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THE DYNAMIC ANALYSIS OF NON-CYLINDRICAL VISCOELASTIC
HELICAL BARS USING MIXED FINITE ELEMENT METHOD

SUMMARY

In the case of an elastic material behavior, deformed structure recovers its original
shape and size after unloading. The elastic behavior is time independent. The strains
measured in a of viscous matrial depend on the speed and intensity of the loading.
The viscous behavior is time dependent.Viscoelastic materials exhibit both viscous
and elastic effects. In fact, due to internal friction, the material shows some viscous
behavior. Thus, for more realistic analysis the viscous behavior should be taken into
account. In the literature, There are many models for defining viscoelastic behavior,
such as Kelvin, Maxwell and standard model. In this study standard model is
prephered due to its suitability for structural analysis.

The viscoelastic materials has been used for so long, and they are preffered for
specific applications, such as, to support structures, mechanical equipments,
vibration isolatars which are used for reducing the external forces e.g. associated
with an earthquake or impact forces. In the literature, the studies about viscoelastic
isolator have significance for increasing the strength of the structures against the
earthquake. For this purpose, viscoelastic helical springs are used to absorb the
energy, transfer the forces or reduce the vibration. Helical springs have varios
geometries. These may be cylindrical or non-cylindrical, e.g., conical, barrel and
hyperboloidal springs. Especially, viscoelastic helices take important place in
defence industry.

In this thesis, based on Timoshenko beam theory the dynamic analysis of non-
cylindrical viscoelastic helices is investigated. Viscoelastic behavior is modelled by
using standard model. By applying the Laplace transformation to the functional, it is
carried to the frequency domain. Using the correspondence principle, the constitutive
equations of the linear viscoelastic material is identified in the frequency domain.
Afterward, applying the variational method to the Laplace transformed functional a
mixed finite element is generated. Geometrical properties of conical, barrel and
hyperboloidal helical rods are calculated based on the exact expressions, e.g.,
differential arc length and curvatures are determined directly by using the respective
axis function of the helical bar. The numerical results obtained after the finite
element solution are transformed back to time space by the numerical solution of the
modified Durbin's algorithm.

This thesis is composed of six chapters. Chapter 1 is about literaure survey. In
Chapter 2, a brief explanation about the Laplace transformation and the inverse
Laplace transformation algorithm of modified Durbin's algorithm is given. In
Chapter 3, the mechanical viscoelatic model, namely the Standard model, and the
application of the correspondance principle is explained. In Chapter 4, the

Xvil



noncylindrical helical bar geometry is defined by means of the exact expressions, the
functional in Laplace space is derived, the finite element formulation is given. The
numerical investigation is presented in Chapter 5. A new mixed finite element
approach, based on precise definition of the non-cylindrical helical geometry, is
verified with the examples existing elastic problems in the literature. Afterward, a
convergenge analysis is performed on a viscoelastic hyperbolic helix and finally
some viscoelastic benchmark examples are solved. Through the analysis, the time
dependent behavior of the cantilever hyperboloidal helix is investigated for some of
the viscoelastic parameters, namely, three different values of retardation time of
relaxation function associated with the shear modulus, three different values of the
ratio of instantaneous value of relaxation function associated with the shear modulus.
Also viscoelastic behaviour of three different cross-sectional areas, all having the
same net area, namely, a solid circular section, hollow circular section and a thin-
walled hollow circular section are investigated. All the results are either tabulated or
given as graphics. Discussion of the results are given in Chapter 6.
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SILINDIRIK OLMAYAN VISKOELASTIK HELISELCUBUKLARIN
KARISIK SONLU ELEMAN YONTEMI iLE ANALIZIi

OZET

Elastik davranis, cisme uygulanan dis kuvvet kaldirildiginda cismin ilk konumuna
geri dondiigii durumdur ve bu davranis zamandan bagimsizdir. Viskoz davranig ise
cisme uygulanan dis yiikler altinda meydana gelen sekil degistirme miktarinin
yiiklemenin hizina ve siddetine bagli oldugu durum olup, i¢inde zaman parametresi
igerir. Viskoelastisite ise, yukaridaki iki tanimin bir karigimi olup, malzemenin hem
elastik hem de viskoz etkileri bir arada bulundurdugu davranis1 temsil etmektedir.
Gergekte birgok malzeme i¢ siirtiinmelerden dolay1 hem elastik hem de viskoelastik
davranis sergilemektedir. Burada Onemli olan, malzemenin hangi oranlarda bu
davraniglart yansittiklaridir. O nedenle malzeme modellenmesinde viskoelastik
davranigin kulanilmasi1 daha gerceke¢i bir yaklasim saglamaktadir. Bu noktada,
arastirmacilar farkli mekanik modeller gelistirerek malzeme davranisin1 formiile
etmeye calisilmaktadir.

Viskoelastik malzemelerin miithendislik uygulamalarindaki yeri gecmise dayansa da
daha ¢ok 0zgiin uygulamalarda karsimiza ¢ikmaktadir. Son yillarda gelisen teknoloji
ile beraber, 6rnegin, yapiya gelen deprem etkisini azaltmak amaciyla yapiya kurulan
sistemler iizerinde deprem enerjisinin sOniimlenmesini saglayacak mekanik
soniimleyiciler ve izolatorler kullanilmaktadir. Literatiirde deprem dayaniminin
artirtlmasi i¢in kullanilan viskoelastik soniimleyiciler iizerine son yillarda yogun
caligmalarin yapildig1 hepimizin malumudur.

Viskoelastik yaylar, sisteme gelen enerjiyi yutmak, kuvvet aktarimi yapmak,
titresimi  soniimlendirerek azaltmak gibi oOzelliklere sahip donel simetrik yapi
elemanlaridir. Silindirik olmayan helislere 6rnek olarak konik, fi¢1 ve hiperboloidal
tiiri helisel cubuklar verilebilir. Ayrica, viskoelastik 6zelligi olan helisler 6zellikle
savunma sanayinde de 6nemli bir yer bulmaktadir.

Viskoelastik malzemeye ait zamana bagli davramisi ifade edebilmek igin biinye
bagintilarinda zaman degiskeni de goz Oniine alinmaktadir. Bu amagcla, malzemede
zamana bagli davranis1 inceleyebilmek icin bir viskoelastik gerilme analizi
yontemine ihtiya¢ vardir. Bu konuda, biinye bagintilarinin zamana gore davranisini
tariflerken basit c¢Oziimler sunan ve matematiksel bir tanim veren dogrusal
viskoelastisite kuramindan yararlanilir. Dogrusal viskoelastik malzemelerde toplam
gerilme elastik gerileme ve soOniimleyici gerilme bilesenlerinin toplamindan
olusmaktadir. Basit mekanik modellerle tanimlanan viskoelastik malzeme
davraniginda, yaylar elastik davranisi, soniimleyiciler ise viskoz davranisi
tanimlamakta kullanilir. Standard model ise toplamda iki yay ve bir soniim
kutusundan olusan bir mekanik modeldir. Bu elemanlardan, yay ve sonlimleyicinin
birbirlerine paralel baglanarak, bu paralel bagli yapmin da diger yay ile seri
baglanmasiyla standart model ifade edilir. Standart modele ait viskoelastik model
davranisi eksenel yiikk durumu iligkilendirilerek verilmistir. Gerilme-sekil degistirme
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iliskisi modele ait gevseme fonksiyonu iizerinden tanimlanmustir. Literatiirde,
viskoelatik davranisi tarifleyen, Kelvin, Maxwell, standart model gibi bir¢ok model
bulunmaktadir. Bunlar arasinda kati cisimler mekanigine en uygun olanlar1 Kelvin ve
Standart model olup, Maxwell akigkanlar i¢cin daha uygundur.

