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BOLUM 1
GIRIS

Kapal1 bir aralikta siirekli fonksiyonlara polinomlarla yaklasmak, yaklasim teorisinin temel
calismalarindan biridir. ilk defa 1885°de Weierstrass, kapal1 bir aralikta siirekli fonksiyonlara

polinomlarla yaklasilabilecegini kanitlamistir.

Rus Matematik¢i Bernstein 1912  yilinda, Weierstrass’in  bu polinomunun nasil

tanimlanabilecegi lizerinde calismis ve toplam formiiliiyle bir polinomlar dizisi tantimlamistir.

1953 yilinda Korovkin, dogrusal pozitif operator dizisinin f fonksiyonuna diizgiin yakinsak

olabilmesi i¢in ii¢ tane kosulun gerekli ve yeterli oldugunu gdstermistir.

Daha sonra Bernstein polinomlar ile ilgili bir¢ok uygulama ve genelleme yapilmistir. g-
analizin yaklasim teorisinde klasik analizden daha iyi sonuglar vermesi nedeniyle literatiirdeki

birgok operatoriin g-genellemesi yapilarak yaklasim 6zellikleri incelenmistir.

Bernstein operatorlerinin bir diger genellemesi de (p, q)-analiz yardimiyla olusturulmustur. g-
analiz teorisinin temelleri 18. yiizyilda Euler tarafindan ortaya konulmus ve daha sonra g-
analizin matematigin degisik alanlarina uygulamalar1 yapilarak, bu teori ile ilgili ¢aligmalar

hizla artmistir.

Bernstein operatorlerinin g-genellemesi ilk defa Lupas (1987) tarafindan calisilmistir. Bundan
sonra, Phillips (1996) bu operatoriin bir genellemesini tanimlayarak yaklasim 6zelliklerini

incelemistir.

Schurer (1962), negatif olmayan p-tamsayisi yardimiyla, Bernstein operatorlerinin bir

genellemesini tanittl. Daha sonra bu operatoriin farkli genellemeleri de olusturulmustur.

C[0,1] uzayinda tanimlanan Bernstein polinomlari, integrallenebilir fonksiyonlar uzayinda
yakinsaklik elde edebilmek amaciyla modifiye edilmistir ve bu modifikasyon ilk defa

Kantorovich (1930) tarafindan yapilmastir.



Bu c¢alismanin 3.1 kesiminde simirlar1 degisken olan bir simetrik aralikta Bernstein
polinomlarini inceleyen Acar ve Izgi’nin (2021) ¢alismasi ile [—1,1] araliginda Bernstein-
Schurer operatériinii inceleyen Keles ve Izgi’nin (2018) ¢alismalarmin bir sentezi yapilarak
Bernstein-Schurer operatoriiniin bir genellemesi tanimlanmigtir. Calismanin 3.2 kesiminde ise
sinirlar1 degisken olan bir simetrik aralikta Bernstein polinomlarini inceleyen Acar ve Izgi’nin
(2021) c¢alismas1 ile [—1,1] araliginda Bernstein-Kantorovich operatoriinii inceleyen
Kahvecibagi’nin (2014) calismalarini birlikte degerlendirerek Bernstein-Schurer-Kantorovich

operatdriiniin bir genellemesi verilmistir.

Tanimlanan operatorlerin; dogrusal pozitifligi, Korovkin teoremi sartlarin1 sagladigi,

[— ﬁ,ﬁ simetrik aralif1 iizerinde diizglin yakinsadig1 gosterilecektir. Siireklilik modiilii

yardimiyla yaklasim hizi hesaplanacaktir. Daha sonra bu operatdrlerin merkezi momentleri
yardimu ile yaklasimi verilecektir. Son olarak L, (f; x) ve K, (f; x) ile gosterilen operatorlerin

f fonksiyonuna yaklagimi grafikler ve niimerik hesap tablosu ile gosterilecektir.

1.1 C[a, b] VE C(D) UZAYLARI iCIN YAKLASIM TEOREMLERI

Tamm 1.1.1

[a, b] araliginda tanimli, aralikta siirekli olmakla birlikte a da soldan b de sagdan siirekli olan
f:la, b] = R fonksiyonlar uzayma [a, b] de taniml siirekli fonksiyonlar uzay1 denir. Kisaca

Cla, b] seklinde sembolize edilir (Altomare and Campiti 1994).
Tanm 1.1.2
f:la, b] - R siirekli olsun. Boylece

Ifllc := max [0l (1)

ile C[a, b] de bir norm tanimlanir.

Bu durumda C|a, b] uzayi agik bir sekilde normlu dogrusal bir uzaydir (Rudin 1991).



Onerme 1.1.1

(&)nen, sifir dizisi olsun. (f,) € C[a,b] fonksiyon dizisi C[a,b] uzaymnda bir h

fonksiyonuna diizgiin yakinsar < her x € [a, b] i¢in,

|fu(x) —h()| <M - &,

esitsizligi saglanacak sekilde en az bir M > 0 sayist vardir (Coskun 1998).

Tamm 1.1.3

Her f € X i¢in,

L(f; %) = h(x) (1.2)

olacak sekilde h € Y varsa L ye X den Y’ye bir operatordiir denir (Hacisalihoglu ve Haciyev
1995).

Tanim 1.1.4

X ve Y dogrusal uzay olsun. a;, a, € R ve f;, f, € X olacak sekilde

X’den Y’ye tanmiml1 L operatori i¢in,

L(aifi + azf2; %) = a1 L(f1; %) + azL(f2; %) (1.3)

esitligi saglaniyorsa X {lizerindeki L’ye dogrusal bir operatdr denir (Hacisalihoglu ve Haciyev

1995).

Tanmm 1.1.5

Xt:={feX:f(x)=0}veYT:={geY:g(x) =0}

olacak sekilde tanimlanan uzaylar olsun. L: X — Y dogrusal operatorii i¢in,

L(X*) cY* kosulunu saglayan L’ye dogrusal pozitif operator denir (Hacisalihoglu ve

Haciyev 1995).



Ornek 1.1.1

1912 yilinda S. Bernstein [0,1] tizerinde siirekli fonksiyonlara yakinsayan bir polinom

tanimlamistir. Bu polinom;

0 < x < 1 olmak iizere;

B.(f;x) = i f (%) (Z) xk(1 = x)nk

k=0

seklindedir. Agikga B, (f; x) pozitif dogrusal bir operatordiir. Bu operatér Bernstein operatorii

seklinde adlandirilir (Bernstein 1912).
Uyan 1.1.1

Pozitif ve dogrusal operatorler negatif fonksiyonlar1 negatif fonksiyonlara doniistiiriir

(Hacisalihoglu ve Haciyev 1995).

Uyan 1.1.2

Pozitif ve dogrusal operatdrler monotondur (Hacisalihoglu ve Haciyev 1995).

Onerme 1.1.2

X, Y normlu uzaylar olsun. L: X — Y tanimli, dogrusal pozitif operatorii i¢in

IL(f; )] < Ln(If1; %) (1.4)
esitsizligi saglanir (Hacisalihoglu ve Haciyev 1995).

Tanim 1.1.6

Her f € X i¢in L: X — Y dogrusal bir operatdr olsun.

ILCF, 0lly < C- MIfllx

esitsizligi saglanacak sekilde bir C > 0 sayis1 varsa L operatdriine sinirhidir denir. L

operatoriniin normu;

ILIlx—y = inf{C: IL(f;0)ly < C - |Iflx} (1.5)



ile gosterilir (Rudin 1991).
Uyan 1.1.3

I|fllx # 0 olsun. L: X = Y dogrusal operatorii sinirli olsun. Bu durumda

ILCF, 0y

sup — 1.6
||f||Xl::tO IIf |l x (1.6)

LIl x-y =

esitligi saglanir (Rudin 1991).
Teorem 1.1.1 (Korovkin Teoremi)
n € Nvex € [a,b] olsun.m = 0,1, 2 olmak tizere L,, dogrusal pozitif operatorler dizisi

lim 1L (67, %) = 2™ lcfa ) = 0 (1.7)

seklindeki ti¢ kosulu sagliyorsa tiim R de smirh ve [a, b] araliginda siirekli, a da soldan b de

sagdan siirekli olan her f i¢in

lim 1L (,2) = F Gl cfe1 = 0 (18)
esitligi saglanir. (Korovkin 1960).

Kanit

f’nin smirliligindan

lfG)l =M

kosuluna uygun en az bir M > 0 vardir.

f € Cla, b] oldugunda her € > 0 i¢in x € [a,b], t € (—o0,+) ve |t — x| < § oldugunda
|f(t) — f(x)| < € olacak sekilde 3 § > 0 vardur.

Ayrica, [a,b]’nin elemam olan her x ve t € [a, b] i¢in |t — x| < § oldugunda da |f(t) —
f(x)] < € esitsizligi dogrudur.

€ [a,b], t € [a, b] olsun. f, a da soldan b de sagdan siirekli olmasindan dolay1 |t — x| < §
oldugunda |f(t) — f(x)| < € esitsizligi yine gegerlidir.



[t—x|?

[t — x| = & olursal < =2

Uggen esitsizligi yardimiyla yukaridaki esitsizliklerden her £ > 0 igin

£ = FCI S IO+ 1] < 2M <t~ 2l + ¢

esitsizligi gecerlidir. Diger taraftan

M F ) = FCletan) = £ = FGO + F (20 = Flctan
= MLa(F (D) = FCD0) + Ly(F ) = F et

= ILa(F(®) = D) + FGILa(1,0) = flctan

= La(F(®) = £ 0) + FGLn(1) = letan

< HLn(F(®) = £ efan) + IFCLn(13) = Wleian

< MEn (P = FC, D ctann + ma [FCNILa (1,0 = 1]l cpas
esitsizligi saglanir. Kabulden e, sifir dizisi icin

ML (1) = 110 iy < €

olacagindan,

ILn(f, %) = f(Ollctap) < ILn(F (&) = F(), X lciap) + enllfllcrap

esitsizligi elde edilir. (1.9) esitsizligi dikkate alinirsa
2M
Ln(f(t) - f(X),X) <L, (F (t— x)2 + ¢, x)

=1L, (25—1\2/1 (t — x)z,x> + L, (&%)

2M

= FLn(t2 —2tx + x2,x) + L,(&,x)

oM, 2
= 7 (Ln(t%,2) = Ly (200,%) + Ly (x%, ) + el (1,2)

elde edilir ve 2M < 2—1\24 |t — x|? esitsizligi saglanr.

(1.9)

(1.10)



2M ) )
= F(Ln(t ,X) - ZxLTl(t) X) + Ln(]-: x)x ) + gLn(ll x)

2M
= F(Ln(tZ,x) —x% 4 x2% = 2xL,(t,x) + 2x% — 2x% + L,,(1,x)x? — x? + x?)

+el,(1,x) —e+¢

2M

=57 [(L,(t2%,x) — x2) + x% — 2x(L,(t,x) — x) — 2x% + x2(L,(1,x) — x) + x?]

+e(L,(1,x) —1) + ¢
esitsizligi gecerli olup

Ly (f (©) = (), llclap) = xgl[gflg]an(f(t) — f(x), %)

< xrer%g}lg]Ln(lf ®) = f()],x)

2M
< max, {? [(L,(t%, x) — x?) + x2 — 2x(L,,(t, x) — x) — 2x% + x?(L,(1,x) — x) + x?]
X€E|a,

+e(L,(1,x) — 1) + &}

< — 2 — x2) — — 2 _
=52 [xrél[%](Ln(t ,X) —X%) xrén[g,)l()] 2x(L,(t,x) x)+x1én[3’>l§]x (L,(1,x) 1)]

L,(1,x)—1
+€xr§g§,]( A(Lx)—1)+e¢

zM 2 2 2
< F(Ian(t %) = %*|lefap) = 2allLn (6, %) = xllcfap) + DL (L, %) = Ulcian)
+ellLn(1,x) = Lllclap + €

bulunur. Ayrica (1.10) esitsizliginin her iki tarafinin n — oo i¢in limiti alinirsa;

I [IL, (f, ) = O llcrapy < m ILn (f () = £ ()5 X llerap) + &nllfllerap

< F(Sn —2ag, + b%e,) +eg, + e+ &,

esitsizligi bulunur ve buradan



i L0 (f,) = £ lcta) = 0

esitligi elde edilir. Dolayisiyla C[a, b]’nin elemani olan her f igin L,(f,x), f fonksiyonuna

diizgiin yakinsar.

Teorem 1.1.2 (Volkov Teoremi)

D =[0,1] x [0,1] olmak iizere x-eksenindeki [0,1] aralig1 n ardigik pargaya boliinsiin.
O=a1p<app < <appn<--<ap,=1

pargalarin ug noktalar1 olsun. y-eksenindeki [0,1] araligi m ardigik par¢aya boliinstin.
0= ﬂl,m < ,Bz,m < < ,Bj’m < < ﬁm,m =1

pargalarin u¢ noktalar1 olsun. Her j = 0,1,2,...,m, k=0,1,2,...,n ve m,n = 0,1,2, ... i¢cin

Pk(?'m) (x,y), D tuzerinde siirekli pozitif fonksiyonlar olsun. D iizerinde siirekli f fonksiyonu

igin

n m
Lam(i3) = "> f(din Bim)BG™ ()
k =0

:O]

seklinde ile taniml1 (Ln'm f ) dogrusal pozitif operatdr dizileri

n
lim z z Pk(’}"”)(x, y)—1 =0, (1.11)
n,m- oo ,
k=0j=0 )
n m
lim Z Z ak,nPk(’}'m) (x,y) —x =0, (1.12)
n,m-o ’
k=0j=0 )
n m
im Y g @ —y|| =0, (113)
n,m—oo
k=0j=0 )
n m
im (15N (a2 + BB @) - G2 +yD)|| =0 (1.14)
' k=0 j=0



kosullar1 saglansin. D bolgesinde siirekli, tiim R? de sinirl ve gercel degerli her f igin
im Ly (f5,9) = fG |y = O (1.15)

ifadesi saglanir (Volkov 1957).

Kanit

nm(f X, y) - ZZf(akmﬁjm)P(nm)(x»y)

k=0

olarak tanimli L, ,,(f;x,y) polinomlar1 (1.11) — (1.14) kosullarmi saglasin. C(D)'nin

elemani olan her f i¢in

Lam(£5%,3) = FG9) = D" f(ein, Bim) B ™ @) = £(5,9)
=0

- z F(@n Bm) B 0y) = F9) + ) FayIRG™ ()
k=0 j=0 k=0 j=0

m
(x, YIB™ (x,)

M:

k=0
= O ((F@n Bm)eey) = o) BE™) + Fan | DD RE™ ey -1
k=0 j=0 k=0 j=0

|Lom (f5 %,9) — f(x, ¥)]

> ((F(aon Brm) ) = o)) BE™) + FGem) | Y. Y RG™Gey) =1

k=0 j=0

NgE
INGE

=
Il
(=)
-
Il
o

M:

1 (@em Bim)Cey) = FEW[PE™ + 1 Com)l [ Z R (e y) ~ 1
j=0 k=0 j=0

k=0

esitligi elde edilir.



max |an(f x,y) — f(x,y)| < max Z Z'f(ak"“ Bim) (6, ) — F(x,y)| RO
0 /=0

(x,y)eD (0 Y)ED L=

n m
+ max |f(x, y)I max ZZP,C(Z’m)(x,y) -1

(x,y)eD ,Y)ED

oldugundan norma gegilerek

L (F5%,9) = FCD ) < ZZ [ (@ Bim) 5 3) — £, )| O™
k=0 j=0

c(d)
n m
Hiflew [ D)) BG™ @y —1
. c(0)
esitsizligi yazilabilir.
n m
= > O |F(@en Bim) e y) - FE | BG™ ()
k=0 '=
olarak tanimlanirsa M > 0 i¢in
esitligi yardimiyla
n m
lnm(Fi 290 = FC gy < ([ D 1F (@om Bim) 3 = F )| BG™
k=0 j=0 )

n m
+M||An,m||C(D) z z P(f;’m)(xi J’) -1

k=0j=0 c(D)

olur.

Diger taraftan f € C(D) oldugundan f fonksiyonu sinirlidir. O halde her (x,y) € D i¢in

10



lf. =M

esitsizligi saglanacak sekilde bir M > 0 sayist vardir. Bu durumda (ak,n, ﬁj,m) noktalar1 D

bolgesi lizerinde olup her j = 0,1, ..., mve k = 0,1, ..., n igin

|f (@ Bjm) = f(x, )| < 2M

esitsizligi gecerlidir. Burada

19k,j = (ak,nr .Bj,m):19 = (x’y)

5(90.9) = (@ = )" + (Bm ~ )’

esitlikleri kullanilarak kapali bir D bolgesi iizerinde siirekli olan f fonksiyonu diizgiin siirekli

olacaktir. Her € > 0 i¢in 0'(19,(, i 19) < 6 iken fonksiyonun diizgiin siirekliligi kullanilarak
|f (1) — fFO)| < e

esitsizligini saglayan 3 § = §(e) > 0 vardur.

0(19,(, j,19) > 6 i¢in ise f’in sirhiligindan

|f (@ Bjm) — FO0,9)| < 2M

durumu saglanir.

(S, 9) -
——=2

oldugundan

2(9, .9
|f(ak,n; ,Bj,m) — f(x, y)| < ZM%

olacaktir.

O halde a(ﬁk, i 19) < dve 0(19,(, j,19) = § durumlar birlikte diisiiniiliirse her € > 0 icin

11



2(9, . 9
|f(@kn Bim) = FO )| < e+ ZM%"ZJ)

esitsizligi gegerli olur.

A, toplami igin

n m 2
g“(9y ;,09
Apm < z z (e +2M %) Pk(”}’m) (x,y)

k=0 j=0
=¢ Z Z Pk(rjl ™ (x,y) + FZ Z o?(Oy 19)Pk(7;’m) (x,y)
k=0 j=0 k=0 j=0
4 2M rn
=¢gA nm + FA nm

esitsizligi gecerli olup, norm 6zellikleri yardimiyla bu esitsizlik
, 2M
”An,mllc(D) < 5”‘4 "'m”C(D) + 52 ”A n,m”C(D) (1.16)

seklinde yazilabilir. €4, ,,, ifadesi

e ym =¢ Z Pk(j-’m) (xy)+e—c¢
k=07

n m
=¢ ZZP,{("}'m)(x,y) —1]+e¢
k=0j=0

olarak diisiiniiliirse

n m
=0

‘S”AI’LWHC(D) <e z Pk(j-’m)(x, y) —1 +¢ (1.17)

n m
k=0 j=0

c(D)

esitsizligi yazilabilir. o fonksiyonunun tanimindan

0'2(19,(’1-,19) = (.Bj,m - .V)Z + (ak,n - x)z = (xz + yZ) + (aI%,n + .sz,m) - 2.Bj,my - Zak,nx

12



esitligi gegerli olur. Boylece A", ,, ifadesi

n m . .
= Z Z(ai,n + sz’m)Pk(,T]l,m) (x’ y) — 2x Z Z ak,npk(f}‘m) (x' y)
k=0 j=0 ey
n m
_Zyz z ﬁ] m P(" m)(x’ y) + (xz + yz) z z P(nm)(x' y)

k=0 j=0

n m n m
= z Z(a,ﬁ,n + ﬁjzlm)Pk(”}'m) (x,y) — (2 +y)|+|x— z z Qe k(’} ™ (x,y) | 2x

n m
42y [y =D > BimBG ™ ,9)
k=0 j=0

seklinde yazilabilir. Dolayisiyla

n m
14" g < Zz @+ BB (x,3) = (7 + )
k=0 j=0

c(D)
n m
I D P~ 2l
f=07=0 c(0)
n m
DD BmBG @ =yl 2yl (1.18)
k=0 j=0 )

esitsizligi gecerlidir.

(1.16) esitsizliginde (1.17) ve (1.18) durumlari dikkate alinarak;

n m
”An,m“C(D) <ete z Z P(,T;'m)(x; y)—1
k=0 j=0

c(D)

13



n m
2M
+F Z Z(al%,n + ,sz,m)Pk(,T;’m)(x;y) - (xz + yZ)

c(D)

AN n m - 4M2 n m -
nm nm
+ 52 Zzak,npk,j (x;y)_x ZZ Pk‘j (x;y)_y
. =05=

c(D) c(D)

esitsizligine ulagilir. Bdylece hipotezden

n—-oo

tim (15 |f(@en Bim) = FON[EGCen|[ =0
k=0 j=0

c(D)

esitligi gosterilmis olur.

