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ABSTRACT

Theoretical and Observational Tests of Scalarization
Ekrem Seyfi Demirboga
Master of Science in Physics
July 13, 2023

Scalarization is a phenomenon that occurs in certain modified gravity theories
where the scalar field spontaneously grows in the vicinity of compact objects.
This allows the theory to closely resemble general relativity in weakly gravitating
environments and deviate from it in systems where gravity is strong. At the
linear level, it manifests as a Tachyonic instability. This thesis will study this
phenomenon using theoretical and observational tools. The first part of the thesis
will be based on observations where we will introduce a technique that can test
scalarization using neutron star mass and radius measurements. More specifically,
we will show that the theory parameters of two scalarization models, the scalar-
Gauss-Bonnet Model (sGB) and the Damour and Esposito-Faréese (DEF) model, can
be constrained using neutron star mass-radius data. We will show that this method
successfully constrains the sGB model, but the same is not always true for the DEF
model. In the second part, we will examine theoretical tools to test ideas inspired
by scalarization. Namely, we will show that a straightforward generalization
of scalarization to vectors, named vectorization, suffers from not only tachyonic
instability but also ghost instability. This leads to the likely conclusion that such
generalizations are unphysical, which enables us to rule out most such theories by
purely theoretical means.
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OZETCE

Yiiksek Lisans Tez Baslig:
Ekrem Seyfi Demirboga
Fizik, Yiiksek Lisans
13 Temmuz 2023

Skalarizasyon, skaler alanin kompakt nesnelerin yakininda kendiliginden biiyiidiigii,
belirli degistirilmis yercekimi teorilerinde meydana gelen bir olgudur. Bu, teorinin
zayif yergekimi olan ortamlarda Genel Gorelilige cok benzemesine ve yercekiminin
giiclii oldugu sistemlerde ondan sapmasina izin verir. Dogrusal seviyede, taky-
onik kararsizlik olarak kendini gosterir. Bu tezde, bu fenomeni teorik ve gézlemsel
araclar 1s1¢1nda iki kisimda inceleyecegiz. Tezin ilk boliimii, nétron yildiz: kiitle ve
yaricap Ol¢iimlerini kullanarak skalarizasyonu test edebilen gozlemsel bir teknige
dayanacaktir. Ozellikle, iki skalarizasyon modelinin, skaler-Gauss-Bonnet Mod-
eli (sGB) ve Damour ve Esposito-Farese (DEF) modelinin teori parametrelerinin,
notron yildizi kiitle yarigapa verileri kullanilarak kisitlanabilecegini gosterecegiz.
Bu yontemin sGB modeline kisitlamalar getirmede basarili oldugunu, ancak
ayni durum DEF modeli igin her zaman gegerli olmadigini gosterecegiz. Ikinci
boliimde ise, skalerizasyondan ilham almis bazi fikirleri test etmek teorik araglar
gelistirip, inceleyecegiz. Diger bir degisle, skalarizasyonun vektorlere basit bir
genellestirilmesinin, vektdrizasyonun, sadece takiyonik kararsizliktan degil, aym
zamanda hayalet kararsizliktan da muzdarip oldugunu gosterecegiz.Dolayisiyla,
bu gibi genellemelerin fiziksel olmadig1 ve bu tiir teorilerin ¢ogunu sadece teorik

yollarla eleyebildigimiz sonucuna varabiliyoruz.
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Chapter 1

INTRODUCTION

Einstein’s General Theory of Relativity (GR) stands as one of the most elegant
and successful theories in physics. It has achieved remarkable success by provid-
ing explanations for previously unexplained observations and making astounding
predictions that have subsequently been confirmed. Among these successful ob-
servations and predictions are the existence of gravitational waves [1], and all the
solar system tests performed so far [2, 3]. Furthermore, GR has demonstrated con-
sistency with all direct gravitational wave observations conducted in collaboration
with LIGO, Virgo, and KAGRA [4, 5].

In view of various theoretical and observational factors, the pursuit of alter-
native theories of gravity remains valuable despite the achievements of GR. First,
and perhaps the most important example, is the fact that GR is incompatible with
Quantum Mechanics [6, 7]. Even though both of these theories are proven to
be very successful on their own, one faces some inconsistencies where the two
theories intersect. Therefore, one can think of the existence of a complete quantum
gravity theory where the classical limit would be a modified version of GR. This
is indeed the motivation behind some of the alternative gravity models [8, 9].
Second, GR fails to explain some phenomenon in cosmology without introducing
entities like dark matter or dark energy whose true origin is not well understood.
Finally, there is an argument that numerous experiments examine the fundamental
principles of GR, not the theory itself, which gives room to modify the theory.

However, due to Lovelock’s Theorem [10], we can not freely modify the field
equations if we want a physical theory free from instabilities. The theorem states

that if we want to modify GR, things we can do are the following:
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Adding additional fields (e.g., scalar-tensor, vector-tensor)

Adding more dimensions (e.g., Kaluza—Klein theory)

Adding more than second derivatives of the metric to the action (e.g., Gauss-

Bonnet theory)

Giving up locality (e.g., Non-local gravity)

Emergence (e.g., entropic force)

The first and third items above, namely scalar-tensor, vector-tensor, and Gauss-
Bonnet theories, will be the main focus of this thesis. The solar system is a perfect
laboratory for testing the weak field limit of such theories, and with the observation
of the gravitational waves, it is now possible to test them in the strong field limit
as well [4, 11]. Given the success of GR in the weak field limit, the most promising
theories are the ones that mimic GR in the weak field limit and largely deviate from
GR in the strong curvature regime. The mechanisms that ensure that are called
screening mechanisms, and the most famous example is the spontenous scalarization
or often referred to as scalarization introduced in Ref. [9] which will be the central
theme throughout the thesis.

Lately, there has been a notable increase in interest surrounding the exploration
of gravity’s characteristics in the regime of strong curvature due to the aforemen-
tioned reasons. Consequently, numerous alternative theories were proposed in the
literature [9, 12-14]. Therefore, it is essential to constrain these newly emerging
theories or perhaps rule them out either with purely theoretical considerations
or using observational data. The rest of the thesis is arranged as follows: In the
following Chapter, we will lay out the theoretical preliminaries and give an in-
troduction to the scalarization; in Chapter. 3, we will show that using neutron star
mass-radius measurements is effective in constraining some scalarization models
and providing bounds, yet this is not the case in general; that is, this methodology

might fail in specific models. Then, in Chapter. 4, we will study the theoretical



Chapter 1: Introduction 3

tests of scalarization and show that vectorization, a direct generalization of scalar-
ization, contains instabilities and, therefore, due to theoretical considerations only,
can not be a physical theory. Finally, in Chapter. 5 We will give a summary of the
thesis and discuss the possible extensions. Unless stated otherwise, we will use
the units where ¢ = G = 1 and adopt the metric signature (—,+, +, +) for the rest

of the thesis.
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Chapter 2

SCALARIZATION

In recent years, there has been a significant increase in observations to probe
the physics beyond GR and Standard Model, see, e.g., Refs. [13, 15, 16]. One of
the exciting possibilities is the existence of a new fundamental field, e.g., a scalar
tield. However, problems arise when one considers the success of GR in the weak
tield limit. In other words, even if such fields exist, they must behave such a way
that the theory should be identical to GR when gravity is weak. In the case of a
scalar field, such behavior is shown to exist in some alternative gravity theories [9].
The mechanism ensuring this is called scalarization and later generalized to other
tields [17, 18]. Scalarization, sometimes referred to as spontaneous scalarization, is
a phenomenon that occurs in certain modified gravity theories in which the scalar
tield grows in the vicinity of compact objects such as black holes or neutron stars.
Here we will give a brief introduction to the idea of scalarization and lay out the

theoretical preliminaries. For more details on the subject, see Ref. [11].

2.1 Theoretical background

Let us examine a simpler model to understand better the mechanism behind
the scalarization. Assume a real scalar field ¢ in a Minkowski spacetime whose

Lagrangian is given by

1
L=:0"dupdvp +V(g), 2.1)
which results in the following equation of motion for the scalar field
dvV(e)
O, = , 2.2
nP d (2.2)

where 77,y is the metric of the flat spacetime and 0O, = n#"d,,d, is the d’Alembertian

in Minkowski spacetime. A specific choice of V(¢) = %mz(p(p2 reduces to the Klein-
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Gordon equation with Fourier modes
(p(x,u) — eikﬂx” — ei[—a)t+k-x] ) (2.3)

where m, is the bare mass of the scalar field, w is the frequency and k is the wave

vector. Then, the corresponding dispersion relation is given by

w* =X +my,, (2.4)
which is nothing but relativistic energy-momentum relation. In the case of m(zp >0,

2
@

the small wave vector admit imaginary frequency and, as a result, exponentially

the modes (2.3) oscillate in time. Instead, in the case of m?, < 0, the modes with
grow or decay. This is called tachyonic instability. A more detailed analysis of the
types of instabilities will be discussed in section Sec. 4.1.

Now assume a potential given by
V() = smiet + oAy’ (25)
>y i :
Then, the scalar field obeys the following equation of motion
O, = m2 @+ 1¢°. (2.6)
n ¢

It is trivial that ¢p = 0 solves this equation. Therefore, we can linearize this equation

around ¢ = 0. Considering small perturbations d ¢, linearized equation satisfies
0,0 ~ méé‘(p, (2.7)

where again, by the same logic as in the Klein-Gordon case, m(Zp < 0 results in
tachyonic instability. This might seem like a pathology for the theory at first sight,
but this is not necessarily true. Because as the field ¢ grows, nonlinear terms A¢°
in the Eq. (2.6) becomes important, and the Eq. (2.7) will no longer be valid. In fact,
it will be this nonlinear term that will determine the endpoint of the stability. For
example, if we take A > 0, the potential (2.5) will take the well-known "Mexican
hat” shape as in Fig. 2.1. Then, Eq.(2.6) admits a second constant ¢ solution at the

local minimum of the potential. Therefore, tachyonic instability drives the system

from the local maximum where ¢ = 0 to the stable local minimum where ¢ = ¢.
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204

10

Figure 2.1: Mexican hat potential. The shape of the potential given in Eq. (2.5) for
A > 0.