Viskoelatik problemler genel anlamda zaman uzaymda c¢oziliirler. Ote yandan,
dogrusal viskoelastik problemler frekans uzayinda da incelenebilir. Bu amagla
Fourier ya da Laplace uzaylarina gegilir, hesaplar tamamlandiktan sonra sonuglar
geri doniisiim yontemleri ile zaman uzayina aktarilir. Frekans uzayr ¢oziimlerinde
Laplace ¢oziimleri ¢ok daha fazla tercih edilmektedir. Laplace doniisiimii, integral
dontistimleri olarak da adlandirilir ve lineer viskoelastik sistemlerin analizinde
kullanilan bir yontemdir. Laplace doniisiimii ile zaman uzayinda ¢éziimii zor olan bir
problem frekans uzayinda ¢6ziimii daha kolay olan bir probleme doniisiir. Cubuga ait
fonksiyonel frekans uzayina tasinirken, Laplace doniisiimii zamana bagli olan tiirev
ve integralleri, donilisiim parametresi cinsinden matematiksel ifadelere doniistiiriir.
Ayni zamanda, viskoelastik malzemeyi tanimlayan parametreler ise karsigelim ilkesi
kullanilarak frekans uzaymndaki kompleks karsitlart ile yer degistirir. Karsigelim
ilkesi, elastik cisme ait biinye bagintilarina karst gelen, viskoelastik bilinye
bagintilarinin bulunmasini saglayan matematiksel bir analoji yontemidir. Boylece
viskoelastik problem, karsigelim ilkesi kullanilarak ¢6ziimii Laplace uzayinda
gerceklestirilen bir ¢esit elastik probleme doniistiiriiliir. Daha sonra sonuglara
uygulanan ters doniisiimler ile zaman uzayina gegilir.

Bu tez kapsaminda eksen geometrisi silindirik olmayan viskoelastik helislerin
dinamik analizi Timoshenko ¢ubuk kuramu iistiinden yapilmistir. Timoshenko ¢ubuk
kuram1 gergevesinde donel eylemsizlikleri de hesaba katilmistir. Ozellikle dinamik
problemler agisindan bu nokta onem arz etmektedir. Bu g¢alisma kapsaminda,
malzemenin viskoelastik davranisi standart model iizerinden tariflendi, ¢ozlimler
Laplace uzayinda gerceklestirildi ve bu cercevede kesiti dolu, ince ve kalin cidarh
halka olan ve ¢ubuk eksen geometrisi silindirik olmayan helisler incelendi.

Standart model icin elastik-viskoelastik analoji islem adimlarindan bahsedecek
olursak; standart modele ait, tek boyutlu dogrusal viskoelastik gerilme- sekil
degistirme bagmtisi deviyatorik bilesenler cinsinden ifade edilerek viskoelastik
malzemeye ait denge denklemi elde edildi. Bu ¢alisma kapsaminda Laplace uzayinda
doniisiim parametreleri iizeri ¢izgili sembol ile gosterilmistir. Oncelikle denge
denklemi Laplace uzayina tasmir ve karsigelim ilkesinden yararlanilarak malzeme
sabitleri frekans uzayindaki kompleks karsitlar1 cinsinden elde edilir. Standart
modele ait kompleks kayma modiilii baz1 parametrelere baglidir. Bu parametrelerden
biri olan gecikme zamani, kayma modiilii ve siinme fonksiyonu ile iliskili bir
blytikliiktiir. Aym1 zamanda, siinme fonksiyonunun denge konumu olan kayma
modiiliine yaklasma hizinin bir Olciitiidiir. Diger bir parametre ise siinme
fonksiyonunun baglangi¢ degerinin yine siinme fonksiyonunun denge degerine
oranidir.

Bu c¢alismada, Timoshenko ¢ubuk kuramina bagl silindirik olmayan viskoelastik
cubuklarin dinamik analizi yapildi. Viskoelastik davravranig standart model
tizerinden tanimlandi.Frekans uzayma aktarilmis fonksiyonel {istiinden varyasyonel
islemlerle sonlu eleman formiilasyonuna gegilirken, bu ¢alismaya 6zgii olan konik,
fig1 ve hiperboloidal tiirii helislerin geometrik 6zelliklerini tarifleyen diferansiyel yay
uzunlugu, egrilik fonksiyonlar1 islemlere kesin degerleri ile katilmistir. Frekans
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uzayinda elde edilen sonlu eleman sonuclarinin zaman uzayindaki degerleri ters
Laplace doniisiimii (modifiye Durbin algoritmasi) kullanilarak elde edilmistir.

Bu tez alt1 boliimden meydana gelmektedir. Birinci Boliim , literatiir arastirmasi ile
ilgili kistmdir. ikinci béliim, Laplace déniisiimii ve modifiye Durbin ters Laplace
doniisiimii ile ilgili dzet agiklamayr icermektedir. Ugiincii boliimde, viskoelastik
malzeme olarak standart model ele alinarak ve karsigelim ilkesine ait uygulamanin
nasil olacagi agiklanmistir. Dordiincii boliimde, silindirik olmayan helisel g¢ubuk
geometrisi helise ait tam ifadeler {izerinden tariflenip, Laplace uzayindaki
fonksiyonel elde edilip, sonlu eleman formiilasyonu verilmistir. Nimerik
hesaplamalarla ilgili arastirmalar besinci boliimde verilmistir. Bu boliimde, yeni
sonlu eleman formilasyonu silindirik olmayan helis geometrisin kesin tanimi
izerinden tanimlanmistir. Bu formiilasyon literatiirde bulunan elastik problemler ile
dogrulanmistir. Daha sonra, viskoelastik hiperbol helis i¢in yakinsama analizi
yapilarak, orjinal viskoelastik Orneklerin ¢Oziimiine yer verilmistir. Analizler
boyunca, bir ucundan rijit tutturulmus diger ucu serbest hiperbol helisin zamana
bagli davranisi gesitli parametreler agisindan incelenmistir. Viskoelastik malzemeyi
tanimlayan parametreleri tekrar hatirlayacak olursak bu parametrelere gore analiz
strastyla, kayma modiili ile ilgili gevseme fonksiyonuna ait gecikme zamaninin {i¢
farkli degeri icin analizine, ve ayrica kayma modiilii ile ilskili gevseme fonksiyonuna
ait oranin ii¢ farkli degeri i¢in analize yer verilmistir. Daha sonra, net alanlari
birbirlerine esit ii¢ farkli kesit geometrisine ait viskoelastik davranis ele alinmustir.
Bu kesitler sirastyla dolu dairesel kesit, kalin ve ince cidarl dairesel kesitlerdir. Elde
edilen sonuglar tablo ve grafikler seklinde sunulmustur. Sonuglarla ilgili yorumlara
ise altinc1 boliimde yer verilmistir.

xxi



xxil



1. INTRODUCTION

Helical springs recovers its original shape and size completely or partially after
unloading. They have significant applications in engineering structures as
mechanical devices, which are used to reduce vibration, to absorb shock or to
maintain a force between contacting surfaces. In addition, they are utilized as helical
carrier systems, particularly as stairs. In literature, most of the helicodal bar studies
are based on elastic behavior, and studies about viscoelastic helical springs are
limited. In fact, due to the internal friction, viscous behaviors may appear in the
material and in such cases the viscous effects of the material should be considered.
The theoretical studies about viscoelasticity of Fliigge (1975), Christensen (1982)
can be given as background studies. Viscoelastic materials that are used in civil
engineering structures are made of typical carbon polymers or similar solid materials
(Aldemir and Aydin, 2005). Helical springs and viscoelastic dampers are used under

machine foundation for the aim of distributing energy (Tezcan and Uluca, 2003).

1.1 Literature Review

The free vibration analysis of non-cylindrical helical springs are investigate by using
transfer matrix method (Yildirim and Ince, 1997; Nagaya et al., 1986, Yildirim,
1997), the stiffness matrix method (Yildirim, 1998; Yildirim, 2002; Busool and
Eisenberger, 2002), the mixed finite element method (Girgin, 2006) and the
pseudospectral method (Lee, 2007). Free vibration analysis of composite helical bars
were investigated by Yildirim (1999, 2001a, 2001b, 2004), Yildirim et al. (1999) and
Yildirim and Sancaktar (2000). Dynamic analysis of viscoelastic, anisotropic spatial
curved systems is investigated by Calim, 2003. Also, forced vibration analysis of
isotropic homogeneous or composite helical rods were investigated (Temel and

Calim, 2003; Temel et al., 2005; Calim 2009a, 2009b).

