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OZET

Bu tez ¢alismasinda farkli montaj dnceliklerine sahip, goklu montaj gruplu iiriinler i¢in bir
gercek hayat uygulamasini temel alan iki tiir problem ele alinmistir. Birinci problem, sira bagimli
hazirlik siirelerine sahip isler i¢in istenilen planlama ufkunda ve sonlu kapasite kisit1 altinda fazla
mesai miktarint en kiigiikleyerek montaj gecikmesine Sebep olmayacak giinlik c¢izelgenin
belirlenmesidir. Problem igin ilk olarak karma tam sayili matematiksel programlama modeli
Onerilmistir. Model performansini 6lgmek icin olusturulan rassal 6rnek veri setlerinde giin basina
diisen is sayisi arttikga makul siirelerde matematiksel model ¢6ziim bulamadigindan iki ayristirma
algoritmasi gelistirilmistir. Ikinci problem, sira bagimli hazirlik siirelerinin énemli olmadig isler
icin fazla mesai miktarin1 en kiigiikleyerek montaj gecikmesine sebep olmayacak sekilde islerin
giinlere atanmasidir. Problemin boliinebilir tirtinlii kutulama problemiyle olan benzerligi géz 6niine
aliarak literatiirdeki karma tam sayilt matematiksel model genisletirelerek Onerilmis ve ¢oziim

degerleri karsilastirilmistir.

Anahtar Kelimeler: makina ¢izelgelme problemi, is ¢izelgeleme, fazla mesai, kutulama

problemi, boliinebilir iiriin.



ABSTRACT

In this thesis, two types of problems based on a real-life application for products with
multiple assembly groups with different assembly priorities are discussed. The first problem is to
determine the daily schedule that will not cause assembly delay by minimizing the amount of
overtime under the desired planning horizon and finite capacity constraint for the jobs with
sequence dependent setup times. A mixed integer mathematical programming model is proposed
for the problem. In the random sample datasets created to measure the model performance, the
solution could not be found in a reasonable time as the number of jobs per day increased. Therefore,
two decomposition algorithms have been developed for the solution. The second problem is the
assignment of jobs to days in a way that minimizes the amount of overtime and does not cause
assembly delays for jobs where sequence dependent setup times are not important. Considering the
similarity of the problem with the bin packing problem with item fragmentation, the mixed integer
mathematical model in the literature was extended and proposed and the solution values were
compared.

Keywords: machine scheduling problem, job scheduling, overtime, bin packing problem,
fragmentable item.
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1. INTRODUCTION

1.1 Motivation and Problem Definition

Production scheduling is an important operational problem as it directly affects the cost of
production. Especially for productions that require assembly precedencies, an inappropriate
production schedule may be the reason for overtime decisions for a finite planning period. An
inappropriate production schedule may result in assembly jobs being delayed as a result of
subassembly parts not being prepared on time. In order to meet product deadlines, overtime is often
required to compensate for the delays. Overtime has a direct impact on the profitability of the

company, as it means additional production costs.

This thesis studies the production scheduling problem in a company that specializes in the
manufacturing of construction machinery, which involves multiple sub-assembly groups and multi-
level product trees. The complicated nature of the product structures, characterized by the presence
of numerous sub-assembly groups and their corresponding multi-level product trees, poses a
significant challenge in the planning and management of material resources. In addition, work
centers differ depending on whether the setup time spent for the job is sequence-based or not. For
some work centers, the sequence in which the jobs are processed in the work center does not matter
in terms of the set-up time spent; while for others, the sequence in which the jobs are processed in
the work center has a direct effect on the setup times. That makes us face two different problems
to develop solutions. The first problem is to find a sequence of jobs for only sequence-dependent
set-up time work centers to schedule jobs. The second problem is to decide only the production
day of each job without considering any sequence of the jobs because the sequence of the jobs is

not important on behalf of set-up times.

The prioritization of tasks and the processing of different prioritized tasks on the same
workstations directly affects the scheduling process. Failure to adhere to the priority order of tasks
assigned to workstations leads to delays or unnecessary waiting times in the entire production plan.
To minimize delays and unnecessary waiting times in the company's production schedule, overtime

work is often necessary which increases production costs.



The production planning process in the company that served as the basis for this thesis is
conducted on a monthly basis. Products are grouped, based on their operations, and transformed
into weekly plans which are then used to generate job orders. The delivery times of products for
each operation group are assumed to be the last day of the corresponding week. During the grouping
process, the priority of work centers and the priority of product requisitions are not considered. In
this method, products are generally introduced into the production process based on their arrival
time at the work centers. If a product with a lower priority is started in the production process
before a product with a higher priority, additional work hours are required to prevent delays in
subsequent operations. If overtime work is decided for a work center in the company, even if the
work is completed, the full overtime fee must be paid. Therefore, when scheduling is not managed

carefully, idle waiting situations can also arise.

In real-life problem, there are a large number of products and work centers involved which
significantly increase the complexity of the problem. To mitigate the complexity of the problem,
this thesis studies the scheduling problem for a single machine where the processing and delivery
times of jobs are predetermined. The objective is to minimize the total overtime required to

complete all tasks.

For the first problem, initially, the problem was identified by examining the studies in the
literature. An earlier mathematical model proposed to formulate a similar problem to the one
considered in this thesis was chosen as a base model and extended to correspond the problem
addressed. However, the resulting model could not provide an acceptable solution time for real-life
situations with high workload and long planning periods. Therefore, two different heuristic solution
methods were developed. In these methods, the main idea is to divide the tasks according to their
delivery times and to use the mathematical model on a daily basis. The main goal here is to
decompose the problem into smaller sub-problems to decrease the solution time. The proposed
heuristics can be solved with off-the-shelf solvers as they are built on the introduced mixed-integer
programming (MIP) formulation. As such, they can be easily and quickly adapted and utilized in

practice. Furthermore, due to their MIP-based nature, parametrization is not an issue indeed.

In the first method, after each iteration, the assignment decisions are fixed for jobs
considered, and the mathematical model is solved for the unassigned jobs in the next iteration.

Therefore, a smaller solution set is searched in each iteration which reduces the solution time. The
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second method is built on the first one, and hence, it strictly follows the former. The only difference
with the second method is that it also fixes the sequencing decisions for the assigned tasks. Thus,

the searched solution set is further narrowed down.

For the second problem, a different solution approach was developed to decide the
processing days of jobs. In the second problem, since the sequence of the jobs to be processed in
the work center on the same day has no effect on the total production time, the problem can be
transformed into a variant of bin packing problem that aims to find optimal item placements into
variable sized bins where the items can be fragmented. For the problem considered in this thesis,
the items correspond to tasks, whereas the bins are replaced with days. Some jobs are allowed to
fragment to the next day like item fragmentations to different bins. Considering this similarity, a
mixed-integer mathematical programming model in the literature was extended to include specific

conditions present in the problem considered.

1.2 Contributions and Organization of This Dissertation

This thesis presents a MIP model and solution approach that can be readily adapted in real-
life problems with ease of parameterization. The MIP model offers a versatile and user-friendly
framework to handle practical optimization problems. This flexibility allows for the incorporation
of problem-specific constraints and objectives, making it suitable for a broad range of applications.
The solution method combines heuristics and exact methods to balance solution quality and
computation time efficiently.

A modified bin packing model is also presented, as a special case, where sequence-
dependent setup times are not included. This modification eliminates the need to consider the
sequence of jobs or tasks and results in a simpler and more flexible model that can be applied to a

broader range of scenarios.

