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CLASSIFICATIONS OF SMALL COVERS OVER A PRODUCT OF
SIMPLICES

ABSTRACT

In this study, our aim is to calculate the number of weakly Z7-equivariant
homeomorphism classes of small covers over some product of simplices. First, we
introduce the notion of a small cover over a simple convex polytope and discuss them
up to some equivalences which are Davis-Januskiewicz equivalence, Zj-equivariant
homeomorphism and weakly ZZ7-equivariant homeomorphism. Then we give some
formulas that gives the number of small covers over a given simple convex polytope
up to Davis-Januskiewicz equivalence and Z7J-equivariant homeomorphism,
respectively. Finally we do some calculations to find the number of small covers over

some specific polytopes up to weakly Z7-equivariant homeomorphism classes.

Keywords: Small cover, Davis-Januskiewicz equivalence classes, Zf-equivariant

homeomorphism classes, Weakly Z7-homeomorphism classes
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SIMPLEKSLERIN CARPIMLARI UZERINDEKI DAR ORTULERIN
SINIFLANDIRILMALARI

0z

Bu calismanin amaci bazi1 simpleks ¢arpimlar iizerindeki dar ortiilerin, zayif
Z?-ekuvaryant homeomorfizma siniflarmin sayilarini hesaplamaktir. ilk olarak, basit
konveks politoplar lizerinde dar ortii kavramini verdik ve onlar1 Davis-Januskiewicz
denklik bagintis;, Z7-ekuvaryant homeomorfizma ve zayif Z5-ekuvaryant
homeomorfizma gibi denklik bagintilar1 altinda tartistik. Sonrasinda verilen bir basit
konveks politop iizerindeki dar ortiilerin, Davis-Januskiewicz denklik bagintisi ve
Z3-ekuvaryant homeomorfizma smiflarinin sayilarini hesaplayan formiiller verdik.
Son olarak, birkag¢ politop i¢in bunlar iizerindeki dar Ortiilerin zayif Z7-ekuvaryant

homeomorfizma siniflarinin sayilar ile ilgili hesaplamalar yaptik.

Anahtar kelimeler: Dar ortii, Davis-Januskiewicz denklik bagintisi, Z7-ekuvaryant

homeomorfizma, zayif Z7-ekuvaryant homeomorfizma
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CHAPTER ONE
INTRODUCTION

The notion of a small cover was introduced by Davis and Januskiewicz in Davis
et al. (1991). They define a small cover as a generalization of real toric manifolds. A
small cover over a simple convex polytope P" is a smooth closed manifold M"™ with
a locally standard Z%-action whose orbit space is P". For each small cover over P",
there is an associated characteristic function (see Definition 3.1.3). In Davis et al.
(1991) it was shown that every small cover over P" can be obtained from a
characteristic function up to Davis-Januskiewicz equivalence (see Definition 3.1.2).
There is a free action of GL(n,Z,) on the set of characteristic functions over P™ and
there is a one-to-one correspondence between the orbit space of this action and the set
of Davis-Januskiewicz equivalence classes of small covers over P". In Choi (2008),
Choi shows that there is a one-to-one correspondence between the set of
Davis-Januskiewicz equivalence classes over an n-cube and the set of acyclic directed
graphs with n-labeled nodes. Using this correspondence, Choi finds a formula for the
number of Davis-Januskiewicz equivalence classes of small covers over an n-cube.
He also gives a formula that gives the number of Davis-Januskiewicz equivalence
classes of small covers over a product of simplices. For this, Choi uses the relation

between this set and the set of vector matrices given in Choi et al. (2010).

The automorphism group of the set of facets of a simple convex polytope P" acts
on the set of characteristic functions on P" by composition. In Lii & Masuda (2008),
Lii and Masuda construct a one-to-one correspondence between the orbit space of this
action and the set of Z7-equivariant homeomorphism classes of small covers over a
simple convex polytope P". By Burnside’s Lemma, the number of orbits of this action
is equal to the average number of the characteristic functions fixed by a given element
of the group. Therefore one can obtain the number of Z%-equivariant homeomorphism
classes of small covers over P" by calculating the number of points fixed by g, for every
¢ in the automorphism group. In Choi (2008) Choi obtaines a formula which gives the

number of Z7-equivariant homeomorphism classes of small covers over an n-cube. In



Altunbulak & Giigliikan Ilhan (2018) ilhan and Altunbulak give a similar formula for
the number of Z}-equivariant homeomorphism classes of small covers over a product

of simplices.

There is a one-to-one correspondence between the number of weakly
Z3-equivariant homeomorphism classes and the double coset of the set of
characteristic functions on P" by GL(n,Zy) and the automorphism group of the set
of facets of P". In Choi (2008), Choi gives an upper bound for weakly Z7-equivariant
homeomorphism classes over a cube using this identification. In Altunbulak &
Giicliikan Ilhan (2018), Altunbulak and Ilhan give an upper bound for the set of
weakly Z7-equivariant homeomorphism classes of small covers over a given product

of simplices.

This thesis is organized as follows. We give a necessary background on the simple
convex polytopes, groups and graphs on Chapter 2. We give a survey on small covers
in Chapter 3. Then we give some calculations related to the number of weakly Z7-

equivariant homeomorphism classes over a specific products of simplices in Chapter

4.



CHAPTER TWO
PRELIMINARIES

In the first section, we give a background on the simple convex polytopes. We refer
reader to Brondsted (2012) for more details about simple convex polytopes. In the
remaining of this chapter, we give a necessary definitions on group actions and graph

theory. We also discuss the Burnside’s Lemma.

2.1 Simple Convex Polytopes

Let C' be a convex polytope. For every point x € C', we can talk about the smallest

face containing z. These faces are characterized as follows.

Definition 2.1.1. The interior of a convex set C' in the affine hull of C' is called the

relative interior of C' in R" and denoted by riC.

Theorem 2.1.1. (Brondsted (2012), Theorem 5.6) A face F' is the smallest face of C

containing an element x in C'if and only if v € riF.

By the above theorem for every x € C, there is a unique face F' of C' which contains

z 1n its relative interior.

Definition 2.1.2. The convex hull of k distinct points on the curve
m(t) = (t, 2, -+ " 1) is called a cyclic polytope, where n + 1 < k, and denoted by
Cp.

Definition 2.1.3. Let py, - - - , p, be affinely independent points in R™. Then the convex

set
S={\p1+ - Aapn| DN = 1and \; > 0 for all i}
i=1

is called the (n-1)-simplex determined by p,--- ,p,. If these n points are the n
standard basis vectors of R", then the set S is called the (n — 1)-dimensional

standard simplex and denoted by /\" 7!,



Definition 2.1.4. Let P be a convex polytope of dimension n. Then P is called simple if
the number of facets of P containing any k-face of P is equal to n—k. An n-dimensional

convex polytope P is called simplicial if each proper face of P is a simplex.

A standard example of a simple convex polytope is a k-cube. A k-cube is a convex
set which includes 2* corners, each of which is connected to nearest k adjacent corners
with edges of the same length. This is a generalization of 3-dimensional cube to k
dimension. A bipyramid which is a 3-dimensional figure consisting of two identical
pyramids base to base, is an example of a simplicial convex polytope.

Now, we will discuss the duality of polytopes.

Definition 2.1.5. Two polytopes are said to be dual, if their face-lattices are

anti-isomorphic.

Theorem 2.1.2. (Brondsted (2012), Theorem 10.3) Let ¢ be an anti-isomorphism
between P and its dual Q). If the dimension of P is n, then the dimension of () is n.
Moreover, for every face F of P, the dimension of ¢(F) isn — 1 — dim(F).

