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ABSTRACT

MODELING LUBRICANTS ENHANCED BY FINITE
ELASTICITY POLYMERS

Humayun Ahmed
Ph.D. in Mechanical Engineering
Advisor: Luca Biancofiore
December 2023

Lubrication is essential for the longevity of mechanical and biological surfaces in
relative motion and susceptible to friction and wear. A well designed lubricant,
for example a base oil enhanced with polymer additives, can effectively reduce
both energetic and material losses. However, difficulty arises when modeling
these lubricant mixtures exhibiting complex rheological behavior, in particular,
a dependence of the viscosity on pressure (piezoviscosity), temperature (thermal
thinning), shear rate (shear thinning) and the onset of viscoelasticity. Accu-
rate estimates of the load carrying capacity of the thin lubricating film requires
careful modeling of shear thinning. Available models such as the generalized
Reynolds equation (GR) and the approximate shear distribution (ASD) have
drawbacks such as large computational time and poor accuracy, respectively. In
this work, we present a new approach, i.e. the modified viscosity (MV) model.
We investigate, for both MV and GR, the load, the maximum pressure and the
computational time, for (i) sliding (non-cavitating) contacts, (ii) cavitating and
(iii) squeezing contacts. We observe that the computational time is reduced (i)
considerably for non-cavitating sliding and rolling contacts and (ii) by several
order of magnitudes for cavitating and squeezing contacts. For strongly elas-
tic lubricants, the viscoelastic Reynolds (VR) approach (Ahmed & Biancofiore,
Journal of Non-Newtonian Fluid Mechanics, 292, 104524, 2021.) has been shown
to be effective in modeling (i) the pressure distribution and (ii) the load car-
rying capacity of a viscoelastic lubricating film for mechanical contacts for the
Oldroyd-B constitutive relation. In this work, we have extended the VR approach
to the non-linear finitely extensible non-linear elastic (FENE) type constitutive
relations that account for the (i) finite extension of the polymer chains and (ii)
shear thinning. We have validated the VR approach against DNS, showing an
excellent agreement over a wide range of the Weissenberg number Wi, i.e. the
ratio between the polymer relaxation time and the flow time scale, and finite
extensibility parameter L, using FENE-CR and FENE-P. Following a thorough
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validation, the pressure distribution and the load carrying capacity of a journal
bearing, whose channel height is governed by the journal eccentricity ratio e, is
considered. It is observed that the load carrying capacity of the film portrays a
strongly non-linear dependence on Wi, L and e: while it increases for small values
of Wi, limited greatly by the capacity of the polymer to stretch, a saturation and
a subsequent decline is observed for highly viscoelastic regimes. Additionally, a
weakly (strongly) eccentric configuration plays an important role in promoting
(hindering) the growth in load versus both Wi and L. These effects are signif-
icant and have to be considered when modeling thin contacts lubricated with a
strongly viscoelastic fluid.  Additionally, we have extended the VR approach
towards three-dimensional lubricated contacts (in cartesian and cylindrical coor-
dinate systems) for several non-linear constitutive relations and have provided a
linearized model in De. Owing to the increase in computational requirements, a
globally fully-implicit numerical technique was adopted for the efficient solution
of the equations. The load and friction response for an extruded journal bearing
e = 0.9 (and parabolic slider) showed a strong variation versus the channel aspect
ratio (otherwise zero for a Newtonian lubricant), i.e. a = £, /¢,, the ratio between
the channel streamwise and spanwise lengths. The effects of transient surface mo-
tion on the response of an elastic polymer have also been examined, with a specific
focus on the load carrying capacity and the friction, via a second-order pertur-
bation model and the VR approach. We find, the perturbed models only offer a
matching prediction (i) once the motion has proceeded from some time and, (ii)
the De is small. A simplified look into the influence of polymer elasticity on the
temperature distribution of the film showed a weak dependency versus De. The
film heating owing to the fluid dissipation remained largely unaffected unless the
De was large.

Keywords: Viscoelasticity, thin film lubrication, reduced-order modeling, compu-
tational methods, polymers.



OZET

SINIRLI ELASTISITE POLIMERLERI ILE
GELISTIRILMIS YAGLAYICILARIN MODELLENMESI

Humayun Ahmed
Makine Miihendisligi, Doktora
Tez Danigmani: Luca Biancofiore
Aralik 2023

Yaglama, goreceli hareket halindeki ve siirtiinme ve aginmaya duyarli mekanik
ve biyolojik yiizeylerin uzun omdtrliliigi icin gereklidir. iyi tasarlanmig bir
yaglayici, ornegin polimer katki maddeleri ile zenginlestirilmig bir baz yag, hem
enerji hem de malzeme kayiplarim etkili bir sekilde azaltabilir. Bununla bir-
likte, karmagik reolojik davranig sergileyen, 6zellikle viskozitenin basica (piezo-
viskozite), sicakliga (termal incelme), kayma hizina (kayma incelmesi) ve viskoe-
lastisitenin baglangicina bagimliligini sergileyen bu yaglayici karigimlarinin mod-
ellenmesinde zorluk ortaya gikar.

Ince yaglayici filmin yiik tasima kapasitesinin dogru tahminleri, kayma
incelmesinin dikkatli bir gekilde modellenmesini gerektirir. ~ Genellegtirilmig
Reynolds denklemi (GR) ve yaklagik kayma dagilimi (ASD) gibi mevcut mod-
ellerin sirasiyla biiyiik hesaplama siiresi ve zayif dogruluk gibi dezavantajlari
vardir. Bu ¢aligmada yeni bir yaklagim, yani degistirilmig viskozite (MV) mod-
elini sunuyoruz. Hem MV hem de GR igin, (i) kayan (kavitasyon olugturmayan)
kontaklar, (ii) kavitasyon yapan ve (iii) sikigtiran kontaklar igin yiikii, maksimum
basinci ve hesaplama siiresini aragtiriyoruz. Hesaplama stiresinin (i) kavitasyon
olusturmayan kayan ve yuvarlanan kontaklar igin 6nemli dlgiide ve (ii) kavita-
syon yapan ve sikigtiran kontaklar i¢in birkac biiyiikliikk sirasi kadar azaldigim
gozlemledik.

Giliglii elastik yaglayicilar i¢in viskoelastik Reynolds (VR) yaklagimi (Ahmed
& Biancofiore, Journal of Non-Newtonian Fluid Mechanics, 292, 104524, 2021.)
Oldroyd-B kurucu iligki i¢in mekanik temaslar i¢in viskoelastik yaglama filminin
(i) basing dagilimini ve (ii) yiikk tagima kapasitesini modellemede etkili oldugu
gosterilmigtir. Bu galiymada, VR yaklagimini, (i) polimer zincirlerinin sonlu
uzamasini ve (ii) kayma incelmesini agiklayan dogrusal olmayan, sonlu uzaya-
bilir, dogrusal olmayan elastik (FENE) tipi kurucu iligkilere kadar genislettik.

FENE- kullanarak, Weissenberg sayis1 Wi, yani polimer gevseme stiresi ile akig
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siiresi 0lgegi arasindaki oran ve sonlu genisletilebilirlik parametresi L arasindaki
genig bir aralikta miikemmel bir uyum gostererek, DNS’ye karst VR yaklagimim
dogruladik. CR ve FENE-P. Kapsamli bir dogrulamanin ardindan, kanal
yiksekligi e muylu digmerkezlik oranmi tarafindan yonetilen bir kaymali yatagin
basing dagilimi ve yiik tasima kapasitesi dikkate alinir. Filmin yik tasima ka-
pasitesinin Wi, L ve e’a olduk¢a dogrusal olmayan bir bagimlilik gosterdigi
gozlemlenmigtir: kiiciik W degerleri igin artarken, polimerin kapasitesiyle biiyiik
olctide simirlanmigtir. Yiiksek derecede viskoelastik rejimler i¢in gerilme, doygun-
luk ve ardindan bir diiglis gozlemlenir. Ek olarak, zayif (kuvvetli) bir eksantrik
konfigiirasyon, hem Wi hem de L’a kiyasla yiikteki biiylimeyi desteklemede (en-
gellemede) énemli bir rol oynar. Bu etkiler énemlidir ve gii¢lii bir viskoelastik
siv1 ile yaglanan ince temas noktalari modellenirken dikkate alinmalidir.

Ek olarak, cesitli dogrusal olmayan kurucu iligkiler icin VR yaklagimini
i boyutlu yaglanmig temaslara (kartezyen ve silindirik koordinat sistem-
lerinde) dogru genislettik ve De cinsinden dogrusallagtirilmig bir model sagladik.
Hesaplama gereksinimlerindeki artig nedeniyle, denklemlerin etkin ¢oziimi igin
kiiresel olarak tam ortiilii bir sayisal teknik benimsendi. e = 0.9 (ve parabo-
lik kaydirici) tasiyan uzatilmig mil yatagi i¢in yiik ve siirtiinme tepkisi, kanal en
boy oranina (aksi takdirde Newton tipi bir yaglayic1 igin sifir) kargi giigli bir
degisiklik gosterdi; a = ¢, /¢,, yani kanalin akig yoniinde ve agiklik yoniindeki
uzunluklar: arasindaki oran. Gegici ylizey hareketinin elastik bir polimerin tep-
kisi tizerindeki etkileri de, ikinci dereceden pertiirbasyon modeli ve VR yaklagimi
araciligiyla, yiik tagima kapasitesi ve strtiinmeye ozel olarak odaklanilarak in-
celenmigtir. Pertiirbasyon yapilan modellerin yalmzca (i) hareket belli bir siire
ilerledikten sonra (ii) De’nin kii¢iik oldugunda gegerli oldugunu bulduk. Polimer
esnekliginin filmin sicaklik dagilimi tizerindeki etkisine basitlestirilmig bir bakig,
De’a karst zayif bir bagimlilik gosterdi. Sivi yayilimi nedeniyle filmin isinmast,
De biiyiik olmadig siirece biiyiik olclide etkilenmeden kaldi.

Anahtar sozcikler: Viskoelastisite, ince film yaglama, azaltilmig dereceli mod-
elleme, hesaplamali yontemler, polimerler.
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Chapter 1

Introduction

A large fraction of useful energy, and valuable material, is spent in overcom-
ing losses due to friction and wear [6]. A simple but effective way to minimize
these losses for machine elements, such as bearings and gears, is via oil based
lubricants which form a continuous thin film that separates, the otherwise con-
tacting, surfaces in relative motion. Therefore, the performance of not just rotary
components, but artificial implants for biological joints, synthetic valves, can be
significantly improved with the use of well designed lubricants. In hydrodynamic
lubrication, a special case of fluid-based lubrication in which the moving sur-
faces are assumed to be rigid, friction and damage due to wear are minimized
via the formation of a thin liquid film. This protective film generates a pressure
field within the contact that supports the applied load and reduces friction at
the boundaries. However, the oil mixture must be carefully designed to resist
thermal degradation and shear, both of which can lead to a significant loss in
viscosity and consequently a reduction in the load carrying capacity. For this
reason, lubricants are enhanced via the addition of high molecular weight poly-
mers [7, 8] which introduce several beneficial attributes such as, resistance to

corrosion, thermal degradation, enhanced wear resistance [9].

Therefore, lubricant design has a direct impact on the performance of the thin

film supporting the load. In fact, several additives of a polymeric type are added



to enhance its function, e.g. anti-freezing agents, viscosity index improver (VII)
etc. [9]. In addition, they act as a viscosity thickener and impart shear stability,
thereby further enhancing the pressure distribution within the film. For machine
elements, visualizing the pressure distribution across the entire contact requires
computational models because the contact point spans a few millimeters which
prohibits the use of costly sensing apparatus. The addition of these polymers
combined with the high speed ratios, whilst providing benefits, transforms the
lubricant rheology from Newtonian and isoviscous to strongly non-Newtonian and

pressure dependent.

In terms of the film pressure and the load carrying capacity the most important
property of the lubricant is the viscosity. This is because, more effort is required
in displacing a viscous fluid which means it offers greater resistance as viscosity
increases. The viscosity remains constant for a Newtonian lubricant in a contact
at low bearing numbers, i.e. the ratio between the viscous and the pressure
forces. However, in a heavily loaded contact with large operating pressures, i.e.
at high bearing numbers which is the ratio between the viscous forces and bearing
forces, we find that the viscosity depends strongly on the pressure and the flow
kinematics. The first important, and easily measurable, effect on the viscosity is
its decrease at high shear rate, which is called shear thinning effect. In lubricated

channels with high pressure (and pressure gradients), this is the first major effect.

Shear thinning commonly occurs in almost all polymer enhanced lubricants.
This is due to (i) alignment of the polymer chains with the flow direction [10]
and (ii) molecular scission, caused by the high strain rates, which leads to a
permanent break down of the polymer coil itself [9]. The second major effect
due to the pressure is piezoviscosity, which is the possibility of the lubricant
viscosity to increase (exponentially) due to the large pressure [11], which causes
a single polymer molecule to become more packed. In addition, the intertwining
of neighboring polymer molecules as they are brought closer to each other due to
the pressure leads to an increase in the flow resistance, which results in a higher
viscosity [12]. This relationship is not linear and is generally explained by using
empirical relations obtained from experimental data [13]. Furthermore, the high

pressures can even lead to significant compression of the liquid lubricant resulting
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in a substantial increase in the lubricant density.

As far as Newtonian, isoviscous and incompressible lubricants are concerned,
the Reynolds equation suffices within the limits of lubrication theory [14]. How-
ever, it fails to account for (i) a more complex lubricant, oils with polymer addi-
tives for instance, and (ii) significant variations in the thermophysical properties
of the lubricant. Therefore, in time the classical form of the Reynolds equation
has been modified to account for variable viscosity and density [15, 16]. In par-
ticular shear thinning and the thermophysical variation in the viscosity must be
considered to have accurate predictions of the load and friction. The latter may
be overcome for certain cases by making appropriate assumptions, such as the
temperature is constant or invariant across the thin film. Models based on these
constraints need at most to take into account the temperature variation along the
streamwise direction and ignore the cross-film variations [17]. However, such as-
sumption does not work for a non-Newtonian lubricant. The change in lubricant
viscosity due to shear thinning must be accounted for in a more robust manner

to avoid numerical errors.

The introduction of piezoviscosity, compressibility and shear thinning leads to a
complex non-linear model for the lubricant rheology. The most suitable model for
these effects is the generalized Reynolds equation (GR) [18, 19]. GR is intended
to account for any variation in the thermophysical properties of the lubricant,
and non-Newtonian properties, such as shear thinning, can be implemented as
well. However, the resulting differential equation is complex and computation-
ally intensive. An alternative to the GR model is the use of approximate shear
distribution methods (ASD) [20]. These methods assume that the shear strain
rate required to model shear thinning is defined by a single function along the
lubricated contact. The approximation of the shear strain rate could bring to
an inaccurate estimate of the film pressure, especially if the pressure forces are
high compared to the viscous forces. However, the methods are computationally
appealing since the calculation of the shear strain rate is limited to evaluating a

single function, which is usually constant [21].

Mathematical modeling, via a continuum approximation, of a lubricant film



containing finitely elastic polymers is challenging mainly due to the complex
chemistry of the resulting mixture (solvent and polymer). For a Newtonian lu-
bricant the mixture viscosity, strongly governing the film’s characteristics, is seen
to be a function of the pressure and temperature. Although the viscous response
becomes non-linear, computational models are easily modified to take into ac-
count the additional non-linearity. On the other hand, non-Newtonian behavior
can occur when the (i) viscosity decreases due to increasing shear stresses i.e.,
shear thinning (or generalized Newtonian) fluids [22], and/or the (ii) elasticity of
the polymers becomes significant (viscoelasticity) [23, 4]. The additional com-
plexity incurred, in constructing accurate mathematical models, for purely shear
thinning lubricants has been dealt with in several ways over the past few decades.
Whereas, computational techniques that can describe the effect of lubricant vis-
coelasticity on the film pressure have received comparatively little attention and

is, therefore, the focus of this work.

The most accurate continuum model, for a viscoelastic flow, couples the fun-
damental conservation equations of mass and momentum with an equation de-
scribing the elastic polymer, i.e., a constitutive relation depending strongly on
the polymer structure and topology. The strength of these flows is measured via
the (i) Deborah number (De) which is the ratio of the polymer relaxation time,
Ap, and the residence time L/U* (characteristic flow speed U* and domain length
L), and the (ii) Weissenberg number (W4i) which is the ratio of the polymer re-
laxation time and the flow time scale H*/U* (domain height H*). For thin film
flows, De = eWi, where the thin film ratio e = H*/¢ << 1. In this instance, the
Deborah number may be small but the Weissenberg number is not limited and
can acquire large values [24] because of the (i) highly elastic polymer additives
(long polymer relaxation time) and the (ii) high shear rates (short deformation

time scale) in lubrication problems [25].

The computational methods, to date, used to solve the continuum model be-
come unstable for large values of the Weissenberg number, i.e., the high Weis-
senberg number problem (HWNP) [26]. Furthermore, the restriction on the max-
imum time step (Courant—Friedrichs-Lewy condition, i.e. the CFL number) due

to the thin film approximation leads to a prohibitively large computational time.
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Hence, the search for accurate, stable, computationally efficient and compara-

tively simpler models is becoming increasingly important.

A good portion of the literature aimed at understanding lubricant vis-
coelasticity, and developing simple models, relies on the second grade fluid
(27, 28, 29, 30, 31] (or, more generally, a Rivlen fluid [32]) which expresses the
polymer stress as a function of the Rivlen-Erikson tensor, up to second order.
The underlying approach involves linearizing the terms in the governing equa-
tions using in two different ways; first (i) a perturbation in either the second
grade parameter or De and/or (ii) an assuming the velocity field to be quadratic
along the flow [33, 34, 35]. In a similar manner, linearized models were also de-
veloped for Oldroyd-B which offers a rate-dependent and objective measure of
the polymer stress tensor. In both cases, the constitutive relation is linear in
the non-Newtonian stress tensor, which greatly aids the simplification of the gov-
erning equations. Interestingly, these methods are heavily reliant, and can differ
significantly, on the scaling of the stress with respect to the film pressure. For
a small deviation from the Newtonian case, i.e., very small polymer relaxation
times, these linearized models work well and can lead to useful analytical expres-
sions for the film pressure, and the load carrying capacity for simple geometries
[36, 37]. In fact, it was demonstrated that the load carrying capacity increases
as viscoelasticity strengthens [38, 4], in line with experimental observations [39].
However, if the relaxation time is large in comparison to the flow time scale the
small-deviation approximation may not be suitable and higher orders need to be

considered which raises the complexity of the problem.

While the linearized second-grade and Oldroyd-B fluid models are appealing
due to their simplicity, they do not capture non-linear effects and shear thinning,
both of which are commonly observed in tribological contacts under high operat-
ing pressures and shear rates [40]. The generalized Reynolds equation (GR) [18],
which can accurately model the effects of shear thinning, was modified to also
include polymer elasticity [41, 42, 43, 44] resulting in a system of non-linear equa-
tions capable of accounting for polymer viscoelasticity. However, this approach
is based on a generalized Newtonian framework, where the polymer stress was

assumed to scale with the strain rate. Additionally, the time rate of change of the
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polymer shear stress was approximated via a reduced material derivative, keep-
ing terms only along the streamwise and spanwise directions, since the stream
line velocity u* is larger than the cross-film velocity component v*. The assump-
tions appear to be driven by a lack of experimental observations on the effect
of polymer elasticity in the absence of shear thinning and thermal degradation,
which can potentially dominate the flow regime [45]. It should be noted that the
success of the GR in capturing non-linear effects of pure shear thinning, pressure
and temperature dependence of viscosity and density [16] encouraged attempts to
capture polymer elasticity as well. This further demonstrates the complex nature

of the problem when deriving reduced order models.

Despite the limitations of the linearized models and the generalized Reynolds
equations, they represent a significant step in obtaining reduced models that can
capture viscoelastic effects, albeit in a limited range of Wi. As Wi increases,
non-linear effects such as finite stretching of the polymer and shear thinning
become significant. To accurately describe these effects, non-linear constitutive
relations must be employed. One commonly used class of models are the finitely
extensible non-linear elastic (FENE) models [46]. They provide an objective de-
scription of the stress tensor and place an upper limit on the maximum extension
of the elastic polymer chain. The model introduced by Chilcott & Rallison [47]
FENE-CR considers only the finite extension of the polymer, while the Peterlin
approximation [48] FENE-P model also accounts for shear thinning. However,
the FENE models are non-linear in the polymer stress and contain more than
one parameter. As a result, it is difficult to simplify the FENE models without

making significant assumptions [32] that can potentially affect their accuracy.



This thesis is organized as follows; the mathematical formulation for flow of a
non-Newtonian lubricant is provided in chapter 2. In it, we describe the govern-
ing equations and the reduced-order models that follow from the application of
lubrication theory, in particular the viscoelastic Reynolds approach of Ahmed and
Biancofiore [23] which is extended towards three-dimensional cartesian and cylin-
drical contacts. We also construct and examine the use of perturbation models
(up to the second-order) and compare it with the VR for time dependent surface

motion.

In chapter 3, we introduce the numerical methodology employed for the solu-
tion of the equations. A special focus on the use of globally implicit methods for
the solution of the polymer stress constitutive relations is provided along with a

simplified numerical stability analysis.

Chapter 4 describes a new approach for modeling purely shear thinning (and
viscoplastic) lubricants. It summarizes the problems pertaining to current mod-
eling techniques and introduces a simple correction, allowing accurate estimates
of the shear rate dependent viscosity in a computationally efficient manner. Fi-
nally, it concludes by offering comparisons with robust models and data available

in literature.

In chapter 5, we apply the reduced-order models for lubricant films subjected
to the vertical motion of the bounding channel. A comparison of the perturba-
tion models in De with the VR approach, and a discussion on their applicabil-
ity /viability, is made for the two cases; (i) a constant velocity and (ii) variable

(oscillatory) surface motion.

We examine the effects of viscoelasticity for sliding (translating) two-
dimensional contacts using the VR approach extended towards non-linear consti-
tutive relations, specifically, the FENE models and also the PTT and Geisekus
models. In particular, a discussion on the results obtained for a journal bearing
(after a favorable comparison with the direct numerical simulations) is presented,
including the variation in load versus the additional parameters introduced by

these models. Finally, we conclude by addressing the possibility of lubricant



cavitation along the channel in the presence of strongly elastic polymers.

The study conducted for two-dimensional sliding contacts is extended to three-
dimensional channels in chapter 7. A comparison of the load, average local force
along the streamwise and spanwise directions, between the De-order linear mod-
els is made with the VR approach for an extruded parabolic slider and high
eccentricity journal bearing; varying the ratio of the width to the length of the
channels. The analyses are extended towards non-linear constitutive relations
and comments on the suitability of the models are made. Finally, we look into
the influence of polymer viscoelasticity in channels conforming to cylindrical co-
ordinate systems via the VR, for a textured pad and a cone-and-plate rheometer

configuration.

Chapter 8 presents a simplified approach for examining the effect of polymer
elasticity on the temperature distribution of the channel. We examine for both
an insulated and fixed wall temperature, how the polymers non-Newtonian traits
affect the distribution of energy, and offer a discussion based on the simplified

analysis.

Chapter 9.2 summarizes the findings of this thesis and derives conclusions
based on the results obtained. Finally, some potential topics are presented that
overcome the limitations of this study, offer avenues for further research and

exploration.



Chapter 2

Problem formulation

In this chapter, we introduce the fundamental equations governing the passage
of a non-Newtonian lubricant through a thin channel. The particular type of
lubricant considered is one that comprises a base solvent, which is assumed New-
tonian, and a polymer additive, exhibiting non-Newtonian behavior. The latter,
depending strongly on the macro-molecular structure, e.g., branched, linear [49].
In special cases, where the molecular weight is high and the viscosity is large,
the overall lubricant exhibits elastic properties, not captured via the standard
Newtonian models or approximations thereof [50]. The equations that describe
the overall behavior are consequently complex and challenging to solve from a

mathematical perspective.

Firstly, we introduce governing system of equations in section 2.1, followed by
an brief visitation of elementary lubrication theory in section 2.2 and its applica-
tion to the viscoelastic case is given in section 2.3 for a cartesian and cylindrical
configuration. The simplified models and modeling techniques, arising from it,
namely the linearized model and the viscoelastic Reynolds are introduced in sec-
tion 2.4 and section 2.5, respectively. We also introduce the problem of a film
squeeze squeezed between two flat plates in section 2.6 and construct second-order
perturbation models. Finally, some effort into modeling cavitating viscoelastic

contacts is given in section 2.7



2.1 Governing equations

The flow of a fluid through a thin channel, with impermeable walls, is math-
ematically described via the fundamental conservation laws. We have for the

conservation of mass

*

dp
ot

where, p* is the fluid density, u* is the velocity field and ¢* is the time, and the

+ V- (p'ut) =0, (2.1)

conservation of momentum,

D(p*u”)
——=-V""+V*.0% 2.2

T P+ (2.2)
where, p* is the fluid pressure, o* is the Cauchy stress tensor. Eq. 2.2 is generally

referred to as Cauchy’s equation of motion.

Eq. 2.1 and Eq. 2.2 require an equation of state, expressing the density
as some function of pressure. Moreover, an appropriate definition of the stress
tensor is required in order to close the system. This is strongly dependent on
lubricant rheology, concentration (dilute or concentrated), and flow conditions.

The simplest definition exists for a Newtonian fluid
o =2n"D", (2.3)

where, n* is the fluid viscosity, D* = V*u*+V*u*? is the deformation rate tensor
and V*u* is the velocity gradient tensor. Substituting Eq. 2.3 into Eq. 2.2, and
assuming the fluid is incompressible (p* = pg) and isoviscous (n* = 1) gives the

classical Navier-Stokes system of equations

V*ut =0, (2.4a)
D *
Po DI;* = =V'p Vi, (2.4b)

where, pg is the reference density, and 7, is the Newtonian reference viscosity.

The focus of this work is on the use of a non-Newtonian fluid mixture, acting as
a lubricating medium, separating two surfaces in relative motion, with properties

dependent on the pressure, and velocity. There are two major non-Newtonian
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effects that can arise as a result of the combination of the relative surface speed
and thin separation (or film height), namely the effect of shear thinning and
emergence of elastic behavior. The former has been studied extensively studied
in thin-film lubrication, via mathematical modeling and experimental techniques,
but under the assumption of negligible elasticity and, therefore, constitutes a
purely shear thinning or viscoplastic case. We use the latter term with care, since
it implies that flow only occurs when a certain yield stress has been reached. It is
also the case, when a highly viscous lubricant (example grease) flows weakly below
a threshold value. The onset of viscoelastic effects are more complicated and have

received particularly less attention (see chapter 1 for a detailed introduction).

For the viscoplastic case the stress
o =2n"(D*: D)D", (2.5)

is a function of the velocity gradients, where D* : D* is the equivalent scalar
strain rate. Such a lubricant is also called a generalized Newtonian fluid, since

the dependency is still on the kinematics of the flow.

For the viscoelastic case, the stress is assumed to be the sum of the Newtonian

solvent and the elastic polymer additive

o' =2,D" + 717, (2.6)

*
p

like the viscoplastic case, the polymer stress tensor can depend on both the fluid

where, 77 is the polymer extra stress tensor and 7, is the solvent viscosity. Un-
kinematics and also its own history. In other words, it requires an implicit def-
inition which may or may not be linear. The expression describing the stress is
the constitutive relation and several have been proposed for modeling the dilute
concentration (by mass) of polymers. This is appropriate for a lubricant that

comprises of a base solvent with a small quantity of dissolved polymers.

The simple understanding for most materials is that they can be characterized
by their intrinsic properties, such as density, viscosity, material moduli and, in
general, their state may comprise either a solid, liquid or gas at room tempera-

ture. However, given the thermodynamic properties of a material, it is sometimes
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difficult to characterize its response strictly as that of solid, liquid or gas. Such
is the case for viscoelastic materials that exist in between what we consider to be
an elastic solid and viscous fluid. Interestingly, the ratio of time scale of observa-
tion (or the time over which flow process occurs), 3}, to the materials intrinsic
response time (relaxation time for polymers), A, may cause the material, which
may have been purely solid or liquid prior to the process, to exhibit strange dy-
namics. The ratio of the two quantities, as described in chapter 1, is the Deborah

number, i.e. De = A/t

From a modeling perspective, the simplest approach, introduced by Maxwell,
involves a linear combination of the two limiting behaviors, namely the elastic
solid (A — inf) and the viscous fluid (A — 0). If we consider a Newtonian base
fluid with a small concentration (by mass) of elastic polymer additives, then the

objective stress evolution is described by the Oldroyd-B model,
T+ A\7* = 25,D", (2.7)

in which the polymers are treated as an ensemble of Hookean dumbells (two

masses connected via an ideal spring) with infinite extension.

The mathematical expressions of the different constitutive relations, used in
this work, are provided in Tab. 2.1 and follow a general formulation (at least for
the models adopted in this thesis)

F 7+ M5 = 29,G"D", (2.8)

where, )\ is the polymer relaxation time, 7* or

p * ) % *T __x *T *
b=+ (0 V)T LY Ty — 7L
is the upper-convected rate, F* and G* are model specific functions that allow
incorporating non-linear effects, such as shear thinning, finite extensibility, and

phase-change.

2.2 Lubrication theory

The governing system of equations comprise a non-linear system of partial differ-

ential equations that, to this date and perhaps for the foreseeable future, elude

12



Model ‘ Differential expression

Oldroyd-B T + A\7* = 21,D*
1+ ALy 4 A = 2fn, D"
FENE-CR JAHATE)T AT =2/, D7,
L2422 trr*
f = Lgig
Df71 * Vo *
FENE.P f(L 4+ AZ5-)T" + AT = 2an,D”,
L2+%tr7* _
f= L2n_pg y @ = LiQS
PTT-linear (1+ %)\tr(T*))T* + AT* = 25,D*
PTT-Exponential exp(%)\tr(T*))T* + A7 = 27,D*
Giesekus T + AT* + aT*7T* = 2n,D*

Table 2.1: A list of different viscoelastic constitutive relations used in this work.

any meaningful analytical treatment without making strong simplifications. One
such method is the application of lubrication theory, which despite its name, per-
tains to problems involving fluid flow where the ratio of the characteristic length,
lp, to the characteristic height, Hy, of the system (in the case of a channel flow)
is small, i.e., the thin film ratio ¢ = ¢y/Hy << 1. This assumption allows sim-
plifying the original set of non-linear equations (i) significantly for a Newtonian

lubricant, and (ii) to a minor extent the non-Newtonian case.

Although, general lubrication theory is independent of the coordinate system,
the choice of the relevant length, height and time scales can strongly affect the
reduced system of equations that follow. In this work, we present an analysis for
contacts that are well suited for a cartesian coordinate system in both two and
three-dimensions but also for scenarios that are ideal for a cylindrical coordinate

system.

First, we shall present the classical case of a Newtonian fluid, a result that was
first derived by Osborne Reynolds in 1886, using the standard Cartesian coordi-
nates (z*,y*, 2*). A typical lubricated contact can undergo sliding (streamwise,
x*, and/or spanwise z*) motion and/or vertical motion (crossfilm, y*). The latter

also referred to as squeezing.

The governing system of equations for an incompressible, isoviscous and
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isothermal lubricant film subjected to boundary motion comprise Eqs. 2.4a-2.4b.

The equations are non-dimensionalized using the appropriate length scale
x" = (x'gxay'H()az'gz)a (29)

which, upon substituting into continuity equation (Eq. 2.4a and simplifying,

yields the corresponding velocity scale
u* = (u-Uy,v-elUy,z - Up). (2.10)

Using Eq. 2.9 and Eq. 2.10, and substituting into the momentum equation (Eq.

2.4b), we obtain the non-dimensional system of (scalar) equations

0 0 0

OBy 2110
ou  Ou  Ou ou Ip  ,*u  Pu 4 0%

Re(— +u— +v— il N R S e 2.11b

€ e(8t+u8$+vﬁy+aw8z) 83:+€ x2+ y2+eaazz, ( )
ov ov ov ov op 0*v *v 0*u

3p, (Y ov ov Oy _ 9P | 40U 207U 4 20U 911

6Re<8t+u8m+v8y+aw82) 8y+68x2+68y2+€a(‘922’ (2.11c)
ow ow ow ow op Pw  *w 0*w

Re(— + u— + v—0 = a2 T a2, (2.11d

€ e(at +u8x+v(‘9y+aw82) aaz—l—e x2+8y2+6a8z2’( )

where, a = ﬁ—j is the channel aspect ratio, and Re = polj]—gHO is the Reynolds
noUols

number. The pressure scale, p* = p- obtained by assuming that the pressure

72
gradients must be O(1). This must k())e the case, since the thin lubricant film
supports a load over a very short channel length. The pressure distribution,
which eventually governs the maximum allowable load, Fl, must be significant.
In fact, in most mechanical contacts, it can easily exceed several Giga Pascals
over a few millimeters of the contact region. In addition, the time scale, t* = ¢- f]—f),

is chosen assuming a dominant sliding motion along the streamwise direction.