This can also be seen as a phase transition of the system and, therefore, sometimes
called tachyon condensation [11].
This mechanism can also be generalized to a more general metric g,,. Then

the Eq. (2.7) simply becomes
Ogs0¢ ~ m2¢5(p, (2.8)

where O, = g#"V,V, and V, is the covariant derivative. In particular, let us take

a static, spherically symmetric background,
ds? = —e2*") 42 + 2P 4r? 4 12 dQ?, (2.9)

where dQ? = d6? + sin?  d¢>. Then, we can decompose the scalar perturbations
into spherical harmonics and the solutions can be written as a combination of the

modes

5 WZm(r)

wlm =
r

Yim (0, p)e . (2.10)
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Plugging this into Eq. (2.8) results in a Schrodinger like equation for y;,, ()

2
( = + Veff(r))WZm(r) = 0’ Yim(r), (2.11)

dx?

where we defined x = for eP(r)=a() qr and effective potential Ve is given by

e?@h) d(a - ) .\ 11+ DeZ“ o 2 g2
r

Veff(r) = ar 2 (pe . (2.12)

2
If my, < 0and, as a result, the last term is sufficiently negative, the operator —d—2 +
4 dx

Vet (r) may have negative eigenvalues, i.e., w? < 0, which implies the existence of

tachyonic instability. In other words, we can conclude that the condition

/ Veig(r)dx <0, (2.13)

is sufficient but not necessary for having a tachyon in our system.

In summary, the mechanism behind the scalarization relies on the fact that
governing equations of motions contain tachyonic instabilities, which, in turn,
depend on the metric of spacetime. Perturbation analysis of these equations to
the linear order is helpful in determining the onset of scalarization. However, the

endpoint of the instability is determined by the nonlinear terms in the potential.

2.2 Examples of scalarization

In the previous section, we considered a scalar field with a bare mass m,, and

2
@

mass. Typically, this is not something that one would expect; therefore, one might

studied the cases where m;, < 0, which amounts to having an imaginary bare
think that having instability, in this case, is no surprise. However, when we include
the gravity to the picture, i.e., when we add Einstein-Hilbert term coupled to the
scalar field, e.g., ¢*R to the Lagrangian in (2.1), the resulting equations for the
scalar field will contain terms like 2 R. In other words, non-minimal coupling
to gravity will act as an effective mass for the scalar field as meg = my + 2R.
Therefore, even if we take the bare mass of the scalar field zero, m, = 0, there
will be nonzero effective mass in the equations governing the dynamics of the

scalar field, which can, in principle, trigger scalarization. Here, we will provide
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two prominent examples of scalarization in gravity theories, namely, the Damour

and Esposito-Farése model [9] and Scalar-Gauss-Bonnet model [14, 19, 20]

2.2.1 Damour and Esposito-Farese model

The idea of spontaneous scalarization was first introduced by Damour and Esposito-
Farese (DEF) where they consider the action [9]

1

— [ diev=g|R =26 V,u0Vup| + Sm|vmi A@)gi | @19)

where Sy, is the matter action and ¥, represents any matter field. Here, the scalar
tield is minimally coupled to gravity, and the matter field is coupled to some
conformally scaled metric &, = A(@)guv. This formulation in Action (2.14) is in
the so-called Einstein frame, and the metric with the tilde, §,,, is said to be Jordan
Frame metric. If we were to write the Action (2.14) in the Jordan frame, we would
obtain a non-minimal coupling to gravity and a minimal coupling to matter fields.
Writing the equations of motion for the scalar field from the Action (2.14) gives
d(InA)
dey

where T is the trace of the stress-energy tensor in Einstein frame, T#" = 2 —

Ogp =—4m T, (2.15)

(&)V2(68m/6 guv)- Now let us rewrite the equation for the scalar field in a differ-

ent form as

d(In A)
d¢g?

Oy = —8mA* Te. (2.16)

where we used the trace of the stress-energy tensor in Jordan frame 7. Similar to

our logic in Sec. 2.1, we linearize this equation to get,

d(In A) "

4 — 2

Ogp ~ =87 [ﬂ dg? ](pZOTcp = miy . (2.17)
where we defined a spacetime-dependent effective mass term, mgff, which can

take negative values as well. If that is the case, small perturbations around ¢ =0
can trigger tachyonic instability, i.e., exponentially growing modes. This instability,
however, can be quenched due to nonlinear terms becoming dominant, and the

resulting configuration can be stable, i.e., a scalarized solution.
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Let us examine a neutron star in this theory as an example. We model the
matter as perfect fluid, hence T =— p + 3p. For non-relativistic matter, we have
p > p, therefore, T ~ —p < 0 for a neutron star. If our choice of the coupling
function can be expanded as

(/)2
Alp) =1+p—+..., (2.18)

where 8 < 0, together with the fact 7' < 0, then the effective mass can be negative

2
eff

nonlinear terms can quench this instability later on, i.e., the star is scalarized.

inside the star, m‘, < 0 and Eq. (2.17) will have a tachyonic instability and

Another possibility for having a tachyonic instability is to have § > 0 and
T > 0, which is possible in some neutron stars near the core of the star for some
equation of state [21-26]. In this case, most of the neutron stars are not expected to
scalarize. However, there might be some massive stars in which scalarization can
occur.

It may seem that this argument holds for any matter distribution; however,
noting that outside the star T = 0, therefore, meg = 0; as well as other factors due
to spherical symmetry shows that, only stars with a sufficiently negative effective
mass can scalarize [27].

Throughout this thesis, we will consider two choices for the coupling function,

which will have a Taylor expansion of the from (2.18)

A(p) =ef v°/2 Quadradtic DEF (2.19)

1/(3,5))

A(p) = (cosh V3B Linear DEF (2.20)

where the naming is due to the behavior of the coupling function in the limit
@ — o0,ie, In[A(p — )] ~ ¢? for quadratic DEF and In[A(¢ — )] ~ ¢ in
the linear DEF model. The quadratic DEF is the most commonly used model in the
literature, and it is the one that was originally used in Damour and Esposito-Farese
[9], The linear DEF model is introduced in Mendes and Ortiz [22] with the main
motivation of resolving the stability issues arising in some cases as well as some

other motivations coming from quantum field theory and renormalization [28].
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2.2.2  Scalar-Gauss-Bonnet model

Another model that exhibits scalarizaton is scalar-Gauss-Bonnet Gravity (sGB)
with Action [14, 19, 20, 29]
1

§=—— [ d'x [R — 28"V oV +

ﬁGB

0

— (9%, (2.21)
where

© = RMPR 0 — ARM'R,, + R?, (2.22)
is the Gauss-Bonnet invariant, Sgg is the dimensionless parameter of the theory.
We also introduced a length scale R to make fScp dimensionless, typically chosen

to be one solar mass in geometric units’ [20]. The field equation for the scalar field

from the Action (2.21) yields

d
= e T g (2.23)
After defining an effective mass as m = —fBcp¥ d*f (¢)/d? and linearizing we
end up with
Op =~ m%.p, (2.24)

which has same form as the Eq. (2.8) and Eq. (2.17) and therefore some class of
coupling function f (¢) allow for scalarization. Here we will focus on a specific
choice following [20] and follow the notation of [29]

—U(p —
Beef (@) = ,BGB S ! sGB model (2.25)

where we named this specific choice scalar-Gauss-Bonnet (sGB) model following
[29]. Note that the asymptotic behavior is similar to the quadratic DEF model.
Additionally, similar to the DEF model, the onset of the scalarization is controlled
by the parameter fcg, however, the end state configuration of the scalar field and
the spacetime is determined by the nonlinear terms, which are controlled by o.
We will discuss this further in Chapter 3. Also, it is important to note that in the
scalar-Gauss-Bonnet (sGB) model, not only the neutron stars but Blackholes as

well can scalarize, which was not the case in DEF [19, 20, 30].

Lthis corresponds to having Ry = 1.47664km
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2.3 Beyond scalarization

The scalarization mechanism is not limited to scalar fields. The first possible
extension is to generalize the idea to vector fields [17]. However, it is also possible
to generalize the idea to any tensor fields, p-forms, and even spinors [18, 31, 32].
Here will only consider the vector field case, namely, vectorization. Start with the
following action [17]

S= 127[ d'|R — F*Fyy - 2m3 22| + S|y ARG |, (226)

where Fy, = V,X, -V, X, is the Faraday tensor, x = \/‘m, A(%) is the
conformal factor similar to DEF and sGB, and A, is the vector field. We also
considered a bare mass my of the vector field for the sake of completeness which
is not necessary for tachyonic instability. It makes it hard for the equation to be

tachyonic, as we will see. The field equation from the Action (2.26)

dlnﬂ

Vo F =|myi, — 8nA(x)* T|Xx*, (2.27)

=Meff
where the term inside the bracket acts as an effective mass, mg. Therefore when
the condition meg < 0 is satisfied, the vector field will grow exponentially due to
tachyonic instability around X# = 0, just as in the scalarization case, which we
will say vectorization.
One can also write a vector-tensor theory with a Gauss-Bonnet term [11]

1 4 uv
S=x— [ dk [R FMFa + (%], (2.28)

where we can have vectorized black holes. Even though the mechanism seems
quite similar to what we have for scalarization, there are some uncertainties
regarding the final state of the vectorized solutions due to vectors having 3 degrees
of freedom, whereas scalars only have one. Additionally, the neutron star and
black hole solutions are qualitatively different in scalar-tensor and vector-tensor
theories [11]. Later on Sec. 4, we will see that, there are, in fact, major differences

between vectorization and scalarization [33, 34].
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Chapter 3

OBSERVATIONAL TESTS OF SCALARIZATION

The observations of compact objects such as black holes and neutron stars shed
light on the astrophysics of such systems as well as our understanding of gravity
[15, 16, 35]. One of the most powerful tools for these observations is gravitational
waves; however, electromagnetic wave observations such as x-ray observations
of neutron stars are also improved in recent years [36-38]. One example is the
simultaneous measurement of a neutron star’s mass and radius [39].

Mass-radius data is proved to be helpful in determining the Equation of State
(EOS) of the nuclear matter in neutron stars [39]. The main idea is that changing the
EOS changes the neutron star structure and, therefore, the mass-radius diagram
predicted by such a model. Then, one can use this data to put constraints on the
model’s parameters if the deviations are large enough.

Here we will investigate the gravity models that deviate from GR in terms of
neutron star structure. In these theories, the TOV equations that determine the
structures of stellar objects get modified as well and may result in significant devia-
tions from GR. As we showed in Chapter. 2.1, one of the most compelling examples
for such theories are the ones that exhibit scalarization. In this scenario, compact
objects, like neutron stars, obtain a scalar cloud around them, drastically changing
their structure. We will discuss the idea of using mass-radius measurements to
constrain these theories and how feasible the idea is.

We will follow the discussions in [29, 40]. The rest of the chapter is organized as
follows: In Sec 3.1 we derive the modified TOV equations for the models presented
before; in Sec 3.2, we explain how we obtained the theoretically predicted neutron
star solutions, the stability of these solutions, and how we assigned likelihood to
these models to constrain them using mass-radius data; In Sec 3.3 we present our

tindings.
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3.1 Equations of Motions: TOV framework

We have already introduced the DEF and sGB model Lagrangian in (2.14) and
(2.21) respectively and investigated the scalar field’s equation of motion. Now, for
the sake of completeness, let’s present the modified field equations here as well.