1.2 BiR VE iKi DEGISKENLi FONKSiYONLAR iCiN SUREKLILiK MODULU

Bu kesimde, bir ve iki boyutlu fonksiyonlar i¢in stireklilik modiilii ve 6zellikleri ayr1 ayri

verilerek yaklasim hizi hesab1 boliimleri i¢in hazirlik yapilacaktir.

Tanmm 1.2.1
I cRve f:I - Rigin f; I da siirli ve I kiimesinin ¢ap1 d = d(I) olsun.
w(f,8) = sup{lf(x1) — f(x2) |1 x1, x5 €1, |31 — x| < 6} (1.19)

w:]0,d] — [0, oo[ fonksiyonuna I’daki f fonksiyonunun siireklilik modiilii denir (Natanson

1964).
Stireklilik modiilii i¢in baz1 6zellikler Uyar1 1.2.1 de verilmistir (Altomare and Campiti 1994).
Uyan 1.2.1

i. § > 0icinw(f,8) = 0 dir.

ii. Her n € N i¢in

14



w(f,nd) < nw(f,95)

saglanir.

iii. w(f, &) monoton artandir.

iv. I da siirekli bir f fonksiyonu i¢in
}Si_r% w(f,6)=0

esitligi saglanir.

v. A pozitif reel sayist i¢in

w(f,16) < (A + DHw(f, )
esitsizligi gecerlidir.

Tanim 1.2.2

Smurli bir D ¢ R? bolgesi, f:D — R tanimli smirli bir fonksiyon olsun. x = (x4, x5),

y = (y1,¥2) € K © D kompakt bir bdlgesi i¢in

w(f,8) = sup {If(xl,yl) — fOy)l:x,y € K,/ (v, — y1)? + (2 — x1)? < 6} (1.20)
ifadesine tam siireklilik modiilii denir (Gal and Anastassiou 2000).
Tamm 1.2.3

Smirli D € R? bélgesi, f: D - R tanimli bir sinirli fonksiyon olsun. K € D kompakt bolgesi,
x = (x1,%2) ve y = (¥1,¥2) i¢in

w1 (f,6) = sup{lf(x1,y) — 2, Y|: (x1,¥), (x2,¥) € K, |1 — x| < 6}
wy(f, 6) = sup{lf (x,y1) — f(x, y2)|: (x,¥1), (x,¥2) € K, |y, — y2| < 6}

fonksiyonlarina, f’nin x ile y i¢in kismi siireklilik modiilii adi1 verilir (Gal and Anastassiou

2000).

15



Teorem 1.2.1 (Cauchy-Schwarz Esitsizligi)

X i¢ carpim uzayinda x, y € X olsun. O zaman

G I? < (0, y)

dir. Esitlik gecerlidir ancak ve ancak a € F i¢in y — ax = 0 dir (Rudin 1991).

Teorem 1.2.2

x = {x,},y = {y,} € F¥ olmak iizere

k k "
PESHE (va) <Z|yn|2>
n=1 n=1 n=1

ifadesi gecerlidir. Bu esitsizlige Holder esitsizligi denir (Rudin 1991).

1/2
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BOLUM 2

Bu bdliimde bir ve iki boyutlu Bernstein polinomlarinin 6énemli 6zellikleri tanitilacaktir.
Oncelikle klasik Bernstein polinomlarmin yaklasim &zellikleri verildikten sonra g-Bernstein

ve (p, q)-Bernstein polinomlarina iliskin genel 6zelliklerden bahsedilecektir.

2.1 TEK BOYUTLU BERNSTEIN POLINOMLARI

1912 de S. Bernstein; [0,1] araliginda verilen siirekli bir fonksiyona yakinsayan polinomlari

tanitmistir.
Tamm 2.1.1

0 < x < 1vehern € N i¢in Bernstein polinomu;
n
Bu(rim = Y (1) (5) @ - @1
k=0

toplamiyla gosterilir (Bernstein 1912).
Uyan 2.1.1
x*(1 — x)™ ¥ > 0 oldugundan B, (f; x) pozitif dogrusal bir operatordiir.
Onerme 2.1.1
Bernstein polinomu i¢in asagidaki esitlikler gecerlidir (Bernstein 1912).

i. B,(1;x) =1, (2.2)

ii. B,(t;x) =x, (2.3)

x — x?

iii. B, (t%;x) = x%2 + (2.4)

17



Kanit

i.f(t) =1igin

n

B,(1;x) = Z xk (Z) (1—x)"*k

k=0
=(1—-x+x)"
=1
olur.

ii. Benzer sekilde f(t) = t igin

n

B, (t;x) = Z %xk (Z) (1 — x)nk

k=0

DR RHIES

olur. k yerine k + 1 doniisiimii yapilirsa;

n—-1

B,(t;x) = x Z xk (n ; 1) (1 — x)n-1-k

k=0

Il
=

esitligine ulasilir.

iii. Son olarak f(t) = t? icin;

L)

Bn(tzi x) = Z %xk (:) (1 _ x)n—k

k=0

S (T

k=1

18



= Zn:k (n_l)(l—x)nk+1xzn:xk_1<z:i>(1—x)"_k

k=1 k=1

n n

n—1 n—2 1 n—1

— 2 k-2 _ n—-k k-1 _ n—k

m—r E x (k )(1 X))V — —x ) X (k—l) 1-x)
k=2 k=1

ifadesi elde edilir. Sag tarafta k — k + 1, sol tarafta k = k + 2 doniisiimleriyle;

= n-1 .

n— X n—

B,(t%x) = x? E xk ( ) —x) k2 4 - E x"( " )(1 — x)n k-1
k=0

k=0

-1 X
=— x2(1+x—x)”‘2+;(1+x—x)"‘1

elde edilir.

Teorem 2.1.1

Her n € N ve C[0,1]’nin elemani olan her f i¢in

Ai_r){}o”Bn(fi x) = f()llcro1; =0 (2.5)
ifadesi gecerlidir (Bernstein 1912).

Kanit

(2.2),(2.3), (2.4) esitlikleri yardimiyla

rlli_r)golan(l;x) —1ll¢fo11 =0

ve

7{i_r){}OHBn(t; x) = xllco1 =0

19



olacaktir.

x — x?
lim ||B,, (% x) — x*|l¢c[o,1) = lim [|x? — x* +
n—-oo n—->0o
c[o,1]
_ x — x?
= lim max
n—-o 0<x<1 n

g . . 1
olacagindan maksimum hesabi i¢in x = 5 alinirsa

li !

= lim —

n-wo 4n

esitligi saglanir.
Korovkin teoreminden

1im (1B, (3 ) = £ (@)lcgoy = 0

esitligi her f € C[0,1] igin elde edilmis olur.

2.2 iKi BOYUTLU BERNSTEIN POLINOMLARI

Iki boyutlu Bernstein polinomlar1 Martinez (1989) tarafindan tanimlanarak yaklagim

ozellikleri incelenmistir.
Tanim 2.2.1

Her n,m € Nicin f € D siirekli bir fonksiyon ve (x,y) € D = [0,1]x[0,1] olmak tizere iki

boyutlu Bernstein polinomlart;

Bum(fi%,7) = Z i (1) a -0y (M) a-nmor (3.2 (26)

olarak tanimhidir (Martinez 1989).

20



Uyar 2.2.1

By, m(f; x,y) polinomunun dogrusallig: ve pozitifligi tek degiskenli Bernstein polinomlarinin

ozelliklerinden kolayca goriiliir (Martinez 1989).
Teorem 2.2.1

Karesel D bolgesi tizerinde siirekli f fonksiyonu igin

Jim, [|Bom(f:2,9) = F G W)y = 0 @2.7)

m—oo

ifadesi saglanir (Martinez 1989).
Kanit

[lk olarak B, (f;x,y)’nin Volkov teoreminin kosullarim1 saglayip saglamadig

arastirilmalidir.
n m
n . /m .
Bom(L;x,y) = Z Z xk (k) (1 —x)" =y’ (]. ) (1—-ym

=) A () a-0rF -y +ym

k=0
=1-x+x)"
=1

esitligi bulunur.

Bn,m(f1,oi X, Y) = i i (%) x¥ (:) (1 —x)"kyJ (T]n) (1—y)mJ

=
Il
o

-
I
o

I
NEE

(S) xk (Z) (1—x)"* JZ: y’ (T) (1—y)m

&
Il
=}

E)x () a-omra—y+ym

I
NgE

x=
I
=}

21



=S (a5 () (Do
k=0 =
> (B (f)a=sri=s
=0
oldugundan
Bn,m(f0,1i X, }’) = (Zn: x* (Z) (1- x)”_k>y
k=0
=1-x+x)"y
=y
bulunur.
Bom(f20i %, ¥) = z”: i xk (Z) (g)z (1 = x)vky (’J”) (1 = y)ymi
k=0 j=0
=2 Q) oy ()
k=0 =0
- n (k\2
B Z () (ﬁ> A=0"* A=y +n"
k=0
st SO o
k=0

22



5 x — x?
=x°+

n

olarak bulunur. Benzer sekilde

Bn,m(fo,zix')’) = i §Xk ( ) (1—x)"ky <] ) (1—y)m/

k=0 j=0
-2 (a0 () 4
k=0
S () -
_ 2+y—y2
m
olup

= 2
o k(Y=Y
Bum(fozix,y) = ) % () =20 (T + yz)
k=0
bulunur ve

2 2
y—Jy y—y
Bn,m(fo,z:x,y) =(1-x+ x)"( — +y2> = < — +y2)

esitligi gosterilmis olur. Sonucta

Bn,m(l; x;_'V) = 1r (28)

Bum(fiosx,y) =x, (2.9)

Bum(fos6,¥) =, (2.10)
x — x2 X

Bum(fo0i0,y) = ——+x2, (2.11)
y—y?

Bym(foz2 %, y) = ——+’ (2.12)

23



esitlikleri bulunur. Yukaridaki (2.8), (2.9), (2.10) den
”Bn,m(l;x; y) — 1||C(D) =0,
”Bn,m(fl,o; X, Y) - x”C(D) =0,

1B (foi.3) = ¥l = 0

ifadeleri saglanir. Boylece (2.11),(2.12)’den her iki tarafin maksimumu (x,y) € D

uzerinden alinirsa

” nm((fOZ + f20)i %, J’)—(x +y2)||

C(D)

ifadesi elde edilir. Boylece n, m — oo igin

||Bn,m ((fo,z + f20)i %, J’) A" + 2)”

¢ (D)

esitligi bulunur.

2.3 TEK BOYUTLU q-BERNSTEIN POLINOMLARI

Tanim 2.3.1

q pozitif gercel say1 olsun. Negatif olmayan bir k sayisinin g-genellemesi

l—qk

[klg=9 1-¢q "
k q=1

q#1 (2.13)

olarak tanimlanir (Andrews, Askey and Roy 1999).
Gosterim 2.3.1
k =1,23,..,ni¢in [k]q tamsayisi sembolik olarak

[kl, ={1L1+q1+q+q* 1+q+q¢*+q% ... 14+q++q" "}

24



seklinde gosterilir (Andrews, Askey and Roy 1999).
Tanmim 2.3.2

no [n],!
[k]q  [klg! [n— k]!

n=2k=0) (2.14)

ifadesine g-binom katsayis1 denir (Andrews, Askey and Roy 1999).

Tanim 2.3.3

gt = { ol T e e em 2 2.15)

ifadesine g-faktoriyel denir (Andrews, Askey and Roy 1999).

Teorem 2.3.1 (q-pascal kurali)

1<j<n-1,

R %
jI -1 J

ve

Pl=e= [ 2+ (217)
J j-1 J

q-binom katsayilar1 i¢in (2.16) ve (2.17) saglanir (Goodman, Oruc and Phillips 1999).
Teorem 2.3.2

yx = gxy, xq = qx, yq = qy esitliklerini saglayan komiitatif g-Binom formiilii asagidaki
sekilde verilir (Goodman, Oruc and Phillips 1999).

(x+y)n = Zn: m yIx) (2.18)
j=0 7 7d

Sonuc¢ 2.3.1

Bir q paremetresi igin
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yx=qxy , xq=49x , yq =4qy

olsun. Bdylece

Zn: [Z] k(1 — 0k = 1
q

k=0

veE

x+x)"=0A+y)A+qy)..(1+q" Ty)x"

esitlikleri saglanir (Goodman, Oruc and Phillips 1999, Cetinkaya 2018).

Uyar 2.3.1
q > 0igin

n—-k—1

a-0v*=[]a-e¢n
s=0

esitligi gecerlidir (Goodman, Oruc and Phillips 1999).

Sonug 2.3.2

n n-k-1

S T a-wo=
k=0

esitligi dogrudur (Goodman, Oruc and Phillips 1999).

Tanim 2.3.4

€ [0,1], f € C[0,1] ve 0 < g < 1 olsun. Bu durumda g-Bernstein polinomu

n

[k]
Bn(f;q;x)=2f<n )

k=0

seklinde tanimlanir (Phillips 1996).

nﬁl(l —q°x)
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(2.19)

(2.20)

(2.21)

(2.22)

(2.23)



Onerme 2.3.1

(2.23) esitligi ile tanimli g-Bernstein polinomlar: i¢in asagidaki ifadeler gegerlidir (Phillips
1996).

i. B,(1;q;x) =1, (2.24)
ii. B,(t;q;x) =x, (2.25)
x(1—x
iii. B,(t%q;x) = x%+ (—) (2.26)
[n],
Kant
i. Sonug 2.3.2’den agikga
n n—-k—1
n
B,(1;q;x) = Z[ ] xk 1_[ (1-q¢5x) =1
klq
k=0 s=0

esitliginin saglandig goriiliir.

ii. Benzer sekilde operatoriin tanimindan

Sl P L P
= 2 T e i g, || 4o
_—

esitlikleri yazilabilir. Burada k yerine k + 1 yazilirsa
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n—-1 n—k-2

esitligi saglanir.

iii. Son olarak

L n—k-1
[k]q
B (tz q,x):zxk 1_[ 1— a5
= [nlq kg 13
C [k]q [K] [n],! n—k-1
= q q q' . 4
— kzzl [Tl]q [Tl]q [n — k]q! [k]q!x L I (1-q%x)
— C [k]q [k]q [Tl]q [n — 1]q! kn—k—l .
= kz=1 [n]q [n]q [k]q [k A= 1]q| [n F k]q|x L (1 q x)
_ n [k]q [n_l]q knk1 B
_;[n]q[ k—1],! 1 x Q(l q°x)

esitlikleri gecerli oldugundan burada q[k — 1], + 1 = [k], esitligi kullanilarak

= glk—1], +1 1, T
qlk — [n—
Bn(t% 452) = Z x [n] : [n— ! 1_[ (1-a%0)
k=1 q s=0
esitligi yazilabilir. Buradan
n—-k-1

e palk=1, -1 .
Bu(t0;) = ) x* ], -k, k— 1], [[a-gx

k=1 1" s=0

n 1

+Zn:xk n ~ 1, X ﬁ(l—qsx)

k=1 s=0
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n—-k—1

_ o alk—1], [n—1],[n — 2],! s
_Zxk [nly  [n—kl ! [k —1]4[k = 2],! l_l (1-¢q°x)

k=2 .
n 1 1 n—-k—1
n —_—
+ Z x* | | (1-g%x)
|
k=1 [n] [n k q =0

n—-k—1

_qn-1], n ) [n—2],! .
[n]q kzzzx [n — k] ! [k — 2],! l_l(l q°x)

S=

n—-k—-1

n k—
1 [n—1],
+Zxk[n] [n — k], I 1_[ (1-4g°x)

k=1 q s=0

esitligine ulasilir. Sirastyla toplamda k yerine k + 2 ve k + 1 doniistimleri uygulanarak

n—1], & [n—2],! 3
a k+2 q R -
n (%5 g5 %) [nl, k=0x k=21, Ty Q (1-q%x)
n-1 n—-k-2
L k+1 [Tl - 1]q' A
' [nlq k=0x [n —k = 114! [k]g! 0 (1=4%)
= aln 1]qx2 n_zxk [n L nﬁg(l —g5x) + an_lxk [n -1 nﬁz(l — g5%)
[n]q = k q < q [n]q T k ¢ 11 q
,aln —1lq 1
- [n]q T [n]q
2 [n]q -1 1
[n]q +x[n]q
= (1 — L) 2 4 *
[n]q g [n]q
_ o x0-x)
T,

esitligi elde edilir. Boylece kanit tamamlanmais olur.
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Onerme 2.3.1’in sonucu olarak asagidaki teorem verilebilir.
Teorem 2.3.3

0<gq,<1, lim,,exg, =1 olsun. Bu durumda g-Bernstein polinomlarinin B, (f; q; x)
polinomlar dizisi, [0,1] aralig1 {izerinde siirekli ve tiim R de sinirli olan |f(x)| < Mg kosuluna

uygun f fonksiyonuna diizgiin yakinsar (Philips 1996, Almesbahi 2017).
Kanit

Bu teoremin saglanabilmesi i¢in ilk olarak B,(f;q;x) in dogrusalligi ve pozitifligi

arastirilmalidir.
Dogrusallik:

Hera,b € Rve f,g € C[0,1] i¢in

n

n—k—1
Ba(@f (©) + bg(8); 4; x =Z( (ﬁ]q>+bg<%)>[k] [[a-e0
s=0

k=0
n [k]q n n—-k—1 k n—-k—-1 ]
= ;mf) <@> [, ]_[ (1-q%0) +2(bg ([n—) WS 1_[ (1- %)
_aif<%>[n] xknﬁl(l_ x)+bz <k_>[ ] nﬁl(l_ 5x)
B k=0 [nlq/ kg s=0 ! [nlq/ tk !

= aB,(f(©); ¢;x) + bB(g(t); q; x)

oldugundan B, (f; q; x) polinomlar dizisi dogrusaldir.
Pozitiflik:

k=0,1,..;n € Nvex €[0,1] i¢in

n—-k—1

k 1_[ (1-gx)=0
s=0

oldugundan her f > 0 i¢in B,(f; q; x) = 0 olur. Yani B,,(f; q; x) polinomlar dizisi pozitiftir.
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|f (x) — B,(f; q; x)| farkin1 hesaplayabilmek i¢in asagidaki hazirliklar yapilacaktir.

Onerme 2.3.1 den

n—-k—1 n n—k—1

n k] Zn . [k]zn ]
5 ), Tl S0+ T oom

k=0 =0

n—-k—1

Z[k } li 1_q5x)+xz H(l—qx)

= B, (t% q;x) — 2B,(t; q¢; x) + x?B,,(1; q; x)

x — x?

— [nlg

2
esitligi elde edilir. Burada acikca &—x| >0 esitsizligi i(ﬁ—x> > 1 olmasini

[n] q 62 \[n] q

gerektirir. Boylece

n—k-1 n—k-1

> e Tla-ensy 3 (Bl T a-wo
Bﬂq—x 26 T =0 n}q—x 26 q
1 n [k] 2 n n—-k—-1
_x(l—x)
 [n]y6?
1
S4[n]qd2

esitsizligi yazilabilir. Ayrica, her x i¢in x(1 — x) < i oldugundan

n—-k-1

k
Z [Z]qu 1—[ (1= ¢5x) 34[n]1q52 (2.27)

s=0
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esitsizligi elde edilir. Sonug 2.3.2°den
n n—k-1
n
f@=) [] #rw || a-en
q
k=0 s=0
esitligi gecerlidir. Boylece
n n—-k-1

FG) = Balfs g0l = ) |F(0) = f([fl—) T, ]_[ (-

k=0
n—-k—1

Fe) - f(fiq) ), ﬂ(l—qx)

[y
[n]
[k] n n—-k—1
+‘[k] FGx) - f<W> N H(l—cfx)
ﬁ—xa& 4

esitligine ulasilir. f fonksiyonu [0,1] araligi tizerinde siirekli oldugundan agikg¢a sinirlidir.
Tanimdan her x € [0,1] igin |f(x)| < M olacak sekilde bir M > 0 vardir 6yleki herhangi iki
a, B € [0,1] degeri igin |f(a) — f(B)| < 2M esitsizligi saglanir.