We enforce the assumption of a very thin film by asserting lim e — 0 on Eqgs.
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2.11a-2.11d and obtain the thin-film reduced system of equations for the Newto-
nian case

ou Ov ow
— 4+ — —_— = 2.12
o + ay +a 7 0, (2.12a)

- - - )= — - 2.12b
Re(Gr T TVa, T ) T Tar T e (2.12b)
dp
 _ 2.12
3 0, (2.12¢)

ow ow ow ow,  Op 0%w
Re(Gp +ugy Togy T ) =0, T (2120)

The most immediate outcome of Eqs. 2.12a-2.12d is the invariance of the
pressure across the film. In addition, the gradients of the velocity across the film
strongly dominate and all steamwise and spanwise variations in the velocity field,
although not zero, are inconsequential in the balance of forces. It also demon-
strates the significance of inertial effects, which in most cases can be ignored
owing to € << 1. We obtained Eqs. 2.12a-2.12d for a cartesian coordiante sys-
tem, but the outcome is the same across the cylindrical and spherical coordinate
systems (or some curvilinear domain), namely that the thin film allows retaining
the cross film gradients of the streamwise and spanwise velocity fields. In the case
of a cylindrical system, which generally involve rotating surfaces, the streamwise
direction is along the circumferential axis and the spanwise direction is along the

radial axis.

Before proceeding we make some comments on the additional parameter, i.e.,
the aspect ratio a, which is a measure of the strength of the spanwise gradients.
For small a, the gradients of the pressure and velocity along the spanwise direc-
tion are consequently small and the dominant terms are along the streamwise
direction. For a << 1 (a* ~ 0), the system reduces to the two dimensional
problem along x and y only. However, for large values of a, the argument is
not straightforward, since we require that the film remain thin, along both the
I« lande, = H0 << 1.

Ly L
Clearly, €, = a - €,, and, if we arbitrarily increase the aspect ratio, such that

streamwise and spanwise directions, i.e., €, =

a >> 1 for a fixed €., then e, approaches O(1), violating the assumptions of lu-

brication theory. To ensure lubrication theory holds for situations where a >> 1,
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we must further enforce ¢, << e, << 1 [51].

Note, that in addition to the thin-film approximation, it is also common to
state, for most practical problems involving creeping flow, that Re << 1. For
several microfluidic applications and, in general, lubricated contacts, this assump-
tion is not invalid. However, care must be taken in the event the time scale is
chosen to reflect the squeezing motion instead. For example, a high frequency,
low amplitude oscillation will yield a different scaling for the inertial terms, see

Szeri for a detailed discussion [16].

The classical Reynolds equation is retrieved by solving the system Eqgs. 2.11a-
2.11d

O (h3op , 0 (h30p 10h  Oh
g g(rory_ o, on 2.1
8x(128x)+a 82(1282) 20r ot (2.13a)
19p, , Y
it Ay v R 1-2 2.1
u=go-(y yh)+( L) (2.13b)
_adp, , B
w =55 (" —yh), (2.13¢)
and having used the boundary conditions
u(z,y=0,z) =1, u(x,y =h,z) =0, (2.14a)
oh
U(l’,yZO,Z) :07 U(:Evy:haz) = Ev (214b)
w(z,y=0,z) =0, w(x,y =h,z) =0, (2.14c)
p(z =0,z) =0, p(r=1,2z) =0, and (2.14d)
p(z,z=0) =0, plz,z=1) =0, (2.14e)

where, h = h*/Hj is the dimensionless film thickness (or surface/channel height).
These boundary conditions conform to a sliding/squeezing contact in which the
bottom surface is moving and the top boundary approaches the bottom surface.
There are several variations of these boundary conditions (spanwise velocity, de-
formable surface etc) and each will yield a slightly modified form for Eq. 2.13a.
However, the fundamental premise of the Reynolds equation is to obtain the
pressure distribution given the surface height. This holds true regardless of the

specific boundary conditions. In this work, two specific scenarios are considered,
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namely a (i) purely sliding contact (in two and three-dimensions), and (ii) a

squeezing cylindrical flat contact.

2.3 Viscoelastic thin films

The application of lubrication theory to the Newtonian case offers insights into
the order of magnitude of terms in the balance of momentum. Now, we apply
lubrication theory, in the same manner as the Newtonian case, to the viscoelastic
case. The governing system of equations for an incompressible, isoviscous, and

isothermal thin film with a dilute concentration of polymers are

Vout =0, (2.15a)

Po Du & ~V*p* + 0,V + V. 1 (2.15Db)
Dt* ° P’

7, = f(7,, D), (2.15¢)

where, 7, is the solvent viscosity and the polymer stress 7 is dictated by an
implicit constitutive relation (see Tab. 2.1). Eq. 2.15b represents the Cauchy’s
equation of motion and takes into account the forces due to the polymer extra

stress tensor.

If we straightforwardly apply lubrication theory to Egs. 2.15a-2.15b, i.e.,
choosing the same length, time, velocity and pressure scaling, and substitut-
ing into Eqgs. 2.15a-2.15b, we obtain the thin-film reduced Cauchy’s equations of

motion (assuming Re = 0)

% + g—z + ag—z) =0, (2.16a)
TR A A R S
g—z — 0, (2.16¢)
a% = B, (Zﬁ + e 887;2 agzz + ae? 85:, (2.16d)

where, the thin-film ratio appears in the terms involving the gradients of the

components of the polymer stress tensor. If we naively assume these terms vanish
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as € — 0, then the effect of the extra stress is lost and we obtain the Newtonian
system of equations. Clearly, the scaling must be chosen in a manner that retains
these additional terms. However, this is not a trivial process and requires some
knowledge about the specific problem. Indeed, no definite choice of scaling exists
and choices can be made, such that the normal stress, for example, is ignored and
only the polymer shear stress is retained. Similarly, if one assumes all components
of the stress tensor are on the same order of magnitude, i.e., 7;, = 7 - % [52]

Or T, ="Typ" % [53], then different sets of equations are obtained.

Here, we make the strong statement that the polymer stress components, 7; ;,
are significant, owing to the elasticity of the polymer allowing it to stretch signifi-
cantly, and their gradients must, therefore, be retained in the governing equations.
Furthermore, in order to obtain equations conforming completely to lubrication
theory (see Tanner [54] for a system of lubrication-like equations) the pressure
variation across the film must vanish as in the Newtonian case. These two as-

sumptions provide the scaling

hg h{ ho
Tew = T;w y Tex = T;a: s Toy = 7_; 2.17a
noUoly noUoly Y Yol ( )
0 n2 2
T, :T::m » Tyz :T*z—aTzz :T:Z—, 2.17b
w = Toa 0 v = T T Ul (2.17b)

where, 19 = 15 + 1, and 7, is the polymer viscosity. Now, we substitute Egs.
2.17a-2.17b, into the reduced system of Eqgs. 2.18a-2.18;j, and consider, for sim-
plicity, the Oldroyd-B constitutive relationship. Neglecting terms on the order of
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€2, we obtain a thin-film reduced system of equations

0 0 0
a_z + 8_Z + aa—f — 0, (2.184)
8p d%*u 87’m 0Ty OT s
= b5 : 2.18b
=/ ox oy 52 ( )
8
O_Zy) —0, (2.18¢)
8p 0w 8Tm 07y 0T
=B , 2.18d
52 =0 8x dy 52 (2.18d)
DTm ou ou ou
Tuz + De( Dt 2Tmy8—y - 27”8_:(; — 2a57xz) =0, (2.18e)
Tay + De Day — T, @—T @—%T —@T —G%T
v Dt Yoy oxr ox Y oy ! 0z ”*
ov ou
—a—Ty | = (1= 8)—, 2.18f
T (2,180
Dr, ou ow ou ow
D vy A A - T
Taz 6( Dt ¥z ®or ¥ oy Tey dy
— CLTZZ% — ang—Z) =0, (2.18g)
Dr, ov ov v ov
Tyy + De( Diy = 2Ty = 2Ty - 2a£7yz) =2(1— 5)8—y, (2.18h)
Tyx + De DTyy—T ov _ a—w—T@—T a—w—aT@
v Dt For  Yox Yoy Yoy 0z
ow ow )
— CLTyz$> = (1 — ﬁ)a—y, (2181)
Dr, ow ow ow
2z D yy_2xz__2w__2_zz = U 2.18;
Tz + e( Dt Taz g Tyay aazT) 0 (2.18j)
where, [ = # is the solvent concentration ratio, and D = U 890 + v ay +awy- ‘9

is the material derivative operator.

One immediately observes the absence of any helpful simplifications in the
scalar constitutive equations governing the transport of stress in the lubricant
film. The velocity gradients along the streamwise and spanwise directions vanish,
whereas the crossfilm gradients are retained. However, those same gradients,
when appearing together with the stress are not negligible and are interpreted as
the stretch terms. Furthermore, by setting (i) De = 0, the equivalent Newtonian

system, and (ii) a = 0, the two-dimensional reduced system is retrieved.
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Eqgs. 2.18a-2.18j comprise a non-linear coupled system of partial differential
equations. In order to determine the pressure, velocity and stress distribution,
they must be solved either via analytical or numerical techniques. However, it is
easy to see the difficulty with the former, but the latter is also not without its

constraints.

For the moment, we have considered the Oldroyd-B constitutive model which
demonstrates the effect of polymer stretch and is linear in the stress components.
However, the choice of the constitutive relation introduces additional parameters,
e.g. the finite extensibility parameter, L?, for the FENE-type models, and x
for the PTT models, that can affect the scaling of the stress components. As
an example, if we consider the linear PTT model, we will have for the non-

ij
(1 + ﬁ%%x)n’j. Clearly, a term on the e 2-order will dominate the remaining

linear term, (1 + %/\tI"(TZj))T* using the scaling introduced earlier, we will get

terms. However, the choice of x can be chosen small enough (k ~ €*) to prevent
the O(1) terms from disappearing. Similar observations can be made for the
FENE and Giesekus models.

2.3.1 Cylindrical coordinate system

A set of thin-film reduced equations can also be obtained for a lubricated channel
modeled via the cylindrical coordinate system (r*, 6, z*), following the same pro-
cedure as for the cartesian system. An example of this would be the rotational
motion for two perfectly aligned circular flat plates (mimicking a cone-and-plate
rheometer). The appropriate length scaling

r z H,

r'=—2"=—,e= —

Ry

where, Ry is the characteristic radius, is substituted into the continuity equation

(2.19)

(Eq. 2.4a) yielding the velocity scaling
ur =, - Uy, up = ug - —,us = u, - €Vp, (2.20)

where, Vj is the reference vertical approach velocity, Uy is the reference radial

velocity. Note that we have assumed an arbitrary reference speed Uy for the sake
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of generality. In practice, the rotation rate )y is specified.

Substituting FEqgs. 2.19 and Eqgs. 2.20, into the governing system of Eqs. 77-77
gives the dimensionless system of equations for an incompressible, isoviscous and

isothermal film,

19(ru,) 10uy Ou,

For roe T ox ! (221a)

€2R6(8§: + ur%? + %%Ig uz%t;) = —%jt
e2Re(a;; +ura(;jf + %853 +u388u;) = —%4—
€4R6(88U: +ur85:f + %8;; +uzaau;) = —%—I—
O e o

where, Re = po%—zRo, and assuming €2 — 0, gives the set of reduced scalar equa-
tions
op  0O%u,
— = 2.22
or 072 ( 2)
10p O%uy
Bt 2.22b
rdfd  0z? ( )
dp
— =0 2.22
5 (2.22¢)

for a Newtonian lubricant, where the pressure scaling p* = p - mIU{—OQRO (or p* =
0
2
p - %) emerges. We observe, consistent with lubrication theory, that the
0
pressure remains invariant across the film and only the velocity gradients across

the film remain.

21



Applying the boundary conditions for a sliding, and squeezing lubricated con-

tact,

up(r,0,2=0) =0, up(r,0,z =h) =0, (2.23a)
up(r, 0,2 =0) =1, ug(r,0,z =h) =0, (2.23b)
u,(r, 0,z =0) =0, uy(r,0,z =h) = %, (2.23c)
Jp

E(r =0,2) =0, p(r=1,0) =0, and (2.23d)
p(r,8 =0) = p(r,0 = 2m), (2.23¢)

the classical Reynolds equation is retrieved

3 3
salizar) rao(iman) = ot o ©
Note the absence of a parameter, such as the aspect ratio a in the cartesian
case, that would, in its limits, reduce the three-dimensional problem to a two-
dimensional one. In fact, one must enforce, based on the channel geometry, a
symmetry argument about some axis, thereby allowing % — 0 for all quantities.
This implies that the circumferential surface gradients must vanish, but in doing
so we remove the effect of sliding motion, effectively eliminating fluid entrainment
and pressure generation, yielding the trivial solution p = 0 (in the absence of

squeezing motion).

Now, we assume the lubricant to comprise a mixture; a Newtonian solvent
and viscoelastic polymer additive. Following the procedure demonstrated for the

cartesian coordinate system, and using the polymer stress scaling

X noUoRo nolo . noUo
Trr Trr * Hg ) Tor Tor - HO » Tor Ter - HO ) (225&)
UyR U U
Too = Too - >0t 00 e o 0, (2.25b)

——— T = T20 Toy = Toz* —
Hg ’z@ z HQ?zz zZ RO

we arrive at a system of thin-film reduced system of equations (considering the
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Oldroyd-B constitutive relation)
10(ru,) 10 ou,
(ru,) ug , Ou

or Trae tas Y
ap a2ur 10 187’9r aTzr Too

or 8,2; T ar(m’“) P A PR
a—f — 0
Trr + De (8(;? + ura;;T + %8875,, + Uz% - 2%7%)
— De (%ﬁ;ﬁ + 2Ter(9alg 4 2@% r gw) =0,
Tor + De<aaeT + ra(;ir + %aggr + u, ag? - %(7—6’7" - 7'90))
— De (m %ue + .y agf + r@r% + 720 ag’" + ”T’:"T “"TT@@
e e G P e G
— De (Trraauz + Tzraa -+ Tzr% + Tzz% - UGTTGZ %%uez
cm) gl
Too + De(a;f;e + uragie %837—20 + za;% + 2—71%)
_ De(mr% + 2%% + 2“?9 2%%) ~0
T.0 + De(ﬁ;‘zo + ragie %8520 +u, 88729 - %TZT
— De (Tzr é;ue + Tw% + 7., %uzg + ng% + UTZGZ Tiz aau;
u, )
- a‘;) = (1-9)F2

0T, n 8TZZ n ug 0T, n 0T,
Yo T o0 T 0

ou, ou, To, OU,
— De (27’m + 27, — ER Z 4+ 27 20 > 0,
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(2.26D)
(2.26¢)
(2.26d)

(2.26¢)

(2.26f)

(2.26g)

(2.26h)

(2.26i)

(2.26j)



where, De = A%—g and Wi = ¢! De for the scaling we have adopted (Eqs. 2.25b-
2.25b).

The arguments leading to Eqgs. 2.25a-2.25b are identical to those employed for
the cartesian coordinate system. However, in contrast to it, the appearance of the
circumferential stress component 7yy in the Cauchy’s equation of motion along the
radial direction complicates the problem. In order to reduce the three-dimensional
system to a two-dimensional one along the r-axis, 799 must also vanish. From Eq.

2.26h, if we assume ug = 0, then we will obtain % = 0.

2.4 Linear model

For the cartesian case, the non-linear system of reduced equations Eqs. 2.18a-
2.18j can be linearized by considering a first-order perturbation in the Deborah
number (or alternatively the eWi for PTT or FENE). We expand the dependent

variables in De,

Uy = u,(f) + Deu,(:), (2.27a)
p=p® + Dep, (2.27b)
Tij = TZ(]()) + D@Ti(jl), (227C)

where, u, = {u,v,w}, Ti; = {Tows Tyes Tows Tyys Toy, T=z |, the superscripts ()© and
(~)(1) denote the leading-order and Deborah-order, respectively. Then, substitut-
ing Eqgs. 2.27a-2.27c into Eqs. 2.18a-2.18j and collecting the like-order terms, we
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obtain the leading-order system

ou® Hv© Hw©

— 2.2
o + 3y +a P 0, (2.28a)
op©® 920
— 2.2
op© 9w
— 2.28
70 =0, (2.28d)
ou®
%) = (1= B) 9y (2.28e)
79 =0, (2.28f)
o0
i =20 =875, (2.285)
ow©
Y =(1-H)=5 (2.28h)
79 =0, (2.281)
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and, the Deborah-order system

ou® M dw®
gx + ;y ta g)z —0, (2.292)

1 1 1
op . Pu® ol N 871}2 N a@TZ(x)

=(1-— 2.29b
Ox ( ) Oy? + Ox dy 0z’ ( )
op
g —0, (2.29¢)
Y
opH Pw® ol (97'35;) oy
= Vs s 2.29d
a2 p oy? * Ox d dy y 0z ( )
D7 ou® ou®) ou®
1 _— _ i 0"  _ 9.(0) _ 0)
Tog De( Dt 27'£y a9 27, o 2a % TI(Z), (2.29)
(0) 0 0 0 0
0 — _pefPra O @@ 9w g 9 o Du
o Dt Yoy T Ox ox ™ oy 0z ¥?
(2.29f)
ov ou
— a—710) 1—
ager®) + - 6)%
D7y ou ow® ou® ow®
(1) — _pel 20 _ L0022 _ =z o . (0) 2.99
Taz 6( Dt Taz ax Tax 81‘ Tyz 8y Tmy ay ( g)
ou©® ow©
—arl) gz 70 gv ) (2.20h)
D1 ov®) o) o) ov
1 — _ Y 9.(0) _ 9.0 _ (0) _
Ty = De( D 27, e 27, o 2a 5, Tz ) +2(1—75) 9y
(2.291)
(0) 0 0 0 0
0 — _poPw @ 0w g 0uw®
Yz Dt ¥ 0x W Ox Y= Oy W oy
ov® ow© ow ‘
aTz(g) 5. a7§2)8—> +(1-7) oy (2.29))

(0) 0 0
_De (ﬂ Y 0w

= Dt *F Ox Tay oy 9z
D7 or? o orY
DZZ = 82; + 0@ 82 + aw® (92 . (2.291)

The solution to the leading order system of Eqs. 2.28a-2.28i is obtained by sup-
plying appropriate boundary (and if relevant initial) conditions. In this work, we

use the boundary conditions (and follow the procedure for deriving the Reynolds
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equation, see [16])

u®(z,y=0,2) =1, and u(o)(x,y =h,z)=0, (2.30a)
v (z,y=0,2) =0, and v (x,y = h,z) = 0, (2.30b)
w(z,y=0,2) =0, and w®(z,y = h,z) =0, (2.30c)

providing us the classical Newtonian Reynolds equation, describing the leading-
order pressure for a two-dimensional contact, along with the leading-order velocity

field,

2

a2h3§—;p(0) a2 Lh2p® B30 p2Lp2p0)  Dp

> - =t oz 481 4 az (2.31a)
w0 — 92%1’(0) _ yh(’%p(o) . % 4, (2.31b)
o hoar® | ghgp®  ghy

4 4 2h2""
w® — “92%19(0) - ay%pw), (2.31d)

In a similar manner, but with some additional manipulation, we can obtain

the Reynolds equation for the Deborah-order system (expressions for the velocity
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field are too large to print here, in a reasonable format)

Bt PO E Y Bt (G ) 1Bt Ehgp® Sap
48 48 48
ﬁs 4h4 62 (%p(o))Q B ﬂ5a4h3(%h)2(%p(0))2
48 12
- ﬁ5a2h5a%p(0) %p(o) B.a 2h5 8 )gjzp(o)
48 40
. 65a2h5%p(0) 628(93x2p( : 65 2h5(8z;rp 0)>2
48 60
2 2
_ 5sa2h4aaxhax 71’(0) . Bsa 2h488zhé92 © afaxp(o)
12 16
ﬁs 2h466z axp(O)%p(o) 4 B.a 2h4 o) ha 2p(o) o) (0) 4 5Sa2h45’9_xp(0)%p(0)%h
16 12 24
B Bsa 273 ah h 9502 0) . B.a 27,3 gax (0) B.a 2h2 8 afgmp(o) - 5sh53% (0) 63 p(o)
6 24 8 48
55h5(am2p ))2 y 758h4881h88w 0)59;2]7(0) _ 5sh4aaxzh( )2
48 48 48
B ) (5p ) N Bh3 2 p®
12 24
2 2
L BEEIEDY | Bigh | WO T | a ()
8 12 48 48
TathA Bazh'az ;p(o) 4h4 02 h(azp(o))z
48 48
a4h3(%h)2(%p(0))2 2h5 9o p(O) angmp(O) N 2h5 9? p(O)a 2p( ) a2hb 8Zp( )azam2
12 48 40 48
2 2
2h5<8281p(0))2 2h488xh68x 6 2p(0) 2h4£}ch§z Bz =P (0)
60 12 16
. 2h4§)zhaficp(o)%p(o) 2h4(';9zh8£ic (0) ap(o) 2h4 il p(o) p(O) ;ph
16 12 24
2h3 o) hazhax 8Zp(o) B 2h3 9? p(1) 2h38z236 » (0) 2h2882hazp(1)
6 12 24 4
2 2
a*h* g, hafaxp(o) h° aaa; aa;Sp(O) h5(%p(0))2
8 48 48
7h4£ph§x a22p(0) h4aa;2h(a(1p(o))2 h?’(%h)Q(%p(o)) h38 3p
48 48 12 24
2 1, 92 o 02
_ I g i) hQBmh'@x © h28xh8x o=l 939
12 8 4 12 ( 32)
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The expressions in both the systems, i.e., the leading-order and the De-order,
involve higher powers of a. Furthermore, third-order, and mixed partial deriva-
tives of the leading order pressure emerge. If we set a = 0, then the linearized

system of equations for a two-dimensional problem are easily retrieved.

The exact analytical solution of the leading-order system of Egs. 2.31a-
2.31d and the Deborah-order system Eq. 2.32 for arbitrarily shaped channels,
h = h(z, z), requires solving a second-order, non-homogeneous partial differential
equation, and is difficult to retrieve. In this work, we will resort to a numerical

treatment discussed in chapter 3.

2.5 Viscoelastic Reynolds equation

The viscoelastic Reynolds equation is derived from the parent thin-film reduced
system of equations (Egs. 2.18a-2.18j) by following the steps outlined in Ahmed
and Biancofiore [23]. It is inspired, in large part, from the approach employed for
generalized Reynolds equation [18, 44]. The essence of the procedure is to (i) re-
tain all the integrals across the film for the unknown polymeric stress components
and (ii) take advantage of the weak perturbation to the velocity due to viscoelas-
tic effects. The latter allows assuming a velocity field that is known apriori, such
as u = ul® + Deu™. Therefore, the only unknowns in the constitutive relations
are the scalar stress components (Egs. 2.29e-2.291). Note that this velocity-stress
decoupling only holds within lubrication theory. From the linearized model, it
can be shown, analytically for the two-dimensional channel and numerically for
the three-dimensional channel, that the De-order perturbation to the velocity

field vanishes when the channel height, h(z,y, z) satisfies
h(x =0,y,2) = h(z = 1,y, 2), (2.33a)
h(z,y,z=0) = h(z,y,z =1). (2.33b)
Thus, we expect the flow along the thin channel for lubricants with weak elasticity

to remain Newtonian. However, for strongly elastic flows, as De approaches

unity, it is possible that the second-order perturabation in De, u'®, has a strong
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influence, i.e. De’*u® # 0. However, results for pressure driven flow along a
converging channel show that this perturbation can vanish up to the third-order
[51].

The three dimensional viscoelastic Reynolds equation takes the form

o (h®dp o (h30p OF 0G
o (Ea_x) + CL2$ (E%) = O + B (2.34a)
F = @h+A(aT”) + B(r. )+aA<aT”> (2.34b)
2 ox Y 0z )’
g = a2A(aTzz) - a.A(aTm) + aB(7,.) (2.34c)
Dz ox ven '

where,

h y h y/ / h y// y/ , )
A(Y) =/ E/ / (-) dy dydy—/ / / (-)dy dy dy,
0 0 0 0 0 0

s0=[ 4 [(Oaa- [ "Oara (2.35b)

are integral operators.

—~

2.35a)

Note the appearance of the aspect ratio in front of the terms with some in-
fluence of the spanwise direction. If we set a = 0, the VR reduces to the two-
dimensional from given in Ahmed and Biancofiore [23] demonstrating the absence
of a singularity for very small values of a. Furthermore, the normal stress 7., van-

ishes quadratically as opposed to the shear component 7.

In a similar manner, we can obtain the viscoelastic Reynolds equation for the

cylindrical configuration (r, 6, z),

10 (rh30p 19 (hop\ 190G 10(rF)

Far< 2 ar) YT (12r ae) ~ro0 T or (2.36a)
B 10(r7) 1 079, —Too
_B 1 9(r*70) 1 O7gg

G = 2h+c(r2 B +C 0 + D(10), (2.36¢)
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where,

() :/Oh%/(]h /OZI(-)dz/dzdz—/Oh/OZH /OZ/(-)dz'dz”dz, (2.37a)
D(-)—/Oh%/Oh(-)dz'dz—/Oh/OZ,(-)dz'dz, (2.37D)

are the integral operators. Note that by setting % = 0, and uy = 0, we obtain a

problem confined along the radial direction.

2.6 Squeeze film lubrication

Eqgs. 2.26a-2.26j comprise the full set of reduced equations, for an incompressible,
iscovisous and isothermal viscoelastic lubricant film occupying the region between

two surfaces. The film is said to be squeezed when the bounding surfaces, top

hy(r,0,t), and bottom hy(r,0,t), approach each other at some velocity V; = %
and V5 = %, respectively. The film thickness, h = h; — ho, can then be used to

determine the pressure from the Reynolds equation. The analytical solution of
Eqgs. 2.26a-2.26j (a set of coupled non-linear partial differential equations), for an

arbitrary film thickness h = h(r,0,t) is cuambersome even for a purely Newtonian
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lubricant. In this work, we confine ourselves to the two-dimensional problem, i.e.,

19lrw,) , ou.

o 5 0, (2.38a)
% =0, (2.38¢)
% _0, (2.38d)
Tor + De (ag;“ +u, 887;’" +u, agg) - De(m% + 27’27«%> =0, (2.3%)
Tor + De (8(;;"" +u, 8(,;;”" +u, 85?) (2.38¢)
- De(m N AL aai’”) - -2,
7., + De (a;f +u, a(;;z +u, agj) ~ De (mz% + 2%%) —0, (2.38)
where, we assume
hy = H(t), and hy =0, (2.39a)
Uug = 199 = Tor = 0, and % = 0. (2.39b)

Eq. 2.39b enforces symmetry about the z-axis for the pressure, polymer stress
and velocity field. In addition, we assume that the normal stress 799 = 0, and
that the surface profile, which is only a function of time, satisfies h =1 —t. We
seek to understand the variation in the vertical force Fy = 27 fol prdr and the

friction Fi,y = 27 fol Tor|2=ordr versus the Deborah number and time.
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2.6.1 Perturbation models

The two-dimensional non-linear system of Eqs. 2.38a-2.38g, is simplified by con-

sidering a perturbation in the dependent variables about De,

wp = 0@ 4 Deu 4. (2.40a)
Ty = Ti(jo) + DeTi(jl) NI (2.40c¢)

where, 7,; = {7y, Tor, To» } and u, = {u,, u. }. Substituting the perturbed variables
into Eqgs. 2.38a-2.38g and collecting the terms (on the same perturbation order)

gives the leading-order system,

1 8(rugo)) )

- = 2.41
r Or + 0z 0 (241a)
ap®  9*ul
79 =0, (2.41c)
ol
7O = (1-8)—F— 2.41d
w0 = (-5, (2.410)
oul”
0 =201 - f)=—, (2:41¢)
and the first-order system,

1 a(rugl)) dut”
- = 2.42
r  or i 82 0 (2.42a)

op  9%ul 1 a(mﬁﬂ) orly)

— - = 2.42b
or +B 22 r * 0z 0 ( )
W =201 (aur ) (2.42¢)

ut!
W _ (g2 2.42d
(-5, (2.424)

(
0 = o1 — g2 (2.42)

Similarly, one can obtain the systems for the higher order perturbations. However,
for the sake of brevity, we do not explicitly write the system owing to its length

and the large number of terms involved. Instead, we provide the final expressions
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for the quantities of interest, i.e. the pressure distribution, vertical force and

friction.

The solution to the leading-order system is

TR (2.43a)
3r dH

FY=— Y TR (2.43b)
or dH

FO = T (2.43c)

for the first-order system,

3(r2 —1) d*H dH\?
W=_= 2 [10H i — 2.44
b 100+ (O (dt2 ar ) ) (2.44a)

3t d®H 1717 (dH\’
r¥ = — 2.44b
N 23 d 20H4< dt ) ( )
or 2H 177 (dh\”
O — i i 2.44
T OHR P 5H3(dt) ’ (2.44c)
and the second-order system,
3(r2 — 1) *H dH d*H diH\*
@ == (700H*— — 11970H — —— + 19491 — 2.45
b 700H° ( dt® dt d a ) ) (24
3t d*H  513r dH d®H 584737 (dH\*
o —) 2 on e T (2.45b)
2H3 dt3  20H* dt dt?  1400H5 \ dt

on BH Sl (dH\ (@H\ 40217 (dh\®
e - =t 0t 2 — — 2.45
N EF TERAEY T ( di > ( a2 ) 350" (dt) ’ (2.45¢)

We immediately note, that the pressure distribution remains quadratic regardless
of the order of perturbation. In fact, it retains precisely the general form for the

pressure
3(7" 1) dH d*°H
m) — S\ = Dty gy ..
p ( dt dtz Y ) )
where, K™ is some function of the film thickness (varying in time) and its deriva-

(2.46)

tives. The highest order derivative and the highest polynomial degree, in surface
height, is always n 4+ 1. Similarly, for the net normal force and the friction, a
general form is apparent. The expressions appear compact and also convenient,
however, the explicit expressions for the general surface function h = h(r,t)

are too large to even print. In fact, utilizing the symbolic toolbox available in
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Python, i.e., Sympy [55], the maximum perturbation order that can be attained,

in reasonable amount of time, is the third-order.

The VR equation for the case of two-dimensional (7, z) squeeze flow is obtained
by setting % = 0 in Eq. 2.36a and assuming the circumferential stress 799 = 0.
The resulting simplified form is used to solve for the pressure subject to the

boundary conditions

? =0, (2.47a)
"l(r=0)
p(r=1)=0, (2.47b)

once the polymer stress is obtained from the solution of the reduced constitutive
equations. When solving for the stress, however, the velocity field is considered
constant and is assumed to be simply the leading-order, or Newtonian from Tan-
ner and Pipkin [56]. Higher-order perturbations can be added to improve the
velocity estimate, but for the simple surface motion considered here, the first-
order is identically zero. The stress boundary condition, in this work, is simply
Oy

= 2.4

r=0

and the initial condition is a stress-free state, i.e., 7;; = 0.

It is worthwhile to note the differences already apparent between the formula-
tions of the simplified perturbed system and the VR model (2.36a-2.36a). Firstly,
the transient nature of the problem implies that all quantities will vary with time
and therefore, must accept some initial condition. However, the perturbed system
does not yield a system that accepts an initial condition. This is understandable,
since it is an expansion about the Newtonian solution which has a finite value
of stress, as soon as the surface is moved. On the other hand, the VR model
will accept an initial condition, reflecting the true physical nature of the stress
which will be initially zero, since the polymers are assumed to be relaxed (at least
initially). Then, upon applying a surface velocity % = —1 at t = 0, the response
for the viscoelastic lubricant should be delayed and not instantaneous (but for a

vanishingly small De).
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2.7 Cavitation

Lubricant cavitation is characterized by a change of phase, from liquid to a vapor
state, due to a drop in pressure [57]. When the surfaces are moving away from
each other at high enough speeds, the fluid pressure drops, owing to the increase
in fluid velocity. If at any point within the film, the pressure drops below the cav-
itation pressure, the liquid phase transitions to the vapor phase and/or dissolved

gases are set free.