A mathematical analogy called the correspondence principle permits the
determination of the viscoelastic stresses and strains in a body from the

corresponding elastic stresses and strains in the same body Lee (1955). This



technique is first applied to incompressible materials by Alfrey (1948) and is
extended by Tsien (1950) and Read (1950). Findley et al. (1976) used
correspondence and superposition principles for solving equations of viscoelastic
beam. Yamada et al. (1974) investigated free vibration of viscoelastic rods. Kiral et
al. (1976) investigated the naturally curved and twisted linearly viscoelastic
Timoshenko rods with square cross-section subjected to arbitrary time depend
loading including rotary inertia under the assumption of infinitesimal displacements
and their gradients. Chen and Lin (1982) investigated dynamic behaviors of
viscoelastic straight beams by Finite element method. White (1968) introduced a
stress analysis method based on linear viscoelasticity and hereditary integral form of
stress-strain relation. Payette and Reddy (2010) studied nonlinear quasi-static
bending and extension of initially straight linearly viscoelastic Euler-Bernoulli and
Timoshenko beams with square cross-section. Kocatiirk and Simsek (2004) analyzed
the transverse vibration of a Kelvin model viscoelastic Euler-Bernoulli simply
supported beam constant cross-section with intermediate point constraints subjected
to a moving harmonic load, Kocatlirk and Simsek (2006a) analyzed the problem of
lateral vibration of a Kelvin-Voigt model viscoelastic Bernoulli-Euler simply
supported beam subjected to an eccentric compressive force and a harmonically
varying transverse concentrated moving force and Kocatiirk and Simgsek (2006b)
analyzed the dynamic response of eccentrically prestressed Kelvin-Voigt model
viscoelastic Timoshenko simply supported beams under a moving harmonic load
with constant axial speed. Temel (2004), Temel et al. (2004), Temel and Calim
(2003), Temel et al. (2003) and Calim and Temel (2002) investigated the quasi-static
and dynamic analysis of viscoelastic straight and helical beams in the Laplace
domain. By using the complementary functions method, the ordinary differential

equations based on Timoshenko beam theory are solved numerically.

Based on the Gateaux differential and the mixed finite element method,
chronological studies are Kadioglu (1999), Akoz and Kadioglu (1999), Kadioglu and
Akoz (2003), Cebecigil (2005), Yiikseloglu (2005), Aribas (2012) and Erath et a/
(2014) but only in the last two studies the rotary inertia is considered which is
essential in Timoshenko theory. Dynamic analysis of cylindrical and non-cylindrical
viscoelastic helical rods with circular and non-circular sections is dealt by Aribas

(2012). Dynamic analysis of cylindrical and conical viscoelastic helical rods with



rectangular section is investigated by Eratll et al (2014) and influence of rotary

inertia is discussed with details.

1.2 Purpose of the Thesis

In this study, dynamic analysis of non-cylindrical viscoelastic helical rods with solid
circular, hollow circular and thin-walled hollow circular cross-sections is
investigated. The functional developed by Omurtag and Akdéz (1992) for elastic
helical rods is suitable for the mixed finite element analysis. Geometry of the non-
cylindrical helical rods are determined using the exact geometry expressions, namely
the differential arc length and curvatures, hence the corresponding element

generations are based on them.

The linear viscoelastic behavior of the material is modeled by using the Standard
model. In the Laplace domain, elastic-viscoelastic analogy (correspondence
principle) is used and the material parameters are replaced with their complex
counterparts in the Laplace space. Mixed finite element solution is done in Laplace
domain and then the results are transformed back to time space numerically by
modified Durbin's algorithm (Narayanan, 1980) that is developed from Dubner and
Abate (1968) and Durbin (1974).

The new proposed formulation is verified by solving the examples of elastic conical,
barrel and hyperboloidal helical bars (see Examples 1.1-1.3). A convergence test is
carried on the dynamic response of a viscoelastic cantilever hyperboloidal helical bar

(see Exampe 3-1). As benchmark examples, the influence of viscous parameters ( 7°¢

the retardation time and S the ratio associated with shear modulus ) (see Examples
3.2 and 3.3 ), the number of active turns (see Example 3.4) and the section geometry
for solid-circular, hollow-circular and thin-walled hollow-circular (see Example 3.5)

are investigated.






2. THE LAPLACE TRANSFORMATION METHOD

2.1 The Laplace Transformation

The Laplace transform converts integral and differential equations into algebraic
equations from time domain to frequency domain. This transformation method is
used for the analysis of linear systems and makes it easier to solve ordinary
differential equations. The result in frequency domain can be transformed back to
time domain by using inverse Laplace transformation methods. The Laplace

transformation of a time dependent function f(¢), for t > 0,

LU@O):=T() and  F):i= [ fed @.1)

where, z is the Laplace transformation parameter (Spiegel 1965). The Laplace

transformation of a first-order and a second-order time-dependent derivatives of f(¢)

arc
LIf )=z f(2)— f(0) 2.2)
LIf)]=2" f(2)—z f(0)— £(0) (2.3)
where,
a0 dEf g
dt_f T / (24)

The terms f(0), f (0) are the initial conditions of f(¢#) at +=0. The Laplace

transform of some analytical functions can be obtained in closed form (see Table 2.1)

2.2 Durbin’s Modified Inverse Laplace Transformation Method

By definition, the inverse Laplace transform is,

Lf(@):= 1) 2.5)



a-+ioco

foi=- [ Fered (2.6)

a—ioo

where, is an arbitrary constant bigger than zero that removes singularity in all real
parts of ]_”(z). In this section Durbin’s modified inverse Laplace transformation
method, one of the inverse Laplace transformation method. It was developed from
Dubner and Abate’s method based on finite Fourier-Cosine transformation (Dubner

and Abate, 1968). Durbin’s numerical inverse Laplace transformation method

(Durbin, 1974) is given by

7(0)2 22 [ Lre{Fa)+ Re S+ )| @
A(k) = ZRe{ [a+l(k+IN)2;]} 2.8)
B(k):ilm{ [a+z(k+IN)2;[]} 2.9)

where, i is the imaginary unit, 7 is the time period of the solution, N is the equal

time periods, z, =a-+(27k/T) is K™ Laplace transformation parameter,

t,=jAt=jT/N,(j=0,1,2,..,N—1) and,

=" (2.10)

For the time interval 0 <¢ < T, the function f(¢) is calculated. It was indicated that
satisfactory precision can be obtained for 5<a7 <10 in Durbin (1974). In Eqn.
(2.7), the second part of the equality between the brackets is

N—-1

S [ A(k)+iB (k) @.11)

k=0

calculated by using a Fast Fourier Transform sub-program in order to attain a better
convergence (Brigham, 1974). Eqn. (2.7) can also be modified according to the

Narayanan’s suggestion (Narayanan, 1979)

2R

f)=

2.12)

—lRe {J_‘( )} + RG{ZIJ{S {f(Zk )L, }ei(Zzz/N)jk}




Table 2.1 : Laplace transforms in closed form of some functions defined in time

space (Aribas 2012).
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where, each term of discrete values that is calculated in the Laplace domain is

modified by multiplying Lanczos (L, ) factor. These factors are given by,

=1 , k=0
) (kﬁ)
sin N
Tk 0
N

(2.13)



3. MECHANICAL MODELLING OF VISCOELASTICITY: STANDARD
MODEL

3.1 The Constitutive Equations

For a viscoelastic material the total stress o can be decomposed into two parts as,
o= ,0+,0 3.1

where, .o and ,o account for the elastic and dissipative stress components

respectively. The viscoelastic material behavior is simulated using some simple
mechanical models (Kelvin model, Standard model, efc.). In these models, springs
are used to present the contributions of elastic stresses whereas dashpots are used to
represent the contributions of dissipative stresses. The constitutive equation of
viscoelastic behavior includes time as a variable in addition to stress and strain

variables. Also speed of the loading and its duration effects the strains.