Diger taraftan, x € [0,1] olsun. Her &€ > 0 i¢in 3 § vardir dyleki |x —y| < § iken |f(x) —

f ()| < € olur. Boylece, bu hesap ve (2.27)’de bu §’nin kullanilmasiyla

n k-1
[k]
If () = Bo(fs g5 0| < ‘f( ) — f< ] ) q°x)
[
[fl—]q—x <8
k n k-1
+ £ - f(n ) k] ﬂ(l—qx)
g |, s
[n]q -
< R
<¢ - q°x
LIFEN P e Mo
[n]q
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esitsizligi elde edilir. Bu esitsizlikte, lim,,_,, g, = 1 olacak sekilde yeterince biiyiik n’ler i¢in

|f (x) — B,(f; q; x)| < 2¢ ifadesi gegerlidir. &, keyfi bir sabittir.

Dolayisiyla [0,1] kapali aragi iizerinde siirekli olan bu f fonksiyonu diizgiin siireklidir. Bu
durumda, yukaridaki esitsizlik x’in se¢ciminden bagimsiz olarak gecerli olur. Sonug olarak,

operator [0,1] kapali aragi tizerinde f(x)’e diizgiin yakinsar.

2.4 IKi BOYUTLU q-BERNSTEIN POLINOMLARI

Tanim 2.4.1

0<q:1<1,0< g, <1 olmak tizere iki degiskenli g-Bernstein polinomu

B, (f; ql,qz.xy)—z Z ( L > ke ] [ ]

k1=0k;=0
nl—kl—l nz—kz—l
[ a-an [ a-a9) (2.28)
51=0 52=0

seklinde tanimlanir (Barbosu 2000).

Tanim 2.4.2

12 =10,1]x[0,1] , R” = {f|f: 1> >R} olsun. 0<¢q; <1, 0 < g, <1 olmak iizere her

f € R” icin
nq [k ] ni—kq1—-1
1 n
BX (f;q1;%,y) = z f<[n ]ql.y> xka kl] 1_[ (1-q3'x) (2.29)
k1=0 1 a1 1 a1 51=0
ve
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n, [k ] nz—kz—l
2 n
B, (i 00ixy) = ). f<x,—2 : >y"2 2] [ [ - (2.30)
o= [nz]qz kZ qz2 52=0

tanimlamalar1 yapilabilir (Barbosu 2000).
Teorem 2.4.1

By, . B, C(I*) iizerinde (2.29) ve (2.30) da tanimlanan polinom dizilerinde her f € C(I?)
igin B, n,: C(I*) = C(I?) iki degiskenli g-Bernstein polinomu yardimiyla
By, By, = B, BR, = B, (f3 41, 425 %, ) (231)
esitligi gegerlidir (Barbosu 2000, Cetinkaya 2018).
Onerme 2.4.1
i,j = 0,1,2 olmak iizere e; : I> - I?, e; j(x,y) = x'y/ test fonksiyonlar: olsun.
Her (x,v) € I? i¢in
I Bnl,nz (eo,oi q1,42; X, 3’) = eo,o(x» ¥),
ii-Bnl,nz(eLoi q1,92; X, )’) = e1,0(x,¥),
iil. By, n, (90,1i q1,492; X, y) = 90,1(95; y),

. x(1—x)
iv. By n, (32,02 q1,q2; X, J’) = ez,o(x: y) +———,

y(1—y)
V. Bnl,nz(eo,zi d1,92; X, 3’) =eg,(x,y) + ————

esitlikleri gecerlidir (Barbosu 2000).
Teorem 2.4.2

12 iizerinde 0 < Gn, <1ve 0 < gy, <lilelim, ,,qn, =1, lim,,_, g,, =1 olmak iizere

her f € C(I?) fonksiyonu i¢in
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lim max2|Bn1,n2(f; q1,92; %, Y) —f(x,y)l =0

N1,M220 (x,y)El

esitligi saglanir (Barbosu 2000).

2.5 (p, @)-BERNSTEIN OPERATORU

Bu kesimde ilk olarak (p, g)-analizle ilgili temel tanim ve teoremler verilecektir. Daha sonra
Mursaleen ve digerleri tarafindan tanitilan (p, g)-Bernstein operatoriiniin temel yaklasim

Ozellikleri incelenecektir.
Tanim 2.5.1

Her n € N U {0} ve p, g > 0 igin bir (p, q)-tamsayisi

[n]q: lfp:]_,
n, ifp=qgq=1

n __ n
(pp—f[' ifp#q+1;
[nlpg =" "+ 0" 2q+p" 2" + -+ pq" P+ g = J np™t,  ifp=q=#1

seklinde tanimhdir. Burada [n], her n € NU {0} icin g-tamsayisini ifade etmektedir
(Chakrabarti and Jagannathan 1991).

Ornek 2.5.1

(p, q)-sayilara birka¢ 6rnek su sekilde verilebilir (Chakrabarti and Jagannathan 1991).

[0lpq =0, [lpe=1 Rlpg=p+4q [Blpg= p* +pq + q°.

Asagidaki Oonermede (p, q)-sayilar ic¢in toplam, fark, carpim ve bdliim i¢in bazi 6nemli

esitlikler verilecektir.
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Onerme 2.5.1

n
n+ml,,, [n—ml,, [nm ve [—]
[ lpa [ lpg: [nmlpq -

(Castellani and Wess 1996, Duran 2016).
i.[n+m],, =[ml,,p" + [nl,qq™
q ™ ([nlp,q — [Mlpgp™™)

ii.[n—m],q =

iii. [nm], 4 = [n], q[Mm]lpn gn

. [n]p,
v [%]p,q B [m7]1 Zqi

pmlqm
Kanit

i. (p,q)-tamsay1 tanimi geregi

pn+m aill qn+m
[n+mlyg =——
p.q p—q
pn+m _ pnqm 1+ pnqm _ qn+m

bp—q
= [m]p,qpn + [n]p,qqm

esitlikleri gecerlidir. Benzer sekilde
pn+m _ qn+m

[n+m],, =
. P-4

n+m

pn+m _ pmqn + pmqn —q
p—q

= [n]p,qpm + [m]p,qqn

esitlikleri gecerlidir.

ifadeleri i¢in asagidaki esitlikler gecerlidir

ii. Fark formiili m — —m yazilarak asagidaki sekilde elde edilebilir.
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[n—mlpq = [-mlpep" + [nlpqq™

esitligi ya da asagidaki esitlikler kullanilarak

[-nlpq = —[nlpq(@)™

[n—mlpq = ([lpg — [Mlpgp™ ™)™

formiilii yazilabilir. Benzer sekilde, diger fark formiilii icin
[n—mlpq = ([lpg — [Mlpeq™ ™)™

esitligi gegerlidir.

iii. Carpim kural (p, q)-tamsay1 tanimi1 yardimiyla asagidaki sekilde elde edilebilir.

n_m
[l =
pnm _ gnm
nmlpq = P—q
Pt — gnpmm _ gnm
B b—q b—q
= [n]p,q[mlpn gn

esitligi gegerlidir. Boylece
[nml]pq = [mlp,q[nlpmqm
esitligi yazilabilir.

iv. Son olarak boliim kural1 su sekilde elde edilir:
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esitligi yazilabilir.

Yukaridaki 6nermede verilen esitlikler asagida bir tablo halinde verilmistir.

Cizelge 2.1 (p, q)-Tamsayiya ait formiiller (Duran 2016).

[TL + m]p,q = [m]p,qpn + [n]p,qqm

= [n]p,qpm + [m]p,qqn

(p, q)-toplam formiilii

(p, q)-fark formiili

[n—mlpq = ([n]p,q - [m]p,qpn_m)q_m

[TL] p.q [m] p.q qn—m)p -

[nml]y g = [nlpq[mlpngn = [mlp q[nlpmgm

(p, q)-carpim kurali

3=
3|~

q

n [n]
[E]p, . [m]p

11
pmq

3
=
RE]
Q
3

(p, ¢)-boliim kurali

Tanim 2.5.2

Her n € N igin (p, q)-faktoriyel kavrami asagidaki sekilde tanimlanur.
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. [n]pqn— 11y 4 [2]54[1]5q » n=>1ise
Nlpq! =
1 , n=0ise

(p, q)-faktoriyelin tanimi kullanilarak (p, g)-binom katsayilari

[n]
[k],,,q =Tk, [npj kg [ k]p,q

esitligi ile tanimlanir (Chakrabarti and Jagannathan 1991, Corcino 2008).

Uyan 2.5.1

(2.32)

(2.33)

(p, g@)-binom Kkatsayilar1 igin asagidaki esitlikler gegerlidir (Jagannathan and Rao 2005,

Corcino 2008).

[kl = [kl

[klyy =l =i,

]pq B [n—l] "]pq

Teorem 2.5.1

(p, q)-binom katsayilar1 igin asagidaki iki esitlik saglanir;

SRR R R

ve

S I I PGP M
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(2.35)

(2.36)



Burada k > n i¢in [0] =1ve [n] = 0 kosullar1 gecerlidir (Corcino 2008, Duran 2016).
0dp.q lp.q

Kanit

0 < k <nolsun. [n + 1], 4 i¢in asagidaki esitlik gegerlidir.

[0+ 1], = p™ + p"1q + - + pEqi + pk-1gnK+1 4 oo pgn=1 4 gn
= (VK 4+ pRTIg e g g 4 (PR g pR2g e 4 gkl gk
= [n -k + 1], 40" + [k], ,q" "

Boylece

[n + 1] _ [n+1]p,4!
k lpq [klpg!ln—Fk+1],,!

[n+ 1], 4[n]p 4!
[klpg![n—k+1],4!

([n = k + 11, 4" + k], q™ %) [n],4!
Ko Tk + 114!

_ [Tl —k+ 1]p,q [n]p,q! pk n [k]p,q [n]P'q! n—-k+1

Ut —k+ 11,017 " Tklpg!n—k + 11!

=il " e 2l

esitlikleri gegerlidir. Dolayisiyla (2.35) esitligi elde edilmis olur. (2.36) denkleminin kaniti
i¢in (2.34) esitliginin 6zelligi kullanilarak

[ W 1 L PR

P W 1 A PR

esitligi yazilabilir.

p = 1igin, (2.36) ifadesi
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[0, = [, o+ 2,

esitligine dontisiir. Benzer sekilde p = 1 alinarak, (2.35) denklemi

51, e

halini alir. Boylece g-binom katsayilari igin verilen tiggen esitsizligi bagka bir forma doniistir.

Uyari 2.5.2

Tanim 2.5.2 kullanilarak [n] (p, q)-binom katsayilarinin degerleri asagidaki ¢izelgede
q

klp

verilmistir (Corcino 2008).

Cizelge 2.2 [Z] ifadesinin degerleri

p.q

n/k 1 2 3 4 5

1 1

2 p+tq 1

3 p® +pq +q° p® +pq +q* 1

4 | pP+p*q+pa*+4° | @*+pqg+q>)p®+q°) p® +p*q+pq* + ¢ 1

. p*+p3q+p*q p?(@* +q)@*+pg+q*) | PP@*+ )W +pa+q®) | p*+pd+pig? .

+pq® +q* +3 @3 +p*q +pg® +q*) | +*(@® +p*q+pa® +4°) +pq® + q*

Bu ¢izelge yardimiyla asagidaki (p, q)-pascal liggeni olusturulabilir.

Cizelge 2.3 (p, q)-Pascal tiggeni

1

1 1
1 p+q 1
1 p® +pq +q* p* +pq + q* 1
1 p® +p*q+pq* +q° (»* +pq +q*)@*+q*) p® +p’q+pq® +q° 1
1 p*+p3q+p°¢*>  p*@*+4)®* +pq+q*) p*®* +p*q + pq® + q°) pr*+piq+pi®? 1
+pq® +q* +@@* +p*q+p* +¢¥) + @ +pg+aHP*+q*)  +pg® +q*
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Uyar1 2.5.3

Zi ﬂp‘q _ [’Z]M gk + [n ; 1]p’q pl+ign—k-1

[n — 2] pZ(k+1)qn k=2 4 [k L 1]pq p3(k+D)

esitligi dogrudur.

ii. (2.35) esitliginin (n — k) kez uygulanmasiyla

I IR e Bt s IR

4 [n ; 3]p'q p3gn—k=3 4 . 4 [z] p (=) (k+D)

esitligi gegerlidir (Corcino 2008, Duran 2016).
Kanit

i. (p, q)-binom katsay1 tanimindan kolayca

n+1

k+1l,, e 1]p,q P [Z]p,q "

_ [Z]M g + [n ; 1]p’q pk+1gn=i=1 4 [Z ; ﬂpq p2(k+D)

_ [Z]p,q gk + [n—l] pk+1qn k=14 [n—Z] pz(k+1)qn k— 2+[k+1]pqp3(k+1)

esitligi elde edilir.

ii. (2.35) esitliginin (n — k) kez uygulanmasiyla
n+1] _[n k1 4 [T n-k
[+ 1 o [ 1]1,,6, pr [k]m q

— [Z]p'q qn—k + [Tl ; 1]p,q pk+1qn_k_1 n [Tl ; Z]p'q pz(k+1)qn—k—2
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4 [n ; 3]p'q p3erDgn—k=3 4 . | [Z]p'q p (=) k+1)

esitligine ulasilir.
Onerme 2.5.2

(p, q)-binom katsayilar1 igin agagidaki

n +1 z (n—-Kk)(k+1) , j—k

k +1h,~ 4 o 1

ve
n—k

n I n+1 —(j+1)(n— k)+(1+1) jler(731)

— —1)J

[k]p,q PAGY [k+j+1pqp 14

j=0 :

bagintilar1 gecerlidir (Corcino 2008).

Ornek 2.5.2

Yukaridaki iki rekiirans bagint1 kullanilarak [g] asagidaki sekilde hesaplanabilir.
P.q

44 _ 2 G-2)2+1) 4 [3 (3-3)(2+1) ,3-2

5], = 2] P 5] e

=p’+p*q+pq® +¢°

Ve

4 (5] .-1_[5] .-
4 =[] v -[f] e

p.q
=p~t(p* +p3q +p*¢* + pq® +q*) —p~'q*
=p° +p°q+pg* +¢°

esitlikleri bulunur (Corcino 2008, Duran 2016).
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Teorem 2.5.2

(p, g)-binom katsayilari i¢in horizontal tirete¢ fonksiyonu

n—-1 n
[ @7 +xa) =) [Z]pq wp("2)gl2) (237)
j=0 k=0 '

seklindedir (Corcino 2008).

Kanit

1+x= [é]p,q +x [ﬂp’q

A+x)(p+agx) =p+x(p+q +x*q

2

=[ol, 7+l x5, o

Ve

1+ x)(p+ g0 (P*+ ¢*x) = p* + * + pg + ¢)px + (p* + pq + qH)gx* + ¢>x>

=lol,, 7+l e ), o+ 3, o
esitlikleri gecerlidir.

Her n =1,2,3 i¢in iirete¢ fonksiyonu yukaridaki esitligi saglar. Boylece her n > 1 i¢in
(2.37) denklemi dogrudur. Dolayisiyla (2.35) 6zdesliginden

— . . n n - n n—k k
g(p’ +xq/) = (p" +xq );[k]p,q xkp("2)q2)

ST e L P[] el

= Zn: {[Z]pq p(n;k)+nq('§) + [k f 1]p,q p(n"2‘+1)q(k;1)+n} Xk
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zn: . (v k+1 ){p" [Z]p’q 4 gk [k E 1]p’q}xk

k=0
esitligi yazilabilir. Boylece
n+1
n(p] exa) =3 [, <8
esitligine ulagilir.
Teorem 2.5.3

(p, q)-binom katsayilari i¢in

n ) N n

()20 Z iip('2)4("7) =5,
PG AR ACH ] L =
j=i j=i
ortogonallik bagintis1 gegerlidir (Corcino 2008).

Teorem 2.5.4

(p, q)-binom katsayilar1 igin agagidaki

n . n-1
n _ z(_l)n—j [7] p(n;]) Z(qr + xp")
=0 pa r=0

esitligi dogrudur(Corcino 2008).

Mursaleen ve digerleri (2015); Bernstein operatorlerinin (p, q)-analizini ilk olarak asagidaki

gibi tanimlamiglardir.

Kang ve digerleri (2016) yilindaki ¢aligmalarinda; Bernstein operatoriiniin (p, q)-analogunun

konvekslik ve monotonluk 06zellikleriyle operator icin bazi niimerik hesaplamalara yer

vermiglerdir.

Mursaleen ve digerleri (p, q)-Bernstein tanimlamalarindan sonra birgok operatériin (p, q)-

genellemesi tanimlanmistir. Bunlardan bazilar1 su sekildedir. Bernstein-Stancu operatorii
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Mursaleen ve digerleri (2015) tarafindan tanimlanarak bu operatoriin yaklagim o6zellikleri
incelenmistir. Mursaleen ve digerleri 2015 yilinda (p, q)-Bernstein-Schurer operatoriiniin
yaklasim ozelliklerini incelemistir. Gonul Bilgin ve Eren (2021) de iki degiskenli (p,q)-

Bernstein-Stancu operatdriine ait bir genelleme tanimlamistir.

Bu boliimde Mursaleen ve digerleri (2015) tarafindan tanimlanan (p, q)-Bernstein

operatdrleri ve bazi yaklasim 6zellikleri incelenecektir.
Tanmim 2.5.3

x €[0,1] ve 0 < g < p < 1 olmak iizere, (p, q)-Bernstein operatorii

1 n [k] K(k=1) n—-k-1

n -
Bn,p,q(f; x) = = § f< k— 2l > ka 2 | | (p° — q°x) (2.38)
pn(nz 1) o p n[n]p‘q I:kjlp,q _

olarak tanimlanir (Mursaleen, Ansari and Khan 2016).
Teorem 2.5.5
Herx € [0,1]ve 0 < g < p < 1 igin
i Bppqa(1;x) =1,
ii. Bypq(t;x) =x,

P X
[n]p,q [n]p,q

iil. Bn,p,q(tz;x) =

esitlikleri gecerlidir (Mursaleen, Ansari and Khan 2016).
Kanit

Operatoriin tanimindan kolayca

n—k—1

; 1 N n k k(k—1) N s
L Bn,p,q(lix) = mZ [k]pqx p 2 1_[ P*—q°x) =1
p 2 k=0 ' 5=0

esitligi elde edilir.
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Benzer sekilde

1 n k(k—1) n—k-1 [k]
g n — ,
ii. Brpq(t;x) = n<—n-1>z [k]pqup : 1_[ =

p 2 k=0 ' s=0 pa

1 = (k1) (e—2) "2
_+ N'[n—1 k1, e iree) | | s _ s
n(n—3) Z [ k ]pq X°p 2 (»° —g°x)
p 2 k=0 ’

s=0

n—-k—2

_ n— 1 x k(k-1)
= (n 1)(n Z)Z[ pqxp 2 l_[ (ps — ¢°x)
’ 5=0

esitligi bulunur.

Son olarak t? operatorde yerine yazilirsa

n—-k-1

2 k(k 1)
iii. Bppq(t%x) = n(n 1)2 T 2n [k]pq 1_[ (p° —q°x)

n-1 n—-k-2
_ 1 Z [k + 11,4 - 1] gl Q) 1—[ v — )
n(n-5) [n],.q k 1,4
p 2 k=0 ’ ’ 5=0
G+ ) (k-1) s
n—1 k+1)(k—4)
= n(n 5) Z(P +qlk pq) [ ] xp 2 »* —q°x)
p s=0
1 n-1 1 R n—-k-2
_ n-— k+1
~  nn-5) Z [ k ]pq X p 2 1_[ (ps - qsx)
p 2 [n]yqk=0 ' S=0
n—1],, < (k+2)(ke=3) jliny
qln — 1], _
+ S p.q Z [TL B 2] xk+2p 1_[ (p° — g°x)
p 2 [n]p,q k=0 pa s=0
n—k-2

n

_px n—1 k(k—1)
et S T o
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n-—2
+ qln — 1lpqx° 1 Z [n - 2] x*p
CEENC VA

. Pn_l x + q[n - 1]p,q XZ
[n]p,q [n]p.q

esitligine ulasilir.

Teorem 2.5.6

k(k—1)

n—k-3

H (p° — q°x)
s=0

0<q,<pp<1 olmak iizere lim,_ o p, =lim,,, g, =1 esitlikleri saglansin. Bu

durumda her f € C[0,1] i¢in By, , (f;x) dizisi [0,1] iizerinde f fonksiyonuna diizgiin

yakinsar (Mursaleen, Ansari and Khan 2016).

Kanit

Kanit i¢in Korovkin tipli teoremin kosullarinin saglandiginin gosterilmesi yeterlidir.