Theorem 2.1.3. (Brondsted (2012), Theorem 12.10) Let P and () be dual n-polytopes.

Then P is simple if and only if Q) is simplicial.

Theorem 2.1.4. (Brondsted (2012), Theorem 12.11) An n-polytope P is simple if and

only if every vertex of P is the intersection of precisely n facets.

Theorem 2.1.5. (Brondsted (2012), Theorem 12.14) Let P be a simple n-polytope, and
let Fy, ..., F,_x be facets of P, where 0 < k < n — 1. Let

If F + () then F is a k-face of P, and F\, . .., F,,_}, are the only facets of P containing
F.

Theorem 2.1.6. (Brondsted (2012), Theorem 12.15) Every proper face of a simple n-
polytope is simple.



Theorem 2.1.7. (Brondsted (2012), Theorem 12.16) Let P be a simple n-polytope.
Then for 0 < 5 < k < n there are precisely (Z:‘;) k-faces of P containing the given
j-face of P.

Proof. When k = n, we have (Z:i ) = (”aj) = 1. Since there is precisely one n-face
of P containing the given j-face for any 0 < j < n, which is P itself, there is nothing
to prove in this case. Let & < n, P and @ be dual polytopes and ¢ : (F(P),C) —
(F(Q), C) be an anti-isomorphism between them. Suppose also that F'is a j-face of P.
Then, by Theorem 1.1.2, p(F) is an (n — 1 — j)-face of ), and the number of k-faces
of P containing F is the number of (n — 1 — k)-faces of ¢(F’). Since P is simple and
@ is a dual of P, ) is simplicial. So, ¢(F’) is a simplex. Since calculating the k-faces
of P containing F' is the same as choosing (n — 1 — k) + 1 vertices from (n — 1 —j) +1

vertices of ¢(F'), the number of k-faces of P containing F' is (éZj:%E) - (Z:i) . O

2.2 Group Actions

In this subsection, we recall the Burnside’s Lemma.

Theorem 2.2.1 (Burnside’s Lemma). Let G be a finite group, X be a G-set and X |G

be the orbit space. Then,

1
X\ G| = @ZWI (2.1)

geG

where X9 ={z € X : g- v =x}.

Proof. Let A ={(g9,z) € G x X : g-x = x}. We calculate the number of elements

of A in two different ways. Firstly, we have

A=) HreX g-z=a}=) |XI (2.2)

geG geG



Secondly,

A=Y HgeGiga=1) =Y |G| = Z"G‘ 23)

zeX rzeX

Note that, if x and y are in the same orbit, then |Gz| = |Gy|. Soif T is the set which

contains only one element of each orbit, we have

|G\ Gl
Z Z ’th (2.4)

xEGt

for all ¢t € T'. Then we have

erX ZZ ’G| =Y |G| =T||G|. (2.5)

teT th teT
Therefore,
> 1X = Al =TG- (2.6)
geG
Since |T'| = | X \ G| we have
X\Cl =15 =S SiEd 2.7)
geG

There is a natural action of the elementary abelian group Z35 on R™ given by
(91,92, ,gn) - (V1,02,- - ,v,) = (9101, G2Va, -+ , gnvy). The orbit space of this
action can be identified with the set of all vectors in R"™ whose coordinates are

non-negative.

The real projective space is the space of lines passing through the origin in R" ™, It
is denoted by RP". Let I, denote the line through origin in the direction of v in R".
The natural action of Zi on R" induces an action of Z; on RP" by g - I, = I,.,. The

orbit space RP"/ZY of the action is homeomorphic to the standard simplex A™.

Definition 2.2.1. Two spaces M, and M, are called weakly G-homeomorphic if



there is an automorphism p : G — G and a homeomorphism f : My — My such that
fte) = t)f(x) for all t € G and v € M,. Here ¢ is called a
weakly G-homeomorphism.

If ¢ = id then M, and M, are said to be G-homeomorphic and ¢ is called a

G-homeomorphism.

Definition 2.2.2. The action of 7 over a manifold M is said to be locally standard, if
for all x € M, there exists a Z5-invariant open neighborhood x € U C M and a Z3-
invariant subset V. C R", under the natural action of Z on R" with a homeomorphism

f:U — V such that f(gu) = 0(g) f(u), where 0 is an automorphism of 7.

In this thesis, we work with manifolds on which there is a locally standard action
of Zy and we try to find the number of equivalence classes of such manifolds up to

specific isomorphisms.

2.3 Graph Theory

Definition 2.3.1. A4 directed graph or a digraph is a graph in which every edge has
a direction. In this case an element (v, vy) of an edge set represents a directed edge

from vy to vs.

Definition 2.3.2. A directed path of a directed graph G is a path in which all the edges

directed in the same direction.

Definition 2.3.3. Let G be a digraph. A cycle in G is a directed path that begins and
ends at the same vertex. If G contains a directed cycle, then G is called a cyclic digraph.

Otherwise, G is called an acyclic digraph.

Definition 2.3.4. Let G be a digraph and v be a vertex of G. If there is an edge from
another vertex to v, then such a vertex is called an in-neighbour of v. The number of in-
neighbours of v is called an inner degree of V' and is denoted by indeg(v). Similarly, if

there is an edge from v to another vertex then such a vertex is called an out-neighbour



of v. The number of out-neighbours of v is called an outer degree of V' and denoted by

outdeg(v).

Definition 2.3.5. The adjacency matrix of a finite digraph G is a matrix A = |a;;]
where a;; is 1 if there is a directed edge from v; to vj in G and a;; is 0, otherwise. If the

digraph is acyclic, all diagonal entries of A is 0.

Theorem 2.3.1. 4 digraph G is acyclic if and only if adjacency matrix of G is conjugate

to a strictly upper triangular matrix.



CHAPTER THREE
SMALL COVERS

In the first part of this chapter, we introduce the notion of a small cover over a
given polytope and the Davis-Januskiewicz equivalence between them. For more

details about this part, we refer to reader Davis et al. (1991).

Let A(P) be the set of all characteristic functions over P, (see Definition 3.1.3). It
turns out that the set of Davis-Januskiewicz equivalence classes, Zj-equivariant
homeomorphism classes and weakly ZZ-equivariant homeomorphism classes of small
covers are equivalent to the orbit spaces of A(P) under certain actions. We also
discuss these relations in the first section. In the second section, we give the
classifications of small covers over a cube using the relations given in the first
section. In the last section of this chapter, we give the classifications of small covers
over a product of simplices and give some formulas to find the number of small
covers over product of simplices. Our main references for the second part are Choi

(2008) and Altunbulak & Giigliikan ilhan (2018).

3.1 Small Covers

Let P be an n-dimensional simple convex polytope.

Definition 3.1.1. Let M™ be a smooth closed manifold of dimension n. If there is a
locally standard 7.5 -action on M™ whose orbit space is homeomorphic to P, then M™

is called a small cover over P. We denote a small cover over P by m : M — P.

Definition 3.1.2. Let 7, : My — P and w5 : My — P be small covers over P. If
there is a weakly Z4-equivariant homeomorphism f : My, — My with mg o f = my,

then M, and M, are said to be Davis-Januskiewicz equivalent (D-J equivalent).



M14>M2

™ T2

P

P

It is standard to show that the D-J equivalence is an equivalence relation.

If F is a k-face of P, we will denote 7~ *(F) by MF. Then we have the following

observation.

Lemma 3.1.1. (Davis et al. (1991), Lemma 1.3) Suppose that 7w : M" — P is a small
cover over P. Let I be a k-face of P. Then
i) M% is a connected submanifold of dimension k.

ii) MY — F is naturally a small cover over F.

