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ABSTRACT

ON CALCULATION OF BİLATERAL GENERATING FUNCTIONS OF SPECIAL FUNCTIONS

USING SL(2) REPRESENTATIONS

Atak, Öznur

Master, Department of Mathematics

Supervisor: Associate Prof. Cenap ÖZEL

FEBRUARY 2007, 81 pages

This thesis is using of theory of matrix representation of Lie groups and Lie algebras, partic-

ularly, representations of SL2 using differential operators on calculations of bilateral generating

functions of generalized Laguarre and some hypergeometric functions.

The thesis consists of the details of calculations of linear generating functions of special

functions, with along applications of the theory of Lie groups and algebras, their representations

to calculations of generating functions.

Keywords: Generalized Laguerre functions, Lie group, Lie algebra,Hypergeometric function,

Casimir element.
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ÖZ

SL(2) TEMSİLİNİN KULLANILMASIYLA ÖZEL FONKSİYONLARIN

İKİLİ DOĞURUCU FONKSİYONLARININ HESAPLANMASI

Atak, Öznur

Master Tezi, Matematik Bölümü

Tez Yöneticisi: Doçent Doktor Cenap ÖZEL

ŞUBAT 2007, 81 sayfa

Bu tez genelleştirilmiş Laguerre ve bazı hipergeometrik fonksiyonların çiftli üreteçlerinin

hesaplanmasında Lie grup ve Lie cebirlerinin matris temsillerinin özellikle SL2 ’nin diferansiyel

operatörlerle temsili kuramının kullanılması üzerinedir.

Tez, yukarıda belirtilen özel fonksiyonların doğrusal üreteç fonksiyonlarının hesaplanması

ile ilgili detaylar ile beraber Lie grup ve Lie cebirlerinin ve temsillerinin kuramı ve bunların

uygulamasını içermektedir.

Anahtar Kelimeler: Genelleştirilmiş Laguerre fonksiyonlar, Lie grup, Lie cebiri, Hiperge-

ometrik fonksiyon, Casimir eleman.
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Erol Yılmaz for their assistance.

It is also a pleasure to acknowledge a special dept of my gratitude to all the professors who

gave me help in my master studies.

Finally, I would like to thank to my family for their unvanishing support and encouragement.

v



To My Family



TABLE OF CONTENTS

ABSTRACT iii
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CHAPTER 1

INTRODUCTION.

In [18] Weisner has devised a method for obtaining bilateral generating functions for sets of

functions which satisfies certain conditions. Among the functions which do satisfy these con-

ditions are special functions such as Hermite, Bessel, generalized Laguerre, and Gegenbauer.

In this thesis we will study on only Laguerre and generalized Laguerre functions which are

solutions of Laguerre and generalized Laguerre differential equations respectively.

From the ordinary differential equation which is satisfied by the set of functions under

consideration a partial differential equation is constructed. The method is based on finding a

nontrivial continuous group of transformations under which this partial differential equation is

invariant. In this thesis we consider only the special linear group SL(2) with determinant 1.

Some comments about the structure of this thesis are in order. It is written for a reader

with a first course in matrix groups and some understanding of the structure of compact semi-

simple Lie groups and their representations, plus some mathematical maturity. Some good

general references are Rainville [14] and Srivistava & Monacha [16] for special functions and

their generating functions, Humpreys [9] for Lie algebras and representations, Baker [2] for

matrix groups.

The organization of this thesis is as follows.

In Chapter 2, we define some special functions like simple Laguerre, generalized Laguerre

and hypergeometric after then we obtain their generating functions using some manipulations

on series.

Chapter 3 is about the theory of Lie algebras and their representations on vector spaces.

Chapter 4 includes descriptions of manifolds, tangent space, Lie groups, one-parameter

groups, adjoint derivative and differentials.

Chapter 5 is using of theory of matrix representation of Lie groups and Lie algebras, partic-

ularly, representations of SL2 using differential operators on calculations of bilateral generating

functions of generalized Laguerre and some hypergeometric functions.
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CHAPTER 2

A BACKGROUND ON GENERATING FUNCTIONS

In this chapter, we define some special functions like simple Laguerre, generalized Laguerre and

hypergeometric after then we obtain their generating functions using some manipulations on

series.

Definition 2.1 (Linear Generating Functions) If a two-variable function F (x, t) possesses

a formal power series expansion in t such that

F (x, t) =
∞∑

n=0

Cnfn(x)tn

where Cn is a function of n that may contain the parameters of the set {fn(x)} but is independent

of x and t, then F (x, t) is called a generating function for the set {fn(x) : n ∈ N}.

Definition 2.2 (Bilinear Generating Functions) If a three-variable function F (x, y, t) pos-

sesses a formal power series expansion in t such that

F (x, y, t) =
∞∑

n=0

γnfn(x)fn(y)tn

where the sequence {γn} is independent of x, y and t, then F (x, y, t) is called a bilinear gener-

ating function for the set {fn(x) : n ∈ N}.

Definition 2.3 (Bilateral Generating Functions) Suppose that a three-variable function

H(x, y, t) possesses a formal power series expansion in t such that

H(x, y, t) =
∞∑

n=0

hnfn(x)gn(y)tn

where hn is independent of x, y and t, and the set of functions {fn(x) : n ∈ N} and {gn(x) :

n ∈ N} are different. Then H(x, y, t) is called a bilateral generating function for the set

{fn(x) : n ∈ N} or {gn(x) : n ∈ N}.

2



Definition 2.4 (Multivariable Generating Functions) If G(x1, . . . , xr; t) is a function of

r + 1 variables, possesses a formal expansion in powers of t such that

G(x1, . . . , xr; t) =
∞∑

n=0

Cngn(x1, . . . , xr)tn

where Cn is independent of the variables x1,. . . ,xr and t, then we will say that G(x1, . . . , xr; t)

is a multivariable generating function for the set {gn(x1, . . . , xr) : n ∈ N} corresponding to the

non-zero coefficients Cn.

Definition 2.5 (Multilinear and Multilateral Functions) A multi-variable generating func-

tion G(x1, . . . , xr; t) is said to be a multilinear generating function if

gn(x1, . . . , xr) = fα1(n)(x1), . . . , fαr(n)(xr)

where α1(n),. . . ,αr(n) are functions of n which are not necessarily equal. More generally, if

the functions fαi(n) , i = 1, 2, . . . , r are all different, in this case G(x1, . . . , xr; t) will be called a

multilateral generating function.

2.1 On Pochhammer symbol and Hypergeometric functions.

Definition 2.6 For any number a, Pochhammer symbol (a)n, is defined by

(a)n = a(a+ 1)(a+ 2) . . . (a+ n− 1), n ≥ 1

and (a)0 = 1 for a 6= 0.

The Pochhammer symbol is an extension of the ordinary factorial since (1)n = n!. By using

the definition of the gamma function, we have the following equality

(a)n =
Γ(a+ n)

Γ(a)
, n ∈ N

where a is a non-negative integer.

Lemma 2.7 (Duplication formula) For n ∈ N, we have

(a)2n = 22n(
a

2
)n(

a+ 1
2

)n.

3



Proof. By definition we have

(a)2n = a(a+ 1)(a+ 2) . . . (a+ 2n− 2)(a+ 2n− 1)

= [a(a+ 2) . . . (a+ 2n− 2)][(a+ 1)(a+ 3) . . . (a+ 2n− 1)]

= 2n[(
a

2
)(
a

2
+ 1)(

a

2
+ 2) . . . (

a

2
+ n− 1)]

2n[(
a+ 1

2
)(
a+ 1

2
+ 1)(

a+ 1
2

+ 2) . . . (
a+ 1

2
+ n− 1)]

= 22n(
a

2
)n(

a+ 1
2

)n.

�

Lemma 2.8 The Pochhammer symbol (a)n satisfies the identity

(a)n−k =
(a)n

(−1)k(1− a− n)k
.

Proof. By definition we have

(a)n−k =
[a(a+ 1)...(a+ n− k − 1)][(a+ n− k)...(a+ n− 1)]

(a+ n− k)...(a+ n− 1)
, k ≤ n

=
(a)n

[−(k − a− n)][−(k − a− n− 1)]...[−(2− a− n)][−(1− a− n)]

=
(a)n

(−1)k[(1− a− n)(1− a− n+ 1)...(1− a− n+ k + 1)]

= 22n(
a

2
)n(

a+ 1
2

)n.

�

Lemma 2.9 Let c be a reel or complex number, and let n and k be positive integers. Then we

have
(c)n+k

(c)n
= (c+ n)k.
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Proof. By a simple calculation we have

(c)n+k

(c)n
=
c(c+ 1)...(c+ n− 1)(c+ n)(c+ n+ 1)...(c+ n+ k − 1)

c(c+ 1)...(c+ n− 1)

= (c+ n)[(c+ n) + 1]...[(c+ n) + k − 1]

= (c+ n)k.

�

Definition 2.10 Suppose that α1, . . . , αr and γ1, . . . , γs are reel or complex constants. Then

the function

F (α1, . . . , αr; γ1, . . . , γs;x) =
∞∑

n=0

(α1)n · . . . · (αr)n

(γ1)n · . . . · (γs)n

xn

n!

is called hypergeometric function and it is denoted by symbol F = rFs where the r and s refer

to the number of parameters in numerator and denominator, respectively.

2.2 Manipulations on series.

One of the most effective methods for obtaining generating function is series manipulation. In

this section by using this method we will obtain generating functions for some special functions.

First we will give some useful lemmas involving power series.

Lemma 2.11 Let m be arbitrary positive integer. Then

∞∑
n=0

∞∑
k=0

A(k, n) =
∞∑

n=0

bn/mc∑
k=0

A(k, n−mk)

where the symbol bn/mc denotes the greatest integer less than or equal to n/m.

Proof. Let consider the following double series

∞∑
n=0

∞∑
k=0

A(k, n)tn+mk.

In the last double series let us define k = j, n+mk = N . Then we have n = N −mj. Since

k ≥ 0 and n ≥ 0, we can take j ≥ 0. Therefore we have N −mj ≥ 0 ⇒ N ≥ mj ≥ 0 ⇒ N ≥ 0

and

N −mj ≥ 0 ⇒ N ≥ mj ≥ 0 ⇒ 0 5 j 5 N/m.

5



Since 0 ≤ j ≥ N/m and j is an integer, the new summation index j can run from 0 to the

greatest integer in N/m. Thus we obtain

∞∑
n=0

∞∑
k=0

A(k, n)tn+mk =
∞∑

N=0

bN/mc∑
j=0

A(j,N −mj)tN .

In this equation, if we put t = 1 and replace the indices j and N on the right by the indices

K and n, respectively, then we arrive at the desired result. �

Now we can give the following results as the applications of the last lemma just taking

m = 1 and m = 2 respectively.

Corollary 2.12 For n ∈ N we have

∞∑
n=0

∞∑
k=0

A(k, n) =
∞∑

n=0

n∑
k=0

A(k, n− k).

Corollary 2.13
∞∑

n=0

∞∑
k=0

A(k, n) =
∞∑

n=0

bn/2c∑
k=0

A(k, n− 2k).

Lemma 2.14
∞∑

n=0

∞∑
k=0

B(k, n+mk) =
∞∑

n=0

bn/mc∑
k=0

B(k, n).

Proof. In the last corollary let us take k = j, n = N −mk. Then n = N −mj and we have

0 ≤ k < ∞ and 0 ≤ n < ∞ from Corollary 2.13. If we replace new indices 0 ≤ j < ∞ and

0 ≤ N −mj <∞, we get mj ≤ N and 0 ≤ j ≤ N/m. Thus we obtain

∞∑
n=0

∞∑
k=0

B(k, n+mk) =
∞∑

n=0

bn/mc∑
j=0

B(j,N −mj +mj) =
∞∑

n=0

bn/mc∑
j=0

B(j, n) =
∞∑

n=0

bn/mc∑
k=0

B(k, n).

If we are interchanging the indices j and N on the right by the dummy indices k and n,

respectively then we arrive the desired result in the following

∞∑
n=0

∞∑
k=0

B(k, n+mk) =
∞∑

n=0

bn/mc∑
k=0

B(k, n).

�
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If a set of functions {fn(x) : n ∈ N} is defined by a series representation of the form

fn(x) =
n∑

k=0

G(k, x)

then it is generally possible to use series manipulation method to find a generating function

F (x, t) such that
∞∑

n=0

cnfn(x)tn =
∞∑

n=0

cn

[
n∑

k=0

G(k, x)

]
tn = F (x, t).

As an example let us consider simple Laguerre polynomials Ln(x) so that it has the series

representation

Ln(x) =
n∑

k=0

(−1)kn!xk

(k!)2(n− k)!
.

Since n is independent of k, the series representation can be written as

Ln(x)
n!

=
n∑

k=0

(−1)kxk

(k!)2(n− k)!
.

Now we will find a generating function for the sets {Ln(x)
n! : n ∈ N} and {Ln(x) : n ∈ N}

respectively.

By definition, the generating function for the set of Laguerre polynomials {Ln(x) : n ∈ N}

is
∞∑

n=0

Ln(x)tn =
∞∑

n=0

n∑
k=0

(−1)kn!xk

(k!)2(n− k)!
tn.

By Lemma 2.14, we obtain

∞∑
n=0

Ln(x)tn =
∞∑

n=0

∞∑
k=0

(−1)k(n+ k)!xk

(k!)2(n− k)!
tn+k.

By interchanging the order of summation, we obtain

∞∑
n=0

Ln(x)tn =
∞∑

k=0

(−1)k(xt)k

k!

∞∑
n=0

(1 + k)nt
n

n!

=
∞∑

k=0

(−xt)k

k!
(1− t)−1−k

= (1− t)−1 exp{ −xt
1− t

}

because (1− t)−1 is independent of k, and (n+k)
k! = (1 + k)n.

7



Next we seek generating function for the set {Ln(x)
n! : n ∈ N}.

Since

Ln
α(x) =

n∑
k=0

(−1)k(1 + α)nx
k

(k!)(n− k)!(1 + α)k

=
(1 + α)n

n! 1F1(−n, α+ 1, x),

if we take α = 0, we obtain a series representation of Ln(x),

∞∑
n=0

Ln(x)
n!

tn =
∞∑

n=0

n∑
k=0

(−1)kxk

(k!)(n− k)!
tn.

By Lemma 2.14 we obtain

∞∑
n=0

Ln(x)
n!

tn =
∞∑

n=0

n∑
k=0

(−1)kxk

(k!)2n!
tn+k.

Since the factors depending on n can be separated from those depending on k, we have

∞∑
n=0

Ln(x)
n!

tn =
∞∑

n=0

tn

n!

∞∑
k=0

(−1)kxk

(k!)2
.

So we have established the generating relation

∞∑
n=0

Ln(x)
n!

tn = etF1(−; 1;−xt)

which is exponential generating function of Ln(x).

Let G(x, t) be a generating function as follows:

G(x, t) =
∞∑

n=0

anfn(x)tn.

For a given generating function G(x, t), we can generalize it as

K(x, t, k) =
∞∑

n=0

b(n, k)fn+k(x)tn

where K(x, t, 0) = G(x, t) and b(n, 0) = an.

If we take t+ v in place of t in the last equation then we have

8



G(x, t+ v) =
∞∑

n=0

anfn(x)(t+ v)n.

By binomial expansion

(t+ v)n =
n∑

k=0

(
n

k

)
tn−kvk =

n∑
k=0

n!
(n− k)!k!

tn−kvk,

G(x, t) =
∞∑

n=0

anfn(x)(t+ v)n

=
∞∑

n=0

anfn(x)
∞∑

k=0

n!
(n− k)!k!

tn−kvk

=
∞∑

n=0

n∑
k=0

anfn(x)
n!