This thesis is structured as follows. Section 2 presents the literature review on machine
scheduling with overtime and bin packing problems which collectively establish the foundation of
the problem addressed in this thesis. Section 3 presents the first problem that machine scheduling

problem for sequence-dependent setup time and over time, notations, and provides the mixed-
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integer mathematical programming formulation. Section 4 describes heuristics and mathematical
models. Section 5 presents the second problem which sequence-dependent setup times are not
considered, notations mathematical model formulation. Section 6 presents numerical experiments
which conducted to evaluate the performance of the solution methods. Finally, Section 7 provides

conclusions along with recommendations for future research directions.



2. LITERATURE REVIEW

This thesis considered a real-life problem arises in a multi-product assembly environment that has
overtime constraints in the context of machine scheduling. We conducted a comprehensive review
of the literature on machine scheduling with overtime constraints (Section 2.1). Furthermore, we
considered the case where sequence-dependent setup times are not significant and approached it as
a bin packing problem with item fragmentation. To this end, we also reviewed the literature of the
bin packing problems with item fragmentation to identify similarities and differences with our

research problem (Section 2.2).

2.1 A Review on Machine Scheduling with Overtime

Machine scheduling is a well-known problem in the literature. The general class of single-
machine (or single-resource) sequencing and scheduling problems is among the most studied
problem classes in operations research (Pinedo, 2002). Single machine scheduling with overtime
is a classic problem in the field of scheduling theory which involves scheduling a set of jobs on a
single machine while allowing for overtime. In this problem, the objective is to minimize a given
cost function, such as the sum of completion times or total overtime. The importance of this
problem lies in its practical relevance to many real-world scheduling applications such as
production planning, transportation, and service industries. In many cases, overtime is necessary
to meet the demand or to avoid penalties for late delivery which makes it critical to find an optimal
or near-optimal schedule that incorporates overtime efficiently. Scheduling problems with
overtime are common in many industries, where the amount of work exceeds the available working
hours. To solve such problems, researchers aim to find an optimal or near-optimal schedule that
satisfies a set of constraints while minimizing a specific objective function. These objectives can

include time, cost, profit, and earliness/tardiness.

When solving scheduling problems, researchers consider different types of constraints such
as capacity constraints, due dates, and costs. Capacity constraints limit the amount of resources

available to complete the tasks, while due dates impose deadlines which the tasks must be
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completed. Furthermore, the cost of overtime and the cost of setup time are also considered as main

constraints of scheduling problems with overtime.

To deal with these scheduling problems, several studies developed heuristics or exact
algorithms. These algorithms aim to find the best schedule that satisfies constraints and minimizes
the objective function. Table 1 summarizes the studies in the literature. Holloway et al. (1974) and
Matsuo (1988) proposed algorithms that minimize overtime as the objective function while
considering due dates and the cost of overtime as constraints. Similarly, Akkan (1996) and Freeman
et al. (2014) developed algorithms that minimize cost as the objective function while considering
due dates and the cost of setup time as constraints. On the other hand, Mestry et al. (2011) and Li
et al. (2021) proposed algorithms that maximize profit as the objective function while considering
capacity constraints. Zobolas et al. (2008), Jaramillon et al. (2017), Yang et al. (2004), and Ventura
et al. (2013) developed algorithms that minimize earliness/tardiness as the objective function while
considering capacity constraints and due dates as constraints.

In the literature on machine scheduling problems, the number of sources to be scheduled is
an important criterion for evaluating problem-solving approaches. Studies in this area can be
broadly classified into two groups based on the number of machines involved: (i) scheduling a
single machine (Holloway et al., 1974; Yang et al., 2004; Zobolas et al., 2008; Jaramillo et al.,
2017); and (ii) scheduling more than one machine (Matsuo, 1988; Akkan, 1996; Mestry et al.,
2011; Ventura et al., 2013; Freeman et al., 2014, Li et al., 2021).

The aim of this thesis is to reduce the complexity of the problem and to demonstrate the
practical applicability of the proposed method. To achieve this goal, this thesis focuses on the
single-machine scheduling problem which is a real-world problem. In this problem, the parameters
of all jobs such as processing times, delivery times and sequence dependent setup times etc. to be

scheduled on a given machine are assumed to be pre-determined.



Table 1 Summary of the literature on machine scheduling with overtime

Study Objective Constraints Resource  Solution Method
T C P EI/T Cap DD C
Holloway et al. (1974) + + Single Heuristic
Matsuo (1988) + + Multi Heuristic
Akkan (1996) + + Multi Heuristic based on work-order insertion approach
Yang et al. (2004) + + + Single Heuristic
Zobolas et al. (2008) + + + Mutli Genetic algorithm
. Mixed-Integer Linear Program
Mestry etal. (2011) ¥ * Multi Branch-and-Price (B&P) algorithm
Ventura et al. (2013) + + Multi Genetic algorithm
Freeman et al. (2014) + + Multi Mix Intege_r _Programln_g
Decomposition heuristic
Jaramillo et al. (2017) + + + Single Heuristic based on an effective priority rule
Li et al. (2021) + + Multi Dynamic programming based exact algoritms
Genetic Algorithm
This study + + + Single Heuristic

T: overtime, C: cost, P: profit, E/T: earliness/tardiness, Cap: capacity, DD: due dates


https://pubsonline.informs.org/action/doSearch?text1=Matsuo%2C+Hirofumi&field1=Contrib
https://www.tandfonline.com/author/Freeman%2C+Nickolas+K

2.2 A Review on the Bin Packing Problem

The bin packing problem (BPP) is a classic optimization problem that has been extensively
studied in the literature. The problem involves packing a set of items into a minimum number of
bins of fixed size where each item has a size and each bin has a known capacity. The objective is
to minimize the number of bins used to pack all the items. The BPP is known to be NP-hard, which
means that finding an optimal solution can be computationally infeasible for large problem
instances. Therefore, various heuristics and metaheuristics have been proposed to find good-quality
solutions in a reasonable amount of time. These methods include first-fit, next-fit, best-fit, worst-
fit and various metaheuristic optimization techniques such as genetic algorithms, simulated
annealing and tabu search. Despite the extensive research on the problem, there are still many open

problems and challenges, making it an active research area in combinatorial optimization.

The BPP has many practical applications, including packing items in a warehouse or
shipping containers, assigning tasks on a set of machines, and allocating resources in cloud
computing. In addition, the BPP has theoretical implications, as it is related to other combinatorial
optimization problems such as the knapsack problem, the cutting stock problem, and the vehicle
routing problem.

The BPP has been a subject to intensive research for several decades, resulting in various
solution approaches developed to solve the problem under different objectives and constraints. In
Table 2, we summarize some of the studies that conducted on the BPP with item fragmentation
classified based on the objectives, constraints, and solution methods employed. One of the primary
objectives in the BPP is to minimize the number of bins used. This objective studied extensively
in the literature, with numerous authors proposing various algorithms and heuristics to achieve this
goal. (Eilon et al., 1971; Jansen, 1999; Loh et al., 2008; Khanafer et al., 2010; Crainic et al., 2011;
Elhedhli et al., 2011; Fleszar et al., 2011; Bertazzi et al., 2019; Ekici, 2021). Another objective that
received attention in the literature is the number of fragmentations or partial items in the bins
(Casazzaetal., 2014; LeCun et al., 2015; Byholm et al., 2018). Cost is another important objective
in the BPP (Crainic et al., 2011; Dokeroglu et al., 2014; Casazza et al., 2018; Ekici, 2022). The

load of bins, or the amount of space used in each bin, is an objective that also studied in the literature
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(Loh et al., 2008). The makespan or the time required to pack all the items is studied (Arbib et al.,
2017).