For a Newtonian solvent, the pressure distribution is corrected for the presence
of ¢ fraction of vapor. The Reynolds equation, for a isoviscous, incompressible
liquid phase takes the form (in a cartesian coordinate system)

d (h®dp , 0 (WP Op\ _ O(oh)
a—(ﬁa—)+a—(ﬁa—) = or (2.49)

Under the linear-complementarity approach [2, 3] for modeling cavitating lubri-

cated contacts, we impose the condition p - r = 0, where, r = 1 — ¢ is the
complementarity variable. When the Poiseuille contribution vanishes in the cav-
p __ Op

itating region, i.e. 5£ = 3F =0, then one solves for the film fraction instead of

the pressure, where the quantity of interest is the fraction close to the interface.

For a non-Newtonian lubricant, with significant elastic contribution, a modifi-
cation is required to the constitutive relations based on the assumption that the
elasticity exists only in the liquid phase and the vapor phase does not contribute

to the viscoelasticity of the mixture. Therefore, we have for the Oldroyd-B,
T + oA = 26(1 — 5)D, (2.50)

a linear correction to the upper-convected rate operator (elastic contribution) and
the viscous part in function of ¢, which depends on the pressure. One immediately
observes, for ¢ = 1, i.e.; a fully liquid region, we have the original expression for
the Oldroyd-B and for a fully vapor region the polymer stress is zero. In practice,
the growth of the vapor fraction follows % = 0.

Note, in the absence of this correction, the normal and shear stresses will

predict a finite value arising from the polymer elasticity, which would act as if
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the lubricant is in a liquid phase. Furthermore, the velocity field will be corrected
apriori, since the Poiseuille component will vanish in the vapor region. However,
the Couette component will be retained and give a non-zero elastic stress when
simply input to the constitutive relation. The correction of Eq. 2.50, ensures the
Couette velocity field (and its gradients) does not induce any extra liquid-phase
stress. The numerical algorithm used in this work for capturing cavitation for

viscoelastic lubricants is detailed in chapter 3.
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Chapter 3

Numerical methods

The equations introduced in chapter 2 are difficult to treat analytically, especially
for the three-dimensional channels. Therefore, an exact solution is often not
attainable even for simple surface functions. A numerical approach, despite the
added effort and demand for computational resources offers a viable alternative.
However, the numerical method, involving appropriate treatment of the different
differential (integral) operators, discretization strategy for the geometry (which
may not be smooth or continuous) has a strong impact on the success of the
solution procedure. In this chapter, we formulate the numerical technique used
to solve the governing system of equations using the classical finite difference
method (FDM), which is arguably the simplest discretization technique. Other
approaches available in literature involve the finite volume method (FVM) and the
finite element method (FEM). The latter two, although well suited for curvilinear
meshes, require additional care when dealing with the differential (and integral)
operators. For example, the FVM demands an additional interpolation scheme
to evaluate, accurately, the relevant fluxes on the cell interface. Similarly, in the
case of FEM, the construction of specialized elements for the treatment of the
advective terms is required which merely adds to the complexity of the problem.
Nevertheless, they are valid, and arguably, more robust techniques that can be

employed for the numerical simulation of the viscoelastic problem.
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This chapter is organized as follows. In section 3.1, the method used to treat
the curved nature of the domain is introduced. In section 3.2, the strategy for
an implicit discretization of the governing equations (including the general form
of the Reynolds equation, and the scalar constitutive relations) is provided, and
a simple stability analysis of the numerical system is performed in section 3.2.1.
Finally, we offer a modification of the robust FNBS cavitation algorithm [58] in

order to accommodate viscoelastic lubricants in section 3.3.

3.1 Grid transformation

The classical finite difference method, for an equidistant mesh in three-
dimensions, satisfies the necessary requirements of consistency, convergence and,
depending on the differential operator, stability as well. They can be easily con-
structed to any order of accuracy from the Taylor series expansion about some
point in space. However, for a curved mesh, conforming to the curvature of the
channel surface, the direct use of these classical schemes becomes problematic.

To see this, consider a grid with the spacing between the nodes

ly

l’:Z'E, (31&)
h(z, 2)

=g b

y= TN (3.1Db)
14

Z:k'ﬁi, (310)

where, N,, N, is the number of nodes and N, (4,7, k) are the nodal indices,
along the z, y and z, respectively. Now, we consider two neighboring points
= (I(i,j,k),y(i,j,k), Z(i,j,k)) and py = ($(1‘+1,j,k)ay(i+1,j,k)a Z(i+1,j,k))7 where 14, j, k are
nodal indices along the x, y and z directions, respectively. Using Eqs. 3.1a-3.1c,
and assuming p; = (g, Yo, 20), We have py = (zo + Az, yo - %, 2p). The
point po does not lie on the same yy-line and the difference between p; and ps
will scale with the curvature of the grid. This directly affects the derivatives,

for examples consider the first-order forward discretization, of some dependent
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quantity ¢(z,y, 2),

94
ox

q(xﬂ + Axy Yo, ZO) - q<x07 Yo, ZO)
= . .2
Ax (3:2)

(70,90,20)
In Eq. 3.2, we assume, in accordance with the definition of a partial derivative,
that the location does not change along y and z. Expressed in terms of the nodal

indices

@
ox

4(i+1,5,k) — 4(i,j,k)
— . 3.3
N (3.3)

(i,4:k)
However, for a curved grid, the point (zo + Az, yo, 20) does not coincide with any

point in the discretized set of points (or nodes) arsing from Eqs. 3.1a-3.1c.

There are several remedies to this problem, e.g. an immersed boundary method
will allow discertizing the geometry such that we can move in constant increments
of Az, Ay and Az but demands a more involved treatment of the boundary nodes
with special interpolation of the boundary values. One may also consider non-
classical finite difference schemes with non-uniform spacing but those are not
trivial to construct and cumbersome to obtain for higher accuracy to say the

least.

We adopt a simpler approach, in which the physical space x(z,y, z) is trans-
formed to a computational space X(X,Y, 7). The transformed space will be a
cube (square) in three dimensions (two dimensions) and allow the use of the clas-
sical FDM schemes. The limits of this computational domain can be set based
on the problem, but typically a unit cube is preferable in most situations, for

simplicity.

The mapping between the physical and computational domain, for all problems

considered in this work,

r=X;0<X <1, (3.4a)
y=Yh(z,2); 0<Y <1, (3.4b)
2=7:0<7<1, (3.4c)

where, h(z,z) is the surface function, allows the transformation of any point

x = (z,v, z) in the channel to the computational space. Note that Eqs. 3.4a-3.4c
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represent a unit box in which the grid points are equally spaced. However, this is
not a constraint and, in general, the computational coordinates could occupy any
range depending on the problem. In addition, we assume that the points along
the r and z axes are equidistant to begin with and require no transformation.
However, for certain problems it may be advantageous to use a non-uniform
stencil to capture large gradients where necessary. In addition, for a cylindrical
system, we simply change the definition of the physical space to x = (r, 6, z) and
the computational space X = (R, 0, Z). Then, Egs. 3.4a-3.4c can be used in the

same manner for a surface function h(r,6).

Now we wish to transform the governing equations such that the dependent
variables are functions of the computational coordinates by applying the general
definition of the total derivative of a function F' = F'(1n;,1s,...) in terms of some

other choice of independent variables (1, (s, .. .,

OF
dF = ,- R (3.5)

to evaluate the first, second and mixed derivatives of any dependent quantity for
instance the velocity field, with respect to x,y and z. Note that our objective is
to obtain differential forms in x, but we will first express the total derivative in
terms of X and later collect the equations to obtain the required forms. The first

derivatives (gradients) are readily obtained from Eq. 3.5

g  Ox 0 dy 0 0z 0

oX " oxor " oxoy T oxas (3.6a)
g  Or 0 dy 0 0z 0
0 Odx 0 Oyd 0z 0 (3.60)

9Z 0Zox "ozoy  9Z0s

The second and mixed derivatives are a bit more involved and require the useful
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property; d*F = dF - dF and, after some simplification,

P _Fr 0 Pyo 00 (00\ O (0P (00
0X2  0X20r 0X20y 0X20z 0X ) Ox? 0X ) 0y? 0X ) 02?2

ox Oy \ 0O? oxr 0z\ 0? 0z oy \ ©0?
2 (a—xa—x> andy 2(a—xa—x) G202 Q(a—xﬁ) —azay’ (8.78)
82_62x3+a2yg+ 28 a?+g2a_2
OY2  9Y20r  9Y20y = OY? 82 8952 oyz ' \oY ) 9z2
2 2
5 %@ 0 ) Ox 0z 0z 83/ 8 (3.7b)
oY oY ) 0x0y oY oY 89582 oY oY 8z8y
2 Px o Oy o 920 oz \? 62 ay\* o 02\ ? 02
s s s o + + —+|z5) 55
072 9720z 0720y 0720z 0Z ) ox? 0Z ) oy 07 ) 0z?
oxr Oy\ O? Ox 02\ O? 0z Oy\ 0O
* 2(02 az) 550y Q(a_za_z> 580z 2(@737) 920y’ (8.7c)
#_ Px 0 Py 0 P (0vdwNP oy dy\ P [0z 0z
OXOY — OXO0Y Ox ' 0XOY 9y ' 0XOY 0z  \OY 90X )oz2  \oYox)oy2 \oyox)o

(200, 92 00) 2 (Je0: deo) 2 (000, 0: 00 o

0X 0Y  9Y 0X ) 0x0y 0X oY 0Y 0X ) 0x0z 0X0Y 0Y 90X ) 0z0y’
(3.7d)

(AR N R 0 o A KN T AN A

0X0Z 0X0Zox 0X0Z0oy 0X0ZO0z 0X 07 ) 0x? 0X 07 ) 0y? 0X 07 ) 02

Ondy 00 Oy\ P (0nds 0w o:\ O (0:0y 020y &
0X 07 0XoZ 0X 0Z 0Z0X 0X 07 0Z0X

Oxdy 0x0z 020y’
(3.7¢)
g0 Oy Pe 0 (008 (000) P (000c) 5
oYoZ 0YOZOox 0OYOZOy OYOZOz oY 07 ) Ox2 oY 07 ) Oy? oY 07 ) 922

L(Poy oroy B (owo: oroz\ & (0:0y 0z 0y) O
oY 0Z 07 0Y ) 0xdy oY 0Z = 0Z0Y ) 0x0z oY 0Z  0Z90Y ) 0z0y
(3.7£)

The Eqgs. 3.7a-3.7f provide the derivatives in terms of the computational co-
ordinates. We require expressions for the derivatives in terms of the physical

coordinates for which we shall express the equations as a linear algebraic equa-

tion
X = Adx, (3.8)
T [0 o o 9 9 9 o 52 52
where, X [a_X’ DY 02 0X2' 9Y2® 0221 DXOY ' OX0Z’ 8Y6Z]
2 2 2 2 2 2 .
oxT = [@ 2 98 o o & 0 0 0 ] and A is known as the Jacobian

= Loz 9y’ 927 8220 9y2 9227 Bzdy’ Hz0z’ Hyd=z
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of the transformation and comprises the transformation metrics, i.e. derivatives
of the physical coordinates with respect to the computational coordinates. It
is evident from Eq. 3.8 that A™! will give us the required derivatives of the
pressure, velocity and stress with respect to the physical domain in some linear
combination of the derivatives existing purely in the computational domain. The
detailed contents of A are not provided for the sake of brevity but can be obtained
easily from Eqs. 3.6a-3.6¢c. Notice that all the metrics can be readily obtained
via analytical treatment, for simple geometries, from Eqs. 3.4a-3.4c. However,
for more complex surfaces such as, textured surfaces, rough surfaces or complex
analytical expressions, the metrics can be obtained via an application of the
classical finite difference schemes. Furthermore, had we initially expressed the
required derivatives with respect to x, e.g.

0 0X 0 aYy 0 07z 0

9r = 0r0X " 9x oY | 0w 0z (39)
at the beginning of the derivation (Eqgs. 3.6a-3.7f), the metrics would then depend

on the physical domain, e.g. %—};, and the differential operator %, not being known

9
X’

example, is given simply via a second order accurate central difference scheme

a priori, would have become difficult to obtain. Whereas, the operator for

(or any other).

3.2 Implicit discretization

The transformation from the curved physical domain to the uniform computa-
tional domain has allowed us to express all the required derivatives up to second
order in space in terms of operators that can be readily discretized via classical
constant-stencil finite difference schemes available in any introductory text on nu-
merical methods. Here, we describe the use of implicit discretization techniques
for the three-dimensional case which can be reduced to the two-dimensional case

without much effort.

An implicit approach inherently requires all dependent variables to be evalu-

ated at the unknown time step resulting in a system of algebriac equations that is
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compactly represented as Au = b, where A is the coefficient matrix arising from
the discretization of the differential equation, u is the desired solution vector and
b is some forcing. In contrast, the explicit approach can be obtained by splitting
A into its diagonal and off-diagonal components, AP and AV, respectively,
giving APyttt = ALYyt 4 b The solution of the explicit version then involves
matrix-vector products, and, assuming a sufficiently small time step size can con-
verge to the steady-state solution. Clearly, it is a more appealing approach from

a programming perspective.

The problem arises when the required step size is too small, leading to pro-
hibitively long simulation times. This is especially true for viscoelastic flows,
where the polymer relaxation time is on the order of several milliseconds, and
the steady-state (if it exists) is achieved much later. Furthermore, the criteria for
numerical stability, for explicit schemes, enforces a restriction on the maximum
allowable time step size (At) as a function of the grid spacing (AX, AY,AZ).
For the classical, one-dimensional advection equation, the stability criteria is the
Courant-Fredriech-Levy (CFL) condition, where At < CFL - AX/U,, for some
advection velocity Uy and becomes more restrictive if diffusion is added to the

system, scaling with AX? instead.

Implicit schemes are, for the most part, impervious to such restrictions and
decouple the time step size from the grid spacing, allowing for generously large
values (if the steady-state solution is the goal). The stability analysis of im-
plicit schemes for ordinary (and partial) differential equations began with the
pioneering work of Dahlqist, the Danish mathematician, and are still the subject
of interest today. Recent efforts in modeling viscoelastic flows specifically, have
shown an interest in exploring implicit schemes for a resource-efficient solution. In
particular, for thin viscoelastic lubricant films, the treatment of the constitutive
relations is done via an explicit projection in time, assuming some appropriate
initial condition. This severely limits the maximum allowable time step, since the
(i) height of the film is very small, and (ii) the added non-linearity and coupling

between the velocity and polymer stress is strong.
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In this work, we adopt an fully-implicit approach for the Oldroyd-B constitu-
tive equation and a semi-implicit approach for the non-linear constitutive relations
such as, FENE-CR, FENE-P, Giesekus and PTT models. We assume that all the
differential and integral operators in the physical coordinate system have been
properly transformed via Eqgs. 3.6a-3.7f as necessary in the governing equations.
Furthermore, the specific difference expressions for each derivative are given in
Appendix B. Here, we assume that a particular derivative, using the finite differ-
ence stencil, can be expressed as a matrix-vector product, for example g—)p( = Kp,

where, K is a sparse coefficient matrix and p is some vector.

The Reynolds type equations, (e.g., the VR Eq. 2.34a) considered in this work,

can be written as a matrix-vector system

Ap = f(h, Tij)7 (310)
where, for cartesian configurations A = {%(%%) + aQ%(}f—;%)()}, and for
cylindrical configurations A = {a% (}3—}5%) -+ %% (?—;%) ()} The forcing vector,

f, is a function of the surface height, normal and shear stress components (see
Eqgs. 2.34a-2.34c). The sparse-matrix operator A can be obtained via discretizing

the derivatives according to the stencils given in Appendix B.

The constitutive relations considered in this work can be written in a compact
form
F1 + Der =2G(1 - 5)D, (3.11)

where, F' and GG are non-linear functions of the stress tensor, De and other pa-
rameters. The material derivative in the upper-convected rate operator (and in
F for the FENE models) is discretized via a biased, and locally (globally) second-
order (third-order) accurate scheme for each component of the stress tensor, and
fourth-order accurate central difference schemes for each component of the ve-
locity gradient tensor. To arrive at a globally implicit system for Eq. 3.11, we

first write the simpler semi-implicit procedure (using Oldroyd-B and for 7, for

45



brevity)

(t+1) _ 1(¢)
A@n) o) = Daas (3.12a)
A=At(M+1+D,), (3.12b)
B
D, = —2068—3, (3.12¢)
o ou (t)
bl = 2DeAt (T( 8” + 0T 5 ) +70, (3.12d)

where, I is the identity matrix, M = U —|—V +aI/Vi is the material derivative
operator, U, V, W are the velocities in the computational domain (arising from
the grid-transformation via Eqs. 3.4a-3.4c), b(;; is the forcing vector containing
the terms involving stress components 7(,,,) (i # m and j # n) at the previous
time level ¢. In addition, it contains the non-linear terms (from F' and G) at
the known time level ¢ and the corrections due to the second-order accurate
upwind /downwind schemes. We will have a system similar to Egs. 3.12a-3.12d,
for each component of the stress tensor (omitted here for brevity, see Appendix C

for the two-dimensional problem and additional comments for the FENE models).

While this approach is notably better than its fully-explicit variant, the fully
implicit approach
SR o), 313
(1.7)
where, the summation is taken over all components of the stress tensor (six for
three-dimensional problems and three for two-dimensional problems) each having
a coefficient matrix, denoted by F ) for 7(1.yy in the scalar equation for component
T(ij), (after discretizing the dlfferentlal operators by a proper upwind/downwind
scheme). Eq. 3.13 couples all the components of the stress tensor into single

unknown vector and is markedly more numerically efficient owing to its greater
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stability. As an example, we write the algebraic system, explicitly, for 7.,

(zz) _(t+1) (zz) _(t+1) (zz) _(t+1) _ 5 (t)
FonTar) T Tay T F )T = Oy (3.14a)
F(;) =AM +1+Dy), (3.14b)

(e2) _ du
Floy) = —2Delt ( @y) ) (3.14c)

(wz) _ Ou
oz = —2Delt (a 82) (3.14d)

ou
D, = —2De=" 3.14

! “or’ (3.14e)

® _

Similar to Eqs. 3.14a-3.14f, we can write a system for each stress component,
assembling them to form matrix-vector system which can be solved via an iterative
approach. Note that the global coefficient matrix (from Eq. 3.13), assembled from
all the stress components, in Eq. 3.13 has the size (6Nx Ny Ny x 6Nx Ny Ny)
and the vectors formed from the scalar stress components 7;; and forcing terms
bi;) have the size 6 Nx Ny Nz, where Nx, Ny and Nz are the nodes along the

streamwise, crossfilm and spanwise directions, respectively.

The PTT, FENE and Giesekus models contain terms that are non-linear in the
stress. For the FENE models, the term f(1 + De® 1’;;1 )Tij, is simply linearized by
considering the non-linear portion, i.e., f(1+ De%)(t)ﬁ(;+l)

(t) and adding to the coefficient matrix. Similarly, for the PTT models, both

, at the time level

linear and exponential, the same treatment can be adopted. Note however, this
requires updating the sparse coefficient matrix at each time step, but the added
stability, in the form of a larger time step size, is significant. Alternatively, one
may simply consider the entire term at time level (¢) and include it in the forcing
vector bgg) We utilize the latter only for gradually varying surfaces, i.e. a weak
convergence ratio (small eccentricity ratio for the journal bearing) and the former

for three-dimensional configurations and/or steeply varying surfaces.

For the Giesekus model, one may again adopt the aforementioned procedure.
However, the non-linear term in question, %Tikﬂw‘, does not involve a scalar

function but a simple matrix product. For this, we linearize these terms via a
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Taylor series expansion, assuming Fi;) = 68—%7’(%)

O(Flar) (jk))

(i) 0, (3.15)
OT(mn)

(mn) — T(mn)
t

Flary k) = Flamy T le +

of FliwT(;r) about the known time step (¢). Notice that in the case for FENE-P,
FENE-CR, and PTT, F only involves the normal stresses, via the trace of the
stress, of which only the streamwise and spanwise components are O(1) under the
thin film approximation. For Giesekus, the expression involves multiple compo-
nents of the stress. In practice, Eq. 3.15 is only required for steep configurations,
e.g. a high eccentricity ratio for the journal bearing, or for highly undulating
configurations. For gradual variations in the channel surface, the semi-implicit
treatment can be adopted and the resulting difference in computational time

taken (or allowable time step size) is not significant.

3.2.1 Numerical stability

A numerical stability analysis for the constitutive relations identifies a critical
issue, namely the high Weissenberg number problem [59]. Apart from the well
known CFL condition and special treatment of the advective terms, i.e., a bi-
ased operator based on the direction of the flow, it shows a restriction on the
grid spacing as a function of the Deborah (or Weissenberg) number. This re-
striction prevents solutions from converging regardless of an implicit or explicit

discretization.

In the pioneering work of Fattal and Kupferman [60], proposing the log-
conformation approach as a remedy for the HWNP, shows the explicit dependence
of the grid spacing on De. This was a result of asserting that the eignevalues
of the coefficient matrix, for the stress at some point in the mesh, must remain
positive and less than unity. A simpler, but arguably less holistic, approach to nu-
merical stability is performed here, for the implicit discretization, for the purpose
of visualizing the region of stability based the classical Von-Neumann analysis on
a simplified one-dimensional approximation of the scalar equations, specifically

the normal streamwise stress, i.e. 7,,. Inherent in this sort of analysis, is the
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assumption that if a single equation in the governing system of equations be-
comes unstable, then the larger system comprising all of the stress components
cannot be solved. Our choice for the normal stress is motivated by the fact that
it is zero for a purely Newtonian fluid, becoming finite for a viscoelastic fluid,
and, therefore, likely to be the cause for numerical instability. For simplicity, we

consider only

OTpr OTpr OTwr ou
Tow + De( o +u e +v o > — 2De7'm% =0, (3.16)

and, using the Eqgs. 3.6a-3.6¢, transform Eq. 3.16 into the computational domain
(X,Y)

aTxx aTxm asz Y Oh o
Tez + De( 5 +U e +V 5y ) — 2DeT,,(a — ﬁa_Xb) =0, (3.17a)
U =u, (3.17Db)
v Y Oh
ou ou
a = a—X, and b = 8_Y (317d)

where, h represents the surface function.

Discretizing via a simple forward difference scheme (assuming U > 0 and

V > 0) via an explicit approach

T(t+1>:ﬁ(_1 LU _V Q(G_Yahb)) 0

203 De At AX AY Box ) e i)
DeAX woi-13) T DoAY Tew(ii-1) (3.18)
and via an implicit approach
1 U Vv Y oh
Del14+ — 4+ — 4+ —9(aq— ——"p) )| 7HD
6( TAatTAx TAY (a hOX ))Tm,(w)
U 1) Vi @y De @

B DeAXTma(i—lJ) - DeAyTxoc,(i,j—l) - ETM,(Z‘J)' (3-19)

In addition, the surface function is h = 1 + ecos (2rX) (defining the two-
dimensional journal bearing). In expressing the surface function in terms of a
single parameter e which governs the convergence ratio of the channel, we can

also investigate the influence of steep surface gradients.
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The Von-Neumann stability analysis requires that we approximate the solution
as a wave, i.e., TQEQ’W) = Ayl ExX+hY) and Tgﬁff(?]) = Agyrye? ExXHY) Cwhere,
kx (ky) is the wave number along X (Y), and J = /=1 denotes the complex
part. Then solving for the amplification factor ( = A41y/Aq) (which is a complex
number) and posing the equality for stability, i.e., |(| < 1, we find, in both
explicit and implicit cases, that the numerical stability criteria is a function of
the Deborah number, grid spacing, time step size, local velocity field, and its
gradients. The analytical expressions in either case, more so for the implicit
approach, are large and omitted for the sake of brevity. More importantly, we
obtain, via numerical treatment, the phase diagrams, demarcating the stable
region (¢ < 1) and the unstable region (¢ > 1) for different choices of parameters.
Primarily, we wish to see how the De, and the velocity gradients influence the
contours, and ultimately the choice, for AX, AY and At, since these are the only
modifiable parameters, whereas the physical quantities (velocity, De, eccentricity

ratio (via the surface function), are determined from the problem definition.

In Fig. 3.1, we plot the stability diagram of At, AX) for (X,Y) = (0.5,0.5),
De = 0.5, (kx, ky) = (2m,27), depicting the stable regions (shaded) and unsta-
ble regions (unshaded) for the explicit and implicit methods, as we increase the
eccentricity (or steepness) of the channel. The stable region for explicit methods
rapidly shrinks as opposed to the implicit methods, which remains uncondition-
ally stable, at least initially. The shrinkage implies that fine meshes and large
time steps will lead to failure when solving the simplified equation for 7, (Eq.
3.16), and one must resort to ever smaller time step sizes and coarse meshes.
Note that the small value of De is insufficient in ensuring numerical stability for
rapidly converging channels and singularities can arise owing to the geometry.
This is a well known result, but what is surprising is the effect of coarsening the

mesh induces some numerical stability under the thin-film approximation.

Similarly, In Fig. 3.2, we plot a contour of the phase space At,AX) for
(X,Y) = (0.5,0.5), De = 0.5, (kx, ky) = (2m,2m), depicting the stable regions
(shaded) and unstable regions (unshaded) for the explicit and implicit methods,

as we increase the Deborah number. The implicit approach demonstrates the
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Figure 3.1: The contours of the time step size At against grid spacing AX =
AY = A depicting the stable region (shaded) and unstable region (un-shaded)
for the explicit approach (top row) and the implicit approach (bottom row) for
e =0.9,0.91,0.95,0.99,0.999 (left to right). Assuming (X,Y) = (0.5,0.5), De =
0.5, (k’X, k’y) == (27T, 271’)
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Figure 3.2: The contours of the time step size At against grid spacing AX =
AY = A depicting the stable region (shaded) and unstable region (un-shaded)
for the explicit approach (top row) and the implicit approach (bottom row) for
De =0.1,0.2,0.3,0.4,0.5 (left to right). Assuming (X,Y) = (0.5,0.5), De = 0.5,
(/{Zx, ky) = (271', 27‘(’)

same trend as the explicit method, with no noticeable improvement in stability,
contrary to what is often observed in the stability of classical linear equations.
We deduce from this that the high Weissenberg number problem is not alleviated
and numerical instability can be brought about, at large enough De, in a fully

implicit approach as well, regardless of how small At and/or AX(Y).

We have demonstrated via the use of a simple equation and using the Von-
Neumann stability analysis the decline in numerical stability versus the grid spac-
ing and time step size (for a single point). It is possible to generate similar con-

tours and investigate other parameters e.g., the influence of the wave number
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Figure 3.3: The stability phase diagram for e and De (shaded: stable, un-shaded:
unstable) for the (a) fully-explicit method and (b) the implicit approach (At =
0.01, AX = AY = 0.1, kx = ky = 27).

along X and Y (depicting a highly undulating stress profile). Interestingly, an
observation that is not often discussed but which is present in the discussion of
some works on viscoelastic simulations, is the decline (or at least stagnation) in
numerical stability versus mesh refinement. In fact, coarsening seems to provide

the desired stability but the accuracy of those results are naturally in question.

3.3 The FNBS algorithm for viscoelastic lubri-

cants

It is well-known that lubricants undergo cavitation in when the local film pressure
drops below the cavitation pressure, leading to the (i) release of dissolved gases,
and (ii) phase change from liquid to a liquid-vapor mixture. We describe the
implicit implementation of the robust FNBS algorithm for viscoelastic lubricants

via the finite difference method.

We can compactly write the viscoelastic Reynolds Eq. 2.34a for a two-phase

(liquid-vapor) lubricant mixture as

9 (h30p , 0 (hPop\ 0 0
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(see Eq. 2.34a-2.34c for the definition of F and G), where, ¢ is the complemen-

tarity variable related to the pressure, for each node (m) in the mesh, via

We can discretize Eq. 3.20a and Eq. 3.21 using the FDM and then linearize in p
and ¢ via the Newton-Raphson method (since Eq. 3.21 is non-linear), obtaining

a coupled linear system

Ap*tD) 4 Bokt) = p{b) (3.22a)
J,p* 4 JyptD = plF) (3.22b)
(k) (k)
where, £ is the iteration level, J, =1 — % and J, =1 — (j;(;") 5 are
P(m) F(m) P(m) FP(m)

diagonal matrices, k is the iteration level. The coefficient matrix for ¢ is related
to the differential operator B = %—J; + % -2 .7-"% + g%, by = ApH) — a%((l —
¢(k))]:) il %((1 4 qg(k))g) — %_J; - g_g, and by = p*) + ¢*) 4 /pk):2 4 H(k).2,

The solution procedure involves inverting the system of Eqs. 3.22a-3.22b to
obtain successive updates to p and ¢, and proceed until convergence is achieved.
It was observed that iterative solvers, such as the conjugate gradient method,
cannot be utilized owing to the poor conditioning of the system. If we attempt
to use a good preconditioner, then the numerical solutions tends to proceed for a
few iterations after which the solution rapidly diverges. The use of a direct solver
is, therefore, a requirement. Further optimization of the iterative process can be
achieved via manipulating the rows (based on the particular value of pressure
and ¢ for a given node (m)) of the global coefficient matrix formed via A, B, J,
and J4. This was not necessary in this particular case, since the added efficiency

is not required and the classical Newton-Raphson procedure was sufficient.

However, care must be taken in treating the discretization of B. Notice, that
when the film is fully vapor region, then we have p = 0, and Eq. 3.22a changes
type from parabolic to hyperbolic in ¢. As such, a hybrid scheme (see appendix
B) must be employed when discretizing B to avoid numerical instabilities. In
addition, greater accuracy is achieved if a second-order accurate (or higher) dif-
ference scheme is used, but convergence might be delayed owing to its reduced
stability.
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Chapter 4

Shear thinning and viscoplastic

flow

In this study we present a new approach, i.e. the modified viscosity (MV) tech-
nique, which (i) extends the range over which ASD methods operate, (ii) retain
an appreciable degree of accuracy when computing the pressure and the load
carrying capacity for different geometries and (iii) is valid for three-dimensional
hydrodynamically lubricated contacts. The paper is organized as follows; in sec-
tion 4.1 we describe the new mathematical approach, i.e. MV, to describe shear
thinning lubricants with summarizing also the previous models found in litera-
ture. Afterwards, the numerical procedure is described in section 4.2. In section
4.3 we compare MV and GR showing the benefits of using MV and in section
4.4, a discussion on the optimal location for the approximate shear strain rate is
presented. Finally, conclusions are drawn in section 9.1. The work presented here
has been published in Ahmed, H., & Biancofiore, L. (2022). A modified viscosity
approach for shear thinning lubricants. Physics of Fluids, 34(10).
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4.1 Mathematical model

We present the governing equation for modeling complex rheology lubricants
in section 4.1.1, followed in section 4.1.2 by a brief overview of the models and
techniques available in literature. Afterwards, we introduce the modified viscosity
technique in section 4.1.3. The rheology of the lubricant is covered in section 4.1.4,
while the approach to describe cavitation is given in section 4.1.5. Finally, the

contact geometries examined in our work are described in section 4.1.6.

4.1.1 Problem formulatiom

The pressure distribution in a fully lubricated contact (see Fig. 4.1)

= Top surface = Bottom surface

‘ /’f
\ / >

Figure 4.1: A general three-dimensional lubricated channel of length ¢ and width
B. The surfaces are sliding with streamwise velocity Uy and U; and spanwise
velocity W;" and W5

for a Newtonian, compressible and piezoviscous lubricant is defined by the
dimensional Reynolds equation (RE)
0 (I8 p oy, 0 (W5 pop _alph')  19(ph'(Us +Ug))  19(ph' (Wi +Ws))
Ox* \ 12 n*0x* ) 02\ 12 n* 0z )  Ot* 2 Ox* 2 Oz* ’
(4.1)

where x*, y* and z* represent the streamwise, wall-normal and the spanwise

directions, respectively, t* the time, n* is the viscosity, h* is the surface height, p*
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is the pressure, p is the density, U} (Uj) are the streamwise lower (upper) surface
velocity and W (W5) is the spanwise velocity of the lower (upper) surface. A
solution satisfying Eq. 4.1 is obtained by providing the surface function h* along

with the boundaries motion and by knowing the rheology of the lubricant.