Dolayistylam = 0, 1, 2 i¢in

lim 1Brpnan ™5 %) — xm”c[o,l] =0

n—-oo
kosullarmin gosterilmesi gerekir.

Agikca Teorem 2.5.5 i. ve ii. den

lim ”Bn,pn'Qn(l;x) - 1”C[O,l] =0,

n—-oo

lim ||anpn’Qn(t; x) - x”C[O,l] =0

n-oo
esitlikleri gecerlidir.

Son olarak

[Mlppa, —Pr

qn[n - 1]pn,qn =

esitligi ve Teorem 2.5.5 iii. kullanilarak
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n-1 n—1
125 x+<%[ bwn—qxz

|Bn,pn,qn(t2; X) - X2| =

clo] [n]anQn [n]pn'Qn
n-—1 n—-1
< Pn + Prn__ o2
[n]pn:qn [n]pn:qn

esitsizligi elde edilir. Bu durumda esitsizligin her iki tarafinin maksimumu alinirsa

2 ; 2prt
1Brpan 520 =2y < oy —

esitsizligi bulunur. Bu ise

B

n,Pn.Adn

lim I (t%x) — x|

n—-oo

cloa] =0

olmasi1 demektir. Bu ise kanit1 tamamlar.
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BOLUM 3

BERNSTEIN OPERATORUNUN iKi FARKLI GENELLEMESI

Bu béliimde, Bernstein-Schurer ve Bernstein-Schurer-Kantorovich operatorleri ile yaklasim
simetrik araliklar lizerinde tanimlanarak her iki operatdriin yaklagim hizlar ile ilgili teoremler

verilecektir.

3.1 GENELLESTIiRiLMIiS BERNSTEIN-SCHURER OPERATORLERI

Bu kesimde; Bernstein polinomlarini sinirlar1 degisken olan bir simetrik aralikta inceleyen
Acar ve Izgi’nin (2021) calismasi ile [—1,1] aralifinda Bernstein-Schurer operatdriinii
inceleyen Keles’in (2018) ¢alismasindan esinlenerek tanimlanan; genellestirilmis Bernstein-
Schurer operatorlerinin yaklasim ozellikleri incelenecektir. Bunun i¢in ilk olarak Keles’in

(2018) tanimladig1 operator verilecektir.
Tamm 3.1.1

€ [-1,1] ve f € C[—1,1], u € N olsun.

m+u

G (f3x) = 2’:““” Z f(fn—s— 1) (m + u) (14 x)5(1 — x)mtu=s

s=0

seklinde tanimli dogrusal pozitif operatore Bernstein-Schurer tipli bir operator denir ve

G (f; x) ile gosterilir (Keles 2018).

Tanim 3.1.2
Her &,¢¥,t € Nigin x € [ ::i n+§] ef € C[ ::i 2] olsun,
n+t-k

Nn,koc)=(",ft)(x+§:i)k<r?ii"‘>

olmak tuzere
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R e DY o= T LS

seklinde taniml1 operatore genellestirilmis Bernstein-Schurer operatorii adi verilir.

Uyan 3.1.1
Acikea L, (f; x) operatorii dogrusal ve pozitif bir operatordiir.
Kanit

Dogrusallik:

n+$ n+é
Her f,g € [ syt n+¢] ve ¢q,C, € Rigin

§ 1 AL ntt + 2k
Ly(eif +c295%) = ontt (Z +lé)> Z(clf +c29) <:+ :z (n—-l-t B 1))
k=0

n+t-k

k
(' o2 ()
n+t k
Y (B ) ) e+ )
(e

n+t Zk N4t n+€k Tl+€ n+t—k
3 oI () O e i) ()|
”““”[c ( L2 —1))("”)(x+n_+f>"
2"” n+é 1 n+t k n+y
(e~
n+t n+t—
ey o (Frele 1)) O ) o irs) G|
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n+t ntt

k
“em () () ) G-

k=0

n+ n+t
e () S (I (2 ) ) e ) (-

k=0
= 1 Ln(f; %) + ;L (g; %)
esitligi gegerli olur. Dolayisiyla L,, dogrusal bir operatordiir.
Pozitiflik:

Her k,n € N olsun. x € [—ﬁ,ﬁ] i¢in

() G =0

esitsizligi gecerlidir. Dolayisiyla her f = 0 i¢in

L.(f;x) =0

esitsizligi gegerli olur.

n+t—-k

“)
“)

n+t—-k

Boylece tanimlanan L, (f; x) operatériiniin dogrusal pozitif bir operator oldugu goriiliir.

Onerme 3.1.1

e nH L i 5
Her x € oy b icin Tanim 3.1.2 de verilen operator
i. L,(1;x) =1,

ii. L,(t;x) = x,

e (1) () ()

esitliklerini saglar.
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Kanit
Operatoriin tanimindan agikg¢a

n+t ntt n+t—k

L L150 = e () (M) (e LY (1)

k=0

n+t
~pilore) 7 ()

n+t

=1

esitligi bulunur. Benzer sekilde

n+t ntt
o gt (50, (e - 1)
k
(it G

n+t—1 ntte
k

k
~melire) (e )iy Gy

n+t-k

n+t—k

k=0
n+t—1 Nt k n+t—k
S e ) (2
n+t—1 ntt k n+t—k
) S O e ) (-
n+t-1 n+t
e ()

n+t—1 M1 k+1

e 2 () G

()

n+t—-k-1
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n+t—1 n+t—1

“melirg) )6 -6)
=(v+i) - () =
esitligi saglanir. Son olarak

iii. L (6% %) = 7 (n : 1/;)"” Z (

(n +t ))2 N ()

n+t ntt 2 2
- 2"1” (%) kZO ((11441f )2 n4-llf t + 1) (::II-_:Z) N ()

n+t—2 Mt k2 n+t—k

k
:znjt—Z(:lli?) ;(n+t)2(n:t)<x+rrll-—:i> (Z:;_x>

n+t—2 Ntt
k

k
e TS e e ) (2

n+t—-k

n+t—2 NEL k n+t—k

o TS O e ) ()
I e T [
)

n+t—2 n+tt k n+t—k
+2”+1t—2(77§:?) (::tt)zg;n’it(nz-t)(x+;l:i) (Z:i_x>

n+t—2 n+tt k n+t—k
(TS e Y (2

n+t—2 n+t

roelors) 7 G)
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_ 1 (n+¢>n+t_2(n+t_1)n+t(n+t_2)< +n+€>k<n+€ )nH_k
_2n+t—2 n+€ (n+t) - k_z X n+l/) n+l/] X
4 1 <n+1/)>"+t_2 1 n+t(n+t—1)(x+n+f)k(n+€_x)”“‘k
2n+t=2\pn 4 & n+ti k—1 v \nvy
— 1 <n+¢>n+t_2nz+t(n+t_1)<x+n+€>k(n+f_x>n+t_k
piind ) g k=1 IV Tk y) Ay
2
n+
+( ‘f)
n+y
1 ("+¢)n+t_2(n+t—1)n+t_2(n+t_2)( +n+f)k+2
B X
mrlre)  Caro &0k Ty
y (n + E )n+t—k—2
n+y x
1 (Tl + 1,l))n+t—2 Lnil (Tl +t— 1) (x + n+ ‘f)k+1 (n +& b x>n+t—k—1
S nrt e k n+y n+y
n+t—2 NFE-1 k+1 n+t—k-1

w=lire) 2 () ()

&
)

- e (Z:f)t D (e i )2 et )2
Y e B 2
~gwz (s ?)Mt—z (x+ %) 2 (%)MH

(s
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e ) e ) )

2
2+ i) ) + ()

_(n+t-1) (m+t—1)/n+¢ (m+t—1) /n+é&\°
 on+t x 2 n+t (n+¢ypk n+t <n+¢)

2
2= 1) () 2 e ) )

=Mx2+2((n+t—1)+ 1 _1><n+€)x
n+t n+t n+t n+y

n+t—1 2 n+ &\?
+( r—— =2+ 1) ()
n+t n+t n+y

2
(1) + () ()

esitligi elde edilir. Boylece istenilen esitlikler gosterilmis olur.

Teorem 3.1.1

Gergel eksenin tamaminda smirli € [— % , % uzayinin elemant olan her f fonksiyonu i¢in

2 ) = F GO st nee) =0

lim n+Yn+y

n—-oo
esitligi saglanir.
Kanit

Kanit i¢in Korovkin teoreminin kosullarinin saglandigin1 géstermek yeterlidir.

Acikca
|, (%) =1 =0
ti [l )
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ve

lim

n—-oo

L (£ ) — x||c[_n_+€n_+f] —0

n+y'n+y

esitlikleri saglanir.

lim

n—-oo

o)~ g
n n

limitini hesaplamak i¢in norm tanimi kullanilarak, oncelikle ifadenin maksimum degerini
aragtirmak i¢in tiirevden yararlanilacaktir. Daha sonra araligin u¢ noktalart kullanilarak

maksimum degeri incelenecektir.

|Ln(t%x) — x*| = ’(1 _nL-I-t) x% + (ni-l-t) (::j})z — x?

1
n+t

¥

(L(t%x) — x2)’ x

(L. (t%x) — xz)’ =0

durumu x = 0 olmasim gerektirir. Bdylece x = 0, | L, (t%; x) — x?|

)G

esitligi bulunur. Son olarak

ifadesinde yerine yazilirsa

|L,(¢%;0) — 0| =

. 1 n+&\?

max, o [Ln(t%2) — %] = (n n t) (n n :;)

n n
"E[‘m'm
esitligi yardimiyla

) v 5 1 n+¢ 2
lim max |Ln(t (X)) — X | = lim (—)( > =0
n-oo [_n+$ n+é n-oo|\n+t/\n+ 1’[)
n+yn+y

esitligi gosterilmis olur.

Simdi de araligin ug¢ noktasi |in(t2 ;X)) — x2| ifadesinde yerine yazilirsa
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max . |L,(¢%; %) — x?|
"E[‘m'm

) ) ) | o
| n+t\n+y n+t/\n+y/) |
olup
lim max . |L,(t%x) —x?| =0
n—-oo

[‘m'm

oldugundan aranan

lim

n—-oo

520 =l ) =

esitligi gosterilmis olur. Boylece Korovkin teoremin kosullari saglandigindan her f €

[— %, ﬁ] i¢in

lim

n—-oo

”Zn(f, x) _f(x)”(:[_ﬁn_-l-f] =0

n+yYn+y

esitligi elde edilir.

Onerme 3.1.2

L,,(f; x) operatoriiniin ilk {ic momenti igin
i Ly((t—x0)%x) =1,

ii. L,((t—x)%x)=0,

iii. L,((t—x)%x)=—

1 1 \/n+é&\

(o) ()
n+t n+t/\n+y
esitlikleri gecerlidir.

Kanit

Acikca
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i L,((t—x%x)=L,(1;x) = 1.

Benzer sekilde

ii. L,((t—x)5x) =L,(t;x) —xL,(1;x) =0

esitligi kolayca elde edilir.

iii. Kanit i¢in L,,(t%; x) ve L, (t; x) i¢in Onerme 3.1.1 de bulunan esitlikler kullanilirsa

Lo((t = x)% %) = Ly(t% ) — 2xLp (65 %) + 22 L (15 %)

2
(e ) e

-+ ) )

ifadesi elde edilir.

Uyan 3.1.2
Asagidaki teorem i¢in gerekli olan

T _ 2.
xe[_@ﬂ_ﬂ L, ((t —x)%x)
n+y'n+y

ifadesi burada hesaplanacaktir.

b=~ s () ()

ifadesinin maksimumunu bulmak i¢in 6ncelikle L, ((t — x)?; x)nin tiirevi alinmalidir. Tiirev

2

(Ea(e-0%0) =———

X
seklindedir. Tiirevin

(En((t — x)? ;x)) = 0 olmast x = 0 oldugunu gosterir. Dolayisiyla x = 0 degeri L, ((t —

x)?%; x) ifadesinde yerine yazilirsa
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0= () ()

bulunur. Bu ifade
()
n+t/\n+y

olarak tanimlansin.

ty =

Diger taraftan araligm ug noktas1 L, ((t — x)?; x) ifadesinde yerine yazilirsa

.
max . L, ((t — )% x)|
x|t

1 /n+¢ 2 1 n+¢ 2
-l ) Gag) | =0
n+t\n+y n+t/\n+y
esitligi bulunur. Bu ifade de
th =0
olarak tanimlanirsa
- tl, ti d la bul

max |Ln((t _ x)z;x)| _ { ,; urevvyar 1miyla bulunan (32)
xe[_ n+é n+é ] tn, araligin u¢ noktasindan bulunan

n+'n+y

esitligi yazilabilir.

Tek degiskenli fonksiyonlar i¢in tanimlanan siireklilik modiilii yardimiyla Tanim 3.1.2°de

tanitilan operator i¢in asagidaki teorem verilecektir.

Teorem 3.1.2

_nE n o
C [ el 1/)] uzayinin elemani olan her f i¢in

. 1
|L.(f; %) — F(x)] < (1 + \/?) w(f;6y)

esitsizligi gecerlidir. Burada
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— ¥ 2.
5, = xe[ %rlrafxn+€]|Ln((t x) ,x)l

n+P'n+i
olarak tanimlidir.
Kanit
Stireklilik modiiliintin tanim1 kullanilarak

|t — x|

If@) = f)] < <1+

n

)w(f: 6n)

esitsizligi yazilabilir. Operatoriin dogrusallig: yardimiyla

. . 1.
|L.(f;x) = f(0)| < <Ln(1;x) + 5—Ln(lt - xI;X)> w(f;8,)

1 [,
- (14 5 { T =020 ) 0058
Sn
esitsizligi gegerlidir. Burada (3.2) esitligi kullanilarak

Op = _?_35%1_—!-5 |Zn((t —x)%; X)l (3.3)
x [ n+¢'n+¢]

tanimlamasi yapilirsa L, ((t — x)?; x) ifadesi asagida yerine yazilarak

|L.(f; %) — F(0)] < xe[—%),(% <1 + é\/zn((t — x)?; x)) w(f;8,)

< (1 + 61\/5—11)0)(}(; 5n)

- (1 " %) o(f; 6,)

esitsizligi elde edilir. Boylece kanit tamamlanmis olur.
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Tanim 3.1.3

p €(0,1] ve 6,x €1 olsun. Bu durumda tek degiskenli fonksiyonlar i¢in Lipy(p) ile

gosterilen Lipschitz siifindan fonksiyonlar

1 (6) — F()| < M|6 — x|°
esitsizligini saglar (Alkhawagah and Madjid 2017)

n+& n_+g]

Aralik yardimiyla tretilen operator igin Lipschitz sinifinin elemanlart Lip, [—m,wr m

seklinde gosterilecektir.

Teorem 3.1.3
+§ n+§ +§ n+é
X € [ :+1/J " | olsun. Bu durumda her f € Lip, _:4-_1,0 5 ve p € (0,1] igin
| Ln(f5 %) — f(x)||C _n+é neg] < M(6,)P
[l

esitsizligi gecerlidir.
Kamt
Operatoriin tanimi ve mutlak deger 6zelliklerinden

n+t

n 4P\t 2k n+¢&

L =live) 2P (G i)

n+t—k

<CE i) Gre)
n+t

,
()Y - )

) G

esitsizligi bulunur. Burada Holder esitsizliginden
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N[

Ln((t = 07520 < (Ln((t = 0% 1)

olacagindan

- o 2
L (f; %) = f(x)]| < M{L, ((t — %)% x)}?
ifadesi bulunur. Boylece (3.3)’den

|Ln(f; %) — f(x)||c[_%‘% < M(8,)°

esitsizligi gosterilmis olur.

3.2 GENELLESTIRIiLMIiS BERNSTEIN-SCHURER-KANTOROVICH
OPERATORLERI

Bu kesimde; sinirlart degisken olan bir simetrik aralikta Bernstein polinomlarini inceleyen
Acar ve Izgi’nin (2021) calismasi ile [—1,1] araliginda Bernstein-Kantorovich operatdriinii
inceleyen Kahvecibasi’nin (2014) caligmalar1 birlikte degerlendirilerek tanimlanan
genellestirilmis  Bernstein-Schurer-Kantorovich  operatdrlerinin =~ yaklasim  6zellikleri
incelenecektir. Daha sonra stireklilik modiilii ve Lipschitz sinifindan fonksiyonlar yardimiyla

yaklagim hiz1 hesabi yapilacaktir.
Tanim 3.2.1

x € [-1,1] ve f € C[—1,1] olsun.

1
ok () = o (i) @+ 0 -0
n+1vw , 2’;_111:‘1
Kalfi0) === ok | " f©de
k=0 Znep !

seklinde tanimli dogrusal pozitif operatore K, (f; x) operatorii denir (Kahvecibasi, 2014).
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Tanim 3.2.2

n+é n+é n+é n+é
Her &,,t ENvex € [ et n+¢] icin f € C[ el olsun.
k n+t-k
- n+t n+é\ m+g§
e = (" )+ ) G )
n'k(x)(k)xn+1/; n_H/)x
olmak tizere
k+1 +&
_ n4+t m4 P\t "H it Dnvo
K,(f;x) = ST (n - f) nk(x) fz__ . fw)du
n+t n+1,b

seklinde tanimli operatore genellestirilmis Bernstein-Schurer-Kantorovich operatorii adi

verilir.
Uyan 3.2.1

Acik¢a K, (f; x) operatérii dogrusal ve pozitif bir operatordiir.

Kamt
Dogrusallik:
n+$ n+é
Her f,g € [ ot n+¢] ve ¢1,C; € Rigin
t et
_ n+t m+ Py n+ 2rre1)
Kn(eif +¢295%) = s (n n f) nk(x)f
(275¢1)
t k+1 n+é
nt+t m+yg\ S 5 () (Zm-l)mf( Y
= c X u)du
2n+t+1( ) 12 nk J k +&
n+¢ k=0 (Zm‘l)gﬂp
n+t k+1 n+$
n+t n+1,l)
2 ) i) j e g
zm‘ n+¢
k+1 +&
ntt mA P\ wrt Uniy
€1 on+t+1 (n T f) Z bnk(x) fz n+f fw)du
ﬁif_ n+w
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(c1f + c29)(W)du

+
n+y



n4+t m4 P\ = . (2%‘1)%
t+c; on+t+1 (n + f) . Obn,k(x) (2%_1)% g(u)du
= n n

= Clkn(f; x) + Czl?n(g; x)
esitligi gecerli olur. Dolayisiyla K, dogrusal bir operatordiir.
Pozitiflik:

Her k,n e Nvex € [——,— i¢in

i) G =

esitsizligi gecerlidir. Dolayisiyla her f > 0 i¢in

asn )n_+f
f n+t nﬂbf(u)du >0
(e iy

esitsizligi saglandigindan
Kn (f5x)=0

olur. Boylece tanimlanan K, (f;x) operatoriiniin dogrusal pozitif bir operatér oldugu

sonucuna ulasilir.