Starting with the DEF model, we have the following equations of motion
1
R,y =8m(Tyy — EgWT) +2V,0V, 9, (3.1)
Ogp =—4na(p)T, (3.2)

where we introduced

d(1
a(p) = (;f) : (3.3)

We are interested in neutron star solutions; therefore, we make use of the following

static, spherically symmetric metric ansatz:

ds? = "0 dP? + — 12 A (3.4)
1 - &9
r

We model the neutron star as perfect fluid, hence,
T = (p+pata”+pg"”, (3.5)
where # is the four-velocity, p is the pressure and p is the energy density in the

Jordan frame. which, in the end, is reduced to the following set of coupled ODEs

, 1
W (r) = anr* A (@) p + 5r(r = 2)y7,
2

V() =y o srat()p+ K|
¢'(r)=vy,

¥ () (r —20) = 41rA* (9) [a(9) (5~ 39) +ry(p - B)] — 2y (1 - fr),
B(r) = ~(p+5) (V[2+a(p)y), (36)

where ()" denotes the derivative with respect to the radial coordinate. Very simi-

larly for the sGB model, we have the field equations

1
Ry - ERg/W + Ty =2V, 0 — 84y VoV + 87Ty, (3.7)

df (¢)
de

D¢ = —Pcs g, (3.8)
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where I, is defined by
1
+4R,, VY, — 4, RV, W + 4R",,, VOV, (3.9)
with
df (¢)
¥, =1V 3.10
dg m (3.10)

Finally, one reaches the following modified TOV equations under the assumptions

that the matter is perfect fluid and the system respects spherical symmetry and

staticity
2 2 A1) 4
S(1+2(1=-3e Y)Y )A + e7=b —(1-e*MV. —¢” =8rpe*?
r r r2 r2
2 2 A _q
Z1+2(1 -3y, - %—QD” = 8 pe*
r r r
” ’ 1 ’ ’ 46_2[\ I A7 1z "2
O+ + (D - N)+ [3D'A - @ - ()] P,
r
4 —2A
OV (¢ = 8npe*t
_20%d
= f(g;p) {(1 —2A) [(I)” + @ ((I)/ _ A/)] + Ze—ZAq)IA/}
r
144 / / 2 /
7 +(CI)—A +—)(p =0, (3.11)
r
with again ()" denotes derivative w.r.t. the radial coordinate and
d d
y, = 2499 f(p)de (3.12)
de dr’

3.2 Methods

The methodology that is followed in this chapter closely follows the one in [29]
and can be summarized as follows: First, one must obtain every possible solution
to the TOV equations, presented in the previous chapter to obtain a mass-radius
curve (Sec. 3.2.1). Second, one must eliminate the unstable solutions and repeat
this procedure by changing the parameters (8 for DEF or (fgg, o) for sGB) of the

model (Sec. 3.2.2). Finally, one must assign a likelihood to every mass-radius curve
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obtained, hence, every modified gravity theory, and constrain them if possible

using Bayesian inference (Sec. 3.2.3).

3.2.1 Mass-Radius Curves

Obtaining the neutron star structure for a given model with parameters 8 or
(Bcs, 0) is the first step of the analysis. To do this, one must numerically compute
the modified TOV equation (3.6) and (3.11), which can be done by treating the
problem as a boundary value problem and implementing a relaxation scheme [29,
40, 41]. Once an EOS is chosen, the set of TOV equations becomes a complete
set and can be solved to give a neutron star solution. Then one can continuously
change the boundary condition at the center of the star, namely the energy density
at the core of the star, to find a set of neutron stars with different masses and radii.
This set of neutron stars forms a continuous curve in the Mass-Radius plane. A
straightforward example of such a curve in GR with different EOS can be seen in
Fig. 3.1.

It is also essential the note that this process contains some uncertainties. The
first of these uncertainties comes from our lack of understanding of nuclear matter
inside the neutron stars, i.e., our limited understanding of the exact form of EOS.
As can also be seen from Fig. 3.1, EOS also affects the Mass-Radius curves. In fact,
the dataset we use was initially used to constrain the EOS. Therefore, we repeat
our analysis for five different piecewise-polytropic EOS ranging from the softest
(2B) to the stiffest (2H), which is sufficient for observing the effect of EOS in our
analysis. We also marginalize over these EOS to minimize the effect of the EOS
and see the effect of scalarization only.

Second, our simplifying assumptions while numerically solving the TOV equa-
tions, namely the spherically symmetric spacetime (3.4), increase the uncertainty
in our calculations. This assumption is not valid in general due to the fact that

neutron stars have spin. This is especially problematic if neutron stars rotate fast'.

lto best of our knowledge, the spin of some of the neutron stars presented here is known, but

for the rest, there isn’t a known value
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Figure 3.1: Mass-Radius curves in GR with different EOS used in this study.
Dashed lines represent the hydrodynamically unstable solutions, while solid lines

are stable. See 3.2.2 for more details on hydrodynamical stability.

Usually, in scalarization scenarios, the effect of rotation is negligible, though there
are some extreme cases as well [42].

Finally, the mass-radius measurements of neutron stars used in the analysis
are obtained under the assumption that GR is the theory of gravity. In GR, the

definition of the mass of the star is more straightforward since outside the star; the
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metric is simply in Schwarzschild form with a single mass parameter. The situation
is different in the case of scalarization, where the mass parameter of the metric
becomes a function of radial distance r since the scalar field configuration around
the star also contributes to the total mass and has a nonzero value outside the star
as well. Therefore, in this study, we use Arnovit-Deser-Misner (ADM) mass as
our mass parameter, which roughly measures the deviations of the metric from
the flat metric. It has been shown in [40] that the choice of the mass parameters
quantitatively changes the results, though the overall behavior does not change.
All these uncertainties mentioned above mean that, even if we find a higher
than GR likelihood for a specific gravity model, we won't be able to make a precise
conclusion. But this does not mean that a Bayesian analysis using mass-radius
data is in vain, as it is possible to make a conclusion in the opposite direction
and constrain certain gravity models. One example is the DEF model in Ref. [40]
and extensions of the DEF model together with the sGB model in Ref. [29], which
will be outlined here. The Bayesian analysis allows us to constrain certain gravity
models because these theories deviate considerably from GR; therefore, some parts

of the parameter space can be ruled out based on our mass-radius data.

3.2.2  Stability of Solutions

There is a balance in neutron stars between the gravitational pull inward and the
pressure outwards due to the nuclear matter inside them. A neutron star is said to
be stable if this balance is not broken when perturbed from its initial configuration.
These are the astrophysically relevant neutron stars; therefore, we included only
these stars in our analysis. There are two different criteria for a solution to the
TOV equation to be stable. One is the hydrodynamic instability condition given as

dM
dp.

> 0. (3.13)

where M is the mass of the star and g, is the central density of the star in the
Jordan frame. In other words, if the condition (3.13) is not satisfied, we say the

solution is hydrodynamically unstable.
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An intuitive understanding of this condition is as follows: Assume the con-
dition does not hold. That means that increasing central density, i.e., a more
dense star, yields a star with less mass, therefore, less total energy. We expect a
less energetic configuration to be preferred. But in this case, the less energetic
configuration is also more dense, hence, has a smaller radius. Therefore, a smaller
radius is always preferred, i.e., inward-directed perturbations are energetically
favored, or simply put, the star collapses.

It is important to note that the condition (3.13) does not work both ways. In
other words, while not satisfying the condition is enough to deduce hydrody-
namical instability, fulfilling it is insufficient to conclude that the neutron star
is hydrodynamically stable. One specific example is the DEF model for § > 0.
Suppose one performs a quasinormal mode analysis of a scalarized neutron star
that satisfies the condition (3.13) in this model. In that case, one can show that
under small perturbations, modes grow exponentially. Hence, it is evident that
these solutions are not astrophysically relevant [25]. Nevertheless, for the sake of
completeness, we also provide an analysis for this model in Sec. 3.3.1.

There is also another type of instability that we should emphasize, which is
scalarization. As we already explained in Sec. 2.1, the underlying mechanism
for scalarization is due to tachyonic instability. That is, the scalar field can ex-
ponentially grow due to this instability; nevertheless, it can be quenched by the
nonlinear effects later on. However, not every instability necessarily ends up in
a stable configuration. For example, there are some cases where a neutron star
solution in GR has tachyonic instability, i.e., wants to scalarize, but there is no
corresponding scalarized solution with the same mass. So, what will happen if
we start with such as star and try to evolve it? One possible answer is that the
star may move to a less massive scalarized solution by losing some of its mass
via radiation, either scalar or gravitational. Or another possibility is that the star
collapses into a black hole. The ultimate answer requires a nonlinear evolution of
the problem, though there aren’t many studies on this matter in the literature [43].

It is possible to linearize the equations (3.1) and perform spherical mode analy-

sis to investigate any star. This approach results in a schrdodingerlike equation [20]
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and one can determine whether a solution has a tachyonic instability or not (see
Sec. 2.1). Though, it is easier to determine via the neutron star mass since the
scalarization depends on the mass of the star. For example, for the quadratic DEF
model, the tachyonic instability exists only after some minimal mass value corre-
sponding to a minimum central density. Though this does not necessarily mean
that all the star above this mass also has tachyonic instability. This is because the
trace of the stress-energy tensor can start to become less negative as the pressure
becomes more important, T=- p +3p. In other words, only a range of GR stars
between some maximum and minimum mass can attain tachyonic instability, and
the rest might be stable. However, the situation might be such that 7 might never
be small enough depending on the EOS and f, where all GR solutions above some
mass value are scalarized. The situation is very similar for linear DEF as well.
The situation is a bit different for the § > 0 since we now require 7 > 0
for tachyonic instability. This typically happens for massive stars, and 7' grows
monotonically after that point. Therefore, there is no upper limit to the tachyonic
instability. In other words, once we determine the least massive star which has a
tachyonic instability, all the stars above will also have tachyonic instability. The &
has a very similar role in the sGB model, and therefore, we can conclude that once
we find a scalarized solution in the sGB model, all solutions with a higher mass
also scalarize. However, we should restate that the ultimate answer lies in the
nonlinear evolutions of these systems, and all the perturbative analysis performed

so far approved our discussion [11, 20, 25].

M-R curves in DEF model

The mass-radius curves obtained for both the linear and the quadratic DEF models
can be found in Fig. 3.2, where they have been plotted together for comparison.
The first thing to notice from this figure is the amount of deviation from GR in
each model. For each value of 5, we see that the quadratic DEF always deviates
more than the linear one. Therefore, without doing any analysis, we can predict

that it will be hard to constrain the linear DEF model compared to the quadratic
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Figure 3.2: Mass-radius curves for Linear DEF model (green) and Quadratic DEF
model (red), for § = 92 (top) and f = —8 (bottom). The right ones are mass vs.
central density, and the left ones are mass vs. radius plots. A = HB EOS used for
each cases. Solid lines refer to astrophysically relevant stable solutions, whereas

dashed lines are unstable ones.

since the former closely resembles GR.