(n− k)!k!
tn−kvk

=
∞∑

n=0

∞∑
k=0

an+kfn+k(x)
(n+ k)!
n!k!

tnvk

=
∞∑

k=0

∞∑
n=0

(n+ k)!an+kfn+k(x)
n!k!

tnvk

=
∞∑

k=0

[ ∞∑
n=0

(n+ k)!an+kfn+k(x)
n!k!

]
tnvk.

We will illustrate this technique in the following example. First we begin with a lemma

which gives generating function of the set of generalized Laguerre functions {Ln
α(x) : n ∈ N}.

Lemma 2.15
∞∑

n=0

Ln
α(x)tn =

1
(1− t)1+α

exp
{
−xt
1− t

}
.

Lemma 2.16

∞∑
k=0

[
(1− t)−1−α−k exp

{
−xt
1− t

}
Lk

α

(
x

1− t

)]
vk =

∞∑
n=0

n∑
k=0

(
n

k

)
Ln

α(x)tn−kvk.

Proof. In the following equation

∞∑
n=0

Ln
α(x)tn =

1
(1− t)1+α

exp
{
−xt
1− t

}
(2.1)

if we replace x by x
1−t and t by v

1−t respectively, then we have

9



∞∑
k=0

Lk
α

(
x

1− t

)
(1− t)−kvk =

1(
1− v

1−t

)1+α exp

{
−x
1−t

v
1−t

1− v
1−t

}

= (
1− t− v

1− t
)−1−α exp

{
−xv

(1− t)(1− t− v)

}
=

(1− t− v)−1−α

(1− t)−1−α
exp

{
−xv

(1− t)(1− t− v)

}
.

Multiplying two-sides of the last equation with (1− t)−1−α exp
{

−xt
(1− t)

}
, we obtain

∞∑
k=0

[
(1− t)−1−α−k exp

{
−xt
1− t

}
Lk

α

(
x

1− t

)]
vk = (1− t− v)−1−α exp

{
−x(v + t)
1− t− v

}
.

If we replace t by v + t in the right side of the last equation, we obtain right-side of 2.1

∞∑
k=0

[
(1− t)−1−α−k exp

{
−xt
1− t

}
Lk

α

(
x

1− t

)]
vk =

∞∑
n=0

Ln
α(x)(v + t)n.

By binomial expansion,

∞∑
k=0

[
(1− t)−1−α−k exp

{
−xt
1− t

}
Lα

k

(
x

1− t

)]
vk =

∞∑
n=0

n∑
k=0

(
n

k

)
Ln

α(x)tn−kvk

which is the desired result. �

Lemma 2.17 Generalized Laguerre polynomials satisfy the following equation.

∞∑
n=0

Lα
n(x)

(1 + α)n
tn = etF1(−; 1 + α;−xt)

where etF1(−; 1 +α;−xt) is called exponential generating function for the generalized Laguerre

polynomials.

Proof. By Taylor series explanation of et, we have

10



etF1(−; 1 + α;−xt) =
∞∑

n=0

tn

n!

[ ∞∑
k=0

(−1)k

n!(1 + α)k
xktk

]

=
∞∑

n=0

∞∑
k=0

(−1)k

n!k!(1 + α)k
xktn+k.

By Lemma 2.14, we have

etF1(−; 1 + α;−xt) =
∞∑

n=0

n∑
k=0

(−1)kxktn

(n− k)!k!(1 + α)k

=
∞∑

n=0

n∑
k=0

(−1)k(1 + α)nx
k

(n− k)!k!(1 + α)k

tn

(1 + α)n

=
∞∑

n=0

Ln
(α)(x)

(1 + α)n
tn.

�

2.3 Calculation of bilinear generating functions of generalized

Laguerre polynomials.

In this section we will show by an example how a linear generating functions can be extended

to a bilinear generating function.

By Lemma 2.16, we have

∞∑
n=0

n!
(1 + α)n

Ln
α(x)Ln

α(y)tn =
∞∑

k=0

[
(1− t)−1−α−k exp

{
−xt
1− t

}
Lα

k

(
x

1− t

)]
(−1)kyktn

(1 + α)k

= (1− t)−1−α exp
{
−xt
1− t

} ∞∑
k=0

Lα
k

(
x

1− t

)
(1 + α)k

(
−yk
1− t

)k

.

By Lemma 2.17 and replacing x by
x

1− t
and t by

−yk
1− t

, we get

∞∑
k=0

Lk
α

(
x

1− t

)
(1 + α)k

(
−yk
1− t

)k

= exp
{
−yk
1− t

}
F1(−; 1 + α;

x

1− t

yk

1− t
).

11



Hence we obtain

∞∑
n=0

n!
(1 + α)n

Ln
α(x)Ln

α(y)tn = (1− t)−1−α exp
{
−xt
1− t

}
exp

{
−yt
1− t

}
F1(−; 1 + α;

xyt

(1− t)2
)

= (1− t)−1−α exp
{
−t(x+ y)

1− t

}
F1(−; 1 + α;

xyt

(1− t)2
)

which is a bilinear generating function for the generalized Laguerre polynomials.

2.4 Calculation of bilateral generating functions of some special

functions.

To find a bilateral generating function for some set {fn(x) : n ∈ N} we need a linear generating

function of the following type

K(x, t, k) =
∞∑

n=0

a(n,k)fn+k(x)tn.

We also need another generating function

H(x, t) =
∞∑

k=0

bkfk(x)tk

such that H(x, t) 6= K(x, t, 0). We can transform H(x, t) into J(x, t, y) where

H(y, t) =
∞∑

k=0

bkfk(x)tk

=
∞∑

k=0

cky
ktk

and

12



J(x, t, y) =
∞∑

k=0

ckyt
kK(x, t, k)

=
∞∑

k=0

ckyt
k

∞∑
n=0

a(n,k)fn+k(x)tn

=
∞∑

k=0

∞∑
n=0

a(n,k)ckfn+k(x)yktn+k

=
∞∑

n=0

n∑
k=0

a(n−k,k)ckfn(x)yktn

=
∞∑

n=0

n∑
k=0

a(n−k,k)cky
kfn(x)tn

=
∞∑

n=0

dnfn(x)gn(y)tn.

Now we will give a result involving calculation of bilateral generating function of a given

hypergeometric function 1F1(−n, c; 1 + α; y) with generalized Laguerre polynomials.

Proposition 2.18 For a given hypergeometric function 1F1(−n, c; 1 + α; y), we have

(1− t)−1+c−α(1− t+ yt)−c exp
{
−xt
1− t

}
1F1

(
c; 1 + α;

xyt

(1− t)(1− t+ yt)

)
=

∞∑
n=0

1F1(−n, c; 1+α; y)Ln
α(x)tn.

Proof. We know that the generalized Laguerre polynomial is

Lα
n(x) =

n∑
k=0

(−1)k(1 + α)n

k!(n− k)!(1 + α)k
xk.

For an arbitrary fixed number c, first we multiply both sides of the last equation with
cn

(1 + α)n
tn

and after then let us take summation on n ∈ N. Hence we obtain

∞∑
n=0

cnL
α
n(x)

(1 + α)n
tn =

∞∑
n=0

n∑
k=0

cn
k!(n− k)!(1 + α)k

(−x)ktn

=
∞∑

n=0

∞∑
k=0

cn+k

k!n!(1 + α)k
(−x)ktn+k

=
∞∑

n=0

∞∑
k=0

(c+ k)nt
n

n!
ck(−xt)k

k!(1 + α)k

by Lemma 2.14 and 2.9.

Using binomial expansion
∞∑

n=0

(c+ k)nt
n

n!
= (1− t)−c−k, we obtain

13



∞∑
n=0

cnLn
α(x)

(1 + α)n
tn =

∞∑
k=0

ck(−xt)k

k!(1 + α)k(1− t)c+k

=
1

(1− t)c 1F1

(
c; 1 + α;

−xt
1− t

)
.

By replacing x by
x

1− t
and t by

−yt
1− t

, we find

∞∑
k=0

ckLk
α

(
x

1− t

)(
−yt
1− t

)k

(1 + α)k
=

1
(1 + yt

1−t )
c 1F1

(
c; 1 + α;

xyt(1− t)−2

1 + yt(1− t)−1

)
.

If we multiply both sides with (1− t)−1−α exp
{
−xt
1− t

}
, we find

(1− t)−1−α(1 +
yt

1− t
)−c exp

{
−xt
1− t

}
1F1

(
c; 1 + α;

xyt(1− t)−2

1 + yt(1− t)−1

)
=

=
∞∑

k=0

ck(1− t)−1−α exp
{
−xt
1−t

}
Lk

α
(

x
1−t

)
(−1)kyktk

(1 + α)k

=
∞∑

n=0

∞∑
k=0

ck(n+ k)!Ln+k
α(x)tn(−1)kyktk

k!n!(1 + α)k

=
∞∑

n=0

n∑
k=0

ckn!Lα
n(x)tn−k(−1)kyktk

k!(n− k)!(1 + α)k

=
∞∑

n=0

n∑
k=0

(−n)kcky
kLα

n(x)tn

k!(1 + α)k

=
∞∑

n=0

Lα
n(x)tn

n∑
k=0

(−n)kcky
k

k!(1 + α)k

=
∞∑

n=0

F1(−n, c; 1 + α; y)Lα
n(x)tn

which is a bilateral generating function for the set 1F1(−n, c; 1 + α; y). �

Now we will find a bilateral generating function for the simple Laguerre polynomials Ln(x).

In Lemma 2.17 if we replace t by
yt

1− t
and x by

x

1− t
, we obtain

exp
{

yt

1− t

}
F1

(
−; 1;

−xyt
(1− t)2

)
=

∞∑
k=0

Lk

(
x

1−t

)
k!

(
yt

1− t

)k

.
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Let us multiply both sides of the last equality with (1− t)−1 exp
{
−xt
1− t

}
, we find

(1− t)−1 exp
{
−xt
1− t

}
exp

{
yt

1− t

}
F1

(
−; 1;

−xyt
(1− t)2

)
=

∞∑
k=0

[(1− t)−1 exp
{
−xt
1− t

}
Lk( x

1−t )
k!

(yt)k

(1− t)k

=
∞∑

k=0

[
(1− t)−1−k exp

{
−xt
1− t

}
Lk

(
x

1− t

)
(yt)k

k!

]

=
∞∑

k=0

∞∑
n=0

(n+ k)!Ln+k(x)tn

k!n!
yktk

k!
.

By replacing y by −y, we have

(1− t)−1 exp
{
−t(x+ y)

1− t

}
F1(−; 1;

xyt

(1− t)2
) =

∞∑
k=0

∞∑
n=0

(n+ k)!Ln+k(x)tn−k

k!n!
(−y)ktk

k!

=
∞∑

n=0

n∑
k=0

n!Ln(x)
k!2(n− k)!

(−1)kyk

=
∞∑

n=0

Ln(x)

(
n∑

k=0

n!(−1)k

k!2(n− k)!
yk

)
tn

=
∞∑

n=0

Ln(x)Ln(y)tn

which is a special case of the bilinear generating function for set of Laguerre functions {Ln(x) :

n ∈ N}.

If we use some technique to transform

(1− t)−cF1

(
c; 1;

−xt
1− t

)
=

∞∑
k=0

ckLk(x)tk

k!
,

we obtain bilateral generating relation

(1−t)−1+c(1−t+yt)−c exp
{
−xt
1− t

}
F1

(
c; 1;

xyt

(1− t)(1− t+ yt)

)
=

∞∑
n=0

F1(−n, c; 1; y)Ln(x)tn.
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CHAPTER 3

SEMI-SIMPLE LIE ALGEBRAS AND THEIR

REPRESENTATIONS

The general reference for this chapter is [9].

Lie algebras arise ”in nature ” as vector spaces of linear transformations endowed with a

new operation bracket [x, y] = xy− yx which is in general neither commutative nor associative

where the operations on the right side are the usual ones.

Definition 3.1 A vector space L over a field F, with an operation L×L→ L, denoted (x, y) 7→

[x, y] and called bracket or commutator of x and y, is called a Lie algebra over F if the following

axioms are satisfied.

(L1) The bracket operation is bilinear.

(L2) ∀x ∈ L, [x, x] = 0.

(L3) ∀x, y, z ∈ L, [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 (Jacobi identity).

We note that if (L1) and (L2) are applied to [x + y, x + y], then we have anti-commutativity

[x, y] = −[y, x]. Conversely, if char F 6= 2, it is clear that the anti-commutativity will imply

(L2).

We say that two Lie algebras L, L′ over F are isomorphic if there exists a vector space

isomorphism φ : L → L′ satisfying φ([xy]) = [φ(x), φ(y)] for all x, y ∈ L where φ is called an

isomorphism of Lie algebra.

A subspace K of L is called a subalgebra if [x, y] ∈ K whenever x, y ∈ K; in particular, K

is a Lie algebra in its own right relative to the inherited operations. Note that any nonzero

element x ∈ L defines a one dimensional subalgebra Fx, with trivial multiplication, because of

(L2).

Let V be a finite dimensional vector space over F, and let hom(V ) be the set of linear

transformations V → V . As a vector space over F, hom(V ) has dimension n2 where n =

dimV , and hom(V ) is a ring relative to the usual product operation composition. We define

a new operation [x, y] = xy − yx, called the bracket of x and y. With this operation hom(V )
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becomes a Lie algebra over F. In order to distinguish this new algebra structure from the old

associative one, we write gl for hom(V ) viewed as a Lie algebra and call it general linear algebra

because it is closely associated with the general linear group GL(V ) consisting of all invertible

endomorphisms of V .

Definition 3.2 Any subalgebra of a Lie algebra gl(V ) is called a linear Lie algebra.

If we fix a basis for V , then we are identifying gl(V ) with the set of all nxn matrices over F,

denoted gl(n,F). For the standard basis consisting of the matrices eij = [Eµν ] where

Eµν =


1 µ = i, ν = j,

0 elsewhere,

we can write down the multiplication table for gl(n,F). Since eijekl = δjkeil, it follows

[eij , ekl] = δjkeil − δliekj

where the coefficients are all ±1 or 0.

They fall into four families Al, Bl, Cl, Dl, l ≥ 1 and they are called the classical algebras

because they correspond to certain classical linear Lie groups. In the thesis we will be interested

to only classical linear Lie algebra Al, l ≥ 1.

Let dimV = l + 1 and Let sl(V ), or sl(l + 1,F) be the set of endomorphisms of V having

trace zero. Since trace(xy) = trace(yx), and trace(x + y) = trace(x) + trace(y), then sl(V )is

a subalgebra of gl(V ) which is called special linear algebra because of its connection with the

special linear group SL(V ) of endomorphisms of det 1. On the one hand sl(V ) is a proper

subalgebra of gl(V ), hence the dimension is at most (l + 1)2 − 1. So, we can exhibit this

number of linearly independent matrices of trace zero. Let us take all eij (i 6= j), along with

all hi = eii − ei+1,i+1 (1 ≤ i ≤ l), for a total of l + (l + 1)2 − (l + 1) = l(l + 2) matrices. We

shall always view this as the standard basis for sl(l + 1,F).