We non-dimensionalize Eq. 4.1 by using

_I* _y* _Z* _h* _p _,’7* o Uik
x_T’ y_% Z_Ea h_h_o’ ¢_p_o’ 77_,7_07 Ul_Umf?
. U; — Wl* — WQ* __p* i nOUref‘e _/ _ Y
UQ_U’V‘Ef’ Wl_Uref’ W2_Uref’ p_po ) F— h%po 9 a_Bv t_Uref’

(4.2)

where hy is the entrance height, ¢ is the channel length, B is the channel width,
Ures = Ut + Us + & max (|9

viscosity, density and pressure, respectively, at the entry. In addition to this non-

) is the reference velocity, n9, po and po are the

dimensionalization, we neglect the boundary motion along the spanwise direction,
i.e. W1 = W2 =0

9 (h®¢op 20 (PP odp\  0(hg) AU+ Up)d(ho)
e (iznar )+ (tayar) =\ + '

ot 2 ox

(4.3)

1270 0z

In this manner Eq. 4.3 is parameterized in terms of two dimensionless quantities,
i.e. (i) the bearing number A and (ii) the aspect ratio a of the contact. Eq. 4.3

is subject to the boundary conditions

p(0,2) =p(1,2) =0, (4.4a)
(,1) =0. (4.4b)

=
8
=
I
g

For the transient simulations performed in this study the initial condition for the

pressure is p(z, z) = 0 and the density is ¢(z,2) = 1 at t = 0.

The use of Eq. 4.3 becomes limited for lubricants with a complex rheology, i.e.
a non-Newtonian lubricant or with significant thermophysical variations in the lu-
bricant properties. For the latter, one can assume (i) isothermal conditions or (ii)
only streamwise temperature variation [17]. However, no similar simplifications
exist for a non-Newtonian lubricant. Furthermore, shear thinning is exhibited by
nearly all polymer enhanced lubricants pointing out the need for a correction to
Eq. 4.3.
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For a shear thinning lubricant the viscosity u is a function of the instantaneous
shear strain rate 7, which varies across the film gap y, i.e. ¥ = f(x,y, z), whereas
the pressure field remains invariant across the film. If the viscosity is calculated
using the shear strain rate distribution across the film, it cannot be substituted
into Eq. 4.3. Therefore, modifications of the Reynolds equation or the functional
form of the viscosity-shear relationship are required. We discuss some of the
general ways to approach this issue in section 4.1.2. It should be noted that in
this work we highlight only the issues regarding the applicability of Eq. 4.1 for
shear thinning lubricants. However, a similar argument exists for the direct use
of Eq. 4.1, without appropriate modifications to the mathematical form, for a

piezoviscous lubricant under certain conditions [16].

4.1.2 Available models

In this section we describe the methods and the models available in literature
to account for shear thinning. We can separate the major attempts into three
general categories; (i) the generalized Reynolds equation in section 4.1.2.1, (ii)
an analytically derived RE using a given shear thinning constitutive relation [61]
in section 4.1.2.2 and (iii) the use of an approximate shear distribution (ASD)

coupled with the Reynolds equation (RE) in section 4.1.2.3.

4.1.2.1 The generalized Reynolds equation (GR)

The generalized Reynolds equation accounts for all cross-film variations in the
fluid properties. GR was first derived by Dowson [18], but variations of the orig-
inal form are found in many studies introducing effects such as fluid inertia, slip
at the wall [62] and viscoelasticity [63]. The details regarding the derivation are
given in the original work [18]. The mathematical model consists of an integral-
differential equation for pressure,

0 dp 0 op\ _, 0(he) 0 my
8_:E <m2¢%> + CL2& (m2¢&> = A—at + Aa—x ((UQ - Ul)ﬁqb + U1h¢> ,
(4.5)
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where my, mo, fo, f1 are integrals defined as,

h
fO :/ /Lildyv
0
h
fi= / putydy,
0
h y
m =/ (/ M‘ldy’)dy,
0 0
_h " Yo
My = “—my — wy'dy’ | dy. (4.6)
Jo o \Jo

The shear strain rates 7,, and 4, are

. ptop J1
Yoy = T%(?/ fo) + T<U2 Uy), (4.7)
. _ap ' dp fi
B =% @(y Z %)' (48)

GR can accurately capture the variation in the viscosity across the film due
to pressure, shear and temperature. It expresses this variation in terms of the
unknown integrals appearing in Eqs. 4.6-4.8, which must be computed sepa-
rately. Despite the accuracy of the final solution, the integral operations can
become computationally expensive with an increase in (i) the mesh size, (ii) non-
linearity, i.e. at high bearing numbers, or (iii) if the problem is transient, e.g a
periodic squeeze flow. Nonetheless, we must emphasize that it can account for
any constitutive relation, thermophysical variation and density gradients across

the channel.

4.1.2.2 Analytically modified Reynolds equation (AMRE)

The second approach involves analytically deriving a modified version of RE from
the fundamental governing equations and a non-linear constitutive relation that
defines shear thinning. For this reason we call it analytically modified Reynolds
equation (AMRE). Examples of the constitutive relations used in AMRE are the
power-law equations [21] and Ree-Eyring equation for the one-dimensional case

[61]. There are several advantages in this approach: (i) firstly shear thinning
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has been analytically incorporated into the resulting Reynolds equation and (ii)
the computational method for the numerical solution will be fast and efficient.
The latter is appealing for studies involving large meshes. However, there are
several cases where this approach cannot be used, such as (i) two-dimensional
problems that generally do not yield an analytical Reynolds equation, (ii) cases
involving cavitation or transient effects and (iii) lubricants that obey complicated
constitutive relations, such as the differential types commonly used to couple

shear thinning and viscoelasticity [64].

4.1.2.3 Approximate shear distribution (ASD) approach

Finally we discuss the approximate shear distribution approach, which is the
category of our new approach (i.e. the modified viscosity technique) that will be
described in section 4.1.3. The basic premise of ASD is to approximate the shear
strain rate by an expression independent of the cross-film coordinate, i.e. it must
not vary across the channel height. This is an empirical approach since the shear
strain rate is parabolic for Newtonian flows [16] and becomes more complex for
shear thinning lubricants. The primary motivations for an ASD type approach is
(i) its simplicity and numerical efficiency compared to the GR model and (ii) it is
not restricted by the choice of shear thinning formulation. Furthermore, we can
extend it trivially to three dimensional contacts without increasing the numerical
complexity leading to faster computations. However, the approximation of the
shear strain rate leads to a decline in the accuracy as the non-linearity of the

problem increases.

For practical purposes a function not dependent on y must be chosen to rep-
resent the velocity gradient field. Several studies largely adhere to the use of the
mid-plane shear strain rate [65, 66, 67, 68, 69, 70, 20, 71, 72, 73, 74, 75], i.e.
assuming 4 = (Us — Uy)/h. In some cases a mathematically equivalent film av-
eraged shear strain rate function is employed. Additionally, one may choose the
function based on the constitutive relation. For example, it can obtained from the
film-averaged second invariant of the strain rate in the case of a power-law type

model [76, 77]. For the most part, the ASD approach is motivated by observing
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that the variation in the solution of Eq. 4.3 does not vary for other choices of the
shear strain rate. This has been shown to be valid for many types of lubricated
contacts, for e.g. journal bearings [69]. Similarly, one can assume that the shear
strain rate is defined at the moving surface [17, 78, 3], i.e. ¥ = f(z,y =0,2) or
4 = f(x,y = h,z). This particular choice is intuitively appealing since integral
quantities such as friction and load are calculated at the channel boundaries.
The only difference is that at the top or bottom surface, we must account for
the pressure gradient, whereas in the mid-plane or averaged shear the pressure
gradient is not involved. Table 4.1 lists the three possible choices for the shear
strain rate. Clearly, if one opts for an ASD type approach the viscosity obtained

by applying the correction for shear thinning does not vary across the film gap.

‘ Shear distribution Shear strain rate ‘

ASD® = Ldp g (Ualh)
ASD® 7”: )
ASD(3) ’)/ g _ﬁg_i + (U2ZU1)

Table 4.1: The shear strain rate distributions for the ASD type models.

4.1.3 Modified viscosity approach

In this section we present a new ASD approach for capturing the cross-film vari-
ation in viscosity due to shear thinning. It is the aim of our work to capitalize on
the advantages of the ASD approach, whilst minimizing the inherent disadvan-
tages. For this reason, we seek a simple but effective modification to the viscosity
function that accurately computes the pressure along the contact when compared
with GR but avoids the integration operations. Since this approach seeks to ex-
tend the available ASD methods, we refer to it as the modified viscosity-ASD or
simply MV.

Consider the one-dimensional scalar x-momentum equation for a thin-film,

dp 0 ( Ou
(=)= 4.
oz y <”ay> 0 (4.9)
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where p is a function that varies along both the steamwise and the wall normal

direction. We expand Eq. 4.9 and replace g—; by ., to obtain

dp 8# My
- = 0. 4.1

Rearranging and simplifying Eq. 4.10,

ap on . \0%u
—5-+ <u+ 5. %;;) o = (4.11)

where the term in the parenthesis is the modified viscosity due to the shear strain

rate, i.e.
o

4.12
a%y'y (4.12)

fim = o+

We extend the definition of the modified viscosity to two-dimensional contacts

by replacing the shear strain rate in the xy-plane (9,,) by the expression for the

’76(1 - \/ ’Y:gy + '723/7 (413)

where 4., is the shear strain rate in the (y-z) plane. Note that if the bounding

equivalent shear strain rate,

surfaces do not move along neither the wall normal direction nor the spanwise
direction, as in most of the cases studied in this paper but the squeeze flow (see
section 4.1.6), the magnitude of 4,, << 4y, [65]. We summarize the modified
viscosity approach as a system of equations comprising of a single non-linear
Reynolds equation and an expression for the modified viscosity,
o (h3 ¢ 0 o (h® ¢ 0 a(h AUy + Uy) 0(h
s () warg (T o) = a2 MBI 1)
dp
P = 0+ By
1 Jp
2A py, O
a Op 9P 2
2A piyy, 02

e (4.14D)

. 1
Yoy = 5. 2x = 1) + (U = )7, (4.14c)

Yoy = 2y — 1), (4.14d)

where 0 < y < 1is a fraction of the film height A and denotes the location y = xh

where the strain rate is chosen to approximate its entire field.
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Examining the expression for the modified viscosity (Eq. 4.14b), we find that
it contains two functions; (i) the viscosity-shear relationship p defined by the
empirical constitutive relation (see section 4.1.4) and (ii) an additional term de-
pending on the strain rate which constitutes the modified viscosity. Since the
modified viscosity accounts for the rate of change p due to shear strain rate 7.4,
it must be a smooth function of 4.,. There is no restriction on which y-location,
i.e. the value fo x, to take the strain rate for MV. However, not all values of x

guarantee accurate results. We will comment more on this in the results section.

4.1.4 Lubricant properties

The rheology examined in our work is non-linear and requires additional dimen-
sionless quantities to be defined. The values for the empirical constants appearing
in this section are assumed for all the cases considered in section 4.3, if not stated
otherwise. We consider a lubricant whose (i) viscosity depends on pressure (i.e.
piezoviscosity) and strain rate and (ii) density depends on pressure (i.e. liquid
compressibility). The constitutive relations are non-dimensionalized using Eqs.
4.2.

The effect of pressure on viscosity is modeled via the Roelands model
p = "I (4.15)

where, k = 7.3674,z = 0.34, p, = 0.1983 x 10° are the dimensionless empirical
constants. Note that (i) we have assumed the reference pressure py = 1 x 10°Pa
and (ii) s, although dimensionless, is dependent on the ambient viscosity. There-

fore, the value of kK may be restated for certain cases later in the manuscript.

Shear thinning is modeled via either (i) the Ree-Eyring constitutive relation

= %Sinh_l (%), (4.16)
or (ii) the Bair-Winer constitutive relation
= %tanh (%), (4.17)
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where 7y is the dimensionless limiting (yield) stress and 4 is the shear strain rate.
The dimensionless limiting stress is defined as 79 = 73 U,cfn0/hj. For all cases the
value of the dimensional limiting stress 7 is fixed at 77 = 7 x 10° Pa. However,
the choice of the reference velocity (U,.r) and the entrance height (hg) can result
in a different dimensionless value. Therefore, we must specify 7, for each case
considered. Note that although the Ree-Eyring relation has been widely used
coming out from molecular theory [79] there exists a debate [80] surrounding
the general validity of this relation in certain cases [43]. We compare the two
constitutive relations for 7y = 70 and assuming n = 1 in Fig. 4.2. For the same
set of parameters, the Bair-Winer constitutive relation exhibits a larger decrease
in viscosity against the shear strain rate. Although, in this study Eqs. 4.16
and 4.17 only are used as the constitutive relations for shear thinning, our MV

technique can be coupled with any shear thinning relation available in literature.

1.10
1.05 —— Ree-Eyring === Bair-Winer
1.00
0.95
3.0.90
0.85
0.80
0.75
0.yt 100

Figure 4.2: A comparison of the Ree-Eyring and Bair-Winer constitutive relation
for 79 = 70 and viscosity n = 1 versus the shear strain rate.

The effect of pressure on the density is modeled via the Dowson-Higginson
model [81],
P (4.18)
c1+p
where ¢; = 5.9 x 10 and ¢, = 1.34 are the dimensionless empirical constants. We

have used a reference pressure of py = 1 x 10° Pa to obtain ¢;.
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4.1.5 Cavitation

The pressure developed in a lubricant film will be always above the pressure at
the inlet for channels with a converging geometry along the streamwise direction.
However, if there is a divergence in the channel the film pressure could decrease
below the inlet pressure. Unless the bearing is pressurized [82] or the divergence
is not significant, the film pressure can drop below the cavitation pressure and
the lubricant film no longer occupies a purely liquid state. Vapor may be formed
or dissolved gases within the lubricant film can emerge and occupy a finite region
within the film. The exact value of the cavitation pressure depends on the chem-
istry of the lubricant [9]. In this work, we only consider the onset of cavitation

due to a decrease in the film pressure.

Modeling cavitation requires accounting for the sudden change in the phase of
the lubricant. If we consider Eq. 4.3, the dimensionless density acts as a measure
of the film fraction, i.e. how much liquid or gas is present at a given point ¢(x, z).
If ¢ > 1, the lubricant is said to be in the full-film region and if ¢ < 1, we have
cavitation and the pressure is simply equal to the cavitation pressure. In order to
obtain the film pressure due to a cavitating contact we must also simultaneously
obtain ¢ [83]. We have opted for the Elrod-Adams p — ¢ algorithm [83] to model
cavitation in this study. Our choice is motivated by the fact that the algorithm
has been (i) widely used in literature, (ii) works for a wide range of geometries
and (iii) its implementation is fairly straightforward regardless of the numerical
discretization method. Some remarks on the implementation of the cavitation

algorithm are given in section 4.2.2.

The MV approach is not bound to the choice of the cavitation algorithm. One
can also use stronger and more robust algorithms, such as the linear complimen-
tarity approach (LCP) [3, 84] or the Fischer-Burmeister-Newton-Schur (FNBS)
[58]. However, they are arguably more complex and go beyond the scope of this
work. The simplicity of the Elrod-Adams p — ¢ is suitable for this study.
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4.1.6 Channel geometry

In this work we examine five different channels, see Fig. 4.3. They can be divided
into three groups; (i) non-cavitating sliding/rolling contacts which includes the
ridge and the plane slider, (ii) cavitating sliding/rolling contacts, such as the
journal bearing and inclined pocketed pad, and (iii) a flat plate undergoing pure

squeeze motion.

1. The ridge type geometry, which approximates a protrusion due to defor-
mation of the channel surface or a single unit of the surface roughness, is
depicted in Fig. 4.3(a). The ridge height is defined as

h = A(1071°@=2) cos (27 (z — z.))), (4.19)

where A is the amplitude and x. is the center of the ridge. In this work we

assume A = 0.5 and z. = 0.5.

2. The plane slider, which approximates a thrust pad in tribological applica-
tions, is shown in Fig. 4.3(b). Its height is defined as,

h=1+(a— 1)z, (4.20)
where o = 0.5 is the minimum height of the channel.

3. In Fig. 4.3(c) we illustrate an unwrapped geometry of a journal bearing,
which is commonly used in rotating mechanical elements, such as shafts for

instance. The journal bearing surface function is
h =1+ ecos(2mz), (4.21)

where € is the eccentricity ratio. Note that the contact point is situated

near x = 0.5.

4. The inclined pad with a diverging pocket is depicted in Fig. 4.3(d). This
is used to approximate certain textures on a bearing surface. For our work

we have chosen a pocketed pad used by Giacopini et. al. [2], whose height
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is defined as

% + (= 1z, if0.2<z<0.5and 0.325 < z < 0.675

h= (4.22)

14 (o — 1)z, otherwise,

10

where a = -

Eq. 4.22 describes a pocket that is centered along the
spanwise direction with a varying height defined by the inclination of the

pad.

5. Finally, we have a flat plane with no inclination, shown in Fig. 4.3(e), which
is used to study the MV approach for pure squeeze flows. Therefore, the

surface function h depends only on time
h = 0.375 + 0.125 cos (wt), (4.23)

where w is the frequency, which is set to w = 47 in our work. Eq. 4.23 gives

the maximum height h,,,, = 0.5 and the minimum height h,,,;, = 0.25.

Although the surface functions show no dependency on the spanwise direction
z, we have constructed the three-dimensional geometries by extruding along z.
Furthermore, we note that Eq. 4.3 is expressed in terms of the aspect ratio a.
In section 4.3 we will often show the pressure distribution along the channels.
For the MV and the GR models, this pressure distribution is taken along the
intersection of the surface and the mid-plane in the spanwise direction (i.e. the

plane located at z = 0.5).

4.2 Numerical methods

We present first in section 4.2.1 the discretization using finite differences for the
models given in section 4.1. The cavitation algorithm and its numerical method
are described in section 4.2.2. Finally the different meshes used for our geometries

are shown in section 4.2.3.
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1.0 0.0

10 00 ' 10 00

Figure 4.3: The (a) ridge, (b) plane slider, (c¢) journal bearing unwrapped geom-
etry, (d) inclined pad pocket and (e) flat plate geometries used in this work. The
mid-plane depicted in red contains the surface points located at z = 0.5.
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4.2.1 Discretization

The governing partial differential equations presented in the preceeding section
can be generalized into a single compact form

d (. 0p 2 0 ( Op o(h¢) |, 0(£9)

—((=— — (=) =A A 4.24

oz (Cﬁx) s <<8z ot N or (4.24)
where the definitions of ( and & are provided for each model in Table 4.2. We

use finite differences to convert the differential form into a discrete algebraic form
in terms of ¢ and £&. The compact form of Eq. 4.24 allows us to generalize the
numerical solution of the algebraic system of equations regardless of the type of
model, since each model differs only in the definition of ¢ and £. Note that we

have used the trapezoidal rule for evaluating the integrals appearing in ¢ and &
for GR.

‘ Model ¢ 19 ‘
3 Ui+Us)h
ASD 12 {Litla)h
MV h ¢ (U1+U2)h

2
GR m2¢ Ulh—i‘(UQ—Ul)%

Table 4.2: The expressions for ¢ and ¢ introduced in Eq. 4.24 for RE, MV and
GR.

Using a cell centered finite difference scheme for the diffusion terms, i.e. the

left hand side of Eq. 4.24, we obtain the expansion for the diffusion along =,

0 0 1
97 (Cé_];) = 5A.2 (G157 j)Pis1,j+ (Cim1,j G )it~ (G 542G +Cim1,5)Pig)
(4.25)

and the diffusion along z,

o ( _Op a®
aga (ﬁ&) = oA2 ((Ci,j+1+<i,j)pi,j+1+(Ci,jfl+Ci,j)pi,jfl_(Ci,jJrl+2Ci,j+Ci,jfl)pi,j)'
(4.26)

The convective term on the right hand side of Eq. 4.24 is discretized using a

second order central difference scheme

9 A
E?gj) B E(@“J&HJ = bim1,i€i-15)- (4.27)
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In general, for all surfaces we have checked higher-order schemes for both the
central and forward difference convective operators via a deferred-correction ap-
proach [85] and observed no change in the (i) converged solution or the (ii) rate
of convergence. The central difference scheme works well for all the channels
except the inclined pocketed pad, see Fig. 4.3(d). This is mainly due to the
discontinuity in the surface function defining the pocket, which adversely affects
the Elrod-Adams p — ¢ algorithm. A simple remedy is to use a first order upwind

scheme

080) _ A (e e
A P _E(sz,jéz,] ¢z—1,]§2—1,]>' (428)

The use of an upwind scheme reduces the global accuracy of the model to first
order, i.e. O(Az, Az). Higher-order upwind schemes seem to worsen the solution

for the pocketed pad.

Finally, the transient term on the right hand side of Eq. 4.24 is discretized

using a first-order forward difference scheme

O(ho) A oh

A = (R Rt ot )y - A — tl 4.29
ot At( 0] gbm 1, w) + ot mﬁbw ) ( )
where %ij is the squeeze velocity at the node 7, j. This term is only relevant for

the pure squeeze flow problem examined in section 4.3.4.

We can collect the terms from Eqgs. 4.25-4.28 to form a system of equations
Wiipi-1j + Eijpiv1; + Cijpij + Nijpij1 + Sijbij—1 = bij, (4.30)

where the left hand side of Eq. 4.30 forms a sparse matrix and the right hand
side is a forcing function in ¢. The non-linear system of Eqs. 4.30 is solved via
an iterative algorithm that uses Gauss-Seidel with relaxation coefficient w,¢,, for
non-cavitating channels and is summarized in Fig. 4.4. The algorithm terminates
when a tolerance of M, = 107° is achieved. Note that we have over relaxed the
system, i.e. Wyeae = 1.95, for most of the simulations conducted in this work for
non-cavitating sliders. However, in some cases stated in the results section we
had to under relax by choosing wyeqe < 1. If cavitation occus, wyeq, is set to

Wrelaz = 1.

70



Assume initial p?
and set pk = p0

[ Using the iteration pi?]. determine

Wi, Eij, Cij, Nij, Sij and by

v
k-+1

Solve Eq. 29 to obtain the updated Di;

Seidel with suitable over-relaxation wy.cj,, on fine
meshes.

[ i (Sl — o)1)/ max(ply!) < M, ]—»[D

Yes

via Gauss-

Figure 4.4: The fixed point iterative algorithm to obtain the film pressure p for
sliding and non-cavitating contacts.

4.2.2 Cavitation algorithm

In this section we briefly introduce the Elrod-Adams p — ¢ algorithm to capture
cavitation (see section 4.1.5) and make some remarks regarding the overall utility
of the algorithm. The numerical procedure differs slightly from the fixed point
iteration given in Fig. 4.4 since the Elrod-Adams p — ¢ algorithm requires an
additional equation for the density ¢. It is easily obtained by rearranging the
terms in Eq. 4.29 and Eq. 4.30 for t“

A
t+1 _ t ot t o ttl ¢t ¢ t+1 t t ot
Pij = Atha +_<ijz 15t Eigpisy + Cigpi +ijm+1+sjpm 1)
(4.31)
where ¢;; = A%+ & thgl In Fig. 4.5 we outline the steps of the Elrod-Adams

p — ¢ algorithm. Note that we must (i) provide an initial condition for ¢ and
(ii) solve for ¢ when the pressure falls below cavitation pressure. An additional

tolerance for ¢ is introduced as My and is set to My = 107.
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Assume initial po, qﬁo
and setp! = p, ¢t = ¢°

Using the iteration pfj determine
Wij, Eij, Cij, Nij, Sij and by

v
k+1

[ Solve Eq. 29 to obtain the updated Dy

k+1

prz] < Peav
then solve Eq. 32 for ¢>i.“].“

it (31 — pf)])/ max(pf;™) < M,
and No

It (21 — o))/ max() < My

Yes

[ Pl = phtl ang gl = gkt ]

ift < tsteps

@

Figure 4.5: The fixed point iterative algorithm to obtain the film pressure p and
the dimensionless density ¢ for cavitating contacts.
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Furthermore, it is worth noting that the Elrod-Adams algorithm provides a
single differential equation and avoids the need for two separate differential equa-
tions by means of a switch function [86]. However, it is limited to (i) compressible
lubricants and (ii) renders the problem entirely in terms of the film fraction ¢
[87]. Furthermore, the switch function is inefficient for the pocketed pad and

delivers an incorrect estimate for the pressure peak.

Note we do not over-relax the system. More efficient methods such as the
multigrid [88] or the preconditioned bi-conjugate gradient descent method [89]
can be used only for non-cavitating channels. A matrix representing this system
cannot be constructed, since the Elrod-Adams p — ¢ algorithm involves correcting
the pressure and density as it sweeps across the nodal points in the mesh. A
Gauss-Seidel-like solver [83] can easily accommodate this requirement and then

is adopted in this work.

4.2.3 Numerical domain

The degree of non-linearity of the problem changes for the different geometries
and strongly affects the mesh quality. For all the geometries described in section
4.1.6 we have used thus different values of IV, N, and N, i.e. the number of
nodes along x, y and z axes, respectively. In this work, we refine the mesh by
doubling the number of nodes along each axis, starting from a coarse mesh, until
we satisfy the requirement (max(p) fine — max(p)eoarse)/ max(p) fine < 1073, Note
that the tolerance criteria was chosen by considering that at high bearing numbers
the relative change in the solution, especially at the peak pressure, is large. The

final mesh sizes for all the geometries are listed in Tab. 4.3.

4.3 Results

In this section we present a detailed comparison of the MV approach and the GR

model for different channels presented in section 4.1.4. For each channel we (i)
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Channel geometry MV (N,,N.) GR (N, Ny, N.)

Ridge 128 x 128 128 x 64 x 128

Plane slider 128 x 128 128 x 64 x 128
Unwrapped journal bearing 64 x 64 64 x 64 x 64

Inclined pocketed pad 128 x 128 128 x 64 x 128

Squeeze flow 128 x 128 128 x 64 x 128

Table 4.3: Grid sizes for the different channel geometries.

establish the validity of the MV approach, (ii) perform a comparison with the

GR model for the load,
1 p1
L :/ / pdxdz, (4.32)
0o Jo

the maximum pressure and the computational time. The main focus is on (i) the
computational efficiency of MV with respect to the GR model which is measured
as the time necessary to reach convergence and (ii) the optimal choice of the
strain rate location x . The simulations are performed using an in-house code
written in Python 3 and the processor is an AMD Ryzen 3600 3.4 GHz CPU with
16 Gb of ram.

4.3.1 Non-cavitating contacts

In this section we (i) validate the modified viscosity approach by comparing with
results available in literature for the ridge profile, (ii) assess its computational
efficiency for the ridge by varying A and (iii) extend the analysis to the plane

slider.

4.3.1.1 Ridge: validation of MV

Validation of the MV approach is performed by comparing the pressure distribu-
tion along the ridge with the GR model and results available in literature [1]. The
geometry of the ridge is useful for validating the proposed approach since it (i)

produces large shear strain rates thereby increasing the effect of shear thinning
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and (ii) is a physically relevant structure. While the GR model does not require
validation in the limits of the lubrication theory, it serves as an alternative to
AMRE by using the Ree-Eyring constitutive relation [1]. Thus, for all cases we
simply resort to the GR model as a benchmark for the load, the pressure peak and
the pressure distribution. In this section we will use the Ree-Eyring constitutive
relations for modeling shear thinning and, for MV, x is chosen to be x = 0.5 to

be consistent with most of the literature (see section 4.1.2.3).

The pressure distribution along the ridge for a piezoviscous, compressible and
shear thinning lubricant is given in Fig. 4.6(a) for x = 0.5, A = 250,k =
7.3674, 7 = 70 and a = 0.001. It demonstrates that the MV approach can
correctly predict the pressure distribution and is in full agreement with the (i) GR
model and (ii) AMRE [61, 1]. All the features of the distribution, i.e. the maxima
and minima are accurately determined. Furthermore, this precise prediction of
the pressure indicates that the equivalent shear thinning function serves as a valid
approximation. However, we must note that the resulting viscosity obtained after
applying the shear thinning formulation may be entirely fictitious since we do not

impose that the lubricant viscosity is invariant across the gap.

(b) 5000

4000
&.3000

2000

1000

0.0 0.2 0.4 0.6 0.8 1.0
T

Figure 4.6: The pressure distribution of the modified viscosity approach (MV
with x = 0.5) compared against (a) AMRE [1] and the GR model and (b) avail-
able ASD methods. The following parameters have been used A = 250,k =
7.3674, 7 =70 and a = 0.001.

Next we examine the relative improvement over the ASD methods (for the
definition of ASD™, ASD® and ASD®), sece table 4.1). Fig. 4.6(b) shows that
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the pressure distribution obtained from the ASD models is not accurately pre-
dicted in the vicinity of the pressure peak. A mnoticeable overestimation of the
maximum pressure occurs regardless of the choice of the ASD. In fact, all the
ASD distributions lie close to each other. Therefore, the decrease in accuracy is
inherent within the ASD models and not due to any particular choice of shear
strain rate. We infer that this overestimation of the pressure peak manifests be-
cause the shear thinning effect is underestimated in the ASD method. This is
clearly evident in the ridge because the shear thinning effects dominate. Thus,
problems involving significant shear thinning may not be accurately modeled via

conventional ASD methods.

The operational non-linear range of these ASD methods cannot be known a
priori. We estimate the effect of the non-linearity on the accuracy of the ASD by
varying the bearing number. In Figs. 4.7(a) and 4.7(b), we compare the load and
the pressure peak for the MV and the ASD approach versus the bearing number.
There is an excellent agreement between all models for low to moderate values of
A. Until A = 250 the difference in the predicted load and pressure peak is small.
It grows dramatically as we further increase the bearing number. Note that the
deviation in the load is small for A = 300. This is because the discrepancy
manifests initially close to the peak value and propagates towards the boundaries
with increasing A. Since the load is an integral quantity, the variation close to

the peak is not immediately reflected in its value.

10* 10°

(a) | ~® GR (b) | @ Gr
=
~ =
g
10}, 10, z
0 150 200 250 300 350 400 00 150 200 250 300 3350 400

A A
Figure 4.7: The (a) load and (b) maximum pressure for several models; (i) MV
with xy = 0.5, (ii) ASD® | (ii) ASD® and (iii) ASD® for the ridge versus A for
k= 7.3674,7 =70 and a = 0.001.
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The MV approach is clearly valid over the range where ASD accurately operate.
We now investigate the limits of the MV approach for the ridge case. Figs. 4.8(a)
and 4.8(b) show the comparison between the load carrying capacity and the
pressure peak versus A for two values of the aspect ratio. For a << 1, the
difference in the load and in the pressure peak remains small over the entire
range of A. However, as the width increases, i.e. a = 1, the deviation gradually
increases until reaching a percentage error of 12.69% and 6.5% for A = 600 for
the load and the maximum pressure, respectively. Note that the ridge represents
an asperity under the conditions of elastic deformation and, therefore, A = 600
is very high. In conclusion, for channels with aspect ratios around a = 1, we can

expect a suitable performance of the MV within a physically valid range of A.

6 i 5
(a) W MV-0=0001 -@- GR-a=000l (b) W MV-0=0001 -@- GR-a=000l
©®- GR

-@®- GR—

(C) - MV a=0.00 @ GR-a=0001
-@- GI
“w
E/NQ
g —:::=.====4
= P
- raenl $a
O 101 -==@="
O -
- — Ll
-/
0
1Ul[ 0 200 300 400 500 600
A

Figure 4.8: A comparison of the (a) load, (b) maximum pressure and (c) compu-
tational time versus A between the (i) MV with x = 0.5 (blue lines) and (ii) the
GR model (red lines) for the ridge contact with x = 7.3674 and 7 = 70 for two
different values of the aspect ratio a = 0.001 and a = 1.

After illustrating the accuracy of the MV approach for a given range of A, we
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investigate its second advantage, which is also common to all ASD approaches,
i.e. its computational efficiency. Fig. 4.8(c) compares the computational (CPU)
time of the GR model versus the MV approach. The difference is at least one
order of magnitudes apart. The MV approach requires a few seconds to achieve
the steady-state solution of Eq. 4.14a, whereas the GR model is almost 10-15

times slower.

4.3.1.2 Plane slider

In this section we apply our new approach to the plane slider but use the more
sensitive Bair-Winer constitutive relation (Eq. 4.17). Similarly to the analy-
ses conducted for the ridge, we examine the capacity of the MV approach in
accurately predicting both the load and the pressure peak and comment on its

computational efficiency.

Figs. 4.9(a)-(c) compare the load, the pressure peak and the CPU time for the
proposed MV approach and the GR model in function of the bearing number for
a = 0.5, 19 = 820.44 and xk = 6.4511. For the range of A examined, we find a
perfect agreement between the load and maximum pressure for both (i) @ = 0.001
and (ii) @ = 1. This implies that the MV approach can accurately capture the
pressure distribution along the bearing with exactly the same maximum value
of the pressure. By continuing to increase A, a deviation of 2% in the pressure
peak is observed at A = 1500. However, the pressure is outside the practical

application of hydrodynamic lubrication at such a large value of A.

