1a’ ) ) (323)
Jn(kpiai) Jn(kpi+1ai) Hy (k‘ )

Similar to T}, expression, Tj;1; term is now in the form of ratios and again

constant with respect to n for large n values.

So far, we have tried to write the local reflection and transmission matrices
in the form of ratios. As the next step, we substitute these matrices into the
generalized reflection and transmission matrices and try to write them in the

form of ratios. The §i7i+1 term is given by

Rii1 = Rigr + TipriRiyriraTiinn. (3.24)
In a structure with N layers, the first nonzero generalized reflection matrix for
the outermost layers is RN,L N- RN,L N term is in fact a local reflection matrix
and is equal to Ry_; v, since we have only N layer and Ry 1 is zero in (3.24).
Thus, it is possible to write a general expression for R; 1 ;49 using the R;;,; given

by (3.10)

~ H(Q) (kf A, 1) =
Ri i = - pit1 Tt an i 3.25
+1,i4-2 Jn(kpi+1ai+1) +1,i+2 ( )

where again }:%ni+17i+2 term is in the from of ratios and constant with respect to

n for large n values.
Since T; ;41 term is given by

Tiipn = (I = Rip1iRig1i12)  Thia (3.26)

using (3.15) and (3.25) it can be written as

-1

- — Tulkpa) - HP (k. ai) = _

11@',@#1 =|17- MR?%JFLZ' ( Pit +1)Rni+1,i+2 7-‘1‘7i+1 (327)
ai) Jn(kp¢+1ai+1)

or

-1
= - J (k . a,‘) Hy(LQ)(k: . a‘+1) — ~ _
11@'@' =|17- USRS Pit1 ? R i ZR i+1.4 11@@ . 3.28
Ji+1 ( Jn(kp7j+1ai+1> Hq(f)(k Ti41,i 41141 542 Ji+1 ( )

piy1 Qi

14



Since all the functions in 7:},”1 are in the form of ratios, i7i+1 is constant with
respect to n for large n values. Substituting all the terms which are in the form

of ratios into (3.24), the generalized reflection matrix éi,iﬂ becomes

N HP (k,,a;) - _ HP(k,,, a41) = =
Riipn = ———L=Rn;, Titr P Ritive T 3.29
o Jn(kpzal) it - o Jn(kpi+1ai+1) L2t ( )
or
é HT(LQ)(kPiai) H7(12)(kpi+1ai+1> Jn(kpiai)

(Rni,iJrl + Ty, ) Rnjqq 2T

i+l = Jn(kpiai) H7(12)(kpial.) Jn(kpi+1ai+1
(3.30)

When we define Rn; ;11 as

H7(L2)(kpi+1ai+1) Jn(kplaz)
HﬁQ)(kpiai) Jn(kpi+1ai+l>

Rni,iJrl = an’,z’ﬂ + Ti+1,i Rni+1,i+2Ti,i+la (3-31)
it is clear that éni’z‘_’_l term is in the form of ratios and constant with respect to
n for large n values. So we can write

- HP (ky,a;) =
Risn == o R i1 (3.32)

Equation (3.32) is the desired representation for }:%i,iﬂ. However in a similar

fashion, we must define the ém,l term which is given by

éi,iq = Rmel + Tz’fl,iéz’fl,z’fQi,ifl- (3.33)

Similar to R;y1,12, Ri—1,—2 is zero for the innermost layer, so the first nonzero

R;_1 ;2 term behaves in the same manner as I;;_;. Hence, it is written as

= Jn ]{] . i— =
Ri1i 0= (2§ pina0i-2) Rn;_q -9 (3.34)
Hy™ (kp, ., i-2)

where }:%ni_u_g is in the form of ratios and constant with respect to n for large

n values. The T;;_; term is

Tiiov == RiyiRi152) ' Tiia (3.35)
where the Ri_l,i term is obtained as

_ HP (ky_ai_1) -
Ri, i — pist R i—1.4 336
YT Tk ay) h (3:36)
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by writing i — 1 instead of i in (3.10), and where Rn; ;; term is in the form of

ratios. The Ti,i,l term is then expressed as

T,

T HT(lz)(kPiflai*ﬁ D Jn(kpifla’i*Q)
i1 = I — Rni—l,i 2)
In(kp;_yai-1) Hy (ky, ai—s

or

-1

- o HP Kk, ai) ok, i) - . _

T;‘,z‘—l =|I- (2)( pizt 1) ( pizt ‘ 2)Rni—1,iRni—1,i—2 T‘i,i—l (338)
H, (k?pi_lai_g) Jn(km—laz—l)

where i,i,l is in the form of ratios.
The R;;_; term is obtained from (3.15) as

an;l (339)

by writing 2 — 1 instead of 7. Finally, substituting all terms which are in the form

of ratios into (3.33), R;,—1 expression is obtained as

= Jnkz_ — — Jnk,a/zf ~ ~
Ri,ifl = %anl + Tz'fl,z' (25 Pl 2) Rni717i72n7i71. (340)
Hy™ (kp,ai-1) Hy" (kp,_,ai-2)
or
- Ik, a; _ B (kyai ) ok, o) = -
R = % Rniiy + Tiy = ( pi 4 1) (kp,_,a 2)an‘—1,z‘—2Tz‘,z‘—1
Hn (k:piai_l) Hn (k?pi_lai_g) Jn(kpiai71>

(3.41)

When we define the }:%nm-_l term as

HP (kyai 1) Jnky  ais) = -
(2) ( Pza' 1) ( szla’ 2)an‘_1’z‘_27_;"z‘_1 (342)
Hy' (ky, a;—2) Jn(kp,ai-1)

Rn;;1 = Rn; ;1 + T

we obtain o
Ri,i—l = Ménm_l (343)
Hy™ (kpai-1)

where again }:%nm-_l is constant with respect to n for large n values.

When p = p/, it means the source and field layers become the same layer.

Let’s denote it by the index j. Therefore, the expression in (2.5) must be used
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for the F,, term. There are two expressions in (2.5) which are equal to each other
when p = p’. Let us take the second expression given by

Fy = [H? (Ko, p)T + Ju(ko, p) Ry jir] My [Tk, )T + HP (ki ) Rjg1). (3.44)
2), there are also deriv-

M‘+ and Rj,j—f—l do

In the Green’s function expressions given by (2.19)-(2.2
1, W

atives of F,, with respect to kp,p and k, p'. Since I, }:%

not contain any p or p/, these derivatives are given by

(ks )T + T, (ki ) Ry 1) My [T (e 0T + HP (K ) Ry 1)

OF, ,
n_o_ Hn@)
Bl |
(3.45)
OF, (2) D y NG "(2) N
8(/{ p’) = [Hn (k )[+J (k )R]J+1]M [J (kpyp>[+Hn (kpjp)RjJ*l]
pj
(3.46)
82F ’ = =
v = [H,® (k,,p)I + J,(kp, p)Rj j1) M
a(k?p]-p’)a(k‘p p) [ n ( ) ( ) J]+1]
'[Jr/z(kpjpl>j+ H;L(Q)(kpjp/)éjvjfl]'
(3.47)
The M+ expression appearing in (3.44)-(3.47) is expressed as
M+ = (I = Rjj1Ryy0)”" (3.48)
where }:%j j—1 is obtained putting j instead of ¢ in (3.43) such that
s Llhe)
o m\ei ) B 3.49
Y HD (ke (349
and similarly, }:%j,j+1 is written using (3.32)
. HP (ky,a;) =
Bp) (3.50)

A Jn(kpjaj)

Substituting the é] j+1 and ]:%j j—1 terms into the M ;+ expression given by (3.48)

we obtain
-1
- — Jn(kyai) = HP(k, a;) =
M+ =T — 277" Rn;j P R (3.51)
’ ( H (kpyay-1) 0 k) "



or

-1

~ — Hfr(L2)(k .a‘) ~ J (k: .a‘_l) ~

M+=|T—- P pp. VP By ) (3.52)
’ ( HT(LQ)(kPjajfl) P (kg a)

It is seen that ]\;[j—l— term is in the form of ratios and constant with respect to n

for large n values.