The general linear differential one-dimensional viscoelastic stress-strain relation can

be written as follows:
Po=Q¢ 3.2)

by neglecting the thermal effect (Boley and Weiner, 1960), where P and Q are the

differential operators, and they can be defined as follows:

8»1 8»171 a
P=a, = ta, o —++a+a, (3.3)
an anfl a
szn%‘i‘b%l%‘i"“ﬁ‘blgﬁ‘bo (34)

3.2 The Standard Model

In this study, the linear viscoelastic material behavior is considered by using

Standard model (see Figure 3.1) and the stress-strain time variations (behaviors) of



the Standard model is discussed through the relaxation function (Findley et al. 1976,
Aribas 2012, Eratli ef al. 2014). The stress-strain relation for the Standard model is,

G+ (£, +E2)O':E1é—|— (£, E2)8 (3.5)
n n
or
i+(E1+E2)O_:é+(E1E2)8 (3.6)
E, En En

where 77 is the viscosity coefficient of the dashpot, ¢ is the velocity of strain and,
E,, E, are the elastic parameters. We can rewrite Eqn. (3.5) in terms of the

deviatoric portions,

1 . 1 .
ZSU +Zsi/’ =¢+Ce 3.7

where (=p/n (Boley and Weiner, 1960). By comparing Eqn. (3.7) with

Ps, = Qe, and we obtain the equilibrium equation o, ;=0 for the viscoelastic

/)

material.

3.3 The Correspondence Principle

A brief explanation of the elastic and the viscoelastic stress-strain relations and the
viscoelastic-elastic analogy is as follows. First, the equilibrium equation o, =0 is
transformed into Laplace space. By means of the correspondence principle, which is
well documented in Boley and Weiner (1960), the transformed material parameters
can be obtained quite easily. By means of the correspondence principle, the solution
of a linear viscoelastic problem in Laplace domain can be obtained from the
corresponding solution of linear elastic problem by replacing the elastic constants
with the complex moduli according to the chosen viscoelastic models. Assuming

homogenous initial conditions, the Laplace transform of Eqn. (3.2) becomes
Pfe=Qfz (3.8)
where, the transformed terms in the Laplace domain are defined by the over bared

notation (...) . Consequently, by means of the correspondence principle, the relations

10



between elastic material constants and the viscoelastic material constants can be

obtained. Thus, the operators P and Q

Ez
E, v
,75

Figure 3.1 : The Standard Model

E E
R P A Py T LT U A (3.9)
E +E, E +E, E +E,

If the viscoelastic material exhibits the standard type of distortional behavior then the

complex shear modulus can be expressed in the form

G= G[%} (3.10)
(1+7°2)

The detailed information exists in Mengi et al. (2006) and Baranoglu et al. (2006).

_ GG

- 3.11
G, +G, ( )
G
P (.12)
G, +G,

Note that, Eq. (3.10) is written in view of the equation given for the standard model

in Eq. (3.9), by replacing the elastic and damping parameters E,, E, and 1" with
G,, G, and 7n°, respectively. 77 is the retardation time of relaxation function

associated with shear modulus that is given by R9(¢) = G[l +(B° —Vexp(-t/ 7’ )} .

From Figure 3.2, it is seen that 7° measures how fast relaxation function approaches
to its equilibrium value G. B° is the ratio of instantaneous value of relaxation
function Ry =R(0)=G, to the equilibrium value of relaxation function

RS =limR°(¢t) =G, that is,
t—
R G +G,
==
R G,

e

B° 1 (3.13)

and is non-dimensional by definition.
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Re(1)

R(1)=G [1+( 1) exp(~1/z9)]

CAL s,

[z7=0°/(G,+G)

> [

0
Figure 3.2 : Relaxation function of the standard model associated with shear
modulus.
The solution of a linear viscoelastic problem in the Laplace domain is obtained from
the corresponding solution of linear elastic problem by replacing the elastic constants
with the complex moduli according to the selected viscoelastic model (Shames and

Cozarelli 1997).
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4. FUNCTIONAL AND FINITE ELEMENT MODELLING FOR NON-
CYLINDRICAL HELICAL BARS

In this part, the helix geometry, the field equations, functional and finite element

formulation are discussed for the non-cylindrical helicodal bars (Fig. 4.1) in detail.

4.1 The Non-Cylindrical Helix Geometry

The geometrical properties of the helix in the Cartesian coordinate system in Fig. 4.1
are

x=R(p)cosp, y=R(p)sing, z=p(@)p, p(p)=R(@)tana (4.1)

where a denotes the pitch angle, R (¢) and p (@) signify the centerline radius and
the step for unit angle of the helix as a function of the horizontal angle
o respectively. The horizontal radius of any point on the centroidal axis of helix is

defined by using the following formulae:

Barrel and hyperboloidal helix:

R(p)=R +(R,~R)(1-L2 )

4.2)
nmw

-

(- L
. Jf \ ; fff Ila'r "nl
I."f x\l \\II I."f ,"f H'l,
| R | || R, f ".II
1 | \
| | | ‘*|| 'II III|
‘\ / / \ I'I \
\ A /
/AN L
! f
I N \
>R, = R, <R, —|
a) barrel

b) Hyperboloidal

¢) conical

Figure 4.1 : The non-cylindrical helical geometries.
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Conical Helix:

(R, —R)g

. 4.3)

R(p) =R, +

where ¢ is the horizontal angle, n is the number of active turns of helix, respectively.

Curvatures of the non-cylindrical helical bars are derived based on the fundamental

equations of a cylindrical helix ¢=+/R*+ p’ and ds=cde. In accordance with

this assumption, the equations of the non-cylindrical helical geometries are derived.

The infinitesimal arc length ds in Frenet coordinate system,

ds =\/R*(p)+ p*(¢) dp=c(p)dp 4.4)

the curvature and torsion of the helix axis are given in Eqns. (4.4) and (4.5)

dt dn db
—=yn, —=—yt+th, —=—1n 4.5
] X ] X & 4.5)

The unit vectors of Frenet coordinate system are t,n,b where t is the tangential

vector to the helix centerline, n is the unit normal vector and b=txn is the binormal

vector.

c(p) = VR (9) + p*(9)
_ R(p)
c*(9) 4.6)
_ rlo)
()
p(p) = R(p)tana

T

4.2 The Field Equations of Elastic Helix

The field equations based on elastic Timoshenko beam theory for a helical bar are

(Olgun, 2004),

Equation of motion —i—T —q+pA4i=0 4.7)
S
~ M Tom o pl @ =0 8)
S

14



Kinematic equations j—: +txQ—y=0 4.9)
% —x=0 (4.10)

Constitutive equations y-C,T=0 4.11)
k—CM=0 4.12)

where, in Frenet form,

the displacement vector : u=ut+u,n+u,b,

the cross-section rotation vector : Q=0,t+Q,n+Q,b,

the force vector . T=Tt+7T,n+1,b and

the moment vector . M=Mt+M,n+M,b.

Also, p i1s the density of material, 4 is area of the cross-section, I is the moment
of inertia. ¢ and m are the distributed external force and moment vectors. G and

C, are compliance matrices for elastic material Omurtag and Ak6z (1992).

4.3 The Field Equations in The Frequency Domain

To solve viscoelastic helix problems, the field equations which are mentioned in
Eqns. (4.7) - (4.12) must be defined in the frequency domain. For the sake of the
simplicity, let us write them in the Laplace space. Therefore, by using the definition
in Eqns. (2.2) and (2.3) , the field equations in the Laplace space are obtained as

follows:

Equation of motion;

—d—T—q—l-pAzzl_I:O (4.13)
ds
—‘L—M—th—mpIzzﬁ:o 4.14)
S

Kinematic equations;
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Constitutive equations;

Kk—-C M

(4.15)

(4.16)

4.17)

(4.18)

where z is the Laplace transformation parameter and the quantities (u,---,M, etc.)

which are defined by the over bared notation in the Eqns. (4.13) - (4.18) show the
equivalent in the Laplace domain. For Eqns. (4.17) and (4.18) see Aribas (2012) and

Eratli et al. (2014).