Lemma 3.1.2. (Davis et al. (1991), Lemma 1.4) Let m : M™ — P be a small cover

over P. There is a continuous map f : 73 x P — M" so that for each p € P, f maps

75 x {p} onto 77 1(p).

Proof. Consider the restriction of 7 to the interior of P". So 7! maps int(P") to
int(P™). Since int(P™) is simply connected, then this is a trivial covering.

Let int(C') be a component of 7! (int(P")) and let C be the closure of int(C'). Then
the restriction of 7 to C' is a homeomorphism. Therefore the map f : Z3 x P* — M"

can be defined by f(g,p) = g(v|c) ' (p) where g € Z and p € P™. O

Letm : M — P be a small cover over P and F' be a k-face of P. Since for any
r € m'(int(F)), G, is independent of the choice of = by Lemma 3.1.1 we can denote
the isotropy group by G. If we take £ = n — 1, then F'is a facet and G is a rank-one
subgroup. Hence, G is determined by a non-zero vector v in Z3. Let F(P) be the set

of facets of P. Therefore, there is a function A from F(P) to non-zero vectors in Z5.

10



Definition 3.1.3. Let F(P) = {F\, I, ..., I, } be the set of facets of a simple convex
polytope. A function \ : F(P) — Zy that satisfies the non-singularity condition that
"FLNF,N---NE, #&={\F,),...,\(F,)} is linearly independent” is said

to be a characteristic function.

Lemma 3.1.3. (Davis et al. (1991)) The non-singularity condition is equivalent to the
following:
FyNE,N--NE #9 = {NF), ..., AN(F,)} is a basis for 73

Proof. Let F;, F},,--- , F;, befacets of P suchthat F;, N F;, N---NF; # &. Then

19 L2y "

{A(F},), ..., A(F;,)} is linearly independent in Z% by the non-singularity condition.
Since dim(Z%) = n, {\(F},), ..., \(F},) } is a basis for Z7.

For the other direction, let £, F;,,---,F;, be facets of P such that
F,, NE,N---NF, # @ and denote their intersection by F'. Let v be a vertex of P

which is also contained in F. Since P is simple, {v} = [ I}, for some facets F] s.t.
k=1
1 <k < n. Since v € [, for each j, F;, € {F],---,F; } by Theorem 2.1.4.

Without loss of generality, let Fi’j = Ej for 1 < 45 < k. Since
{AFi), - AF ), AF, )y s AEY )} s a basis, {A(F,), ..., A(F;,)} must be
linearly independent. [

For a given point p € P, let Zy(p) be the subgroup of ZI generated by

A(Fy), ..., A(F;,) where F;, N --- N F;, is the minimal face containing p in its relative
interior. One can construct a manifold M (\) = P x Z§ / ~ where (p,g) ~ (g, h) if
p = qand g-'h € Zy(p). There is a free action of Z on P x ZJ given by
g(x,a) = (z,ga) where g,a € Z% and x € P. It induces an action of Z3 on M (\) by

glz, a] = [z, ga].
Lemma 3.1.4. (Davis et al. (1991)) The space M () is a manifold.

Lemma 3.1.5. (Davis et al. (1991), Lemma 1.6) Let i : R — R" be the inclusion.
Define an equivalence relation on Zy x R by (g,x) ~ (h,y) if and only if v = y and

g 'h € Gy where Gy is the isotropy subgroup of Zy at i(x). Then the natural map

11



Z5 xRy — R" given by (g, x) — gi(x) descends to a homeomorphism (Z3 xR") /. —

R™.

By the above lemma, the action of Z% on M ()) is locally standard. Therefore we

have the following result.

Proposition 3.1.1. (Davis et al. (1991), Proposition 1.7) Let F(P) be the set of facets
of P and )\ : F(P) — Z4 be a characteristic function. Then 7 : M(\) — P is a small

cover over P.

Proposition 3.1.2. (Davis et al. (1991), Proposition 1.7) Let m : M — P be a small
cover over P. Let \ : F(P) — ZY be its characteristic function. Let f : 7§ x P —
M be the map constructed in Lemma 3.1.2. Then [ descends to Zj-homeomorphism

M (X\) — M covering the identity on P.

The following result immediately follows from the above proposition.

Theorem 3.1.1. (Davis et al. (1991)) Let M be a small cover over P. There is a
characteristic function \ with Z-equivariant homeomorphism M (\) — M covering

the identity on P.

Example 3.1.1. Let P be a triangle. The set of facets is F(P) = {F, Fy, F3} as

shown in the figure below.

V2

Let \ : F(P) — Z3 be a characteristic function of P and let 73 x 73 =< a,b >.

Suppose that \ takes Fy to a, Iy to b and Fs to ab. Then M()\) = P x 7%/ ~ where
(p,g9) ~ (¢,h) & p = qand g'h € Z3(p). Therefore we give 4-copies of A* as

12



follows:

U3 (% U1

U1 U3

%)

Hence it is homeomorphic to

U3 V2
(%1 (%1

(% U3

which is RP?, that is, M (\) = RP?.

Now we will give an example of a simple polytope which doesn’t admit a small

COVCrI.

Example 3.1.2. (Davis et al. (1991), Nonexamples 1.22)

Let C}' be an n-dimensional cyclic polytope with k vertices. This is a simplicial

polytope. Let ()} be the dual polytope of C}}. It is a simple polytope by Theorem 2.1.3.

Our claim is, QQ} has no small cover for n > 4 and large values of k.

Let F(Q}) be the set of facets of Q. Consider a characteristic function X : F(Q}) —

Z3. If we take any two facets Iy, Fy € F(QY), since Fy N Fy # 0, \(Fy) and \(F})

are distinct non-zero vectors in . But there is no such function for k > 2". So Q)}

admits no small cover forn > 4 and k > 2.

13



Let A(P) be the set of all characteristic functions over P. There is a free action of
GL(n,Zs) on A(P) defined by A\ — o o \. Two small covers M () and M () are said
to be D-J equivalent if there exists a 0 € GL(n, Zs) such that A = o o 3.

By Theorem 3.1.1, we have the following result.

Theorem 3.1.2. The number of D-J equivalence classes of small covers over P is

|GL(n, Z:)\A(P)].

Proof. Let X be the set of D-J equivalence classes of small covers over P, Y be the
orbit space GL(n, Z,)\A(P). Define ¢ : X — Y to be a function which takes [M] —
[A] where A is the characteristic function associated to M". We want to show that ¢ is

a bijection.

First of all we show that ¢ is well-defined. Let M; and M, be two small covers
over P such that M; is D-J equivalent to M,. So there is a weakly-equivariant
homeomorphism f : M; — M, covering the identity on P, and there is an
automorphism 6 : Z5 — 7% such that f(gm) = 0(g)f(m) where g € Z% and
m € M,. Let F be a facet of P and \; and )y be characteristic functions
corresponding small covers M, and M. Suppose that \;(F') = v; where < v; >= G,
for i = 1,2. Recall that Gi. is the isotropy group of 7; *(int(F)). We claim that
O(v;) = vy. Lety € 7, '(int(F)) and let € M, such that f(x) = y. Then
m(x) = m(f(z)) = m(y) € int(F). This means that v € 7, ' (int(F)). Then we
have 6(vy) -y = 6(v1) - f(z) = f(v1 - x). So O(vy) - y is equal to f(z) since
x € 7, ' (int(F)) and v; fixes relative interior of F. So we have 0(v,) -y = f(x) = v,
this means 6(v;) is a fixed point of 7, '(int(F)). Since 6 is an isomorphism,

O(v1) # 1. So, O(v1) = vs. Therefore we have A\ (F') = 6 o A\y(F). So [A1] = [Aa].