Also, we need to have meg defined in Eq. (2.17) to be negative enough to have
scalarization. Therefore, the value of || should be great enough to ensure that.
Furthermore, we expect the mass-radius curves to change continuously as we
change the f; hence, it is expected that the smaller the value of f, the closer the
theory to GR. And similarly, the greater the value of f, the greater the deviations
from GR, as has been confirmed in the previous works [11].

It is also important to note that the maximum possible neutron star mass
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computed is always less than the one in GR for the § > 0, e.g., see Fig. 3.2 upper
left panel. This is due to the fact that every star that is more massive than the
most massive scalarized star has tachyonic instability. Therefore, any star after

that point is astrophysically irrelevant.

M-R curves in sGB model

Mass-radius curves for different values of the parameters fgg and o are given in
Fig. 3.3. As can be verified from the curves in the figure, the effect of the parameter
Pcg in sGB, very similar to § in DEEF, is to determine the onset of the scalarization,
i.e., if there is tachyonic instability or not. Whereas the effect of ¢ is to determine
the end state of this instability, in other words, to determine the final structure
of the neutron star. Therefore, all the curves with the same value of gg branch
from the GR curve at the same point but depending on the value of o, they take
different shapes.

Looking at the Eq. (2.23), we can conclude, similar to the DEF, that there are
scalarized solutions only above a particular value of Sgg. Hence, the scalarization
starts earlier for higher values, and for the lower values, it starts very late and
approaches GR by not scalarizing at all. For the o, however, the effect is similar
to the effect of adding mass to the scalar field in the DEF model [27], that is, to
suppress the scalarization as o grows. In summary, as it is apparent in Fig. 3.3, the
trend of the parameters is such that the theory approaches GR as fgg — oo and
g — 00,

One last important aspect of the mass-radius curves in the sGB model is the fact
that for every value of fgg, there are some values of o below some critical value
0 = Ouit(Bcp) such that all the scalarized solutions do not satisfy the condition

(3.13). In other words, we have
0 < 04it(fgs) = no scalarized stable solutions (3.14)

These curves branch out from GR with a negative slope in the second plot in
Fig. 3.3 and will not be considered in our analysis as they are not astrophysical

solutions.
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Figure 3.3: Mass-radius (top) and mass-central density (bottom) curves for the
sGB model for various values for the parameters figg and o. Similar to Fig. 3.2,
the dashed lines represent the hydrodynamically unstable solutions, whereas the

solid lines represent the stable ones. 2B EOS is used for all curves.
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3.2.3 Bayesian Analysis

In this section, we briefly lay out the details of the analysis that is performed
in this study, which closely follows the ones in [29, 39, 40]. After obtaining the
mass-radius curves by numerically computing TOV equations as described in
Sec. 3.2.1 and eliminating the unstable solutions as described in Sec. 3.2.2 for
different sets of dimensionless parameters {7} for each model, namely (8, 1) for
DEF and (Bgg, 0, A1) for sGB where 1 stands for EOS, we assign likelihood to each

curve by making use of the Bayes” Theorem given as
P({r}|data) = NP (data|{7})Ppi({7}), (3.15)

where N is just a normalization constant. The dataset used in this study is slightly
larger than the one in Ref. [40]. In particular, we have the mass-radius measure-
ments of 12 neutron stars from Ref. [39], two from Ref. [44], and lastly, two new
measurements from the Refs. [45-48]°. But these measurements are not precise,
i.e., each of these measurements gives a likelihood distribution, P;(M, R), where i
is the index for each star. Therefore, to calculate the second term in Eq. (3.15), we

can write it as the product of each likelihood distribution as

N=16
P(data|{n}) = ]_[ P;(M,R|{r}). (3.16)
=1

Typically, there is a unique neutron star for a given total mass M°. Hence, we can
think of each mass-radius curve as a one-to-one function of mass for a given set of

parameters {7}, R = R(M;{n}). Then we can turn each term in Eq. (3.16) to an

>The new stars, namely J0030+0451 [45, 46] and PSR J0740+6620 [47, 48] were studied by two
research groups. Therefore, we gave half weight to each reported mass-radius measurement. There
are also other measurements reported by other groups [49-52]. However, due to the absence of a
likelihood distribution of stellar mass and radius, we could not include these stars in our analysis
3There are cases where there are two stars for a given mass with different radii. However, it
is always the case that one of these solutions is hydrodynamically unstable, therefore, does not

contribute to our analysis.
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integral over M as

Mpax
Pi(M,R|{x}) = Ny / Pi(M, R(MAx}) x Pra(M)dM.  (317)

Mipin
In other words, the above integral over the mass-radius curve gives the likelihood
of the data, indexed i, for a given set of parameters. Then, one can multiply these
to obtain the overall likelihood of the whole data set, which later can be used in
Eq. (3.15) to calculate the likelihood of the given set of parameters {7}). Of course,
to achieve this, one must define a prior for the parameters, Pp,i({7}), which brings

us to the next section.
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Figure 3.4: Mass-radius curves for Linear DEF (red) and sGB (green) models on top
of the probability distribution of an NS K51731-260 as a contour plot in greyscale.
Dashed lines represent the unstable stars which do not play a role in our analysis,

and the solid ones are the stable ones.
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Priors

We will be using two different priors for the Bayesian analysis. The first one,
which we will refer to as simple flat prior, is the flat distribution over a finite range
for all parameters: for the quadratic DEF € [-100,160]; for the linear DEF
B € [-202,212]; for the sGB model Bgp € [36,900], o € [50,700]. This is the
most trivial choice for this kind of analysis as there is no preferred range apart
from the fact that they are expected to be the order of unity since they all are
dimensionless quantities. However, for the sGB model, there are some subtleties
that we must point out. First, it has been known that the theory has some well-
posedness problems for the high values of fgg, which are purely theoretical
[63-55]. Therefore, an upper bound for this parameter is highly motivated, and
Pce = 0is already identical to GR. For the o, however, it is quite the opposite, i.e.,
in the limit 0 — oo, the model gives identical results. This implies that there is an
infinitely large region in the parameter space for o, which is identical to GR but
with a more complex theory. We want to eliminate this region; hence, we put a
cutoff at 700, which is a reasonable choice since we expect these parameters to be
the order of unity, as mentioned earlier.

The second prior we consider in this study is again a flat distribution, but
this time we make some restrictions based on other observations, namely, the
observation of a neutron star whose mass is around 2.35 + 0.17M . Therefore, this
measurement rules out any model that does not meet the requirement of having a
maximum neutron star mass of at least this value. Though, there are some other
factors, such as high spin, that can increase the maximum possible mass in a given
model. Hence, we picked a value of at least 2M, for the maximum neutron star
mass, and restricted our attention to those models that meet this requirement, i.e.,
we excluded every model which does not have a massive enough star that has
2M . We call this prior restricted prior.

Restricted prior already rules out the 2B and B EOS for GR, but the high mass
a neutron star can attain increases in the scalarization scenario. Therefore, we

included these EOS in our analysis as well; however, in the end, as we will see, it
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turns out the picture stays the same, and these EOS are ruled out nevertheless.

We should also mention that there are some bounds to these parameters coming
from binary observations [56] as well as some cosmological considerations [57].
Though, these constraints are not valid once a mass term is introduced in the
Action. Therefore, even the large values such as || = 200 and Sgp = 900 are of our
interest. In addition, we know that the theory continuously changes with the mass
parameter m, and becomes identical to GR when m, = 0. Hence, even though
we analyzed the massless scalar theory, our results also give information about
the m, # 0 case where the mass is small.

In short, both priors use the flat distribution over the same range; however,
while the analysis with the simple flat prior solely relies on mass-radius measure-
ments from x-ray data, the restricted prior also uses other observations. Apart
from the fact that the restricted prior rules out 2 of the EOS we use, two priors we

use give qualitatively similar results, as we shall see in the next section.

3.3 Results

In this section, we will present the results of the Bayesian analysis of the previous
part. The relevant results are taken from Ref. [40] for the quadratic DEF with § < 0
and from Ref. [29] for the rest.

3.3.1 Linear DEF model

After applying the Bayesian analysis to the DEF model, one ends up with the pos-
terior distribution of the model calculated from Eq. (3.15) with the dimensionless

parameter § and EOS A. Then we can define a conditional posterior probability as
Pl,..() = NP(B, Adata), (3.18)

We then define the marginal probability by marginalizing over A as

Prag(B) = ) P(B, Aldata) = )" P, (B). (3.19)
A A
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Figure 3.5: Conditional probability distribution, P?O _4(B), and marginalized prob-
ability distribution P, () of the parameter § in the linear DEF model. 2B EOS
is not present since it does give either vanishing or negligible contribution to the

posterior.

The Eq. (3.18) is useful to see how the posterior distribution changes with each
EQS, i.e., how much our results depend on our understanding of nuclear physics.
It basically tells us the probability of the parameter  once an EOS is chosen.
Therefore, one can as well compare the EOS by looking at the relative probabilities.
On the other hand, Eq. (3.19) gives the posterior distribution non-withstanding to
the EOS. Both the distributions in Eq (3.18) and in Eq (3.19) for both of the priors
mentioned in Sec. 3.2.3 are given in Fig. 3.5.

To begin with, we can infer some information from Fig. 3.5. For instance, for
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both flat prior, we see that the negative values of f are generally preferred over
the positive ones. This trend is more clear for the 2B and B EOS and becomes
less prominent for the HB EOS. Furthermore, we see that if we assume H EOS,
there exists an inclination towards positive values. Nonetheless, the marginal-
ized probability distribution averaged over all EOS does not provide sufficient
information to conclude something useful as it is not very different from the prior.
The situation is very similar for restricted prior, where the only difference is that
positive values are entirely ruled out for B EOS, and we see no contributions from
2B EOS.

The main feature of Fig. 3.5 is that there is no decay as || — oo for both priors,
contrary to the case in the quadratic DEF model. Therefore, there might still be
a nonzero probability for arbitrarily large values of |§|. This is due to the fact
that the deviation from GR in mass-radius curves approaches some value as we
move further in the parameter space. Furthermore, deviations itself is not much
compared to the quadratic case. Hence, these two main aspects of the mass-radius
curves in this model prevent us from having a decaying posterior distribution,
and therefore, we are unable to constrain the model. This is the first result of this
study.

It is also important to point out that the usual understanding of scalarization
as the large deviations from GR in the strong field regime is not necessarily true.
This has been confirmed, as we showed in this section. Just changing the coupling
function of the theory, i.e., changing from quadratic DEF to linear DEF, gives a

theory that deviates much less from GR.