Finally, we can write the F), expression in (3.44) as

-  Jalkyp) = = [ H (k)
Fn:H(Q)k, ok, o [+ el B A A e Ly >
o ( pgp) ( pyp) + HTg,z)(kpjp) 3,j+1 i+ |4+ Jn(kpjp/) 3.j—1 )

(3.53)

and substituting the ém-,l and ]:%j,jﬂ terms, we obtain

- _ Julky,p) HY (k) = -
E, = HY(k,p)Ju(k, p) | |I+ b P R iy | M
( Pj ) ( P ) HT(LQ) (kpj p) Jn(kpj aj) 7,J+1 J+

I_+H7§2>(;€pjp/) Ilkpa;) 5
Jn(kpjpl) Hy(?)(kpjaj,l) I

(3.54)

or

HP (ky,a;) Ju(ky,p) =
Hr(zz) (kpjp) Jn(kpj aj)

) . (3.55)

When we define the terms in the form of ratios as F'n,

Fn _ [— H7(12)(kpjaj) Jn(kpjp> én -
HP (k,,p) Jnlkp,a;)" "

~i

Fn = Hr(LQ)(kpjp)Jn(kij/)< +

ke ) HP(kyp) s
I 2 2 anj,1
Jn(kpjp/) Hf)(kpjaj,l) 7

My,

_ Ju(kpa ) HY (k. p) -
I 2 r ®) 2 an,jfl
Jn(kpyp) Hn (k:p].aj_l)
(3.56)
which is constant with respect to n for large n values, we obtain
Fy = HP (kp,p) Jn(kp, o) Fri. (3.57)
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Similarly, (3.45) can be written as

OF, HP(kyp) = Jolky,p) = -
ok = nHr(LQ)(kijO)Jn(kpjp/) 2) : I 2) g Rj,j+1 Mj+
( Pjp) nHy (kpjp) nHy (kpjp)

— HT(L2) k’ ,pl ~
[[ MRj,jfl

n(kp, ')

) , (3.58)

and substituting the ém-,l and éj,jﬂ terms into (3.58), we obtain

OF, HP% o) - Tk, o) HPEk a) =
= nHT(f)(kpjp)Jn(kpj,O/) (2)< p]p) I n(g) pjp) : p]aJ)RnJ}jH
a(kpjlo> an (kpjp) an (kpjp) Jn(kpjaj)
- [ HP(k,p) Tk, ai_) =
M. | T+ P P Rn 3.59
Jj+ [ Jn(kpjp/) H?QQ)(kpjajfl) 7,d—1 ( )
or
E H2% o) - HP% a) J(k, p) =
O = nHr(z2)(kij)Jn(kij/) (2)( 0! (2)( rs%s)_Lullest) Rnj i
9(kp,p) nHY (k,p)  HY (ky,p) nn(kp,a5)

- [ Tk, a;) HO(k,p) =
My |1 b b Rn;,_
" [ Tnlkn,0) HY (kpyajon) 1

) . (3.60)

an,j+1] Mj+

Defining an expression Fn,q, as

2 _ Hn@)(kpjp) 7 Héz)(kpjaj) Jrlz(kpjp)
Tndp = @ @ Tk a
nHy (kyyp)  Hi (kpyp) 7nlkn,0))

— Jukyai1) HP(k,p) =
) ]—_'_ ( Pj ]/1) (2) ( P]p) and'fl ’ (361)
Jn(kpgp) Hn (kpjaj,l)

which is in the form of ratios and constant with respect to n for large n values,
(3.45) is written in terms of Fn,g, as
oF,
a(kpj /0)

= an(zQ)(kp,jp)Jn(kpjp,)andp- (3.62)

The same methodology is also valid for (3.46) such that it is written as

" = nH®(k, p)Ja(k, ) | [T+ b :
a(kpj p/) ( Py ) ( Py ) HT(LQ) (k‘p] ) J,J+1

8y

Jr/z(kpjpl> I+ H;L(z)(kpjp,)
* an(kpjp,) an(kpjpl)
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and by substituting éj,j—l and éj’j_i_l terms into (3.63), (3.46) becomes

OF, — Jnlk,.p) HP (kya;) =
" = nHP(k,p)Ju(ky ) | |1 b b7 Rnj;
3(l€p]ﬂ') niiy, ( Pyp) ( ng) + HT(L2)(kp,p) Jn(kpja/j) 7,7 +1
- [Tk p) . HPkyp) Julk,aj1) =
.M LA & I Rng | |(3.64
" [an(kpjp’) nTulkp,t) HP (ky,a0) s
or
OF ~ Ju(k, p) HP (K, a5) =
" = nHO(k, p)Ju(k,0) | |1 & P2 R, ;
Ak, ') nty7 (K, p) Jn (K, 0') + T (Fkp, ;) Hff)(kp,p) Njj+1

]\:4-+ J;‘(kpjp/) = In(kp,a5-1) H”(Q)(kpjp/) Rn; ; 1
! an(kpjpl) Jn(kpjp/) nHy(?)(k:pjaj_l) H

(3.65)

Defining the constant term with respect to n for large n values as Fn, g, and

expressing it as

_ _ Tk, p) HP (K, a) = -
Prngy = | |1+ 192 Ry | M
P ([ Jn(k’p]-aj) HT(LQ)(kpjp) 7J+1 Jt

Ik o)~ Julkyai_1) HP(k,p) =
[ J(<15] 2> J( G ]'>1) ) (500
Ndn pjp n pjp an (kpjaj,l)
we obtain
oF, _
a(k: p,) = nHT(Lz)(kij)Jn(kp,jp/)andp" (367)
P

Finally, (3.47) can be written as

L @, )T k) [ |T
Ok, p")0(ky, p)
_ H(k,,p) =
I'+ ———+R;;
Jn(kl?]p)

(3.68)
and substituting the }:%j,j_l and }:%j,j+1 terms, we obtain
82F ’ ’ = J/ (k p) Hy(LQ)(kf .a‘) ~ ~
n = H Gk, p)J (k, o) | [T+ =22 P R | M,
30k )0k, 1) s M2l T i, ) Tty ot | Mo

- Bk, ) Jukyai_1) =
S K li - ) (2§ rst-1) Rnj ;1 (3.69)
n( Pjp) Hn (kpjaj,ﬁ
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or

O2F, , , ~ HP(k,a;) J.(k, p) = -
" = HP(k, p)J(k, ) | |1+ =2l P R i | M
O(ky, p')0(kp, p) (Ko, )T (Fn, ') Hn@)(kpjp) To(kyya;) gg+1 | M+

— Tkyai ) HP(k, o) =
I (/ p; Jll) - (Ko, 0') Ry
Jn(k?p7p) Hn (k;pjaj_l)

) . (3.70)

When we define the constant term with respect to n for large n values as
2
HP (ky,a;) T, (ky,p) =

Fripgpa,y = I / Rn; ;
e ( P (k) Tnlbas) "

— Tu(kyaiy) HP(k,p) =
I+ g p; Jll) - (Ko, 0') Ry,
Jn(kpyp) Hn (]{]pjaj,ﬁ

’

M;,
) (3.71)

rlz(kpjpl)pnndpdp" (3.72)

_|_

we obtain (3.47) as

P, o
I(ky, p")O(kp, p) "

F 0Fy OFy 00F,
™ 8(1‘30]-0)’ a(kpjpl) kpjpl)a(kpjp)
form of ratios. Furthermore, it is shown that they are constant with respect to

Consequently;, and a0 terms are obtained in the
n for large n values. The terms which can not be written in the form of ratios
are also given as a multiplicant in the final expressions (3.57), (3.62), (3.67) and

(3.72).

The main reasons to write the spectral domain Green’s function components in
such a form are (7) to improve the efficiency of the summation over the cylindrical
eigenmodes n, which becomes important especially when p = p’; and (4i) to treat
the axial line problem (p = p/ and ¢ = ¢’), which will be addressed in the next
chapter.

The Bessel and Hankel functions, which are written in the form of ratios, are
evaluated using Matlab in the following way: For small n values, each function is
evaluated separately. For large n values, where these functions can be replaced
by their Debye representations, the Debye representations given in Appendix B
are used in the ratio terms and instead of evaluating each function separately,

the ratios are evaluated directly.
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zz)

Although, the idea of the computation technique is the same for the G
éfz, éi and @f¢ cases, since the expressions are different, the spectral domain

Green’s function components are investigated separately.