Fig. 4.9(c) shows that the computation time for the MV approach is much
smaller than that for the GR model. Unlike the ridge, the computational time
rises gradually with A with a sharp increase near A = 1000, since, for the plane
slider the relative increase of the pressure above the boundary value (pg = 0) is
very large resulting in extreme pressure gradients. In the standard fixed point
iteration scheme adopted in this work (Fig. 4.4), the use of under-relaxation
Wretaw = 0.1 is required to prevent divergence due to the large growth of the

pressure gradients, increasing the required simulation time. The computational
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Figure 4.9: A comparison of the (a) load, (b) maximum pressure and (c) com-
putational time between the MV approach with xy = 0.5 (blue lines) and the GR
model (red lines) for the plane slider with, « = 0.5, 79 = 875 and xk = 6.4511 for
two different values of the aspect ratio a = 0.001 and a = 1.

time for the higher aspect ratio remains unchanged because the pressure is fur-
ther diffused along the spanwise direction. This additional diffusion curtails the
numerical buildup of large pressure gradients at each iteration. In fact, no under-

relaxation is required for a = 1.

4.3.1.3 Optimal location for sliding contacts

The MV approach allows for a wide range of choices for the optimal strain rate
location y = yh. In order to predict the best choice for x, we exploit the functional
parameters appearing in the general form of the governing equations Eq. 4.24,
see section 4.2. The GR model and the MV (or in general any ASD) approach

differ in the expressions for ( and &, see Tab. 4.2. They are equivalent only for
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the isothermal and Newtonian case, but differ completely for a non-Newtonian

lubricant. Therefore, we introduce two error measures that can capture this

(Cer — Cuv)?
E d 4.
= \/ / . an (4.33a)

fGR - éMV)
Fe — \/ / T (4.33b)

The optimal value of x is such that it minimises F, and E, i.e. the solution

difference

of % =0 and % = 0. To achieve this minimization rigorously would require
X X

an analytical expression for E¢ and FE¢ in terms of x. For the latter, the matter

is straight forward because &,y is independent of y. Therefore, %—]ff = 0 for all

parameters regardless of xy. This simply implies that the model can reach to a

sufficiently accurate answer, but cannot fully approximate the solution for the GR

’ . OE .
model. However, the former expression, i.e. == = 0, deserves some attention.

Ox
Note that it cannot be analytically obtained because of the (i) implicit integral

expressions in (gp and the (ii) implicit coupling between p and .

Therefore, we proceed via a numerical treatment of Eq. 4.33a. Furthermore,
we (i) simplify our approach by assuming a one-dimensional ridge contact because
of its sensitivity to shear thinning effects and (ii) use the Ree-Eyring constitutive
relation. In this manner, the optimal location resulting from this analysis will

hold for simpler geometries, such as the plane slider, journal bearing etc.

Fig. 4.10(a) show the variation of E¢ versus y for several values of A. We
make two key observations; (i) E, increases with A, implying that the error can be
minimized but not eliminated and, secondly, (ii) the distribution is approximately
quadratic possessing a single minimum in . This minimum exists close to x = 0.5
and becomes increasingly prominent as A increases. Interestingly, as we move
towards the top or the bottom surface where the contribution of the Poiseuille
flow to the strain rate is strongest, i.e. x = 0 or x = 1, the error significantly

increases.

Fig. 4.10(b) shows the variation in the percentage load. The minimum is
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Figure 4.10: Distribution of the (a) E; and the percentage error in the (b) load

x for different values of A for the ridge. The parameters used are x = 7.3674 and
T0o = 7.

not exactly x = 0.5 but around this value. Despite the small discrepancy, this
confirms our hypothesis that the optimal location can be qualitatively connected
to minimum value of E.. It should be noted that (i) the choice of x = 0.5 requires
less computational effort, since the absence of the shear due to the pressure
gradient decreases the non-linearity of the problem and (ii) the error is in general
small for all the analyzed cases (maximum value is less than 7%), especially at
low A and for 0.3 < xy < 0.8. This latter point shows that MV has an inherent

accuracy independently on the value of y.

4.3.2 Cavitating sliding contacts

In this section we examine the performance of the MV approach for cavitating
channels. We focus on (i) a journal bearing unwrapped geometry in section 4.3.2.1

and (ii) an inclined pocketed pad in section 4.3.2.2.

4.3.2.1 Journal bearing

We validate the MV approach and GR model by comparing the load and the

pressure peak against data available in literature [2] for the journal bearing. Note
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that the load for the journal bearing is found by considering the force along =z,

1l
W, = 27r/ / psin (2mz)dzdz, (4.34)
0 Jo

and along vy,
11
W, = 27r/ / pcos (2rz)dzrdz, (4.35)
o Jo

which gives the load L,
L= \/(WZ2+W2). (4.36)

Figs. 4.11(a) and 4.11(b) show the variation in the load and the pressure peak
versus the eccentricity ratio for a Newtonian, isoviscous and incompressible lubri-
cant with A = 100 and a = m. The MV and the GR model are able to replicate
the published data using the Elrod-Adams p — ¢ algorithm.

20.0 600
—4— Giacopini ct al. (2010) —#— Giacopini ct al. (2010)

a b
)17.5 - MV ( ) - Mmv
-®- GR -®- GR
15.0
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2.5

0'8.() 0.1 02 03 04 05 06 0.7 0.8
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Figure 4.11: A comparison of the variation in the (a) load and (b) maximum pres-
sure versus the eccentricity ratio between the MV approach (blue lines) against
(i) the GR model (red lines) and (ii) LCP model of [2] for the journal bearing
with A =100 and a = 7.

The test case used for validating the models is now employed for a piezoviscous,
shear thinning and compressible lubricant. We keep x = 0.5 for the considerations
drawn in section 4.1.3. Figs. 4.12(a)-(c) compare the load, the pressure peak
and the computational time, respectively, for different aspect ratio versus A for
GR for € = 0.1, 79 = 1925 and k = 6.4511. The results for the load and the
maximum pressure are identical. The increased non-linearity due to cavitation
is accurately captured by the MV approach in the range of examined bearing

numbers. Therefore, in this case an accurate prediction of the load and the
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maximum pressure also implies a correct prediction of the cavitation location as

well.

The difference in CPU time between the models has increased up to two orders
of magnitude due to the presence of cavitation. Note that the computational time
decreases for large A because the effect of the shear thinning is dominant, leading
to a numerical damping of the growth in viscosity at each iteration. The large
difference is due to the construction of the numerically costly integrals at each
iteration in the GR model. This difference could be reduced via the use of more
advanced numerical integration methods which may lower the requirement of
nodes along the film thickness. However, regardless of the sophistication of the
numerical integration scheme, we will still require a finite time at each iteration

to construct the integrals.
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Figure 4.12: A comparison of the (a) load, (b) maximum pressure and (c) com-
putational time between the MV approach with xy = 0.5 (blue lines) and the GR
model (red lines) for two different values of the aspect ratio a = 0.001 and a = 1.
The eccentricity ratio is fixed at e = 0.1, 79 = 1925 and x = 6.4511.
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4.3.2.2 Pocketed slider

In this section we compare the MV approach and the GR model for the inclined
pocketed pad depicted in Fig. 4.3(d). Firstly, we validate against results available
in literature and then present the comparison for the load, the maximum pressure

and computational time.

Fig. 4.13 shows the pressure distribution along an inclined pocketed pad for an
incompressible and Newtonian film. The MV approach (with y = 0.5) and GR
model are in agreement with published data [3]. However, due to the presence
of a sharp change in surface height, we observe a dramatic rise in the pressure.
This implies that the Elrod-Adams p — ¢ algorithm requires several iterations to
converge. Furthermore, the use of a central difference scheme for the convective
term, even in the full-film region, leads to inaccurate results. Specifically, we
found that the maximum pressure is not correctly predicted even though the
cavitation region is captured. Therefore, we have used a first-order upwind scheme

for this particular geometry, see section 4.2.1.
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Figure 4.13: Pressure distribution for a pocketed inclined pad (see Fig. 4.3(d))
for the MV approach (blue squares), the GR model (red circles) and the results
from the work of [3] (black triangles) with parameters A = 1652 and a = 1.

We modify now the lubricant properties to account for piezoviscosity, shear
thinning and compressibility. Figs. 4.14(a)-(c) compare the load, the maximum
pressure and the computational time for the MV approach and the GR model for

the same geometry of Fig. 4.13. The models are in good agreement for the range

84



of analyzed bearing numbers. Fig. 4.14(c) indicates a rise in computation time
for both the MV and the GR model with respect to the journal bearing case (see
section 4.3.2.1). This is due to the large increase in the total number of iterations
to reach convergence which can be attributed to (i) the use of a first-order upwind
scheme and (ii) the choice of the cavitation algorithm. The computational time
averages around 10000 — 12000s for GR and 100 — 200s for the MV approach.
Clearly, GR is prohibitively slow for pocket type channels. Furthermore, we
note that the computational time versus A does not vary indicating that the
continuous construction of the numerically costly integrals is the primary reason

for the slowness of GR.
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Figure 4.14: A comparison of the (a) load, (b) maximum pressure and (c) com-
putational time between the MV approach with xy = 0.5 (blue lines) and the GR
model (red lines) for the inclined pocketed pad for two different values of the
aspect ratio a = 0.001 and @ = 1. The parameters used are k = 5.0648 and
To = 550.
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4.3.3 Rolling contacts

In this section we examine the performance of the MV approach for rolling and
sliding contacts. The slide-to-roll ratio or SRR = (Uy — Uy)/(Us + U;) measures
the amount of sliding compared to the rolling motion of the boundaries. In
the case of a purely rolling contact, i.e. SRR = 0, the strain rate induced
by the boundary motion vanishes. Predicting the shear thinning behavior in
this limit will lead to erroneous results when using simplified models that rely
on the (i) mid-plane shear rate (see section 4.1.2) or the (ii) assumption of a
Couette dominated flow [90, 15]. In order to avoid this failure, one must use
the numerically demanding integral models such as the GR or an ASD approach
with the strain rate defined far from the mid-plane. However, the latter, as
seen in fig. 4.7, can lead to significant error when shear thinning is significant.
For simplicity, we will consider the one-dimensional ridge contact only and the

Ree-Eyring constitutive relation.

In order to avoid encountering the same issue we first find the optimal choice
for the strain rate by considering E, for the case of rolling and sliding. Fig.
4.15(a) shows the variation of E, versus x for different values of SRR. The shape
of the distribution varies significantly from SRR = 0 to SRR = 1/3. For larger
values of SRR the profile converges to the distribution of the pure sliding case.
The rolling-only case (SRR = 0) has two minimum points (xy = 0.3 and x = 0.7)
in the distribution of E; which converge into a single point, close to x = 0.5, as
SRR increases until reaching the sliding-only case (SRR = 1). Moreover, for all

values of SRR, E; is maximum at the boundaries.

Fig. 4.15(b) show the percentage error in the load versus x. The trend in £ for
pure rolling is reflected qualitatively, showing that the error is minimum around
the same values of x for which E¢ is minimum. As we increase the contribution of
sliding to the boundaries’ motion, the error distributions tend to become nearly
flat close to x = 0.5 which is the optimal value for pure sliding contacts. We
again observe, similar to the sliding contacts, that the intuitive choice of x = 0

is not suitable as it tends to overestimate the effect of shear thinning.
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Figure 4.15: Distribution of the (a) error E, the (b) percentage error in the load
versus y and the (c) shear strain rate 4,, across the contact at x = 0.5 and z = 0.5
for different values of SRR. The parameters used are A = 200, k = 7.3674 and
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The distribution of E; versus x is explained by considering the shear strain
rate profile across the contact. Fig. 4.15(d) shows the shear strain rate profile
across the contact at x = 0.5 and z = 0.5 for the ridge for different values of
SRR. For SRR = 0 the strain rate distribution is anti-symmetric about y = 0.25
(corresponding to x = 0.5). In this limit, the strain rate becomes zero when
averaged across the full film height h. It is not surprising then that the error
is minimized for values of x around x = 0.25 or x = 0.75, i.e. y = h/4 and
y = 3h/4, since they correspond exactly to the average value of the absolute
value of the strain rate, which varies linearly for SRR = 0. On the other hand,
when SRR = 1 the distribution shifts such that the film average is not zero

allowing the use of the mid-plane (or averaged) strain rate as a suitable choice.

To test this finding we illustrate in Figs. 4.16(a) and 4.16(b) the load and
the maximum pressure, respectively, versus the SRR for y = 0.25, A = 300,
k = 7.3674 and 79 = 7 by setting x = 0.25 for MV. Both quantities decrease
gradually with increasing values of the SRR. The steady decline in both quanti-
ties versus increasing SRR is mainly due to increased shearing of the lubricant as
the boundary motion dominates the flow. MV with y = 0.25 is in good agreement
with the GR model and estimates both quantities with good accuracy. More im-
portantly, it does not fail to account for shear thinning at SRR = 0 with < 2%
error in the load and peak pressure. The deficiency observed in the most sim-
plified models for shear thinning and some ASD approaches is not reproduced in

our proposed MV approach.

4.3.4 Squeeze film flow

In this section we compare the performance of the MV approach against the GR
model for a film squeezed by a flat surface. Since we focus only on the validity of
the MV approach, the frequency, the minimum depth of squeeze and the squeeze
velocity are kept constant, see section 4.1.6. The strain rate cannot be defined
at the mid-plane similarly to the rolling-only case. Hence, we will first find the

optimal y for the squeeze flow in section 4.3.4.1 and afterwards we analyze the
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Figure 4.16: A comparison of the (a) load and the (b) maximum pressure in
function of SRR between the MV approach with y = 0.25 (blue lines) and the
GR model (red lines) for the ridge for two different values of the aspect ratio
a = 0.001 and @ = 1. The parameters used are y = 0.25, A = 250, kK = 7.3674
and 15 = 70.

performance of MV using this choice in section 4.3.4.2.

4.3.4.1 The optimal location y for squeeze film flow

We have seen that y must be chosen carefully depending on the nature of the
boundaries’ motion and is found from the distribution of E¢, see sections 4.3.1.3
and 4.3.3. Unlike the previous cases, for squeeze film flow the error measure
E¢ will also vary versus time. To simplify our analysis, we consider only the
(i) downward motion of a one-dimensional flat plate and use the (ii) Bair-Winer

constitutive relation.

Fig. 4.17(a) compares the distribution of £ for different values of x. Note that
we have simulated only the downward motion of the squeezing cycle, since in the
upward motion the pressure (and its gradient) are zero due to cavitation. From
Fig. 4.17(a) we notice that the error E; is maximum for x = 0 and minimum
and y = 0.25 throughout the cycle. This suggests that y = 0.25 is also a suitable
choice for squeezing. In fact, the discussion about the anti-symmetric strain rate
profile (see section 4.3.3) for the rolling-only case holds for the squeeze film. This

is because in both cases we have only the Poiseulle term in the velocity profile.
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Therefore, we are not surprised that y = 0.25 minimizes the error between GR
and MV.
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Figure 4.17: Distribution of the (a) E; and the (b) percentage error in load for a
purely downward squeeze motion for different values of x. The parameters used
are Kk = 4.777, 7o = 7 and A = 10.

Fig. 4.17(b) shows the percentage error in the load. Qualitatively the evolution
of both the quantities mimics the distribution of E, clearly pointing out that
x = 0.25 is the most suitable choice. The maximum error for the load for y = 0.25
is less than 5% but can reach almost 25% for other choices. Note that we have used
an artificial value for the yield stress 7y to enhance the effects of shear thinning.
Therefore, this analysis and its outcomes will also hold for less stringent (but

more realistic) conditions.

4.3.4.2 Validation and performance of MV for the squeeze flow

Fig. 4.18 compares the evolution of the location of the onset of cavitation X4,
along the streamwise direction for three squeezing cycles. The MV approach and
the GR model compare favorably with data available in literature [4]. Note that

the lubricant was assumed to be isoviscous, incompressible and Newtonian.

We now extend our analysis to a non-linear case involving a piezoviscous,
shear thinning (with using the Bair-Winer constitutive relation) and compress-

ible lubricant. We simulate only a single squeeze cycle since it is sufficient to
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Figure 4.18: The evolution of the cavitation location along the center plane, i.e.
z = 0.5, for the flat plate defined by Eq. 4.23 for the MV (blue lines) and the
GR (red lines) compared with the work of [4] (black triangles) using A = 100 and
a=1.

compare MV (with y = 0.25) and GR. We define the cycle maximum load as
< L >= max(L(t)) and the cycle maximum pressure as < max(p) >= max(p(t)).
Note that the average load or average pressure are significantly different and are
insensitive to the bearing number. This occurs because the presence of cavitation
dominates the analyzed cyclic motion and the pressure remains zero for most
of the cycle. For this reason we have opted to show the maximum load and

maximum pressure occurring during the cycle.

Figs. 4.19(a) and 4.19(b) compare the load and the pressure peak for the
MV and the GR model for the same test case of Fig. 4.18. For each value
of the bearing number we perform a single complete squeezing cycle. Firstly,
it must be noted that the reference velocity of the purely squeeze problem is
relatively small. This means that the dimensionless yield stress is small as well
entailing that the shear thinning effect is not significant. We artificially enhance
the effect of shear thinning by keeping the yield stress 75 = 7, nearly a 1000
times stronger as for the ridge case. However, this may not be physical and
represents polymer additives with a very small shear modulus. We find from
Figs. 4.19(a) and 4.19(b) that MV and GR are in excellent agreement for the
range of A herein examined. We should note that this agreement may stem from a
weak dependence of the problem on shear thinning. We have verified that at very

large values of A, shear thinning does play a key role in shaping the load and
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the pressure evolution. However, those regimes are largely non-physical, since
impractical values of the load and maximum pressure are obtained. For example,
at A = 1000 the dimensional pressure peak exceeds several hundred GPa by using
values for the other parameters (e.g. viscosity, wall velocity) of common lubricant

oils under usual operating conditions.
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Figure 4.19: Comparison between the MV with x = 0.25 (blue line) and GR (red
line) of the (a) cycle-maximum load, (b) cycle-maximum pressure and (¢) compu-
tational time taken for a flat plane undergoing squeeze motion. The parameters
used are k =4.777, 7o =7 and a = 1.

By observing Fig. 4.19(c), we find that the MV approach is several times faster
that the GR model. Although the bearing number increases, the computational
time is not significantly affected. This is because we adopted a purely explicit
approach for the time marching. Note that the value of the yield stress used is
1000 times smaller than the ridge case. Below this value, no differences in the
the maximum cycle load and the pressure exist between the GR model and MV

approach.
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4.4 Discussions: a priori choice of the optimal

X

We have examined the error term E for the different configurations in earlier
sections. For each regime of motion, the distribution of E; dictates the optimal
choice of x. We found that the optimal y is (i) around x = 0.5 for pure sliding,
(ii) around y = 0.25 for contacts in which rolling is dominant and for squeezing
contacts. However, in these analyses, we have relied upon the numerical solutions
obtained from the GR and the MV model then an ”a posteriori” method to
check the optimal solution. In this section an alternative ”a priori” approach is
discussed to obtain the distribution of E,.

We seek the value of x where E; is minimum, since that governs the accuracy
of the MV approach (the same goes for all ASD methods, in general). Ideally,
the expression for E¢, obtained analytically, should be minimized against x to
determine the optimal value, i.e. solving aa—]ff = (0. However, the shear strain
rate from the GR (Eq. 4.7) is an implicit expression because the viscosity is a
function of the strain rate. Therefore, decoupling the viscosity p from 4, for
the shear thinning case via an analytical approach is difficult. However, we can
proceed with a semi-analytical approach by decoupling the viscosity-strain rate

relationship.

One method of achieving this decoupling is by assuming a Newtonian (but

piezoviscous) strain rate, i.e.

Yy = %Z—i(mj —h) + (U — Ul)%, (4.37)
for the calculation of y via a given constitutive relation. Note that Eq. 4.37 is a
function of 1 and not of the non-Newtonian viscosity pu. The pressure gradient in
Eq. 4.37 can be obtained by numerically solving the Reynolds equation (see Eq.
4.1) for a one-dimensional contact. In this manner, there is no need to solve the
full governing equations (Eq. 4.5 for the GR and Eq. 4.14a for the MV). We still
require the assumption of a piezoviscous lubricant otherwise the strain rate is too

weak to induce any shear thinning, at least for the Ree-Eying and Bair-Winer
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constitutive relations, with the parameters considered in this study.

This approach is tested for the one-dimensional ridge contact with the Ree-
Eyring constitutive relation. Fig. 4.20 shows the distribution of E; the for several
values of SRR versus x for A = 200 for a sliding and rolling considering only the
Newtonian shear strain rate. The distribution is in qualitative agreement with
the results presented in earlier sections, see, in particular, Fig. 4.10a and Fig.
4.15a. Moreover, the optimal value of x is also consistent. For pure rolling,
we observe the minimum of E¢ close to x = 0.25 and upon increasing SRR to
SRR = 1 representing pure sliding, the minima shifts towards y = 0.5, again in
agreement to behavior of E; found by the a posteriori analysis, see Fig. 4.15(a).
For a purely squeeze flow the optimal choice for y is no different from the pure
rolling case. This is because in both cases we have a purely parabolic velocity
profile due to the Poiseuille low only. When the boundaries exert some sliding
motion (SRR > 1/3) the optimal choice will shift towards y = 0.5, similarly to
Fig. 4.15 where the full governing equations for both GR and MV were taken

into account.
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Figure 4.20: Distribution of the error E¢ for sliding and rolling for different values
of SRR at A = 200 versus y for k = 7.3674 and 79 = 7.

There are several advantages of this a priori approach. Firstly, it is performed
with minimal computational effort. Secondly, owing to the generality of the
method, any combination of a surface function and a constitutive relation can be
examined for a wide range of parameters. Thus, for very complex surfaces such

as those mimicking surface texture or surface roughness, the optimum value of x
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can be straightforwardly found. In our analysis, the values for x are sufficient to
achieve an error < 5% in the load and the peak pressure for the most extreme
cases as well. However, some lubrication problems may require further accuracy
in the solution for the pressure. For such cases, the proposed a priori estimation
method can provide an efficient tool for choosing the exact optimal value of x
based on the boundaries’ motion to minimize the error. We should highlight
that for large A the Newtonian piezoviscous solution could become numerically
impossible to achieve since the viscosity become too high without the mitigating
effect of shear thinning. In this scenario, however, the trend can be captured
by studying smaller bearing numbers since, as it was shown in Fig. 4.10b, an

increase in A enhances the error, but does not qualitatively change its behavior.
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Chapter 5

Viscoelastic thin-film squeeze

flow

Thin lubricating films confined between two surfaces exhibit a range of behavior
depending on the type of surface motion. Here, we consider a case in which a
film is squeezed when the two surfaces, initially separated, approach each other
at some velocity, which may not be constant. If the film formed between these
surfaces is quite thin in comparison to the length it spans, and the approach ve-
locity of the surfaces is small, then one may apply the assumptions of lubrication
theory and arrive at a simplified set of equations which could then be used for
analysing the film’s behavior. The mathematical model governing the behavior
for a film comprising a Newtonian solvent and a elastic polymer additive were
introduced in chapter 2. Two simplified modelling approaches were developed
to overcome the mathematical complexity (specifically, the non-linear coupling
between the dependent variables) of the governing set of equations, namely the
perturbation method (see section 2.6) and the viscoelastic Reynolds approach
(Eq. 2.36a-2.36¢). In this chapter, we present the results obtained from using
these two approaches, offering a detailed comparison of their advantages (disad-
vantages) for the case of two flat cylindrical plates; for constant surface speed in

section 5.1 and variable surface speed in section 5.2.
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We consider the Oldroyd-B constitutive relation which represents a purely
elastic polymer with infinite stretch. However, we point out that experiments
have demonstrated features, such as an overshoot in the stress (pressure), that
the Oldroyd-B model cannot capture fully [54, 91]. However, the analysis per-
formed is for the case of creeping flow which may not conform to the assumptions
of lubrication theory, but only those of a low-Reynolds number (Stokes flow).
Furthermore, several necessary assumptions on the convected rate operator have

been made to simplify the problems.

5.1 Constant surface speed

The simplest case is that for a film squeezed between two flat plates at a constant
approach velocity, i.e., H = 1 — t, where ¢ is the non-dimensional time. In this
setting, t can also be interpreted as the total fraction of the initial film height. The
perturbation model up to the second-order in De can then be further simplified

d°H _ d&°H _

: dH
by notlng T —]_, a2 T aB

The pressure distribution, normal force Fiy and the friction force on the bottom

plate F, for the leading-order is
© _ 30" —1)dH

p H3 dt ) (51&)
3 dH
2r dH
FT(O) e (5.1c)
for the first-order,
3(r2 — 1) dH\?
P = T (_ 57(%) , (5.2a)
2
1 1717 dH
(5.2¢)
177 (dh\?
Fsl) — _5[_[_3 (E) , (52(31)
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and the second-order system,

3(r2 —1) dH\*
@ _2" — 7 o7
Ve (19491( o ) , (5.3a)
584737 (dH\®
FO =" (= 5.3b
N 14OOH5<dt) ’ (5.3b)
40217 (dh\®
2) _
B = 550 (E) | (53¢)
Note that when the approach velocity is constant, ‘3% = —Vh, where, 1 is a

constant, and no apparent frequency is identifiable in the system, then the Deb-
orah number and Weissenberg are simply related by the thin-film ratio, similar
to the pure sliding contact. For some constant plate radius R,y and initial height
h*(t* = 0) = Hy, we have Wi = )\IU{—?], and De = /\%‘;, where, Vo = €Uy, and,
therefore, De = eWi. The Weissenberg number is generally chosen to represent

the relative time scale of deformation, i.e., Wi = A\¥*, which is, for the pure

Yo

squeezing problem, simply * = A

In Fig. 5.1, we plot a comparison of the second-order perturbed model and
the VR approach for the net vertical force (Fly) and the friction (at the bottom
plate) (F,) using 5 = 1,e = 0.001 for different values of the Deborah number.
Grid independent results (for each time step) were obtained using 128 nodes
along the r-axis and 32 nodes along z-axis (for VR only). The time step size
dt = tel®®/N=D /N where, t; = 0.9 is the total time of motion, N = 256 are the
number of time steps, for each step k£ was unequal in order to capture the initial

transient phase. The numerical techniques employed are detailed in chapter ?7.

As time progresses and the film height decreases, the load and friction expo-
nentially increase for the Newtonian and the viscoelastic cases. The vertical force
developed on the plate is due to the resistance offered by the viscous lubricant
when being forced out of the channel. Similarly, the friction on the pad increases,
since the fluid velocity must increase (along the radial direction) to account for the
decreasing flow cross-section (27 RyH (t)). A sharper velocity profile (although it
is still quadratic along z) leads to larger velocity gradients and, therefore, larger

shear strain rates.
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Figure 5.1: The variation in the net vertical force Fy and the friction F, at the
bottom plate versus time for (a) and (b) De = 0.001, (c¢) and (d) De = 0.01, and
(e) and (f) De = 0.1, respectively, for the second-order perturbed model and the
VR approach using § = 0, and € = 0.001.
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A good agreement is observed for small values of De, consistent with pertur-
bation theory, when the transient effects have sufficiently vanished (¢ > 0.01). In
the instant when the motion starts (¢ = 0), we observe a large difference between
the perturbed models and the VR, but diminishes as time progresses. Firstly,
the VR model, not only accepts any initial condition, but caters to the realis-
tic condition of zero initial polymer stress. Secondly, the perturbation models
cannot capture this, since they are a Taylor-series expansion (in De) about the
Newtonian case for which the stress develops instantly (owing to a zero relaxation
time). We can easily expect that this behavior will be observed regardless of the
order of perturbation. It is an odd outcome, since viscoelasticity is inherently
a transient phenomena, arising entirely due to the dependency of the polymer

stress on its time history.

Not surprisingly, as we increase the strength of viscoelastic effects, the transient
phase stretches owing to the late response time of the polymers. For the highly
elastic case, depicted in Figs. 5.1(e)-(f), the prediction of the load and friction is
in stark contrast among the models. Firstly, the first and second-order perturbed
models predict an opposing trend, the latter being positive whereas, the former

is negative. This is seen easily from Eqs. ?? in which the influence of the surface

dh
7dt7

speed, this implies that all even (odd) order perturbations will always predict a

speed seems to change sign as the perturbation order increases. For a negative
positive (negative) load. The VR model predicts a monotonically increasing load
which, notice, stays somewhat between the predictions of the first and second-

order perturbation.

The prediction for the surface friction for different De follows the same trend
as the load. Note that the velocity field is only weakly disturbed due to the
elasticity of the polymer. In fact, one may assume it to be Newtonian (in this
channel geometry) for small De. Then, the difference in friction, across Figs.
5.1(b)-(d)-(f), is not due to the shear strain rate but rather the latency in the

polymer shear stress which is unable to catch up to its Newtonian equivalent.

We infer, based on the results, for moderate values of De, both the VR model

and the perturbed system predict results with a very small variation provided
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the initial transient phase has passed. The length of this phase depends on the
Deborah number. However, the initial phase cannot be modeled via the perturbed

system regardless of its order.

5.2 Irregular motion

Viscoelasticity is inherently a temporal phenomena, therefore, we wish to see the
effect of surface acceleration, and deceleration, on the response of the film. Note,
these are not inertial effects, since we have assumed the Reynolds number to
be small. This requirement, in general, is not trivial to enforce, since the Re is
affected by the reference height and applied frequency. Therefore, in addition to
the thin-film approximation, we must also ensure that the frequency at which the

surface oscillates, remains small.

We consider the simple motion
h* = 2H, + d* cos (2mw*t"), (5.4)

where, Hj is the reference height, d* and w* are the amplitude and frequency
of the motion, respectively. We non-dimensionalize the motion using the scaling

provided in chapter 2

h = 2 + dcos(27t), (5.5a)
dh

b —2md sin(27t), (5.5b)
&2h )

i —4m*d cos(2mt), (5.5¢)
$h

i 8md sin(27t), (5.5d)

where, t = w*t* and d = d*/Hj is the modified amplitude.

In order to determine the appropriate relation between the Deborah and Weis-
senberg numbers, the reference velocity (required for determining the residence
and deformation time scales) along the radial, Uy, and vertical, V4, must be set-

tled. The approach velocity in the oscillating case is not constant, and varies
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with time, depending strongly on the functional form. One must carefully choose
the reference velocities which directly affects the choice of Wi. However, the
choice of the Deborah number is straight forward, i.e., De = A\w*, w* is the fre-
quency. From Eq. 5.4, we choose the reference vertical velocity as Vy = w*d*

— \Bowrd® Row*d*

(ignoring the 27), which gives Wi = A% . This yields the relationship

a7
De = EWiHiO. For lubricated contacts, \(7:76 have a ﬁmtely large shear strain rate
(and shear stress), which strongly affects the polymeric additive in the form of
shear thinning and stretching, which implies Wi is O(1). If d & Hy, then De and
Wi are related by € as in the constant speed case. However, if d* < Hj, then the
upper-convected rate operator (assuming % =0)

or* or* oT

g - ot* + U or* T+ oz*

— L — L, (5.6)

reduces to

i 0 d* 0 0 T
De‘r—De{at*—i—{ }( r 5 +uzaz*—L T—TL)}. (5.7)

If we assume a small amplitude motion, i.e., I% << 1, then the convective trans-

port and the effect of the stretch terms are negligible. The Oldroyd-B is reduced
to the simple linear Maxwell model and only the relative time history of the
polymer stress is important. Interestingly, if I% >> 1, then the local temporal

variation can be ignored.

We plot the time variation of the load and friction in Fig. 5.2 for different
values of De, assuming ¢ = 0.001, 5 = 0. For the sake of simplicity, we have
assumed that IC_II—*O = 1 and, therefore, De = el allowing for a comparison with

the constant speed case.

We observe a good agreement with between the models and a very small de-
viation from the Newtonina case for small values of De. For a strongly elastic
case, De = 0.1 as shown in Figs. 5.2(e)-(f), a stark contrast is observed be-
tween the perturbed models and the VR. This difference is more pronounced in
the load (Fig. 5.2(e)) and less so in the friction force ((Fig. 5.2(f)). Although,
elastic effects are stronger, we have observed, from the constant speed case, the

effect of viscoelasticity is to diminish the stress owing to a time and spatial delay
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Figure 5.2: The variation in the net vertical force F)y and the friction F, at the
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in developing the stress. Therefore, the VR approach qualitatively reproduces
this effect by exhibiting a load response that (i) follows the trend of the New-
tonian case (De = 0) and (ii) also portrays the reduced response. However, in
stark contrast is the result from the perturbation approach. Both the first and
the second-order models produce dramatically different trends, leading to load
overshoots during film compression and undershoots during film expansion. In
particular, it exceeds the load predicted by the Newtonian case, which is at odds

results currently available in literature.