Onerme 3.2.1

Tanim 3.2.2°de verilen operatdr her x € [—%,% i¢in
i. K,(1;x) =1,
. 1 m+¢
Ry = xs (11D
il K (65%) = x n+t\n+y

2
iii. K, (t%x) = <1—ni_t>x2+n_2|_t(::li)x+(n—1|—t+3(nj—t)2)(::i>

esitliklerini saglar.
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Kanit

Operatoriin tanimindan agikg¢a

k+1 +
(1 . n+t (n+¢)n+t+1nz+t5 @ (zm—l)%ldu
n+t+1 n, k
2 n+s = (2r )iy
B n+t(n+lp>"+”1§f5 0 (2k+1 1>n+€ (2 k 1)n+f
S ntttl\n + € e, nk X n+t n+y n+t Jn+y
_n+t n+1,b”+t+1n+tb n+¢
_2n+t+1(n+€) z ni (%) (n+t)n+1/1
n+t m+ nHt+l-1 o il
~ gniti (n + f) (n + t) z bne(2)
k=0
_n+t <n+1/)>”+t< 2 )2n+t(n+€>"+t
S 2ntttl\pn 4+ € n+t n+y

=1

esitligi bulunur. K,, (t; x) igin tanim kullanilarak

t ktl \n+E
R.(6x) = nA+t mA g\ 5 () (rreVnry 4
X) = n+t+1< > nk\X k L uau
2 n+< =0 (2rr Vs
k+1 +&
n+t n+1p””+1n+t 2| (e irp
= (x) =
()
n+t
n+t m4+yP\"r! 2 k 2
=2n+t+2(n+€) ank(x) 2__1) _(Zn_-l-t_l)
_ t
_n+t(n+lp)"+t1§:E ()( 2 >(4k+2 2)
S 2mt2\n + ¢ L SATTATEY:
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npoq NHE
zsz}tH(?:l:lEp) t 12 b (x )<4k+t2 2)

k=0

n+t—1 L n+t—1 0HL
Y S bk e (2 S e
1 m+ n+t—1n+tv
- onit (n + E) ; e (%)
n+t—1 L k n+t—k
e (S ) e (1
n+t—1 Nt k n+t—k
(S )
n+t—1 Nt k n+t—k
S e ) (e
n+t—1 n+t k n+t—k—1
e Y (e B Y () o ()
n+t—1 n+t n+t-1 n+t
e 2 Gy cwelee) 26

n+t-1
1

n+t—1
iy (i) G) ) -G
(i) ey~ ()
-r o)

esitligi elde edilir. Benzer sekilde t? operatorde yerine yazilirsa;

it k+1 n+€

L L L LA AN o i u?d

iii. K,(t%x) = ST (n+€) Z br, . (x) 2__1 n+é u
n+t n+1/)
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k+1 +
n+t n+lpn+t+1n+t5 ()u3 (e )%
:2"+’~'+1(n+ ) nk X 3, +
J k=0 2%1?_1)£I%
1n+t an¢7”t2n+t 3 k 3
= (—= (x) 2——1 —(2——-1
32n+t+i\n 4§ £ nk n+t
Ln+t m+p\"2en +1 k
:§2m+ﬂ(n+€> 25 “JK%KZ +t__1_2n+t+1>
k=0
k+1 2 k+1 k k 2
X (2 —1) +(2 —1)(2——1)+(2——1)
n+t n+t n+t n+t
n+t—2 Nt

e S ()

k+1 2 k+1 k k 2
X (2 —1) +(2——1)(2——1)+(2——1)
n+t n+t n+t n+t
1 1 mty\"rt2Es
=5 1/) bnk(x)
32mtt\n+¢& ’
k=0
k+1 2 k+1 k k 2
X (2 —1) +(2 —1)(2——1)+(2——1) (3.5)
n+t n+t n+t n+t

esitligi bulunur. Burada

k+1 2 k+1 k k
(2 —1) +<2——1)(2——1)+(2——1)
n+t n+t n+t n+t

k+1\*  k+1 4k(k+1) _k+1 k
=(2 ) —4 1 -2 -2 +1
n+t n+t (n+1t)? n+t n+t

k \? k
+(2 ) —4 +1
n+t n+t

k?+2k+1+k*>+k+k? k+1 k
=4 -6 6 +3

(n + ©)2 n+t n+t
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_12k2+12k+4 12k + 6
 (n+1t)2 n+t

esitligi gecerlidir. Bu esitlik (3.5) de yerine yazilirsa

1 mAyg\"Ee 12k2 + 12k +4 12k +6
) e +3

- 1
K,(t%x) == -
n(t52) 32n+tt\n+¢& (n + t)2 n+t

1 1 m+ypy\"re 3k%+3k+1
T 3nHt2 2(n+€) Zb”"(x) C(m+0?
1 + n+t— 2n+tv 2k+ 1 1 + n+t— 2n+t
s () B o e () 2, )
2ntt-l\n + ¢ ’ +t  2™t\n+¢

n+t—2 te

. 1 n+y k.
s + 57 () Z CENES

- 2n+1t-2 (2:?)

n+t-2 n+t n+t—2 Mt

; 2n+1t 2 (:,:—?) ﬁ;o b () - 2n+1c-z (Z:?) z b e (%)

n+t-2 1 n+t n+t—2 nte

Y S s el S e

=0

n+t—2 n+t—k

n+t
e ()T AN 2y (Y (R

2Mtt=2\n+ ¢ nttia k—1 * n+y/ \n+y ¥
n+t-2 4 ntt k n+t—k

() S O e ) (-

n+t-2

11 <n+1,b)

2n+t (n+€>n+t
3 2n+t—2 n+ {.’

(n + t)2 n+y
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n+t—2 Nt n+t—k

e ()TN () (e B (2

k=1

n+t-2 n+t n+t—-2 n+t
1 1

“w=ilove) ey el )

-2
= X
2ntt=2\n + ¢ n+t — k n+y
n+€_— n+t—k-2
X —_—
(n +y x)
s 2 <n + 1/)>n+t—2 1 nil (n v 1) (x \ n+ €>k+1 (n +E _x>n+t—k—1
2n+t=2\n + & n+tk_0 k n+y n+y
. 4 (n +€)2
3n+t)2\n+y
n+t—2 NTt-1 k+1 n+t—k-1

“w=lire) 2 () )

i) G

eyt ) TG
e LA
o))

) e )

=n+t—1( n+€)2+ 4 <+n+€)(n+€>

x + X
n+t n+y n+t n+y/ \n+y
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gt ) ) 2 i) (re)

(1) (e () ) () e ) ()
+(3(nj—t)2_n-zl-t+1)(rrll:li)2

== L B =]
e D () (- ) (B
e L e e L R e
) i rs) -~ re) -2(s)

rrr (o) e () + ()

(- )+ o ) (rs)

Gergel cksenin tamanminda simrl € [~ 226 *€] pin clemant olan her f iin

lim | =0

Ralfi) = FQ st me

n—-oo

esitligi saglanir.

Kanit

Kanit i¢in Korovkin teoreminin kosullarinin saglandiginin gosterilmesi yeterlidir.
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Acikca

lim |

n—-oo

RoC1i20 = 1 s mac) =0

n+y’n+y

esitligi gegerlidir. Diger taraftan

1 m+¢ 1 m+¢
AE e ‘x+n+t(n+l/))_x’=n+t(n+l/)>
xe[‘m'm

esitligi dogru oldugundan

lim |

n—-oo

| K (5 %) = x||C[_n_+1/¢:n_+1/<: —0
n+n+

bulunur. Son olarak

lim |

n—-oo

|RLO¢;x)-x2H4_gi§gig
n+y'n+y
limitini hesaplamak i¢in norm tanimi kullanilarak; oncelikle ifadenin maksimum degerini
aragtirmak amaciyla tiirevden yararlanilacaktir. Daha sonra araligin u¢ noktalar1 kullanilarak

maksimum degeri incelenecektir.

_ 1 2 (m+¢& 1 4 n+ &\
B 5
[K (2% 2) — 27| ntt +n+t n+y X+ n+t+3(n+t)2 n+y
- ’ 1 2 Tl+€
K, (t%x) —x?) =-2 ( )
(K (t;20) = x) " n+y

(K (t%x) — xz)l =0

_ n_-l—f .. _ n_-l—f 35 2. 2] . .
olmasi x = — ” durumunu gerektirir. x = — m |K,,(t?; x) — x?| ifadesinde yerine yazilirsa
[, (n+ts§ n+ &\
&l ey ) - )
n+y n+y

2 2 2
_n-ll-t<r7z-ll-_j)> +n-2|-t(:::;) +<nit+3(nj—t)2)<::i)
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2 2
:nj—t(‘::—_i> +3(nit)2<::i)

bulunur. Béylece

. 2 m+¢ 2 4 n+¢ 2
2. _ 2| —
AL € Rt 6) = 27| n+t(n+l/)) +3(n+t)2(n+1/))

€|t

esitligi yardimiyla

_ 2 m+E&\ 4 m+&
I Ky (% %) — x?| = li ( ) ( ) -
Jim, [m%xn+f|n<f 0 =¥ n‘:&(nﬂnw Seror\nry) )70

n+y'n+y
esitligi elde edilir.
’|

Simdi de araligin u¢ noktasi |I?n (t%; x) — x?| ifadesinde yerine yazilirsa

74 2. o
g (520 =
n+yP'n+y

2 2 2
) ) ) )

2 2
= nit(rrll-ll-_:;) +3(nj-t)2<:-ll-_li)

bulunur. Burada limite gegilerek

Al—rélo %r}%xn% |Kn(t2; x) — le
[‘W’W

2 (n+§)2 4 (n+<§’>2

= =0
now n+t\n+yP 3(n+t)?\n+y
esitliginden
im NEn(22) = x2|| 1 neeneey _
tim 15 rrpnss] =0
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elde edilir. Boylece Korovkin teoreminin kosullari saglandigindan her f € C [—n—+f s

n+1p'm
igin
AI_{EO ”Kn(f' X) _f(x)llc[_%,% =0

esitligi gosterilmis olur.
Onerme 3.2.2
K, (f; x) operatériiniin ilk iic momenti asagidaki sekilde hesaplanir.

i K, ((t—x%x)=1,

i R, ((t—20)bx) = L(n al €>,

n+t\n+y
. 1 1 4 n+&\?
e - () )
il K (8= %)% %) n+t)” 4 n+t+3(n+t)2 n+y
Kamt
Acikca

i K,((t—x)%x)=K,(1;x) = 1.

Benzer sekilde

. _ _ 1 /m+¢ 1 m+¢§
il K ((t — )5 %) = K (6 %) — xKp(Lx) = x + n_-l-t(n + 1/)) T h T (n + w)

esitligi kolayca elde edilir.
iii. K,(t?;x) ve K,(t; x) icin yukaridaki esitlikler kullanilirsa

R;n((t - x)z; x) = Kn(tzi x) - ZXR;n(t; x) + le\(n(li x)

2
(- ) et e )
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2

:(_n-ll-t)xz+(n-1l-t+3(nj-t)2)(::-l-|-_li)

ifadesi elde edilir. Bu ise kanit1 tamamlar.
Uyan 3.2.2

Asagidaki teorem icin gerekli olan

g _ 2,
max . K, ((t — %)% x)
"E[‘m’m]

ifadesi hesaplanacaktir.

2
K. ((t —x)%x) = <_ %ﬂ) x* + (n -1|- i 3(nL-L|— t)2> (Z:D

ifadesinin maksimumunu bulmak ic¢in Oncelikli olarak tiirev alinmahdir. x’e gore tiirev

alinirsa

o ’ 2

K. ((t —x)?% = ——
(Ral(t = 0)%2)) = ———x
bulunur.

(Kn((t - x)z;x)) =0 olmast x = 0 oldugunu gosterir. x = 0 degeri K, ((t — x)?%; x)’de

yerine yazilirsa

K.((t—0)%0) = (n _1|_ LT 3(nj- t)2> (:::;)2

bulunur. Bu ifade

2
fen = (n-ll-t+ 3(nj-t)2> (::i)

olarak tanimlansin.
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Simdi de araligin ug noktas1 K, ((t — x)?; x) ifadesinde yerine yazilirsa

174 _ 2.
max . | ((t — %)% )|
"E[‘m'm

5 2
(R e ) G

2
- 3(nj— £)2 (Z:;)

esitligi bulunur. Burada

2
kit = 3(nj- £)2 (::j))

tanimlamas1 yapilirsa

~ k1 tiirev yardimiyla bulunan
K. t — 2; = { n’ 3.6
xe[_%{n_ﬁ | (=) x)| k2, araligin u¢ noktasindan bulunan (3.6)
n+yP'n+y

esitligi elde edilir.
Asagidaki teoremde Tanim 3.2.2°de verilen operator i¢in yaklasim hizi hesabi yapilacaktir.

Teorem 3.2.2

_ 1 i
|K.(f; %) — fF)| < |1+ —= | w(f; 6,)
Vo,

esitsizligi gecerlidir. Burada

On = %Xﬂ |R/n((t - x)Z;x)l
xe["n+w'n+w]

olarak tanimlidir.
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Kanit
Sireklilik modiiliniin tanimindan

|t — x|
b

If (@) — ()] < <1+ )w(f:Sn)

esitsizligi dogrudur. Operatoriin dogrusalligi yardimiyla

- o~ 1 _ ~
|Kn(f; x) —f(x)| < <Kn(1;x) +(§_Kn(|t — xI;x))w(f; Sn)

1 - ~
_ (1 g JRate - x)Z;x))w(f: 5,)

esitsizligi yazilabilir. Burada

>
Il

74 il 2.
E[_%><n_+f]ll<n((t )% %) (3.7)
n+y'n+y

n-

olarak tanimlanirsa (3.6)’dan K,,((t — x)?; x) ifadesi asagida yerine yazilarak

R0 =10l | g (14 Rata =050 ) olfi6)
TPty "

< <1 + %ﬁ) w(f; 8y)

n

_ (1 +%>w(f; 5.)

esitsizligi elde edilir. Boylece kanit tamamlanmis olur.

Teorem 3.2.3
_n+d n+d . o [_n+d n+d .
X [ el borwn olmak tuzere Lip, [ el 1/)] smifinin elemani olan her f fonksiyonu ve

her p € (0,1] igin

1R (F3 20 — f<x>||c[_n_+g it < M(3,)"

n+Y’n+y
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esitsizligi saglanir.
Kamt

Operatdriin ve mutlak degerin 6zelliklerinden

_ nAt m P\ (o)
B30 = FGO < g () Bl [ @) - FG0ld
k=0 (e nry
n+t n+€kn+€ n+t—k
X( k )(x+n+1/)) (n+1/)_x) (3.8)

esitsizligi yazilabilir. Burada f fonksiyonu Lipschitz kosulunu sagladigindan
If () = flo)] < M|t —x|?

esitsizligi gegerlidir. Bu esitsizlik (3.8)’de yerine yazilirsa Holder esitsizligi yardimiyla

N[

Rn((t =073 2) < (Bu((t = 0% 1)
olacagindan

P
|K”(f; x) = f(x)l = M{Kn((t — X)Z;x)}2

durumu saglanir. Boylece (3.7)’den

1R 50 = FCIl f_mse mee) < M(5,)"

esitsizligi gosterilmis olur.
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BOLUM 4
NUMERIK HESAPLAR VE GRAFIK CiziMi

Bu boliimde, 3. Boliimde tanimlanan Bernstein tipli operatdrlerin genellestirmelerine iligskin
bazi niimerik hesaplar ve grafik ¢izimi yapilacaktir. Tanimlanan yeni operatorlerin yaklagim

hiz1 grafikler yardimiyla karsilastirilacaktir.

Grafik ¢izimleri ve niimerik hesaplar i¢cin Maple programi kullanilacak olup Maple dilinde

yazilan program parcalarida verilecektir.

Ornek 4.1

Sekil 4.1°de; L,(f;x) polinom dizisinde t =5,m =15, =5 ve 1 = 10 alimarak elde

2x
e (2x+1)

edilen operatoriin f(x) = ¢ yaklagimi verilmistir.

0.05
0.06
0.04

0.02+

2x

Sekil 4.1 L,,(f; x) polinomlariyla f(x) = werzey)

&=5 ve P=10 olmak lizere n=2 (yesil), n=5 (kirmiz1), n=7 (siyah), n=8 (turkuaz),
n=10 (eflatun))

fonksiyonuna (mavi) yaklasim (t=5, m=15,
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Yukaridaki sekli veren program parcasi asagidaki sekildedir.

>
>
>

>

restart;
with (plots) :
f:=x->(2*x) /exp (2*x+1);t:=5;m:=15;
2x
J=x— (2x+1)
e

=5
m:=15
xi:=readstat ("xi dedgerini giriniz:");

xi degerini giriniz:5;

>

€:=5

psi:=readstat ("psi degerini giriniz:");

psi degerini giriniz:10;

>
>

v =10
for n from 1 to m do
N[n] (k,x):=
binomial (n+t, k) * (x+( (n+xi) / (n+psi)) ) *k* (((n+xi) / (n+psi) ) —x) * (n+t-k
):

L[n] (£, x) :=simplify(evalf(((1/(2*(n+t)))*((n+psi)/ (n+xi))* (n+t) *su
m(£((((2*%k)/(n+t))-1) * ((n+xi)/(n+psi))) *N[n] (k, x) ,k=0..n+t)))):
end do:

M1 :=plot (£ (x),x=1..2.5, color=blue, style=point, symbol=circle, numpoi
nts=380, symbolsize=5) :

M2:=plot (L[2] (f,x),x=1..2.5, color=green, style=point, symbol=circle,
numpoints=280, symbolsize=5):

M3:=plot (L[5] (£,x),x=1..2.5,color=red, style=point, symbol=circle, nu
mpoints=380, symbolsize=7) :

M4 :=plot (L[7] (f,x),x=1..2.5,color=black, style=point, symbol=circle,
numpoints=180, symbolsize=5) :

M5:=plot (L[8] (£f,x),x=1..2.5, color=cyan, style=point, symbol=circle,n
umpoints=200, symbolsize=5):

M6 :=plot (L[10] (f,x),x=1..2.5, color=magenta, style=point, symbol=circ
le, numpoints=380, symbolsize=5):

display ([M1,M2,M3,M4,M5,M6]) ;
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Ornek 4.2

Sekil 4.2°de L, (f; x) polinom dizisinde t = 5,m = 25,& =5 ve Y = 10 alinarak elde edilen

fx) = 5x22x+3 e yaklagimi verilmistir.

0.25-

0.2

0.151

0.14

0.051

2x

Sekil 4.2 L, (f; x) polinomlariyla f(x) = s fonksiyonuna (mavi) yaklasim (t=5, m=25,

&=5 ve P=10 olmak iizere n=2 (yesil), n=10 (kirmiz1), n=15 (siyah), n=20 (turkuaz),
n=25 (eflatun))
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> restart;
> with(plots):
> fr=x->(2*x)/ (5*x"2+3) ;t:=5;m:=25;

.
e TP
fi=5
=25

> xi:=readstat ("xi degerini giriniz:");
xi degerini giriniz:5;
§:=5
> psi:=readstat ("psi degerini giriniz:");
psi dederini giriniz:10;
v =10
> for n from 1 to m do
> N[n] (k,x) :=
binomial (n+t, k) * (x+ ( (n+xi) / (n+psi)) ) *k* (((n+xi) / (n+psi) ) -x) * (n+t-k
):

> L[n] (£,x) :=simplify (evalf (((1/ (2" (n+t)))* ((n+psi)/ (n+xi))~ (n+t)*su
m (£ ((((2%k) / (n+t))-1)* ((n+xi) / (n+psi))) *N[n] (k, x) ,k=0..n+t)))) :

> end do:

> Ml:=plot (f(x),x=0..0.5,y=0..0.25,color=blue, style=point, symbol=cir
cle, numpoints=380, symbolsize=7) :

> M2:=plot (L[2] (f,x),x=0..0.5,y=0..0.25, color=green, style=point, symb
ol=circle, numpoints=280, symbolsize=9) :

> M3:=plot (L[10] (£,x),x=0..0.5,y=0..0.25, color=red, style=point, symbo
l=circle, numpoints=280, symbolsize=9) :

> M4:=plot (L[15] (f,x),x=0..0.5,y=0..0.25, color=black, style=point, sym
bol=circle, numpoints=280, symbolsize=9) :

> M5:=plot (L[20] (f,x) ,x=0..0.5,y=0..0.25, color=cyan, style=point, symb
ol=circle, numpoints=280, symbolsize=9) :

> M6:=plot (L[25] (£,x),x=0..0.5,y=0..0.25, color=magenta, style=point, s
ymbol=circle, numpoints=280, symbolsize=9) :

> display([M1,M2,M3,M4,M5,M6]);
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Ornek 4.3

Sekil 4.3’de L, (f;x) polinom dizisinde t = 10,m = 20, = 10 ve 1 = 20 alinarak elde
edilen f(x) = cos(2x + 1)? e yaklasimi verilmistir.