Now we show that ¢ is injective. Let ¢p([M;]) = ¢([Ma)]), in other words [\] =
[A2]. So there is an automorphism 0 : Z% — Z% such that \; = 6 o ;. Recall
that M()\;) = P x Z3/ ~ where (p,g) ~ (q,h) if and only if p = ¢ and g~ 'h €
Zs(p) =< Ni(Fh), -+ , N\i(Fy) > where p € ri(F; U --- U Fy) for : = 1,2. Define a
map ¢ : M(\;) — M(Xq) which takes [p, g] — [p, 8(g)]. Clearly, ¥ covers the identity
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on P.

We claim that v is a f-equivariant homeomorphism covering the identity. Firstly
we show that 1) is well defined. Let [p,g] = [p, h], thatis g~'h € Zi(p). Letx €
7, ' (int(F)), i.e, there is an element a € M, such that f(a) = . Here a € mr; ' (int(F))
as shown above. Then 0(g~'h)x = 0(g~*h)f(a) = f((g7*h) - a) Since g~ 'h € Zi(p)
we have that f((g7'h) - a) = f(a) = z. So (g~ 'h) € Z3(p) and hence [p,0(g)] =
[p,0(h)] as desired.

Now we show that ¢ is #-equivariant. By definition we have

w(h - [p,g)) = ¥(p hgl) = [p,0(hg)]. Since 6 is a homomorphism,

p,0hg)] = [p,0(R)0(g)] = O(B)p,0(g)] = O(h)yp,g]). Hence we have that
W(hlp, g]) = 0(h)Y[p, g]. This shows that ¢ is f-equivariant.

Next, we show that ¢ is injective, let [p,6(g)] = [p,0(h)], that is, 671 (¢)0(h) €
Zsy(p). Let z € my '(int(F)). Then there is an element y € M, such that f(z) = .
Since 6 is a homomorphism 6~'(¢)0(h) € Zs(p) = 0(g~'h) and by assumption, we
have 0(g~*h)-y = y. Since f(z)isequaltoy, 0(g 'h)-y = 0(g'h)-f(x) = f(g 'hx).
So we have f((¢g~'h)z) = y and also we have f(z) = y. Therefore g~ 'hx = x and
hence g~ 'h € Z(p). Then [p, g] = [p, h], as desired. So ¢ is injective. Clearly v is
onto. Indeed, ¥ ([p, 0 (g)]) = [p, g] for all [p, g] € M ()\2). Hence 1 is a f-equivariant
homeomorphism. Therefore M (A1) and M (\z) are DJ-equivalent. This shows that ¢
is injective. For any A € Y there exists [M] € X such that ¢([M(A\)]) = [A]. So ¢ is

onto. Consequently, ¢ is a bijection. So we have | X| = |Y| as desired. O

Let Aut(F(P)) be the set of automorphisms of the face poset of P. There is a right
action of Aut(F(P))on A(P)by A — Ao h.

Theorem 3.1.3. There is a one-to-one correspondence between the set of

Z3-equivariant homeomorphism classes of small covers over P and the coset

A(P)/Aut(F(P)).

By the above theorem, in order to find the number of ZJ-equivariant
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homeomorphism classes of small covers over P, one needs to calculate the number of

orbits of A(P) under the action of Aut(F(P)).

Combining Theorem 3.1.2 and Theorem 3.1.3, we have the following.

Theorem 3.1.4. The number of weakly Z3-equiavariant homeomorphism classes of

small covers over P is the size of the double coset GL(n,Zo)\A(P)/Aut(F(P))

3.2 Small Covers over an n-cube

Let P be an n-cube, A be a characteristic function of P and A be an (n x m) matrix

obtained by ordering the facets of P and choosing a basis for Z7. Then

A= (AF1) -+ AMFm)) = (A]B) (.1)

where A is an (n X n) matrix and B is an (n X (m—n)) matrix. By Theorem 3.1.2, there
is a bijection between the set of D-J equivalence classes of small covers over P and the
orbit space GL(n,Z>\A(P). A representative of the orbit class of A can be chosen as
A = (E,|A™'B) where E,, is an identity matrix of size n. Here the (n x m) matrix
A is called the refined form of \. The matrix A~! B is called its reduced submatrix

and denoted by A,.

In our case an n-dimensional cube has 2n facets. So A is an (n x 2n) matrix and A,
is an (n x n) matrix. One can reorder the facets so that the facets F; and F,,; do not

intersect for 1 < 5 < n.

Lemma 3.2.1. (Choi (2008)) Every principal minor of A, is 1.

Proof. Let X be a characteristic function with reduced submatrix A, = (a; ;) and P be

a principal minor of A, given by
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Qiyiy Qivdge "0 Qg
p— Qigin  Qiggg  ~ 7 Qigyiy
Qigir Qigia =00 Qg

for 1 <4y <ip < --- <1 < n. Without loss of generality we can assume that

€, 1<:<n
Y api—ner, n+1<i<2n
=1

Consider the n x n matrix P’ = (b; ;) where

Qi j j =1
b =14 ' (3.3)

0;; otherwise

Here ¢;; is the Kronecker Delta. Hence we have det(P) = det(P’'). Since
F|,F} ---  F! intersects, where F/ = F,.; if i = i, and ] = F;, otherwise
determinant of P is 1. O

We denote the set of Zs-matrices of size n whose all principal minors are 1 with
M (n). Then we have a bijection between M (n) and the set of D-J equivalence classes

of small covers over an n-cube I”.

Let 1 be a permutation of n elements and let P(u) be the n x n permutation matrix

of u which has 1 in entries (u(i), ) for 1 < ¢ < n, and 0, otherwise.

Lemma 3.2.2. (Masuda & Panov (2008)) Let A be an n x n matrix with entries in
R where R is a commutative integral domain with identity. Suppose also that every
proper principal minor of Ais 1. If A € M(n), A is conjugate to a unipotent upper
triangular matrix by a permutation matrix. Otherwise A is conjugate to a matrix of the

form
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1 b O 0
0 1 b 0
0 O 1 bpaa
b, 0 0 1

where b; # 0 forall 1 < i <n.

Theorem 3.2.1. (Choi (2008), Theorem 2.2) The number of D-J equivalence classes of
all small covers over an n-cube is equal to the number of acyclic directed graphs with

n labeled nodes.

Proof. Let A(G) be its adjacency matrix with entries in Z} where G be a directed graph
with n labeled vertices. Define B(G) by B(G) := A(G) + E,,.

Note that relabelling vertices is a conjugation action at B(G). Since G is acyclic,
A(G) is conjugate to a strictly upper triangular matrix. So B(G) is conjugate to an

upper triangular matrix with diagonal entries are 1. Hence we have det(B(G)) = 1.

Let G,, be the set of acyclic directed graphs with n labeled vertices. Define a function
¢ : Gy — M(n) by G — B(G). We will show that ¢ is a bijection. Let V =
{v1,v9,-+- ,v,} be a set of vertices of acyclic directed graph GG. For any subset V’
of V, we have the induced subraph G’ of GG and it is also an acyclic directed graph.
Suppose that V"’ has k elements. Then B(G’) is k x k submatrix of B(G) whose entries
b;; have indices ¢ and j are the elements of the same k element subset of {1,--- ,n}.
Thus, det(B(G’)) = 1 for any G'. Since every principal minor of B(G) can be written
as B(G') for some subgraph G’ of G, B(G) € M (n). Thus ¢ is well-defined. Since
every graph G has a unique adjacency matrix up to graph isomorphism, G — A(G) is

injective, so ¢ is injective too.