3.3.2 sGB model

Our analysis of the scalar-Gauss-Bonnet model is very similar to the one for the
DEF model presented in the previous section. The only difference is the fact that
we now have two dimensionless parameters, (fSgg, 0), along with the parameter
for EOS, A. Therefore, we make similar definitions for prior distributions, which

are 2-dimensional distributions over the (fSgg, o) plane.
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Figure 3.6: Conditional probability distribution over 2-dimensional parameter
space (fBcg, 0), P?O _4(Bca, 0) for H, HB and B EOS, and marginalized posterior
distribution, Pp..(fce, o) (lower right), for the sGB model. Other EOS have
either a vanishing posterior or their contribution is negligible. White spots are the
points where our numerical scheme failed near the region where the scalarized

branches switch to unstable ones, i.e., around 0it(BaB)-

P} (Bcs,0) = P(Bcs, 0, A|data)

Pmarg(ﬁGB, 0') = Z P(IBGB/ 0,/1|data) , (320)
A
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where P?O _4(Bcp, 0) is the conditional prior distribution and Pp..(fBcs, 0) is the
marginalized prior distribiition which is averaged over all EOS. Furthermore, we
define 1-dimensional probability distributions for each parameter by marginaliz-
ing over the other to be able to see how the distribiitions of individual parameters

change

Peond(Bcp) = / P! (Bgs, 0)do,
0

Pmarg(ﬁGB) = A Pmarg(ﬁGB/ U) do ’
(3.21)

Plans(@) = [ Phy(hon, o) dfcn
0

Pmarg(o-) = / Pmarg(ﬁGB/ 0') dﬁGB .
0

The posterior distributions in Eq. (3.20) can be seen in Fig. 3.6 for H, HB, and B
together with the marginalized distribution. There were some expected trends,
as explained in Sec. 3.2.1, that can be verified in these plots. For instance, we
expect the theory to converge to GR in the sense that the solutions one obtains
are identical to those in GR. As a result, we see that the likelihood is the same
around the region fcg — 0, which is the likelihood of GR. Another trend we can
see is the existence of a curve, gt (Bgp), where all the scalarized solution starts to
become unstable under it; hence, all the theories below this curve is strictly less
probable as they are simply a subset of their GR counterparts (see Fig.3.4). This
region also has a small likelihood due to the reason that the curves barely overlap
with the data. Also, note that the gaps in these plots around this region are due to
the computational failures around this region.

Another aspect of Fig.3.6 is the differences in the distributions for each EOS,
namely the qualitative difference between H, HB EOS, and B EOS. We did not
include the 2H and 2B EOS as their contribution was negligible due to barely
overlapping with the data. 2B EOS already had a very small likelihood in GR for
predicting less maximum theoretical neutron star mass. In sGB, this amount is
even less in every case (see Fig. 3.3). Furthermore, 2H EOS had little to no overlap

with some of the data in the Linear model as well (see Fig. 3.5). The same holds
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true here; hence, zero likelihood for 2H EOS is calculated.

In Fig. 3.6, H and HB EOS clearly favor higher Sgg and o values; however, the
overall trend is dominated by B EOS, which does not share the same features as
others. This is an important result one must keep in mind while obtaining the
constraints that will be presented next.

To understand how one can constrain the model using the Bayesian Anal-
ysis (see Sec. 3.2.3), we can focus on Fig.3.7 where we plotted the conditional
distributions for each parameter. In these plots, marginalized posterior distribu-
tions, Prarg(8GB) and Ppare(0) decays in an exponential or faster than exponential
manner for the high fgp and low o values. This makes us able to constrain
these parameters. Hence, for the flat prior, we get the following bounds at 95%

confidence,

Bcp <491,
(3.22)

o >162.

Additionally, we examined the sensitivity of these limits to the EOS by considering
each EOS separately and repeating the analysis. The results for each EOS can be
found in Table. 3.1.

EOS 95% bounds

H || o>175| Pgs < 635
HB || o > 158 | fBcg < 318
B |o>176 | Bgp < 187
2B || o0 > 308 | Pgp <67

Table 3.1: bounds for the theory parameters for each EOS. The trend for o is not

apparent though for fgp softer EOS allows us to constrain easily.

These bounds are in accordance with our expectations; see Sec. 3.2.1. Remember
that the mass-radius curves diverge from GR as fgg — o0, and the theoretical

maximum mass for a neutron star gets smaller as o — 0 making the curves and
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Figure 3.7: Conditional probability distribution over each parameter P*cond(fSgp)

and P/lcond(O'), and their marginalized over each EOS counterparts, P (6cB)

and Py,¢(0) (red), using simple flat prior. 2H has a vanishing posterior, and 2B

EOS behaves qualitatively similarly, but the values are too low to show in the

figure. The decays fgg — o0 and o — 0 results in the bound given in Eq. (3.22)

the data overlap less. In light of these observations, it makes sense to have an

upper bound for fgp and a lower bound for o as in Eq. (3.22). However, there are

also grounds for exercising caution about these results.
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First, notice the dependence of qualitative behavior of fcp to EOS in Fig. 3.7 and
even more clearly in Table. 3.1. The likelihood decays exponentially as fgg — oo;
however, the extent of this trend is milder for stiffer EOS and less prominently
manifests itself in the case of H EOS. While the prevailing pattern is advantageous
for achieving a constraint, it is worth noting the qualitative distinction among EOS.
The bounds for o change based on the EOS, yet a discernible pattern is lacking.
Furthermore, three dominant EOS, namely H, HB, and B EOS, give a very similar
result.

Finally, we repeat the same analysis with the restricted prior defined in Sec. 3.2.1,
which can be seen in Fig.3.8. This yields the following constraints

B <427,
(3.23)

o >133.

at 95% confidence. These constraints are similar to the ones obtained before, given
in Eq. 3.22, but they are more strict. Also, we see that 2B and B EOS are completely
ruled out while the remaining ones decay faster or completely vanish after some
point.

We should also emphasize the fact that there are other choices for dimensionless
parameters in the literature. Namely, \/,B_GB is used in Doneva and Yazadjiev [20].
Our results are generic in the sense that they can provide bounds on any functions
of o and Sgg. However, the exact bound may be subject to change since the choice
of prior would be affected by our definition of the parameters. For example, in
the case of \/,E , flat prior in our analysis is equivalent to a weighted distribiition.
In this case, we would have a more stringent constraint, though other definitions
might affect it in other ways.

In general, we find the constraint on Sgp to be somewhat less definitive com-
pared to the constraint on f in the quadratic DEF model derived in Tuna et al. [40].
It is clear that there is an upper bound around some hundreds, though the exact
value is not precise. Hence, given the bounds obtained in Egs. (3.22) and (3.23),
it would be more appropriate to report a bound of fgg < 500. There are some

other constraints, potentially stronger than this one, coming from the hyperbolicity
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Figure 3.8: Same as Fig. 3.7 but for restricted prior. 2B and B EOS have zero
likelihood due to not satisfying the condition of allowing a maximum neutron star
mass of 2 M. 2H EOS was already giving no contribution; hence, only H and HB

EOS remain with a nonzero likelihood.

considerations. But the interpretation of these is still under discussion [53-55]. On
the other hand, the parameter ¢ already has a mechanism that does not allow it to
be high, as we discussed. Furthermore, there might be the order of unity errors in

our calculations due to the methodology, but we predict a soft bound of o > 100.
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3.3.3  Effect of the dataset
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Figure 3.9: Same as Fig. 3.8 but for a smaller dataset where two newly added stars
PSR J0030+0451 and PSR J0740+6620 are excluded. H EOS drastically differs since
there is barely an exponential decay in this one, whereas in Fig. 3.8, it is much

more evident.

The size of the dataset we used, namely the number of stars whose mass-radius
measured, also affects the overall results. We included two more stars to our data
set, which are PSR J0030+0451 [45, 46] and PSR J0740+6620 [47, 48] which were
absent in the previous study [40]. Here we demonstrate the effect of adding these

measurements by repeating our analysis without the newly added stars. The
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results for this analysis can be found in Table. 3.2 and Fig. 3.9. The bound we
obtain by marginalizing over all EOS with a 95% confidence becomes

Bas < 606,
(3.24)

o > 168.

EOS 95% bounds

H o >217 | Bgs < 859
HB || o > 180 | Bgs < 697
B o >162 | Bgp < 465

2B || o> 191 | Bge < 166

Table 3.2: Same as Table. 3.1 but for a smaller dataset where two newly added
stars PSR J0030+0451 and PSR J0740+6620 are excluded. Similar to the previous
one, there is no clear trend on 0. However, for g, all the bounds obtained are
weaker compared to Table. 3.1. The bound for H EOS is very close to the maximum
possible value we choose for our prior. Hence, it can be debatable the correctness

of these values.

There are two major differences between these two analyses that we should
point out. First, see the behavior of H EOS in Fig. 3.9 compared to the one in
Fig. 3.7. The latter clearly shows an exponential decay similar to the other EOS,
while the decay barely starts in our prior range for the former. In other words,
the bound given in Eq.(3.24) is influenced by the cutoff in the prior, which was
o = 700. This means that changing the maximum value of ¢ in our prior might
lead to different results. Therefore, the fact that there exists a bound for this EOS is
debatable if we use the smaller dataset. However, with the addition of two more
stars, we can clearly put bounds on the theory given in (3.22).

Second, the bounds obtained with the smaller dataset in Table. 3.2 are weaker
compared to ones obtained with the larger dataset given in Table. 3.1. Although

this is expected, the effect of a small decrease in the number of stars from 14 to
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16 is noteworthy. This indicates that as we gather more data, this methodology
can be successful in obtaining even more strict bounds on the theory. On the other
hand, the same procedure applied to the linear DEF model yields no difference;
that is, there are still no bounds obtained.

In summary, expanding observational efforts in the field of neutron star mass-

radius measurements is significantly important, as was shown in this section.



Chapter 4: Theoretical Tests of Scalarization 38

Chapter 4

THEORETICAL TESTS OF SCALARIZATION

The most simple generalization to the scalarization is to extend the idea to
vectors, namely vectorization [17, 18]. The main idea was to have a model where
the vector field exhibits a linear tachyonic instability similar to scalarization. How-
ever, the existence of a third degree of freedom, with its dynamics being unclear,
raises concerns about the effectiveness of this design(see Refs. [33, 34, 58-63]). We
have already theoretically analyzed the growth of the scalar field by perform-
ing a perturbative analysis and showed the existence of tachyonic instabilities.
Similarly, in this chapter, we will take one step further and will investigate the
idea of vectorization in light of theoretical considerations. In particular, we will
introduce the types of instabilities one faces in field theories (Section 4.1). Later, we
will investigate a basic vectorization model analogous to the DEF model and see
that the theory suffers not only from tachyonic instabilities as one would expect
but from other pathologies as well (Section 4.3). Furthermore, by numerically
computing all vectorized solutions, we will show that all spherically symmetric

vectorized solutions suffer from these pathologies (Section 4.4).

