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2. TEMEL KAVRAMLAR 

2.1. Lineer Uzayın ve Lineer Operatörün Genel Tanımı 

Tanım 2.1.� � � � ���x y z �﹔�﹔뜘ՠ
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1) x y y x+ = + �

2) ( ) ( )x y z x y z+ + = + + �

3) �蓨�﹔� 풴远ıfı�� ﹔�﹔뜘ՠ
ı�� ㉀�ՠ�ՠ㴴� ՠ��ՠ
�ırı�ՠ
� � Î ﹔�﹔뜘ՠ
ı� �軨�軨
軨�� 㴴�� �x x+ = ��

eş��ğ�远ՠğ�ՠ
ı���

4) ( ) ( )x xl m lm= �
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�﹔�﹔㴴��﹔�蓨﹔�﹔��şՠ����軨���

�ⵌՠ軨⦸	蓨���远�㉀�뜘ՠ远ıdı���

Örnek 2.6.� [ ]�C a b �軨�ՠ蓨ı��ՠ
ՠ⦸	�軨�ՠ蓨�ı���

◤﹔�轼﹔㴴�﹔
�﹔��軨�軨�ՠ蓨�ՠ�蓨ՠ㴴ı
远ՠ㴴�ı㴴�����
�蓨ՠ㴴ı
远ՠ㴴�ı㴴�ı���

{ } [ ]� 傈 �nx t C a bÌ ���远

� [ ]� 傈 �x t C a bÎ �蓨﹔�蓨ՠ㴴ı
远ՠ㴴�㉀�뜘ՠ远ı� 轼
�﹔�﹔㴴��﹔�蓨﹔�﹔��şՠ���

{ }� 傈nx t ���远

�	軨
�ՠ뜘﹔
�ՠ�����㉀�뜘ՠ远ıdı���ᴐՠ
��

[ ]� � � � Რ������ �N n N p t a be" > $ " > " = " Î �轼
� � 傈 � 傈n p nx t x t e+ - < �远ՠğ�ՠ
뜘ՠ远ıdı���

佨ՠ㴴远뜘軨뜘軨�轼
��﹔�远ՠğ�ՠ���
[ ]�

뜘ՠ	 � 傈 � 傈n p n n p n
t a b

x x x t x t e+ +Î
- = - £ �



뜀�
�

[ ]�a b ՠ�ՠ�ığı
�ՠ� 远��﹔㴴�� 	㉀
㴴远蓨㉀
�ՠ�ı
�{ }� 傈nx t ���远� �軨� ՠ�ՠ�ı㴴�ՠ� � 傈x t �	㉀
㴴远蓨㉀
軨
ՠ�

����
� 蓨ՠ㴴ı
远ՠ㴴� ㉀��軨ğ軨
�ՠ� � 傈x t �	㉀
㴴远蓨㉀
軨� �ՠ� [ ]�a b ՠ�ՠ�ığı
�ՠ� 远��﹔㴴�� 	㉀
㴴远蓨㉀
�

㉀�軨��� ᴐՠ
�� [ ]� 傈 �x t C a bÎ ㉀�軨��� �軨
軨
�ՠ� [ ]�C a b �軨�ՠ蓨ını
� �ՠ
ՠ⦸	� 軨�ՠ蓨ı� ㉀��軨ğ軨
軨�

�远�﹔�뜘ş�㉀�軨�軨���

2.8.�Operatörün Genel Tanımı 

䇼﹔蓨	���ᴐ�㴴�뜘﹔�﹔�
�﹔�﹔�ՠ�ՠ�ı뜘�� � �Í �㉀�远軨
���﹔����� �xÎ �﹔�﹔뜘ՠ
ı蓨�ՠ�ᴐ��﹔
��﹔㴴�

��� ᴐyÎ �﹔�﹔뜘ՠ
ını� ﹔ş�﹔蓨﹔�뜘�� �軨� �軨�軨뜘ՠ� �� 傈y x= �㉀�﹔�ՠ����� �﹔��뜘ş��� �﹔
�� �﹔�

�軨�ՠ�ՠ㴴���㴴�뜘﹔远
﹔���㉀�﹔�ՠ����
�
�tanım kümesi��﹔
���﹔� ���傈  ş﹔㴴�
�﹔��远�﹔�����

�軨�ՠ�ՠ㴴� � { }���傈 ᴐ � �� 傈 � ���傈y y x x= Î = Î �㴴�뜘﹔远
﹔� �� ㉀�﹔�ՠ����
�
� değer 

kümesi��﹔
����軨��軨�軨뜘軨�ş﹔뜘ՠ�㴴�㉀�ՠ�ՠ㴴�ՠşağı�ՠ㴴����远�﹔�﹔������

� ���傈 ���傈 ᴐFÊ ¾¾® Í �

�軨
軨
�㴴ı远ՠ⦸ՠ��远�﹔��ş��

��� ᴐ® �

�����軨��远�﹔��ş�﹔���

��ՠ
ı뜘�㴴�뜘﹔远

���﹔����﹔ğ﹔��㴴�뜘﹔远

��﹔�ᴐ�蓨﹔�﹔ş��㉀��軨ğ軨�

㴴ՠ远�﹔��뜘蓨㉀����軨�远ՠ�﹔⦸﹔�����远�﹔��ş����

�﹔�ՠ���� 远��⦸�ğ�
�﹔
� �ՠş㴴ՠ� 	㉀
㴴远蓨㉀
�� ��
�ş�뜘� 远��⦸�㴴�﹔�� �﹔� 㴴軨��ՠ
ılı��� �� �﹔� ᴐ�

㴴�뜘﹔�﹔�� 远㉀
�軨� �㉀蓨軨��軨� ㉀��軨㴴�ՠ�ı
�ՠ� fonksiyon� 远���� 㴴軨��ՠ
ılı��� ��㉀��﹔뜘�� ﹔㉀뜘﹔��㴴�

ՠ
�ՠ뜘�ı�㉀��軨ğ軨
�ՠ�远﹔�㉀�﹔�ՠ����蓨﹔�
﹔�dönüşüm�远��⦸�ğ��㴴軨��ՠ
ılı���

Ş뜘�� ��﹔� 㴴� ��� ᴐ® ��﹔� � � ᴐf ® �㉀�﹔�ՠ����﹔�

� �﹔���ğ
� �ՠ�远ՠ蓨ՠ�ı뜘�� �軨�

㉀�﹔�ՠ����﹔��轼
���

���傈 �� 傈 �f= = �

�﹔�	﹔����� �xÎ 轼
��

�� 傈 � 傈x xf= �



Რ��
�

eş��ğ�远ՠğ�ՠ
�ığı
�ՠ����﹔�f �㉀�﹔�ՠ����﹔��eşittir��﹔
���

잘뜘ՠ� ���傈 �� 傈fÌ ��﹔� 	﹔�� ��� ���傈xÎ 轼
� �� 傈 � 傈x xf=  şՠ���ՠ�ı� 远ՠğ�ՠ
�ığı
�ՠ� ��

㉀�﹔�ՠ����
﹔� f �㉀�﹔�ՠ����
�
� ���傈 �㴴�뜘﹔远
﹔� 㴴ısı��ՠ
뜘ՠ远ı�� f �㉀�﹔�ՠ����
﹔� 远﹔� ��

㉀�﹔�ՠ����
�
� �� 傈f �㴴�뜘﹔远
﹔�devamı��﹔蓨ՠ�genişlendirilmesi��﹔
���

Ş뜘���� �﹔�ᴐ�㴴�뜘﹔�﹔�

�	﹔�� 㴴远

��﹔��﹔﹔���﹔蓨ՠ�	﹔�� 㴴远

��﹔�㴴㉀뜘��﹔㴴远� �
﹔﹔��

軨�ՠ蓨�ՠ��㉀��軨㴴�ՠ�ını��ՠ�远ՠ蓨ՠ�ı뜘��

Tanım 2.5.� 잘�� ᴐ® �㉀�﹔�ՠ�����轼
��

1) ��잘傈 �Í ��ՠ
ı뜘����﹔远��
﹔﹔��뜘ՠ
	㉀���軨���

2) �﹔����� Რ �� ��잘傈x x Î �﹔�﹔뜘ՠ
�ՠ�ı��﹔�	﹔�����远㴴ՠ�﹔�� Რ ��l l �远ՠ蓨ı�ՠ�ı�轼
��

( ) ( )Რ Რ � � Რ Რ � �잘� 傈 잘 잘x x x xl l l l+ = + �

şՠ���ՠ�ı� 远ՠğ�ՠ
�ığı
�ՠ� 잘� ㉀�﹔�ՠ����� ��잘傈 �Ì �㴴�뜘﹔远
�﹔� �ՠ
ı뜘�ՠ
뜘ış� lineer 

operatördür �﹔
���

Teorem 2.1.��﹔������
﹔﹔��㉀�﹔�ՠ����
��﹔ğ﹔��﹔�����﹔远��
﹔﹔��뜘ՠ
	㉀���軨���

İspat: Რ �� ��잘傈y y Î ��﹔� Რ ��l l �远㴴ՠ�﹔�� 远ՠ蓨ı�ՠ�� ㉀��軨㴴�ՠ�ını� �ՠ�远ՠ蓨ՠ�ı뜘�� Რ Რ잘x y= ��﹔�

� �잘x y= �﹔ş��㴴�﹔�
�远ՠğ�ՠ蓨ՠ
� Რ �� ��잘傈x x Î �ՠ�ՠ�ı뜘����ՠ뜘ՠ
�잘�㉀�﹔�ՠ����
�
� �
﹔﹔��

㉀��軨ğ軨
軨�㴴軨��ՠ
ՠ�ՠ㴴��

Რ Რ � � Რ Რ � � Რ Რ � �잘 잘 잘� 傈y y x x x xl l l l l l+ = + = +  

蓨ՠ�ılı�� ��軨 �﹔ş��㴴�﹔
 � � Რ Რ � � ��잘傈x xl l+ Î �﹔�﹔뜘ՠ
ını
� Რ Რ � �y yl l+ �﹔�﹔뜘ՠ
ı
ՠ�

��
�ş��ğ������������蓨�﹔⦸﹔���

Რ Რ � � ��잘傈y yl l+ Î �

㉀�軨����軨
軨
�ՠ��ՠ���잘傈����﹔远

��
﹔﹔��뜘ՠ
	㉀���㉀��軨ğ軨�远�ՠ��ՠ
뜘ış�㉀�軨���
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2.9. Sürekli Lineer Operatörler 

Tanım 2.6.� � ��﹔ �ᴐ �
㉀�뜘�軨 �軨�ՠ蓨 �㉀�远軨
� �잘 ���뜘 ��� �ᴐ�蓨﹔ ���
�ş���﹔
 ��� �㉀�﹔�ՠ��� �

㉀�远軨
�� � �x Î ՠ�ՠ�ı뜘�� � �x x® � � 蓨ՠ㴴�ՠştığı
�ՠ� �잘 잘x x® 蓨ՠ㴴�ՠşı�远ՠ� 잘� ㉀�﹔�ՠ����� �x �


㉀㴴�ՠ远ı
�ՠ�远��﹔㴴�����﹔
���

Teorem 2.2. �
﹔﹔��잘�㉀�﹔�ՠ�������軨�ՠ蓨ını
� �x = �
㉀㴴�ՠ远ı
�ՠ�远��﹔㴴��㉀��軨ğ軨
�ՠ��軨�

㉀�﹔�ՠ������軨�ՠ蓨ını
�	﹔�����
㉀㴴�ՠ远ı
�ՠ�远��﹔㴴��㉀�軨���

İspat:� 잘� �
﹔﹔�� ㉀��軨ğ軨
�ՠ
� ( )� �잘 잘 잘x x x x- = - 蓨ՠ�ՠ������ �軨�ՠ�ՠ
��ՠ� �x x z- = ��

ՠ�ı�远ՠ㴴� ㉀� �ՠ뜘ՠ
� �x x® �蓨ՠ㴴�ՠştığı
�ՠ� �z ® � �蓨ՠ㴴ı
远ՠ��� �� 
㉀㴴�ՠ远ı
�ՠ� 잘� 远��﹔㴴��

㉀��軨ğ軨
�ՠ
�� 잘 �z ® �蓨ՠ㴴ı
远ՠ����㉀�ՠ蓨ısı蓨�ՠ��

�x x® ��轼
�� ( )� � �잘 잘 잘 잘� � 蓨ՠ
���잘 잘x x x x x x- = - = ® ® ��㉀�軨���

Tanım 2.7.�
�뜘�
㉀�뜘�軨���軨�ՠ蓨ı
�ՠ��ՠ
ı뜘�ՠ
뜘ış��﹔ğ﹔��﹔��ᴐ�
㉀�뜘�軨�軨�ՠ蓨ı
�ՠ�㉀�ՠ
�

잘�㉀�﹔�ՠ����� �x = ��ՠ�远��﹔㴴��㉀��軨ğ軨
�ՠ�잘�㉀�﹔�ՠ����
﹔�sürekli operatör��﹔
���

2.10. Sınırlı Lineer Operatörler 

Tanım 2.8.� �x" Î �轼
� 잘 �x = �㉀��軨ğ軨
�ՠ� 잘� ㉀�﹔�ՠ����
﹔� sıfır operatörü� �﹔
�� �﹔�

잘 �=  ş﹔㴴�
�﹔�蓨ՠ�ılı���

Tanım 2.9.� 잘 �¹ �㉀�远軨
�� �
﹔﹔�� 잘� ㉀�﹔�ՠ����� �� �ՠ
ՠ⦸	� 軨�ՠ蓨ını
� �

{ }Რ��傈 � � ᲠS x x= Î £ ��뜘� 蓨軨�ՠ�ını� 远ını��ı� 㴴�뜘﹔蓨﹔� ��
�ş�����ğ�
�﹔� 잘�

㉀�﹔�ՠ����
﹔�sınırlı operatör��﹔
���

��蓨�﹔⦸﹔� 잘� ㉀�﹔�ՠ����� 轼
� { }잘 � Რx x £ �㴴�뜘﹔远� 远ını��ı� ㉀��軨ğ軨
�ՠ� �
﹔﹔�� 잘�

㉀�﹔�ՠ���������ՠ
ՠ⦸	�軨�ՠ蓨ı
�ՠ�远ını��ıdı���﹔
���

�軨� 㴴�뜘﹔

� 远ını��ı� ㉀�뜘ՠ远ı� 轼
� � �c$ > �远ՠ蓨ısı� �ՠ��ı�� 㴴�� Რx £  şՠ��ını� 远ՠğ�ՠ蓨ՠ
�	﹔��

���x�轼
� 잘x c£ �﹔ş�远��ğ�远ՠğ�ՠ
ı���
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Teorem 2.3. �� �ՠ
ՠ⦸	� 軨�ՠ蓨ı
�ՠ� �ՠ
ı뜘�ՠ
뜘ış�� �﹔ğ﹔��﹔�� ᴐ� �ՠ
ՠ⦸	� 軨�ՠ蓨ı
�ՠ� ㉀�ՠ
�

�
﹔﹔��잘�㉀�﹔�ՠ����
�
�远ını��ı�㉀�뜘ՠ远ı�轼
�﹔�﹔㴴��﹔�蓨﹔�﹔��şՠ���� �x" Î �轼
� 잘x c x£ �

eş�远��ğ

�远ՠğ�ՠ
뜘ՠ远ıdı���

�軨�﹔ş�远��㴴�﹔㴴�⦸�远ՠ���
ՠ
ı뜘���뜀���ՠ㴴�⦸�远ՠ������

İspat :  ◤﹔�﹔㴴��ğ
�远�ՠ�ı� Eş�远��ğ
� �x = �轼
�远ՠğ�ՠ
�ığı�ՠ轼ı㴴�ı���

�� �x x¹ Î �ՠ�ՠ�ı뜘��﹔�
x

x
x

¢ = ㉀�远軨
�� Რ��傈x S¢Î ��ı����﹔뜘﹔㴴�㴴�� x¢ 轼
� 잘x c¢ £ ��ı���

� �ՠ뜘ՠ
� 잘
x

c
x

£ �㉀�軨�� ���蓨�﹔⦸﹔ � �
Რ

잘x c
x

£ ��軨�軨
軨��� �軨�ՠ�ՠ
� �ՠ� 잘x c x£ �

㉀�ՠ�ՠ㴴��軨�軨
軨���

ᴐ﹔�﹔���㴴�  �x" Î �轼
� 잘x c x£ �﹔ş�远��ğ�远ՠğ�ՠ
远ı
�� Რ��傈x SÎ �轼
� Რx £ �����

잘x c x£ �﹔ş�远��ğ
�﹔
� 잘x c£ ��軨�軨
軨���

Teorem 2.4.� �
﹔﹔�� 잘� ㉀�﹔�ՠ����� ��뜘� �� 
㉀�뜘�軨� 軨�ՠ蓨ını� ᴐ� 
㉀�뜘�軨� 軨�ՠ蓨ı
ՠ�

��
�ş���远�
��ᴐՠ
�ꬨ� ��잘傈 � � ��잘傈 ᴐ= Í ��﹔��
﹔﹔��잘�㉀�﹔�ՠ�����远ını��ı�㉀�﹔�ՠ��������

佨 �Ì �㴴�뜘﹔远�远ını��ı�㉀��軨ğ軨
�ՠ�{ }잘 � 佨x xÎ �㴴�뜘﹔远��﹔�远ını��ı�㉀�軨���

İspat:�佨�㴴�뜘﹔远�远ını��ı�㴴�뜘﹔�㉀��軨ğ軨
�ՠ
�� � �$ > �远ՠ蓨ısı��ՠ��㴴� 佨x" Î �ՠ��ığımı��ՠ�

�x £ ㉀�軨���

�
﹔﹔�� 잘� ㉀�﹔�ՠ����� 远ını��ı� ㉀��軨ğ軨
�ՠ
� 
﹔㉀�﹔뜘� ��ૼ��� ﹔� ��﹔� 잘x c x£ �﹔ş�远��ğ�

远ՠğ�ՠ
ı����軨�﹔ş�远��㴴�﹔� 佨x" Î �ՠ��ığımı��ՠ� �x £ ㉀��軨ğ軨
�ՠ
� 잘 �x c£ �㉀�軨����軨�

�ՠ� 잘x �
�远ını��ı�㉀��軨ğ軨
軨��远�﹔����

Sonuç 2.1.� 잘� ㉀�﹔�ՠ����� 远ını��ı� �
﹔﹔�� ㉀�﹔�ՠ���� ㉀��軨ğ軨
�ՠ� � �x Î ��﹔� �R > �㉀�뜘ՠ㴴�

��﹔�﹔��軨�㉀�﹔�ՠ���� � �� 傈S x" �蓨軨�ՠ�ını�远ını��ı�㴴�뜘﹔蓨﹔���
�ş�������
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2.11. Lineer Sınırlı, Lineer Sürekli Operatörler Sözcüklerinin Equivalent 
(Eşdeğer) olması 
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2.12. Sonlu Boyutlu Uzaylarda Lineer Operatörlere Örnekler                            
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2.13. Sonsuz Diziler Uzayında Lineer Sınırlı Operatörler 
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2.14. Fonksiyon Uzaylarında Tanımlanmış İntegral Operatörler 
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� 잘n

r
c x

x
³ �㉀�軨��� �軨�ՠ�ՠ
��ՠ��

�
잘n

c
x x

r
£ ���﹔ �� 잘n x k x£ ��軨�軨
軨��� ��蓨�﹔⦸﹔�

{ }잘n ��远ını��ıdı���

Teorem 2.9 ( Düzgün Sınırlılık Prensibi ). 

{ }잘 ����ᴐ傈n Ì  ㉀�远軨
��ğ﹔��	﹔����� �xÎ �轼
�{ }잘n x ���远�远ını��ı�㉀�軨�远ՠ��㉀��ՠ뜘ՠ
��

{ }잘n ���远�远ını��ıdı���

İspat:��軨
軨� 远�ՠ��ՠ뜘ՠ㴴� 轼
�ՠ㴴远
�	ՠ���﹔�﹔�뜘���ՠ�远ՠ蓨ՠ�ı뜘�㴴��� �x" Î �ՠ��ığımı��ՠ�

{ }잘n x �
� 远ını��ı� ㉀�뜘ՠ远ı
ՠ� �ՠ㴴뜘ՠ蓨ՠ�ՠ㴴� { }잘n �远ını��ı� �﹔ğ����� � �ՠ뜘ՠ
��{ }잘n x �

�﹔뜘뜘ՠ������蓨﹔���﹔�	轼���㴴ՠ�ՠ�ı� 蓨軨�ՠ��ՠ�远ını��ı� ㉀�ՠ뜘ՠ���䇼﹔蓨	� �S �蓨軨�ՠ�ını� ՠ�ՠ�ı뜘��

�S �蓨軨�ՠ�ı
�ՠ� { }잘n x �远ını��ı� ㉀�ՠ뜘ՠ��� �軨� � Რ Რ�n x$ �轼
�
Რ Რ잘 Რn x > � � �﹔뜘﹔㴴���� �

Რ
잘n 远��﹔㴴�� ㉀��軨ğ軨
�ՠ
� � Რx �
㉀㴴�ՠ远ını
� ( )

Რ ᲠrS x$ � � 㴴㉀뜘ş軨�軨ğ軨 ��軨�軨
軨� �㴴 �

( )
Რ Რ Რ잘 Რ �n rx x S x³ " Î �����

( )
Რ Რ � Რ� ᲠrS x S rÌ < � � � � � � 잘n x � � � � � ( )

Რ ᲠrS x ��﹔ �远ını��ı� ㉀�ՠ뜘ՠ�� � ��ՠ뜘ՠ
 � � � Რn n$ > �

( )
Რ� Რrx S x$ Î �轼
�

� �잘 �n x > �㉀�軨���
�

잘n 远��﹔㴴�� ㉀��軨ğ軨
�ՠ
� 뜘﹔�㴴﹔�� � �x ��﹔� ㉀�ՠ
�

蓨ՠ�ı轼ՠ�ı��� �

Რ

�
r < �㉀�ՠ
���

� Რ� Რ� 傈 � 傈r rS x S xÌ ��������
�� �잘 � � � 傈rn x x S x> " Î �㉀�軨���

�軨�ş�﹔뜘�﹔����蓨�﹔��﹔�ՠ뜘�﹔����远﹔㴴�㉀��ՠ뜘ՠ
�����

Რ �� Რ �� 傈 � 傈 ��� � 傈 ���
kr r r kS S x S x S xÉ É É É É �

蓨軨�ՠ��ՠ����远
�﹔��﹔�﹔�﹔�����軨�ՠ�ՠ��� � 傈
kr kS x ���� ��� 잘

kn x k> ��远ՠğ�ՠ
ı�����蓨�﹔⦸﹔����

��� �ğ﹔�
﹔� ��	�� ㉀�ՠ
�� 蓨ՠ�ı轼ՠ�ı� ��ՠ� 蓨ՠ㴴ı
� ㉀�ՠ
� 蓨軨�ՠ��ՠ�� ��远
� ﹔��﹔� ﹔��㴴�� ���

�ğ﹔�
﹔� ��	�� ㉀�ՠ
� 蓨軨�ՠ��ՠ�� ��﹔
远�
﹔� ��﹔� � � x$ ��ՠ�� 㴴��軨� 蓨軨�ՠ��ՠ�ı
� 	﹔�� ��远
﹔�

��	����� �軨�ՠ�ՠ
� ��� � � 잘
kn x k> � � � � � � 잘n x k> � �﹔��﹔� ﹔�﹔���� �軨� 轼﹔�ş㴴� ����
�

蓨ՠ㴴ı
远ՠ㴴�ı㴴��﹔㉀�﹔뜘
�远�ՠ��ՠ���
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Teorem 2.10 (Banach-Steinhaus Teoremi).�

{ }잘 ����ᴐ傈n Ì ��﹔ ��잘 ����ᴐ傈Î �㉀�远軨
��{ }잘n ���远

� 잘�蓨ՠ� �轼��� 蓨ՠ㴴ı
远ՠ㴴� ㉀�뜘ՠ远ı�

轼
�﹔�﹔㴴��﹔�蓨﹔�﹔��şՠ��ꬨ�

Რ傈 { }잘n ����远

�远ını��ı�㉀�뜘ՠ远ı�

�傈 �㉀�뜘�軨� �� 軨�ՠ蓨ı
�ՠ� 	﹔�� 蓨﹔��﹔� 蓨㉀ğ軨
� ㉀�ՠ
� ��� �¢ ��
﹔﹔�� 뜘ՠ
	㉀��軨
�ՠ�{ }잘n �

��远

�잘�蓨ՠ��轼���蓨ՠ㴴ı
远ՠ㴴�㉀�뜘ՠ远ıdı���

İspat: ◤﹔�﹔㴴��㴴� 轼
�� �ՠ�远ՠ蓨ՠ�ı뜘�㴴� 잘n ��잘�蓨ՠ����﹔��轼���蓨ՠ㴴ı
远ՠ㴴�㉀�远軨
����蓨�﹔⦸﹔��

�x" Î 轼
� 잘n x ��� 잘x �﹔� 蓨ՠ㴴ı
远ՠ㴴�ı��� �軨�ՠ�ՠ
� �ՠ� 잘n x ��﹔� 잘x �﹔� �x" Î 轼
�

蓨ՠ㴴ı
远ՠ㴴�㉀�軨���◤﹔�轼﹔㴴�﹔
��﹔���

잘 잘 잘 잘 �n nx x x x- £ - ® � � ㉀�軨��� �軨� �﹔뜘﹔㴴��� 㴴� { }잘n x ���远� 远ını��ıdı���

�軨�ՠ�ՠ
��ՠ�{ }잘n ��远�远ını��ıdı���

��远
��远�﹔�뜘﹔㴴�轼
� � �¢ = �ՠ�뜘ՠ㴴�蓨﹔�﹔�������䇼﹔
��㴴﹔
�

��
﹔﹔��뜘ՠ
	㉀��軨�㉀�軨��傈�

ᴐ﹔�﹔���㴴�轼
� Რ��﹔���远ՠğ�ՠ
远ı
��◤�远�﹔�﹔�뜘�㴴� 잘n ��잘�蓨ՠ��轼���蓨ՠ㴴ı
远ՠ㴴�ı���

�軨
軨
�轼
�� x x¢¹ ��� �x ¢Ï �㉀�ՠ
�� �x" Î �ՠ�ՠ�ı뜘����ՠ뜘ՠ
� �¢ �� � ﹔�	﹔��蓨﹔��﹔�蓨㉀ğ軨
�

㉀��軨ğ軨
�ՠ
�� �e" > ��� �x¢$ Î ��軨�軨
軨��㴴�� x x e¢- < ��﹔ş�远��ğ�远ՠğ�ՠ
ı���

Ş뜘���远�﹔�﹔�뜘�㴴�㴴﹔蓨	�ՠ��ığımı�� x �
㉀㴴�ՠ远ı
�ՠ� 잘 잘n x x® �㉀�軨���

잘 잘 잘 잘 잘 잘 잘 잘n n n nx x x x x x x x¢ ¢ ¢ ¢- £ - + - + - �

�軨�ՠ�ՠ���
��Რ���

远軨� 잘n
k

c
=

= ����﹔�� 잘 잘n = �ՠ�ՠ�ı뜘��

( )잘 잘 잘 잘 잘 잘 � Რn n n

c c

x x x x x x x x c
e e e

e
£ < < £ <

¢ ¢ ¢ ¢- £ - + - + - < + �

��蓨�﹔⦸﹔��﹔㉀�﹔뜘�远�ՠ��ՠ
뜘ış�㉀�軨���
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2.16.6. Lineer Operatörlerin Sürekliliğe Göre Devamı 

�ՠ�远ՠ蓨ՠ�ı뜘�㴴����﹔�ᴐ�
㉀�뜘�軨�軨�ՠ蓨�ՠ���﹔�� 잘�� ᴐ® ��
﹔﹔��㉀�﹔�ՠ�������� ��잘傈 �Í �����

�잘傈 ᴐR Í ��﹔�� ��잘傈 �= �� ��잘傈 �� � �﹔�	﹔��蓨﹔��﹔�蓨㉀ğ軨
傈�㉀�远軨
��

Eğ﹔� � � �
��잘傈

	 Რ

잘 远軨� 잘
x

x
Î

£

= < +¥ � �远﹔� 잘� ㉀�﹔�ՠ����� � ��잘傈 ����﹔远
�﹔� 远ını��ıdı�� �﹔
�� �﹔�

�軨�ՠ�ՠ��ՠ
ı뜘�ՠ�ığımı�� 잘 ��잘�㉀�﹔�ՠ����
�
�
㉀�뜘軨�㉀�ՠ�ՠ㴴�ՠ��ՠ
�ırılı���

Teorem 2.11.� �ՠ�远ՠ蓨ՠ�ı뜘� 㴴� �
﹔﹔�� 잘� ㉀�﹔�ՠ����� �� 軨�ՠ蓨ını� ᴐ� 軨�ՠ蓨ı
ՠ� ��
�ş���﹔
�

�
﹔﹔�� ㉀�﹔�ՠ���� ㉀�远軨
�� �� 
㉀�뜘�軨� 軨�ՠ蓨�� ᴐ� �ՠ
ՠ⦸	� 軨�ՠ蓨ı� � �� ��잘傈 �Í �� �잘傈 ᴐR Í ��

��잘傈 �= �﹔� 잘� ㉀�﹔�ՠ����� ��잘傈 ��ՠ� 远ını��ıdı��� � �ՠ뜘ՠ
� ��뜘� �� �﹔� �ՠ
ı뜘�ՠ
뜘ış� µ잘$ �

㉀�﹔�ՠ������ՠ��ı��㴴ꬨ�

1) ��잘傈x" Î �轼
� µ잘 잘x x= �

2) µ잘 잘= �﹔ş��ğ��㉀ğ�軨�軨���

�軨��﹔㉀�﹔뜘﹔��
﹔﹔��㉀�﹔�ՠ����
�远��﹔㴴��ğ﹔���﹔��﹔�ՠ뜘ı��﹔㉀�﹔뜘��﹔
����軨��﹔㉀�﹔뜘
����

��﹔��ğ� �﹔ꬨ� 잘� ㉀�﹔�ՠ����
�� ��뜘��� �﹔� �﹔�ՠ뜘� ﹔����ğ뜘��﹔� 잘� ㉀�﹔�ՠ����
�
� 
㉀�뜘軨�

��蓨����뜘﹔�﹔
��﹔�ՠ뜘�﹔�������

İspat:  ��잘傈xÎ  ㉀��軨ğ軨
�ՠ�� µ잘 잘x x= �ՠ�ՠ�ı뜘����蓨�﹔⦸﹔�Რ��şՠ����ՠ뜘ՠ뜘�ՠ
뜘ış�㉀�軨���

��잘傈xÏ �轼
� �x" Î ՠ�ՠ�ı뜘�� � �ՠ뜘ՠ
� ��잘傈 �� �� �﹔� 	﹔�� 蓨﹔��﹔� 蓨㉀ğ軨
� ㉀��軨ğ軨
�ՠ
�

{ } ��잘傈nx$ Î ���远��ՠ�� 㴴�� �뜘 n
x

x x
®¥

= ����� µ잘 �㉀�﹔�ՠ����
��� µ잘 �뜘 잘 n
n

x x
®¥

= ��﹔ş��ğ� �﹔�

�ՠ
ı뜘�ՠ蓨ՠ�ı뜘���軨��ՠ
ımı
��㉀ğ�軨�㉀��軨ğ軨
軨��远�﹔�﹔�뜘��

�軨� �ՠ
ımı
� �㉀ğ�軨� ㉀��軨ğ軨
軨� �远�﹔�뜘﹔㴴� 轼
� �
⦸﹔� � � �뜘 잘 n
n

x
®¥

� � �뜘�

� �ՠ��ığını�

�远�﹔�﹔�뜘���軨
軨
�轼
��{ }잘 ᴐnx Ì ��远

�	軨
�ՠ뜘﹔
�ՠ��㉀��軨ğ軨
軨��远�﹔�﹔�뜘��

�

잘 잘 잘n p n n p nx x x x+ +
®

- £ - �
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��蓨�﹔⦸﹔� � 잘 nx � �	軨
�ՠ뜘﹔
�ՠ����� ᴐ� �ՠ
ՠ⦸	� 軨�ՠ蓨ı� ㉀��軨ğ軨
�ՠ
� � ᴐy$ Î ��ՠ��ı�� 㴴�� �

�뜘 잘 n
n

x y
®¥

= �㉀�軨�����蓨�﹔⦸﹔��뜘�
��ՠ��ığını��远�﹔��㴴��

Ş뜘� ��远�﹔�﹔�뜘 �㴴� ��軨 �﹔ş��㴴 �x �﹔� 蓨ՠ㴴ı
远ՠ㴴� ㉀�ՠ
� nx �� 
� 远﹔轼뜘
﹔� �ՠğlı� �﹔ğ�����

{ } ��잘傈nx¢ Ì ���� nx x¢ ® ������ՠ�远ՠ蓨ՠ�ı뜘�㴴��� �뜘 잘 n
n

x z
®¥

¢ = �㉀�远軨
����잘㴴远
��ՠ�远ՠ蓨�ı㴴傈��

� � �

잘 잘 잘 잘n n n ny z y x x x x z
® ® ®

¢ ¢- £ - + - + - �

㉀�軨���Ş뜘�� µ잘 잘= �㉀��軨ğ軨
軨��远�﹔�﹔�뜘��

잘 잘n nx x£ �蓨ՠ�ՠ������ �軨� ﹔ş�远��ğ
� 	﹔�� 蓨ՠ
ı
�ՠ
� n ®¥ �轼
� �뜘�� ՠ�ı�远ՠ㴴� � �

µ잘 잘x x£ ��軨�軨
軨��� �軨� 远﹔� µ잘 잘£ �㉀�뜘ՠ远ını� ﹔�﹔㴴����� �ğ﹔�� 蓨ՠ
�ՠ
� � �

µ µ
( )