Now we introduce other subalgebras of gl(n,F). Let t(n,F) be the set of upper triangular

matrices [aij ] where aij = 0 if i > j. Let n(n,F) be the strictly upper triangular matrices [aij ]

where aij = 0 if i ≥ j). Finally, let d(n,F) be the set of all diagonal matrices. It is trivial to

check that each of these is closed under the bracket. Notice also that t(n,F) = d(n,F)
⊕

n(n,F)

with [d(n,F), n(n,F)] = n(n,F), hence [t(n,F), t(n,F)] = n(n,F).
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Some Lie algebras of linear transformations arise most naturally as derivations of algebras.

Definition 3.3 (Lie algebras of derivations) Let U be an F-algebra. By a derivation of U

we mean a linear map δ : U → U satisfying the familiar product rule δ(ab) = aδ(b) + δ(a)b.

It is easily checked that the collection DerU is a subalgebra of gl(U).

Since a Lie algebra L is an F-algebra, DerL can be defined. Certain derivations arise quite

naturally, as follows. If x ∈ L, by bilinearity of the bracket operation, the map y 7→ [x, y] is an

endomorphism of L which is denoted by adjx. Using Jacobi identity

[x, [y, z]] = [[x, y], z] + [y, [x, z]] = [y, [x, z] + [[x, y], z],

hence adjx ∈ DerL. The map L→ DerL sending x to adjx is called adjoint representation of

L. Derivations of this form are called inner, all others outer.

We will use adjLx or adKx to indicate that x is acting on L and K respectively. For example,

if x is a diagonal matrix, then adjn(n,F)(x) = 0, whereas adjgl(n,F)(x) need not be zero.

3.1 Abstract Lie algebras.

So far we have looked at some natural examples of linear Lie algebras. In fact, every finite

dimensional Lie algebra is isomorphic to some linear Lie algebra. Later this claim will be

proved using matrix representation.

For example, if L is an arbitrary finite dimensional vector space over F, we can view L as a Lie

algebra by [x, y] = 0 for all x, y ∈ L. Such an algebra having trivial Lie multiplication is called

abelian. If L is any Lie algebra with basis x1, . . . , xn it is clear that the entire multiplication

table of L can be obtained from the structure constants ak
ij which occur in the expressions

[xi, xj ] =
n∑

k=1

ak
ijxk.

By anti-commutativity these constant structures for which i ≥ j can be deduced from the others.

So, it is possible to define an abstract Lie algebra by specifying a set of structure constants. Of

course, just any set of scalars {ak
ij} will not do, it is enough to require the following identities

which are implied by (L2) and (L3)

ak
ii = 0 = ak

ij + ak
ji
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and ∑
k

(
ak

ija
m
kl + ak

jla
m
ki + ak

lia
m
kj

)
= 0.

In practice, we will not construct Lie algebras in this artificial way. But, as an application

of the abstract point of view, we can determine all Lie algebras of dimension ≤ 2 up to isomor-

phism. In dimension 1 there is a single basis vector x, with multiplication table [x, x] = 0 by

(L2). In dimension 2, we start with a basis x, y of L. Clearly, all products in L yield scalar

multiples of [x, y]. If these are all 0, then L is abelian. Otherwise, we can replace x in the basis

by a vector spanning one dimensional space of multiplies of the original [x, y], and take y to be

any other vector independent of the new x. Abstractly, therefore, at most one non-abelian L

with dimL = 2 exists.

3.2 Ideals and homomorphisms.

Definition 3.4 A subspace I of a Lie algebra L is called an ideal of L if for x ∈ L, y ∈

I, [x, y] ∈ I.

Since [x, y] = −[y, x], the condition ∀x ∈ L, ∀y ∈ I, [x, y] ∈ I implies [y, x] ∈ I. Ideals play

the role in Lie algebra theory which is played by normal subgroups in group theory and by two

sided ideals in ring theory. They arise as kernels of homomorphisms.

Obviously {0} and L itself are ideals of L. A less trivial example is the center

Z(L) = {z ∈ L | [xz] = 0∀x ∈ L}.

Another important example of ideals is the derived algebra of L, denoted [L,L], which is anal-

ogous to the commutator subgroup of a group. It consists of all linear combinations of commu-

tators [x, y], and is clearly an ideal.

Evidently L is abelian if and only if [L,L] = 0. If I, J are two ideals of a lie algebra L,

I + J = {x+ y | x ∈ I, y ∈ J} is also an ideal. Similarly, [I, J ] = {
∑
aij [xi, yj ] | xi ∈ I, yj ∈ J}

is an ideal; the derived algebra [L,L] is just a special case of this construction.

It is natural to analyze the structure of a Lie algebra by looking at its ideals.

Definition 3.5 L is called simple If L has no ideals except itself and {0}.

Clearly, if L is simple then Z(L) = 0 and L = [L,L].
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Let L = sl(2,F) with charF 6= 2. Let us consider as standard basis for L the three matrices

x =

0 1

0 0

 , y =

0 0

1 0

 , h =

1 0

0 −1

 .

The multiplication table is then completely determined by the equations [x, y] = h, [h, x] =

2x, [h, y] = −2y. Notice that x, y, h are eigenvectors for adjh, corresponding to the eigenvalues

2,−2, 0 respectively. Let I 6= 0 be an ideal of L, and let ax+ by + ch be an arbitrary non-zero

element of I. Applying adjx twice, we get −2ay ∈ I. Therefore, if a or b is nonzero, I contains

either x or y. Then I = L follows. We conclude that L is simple.

Definition 3.6 (Homomorphisms and representations) Let L and L′ be two Lie algebras

over F. A linear transformation φ : L → L′ is called a homomorphism from L to L′ if it

preserves bracket operations. i.e. φ is a homomorphism from L to L′ if it is a linear map

satisfying φ[x, y]L = [φ(x), φ(y)]L′ .

A representation of a Lie algebra L on V is a homomorphism φ : L → gl(V ) where V is a

vector space over F.

Since a Lie algebra L is a vector space and DerL ⊂ gl(L), the only important example

to keep in mind is the adjoint representation adj : L → gl(L) which sends x to adjx, where

adjx(y) = [x, y]. By bilinearity of the bracket operation [, ], adj is a linear transformation. To

see that it preserves the bracket, we calculate as follows

[adjx, adj y] (z) = adjx adj y(z)− adj y adjx(z)

= adjx([y, z])− adj y([x, z])

= [x, [y, z]]− [y, [x, z]]

= [x, [y, z]] + [[x, z], y]

= [[x, y], z]

= adj [x, y] (z).

What is the kernel of adj? It consists of all x ∈ L for which adjx = 0, for which [x, y] =

0, ∀y ∈ L. This has an interesting consequence. If L is simple, then Z(L) = 0, so that

adj : L → gl(L) is a monomorphism. It means that any simple Lie algebra is isomorphic to a

linear Lie algebra.
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Definition 3.7 (Automorphism) An automorphism of L is an isomorphism of L onto itself.

Let AutL be the group of all such isomorphisms. Important examples occur when L is a linear

Lie algebra ⊂ gl(V ). If g ∈ GL(V ) is any invertible endomorphism of V, and if moreover

gLg−1 = L, then it is immediate that the map x 7→ gxg−1 is an automorphism of L. For

instance, if L = gl(V ) or even sl(V ), the second condition is automatic, so we obtain in this

way a large collection of automorphisms.

3.3 Solvable and Nnilpotent Lie algebras.

Definition 3.8 Let charF = 0. If x ∈ L is an element for which adjx is nilpotent, or (adjx)k =

0 for some k > 0 we say that x is ad-nilpotent.

It is natural to study a Lie algebra L via its ideals. In this section we exploit the formation

of derived algebras.

Definition 3.9 (Solvability) First we define a sequence of ideals of L ( derived series) by

L(0) = L,L(1) = [LL], L(2) = [L(1)L(1)], ..., L(i) = [L(i−1)L(i−1)]. We say that L is solvable if

L(n) = 0 for some n.

For example, abelian implies solvable, whereas simple algebras are definitely non-solvable.

An example which turns out to be rather general is the algebra t(n,F) of upper triangular

matrices. The obvious basis for t(n,F) consists of the matrix units eij for which i ≤ j; the

dimension is 1 + 2 + ... + n = n(n + 1)/2. To show that L = t(n, F ) is solvable we compute

explicitly its derived series, using the formula for commutators. In particular, we have [eii, ei`] =

ei` for i < `, which shows that n(n,F) ⊂ [L,L], where n(n,F) is the subalgebra of upper

triangular nilpotent matrices. Since t(n,F) = d(n,F)
⊕

n(n,F), and d(n,F) is abelian, we

conclude that n(n,F) is equal to the derived algebra of L. Working next inside algebra n(n,F),

we have a natural notion of ”level” for eij , namely j−i. In the formula for commutators, assume

that i < j, k < `. Without losing any products we may also require i 6= l. Then [eij , ekl] = eil

if j = k or 0 otherwise. In particular, each eil is commutator of two matrices whose levels add

up to that of eil. We conclude that L(2) is spanned by those eij of level ≥ 2, L(i) by those of

level ≥ 2(i−1). Finally, it is clear that L(i) = 0 whenever 2i−1 > n− 1.

Next we give a few simple observations about solvability.

Proposition 3.10 Let L be a Lie algebra.
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(i) If L is solvable, then so are all subalgebras and homomorphic images of L.

(ii) If I is a solvable ideal of L such that L/I is solvable, then L itself is solvable.

(iii) If I, J are solvable ideals of L, then so is I + J .

Let L be an arbitrary Lie algebra and let M be a maximal solvable ideal. If I is any other

solvable ideal of L, by part (c) of Proposition 3.10, then S + I = S or I ⊂ S. This proves the

existence of a unique maximal solvable ideal, called radical of L and denoted RadL. In case

RadL = 0, L is called semi-simple. For example, a simple algebra is semi-simple. If L is simple

then it is non-solvable. Also L = 0 is semi-simple. Notice that for arbitrary L, L/RadL is

semi-simple.

The definition of solvability imitates the corresponding notion in group theory, which goes

back to Abel and Galois. By contrast, the notion of nilpotent group is more recent, and is

modelled on the corresponding notion for Lie algebras.

Definition 3.11 (Nilpotency) Define a sequence of ideals of L (descending central series,

also called the lower central series) by L0 = L,L1 = [L,L](= L(1)), L2 = [L,L1], . . . , Li =

[L,Li−1]. We say that L is called nilpotent if Ln = 0 for some n.

For example, any abelian algebra is nilpotent. Clearly, L(i) ⊂ Li for all i, so nilpotent

algebras are solvable but the converse is false. Consider again L = t(n,F). So we have L(1) = L1

is n(n,F), and also that L2 = [LL1] = L1, so Li = L1 for all i ≥ 1. On the other hand, it is

easy to see that M = n(n,F) is nilpotent. M1 is spanned by those eij of level ≥ 2,M2 by those

of level ≥ 3, ...,M i by those of level ≥ i+ 1.

Proposition 3.12 Let L be a Lie algebra.

(i) If L is nilpotent, then so are all subalgebras and homomorphic images of L.

(ii) If L/Z(L) is nilpotent, then so is L.

(iii) If L is nilpotent and non-zero, then Z(L) 6= 0.

Theorem 3.13 If all elements of L are ad-nilpotent, then L is nilpotent.

Lemma 3.14 : Let x ∈ gl(V ) be a nilpotent endomorphism. Then adjx is also nilpotent.

A single nilpotent linear transformation always has at least one eigenvector, corresponding to

its unique eigenvalue 0. This is just the case dimL = 1 of the following theorem.
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Theorem 3.15 Let L be a subalgebra of gl(V ) where V is finite dimensional. If L consists

of nilpotent endomorphism and V 6= 0, then there exists a non-zero vector v ∈ V such that

L.v = 0.

Definition 3.16 If V is a n dimensional vector space, a flag in V is a chain of subspaces

0 = V0 ⊂ V1 ⊂ . . . ⊂ Vn = V, dimVi = i. If x ∈ hom(V ), we say that x stabilizes (or leaves

invariant) this flag provided x.Vi ⊂ Vi for all i.

Corollary 3.17 Under the hypotheses of Theorem 4.1, there exists a flag 0 = V0 ⊂ V1 ⊂ . . . ⊂

Vi ⊂ . . . ⊂ Vn = V, dimVi = i in V stable under L, with x.Vi ⊂ Vi−1 for all i. In other words,

there exists a basis of V relative to which the matrices of L are all in n(n,F).

Lemma 3.18 : Let L be nilpotent, K an ideal of L. Then if K 6= 0,K ∩ Z(L) 6= 0.

3.4 Theorems of Lie and Cartan.

Theorem 3.19 Let L be a solvable subalgebra of gl(V ) where V is finite dimensional. If V 6= 0,

then V contains a common eigenvector for all the endomorphisms in L.

Corollary 3.20 (Lie’s Theorem) Let L be a solvable subalgebra of gl(V ), dimV = n < ∞.

Then L stabilizes some flag in V . In other words, the matrices of L relative to a suitable basis

of V are upper triangular.

Corollary 3.21 Let L be solvable. Then there exists a chain of ideals of L, 0 = L0 ⊂ L1 ⊂

... ⊂ Ln = L, such that dimLi = i.

Theorem 3.22 (Cartan’s Criterion) Let L be a subalgebra of gl(V ) where V is finite di-

mensional. Suppose that trace(xy) = 0 for all x ∈ [L,L], y ∈ L. Then L is solvable.

3.5 Killing Form.

Definition 3.23 (Killing form) Let L be any Lie algebra. For x, y ∈ L, we define κ(x, y) =

trace (adjx · adj y). Then κ is a symmetric bilinear form on L, which is called Killing form. It

is also associative in the sense that κ ([x, y], z) = κ (x, [y, z]).

This follows from the identity trace([x, y]z) = trace(x[y, z]), for endomorphism x, y, z of a finite

dimensional vector space.
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Lemma 3.24 Let I be an ideal of L. If κ is Killing form on L and κI is Killing form on the

restriction of I, then κI = κ|(IxI).

Proof. First we need a simple fact from linear algebra. IfW is a subspace of a finite dimensional

vector space V , and φ is an endomorphism of V mapping V into W , then traceφ = trace(φ |w).

If x, y ∈ I, then (adjx)(adj y) is an endomorphism of L, mapping L into I, so trace of κ(x, y)

coincides with the trace of κI(x, y) of (adjx)(adj y) |I= (adjI x)(adjI y). �

In general a symmetric bilinear form β(x, y) is called non-degenerate if its radical or anni-

hilator

S = {x ∈ L | β(x, y) = 0, ∀y ∈ L} = 0.

Because the Killing form is associative, its radical is more than just a subspace. It is an ideal

of L. From linear algebra, a practical way to test non-degeneracy is as follows. Fix a basis

x1, ..., xn of L. Then κ is non-degenerate if and only if the n × n matrix whose (ij)th entry is

κ(xi, xj) has non-zero determinant.

As an example, we can compute the Killing form on sl(2,F), using the ordered standard

basis {x, h, y}. Then we have

adjh =


2 0 0

0 0 0

0 0 −2

 , adjx =


0 −2 0

0 0 1

0 0 0

 , adj y =


0 0 0

−1 0 0

0 2 0

 .

Therefore κ has matrix


0 0 4

0 8 0

4 0 0

 with determinant −128, and κ is non degenerate.

Recall that a Lie algebra L is called semi-simple if RadL = 0. This is equivalent to requiring

that L have no non-zero abelian ideals. Indeed any such ideal must be in the radical, and

conversely, the radical includes such an ideal of L, the last nonzero term in the derived series

or RadL.

Theorem 3.25 Let L be a Lie algebra. Then L is semi-simple if and only if its Killing form

is non-degenerate.