3.2 GE Expression when p = ¢/

The @ZEZ expression used for p # p' is

1l€2 00

—-3 " epcosin(¢ — ¢)|Fu(1,1). (3.73)
Using (3.57) it is possible to write the following expression for F,,(1,1)

Fo(1,1) = HP (ky, p) o (kp,p ) Frin(1,1) (3.74)

n

where F'n,(1,1) is the first entry of Fn, given by (3.56) and is constant with

respect to n for large n values. Substituting the F,(1,1) term, the @fz expression
becomes
~E 1 kg - 2 / /
GE = == e HP (ky,p) Ju(kpyp') cosln( — &) Fny(1,1). (3.75)
2w Ej "0 7 7

To improve the summation over n, first, the limiting value of Fn,(1,1) for
very large n value is numerically determined,

lim Fn,(1,1) = C,.(k,) (3.76)

which is actually constant with respect to n. Then, recognizing the series expan-
sion of Héz)(kpj |p— 7'|) given by

oo

Y HP (koyp) Jullp, o)) = Hi(ky, [p = p]) = S, (3.77)

n=—oo

an envelope extraction method with respect to n is applied to (3.75) such that

this constant term C,,(k,) is subtracted from the summation and added as a
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Figure 3.1: The imaginary part of éfz in Eq.(3.78) where A¢ = (¢ — ¢')rad.

function of Hé2)(kpj |p — p'|) with the aid of (3.77). As a result, (3.75) is obtained

as

~E 1 kig - (2) / /
G = —g 0 2 e (K p) Julky, o) cos[n(d — ¢)][Fna(1, 1) — Cus (k)]
J n=0
1k, @) _
_@?HO (kpj ‘p —p DCZZ(kZ) (3'78)
J

where |p — p'| = \/p> + p2 — 2pp/ cos(¢ — ¢).

The modified summation given by (3.78) is now more rapidly convergent.
However, for small (¢ — ¢') values, the imaginary part of (3.78) yields problems
as k, — oo which is the case shown in Fig. 3.1. Therefore, another envelope
extraction method with respect to k, is applied to (3.78). First, for the last
k. value, denoted as k., on the k, integration path (the details about this
integration path and its parameters are given in Chapter 5), the value of C,,(k,)
denoted as C,,(k,») is found. Then, the C,,(k.»)S1 product is subtracted in

the spectral domain from (3.78) and its Fourier transform is added to the final
—jk,;
spatial domain Green’s function representation as a function of %

!
]

r—7

using
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Figure 3.2: The imaginary part of éfzf in Eq.(3.81) where A¢p = (¢ — ¢')rad .

the fact that

/
kg7 |
e "

= -5 / H; (ky, |p — pl)e 7% dk, (3.79)

|7 — 7

where

’-—f’) —JIp— P+ (2 - 22 (3.80)

The final expression in the spectral domain is obtained as

R kj2. 00
GJZEZf = _%f enHr(LQ)(kpjp)Jn(kpjp,) COS[”(¢ - gb,)Han(la 1) - CZZ(kZ)]
I n=0
1 k2 o
— o H (k1P = PDICaa(ks) — o (hiaco). (3.81)
J

This GZ, s expression given by (3.81) is now integrable even for small (¢ — ¢')
values. When the computations whose results are depicted in Fig. 3.1 are made
again using the ézEzf expression, Fig. 3.2 is obtained, which is well-suited for

GPOF applications.
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I; is used as the spatial domain representation of S; which is in spectral
domain. Since kzj = k7 — kZ, and multiplication with & in the spectral domain
requires two derivatives with respect to z in the spatial domain, the Green’s
function component in the spatial domain is expressed as

1 [ - : ! C.. (k.o 01
GzEz — %/ szfeﬂkz(zfz )dkrz _ j¥ (kjjz.ll + 6721> (3.82)

4drwe;

which is written explicitly as

U [ o s o (kone) o[
GE - GE —jk.(z—2 )dkz o Yzz(veoo ]{]2[ ik
zz o /;Oo zzfe J 47TU)€J' 511 IR |77—f'_|2
) ' —jk]"f—f ‘ e—jk]"f—f ‘ . ) 2€_jk'j‘f_f ‘
—kj(z =2 3 5 +3jki(z — ) ——1
F=rP 7] 7
_ 2€7jkj‘rir ‘
+3(z — &) s (3.83)
7 —7

E

and where @sz is given in (3.81).

3.3 CN{ZJZ Expression when p = p/

The method applied to G, can be applied to éfz The @fz expression for
(p # p) is given as

GE P nk? k2 jwiim OF, (2,1
¢z J . / Pj Pj m n( ) )

--L5 - R 1,1 . (3.84
e 2w sin{n(¢ — &) [ejpkgm WD+ ek, otk |- G5

When p = p/, j is also equal to m so we can write

G & ko, jwit OF, (2,1
¢z J : n | piJWh; OF,(2,1)

e _J Lt 3.85
= ;sm[n(aﬁ &) { LR e Ty } (3.8)
Using (3.57) and (3.62), the following expressions are obtained

1
B (1,1) = nH® (k) Ju (K, p')— Fr(1,1) (3.86)

P P
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kp, jwp; OF,(2,1) ko, jwi;

=nHP (k,.p)Ju(k Fra,(2,1). 3.87
ij‘z a(k,p]p) n n ( P]p) ( P]p) ejk:z dp( ) ) ( )
Let us define
1 Ko, jwi;
Fy.(n k) = —Fn,(1,1) + 222 F,0,(2,1 :
¢Z(n7 Z) €j,0 nn( ) )+ 6]]{3 ndp( ) ) (3 88)
and we know from (3.56) and (3.61) that
nll_{rolo Fy.(n, k) = Cyo(k,). (3.89)
éE
Therefore, k“iz is rewritten as
ng (2) : !
ZnH Tk, ) sin[n(¢ — &) Fya(n, k). (3.90)

In order to use envelope extraction method with respect to n, we use the result

of the following summation

/ .08
n(p—e) _ _ 1
g nH? T (kp, )€’ J—=— 90 (3.91)

n=—oo

or o)
Hy™ (kp, lp = 7'1)

S2 = —iky,pp! sin(6 — ) (3.92)

o =7
The modified spectral domain expression is then obtained as
G? i
2 LSl 0y, )y ) sinfi(6 — )] [Foe(n, k) = (1)
z n=1
J
_J k :
= 52Cy (k) (3.93)

where it is now fast convergent. However, during the k, integration the problem
that we experience for small (¢ — ¢') values in the éE component also occurs for
this component. Therefore, similar to the G *. component, an envelope extraction
method with respect to k, is applied to (3.93) by first finding Cy, (k. ), and then
subtracting SsCy,(k.) term from (3.93) (which is in the spectral domain) and
adding its Fourier transform to the final spatial domain representation Note that
the Fourier transform of S2Cl,(k.) is expressed in terms of k, H ( o 10— 71)
where ' denotes the derivative with respect to argument. Therefore, we define

_2‘7 : k JHo? (ky, |p = o) dk, = %
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which is actually
PR |

Ihy= ———. 3.95
7 7 )
Then, the final spectral domain Green’s function expression is
Gy i N
L= g S R )l ) sl = [ Fos( ) = )
1

- k.)— kroo)l- :

4ws2[0¢2( Z) C¢Z( ZOO)] (3 96)

When we try to obtain the spatial domain representation of the sz component,
we should also note that we are working with % rather than éfz - Recognizing
that a division with —jk, in the spectral domain corresponds to an integration
with respect to z in the spatial domain and making use of (3.95), the sz com-

ponent in the spatial domain can be expressed as

1 [~ GE
/G dz = 7 ;Zf e Ik=(=) g,
T .
. . C(bz(kzcw)
/ /
— | = — ¢ )———= | L.
(3.97)
Taking the derivatives with respect to z, we obtain
0 G
G = s (2 / — Lk dk)
T .
1 . n Coz(kzoo) 01y
i ( jpp'sin(¢ — ¢') P %
(3.98)
where C‘%f is given in (3.96) and
612 ef]k ‘r 7 7]k ‘r 7
—= = —kKlp-7 z— 2 ) ———= + 3jk; z—z
P i1 =0 )|T |3 Jkilo =o'l ( )|r_f,4
7]k ‘r 7

As seen in (3.98), after the closed-form expressions are obtained by applying
GPOF to the integral term in (3.98), a derivative with respect to z is also taken
in order to find ng.
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3.4 Gqus Expression when p = p/

The treatment of ézEd) case is very similar to CNJEZ case. The expression for ézEd) is
given by

AE

GZ

n _ Jwky, OF,(1, 2)} (3.100)