Constraints in the BPP include conflicting items (Jansen, 1999; Khanafer et al., 2010;
Elhedhli et al., 2011, Ekici, 2021; 2022), and fragmentable items (Casazza et al., 2018; Bertazzi et
al., 2019; Ekici, 2021; Ekici, 2022). The number of bins studied as a constraint (Loh et al., 2008;
Khanafer et al., 2012; Casazza et al., 2014; Dokeroglu et al., 2014; LeCun et al., 2015; Arbib et al.,
2017; Byholm et al., 2018). Bin capacity is another constraint that has been considered (Eilon et
al., 1971, Crainic et al., 2011; Fleszar et al., 2011; Casazza et al., 2018; Ekici, 2022).

In the literature, constraints on the conflict of items and the total number of conflicts are
considered. However, in this thesis, the additional constraint of conflict of bins is also considered.
In the problem under investigation, an item can be fragmented at most once, and only to the
following bin. In order to provide this constraint, the bins that fragmentable items cannot be

fragmented are considered as conflict bins of items.



Table 2 Summary of the literature on bin packing problem

Study Objective Constraints Solution Method
NB NF C NC LB M OCU Cl FI NB BC CB
Eilon et al. (1971) f + ﬁero-_or)e programming mode
euristic
Jansen (1999) + + Asymptotic approximation
Loh et al. (2008) + + Weight annealing
Dual-feasible functions
Khanatfer et algig#l0) * * Data-dependent dual-feasible fun.
Crainic et al. (2011) + + + Heuristic /Lower bounds
Elhedhli et al. (2011) + Branch-and-Price algorithm
Fleszar et al. (2011) + Heuristic
Column-generation methods,
Khanafer et al. (2012) * * Heuristic, Tabu search
Casazza et al. (2014) + + Exact opt. algorithms, Heuristics
Dokeroglu et al. (2014) + Genetic algorithm
LeCun et al. (2015) + Approximation algorithms
Arbib et al. (2017) + MIL Programming
Byholm et al. (2018) 4 + Apprpxmatlon and metaheuristic
algorithms
Casazza et al. (2018) + + + Branch-andprice algorithm
Bertazzi et al. (2019) + Worst-case analysis
Ekici (2021) + 4+ Heuristic
Ekici (2022) + + + + Heuristic, Lower bounds
This Study + + + + + Mixed Integer Programming

NB: number of bins, NF: number of fragmentations, C: cost, NC: number of conflicts, LB: load of bin, M: makespan, OCU: over capacity usage,
Cl: conflict items, FI: fragmentable items, BC: bin capacity, CB: conflict bins



3. MACHINE SCHEDULING WITH SEQUENCE DEPENDENT SETUP TIME AND
OVER TIME

This chapter presents the problem definition and notation in Section 3.1, and mathematical
formulation in Section 3.2.

3.1 Problem Definition and Notation

This thesis studies the production scheduling problem in a company that manufactures and
assembles industrial machines. The main body of the machine, composed of steel plates, is
produced in-house by the company while the remaining materials are sourced from various external
suppliers. The machine parts produced by the company undergo cutting and forming, machining,
welding, painting, and assembly processes. Particularly, the items that have the welding process
have a sub-assembly product tree structure that can reach up to level 7. Some of these items have

operation at the machining centers again after the welding process.

The complex multi-level product structure of the parts and the different processing
sequences for each part make the planning process in the factory very challenging. Currently, a
production order is opened for each machine, listing all the parts that need to be produced for that
machine. All the parts in the production order are grouped based on the five basic operations
mentioned above and shared with the production department. A weekly production time with an
assumption of on-time delivery is assigned for each operation, and it is expected that all the parts
for a product from the production department will be completed within a five-week period. An

example is shown in Figure 1 for the basic planning approach of each operation group weekly.
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Figure 1 Production Order Based on Processes

WEEK 1 WEEK2  WEEK3  WEEK4 = WEEKS5

Cutting & Forming [ENISIEN INH15 |

Machining

Welding

Painting

Assembly

When grouping the parts within production orders, the work centers and processing priorities are
not considered. Figure 3 presents the work centers for processing all the parts required for main
body production, according to the product tree structure shown in Figure 2. All the parts need to
be processed at different work centers with different priorities. According to the product tree
structure, to produce Item 6 in sub-assembly group 3, Item 2 and Item 3 must be processed first at
the same work center. Any delay in the processing of Item 2 and Item 3 directly affects the

completion time of sub-assembly group 3.

Figure 2 Multiple Level Product BOM Figure 3 Routings for Sub Assembly 3 Items

Center 1 Center 2 Center 3

Sub Sub Sub Item 2 . .
® O

Assembly 1 Assembly 2 Assembly 3

Item 4

Item 5 .

Item 6

o000
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Since there is no daily scheduling based on work centers and priorities in the production
orders, these types of delays are handled by overtime, resulting in additional costs for the company.
Furthermore, the inconsistencies in processing multiple-level products lead to some work centers
to have idle time for work during the day, resulting in a direct decrease in the overall efficiency of
the manufacturing department. An applicable daily production schedule based on work centers and
production sequence can reduce the overtime costs that the company must bear and increase the

efficiency of the manufacturing department, resulting in a decrease in overall manufacturing costs.

This thesis aims to simplify the complex problem of production scheduling, involving
multiple products, sub-assemblies, order of operations, and work centers. The objective is to
determine a daily production schedule for a limited-capacity work center within a specific planning
horizon with the least amount of overtime required for completing the tasks assigned to a single

work center.

The tasks to be performed in the work center are predetermined and their latest completion
dates are predefined. The processing time and setup time for each task are also predetermined. The
tasks can be divided into successive days, but the setup times cannot be divided. The setup time
for a task must be completed on the same day it started. Otherwise, the task cannot be assigned to
that day. Some tasks in the schedule can be divided into different days, while other tasks must start
and finish on the same day. More than one task cannot be divided into the next day. The next task
cannot be taken until the operation of a task is entirely finished in the work center. If a decision is
made to do overtime for a day, the amount of overtime is used fully on that day.

3.2 Mathematical Formulation

In this thesis, a mathematical model is proposed based on the model developed by Bulbul
(2017) to solve the problem. Furthermore, in our model, a solution is sought that will require the
use of all overtime hours for the day on which the decision to work overtime is made, whereas in
Bulbul (2007) overtime hours are allocated only up to the required amount and did not consider
tasks that cannot be divided.