4.1 Types of instabilities

We already defined what a tachyonic instability is in Sec. 2.1. Now, in this chapter,
to have a complete picture, we will categorize the instabilities into three groups:
tachyonic, gradient, and ghost. To this end, let us start from a basic 1+1 dimen-
sional massive scalar field model on a fixed static background with the metric g.

The Lagrangian is given by

1 1
S :/ dx dt\/—g[ - ngauq)awp - Emzfpz : 4.1)
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The equation of motion follows from this action is
m[7) :mch2 , (4.2)
or in an open form, one can write it as
g%+ gl p =m*p” . (4.3)

Note that for the sake of simplicity, we choose a static metric; hence, no cross
terms. The solution to this equation can be decomposed into Fourier modes,

@(t,x) = e 1F*=0t with the following dispersion relation

m2 + gxka
_gtt

(4.4)

2 > 0 which results in real w values.

Usually, we have g’ < 0, g™ > 0' and m
Therefore, Fourier modes oscillate in time with frequency w as expected. However,
if one gets imaginary values of w, one gets exponentially decaying and growing
modes, which is an instability.

First, let us consider the case where m? < 0. Then the modes that satisfy the

condition

(4.5)

are unstable. Hence it is an infrared instability. Note that there is an upper limit
to the growth rate as the fastest growing mode will behave like ~ eVm/g"t This
type of instability is called “tachyonic” instability. This is the type of instability
that is responsible for the scalarization (See Sec. 2.1).

Second, consider the case where g™ < 0. Similar to tachyonic instability, we

have modes with wave numbers satisfying

(4.6)

'Depending on the choice of metric signature, one gets the opposite. Here we adopt (—, +)

signature
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unstable, and smaller ones stable. But this time, there is no limit to the growth rate

. tt
as high wave number modes behave as ~ e V&™/8"k¢

. This type of instability is
called “gradient” instability.

Finally, consider the case where g > 0. This means that the metric signa-
ture became (+, +); hence there is no concept of time anymore. Therefore, time
evolution becomes meaningless, and even if you try to evolve by treating the ¢
coordinate as time, every mode will be exponentially growing. Therefore, similar
to gradient instability, there is no limit to the growth rate. This type of instability
is called “"ghost” instability.

In our basic model, when two instabilities are present simultaneously, they
can be considered as being equivalent to the third instability. This is due to the
fact that one multiplies the action by —1 and gets the same theory. Though this
is not necessarily the case, as we will see in the following discussions, e.g., in

scalarization, Eq. (2.14), the scalar field is coupled to other fields; hence overall

sign matters. Therefore, we will categorize each instability in our analysis.

4.2 Vectorization

We have already explained how one can generalize the idea of scalarization to vec-
torization in Sec. 2.3. Now, we will see in detail here how one can find vectorized
solutions starting from the Action 2.26. To start with, let us rewrite the equation

for the vector field given in Eq. (2.27) in the following form

V. F* =tmy XY, (4.7)
where we defined
87 dIn A -
5=1-— LA (4.8)
mV dx

And let us write down the modified Einstein Field Equations as well
1 1
Ry =87r(TW - ETg,w) +2FaF — SFopF gy +2my XX, (49)

where T is the trace of the energy-momentum tensor in the Jordan frame, which

for a perfect fluid 7' = —p + 3p where p is the rest frame energy density and p is
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the pressure of the fluid. For non-relativistic fluid, pressure is negligible. Hence,
T ~ —p < 0. Similar to the DEF model, Choosing a suitable A, e.g. A = v /2
with By < 0, meg can be negative and triggers tachyonic instability. For the case
of NSs, as we will see, this is precisely the situation; the order of unity values of
Pv can lead to vectorized NS solutions. If we assume spherically symmetric and

static metric

u(r)

r

1
ds® = —e"(r) dt* + ——— +r*dQ? (4.10)
1.2

and energy-momentum tensor for a perfect fluid in the Jordan frame
T = (p+ p)a*a* + pg"", (4.11)
where ## is the 4-velocity of the fluid. We can also write, without loss of generality,
X* = (X%r),0,0,0) = X°(r)9, . (4.12)

To see why this is true, consider Eq. (4.9). The spherical symmetry in the metric
implies the Ricci tensor is diagonal. Therefore from the last term, we can deduce
that there is only one nonzero component. Furthermore, we have R yp = sin? ORyg
which means 6 and ¢ components are zero. Finally, looking at the » component of
the Eq (4.7) and using the divergence formula for an anti-symmetric tensor, we
can see that

e o N

V=g (—4nA*pyT + m3,)

0, (4.13)

hence, the only nonzero term is X 0asin Eq. (4.12). Then, we define new variables
for convenience, namely, ® = -n#X, = —e"? and E = (of + ntn.)Fyyn’ =
e V/29.X,, where n = (—e"/ 2.0,0,0) is the normal vector to the constant time

hypersurfaces. In the end, in light of these assumptions and in terms of these
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Figure 4.1: Strength of vectorization measured by A(r = 0) — 1 vs Mass of the NSs.

Solutions found by numerically solving the system of ODEs given in Eqs. (4.14).

Dashed lines represent the solutions with monotonous behavior in either vector

tield, central density, or pressure, while the solid lines are the monotonous solu-

tions.

variables, the modified TOV equations take the following form:

4

7

V/

(D/
El

~/

p

7‘2

2

r—2u

Yo-E
2

r—2u

~(p+5) [V/[2-2ADD]

2
8mﬂ§p—(r—{hE2+m$®2+

1
4nﬂ§ﬁ—8mﬂ§Apﬁ+3ﬁmﬂ+§u—

2u

N P
—)E“+ -—m;D
r) ZmV

r3

{[=2+3p/r + W] E - [my —87Ax A(=p +3p)| r®}

(4.14)

Vectorized solutions are found by numerically solving the Egs. (4.14) for differ-
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ent values of my and By. The value A(r = 0) — 1 is determined as the strength of
vectorization for each solution and plotted against the mass of the NS in Fig.4.1 for
B < 0 and in Fig. 4.2. The first thing to notice in these plots is the fact that, unlike
scalarization, there is no pattern in the figures. For the scalarization, it is known
that the scalarized solutions continuously merge with the GR solutions as § — 0,

whereas here, we see no such trend.
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Figure 4.2: Same as Fig. 4.1 but for § > 0.

The vectorization mechanism indeed looks pretty similar to the scalarization.
However, a quick overview of Fig. 4.1 tells us an essential message, the scalariza-
tion and vectorization are not exactly the same, and one can suspect the stability
of these solutions. One other major difference between vectorization and scalariza-
tion is the degrees of freedom. Coupling the scalar field with the curvature brings
another additional degree of freedom to the theory. For vectorization, on the other

hand, the additional degrees of freedom become 3. As we will discuss in the next
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chapter, these additional degrees of freedom are indeed problematic since they do

not only contain tachyonic instabilities but ghosts as well.

4.3 Perturbative analysis

This section will follow the discussions on Refs. [33, 34]. First, we will investigate
the solutions with the GR background and perform a perturbative analysis. This
will reveal that all such solutions contain ghost instabilities. Then, we will investi-
gate the idea of eliminating these pathologies by performing a similar analysis for
the solutions with vectorized backgrounds. We will also see that these solutions

are not physical, i.e., ghosts.

4.3.1 Ghost and gradient instabilities in GR background
Let us start our discussion by taking the derivative of both sides in Eq. (4.7)
V,V F* =V ,(2m5,X") (4.15)
Since F*V is antisymmetric, we have V,V, F#" = 0. Therefore, we get
Vu(2X*) =0, (4.16)

which is called generalized Lorenz condition [33]. This can be recast into the

following form

do(vV=g2X°) = —9;(-g2X") (4.17)

where i runs over the space coordinates. This equation is a time evolution for X°
and contains divergent terms, as we will explain shortly. However, notice that X"
is not a dynamical degree of freedom since the action does not contain its time
derivative. The zeroth component of the field equation (4.7) is not an evolution
equation but an elliptic constrain equation [64]. Nonetheless, it is possible to
indirectly determine the time evolution of X from the dynamics of other related
variables, which can be derived from the constraint equation [17, 33].

We see that 2 = 1 when T = 0, e.g., outside the neutron star. But we also need

2 < 0 for vectorized solutions, meaning that 2 crosses zero at some point since it is
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continuous. However, since the derivative of the 2 might still be nonzero at that

point, y/=g2X° might not vanish as well. Therefore, in general, X° will diverge.
Let us first recast the vector field equation (4.7) into an explicitly hyperbolic

form to see that this instability is indeed related to a ghost instability. To achieve

this, let us rewrite the constrain equation (4.16) as
V. X! =-X!'V,In|2| (4.18)
Next, we modify Eq. (4.7) in the following manner
tmi X, =V ,F",
=v,V¥X, -V, ,V'X¥,
=oX, - V,V,A¥ - R, X°,
=0X, +V,(X#V,In|2]) - R, X",
(4.19)
where we used the Reimann tensor’s definition as a commutator of two covariant

derivatives in the third line and plugged in Eq. (4.18) in the fourth line. The

resulting equation is
oX, + (V,In|2))V, X = M, X* (4.20)
where we defined a mass-squared tensor
Map =2megap+Rap—VoVpin|2] . (4.21)

This equation can be seen as the generalized massive wave equation where the
principle part, in other words, the highest derivative term is 01X, 2. Notice the term
VoV In|2| in Eq. (4.21) which contains powers of 271, Hence, when 2 vanishes,
the effective mass-squared tensor diverges. Alternatively, when we move the 2
terms to the left-hand side, the principal part becomes 20X, i.e. the dynamics of

X*# is governed by an effective metric defined as

31 = sghv (4.22)

ZNote that 2 also contains X", therefore seems like it belongs to the principal part as well.

However, for the perturbative values of X", this dependence can be neglected to the leading order.
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We know that 2 vanishes at some point from our previous discussion. Hence, the
signature of the effective metric changes when £ changes sign. In other words, if
2% becomes positive, there is a ghost instability, and if & becomes negative, there
is a gradient instability (see Sec. 4.1). Though, the situation is a bit different for
the massless vectors, i.e., when my = 0, the Eq. (4.8) gets modified and may cross
zero since it is expected to be negative inside and zero outside the star. However,
a detailed analysis shows that the theory suffers from ghost instability even in that
case. See Appendix A.