Definition 3.26 (Direct sum) A Lie algebra L is said to be the direct sum of ideals I1, ..., It

provided L = I1 ⊕ ...⊕ It.
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Theorem 3.27 Let L be semi-simple. Then there exist simple ideals L1, ..., Lt of L such that

L = L1 ⊕ ...⊕ Lt. Every simple ideal of L coincides with one of the Li. Moreover, the Killing

form of Li is the restriction of κ to Li × Li.

Proof. Let I be an arbitrary ideal of L. Then I⊥ = {x ∈ L | κ(x, y) = 0 for all y ∈ I} is also

an ideal, by the associativity of κ. By Cartan’s Criterion, the intersection ideal I ∩ I⊥ of L is

solvable. Therefore, since dim I + dim I⊥ = dimL, we must have L = I ⊕ I⊥.

Now proceed by induction on dimL to obtain the desired decomposition into direct sum

of simple ideals. If L has no nonzero proper ideal, then L is simple already and we’re done.

Otherwise let L1 be a minimal nonzero ideal; by the preceding paragraph, L = L1 ⊕ L⊥1 . In

particular, any ideal of L1 is also an ideal of L, so L1 is semi-simple because it is simple by

minimality. For the same reason, L⊥1 is semi-simple; by induction, it splits into a direct sum of

simple ideals, which are also ideals of L. The decomposition of L is established.

Next we have to prove that these simple ideals are unique. If I is any simple ideal of L,

then [I,L] is also an ideal of I, which is non-zero because Z(L) = 0; this forces [I, L] = I. On

the other hand,

[I, L] = [I, L1 ⊕ ...⊕ Lt] = [I, L1]⊕ . . .⊕ [I, Lt],

so all but one summand must be 0. Let say [I, Li] = I. Then I ⊂ Li and I = Li because Li is

simple. �

Corollary 3.28 If L is semi-simple, then L = [L,L], and all ideals and homomorphic images

of L are semi-simple. Moreover, each ideal of L is a direct sum of certain simple ideals of L.

3.6 On Completely reducible representations.

It is often convenient to use the language of modules along with the equivalent language of

representations. As in other algebraic theories, there is a natural definition.

Definition 3.29 (L-Modules) Let L be a Lie algebra. A vector space V, endowed with an

operation L × V → V sending (x, v) 7→ x · v is called an L-module if the following conditions

are satisfied:

(i) (ax+ by) · v = a(x · v) + b(y · v),

(ii) x · (av + bw) = a(x · v) + b(x · w),
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(iii) [x, y] · v = xy · v − yx · v ∀x, y ∈ L; v, w ∈ V ; a, b ∈ F.

For example, if φ : L → gl(V ) is a representation of L, then V may be viewed as an L-

module via the action x · v = φ(x)(v). Conversely, given an L-module V , this action defines a

representation φ : L→ gl(V ).

A homomorphism of L-modules is a linear map φ : V → W such that φ(x · v) = x · φ(v).

The kernel of such a homomorphism is then an L-submodule of V . When φ is an isomorphism

of vector spaces, we call it an isomorphism of L-modules; in this case, the two modules are said

to be equivalent representations of L.

Definition 3.30 An L-module V is called irreducible if it has precisely two L-submodules itself

and 0.

We should note that we do not regard a zero dimensional vector space as an irreducible L-

module. However we do allow a one dimensional space on which L acts to be called irreducible.

Definition 3.31 An L-module V is called completely reducible if V is a direct sum of irre-

ducible L-submodules or equivalently if each L-submodule W of V has a complement W ′ as an

L-submodule such that V = W ⊕W ′.

Given a representation φ : L→ gl(V ), the associative algebra generated by φ(L) in hom(V )

leaves invariant precisely the same subspaces. Therefore, all the usual result for modules over

associative rings hold for L as well.

Theorem 3.32 (Schur’s Lemma) Let φ : L→ gI(V ) be an irreducible representation. Then

the only endomorphisms of V commuting with all φ(x), ∀x ∈ L are scalars.

W4e should notify that L itself is an L-module as the adjoint representation space. An L-

submodule is just an ideal, so it follows that a simple algebra L is irreducible as L-module,

while a semi-simple algebra is completely reducible.

3.7 Casimir element of a representation.

Let L be a semi-simple Lie algebra and let φ : L→ gl(V ) be a faithful(1 to 1) representation of

L over V . Let us define a symmetric bilinear form β(x, y) = trace(φ(x) · φ(y)) on L. The form

β is associative, so in particular its annihilator (or radical) S is an ideal of L. Moreover, β is

non-degenerate because S=0. The formβ is just a generalization of the Killing form.
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Now let L be semi-simple, and let β be any non-degenerate symmetric associative bilinear

form on L. If {x1, ..., xn} is an ordered basis of L, there is a uniquely determined dual basis

{y1, ..., yn} relative to β satisfying β(xi, yj) = δij . If x ∈ L, we can write

[x, xi] =
∑

j

aijxj and [x, yi] =
∑

j

bijyj .

Using the associativity of β, we can compute that

aik =
∑

j

aijβ(xj , yk) = β([x, xi], yk

= β(−[xi, x], yk) = β(xi,−[xyk])

= −
∑

j

bkjβ(xi, yi)

= −bki

holds.

If φ : L→ gl(V ) is any representation of L, define cφ(β) =
∑

i

φ(xi)φ(yi) ∈ hom(V ). Using

the identity [x, yz] = [x, y]z + y[x, z] and the fact that aik = −bki, we obtain that

[φ(x), cφ(β)] =
∑

i

[φ(x), φ(xi)]φ(yi) +
∑

i

φ(xi)[φ(x), φ(yi)]

=
∑
i,j

aijφ(xj)φ(yi) +
∑
i,j

bijφ(xi)φ(yj)

= 0

holds.

In other words, cφ(β) is an endomorphism of V commuting with φ(L).

Let φ : L→ gl(V ) be a faithful representation with trace form β(x, y) = trace(φ(x) · φ(y)).

In this case, having fixed a basis (x1, ..., xn) of L, we write simply cφ for cφ(β) and call this

Casimir elementof φ. Its trace is
∑

i

trace(φ(xi)φ(yi)) =
∑

i

β(xi, yi) = dimL. In case φ is also

irreducible, Schur’s lemma Theorem implies that cφ is a scalar which is equal to dimL/dimV .

In this case we see that cφ is independent of the basis of L.

As an example let consider L = sl(2,F), V = F2 and let φ be the identity representation
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1L : L → gl(V ). Let {x, h, y} be the ordered standard basis of L. It is quickly seen that the

dual basis relative to the trace form is {y, h/2, x}, so

cφ = xy + (1/2)h2 + yx =

3/2 0

0 3/2

 = 3/2 = dimL/dimV.

When φ is not faithful, a slight modification is needed. We know that kerφ is an ideal of

L, hence it is a sum of certain simple ideals. Let L′ denote the sum of the remaining simple

ideals. Then the restriction of φ to L′ is a faithful representation of L′ by the fundamental

isomorphism theorem, and we make the preceding construction using dual bases of L′ then the

resulting element of hom(V ) is again called the Casimir element of φ and denote cφ. Evidently

it commutes with φ(L) = φ(L′).

We have one last remark. It is often convenient to assume that we are dealing with a faithful

representation of L, which amounts to studying the representation of certain ideals of L. If L is

simple, only the one dimensional module will fail to be faithful, among all irreducible modules.

Lemma 3.33 Let φ : L → gl(V ) be a representation of a semi-simple Lie algebra L. Then

φ(L) ⊂ sl(V ). In particular, L acts trivially on any one dimensional L-module.

Theorem 3.34 (Weyl’s Theorem) Let φ : L→ gl(V ) be a finite dimensional representation

of a semi-simple Lie algebra. Then φ is completely reducible.

3.8 On Classification of Representations of sl(2, F).

In this section all modules will be assumed to be finite dimensional over F. Let L denotes

sl(2,F), whose ordered standard basis consists of

x =

0 1

0 0

 , y =

0 0

1 0

 , h =

1 0

0 −1

 .

By a simple calculation, then [h, x] = 2x, [h, y] = −2y, [x, y] = h.

Let V be an arbitrary L-module. Since h is semi-simple, then h acts diagonally on V . The

assumption that F is algebraically closed insures that all the required eigenvalues already lie in F.

This gives a decomposition of V as direct sum of eigen-spaces Vλ = {v ∈ V |h · v = λ · v, λ ∈ F}.
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Definition 3.35 Whenever Vλ 6= 0, λ is called a weight of h in V and we call Vλ a weight

space.

Lemma 3.36 : If v ∈ Vλ, then x · v ∈ Vλ+2 and y · v ∈ Vλ−2.
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CHAPTER 4

LIE GROUPS AND THEIR LIE ALGEBRAS

The general reference for this chapter is [2].

4.1 Groups of matrices.

Let Mm,n(F) be the set of m×n matrices whose entries are in F. We will denote the (i, j) entry

of an m× n matrix A by Aij or aij and also write


a11 . . . a1n

. . . . . . . . .

am1 . . . amn

 .

We will use the special notations

Mn(F) = Mn,n(F),Fn = Mn,1(F).

Mm,n(F) is a F-vector space with the operations of matrix addition and scalar multiplication.

The zero vector is the m × n zero matrix Om,n which we will often denote O when the size is

clear from the context. The matrices Ers with r = 1, ...,m,s = 1, ..., n and

(Ers)ij = δirδjs =


1 if i = r and j = s,

0 otherwise

form a basis of Mm,n(F), hence its dimension as a F-vector space is

dimF Mm,n(F) = mn.

When n=1 we will denote the standard basis vectors of (F)n = Mn,1(F) by

er = Er1(r = 1, ...,m).
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As well as being a F-vector space of dimension n2, Mn(F) is also a ring with the usual

addition and multiplication of square matrices, with zero On = On,n and the n × n identity

matrix In as its unity; Mn(F)is not commutative except when n=1.

Proposition 4.1 The determinant function det : Mn(F) → F has the following properties.

(i) For A,B ∈Mn(F), det(AB) = detAdetB

(ii) det In = 1.

(iii) A ∈Mn(F) is invertible if and only if detA 6= 0.

We will use the notation

GLn(F) = {A ∈Mn(F) : detA 6= 0}

for the set of invertible n× n matrices, and

SLn(F) = {A ∈Mn(F) : detA = 1} ⊆ GLn(F)

for the set of n× n unimodular matrices.

Theorem 4.2 The sets GLn(F), SLn(F) are groups under matrix multiplication. Furthermore,

SLn(F) ≤ GLn(F),i.e, SLn(F) is a subgroup of GLn(F).

Because of these group structures, GLn(F) is called n×n general linear group. When F = R

or F = C, we will refer to GLn(R), SLn(R) or GLn(C), SLn(C) as real or complex general linear

or special linear groups.

4.2 The matrix exponential and logarithm.

Throughout this section, we will assume that F = R or C. The power series

Exp (X) =
∑
n≥0

1
n!
Xn, log(X) =

∑
n≥0

−1n−1

n
Xn

have radii of convergence (r.o.c) ∞ and 1 respectively. If z ∈ C, the series Exp(z), log(z)

converge absolutely whenever |z| < (r.o.c).

Let A ∈Mn(F). The matrix-valued series
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Exp(A) =
∑
n≥0

1
n!
An = I +A+

1
2n!

A2 +
1

3n!
A3 + ...,

log(A) =
∑
n≥1

(−1)n−1

n
An = A− 1

2
A2 +

1
3
A3 − 1

4
A4 + . . . ,

converge whenever ‖ A ‖< (r.o.c). So Exp(A) makes sense for every A ∈ Mn(F) while

log(A) only exists if ‖ A ‖< 1.

Proposition 4.3 Let A ∈Mn(F).

(i) For u, v ∈ C,Exp ((u+ v)A) = Exp (uA)Exp (vA).

(ii) ExpA ∈ GLn(F) andExp (A)−1 = Exp (−A).

Proof.

(i)By expanding the first series we obtain

Exp((u+ v)A) =
∑
n≥0

1
n!

(u+ v)nAn

=
∑
n≥0

(u+ v)n

n!
An.

By a sequence of obvious manipulations that are justified since these series are all absolutely

convergent,

Exp(uA)Exp(vA) =

∑
r≥0

ur

r!
Ar

∑
s≥0

vs

s!
As


=

∑
r≥0,s≥0

urvs

r!s!
Ar+s

=
∑
n≥0

(
n∑

r=0

urvn−r

r!(n− r)!An

=
∑
n≥0

1
n!

(
n∑

r=0

(
n

r

)
urvn−r

)
An

=
∑
n≥0

(u+ v)n

n!
An

= Exp((u+ v)A).

(ii) From part (i),
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I = Exp(0) = Exp((1 + (−1))A) = Exp(A)Exp(−A)

so Exp(A) is invertible with inverse Exp(−A). �

Using these series we can define the matrix version of the exponential function

exp : Mn(F) → GLn(F) by exp(A) = Exp(A).

Proposition 4.4 If A,B ∈Mn(F) commute then exp(A+B) = exp(A) exp(B).

Proof. Again we expand the series and perform a sequence of manipulations, all of which are

justified because these series are absolutely convergent. Then we have

exp(A) exp(B) =

∑
r≥0

1
n!
Ar

∑
s≥0

1
s!
Bs


=

∑
r≥0,s≥0

1
r!s!

ArBs

=
∑
n≥0

(
n∑

r=0

1
r!(n− r)!

ArBn−r

)

=
∑
n≥0

1
n!

(
n∑

r=0

(
n

r

)
ArBn−r

)

=
∑
n≥0

1
n!

(A+B)n

= Exp(A+B)

= exp(A+B).

Of course the identity

n∑
r=0

(
n

r

)
ArBn−r = (A+B)n

holds whenever A and B commute. �

We define the logarithm function by

log : NMn(F)(I; 1) →Mn(F) by log(A) = log(A− I).
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Then for ‖ A− I ‖< 1,

log(A) =
∑
n≥1

(−1)n−1

n
(A− I)n.

Proposition 4.5 The functions exp and log are inverses each other.

(i) If ‖ A− I ‖< 1, then exp(log(A)) = A;

(ii) If ‖ exp(B)− I ‖< 1, then log(exp(B)) = B.

Proof. These results follow from the formal identities between power series

∑
m≥0

1
m!

∑
n≥1

(−1)n−1

n
(A− 1)n

m

= A,

and ∑
n≥1

(−1)n−1

n

∑
m≥1

1
m!
Bm

n

= B

which are powered by comparing coefficients. �

The functions exp and log are continuous and in fact infinitely differentiable on their do-

mains. By continuity of exp at 0, there is a δ1 > 0 such that

NMn(F)(0; δ1) ⊆ exp−1NGLn(F)(I; 1)).

In fact we can actually take δ1 = log 2 since

expNMn(F)(0; r) ⊆ NMn(F)(I; er − 1))

Hence we have the following results.

Proposition 4.6 (inverse mapping theorem) The exponential function exp is injective when

restricted to the open subset NMn(F)(0; ln 2) ⊆ NMn(F), hence it is locally a diffeomorphism at 0

with local inverse log.

It will sometimes be useful to have a formula for derivative of exp at an arbitrary A ∈Mn(F).
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When B ∈Mn(F) commutes with A,

d

dt|t=0
exp(A+ tB) = lim

h→0

1
h

(exp(A+ hB)− exp(A))

= exp(A)B = B exp(A).

The general situation is more complicated.

For a variable X consider the series

F (X) =
∑
k≥0

1
(k + 1)!