One possible explanation for the discrepancy of the perturbation approach
(at least up to the second-order) is the inclusion of only the lower derivatives of
the surface motion. The general form for the normal force and surface friction,
given by Eq. 2.43a, shows the influence of only the gtnn—i derivative, where, n
is the perturbation-order. As such, the motion we have chosen (Egs. 5.5a-5.5d)
provides an infinitely differentiable motion which the perturbation models do not
capture. One can argue that their influence does not show up for small De, but
this does not necessarily hold for each time step. As the time progresses and the

Uo

film height decreases, the effective Weissenberg number, i.e., Wigrr = )\m is

increasing and the viscoelastic effects are stronger.
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Chapter 6

Viscoelastic thin film lubrication

In this chapter, try to understand the significance of lubricant elasticity on the
important attributes of a thin lubricating film, such as the pressure and surface
friction, formed between two impermeable surfaces in relative motion. These load
carrying films are commonly found in bearings and gears, and can strongly influ-
ence the performance of these mechanical elements. Likewise, human tribological

joints, such as synovial joints, operate on a similar lubrication mechanism.

It is organized as follows: Firstly, the mathematical problem is formulated
using the fundamental conservation laws, and a discussion pertaining to the ap-
plication of lubrication theory is presented in section 6.2. Then, the numerical
techniques employed for the solution of the governing equations are provided in
section 3. Finally, we analyse and discuss the results for two-dimensional con-
tacts in section 6.3. The work presented has been published, see Ahmed, H.,
& Biancofiore, L. (2023). Modeling polymeric lubricants with non-linear stress

constitutive relations. Journal of Non-Newtonian Fluid Mechanics, 321, 105123.
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6.1 Geometry

The pressure distribution within a thin lubricating film is strongly influenced
by the surface geometry. In this study, we consider two-dimensional contacts,
ignoring the spanwise variation of the channel. The first proposed geometry is
the parabolic slider given in Fig. 6.1, used only to compare the proposed approach
for the FENE-CR and FENE-P models against results available in literature and
DNS.

h =2z*+ 2z + 1. (6.1)

0'08‘0 0.1 0.2 0.3 04 0.5 06 0.7 08 09 1.0
T

Figure 6.1: The film thickness along the stream wise direction for a parabolic
slider bearing.

In a journal bearing the film thickness varies tangentially along the surface
of the journal, as shown in Fig. 6.2a, favoring a cylindrical coordinate system
for mathematical modeling. Alternatively, the same channel can be formed in a
Cartesian coordinate system by unwrapping the film thickness along the tangen-

tial direction yielding an expression for the film height
h =1+ ecos (2nz), (6.2)

in terms of the streamwise coordinate axis x and the eccentricity ratio 0 < e < 1.
The latter influencing the maximum and the minimum height of the channel, as

shown in Fig. 6.2(b) for e = 0.5 and e = 0.9.
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Figure 6.2: (a) A two dimensional depiction of a journal bearing with bearing
(journal) radius R; (Rs) and the (b) film thickness along the stream wise direction
of the equivalent unwrapped channel for two different eccentricity ratios.

As opposed to the parabolic slider, Eq. 6.2 models the full bearing, including
regions far from the contact point. Using Eq. 6.2, we can analyze the viscoelas-
tic effects throughout the bearing, not just in the vicinity of the contact point
that generates the majority of the load carrying capacity. This also reduces the
problem in choosing suitable values for the boundary pressure to some extent, as

explained in section 6.2.1.

6.2 Mathematical modeling

The equations governing the flow of an incompressible, viscoelastic lubricant

through a thin, two-dimensional, confined channel, depicted in Fig. 6.3,

consist of the conservation of mass

V*.u' =0, (6.3)
and the conservation of momentum,
8 *
a;l* + (U -V)u = -Vp ' +V" .o, (6.4)

where u* = (u*,v*) is the velocity field, p* is the pressure and o* is the Cauchy

stress tensor. For a lubricant mixture comprising a Newtonian solvent and a

107



Figure 6.3: A fully lubricated, arbitrarily shaped thin channel of height h*(z*)
with the bottom boundary moving along the streamwise direction x* with speed

U-.
non-Newtonian polymer additive, the stress tensor is split into two components
o' =T1i+T1", (6.5)

namely, the (i) Newtonian solvent stress 75 = 2n,D* and the (ii) viscoelastic
polymer stress 7*, where 7, is the solvent viscosity and D* = 1/2(V*u* + V*u*T)
is the deformation rate tensor. To close the system Egs. 6.3-6.5, a constitu-
tive relation is required for 7*. The choice depends on several factors such as,
the polymer rheology and flow characteristics [92]. For example, the Oldroyd-B
constitutive relation

T+ AT* = 21,D", (6.6)

where, A is the polymer relaxation time and 7, is the polymer viscosity, and

v * .
T = %; +ut - Vit — 7V*ut — V*ur' 7 is the upper-convected rate operator,
describes a dilute, isoviscous, and incompressible polymer solution exhibiting
viscoelastic effects. However, it does not account for non-linear effects such as, (i)

the finite extensibility of the polymer chains and (ii) the effect of shear thinning.

In this study, we aim to compare two distinct non-linear effects, namely the
limited extensibility of the polymers and the shear thinning of the lubricant, with-
out simplifying the polymeric stress tensor. For this, we utilize the viscoelastic
Reynolds approach; a numerical technique that takes advantage of the weak per-

turbation to the velocity field due to viscoelastic effects [23]. It incorporates the
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Table 6.1: Functions F', G and H for the different constitutive relations appearing
in Egs. 6.8.

Model F G H
Oldroyd-B 1 1 0
FENE-CR f(1+eWib (1/f)) f 0

FENE-P  f(1+ Wiz (1/f)) a —f(a(l—8)5(1/f))

polymer constitutive relation without any restriction on the stress and compares
favorably with direct numerical simulations for Oldroyd-B for a boundary driven

flow in a thin lubricated channel [23].

It consists of a Reynolds type pressure equation
d (Wdp\ Bdh d [ [y [ , oy ,
— ===+ — = ey Ay dy — ey dy d
dx(leac) 2dx+dac</0 h/o Tey Y Y /0/0 Tyyy)
d (/hy/h/y' (am) , o
+— - dy dydy—/ / /
dz \ Jo hJo Jo Ox o Jo Jo

and the scalar equations for the components of the polymer stress

Tm x

a 1" /
d .
am) y dydy), (6.7)

A DTyy ou ouy
Frpw + EWZ( e Zsza—y — 2Tzz£> =0, (6.8a)
(D1, ou ov ou
Fryy + eWz( Dty — Tyya—y — Txxg) =G(1 - ﬁ)a—y, (6.8b)
Dr ov ov ov
F ) W or— — 27, — | =2G(1 —= B)— + H .
Tyy + eWz( D Tay g~ 2Tuy 8y> G( ﬂ)ay + H, (6.8¢)

where the functions F, G and H (neglecting the ¢*-order terms) for Oldroyd-B,
FENE-CR and FENE-P are given in Tab. 6.1.

Finally, the components of the velocity field assumed for Eqs. 6.8a-6.8c,

u=u® 4+ Wiul, (6.9a)
v =00+ eWiv®, (6.9b)

are obtained from the sum of the leading order (Newtonian) components (u(%,

v(®) and the first order perturbation due to eW4, i.e. (u™, v™). The Newtonian

109



velocity field is readily obtained by solving the system

d (h3dp\ 1dh

=22 ) = 222 6.10
dx(lex) 2dz’ (6.10a)

1 dp Yy
© — 2 _yh 1-2 .10b
1d%p ldp ([ dh dh y

O _—CPrpy 202 (,4) Y 1
v da2Y Y5 (ydx> dzh?’ (6.10c)

where Eq. 6.10 is the classical Reynolds equation. The first order perturbation

in eWi forms a similar system

d 1 dp®M\  1/dh\? ol Bl +d2h _1_3h;+3hm
dr \12(1 - ) dv ) h\dx hz 2 h dx? 3 2h2 2h)

(6.11a)
1 dp™ 1dh h h

L _ = )+ = (1-3"2)(2-322)(y® = yh 11b

WV =g 0 —yh) + (13 35 ) (0" —uh). (6.11D)
Jo = 18U (¢ RN 1dp® (g2 dh
2 dx? 3 2 2 dx 3 2 dx

1d2h B om 1 /dh\? - - v y2h
o (1=32 ) (2-32 ) - = (=) (1—3=2 ) (2—3 ) b (L - L=
(6.11c)
9dh [ ( by dh - v y?h
iy B I Ut I I ) Bl z _ 27
+hdm{(h2d:r;)( h)}(B 2)

1 dh o W\ (v 2 dh
281 gim )9 _glm (L I 20
+hd:c( 3h)< 3h>(3 > dr )

_ fol h~2da’

where p®) is the eWi-order pressure and h,, = Tha
0 XL

It is worthwhile to note that the first order perturbation to the pressure and
velocity, Egs. 6.11a-6.11c, for geometries in which the height at the entry and the
exit (e.g. the journal bearing and the parabolic slider introduced in section 6.1) is
zero [23]. Furthermore, the linearized components of the velocity for the FENE-
CR and FENE-P reduce to the Oldroyd-B approximation because the effect of
finite polymer extensibility, captured within the function 1/f, is at least second-
order in eWWi. Thus, in a typical linearization approach where only the first order
terms in €W+ are kept, it is not accounted for. Note, for some cases the first order

perturbation may not vanish, e.g. the plane slider bearing [29], and it may be
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necessary to include their effect for large values of W+. In this manner, for the
journal bearing and the parabolic slider, using VR, a potential inaccuracy (order
€2W1i?) could incur in the velocity field and propagate to the polymer stress via
the constitutive relation. However, for the range of considered Wi, this was not

the case as evidenced by the results given in section 6.3.2.

6.2.1 Boundary conditions

The closure of the governing system of equations, Eqs. 6.3-6.5, requires appro-
priate boundary and initial conditions. For the steady state case, the pressure
distribution within the thin channel depends largely on the imposed boundary
conditions. When dealing with a Newtonian lubricant, we can simply impose
a fixed value at the open boundary, such as an ambient pressure condition at
the channel inlet and outlet. This approach is plausible because the total stress

tensor
T =7 —Ip", (6.12)

can be split into the extra stress 7%, which is known from the velocity field, and
the pressure p. Furthermore, the streamwise normal stress is much smaller than
the pressure, i.e., on the order O(e?) and can be ignored. As a result, it vanishes
at the channel inlet and outlet, having negligible impact on the pressure. On
the other hand, for a viscoelastic lubricant the stress is taken to be the sum of
the Newtonian solvent stress and the polymeric stress. The latter, being non-

Newtonian, does not have a clear relationship with the pressure [93].

For thin lubricating films, the lubricant is strongly non-Newtonian and the
streamwise normal stress is large, i.e., on the same order of magnitude of the
pressure. In this case, it can be argued that simply imposing a fixed pressure at
the boundaries, specifically the channel entrance and exit, is insufficient. Instead,
the total normal stress must vanish. However, this requirement cannot be satisfied

simultaneously with the established outcome of the lubrication theory, which

op _
oy

such a case, an average of the normal stress can be considered at the boundary.

states 0, even when the normal stresses vary significantly across the film. In
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In this work, we have not dealt with this issue since the choice of a journal bear-
ing as our physical domain (section 6.1) allows us to impose periodic boundary

conditions along the streamwise direction as follows:

p(z =0) =p(z =1), (6.13a)
Tij(z = 0) = 73;(x = 1), (6.13b)

where 7;; are the scalar components of the polymer stress. Eqs. 6.13 are both
physically accurate and intuitively appealing for the journal bearing and similar
geometries where the flow inlet wraps around to the flow outlet. However, it is
important to note that the larger issue of relating the mechanical pressure to the
normal stress at the boundary remains unresolved. Regardless of whether the
pressure is considered independently of the normal stresses or is made to be some
dependent quantity at the boundaries this argument remains open for potential

future work (see [29, 23] for more details).

6.3 Results and discussion

6.3.1 Two dimensional contacts

In this section, we present and discuss the influence of viscoelasticity in lubricated
contacts as described by the VR approach applied to the FENE models. Firstly,
an extensive validation of the VR is performed for the FENE-P and FENE-CR
constitutive relations for the parabolic slider against the DNS in section 6.3.1.1.
We then apply the VR model to the profile mimicking a journal bearing and
examine the load and gauge pressure for different combinations of the different
parameters, i.e., Wi, L? and e, in section 6.3.1.2. We also state the corresponding
De number, although for the class of problems studied in this work, it remains
small, indicating a weakly viscoelastic flow (note however, that the lubricant can

be strongly elastic and sensitive to high shear, i.e. large W7).
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6.3.1.1 Validation

The VR approach has been validated for an Oldroyd-B fluid passing through a
parabolic channel subjected to sliding motion [23]. Here, we present a validation
of the FENE-CR and FENE-P models using the same parabolic channel described
also in section 6.1. A comparison is presented for the Oldroyd-B, FENE-CR and
FENE-P over a wide range of Wi. We also validate the FENE models over a wide
range of the finite extensibility parameter. In addition to the FENE models, a
validation against Wi is given in Appendix A using the same parabolic slider but
for the PTT and Giesekus constitutive relations to prove the flexibility of VR.

However, they are not discussed further in this study.

The pressure distribution along the channel, obtained using the different con-
stitutive relations, is shown in Fig. 6.4(a) for Wi = 20 (De = 0.08), L* = 103,
€ = 0.004 and g = 0.8. The pressure predicted using the VR approach is in ex-
cellent agreement with the DNS, solved via the log-conformation representation.
Despite the additional non-linearity present in the FENE-CR and FENE-P con-
stitutive relations, the VR approach accurately predicts the pressure distribution

implying the robustness of the approach.

The load carrying capacity

1
Fg:/ pdz, (6.14)
0

versus Wi is given in Fig. 6.4(b) for the same set of constitutive relations using
L? =103, ¢ = 0.004 and 3 = 0.8. We find an excellent agreement between the
VR approach and DNS over the range of Wi examined. Additionally, the load is
accurately predicted against the the polymer extensibility parameter, as shown
in Fig. 6.4(c). This accuracy is reflected in the small percentage errors in the

load, as shown in Tab. 6.2.

Furthermore, both the FENE-CR and FENE-P predict an increase in the load
for small values of Wi. The spatial distribution of pressure is visibly different
between the model examined, with subtle variations close to the peak and cen-

ter. Finally, the load not only varies strongly with Wi but exhibits a non-linear
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Table 6.2: The percentage error in the load carrying capacity E =
|EY R — EPNS|/IFPNS| x 100 depicted in figs. 3(b) and 3(c) for the FENE-CR
and FENE-P models.

Model | Wi=5L* =10 | Wi=30,L? =10° | Wi = 10,L* = 10> | Wi = 10,L* = 10*

FENE-CR | 0.5 | 0.8 | 0.4 | 0.55

FENE-P | 2.04 | 1.73 | 2.29 | 1.22

behavior versus L2, becoming also negative for FENE-P at small values of the

extensibility parameter.

It is worthwhile to point out the computational efficiency of VR in relation
to the DNS. For Wi = 30, the simulation time required for conducting DNS
was approximately one week using eight 2.60 GHz Intel Xeon processors on a
512 x 32 cell grid. Although no issues with regards to the HWNP were observed
for the FENE models (in accordance with literature [60]), the severe limitation in
time step due to the increased (i) non-linearity of the constitutive relations and
(ii) a very small stable time step led to an impractical simulation time. These
issues could, perhaps, be alleviated via an implicit treatment of the discretized
equations [94] but goes well beyond the scope of this work. On the other hand, the
VR requires only a few minutes (for the same mesh resolution used in the DNS).
It is also more amenable to advanced numerical techniques, since the pressure

equation is decoupled from the stress.

A detailed analysis of the influence of these additional parameters on the afore-
mentioned quantities is performed in the proceeding sections. However, we focus
on the journal bearing due to (i) practical considerations and (ii) an argument
pertaining to the boundary conditions, see sections 6.1 and 6.2.1, respectively, for
details.

6.3.1.2 Journal bearing

We examine the spatial evolution of the pressure and the load carrying capacity

for a periodic channel formed by unwrapping the journal bearing (see section
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Figure 6.4: A comparison between DNS and VR using different constitutive rela-
tions for the parabolic slider bearing of (a) the pressure profile along the channel
(Wi = 20 (De=0.08), L?* = 103, 8 = 0.8 and ¢ = 0.004), the load carrying
capacity (b) versus Wi (L? = 10%, 8 = 0.8 and ¢ = 0.004), and (c) versus L*
(Wi =10 (De =0.04), f = 0.8 and € = 0.004). Note that the load for a Newto-
nian fluid is zero and Wi = 30 corresponds to De = 0.12.
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6.1). Having validated the VR approach for the non-linear constitutive relations,
i,e. FENE-CR and FENE-P, we systematically examine the influence of the
Weissenberg number, the extensibility parameter, and the journal eccentricity

ratio on the pressure and load using the VR approach only.

6.3.1.3 Influence of the Weissenberg number

The pressure distribution along the channel governs the load carrying capacity
of the film. For Wi = 35, L? = 10000, 8 = 0.8, ¢ = 0.5, and ¢ = 0.001 the
streamwise variation of the pressure is shown in Fig. 6.5(a). Viscoelasticity has a
strong impact on the pressure and load carrying capacity; a net increase is visible
across the models, confirming the findings available in literature [4, 23]. Stark
differences are observed in the (i) peak pressure regions and the (ii) position of
the transition from positive to negative pressure. Compared to Oldroyd-B, which
predicts the highest peak pressure, both FENE-CR and FENE-P lag behind.
These small shifts in the pressure lead to a net positive or negative load carrying

capacity.

For the same set of parameters of Fig. 6.5(a), we compare the load versus Wi
in Fig. 6.5(b). All models predict an increase over the range of Wi examined.
The range of Wi that we have considered covers a linear region, i.e., a weakly
viscoelastic lubricant, and a non-linear region at large values of Wi, i.e., a highly
viscoelastic lubricant. In the linear region, which extends until W+ = 5, the same
load is predicted by each model. After this initial linear phase, the onset of non-
linear behavior is immediately visible; spanning moderate to large values of W7s.
In this range, both FENE-CR and FENE-P depart from the load predicted by
Oldroyd-B, which is monotonically increasing, and display a gradually saturating
curve. Additionally, the FENE-P model predicts a sharp decline in the load for

large values of W4 by virtue of the shear thinning effect.

Now, we increase the journal eccentricity ratio from e = 0.5 to e = 0.9, and
examine in figs. 6.5(c)-(d) the pressure distribution and load for the same set of

parameters. The pressure distribution is now sharper, reflecting the increase in
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Figure 6.5: The (a) pressure distribution along the channel (e = 0.5, Wi = 35
(De = 0.035), L* = 10%, ¢ = 0.001 and 3 = 0.8), the (b) load versus Wi (e = 0.5,
L? =10% € = 0.001 and 3 = 0.8), the (c) pressure distribution along the channel
(e = 0.9, Wi = 35 (De = 0.035), L? = 10*, ¢ = 0.001 and 8 = 0.8) and the
(d) load versus Wi (e = 0.9, L? = 10%, ¢ = 0.001 and 3 = 0.8) for the journal
bearing.
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surface gradients and the differences in the (i) pressure peaks and (ii) transition
region are more pronounced. If we examine the load carrying capacity in Fig.
6.5(d), the linear region shrinks and a non-linear response is exhibited even for
small values of Wi. In fact, the saturation in the load occurs much earlier for
both FENE-CR and FENE-P followed by a gradual decline in the load versus Ws.
Note that FENE-P eventually predicts a net negative load, whereas the starkly

contrasting Oldroyd-B continues to output a net positive increase.

It is clear that the additional parameters, i.e., the (i) finite polymer exten-
sibility and (ii) journal eccentricity ratio, play a significant role in determining
the total load carrying capacity of the film along with the Weissenberg number.
Furthermore, observing figs. 6.5(b) and 6.5(d), the non-linear region tends to
appear earlier for large e. This implies that a linearized model for FENE-CR and
FENE-P, or any non-linear constitutive relation, must consider a second order

(or higher [95]) perturbation in eWVi.

6.3.1.4 Influence of the polymer finite extensibility

The extension of the polymers along the streamwise and the cross film direction is
governed by components of the polymer stress tensor along those directions, i.e.,
Tz and 7, respectively. The Oldroyd-B constitutive relation allows an infinite
extension which can lead to large, and possibly nonphysical, values of the polymer
normal stress components. The FENE-CR and FENE-P models enforce an upper
limit on the maximum extension of the polymer chain via the finite extensibility

parameter L. We examine its effect on the load carrying capacity in this section.

The variation of the load versus the polymer finite extensibility for different
constitutive relations is depicted in Fig. 6.6. The trend in the load versus L2,
although sensitive to e and Wi, mimics an s-shaped curve that connects the two
limiting cases of small to nearly infinite polymer extensibility. The lower (upper)
limit, i.e., small (large) values of L, mimics a rigid (highly extensible) polymer.
We denote these limiting regions, for simplicity as the tail and head of the curve.

As we increase L2, moving from the tail-end to the head, the load initially declines
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Figure 6.6: The load carrying capacity versus the polymer extensibility parameter
for (a) Wi = 10 (De = 0.01), e = 0.5, (b) Wi = 10 (De = 0.01), e = 0.9, (c)
Wi =20 (De=0.02), e=0.5 and (d) Wi =20 (De = 0.02), e = 0.9. In the all
cases = 0.8, and ¢ = 0.001.

and then recovers, following a sharp increase, to the maximum value predicted

by the Oldroyd-B.

As we increase the eccentricity ratio, moving from Fig. 6.6(a) to Fig. 6.6(b),
we observe some key differences in the shape of the curve. Not only does the
load increase in magnitude over the same range of L?, the initial negative load
region stretches over a larger range and a greater value of L? is needed to achieve
the maximum possible load. Furthermore, across the lower limit of the curve the
FENE-CR model also predicts a negative load even though it does not account

for shear thinning.

Now we increase the strength of viscoelasticity for the same values of e from
Wi =10 (De = 0.01) to Wi = 20 (De = 0.02), as shown in figs. 6.6(c) and
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Figure 6.7: A comparison of the load carrying capacity versus the journal eccen-
tricity ratio using Wi = 15 (De = 0.015), L? = 10%, ¢ = 0.001, and 3 = 0.8.

6.6(d). In this instance, the range of L? spanned by the tail and the head are not
affected. A sharpening of the tail region can be observed, especially for FENE-P,
for both values of the eccentricity ratio. Again, the FENE-CR as well exhibits a

negative load carrying capacity for high eccentricity ratios.

6.3.1.5 Influence of the journal eccentricity ratio

The journal eccentricity ratio is a measure of the distance between the centers
of the shaft and the journal bearing and unlike the Wi and L, it is purely a
geometric parameter. A high ratio leads to a larger separation of the surfaces
and yields higher (lower) shear strain rates close to the convergent (divergent)
portion of the equivalent channel. Thus, it impacts not only the channel height
but also the surface gradients. The variation of this parameter and its impact on

the load carrying capacity is examined in this section.

A comparison between FENE models and Oldroyd-B of the load versus ec-
centricity ratio for Wi = 15 (De = 0.015) is shown in Fig. 6.7. All models
predict an increase in the load versus e with an initial growth that is linear for
small values of the eccentricity ratio; followed by (i) an exponential increase pre-
dicted by Oldroyd-B, (ii) a gradual increase predicted by FENE-CR and (iii) a
gradual decline for FENE-P for large values of e. The high strain rate over the
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range of large e increases the normal stress (which depends quadratically on the
shear rate) and causes pressure growth [23]. However, the FENE models place
a restriction on this growth, by limiting the maximum possible extension of the
polymer, thereby inhibiting this beneficial effect, resulting in a decline in load for

high eccentricity ratios.

6.3.2 Discussions

We have seen the strong influence of the Weissenberg number, polymer extensi-
bility parameter and the journal eccentricity ratio on the load carrying capacity
for the thin lubricating film in a journal bearing. In addition, the combination of
these parameters have a strong influence on the variation of the load versus any
single parameter. An explanation of the trends observed in the previous sections,
for the different models is presented in section 6.3.2.1 and a focused discussion
on the shear thinning effect in FENE-P is provided in section 6.3.2.2.

6.3.2.1 Load due to viscoelasticity

Lubricant viscoelasticity raises the load carrying capacity primarily through a
growth in the streamwise polymer normal stress (7,,) which increases with Wi.
This growth is countered by a decay due to the polymer shear stress (7,,). The
exact influence of these two stress components on the pressure is shown, math-
ematically, in Eq. 6.7. However, despite the explicit appearance of the normal
and shear stress, the terms involve several integral expressions that make an an-
alytical treatment quite cumbersome. On the other hand, a numerical treatment
gives the pressure due to each component and also, after integration along the

channel, the contribution to the load carrying capacity of the film.

To visualize the relative contribution of the normal (shear) stress to the load
carrying capacity, denoted as Fj ., (F ., ) respectively, we assume that the normal

(shear) stress is decomposed into a purely (i) elastic (EL) and (ii) a viscous (VI)
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Table 6.3: Elastic (EL) and viscous (VI) components of the normal and shear
stress. The function f is defined separately for FENE-CR and FENE-P, see table.
2.1.

component
+ 7D (6.15)

ij
where the stress due to purely elastic effects is Ti(]EL
7D The latter will be relevant only for FENE-P which exhibits shear thinning.

ij
This split between elastic and viscous stress is commonly employed in literature

) and due to viscous effects is

for the simulation of viscoelastic materials [96, 97, 98]. However, we make this
decomposition purely for the sake of analyzing the contribution to the overall
load carrying capacity. The mathematical forms for the normal and shear stress

components are given for the different models in Tab. 6.3.

In Fig. 6.8, we present the separate components of the load due to the normal
stress (F),,) and the shear stress (£],,) as a function of the journal eccentricity
ratio. The latter is further broken down to show the influence of the polymer
clasticity (F}5%) and shear thinning (F}",}) for Wi = 15, L* = 10000, e = 0.001,
and 5 = 0.8. We had observed the total load versus eccectricity ratio for all mod-
els rises in Fig. 6.7; increasing (declining) for weakly (highly) eccentric bearings
the FENE-CR and FENE-P models. This is primarily due to a balance between
the exponential growths of the load due to the normal stress [23], shown in Fig.
6.8(a), and the decline due to shear stress, shown in Fig. 6.8(b). For small to
moderate values of e, a linear growth is observed in the normal load, whereas
the shear load is practically zero. However, as e increases further, the latter

eventually supersedes. This leads to an overall decline in the total load.

Note that the exponential increase (decrease) of F%% (F/5%) of the load exists

for Oldroyd-B. However, it does not display any, nor suggests any forthcoming,
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decline in the total load within the strongly eccentric region. This implies a dom-
inant (possibly non-physical) increase in the normal stress, and a more realistic
prediction in FENE-CR and FENE-P owing to the finite extension. Interestingly,
the decline due to the shear stress is almost the same for all models. Therefore,
the net effect is an unimpeded growth in Oldroyd-B, as opposed to a slow increase
for FENE-CR and FENE-P.

The load due to shear thinning (£ (VI)) versus e, depicted in Fig. 6.8(d), is

L
predictably zero for Oldroyd-B and FENZ]/E—CR. However, for FENE-P, we observe
an initial decline for small e. This is followed by an unexpected rise in the load,
eventually becoming positive for e > 0.92. As we increase the eccentricity ratio,
the average shear rate across the channel does increase, implying a greater average
polymer shear stress and lower average shear viscosity due to shear thinning. In
lubrication, a decline in the shear viscosity invariably leads to a net decrease in

the pressure distribution. This apparent gain in load, although small, may allude

to a thickening of the lubricant, but it turns out not to be the case.

This sharp increase in load due to shear thinning is explained by re-examining
the pressure distribution in Fig. 6.5(c). We find that the pressure, across the
channel, does indeed decline in comparison to Oldroyd-B and FENE-CR, reflect-
ing the impact of shear thinning on the viscosity. However, the change in the
positive and negative regions of the curve is not equal. In fact, a slightly larger
change is observed in the negative pressure region. Upon integrating the pres-
sure along the channel, the net effect is a rise in the load due to shear thinning,

although the magnitude is quite small.

6.3.2.2 The load due to shear thinning

The FENE-P constitutive relation presents the highest degree of non-linearity
by combining the effects of (i) polymer elasticity, the (ii) finite extension of the
polymer and (iii) shear thinning. These effects create interesting trends that are
absent for Oldroyd-B and FENE-CR. We have seen, in section 6.3.2.1, that the
load due to shear thinning predicted by FENE-P can increase at high values of the
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Figure 6.9: The variation of the (a) total load carrying capacity, the component of
load due to (b) normal stress, the (c) elastic and (d) viscous part of the shear stress
versus the journal eccentricity ratio for the FENE-P (table 2.1) using L? = 10%,
e = 0.001 and S = 0.8. Note that Wi = 5,10 and 15 correspond to De =
0.005,0.01 and 0.015, respectively.

eccentrity ratio. We now examine, in detail, the effect of raising the Weissenberg

number on the load due to shear thinning.

In a similar manner to Fig. 6.8, the components of the load for FENE-P are
presented in Fig. 6.9 for Wi = 5,10 and 15 (De = 0.005,0.01 and 0.015), while
the remaining parameters are kept the same. The total load versus e, shown
in Fig. 6.9(a), increases linearly for small values of e and then declines rapidly
for large e. The increase (decrease) is due to the elastic normal (shear) stress
contributions, shown in Fig. 6.9(b) (Fig. 6.9(c)). The change in the trend, from
an initial ascending phase to a rapid decline, is inversely related with W4; with

the largest increase observed for the smallest 4.
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This is mainly due to the competing effects of the stress advection and gener-
ation encapsulated within the upper-convected rate operator
oT

T = TR VT —7Vu-vu'r, (6.16)

where, the material derivative propels the stress along the flow field, predom-
inantly the streamwise direction, and the stretch terms serve as a source for
generating stress [23]. The effect of the eccentricity is embedded within the ve-
locity field. At large values of the eccentricity ratio (Weissenberg number), the
channel surface gradients (upper-convected rate) increase(s). The changes in the
channel shape are reflected in the velocity field which modifies the stress distri-
bution across and along the channel. As a result, the film’s resistance (related to
the shear stress) is modified, moved along the direction of the flow towards the

negative pressure region [23], presenting a larger negative shear load versus e, see
Fig. 6.9(c).

However, from Fig. 6.9(d), the eccentricity ratio has a reciprocal effect on
the load due to shear thinning, i.e. increasing it for extreme values of e. This
is because the pressure profile favors a slightly larger positive region as opposed
to the negative region, since the effect of shear thinning (given by the function
an,/ f in table 2.1) is not symmetric along the channel. To demonstrate this, we
consider a modified version of the FENE-P model

T+ )\%‘7-* = 2np%D*, (6.17)
that disregards the additional advection of 1/f for numerical simplicity and an-
alytical treatment [99, 100]. Furthermore, for a weakly viscoelastic fluid, it may

only slightly compromise on accuracy but provide computational efficiency.

A comparison of the load due to shear thinning for the FENE-P model given by
Eq. ?? and its modified version (FENE-P Mod.) given by Eq. 6.17 is presented
in Fig. 6.10. The load predicted in both cases declines due to the advection of
the stress. However, in the case of the modified version that lacks the additional
advection of the function 1/f which only serves to diminish the stress, a larger
net resistance gathers in the negative portion which promotes a greater (lesser)

negative (positive) pressure region, thus prolonging the decline in load versus e.
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Figure 6.10: The variation of the the component of the load due to viscous
part of the shear stress versus the journal eccentricity ratio for the FENE-P
(table 2.1, solid lines) and the modified FENE-P (Eq. 6.17, dashed lines) using
L? = 10* € = 0.001 and 8 = 0.8. Note that Wi = 5 and 15 correspond to
De = 0.005 and 0.015, respectively.

The slightly larger resistance of the negative region disturbs the symmetry of
the pressure distribution, favoring, then, a net total increase in the load. This does
not imply a net increase in the shear viscosity (shear thickening), but is merely
an indicator of an asymmetric pressure profile. For non-pressurized bearings,
the negative pressure region produces a change in the lubricant phase due to
cavitation. In that case, we expect to have a more pronounced increase in the

total load [4] and an expected decrease in the load due to shear thinning.