An alternative way to see the ghost nature of the dynamics in this model is by
considering the following substitution to the action (2.26), which is known as the
Stueckelberg trick [65]

X, > Xy +my 'Vp . (4.23)

Then, the action (2.26) becomes

1
S=r— [ da'sv=g [R — Fy FF —2gh (mVXﬂ + v#w) (mVXV + va)]
+8S, [‘Pm; A(X,, vaw)gﬂv], (4.24)

and the conformal function takes the form

InA = zizg'“v(mVXu + V) (myX, +V,p). (4.25)
m
\%

We see that this action is gauge invariant under the following transformations
Xo = Xo+ VoA, v —>y-myl, (4.26)

hence, we can set ¢ = 0 by a suitable choice of A. In other words, The action (2.26)
is a gauge fixed version of the action (4.24). Now, if we vary the action with respect

to the scalar field ¥, we get the following equation of motion

4 -
= py 22 g
oy myV, X" + . vV, (aAﬂ T), (4.27)
where we defined
dln A dln A 1]
al = =m = my X+ VHy). 4.28)
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This equation can be recast into the following form by using the effective metric

definition we did in Eq. (4.22)
By = =" [my VX, + 1 (VuIn8) (Vo y + myX,)]. (4.29)

Similar to our previous discussion, the dynamics of this equation are indeed
problematic due to the behavior of 2, which determines the signature of the metric
&. Therefore, there is a ghost or gradient instability where the components of the
metric change sign. In particular, there is a ghost if §° > 0 and gradient instability
if 3% < 0.

These analyses clearly show the problematic behavior of vectorization. How-
ever, there might be a possible solution if one can effectively control the ghost
instability through nonlinear means, akin to how the tachyonic instability in scalar-
ization can be suppressed. In principle, if a nonlinear quenching mechanism is in
place, it can potentially suppress the ghost instability. However, as we shall see in
the following chapter, vectorized solutions contain ghost instabilities just as the

GR solutions contain, as we showed here.

4.3.2  Ghost and gradient instabilities in vectorized solutions

In this section, we will generalize the analysis we introduced on the GR solutions
in the previous section to the vectorized solutions. Therefore, in a similar manner,
we will start by looking at the Lorenz constraint, but this time for a fixed vectorized
background rather than a GR background. Consider the following perturbation of

the vector field around a vectorized solution
XH=XHtF+6XH, (4.30)

where overbar means the exact vectorized solution from now on. Then, the Lorenz

condition given in Eq. (4.16) takes the following form
V. (EL6XY) =0, (4.31)

where we defined

dz o
2d(X—a)(a)X’uXv . (432)
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We choose the conformal factor to be A = efVX"Xa/2 similar to our previous

discussion. Hence, we get the following
ms, =f, = —16ﬂﬁ‘2,TveCe2ﬁVXpXP XHX, + (m%, - 4ﬂ,6VTveCe2ﬁVXpXP) 5, , (4.33)

or writing out explicitly

471 By T ece® X %0 (1 4 4y XX,

2% =1 - (4.34)
My
. iy 4 T' 2,BVX'OXO
E.o=1- P Vecze (no sum), (4.35)
m
v

where Ty is the trace of the stress-energy tensor for the vectorized background,
and there is no summation over i. In other words, the Z/, is diagonal due to
the form of the vector field and the metric, which allows us the write down the

Eq. (4.31) in the following form

3
& (V-EZ0X°) == > 0 (V- ZhoX') . (4.36)

i=1

Notice the similarity between the Eq. (4.17). Therefore, in a similar fashion, we run
into problems of the same sort if we have a point where Z9 = 0. In other words,
there is no symmetry to ensure that the right-hand side will also vanish at the
same point. Therefore, we have divergent terms in Eq. 4.36. Of course, we don’t
know for sure yet that the condition that EOO crosses zero is generally satisfied,
which wasn’t the case for 2. However, let us first analyze the nature of instability,
and later on, we will see that this condition is indeed satisfied for all vectorized
solutions.

To see that this instability is related to a ghost instability, we perform the
Stueckelberg trick introduced in Eq. (4.23) following the Refs. [17, 33]. This time,
instead of varying the action and looking at the equations of motion, let us take
a short way and directly substitute Eq.(4.23) into Lorenz constrain (4.18). This
results in the following modified Lorenz condition

s 1 _
Y, [z (Xﬂ + m—vv,ﬂp)l =0. (4.37)
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Perturbing the vector field around the vectorized solution as in Eq. (4.30) yields

_ 1 —
vV, [E”V (5XV + —Vvé‘w)l =0, (4.38)
my
where
=MV =g"PEl = 28" +2 % gugv (4.39)
P d(X*X,)

The principle part of the Eq. (4.38), the highest derivative term is Z¥'V,V, .
Therefore, =*V acts as an effective inverse metric and determines the evolution of

Oy. In other words, similar to Eq. (4.22) if we define

SN IA%
g,U

11l
[1]

a (4.40)
the equations of motion take the following form
By = —my Ve 0X% + ATH E7P (my6X, + V. 0) (4.41)

where &7 and V are operators on §#" and AFZ 5= fg 5~ FZ 2 Therefore, analogous
to our argument in the previous section, a positive value of g% implies a ghost
instability and a negative value of g implies gradient instability (see Sec. 4.1).

0 00

Notice that the sign change in Z°) implies a sign change in =™ or equivalently in

8% since both the metric and =/, are both diagonal. Therefore, the divergence in
Eq. (4.31) occurs exactly when 6 becomes a ghost.

Finally, let us also show the ghost nature in the dynamics of the theory without
invoking the Stueckelberg trick. Remember how we manipulated the vector
tield equation in Eq.(4.19) and ended up with the generalized massive wave
equation given in Eq. (4.20). Now, following the same steps for a spherically

symmetric vectorized background, the subsequent term additionally plays a role

in the principle part of the equation

_ dz _
VoVplns = ¢

- X9V, V36X, +... 4.42
d(APX,) " O POt (42

NN

Hence, It is not trivial that the dynamics of 6 X# are governed by the effective

metric in Eq. (4.40). However, since we know that only the nonzero component
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of the vector X, is the 0 component, the principle part of the Eq. (4.20) for v =0

becomes
g”V8ﬂ8V5X0 . (4.43)

In other words, the dynamics of X is governed by the effective metric gV =
EHY Hence, it results in ghost instability when g% becomes positive and gradient
instability when g% becomes negative, which are the same conditions we found
for the scalar field .

Our analysis primarily concentrates on the direct extension of the DEF model
mentioned in Ref. [17] whose action is given in Eq. (2.26). However, any vectoriza-

tion model that features perturbation equations in the form of
V. FFY =Z2", XH, (4.44)

will be applicable to certain outcomes of our study, such as Refs. [66-68]. However,
it is important to acknowledge that the presence of nondiagonal terms, typically
encountered in situations deviating from spherical symmetry, adds complexity to
the analysis [69].

To sum up, our analysis has revealed that the presence of ghost or gradient
instabilities is contingent upon the behavior of =#*, which functions as an effective
metric for certain degrees of freedom of the action (2.26). A change in the sign of
=/, arises precisely under the same conditions as a change in the sign of Z*" since
the signature of gV is always (-1, 1,1, 1), as was previously mentioned. Therefore

in Section 4.4, we will numerically compute =/, profiles to determine the stability

of each vectorized solution.

4.3.3  Tachyonic instabilities in vectorized solutions

Initially, vectorization was introduced to imitate the spontaneous growth of scalar
tield utilizing tachyon-based mechanisms [17]. In this case, the nonlinear effects re-
strain the instabilities as the field grows [9]. Having a ghost or gradient instability

in a solution is enough to conclude that such a solution is not physical. However,
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it is still interesting to look at whether such unstable solutions also fail from tachy-
onic instability. In other words, we will investigate the nonlinear suppression of
tachyonic instability in vectorized solution to see whether the tachyonic instability
can be quenched or not.

To this end, following the Ref. [34], we will repeat a similar analysis to the
one in Sec. 2.1 for the scalar field. Though, this time, we have ghost and gradient
instabilities as well. This means that there exist divergent terms, and we cannot
approach the problem perturbatively. However, we will assume that meaningful
solutions exist and analyze the tachyonic modes. We start by decomposing the vec-
tor field perturbations around a vectorized background into spherical harmonics

as

4
1 tm (i)em
0Xa =~ > eul,nzy "0, ¢), (4.45)

=1 {m

wherecz = ¢4 =1/4/0(€+1),¢c1 =c; =1and

ZP = [1,0,0,01Ypm, (4.46)

ZP"™ =10,1,0,0]Y¢m, (4.47)

ZJ = —[0,0,3, 9p1Yom, (4.48)
Ve +1)

Z((f)gm - [0,0,csc 89y, —sin 09y Y ¢rm, (4.49)

Ve +1)

with Yy, is the scalar spherical harmonics (for details see. [33, 70]). Under parity
transformation, x — —x/, or in spherical coordinates 8 — 7 — 0 and ¢ — ¢ + 7,
the first three of the above harmonics take a factor of (—1)¢ while the fourth one
takes a factor of (—=1)*'. For this reason, the former is called the “even-parity”
mode, and the latter is called the “odd-parity” mode.

We focus on the odd-parity sector, which only has a single degree of freedom
Uy = ufg) where we take m = 0 due to the spherical symmetry of the background.
This mode is also called the “axial mode,” and it behaves similarly to the case

where the vector field vanishes due to X" not having any angular component.

Specifically, the action (2.26), up to quadratic terms in uy4, takes the following form
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after integrating over the angular part

v/ _ /)12 7
St:/dtdre “(1-2a/r) {e“_’(iu)z—(l—zTﬂ) (ug)z—(g(“l)ﬁm%z) u

4wl (€ +1) r2
(4.50)

The equation of motion is the following

i i 2w |- 2.\ ee+1
{—e‘”af+e—v/2w/1—7”ar (e”/zwll—T”ar)— (r: )—z‘m%,]u4:0. 4.51)

With the change of variable as u4(t,7) = e/“*u(r), it becomes

dZ
[‘P . veffm] u=otu, (452)
where we defined the following transformations
dr. _ o\ 12
drr — e V2 (1 y TM) (4.53)
s (€l+1) 5
Veit(r) = e 5 +zZmy | . (4.54)

In this setup, if there is a solution to the eigenfunction problem in Eq. (4.52)
satisfying w* < 0, then there exists a tachyonic instability.

It is important to note that the axial mode is defined for ¢ > 1. Also, increasing
¢ contributes to Vg in a positive manner making the mode less tachyonic. Hence,
it is enough to check only ¢ = 1 mode for the search for tachyon. If V¢ > 0
everywhere, there is no tachyon in the axial sector since @* > 0 in this case due to
the expectation value of the operator on the left-hand side is always positive.

All the analysis above is for the odd sector of the harmonics, and we cannot
say anything regarding the even sector, u1,3. In other words, we can show the
existence of the tachyon from Eq. (4.52), but a negative result for u4 does not
necessarily mean that there is no tachyon in u1,3. We will not delve into the
details of the even sector as we shall see in the next section; they are already

afflicted with ghost or gradient instabilities.