4.4 The Functional in The Frequency Domain

The field equations which are given in Eqns. (4.13) - (4.18) can be written in

operator form Q = Ly —f and the matrix form of the operator is given as follows:

pAz2 0 0 —(), 0O 0!0 000
0 plz2 —(),  —tx 0 0!0 0 00
0 (), 0 0 —1 0/0 0 0 0
(),  tx 0 0 0 —110 0 0 0
Q_o 0 —1 0 -C, 0:0 0 0 0
0 0 0o -1 0 -C,i0 000
0 0 0 0 0 0!0 0 0 1
0 0 0 0 0 0!0 01 0
0 0 0 0 0 0!0 1 00
0 0 0 0 0 0i1 00 0

SE = ® o= 2R =

Q

- Zl

s}

=l 03" S o o @ e Bl <

=P
(s

(4.19)

If the operator is potential, the equality <dQ(y,y),y*>:<dQ(y,y*>,y> must be

satisfied (Oden and Reddy, 1976). dQ(y,y) and dQ(y,y ) are Gateaux derivatives

of the operator in directions of ¥ and y . Since the operator is potential then the

functional corresponding to the field equations are obtained as follows:
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+[(T—%),ﬁL +[(M—1f4), QL +[ﬁ,TL +[§,ML (4.20)

The terms with hats in the Eqn. (4.20) are known values on the boundary the
subscripts, ¢ and o represent the geometric and dynamic boundary conditions,
respectively. Rotary inertia and shear influence terms are considered in the functional

form (Aribag 2012., Eratli ef al. 2014).

4.5 Finite Element Formulation

Dimensionless coordinate are used in finite element derivation and the linear shape
functions are ¢ =1-¢& and ¢ =& (wWhereé=(p—9)/Ap, 0<<&<1,
Ap= (¢, — @) ). The subscripts represent node numbers of the bar element ¢; ) ¢,.

The element has two nodes with 2x12 degrees of freedom. In this study, exact
function Eqns. (4.2), (4.3) are used in the derivation of arc length curvature and

torsion (c, y,7) (see Eqn. (4.6)). The total variables for the element matrix per node

in the frequency domain is given as follows.

0., i,,Q,,0

t> n?

Q,,7,T,T,,M,,M M, 4.21)

n?o n?o

These variables in Eqn. (4.21) are defined by using interpolation function in the

element. Namely,
U=y ¢+ un é 4.22)

where the superscript “e” denotes the element number. Variable cross-sections and
different rigidities in Eqn. (4.20) are defined by using interpolating function. For

example,

A=A + AL §,
IF'=I¢+1¢

C:=C:, ¢+C, 9
C.=C;, ¢ +C., ¢

(4.23)
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External loads and moments are expressed as follows

O =9q,4+9:9,

Iﬁe:mj¢1+m;¢2

(4.24)

All expressions in Eqns. (4.21), (4.22), (4.23), (4.24) are inserted into Eqn. (4.20),
and after classical finite element formulation procedure, the element matrix is
derived. During the mathematical operations the following general form of the

submatrices are used, namely:

[ 4,05

[kz} = ]¢5i¢i,xds

L

"= [( b+ 104,05

0

<« RO
[h]zf;%%ﬁ@w

G
[kS] _[02(0) i 7

where i, j =1,2 . The subscripts i and j of the shape functions shows node numbers

of the bar element and also represents the row and column numbers of the terms of

submatrices. L is the arc length of finite element, f* defines variable cross sectional

|
|

4.5.1 Matrices of element and external loads for barrel and hyperboloidal helix

properties. The load vector terms are

{k '

99 +9,9, ) }ds
04+, )9

m @ +m, g, )(bljds
m, ¢, + m, ¢, )¢2

(4.25)

Il
Vel

Radius function R(&) = a, &+ a, £+ a, of barrel and hyperboloidal helix (see Fig.

4.1) in Eqn. (4.2) are defined by using dimensionless coordinate
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L _ (R —R)A)’

! (n)’
“o 2R, —R)Ap | 2R, — R )2401 Ag (4.26)
n (7n)
=R — 2(R, — R)o, + (R, — R, )2(§91)2
n (7n)

where, ¢, is angle at first node of finite element. The submatrices of element matrice

are as follows;

k)= BAp|{2a,+5a,+20a,}  {3a,+5a, +10a,} @
60 {3a1+5a2+10a3} {12a1—|—15a2—|—20a3}
| ]_—0.5 0.5 428
271-05 05 (4.28)
) BA(/’ A11 Alﬂ
k) :—[ (4.29)
] 60 |4, A,
. Aol 1 05
] :3_5 05 1
: (4.30)
: Ap| 1 05
=22 4.31
) 38'1 05 1 (@.31)
B=+/1+tan’a
o B (4.32)
tan o

where

4, :fl(a1 +3a, +15a3)+f2 (al +2a, +5a3)
4, = Ay, = fia, +2a, +5a;)+ f, (24, +3a, +5a;) (4.33)
A, = f(2a,+3a, +5a,) + 1, (104, +12a, +154;)

For (4.29) s is either of one C.,C,C.,C!,C/,C’ or 4,1,1,,1, in (4.33).

STtdTn
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4.5.2 Matrices of element and external loads for conical helix

Radius function R({)=e +e,& of conical helix (see Fig. 4.1) in Eqn. (4.3) are

defined by using dimensionless coordinate

e, =R +—(Rz>2_R1) )
n (4.34)
o — (Rz _Rl)A¢
=2 ed
2xn

where, ¢, is angle at first node of finite element. The submatrices of element matrice

are as follows;

k)= Baelldate} {2q+e)
D) {2€1+€2} {4€1+3€2} (4.35)
Y BAg E, E,
[k3] =0 [E £ ] (4.36)

21 22
where

E, =3f,(5¢ +e)+ f,(5¢ +2e,)
E,=E, = f,(5¢ +2e,)+ f,(5¢ +3e,) 4.37)
E,, = f,(5¢,+2e,)+3f,(5¢ +4e,)

For Eqn. (4.36) / is either of one C.,C;,C?,C!,C!,C’ or 4,1,,1,,1, in Eqn. (4.37).

Please note that, [kz], [k4]x, [ks]r, B, B’ are as defined in section 4.5.1
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5. NON-CYLINDRICAL HELICAL BARS

5.1 Verification Analysis - Elastic Analysis

The objective of this section is to verify new curvature formulation inserted into the
present finite element program which was developed in ITU by Omurtag M.H in
1990. We will show that, by this formulation exact curvatures of non-cylindrical
helical geometries are simulated in a more precise way. For the verification, the free
vibration analysis of non- cylindrical elastic helical bars, e.g. hyperboloidal, barrel

and conical, are handled.

5.1.1 Example 1.1 : The hyperboloidal helical bar

An elastic hyperboloidal helical bar, having circular cross section and fixed at both

ends is solved. The material and geometrical properties are:

the modulus of elasticity : E=210GPa

Poisson's ratio : 0v=03

the material density : p=7850kg/m?

the number of active turns : n=65

pitch angle o a=4.8°

the ratio of major radius to minor radius : R /R =24,and R =13mm
circular cross section radius : r=13mm

The first five natural frequencies of the hyperboloidal helix are calculated using
different meshes and convergence results are shown in Table 5.1. The results are
compared with Lee (2007), and SAP 2000 (750 elements and the number of
unknowns: 4506) in Table 5.2. The Convergence of the present element is excellent
even with a coarse mesh. Through the rest of the solutions 150 elements (the number
of unknowns:1812) are used. The convergence of the first two frequencies with Lee

(2007), Yildirim (1997) and SAP2000 for are shown graphically in Fig. 5.1. In this
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example, the shear correction factor £'=1.18 is used (Omurtag 2013). The value of

shear correction factor is considered k' =1.1 in J. Lee (2007) and Yildirim (1997).