12



Sets

N ={1,..,n} Jobset

T ={1,..,t} Day set

JNF non — fragmentable jobs set JNF eN
Parameters

P;  the processing time of job j JEN

D;  the delivery time of job j JEN
Ajx  the setup time of job k after processing job j j, k€N

ns the time for a normal day shift
ds the time for a working day

M  abig number

Decision Variables

~ _(L,if job jprocessed before job k :

Yile: = ~ 0,otherwise _ Jk €N

sty = 1,if job j start to process in day i JEN, €T
0, otherwise

P 1,if overtime made for job jinday i ‘eEN i€T

e 0, otherwise J ’

1,if job j start to process inday i in normal shift . ,
d; = e . .. . JEN, €T
0, if job j start to process inday i in overtime
0 — {1, if job j completed in or later day i ‘eEN i€T
S 0, otherwise J ’
{1, if overtime decision made in day i .
hi = . ieT
0, otherwise

S;  start time of job j JEN

C;  completion time of job j JEN
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F;;  over time for job j inith day
B

0;; awvariable to linearize S; * z;

Objective

Mln 2%:1 Z;’lzl E]l

Constraints

T—oVik =1
2k=1Yjr S1

iz (i—1) xdsxst; <S;
Yioisti=1
Yicaixds sty — S = YR_oAp * Y + 1
Sk 2 C—Mx*(1—yjp)
G =D
Cie = Sk + Pic + X Ajic * Vjie + Ziea(Bri — Fii)
i*(ds)— (ds —ns) —S; <M =dj
Si—(i*xds) +(ds—ns) <M= (1—dj)
(i*ds) —C; < M * o

Ci—(ixds) < Mx(1-o0y)

Bj; = C;— (ixds)+ (ds —ns) — M = (2 —dj; — 0j;)

Bki = Pk +Z?=0Ajk *Vik — M (1 + dki - Oki)

14

i over time that can be done for job jinday i

JEN, i€T
JEN, i€T

JEN, i€T

k€N

j €N U{0}
JEN
JEN
JEN

j,k €N u{0}
JEN
k€N
JEN, i€T
JEN, i€T
JEN, i€T
JEN, i€T
JEN, i€T

keN,ieT

(1)
()
©)
(4)
()
(6)
(7)
(8)
)
(10)
(11)
(12)
(13)
(14)



Fii = P+ Xi-0 Ajic * Yjie = M = (1 + dj; — 04y) keN,ieT (15)

Bj; = (i*ds)—S; — M * (dj; + 0j;) JEN,i€T (16)
Bj; = (ds —ns) — M = (1 —dj; + 0j;) JEN, i€T a7
F;; < Bj; JEN,i€T (18)
0j; < ixds*z JEN,i€T (19)
0 <S; JEN,i€T (20)
0; =S —M=*(1—2z;) JEN,i€T (21)
(i*ds*zﬁ)—(ds—ns)SCj jJEN, i€T (22)
Fjy < M =z JEN, €T (23)
h; = zj; JEN, i€T (24)
i=1Fji = (ds —ns) = hy ieT (25)
Yi-1Stji = 0t jEJNF, t€T (26)
Yik Stji, Zji, dji, 0ji, by € {0,1} jJkEN, i€T (27)
S;, G, Bji, Fji, 0, = 0 JEN, i€T. (28)

In this model, objective function minimizes the total overtime for planning horizon.
Constraints (1) and (2) are scheduling constraints that determine respectively premise and
successor jobs. Constraint (1) ensures that there must be a premise job for each scheduled job. The
set in which the successor jobs are defined contains only the set of jobs (N), while the set in which
the premise jobs are defined also includes a dummy job that expresses the readiness state of the
machine. Constraint (2) ensures that there must be at most one job scheduled as a successor of
another job except the last job. Constraint (3) relates the variable S; with the decision variable st;;
to shows st;ji as day unit. Constraint (4) ensures that each job must start one day over the planning
horizon. Constraint (5) ensures that the job cannot be scheduled if setup cannot be completed or
there is no time for processing after setup completion on that day. Constraint (6) ensures that a job
cannot be started before its premise job is completed. Constraint (7) ensures that all jobs should be
completed before their delivery time. Constraint (8) determines the completion time of each job

considering overtime. Because the objective is to minimize total overtime, if overtime capacity will
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not be fully used, the completion time will be postponed as (Bj — Fj) time. Starting time of each
job is determined by Constraints (9) and (10). If a job starts in a normal shift Constraint (9) will be

active, if a job starts in overtime Constraint (10) will be active.

Constraints (11) and (12) calculate the completion time of each job. Constraint (12)
expresses the situation in which a job is completed in a day or later via binary variable oj;.
Constraint (13) expresses the situations in which a job is started on a normal shift and is completed
normal shift or overtime on the same day. For both situations, the completion time will be forced
to be equal to or less than the scheduled day due to B;j will be equal to zero (0). Constraints (14)
and (15) express the situation in which a job is started on overtime and completed on same day.
Constraints (16) and (17) express the situation in which a job is started respectively in a normal
shift and in overtime and is not completed on the same day. Constraint (18) relates binary variables
Bji and F;ji.

Figure 4 Binary Values of Task 2

day time 1 day time 2

Task2
daytimel | daytime2
normal shift time overtime normal shift time overtime st]d]ofz[h]st]d o]z [h

#1 - 1|1{1|o|o| o|o|1|o|0
#2 - 1{1|1]1|1|o|o|1|o|0
#3 - 1|o|1(1|1|[o|of1|o|o0
#4 - 1|o]oj1|1|o0|o|1|0|0

#5 ! ' 1|1|olo|ofo|of1|o|o

Premise Task - Task 2 Successor Task Set Up Time

Figure 4 shows all possible values for Task 2 as an example. In the first scenario, Task 2

can start on the first day and finish on the same day within normal shift time hours. In the second
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scenario, it may start in normal shift time on the first day and finishes in overtime. In the third
scenario, it may start in overtime on the first day and finishes in overtime on the first day. In the
fourth scenario, it may start in overtime on the first day and finishes in the normal shift time on the
second day. Finally, in the fifth scenario, it may start on the first day and without doing over time

finishes on the second day.

Constraints (19)—(23) relate binary variable zji with starting time variable (S;), completion
time variable (C;) and overtime variable (Fji). Constraints (24) and (25) ensure that if an overtime
decision is made for the ith day, overtime should be used fully. Constraint (26) ensures that non-
fragmentable jobs have to finish in the day they start. Constraints (27) and (28) are domain

constraints for decision variables.

To evaluate the performance of the mathematical model random instances without
considering sequence-dependent setup time for different job numbers for 2 days planning horizon
was solved. As can be seen in below Table 3, although sequence-dependent setup times are not
considered, after 12 jobs, the mathematical model cannot find optimal solution in time limit 250
seconds. To improve the solution approach for more job numbers, decomposition-based heuristics

were developed.

Table 3 Results for 8,12 and 18 jobs - 2 days instances

o 18 112 118
R Obj St R Obj St R Obj St

1 OS 300 1.8 BS 300 250.02 BS 150  250.00

2 0S 300 201 BS 300 250.02 BS 300 25001

3 0S 0 001 BS 300 250.02 BS 150  250.00

4 0OS 300 243 BS 300 250.02 BS 150  250.02

5 0OS 300 1.90 BS 300 250.03 NS 250.01

OS: optimal solution found, R: remark, Obj: objective, St: solution time,
BS: best solution found so far, NS: no solution in limit time
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4. SOLUTION METHODS

This chapter presents the decomposition-based heuristic 1 in Section 4.1, decomposition-

based heuristic 2 in Section 4.2.

4.1 Decomposition-Based Heuristic 1

The proposed decomposition-based heuristic 1 (DBH 1) starts with grouping jobs based on
their delivery times for each day. Then, an iterative daily scheduling approach is adopted starting
at the outset. In each iteration, i.e. for each group is considered, a solution is generated by means
of the MIP model introduced in the earlier section. Binary variables stj, which represent the
assignment of each job, are fixed for the next iterations. The next iteration involves considering
not only the current group of jobs but also previously scheduled jobs from earlier iterations whose
day assignments are fixed. Although starting times are fixed, jobs within each group can be
reordered in each iteration to optimize the overall schedule.