¢__i - : o
ke QM;sm[n(aﬁ 7 Ljp’F"(l’l) ke O(ky,p)

Using the expressions (3.57) and (3.67), the terms in the bracket in (3.100) is
written as

1
LLFu(1,1) = nHO (K, p) Ju(kp, ) — Frin(1,1) (3.101)
€jp Ejp

jwky, OF,(1,2)
k. 0k, p')

We define a function, F,4(n, k,), as

Jwk,,

z

= 0,010 ) (<2 Fragy(1.2)) . (3102

1 k,
Fug(n,ks) = — Fng(1,1) — 2250
¢ €j/0/ Z

Fringy(1,2) (3.103)

and making use of (3.56) and (3.66) F,4(n, k.) is found to be constant with respect

to n for large n values such that

lim Flo(n, k) = Coy(ks). (3.104)

n—oo

- ~ . : GE L
Similar to sz, we obtain the expression for k—zj which is fast convergent as

GE j = :
L ? = _% Z [nHr(z2)(kp]p)Jn(kpyp,) SlIl[?’L(gb - ¢/)H [Fz¢(n7 kz) - Cz¢(kz)]
z n=1
1
——55C,4(k.), 3.105
L 5:Coll) (3.105)
where an envelope extraction with respect to n is performed. Finally perform-
~E
ing another envelope extraction method to (3.105) similar to idz’z case, the final

spectral domain expression is obtained as

GE . [ee]
S S b sl )l ) = Co )
1
= SalCu(hs) = Crglhzn)]. (3.106)



Gz¢

As a result using the Zf expression given by (3.106) the GZE¢ expression in the

spatial domain becomes

9 Gz¢f —]k (z—2")
GZ¢ Jaz ( / . dk,

L (—jpp’ sin(g — o) Lzolhee) f) oL (3107)

4w |p—

3.5 éﬁb Expression when p = p/

The method used for éfd) is not different from the others. The G'fqﬁ expression
for (p # ¢/) is

Gty =~ Y cwcolnto )] [ r ) + S CR O
B e e | I
since in our case j = m when p = p/, we obtain
éﬁb = —% io én cosn(¢p — ¢')] L]Z:fgzj F,(1,1) + j::z?p’iiz a;zq;{:(j,p;)
_j::lzz 8;(1];5;/2)) g 5;?7)(5(7;:7,0)} _ (3.109)

Using (3.57), (3.62), (3.67) and (3.72) in (3.109), the F, related terms inside the

bracket are written as

2

n2k?
¢ippr'k;,

Fy(1,1) = n2HP (kp, p) Tk, ) ( Fn,(1, 1)) (3.110)

ejpp’k2
Jjwpnk, 0F,(2,1)
kﬂjejp, a(kpjp)
_ jwnk, 0F,(1,2)
Ko;p Oky; ')

w2luj 62F7,—L(2, 2) — H;L(z)(kp]p)J;L(kp]pl)(wz,U]andpdp/(27 2)) (3113)
O(kp, )0k, p)

k,
= i HP )l ) (F25 P (2,1)) (300
&/

Pj =]

Jwnk,

= nQHT(Lz)(kpjp)Jn(kpjp/)( Fripay (1, 2)) (3.112)

p]p
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As the next step we define two functions, namely Fys1 and Fyyo as

k2 jwpiks jwnk,
Fopi(n, k) = = —Fn,(1,1) + I P, (2,1) — Fn,g (1,2
¢>¢>1( ) GjPP/kgj ( ) 5 6jp/ P( ) W o ( )
(3.114)
and
Fygo(n, k2) = w1 Fringpay (2, 2) (3.115)

where their limiting values for large n values are constant and given by Cye1(k.)
and Cygo(k,) such that

lim Fypi(n, k.) = Cyp (k)

n—~o0

lim F¢¢2(7’L, k?z) = C¢¢2(k’z). (3116)

Then, (3.109) can be written in terms of Fjs; and Fygo as

[e.9]

e 1 / /
Gos = —%REOI ean” H? (K, ) Ju (i, ) cosin(¢ — &) Foon (n, k)
1 = ! / / /
—5= D ey, ) (k) cosli(é — )] Faa(n, k). (3.117)

n=0

At this point, similar to the previously treated components, we want to inc-
rease the convergence rate of the summation. Therefore, we define two summa-

tions S3 and Sy as

Sz = Z n2H7(L2)(kpjp>‘]n(kpjp/)ejn(¢i¢/) (3.118)
Sy = Z HT/L(2)(kpjp)J;z(kPjp,)ejn(¢_¢,) (3.119)

which can be expressed in terms of the derivatives of Sy as

S, PHP (K, p— 7))
© 0pdg 0p0¢

S (3.120)

and
S PHP (ky, o= 7))
a(kpjp)a(kpjpl) a(kpjp) (akpjpl)
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The explicit expressions for S3 and S; are given by

Sy = —|W,ﬁ%w Vo, Hy (i, 15— 7))
/’ sin ¢ ¢ — —/
,f)2p2-——t£——————2/’<r2 Hy® (ky, 15— 7])
p— 0
SN~ (¢ — ¢’ _ g
+ﬁp%]§ja—hrﬂm<pAp—pw (3.122)

"

f%wwmm—ﬁm

S T p = peos(¢ — ¢)llp — p' cos(¢ — ¢')]
HyP(ky, |p = 7]) cos( — &)
kpj ‘ﬁ o ﬁ,|
H/(
A U peosto = )l = f osts ). (3129
ko,

Using the envelope extraction method with respect to n and making use of

(3.118)-(3.119), the fast convergent summation for C;’fqﬁ can be obtained as

= o > HO () a0 ol — )] [Faon (1, 2) = Con (k)]

1
~ 1553000 (k2)
1 - ! / / /
T ow ean(2)(kpjp)Jn(k:Pjp ) cos[n(p — ¢)|[Fopa(n, ks) — Copa(k)]
n=0
1
_@540(”2(1%), (3.124)

In order to make this modified expression (3.124) also integrable for small (¢ —¢’)
values, we must find the spatial domain representations for the spectral domain

terms given in S3 and S;. Recall that in the evaluation of (”z we used the

expression A
s o
b= [l H |- e ar, (3.125)
—jkj|T—T
which was written in terms of [; ([; = 6|FT,|) as
9 e—jkj‘f—f" e—jkj‘f—f" e—jkj‘f—f/‘
L=s——————=—jkilp—0l——5 —lp— 0| ——5(3.126)
olp—p| Ir—7] ’ 77 =7



Similarly, if we define another integral, I3, as

Iy = _7] kinO (2)(1%,7 o — p))e = dk,

and express it in terms of [;, we obtain

. _ !
o1, g2 il
[3 et — - 5 = — - 5 e
dlp—p|° oOlp—p|" Ir—7
or explicitly
—jk]"f—f, —jk‘j‘f—f/‘ —jk]"f—f,‘
. _ 2 € e
‘[3 = _jk]ﬁ - k:]2 |p - ,| — 3 - 13
|7 — 7| |7 — 7| |r — 7
L ‘F—f/ ‘ —Jjk;j ‘f—f/
. _  4p2€ _ 4p2€
+3jkjlp =PI ——5 +3p =P ——5
7 7

Similarly, we define I, as

I, =— e k== g

g/%fw”wmm—ﬁw
2 k

—00 Pj

I, can be expressed in terms of the known expression I; as

1 oL g [l

-[ — T - A 7 - A —
YU kilp- o0k Kilp—plok; \ lF—T

or in a simplified from I, becomes

’
. 7jk‘j‘fff ‘
Jje

[4: - - - -
kilp—p

Finally, the last integral we define is I5 given by
j 0 1z _ _ ik (a—s
=3 [ H O, - e,

and can be obtained in terms of I, as

; ol 0 je‘j’“f\"‘f
5 = — 7 = — — - — —
dp—p|  9lp—7| kilp—p|
or
; e*jkj‘FfF,‘ » e*jkg“Fﬂ?/‘
5= — — —/ j _ _ .
F=rl Tp— ok
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Finding the limiting values of Cyy1(k,) and Cyya(k,) at k, = k.o and performing
an envelope extraction method with respect to k., the final expression in the

spectral domain is obtained as

G¢>¢>f = _% ZO enn2Hr(L2)(kpjp)Jn(k3 p') cos[n(p — ¢’ )][Eb(bl (n,k.) — C¢¢1(k2)]