Xk =
exp(X)− 1

X

which has infinite radius of convergence. If we have a linear operator Φ on Mn(C) we can

apply the convergent series of operators

F (Φ) =
∑
k≥0

1
(k + 1)!

Φk

to elements of Mn(C). In particular we can consider the adjoint operator adjA : Mn(C) →

Mn(C) by

adjA(C) = [A,C] = AC − CA.

Then

F (adjA)(C) =
∑
k≥0

1
(k + 1)!

(adjA)k(C).

Proposition 4.7 For A,B ∈Mn(C) we have

d

dt|t=0
exp(A+ tB) = F (adjA)(B) exp(A).

In particular, if A = 0 or more generally if AB = BA,

d

dt|t=0
exp(A+ tB) = B exp(A).

Proof. We begin by observing that if D = d
ds and f(s) is a smooth function of the real variable

s, then

F (D)|s=0f(s) =
∫ 1

0

f(s)ds (4.1)

holds since the Taylor expansion of a smooth function g satisfies
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∑
k≥1

1
k!
Dkg(s) = g(s+ 1)− g(s).

Taking g(s) =
∫
f(s)ds to be an indefinite integral of f we obtain

∑
k≥0

1
(k + 1)!

Dkf(s) = g(s+ 1) + g(s).

Evaluating at s=0 gives Equation 4.1.

The matrix-valued function

ϕ(s) = exp(sA)B exp((1− s)A)

satisfies

ϕ(s) = exp(sA)B exp(A) exp(−sA)

= exp(s adjA)(B exp(A))

= exp(s adjA)(B) exp(A),

since for m,n ≥ 1,

(adjA)m(BAn) = (adjA)m(B)An.

So

F (D)(ϕ(s)) =

∑
k≥0

(s+ 1)k+1 − sk+1

(k + 1)!
(adjA)k

 (B) exp(A)

is giving

F (D)(ϕ(s))|s=0 =

∑
k≥0

1
(k + 1)!

(adjA)k

 (B) exp(A)

= F (adjA)(B) exp(A),
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which is the desired formula. �

4.3 One-parameter subgroups in matrix groups.

Let G ≤ GLn(F) be a matrix group. Since G ⊆ Mn(F), in particular the derivative is defined

by

γ′(t) = lim
s→t

1
(s− t)

(γ(s)− γ(t)) ∈Mn(F)

provided this limit exists.

Definition 4.8 A differentiable curve in G is a function γ : (a, b) → G for which the derivative

γ′(t) exists at each t ∈ (a, b).

Since G ⊆Mn(F), such a curve is also a curve in Mn(F).

Definition 4.9 Let ε > 0. A one parameter semigroup in G is a continuous function γ :

(−ε, ε) → G which is differentiable at 0 and also satisfies

γ(s+ t) = γ(s) · γ(t)

whenever s, t, (s+ t) ∈ (−ε, ε).

We will refer to the last condition as the homomorphism property.

If ε = ∞ then γ : R → G is called a one-parameter group in G or one-parameter subgroup

of G.

Notice that for a one-parameter semigroup in G, γ(0) = IG ∈ G.

Proposition 4.10 Let γ : (−ε, ε) → G be a one-parameter semigroup in G. Then for every

t ∈ (−ε, ε), γ is differentiable at t and

γ′(t) = γ′(0)γ(t) = γ(t)γ′(0).

Proof. For a small h ∈ R,

γ(h)γ(t) = γ(h+ t) = γ(t+ h) = γ(t)γ(h).
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Hence

γ′(t) = lim
h→0

1
h

(γ(t+ h)− γ(t))

= lim
h→0

1
h

(γ(h)− I)γ(t)

= γ′(0)γ(t),

and similarly γ′(t) = γ(t)γ′(0).

�

Of course, part of the importance of this result is the implication that γ is differentiable

curve in G even though we only assumed it was continuous.

Proposition 4.11 Let γ : (−ε, ε) → G be a one-parameter semigroup in G. Then there is a

unique extension to a one-parameter group γ̃ : R → G,i.e, a function γ̃ for which γ̃(t) = γ(t)

for all t ∈ (−ε, ε).

Proof. Let t ∈ R. Then for a large enough natural number m, t/m ∈ (−ε, ε), hence

γ(t/m), (γ(t/m))m ∈ G. Similarly, for a second such natural number n, γ(t/n), (γ(t/n))n ∈ G.

Since mn ≥ m and mn ≥ n, we also have t/mn ∈ (−ε, ε) therefore

γ(t/n)n = γ(mt/mn)n

= γ(t/mn)mn

= γ(nt/mn)m

= γ(t/m)m.

Thus γ(t/n)n = γ(t/m)m, which shows that we obtain a well-defined element of G for every

real number t. This defines a function γ̃ : R → G by γ̃(t) = lim
n→∞

γ(t/n)n. It is easy to see that

γ̃ is one-parameter group in G. �

We can now determine the form of all one-parameter groups in G.

Theorem 4.12 Let γ : R → G be a one parameter group in G. Then it has the form

γ(t) = exp(tA)
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for some A ∈Mn(F).

Proof. Let A = γ′(0). By Proposition 4.10, γ(t) = exp(tA) satisfies the following differential

equation

γ′(t) = γ′(0)γ(t), γ(0) = I.

�

We can not yet reverse this process and decide for which A ∈ Mn(F) the one-parameter

group

γ : R → GLn(F); γ(t) = exp(tA)

actually takes values in G. Notice that we also have the curious phenomenon that although

the definition of a one-parameter group only involves first order differentiability, the general

form exp(tA) is always infinitely differentiable and indeed analytic as a function of t.

4.4 Curves, tangent spaces and Lie algebras.

Let G ≤ GLn(F) be a matrix group.

Definition 4.13 : The tangent space to G at U ∈ G is

TUG = {γ′(0) ∈Mn(F) : γ is a differentiable curve inGwith γ(0) = U}.

Proposition 4.14 TUG is a real vector subspace of Mn(F)

Proof. Suppose that α, β are differentiable curves in G for which α(0) = β(0) = U . Then

γ : dom(α) ∩ dom(β) → G

defined by γ(t) = α(t)U−1β(t) is also differentiable curve in G with γ(0) = U . The product

Rule gives

γ′(t) = α′(t)U−1β(t) + α(t)U−1β′(t),

hence

γ′(0) = α′(0)U−1β(0) + α(0)U−1β′(0) = α′(0) + β′(0),
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which shows that TU is closed under addition.

Similarly, if r ∈ R and α is a differentiable curve in G with α(0) = U , then η(t) = α(rt)

defines another such curve. Since η′(0) = rα′(0), we see that TUG is closed under real scalar

multiplication. �

Definition 4.15 The dimension of the real matrix group G is dimG = dimR TIG If G is

complex then its complex dimension is dimC G = dimC TIG.

We will use the notation g = TIG for this real vector subspace of Mn(F). In fact, g has the

algebraic structure of a real Lie algebra as we now show.

Theorem 4.16

(i) If G ≤ GLn(R) is a matrix subgroup, then g is a real Lie subalgebra of Mn(R).

(ii) If G ≤ GLn(C) is a matrix subgroup then g is a complex Lie subalgebra of Mn(C).

Proof.

(i) We will show that for two differentiable curves α and β in G which satisfy α(0) = β(0) =

In, there is another such curve γ with γ′(0) = [α′(0), β′(0)].

Consider a function

F : dom(α)× dom(β) → G;F (s, t) = α(s)β(t)α(s)−1.

This is clearly continuous and differentiable with respect to each of the variables s, t. For each

s ∈ domα, the function F (s,−) : dom(β) → G is a differentiable curve in G with F (s, 0) = In.

By differentiating we find

dF (s, t)
dt |t=o

= α(s)β′(0)α(s)−1,

and so

α(0)β′(0)α(s)−1 ∈ g.

Since g is a closed subspace of Mn(F), whenever this limits exists we also have

lim
s→0

1
s
(α(0)β′(0)α(s)−1 − β′(0))) ∈ g.
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We will use following easily verified matrix version of the usual rule for differentiating inverse:

d

dt
(α(t)−1) = −α(t)−1α′(t)α(t)−1.

We have

lim
s→0

1
s
(α(0)β′(0)α(s)−1 − β′(0))) =

d

ds|s=o

α(s)β′(0)α(s)−1

= α′(0)β′(0)α(0)− α(0)β′(0)α(0)−1α′(0)α(0)−1

= α′(0)β′(0)α(0)− α(0)β′(0)α′(0)

= α′(0)β′(0)− β′(0)α′(0)

= [α′(0), β′(0)].

This shows that [α′(0), β′(0)] ∈ g, hence it must be of the form γ′(0) for some differentiable

curve.

So for each matrix group G there is a Lie algebra g = TIG. �

A suitable type of homomorphism G → H between matrix group gives rice to a linear

transformation g → h which is a homomorphism of Lie algebras.

Definition 4.17 : Let G ≤ GLn(F),H ≤ GLm(F) be matrix group and ϕ : G → H be a

continuous map. Then ϕ is said to be a differentiable map if it satisfies the following two

conditions:

• for every differentiable curve γ : (a, b) → G, the curve ϕoγ : (a, b) → H is differentiable

and has derivative

(ϕoγ)′(t) =
d

dt
ϕ(γ(t));

• if two differentiable curves α, β : (a, b) → G satisfies

α(0) = β(0), α′(0) = β′(0),

then
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(ϕoα)′(0) = (ϕoβ)′(0).

A differentiable map which also a group homomorphism is called a differentiable homo-

morphism. A continuous of matrix groups that is also a differentiable map is called a Lie

homomorphism.

Proposition 4.18 Let G,H,K be matrix groups with ϕ : G→ H and θ : H → K differentiable

homomorphisms. Then the following are true.

(i) For each A ∈ G there is an R-linear transformation dϕ : TAG→ Tϕ(A)H given by

dϕA(γ′(0)) = (ϕoγ)′(0),

for every differentiable curve γ : (a, b) → G with γ(0) = A

(ii) We have

dθϕ(A) o dϕ(A) = d(θoϕ)A.

(iii) For the identity map dIdG = IdTA
G.

If ϕ : G→ H is a differentiable homomorphism then since ϕ(I) = I, dϕI : TIG→ TIH is a

linear transformation called derivative of ϕ which is usually denoted dϕ : g → h.

Theorem 4.19 Let G,H be matrix groups and ϕ : G→ H be a differentiable homomorphism.

Then the derivative dϕ : g → h is a homomorphism of Lie algebras.

Proof. Following ideas and notation in the proof of Theorem 4.16, for differentiable curves

α, β in G with α(0) = β(0) = I, we can use the composite function ϕoF given by

ϕoF (s, t) = ϕ(F (s, t)) = ϕ(α(s))ϕ(β(t))ϕ(α(s))−1,

to deduce that

dϕ([α′(0), β′(0)]) = [dϕ(α′(0)), dϕ(β′(0)))].

�
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As a special case, for each A ∈ G the conjugation map

χA : G→ G; χA(U) = AUA−1

has as its derivative at identity I the adjoint action of A on g, namely the linear transfor-

mation

adjA = dχ : g → g; χA(X) = AXA−1.

4.5 The Lie algebra of some matrix groups.

4.5.1 General and special linear groups.

We will start with the real matrix group GLn(R) ⊆ Mn(R). For A ∈ Mn(R) and ε > 0 there

is a differentiable curve

α : (−ε, ε) →Mn(R); α(t) = I + tA.

For t 6= 0, the roots of the equation det(A− tI+) = 0 are of the form t = −1/λ where λ is a

non-zero eigenvalue of A. Hence if we choose ε as ε < min{ 1
|λ| : λ a non-zero eigenvalue ofA},

then Im(α) ⊆ GLn(R), so we will view α as a function α : (−ε, ε) → GLn(R). Calculating the

derivative we find that α′(t) = A, hence α′(0) = A. This shows that A ∈ TIGLn(R). Since

A ∈Mn(R) was arbitrary, we have

gln(R) = TIGLn(R) = Mn(R),

dimGLn(R) = n2.

Similarly,

gln(C) = TIGLn(C) = Mn(C),

dimC GLn(C) = n2.

For SLn(R) ≤ GLn(R), suppose that α : (a, b) → SLn(R) is a curve lying in SLn(R) and

satisfying α(0) = I. For t ∈ (a, b) we have detα(t) = 1, so
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d(detα(t))
dt

= 0.

Lemma 4.20 We have
d (detα(t))
dt|t=0

= traceα′(0).

Proof. Recall that for A ∈Mn(F),

traceA =
n∑

i=1

Aii.

It is easy to verify that the operation ∂ = d
dt|t=0

on functions has the derivation property

∂(γ1γ2) = (∂γ1)γ2(0) + γ1(0)∂γ2.

Put aij = α(t)ij and notice that when t = 0, aij = δij . Write Cij for the cofactor matrix

obtained from α(t) by deleting the ith row and jth column. By expanding along the nth row

we obtain

detα(t) =
n∑

j=1

(−1)n+janj detCnj .

Then

∂ detα(t) =
n∑

j=1

(−1)n+j
(
(∂anj

) detCnj + anj(∂ detCnj)
)

=
n∑

j=1

(−1)n+j(∂anj
) detCnj + ∂ detCnn.

For t = 0, detCnj = δnj since α(0) = I, hence

∂ detα(t) = ∂ann + ∂ detCnn.

We can repeat this calculation with the (n− 1)× (n− 1) matrix Cnn and so on. This yields

∂ detα(t) = ∂ann + ∂a(n−1)(n−1) + ∂ detC(n−1)(n−1)

= ∂ann + ∂a(n−1)(n−1) + . . .+ ∂a11

= trace(α′(0)),
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giving the result. �

So we have trace(α′(0)) = 0 and hence

sln(R) = TISLn(R) ⊆ ker(trace) ⊆Mn(R).

If A ∈ ker(trace) ⊆Mn(R), the function

α : (−ε, ε) →Mn(R);α(t) = exp(tA) =
∑
k≥0

tk

k!
Ak,

is defined for every ε > 0 and satisfy the boundary conditions

α(0) = I, α′(0) = A.

We will make use of the following lemma.

Lemma 4.21 For A ∈Mn(C) we have

det exp(A) = etrace(A).

Proof. Approach using Jordan form. If S ∈ GLn(C),

det(exp(SAS−1)) = det(S exp(A)S−1)

= detS det(exp(A)) detS−1

= det expA,

and

etrace(SAS−1) = etrace(A).

So it suffices to prove the identity for SAS−1 for a suitably chosen invertible matrix S.

Using the theory of Jordan forms,there is a suitable choice of such an S for which
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B = SAS−1 = D +N,

where D is diagonal, N is strictly upper triangular,i.e. Nij = 0 whenever i ≥ j) and with

D,N commuting. Then N is nilpotent, Nk = 0n for k large.

We have

exp(B) =
∑
k≥0

1
k!

(D +N)k

=
∑
k≥0

1
k!

(D)k +
∑
k≥0

1
(k + 1)!

 k∑
j=0

(
k + 1
j

)
DjNk+1−j


= exp(D) +

∑
k≥0

1
(k + 1)!

N

 k∑
j=0

(
k + 1
j

)
DjNk−j

 .

For each k ≥ 0, the matrix

N
k∑

j=0

(
k + 1
j

)
DjNk−j

is strictly upper triangular, hence

exp(B) = exp(D) +N ′,

where N ′ is strictly upper triangular. If D = diag(λ1, . . . , λn), by calculating the determinant

we find that

det exp(A) = det exp(B)

= det exp(D) = det(diag(eλ1 , ..., eλn))

= eλ1 . . . eλn = e(λ1+...+λn).