Table 5.1 : The convergence result of the element for the first five frequencies (Hz)
for the hyperboloidal helical bar ( #, :number of elements ).

This study n,

Modes
50 100 150 200 250
1 75.64 75.75 75.76 75.76 75.76
2 95.76 96.28 96.31 96.31 96.31
3 100.85 102.95 103.06 103.07 103.08
4 132.58 133.2 133.23 133.23 133.23
5 160.5 160.71 160.72 160.72 160.72

Table 5.2 : The first five frequencies (Hz) for the hyperboloidal helical bar
(diff.% = (This study —Ref ) x100/ This study ).

This study Lee ' SAP2000 ,
Modes —M8— diff.% —  diff%
n =150 2007 n =750
1 75.76 75.76 0.00 75.65 0.15
2 96.31 96.31 0.00 95.57 0.77
3 103.06 103.09 -0.03 103.36 -0.29
4 133.23 133.21 0.02 132.49 0.56
5 160.72 160.70 0.01 159.56 0.72

' a—a-aThis study
105+ (W, ***SAP2000
<\ 1 7 e Lee 2007, Yildinm 1997

w,

T T T = T T i T T 1
50 100 150 200 250 300 350 400 450 500
element number

Figure 5.1 : The first two frequencies graph for the hyperboloidal helical bar.
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5.1.2 Example 1.2 : The barrel helical bar

A barrel helix bar, having circular cross section and fixed at both ends is solved. The

material and geometrical properties are:

the modulus of elasticity : E=210GPa
Poisson's ratio : 0v=03

the material density : p=7850kg/m?
the number of active turns : n=65

pitch angle o a=4.8°

the ratio of minor radius to majorradius : R,/R =0.4,andR =25mm
circular cross section radius : r=lmm

The first five natural frequencies of the barrel helix are calculated using different
meshes and convergence results are shown in Table 5.3.The results are compared
with Lee (2007), and SAP 2000 (750 elements the number of unknowns:4506) in
Table 5.4. The Convergence of the present element is excellent even with a coarse
mesh. Through the rest of the solutions 150 elements (the number of
unknowns:1812) are used. The convergence of the first two frequencies with Lee
(2007), Yildirim (1997) and SAP2000 are shown graphically in Fig. 5.2 . In this
example, the shear correction factor £'=1.18 is used (Omurtag 2013). The value of

shear correction factor is considered k' =1.1 in J. Lee (2007) and Y1ldirim (1997).

Table 5.3 : The convergence result of first five frequencies (Hz) for the barrel helical
bar (n, :number of elements ).

This study n,

Modes
75 100 150 250
1 65.30 65.54 65.54 65.54 65.54
2 71.51 71.51 71.51 71.51 71.51
3 85.31 86.63 86.84 86.91 86.93
4 85.38 86.70 86.91 86.98 87.00
5 129.59 129.59 129.59 129.59 129.59
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Table 5.4 : The first five frequencies (Hz) for the barrel helical bar
(diff.% :(This study — Ref) x100/ This study ).

This study Lee ) SAP2000 )
Modes ———— diff.% — dift%
n =150 2007 n =750
1 65.54 65.53 0.02 65.70 -0.24
2 71.51 71.52 -0.01 71.86 -0.49
3 86.91 86.93 -0.02 87.14 -0.26
4 86.98 87.00 -0.02 87.21 -0.26
5 129.59 129.60 -0.01 130.19 -0.46
80
78
76
74
=72
.._.‘—‘ ...................................
70 50 1?0 150
\ 80— g
\= 78] «—aThis study
& 76 w, ***SAP2000
774 ST e Lee 2007, Yildirm 1997
S T,
= 70% 4
iisge._\'\ﬂ._.- ................................... wl .................................
Zeat \
/8 621 \
/60— ‘ ; e . | ' T i |
% 100 190 200 * 300 5% 400 450 500

. element number

Figure 5.2 : The first two frequencies graph for the barrel helical bar.
5.1.3 Example 1.3 : The conical helical bar

A conical helix bar, having circular cross section and fixed at both ends is solved.

The material and geometrical properties are:

the modulus of elasticity : E=206.1GPa
Poisson's ratio : 0v=03
the material density : p=7900kg/m3
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the number of active turns

pitch angle

the ratio of minor radius to major radius

circular cross section radius

The first six natural frequencies of the conical helix are calculated using different
meshes and convergence results are shown in Table 5.5. The results are compared
with Lee (2007), and SAP 2000 (750 elements and the number of unknowns:4506) in
Table 5.6. The Convergence of the present element is excellent even with a coarse
mesh. Through the rest of the
unknowns:3012) are used. The convergence of the first two frequencies with Lee
(2007), Yildirim (2004) and SAP2000 for are shown graphically in Fig. 5.3. In this

example, the shear correction factor £'=1.18 is used (Omurtag 2013).The value of

n="17.6

a =8.5744°

R, /R =0.5,and R =5mm

r=0.5

mm

solutions 250 elements (the number of

shear correction factor is considered £'=1.1 in J. Lee (2007) and Yildirim (2004).

Table 5.5 : The convergence result of first six frequencies (Hz) for the conical
helical bar (#, :number of elements ).

This study n,
Modes
75 100 150 250 350
1 654.91 679.43 683.13 684.45 684.72 684.76
2 658.05 683.28 687.08 688.43 688.72 688.75
3 815.37 815.72 815.79 815.82 815.82 815.82
4 878.57 879.63 879.80 879.86 879.88 879.87
5 1419.07 1457.83  1463.37 146531 1465.73  1465.77
6 1441.17 1484.16  1490.16  1492.62 1492.72  1492.77

Table 5.6 : The first six frequencies (Hz) for the conical helical bar.

(diff.%:(This study-Ref )x100/ This study ).

This study Lee ' SAP2000
Modes —————— diff% ——— diff%
n =250 2007 n =750

1 684.72 68476 -0.01 68472 0.00

2 688.72 688.76  -0.01 688.68 0.1

3 815.82 816.06  -0.03 81633  -0.06

4 879.88 87938  0.06 880.76  -0.10

5 1465.73 1465.50  0.02 1466.56  -0.06

6 1492.72 1492.70  0.00 1493.38  -0.04
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(b) The second frequency graph for the conical helical bar.
Figure 5.3 : The first two frequencies graph for the conical helical bar.

5.1.4 Example 1.4 : Shear correction factor and Poisson's ratio

Shear coefficient is defined as a function of Poisson's ratio by Cowper (1966) as

follows,

Hollow circular section

6 (1+0)(1+m*)’

_ m_}/;'nner (5 1)
TA+60)1+m*)* +(20+120)° |

7‘()14[6!‘

Thin-walled hollow circular
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K 2(1+v)
4+3v

(5.2)

It is related by shear correction factor by,

1
k'=— 5.3
X (5-3)

In this example, we are interested with the influence the shear correction factor and
on the first five natural frequencies, which is calculated over the Poisson's ratio (see
Eqn. (5.1) and Eqn.(5.2)). A unique helix geometry is solved for two different cross-
sections, namely hollow circular section and thin-walled hollow circular. Two
different shear correction factors are used, one is for v =0 and the other for
v =0.3. The natural angular frequency results are compared with each other. An
elastic cantilever hyperboloidal helical bar is handled. The common material

geometrical properties of the helical bar are as follow:

the shear modulus : G=80GPa

Poisson's ratio : 0v=03

the material density . p=7850 kg/m?

the height of helix . H=4m

the ratio of minor radius to major radius : R /R, =0.5,where R, =2m
the number of active turn : n=6

the net area for all cross-sections : A=15394cm?

the number of element : n,=200

The inner and the outer radius of the hollow circular cross section are #,,.,, = 5.25cm
and 7,,.. =8.75cm , repectively. The shear correction factor is calculated by using
the formula in Eqn. (5.1) and Eqn.(5.3), as follows
ki=K'(=0,m=0.6)=1.82 (5.4)
ki;=K'(v=03,m=0.6)=1.72 (5.5)
where m = ryer / Fprer =5.25/8.75=0.6 . The percent differenence between kg; and

ki (see Eqns. (5.4) and (5.5))normalized with respect to kq is 5.49%. The first five
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natural frequency values corresponding to k, and kg, and the differenence between

these two results normalized with respect to k¢ natural frequency results are given in

Table (5.7).