A simple example for 5 jobs -3 day is shown in Figure 5. After sorting jobs based on their
due dates, DBH 1 find a solution for each iteration. In the first iteration, only J1 and J2 jobs are
considered to be schedule because their due dates are first day of the planning horizon. For the
second iteration, J1, J2 and J3 jobs are considered again while starting day decision binary st;ji for
J1 and J2 are already fixed. As it can be seen on the Figure 5, jobs sequence can be changed due to
sequence-dependent setup times while their start day cannot. For the third iteration, all jobs’

sequence is considered again by fixing earlier starting day decisions and found a solution.
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Figure 5 An example of 5 Jobs 3 Day Problem for DBH 1

| Jobs R Iz [ Ja [ ][ 13 ]
{"Due dates of Jobs | | >> | | D3 D1 D3 i D1 D2 |
[ Sortediobs | [>>] [ 11 J[_ 12 IIEN 14 I[ 15 |
"DuedatesofJobs | [>> 1] D1 D1 D2 D3 | D3 ;
Iteration1 |
: T fteration 2 : Iteration 3 ]
D1 » e D2 e D3
< ns »le— ot —»|w ns ra ot »l4 ns » 4 ot ¥
Iteration1 >>>  MIP(JL,)2)
| I
solution >>> sty; =1
sty =1
Iteration 2 >>> MIP(J1,12,)3)
solution >>> sty =1 ‘ 12 ” 11 || 13 |
sty; =1
sty; =1
Iteration 3 >>> MIP(11,J2,13,)4,15)
solution >>>  sty; =1 i Jf 52 I 14 [ER | 15 |

sty =1
sty; =1
sty =1
sty =1

DBH 1 aims to improve the scheduling efficiency in a rather myopic manner by considering
the delivery times of jobs and optimizing the schedule through iterative grouping and reordering.
By iteratively considering previously scheduled jobs and optimizing the current group, the DBH 1
can improve the overall schedule quality. Furthermore, by fixing the assigned delivery days, the
DBH 1 can improve the computational efficiency of the scheduling process. The main idea of the
DBH 1 solution is to improve solution time by decomposing the main problem into subproblems

and fixing the values of binary variables representing day assignment of jobs.

DBH 1

Input: N,T, ns, ds, D;, P;, Aj, INF

1: groupJobs = {}

2: foriinT:

3 forjinN :

4: ifD; < ds=xi:

5 add job to groupJobs]i]
6: groupDays = {}
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7. foriinT:
groupDaysJi] = [1,i]
assignedJobsList =[]
10: assignedJobsListUpdated = []

11: foriinT:

12: assignedJobsListUpdated = assignedJobsL.ist
13: assignedJobsList = []

14: N = groupJobs[i]

15: T = groupDays][i]

16: MIP Model (N, T, ns, ds, D;, P;, Aj, JNF, assignedjobsListUpdated)
17: for each job in assingedJobsListUpdated:
18: add constraints st; = 1

19: solution = Solve MIP Model

20: foriinT:

21: forjinN:

22: if st;; = 1 in solution:

23: add st;; to assignedJobsList

Output: Solution

4.2 Decomposition-Based Heuristic 2

The decomposition-based heuristic 2 (DBH 2) approach presented below shares similar
steps with the DBH 1 presented in the previous section. In the DBH 1, at the end of each iteration,
binary variables showing job-day assignments are fixed. In the DBH 2, in addition to fixing the
assignment variable (st;), decision variable values representing the prioritization of jobs (yjk) are
also fixed. The next iteration involves considering not only the current group of jobs but also the
jobs previously scheduled in earlier iterations. The objective is to optimize the overall schedule

while minimizing overtime by utilizing the flexibility of primer solutions.

The solution example of DBH 2 for the above example is shown in Figure 6. Until second
iteration same steps are followed. In the second iteration, J1, J2 and J3 jobs are considered while
not only starting day decision variables stji of J1 and J2 are fixed but also sequence variables yjk
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are considered as fixed. While J3 is scheduled after J1 in the second iteration in the above example
for DBH 1, because we also fixed the sequence of the jobs at the end of the first iteration, J3 can

be only scheduled after J2 in the second iteration. Remain processes are same as DBH 1.

Figure 6 An example of 5 Jobs 3 Day Problem for DBH 2

| Jobs 0 - | | 7 S | B E
"Due dates of Jobs | I >> | D3 L D3 b1 D2
[ Sortedlobs | [>>][J1 J[ 12 ][ 13 [ 14 ][ 15 ]
| Due dates of Jobs D1 D1 D2 i D3 i D3
Iteration 1
:' T feration? Iteration3
T
D1 R D2 > D3 >
ns >4 of >« ns >« ot > | ns >4 ot »
Iteration 1 >>> MIP(J1,12)
[ 2 ]
solution >>> sty =1 yp =1
sty =1. yp=1
Iteration 2 >>> MIP(J1,12,13)
solution >>> sty =1 yg =1 ‘ J1 || 12 H 13 |
stn=1 yp=1
stz =1 yp3=1
Iteration 3 >>> MIP(J1,12,13,14,J5)
solution >>> sty =1 yg;=1 | 11 H )2 || 13 ” 14 H J5 |
st =1 yp=1
st;p=1 yp=1
stz =1 yy=1
sts3=1 yg5=1

The main contribution of DBH 2 solution is its ability to improve solution time by
decomposing the main problem into much smaller sub-problems as compared to those of
decomposition DBH 1. By fixing the assigned day and order of jobs, the computational complexity
of the scheduling problem is reduced, which may eventually improve the efficiency of the solution

process.

DBH 2
Input: N,T, ns, ds, D;, P;, A, INF

1:  groupJobs = {}
2: foriinT:
3: forjinN :
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© @ N o2 g &

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:

ifD; <ds=*i:
add job to groupJobsli]
groupDays = {}
foriinT:
groupDaysJi] = [1,i]
assignedJobsList =[]
assignedJobsListUpdated = []
sequenceList =[]
sequenceListUpdated =[]
foriinT:
assignedJobsListUpdated = assignedJobsL.ist
assignedJobsList = []
sequenceListUpdated = sequenceL.ist
sequenceList =[]
N = groupJobsi]
T = groupDaysJi]
MIP Model (N, T, ns, ds, D;, P;, Aj, JNF, assignedjobsListUpdated)
for each job in assingedJobsListUpdated:
add constraints st;; = 1
for each job in sequenceListUpdated:
add constraints y;;, =1
solution = Solve MIP Model

foriinT:
forjinN:
if stj; = 1in solution :
add st;; to assignedJobsList
forjinN:
forkin N:

if j not equal k AND y;;, = 1:
add y;,to sequenceL.ist

Output: Solution
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5. BIN PACKING PROBLEM WITH ITEM FRAGMENTATION

This chapter presents the problem definition and notation in Section 5.1, and mathematical
formulation in Section 5.2.

5.1 Problem Definition and Notation

In our second problem, there are situations where setup times are not dependent on the
processing order of the jobs. When the sequence-dependent setup times are not considered in the
problem, the sequence of the jobs is also not important as long as we keep complying with the due
dates of each job. The problem transforms into a variant of the assignment problem where the order
of assigned jobs in each day is insignificant. By removing the sequence-dependent setup from the
scheduling problem, we can approach the problem as the bin packing problem, where the aim is to
allocate fragmentable items with varying sizes to a fixed number of bins with varying capacities.