Since trace(D) = (λ1 + ...+ λn), this implies that

det exp(A) = etrace(D).

�
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Using this lemma and the function α, we obtain

sln(R) = TISLn(R) = ker(trace) ⊆Mn(R)

dimSLn(R) = n2 − 1.

Working over C we also have

sln(C) = TISLn(C) = ker trace ⊆Mn(C).

Hence

dimC SLn(C) = n2 − 1.

4.6 Some observations on the exponential function of a matrix

group.

The function

expG : g → GLn(R); expG(X) = exp(X),

has image contained in G, expG g ⊆ G, so we will usually write expG : g → G for the exponential

of G and sometimes even just exp.

If G is compact and connected then expG(g) = G. y inverse mapping theorem, there is an

open disc Ng(0; r) ⊆ g on which exp is injective and gives a homeomorphism

exp : Ng(0; r) → exp(Ng(0; r)),

where exp(Ng(0; r)) ⊆ G is in fact an open subset.

Here is an example which shows that the exponential map need not be surjective for a

connected matrix group.

Example 4.22 Consider the exponential expSL2(R) : sl(2,R) → SL2(R). Then for δ ≥ 0, the

matrix
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−(2 + δ) 0

0 −1
(2+δ)

 ∈ SL2(R)

is not in the image of expSL2(R).

Proof. Let

A ∈ sl2(R) = {A ∈M2(R) : traceA = 0}.

By Cayley-Hamilton Theorem, we have

A2 + (detA)I2 = 0.

If detA = 0 then the only eigenvalue of A is 0 and for any t ∈ R we have

exp(tA) = I2 + tA,

from which we obtain

trace exp(tA) = 2.

If detA 6= 0, then A has two distinct non-zero eigenvalues, namely


±
√

detAi if detA > 0,

±
√
−detA if detA < 0.

�

4.7 Smooth manifolds.

Definition 4.23 :A continuous map g : V1 → V2 where each Vk ⊆ Rmk is open is smooth if it

is infinitely differentiable. A smooth bijection g is a diffeomorphism if its inverse g−1 : V2 → V1

is also smooth.

Definition 4.24 : A topological space X is separable if it has a countable open covering, an

open of the form {Uj}∞j=1 = {U1, U2, U3, ...}.
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Every compact topological space is separable, as is any subspace of Rn or Cn for n ≥ 1, so all

matrix groups are separable. A quotient space of a separable space is also separable.

From now on, let M be a separable Hausdorff topological space.

Definition 4.25 If U ⊆ M and V ⊆ Rn are open subsets, a homomorphism f : U → V is

called an n-chart for U.

If U = {Uα ∈ A} is an open covering of M and F = {fα : Uα → Vα} is a collection of

charts, then F is called an atlas for M if, whenever Uα ∩ Uβ 6= φ,

fβof
−1
α : fα(Uα ∩ Uβ) → fβ(Uα ∩ Uβ)

is a diffeomorphism.

Sometimes we will denote an atlas by (M,U,F) and refer to it as a smooth manifold of

dimension n or smooth n-manifold.

Let (M,U,F) and (M ′,U′,F′) be atlases on topological spaces M and M’. A smooth map

h : (M,U,F) → (M ′,U′,F′) is a continuous map h : M →M ′ such that for each pair α, α′ with

h(Uα) ∩ U ′
α′ 6= φ , the composite

f ′α′ o h o f−1
α : fα(h−1U ′

α′) → V ′
α′

is smooth.

4.8 Tangent spaces and derivatives.

Let (M,U,F) be a smooth n-manifold and p ∈ M. Let γ : (a, b) → M be a continuous curve

with a < 0 < b.

Definition 4.26 γ is differentiable at t ∈ (a, b) if for every chart f : U → V with γ(t) ∈ U ,

the curve foγ : (a, b) → V , is differentiable at t ∈ (a, b), i.e., (foγ)′(t) exists.

γ is smooth at t ∈ (a, b) if all the derivatives of (foγ) exists at t.

The curve γ is differentiable if it is differentiable at all points in (a, b). Similarly γ is

smooth at all points in (a, b).

From now on we will often write fg = fog for the composition of functions f and g when no

confusion seems likely to result.
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Lemma 4.27 Let f0 : U0 → V0 be a chart with γ(t) ∈ U0 and suppose that

f0 o γ : (a, b) ∩ f−1
0 V0 → V0

is differentiable at t. Then for any chart f : U → V with γ(t) ∈ U ,

foγ : (a, b) ∩ f−1V → V

is differentiable at t.

Proof. The composition foγ is defined on a subinterval of (a, b) containing t and is smooth.

There is the usual chain rule or function of a function rule for the derivative

(fγ)′(t) = Jacff−1
0

(foγ(t))(foγ)′(t) (4.2)

Hence, for a differentiable function

h : W1 →W2; h(x) =


h1(x)

...

hm2(x)


where W1 ⊆ Rm1 and W2 ⊆ Rm2 are open subsets, x ∈W1 and

Jach(x) =
[
∂hi

∂xj
(x)
]
∈Mm2,m1(R)

is the Jacobian matrix of h at x.

If γ(0) = p and γ is differentiable at 0, then for any chart f0 : U0 → V0 with γ(0) ∈ U0,

there is a derivative vector v0 = (fγ)′(0) ∈ Rn. In passing to another chart f : U → V with

γ(0) ∈ U by equation 4.2, we have

(fγ)′(0) = Jacff−1
0

(foγ(0))(foγ)′(0)

�

In order to define the notion of the tangent space TpM to the manifold M at p, we consider

all pairs of the form
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(fγ)′(0), f : U → V

where γ(0) = p ∈ U , and then impose an equivalence relation ∼ under which

((f1γ)′(0), f1 : U1 → V1) ∼ ((f2γ)′(0), f2 : U2 → V2).

Since

(f2γ)′(0) = Jacf2f−1
1

((f1γ)(0)(f1γ)′(0),

whenever there is a curve α in M for which γ(0) = p, (f1γ)′(0) = v. The set of equivalence

classes is TpM and we will sometimes denote the equivalence class of (v, f : U → V ) by

[v, f : U → V ].

Proposition 4.28 : For p ∈M,TpM is an R-vector space of dimension n.

Proof. For any chart f : U → V with p ∈ U , we can identify the elements of TpM with

objects of the form (v, f : U → V ). Every vector v ∈ Rn arises as the derivative of of a curve

γ̄ : (−ε, ε) → V for which γ̄(0) = f(p). For example, for small enough ε, we would take

γ̄(t) = f(p) + tv.

There is an associated curve in M,

γ : (−ε, ε) →M ; γ(t) = f−1γ̄(t),

for which γ(0) = p. So using such a chart we can identify TpM with Rn by

[v, f : U → V ] ↔ v.

The same argument as used the prove Proposition 4.14 shows that TpM is a vector space

and that the above correspondence is a linear isomorphism. �

Let h : (M,U,F) → (M ′,U′,F′) be a smooth map between manifolds of dimensions n, n′.

We will use the notation of Definition 4.25. For p ∈M , consider a pair of charts with p ∈ Uα and
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h(p) ∈ U ′
α′ . Since hα′,α = f ′α′ohof−1

α is differentiable, the Jacobian matrix Jach(α′,α)(fα(p))

has an associated R-linear transformation

dh(α′,α) : Rn → Rn′
; dh(α′,α)(x) = Jach(α′,α)

(fα(p))x.

It can be verified that this passes to equivalence classes to give a well-defined R-linear trans-

formation

dhp : TpM → Th(p)M
′.

Proposition 4.29 : Let h : (M,U,F) → (M ′,U′,F′) and g : (M ′,U′,F′) → (M ′′,U′′,F′′) be

smooth maps between manifolds M,M ′,M ′′ of dimensions n, n′, n′′. Then for each p ∈ M we

have

(i) dgh(p)odhp
= d(goh)p;

(ii) dIdp = IdTpM , where Id : M →M is the identity map.

Definition 4.30 Let (M,U,F) be a manifold of dimension n. A subset N ⊆M is a subman-

ifold of dimension k if for every p ∈ N there is an open neighbourhood U ⊆ M of p and an

n-chart f : U → V such that

p ∈ f−1(V ∩ Rk) = N ∩ U.

For such an N we can form k-charts of the form

f0 : N ∩ U → V ∩ Rk; f0(x) = f(x).

We will denote this manifold by (N,UN ,FN ).

The following result is immediate.

Proposition 4.31 For a submanifold N ⊆ M of dimension k, the inclution function incl :

N →M is smooth and for every p ∈ N , dinclp : TpN → TpM is an injection.

The next result allows us to recognise submanifolds as inverse image of points under smooth

mappings.

Theorem 4.32 (Implicit Function Theorem for manifolds) Let h : (M,U,F) → (M ′,U′,F′)

be a smooth map between manifolds of dimensions n, n′. Suppose that for some q ∈ M ′, dhp :
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TpM → Th(p)M
′ is surjective for every p ∈ N = h−1q. Then N ⊆ M is submanifold of

dimension n− n′ and the tangent space at p ∈ N is given by TpN = ker dhp.

Theorem 4.33 : Let h : (M,U,F) → (M ′,U′,F′) be a smooth map between manifolds of

dimensions n, n′. Suppose that for some p ∈M,dhp : TpM → Th(p)M
′ is an isomorphism.

Then there is an open neighbourhood U ⊆ M of p and an open neighbourhood V ⊆ M ′ of

h(p) such that hU = V and the restriction of h to the map h1 : U → V is a diffeomorphism. In

particular, the derivative dhp : Tp → Th(p) is an R- linear isomorphism and n = n′.

When this occurs we say that h is locally a diffeomorphism at p.

4.9 Lie groups.

Definition 4.34 Let G be a smooth manifold which is also a topological group with multipli-

cation map mult : G × G → G and inverse map inv : G → G and view G × G as a product

manifold. Then G is a Lie group if mult, inv are smooth maps.

Definition 4.35 : Let G be a Lie group. A closed subgroup H ≤ G that is also a submanifold

is called a Lie group of G. It is then automatic that the restrictions to H of the multiplication

and inverse maps on G are smooth, hence H is also a Lie group.

For a Lie group G, let g ∈ G. The following three functions are of particular importance:

Lg : G→ G;Lg(x) = gx, Left translation

Rg : G→ G;Rg(x) = xg, Right translation

χg : G→ G;χg(x) = gxg−1 Conjugation

Proposition 4.36 For each g ∈ G, the maps Lg, Rg, χg are diffeomorphism with inverses

Lg
−1 = Lg−1 , Rg

−1 = Rg−1 , χg
−1 = χg−1 .

Proof. Charts for G×G have the form

ϕ1 × ϕ2 : U1 × U2 → V1 × V2,

where ϕk : Uk → Vk are charts of G. Now suppose that µ (U1 × U2) ⊆W ⊆ G where there is a

chart θ : W → Z. By assumption, the composition
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θoµo(ϕ1 × ϕ2)−1 = θoµo(ϕ−1
1 × ϕ−1

2 ) : V1 × V2 → Z

is smooth. Then Lg(x) = µ(g, x) so if g ∈ U1 and x ∈ U2, we have

Lg(x) = θ−1o(θoLgoϕ
−1
2 )oϕ2(x).

But then it is clear that

θoϕ−1
2 : V2 → Z

is smooth since it is obtained from θoµo(ϕ1×ϕ2)−1, but treating the first variable as a constant.

A similar argument deals with Rg.

For χg, notice that

χg = LgoRg = RgoLg,

and a composite of smooth maps is smooth. �

The derivatives of these maps at the identity 1 ∈ G are worth studying. Since Lg and Rg

are diffeomorphism with inverses Lg−1 and Rg−1 , the derivatives

d(Lg)1, d(Rg)1 : g = T1G→ TgG

are R-linear isomorphisms. We can use this to identify every tangent space of G with g. The

conjugation map χg fixes 1, so it induces an R- linear isomorphism

adjg = d(χg)1 : g → g.

This is the adjoint action of g ∈ G.

Theorem 4.37 Let G,H be Lie groups and ϕ : G → H be a Lie homomorphism. Then the

derivative is a homomorphism of Lie algebras. In particular, if G ≤ H is a Lie subgroup, the

inclusion map i : G→ H induces an injection of Lie algebras di : g → h.
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4.9.1 Some examples of Lie groups.

Example 4.38 When F = R or C, GLn(F) is a Lie group.

Proof. Since det : Mn(F) → F is continuous and

GLn(F) = det−1 (F− {0}) ,

GLn(F) ⊆ Mn(F) is an open subset, where as usual we identify Mn(F) with Fn2
. For charts

we take the open sets U ⊆ GLn(F) and the identity function Id : U → U . The tangent space

at each point A ∈ GLn(F) is just Mn(F). The multiplication and inverse maps are obviously

smooth as they are defined by polynomial and rational functions between open subsets ofMn(F).

�

Example 4.39 For F = R or C, SLn(F) ≤ GLn(F) is a Lie subgroup.

Proof. Since det : GLn(F) → F∗ = F− {0} is a group homomorphism,

SLn(F) = ker(det) ≤ GLn(F).

Since T1F∗ = F is a smooth manifold, by the implicit function theorem, SLn(F) is a submanifold

of GLn(F). Hence SLn(F) is a Lie subgroup of GLn(F). �

Proposition 4.40 (Left Translation Trick) Let F : GLn(R) → M be a smooth function

into a smooth manifold M and suppose that B ∈ GLn(R) satisfies F (BC) = F (C) for all

C ∈ GLn(R). Let A ∈ GLn(R) with dFA is surjective. Then dFBA is surjective.

Proof. Left multiplication by B ∈ G,LB : GLn(R) → GLn(R), is a diffeomorphism and its

derivative at A ∈ GLn(R) is

d(LB) : Mn(R) →Mn(R); dLB(X) = BX
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By assumption FoLB = F as a function on GLn(R). Then

dFBA(X) = dFBA(B(B−1X))

= dFBAod(LB)A(B−1X)

= d(FoLB)A(B−1X)

= dFA(B−1X).

Since left multiplication by B−1 on Mn(R) is surjective, the result follows. �

Proposition 4.41 Let G ≤ GLn(R) be a matrix subgroup and let M be a smooth manifold.

Let F : GLn(R) →M be a smooth function with F−1q = G for some q ∈M . Suppose that for

every B ∈ G,F (BC) = F (C) for all C ∈ GLn(R). If dFI is surjective then dFA is surjective

for all A ∈ G and ker dFA = Ag.

Theorem 4.42 Let G ≤ GLn(R) be a matrix group which is also a submanifold, hence a Lie

subgroup. Then the tangent space to G at I agrees with the Lie algebra g and the dimension of

the smooth manifold G is dimG; more generally, TAG = Ag.

Theorem 4.43 Let G ≤ GLn(R) be a matrix subgroup. Then G is a Lie subgroup of GLn(R).

Theorem 4.44 Let H ≤ G be a closed subgroup of a Lie group G. Then H is a Lie subgroup

of G.

4.9.2 Some useful formula in matrix groups.

Theorem 4.45 (Trotter Product Formula,Commutator Formula) For U, V ∈ Mn(R)

we have the following formulas.

exp(U + V ) = lim
r→∞

(exp((1/r)U) exp((1/r)V ))r

exp([U, V ]) = lim
r→∞

(exp((1/r)U) exp((1/r)V )) exp(−(1/r)U) exp(−(1/r)V ))2

Proof. For large r we may take A = (1/r)U and B = 1/r)V to give

(exp((1/r)U) exp((1/r)V )) = exp(Cr)
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with

‖ Cr − (1/r)(U + V ) ‖≤ 17(‖ U ‖ + ‖ V ‖)2

r2
).