1
—@53 [Cop1 (k) — Copp1(kzoo)]

_% enH’;L(2)(kjpjp)J’:L(k:Pjp/) cos[n(¢ — ¢')][F¢¢2(n, k2) — Copa (k)]
n=0
1
~ 15 54C00(k2) = Copa(keco )] (3.136)

where using the CN{% 7 expression given in (3.136), the final spatial domain expres-
sion is given by

E > NE o —jka(z—2 —J pr’ ’
Gos = _/_OOG¢>¢f€ Ik + {_[2|/3 7| wosl9 = ¢)

_[3p2p/251r‘1i(¢ —¢) + Lp?p”? SIT ‘(90— ¢ )] Ot (oo

_l‘

_j 1 / l / / COS((b — (;5/)
4 | Bl = peosto = o = o costo— ) - 1T
_I4 ‘ﬁ _1ﬁ/|3 [p/ - pCOS(¢ - (b/)][p - pl COS((b - ¢/)]:| Cd)d)Q(kzoo)- (3137)

At this point, the spatial domain Green’s function representations given by
(3.83), (3.98), (3.107) and (3.137), which are still not in closed-form due to the
Fourier integration with respect to k., work well everywhere except the axial line

(i.e., = ¢ and p = p'). Therefore, in the next chapter we treat this problem.

33



Chapter 4

Green’s Function Representations
Valid Along the Axial Line

The Green’s function expressions given in Chapter 3 are fast convergent and
integrable expressions when p = p’. Besides, the S7, Ss, S3 and S4 terms, derived
from HéQ)(kpj |p— 7|) (and functions of HéQ)(kpj |p — 7'|)) are used in Chapter 3

to make the summations fast convergent.

However, the Hé2)(k:p]. |p — p'|) related terms yield singularity problems along
the axial line since the argument of the Hankel function becomes zero. This

problem manifests itself in particular for the G

and G, components, which
has not been addressed in the literature before to the best of our knowledge. In
this chapter we provide a solution for this problem so that the final closed-form
Green’s function representations become valid for arbitrary source and field point
locations and can be used in conjunction with the MoM. Note that G, = GZ, = 0

along the axial line.

First, we use the small argument approximation of Hé2)(k:p]. |p — p'|) for the
problematic terms, and then we manipulate with the resultant expression such
that the singular term will appear as a k, independent term. This way once the
singular term is omitted, DCIM method can be safely applied to the remaining

expressions, which are k, dependent.
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4.1 Solution for GZ case

The problematic term in G . ¢ expression is 51 and the small argument approxi-

mation of Sy is

_ _ 2 /yk: j |ﬁ B ﬁ/|
Sy = H (ky, 15— 7)) = 1 —Jj—log <pf (4.1)
where v = 1.781. Using the fact that p = p/, we can write
6= Pl =P+ p? = 2pp/ cos(¢ — ¢) (4.2)
P =71 = /20 = 207 cos(¢ — ) (4.3)
P =71 =V2py/1 = cos(¢ — ¢) (4.4)
and S; becomes
2 (ykypy/1 = cos(¢ — ¢)
Si=1—j5-1 2 . 4.5
1 jﬂ' 0og ( \/5 ( )
Making use of the properties of the log function, we rewrite S; as
. 2 Yk, p .2 ;
Sl—l—j;log (W —j;log <\/1—Cos(gb—¢)>. (4.6)

As seen in (4.6), the last term —j% log <\/1 — cos(¢ — gb’)) is responsible from
the singularity and it is k, independent. Therefore, if we omit this term for ¢ = ¢’

case, we can use S; with the final expression

.2 ’Ykp'f))
Si~1—j—lo — . 4.7
1= 2o (1 (@.7)

4.2 Solution for CNJQ% Case

In order to see the behaviour of éiﬁf expression when ¢ goes to ¢, the S3 and

S, expressions must be analyzed carefully. S3 expression is given by

Sy = _|pp/| cos(¢ — ¢)kijo(2)<kpj o= 7'])
sin“(¢ — ¢ =~ 4
p2p’2¥k‘2 Hy® (ky, 15— 7])
o=
sin®(¢ — ¢’ -
+p2pl2#k H(Q( pj |p_p/|) (48)
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Since p = ', let us replace p’ with p and when ¢ goes to ¢', we obtain
p=p p p

cos(¢p — ¢') = 1
26— ) 1-co(¢—¢)  l+cos(o—¢) 1

p—pF  20*(1—cos(¢—¢')) 2p° P>

As a result S5 becomes

2
p (2 _ _ (9 _ _
Sy = —m_ﬁ¢@HJNMAp—dD—p%;mfkmAp—dw
p’ )
+———k,, H (kj‘ﬁ_ﬁ/|>
p—p |0

and can simply be expressed as
" 2 _ _
Sz = —PQk/’ZjHo( )(kpj p— 7).
Since the small argument approximation of H(/)/(2)(k‘p]. lp—p']) is

o o L k=P 2j
Hy P hy, 1p = 7l) = =5 + =

E—
8 k2 |p— 7]
for small (¢ — ¢') values, the S5 expression is obtained as

_ 2 )
P N el 2jp*
L — _ _

2 8 wlp— 7

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

In this S; expression given by (4.14), the singular term is —22 jlg and like éfz

T|p—p

case, the singular term is k, independent. By omitting this singular term, we can

use S3 for ¢ = ¢'.
The other problematic term Sy is analyzed similarly as follows:

Hy®(k, |p— 7
S, o (kp lp—17)

[0" = peos(é — &)]lp = p' cos(¢ — &)]

o7V
- Hy?(k,, |5 = 7)) cos(¢ — &)
kpj |ﬁ_ ﬁ/|

H,(2) E o log— 7
- (p]|p, 3pD[P'—PCOS(¢—¢')][P—P'COS(¢—¢')]-
kp, |p = 7|
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Replacing p’ by p and using the fact that (¢ — ¢’) is very small (i.e., goes to zero),

we obtain
cos(p— @) =~ 1 (4.16)
6= 7] = V2p\/1 = cos(¢ — 9) (4.17)
[0 — peos(é — &) [p — ¢ cos(p — ¢')] = pA(1 — cos(¢ — ¢'))?  (4.18)
[/~ peost — )] ol eost — ) = T2 (4.19)

Hence, S; can be written as

(2 _ _
 H (ky, Ip— 7))
kpj |ﬁ - ﬁ/|

//2 _ ‘p ‘
Sy = Hy(ky, |p— 7)) o

Pl

(2 _ N
Pj

(4.20)

and using the small argument approximations of both H(;,(Q)(kpj |p—p'|) and

Hy? (k,, 15— 7/|) given by

: ko, 10— 7| 2
HP(k, |p—p]) = —-X - 4.21
— —712
") 1 K [p—7] 2
Hy'® kg, 19— 0]) = =5 + " AP (4.22)
7Tkp]- ‘p —p |

respectively, for small (¢ — ¢) values, Sy becomes
o _ [ lp=pl K-l
v 82 322 w2p%k2,
( 1 2 )
I O T Y )
2 7k |p—p|

-7
—| = — 4.23
( 8p? 2mp?k3, (4.23)

or in a simplified form Sy is given by

1 K- 2
Sy=—-+ 2~ + + . 4.24
D) 32p? Wkagj szj lp— ﬁ’\Q (4:24)
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2j
k2 |~ |*
it is k. dependent and it can not be omitted. Therefore, in order to make the

In this Sy expression given by (4.24), the singular term is but now

calculations for ¢ = ¢', the CN{% ; expression must be rewritten in a different form

to change this singular term in Sy.