In the problem, the items correspond to tasks and bins refer to days. As such, this problem
determines task-day assignments where the processing order of jobs within each day is not of
interest. Furthermore, as some jobs may not need to start and end at the same day, the resulting
problem is called the BPP with item fragmentation problem, which is a special case of the BPP.
The proposed model assumes that a subset of the jobs is non-fragmentable referring that they have
to be completed within a day. Thus, the remaining jobs are considered as fragmentable whose
processing may start one day and finish in the next day. As opposed to the common assumption
adopted in BPP with item fragmentation literature, hereby it is assumed that each fragmentable job
can be divided into at most two parts. Finally, it is assumed that job operation times are

deterministic and cannot exceed one day.

The objective of this research is to minimize capacity overruns (overtime) while allocating
jobs to variable-size bins (i.e. days at which only normal work hours are used and days at which
the sum of normal work hours and overtime are used) with limited capacities. The problem assumes
that jobs have predefined operation times and delivery deadlines, which are known in advance, and

that the number of days (bins) for planning is fixed. The model assumes that each job can be
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completed within one or two consecutive days. On any given day, only one job can be fragmented
to the following day, and the setup times between jobs are not sequence dependent.

The problem is formulated as a MIP that balances the capacity utilization of the bins and
minimizes the number of overtime hours required to complete all the jobs. The MIP is formulated
with binary decision variables indicating whether a job is assigned to a particular bin, and whether
an overtime decision is made or not. Furthermore, an integer decision variable represents the

fragmented part of a job that will be transferred to the following day.

5.2 Mathematical Formulation

The mathematical model of the problem is given below.

Sets

N ={1,..,n} Job set

T ={1,..,t} Day set

JF fragmentable jobs set JFEN
JNF non — fragmentable jobs set JNF EN
JF U JNF = N

Parameters

P; the processing time of job j JEN

D; the delivery time of job j JEN

ns the time for a normal day shift
ot overtime for a working day
M a suf ficiently large number
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Ja;  jobs that can be assigned to day i
Jna; jobs that cannot be assigned to day i
Da; days that job j can be assigned to

Dna; days that job j cannot be assigned to

Decision Variables

- _ (L,if job jis assigned to day i

v 0, otherwise
xfy B 1,if job jis fragmented to day i

S 0, otherwise

_ _ (1,if overtime decision is made in day i
Vi - 0, otherwise
Z; fragmented time amount to day i
Objective

Min ¥t y; * ot
Constraints

Yj=1Xfj1 =0

z1=0

Daj

Y xi=1

Dnaj

2oy %i =0

Daj

Zi=1 Xf}'l' <1
Dna;

Zi=1 ’ xfji =0

Z§=1xﬁi =0

Ja;
ijll.Xf}'l' <1

25

i€T
i€T
JEN

jEN

JEN, i€T

JEN, i€T

LET

j EN
j EN
j €JF
j €JF
j € JNF

i €T/{1}

(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)



Z]'nai xf}'i =0 i €ET/{1} (37)

J=1

Xji 2 Xfjciv1) j€Ja;, i €T/{t} (38)
2 < Sy xfii P, i€ T/(1) (39)
Z; t+y1*ot =2 Y xjy * P —nm (40)
Ve * 0t =z + X Xjp * P —nm (41)
Zis) t Vi 2 2 + Y=g X x P —nm i € T/{1,t} (42)
xji, Xfji, yi€ {0,1} jEN,iET (43)
2 >0 ieT. (44)

In this model, objective function minimizes the number of days where overtime decision is
made over the planning horizon. Constraints (29) and (30) ensure that any job cannot be fragmented
before the first day of the planning horizon. Constraints (31) and (32) guarantee that jobs have to
be assigned to only one day and they cannot be assigned to days that are later than their delivery
dates. Constraints (33) and (34) state that if a job is fragmentable, it can be fragmented for the days
that are earlier than its delivery dates. Constraints (35) guarantee not to fragment a job if it is a non-
fragmentable job. Constraints (36) and (37) ensure that only one job can be fragmented among all
jobs for the day. Constraints (38) state that a job has to be assigned to the day it is fragmented.
Constraints (39) guarantee that the fragmented time of the day cannot be more than the processing
time of the fragmented job. Constraints (40)-(42) ensure that each day cannot be loaded more than
it is capacity. Constraints (40) control the capacity for the first day of planning horizon, while
constraints (41) control the last day of the planning horizon. Constraints (42) control the capacity
for remaining days of the planning horizon. Constraints (43) and (44) are domain constraints for

decision variables
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Figure 7 A feasible solution example for 6 items and 3 days problem

hours day time 1 day time 2 day time 3
8 Item 3 )
7 Item 6 = Overtime
6 Item 2
-t - - = = = L ——
5 Iltem 4
4 Item 5
3 ~ Normal shift time
ltem 1 Iltem 3
2
Item 4
1 JE—

As seen in the example shared in Figure 7, since the total processing times of the jobs
assigned to the 1st day exceed the capacity of that day, including overtime, the amount of work
time that exceeds the capacity is transferred to the 2nd day. While determining the remaining
capacity need for the 2nd day, the amount of work transferred from the 1st day is also considered.
If the remaining capacity of normal shift time capacity is not enough for the scheduled day

requirement, overtime is considered as additional capacity.
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6. COMPUTATIONAL EXPERIMENTS

6.1 Data Sets and Experimental Settings

This chapter presents the results of computational experiments to assess the performance of
the decomposition-based heuristics, the MIP formulation of the bin packing problem considered,
and the MIP formulation of single machine scheduling with over time. Mathematical models were
implemented using Gurobi Optimizer version 9.5.0.0rc5. A PC with a 16 GB RAM and Apple M1
processor was used to carry out all the experiments. The decomposition heuristic algorithms were

implemented in Python. We imposed a run time limit of 250 seconds for MIP models.

The performance of heuristic methods heavily depends on the problem instances and the
specific problem settings. Therefore, it is crucial to evaluate the effectiveness of these methods on
different problem instances with various characteristics. To do so, we conducted a study using 45
problem sets with different number of jobs and scheduling periods, each consisting of five
randomly generated instances. Specifically, we considered problem instances with 8, 12, and 18
jobs for 2, 4, and 8-day scheduling periods. For each instances size, different number of
fragmentable items are used. The test instances are summarized in Table 3 and number of

fragmentable items for each instance are shown in column “FI”.

Table 4 Structure of instances

Jobs\Days 2 4 8 Fl
8 5 sets 5 sets 5 sets 7
12 5 sets 5 sets 5 sets 9
18 5 sets 5 sets 5 sets 14
FI: number of fragmentable items total 45
instances

In our study, we generated random processing times for each job, and uniformly distributed
the job due dates throughout the planning horizon. The fragmentable items are also randomly

determined. We assumed negligible sequence-dependent setup times to be able to compare results
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of MIP models. We used the decomposition-based heuristics and the proposed mathematical model
to solve each problem set. We compared their performances in terms of the solution quality and

computational efficiency.

The results of our study provide insights regarding the strengths and limitations of the four
approaches and shed light on the potential trade-offs between solution quality and computational
cost. By analyzing the experimental data, we can identify the factors that contribute to the success

of each approach and provide recommendations for future research.