6.4 Cavitation

In this section, we investigate the influence strongly elastic polymers on the load
carrying capacity for a lubricant which can experience cavitation at low enough
pressure. We have used the methodology described in chapter 2 to capture the
lubricant phase change such that the polymer elasticity only acts according to the
fraction of liquid present. In gaseous phase, the influence of the polymer viscosity
and polymer relaxation time is switched off. Finally, we have used the FNBS

algorithm for modeling cavitation as opposed to the Elrod-Adams algorithm for
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Figure 6.11: The (a) variation in the maximum load carrying capacity versus the
Weissenberg number, pressure distribution along the channel for (b) De = 0.01,
(¢) De =0.02, and (d) De = 0.1 for the linearized model and the VR approach
for the journal bearing e = 0.5, using ¢ = 0.001, g = 0.2.

viscoplastic lubricants, since it is more robust and far more efficient, see chapter

3.

In Fig. 6.11 we examine the influence of the polymer viscoelasticity on the load
carrying capacity (Fig. 6.11(a), and the pressure distribution along the channel
(6.11(b)-(d)) as we increase the polymer’s elasticity, for the journal bearing e =
0.5, using e = 0.001, g = 0.2.

A comparison of the load predicted via the linearized model (LIN) and the
VR approach shows good agreement for small values of the De. As viscoelastic
effects strengthen, an increase in load is observed for both models. The deviation
between the estimations between the two models also increases. The linearized

model predicts a larger force than the VR for moderate to larger values of De.
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The pressure distribution along the channel for both models shows a net pos-
itive region, in which the lubricant exists purely in the liquid phase, followed by
a vapor region, in which a mixture exists. In the latter portion, the pressure is
zero. However, the LIN model predicts, for large De, a slightly positive pres-
sure indicating reformation of the film. However, the VR, based on the current
understanding of cavitating sliding contacts, predicts a vanishing pressure field
(where the lubricant pressure is equal to the cavitation pressure). The difference
in behavior between the two models is likely due to an excess contribution from
the elastic portion that has been properly ruled out from the VR approach but

not from the linearized model.

Specifically, we find that the polymer normal stress which depends quadrati-

cally on the shear strain rate for LIN, 7.3} = 2(1— 5)7((2;’)2

increase in pressure. Even if the pressure gradient vanishes correctly in the cav-

, can create a significant

itation zone, thereby eliminating the Poiseuille flow contribution to the shear
strain rate, the Couette contribution exists and predicts a larger normal stress.
It should be corrected, at least to the first-order, by the liquid-vapor film fraction,
¢, in a manner that removes the extra contribution from a purely liquid polymer
state, i.e., b = 200 (1 — 5)"7((23;’)2- In doing so, we note for a fully liquid phase, we
retrieve the first-order linear estimate and in the mixed phase, a linear variation
versus ¢ will be obtained. We have assumed, however, that this interaction varies

linearly and only the leading-order film fraction can be used, since the first-order

approximate will render the expression second-order in De.

Finally, we address the advective response of the pressure field versus De
observed from the VR approach in Figs. 6.11(b)-(d). The net pressure is some
function of the polymer stress that advects along the flow direction (varying
locally, in magnitude, as well). This causes a shift in the liquid-vapor interface,
and a reduction in the pressure close to the inlet which inevitably dominates
leading to a saturation and net decline in total load carrying capacity for large
values of De. We report a load carrying capacity of Fiy = 0.2488 for De = 0.2,
a decrease from the Newtonian value of Fy = 2.52. While the normal stress
generates additional pressure, it moves towards the cavitated zone and is nullified

owing to the increasing vapor fraction.
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Chapter 7

Three dimensional channel

configurations

In this chapter, we examine the influence of finite polymer elasticity on the mean-
ingful parameters in three-dimensional lubricated contacts, namely the load car-
rying capacity and the friction experienced by the channel walls. The results are
presented, then discussed and critiqued, for two particular coordinate configura-
tions. We examine the aforementioned quantities (the definitions introduced in
the subsequent sections), for channels readily conforming to the relatively simple
(i) cartesian coordinate system x = (z*,y*, z*) in section 7.1, and the arguably

more involved (ii) cylindrical coordinate system (x = (r*,6, 2*)) in section 7.2.

Numerically, there is little need for two different coordinate systems, since there
are methods (such as the finite volume method or the finite element method) that
readily adapt to a curved control volume (element). However, the effort required
to adapt these methods can be quite involved for three-dimensional problems and
the use of high-order accurate discretizations are not trivial. Furthermore, certain
problems such as, the rotation of two parallel (but not necessarily flat) surfaces,
i.e., in a rheometer, readily conform to a cylindrical configuration. Biological
contacts such as, the human eye [101] (or the synovial joints) are well suited to

spherical configuration for that matter. Therefore, we apply the models developed
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in chapter 2 to these two different coordinate systems.

7.1 Cartesian configurations

The governing equations for the full viscoelastic flow problem, for sliding contacts,
were introduced in chapter 2. Here, we apply the linezrized model Eqgs. 77 and
the viscoelastic Reynolds approach Eqgs. 2.34a-2.34c. When applied to a thin
lubricant film separating two surfaces in relative motion, they describe, subject
to the continuum approximation, the pressure, velocity and stress distribution.
We have assumed a pure sliding configuration, in which the surface at y = 0

moves with constant velocity along the streamwise direction.

7.1.1 Results and discussion

We now examine the load

1l
Fy = / / pdxdz, (7.1)
o Jo

the bottom surface friction along the streamwise direction

1 1
F(YX) = /0 /0 ‘Tyz|Y=0 d:cdz, (72)

and the average point-wise bottom force = along the spanwise direction

11
F(YZ):/O /0 |7yz|y =0 dXdZ, (7.3)

for different values of the channel aspect ratio and Deborah number. The latter
expression requires taking the absolute value of the spanwise shear stress, since
it is, for most cases, entirely anti-symmetric about the z-axis leading to zero
net force along z. However, from a practical perspective, the wear and tear
mechanism, at some point (z,y = (0,h),2) along the surfaces depends on the

force at that point in the channel.
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In Fig. 7.1(a) we examine the parabolic channel (mimicing a parabolic slider
bearing with finite width), and in Figs. In Fig. 7.1(c)-(d), the variation in the
lift force, streamwise and spanwise average force, respectively, for e = 0.001, and
B =0.2.

An immediate observation, from Fig. 7.1(b), is that the effect of increasing
polymer elasticity on the net vertical force (or simply the lift) was positive over
a wide range of De, similar to the two-dimensional parabolic slider. We infer
that the mechanisms involved in this three-dimensional configuration for addi-
tional load generation are not dissimilar to the two-dimensional case, namely a
growth in the normal stresses. It is not clear at this stage the exact relation
between the pressure and the normal stress that leads to this gain in load, since
the latter quantity (although acts along the same direction) varies across the
channel, whereas the pressure does not. It is more meaningful to comment on

the additional parameter a, and the differences in the two models employed.

We increase the aspect ratio, thereby assuming that the width of the channel
is comparable to the length, to examine the change in the force measures (Egs.
7.1-7.3). Firstly, we make a comparison of the linearized model versus the VR
approach. For small values of De, over the examined range of a, the models pre-
dict the same forces. As we increase De, enhancing the elasticity of the polymer,
we observe the expected differences in the magnitude of the load but an almost
identical prediction for the surface forces, Figs. 7.1(b) and 7.1(c). Furthermore,

increasing the aspect ratio tends to diminish the differences in the two models.

The decline in the total load carrying capacity of the film versus a, observed in
Fig. 7.1(b), is attributed to the additional diffusion of pressure along the spanwise
direction. The boundaries along the spanwise direction are at ambient pressure,
and for an wide channel (@ << 1), are sufficiently far apart. In this case, the
pressure variation close to boundary is not felt by the bulk fluid. Now, if we bring
these boundaries closer, mimicked by increasing a (for narrow channels), the bulk
fluid is perturbed over this small distance and, because the pressure must decay
to ambient at the boundaries, leads to a net decline in load. In addition, when the

aspect ratio increases, the streamwise normal and shear stresses decline, owing
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Figure 7.1: The variation in the (a) net vertical force, (b) average streamwise
force and (c) the average spanwise force versus the channel aspect ratio for the
parabola (a = 0.5, = 0.004, 3 = 0.8) using the Oldroyd-B constitutive relation
for different values of the Deborah number.
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to the weakening of the pressure gradient along x, leading to a further decline in
force. Viscoelasticity, enhances the load carrying capacity up to a =0(1), since
the normal spanwise stress 7., similar to the normal streamwise stress 7,, which

contributes positively to the load, increases versus a.

Next, we consider a high eccentricity, e = 0.9, journal bearing and examine
the same force measures (Eqs. 7.1-7.3) in Fig. 7.2. In this case, the high eccen-
tricity leads to a sharp convergence of the channel height at x = 0. Similar to the
parabolic slider, we find good agreement between the LIN and VR models. How-
ever, the difference at larger De is more pronounced. In this case, the relation
between the Deborah number and the Weissenberg is not linear and the effective
Weissenberg, Wicss in the channel is quite large. The Deborah number being
defined as AU/ Ry, whereas, the Weissenberg (factoring in the high eccentricity)
is \Uy/ Ho(1—e), where, the reference height, Hy, is typically taken as the journal
clearance which is constant for a bearing. We will note that for moderate values

of the eccentricity ratio Wicsr = Wi.

When comparing the parabolic slider and the high eccentricity un-wrapped
journal bearing, there is little difference in the force versus a trends and, for
this reason, we infer that the competing mechanisms of stress advection and
generation (loss) governing the increase/decrease in load remain the same (details
are found in [102]. We note that the friction force does not vary strongly versus
the De, but is erroneously over-predicted by the first-order linear model, most

likely due to an incorrect estimation of the wall-normal stress component (7).

Additionally, a high eccentricity ratio demarcates the difference in the LIN and
VR approach at large values of a, with LIN over-estimating the load carrying ca-
pacity. In general, the linearized model overestimates both the load enhancement
due to normal stresses, but also the diminishing effect due to large a. However,
in terms of computational efficiency, LIN possesses a significant advantage over
the VR (and naturally, DNS). In fact, a second-order perturbation might even
prove sufficient for moderate values. However, obtaining the expressions (owing
to their length) can be quite challenging, and increasing the eccentricity further

will again require an even higher perturbation-order.
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Figure 7.2: The variation in the (a) net vertical force, (b) average streamwise
force and (c) the average spanwise force versus the channel aspect ratio for the
journal bearing (e = 0.9,¢ = 0.001, 5 = 0.8) using the Oldroyd-B constitutive
relation for different values of the Deborah number.

135



In Fig. 7.3, we provide a comparison of the prediction for the load, average
force along the streamwise and spanwise directions for different non-linear models
versus the channel aspect ratio using the high eccentricity journal bearing geom-
etry for two different values of De. For the Phan-Than-Thien models we have
used k = 1074, and for the FENE models L? = 10000. For the simulations, the
mesh size and time step used were (Nx, Ny, Nz = 257 x 33 x 65) and At = 0.01,

respectively, achieving convergence for each a.

The trends in load versus the aspect ratio are similar for all the models and the
difference exists in the predicted magnitude, arising due to the finite extension
of the polymer chains and presence of shear thinning. The latter is more evident
in the prediction for the average streamwise force (or friction along x). Owing
to the decline in the effective shear viscosity, Nspear = ”szx, (even for De =
0.005) captured by the FENE-P, and PTT models, the average streamwise force
decreases when Wi is increased (from Fig. 7.3(c) to Fig. 7.3(d)). Note, we must
refer to the W1 in this case, for appropriateness, since it incorporates the shear
time scale. Interestingly, the average spanwise force undergoes negligible change.
This could be indicative of a small De which is not large enough to cause a change
in that direction. Moreover, the spanwise shear rate 7., is small in comparison

to the streamwise shear strain rate.

While physically we obtain more or less similar behavior to the Oldroyd-B
constitutive relation, the numerical treatment for the models strongly influenced
the success of the simulations. In particular, for the FENE models, the semi-
implicit treatment of the non-linear terms (see section 3.2 for details) was required
for convergence at large values of the time step. An explicit treatment led to very
small time step sizes and consequently prolonged simulation times (for example,
At = 0.0001 was required for the FENE models) despite implicitly retaining the

upper-convected rate operator.

Moreover, the PTT-linear and PTT-exponential models provide nearly the
same results (for the load and friction) as the FENE-P without significant nu-

merical burden. Not only is it easier to achieve convergence, but the restriction
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Figure 7.3: The variation in the net vertical force, (a) De = 0.005, Wi =5 (b),
average streamwise force (¢) De = 0.001, Wi = 1 and (d) De = 0.005, Wi = 5,
and the average spanwise force (e) De = 0.001, Wi = 1 and (f) De = 0.005,
Wi = 5, versus the channel aspect ratio for the journal bearing (e = 0.9,¢ =
0.001, 8 = 0.8) using different non-linear constitutive relations.
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on the maximum time step size is less severe. The issues pertaining to the nu-
merics can be alleviated via the construction of linear models (in De) as with
the Oldroyd-B. However, the choice of scaling can have a strong influence on
the results, and an appropriate scaling for non-linear models is not available in
literature. If we naievly adopt the scaling introduced in chapter 2, then the non-
linear response is lost and the model degrades to the Oldroyd-B in the first-order,
necessitating at least a second-order (or higher) model. As discussed for the LIN
model, higher-order models may be difficult to obtain for three-dimensional chan-
nels and could involve high-order mixed partial derivatives of the pressure that
could complicate the numerical approach. Furthermore, no analytical solution for
the leading-order (or the first-order) is available, since the problem would involve

a system of non-homogenous partial differential equations.

Given their equivalent response, at least for the range of De considered here,
linearized models (in k) for PTT models can be constructed, since the non-linear
terms are simpler. However, there is no mechanism for preventing shear thinning
in the PTT models. Therefore, it would prove difficult, in a linearized setting
to separate the two distinct effects of finite chain extension and shear thinning

(reversible).

7.2 Cylindrical configurations

In the previous section, we examined the effects of finite polymer elasticity on the
load carrying capacity of the lubricant film and the friction on the surface of the
channel wall (y = 0). Having compared the linearized model with the viscoelastic
Reynolds approach, we find the VR to provide suitable results for both small and
moderate values of the Deborah number. Here, we examine the load carrying
capacity for lubricated channels ideally conforming to a cylindrical configuration.
In particular, we focus on two specific cases, namely (i) the pocketed (or textured)
surface and (ii) the cone-and-plate rheometer adapted from literature [103, 104,
105, 106, 5].
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The VR model is given by Eqgs. 2.36a-2.36c, and is subject to the boundary

conditions

u-(R,0,Z=0)=0,u,(R,0,Z=1) =0, (7.4a)
wg(R, 0,7 =0)=1,up(R,0,Z =1) =0, (7.4b)
u,(R,0,Z =0)=0,u.(R,0,Z=1)=0, (7.4c)
p(R,0 = 0) = p(R, 0 = 2r), (7.4d)
op, . B r B

87’ij r .

Tij(R,QZO, Z) :Tij(R,0:27r,Z), (74g)
87'”- il .

and initial condition 7;;(R, 6, Z) = 0. Note, in the boundary condition, along the

radial direction, for the stress components is stated with respect to the physical

coordinate system and requires transformation to the computational domain via

Egs. 3.6a-3.6¢, giving ory  om, ) g@anj
or OR hOROZ

From Eq. 7.5, if 2%]_ . =0, then F2(R = 0,0,7) = S#(R = 0,6,2) = 0.

This latter condition is satisfied for the channel surface geometries considered in

this work.

(7.5)

Firstly, owing to the added complexity of the governing equations in cylindrical
coordinates, we present a validation of the numerical methods adopted in this
study for the case of the textured pad depicted in Fig. 7.4(a) and a comparison
of the net vertical force (in Newtons) exerted on the pad, due to the asymmetrical

textures, versus the inclination angle of the textures (Biezture) for a Newtonian
fluid.

We find a good agreement between the predicted results using the classical
FDM (see Appendix B), for (Ng, Ny) = (256 x 256), where Ng, Ny are the
nodes along the radial and circumferential direction, respectively, and the pseudo-

spectral method used in Schuh et al. [5] over the entire range of the texture angle,
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Figure 7.4: (a) The cylindrical pad of radius R* = 20mm, with asymmetrical
textures inclined at SBieppure = 2.5°. (b) the dimensional net vertical force exerted
on the pad versus the inclination of the textures using the finite difference method,
compared with the results from Schuh et al. (2017).

Biexture- Moreover, the variation in the normal force is smooth and free of any
discrepancies for steeper textures. A small difference is observed between the
results which is attributed to (i) the different numerical schemes adopted in this
work and (ii) the use of the full circular pad as opposed to the single sector ap-
proach. In the latter, we simulate only a single texture (using a highly resolved
mesh) and assume the pressure field is identical over Niepture number of textured
sectors. This holds true only if the disturbance in the pressure (which is zero in
the absence of the texture) does not overlap between neighboring sectors. This

constraint is satisfied for a small enough texture radius.

We now introduce a viscoelastic lubricant, for the same textured pad, and
examine the variation in the force versus the Deborah number, Fig. 7.5, assuming
e =10.01, = 0.2 and Biepture = 2.5°.

We find a disparity between the predictions in load. For very small De, both
models are in good agreement, however, an overshoot for the Giesekus is observed,
exceeding the load predicted by the Oldroyd-B model. Following this overshoot,

the load declines owing to the influence finite extension of the polymer and shear
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Figure 7.5: A comparison of the dimensional net vertical force predicted by the
Oldroyd-B and Geisekus model for a single texture with an inclination of Sicziure =
2.5°.

thinning at large De (or Wi). We remark, that this initial overshoot matches
the qualitatively the results for the cone-and-plane rheometer used in the work
by Schuh et al. [?], if the rotation rates are extracted from the De. However, it
could be a spurious effect of the numerical method and a more robust numerical
approach such as the finite element method or the finite volume method may be

required for accurate resolution of the spatial derivatives close to the pocket.

In general, for both models, we observe a monotonically increasing trend as
the polymer elasticity is increased. Moreover, the load increment is not negligible
over the range of De examined. Clearly, the addition of elastic polymers further
enhance the load generation due to the asymmetric textures and the forces in-
volved are in addition to the purely viscous forces in the Newtonian case. The
additional gain in load can be attributed to the finite normal stress along the

radial and circumferential directions.

However, the values of De are quite small and the gain in load is significant.
In fact, one might assume, based on the small values, that viscoelasticity is neg-
ligible. However, this is purely do the scaling we have chosen which may not be
reflective of the presence of the asymmetrical textures, spanning a small section
of the total pad, and, the constant channel height elsewhere (majority of the

pad). Furthermore, polymer molecules are subject to varying length and time

141



scales within the pocket along the radial direction (since the depth of the pocket
is not constant). In addition, the rotation rate for the pad is constant, but the
local surface velocity varies radially. Therefore, we revisit the definition of the
De; which is the ratio of the polymer relaxation time to the residence time scale

to better reflect this topology.

If we choose a residence time scale in which the pocket makes a dominating
contribution, i.e. the time taken for a polymer to traverse the pocket along
the circumferential direction, ¢}, = R,S2/2R;, where R; is the radius of the

Tes

texture, () is the rotation rate and R, is the distance to the pocket, then we
find that Deseyture = A/ti.s = AR/ Ry and, Wi = \y* = A\/RyQ2/Hy, where
Hy is the reference height. Using the values given in Schuh et al. [5], we have
Deyegrure = 4De. This is when we consider a polymer chain elongating along
the center line of the pocket. It will vary based significantly for other locations.
The key point, is the Deborah number for the texture is much larger than the
De,qq. This is also indirectly reflected in the difficulty in obtaining converged
results using VR. The simulations diverge beyond Wi = 2 and require a much
smaller At compared to the cartesian case (for successful cases). Generally, the
VR approach fails (or the iterative procedure stagnates/slows down) when the
value of De is large. These indirectly point to a far larger Deborah number than is
experienced by the polymer. It may be worthwhile to obtain the lineaized model
for the cylindrical sliding contact, when only opting to examine the forces due to
these textures, since the magnitude of such forces is quite small when considering
the large applied loads in bearings and gears. A small error will be incurred in

predicting the load via the linearized model (as seen in the cartesian case).

Next, we examine the net vertical force for a cone-and-plate rheometer config-

uration,

h =1+ tan ()R, (7.6)
varying the angle of the cone along the radial direction, denoted as 0. In this
configuration, we have % =0, and % = tan (§). Owing to a constant channel

height along 6, the contribution to the load due to rotation will vanish, since

there is no sliding effect.
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Figure 7.6: The net torque versus the angular rate of rotation for the Oldroyd-B,
Giesekus model (this work, using the FDM) compared against the results from
Schuh et al. [5].

Before proceeding, we validate our model against the results presented by

Schuh et al. [5] for the torque on the lower plate T' = fol o 2

o T°Tgz|.=odrdf using
the numerical methods employed for the pocketed pad. We find a good agree-
ment for the net torque produced (after considering the dimensional parameters
contained in the original work) versus the rotation speed. However, a comparison
of the net vertical force could not be made because the original work (i) consid-
ered inertial effects, i.e., for a non-negligible Re, and (ii) required corrections for

different sources of error in the rheometer.

Fig. 7.7 shows the variation in the net vertical force versus the cone inclination
angle for different values of De; (¢ = 0.01, § = 0.2). For positive values, the
inclination of the cone represents a diverging channel along the radial direction,
and for negative values we have a converging channel. The cross-section, as seen
from the Z-direction is the same for both the positive and negative inclination,
if the absolute value of 9 is the same. Spanning both the positive and negative
range, we examine whether the polymer’s elasticity, which has a strong tendency
to disturb the symmteric distribution of pressure (for symmetric channels), can
feel the inverted configuration. Note, that for a Newtonian fluid, the pressure
field is zero across the entire channel and the vertical force is zero. Hence, any

load gain (or loss) is due to viscoelastic effects.
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Figure 7.7: The variation in net vertical force versus the cone inclination angle for
the Oldroyd-B and the Giesekus (v = €?) constitutive relations for (a) De = 0.01,
e=0.01, 3 =08

We find a that the load decreases as we sweep the cone inclination angle from
negative to positive. For the § = +4;, the forces developed are smaller compared
to 0 = —d;. We find a maximum occurs when the channel is a convergent profile
(0 < 0) and approaches a minimum for a divergent profile. Despite the same
surface gradient, represented by tan(d°), we obtain different predictions for the
load carrying capacity, which would imply that the surface height itself is also
important. This is interesting, since the net load (dimensionless) for a plane slider
bearing (in which the surface has constant slope) depends on the surface gradient

only.

Next, we observe, by increasing De, the effect of polymer elasticity is to en-
hance the load for a given angle. This would suggest the mechanisms involved in
this cylindrical configuration differ from their cartesian counterpart because for
the constant slope cartesian surface, we find a decreasing load carrying capacity
versus De. A point to note, it that in the latter case, the lubricant is forced by
the moving boundaries, along the streamwise direction (i.e, along the slope). A
finite generation of streamwise normal stresses, would then, decrease the required

pressure needed to push the fluid out. Whereas, for the rotating plates, the fluid
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Figure 7.8: The change in the cone inclination angle against the net vertical

force for the Oldroyd-B and the Giesekus (v = €?) constitutive relations for (a)
De = 0.01, De =

is forced along the circumferential direction (f) and pushed out radially. This,
at least intuitively, carries similarities to the Weissenberg rod-climbing effect,
in which the fluid tends to rise up the rod due to finite circumferential stress.

Perhaps, a similar mechanism is at play for the rotating circular plates.

An interesting v-shaped diagram emerges, centered about the load for flat
plates, if we swap the axis of Fig. 7.7. To demonstrate the asymmetric nature
of load versus the inclination angle, we take the absolute value of  and plot it
versus the net vertical force, as shown in Fig. 7.8, for different values of the De
and for the Oldroyd-B and Giesekus model, using § = 0.2, a = 0.01, ¢ = 0.01.
The right branch, for each model and De, indicates the load for negative  and

the left branch for positive values.

The left and right hand side branches of the v-shaped curve are not symmetric
about the center line F (6 = 0°). This asymmetry is not affected by the Wi, but
only slightly by the additional parameter «.

A spurious effect is the larger load predicted by the Giesekus model for § =
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Figure 7.9: The change in the cone inclination angle against the net vertical force
for the Oldroyd-B and the Giesekus (o = €), PTT-linear (k = 0.1), constitutive
relations for De = 0.1, § = 0.8 and € = 0.01.

—20°. In general, the largest contribution to the load due to elasticity results
from the Oldroyd-B model which is perfectly linear. Subsequent models, built
on Oldroyd’s methodology for dilute polymer solutions, take into account non-
linear effects of finite extension of the polymer chains and shear thinning (possibly
extending up to chain failure, i.e, molecular scission). We plot the phase diagram,
similar to Fig. 7.8, but include the PTT-linear, FENE-CR and FENE-P models
in Fig. 7.9.

The additional non-linearities are consistently described via the PTT and
FENE models. By reducing the maximum possible extension of the polymer,
the span of the expected force for the given inclination angles reduces. Interest-
ingly, the right branch, for each model, exhibits a non-linear trend versus §. For
this cone configuration, the curves for Oldroyd-B collapse onto a single curve for
all values of De, indicating a linear trend versus De. Non-linear behavior for the

Oldroyd-B, not shown here, is observed at very large 6 and De.

Finally, there are numerical considerations to be made for the cylindrical con-

figuration. Unlike the cartesian coordinate system, the stability requirements
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seem to be more restrictive, more so for the non-linear models. For example, the
success of the numerical discretization, even in the fully-implicit schemes utilized
here, still depend on the grid spacing and time step size (see chapter 3 for more
details). However, a much more refined grid was achievable in the cartesian case
than for the cylindrical problem. Furthermore, the maximum De possible is also
must lower and, surprisingly, the FENE models, despite the additional physical
stability they offer, seemed to suffer more from numerical divergence for the same
grid size. The most stable non-linear model was the PTT-linear which seemed to

provide results for very large values of De and for much greater resolutions.

147



Chapter 8

Non-isothermal lubrication

Thin lubricant films in mechanical components operating at very high speeds are
subject to high shear strain rates. For a non-Newtonian lubricant this can induce
shear thinning, and a strong elastic response. However, the heating of the film
may also be important owing to viscous dissipation. In this chapter, we look at

the effects of viscoelasticity on the thermal characteristics of the film.

The governing equations are for a thermal film consist of the continuity equa-
tion, Cauchy’s equations of motion (introduced in chapter 2) and the energy
equation for a lubricant mixture with a Newtonian base solvent and polymer
additive (without any heat source)

D(p*e;T)
Dt*
where, T is the film temperature, p* is the density of the lubricant, cj is the

= V" V(T + ©, (8.1)

specific heat capacity at constant pressure, x* is the thermal conductivity, ® is the

D
Dt*

are made, then Eq. 8.1 is non-linear, since the thermodynamic properties can

dissipation function, and is the material time derivative. If no assumptions

vary with the temperature.

The classical form of the energy equation used for modeling the temperature
distribution, typically only contains the advection of energy, i.e., the left hand

side of Eq. 8.1, and the diffusion of energy via Fourier’s law of heat conduction,
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i.e., the right hand side of Eq. 8.1 with ® = 0. However, for a fluid (liquid or

gas), the dissipation function is described as
¢ =0":D" (8.2)
and using Eq. 2.6 for the total stress tensor o*,
®=—Ip: D" +2n,D": D" + 7, : D", (8.3)

where, 7, is the solvent viscosity (note that the polymer viscosity does not ap-
pear). Eq. 8.3 is further simplified by using the property, I : D* = V -u = 0,

*

where u

fluid,

is the velocity field. Thus, we have for the viscous dissipation of the

¢ =2n,D": D" + 7, : D", (8.4)

the contribution of the Newtonian solvent stress, in which the viscosity can be a
function of the temperature, and the non-Newtonian polymer stress. Substituting
Eq. 8.4 into Eq. 8.1, gives the energy equation for a non-Newtonian lubricant
mixture in the absence of source terms
T:VV(KT)+QHSDD —|—’Tp:D. (85)
For gases, the viscosity is typically small enough to ignore the effects of dissi-
pation. However, a liquid lubricant is highly viscous and can respond strongly

to high enough temperatures found in, for example, piston-rings in combustion

engines, journal bearings in engine shafts etc.

For the proceeding work, we make several simplifications. Firstly, our interest
lies only in examining the temperature distribution, due to the polymer stress
arising due to a finite elastic response of the polymer (A # 0). Secondly, the vari-
ation of the temperature field due to the dependence of the lubricant properties
on the temperature is not considered, since this has been studied extensively in
literature (although under very specific conditions). Therefore, we assume that
all properties remain invariant with respect to the temperature and are assumed
constant, i.e., p* = po, ¢y = ¢po, K = Ko, s = 15 [107, 108]. Lastly, in contrast to

the approaches made within the tribology which rely on the dimensional form of
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the energy equation, we apply lubrication theory to simplify Eq. 8.5 and satisfy

ourselves with its outcome.

We substitute the scaling factors for the length (Eq. 2.9), velocity (Eq. 2.10),

pressure and stress (Egs. 2.17a-2.17b), introduced in chapter 2, and in addition,

T —Tw
Tw—To

the temperature scaling T' = into Eq. 8.5 to obtain the scaled energy

equation

DT ,0T* 9T? ou\? 0 0
€RePr— =—— + — + Brﬁ( u) + Br (Tm—u + Tyx—u), (8.6)

Dt oxr?  0y? a_y ox dy
where, % = u(% + Ua%, Re = po%—‘;HO is the Reynolds numberz, €= Iz—: is the thin-
film ratio, Pr = "0,:—(’)’0 is the Prandtl number, Br = K(;ZZOTO) is the Brinkman

number, T, is the wall temperature, Ty is the fluid reference temperature, § = Z—;
is the solvent concentration. Note also, Pe = RePr and Br = EcPr, where, Pe
is the Peclet number, and Ec is the Eckert number. The Brinkman number is
the ratio of the heat dissipated by the fluid to that conducted via the walls, and
a small value indicates that the viscous dissipation is not large enough to raise

the fluid temperature significantly.

Applying the thin-film limit, i.e., lim2_,q, on Eq. 8.7,
2 2

eRePr% = % + BTB(Z—;L) + Br (wa% + Tyw%) , (8.7)
we find the temperature diffusion along the streamwise x direction vanishes. At
this point, it is important to mention, that there are several variations of Eq.
8.7 available in literature owing to a dimensional approach, as opposed to the
classical lubrication theory. For example, in some cases, the diffusion of the film
is entirely neglected, even across the film while in others, the material derivative
is truncated to keep only the term along x. The former seems erroneous under
the scaling we have chosen, however, it is difficult within microfluidic contexts to
consider retaining the transport of a scalar along the streamwise direction and
neglecting it along the cross-film direction. As stated previously, in this work, we

consider only the application of Eq. 8.7.

Now, the left hand side of Eq. 8.7, contains eRe, both of which are small for

a thin film. In fact, it is precisely this assumption that is made for the thin-film
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reduced Cauchy’s equations of motion. However, the Prandtl number is large
and cannot be neglected. Therefore, it cannot be ignored a priori and must be
retained. In the special case of a vanishingly small Re, for example, in ulta-thin
films encountered in gas film lubrication, we can assume the advection to be

negligible.

8.1 ((Geometry and boundary conditions

In this work, we have restricted ourselves to analyzing the un-wrapped journal
bearing which defines the surface height h = 1 + e cos (27z) in terms of a single
parameter e, i.e., the eccentricity ratio, (see Fig. 6.2 for the schematic represen-
tation). For our purposes, the physical definition of e is meaningful, but we treat
it as a parameter that allows adjusting the steepness of the channel walls; a large

e gives a highly converging geometry.