In fact, we can change the formulation given in (3.113) as follows:

0PF,(2,2
S PFu(2.2)

Ja(k,pjp/)a(k,pjp) ( Pj ) ( Pj )

H? (ky,p) o (kny )
nH (k,, p) In (kg ')

W 1 Fipapdy (2,2) | (4.25)

We proved that

1,2 (k,.
lim # e (4.26)
e an (kpjp)
and )
J (k, p
i JoEel) o (4.27)
w5 1T gy )
where C and Cy are just constants with respect to n. We redefine the Fys(n, k)
term as
k2 jwpik
F k) = :pp,(1,1 I (2,1
oo (1 ) ejpp'k2, rall Fesp (2 1)
. (2) / /
Jjwnk Ho™ (kp,p) Ju(kp,p')
— and/1,2 + . . wu‘anddIQ,Q
Kp;p #(1-2) nH,(L2)(kpjp) S (Ko, ') ! par (2:2)
(4.28)
where
llm F¢¢1 (TL, k’z) = C¢¢1n(l€z). (429)

n—oo

We obtain the new expression for wa, using Fys1(n, k.) given by (4.28), as

- 1 &
Goor = o0 > " ean? HP (kp, p) Jukip, o) cosn(é — ¢)][Foor (n, k2) — Coprn(ks)]
n=0
1
~ 15531001 (k2) = Copinlkzoo)] (4.30)
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and using the éfd) 7 expression given by (4.30), the spatial domain expression for

Gf¢ becomes

GE . 1 > éE —jkz(z—z’)dk j T pp, /
00 = op [ " * T 4w _Q\ﬁ—ﬁ'lcos(¢_¢)
sin?(¢ — ¢’ sin?(¢p — &'
—13020/2% + 12/)2/)'2%] Coptn(kzo).  (4.31)

As seen in (4.30), in the new spectral domain expression there is only S3 term

(S4 term is eliminated) and when ¢ goes to ¢’ S3 term is given by (4.14) as

252 24 = 2 952
Sy = e P =P 2 ! (4.32)
2 8 m|p— 7|
or after we omit the singular term which is &, independent, S5 becomes
27.2 214 |4 A2
pky, PRy D= p
S3 = b B | | (4.33)

2 8
which is used in (4.30) when ¢ = ¢'.

We have now two different representations for Gfd). When the performance of
the summation is considered, the expression (3.137) has a faster convergent sum-
mation than (4.31) since the limiting value used in (3.137) is simpler. However,
since the singular term of (3.137) is k, dependent, evaluating the k, integration of
this expression is difficult for small (¢ —¢’) values. So for an accurate integration,
(4.31) is used for small (¢ — ¢’) values and for a fast summation (3.137) is used

for large (¢ — ¢') values.
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Chapter 5

Closed-Form Representations in

the Spatial Domain

The modified representation of the spectral domain Green’s function which has
a Fourier integral with respect to k, are transformed into the spatial domain by

the inverse Fourier transformation given by
1 [ . .
e / d.e Gy, (5.1)

where GE is the spatial domain Green’s function representation. This formula
is a time consuming numerical integration of spectral domain Green’s function
representation such that it ranges from —oo to oo along the real axis of complex
k. plane. Therefore, in this chapter we provide closed-form representations for
the spatial domain Green’s functions using the DCIM with the aid of GPOF in

a similar fashion to [10] and [11].

The final form of the modified spectral domain Green’s function represen-
tations, which are given by (3.81), (3.96), (3.106), (3.136) and (4.30), are even
functions of k,. Therefore, the original Fourier k, integral is folded to a 0 to co
integral and the original path is deformed as shown in Fig. 5.1 to overcome the
effects of the pole and branch-point singularities. It should be noted that the new
path is an approximation of the original one. Hence, the value of T} should be

kept small to minimize the deviation from the original path. Moreover, T3 should
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Im(k2)

kz=Ks (1+T;)  k,=Kg 1+T22
I _~I2
[3 Re(kz)
ks N
Wave number k,=Ksg J;LTTBZ

of the source layer

Figure 5.1: Deformed integration path

be large enough so that the value of k, is larger than those of the wave numbers
of all layers ensuring that none of the singularities lies on the deformed path. For
a suitable choice of T3, the value of T3 should be around 1.175. Note that unlike
[10], in this thesis the large argument approximation of the Hankel function on
path I's is not used in order to handle the singularity problem along the axial

line. The parameters that define the deformed integration path are as follows:

t
I k:Z:k:S(l—ijl)?l, 0<t <T} (5.2)
1
S t
FQZ ]{]ZII{]S|:1—|—jT1—|—( 1+T22—1—jT1) 2 :|, O§t2<TQ—T1
T — T
(5.3)
i3
Is: ky=ks [\/1+TF+(\/1+T2—1\/1+T7 ], 0<ts<Ty—T
; R R s VST T,
(5.4)

where k; is the wave number of the source layer.

The modified spectral domain Green’s function representations are sampled on
paths I'y, I's and I's by taking Ny, Ny and N3 samples, respectively. Using GPOF,
the samples are expressed in terms of M;, My and M3 complex exponentials

of k, on each path. Let the approximated spectral domain Green’s function
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representation (or the outputs of GPOF on each path) be

My
G by, etmi (5.5)
m=1
Mo
Gl 22 by et (5.6)
n=1
~ MS
Gl = ) bye™® (5.7)
=1

where the spectral domain Green’s function representation is approximated as
Gl =Gl +GE +GE (5.8)

These outputs of GPOF are than transformed to complex exponentials of &k, by

using the following technique:

5 M1 Ml
G D b @™ = ) by e (5.9)
m=1 m=1
B MQ M2
Gl 22> byetre? = b, b (5.10)
n=1 n=1
Ms M;
Gy 2 ) bue™ =) byetmn (5.11)
=1 =1
such that
b, = b, (5.12)
Smt T1
S k k:s 1 +]T1 ( )
— S (To =T )(1+4T7)
by, = bpe  VHETIM (5.14)
n T, — T,
o 21 (5.15)

Sp, = 5
ks 14+ TE 14Ty
(T3—Ty)A/1+T2
sy PV T2
blk = blte t \ 1+T§_ \ 1+T22 (516)
s = Sl 13 -1y
ok 1+ T2 -1+ T2
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Note that as explained in Appendix A inputs of the GPOF method are the
spectral domain samples, the number of samples N, the number of complex ex-
ponentials M and the sampling interval 6t. The sampling interval dt is chosen to
be 0t = T1/Ny, 0t = Ty /Ny and 0t = T5/N3 on paths I'y, 'y and I's, respectively.
Finally, since the spectral domain Green’s function representations are now in
the form of complex exponentials of k., the integral given by

1 .
GE(z—2)== / dk.coslk.(z — 2')]GE, (5.18)
I'1+T2+T'3

™

is taken analytically. Consequently, by adding the results of the three paths, the
following expression is obtained for the spatial domain Green’s function repre-

sentations:

M ks (14571 [+ (z—2")] _ ks (L+5T1) [Sm; —j(z—2")] _
1 J41 1 1
va(z - Z,) ~ E :bmk (e k / + ‘ k / )
27rm:1 Smy, +J(z — 2') Smy — Jj(z — 2')

My <ekﬂ [14+T3 sn, +35(2—2")] _ ks (145 T1 ) [smy +5(2—2")]

1
o nZ:bnk

ka1 T3 [sny, —i(z—2")] _ eks(mn)[sn”(“/)]>

Sny, +](Z - Z/)

Sny, _](Z - Z,)

1 M (ekm/HTg[slkﬂ(zz')} _ ke /1T sy, i (z—2)]

sy, +i(z—2')
ok 1+ TR sy, —i(z=2)] _ phan/14T3[s1, —j(2—2")] )

Sl — j(z —2')

n (5.19)

As seen in (5.19), the closed-form spatial domain expression is in the form of a

sum of discrete complex images. Hence, the name DCIM is used.
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Chapter 6

Numerical Results

To assess the accuracy of the method developed in this thesis, several numerical
examples in the form of Green’s function representations for p # p/, and in
the form of mutual coupling between two tangential electric sources when p =
P are given and compared with the previously published as well as available

eigenfunction solutions given by [14] and [15].

6.1 Closed-Form Green’s Function Results for
pFP

The first set of numerical results belong to a case where p # p/, which was
presented in [10]. Here, we duplicate the same results to verify the accuracy of
our codes. Besides, unlike [10] we are not using the large argument approximation
of the Hankel function on path I's. However, as will be seen from the numerical

results, we do not sacrifice anything from the accuracy.

Fig. 6.1 depicts the geometry for a cylindrically stratified media with a perfect
electric conductor (PEC) as the innermost layer. The radius of the PEC cylinder
is a and the thickness of the dielectric coating, which has a relative dielectric

constant €, > 1, is ¢, (and hence, b = a + t5,). Let a tangential electric source be
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point
electric
/ source
1
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i=3 point
free—space

-

Y

N i=2

dielectric

™\

Figure 6.1: Dielectric-coated conducting cylinder: Layer 1:PEC, Layer 2: €,1=2.3,
ur1=1, Layer 3: free space, a=20mm, b=21mm, p'=21mm, ¢'=0, p=40mm, ¢ =
srad, f=4.7Ghz

located at the air-dielectric interface p’ = b = 21mm and the observation point

is at p = 40mm > b.