Take an element B of M (n). If B € M(n), every diagonal entry of B is 1. Hence,
there is a directed graph G such that B(G) = B. Since B € M(n), every principal

minor of B is 1 and it is conjugated to a unipotent upper triangular matrix by Lemma
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3.2.2. So G is acyclic and ¢ is surjective. Therefore, ¢ is a bijection between G,, and

M(n). O

We can count the acyclic directed graphs with n labeled nodes with the following

theorem.

Theorem 3.2.2. (Robinson (1970)) Let R,, denote the number of acyclic digraphs with
n labeled nodes. Then

R, =) (—1)k! (Z) kM=PR . (3.4)
k=1

Proof. Let P; be the number of different labeled acyclic digraphs on labeled vertices

{1,2,--- ,n} whose i-th vertex is an outpoint for 1 < ¢ < n. Then
Ro= 2 [Bl= > [ROP|+: (35)
1<i<n 1<i<j<n

by the inclusion-exclusion principle. Without loss of generality, let the first £ points be
outpoints in {1,2,--- ,n} for 1 < k < n. The remaining n — k points can be outpoints
or not. But we have a subgraph induced by these n — k points. So there are R,
possible labeled acyclic digraphs. Since we have £ outpoints, these k& points can only
be adjacent to the remaining n — k points. There are 2"("~*) possible configurations
of edges. So the cardinality of PN PN ---N P, is 2" . R, ;. Also we have (})
different choices of different outpoints. Therefore the sum of all 1 < k < n gives the

formula for R,,. ]

Theorem 3.2.3. (Choi (2008), Theorem 3.3) Let (@), be the number of

7.3 -homeomorphism classes of small covers over I". Then

Qn == [T -2 (3.6)

1=0

21|

Proof. Let I"™ be an n-cube. We can write all elements of Aut(F (/™)) as a composition

of permutations and reflections. Indeed, every elemet of Aut(F(I")) is of the form
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pxst - xsr where € S, is a permutation of the pairs of opposite facets, x;’s are
reflections which interchange the i-th opposite facets for 1 < 7 < n and e¢; € Z, for

1 < j <n. So we have |Aut(F(I"))| = 2".n!.

Take an element g of Aut(F (/™)) such that g = puxi' - - x&*. Let A(1™)Y be the set
of elements in A(I™) fixed by g. We will show that if A(I™) # () then u = 1. Let
A€ A(I™)9and let F(I") = {Fy, Fy, ..., F5, } be the set of facets of ™ such that for all
i=1,---,nF;NF,; = 0. If we construct a matrix such that (A\(Fi(1)), -+ , A(Fi(n)))
where €(t) is t or n + t, then the determinant of this matrix is 1 because of the non-
singularity condition. This means that there is no F; and F; such that A\(F}) = \(Fj)

where n 1 ¢ — j. Therefore, we have 1 = 1.

Now, we will find the number of elements of the set A(/™)? when y = 1. Assume
that g = x1---xx forsome 1 < k < n. Let A € A(I")Y and let A = (A|B) be the
refined form of A. Note that A is an n X 2n matrix and A = (A|B) = A.(I,|A))
where A, = A7'B is the reduced submatrix. Note that ) is fixed by an element g if

and only if the first columns of A and B are equal. Therefore, A, is of the form:

I, S
0 T

where [}, is the identity matrix of size k x k, T'isan (n—k) x (n—k) and S'is k x (n—k)

matrix.

Here, A. € M(n) if and only if " € M (k). Therefore we have that [A(I")9| =
|G L(n, Zsy)| x 28(=%) Note that |[A(I™)9| is independent of the chocie of x;.

n—1
Recall that the number of elements of GL(n,Z,) is equal to [ (2" — 2). So we
i=0
have .
> ()2 R e
Qn == (2" —2') (3.7)
|Aut(I™)| g
by the Burnside’s Lemma (Theorem 2.2.1) O
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3.3 Small Covers over a Product of Simplices

!
Let P = A™ x --- x A™ with >~ n; = n where A™ is an n;-simplex for 1 < i <.
i=1
Then the set of facets of P is

{FL =A™ x - AT fi o A o A0 < by <, 1 <0 < T

where {f{,---, fL } is the set of facets of the n;-simplex A". Hence the number of
facets of P is n + [. Then the matrix A, of a characteristic function A over P is an
(n x l)-matrix which is not a square matrix unless n; = --- = n; = 1. However we
can write A, as an [ x [ vector matrix (v; ;) whose entries in the j-th row are vectors
in Zy’. Let Ay,.., denote the [ X [ submatrix of A whose j-th row is the k;-th row of
(v;,;). Then every principal minor of Ay, .., is 1 by the non-singularity condition of A

as shown in Lemma 3.2.1.

Theorem 3.3.1. (Choi (2008), Theorem 2.8) The number of D-J equivalence classes
!
over P =[] A™ is,

i=1

Z H (271, . 1)outdeg('ui) (38)

GeG v, eV (Q)
where G is the set of acyclic digraphs with labeled nodes and V (G) = {vy, v, ...} is

the labeled vertex set of G.

Proof. Let X be a characteristic function over P and let A, = (v;;) be the reduced
submatrix of A with v; ; € Z5*. We construct the matrix B(A,) = (b; ;) corresponding
[ x [ matrix over Z; such that if v; ; # 0 then the matrix has 1 in (¢, j)-th positions
and zeros otherwise. Since the diagonals of A; ;.. ;is 1 foreach1 <1 </, b;; = 1.
Moreover, every principal minor of length 2 of Ay, .. , has determinant 1. Hence
(Vii)ki - (Vj)k; + (Vig)k, - (Vj)r, = 1. But we know that (v;;)x, = (v;;)x, = 1 since

they are diagonal. So we have that, (v; )i, - (vj:)x, = 0 for each k; and k;. Then either
(vij)k, = 0 for all k; or (vj,;)r, = 0 for all k;. In other words we have b, ; = 0 or

J

bj; = 0. Therefore B(A,) — I; is an adjacency matrix of a directed graph. As shown

before, every principal minor of B(A,) is 1.
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Defineamap ¢ : GL(n, Z2)\A(P) — G, by A, — G such that the adjacency matrix
of a graph G is B(A,) — I;. Now we need to find P such that P - (B(A,) — [;) - P!
is a strictly upper triangular matrix to show that GG is acyclic. By Lemma 3.2.2 there
exists a matrix P such that P- B(A,)- P~! is a unipotent upper triangular matrix. Then
P-(B(A.) —1I)-P'=P-B(A,) - P! — I,. This means that P - B(A,) - P~'is
strictly upper triangular matrix. So G is acyclic by Theorem 2.3.1. Therefore we have
that [A(P)| = >_ [t~ }(G)]|. Note that if there is a directed edge from i to j in G then
Vi; € Ly is nf);?lzero. So the non-singularity condition holds for arbitrary non-zero

vectors except in diagonal entries. In other words, for each non-zero vector v; ; we

have 2™ — 1 choices. Therefore, we have

W= ] @@ -1= ] @ -1t (3.9)

e€E(G) v €V(G)
where E(G) is the set of directed edges in GG and i(e) is the label of the initial vertex
of a directed edge e in E(G). O