As r →∞

‖ rCr − (U + V ) ‖= 17(‖ U ‖ + ‖ V ‖)2

r
→ 0,

hence rCr → (U + V ). Since exp(rCr) = exp(Cr)r, the Trotter formula follows by continuity

of exp.

We also have

Cr = (1/r)(U + V ) +
1

2r2
[U, V ] + Sr

where

‖ Sr ‖≤ 65
(‖ U ‖ + ‖ V ‖)3

r3

Similarly, replacing U, V with −U,−V we obtain

exp((−1/r)U) exp((−1/r)V )) = exp(C ′r),

where

C ′r = (1/r)(U + V ) +
1

2r2
[U, V ] + S′r

and

‖ S′r ‖≤ 65
(‖ U ‖ + ‖ V ‖)3

r3
.

Combining these we obtain

exp((1/r)U) exp((1/r)V ) exp((−1/r)U) exp((−1/r)V ) = exp(Cr) exp(C ′r) = exp(Er),
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where

Er = Cr + C ′r + 1/2[Cr, C
′
r] + Tr

=
1
r2

+ 1/2[Cr, C
′
r] + Sr + S′r + Tr.

Another tedious computation shows that

[Cr, C
′
r]

= [(1/r)(U + V ) +
1

2r2
[U, V ] + Sr, (−1/r)(U + V ) +

1
2r2

[U, V ] + S′r]

=
1
r3

[U + V, [U, V ]] + (1/r)[U + V, Sr + S′r] +
1

2r2
[[U, V ], S′r − Sr] + [Sr, S

′
r].

By the estimation, all four of these terms has norm bounded by an expression of the form

(constant)/r3, so the same is true of [Cr, C
′
r]. The estimation also implies that Sr, S

′
r, Tr have

similarly bounded norms. Setting

θr = r2Er − [U, V ],

we obtain

‖ θr ‖=‖ Er −
1
r2

[U, V ] ‖≤ (constant)/r3 → 0

as r →∞, so

exp(Er)r2
= exp ([U, V ] + θr) → exp ([U, V ]) .

The commutator formula now follows using continuity of exp. �

4.10 All matrix groups are Lie groups.

Let G ≤ GLn(R) be a matrix subgroup. Recall that the Lie algebra g = T1G is a Lie subalgebra

of gln(R) = Mn(R). Let

g̃ = {A ∈Mn(R) : ∀t ∈ R, exp(tA) ∈ G}.
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Theorem 4.46 g̃ is a Lie subalgebra of Mn(R).

Proof. By defining, g̃ is closed under multiplication by real scalars. If U, V ∈ g̃ and r ≥ 1,

then following are in G:

exp((1/r)U) exp((1/r)V ), exp((1/r)U) exp((1/r)V )r,

exp((1/r)U) exp((1/r)V ) exp(−(1/r)U) exp(−(1/r)V )r2
,

exp((1/r)U) exp((1/r)V ) exp(−(1/r)U) exp(−(1/r)V )r2
.

By Theorem 4.45, for t ∈ R, we have

exp([tU, tV ]) = lim r →∞(exp((1/r)tU) exp((1/r)tV ))r, and exp(t[U, V ]) = exp([tU, V ]) =

lim r →∞(exp((1/r)tU)) exp((1/r)V ) exp(−(1/r)tU) exp(−(1/r)V )r2
.

As these are both limits of elements of the closed subgroup G ≤ GLn(R) they are also in

G. This shows that g̃ is a Lie subalgebra of gln(R) = Mn(R). �

Proposition 4.47 Let U ∈ g̃. Then the curve

γ : R → G; γ(t) = exp(tU),

has γ(0) = I and γ′(0) = U , hence U ∈ g.

Eventually we will see that g̃ = g.

Lemma 4.48 Let {An ∈ (exp)−1G : n ≥ 1} and {sn ∈ R : n ≥ 1} be sequence for which

‖ An ‖→ 0 and snAn → A ∈Mn(R) as n→∞. Then A ∈ g̃.

Theorem 4.49 A subgroup of GLn(R) is a closed Lie group if and only if it is a matrix

subgroup, i.e, a closed subgroup.

Notice that the dimension of a matrix group G as a manifold is dimR g̃. By Proposition 4.47,

g̃ ⊆ g and dimR g̃ ≤ dimR g. By Theorem 4.46, these dimensions are in fact equal, giving g̃ = g.

59



Theorem 4.50 For a matrix group G ≤ GLn(R), the exponential map exp : g → Mn(R) has

image in G, Im(exp) ≤ G. Moreover, exp is a local diffeomorphism at 0, mapping some open

neighbourhood of 0 onto an open neighbourhood of I in G.
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CHAPTER 5

LINEAR DIFFERENTIAL OPERATORS, SL(2) MULTIPLIER

REPRESENTATION AND WEISNER METHOD

The general reference for this chapter is [16].

5.1 Linear Differential Operators.

Let A0
x be the complex space of all functions which are analytic in some neighbourhood of

x = (x0
1, ..., x

0
m) ∈ Cm. Let

Lk =
m∑

i=1

p(x)
∂

∂xi
+ qk(x), k = 1, ..., n (5.1)

be linearly independent linear operators on A0
x.

We know from Chapter 3 that if there exist Cι
rs such that

[Lr, Ls] =
n∑

ι=1

Cι
rsLι, 1 ≤ r, s ≤ n,

then the operators Lk form a basis for a Lie algebra g′ which is isomorphic to some matrix

Lie algebra g.

Furthermore, we know from Chapter 4 if g and g′ are the Lie algebras of Lie groups G and

G′ respectively, then G and G′ are isomorphic.

Let Θ denote the local isomorphism of G onto a neighbourhood of the identity element I in

G′. Then Θ is a multiplier representation of G on the representation space A0
x. In particular,

if Lα ∈ g′ is an isomorphic image of α ∈ g, we have

(
(eαt)f

)
(x) = exp(tLα)f(x)

=
∞∑

n=0

tn

n!
(Ln

αf)(x),

where t lies in a sufficiently small neighbourhood of 0 ∈ C and f ∈ A0
x.

The following theorem states the operation of exp(tLα) on f ∈ A0
x.
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Theorem 5.1 (multiplier representation) Let

Lα =
n∑

k=1

αkLk

be a linear combination of the operators Lk in the equation 5.1.

Then we have the following equation

(exp(tLα)f) (x) = v(t)f(x(t)),

where xi(t), i = 1, ...,m and v(t) are solutions of integrable system of differential equations

d

dt
xi(t) =

n∑
k=1

αkpki(x(t)),

d

dt
v(t) = v(t)

n∑
k=1

αkqk(x(t)),

xi(0) = xi, i = 1, ...,m; v(0) = 1 respectively.

Now let us make an application of the theorem of multiplier representation.

Let consider the following linear operators on A0
x, z0 = (x0, y0) ∈ C2,

J+ = xy
∂

∂x
+ y2 ∂

∂y
+ (1 + α− x)y,

J− = xy−1 ∂

∂x
− ∂

∂y
,

J3 = y
∂

∂y
+

1
2
(α+ 1).

These operators satisfy Lie bracket relations

[J3, J±] = ±J±, [J+, J−] = 2J3. We can easily check that these relations satisfy Lie algebra

conditions. So these operators span a 3-dimensional Lie alegbra which is isomorphic to sl2.

In order to determine the multiplier representation Θ of SL2, we first compute the actions

of exp(a′J+), exp(b′J−) and exp(c′J3) on f ∈ A0
z.
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To obtain exp(a′J+)f , we need to integrate the equations

∂

∂a′
x(a′) = x(a′)y(a′),

∂

∂a′
y(a′) = {y(a′)}2,

∂

∂a′
v(a′) = v(a′)[1 + α− x(a′)]y(a′), x(0) = x,

y(0) = y, v(0) = 1,

giving

x(a′) =
x

1− a′y
, y(a′) =

y

1− a′y
, v(a′) = (1− a′y)−α−1 exp

(
− a′xy

1− a′y

)
, |a′y| < 1.

Therefore we have by multiplier representation theorem

exp (a′J+)f (x, y) = (1− a′y)−α−1(− a′xy

1− a′y
)f
(

x

1− a′y
,

y

1− a′y

)
, |a′y| < 1.

A similar computation yields

exp (b′J−)f(x, y) = f

(
x

1− b′/y
, y − b′

)
, |b

′

y
| < 1,

and

exp (c′J3)f(x, y) = e(1/2)(α+1)c′f(x, yec′).

Thus

[T (exp(a′f+) exp(b′f−) exp(c′f3))f ](x, y) = [T (exp(a′f+))T (exp(b′f−))T (exp(c′f3))f ](x, y)

= e(1/2)(α+1)c′(1− a′y)−α−1

· exp
(
− a′xy

1− a′y

)
f

(
xy

(1− a′y)(y − b′ + a′b′y)
,
(y − b′ + a′b′y)ec′

1− a′y

)
.
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So we have

exp(a′f+) exp(b′f−) exp(c′f3) =

(1 + a′b′)ec′/2 −a′e−c′/2

−b′ec′/2 e−c′/2

 .

Therefore, setting e(1/2)c′ = 1/d, a′ = −b/d, b′ = −cd, and using the fact that ad − bc = 1,

we get

[T (g)f ](x, y) = (by+d)−α−1exp(
bxy

by + d
)f(

xy

(ay + c)(by + d)
,
ay + c

by + d
), max

{
|by
d
|, | c
ay
|
}
< 1, | arg(d)| < π,

where

g =

a b

c d


lies sufficiently close to the identity

I2 =

1 0

0 1


of SL2.

5.2 Application of Weisner’s Method to Laguerre Polynomials Ln.

We now make some preliminary observations which will serve useful tools while obtaining

generating functions.

Observation 1. Let

L(x,
d

dx
, n) = xD2 + (1− x)D + n

be a linear differential operator containing a parameter n where D = d
dx . Assuming that L

is a polynomial in n, we construct a partial differential operator

L(x,
∂

∂x
, y

∂

∂y
)

by substituting y ∂
∂y for n. Then z = ynvn(x) is a solution of
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L(x,
∂

∂x
, y

∂

∂y
)z = 0

if and only if u = vn(x) is a solution of

L(x,
∂

∂x
, n)u = 0.

Observation 2. LetG(x, y) have a convergent expansion of the formG(x, y) =
∑

n gn(x)yn,

where n is not necessarily a non-negative integer. If

L(x,
∂

∂x
, y

∂

∂y
)G(x, y) = 0,

then, within the region of convergence of the series G(x, y),

[
xD2 + (1− x)D + n

]
(gn(x)) = 0.

In particular, if G(x, y) is regular at x = 0, u = gn(x) is also regular at x = 0.

Observation 3. Let

S = ψ(x)L(x,
∂

∂x
, y

∂

∂y
) + λ, λ ∈ C

be the differential operator commuting with all first order linear differential operator

J = A1(x, y)
∂

∂x
+A2(x, y)

∂

∂y
+A3(x, y).

Actually S is the Casimir element of the multiplier representation of the simple Lie algebra

which is spanned by J+, J−, J3, and which is isomorphic to sl2.

Sf(x, y) = λf(x, y),

then

(S[etjf ](x, y) = λ[etjf ](x, y).

The groundwork having been completed, we can attend to the task of obtaining generating

functions. The process, in short, involves introducing first order linear differential operators

forming a Lie algebra isomorphic to sl2, and then, based on these operators, determining a
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local representation [T (g)f ](x, y), g ∈ SL2. By choosing f(x, y) in certain ways, this local

representation leads us to generating functions.

We need the following results in our analysis:

(1− ay)−α(1− b

y
)β =

∞∑
n=−∞

Γ(α+ n)
Γ(α)

(ay)n, (5.2)

{Γ(1 + n)}−1
2F1


α+ n, β;

ab

1 + n;

 , |b| < |y| < |a|−1; (5.3)

(1− ay)−β
1F1


α

b
y (1− ay)

1− β



=
∞∑

n=−∞

Γ(β + n)
Γ(β)

(ay)n{Γ(1 + n)}−1
1F1


α

−ab

1 + n

 ,
(5.4)

0 < |y| < |a|−1.

The terms of the series in 5.2 and 5.4, corresponding to n=-1, -2, -3, ..., are well defined in

view of the relations

lim
γ→−n

{Γ(γ})−1
2F1


α, β;

x

γ

 =
(α)n+1(β)n+1

(n+ 1)!
xn+1

2F1


α+ n+ 1, β;

x

n+ 2;

 (5.5)

and

lim
γ→−n

{Γ(γ})−1
1F1


α;

x

γ

 =
(α)n+1

(n+ 1)!
xn+1

1F1


α+ n+ 1;

x

n+ 2

 , (5.6)
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n = 0, 1, 2...

More generally, we have

lim
γ→−n

{Γ(γ})−1
pFq+1


a1, ..., ap;

x

γ, b1, ..., bq

 =

∏p
j=1(aj)n+1∏q
j=1(bj)n+1

xn+1

(n+ 1)!

.pFq+1


a1 + n+ 1, ..., ap + n+ 1;

x

n+ 2, b1 + n+ 1, ..., bq + n+ 1

 ,

where as also in 5.5 and 5.5, n = 0, 1, 2, . . ..

5.3 Application of Weisner’s method to generalized Laguerre

polynomials L
(α)
n .

In this section we appeal to the theoretic concepts presented in the preceding sections and

derive generating functions involving series of the Laguerre function L
(α)
n (x), where n is not

necessarily a non-negative integer. We begin with the Laguerre differential equation

[x
d2

dx2
+ (1 + α− x)

d

dx
+ n]u(x) = 0, (5.7)

whose two solutions are given by

u1(x) = L(α)
n (x) =

Γ(1 + α+ n)
Γ(1 + +n)Γ(1 + α) 1F1


−n;

x

1 + α;

 (5.8)

and

u2(x) = x−α
1F1


−α− n;

x

1− α;

 (5.9)

Of these solutions of 5.7, the solution u1(x) given by 5.8 is regular at x = 0.

Substituting y ∂
∂y for n in 5.7, we construct a partial differential equation in the form:
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[x
∂2

∂x2
+ (1 + α− x)

∂

∂x
+ y

∂

∂y
]f(x, y) = 0, (5.10)

so that, by Observation 1,

f1(x, y) = ynu1(x) (5.11)

and

f2(x, y) = ynu2(x) (5.12)

are solutions of 5.10.

We now seek linearly independent differential operators J3, J+, J− each of the form

A1(x, y)
∂

∂x
+A2(x, y)

∂

∂y
+A3(x, y),

such that

J3[ynL(α)
n (x)] = any

nL(α)
n (x), (5.13)

J−[ynL(α)
n (x)] = bny

n−1L
(α)
n−1(x) (5.14)

and

J+[ynL(α)
n (x)] = cny

n+1L
(α)
n+1(x), (5.15)

where an, bn and cn are expressions in n which are independent of x and y, but not necessarily

of α. Each Ai(x, y), i = 1, 2, 3 on the other hand, is an expression in x and y which is

independent of n, but not necessarily of α.