The results obtained from the closed-form spatial domain Green’s function
representations, which are approximated in terms of M;, My and M3 complex
exponentials, are compared with the results obtained from the direct numerical

integration of the following inverse Fourier transform integral given by
1 o0 . N o~
GE =— | dkemE2GE 6.1
fge | ke : (6.)

The results are given in Figs. 6.2-6.5. In this example since we have p >> o/
case, there is not any summation or integration problem for the spectral domain
Green’s function components and hence, the expressions given in (2.19)-(2.22)
can be used directly as the inputs for the GPOF method. To generate the results
depicted in Figs. 6.2-6.5 we sum 40 terms for the summations. Besides, N;=>50,
N5=100 and N3=10 samples are taken on the deformed path given by 77=0.1,
To=4,Tz=4.4. Mi=4, My=5, M3=1 complex exponentials are used for DCIM. As

seen in Figs. 6.2-6.5, the agreement between the DCIM results and the numerical
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O Numerical Integration
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log, o( Ik,A2] )

Figure 6.2: log(|GE|) for the geometry shown in Fig. 6.1 (M;=4, My=5, M3=1,
T1:O.1, T2:4, T3:44)

integration results is excellent. Besides, the same results were obtained in [10]

which uses the large argument approximation of the Hankel function.
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Figure 6.3: log(] [ G[.dz|) for the geometry shown in Fig. 6.1 (M;=4, M,=5,
M;=1, T1=0.1, To=4, T3=4.4)
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Figure 6.4: log(| [ GE sdz|) for the geometry shown in Fig. 6.1 (M;=4, M»=5,
M;=1, T1=0.1, To=4, T3 4.4)
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Figure 6.5: log(|G%,|) for the geometry shown in Fig. 6.1 (My=4, My=5, Ms=1,
T1:O.1, T2:4, T3:44)

6.2 Mutual Coupling Results when p = o/

In this section numerical results in the form of mutual coupling between two
tangential current modes on the air-dielectric interface of a coated PEC cylinder
are given. The closed-form Green’s function representations are used to find the
mutual coupling results, and the obtained results are compared with an eigen-
function solution given by [14] and [15]. For the mutual coupling calculations
we used Fig. 6.6, which is a slightly modified version of Fig. 6.1. In Fig. 6.6
two tangential current modes P and P’ are located at the air-dielectric interface

where p = p' =b.

To assess the validity and accuracy of the given method for p = p/, numerical
results for the mutual impedance between two tangential electric current modes,
Ji
coated circular PEC cylinder with a = 3\, t;, = 0.06)\¢ (\g = free-space wave-

and .Jy,, are obtained using the closed-form expressions for the dielectric

u

length), €, = 3.25, u, = 1, as shown in Fig. 6.6. The mutual impedance Z12,,
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Figure 6.6: Two current modes P and P’ on a coated conducting cylinder

between the current modes is simply given by
Z12uv = / EluJ21) ds (62)
Sa

where E}, is the field due to source (current mode) J;, and Ss is the area occupied
by source (current mode) J,,, where u and v are the tangential current modes (2
or ¢ directed).

The current modes, which are also given in Appendix C, are defined by a
piecewise sinusoid along the direction of the current and by a constant along the
direction perpendicular to the current [14]. Each element has dimensions of 0.1\
(along the direction of the current) by 0.04)¢. This particular choice of current
modes alleviates the convergence of the reference spectral domain solution for

relatively large cylinders.

When s is fixed, for different « values, the mutual coupling Z12,,, Z12,,, and
Z1244 results are given in Figs. 6.7-6.12. Also for fixed a values, the mutual
couplings are plotted and given in Figs. 6.13-6.30 when s is between 0.2\, and
3Xo. Figs. 6.18 and 6.30 depict the real and imaginary parts of the mutual
impedance between two z- and &—directed sources versus separation for oo = 90°,

respectively. This angle corresponds to the axial line, which has been remaining as
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a problematic region in the previous studies. In a similar fashion, Figs. 6.19-6.24
illustrate the mutual impedance between a 2- and a Qg—directed current sources
versus separation. Since the mutual impedance is zero along the axial direction

for this case, it is not given.

In obtaining the closed-form Green’s function representations, Ny = 150, Ny =
250 and N3 = 10 spectral domain samples are used on the path shown in Fig.
5.1 defined by T} = 0.2, T, = 20 and T3 = 22. The samples are written in terms
of My = 15, My = 25 and M5 = 2 complex exponentials in the spatial domain.
Besides, for G, (4.31) is used when (¢ —¢') < 0.17ad, and (3.137) is used for the
rest. 300 terms are used for the summation over the cylindrical eigenmodes in the
spectral domain. However, this number is actually quite big since the cylinder
that we use is electrically large. This number will definitely decrease if smaller

cylinders are used.

Note that the mutual coupling between gg and 2 directed current modes can
be calculated by using the spatial domain Green’s functions Gy, or G.4. The
Gy, and G, expressions yield the same coupling results as expected. In order to
show that they give the same coupling results, we defined Z124, as the coupling
calculated by using G, and Z12.4 as the coupling calculated by using G 4.

Figs. 6.7-6.30 depict that the agreement between the results obtained with
the closed-form Green’s function representations and the eigenfunction results

obtained from [14] and [15] is excellent.
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Figure 6.7: Real parts of the mutual impedance (Z12,,) between two identical
z-directed current sources versus « when s is fixed.
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Figure 6.8: Imaginary parts of the mutual impedance (Z12,,) between two iden-
tical z-directed current sources versus « when s is fixed.
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Figure 6.9: Real parts of the mutual impedance (Z12,,) between a ngS and a
Z-directed current source versus a when s is fixed.
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Figure 6.10: Imaginary parts of the mutual impedance (Z12,,) between a gg and
a z-directed current source versus o when s is fixed.
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Figure 6.11: Real parts of the mutual impedance (Z12,,) between two identical
¢-directed current sources versus o when s is fixed.
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Figure 6.12: Imaginary parts of the mutual impedance (Z1244) between two
identical ¢-directed current sources versus a when s is fixed.
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Figure 6.13: Real and Imaginary parts of the mutual impedance (Z12,,) between
two identical 2Z-directed current sources versus separation when a = (0°.
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Figure 6.14: Real and Imaginary parts of the mutual impedance (Z12,,) between
two identical Z-directed current sources versus separation when a = 20°.
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Figure 6.15: Real and Imaginary parts of the mutual impedance (Z12,,) between
two identical 2-directed current sources versus separation when o = 40°.
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Figure 6.16: Real and Imaginary parts of the mutual impedance (Z12,,) between
two identical Z-directed current sources versus separation when a = 60°.
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Figure 6.17: Real and Imaginary parts of the mutual impedance (Z12,,) between
two identical 2-directed current sources versus separation when a = 80°.
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Figure 6.18: Real and Imaginary parts of the mutual impedance (Z12,,) between
two identical Z-directed current sources versus separation when a = 90°.
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Figure 6.19: Real and Imaginary parts of the mutual impedance (Z12,,) between
a ¢ and a z-directed current source versus separation when a = 5° and Gy, is

used.
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Figure 6.20: Real and Imaginary parts of the mutual impedance (Z12,4) between

a ¢ and a Z-directed current source versus separation when a = 25° and G4 is
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Figure 6.21: Real and Imaginary parts of the mutual impedance (Z12,,) between
a ¢ and a Z-directed current source versus separation when o = 45° and G, is
used.
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Figure 6.22: Real and Imaginary parts of the mutual impedance (Z12,4) between

a ¢ and a Z-directed current source versus separation when a = 55° and G4 is
used. 58
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Figure 6.23: Real and Imaginary parts of the mutual impedance (Z12,,) between
a ¢ and a Z-directed current source versus separation when a = 75° and G, is
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Figure 6.24: Real and Imaginary parts of the mutual impedance (Z12,4) between

a ¢ and a Z-directed current source versus separation when a = 85° and G4 is
used. 59
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Figure 6.25: Real and Imaginary parts of the mutual impedance (Z124,) between
two identical ¢-directed current sources versus separation when o = 0°.
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Figure 6.26: Real and Imaginary parts of the mutual impedance (Z124,) between
two identical ¢-directed current sources versus separation when o = 15°.
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Figure 6.27: Real and Imaginary parts of the mutual impedance (Z124,) between
two identical ¢-directed current sources versus separation when o = 45°.
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Figure 6.28: Real and Imaginary parts of the mutual impedance (Z124,) between
two identical ¢-directed current sources versus separation when a = 65°.
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Figure 6.29: Real and Imaginary parts of the mutual impedance (Z1244) between
two identical ¢-directed current sources versus separation when o = 85°.
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Figure 6.30: Real and Imaginary parts of the mutual impedance (Z124,) between
two identical ¢-directed current sources versus separation when a = 90°.
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Chapter 7

Conclusions

Closed-form Green’s function representations in cylindrically stratified media
which are valid for all possible source and field points are derived to be used
in conjunction with MoM to investigate printed antennas and arrays embedded
in cylindrically layered media. The original representations presented in the liter-
ature are modified to handle the axial line problem which is due to the argument
of the Hankel function, which becomes zero along the axial line. Besides, sev-
eral numerical and analytical techniques are used to improve the efficiency of the
spectral summation over the cylindrical eigenmodes (n) and to avoid possible

overflow /underflow problems.