1.67

1.4

Sekil 4.3 L,,(f; x) polinomlariyla f(x) = cos(2x + 1)? fonksiyonuna (mavi) yaklasim (=10,
m=20, §&=10 ve P=20 olmak iizere n=1 (yesil), n=5 (kirmizi), n=10 (siyah), n=15
(turkuaz), n=20 (eflatun))
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> restart;
> with (plots):
> f:=x->(cos (2*x+1))"2;t:=10;m:=20;
fi=x—cos(2x+1)
=10
m =20
> xi:=readstat ("xi degerini giriniz:");
x1 degerini giriniz:10;
£:=10
> psi:=readstat ("psi degerini giriniz:");
psi degerini giriniz:20;
y =20
> for n from 1 to m do
> N[n] (k,x) :=
binomial (n+t, k) * (x+ ((n+xi)/ (n+psi))) *k* (((n+xi)/ (n+psi))-x) * (n+t-k
)

> L[n] (f,x) :=simplify (evalf (((1/(2* (n+t)))* ((n+psi)/ (n+xi) )" (n+t) *su
m(£((((2%k)/ (n+t))-1)*((n+xi)/(n+psi))) *N[n] (k,x),k=0..n+t)))):

> end do:

> Ml:=plot (f(x),x=0..1.5,y=0..1.6,color=blue, style=point, symbol=circ
le, numpoints=380, symbolsize=6) :

> M2:=plot (L[1] (£f,x),x=0..1.5,y=0..1.6,color=green, style=point, symbo
l=circle,numpoints=380, symbolsize=6) :

> M3:=plot (L[5] (f,x),x=0..1.5,y=0..1.6,color=red, style=point, symbol=
circle, numpoints=380, symbolsize=6) :

> M4:=plot (L[10] (£f,x),x=0..1.5,y=0..1.6,color=black, style=point, symb
ol=circle, numpoints=380, symbolsize=6) :

> M5:=plot (L[15] (£f,x),x=0..1.5,y=0..1.6,color=cyan, style=point, symbo
l=circle,numpoints=380, symbolsize=6) :

> M6:=plot (L[20] (f,x),x=0..1.5,y=0..1.6, color=magenta, style=point, sy
mbol=circle, numpoints=380, symbolsize=6) :

> display([M1,M2 M3, ,M4, M5, ,M6]);
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Ornek 4.4

Sekil 4.4’de, L, (f;x) polinom dizisinde t = 10,m =40, = 10 ve Y = 17 alinmasiyla

olusturulan operatoriin f(x) = ﬁ e yaklasimi gosterilmistir.
e X

0.18)
0.16% |
0.14:
0.12-

0.1-
0.08-
0.06-

0.041

0.02;

Sekil 4.4 L, (f; x) polinom dizisi ile f(x) = ﬁ fonksiyonuna (mavi) yaklagim (t=10,
e X

m=40, =10 ve P=17 olmak iizere n=1 (yesil), n=15 (kirmiz1), n=20 (siyah), n=30
(turkuaz), n=40 (eflatun))
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> restart;
> with(plots):
> f:=x—>(1l/exp(2*x+1))*2;t:=10;m:=40;

1

(2x+1) 2

(e )
t:=10
m =40
> xi:=readstat ("xi degerini giriniz:");
xi degerini giriniz:10;

fi=x—

£:=10
> psi:=readstat ("psi degerini giriniz:");
psi degerini giriniz:17;

y=17
for n from 1 to m do
N[n] (k, x) :=
binomial (n+t, k) * (x+( (n+xi) / (n+psi) ) ) *k* (( (n+xi) / (n+psi))-x) * (n+t-k
):

L[n] (f,x) :=simplify(evalf (((1/(2*(n+t))) * ((n+psi)/ (n+xi))* (n+t) *su
m(£((((2*k)/(n+t))-1)* ((n+xi)/(n+psi))) *N[n] (k, x) ,k=0..n+t)))):

end do:

Ml :=plot (f(x),x=0..0.5,y=0..0.18, color=blue, style=point, symbol=cir
cle, numpoints=380, symbolsize=8) :

M2 :=plot (L[1] (£,x),x=0..0.5,y=0..0.18, color=green, style=point, symb
ol=circle, numpoints=380, symbolsize=7) :

M3 :=plot (L[15] (f,x),x=0..0.5,y=0..0.18, color=red, style=point, symbo
l=circle, numpoints=300, symbolsize=8) :

M4 :=plot (L[20] (£,x) ,x=0..0.5,y=0..0.18, color=black, style=point, sym
bol=circle, numpoints=380, symbolsize=8) :

M5 :=plot (L[30] (£f,x),x=0..0.5,y=0..0.18, color=cyan, style=point, symb
ol=circle, numpoints=380, symbolsize=8) :

M6 :=plot (L[40] (£f,x) ,x%x=0..0.5,y=0..0.18, color=magenta, style=point, s
ymbol=circle, numpoints=380, symbolsize=8) :

display ([M1,M2,M3,M4,M5,M6]) ;
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Ornek 4.5

Sekil 4.5’de L,(f;x) polinom dizisinde t=10,m =65 =5 ve B =10 alinarak

1
x2+1

operatoriin f(x) = e yaklagimi verilmistir.

0.8

-1 08 06 04 02Y%50 02 04 06 08 1

Sekil 4.5 L, (f;x) polinom dizisi ile f(x) = x21+1 fonksiyonuna (mavi) yaklagim (t=10,

m=65, &=5 ve P=10 olmak iizere n=1 (yesil), n=15 (kirmiz1), n=20 (siyah), n=32
(turkuaz), n=65 (eflatun))
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>
>

A%

VvV VvV Vv Yy

restart;with (plots):
xi := 5;psi:=10;t:=10;m:=65; £:=x—>1/ (x*2+1);

£:=5

y:=10

t:=10

m =65

fi=x— >
X +1

for n from 1 to m do

N[n] (k,x) :=

binomial (n+t, k) * (x+ ( (n+xi) / (n+psi) ) ) *k* ( ((n+xi)/ (n+psi) ) -x) * (n+t-k
):

L[n] (£, x) :=simplify(evalf (((1/(2* (n+t)))*((n+psi)/ (n+xi))* (n+t) *su
m(£((((2*k)/(n+t))-1) *((n+xi)/(n+psi))) *N[n] (k,x) ,k=0..n+t))));
end do:

Ml:=plot (f(x),x=-1..1,y=0.75..1, color=blue, style=point, symbol=cros
s, numpoints=380, symbolsize=10) :

M2:=plot (L[1] (f,x) ,x=-1..1,y=0.75. .1, color=green, style=point, symbo
l=circle, numpoints=380, symbolsize=8) :

M3:=plot (L[15] (f,x),x=-1..1,y=0.75..1, color=red, style=point, symbol
=circle, numpoints=380, symbolsize=9) :

M4:=plot (L[20] (£f,x) ,x=-1..1,y=0.75..1, color=black, style=point, symb
ol=circle, numpoints=380, symbolsize=8) :

M5:=plot (L[32] (f,x) ,x=-1..1,y=0.75..1, color=cyan, style=point, symbo
l=diamond, numpoints=280, symbolsize=8) :

M6:=plot (L[65] (£f,x),x=-1..1,y=0.75..1, color=magenta, style=point, sy
mbol=circle, numpoints=380, symbolsize=8) :display ([M1,M2, M3, 6M4,6M5,6 M6
1);
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Asagidaki 5 6rnekte (3.4) esitligi ile verilen operatér i¢in yaklagim hizi hesabi yapilmistir.
Ornek 4.6

Sekil 4.6’da, K, (f; x) polinom dizisinde t = 5,m = 15, =5 ve ¥ = 10 alinarak f(x) =

2x e .
~GwD © yaklagim verilmistir.

0.1

0.084

0.061

0.04 4

0.024

0
X
Sekil 4.6 K,(f;x) polinom dizisi ile f(x) = % fonksiyonuna (mavi) yaklagim (t=5,

m=15, &=5 ve Y=10 olmak iizere n=2 (yesil), n=5 (kirmiz1), n=7 (siyah), n=8
(turkuaz), n=10 (eflatun))
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> restart;with(plots):
> Xi := 5;psi:=10;t:=5;m:=15; f:=x-> (2*x) /exp (2*x+1);

§:=5
y =10
r:=5
m:=15
‘ 2x
f=x- (2x+1)
e

> for n from 1 to m do

> N[n] (k,x) :=
binomial (n+t, k) * (x+ ( (n+xi) / (n+psi) ) ) *k*(((n+xi) / (n+psi) ) —x) * (n+t-k
):

> P:=int ((2*u) /exp(2*u+l) ,u=(((2*k)/ (n+t)-1) ) *((n+xi) / (n+psi)) .. (((2
* (k+1))/ (n+t)-1)) * ((n+xi) / (n+psi)));

> K[n] (£, x) :=simplify(evalf (((n+t)/ (2* (n+t+1))) * ((n+psi)/ (n+xi) ) * (n+
t+1l) *sum(N[n] (k,x) *P,k=0..n+t)));

> end do:

> Ml:=plot (f(x),x=1..2.5,y=0..0.1, color=blue, style=point, symbol=cros
s, numpoints=380, symbolsize=7) :

> M2:=plot (K[2] (f,x) ,x=1..2.5,y=0..0.1, color=green, style=point, symbo
l=circle, numpoints=380, symbolsize=7) :

> M3:=plot (K[5] (£f,x),x%x=1..2.5,y=0..0.1,color=red, style=point, symbol=
circle, numpoints=380, symbolsize=7) :

> M4d:=plot (K[7] (f,x),x=1..2.5,y=0..0.1, color=black, style=point, symbo
l=circle, numpoints=380, symbolsize=7) :

> M5:=plot (K[8] (£,x),x=1..2.5,y=0..0.1, color=cyan, style=point, symbol
=circle, numpoints=380, symbolsize=7) :

> M6:=plot (K[10] (£f,x),x=1..2.5,y=0..0.1, color=magenta, style=point, sy
mbol=circle, numpoints=380, symbolsize=7) :display ([M1,M2,6 M3, M4, M5, M6
1)
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Ornek 4.7

K,(f; x) polinomlar dizisinde t =5,m =25, =5 ve 1 = 10 alimmasi ile elde edilen

2

operatoriin f(x) = x+3 e yaklasimi Sekil 4.7°de verilmistir.

5x2

0.255

0.151

0.14

2x

Sekil 4.7 K,,(f;x) polinom dizisi ile f(x) = s fonksiyonuna (mavi) yaklasim (t=5,

m=25, &=5 ve P=10 olmak iizere n=2 (yesil), n=10 (kirmiz1), n=15 (siyah), n=20
(turkuaz), n=25 (eflatun))
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> restart;with (plots):
> xi := 5;psi:=10;t:=5;m:=25;f:=(2*x)/ (5*x*2+3);

§:=5
yi=10
r:=5
m =25
_ 2x
T 5043

> for n from 1 to m do

> N[n] (k,x):=
binomial (n+t, k) * (x+ ( (n+xi) / (n+psi) ) ) *k* (( (n+xi) / (n+psi) ) -x) * (n+t-k
):

> P:=int ((2*u) / (5*u”243) ,u=(((2*k) / (n+t)-1)) * ((n+xi) / (n+psi)) .. (((2*
(k+1) )/ (n+t)-1)) * ((n+xi) / (n+psi)));

> K[n] (£, x) :=simplify(evalf (((n+t)/ (2~ (n+t+1)) ) * ((n+psi)/ (n+xi) ) * (n+
t+l)*sum(N[n] (k,x) *P,k=0..n+t)));

> end do:

> Ml:=plot (f(x),x=0.05..0.5,y=0..0.25, color=blue, style=point, symbol=
circle, numpoints=380, symbolsize=7) :

> M2:=plot (K[2] (£,x),x=0.05..0.5,y=0..0.25, color=green, style=point, s
ymbol=circle, numpoints=380, symbolsize=7) :

> M3:=plot (K[10] (£,x) ,x%x=0.05..0.5,y=0..0.25, color=red, style=point, sy
mbol=circle, numpoints=380, symbolsize=7):

> M4:=plot (K[15] (f,x),x=0.05..0.5,y=0..0.25, color=black, style=point,
symbol=circle, numpoints=380, symbolsize=7) :

> M5:=plot (K[20] (£,x),x=0.05..0.5,y=0..0.25, color=cyan, style=point, s
ymbol=circle, numpoints=380, symbolsize=8) :

> M6:=plot (K[25] (f,x),x=0.05..0.5,y=0..0.25, color=magenta, style=poin
t, symbol=circle, numpoints=380, symbolsize=10) :display ([M1, M2, M3, 6 M4,
M5,M61]) ;
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Ornek 4.8

Sekil 4.8°de, K,,(f;x) polinom dizisinde t = 10,m = 20,é = 10 ve ¥ = 20 alinmasi ile
f(x) = cos(2x + 1)? e yaklasim verilmistir.

1.67

1.4+

Sekil 4.8 K,,(f; x) polinom dizisi ile f(x) = cos(2x + 1)? fonksiyonuna (mavi) yaklagim
(t=10, m=20, &=10 ve P=20 olmak iizere n=1 (yesil), n=5 (kirmizi), n=10 (siyah),
n=15 (turkuaz), n=20 (eflatun))
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restart;with (plots):
xi := 10;psi:=20;t:=10;m:=20; f:=x->(cos (2*x+1)) *2;

£:=10
v =20
t:=10
m =20

fi=x—cos(2x+1)
for n from 1 to m do
N[n] (k,x) :=
binomial (n+t, k) * (x+ ( (n+x1i) / (n+psi) ) ) *k* (((n+xi) / (n+psi) ) —x) * (n+t-k
) :
P:=int ((cos (2*u+l))*2,u=(((2*k)/ (n+t)=1) ) * ((n+xi)/ (n+psi)) .. (((2*(
k+1))/(n+t)-1)) * ((n+xi) / (n+psi)));
K[n] (£, x) :=simplify (evalf (((n+t) /(2 (n+t+1)) ) * ((n+psi)/ (n+xi))* (n+
t+1l) *sum(N[n] (k,x) *P,k=0. .n+t)));
end do:
M1:=plot (£(x),x=0..1.4,y=0..1.6,color=blue, style=point, symbol=circ
le, numpoints=380, symbolsize=7) :
M2:=plot (K[1] (f,x),x=0..1.4,y=0..1.6,color=green, style=point, symbo
l=circle, numpoints=380, symbolsize=7) :
M3:=plot (K[5] (£,x),x=0..1.4,y=0..1.6,color=red, style=point, symbol=
circle, numpoints=380, symbolsize=7) :
M4 :=plot (K[10] (f,x) ,x=0..1.4,y=0..1.6,color=black, style=point, symb
ol=circle, numpoints=380, symbolsize=7) :
M5:=plot (K[15] (£f,x),x=0..1.4,y=0..1.6,color=cyan, style=point, symbo
l=circle, numpoints=380, symbolsize=7) :
M6:=plot (K[20] (£,x) ,x=0..1.4,y=0..1.6, color=magenta, style=point, sy
mbol=diamond, numpoints=380, symbolsize=8) :display ([M1,M2, M3, 6,M4, M5 M
61);
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Ornek 4.9

Sekil 4.9’da, K,,(f;x) polinom dizisinin t = 10,m =40,& =10 ve ¥ = 17 igin f(x) =

W e yaklagimi gosterilmistir.
0.181
0161
0.14-_
0.121
0.14
0.081

0.06

0.04-

0.02

Sekil 4.9 K,,(f; x) polinom dizisi ile f(x) = fonksiyonuna (mavi) yaklasim (t=10,

1
m=40, &=10 ve P=17 olmak iizere n=1 (yesil), n=15 (kirmizi), n=20 (siyah), n=30
(turkuaz), n=40 (eflatun))
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> restart;with(plots):
> xi := 10;psi:=17;t:=10;m:=40; f:=x->(1/exp(2*x+1))*2;

g:=10
=17
t:=10
m =40
1
fi=x— B
(2x+1)
e

> for n from 1 to m do

> N[n] (k,x) :=
binomial (n+t, k) * (x+( (n+xi) / (n+psi) ) ) *k* (( (n+xi) / (n+psi) ) —x) * (n+t-k
):

> P:=int ((1/exp (2*u+l))*2,u=(((2*k) / (n+t)-1) ) * ((n+xi)/ (n+psi)) .. (((2
* (k+1)) / (n+t) -1)) * ((n+x1i) / (n+psi))) ;

> K[n] (£, x) :=simplify(evalf (((n+t)/ (2* (n+t+1))) * ( (n+psi)/ (n+xi) ) * (n+
t+1) *sum(N[n] (k,x) *P,k=0. .n+t)));

> end do:

> Ml:=plot (f(x),x=0..0.5,y=0..0.18, color=blue, style=point, symbol=cir
cle, numpoints=380, symbolsize=7) :

> M2:=plot (K[1] (f,x),x%x=0..0.5,y=0..0.18, color=green, style=point, symb
ol=circle, numpoints=380, symbolsize=7) :

> M3:=plot (K[15] (f£f,x),x=0..0.5,y=0..0.18, color=red, style=point, symbo
l=circle,numpoints=380, symbolsize=7) :

> M4:=plot (K[20] (f,x) ,x=0..0.5,y=0..0.18, color=black, style=point, sym
bol=circle, numpoints=380, symbolsize=7) :

> M5:=plot (K[30] (f,x),x=0..0.5,y=0..0.18, color=cyan, style=point, symb
ol=circle, numpoints=380, symbolsize=7) :

> M6:=plot (K[40] (£,x) ,x=0..0.5,y=0..0.18, color=magenta, style=point, s
ymbol=circle, numpoints=380, symbolsize=7) :display ([M1,M2, M3, M4, M5, M
61);
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Ornek 4.10

K,(f;x) polinom dizisi i¢in t =10,m =65, =5 ve Y =10 alindiginda K,(f;x)’in

f(x) = x21+1 e yaklasimi Sekil 4.10’da verilmistir.
¥ r
0.851
0.8
1 08 04 02950 02 0.8 1

Sekil 4.10 K,,(f;x) polinom dizisi ile f(x) = x21+1 fonksiyonuna (mavi) yaklasim (t=10,

m=65, &=5 ve P=10 olmak iizere n=1 (yesil), n=15 (kirmiz1), n=20 (siyah), n=32
(turkuaz), n=65 (eflatun))
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> restart;with (plots):
> xi := 5;psi:=10;t:=10;m:=65; £f:=x->1/(x"*2+1);

§:=5

vy =10

t:=10

m =65
fﬁ_x_éx2+l

> for n from 1 to m do

> N[n] (k,x):=
binomial (n+t, k) * (x+ ((n+xi) / (n+psi) ) ) *k* (( (n+xi) / (n+psi) ) -x) * (n+t-k
):

> P:=int (1/ (u*2+41) ,u=(((2*k)/ (n+t)-1)) * ((n+xi) / (n+psi)) .. (((2* (k+1))
/(n+t)-1)) * ((n+xi)/ (n+psi)));

> K[n] (£, x) :=simplify (evalf (((n+t)/(2* (n+t+1l))) *((n+psi)/ (n+xi) ) * (n+
t+l)*sum(N[n] (k,x)*P,k=0..n+t)));

> end do:

> Ml:=plot (f(x),x=-1..1,y=0.75..1,color=blue, style=point, symbol=diam
ond, numpoints=380, symbolsize=8) :

> M2:=plot (K[1] (f,x),x=-1..1,y=0.75. .1, color=green, style=point, symbo
l=circle, numpoints=380, symbolsize=8) :

> M3:=plot (K[15] (£f,x),x=-1..1,y=0.75..1, color=red, style=point, symbol
=circle, numpoints=380, symbolsize=8) :

> M4:=plot (K[20] (f,x),x=-1..1,y=0.75..1, color=black, style=point, symb
ol=circle, numpoints=380, symbolsize=8) :

> M5:=plot (K[32] (£f,x),x=-1..1,y=0.75..1, color=cyan, style=point, symbo
l=circle, numpoints=380, symbolsize=7) :

> M6:=plot (K[65] (f£,x),x=-1..1,y=0.75..1, color=magenta, style=point, sy
mbol=circle, numpoints=380, symbolsize=8) :display ([M1,M2,6 M3, M4, M5, M6
1);

Bundan sonraki kisimda her iki operatér i¢in hata hesabi yapilacaktir. Tlk ii¢ 6rnekte (3.2) ile

verilen operator, son ti¢ 6rrnekte ise (3.4) operatorii igin hata hesabi yapilacaktir.

Ornek 4.11

f(x) = x? fonksiyonunun t =9, =5 ve ¥ = 6 igin hata paymim hesaplanmas1 Cizelge

4.1°de gosterilmistir.