The automorphism group of the set of facets of A,, is isomorphic to S, ;; which is
the symmetric group of degree n+ 1. Here, it is important to know how many copy the
simplices of given degree are in the product since the automorphism group of F(P) is
depend on it. For this reason, let P = P X --- X P, where P; = A" x --- x Al with

l

> nym; =nand 1 < n; < ng < --- < ny. Then the set of facets of P, is
i=1

{fle=AF x - x AT X I AT X x A0 < K <ngy 1 <0 <omyg}
where { J;;,m s ;’n} is the set of facets of A’". So we can write the set of facets of

P as

F(P)={Fj, =P x-x Py X fi x Py x--xPl0<k<n,1<j<

l

Note that the number of facets of P is (n 4+ m) where > m; = m.
i=1
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Recall that the automorphism group of F(A™) is isomorphic to the symmetric group
on n + 1 elements whichis denoted by S,,+1. Then Aut(F(P;)) is the wreath product
of Sy, 11 and S,,,,. As a set, Aut(F(F;)) is the product Sy, 11 X -+ X Sp,41 X Sy, and

the group multiplication is given by

(017 T 70mi7“)(0€7 e 70-':711-7:1/) = (Ulalrl(lﬁ U 70‘mi0‘:F1(mi)’H'u,) (310)

for 0;,0, € Sp41 and p, ' € S,,. Indeed, the group multiplication in an

automorphism group is given by composition and hence for any f; x € F(P;) we have

(017"' 70’mi7ru’)(0-£7"' 70_1,m7:u,)( ;,k) (017"' 70_mi)(f;’i’(j),0';,<j)(k}))(3'11)

- ZM’(j),Uuu/<j)UL,(j>(k)' (3.12)
On the other hand, the right side of the equality gives us
/ / NypioN
(Ulo'u—l(l)a cee O-mio-u—l(miﬁ 298 )(f],k) — f““l(j)ﬁuu’(j)airl(ML/(]-))(k). (313)

Therefore we have the following lemma:

Lemma 3.3.1. (Altunbulak & Giicliikan IThan (2018), Lemma 3.2) The automorphism
group of F(P) is isomorphic to 11[1(5”#1 L Sm,) Where ng < ng < --- < ny.

Let A be a characteristic function of P. Then A sends any set obtained by taking
n;-many elements from the set {F;k|0 <k<nl<j<m1<i<lI}toabasisof
Z3 by the non-singularity condition. If n; > 1 then there is more than one element
from every set. Let g # id be an element of Aut(F(P)). There exists at least two

elements in {Fj,[0 < k < mn;} which are not fixed by g. Assume that

g = (g1,---,q} fixes some arbitrary characteristic function A where
gi = (01,09, -+ ,0m,, u}. Since g is non-trivial, without loss of generality, we can let
g; be non-trivial. ~ We have g:\(f;,) = Mgifj;). Since g fixes A then
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9i\(f;x) = A(f} ) and hence A(gf; ;) = A(f; M(j) ;m(k))' So we have

M fie) = Mo, () (3.14)

() (K

Note that, by the non-singularity condition, {A(f},), A(f}(;)» ()} must be linearly

independent, if ny > 1. So, u(j) = j,ou; (k) = o,(k) = /::.) Since this is true for
all 7, k we have a contradiction. This means that g cannot fix A. Since A and g are
arbitrarily chosen, the action of Aut(F(P)) on A(P) is free. So we have the following
equality for the number of Z3-homeomorphism classes of small covers over P when

ny > 1:
AP [A(P)]
[Aut(F(P))| A

(3.15)

Now we have the following theorem by using the equality above, Theorem 3.3.1

and |GL(n, Z,)| = ] (2" — 2t-1).

k=1
Theorem 3.3.2. (Altunbulak & Guglukan Ilhan (2018) Corollary 3.3) Let
P—HA"l s X AR withny > 1, Zml—mandanZ:n Then the

i=1 i=1
number of 73 -homeomorphism classes of small covers over P is

([T -2 T [T (@) = 1yt

IA(P)] k=1 GEGm v.€V(G)

|Aut(F(P))| li[[(m + 1)1 (my)!

(3.16)

wheren : {1,....,m} — {nq,...n;} defined by n(s) = n; whenn; +---+n;_1 +1 <

s<ni+---+m

When n; = 1, by using the bijection between the set of small covers over P and

the set of acyclic digraphs, Altunbulak and Giigliikan obtains the following theorem.

Theorem 3.3.3. (Altunbulak & Giicliikan Ilhan (2018), Theorem 3.4) The number of

elements 0fA<P)X€1mX€m1 is equal to
1 mi

([[e =20 > [ @ -y (3.17)

k=1 GEGm (€1, ,emq) viEV(G)
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where Gp,(€1,--+ ,€n,) is the set of acyclic digraphs with m-labeled nodes

{v1,- -+, v} such that indeg(v;) = 0 whenever ¢; =1 for 1 < i < mj.

Therefore, we have the following result.

Theorem 3.3.4. (Altunbulak & Giicliikan Ilhan (2018), Theorem 3.5) If ny = 1 then

the number of 75-homeomorphism classes of small covers over P is

(51 77777 5m1)6{011}m1 G€g7n(€17-~-5m1) ’Uz'EV(G)

(2" — 21 (3.18)
1

l

[T[(n; + 1)1 (m;)! k

i=1

Z Z H (271Z _ 1)outdeg(vi) .
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CHAPTER FOUR
WEAKLY EQUIVARIANT CLASSIFICATIONS FOR SMALL COVERS

In this chapter, we give some calculations related to the number of weakly
Z3-equivariant homeomorphism classes of small covers over some product of
simplices. We also give the number of Z7-equivariant homeomorphism class of small

coversover P = I x [ x A3,

Example 4.0.1. Let P = [ x I x A3 We calculate the number of 73-equivariant
homeomorphism class of small covers over P using the formula in Theorem 3.3.4.
Here, mi = 2, my =1, m =3, n, =1 ny =3, n =>5andl = 2 and hence the

formula is

(e1,e2)€{0,1}2 GeGs(e1,62) vieV(G)

(2° =21 (4.1)

1

Z Z H (2711 o 1)outdeg(vi) .
2
[1[(ns + 1)!]™ (m)! k=
i=1
Therefore, to find the number, we need to understand the sets G3(0,0), G3(1,0),

G3(0,1) and G3(1,1) first. Note that all acyclic digraphs with labeled vertices

{v1,v9,v3} can be lists as below:

U1 (%) U1 (%) U1 (%) U1 (%) U1
VU3 Vg VU3 Vg U3
Type 1 Type 2 Type 3 Type 4 Type 5
0 V2 U1 V2 U1 V2 U1 V2 U1 V2
U3 U3 U3 U3 U3
Type 6 Type 7 Type 8 Type 9 Type 10
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(%1 V2

L

U3

Type 11

U1 V2

L

U3

Type 16

U1 %)

NS

U3

Type 21

Let f(G) =

=37

U1 V2

o

U3

Type 12

U1 (%

L

U3

Type 17

U1 V2

N

U3

Type 22

I @

viEV(G’)

"

(%1 V2

L

U3

Type 13

U1 V2

rh

U3

Type 18

U1 V2

NS

U3

Type 23

. 1)outdeg(vi). Then

49 1f Gisof Type 10,21,23
\

U1 V2

U3

Type 14

(%1 V2

U3

Type 19

U1 V2

U3

Type 24

if Gisof Typeb,11,12,14,16,18,19, 24,25

U1 V2

U3

Type 15

(%1 V2

U3

T'ype 20

U1 V2

U3

Type 25

1 if Gisof Type1,2,3,4,6,7,8,9,13, 15, 17, 20, 22

When (€1, €2) = (0,0), G3(€1, €2) is indeed the set Gs of acyclic digraphs. So G3(0,0)

has 25 acycic digraph. By calculating the outdegree of each, we get

> 1l

Gegs(0,0) v;€V (G

(2711 . 1)outdeg(vi) — 9293,
)