In the course of obtaining closed-form Green’s function representations, the
large argument approximation of Hankel functions is not used on the last integ-

ration path. This way the singularity problem along the axial line is handled.

After the modified Green’s function expressions are developed for all possible
values of (¢ — ¢’) when p = p/, the mutual couplings between ¢ and 2 directed
current modes are calculated and compared with the eigenfunction results. The
results obtained from closed-form expressions are in good agreement with the

eigenfunction results [14]-[15].

As a result, the closed-form approximation procedure (DCIM) is successfully
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applied to p = p case in order to use it in a Method of Moment (MoM) application
and also a method is offered for the (p = p’ and ¢ = ¢’) problem which has not

been reported in literature.
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Appendix A

Generalized Pencil of Function
Method

The generalized pencil of function method is used to approximate the spectral
domain Green’s functions with complex exponentials. Since this method is an
important step in approximating the Green’s functions, it is given in this appen-
dix.

The Prony method and its variants can be used to extract the poles [16]-[17]
of an EM system. The pencil of function (POF) method [18] is an alternative
method to the Prony method to find the system poles. In POF, the poles are
found from the solution of a generalized eigenvalue problem, whereas the Prony
method contains two-step process where the first step involves the solution of a
matrix equation and the second step involves finding the roots of a polynomial.
The generalized pencil of function method is a generalization to the POF method
and it is used to estimate the poles of EM system from its transient response
[19]. The GPOF method is more robust and less noise sensitive, compared to the

Prony method.

An EM transient signal with the samples y; , can be approximated as,

M M
Yp = Zbiesiétk - Zbizf k=0,1,....N —1 (A1)
=1 =1
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where b; are the complex residues, s; are the complex poles, and dt is the sampling

interval. The method can be given as follows:

1. The following matrices are constructed,

}_/1 - |: Zjo,gl, .......... 7gL71 ] (AQ)
}72 — [ gla 52’ .......... ,gL i| (A3)
where
) T
Yi = [ Yis Yit1y oeeeneeees y Yir N—L—1 ] (A.4)

and L is the pencil parameter, and its optimal choice is around L = N/2 [19].

2. Find a Z matrix as,
VD 'U® = SVD()) (A.5)
where V, D=1 and U# are (N—L)x(N—L), (N—L)xL and LxL matrices. SV D(.)

is the singular value decomposition process and the superscript H is the complex

conjugate transpose of a matrix. The Z matrix is

Z = DY,V (A.6)

3. The poles of the system are obtained as
_ log z;
TSt
where z;’s are the eigenvalues of the Z matrix.

i=1,2,-- M (A.7)

4. The residues are found from the least-squares solution of the following

system. ) o ) ) )
1 1 te 1 b1 Yo
2 Zo e Zy by Y1
= (A.8)
I z{vfl zé\[’1 zﬂj\;’l 11 by | | Yn-1 |
or
AB=Y (A.9)

so the b;’s are found by using the pseudo-inverse of the A matrix as B = ATY
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Appendix B

Debye Approximations

The Debye approximations used for J,(z) and Y,,(z) for large n values are given

by
e(\/anzgfncosh_l(%))
Jo(2) ~ B.1
( ) \/%(Tﬁ N 2)% ( )
e(ncosh_l(%)f\/m)
Yo (2) ~ — . (B.2)

Vi =)

o I () HO ) B G) ) ‘@), ]
In this thesis 72175, Hﬁé)(z;)’ H,(é)(z;)’ Hyy (21) Iy (22) and Hp,”(21)J,,,(22) terms

are frequently used. For large n values these terms can be calculated by writing

them in terms of J,(z) and Y,,(2) as

J;L1(21> _ 1 Jni—1(21) B Jn1+1(21)) (B.3)
Jn2(22) 2 Jn2(22) Jn2(22)
Ing (1)

(2) o Y, (z Ing(22) )
Hng (22) 2( 2) Ynz(ZQ) i

/ 2 2
Hn(lz)(’zl) _ l(HT(n)l(Zl) . HT(L1)+1(21)) (B 5)
H?(z) 2 HZ(n) HI(z)

H2 (1) T (22) = Ty (21) Jug (22) = ¥y (21) gy (22) (B.6)
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/ / 1
H2) (1), (22) = J(HY 1 (1) Sy () = H)2 o (20) g (22)

—HP (21 Tyt (20) + HP (21) Jnpia (20)) (B.T)

where B, () is used for the derivative Bng(m)’ and denotes a Hankel or a Bessel

function. Using the J,(z) and Y,,(z) expressions given by (B.1) and (B.2), respec-

tively and making the multiplications and divisions analytically the terms given

by (B.3)-(B.7) are calculated for large n values.

Besides, the Debye approximations for .J, (2) and Y, (2) are given by

2 _ 2\ o
Jrlz(z) ~ (n 277’-22)4 e(\/n27227ncosh 1(;)) (BS)
2 _ ,2\1 o
Y?’:(’Z) >~ %e(ncosh 1(;)7\/7127,22) (Bg)
2

and these J, (2) and Y, (z) expressions will be used to show that

B/
lim Zn(2)

Jim T = Clk) (B.10)

where B,(z) denotes a Hankel or a Bessel function. Using (B.8) and (B.1) we

obtain

G (B.11)

where it is clear that

J! 2%z ]
lim n(?) ~ (n” — ) -, (B.12)
n—o0o an(Z) nz z
Similarly, we can write
’ , J;l z .
1) V() Vi)
o =5 o JZ(Z) - (B.13)
Hy™ (2) "y

and since the ncosh_l(g) term grows faster than the v/n? — 22 term, the ;’}8

and the ‘)],"8 ratios decays to zero for large n values. Hence we can write

H2(z)  Y.(2)
Hq(f)(Z) Ya(z)

Q

(B.14)
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Using (B.2) and (B.9) we obtain

HP(2) Y.z  (n2—z)2
2P (z)  Yal?) z .

Q

Finally, it is obvious that

"(2 1
lim Hn( )(Z) ~ _(n2 = )2 ~ _l
n—00 an(f) (Z) nz z ’
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Appendix C

Piecewise Sinusoid Current
Modes

A piecewise sinusoid Z-directed current mode J, is given in the spatial domain as

J.(p,2) = rect(z—(b)%PWS(kmza,z) (C.1)

where 2/, is the dimension along the ¢-direction and 2z, is the dimension along

the z-direction and

1, r|<a
rect(f) = i (C.2)
a 0, otherwise
sin[ka(za—|2])]
e =l 2| < zq4
PWS(ka, 24, 2) = sin(kaza) g (C.3)
0, otherwise

with k, = koy/ 15

Similarly, a piecewise sinusoid qg—directed current mode Jy is expressed in the

spatial domain as

To(6,2) = rect(Z) = PWS(ka, Lo, bo). (C.4)

24 22,
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When we denote the J,(n, k,) and J4(n, k.) as the spectral domain representations

of J.(¢, z) and Jy(¢, z), respectively we obtain

- 1 sin(nl,/b) 2k, cos(k.zq) — cos(kazq)
Jz 5 kz = - ;
(n, k) 2r nl,  sin(keza) k2 — k2
- 1 sin(k,z,) 2k,  cos(nl,/b) — cos(kal,)
Jp(n, k) = — .
o) = e ekl k2 = (n/b)?
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