6.2 Results

As mentioned above, each problem set (number of jobs and number periods considered)
consists of five examples. The results of each problem set are presented in the tables given below.
Evaluating the results in two dimensions is essential to understand the performance of each solution
approach. The first dimension is the length of the planning horizon, i.e., the number of days to be

scheduled. The second dimension is the number of jobs to be scheduled.

The results for instances are presented in tables below. The "R™ column in the tables
indicates whether a solution was found within the specified time limit for MIP models. The "Obj"
column presents the objective function value found for each solution approach, while the "St"
column shows the solution time (in seconds) for each problem. The "OG" column presents the
deviation of heuristic solution values from the optimal solution value. The solution times given for
the heuristics are the sum of the solution times of each solved iteration. For the instances that give
infeasible results before all iterations are completed, the total time until to that iteration is given as

solution time.

The results obtained for 8 jobs - 2 days are shown in Table 5 For all instances, the single
machine scheduling with overtime MIP (SMSOT) approach has found the optimal solution in an
average of 1.676 seconds. Similarly, the optimal solutions were also obtained by decomposition-
based heuristic 1 (DBH 1) in an average of 1.811 seconds, decomposition-based heuristic 2 (DBH
2) in 0.040 seconds, and the bin packing problem with item fragmentation MIP (BPPIT) in 0.0001
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seconds. While DBH 2 and BPPIT solved the problem much faster than SMSOT, DBH 1 was able
to solve the problem at a similar speed with SMSOT.

Table 5 Results for 8 jobs - 2 days instances

J8 SMSOT MIP DBH 1 DBH 2 BPPIF MIP

T2 | R Obj St Obj St OG | Obj St 0G R Obj St
1 |0S 300 1977 | 300 1906 0% | 300 0.027 0% | OS 300 0.000
2 | 0S 300 2011 | 300 2286 0% |300 0.046 0% | OS 300 0.000
3 |0S 0 0.005 0 0.055 0% 0 0003 0% | OS 0 0.000
4 | 0OS 300 2434 | 300 2714 0% |300 0.072 0% | OS 300 0.001
5 |0S 300 1904 | 300 2.096 0% |300 0.050 0% | OS 300 0.000
SMSOT: single machine scheduling with overtime, DBH: decomposition-based heuristic,

BPPIF: bin packing problem with item fragmentation, OS: optimal solution found, R: remark

Obj: objective, St: solution time, OG: optimality gap

When the number of jobs is increased to 12 jobs with the same planning horizon, SMSOT
could not find the optimal solution within the solution time limit. DBH 1 found solution in an
average of 250.078 seconds, while the DBH 2 solution approach found the solution in an average
of 0.780 seconds. On the other hand, BPPIT has reached the optimal solution for all instances in

an average of 0.001 seconds as shown in Table 6.

Table 6 Results for 12 jobs - 2 days instances

112 SMSOT MIP DBH 1 DBH 2 BPPIF MIP
T2 [R  Obj St Obj St OG | Obj St OG | R__Obj st

1 |BS 300 250.019 |300 250.199 0% | 300 0.126 0% | OS 300 0.001
2 |BS 300 250.017 | 300 250.075 0% | 300 1.010 0% | OS 300 0.001
3 |BS 300 250.016 | 300 250.092 0% | 300 00917 0% | OS 300 0.001
4 |BS 300 250.017 | 300 250.013 0% | 300 1.069 0% | OS 300 0.001
5 |BS 300 250.028 | 300 250.011 0% | 300 0779 0% | OS 300 0.001

SMSOT: single machine scheduling with overtime, DBH: decomposition-based heuristic,
BPPIF: bin packing problem with item fragmentation, OS: optimal solution found, R: remark
Obj: objective, St: solution time, OG: optimality gap, BS: best solution found so far

When we increase to the number of jobs to 18, similarly to the previous case, SMSOT could
not reach the optimal solution within the time limit as shown in Table 7. However, DBH 1 found

the solutions in average of 239.220 seconds when we consider only first three instances. For
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remaining two instances, a solution couldn’t find in time limit. DBH 2 has found the optimal

solution in an average of 65 seconds, while BPPIT has reached the optimal solution in an average
of 0.001 seconds.

Table 7 Results for 18 jobs - 2 days instances

J18 SMSOT MIP DBH 1 DBH 2 BPPIF MIP
T2 [R Obj St Obj St OG | Obj St OG | R__Obj st

1 |BS 150 250.001 | 150 252.930 0% | 150 3246 0% | OS 150 0.001
2 |BS 300 250.008 | 300 207.976 0% | 300 252.904 0% | OS 300 0.001
3 |BS 150 250.004 | 150 256.755 0% | 150 8014 0% | OS 150 0.001
4 |BS 150  250.017 255480 NJ/A | 150 5386 0% | OS 150 0.001
5 | NS 250.006 252665 N/A | 300 56502 0% | OS 300 0.001

SMSOT: single machine scheduling with overtime, DBH: decomposition-based heuristic,
BPPIF: bin packing problem with item fragmentation, OS: optimal solution found, R: remark
Obj: objective, St: solution time, OG: optimality gap, BS: best solution found so far, NS: no solution in
limit time

The next set of problems consists of 4-day scheduling horizon. Table 8 presents the

solutions obtained for 8 jobs. Out of 5 instances considered, two of them are found as infeasible.

For the remaining jobs, SMSOT reached the optimal solution in 0.53 seconds, DBH 1 in 0.151
seconds, DBH 2 in 0.021 seconds, and BPPIT in 0.002 seconds.

Table 8 Results for 8 jobs - 4 days instances

J8 SMSOT MIP DBH 1 DBH 2 BPPIF MIP
T4 [ R Obj St Obj St 0OG | Obj St OG | R Obj St

1 | OS 600 0522 | 600 0220 0% | 600 0023 0% | OS 600 0.003
2 | INF 0.740 0229 N/A 0025 N/A | INF 0.001
3 | INF 0.295 0.008 N/A 0006 N/A | INF 0.001
4 | OS 300 0623 |300 0081 0% | 300 0016 0% | OS 300 0.001
5 | 0S 600  0.446 0057 N/A| 600 0023 0% | OS 600 0.002

SMSOT: single machine scheduling with overtime, DBH: decomposition-based heuristic,
BPPIF: bin packing problem with item fragmentation, OS: optimal solution found, R: remark
Obj: objective, St: solution time, OG: optimality gap, INF: infeasible

When 12 jobs are considered, SMSOT failed to find the optimal solution within the time

limit for all of the instances. However, as shown in Table 9, DBH 1(except instance 4), DBH 2,

and BPPIT found the optimal solution in an average time of 4.702, 0.097, and 0.010 seconds,
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respectively. One notable observation from the table is that DBH 1 had a deviation of 33% from

the optimal solution for instance 4, although it took much less time compared to SMSOT. Despite

the lower computation time, it achieved a higher value for the objective function.

Table 9 Results for 12 jobs - 4 days instances

12 SMSOT MIP DBH 1 DBH 2 BPPIF MIP

T4 [ R Ob St Obj St OG | Obj St OG | R__Obj st
1 | BS 600 250007 | 600 3.897 0% | 600 0095 0% | OS 600 0.001
2 | BS 600 250.006 | 600 4132 0% | 600 0140 0% | OS 600 0.002
3 | BS 600 249.962 | 600 3.891 0% | 600 0087 0% | OS 600 0.003
4 | BS 450 250.004 | 600  9.410 33% | 450 0068 0% | OS 450  0.002
5 | BS 450 250.010 | 450 6888 0% | 450 0.099 0% | OS 450  0.002

SMSOT: single machine scheduling with overtime, DBH: decomposition-based heuristic,
BPPIF: bin packing problem with item fragmentation, OS: optimal solution found, R: remark

Obj: objective, St: solution time, OG: optimality gap, BS: best solution found so far

Finally, the results of instances with 18 jobs and 4-day planning horizon are presented in

Table 10. SMSOT failed to find any feasible solution within the time limit for any of the instances.