(4.2)

The set Gs(1,0) includes all digraphs in Gs with indeg(v,) = 0 and hence consists
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oftypes 1,2,4,6,7,8, 12,13, 15, 16, 19, 22 and 25. Therefore, we have

> T @ - pyomdest) = 37, (4.3)

Gegs(1,0) v;€V(G)

The set G3(0, 1) consists of all digraphs in Gs with indeg(vy) = 0. These are the
acyclic digraphs of types 1, 3, 4, 5, 6, 8, 9, 11, 13, 16, 17, 20 and 24. Therefore, we

have

> T @ - pyomdest) = 37, (4.4)

Geg3(0,1) v;€V(Q)

The set G3(1, 1) consists of all digraphs in Gs with indeg(v;) = 0 and indeg(vy) = 0
which are Types 1, 4, 6, 8, 13 and 16. Therefore, we have

> T @ - pyomdes < 12, (4.5)

Gegs(1,1) v, eV(Q)

Therefore the number of Z5-homeomorphism class of small covers over P is

223 + 37 + 37 + 12 300
- 1;2 * (31.30.28.24.16) = T52.9999360 = 16002720 4.6)

Example 4.0.2. Let P = A? x A? In this case Aut(P) = S3 1Sy and hence an
arbitrary element of Aut(P) is of the form g = (01,09,%) where 01,09 € S3 and
X € Sa. Moreover the set of facets of P is F(A?* x A?) = {f}, fi, [, [&, [3, [3}. As
discussed before, we work with the representatives of [\] € G Ly4(Z2)\A(P) that are of

the form:
0 0 O 1 C12

1 00 1 Co2
010 C31 1
0 01 Cq1 1

(4.7)

o o o =

We first calculate the number of fixed points of o1 = (12),0 = id € S3 and

X = id € Ss. In this case, we have
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1 0 0 1 C12 0100 1 C12
0 0 0 1 C29 1 000 1 Co2
o _ —[alB]. @s
0 10 C31 1 0010 C31 1
0 0 1 Cq1 1 0001 Cq1 1

Since we want to choose a representative of the form [ I, | A, } we need to find A"

Clearly we have

01 00
. 1 000
A= 4.9)
0 010
0 0 01
and hence
1 000 1 C29
01 00 1 C12
hﬂB}zA[er%]zA- (4.10)
0010 C31 1
00 01 Cq41 1
Therefore g fixes [A] if and only if
0 0 1 C12 1 000 1 C292
0 0|1 ¢ 01001 ¢
2= = (4.11)
1 O0|eg; 1 0 01 Ofegp 1
0 1leyq 1 0 00 1|leyq 1
i.e, C1o2 = Coo . If c1o = coo = 0 then there are 4 possibilities: c3; = 1,cqy = 0;

C31 — 0,641 = 1,' C31 — 1,C41 = 1and C31 — 0,641 = 0. IfClg = C92 — 1 then
c31 = c41 = 0 by the non-singularity condition. Hence number of fixed points of \

under g, = (12,id,id) is 5.

Let g = ((123),14d,id). Then for the representative of [\| € G Ly(Z2)\A(P) given

29



above, we have

100 0] 1

01001
92

0 010 C31

000 1jen

One can calculate A~" easily and gets

and hence

[alB =41

So gs fixes [A] if and only if

C12 0 1
C29 1 1
1 0 C31
1 0 C41
1 1
4|10
C31 0
Cq41 0
1
0
A-1B } =A.
0
0
1 C12 1
1 C29 1
ez 1 C31
| C41 1 | | €41

0 0|1 cpo

0 0|0 coo

1 010 1

0 1]0 1

0 0-

00

10

0 1

00 01

1 001

0 1 0]cs

0 0 1|en

Ci2 + C22
C12

cz1012 + 1

C41012+1_

:[A‘B] 4.12)

C12 + Ca2
C12
csic12 + 1

C41C12 + 1

(4.13)

(4.14)

(4.15)

The above equality holds only if c1o = coo = 0. By the non-singularity condition,

there are 4 possibilities: c31 = cqy = 0, ¢33y = cy1 = 1, ¢33 = 1, ¢50 = 0; ¢33 = 0,

cq1 = 1. Hence the number of fixed points of \ under g = ((123),id, id) is 4.

Let g3 = ((123),id, (12)). Then we have
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1 00 0] 1 c9 000 1 |cpo 1
01 001 ¢ 001 1 | ey O
g3 2 = 2 0:[,4‘3] (4.16)
0010 C31 1 1 00 C31 1 0
00 01 Cq41 1 010 Cq1 1 0
Here the inverse of A is
C31 010
cn 0 0 1
At= | (4.17)
1 100
1 000
and hence
1 0 0 0|cgicia+1 c31
0 1 0 O0fcgycn+1 cgg
[A‘B]zA-[In A7B | =4 (4.18)
0 010 C12 + Coo 1
0 0 01 C12 1
So g3 fixes such an element if and only if
I ¢ cziciz + 1 e3
I e _ cq1C2 + 1 ey (4.19)
C31 1 C1a + Co9 1
C41 1 C12 1

Then we have c31 = cqy1 = c1o = coo = 0 by the non-singularity condition. So
we have only one case. This means that the number of fixed points of \ under g3 =

((123),4d, (12)) is 1.
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One can calculate the number of fixed points of an arbitrary element of Aut(P)
using the same idea. Indeed, the number of fixed points of g that is of the form

g = (01,09, x) where 1,05 € S3 and x € S, is given as below.

Table 4.1 Table of the number of fixed points of A2 x A2

H order of o1 | order of o5 | order of y | the number of fixed points H

1 1 1 7
2 1 1 5
1 2 1 5
3 1 1 4
1 3 1 4
2 2 1 3
3 3 1 1
2 3 1 2
3 2 1 2
1,2, 0or, 3| 1,2, or, 3 2 1

We have |S31.S2| = 72. Moreover, there are 3 elements of order 2 and 2 elements

of order 3 in S5;. Hence the number of small covers over A? x A? is

1.74+3-54+3-542-44-2-44-3-3-3+2-2-14+2-3-24-3-2.246-6 __ 144 __ 2
72 o2
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Example 4.0.3. Let P = A% x A? x A% In this example, we calculate the number of
fixed points of some elements of Aut(P). An arbitrary element of Aut(P) = S3 1 Ss,
which is equal to Sz X S3 X S3 X Sz as a set, is of the form (o1, 09,03, x) where

01,09,03, X € S3. Moreover the set of facets of P is

F(A? x A x A = {fo, fi, fo, £6. 11 12, Fo 1Y 2}

As discussed before, an arbitrary representative of [\ € G L4(Z2)\A(P) is of the form:

(1000001 e ey |
01000 0|1 cm e
0 0O1 00 Ofec31 1 e33 (4.20)
00010 0/cn 1 e
00001 0|cy esp 1
00000 1o oo 1 |

To find the number of fixed points for g1 = ((12), (12), (123), id), note that g, sends

this representative to

(001000 cig| 1 cp 0]
10000 |1 ¢ 0
00010 egjey 1 0 @
00100 egen 10
00000 1 ey es 1
(00001 1 |ca e O]

which is equal to [ A ‘ B } Since we want to find a representative of this element of
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the form [ I,