Maple 13 programina ait program pargasi asagidaki sekildedir:
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> restart;
f:=(x)->(x"2);
xi:=5:psi:=6:t:=9:
n:=1:for i from 1 to 9 do
n:=10%*n;
tl:=evalf (simplify(abs((1-(1/(n+t)))*(((n+xi)/ (n+psi)))—-(1-
(2/ (n+t) ) ) *(((n+xi) / (n+psi)))*2)));t2:=evalf (simplify (abs ((1-
(1/(n+t))) * (((n+xi) / (n+psi))) - (1-
(1/(n+t))) * (((n+xi) / (n+psi))) *2)));
>deltal (n) :=evalf (simplify(tl, x=—
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), y=—
((n+xi) / (n+psi)) .. ((n+xi) /(n+psi))));
>delta2 (n) :=evalf (simplify(t2, x=—
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi)) ,y=—
((n+xi)/ (n+psi)) .. ((n+xi)/(n+psi))));
>omega (f,deltal (n)) :=evalf (simplify (maximize (abs (expand (f (x+h) -
£(x))),x=—((n+xi)/(n+psi)) .. ((n+xi) / (n+psi) ), y=-
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), h=0..deltal(n)))):
> omega (f,delta2 (n)) :=evalf (simplify (maximize (abs (expand (f (x+h) -
£(x))),x=—((n+xi)/(n+psi)) .. ((n+xi) / (n+psi)), y=-
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), h=0..delta2(n)))):

>errorB:=5* (omega (f,deltal(n)));
errorB:=5% (omega (£,delta2(n)));

end do;
Cizelge 4.1 f(x) = x? fonksiyonuna ait hata pay1 hesab1
n degeri f(x) = x* fonksiyonunun t = 9, = 5 ve ¥ = 6 icin hata hesabi
10 1.0058595860 0.5358117440
102 0.1825571798 0.0921474446
103 0.01981167574 0.009915694365
10 0.001998101688 0.0009991506995
10° 0.0001999810017 0.00009999150070
106 0.00001999981000 0.9999915000. 10~>
107 0.1999998100. 105 0.9999991500. 10~°
108 0.1999999810. 10~° 0.9999999150. 10~
10° 0.1999999981. 10~ 0.9999999915. 108

Bu programa ait program ¢iktis1 ise asagidaki gibidir.

n=10
t1 = 0.1017680921
12 == 0.05550986842
51(10) = 0.1017680921
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62(10) = 0.05550986842
o(f, 0.1017680921 ) = 0.2011719173
o(f, 0.05550986842 ) = 0.1071623488
errorB = 1.005859586
errorB = 0.5358117440
n =100
t1 = 0.01826125723
12 = 0.009259229018
01(100 ) == 0.01826125723
62(100 ) = 0.009259229018
o(f, 0.01826125723 ) = 0.03651143596
o(f, 0.009259229018 ) := 0.01842948893
errorB = 0.1825571798
errorB = 0.09214744465
n = 1000
t1 = 0.001981174406
12 := 0.0009920634882
S1(1000 ) = 0.001981174406
62(1000 ) = 0.0009920634882
o(f, 0.001981174406 ) := 0.003962335147
o(f, 0.0009920634882 ) := 0.001983138873
errorB = 0.01981167574
errorB = 0.009915694365
n := 10000
t1 = 0.0001998101758
12 = 0.00009992006395
o 1(10000 ) = 0.0001998101758
62(10000 ) = 0.00009992006395
o(f, 0.0001998101758 ) = 0.0003996203376
o(f, 0.00009992006395 ) = 0.0001998301399
errorB = 0.001998101688
errorB = 0.0009991506995
n = 100000
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t1 = 0.00001999810018

12 :=0.9999200064 107
d1(100000 ) = 0.00001999810018

§2(100000) :=0.9999200064 10~
o(f, 0.00001999810018 ) = 0.00003999620034

o(f,0.9999200064107) :=0.00001999830014
errorB = 0.0001999810017
errorB = 0.00009999150070
n = 1000000

t1:=0.1999981000107
12 :=0.999992000110°
§1(1000000) :=0.199998100010°3
52(1000000) :=0.999992000110°°
o(f,0.199998100010) := 0.399996200010

o(f,0.999992000110°°) := 0.199998300010°°
errorB = 0.00001999981000

errorB:=0.9999915000107
n = 10000000

t1:=0.199999810010°
12 :=0.9999992000107’
§1(10000000) :=0.199999810010°
§2(10000000) :=0.9999992000107’
o(f,0.199999810010°°) := 0.399999620010°
o(f,0.9999992000107) := 0.199999830010°
errorB:=0.1999998100107

errorB:=0.999999150010°
n = 100000000

t1:=0.1999999810107’

12 :=0.9999999200107
§1(100000000) :=0.1999999810107’
52(100000000) := 0.999999920010®
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o(f,0.1999999810107) := 0.399999962010""
o(f,0.999999920010®) := 0.199999983010""
errorB:=0.199999981010°

errorB:=0.9999999150107’
n = 1000000000

t1:=0.1999999981107
12:=0.999999992010
§1(1000000000) := 0.199999998110®
§2(1000000000) := 0.999999992010
o(f,0.1999999981107®) := 0.3999999962 10
o(f,0.9999999920107) := 0.1999999983 10
errorB:=0.199999998110”
errorB:=0.999999991510°®

Ornek 4.12

flx)=x*+ %x fonksiyonunun t =9,& =5 ve 1 =6 igin hata payinin hesaplanmasi

Cizelge 4.2°de verilecektir.
Maple 13 programina ait program parcasi su sekildedir:

>restart;
f:=(x)-—>(x*2)+(1/2) *x;
xi:=5:psi:=6:t:=9:
n:=1l:for i from 1 to 9 do
n:=10*n;
tl:=evalf (simplify (abs((1-(1/(n+t))) *(((n+xi)/ (n+psi)))-(1-
(2/ (n+t) ) ) * (((n+xi) / (n+psi)))*2)));t2:=evalf (simplify (abs ((1-
(1/ (n+t))) * (((n+xi) / (n+psi)) ) - (1-
(1/(n+t))) * (((n+xi) / (n+psi)) ) *2)));
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>deltal (n) :=evalf (simplify(tl, x=-

((n+xi)/ (n+psi)) .. ((n+xi)/ (n+psi)),y=-

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi))));

>delta2(n) :=evalf (simplify(t2, x=-

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi)) ,y=—

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi))));

>omega (f,deltal (n)) :=evalf (simplify (maximize (abs (expand (f (x+h) -
£(x))),x=—((n+xi) / (n+psi)) .. ((n+xi) / (n+psi)), y=-

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi)),h=0..deltal(n)))):

>omega (f,delta2 (n)) :=evalf (simplify (maximize (abs (expand (f (x+h) -
£(x))),x=—((n+xi) / (n+psi)) .. ((n+xi) / (n+psi)), y=-
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi)),h=0..delta2(n)))):

>errorB:=5* (omega (f,deltal(n)));

errorB:=5%* (omega (f,delta2(n)));
end do;

Cizelge 4.2 f(x) = x2 + %x fonksiyonuna ait hata pay1 hesab1

n degeri flx) =x%*+ %x fonksiyonunun t = 9,§ = 5 ve ¥ = 6 icin hata hesabi

10 1.260279816 0.6745864150

10?2 0.2282103228 0.1152955172

103 0.02476461175 0.01239585308

104 0.002497627128 0.001248950859

10° 0.0002499762522 0.0001249895008

10° 0.00002499976250 0.00001249989500

107 0.2499997625. 107> 0.1249998950. 10>

108 0.2499999762.10~° 0.1249999895. 10~°

10° 0.2499999976. 10~ 0.1249999990. 10~7

Bu programa ait program ¢iktisi ise asagidaki gibidir.

n =10
t1 = 0.1017680921
12 = 0.05550986842
01(10) = 0.1017680921
62(10) = 0.05550986842
o(f, 0.1017680921 ) = 0.2520559633
o(f, 0.05550986842 ) = 0.1349172830
errorB = 1.260279816
errorB = 0.6745864150
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n =100
t1 = 0.01826125723
12 = 0.009259229018
S1(100) = 0.01826125723
62(100 ) = 0.009259229018
o(f, 0.01826125723 ) = 0.04564206457
o(f, 0.009259229018 ) = 0.02305910344
errorB = 0.2282103228
errorB = 0.1152955172
n = 1000
t1 :=0.001981174406
12 = 0.0009920634882
51(1000 ) = 0.001981174406
62(1000 ) = 0.0009920634882
o(f, 0.001981174406 ) = 0.004952922350
o(f, 0.0009920634882 ) = 0.002479170617
errorB = 0.02476461175
errorB = 0.01239585308
n = 10000
t1 = 0.0001998101758
12 = 0.00009992006395
O 1(10000 ) = 0.0001998101758
62(10000 ) = 0.00009992006395
o(f, 0.0001998101758 ) = 0.0004995254255
o(f, 0.00009992006395 ) = 0.0002497901719
errorB = 0.002497627128
errorB = 0.001248950860
n = 100000
t1 = 0.00001999810018

12 :=0.9999200064 107
d1(100000 ) = 0.00001999810018

§2(100000) :=0.9999200064 10~
o(f, 0.00001999810018 ) := 0.00004999525043
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o(f,0.9999200064 107) := 0.00002499790018
errorB = 0.0002499762522
errorB = 0.0001249895009
n = 1000000

t1:=0.1999981000107
12 :=0.999992000110°
51(1000000) :=0.199998100010°
52(1000000) :=0.9999920001 107
o(f,0.199998100010) := 0.499995250010°

o(f,0.999992000110°°) := 0.249997900010°>
errorB = 0.00002499976250
errorB = 0.00001249989500
n = 10000000

t1:=0.199999810010°°
12 :=0.999999200010”
§1(10000000) :=0.1999998100107°
§2(10000000) :=0.999999200010”
o(f,0.199999810010°°) := 0.499999525010°
o(f,0.9999992000107) := 0.249999790010°°
errorB:=0.2499997625107

errorB:=0.1249998950107
n = 100000000

t1:=0.1999999810107
12 :=0.999999920010°*
§1(100000000) :=0.1999999810107’
52(100000000) := 0.999999920010*
o(f, 0.1999999810107) :=0.499999952510"”
o(f, 0.999999920010%) :=0.249999979010"”
errorB:=0.249999976210°

errorB:=0.124999989510°
n = 1000000000
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t1:=0.199999998110°8
12 :=20.9999999920107°
51(1000000000) :=0.1999999981 107
32(1000000000) :=0.999999992010
o(f, 0.199999998110%) :=0.4999999953 1078
o(f, 0.999999992010) :=0.249999997910°8
errorB:=0.2499999976107’
errorB:=0.124999999010

Ornek 4.13

1
flx) = e2*’ fonksiyonunun t = 5, =1 ve Y = 7 i¢in hata paymin hesaplanmasi Cizelge

4.3 de verilecektir.
Maple 13 programina ait program pargasi su sekildedir:

>restart;
f:=(x)->exp((1/2)*(x*3));
Xi:=l:psi:=7:t:=5:
n:=1:for i from 1 to 9 do
n:=10*n;
tl:=evalf (simplify(abs((1-(1/(n+t)))*(((n+xi)/ (n+psi)))—-(1-
(2/ (n+t))) * (((n+xi) / (n+psi)) ) *2)));
>t2:=evalf (simplify (abs((1-(1/(n+t))) *(((n+xi) / (n+psi)))-(1-
(1/(n+t))) *(((n+xi)/ (n+psi))) *2)));
>deltal (n) :=evalf (simplify (tl, x=-
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), y=—
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi))));
>delta2 (n) :=evalf (simplify(t2, x=—
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), y=-
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi))));
>omega (f,deltal (n)) :=evalf (simplify (maximize (abs (expand (£f (x+h) -
£(x))),x=—((n+xi) / (n+psi)) .. ((n+xi) / (n+psi)) ,y=—
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), h=0..deltal(n)))):
>omega (f,delta2 (n)) :=evalf (simplify (maximize (abs (expand (£ (x+h) -
f(x))),x=—((n+xi)/ (n+psi)) .. ((n+xi) / (n+psi) ), y=—
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), h=0..delta2(n)))):
>errorB:=5% (omega (f,deltal(n)));
errorB:=5* (omega (f,delta2(n)));
end do;
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1
Cizelge 4.3 f(x) = e2*’ fonksiyonuna ait hata pay1 hesab1

n degeri f(x) = e%x3 fonksiyonunun t = 5, = 1 ve ¥ = 7 icin hata hesabi

10 0.3605298035 0.2632535455

102 0.06767607150 0.04587497400

103 0.007419630500 0.004955406500

10* 0.0007491890000 0.0004995500000

10° 0.00007499200000 0.00004999600000

106 0.7500000000. 10~> 0.5000000000. 10~>

107 0.7500000000. 10~° 0.5000000000. 10~®

108 0.7500000000. 107 0.5000000000. 107

10° 0.7500000000. 108 0.5000000000. 108

Bu programa ait program ¢iktis1 agagidaki gibidir.

n=10
t1 :=0.2410611303
12 = 0.2131487889
01(10) = 0.2410611303
62(10) = 0.2131487889
o(f, 0.2410611303 ) = 0.2743701789
o(f, 0.2131487889 ) = 0.2296715175
errorB = 1.371850894
errorB = 1.148357588
n =100
t1 = 0.06091195322
12 = 0.05242628801
01(100 ) = 0.06091195322
62(100 ) = 0.05242628801
o(f, 0.06091195322 ) = 0.1380384300
o(f, 0.05242628801 ) = 0.1170081452
errorB = 0.6901921500
errorB = 0.5850407260
n = 1000
t1 == 0.006900100292
12 := 0.005916897389
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S1(1000 ) = 0.006900100292
62(1000 ) = 0.005916897389
o(f, 0.006900100292 ) := 0.01691585908
o(f, 0.005916897389 ) = 0.01448048297
errorB = 0.08457929540
errorB = 0.07240241485
n = 10000
t1 = 0.0006989911099
12 := 0.0005991609051
o 1(10000 ) = 0.0006989911099
62(10000 ) = 0.0005991609051
o(f, 0.0006989911099 ) = 0.001727149274
o(f, 0.0005991609051 ) = 0.001480218113
errorB = 0.008635746370
errorB = 0.007401090565
n = 100000
t1 = 0.00006998990111
12 = 0.00005999160091
d1(100000 ) = 0.00006998990111
62(100000 ) = 0.00005999160091
o(f, 0.00006998990111 ) = 0.0001730754272
o(f, 0.00005999160091 ) == 0.0001483484821
errorB = 0.0008653771360
errorB = 0.0007417424105
n = 1000000

t1:=0.699989900110
12:=0.599991600110°
§1(1000000) :=0.6999899001 10
§2(1000000) :=0.599991600110
o(f, 0.6999899001107) := 0.00001731141754

o(f, 0.5999916001 107) :=0.00001483835789
errorB = 0.00008655708770
errorB = 0.00007419178945
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n = 10000000
11 :=0.699998990010°°
12 :=0.599999160010°°
§1(10000000) :=0.699998990010°°
82(10000000) :=0.599999160010°°
o(f,0.699998990010°) :=0.173115577610°°
o(f, 0.599999160010°) :=0.1483847808107°
errorB:=0.8655778880107

errorB:=0.7419239040107
n = 100000000

t1:=0.699999899010°’
12:=0.5999999160107
§1(100000000) := 0.69999989901077
52(100000000) := 0.59999991601077
o(f, 0.6999998990107) :=0.173115717810°°
o(f,0.5999999160107) :=0.148384901010°
errorB:=0.865578589010°

errorB:=0.741924505010°
n = 1000000000

t1:=0.699999989910*°
t2:=0.599999991610°
51(1000000000) :=0.6999999899 1078
52(1000000000) :=0.59999999161078
o(f, 0.699999989910%) :=0.164872125610"
o(f, 0.599999991610%) :=0.148384913010"
errorB:=0.824360628010"
errorB:=0.7419245650107
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Ornek 4.14

f(x) = x? fonksiyonunun t =9, =5 ve ¥ = 6 icin hata paymin hesaplanmasi1 Cizelge

4.4°de gosterilmistir.
Maple 13 programina ait program ¢iktis1 agagidaki sekildedir:

>restart;

f:=(x)->(x"2);

xi:=5:psi:=6:t:=9:

n:=l:for i from 1 to 9 do

n:=10%*n;

kl:=evalf (simplify (abs (((1/(n+t))+(4/(3*(n+t)*2)))*(((n+xi)/ (n+ps
i))*2))));

k2:=evalf (simplify(abs((4/(3* ((n+t)*2)))*(((n+xi)/ (n+psi))*2))));
>deltal (n) :=evalf (simplify (kl, x=—

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), y=-

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi))));

>delta2 (n) :=evalf (simplify (k2, x=-

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), y=—

((n+xi) / (n+psi)) .. ((n+xi) /(n+psi))));

>omega (f,deltal (n)) :=evalf (simplify (maximize (abs (expand (f (x+h) -
£(x))),x=-((n+xi) / (n+psi)) .. ((n+xi)/ (n+psi)) , y=-

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), h=0..deltal(n)))):

>omega (f,delta2 (n)) :=evalf (simplify (maximize (abs (expand (f (x+h) -
f(x))),x=—((n+xi)/ (n+psi)) .. ((n+xi) / (n+psi)) , y=—

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), h=0..delta2(n)))):

> errorB:=5* (omega (f,deltal(n)));
errorB:=5* (omega (f,delta2(n)));

end do;
Cizelge 4.4 f(x) = x? fonksiyonuna ait hata pay1 hesabi
n degeri f(x) = x* fonksiyonunun t = 9, = 5 ve i = 6 icin hata hesab1

10 0.4763573244 0.03048573068
102 0.09067696725 0.001090837806
103 0.009899239225 0.00001305752696
10* 0.0009989842460 0.1330537576.10°°
10° 0.00009998983425 0.1333053376.10~8
10° 0.9999898335. 10~° 0.1333305334. 107 1°
107 0.9999989835. 10~° 0.1333330534. 1012
108 0.9999998985. 10”7 0.1333333054. 10~ *
10° 0.9999999900. 10~8 0.1333333306. 10~ ¢
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Bu programa ait program ¢iktis1 agagidaki gibidir.

n =10
k1 = 0.04950441482
k2 = 0.003246191136
S01(10) = 0.04950441482
62(10) = 0.003246191136
o(f, 0.04950441482 ) = 0.09527146488
o(f, 0.003246191136 ) := 0.006097146137
errorB = 0.4763573244
errorB = 0.03048573068
n = 100
k1 = 0.009112144765
k2 =0.0001101165531
01(100) := 0.009112144765
62(100) := 0.0001101165531
o(f, 0.009112144765 ) = 0.01813539345
o(f,0.0001101165531 ) = 0.0002181675611
errorB = 0.09067696725
errorB = 0.001090837806
n = 1000
k1 = 0.0009904179694
k2 :=0.1307051098107
S 1(1000 ) = 0.0009904179694
52(1000) :=0.1307051098107
o(f, 0.0009904179694 ) = 0.001979847845
o(f, 0.1307051098107) :=0.261150539310°°
errorB = 0.009899239225
errorB = 0.00001305752696
n = 10000
k1 = 0.00009990341860
k2 :=0.133067055510"’
d1(10000 ) = 0.00009990341860

113



§2(10000) :=0.1330670555107’
o(f, 0.00009990341860 ) = 0.0001997968492

o(f,0.13306705551077) :=0.266107515310™’
errorB = 0.0009989842460

errorB:=0.133053757610°
n = 100000

kI :=0.9999033419107
k2 :=0.133306670610
51(100000) :=0.999903341910°°
32(100000) :=0.133306670610°
o(f, 0.9999033419107) := 0.00001999796685

o(f, 0.1333066706107) :=0.266610675210
errorB = 0.00009998983425

errorB:=0.133305337610%
n = 1000000

k1 :=0.999990333410°
k2 :=0.133330666710"!
51(1000000) :=0.9999903334107°
52(1000000) :=0.133330666710!"
o(f, 0.999990333410°) :=0.1999979667 107
o(f, 0.133330666710™") :=0.266661066710"!
errorB:=0.999989833510°7

errorB:=0.1333305334107"°
n = 10000000

k1 :=0.9999990333107’
k2 :=0.133333066710"3
51(10000000) := 0.9999990333 107’
82(10000000) :=0.133333066710° '
o(f,0.9999990333107) :=0.1999997967 10
o(f,0.1333330667107'%) :=0.2666661067 10"
errorB:=0.999998983510°
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errorB:=0.1333330534107"?
n = 100000000

kI :=0.999999903310*
k2 :=0.1333333067107"°
§1(100000000) := 0.999999903310*
52(100000000) :=0.1333333067107"7
o(f, 0.999999903310%) :=0.1999999797 10"
o(f, 0.13333330671071%) :=0.2666666107 10"
errorB:=0.999999898510

errorB:=0.1333333054107'*
n = 1000000000

k1 :=0.9999999903 10
k2 :=0.133333330710"
81(1000000000) :=0.9999999903 10
82(1000000000) :=0.133333330710°"7
o(f,0.999999990310) := 0.19999999801078
o(f, 0.1333333307107"7) := 0.2666666611107"
errorB:=0.999999990010®
errorB:=0.133333330610'°