Except for instance 1, although the last iteration of the solution got stuck to the time limit DBH 1

found the solution the same as the optimum solution. On the other hand, DBH 2 found the optimal

solution in an average time of 0.886 seconds, while BPPIT found it in an average time of 0.001

seconds.

Table 10 Results for 18 jobs - 4 days instances

J18 SMSOT MIP DBH 1 DBH 2 BPPIF MIP

T4 [ R Ob St Obj St OG | Obj St OG | R Obj st
1 | NS 250.031 459.050 N/A | 600 0.803 0% | OS 600 0.001
2 | NS 250.006 | 450 487.119 0% | 450 0326 0% | OS 450 0.002
3 | NS 250.006 | 600 339.730 0% | 600  1.170 0% | OS 600 0.001
4 | NS 250.006 | 600 497.617 0% | 600  1.892 0% | OS 600 0.001
5 | NS 250.007 | 300 264.253 0% | 300 0238 0% | OS 300 0.002

SMSOT: single machine scheduling with overtime, DBH: decomposition-based heuristic,
BPPIF: bin packing problem with item fragmentation, OS: optimal solution found, R: remark
Obj: objective, St: solution time, OG: optimality gap, NS: no solution in limit time
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To evaluate the 8-day planning horizon, Table 11 presents the results obtained for 8 jobs.

As the data were randomly generated, only two out of the five instances turn out to be feasible.

SMSOT found the optimal solution in an average time of 1.043 seconds. For the same instances,

DBH 1 and DBH 2 found the solutions in an average time of 0.116 and 0.072 seconds, respectively.

However, both approaches yielded an objective function value that was twice the optimal solution

for the first instance. BPPIT, on the other hand, found optimal solutions in an average time of 0.009

seconds.

Table 11 Results for 8 jobs - 8 days instances

38 SMSOT MIP DBH 1 DBH 2 BPPIF MIP
T8 R__Obj St | Obj st OG | Obj st OG | R__Obj st

1 | OS 300 0756 | 600 0093 100% | 600 0.034 100% | OS 300 0.007
2 | 0s 750 1330 | 750 0139 0% | 750 0110 0% | OS 750  0.002
3 | INF 0.030 0054  N/A 0037 N/A | INF 0.001
4 | INF 0.029 0031 N/A 0019 N/A | INF 0.001
5 | INF 0.029 0034 N/A 0018 N/A | INF 0.001

SMSOT: single machine scheduling with overtime, DBH: decomposition-based heuristic,
BPPIF: bin packing problem with item fragmentation, OS: optimal solution found, R: remark
Obj: objective, St: solution time, OG: optimality gap, INF: infeasible

A similar trend can be observed for the instance size of 12 jobs as shown in Table 12. Only

two instances are shown to be feasible. SMSOT failed to find the optimal solution within the time

limit for the first instance. DBH 1 and DBH 2 provided feasible solutions within the time limit,

while DBH 2 found a solution with a deviation of 17% from the optimal solution for the first

instance. BPPIT found the optimal solution in an average time of 0.005 seconds.

Table 12 Results for 12 jobs - 8 days instances

112 SMSOT MIP DBH 1 DBH 2 BPPIF MIP
T8 [ R Ob St Obj st OG | Obj St OG | R _Ob st
1 | BS 900 250017 | 900 2.194 0% | 1050 0.096 17% | OS 900 0.004
2 | OS 1050 57.065 | 1050 0.793 0% | 1050 0.079 0% | OS 1050 0.005
3 | INF 67.191 0012 N/A 0.004 N/A | INF 0.007
4 | INF 0.046 0183 N/A 0.030 N/A | INF 0.001
5 | INF 0.043 0083 N/A 0026 N/A | INF 0.002

SMSOT: single machine scheduling with overtime, DBH: decomposition-based heuristic,
BPPIF: bin packing problem with item fragmentation, OS: optimal solution found, R: remark

33



Obj: objective, St: solution time, OG: optimality gap, BS: best solution found so far , INF: infeasible

The solution results for the instance size of 18 jobs are shown in Table 13. Instances 1 and
3 are infeasible. SMSOT failed to find a solution within the time limit for all feasible problems.
DBH 1 and DBH 2 found solutions for the feasible instances in an average time of 41.707 and
0.204 seconds, respectively. For similar instances, BPPIT found the optimal solution in an average

time of 0.013 seconds.

Table 13 Results for 18 jobs - 8 days instances

J18 SMSOT MIP DBH 1 DBH 2 BPPIF MIP
T8 | R Obj St Obj St OG | Obj St OG | R Obj st
1 | INF 250.010 42611 NIA 0229 N/A | INF 0.002
2 | NS 249.990 | 900 91584 0% | 900 0.344 0% | OS 900 0.005
3 | INF 250.007 0018 N/A 0.009 N/A | INF 0.003
4 | Ns 250.008 | 600 23.689 0% 0060 N/A | OS 600 0.023
5 | NS 249.967 | 900 9.849 0% | 900 0.207 0% | OS 900 0.011

SMSOT: single machine scheduling with overtime, DBH: decomposition-based heuristic,
BPPIF: bin packing problem with item fragmentation, OS: optimal solution found, R: remark
Obj: objective, St: solution time, OG: optimality gap, INF: infeasible, NS: no solution in limit time
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7. CONCLUSIONS

This study aimed to minimize overtime required to complete jobs within specified due dates
by addressing the Single Machine Scheduling Overtime problem. Problem was addressed as two
sub-problem based on their sequence-dependent setup time requirement condition. For the first
problem which considers sequence-dependent setup times, two decomposition-based heuristics
were developed as solution approaches. In both heuristics, jobs were grouped based on their
delivery deadlines and transformed into subproblems. Then, an iterative MIP-solving process was
applied to each subproblem. After each iteration, the first heuristic fixed the assignment date of
jobs, while the second heuristic fixed both the assignment date and the sequence of jobs. For the
second problem which the sequence-dependent setup times were negligible, a MIP model was

proposed to the problem as a bin packing problem with item fragmentation.

Our experiments revealed that the number of jobs scheduled per day had a significant
impact on the performance of the MIP-based heuristics. The bin packing problem with item
fragmentation model outperformed both MIP-based heuristics in terms of speed and optimality for
cases where the sequence-dependent setup times were negligible. All experiments were conducted
without considering sequence-dependent setup times. The proposed decomposition-based
heuristics and an approach of the bin packing problem with item fragmentation model for
scheduling proved to be effective solutions for the single machine scheduling with overtime
problem. The results of this study provide insights for researchers and practitioners in scheduling

problems with due dates and overtime constraints.

Future research endeavors could explore the application of existing methods to tackle
scheduling problems that involve multiple machines. Furthermore, the performance of the MIP
model for bin packing could be examined further to minimize the number of fragmented jobs.
Despite extensive research on the BPP, several open problems and challenging variants still exist,
including the BPP with uncertain item sizes, multiple criteria, time windows, and precedence
relations. Furthermore, developing efficient algorithms for handling large-scale instances of the

problem remains an active research area.
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