Table 5.7 : The first five natural frequency values corresponding to 4, and kg of the
hyperboloidal helical bar having hollow circular cross section.

Angular natural frequency (Hz)

Modes diff.%
for k; for k;;
1 0.543517791 0.543531797 -0.00258
2 0.548102568 0.548115937 -0.00244
3 0.817358831 0.817460054 -0.01238
4 0.920840898 0.92084233 -0.00016
5 1.587267049 1.587351401 -0.00531

The inner and the outer radius of the thin-walled hollow circular cross section are

Fomer =14.87cm and 7,,,,. =16.435 cm, repectively. The shear correction factor is

calculated by using the formula in Eqn. (5.1) and Eqn.(5.3), as follows

k=K '(b=0)=2

k,=K"'(v=03)=1.88

(5.6)
(5.7)

The percent differenence between kg5 and k; (see Eqns. (5.6) and (5.7)) normalized

with respect to k; 6.00 %. The first five natural frequency values corresponding to

ky and kg5, and the differenence between these two results normalized with respect

to k, natural frequency results are given in Table Table (5.8). Since the difference

between the first five natural frequency values calculated by using k; and kg5 are

neglicable for both hollow circular and thin-walled hollow circular sections, for the

rest of the examples only kq values are used for the respective sections.

Table 5.8 : The first five natural frequency values corresponding to &, and kg5 of

hyperboloidal helical bar having the thin-walled hollow circular cross
section.

Angular natural frequency (Hz)

Modes diff.%
for k; for ki,
1 1.176507876 1.176678490 -0.014502
2 1.186497236 1.186659574 -0.013682
3 1.758467793 1.759678803 -0.068867
4 1.994912514 1.994930499 -0.000902
5 3.422920215 3.423937851 -0.029730
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Figure 5.4 : Hyperboloidal helix geometry
5.2 Viscoelastic Analysis

The influence of the section geometry, the helix geometry and the effects of viscous
shear modulus on the dynamic response of a viscoelastic cantilever hyperboloidal
helical bar (see Figure 5.4) are investigated. The viscoelastic material exhibits the
standard type of distortional behavior while having elastic Poisson’s ratio 0 =v. In

the analyses, the common material geometrical properties of the helical bar are as

follow:
the shear modulus : G=80GPa
Poisson's ratio o v=03
the material density : p=7850 kg/m?
the height of helix . H=4m
the ratio of minor radius to major radius : R /R, =0.5,where R, =2m
the net area for all cross-sections : A=15394cm?

The bar is subjected to a rectangular impulsive type of external dynamic load

P = P(¢) acting from the free end of the bar as seen in Figure 1
the intensity of the loading : P=1000N

=50s

load ~—

the duration of the loading : t

The dynamic response of the bar is determined within 0 <z <100s . The analyses are

carried out in the Laplace space and the results are transformed back to the time
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space numerically by using modified Durbin's algorithms (Dubner 1974, Narayanan
1980). The parameters which are used in the analysis for inverse Laplace

transformation algorithm are N =2!! and a7 =6 which are verified by Erath ef al.
(2014).

In the examples that follows, the time history curves of the displacements (u_, u, ),
the rotation Q at the free end of the bar, and, the shear force 7, and the moment
M at fixed end of the bar are determined. By using these curves (see Figures 5.5,

5.6, 5.7, 5.8, 5.9), the dynamic behavior of hyperboloidal helical bars having

different material and geometrical properties are compared.

5.2.1 Example 3.1: The convergence analysis of a viscoelastic cantilever

hyperboloidal helical bar

The solid-circular cross-sectional area is 4=153.94cm? and the shear correction

factor £'=1.18 is used (Omurtag 2013). For the convergence analysis the following

parameters are selected:

the number of active turn of the helix : n==6
the retardation time : 76 =0.01s
the ratio associated with shear modulus pe=3

The solutions are determined by discretizing the bar using 40, 60, 80 and 100 finite

elements. The time histories for u ,u_,2, and, 7. are given in Fig. 5.5,

respectively. From the time variation curves (which are evaluated using 80 and 100
elements), the values of first six extrema (see Fig. 5.5) that occur within the forced
vibration zone are determined. Absolute percent differences of these extrema values,
belonging to the solutions determined using 80 and 100 elements, are evaluated and
they are normalized with respect to the extrema values of 100 elements. The standard

deviations of the normalized absolute percent differences for displacements (u_,u. ),
rotation (2 and shear force 7, are 0.807+0.04, 0.648+0.17, 0.985+0.05 and

0.062+0.06, respectively. As a consequence, in the solutions, 100 mixed elements

are employed.
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Figure 5.5 : The convergence test for a cantiliver hyperboloidal helical bar.
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Figure 5.5(continued): The convergence test for a cantilever hyperboloidal helical
bar.

5.3 Time histories of viscoelastic hyperboloidal helical bar

5.3.1 Example 3.2: The retardation time ¢ associated with the shear modulus

The solid-circular cross-sectional area is 4 =153.94cm? and the shear correction

factor £'=1.18 is used (Omurtag 2013). and the viscoelastic material has different
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values of retardation time 7¢ = 0.005s, 0.01s, 0.1s (see Figure 5.6). The values of the

parameters that describe the helix geometry, cross-section and the ratio associated
with shear modulus A¢ are the same with those used in the convergence analysis

Sec.5.2.1.

the number of active turn of the bar : n==6
the ratio associated with shear modulus o p9=3
=
E]
5 -
£
(]
2
2 Be=30,n=6.0
Tl —1,5=0.0055 ~—1,5=0.01s ——15=0.1s
" 40-
T T T T T T T T > 1
0 @ 20 %0 40 20 60 i 80 % 100
time (s)
(a) the displacement u_ at the tip of the bar.
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(c) the rotation €2 at the tip of the bar.

Figure 5.6 : Time histories of viscoelastic hyperboloidal helical bar for different
values of retardation time ¢ associated with shear modulus.
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Figure 5.6(continued ): Time histories of viscoelastic hyperboloidal helical bar for
different values of retardation time r¢, associated with
shear modulus.

5.3.2 Example 3.3: The ratio of S¢ associated with shear modulus

The bars having different values of the ratio f¢ =1.1,1.5, 3.0 associated with shear
modulus are investigated (see Figure 5.7). The solid-circular cross-sectioned bar is
considered having 4=153.94cm? and the shear correction factor £'=1.18 is used
(Omurtag 2013). The values of the parameters that describe the helix geometry,
cross-section and the retardation time z¢ are the same with those used in the

convergence analysis Sec. 5.2.1 .

the number of active turn of the bar : n==6

the retardation time : 79=0.01Is
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Figure 5.7 : Time histories of viscoelastic hyperboloidal helical bar for different
values of B¢ associated with shear modulus.
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Figure 5.7 (continued ): Time histories of viscoelastic hyperboloidal helical bar
for different values of £¢ associated with shear modulus.

The influence of the parameters of viscoelastic material (z¢, S¢) on the dynamic

behavior are shown in Figures 5.6 and 5.7 by plotting the time histories of u_, u

z?o

Q, T. and M, In Fig. 56, time histories are determined for

79 =0.005s,0.01s,0.1s, B¢ =3, whereas, in Fig. 5.7 they are calculated for
p¢=1.1,15,3.0, 7¢ =0.0ls. We recall that, parameters 7 and S¢ describe the
standard type of distortional behavior. From these two figures it is observed that, as
the values of ¢ and ¢ increase, u_, u_, QT and M ’ dissipate more rapidly,

and, they also have smaller amplitudes. This behaviour is expected since the increase
in the values of these parameters signifies that the distortional viscous behavior
becomes more dominant in the material. It is also seen that, the change in the values

of 7¢ and B¢ do not effect the vibration period.