The boundary conditions for the temperature, for a periodic channel, are of the
two classical types, Dirichlet (fixed wall temperature) and Neumann (insulated

wall). For a fixed temperature at the walls,

T(X=0Y)=T(X =1,Y), (8.8a)
T(X,Y =0)=0, and T(X,Y = 1) =0, (8.8b)

and for an insulated shaft (upper wall), i.e., a Neumann condition,

T(X=0Y)=T(X =1,Y), (8.9a)
oT

T(X,Y =0) =0, and — = 0. (8.9b)
Y | (x,y=1)

Note, for a curved boundary, we use the transformation of the physical to the

computational domain via Eqgs. 3.4a-3.4c, which gives ‘g—z = %g—g;,

or — or =0

Oy l(zy=h) — OV I(XY=1)

|
and since 3 # 0,

The journal bearing represents a periodic channel along the streamwise direc-

tion X and, it would be natural to enforce periodicity along that axis. However,
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in Eq. 8.7, the absence of a diffusion operator along X means that periodicity
can only be applied in the advective component. The advection operator on the
other hand, acts only one-way, meaning it carries the physical quantity along
the flow direction without any constraint on maintaining the same value at the
boundaries. In practice, for mechanical bearings, the oil is continuously supplied
through an inlet and is mixed with the oil that has been heated. Thus, at the
inlet a fixed temperature is maintained via the mixing action implying a Dirich-
let condition. Nonetheless, we enforce periodicity at the channel inlet and outlet
for simplicity (since our goal is to observe the influence of polymer elasticity on
the temperature), and shall see later, that it is indirectly enforced due to the

symmetric distribution of the shear strain rate.

8.2 Influence of polymer elasticity

The temperature distribution from Eq. 8.7 varies along and across the channel. It
is a function of the dissipation due to the Newtonian solvent and polymer additive
shear stress, and the polymer elastic energy due to stretching. To examine how
finite polymer elasticity can affect this temperature distribution, we use the (i)

linearized and the (ii) viscoelastic Reynolds approach (Egs. 2.34a-2.34c).

When we include the polymer elasticity via the linearized model which assumes
small values of De, we can obtain analytical solutions for the average temperature
distribution of the film for the cases where Pe = 0, and assuming the lubricant

properties are not a function of the temperature. In this case, the Eq. 8.7 reduces

oT? ou\” Ou Ou
& () — Bt g, 1
o rg (8y) r (Tm pe + Tye 8y)’ (8.10)

and the film-height averaged temperature 75, = fol TdY for the Dirichlet (fixed

to,
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wall temperature) case

B dp dp 1
Lavg = Br <40h (d:p) 12h dr 3>

1 2 1
+DeBr(1—5)(—_h6(d_p) @——h dh<dp) 4L dpdp

343 de ) dx? 87 dx\dx 103" dr dx2
(8.11a)
Jdh ( dp ,dp dhdp 1 dh
L psdh 2P g qgosp il Lah
12" (d:v) 210" ggz V10 dxd:r+8hdm>

and the Neumann (insulated upper wall) is

dp 1 ,dp 1
Towy = Br e |
“ (40h (dx) 12h dx y 3)

dp\* d*p dh (dp\® dp d?p
Br(1 — 8)De(—0.0029A1° — 0.011458K° - 0.00972h* —
+ Br(l - B)De(- (@) da? dx(da:) * d da?
(8.12a)
cooroud () 1 a6, dhdp dh)
dzx \ dz 240 dax? dz dx 8h

In Fig. 8.1(a), we plot the mean temperature distribution along the channel for
the Newtonian case, and viscoelastic case via the LIN and VR approach for De =
0.01, e = 0.5, ¢ = 0.001 and Pe = 0. We find the predicted temperature profile is
the same between the three cases which would imply that polymer elasticity does
not have a strong influence. If we plot the minimum film temperature versus the
De, depicted in Fig. 8.1(b), a non-linear trend will emerge for large values of De,
and the trend for the LIN and VR model are not similar; decreasing as opposed
to increasing. The difference manifests due an underestimation of the advective
transport in the LIN (see [23]).

Using the VR, we examine the temperature distribution in the channel for
different values of the De for a fixed wall temperature, as shown in Fig. 8.2(a)-
(¢), and the mean temperature profile along x in Fig. 8.2(d) for e = 0.001, Br =1,
Pe = 0. A weak movement of the temperature is observed in the temperature
contours close to the center of the channel, where dissipation is expected to be

highest, and the symmetry is of the temperature profile is not preserved. It is

153



€=0001,Br=1,Pe=0

—=— Newtonian

4 LIN B —=— Newtonian
0.55 | -e= VR 0.272 —— LIN
—e— VR
050 0270
£0.45 s
HE & 0.268
0.40 =
™ 0.266
0.35
0.30 \\ 0.264 —
0.0 0.2 10-3 102 107!
De

Figure 8.1: The variation of the mean film temperature along the channel for
(a) De = 0.01, and (b) the minimum film temperature versus De. In each case,
¢ = 0.001, Br =1, Pe = 0.

evident that this is due to the movement of the polymer stress components and
not the advection of energy, since Pe = 0. Most notably, the magnitude of the
temperature is not strongly affected, seen in Fig. 8.2(d), but its profile shows a
translation along the sliding direction. This demonstrates, under the assumptions
we have made, the weak influence of polymer elasticity on the magnitude of the
temperature (note that the polymer concentration is not large), but a strong

influence on transporting energy along the flow direction.

Next, we examine the temperature distribution in the channel for different
values of the De for a fixed wall temperature but include the effect of energy
transport, as shown in Fig. 8.3(a)-(c), and the mean temperature profile along z
in Fig. 8.3(d) for e = 0.001, Br = 1, Pe = 1000. No noticeable change occurs,

since the advective component scales with ¢ which is small.

In a similar manner, we examine the temperature distribution in the channel
for different values of the De for an insulated upper-wall, and neglecting energy
advection, as shown in Fig. 8.4(a)-(c), and the mean temperature profile along
x in Fig. 8.4(d) for e = 0.001, Br = 1, Pe = 0. In this case, the stress trans-
port does not strongly influence the temperature profile. The mean temperature

distribution shows a decline in maximum temperature, occurring at the channel
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Figure 8.2: The film temperature distribution within the channel (fixed wall
temperature) for (a) De = 0.01, (b) De = 0.1, (¢) De = 0.2, and the average film
temperature for different values of De. In each case, ¢ = 0.001, Br =1, Pe = 0.
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Figure 8.3: The film temperature distribution within the channel (fixed wall
temperature) for (a) De = 0.01, (b) De = 0.1, (¢) De = 0.2, and the average
film temperature for different values of De. In each case, ¢ = 0.001, Br = 1,
Pe =1000.
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Figure 8.4: The film temperature distribution within the channel (insulated top
boundary) for (a) De = 0.01, (b) De = 0.1, (¢c) De = 0.2, and the average film
temperature for different values of De. In each case, ¢ = 0.001, Br =1, Pe = 0.

center.

In a similar manner, we examine the temperature distribution in the channel
for different values of the De for an insulated upper-wall, and include the con-
vection of energy, as shown in Fig. 8.5(a)-(c), and the mean temperature profile
along z in Fig. 8.5(d) for e = 0.001, Br = 1, Pe = 0. In this case, a strong move-
ment of the temperature along the flow direction is observed in the contours,

reflected in the mean temperature distribution.
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Figure 8.5: The film temperature distribution within the channel (insulated top
boundary) for (a) De = 0.01, (b) De = 0.1, (¢) De = 0.2, and the average
film temperature for different values of De. In each case, ¢ = 0.001, Br = 1,
Pe =1000.
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8.3 Discussion

The influence of viscoelasticity on the temperature, assuming constant lubricant
properties, is not strong. In fact, it manifests (for large values of De), via an
additional movement of the energy owing to a transport of the stress along the
channel. This transport changes the energy due to dissipation. However, the
magnitude, which is of greater importance, remains largely unaffected by the
De. 1t is affected, equally, in the Newtonian and non-Newtonian cases by the
Brinkman number. In the thin-film reduced energy equation (Eq. 8.7), these two
parameters appear as a product. One could also re-scale the temperature with

Br and thus retain a single parameter for the case where Pe = 0.

It is also important to recognize that the variation in fluid properties can be
significant at very high temperatures which may be a result of the operating en-
vironment of the bearing as opposed to fluid friction. In this case, the thermal
conductivity, density and viscosity (both solvent and polymer) become functions
of temperature. A detailed treatment would require coupling the momentum
equations, with the viscoelastic constitutive relations and the energy equation for
the numerical solution of the film temperature. In this setting, the use of the
Generalized Reynolds equation (Eq. 4.5), which is an integral-differential equa-
tion, would become necessary. Clearly, this holistic approach is more robust but
numerically demanding and perhaps not required for most applications. Note
that the effect of the temperature on the viscosity, the key property governing
the film pressure, is to diminish it. This would suggest, that if the viscosity de-
clines versus temperature, then the viscoelastic effect would also in effect reduce,
since n,(T*) < n,(T* = Tp), leading to a reduction in shear and normal stress.
Nonetheless, it could be an improvement over the simple feed-forward approach

considered in this thesis.
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Chapter 9

Conclusions and future work

In this chapter, we summarize and conclude the key points presented in the
different chapters, finishing with a section pointing to possible extensions and

areas for improving upon this study.

9.1 Conclusions

A new approach is proposed for the numerical simulation of a three-dimensional
contact lubricated by a shear thinning liquid film. This approach is based on
a modification of the viscous shear thinning function. For this reason we call
it: modified viscosity (MV) approach. Both the accuracy and the computational
time were compared between the proposed approach and the generalized Reynolds

equation, which is taken as the benchmark for complex rheology lubricants.

The available ASD methods and the MV approach for a lubricant are compared
when exposed to pressure levels typical of elastohydrodynamic contacts. We find
that the available ASD methods are accurate for an appreciable range of the
bearing number but their accuracy diminishes as the effect of shear thinning
becomes significant. Furthermore, the proposed approach retains the numerical

efficiency of the ASD based methods and greatly extends the valid operating
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range of these methods. This increased accuracy of MV holds well for small
aspect ratios. As the aspect ratio increases, the valid range shrinks but remains

within the limits of physically relevant bearing numbers.

The computational time was compared for different lubricating modes, i.e.
(i) a pure sliding case for converging and diverging channels, (ii) a sliding and
rolling contact, and (iii) a pure squeezing case. We find that the improvement in
numerical efficiency of MV with respect to GR is appreciable for non-cavitating
channels, such as the plane slider, and externally pressurized channels, such as the
ridge. However, the MV approach appears to be at least one order of magnitudes
faster than GR, in profiles where cavitation occurs. In particular, the average
computational time differed by a factor of (i) 10 for the unwrapped geometry

mimicking a journal bearing and (ii) 50 for the pocketed pad bearing.

An analysis pertaining to the optimal choice for the location of the approximate
shear strain rate is provided. For purely sliding contacts the optimal location is
around y = h/2, while it is close to y = h/4 for both rolling contacts and squeeze
film flows. The latter arises due to a strain rate profile that is perfectly anti-
symmetric about y = h/2 when SRR = 0 preventing the use of an average shear
rate. Furthermore, we have presented an a priori approach that can estimate this
optimal location for any combination of the surface profile and shear thinning
constitutive relation. In this a priori method, we calculate the shear rate for both
GR and MV by using the Newtonian (but piezoviscous) shear rate instead of the
non-Newtonian one. The behavior of E is qualitatively the same if we use either
the Newtonian or the non-Newtonian shear rate. Therefore, both quantities are

minimized for the same value of y.

Similar to the sliding cavitating cases, we observe an increased numerical ef-
ficiency of MV at, in practice, no cost with regard to the accuracy for the pure
squeeze problem. The load and pressure peak matched closely with the GR model
within a reasonable range of bearing numbers. The computational time differs
by one order of magnitude. If an additional constraint of higher mesh quality is
imposed (due to a complex squeezing geometry for instance), our results indicate

that the use of GR will become prohibitive due to the dramatic increase in (i)

161



computational time and (ii) needs of storage.

It should be observed that at large values of A most of the cases tested in
this work reach pressures characteristic of elastohydrodynamic lubrication (EHL).
For this reason, not explicitly examining the effect of EHL on the valid range of
bearing numbers for MV raises additional questions. The goal of this work is
to validate the MV approach and show its qualities. The next logical step is to
consider the deformation of the solid surfaces in combination with MV, to be able
to fully describe the physics of lubricated contacts at high pressures. We plan
to incorporate this in a future work involving both EHL line and point contact
problems with shear thinning lubricants [19, 17]. We believe that MV combined
to the solid deformation will show more clearly its advantage in computational

efficiency with respect to GR due to the increase in non-linear coupling present
in EHL problems.

In conclusion, the proposed approach offers a numerically appealing alterna-
tive to the generalized Reynolds equation. It is valid and numerically appealing
for a wide range of physical problems. It can be used to study lubricant behavior
under high shear for a wide range of A, while the use of ASD methods without
the MV correction may lead to erroneous results and must be used cautiously.
Furthermore, MV will prove beneficial for simulations of textured [109] and/or
rough surfaces [110] where fine meshes are required. In addition, studies that aim
to couple dynamic motion of bearings, rotating motion of microchannels [111],
capillary action [112] and other transient effects such as viscoelasticity [113, 23]
can greatly benefit from MV. Interesting applications involving hydromagnetic
and shear thinning fluids can also be extended via the MV approach [114], since
this particular case involves expanding the model to include the effects of the elec-
tric and magnetic fields increasing the computational needs. The MV approach

can offer a computationally appealing alternative to the GR model in these cases.

In this work, we have modeled the effects of viscoelasticity using the FENE-
CR and FENE-P constitutive relations on the pressure distribution and the load
carrying capacity of a journal bearing by using the viscoelastic Reynolds (VR)
approach. The FENE-CR and FENE-P models introduce additional non-linear
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behavior such as, finite extension of the polymer chains and shear thinning. The
VR approach is validated for the parabolic slider (Fig. 6.1) using the FENE-CR
and FENE-P models over a wide range of Wi, and L against DNS. The pressure
distribution and load predicted by the VR approach is in excellent agreement
with the DNS over the range of parameters examined. Furthermore, VR is com-

putationally efficient in comparison to the DNS.

After validating the VR approach also for the FENE models, it was applied
to an unwrapped journal bearing profile. Here, the variation in the pressure
distribution and the load were examined against three parameters namely, (i) the
Weissenberg number Wi, (ii) the finite extensibility parameter L, and (iii) the
journal eccentricity ratio e. It was observed that all these three parameters have
a strong influence on the load carrying capacity. In particular, the load increases
versus strengthening viscoelastic effects (as Wi increases). For small values of Wi,
the FENE-CR and FENE-P exhibit a strong non-linear trend, unlike a monotone
increase predicted by the Oldroyd-B. For large Wi, a saturation and eventual
decline in the load is observed for the FENE models.

In a similar manner, the dependency of the load on L? is examined. By in-
creasing (decreasing) this parameter, the maximum stretch of the polymer chains
is promoted (curtailed). For small values, the predicted load is almost Newto-
nian and increases to a maximum (the value obtained from Oldroyd-B) when
an infinite stretch is allowed. In between these two limiting scenarios, a strong
non-linear region exists influenced weakly (strongly) by Wi (e). Furthermore, for
a rigid polymer (weakly extensible chain), a negative load is observed for both
FENE-CR and FENE-P. This trend spans a longer (shorter) region as the eccen-
tricity ratio is increased (decreased) and it takes a larger value of L? to reach the

maximum possible load.

Finally we consider the effect of the journal eccentricity on the load carrying
capacity. As e is increased, mimicking a sharper channel, the load initially in-
creases. This initial positive effect subsides for larger values for the FENE-CR
and FENE-P, whereas the Oldroyd-B simply predicts an exponential increase. For

very large values of e, a rapid decline in load is observed with the Weissenberg
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number seeming to exaggerate this effect.

Interestingly, the Wi and e influence the load by altering the advective trans-
port of the stress from the positive, high pressure region into the negative, low
pressure region. This movement of stress manifests as a loss (gain) in resistance
in the positive (negative) part. Owing to this, the net load, obtained by integrat-
ing and summing the positive and negative regions, declines. However, for the
shear thinning FENE-P fluid, this movement of stress results in a slightly uneven
shear viscosity across the channel which contributes positively to the total load

for cases with very high eccentricity ratio.

The proposed model provides a numerically efficient, accurate and easily ex-
tendable approach for modeling viscoelastic effects in thin lubricated contacts
undergoing sliding motion. It can readily account for additional non-linear be-
havior due to finite extension of the polymer chains and shear thinning for ar-
bitrarily shaped channels boundaries. Its main advantage is enabling a scalable
modeling approach that combines several non-linear effects such as, cavitation
[58], transient/squeezing motion of the boundaries [115], lubricant slippage at
the boundaries [116], channel surface textures/roughness [109], pressure [117, 118]
and temperature dependence [119] of the viscosity, and solid deformation [120], to
name a few. In the presence of these effects, standard techniques like robust DNS
can become computationally inefficient and simplified linearized models may be
too difficult to obtain. As such, the VR can be coupled with any constitutive re-
lation for the polymer stress, lubricant viscosity and/or density to a high degree

of accuracy.

The VR approach was extended towards three-dimensional channels, for both
cartesian and cylindrical coordinate systems. A linearized model for three dimen-
sional sliding contacts was also presented. We examined using the two models
the load carrying capacity, and the average force along the streamwise and span-
wise directions, for the extruded parabolic slider and journal bearing for different

values of the De and the channel aspect ratio.

Firstly, we note that as the aspect ratio was varied, a non-zero load is predicted
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and decreases as the channel width becomes comparable to its length. The pre-
dictions of the linearized model and the VR approach are in good agreement for
small values of De (similar to the two-dimensional problems) but a discrepancy
is observed in the case of the highly eccentric extruded journal bearing. There
the predictions of the first-order linearized approach fail for small values. Using
the VR, we also compared under the same conditions and channel geometries,
the predictions of the various non-linear constitutive relations. The variation
of the quantities versus the channel aspect ratio was qualitatively the same but
quantitatively damped, in comparison to the Oldroyd-B, owing to the effects of
constrained polymer chain extension and shear thinning (in FENE-P). Moreover,
we suspect the mechanisms generating/diminishing load, involving the polymer
normal stresses along the streamwise and spanwise direction, are the same as for

the two-dimensional channels.

Similarly, we examined the variation in the net vertical force for the textured
pad and the cone-and-plate rheometer, both of which conform to a cylindrical
coordinate system. We observe, in both cases, an increase in the load versus the
Deborah number owing to the finite increase in polymer radial and circumfer-
ential stress components. Again, the competing effects of stress advection and
generation lead to an overall gain in load. From a numerical perspective, most
notably, convergence for the pocketed pad bearing was difficult to achieve as De

increased.

Finally, we also examined the influence of polymer viscoelasticity on the load
and the friction in the case of vertical channel boundary motion or simply squeeze
film motion. This was done via the VR and using a second-order perturbation
solution in De. A comparison between the two showed striking differences, even at
small values of De, versus time. Most notably, the absence of an initial condition
in the first and second-order perturbed solutions, predicts a finite initial load for
an initially unstressed polymer. Whereas, the VR approach can accommodate

an initial condition and predict a load reflecting an initially unstressed polymer.
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9.2 Future work

The impact of strongly non-Newtonian lubricants, and fluids, in general, has
attracted attention in several areas of study. The primary hurdles from a com-
putational perspective are the inefficiency of robust modeling techniques such as
the DNS for simulating these flows, especially for three-dimensional lubricated
contacts. We have focused on two specific non-Newtonian effects, namely shear
thinning and viscoelasticity, which require non-linear models and special algo-
rithms for computational modeling. The approach/s introduced in this work,
the perturbation models, and the viscoelastic Reynolds equation compared favor-
ably with DNS, offering a computationally efficient alternative. This study offers

several potential research directions, summarized below.

For viscoplastic or shear thinning lubricants, the modified viscosity approach
works over a wide range of the bearing number, demonstrating its feasibility in
simulating the pressure distribution in heavily loaded lubricated (with strongly
non-linear properties) contacts. More generally, it represents a technique by which
the three-dimensional viscosity of the channel can be reasonably approximated
by a two-dimensional distribution. In a similar manner, one can construct high-
order approximations leading to further improvements in load estimation. In
addition, perturbation approaches have not yet been employed for shear thinning
or viscoplastic lubricants (more generally) can be considered as an alternative
methods for constructing reduced-order models. On the numerical front, we em-
ployed a simplified Gauss-Seidel method for the solution of the algebraic system of
equations. It is also possible to create specialized non-linear multigrid methods
(Full-Approximation Schemes) for the efficient solution of these reduced-order
models, thereby further improving the computational efficieny. Although, this
may not be necessary for smooth channels, but rough or textured surfaces are

demanding even without the non-linear variation in lubricant properties.

Viscoelastic lubricants with strongly elastic polymer additives are difficult to
model in a general setting. For thin-film lubricants, they present additional nu-

merical complexity. In this work the VR approach of Ahmed and Biancofiore [23]
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was, extended to three-dimensional cartesian and cylindrical configuration, and
compared with DNS and first-order linearized models, showing a good agreement,
for linear and non-linear polymer stress constitutive relations. However, it can be
further improved by considering the log-conformation-representation to overcome
the issues at larger values of De. In the original work, a polynomial-reduction of
the stress was performed (for two-dimensional channels) to increase the efficiency

of the approach which can also be extended to three-dimensional channels.

An extension to spherical coordinates could also be an interesting avenue for
further research. Biological systems involving lubrication, such as human biolog-
ical joints and the surface of the human eye conform to more complex topologies,
which may be better adapted using a curvilinear coordinate system. Lineaized
models for these systems may also be of interest, since the numerical solution of
the governing equations, in general, are difficult to obtain for curvilinear config-

urations, even in a purely Newtonian setting.

The numerical technique used in this work relied heavily upon an implicit dis-
cretization of the various differential equations. These methods are gaining more
traction as standard explicit approaches and algorithms often lead to prohibitively
long simulation times owing to (i) increased non-linearity and the requirement for
(ii) fine meshes. A semi-implicit approach must be used for the non-linear consti-
tutive relations. We demonstrated one possible method for treating the non-linear
terms, which resulted in improved convergence, but it can be further improved
for optimizing convergence. It can be of importance for general applications and

not just lubricated contacts.

An attempt at understanding the numerical stability via the Von-Neumann
analysis was made for the polymer normal stress in a two-dimensional setting.
This can be greatly improved by considering the influence of (either separately, or
in a weakly-coupled fashion) the remaining stress components or via the global
stability analysis using the discretized coefficient matrix representing the full
system of equations. This would help shed some light on the high Weissenberg

number problem to which no permanent solution exists.
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The response of the load to polymer elasticity depended strongly on the varia-
tion of the channel surface, which for most practical problems is not smooth and,
in special cases, textured by design for improving performance. Optimization
of the surface for maximizing the additional gain in load carrying capacity by
exploitation of the finite growth in the polymer normal stress could be an inter-
esting approach. However, it is evident from the results presented in this work,

that first-order linear models may not be useful when elastic effects dominate.
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Appendix A

Other polymer constitutive

relations

The VR approach can be applied to any constitutive relation. In section 6.3.1.1,
the approach is validated for the FENE-CR (Eq. ??) and FENE-P (Eq. 77). In

this section, we also validate it for the thin film reduced (i) PTT linear model

Wi v
14+ k———tr(7) |7+ eWiT =2(1 — 5)D", Al
Ltk st(n) 1-5) (A1)
(ii) PTT exponential model
{1 + et ”(T)} T+ Wit =2(1 - 3D, (A.2)
and (iii) Giesekus model
T—l—eWz"lv'—l—a(le_LZ)(T-T) =2(1-p3)D", (A.3)
du
where x and « are model specific parameters and D" = %{ o 2851;} is the
oy “oy

thin film reduced deformation rate tensor. Note that for each model, terms on
the order of O(e?) have been ignored. For example, in ¢r(7) the normal cross-
film stress component 7,, is O(¢*). However, there are a few such terms in the

constitutive relations and retaining them in the dimensionless form does not affect
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Figure A.1: A comparison of the variation in load for different constitutive re-
lations versus Wi using a = 0.002, £ = 0.002, ¢ = 0.004, and # = 0.8 for the
parabolic slider. Note that W = 20 corresponds to De = 0.08.

the final solution. Furthermore, for the PTT models, we assume only the upper

convected rate instead of the Gordon-Schowalter derivative.

In Fig. A.1, we present a comparison of the load carrying capacity between the
DNS (using OpenFOAM) and the VR approach over a wide range of W7 for the
different constitutive relations given in Egs. A.1-A.3. The VR compares favorably
with the results from the DNS and is able to capture the strong non-linear effects
that emerge at Wi = 3. This further demonstrates the robustness of the VR
approach. Finally from a computational perspective, the DNS at Wi = 20 can
take several days to achieve steady-state in contrast to a few minutes required by
VR.
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Appendix B

Finite difference stencils

The discretization of the differential operators is performed via the finite differ-

ence method. In this work, we cover three-dimensional channels for both carte-

sian and cylindrical coordinate systems. Therefore, the notation for the difference

stencils about some node (i, 7, k) provided here for some quantity M (represent-

ing for example, the film pressure p, velocity components u and v, the film height

h e.t.c) along a coordinate axis S . For a cartesian configuration, we replace S

with (X, Y, Z), while for a cylindrical configuration by (R, 0, Z).

The first order derivatives are

(B.1a)
(B.1b)

(B.1c)

V(rag) =

0 1 0 1 0
— =—(U Us|) == —(|Us| = Us)—=—=
55~ aWUs HUshgg| = +3UUsl=Us)zg| -
oM My — M1 1 L(ri—ay)
o = (i) ~ (i-1.9) (1+§¢('f’i,j) - DAY
uw T Ti—1,j
oM M i — M, 1 1 L
o My M (1 1ot
oS DW AT 2 ’ 2 Tit1,5
dM 1 1 2 2 1
— =— | =Mooy — =My_15+ =M1 — —Mia ) |, B.1d
dS |, AS (12 (=25) — g1+ 3 M) — 3 (+2,y)) (B.1d)
dM 1 1 2 2 1
— =— | =Mooy — =M1+ =-Myi1:— —Miio: |, B.1
where, AS' is the spacing along the coordinate axis, r;; = %f—]\;]‘i,
7’2. . T 4
%, Us is the velocity along S at a node (4, 7, k) in the mesh.

(2:9)
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For the second derivative, the difference schemes are

d*M 1
dS? | T AS2 <M(i—1»j»’f) = 2Mi gy + M(i+1,j,k))7 (B.2a)
17-j7
dS? (i) - AS2 ( o EM(Z'*ZM) + g M i-1k) §M(i,j,k) (B.2b)
Z7j7
4 1
+ gM(iH,j,k) - EM(Z’-&-QJ,I@))-

In Egs. B.1a-B.2b, we have considered, for brevity, a stencil covering nodes along
the first axis, ¢ + 1,7 + 2 etc. The same expressions will hold when considering
neighboring nodes along 7 and k. A slight modification to Eqs. B.2a-B.2b is
required at the channel boundaries when using periodic boundary conditions.
Assuming the periodic boundary exists along the axis spanned by varying the

index i, then for the channel inlet nodes (i = 1, j, k)

d*M 1 1 4
= — —Mn_2m + =My_1, B.3

452 i) ASQ( 19 W 27J7k)+3 (N—1,5,k) (B.3a)

5 4 1
— 5Magw + 3Mejm - EM(g,j,k)>,
dM 1 /1 2 2 1
S = (Mo — M1+ =My — — M, B.3b
a5 | Aa}<12 w—2g) — gMw-15) + 3Mey) — 13 (3,])), (B.3b)

and for the channel outlet we simply set My ;) = M1 ;) which ensures period-
icity (note that finite difference stencils are symmetric). The boundary conditions
considering nodes along the channel walls, i.e. the boundaries located at ¥ =0
and Y =1 (for a cartesian grid), are relevant only for the polymer stress compo-
nents. Furthermore, the constitutive relations are hyperbolic and require only a
single boundary condition which, ideally, should be aligned with the flow direc-
tion. However, the vertical velocity field vanishes at the boundaries and selecting
the proper direction is not strictly required. Thus, we apply the zero-gradient
boundary condition for the nodes along the bottom channel wall, i.e., (i, = 1, k),
and using a third-order forward difference stencil

or
o]

1 ( 11 3 1
= ——< | — =Te1k + 362k — T3k + 5 (i,4,k)> =0, (B.4)
oy AV 6 2 3

for all components of 7. The same difference stencil will be applied along the
streamwise (radial) and spanwise (circumferential) directions, after replacing the

indices as necessary.
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For the components of the velocity gradient tensor appearing in the constitu-
tive relations, the use of the fourth-order (or higher) stencils becomes imperative
compared to the second-order accurate version to avoid errors errors stemming
from a coarse discretization of the problem. In addition to this, the velocity com-
ponents exist on a two dimensional grid which requires the pressure to be known
at each point (Z,y). Thus, the pressure obtained from VR must be projected
onto the two dimensional grid via an interpolation scheme. Therefore, two levels
of numerical error exist, the first in the derivative itself and the second in the
projection phase. The latter can be avoided if the nodes along & coincide for the

pressure, velocity and polymer stress components.

The convective operator appearing in the constitutive relations (including the
function 1/f appearing in the FENE-CR and FENE-P constitutive relations),
which are hyperbolic in nature, is treated via Eqs. B.la-B.le that comprise a
hybrid total value diminishing (TVD) scheme, where, ¢)(r; 1) is the Van-Albada
flux limiter [121]. For sliding surfaces, the results did not vary significantly be-
tween the choice of the flux limiter, but for smoothly varying functions it is
recommended to use a mathematically smooth function as the limiter. For sur-
faces subjected to vertical motion (squeezing) the choice of the limiter had a
strong influence. The use of a TVD scheme for the convective terms guarantees
monotonicity which is a critical requirement for viscoelastic flows that exhibit

strong gradients in the stress, especially within thin film flows.
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Appendix C

Semi-implicit numerical approach

for two-dimensional channels

In addition to a high-order accurate and monotone discretization of the differen-
tial equations, we also satisfy the requirement for numerical stability by enforcing
a semi-implicit treatment of the discretized constitutive relations. For the com-

pact representation Eq. 6.8a-c,

Tl _ gt oritt orit ou ou
. T TT TT Tr 2 t+1 -7 — 2 t 77 Ft t
eWi (—At +U 9% +V D9 Toa 81’) eWi2r,, dy T
(C.1a)
Lt ! ort+l
wi| 22— 4 = Vv C.1b
‘ Z( AL T TV ) (C-1b)
ou _ ou ov
= f'G*'(1 - ﬂ)a—y + Wi (Téya—y + T;xa) - F'7},,
t+1 t t+1 t+1
ATy T Tyy aTyy aTyy 110U
R -2 — 1
eWz( A7 +U 9% +V 20 Tyy a9y (C.1c)
@

0
+2Wirt = — F'r! + HY,

where t denotes the time step and the functions F', G and H are provided in Tab.
6.1. The terms in Eqs. C.1 at the time level ¢ and ¢ + 1 are treated explicitly

and implicitly, respectively. Therefore, we have for each component of the stress
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a system of algebraic equations
AT =1, (C.2)

where, A is the coefficient matrix of size (N,N, x N,N,), N, and N, are the
number of nodes along the streamwise and cross-film direction, respectively and
b’ is the forcing vector at time level . The coefficient matrix is sparse and
relatively large that causes the inefficency of direct methods. For this reason, we
utilize the gradient descent solver (BiPCGStab [89]), which is an efficient iterative

approach, for the numerical solution of Eq. C.2.

A similar system of equations will be obtained for the pressure, Eq. 6.7, of size
N, x N, which is not tri-diagonal because of the (i) fourth-order discretization and
(ii) periodic boundary conditions. This system is also sparse in nature, although
the size is comparatively smaller and, therefore, is solved iteratively as well. The

iterations within the solvers are terminated upon satisfying the second norm

HEtJrl,kJrl o Et+1,k ‘ S 10712, <C3)

and steady state for the system stress components is detected by satisfying the

second norm of neighboring time levels

|75 = 7| < 10712 (C.4)

We make a few remarks on the semi-implicit treatment of the constitutive
relations. The equations can be readily treated via a purely explicit approach.
However, for high eccentricity ratios (e > 0.9) the explicit approach rapidly be-
comes inefficient because the stable time step size reduces significantly. The same
can be said for large and extremely small values of W7 saramito2014modified.
Furthermore, the non-linear constitutive relations apply additional restrictions
on the maximum time step size which renders the numerical solution slow for the

purely explicit case.

However, in the semi-implicit explicit (IMEX) case the time step size is large
enough to achieve solutions within a few minutes even for very large degree of

freedoms. For example, the numerical solution of the semi-implicit Oldroyd-B is
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stable for At = 0.1 up to e = 0.99 and Wi = 50 as opposed to the explicit step
size At = 107 for e < 0.5 and Wi = 50 for a mesh size 512 x 32. The IMEX can
be superseded by a fully implicit approach which removes the dependency on the
time step entirely. This can enable even faster computation but at the cost of
numerical complexity, requiring advanced programming techniques. Nonetheless,

the latter appears to be getting traction due to its overall efficiency [94].
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