4.4 Results

Here we present the results of our numerical calculations from Ref. [34]. As

mentioned in the previous sections, we recomputed the vectorized solutions

|
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given in [17] and some more by expanding our parameter space. We used the
same numerical tools as in Chapter 3, checked the convergence, and performed
independent residual. For our purposes, we calculated the =/, (Eq. (4.34) and
Eq. (4.35))and V¢ (Eq. (4.54)) for each vectorized star using HB equation of state
defined in [71].

We separated the solutions into two categories: “monotonic” and “non-monotonic”
stars. The naming refers to the behavior of Ay and p profiles in stars. In particular,
if there is an increase in either Ay or p, we refer to them as “non-monotonic”
and vice versa. We should note that even though the non-monotonicity is a sign
of instability, we can’t conclude the ends state just by this feature. Hence, we
investigated all the vectorized solutions.

Let us start by summarizing the findings of the previous section

* There exist a ghost instability if EOO < 0 anywhere.
* There exist a gradient instability if Eii < 0 anywhere.

¢ There exist a tachyonic instability if the Eq. (4.52) has a negative eigenvalue,
w? < 0. Though, the opposite may not be true.

4.4.1 Vectorization with f < 0

As mentioned in Sec. 4.1, having all three instability simultaneously means stability.
However, since the vector field o-couples the other fields in action (2.26), this does
not apply to our case. Therefore, the above classification makes sense.

The general trend in vectorized stars was already mentioned in previous chap-
ters and can be seen in Fig 4.1. We found that all the vectorized stars, in this case,
contain both ghost and gradient instabilities. This is the first major result of this
chapter. The severity of the ghost and gradient instabilities in the stars, indicated
by the most negative values achieved by =/, can be observed in Fig. 4.4. Tt is
evident that the value of =, is significantly negative, which means that a small
change in the structure of the star cannot recover the ghost or gradient instabilities.

An example vectorized star with = v and Vg profiles can be seen in Fig. 4.3.
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Figure 4.3: The logarithmic plots of the EOO, E., Vett, ¥ = —-XoX? and p profiles
for a non-monotonic (left) and monotonic star for § < 0. Note that Eii is the same
for all i’s, Eq. (4.35). 38 and Z7 cut through zero, as can be seen as spikes in the

figure. Dashed lines are places where functions attain negative values.

On the other hand, for the tachyonic instability, we see that V¢ > 0 everywhere
in monotonic stars and Vg < 0 only for a small portion in some non-monotonic
stars. This means that u4 mode is not tachyonic in the majority of the stars, but
since we did not solve the eigenfunction problem in Eq. (4.52), we cannot conclude
whether some have tachyons or not. Indeed, it might be the case that the tachyonic
instability is suppressed by nonlinear terms for some, possibly all, solutions for u4.
But we should emphasize that irrespective of the outcome of the tachyon; there are
ghost and gradient instabilities in all vectorized solutions. This alone is sufficient

to classify the vectorized stars as unstable.

4.4.2  Vectorization with f > 0

Here we will repeat the same procedure of the previous section for § > 0. In earlier
sections, we have shown that we can have vectorized solutions for § > 0. Now
we will investigate the stability of such stars based on the criterion we introduced.

The general trend of such vectorized stars can be seen in Fig. 4.2 and sample
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Figure 4.4: Maximum values of the —=°

o and —=7_for f§ < 0, showing that negative

values are present in all cases.

monotonic and non-monotonic stars in Fig. 4.5. One can also observe the behavior
of =, in Fig. 4.6 in a similar fashion to Fig.4.4. As can be verified from the values
attained by =¥, the same problem persists in all cases. All the vectorized stars
have gradient instability. The majority of the solutions also have ghost instability
though this time, some of the monotonic stars have EOO > 0 everywhere, indicating
that they don’t possess ghost instability. For the tachyonic instability, there are
cases with both Vg > 0 and Vg < 0 for both monotonic and non-monotonic stars,
but we do not further analyze since the fact that Eii < 0 occurs in every solution is

sufficient for concluding that all vectorized stars are unstable.
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Figure 4.5: EOO, E", Veit, ¥ = /=X X" and p profiles for a non-monotonic (left)

and monotonic star, similar to 4.3 for § > 0

The instability is evident in all the solutions provided thus far, encompassing
a wide range of (f, o) values and ADM masses. This compellingly indicates
that all static, spherically symmetric vectorized solutions are inherently unstable.
Nevertheless, it is essential to acknowledge that we cannot definitively exclude
the possibility of exceptions, as the parameter space is extensive. In the future,
alternative numerical methods may be employed to explore additional regions of

the parameter space [72].
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sometimes. In other words, all solutions contain gradient instability, but some are

ghost-free.
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Chapter 5

DISCUSSION

We investigated the theoretical and observational ways of testing gravity theo-
ries with scalarization. We started by introducing the theory behind scalarization
in Chapter. 2. Then, we moved to the observational tests for scalarization in Chap-
ter 3 and explored the overall effectiveness of utilizing neutron star mass-radius
measurements as a means to test theories of gravity. This methodology was al-
ready proved to be useful in constraining the original Damour and Esposito-Farese
model, which we called quadratic DEF [40]. Here, we showed that this is not a
unique case, and the sGB model can also be constrained in a similar manner. How-
ever, our methodology was not successful in obtaining constraints for a modified
version of the quadratic DEF model, the linear DEF model. Although the modi-
fication one imposes onto the theory is quite simple, it creates major differences
between these two models.

First, the linear DEF model deviates considerably less from GR compared to
quadratic DEF. We can question the effectiveness of our methodology by looking
at this comparison only, but it is by all means not trivial. Despite being smaller, the
deviations are still significant in absolute terms, as shown in Fig. 3.2. Second, and
more importantly, while the amount of deviations increase in the limit || — oo
for the quadratic DEEF, it tends to approach a certain value for the linear DEF. In
other words, changing the theory parameter [ barely changes the neutron star
structure after some point in the linear DEF; hence, it is impossible to constrain
using mass-radius data. However, there is a possibility that with more accurate
data or improved methodology, constraints on the linear DEF model could be
achieved in the future.

We also showed the effect of the dataset size on our findings. In particular, we

demonstrated that even a slight increase in the number of measurements could
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drastically improve this methodology. These findings demonstrate that mass-
radius data holds promise as a valuable tool for testing alternative theories of
gravity. However, it is essential to acknowledge that there are clear limitations
associated with its applicability.

One powerful side of this approach is that it can also constrain theory with
a massive scalar field contrary to other observational bounds. For example, an
observation of a pulsar-white dwarf binary put a very stringent bound on the
theory with a massless scalar field [56]. Furthermore, there are cosmological
reasons why the scalar field needs to attain a mass field [57]. However, our
investigation of a massless scalar field is not in vain because we know that the
theory continuously joins with GR as m, — 0 [27]. This means that any bound
we obtained is also viable for massive cases, similar to Ref. [40].

In the second part of this thesis, in Chapter 4, we theoretically investigated
the generalization of the idea of scalarization to vector fields. In particular, we
analyzed the theory in Ref. [17] and performed a perturbative analysis. Drawing
an analogy with scalarization, it is anticipated that the vector field would undergo
a tachyonic instability, which subsequently gets suppressed nonlinearly, and that
this phenomenon is responsible for the emergence of vectorized configurations
observed in earlier studies. On the contrary, a detailed investigation reveals the
presence of ghosts and gradient instability [33] in these models. This outcome
convincingly demonstrates that the apparent similarity between this vectorization
model and the scalarization model of DEF is misleading. It becomes evident that
there is no occurrence of a physically analogous phase transition process akin to
scalarization. Potentially, one might expect nonlinear terms to effectively suppress
the ghost instability, similar to how the tachyonic instability is quenched in scalar-
ization [18]. However, in Chapter 4, by numerically computing the vectorized
NSs, we have shown that all the vectorized solutions carry ghost or gradient insta-
bilities. Therefore, there is no indication of any suppression or quenching of the
instabilities [34]. Nevertheless, it is essential to note that, even if there were such a
mechanism, the problem arises when one tries the evolve the system numerically.

This is because we cannot make sense of a physical time evolution once there
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is ghost instability. Our findings were obtained through the investigation of the
linearized vector field equations on a fixed vectorized neutron star background.
We have demonstrated that the presence of instabilities correlates with the sign
change in components of a tensor = .

The contrasting characteristics between the vectorized neutron star solutions
illustrated in Fig. 4.1 and their scalarization counterparts have already raised
concerns regarding the stability of the vectorized configurations. In the end, we
have verified these concerns and uncovered the instabilities. The analysis provided
in Chapter. 4 was specific to a single theory; however, any theory where the field
equations contain the term V,F#® as the principle part can be constrained in a
similar manner [33]. There are other generalizations of scalarization [18, 31, 32].
The development of tools for conducting stability analyses of solutions within
these theories represents a future area of interest.

It is important to emphasize that un-vectorized NS, i.e., By = 0, which corre-
sponds to GR, is also a solution in this theory. And these solutions have also been
shown to possess ghost and gradient instabilities. Therefore, the theory given in
action (2.26) is not well-posed.

In summary, this thesis explored alternative gravity models, focusing on scalar-
ization, and introduced observational and theoretical tests to study their validity.
These tests are important in our pursuit of understanding the true nature of gravity

and hopefully will shed light on future research.
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Appendix A

GHOST INSTABILITY IN MASSLESS VECTOR-TENSOR
THEORY

When we have a vector field without a mass, i.e., my = 0, the Eq. (4.8) becomes
5 = —4n AT = —4nBA*(3p - €) (A1)

where p is the pressure, and € is the energy density in the Jordan frame, as in
previous sections. Notice that 2 is zero outside the star and negative somewhere
inside; hence in principle, it may never cross zero. In this case, The surface of the
neutron star is where the first instance of the divergence in the field equations
occurs. To see this consider the following TOV equation relevant to our discussion

[73, 74]

_ ~ ~ ~ 3 -1
R X O S

Close to the surface, we have p < & and 47pr® < u [75, 76]. Hence, with the

approximation € = p, this equation can be written in the following form

dp

—=-pg A3
do_ P8 (A3)
where we introduced a new radial coordinate p and local gravitational acceleration
g as
do -1/2
= = (1-2u/r) (A4)
dr
g=C-2um (A5)
r

We can approximate the metric (4.10) to Schwarzchild near the surface, namely,
U=~ Mand v = In(1 -2M/R) with M as the mass and R as the radius of the
star [77]. Then, defining a local proper depth 7

r=(R-r)(1-2M/R)"/? (A.6)



Appendix A: Ghost instability in massless vector-tensor theory 70

which makes the Eq. (A .4) take the form

dp -

5\ = gsp/ (A7)
which is the equation describing a plane-parallel atmosphere that takes into ac-
count relativistic-corrected surface gravity g; = g(R) = (M/R)(1 -2M/ re) V2.
This equation can be solved exactly for the outermost layers giving p o 7°/% and

T < —4np 79/2_ This means that V, In|2| and the effective mass have divergent

behavior near the surface.
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