5.3.3 Example 3.4 : For three different values of the number of active turns (n )

The bars having different number of active turns (n =2,4, 6) are investigated (see
Figure 5.8). The solid-circular cross-sectioned bar is considered having

A=153.94cm? and the shear correction factor £ =1.18 is used (Omurtag 2013). The
values of the parameters that describe the helix geometry, cross-section, 7% and S¢

describe the standard type of distortional behavior are the same with those used in

the convergence analysis

the retardation time : 79=0.01Is
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the ratio associated with shear modulus o p9=3

From Figure 5.8, we see that, as n increases, u_, u_, Q, oscillate about larger

values (absolutely) in the forced vibration zone. More clearly, in the forced vibration

zone for the values of n=2,4,6, the oscillations are about —17.5mm, —38mm,
=57.8mmfor u_, 26.lmm, 59.3mm, 92.2mmfor u, and —0.01rad, —0.02rad,
—0.03rad for (2 . On the other hand, 7, and M oscillate about 1000 N and 0 in

the forced vibration zone for all values of n (e.g. Figure 5.8d, Figure 5.8¢). From the
time variation curves, it is also observed that, as n decreases, all the responses damp

more rapidly while their amplitude and vibration period decrease.

From the time variation curves ( which are evaluated for n =2, 4, 6), the values of

first six extrema (see Fig.5.8) that occur within the forced vibration zone are
determined. Absolute percent differences between these values are evaluated and
normalized with respect to n=6. The standard deviations of the nodal values are

obtained. The comparison for u, , u, and (2 with the results that correspond to

n =6 indicates that the reductions in the case of n=2 are 76.618+0.663,
74.792+0.810 and 75.070+0.348, in the case of n=4 are 39.998+1.113,
38.61£2.426 and 38.863%0.829, respectively.
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(a) the displacement u _ at the tip of the bar.

Figure 5.8 : Time histories of viscoelastic hyperboloidal helical bar for different
values of the number of active turns (7).
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Figure 5.8 (continued): Time histories of viscoelastic hyperboloidal helical bar for

different values of the number of active turns (n ).
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5.3.4 Example 3.5 : Three different types of the cross-sections

The differences between dynamic behaviors of bars having different cross-sectional
shapes (see Fig. 5.4) are examined. The bars having solid-circular, hollow-circular
and thin-walled hollow-circular cross-sections are considered (see Fig. 5.9 ). The net

cross-sectional area for each type of cross-section is taken as 4 =153.94cm?. The

shear correction factors & are taken as following cross sections:

the solid circular type . kK'=1.18 (Omurtag 2013).
the hollow circular type © k'=1.82 (Cowper 1966).
the thin-walled hollow-circular type k=2 (Cowper 1966).

The values of the parameters that describe the helix geometry, cross-section, 7¢ and

P¢ describe the standard type of distortional behavior are the same with those used

in the convergence analysis

the retardation time : 79=0.01Is

the ratio associated with shear modulus . p9=3

Figure 5.9 shows, the time variations of the selected quantities. It is seen that, the
time variations are significantly affected from shape of the cross-sections. In the
forced vibration zone for solid-circular, hollow-circular and thin-walled hollow-

circular bars, the oscillations are about —58.3mm, -27.4mm, -5.8mm for u_,
91.2mm, 43.1mm, 9.2Imm for u, and —0.03rad, —0.01rad, —0.003rad for €2 .

The responses determined for thin-walled hollow-circular bar damp very rapidly, and
the vibration period and amplitude of these responses are very low valued when
compared with the others. Within the three bars, thin-walled hollow-circular bar
turns out to be the most stiff, while the opposite behavior is true for the solid-circular

bar.

From the time variation curves ( which are evaluated for circular, hollow circle, thin-
walled circular hollow,), the values of first six extrema (see Fig.5.9) that occur within
the forced vibration zone are determined. Absolute percent differences between these
values are evaluated and normalized with respect to solid-circular cross-section. The

standard deviations of the nodal values are obtained. The comparison for u_, u_ and
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€2, with the results that correspond to the solid-circular cross-section indicates that

the reductions in the case of the hollow-circular are 55.796+1.098, 54.837+0.624
and 55.118+0.532, in the case of the thin-walled hollow-circular are
91.947+0.549, 91.159+0.315 and 91.484+0.223, respectively.
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Figure 5.9 : Time histories of viscoelastic hyperboloidal helical bar for three
different types of the cross-section.
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Figure 5.9 (continued): Time histories of viscoelastic hyperboloidal helical bar for
three different types of the cross-section.
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6. RESULTS AND DISCUSSION

In this thesis, using the exact expressions of defined the helix geometry properties a
new mixed finite element formulation is obtained and it is verified by the free
vibration analysis of elastic hyperboloidal, barrel and conical helical bars under
fixed-fixed boundary conditions. The Timoshenko theory is employed and two
nodded curved element is used. It is assumed that, the linear viscoelastic material
exhibits standard type of distortional behavior while having elastic Poisson's ratio
and the material properties are implemented into the formulation through the use of
the correspondence principle. The finite element solution is carried out in the Laplace
space, and then the results are transformed back to the time space numerically via
Modified Durbin’s transformation algorithm (Erath et al. 2014). As a viscoelastic
analysis, the dynamic behavior of a cantilevered viscoelastic hyperboloidal helical
bar under rectangular impulsive type of loading is solved as an original problem is

handled.

The following remarks can be given for the elastic non-cylindrical helical bars,

respectively:

e In order to verify the new geometry definition of the element, the non-
cylindrical elastic helical bars existing in the literature and the results of a
commercial finite element program SAP2000 are handled, and quite
satisfactory results are obtained. The element fast in convergence even with a

coarse meshing (see Figure 5.1, Figure 5.2, Figure 5.3 )

The influence the shear correction factor is investigated on the first five natural
frequency values, which is calculated over the Poisson's ratio for a elastic cantiliver
hyperboloidal bar. The analyses is performed the two different shear correction
factors are used, one is for v =0 and the other for v =0.3. Since the difference
between the first five natural frequency values calculated by using k; and kg; are
neglicable for both hollow circular and thin-walled hollow circular sections, for the

rest of the examples only k, values are used for the respective sections.
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As benchmark examples, keeping shear modulus, Poisson's ratio, the material

density, the height of helix, the ratio of minor radius to major radius, the net area for

all cross-sections as constant, the intensity of loading and the duration of loading

nine different viscoelastic hyperboloidal helical bars are analyzed and the following

remarks can be given:

Through the analysis, a convergence analysis is performed for 40, 60, 80 and
100 finite elements. It is observed that results of 80 and 100 finite elements
are quite satisfactory (see Figure 5.5). As a consequence, in the solutions,

through the rest of the numerical analysis 100 elements is employed.

The influence of the viscous shear modulus on the dynamic response due to
various number of active turns and the cross-sectional shape of the bar is as

follows:

Increasing the values of 7¢ and B¢, increased the dissipation rate of the
displacements (u,, u.), rotation (£2,), shear force (7_) and moment

(M) (see Figure 5.6 and 5.7).

The magnitudes of the displacements and rotations decreased due to the

decreasing number of active turns (see Figure 5.8 ).

The magnitudes of the displacements and rotations are decreased if the
hollow-circular cross-section is replaced by the solid circular (see Figure

59).

The period of the vibrations decreased if the hollow-circular cross-

section is replaced by the solid circular (see Figure 5.9 ).

The magnitudes of the displacements and rotations are considerably
decreased if the thin-walled hollow-circular cross-section is replaced by

the solid circular (see Figure 5.9 ).

The period of the vibrations considerably decreased if the thin-walled

hollow-circular cross-section is replaced by the solid circular (see Figure

59).
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o Asaverification, T, and M, oscillate about 1000 N and 0 in the forced

vibration zone for the all dynamic analyses (see Figures 5.6, 5.7, 5.8,

5.9).
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