Ornek 4.15

flx) =x%+ %x fonksiyonunun t =9,& =5 ve 1 =6 igin hata payinin hesaplanmasi

Cizelge 4.5°de gosterilmistir.
Maple 13 programina ait program pargasi asagidaki sekildedir:

>restart;

fi=(x)->(x"2)+(1/2) *x;

xi:=5:psi:=6:t:=9:

n:=l:for i from 1 to 9 do

n:=10*n;

kl:=evalf (simplify(abs(((1/ (n+t))+(4/(3* (n+t)*2)))*(((n+xi)/ (n+ps
i))*2))));
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k2:=evalf (simplify(abs ((4/ (3* ((n+t)*2)))*(((n+xi)/ (n+psi))*2))));
>deltal (n) :=evalf (simplify(kl, x=—

((n+xi) / (n+psi)) .. ((n+xi)/ (n+psi)) ,y=-

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi))));

>delta2 (n) :=evalf (simplify (k2, x=-

((n+xi)/ (n+psi)) .. ((n+xi) / (n+psi)) , y=-

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi))));

>omega (f,deltal (n)) :=evalf (simplify (maximize (abs (expand (f (x+h) -
£(x))),x=—((n+xi) / (n+psi)) .. ((n+xi) / (n+psi)) , y=-

((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), h=0..deltal(n)))):

>omega (f,delta2 (n) ) :=evalf (simplify (maximize (abs (expand (f (x+h) -
f(x))),x=—-((n+xi)/ (n+psi)) .. ((n+xi) / (n+psi) ), y=-
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi)) ,h=0..delta2(n)))):

>errorB:=5% (omega (f,deltal(n)));
errorB:=5% (omega (f,delta2(n)));
end do;

Cizelge 4.5 f(x) = x2 + %x fonksiyonuna ait hata pay1 hesab1

n degeri fx) = xz + %x fonksiyonunun £ = 9, = 5 ve 1 = 6 i¢in hata hesabi

10 0.6001183615 0.03860120852

102 0.1134573292 0.001366129188

103 0.01237528415 0.00001632515471

10% 0.001248742792 0.1663205216.10~°

105 0.0001249874178 0.1666320052.108

10° 0.00001249987417 0.1666632000. 10~ 10

107 0.1249998742. 107> 0.1666663200. 1012

108 0.1249999874.10~° 0.1666666320. 10~ 14

10° 0.1249999988. 10~7 0.1666666632. 10~16

Bu programa ait program ¢iktisi1 ise asagida verilmistir.

n =10
k1 = 0.04950441482

k2 = 0.003246191136
01(10) = 0.04950441482
62(10) = 0.003246191136

o(f, 0.04950441482 ) = 0.1200236723
o(f, 0.003246191136 ) := 0.007720241705

errorB = 0.6001183615

errorB = 0.03860120852
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n =100
k1 =0.009112144765
k2 =0.0001101165531
S1(100) = 0.009112144765
62(100 ) := 0.0001101165531
o(f, 0.009112144765 ) = 0.02269146583
o(f, 0.0001101165531 ) = 0.0002732258376
errorB = 0.1134573292
errorB = 0.001366129188
n = 1000
k1 = 0.0009904179694
k2 :=0.1307051098 107
01(1000 ) = 0.0009904179694

§2(1000) :=0.1307051098 107
o(f, 0.0009904179694 ) = 0.002475056830

o(f, 0.1307051098107) :=0.326503094210°°
errorB = 0.01237528415
errorB = 0.00001632515471
n = 10000
k1 = 0.00009990341860

k2 :=0.1330670555107
81(10000 ) := 0.00009990341860

§2(10000) :=0.13306705551077
o(f, 0.00009990341860 ) = 0.0002497485585

o(f,0.1330670555 107):=0.33264104311077
errorB = 0.001248742792

errorB:=0.166320521610°
n = 100000

kI :=0.9999033419107

k2 :=0.1333066706 107
51(100000) :=0.999903341910°°
52(100000) :=0.133306670610
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o(f,0.9999033419107) := 0.00002499748356

o(f, 0.1333066706107°) :=0.333264010510™°
errorB = 0.0001249874178

errorB:=0.166632005210
n = 1000000

k1 :=0.999990333410°
k2 :=0.133330666710""
§1(1000000) := 0.999990333410°°
§2(1000000) :=0.1333306667107"!
o(f,0.999990333410°°) := 0.249997483410°°

o(f,0.133330666710'") :=0.3333264001 10"
errorB = 0.00001249987417

errorB:=0.166663200010°'°
n = 10000000

kI :=0.9999990333107
k2 :=0.133333066710""
51(10000000) :=0.9999990333 10"
52(10000000) :=0.133333066710"°
o(f, 0.9999990333107) :=0.2499997484 10
o(f, 0.1333330667107"%) :=0.333332640110°"°
errorB:=0.1249998742107

errorB:=0.1666663200107"?
n = 100000000

k1 :=0.999999903310
k2 :=0.1333333067107"°
§1(100000000) := 0.999999903310*
52(100000000) :=0.1333333067107"7
o(f, 0.999999903310%) :=0.2499999749 10"
o(f, 0.1333333067107"%) :=0.3333332641107"°
errorB:=0.124999987410°°
errorB:=0.1666666320107*
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n = 1000000000
kI :=0.9999999903 107
k2 :=0.133333330710""
51(1000000000) :=0.9999999903 10
82(1000000000) :=0.133333330710°"7
o(f, 0.999999990310) :=0.249999997510°
o(f, 0.1333333307107"7) :=0.333333326510°"
errorB:=0.1249999988 10
errorB:=0.166666663210'°

Ornek 4.16

1
fx) = 7" fonksiyonunun t = 5, =1 ve Y = 7 i¢in hata paymin hesaplanmasi Cizelge

4.6°da gosterilmistir.
Maple 13 programina ait program pargasi asagida verilmistir:

>restart;
f:=(x)—->exp((1/2)*(x*3));
xi:=1l:psi:=7:t:=5:
n:=l:for i from 1 to 9 do
n:=10*n;
kl:=evalf (simplify(abs(((1/ (n+t))+(4/(3* (n+t)*2)))*(((n+xi)/ (n+ps
i))*2))));
>
k2:=evalf (simplify (abs ((4/ (3* ((n+t)*2))) *(((n+xi) / (n+psi))*2))));
>deltal (n) :=evalf (simplify (kl, x=—
((n+xi) / (n+psi)) .. ((n+xi)/(n+psi) ), y=-
((n+xi) /(n+psi)) .. ((n+xi) / (n+psi))));
>delta2 (n) :=evalf (simplify (k2, x=-
((n+xi) / (n+psi)) .. ((n+xi)/ (n+psi)) ,y=-
((n+xi)/ (n+psi)) .. ((n+xi)/ (n+psi))));
>omega (f,deltal (n)) :=evalf (simplify (maximize (abs (expand (f (x+h) -
£(x))),x=-((n+xi)/(n+psi)) .. ((n+xi) / (n+psi) ), y=-
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), h=0. .deltal(n)))):
>omega (f,delta2 (n)) :=evalf (simplify (maximize (abs (expand (f (x+h) -
£f(x))),x=—((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ), y=-
((n+xi) / (n+psi)) .. ((n+xi) / (n+psi) ) ,h=0..delta2(n)))):
>errorB:=5% (omega (f,deltal (n)));
errorB:=5% (omega (f,delta2(n)));
end do;
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1
Cizelge 4.6 f (x) = e2*’ fonksiyonuna ait hata pay1 hesab1

n degeri f(x) = e%xB fonksiyonunun t = 5,& = 1 ve 1) = 7 i¢in hata hesabi

10 0.1156502542 0.008962406745

102 0.08875591060 0.001096675125

103 0.01194332946 0.00001579394788

10* 0.001232234365 0.1647240014.10~°

10° 0.0001236099970 0

10° 0.00001236529824 0

107 0.1236539840. 107> 0

108 0.1236540842. 10~° 0

10° 0.8243606280. 10~8 0

Bu programa ait program ¢iktis1 ise asagidaki gibidir.

n=10
k1 = 0.03039343842
k2 = 0.002481097014
01(10) = 0.03039343842
62(10) = 0.002481097014
o(f, 0.03039343842 ) = 0.02313005084
o(f, 0.002481097014 ) := 0.001792481349
errorB = 0.1156502542
errorB = 0.008962406745
n =100
k1 = 0.008593419686
k2 = 0.0001077544788
S1(100 ) = 0.008593419686
52(100) = 0.0001077544788
o(f, 0.008593419686 ) = 0.01775118212
o(f, 0.0001077544788 ) = 0.0002193350250
errorB = 0.08875591060
errorB = 0.001096675125
n = 1000
k1 = 0.0009845073179
k2 :=0.1304415128107
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31(1000 ) = 0.0009845073179

52(1000) :=0.130441512810°
o(f, 0.0009845073179 ) = 0.002388665892

o(f,0.1304415128107) :=0.315878957510°°
errorB = 0.01194332946
errorB = 0.00001579394788
n = 10000
k1 = 0.00009984350883

k2 :=0.1330404195107
S1(10000 ) = 0.00009984350883

§2(10000) :=0.1330404195107’
o(f, 0.00009984350883 ) = 0.0002464468730

o(f,0.1330404195107) := 0.3294480028 107’
errorB = 0.001232234365

errorB:=0.164724001410°
n = 100000

kI :=0.9998433509107
k2 :=0.133304004210
51(100000) :=0.999843350910°°
52(100000) :=0.133304004210°°
o(f, 0.9998433509107) := 0.00002472199939

o(f, 0.1333040042107) :=0.
errorB = 0.0001236099970
errorB = 0.

n = 1000000
k1 :=0.999984333510°
k2 :=0.133330400010""
51(1000000) := 0.999984333510°°
§2(1000000) :=0.133330400010""
o(f,0.999984333510°°) := 0.247305964910°°

o(f,0.133330400010"") := 0.
errorB = 0.00001236529824
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errorB = 0.

n = 10000000

kI :=0.9999984333107’

k2 :=0.133333040010°"°
§1(10000000) :=0.999998433310”’
52(10000000) :=0.133333040010"*

o(f,0.9999984333107) := 0.247307968010°
o(f, 0.1333330400107"%) := 0.
errorB:=0.1236539840107

errorB = 0.

n = 100000000
kI :=0.999999843310%
k2 :=0.133333304010°"°
31(100000000) := 0.999999843310*
52(100000000) :=0.133333304010°"°
o(f, 0.999999843310%) :=0.2473081683 10"
o(f, 0.1333333040107%) := 0.
errorB:=0.123654084210°

errorB = 0.

n = 1000000000
k1 :=0.999999984310°
k2 :=0.133333330410""
51(1000000000) := 0.9999999843 107
82(1000000000) :=0.1333333304 107"
o(f,0.9999999843107) := 0.16487212561078
o(f, 0.13333333041077) :=0.
errorB:=0.824360628010®

errorB = 0.
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BOLUM 5
SONUC VE ONERILER

5.1 SONUCLAR

Bu calismada 3.1 ve 3.2 kesimde, degisken siirli bir aralik {izerinde verilen, dogrusallig1 ve
pozitifligi gosterilen operatorler tanimlanmistir. Bu operatorler i¢in test fonksiyonlarindaki
esitlikler hesaplanmistir. Her iki operatdriin Korovkin tipli teoremi sagladigi gosterilmistir.
Tanimlanan aralik iizerinde siirekli fonksiyonlar yardimiyla stireklilik modiilii kullanilarak
yaklagim hizlari elde edilmistir. Yaklagim hizlan grafik iizerinde gosterilerek yaklagimlar igin
niimerik hesap igeren tablolar olusturulmustur. Grafiklerden de goriilecegi iizere n sayist

biiyilidiik¢e tanimlanan operatorler fonksiyona daha iyi yaklasmaktadir.

5.2 ONERILER

Grafiklere iligkin program pargalarinin ve ¢iktilarinin verildigi ¢alismada uygulama kisminin

olmasi ve ¢izim yapmakta zorlanan arastirmacilar i¢in yol gosterici olacaktir.

Hazirladigimiz tez ¢alismasi yardimiyla arastirmacilar; smirlarin degisken aralik iizerinde
alindig1 literatiirdeki bazi operatorlerin  modifikasyonlarinin  yaklasim  6zelliklerini
inceleyebilirler. Ayrica tanimlanan operatorler iki degiskenli fonksiyonlara uygulanacak
sekilde genellestirilebilir. Son olarak literatiirde bu anlamdaki operatorlerin karsilastirmalar

yapilabilir.

123






KAYNAKLAR

Acar E and Izgi A (2021) On Approximation Properties of Generalization of Bernstein
Polynomials in Symmetric Range. NTMSCI, 9 (1): 52-58.

Alkhawagah A A and Madjid A A (2017) On Holder-Lipschitz Condition. International
Journal of Scientific and Engineering Research, 8 (1): 1905-19009.

Almesbahi M M (2017) On Properties of g-Bernstein Polynomials. Yiiksek Lisans Tezi,
Atilim Universitesi, Fen Bilimleri Enstitiisii, Matematik Anabilim Dal1, Ankara, 45 s.

Altomare F and Campiti M (1994) Korovkin-type Approximation Theory and its
Applications. ISBN: 3-11-014178-7, De Gruyter Studies in Mathematics, Vol. 17,
Walter de Gruyter and Co., Berlin, 627 pp.

Andrews G E, Askey R and Roy R (1999) Special Functions. ISBN: 9781107325937
Encyclopedia of Mathematics and its Applications, Vol. 71, Cambridge University
Press, Cambridge, 664 pp.

Barbosu D (2000) Some Generalized Bivariate Bernstein Operators. Miskolc Mathematical
Notes, 1(1): 3-10.

Bernstein S N (1912) Démonstration du Théoréme de Weierstrass Fondée Sur le Calcul Des
Probabilités. Commun. Soc. Math. Kharkow, 13 (2): 1-2.

Castellani L and Wess J (eds.) (1996) Quantum Groups and Their Applications in Physics.
ISBN: 978-90-5199-247-2, IOS Press, Amsterdam, 652 pp.

Chakrabarti R and Jagannathan R (1991) A (p,q)-Oscillator Realization of Two-Parameter
Quantum Algebras. Journal of Physics A Mathematical and General, 24: 711-718.

Corcino R B (2008) On p,q-Binomial coefficients. Electronic Journal of Combinatorial
Number Theory, 8: 1-16.

Coskun T (1998) Some Properties of Linear Positive Operators in the Weighted Spaces of
Unbounded Functions. Commun. Fac. Sci. Univ. Ank. Series Al, 47: 175-181.

Cetin N (2021) Approximation by a-Bernstein-Schurer Operatér. Hacettepe Journal of
Mathematics and Statistics, 50 (3): 732-743.

Cetinkaya M (2018) g-Bernstein-Chlodowsky Polinomlar1 ile Yaklagim. Yiiksek Lisans Tezi,

Zonguldak Biilent Ecevit Universitesi, Fen Bilimleri Enstitiisii, Matematik Anabilim
Dal1, Zonguldak, 151 s.

125



KAYNAKLAR (Devam Ediyor)

Duran U (2016) Post Quantum Calculus. Yiiksek Lisans Tezi, Gaziantep Universitesi, Fen
Bilimleri Enstitiisii, Matematik Anabilim Dali, Gaziantep, 205 s.

Gal S G and Anastassiou G A (2000) Approximation Theory: Moduli of Continuity and
Global Smoothness Preservation. ISBN:978-1461271123 Birkhduser, New York,
538 pp.

Goodman T N T, Oru¢ H and Phillips G M (1999) Convexity and Generalized Bernstein
Polynomials. Proceedings of the Edinburgh Mathematical Society, 42: 179-190.

Hacisalihoglu H ve Haciyev A (1995) Dogrusal Pozitif Operator Dizilerinin Yakinsakligu.
A.U.F.F. Doner Sermaye Isletmesi Yayinlari, Ankara, 100 s.

Jagannathan R and Rao K S (2005) Two-Parameter Quantum Algebras, Twin-Basic
Numbers and Associated Generalized Hypergeometric Series. International
Conference on Number Theory and Mathematical Physics, 20-21 December 2005,
Srinivasa Ramanujan Centre, Kumbakonam, India, 1-16.

Kahvecibas1 I (2014) [-1,1] Araliginda Bernstein-Kantorovich Operatorlerinin Yaklasim
Ozellikleri. Yiiksek Lisans Tezi, Harran Universitesi, Fen Bilimleri Enstitiisii,
Matematik Anabilim Dal1, Sanliurfa, 54 s.

Kang S M, Rafiq A, Acu A M, Ali F, and Kwun Y C (2016) Some Approximation
Properties of (p,q)-Bernstein Operators. Journal of Inequalities and Applications,
169: 1-10.

Kantorovich L V (1930) Sur Certains Developments Suivant les Polynomes de la Forms de
S. Bernstein I-1I. Dokal Akad Nauk SSSR, 563-568, 595-600.

Keles G S (2018) [-1,1] Araliginda Bernstein-Schurer Operatdrlerinin Yaklasim Ozellikleri
ve Yaklasim Hizi. Yiiksek Lisans Tezi, Harran Universitesi, Fen Bilimleri Enstitiisii,
Matematik Anabilim Dali, Sanliurfa, 38 s.

Korovkin P P (1953) On Convergence of Linear Positive Operators in the Space of
Continuous Functions. Dokl. Akad. Nauk. SSSR, 90: 961-964.

Korovkin P P (1960) Linear Operators and Approximation Theory. Hindustan Pub. Corb.
Delhi, India, 222 pp.

Lupas A (1987) A g-Anologue of the Bernstein Operator, Babes-Bolyai University, Seminar
on Numerical and Statistical Calculus, 9: 85-92.

Martinez F L (1989) Some Properties of Two-Dimensional Bernstein Polynomials. Jaurnal
of Approximation Theory, 59 (3): 300-306.

Mursaleen M, Nasiruzzaman Md and Nurgali A (2015) Some Approximation Results on

Bernstein-Schurer Operators Defined by (p,q)-Integers. Journal of Inequalities and
Applications, 1: 1-12.

126



KAYNAKLAR (Devam Ediyor)

Mursaleen M, Ansari K J and Khan A (2016) Some Approximation Results by (p,q)-
Analogue of Bernstein-Stancu Operators (Revised). Applied Mathematics and
Computation, 264: 392-402.

Mursaleen M, Ansari K J and Khan A (2016) Erratum to On (p,q)-analogue of Bernstein
operators. [(2015) Appl. Math. Comput. 266: 874-882]. Appl. Math. Comput. 278:
70-71.

Natanson I P (1964) Constructive Function Theory, Volume I Uniform Approximation.
Frederick Ungar Publising Company, New York, 232 pp.

Phillips G M (1996) On Generalized Bernstein Polynomials. Numerical Analysis: A. R.
Mitchell 75th Birthday Volume, Griffiths D F and Watson G A (Ed.), World
Scientific, Singapore, 263-269.

Rudin (1991) Functional Analysis. McGraw-Hill Book Co, Singapore, 411 pp.

Schurer F (1962) Linear Positive Operators in Approximation Theory. Math. Inst. Techn.
Univ. Delft Report.

Volkov V I (1957) On The Convergence of Sequences of Linear Positive Operators in The
Space of Two Variables. Doklady Akad. Nauk, SSSR(N.S.), 115: 17-19.

Weierstrass K (1885) Uber die Analytische Darstellbarkeit Sogenannter Willk Urlicher
Funktionen Einer Reelen Ver Anderlichen. Sitzungsberichete der Akademie zu
Berlin, 633-639.

127






OZGECMIS

Melis EREN [lk ve orta &grenimini Akcakoca’da
tamamladi. 2010 yilinda Zonguldak Biilent Ecevit Universitesi Fen Edebiyat Fakiiltesi
Matematik Boliimii’'nde 6grenimine basladi. 2017 yilinda mezun olduktan sonra 2019 yilinda
Biilent Ecevit Universitesi Fen Bilimleri Enstitiisi Matematik Anabilim Dalinda Yiiksek
Lisans programma kabul edildi. Halen Ozel Akgakoca Dogru Tercih Kisisel Gelisim

Kursu’nda Matematik Ogretmeni olarak gérev yapmaktadir.

129