∂

∂x
L(α)

n (x) =
1
x

[nL(α)
n (x)− (α+ n)L(α)

n−1(x)] (5.16)

and

∂

∂x
L(α)

n (x) =
1
x

[(x− α− n− 1)L(α)
n (x) + (n+ 1)L(α)

n+1(x)] (5.17)
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with the help of 5.16 and 5.17, it follows from 5.13,5.14 and 5.15 that

J3 = y
∂

∂y
+ λ, J− = xy−1 ∂

∂x
− ∂

∂y
, J+ = xy

∂

∂x
+ y2 ∂

∂y
+ (1 + α− x)y. (5.18)

If we take λ = 1/2(α + 1), we find that the operators J3, J+, J− satisfy the commutation

relations

[J3, J±] = ±J±, [J+, J−] = 2J3. (5.19)

Looking at the commutation relations also satisfied by the basis vectors of s`2, we conclude

that the J-operators generate a Lie algebra isomorphic to s`2, Lie algebra of SL2.

In terms of the J-operators, we introduce the Casimir operator

S = J+J− + J3J3 − J3 (5.20)

= x[x
∂2

∂x2
+ (1 + α− x)

∂

∂x
+ y

∂

∂y
]1/4(α2 − 1).

We can verify that S commutes with J3, J+, J−. Equation 5.20 enables us to rewrite 5.13

as

Sf(x, y) = 1/4(α2 − 1)f(x, y). (5.21)

Now we turn our attention to determining the multiplier representation [T (g)f ](x, y), where

g =

a b

c d

 ∈ SL2, (5.22)

corresponding to the J-operators. This has been worked out in 5.24, and we have

[T (g)f ](x, y) = (by + d)−α−1 exp(
bxy

by + d
)f(

xy

(ay + c)(by + d)
,
ay + c

by + d
), (5.23)

where | by
d | < 1, | c

ay | < 1,

and g giving by 5.22 with ad− bc = 1 lies in a sufficiently small neighbourhood of
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g =

a b

c d

 ∈ SL2

To accomplish our job of obtaining generating functions, we search for the functions f(x, y)

which satisfy 5.21. The following case arise.

Case 1. When f(x, y) is a common eigenfunction of S and J3.

Let f(x, y) be a solution of the simultaneous equations

Sf(x, y) = 1/4(α2 − 1)f(x, y), (5.24)

J3f(x, y) = (1/2α+ v + 1/2)f(x, y), (5.25)

which may be rewritten as

[x
∂2

∂x2
+ (1 + α− x)

∂

∂x
+ y

∂

∂y
]f(x, y) = 0, (5.26)

(y
∂

∂y
− v)f(x, y) = 0. (5.27)

Equations 5.26 and 5.27 yield

f(x, y) = yvLv
α(x) (5.28)

so that, by observation 3, we have

[T (g)f ](x, y) = (by + d)−α−v−1(ay + c)v exp
bxy

by + d
(5.29)

Lv
α(

xy

(ay + c)(by + d)

satisfying the relation

S[T (g)f ](x, y) = 1/4(α2 − 1)[T (g)f ](x, y). (5.30)

If v is not an integer, 5.29 has an expansion of the form:
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[T (g)f ](x, y) =
∞∑

n=−∞
hn(g, x)yv+n, (5.31)

|by
d
| < 1, | c

ay
| < 1,−π < arg(a), arg(d) < π,

ad− bc = 1.

Considering that [T (g)f ](x, y) is regular at x = 0, by Observation 2 of the preceding section,

we have

hn(g, x) = jn(g)Lα
v+n(x). (5.32)

To determine jn(g), we set x = 0 in 5.31, and we have

(by + d)−α−v−1(ay + c)v (5.33)

=
∞∑

n=−∞

Γ(1 + α+ v + n)Γ(1 + v)
Γ(1 + α+ v)Γ(1 + v + n)

jn(g)yv+n,

which by 5.20, yields

jn(g) = (−1)n Γ(1 + v + n)
Γ(1 + v)

avand−α−v−n−1{Γ(1 + n)}−1
2F1


−v, α+ v + n+ 1;

bc
ad

1 + n;

 .
(5.34)

Thus the generating function 5.31 becomes

(1 +
by

d
)
−α−v−1

(1 +
c

ay
)
v
exp(

bxy

by + d
Lv

(α)(
xy

(ay + c)(by + d)
) = (5.35)

∞∑
n=−∞

Γ(1 + v + n)
Γ(1 + v)

(−by
d

)
n

Ln+v
(α)(x)

· Γ(1 + n)−1
2F1


−v, α+ v + n+ 1;

bc
ad

1 + n;

 ,
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where | by
d | < 1, | c

ay | < 1, ad− bc = 1. The following special cases of 5.35 are worthy of note.

I When a = d = y = 1 and c = 0, we have

(1− b)−α−v−1 exp(
bx

1− b
)L(α)

v (
x

(1− b)
) =

∞∑
n=0

(1 + v)n

n!
L

(α)
v+nb

n, |b| < 1, (5.36)

which may be compared with the well-known result 5.16.

II When a = d = y = 1 and b = 0, we have

(1− c)vL(α)
v (

x

(1− c)
) =

∞∑
n=0

(−α− v)n

n!
L

(α)
v−n(x)cn, |c| < 1. (5.37)

The generating function 5.35 was obtained under the assumption that v, α+ v ∈ C are not

integers. However, when v is a nonnegative integer, say v = k, the generating function following

from 5.35 is

(1 +
by

d
)−α−k−1(1 +

c

ay
)k exp(

bxy

by + d
L

(α)
k (

xy

(ay + c)(by + d)
)

=
∞∑

n=0

n!
k!

(−by
d

)n−kL(α)
n (x){Γ(n− k + 1)}−1

2F1


−k, α+ n+ 1;

bc
ad

n− k + 1;

 , (5.38)

| by
d | < 1, ad− bc = 1,

whose validity is guaranteed by 5.17.

Case 2. When f(x, y) is a common eigenfunction of the operators S and J−. Let f(x, y)

satisfy the equations

Sf(x, y) = 1/4(α2 − 1)f(x, y) (5.39)

and

J−f(x, y) = −f(x, y), (5.40)

that is, the partial differential equations

[x
∂2

∂x2
+ (1 + α− x)

∂

∂x
+ y

∂

∂y
]f(x, y) = 0 (5.41)

and
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(xy−1 ∂

∂x
− ∂

∂y
+ 1)f(x, y) = 0. (5.42)

Assuming the general solution of 5.41 and 5.42 in the form

f(x, y) = eyk(xy), (5.43)

and substituting this in 5.41, we get

[u
d2

du2
+ (1 + α)

d

du
+ 1]k(u) = 0, u = xy. (5.44)

This is a modification of Bessel’s differential equation and has for its solution

k(u) = Γ(α+ 1)u−(1/2)αJα(2
√
u) = 0F1


−;

−u

α+ 1;

 . (5.45)

Thus

f(x, y) = ey
0F1


−;

−xy

α+ 1;

 , (5.46)

and therefore

[T (g)f ](x, y) = (by + d)−α−1 exp(
ay + bxy + c

by + d
)0F1


−;

− xy
(by+d)2

α+ 1;

 (5.47)

satisfies

S[T (g)f ](x, y) = 1/4(α2 − 1)[T (g)f ](x, y). (5.48)

Since [T (g)f ](x, y) is analytic at y = 0, it can be expanded in the form
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[T (g)f ](x, y) =
∞∑

n=0

pn(g)L(α)
n (x)yn. (5.49)

To compute the coefficients pn(g), we put x=0 in 5.49, and we have

(by + d)−α−1 exp(
ay + c

by + d
) =

∞∑
n=0

(1 + α)n

n!
pn(g)yn. (5.50)

Upon comparing 5.50 with the familiar generating function 5.22 , we find that

pn(g) =
n!

(1 + α)n
ec/dd−1−α(−b/d)nL(α)

n (
1
bd

). (5.51)

Thus the generating function 5.49 assumes the form:

(1+
by

d
)−α−1exp{y(1 + bdx)

d(by + d)
}0F1


−;

− xy
(by+d)2

α+ 1;

 =
∞∑

n=0

n′

(1 + α)n
L(α)

n (x)L(α)
n (

1
bd

)(−by
d

)n, |by
d
| < 1.

(5.52)

For b = i/
√
w and d = −i/

√
w, i =

√
−1, 5.52immediately yields the Hille Hardy formula

5.24 in the form

(1− y)−α−1exp(− (x+ w)y
1− y

)0F1


−;

wxy
(1−y)2

1 + α;

 (5.53)

=
∞∑

n=0

n!
(1 + α)n

L(α)
n (x)L(α)

n (w)yn, |y| < 1.

5.4 The Hypergeometric Function 0F1[−n, β; γ; x]

The function u(x) defined by

u(x) = 2F1


−n, β;

x

γ;

 (5.54)

is a solution, regular at x = 0, of the hypergeometric differential equation:

74



x(1− x)
d2

dx2
+ [γ − (1 + β − n)x]

d

dx
+ nβu = 0. (5.55)

We construct a partial differential equation by substituting y ∂
∂y for n, and thus we have

{x(1− x)
∂2

∂x2
+ xy

∂2

∂x∂y
+ [γ − (1 + β)x]

d

dx
+ βy

∂

∂y
}f(x, y) = 0, (5.56)

where

f(x, y) = ynu(x) (5.57)

is a solution of 5.56.

J3 = y
∂

∂y
+ 1/2γ, (5.58)

J− = xy−1 ∂

∂x
− ∂

∂y
,

J+ = xy(1− x)
∂

∂x
+ y2 ∂

∂y
+ (γ − βx)y

obeying the commutation relations

[J3, J±] = ±J±, [J+, J−] = 2J3 (5.59)

Obviously, the J-operators form the basis of a Lie algebra isomorphic to the Lie algebra s`2.

Considering that

ß = J+J− +J3J3−J3 = x{x(1−x) ∂
2

∂x2
+xy

∂2

∂x∂y
+ [γ− (1+β)x]

d

dx
+βy

∂

∂y
}+1/4γ(γ− 2),

(5.60)

we rewrite 5.56 in the form

Sf(x, y) = 1/4γ(γ − 2)f(x, y). (5.61)

To compute exp(a′J+)f(x, y), exp(b′J−)f(x, y) and exp(c′J3)f(x, y), we apply in last the-
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orem. We find that

exp(a′J+)f(x, y) = (1− a′y)β−γ{1 + (x− 1)a′y}−βf(
x

1 + (x− 1)a′y
,

y

1− a′y
), (5.62)

|a′y| < 1, |(x− 1)a′y| < 1;

exp(b′J−)f(x, y) = f(
x

1− b′/y
, y − b′), |b

′

y
| < 1; (5.63)

exp(c′J3)f(x, y) = e(1/2)γc′f(x, yec′). (5.64)

This leads us to

exp(a′J+) exp(b′J−) exp(c′J3)f(x, y) (5.65)

= 1−a′y)β−γ{1+a′(x−1)y}−βe(1/2)γc′f(
xy

{1 + a′(x− 1)y}{(1 + a′b′)y − b′}
,
(1 + a′b′)y − b′

1− a′y
ec′).

We obtain the multiplier representation

[T (g)f ](x, y), g =

 a b

c d

 ∈ SL2

as in Example (4.2) by setting in 5.65

a′ = −b/d, b′ = −cd, e(1/2)c′ = 1/d. (5.66)

We thus have

[T (g)f ](x, y) = (by + d)β−γ{d+ (1− x)by}−βf(ξ, η), (5.67)
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where

ξ =
xy

{d+ (1− x)by}(ay + c)
, η =

ay + c

by + d
, (5.68)

and, for the validity of 5.67, we require that

|by
d
| < 1, | c

ay
| < 1, | (1− x)by

d
| < 1, ad− bc = 1, (5.69)

g lying in a sufficiently small neighborhood of the identity element

 a b

c d

 ∈ SL2.

Case 1. When f(x, y) is a common eigenfunction of S and J3.

From the simultaneous equation

Sf(x, y) = 1/4γ(γ − 2)f(x, y). (5.70)

and

J3f(x, y) = (1/2γ + v)f(x, y), (5.71)

it follows

f(x, y) = yv
2F1


−v, β;

x

γ;

 , (5.72)

so that

[T (g)f ](x, y) = (ay + c)v(by + d)β−γ−v{d+ (1− x)by}−β
2F1


−v, β;

xy
{d+(1−x)by}(ay+c)

γ;


(5.73)

satisfies
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S[T (g)f ](x, y) = 1/4γ(γ − 2)[T (g)f ](x, y). (5.74)

If v is not integer, 5.73 has a Laurent series expansion

[T (g)f ](x, y) =
∞∑

n=−∞
jn(g)2F1


−v − n, β;

x

γ;

 yv+n. (5.75)

To find jn(g), we set x = 0. This enables us to arrive at

jn(g) = (−1)n Γ(γ + v + n)
Γ(γ + v)

avbnd−γ−v−n (5.76)

{Γ(1 + n)}−1
2F1


−v, γ + v + n;

bc
ad

1 + n;

 .
Thus the generating function that we obtain in this case is

(1 +
by

d
)
(β−γ−v)

{1 + (1− x)
by

d
}
−β

(1 +
c

ay
)
v

2

F1 ·


−v β

xy
d+(1−x)by(ay+c)

γ

 =

∞∑
n=−∞

Γ(γ + v + n)
Γ(γ + v)

(−by
d

)n
2F1


−v − n, β;

x

γ;

 {Γ(1 + n)}−1
2F1


−v, γ + v + n;

bc
ad

1 + n;

 ,
(5.77)

where, with ξ given by 5.68,

max{|ξ|, |x|, |by
d
|, | c
ay
|, | (1− x)by

d
|} < 1. (5.78)

The following special cases of 5.77 can easily be deduced:
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(1−b)β−γ−v{1+(x−1)b}−β
2F1


−v, β;

x
1+(x−1)b

γ;

 =
∞∑

n=0

(γ + v)n

n! 2F1


−v − n, β;

x

γ;

 bn,
(5.79)

|x| < 1, |b| < 1, |(x− 1)b| < 1;

(1− c)v
2F1


−v − n, β;

x
1−c

γ;

 =
∞∑

n=0

(−v)n

n! 2F1


−v + n, β;

x

γ;

 cn, (5.80)

|x| < 1, |c| < 1− |x|.

Case 2. When f(x, y) is a common eigenfunction of G and J−.

The simultaneous equations

Gf(x, y) = 1/4γ(γ − 2)f(x, y),

J−f(x, y) = −f(x, y)

admit themselves of a solution

f(x, y) = ey
1F1


β;

−xy

γ;

 .
Therefore

[T (g)f ](x, y) = (by + d)β−γ{d+ (1− x)by}−β exp(
ay + c

by + d
)1F1


β;

xy
{d+(1−x)by}(by+d)

γ;


satisfies
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G[T (g)f ](x, y) = 1/2γ(γ − 2)[T (g)f ](x, y),

and we are led eventually to the bilateral generating function:

(1 +
by

d
)β−γ{1 + (1− x)

by

d
}−β exp(

y

(by + d)d
)1F1


β;

xy
{d+(1−x)by}(by+d)

γ;



=
∞∑

n=0

2F1


−n, β;

x

γ;

Lγ−1
n (

1
bd

)(−by
d

)n,

|by
d
| < 1, |(1− x)

by

d
| < 1.

Setting b = i/
√
w, d = −i/

√
w, i =

√
−1, G assumes the familiar form

(1− y)β−γ{1 + (x− 1)y}−β exp(− wy

1− y
)

.1F1


β;

wxy
(1−y)(1−y+xy)

γ;



=
∞∑

n=0

2F1


−n, β;

x

γ;

Lγ−1
n (w)(y)n,

|y| < 1, |(x− 1)y| < 1.
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