A'B } we need to find A~'. Clearly

01 00 Ca3 0
1 000 C13 0
0 001 ez O
Al = 43 (4.22)
0010 C33 0
000O0 1 1
000O0O 1T O
andhence[A‘B}:A-[[n A*lB]isequalto
1 00 0 0O 1+ C51C23 Co2 + C50C23  Cog
01 0 0O00O0 1+ C51C13 C12 + C13C52  Ci3
001000 Cq1 + Cy43C51 1+ C52C43 C43 (423)
0001O0O0 C31 + C33C51 14 C52C33 C33
00 0O0OT1FPO0 Cs51 + Cg1 C59 + Cg2 1
000001 Cs1 Cs2 1
So g1 fixes such an element of G L,,(Z2)\A(P) if and only if
1 c2 a3 1+ cs103  Cop + 52023 Co3
1 e 3 1+ csici3  cro+cizcs2 i3
e 1 a3 _ | em +cazcs1 1+ esoca3 Ca3 (424)
ca1 1 ey c31+ c33¢51 1+ csac3g C33
cs1 Csa 1 C51 + Co1 Cs2 + Co2 1
(o1 Coz 1| ! C52 L]

Then we have Cr1 =— Cg1 — Cr2 = Cg2 — 0 and C33 — C43, C13 = C23, C31 — C41, C12 = C22
by the non-singularity condition. So there are 12 possibilities: c19 = Coo = 31 = €41 =
0,c13=1co3 =033 =043 =1, C10 =0 =31 =C41 =13 = C3 =33 =43 =0;
Clg = Cyo = C31 = C4p = C13 = C3 = 0,33 =43 =1, c120 = oo =31 = 41 =

csgs=cC3=0,ciza=cas=1clo=coa=ci3=co3 =cg3 =3 =0, ¢c31 = ca1 = 1;

Clg =Cp =C13=0C3 =0,C31 =cCq1 = C33 =43 = 1, C12 = o2 = €33 = 43 = (),
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C31 = Cq1 = C13 = Ca3 = 1, 12
Clg =Cp =1,¢c3 =cqy1 = C13 =

€31 = Cq1 = ¢33 = C43 = 0, 2

=y =0,c31 =cCqy1 =C13 =03 =33 =cCa3 = 1;

= C22 = C33

Co3 = C33

=43 = 0, c12 = c2 = €13 = 3 = 1,

=cy3=1,¢c31 = cy1 = c13 = o3 = 0;

Clo = Cgg = C13 = Cog = C33 = C43 = 1, c31 = ¢4 = 0. Hence the number of fixed

points of X under g1 = ((12), (12), (123),id) is 12.

When x € Ss is identity, the number of fixed points of g € S5 .S3 is of the form

g = (01,09, 03, id) where o1, 09,03 € Ss is given as below.

Table 4.2 Table of the number of fixed points of A? x A% x A2 when y = id

H the order of o, ‘ the order of o5 | the order of o5 | the number of fixed points H

1

W W N WMNDN WIMNDDNWNWWNFWWR NN~ R~ W~ ~=DN

1

W N WK WK WD WN A= DNWW— W =N = W= — N —

1

BN W W NN W WDHN — — W = WW— NN~ W =N —

289
157
157
157
112
112
112
69
69
69
16
16
16
40
40
40
40
40
40
25
1
12
12
12
4
4
4

Let g, = (id, (12), (123), (13)), note that g» sends the representative to
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(0 3 001000 epp 1]
0 35 000 1|0 cpp 1
0 ¢ 010 0[0 1 cp .
0 cs 10000 1 cn
0O 1 0 0 0 01 c50 cx
11 00000 o con |

which is equal to [ Al|lB } Since we want to find a representative of this element of

the form [ I, | A"'B | we need to find A~'. Clearly

000O0 1 1

000O0 1 O

00 01 ¢35 O

Al = 4 (4.26)

0010 C33 0

1 00 0 C13 0

0100 Co3 0

andhence[A‘B}:A-[In A—IB]isequalto

1 00 00 O 1 Cs2 + Cg2 C51 t+ Ce1
010000 1 C52 C51
001000 C43 1 +C5QC43 Cq1 +C51043 (427)
00 01O00O0 C33 1 + C52C33 C31 + C51C33
00 0O0T10 C13 C12 + C13C59 1 + C13C51
00 0O0O0OT1|1+ Co3 C29 + Cr2C23 1+ C51C23

So gs fixes such an element of G L,,(Z2)\A(P) if and only if
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1
1
C31
Cy1

Cs1

Ce1

C12

C22
1
1

C52

C62

C13
C23
C33

C43

1
1
C43
C33

C13

1—|—023

C52 1 Co2
Cs52
1 + csac43
1 + C52C33
C12 1 C13C52

C29 + C52Co3

C51 1 Co1
Cs1
C41 + C51Ca3
C31 1 C51C33

1 + C13C51

1+ cs1003

(4.28)

The above equality holds only if c3y = cy3 and all the other unknown entries are 0

by the non-singularity condition. So there are two possibilities: c3; = c43 = 0 and

c31 = c43 = 1. Hence the number of fixed points of X under g, = (1, (12), (123), (13))

is 2.

Let g5 = ((12),(12), (12); (23)). First we note that g3 sends the representative to

| 0100001 ¢35 co -
1 00 00 0|1 co3 co
0000 O0 1|cg1 ec33 4.29)
0 000 1 0|cyr ey
00010 O0|cn 1 e
i 0 01 0 0 Ofcgr 1 cqo |

| A

which is equal to B } Since we work with a representative of the form

[ I,| A'B ] we need to find A~'. Clearly
01 00O0O0
100 0 0O
L Jloooo0o0 1
AT = (4.30)
00 0O0T10
000100
001000
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and hence

[alB|=a]1,

A71B | =

o O o o o =

o o o o = O

o o O = o O

So g3 fixes [A] in GL,(Z2)\A(P) if and only if

1
1
C31
Cq1
Cs51

Ce1

C12

C22
1
1

C52

C62

C13
C23
C33

C43
1
1

1
1
Ce61
Cs51
Cq1

C31

o O = O O O
o = O O O O

C23

C13

C43

C33

- o O O o O

C22
C12
Cg2

C52

Co1
C51
Cq41

C31

C23

C13

C43

C33

C22

C12

C62

C52

(4.31)

(4.32)

Then we have cyy = 13, C12 = €23,C31 = C61, Ca41 = C51 and cgy = c33 = 0 = ¢43 =

cso = 0 by the non-singularity condition. So there are 7 possibilities: c31 = cq1 = 0,

Clg = C2 = 1y 31 = cqg = coo = 0, ¢c120 =1, ¢c31 = ca1 =12 =0, ¢ = 1;

€31 = Cq1 = Ci2 = Co2 = 0, c1a =20 =0, ¢31 = ¢y =1, 1o = o9 = ¢c31 = 0,

cy1 = 1, c19 = co9 = cy1 = 0, c31 = 1. Hence the number of fixed points of \ under

g3 = ((12),(12),(12);(23)) is 7.
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CHAPTER FIVE
CONCLUSION

In this thesis, we aimed to calculate the number of small covers over some specific
product of simplices. After giving necessary background, we calculated the number
of Z3-equivariant homeomorphism classes of small covers over I x I x A3. Then
we calculated the number of fixed points of G L(4, Z)\A(P) under different elements
of Aut(P) where P is A? x A? and we give a complete list of the number of fixed
points. By using this numbers, we found the number of small covers over P. Finally
we calculated the number of fixed points of GL(6,Z)\A(P) under some elements of
Aut(P) where P is A? x A? x A2
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