µ
Რ � 잘

Რ

잘 远軨� 잘 远軨� 잘 잘
x x

x

x x
£ Î

£

= ³ = � ��﹔ � � µ잘 잘³ �㉀�軨��� �軨� 㴴� ﹔ş�远��㴴�﹔
� µ잘 잘= �

�軨�軨
軨���

2.17. Normlu ve Banach Uzaylarında Seriler 

Tanım 2.11.���	﹔�	ՠ
����
㉀�뜘�軨�軨�ՠ蓨��﹔�� Რ �� � ��� � ����kx x x ���
�﹔�﹔뜘ՠ
�ՠ�ı�㉀�远軨
��

�軨��軨�軨뜘�ՠ���

Რ �
Რ

��� ���k k

k

x x x x
¥

=

+ + + + =å �

�㉀��ՠ뜘ı
ՠ���軨�ՠ蓨ı
�ՠ����远﹔���﹔
���

Რ � ���n nS x x x= + + + �

�㉀��ՠ뜘ı
ՠ�远﹔�

�㴴ı远뜘��㉀��ՠ뜘ı��﹔
���
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Რ Რ

� Რ �

Რ �

������������������������

���

�������������������������������������
n n

S x

S x x

S x x x

=
= +

= + + +
�

㉀��軨ğ軨�ՠ轼ı㴴�ı���ğ﹔�� n ®¥ �㴴﹔
�{ }nS ���远

��뜘���ՠ�远ՠ�㉀��ՠ뜘ՠ
�远﹔��蓨ՠ㴴ı
远ՠ㴴�ı��

�﹔
���ğ﹔���

�뜘 n
n

S s
®¥

= �

远﹔�远�﹔�﹔뜘ՠ
ı
ՠ�远﹔�

��㉀��ՠ뜘ı��﹔
���﹔��

Რ
n

n

s x
¥

=

=å �

ş﹔㴴�
�﹔�蓨ՠ�ılı���

Not 2.2.��軨�ՠ�ՠ㴴�蓨ՠ㴴ı
远ՠ㴴�ı㴴�
㉀�뜘ՠ���﹔����잘şağı�ՠ㴴���﹔��ğ��﹔�﹔�뜘��

Რ
k

k

x s
¥

=

=å ���﹔�� °
Რ

k

k

x s
¥

=

=å % �

㉀��軨ğ軨
�ՠ�

°( )
Რ

k k

k

x x s s
¥

=

+ = +å % ��

����◤﹔�轼﹔㴴�﹔
��

�뜘 k
k

S s
®¥

= ���﹔�� ±�뜘 k
k

S s
®¥

= % �

㉀��軨ğ軨
�ՠ
��
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Teorem 2.12�(Cauchy Kriteri).���
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�

n p

k

k n

x e
+

=

<å �

eş�远��ğ�远ՠğ�ՠ
뜘ՠ远ıdı���

�軨� �﹔㉀�﹔뜘
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2.18. Sayısal Değişkenlere Bağlı Abstract Fonksiyonlar 

沤ՠ蓨ı远ՠ���﹔ğiş㴴﹔
�﹔�﹔��ՠğlı�ՠ�远��ՠ⦸��	㉀
㴴远蓨㉀
�ՠ�ı���뜘�
��﹔�远��﹔㴴��ğ
�
⦸﹔�﹔蓨﹔�뜘��

2.18.1. Limit ve Süreklilik 
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2.18.8. Bochner İntegrali 
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2.19. Ters Operatörler                          


﹔�远�㉀�﹔�ՠ����﹔���﹔��﹔�远�㉀�﹔�ՠ����﹔��	ՠ㴴㴴ı
�ՠ㴴��ՠ�ı��﹔㉀�﹔뜘�﹔��
⦸﹔�﹔蓨﹔�뜘��

2.19.1. Lineer ve Normlu Uzaylarda Ters Operatörler, N(A) Sıfırlar Kümesi,        
Banach Teoremi�
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Რ �x x= �㉀�軨���

Ş뜘�� �远�﹔�﹔�뜘� 㴴� 잘� ㉀�﹔�ՠ����� ��﹔��� ㉀��軨ğ軨
�ՠ� ㉀
軨
� 远ıfı��ՠ�� 㴴�뜘﹔远� 蓨ՠ�
ı��

sıfı��ՠ
�㉀�軨ş軨���

잘㴴远
� �ՠ�远ՠ蓨ՠ�ı뜘�� ᴐՠ�
ı�⦸ՠ� 远ıfı��ՠ
� ㉀�軨ş뜘ՠ远ı
�� � �ՠ뜘ՠ
� � ( )� 잘z$ Î �� �z ¹ ��

( )� 잘y" Î �ՠ�ՠ�ı뜘�� ( )� � 잘x$ Î �ՠ��ı�� 㴴� �잘x y= eş��ğ� 远ՠğ�ՠ
ı��� ( )� � 잘x z+ Î �

轼
� ( )�잘 x z y+ = �㉀��軨ğ軨� ՠ轼ı㴴�ı��� 잘뜘ՠ� � �x x z¹ + � ��ı�� ��軨 �轼﹔�ş㴴 ��﹔㉀�﹔뜘
 ��� �

kı远뜘ını�远�ՠ��ՠ���

���﹔�ᴐ�
㉀�뜘�軨�軨�ՠ蓨�ՠ��㉀�远軨
��Ş뜘������軨�ՠ�ՠ�잘�㉀�﹔�ՠ����
�
�
﹔��ՠ뜘ՠ
��﹔�远��ՠ��

�﹔�远ını��ı�㉀��軨ğ軨�	ՠ㴴㴴ı
�ՠ㴴��﹔㉀�﹔뜘�﹔��﹔�﹔�ՠ�ՠ�ı뜘��
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�

Teorem 2.26. ��
㉀�뜘�軨�軨�ՠ蓨ını�ᴐ�
㉀�뜘�軨�軨�ՠ蓨ı
ՠ���
�ş���﹔
��
﹔﹔��잘�㉀�﹔�ՠ����
�
�

�﹔�远��ՠ���﹔�远ını��ı�㉀�뜘ՠ远ı�轼
�﹔�﹔㴴��﹔�蓨﹔�﹔��şՠ����� �m > �远ՠ蓨ısı��﹔� ( )� 잘x" Î �轼
����

잘 ���ૼ�傈x m x³ �

eş�远��ğ

�远ՠğ�ՠ
뜘ՠ远ıdı���

İspat:� �ՠ�远ՠ蓨ՠ�ı뜘� 㴴� 잘� ㉀�﹔�ՠ����
�
� �﹔�远� �ՠ�� �﹔� 远ını��ıdı��� ◤�远�﹔�﹔�뜘� 㴴� ���ૼ�傈�

eş�远��ğ� ( )� 잘x" Î �轼
�远ՠğ�ՠ
ı���

Რ잘-  
� 远ını��ı�㉀�뜘ՠ远ı� � � Რ� � ��잘傈 � 잘c y y c y
-$ > " Î £ ���﹔뜘﹔㴴���� �軨�﹔ş�远��㴴�﹔��

잘y x= �ՠ��ığımı��ՠ��
Რ

�﹔Ax x Ax m x
c

³ ³ ��軨�軨
軨���

Ş뜘�� �﹔�远
﹔�� �ՠ�远ՠ蓨ՠ�ı뜘� 㴴� ���ૼ�傈� ﹔ş�远��ğ� x" �轼
� 远ՠğ�ՠ
远ı
�� � 잘 �x =  şՠ��ını�

远ՠğ�ՠ蓨ՠ
� � x � �ՠ�远ՠ㴴 � � �x = �㉀�軨�� � � { }��잘傈 �= � ��軨� 远﹔� 
﹔㉀�﹔뜘� �����﹔� ��﹔� 잘�

㉀�﹔�ՠ����
�
���﹔���㉀��軨ğ軨
軨��远�﹔����ᴐՠ
�잘�㉀�﹔�ՠ����
�
��﹔�远��ՠ��ı���

Eğ﹔�� ��� ���ૼ�傈� ﹔ş�远��ğ
�﹔� � Რ잘x y-= �ՠ�ı�远ՠ㴴� ㉀� �ՠ뜘ՠ
� � Რ Რ
잘 y y

m

- £ � �㉀�軨�� �﹔�

�軨�ՠ�ՠ
� Რ잘 y c y
- £ ��軨�軨
軨����軨
ՠ���﹔�� Რ잘- �远ını��ı�㉀�軨���

Not 2.5.� { }��잘傈 �= �㉀��軨ğ軨
�ՠ� � 잘���잘傈 ��잘傈® ���﹔��� ��
�ş�����ğ�
�﹔
� 잘�

㉀�﹔�ՠ����
�
� �﹔�远�㉀�﹔�ՠ����� �ՠ�� �﹔� � Რ잘 ���잘傈 ��잘傈- ® ���﹔��� ��
�ş������� 잘� �
﹔﹔��

㉀�﹔�ՠ����㉀��軨ğ軨
�ՠ� Რ잘-  �﹔��
﹔﹔��㉀�﹔�ՠ����㉀�軨���

Ş뜘�� Რ잘- �
� �
﹔﹔�� ㉀�﹔�ՠ���� ㉀��軨ğ軨
軨� �远�﹔�﹔�뜘�� ��� �
﹔﹔�� ㉀�﹔�ՠ�����

�ՠ
ı뜘�ՠ�ığımı��ՠ� ㉀
軨
� �﹔ğ﹔��﹔�� ���﹔远

� �
﹔﹔�� 뜘ՠ
	㉀��� ㉀��軨ğ軨
軨� 远�ՠ��ՠ�ı㴴��

�㉀�ՠ蓨ısı蓨�ՠ�Რ��şՠ����ՠ뜘ՠ뜘�ՠ
뜘ış�㉀�軨���

�� �şՠ�� �轼
 �� � � Რ �� ��잘傈y y" Î ��﹔ �� Რ ��l l �轼
 � � { }Რ Რ Რ
Რ Რ � � Რ Რ � �잘 잘 잘y y y yl l l l- - -+ = + �

㉀��軨ğ軨
軨��远�﹔�뜘﹔�蓨���



�ૼ�
�

Რ �� ��잘傈y y Î   ㉀��軨ğ軨
�ՠ
�� Რ �� ��잘傈x x$ Î ��ՠ��ı��㴴ꬨ� Რ Რ잘x y= ��� � �잘x y= ��� Რ
Რ Რ잘x y-= �

Რ
� �잘x y-= �﹔ş��㴴�﹔�� �㉀ğ�軨�軨��� ( )Რ Რ � � Რ Რ � � Რ Რ � �잘 잘 잘y y x x x xl l l l l l+ = + = + �㉀�軨���

�軨�ՠ�ՠ
��ՠ�ꬨ�

( )Რ
Რ Რ � � Რ Რ � �잘x x y yl l l l-+ = + ��軨�軨
軨���� Რ

Რ Რ잘x y-= ��� Რ
� �잘x y-= ��蓨ՠ��ığımı��ՠ��

( )Რ Რ Რ
Რ Რ � � Რ Რ � �잘 잘 잘y y y yl l l l- - -+ = + �

﹔��﹔�﹔������軨�远﹔� Რ잘- �㉀�﹔�ՠ����
�
��
﹔﹔��㉀�﹔�ՠ����㉀�뜘ՠ远ı��﹔뜘﹔㴴����

Tanım 2.28.� 잘�� ᴐ® ���
�ş���﹔
��
﹔﹔��㉀�﹔�ՠ����㉀�远軨
�����﹔�ᴐ�
㉀�뜘�軨�軨�ՠ蓨�ՠ��ı���

��잘傈 ᴐ= � �㉀��軨ğ軨
�ՠ� �﹔� 잘� ㉀�﹔�ՠ����
�
� �﹔�远� �ՠ�� �﹔� 远ını��ı� ㉀��軨ğ軨
�ՠ�� 蓨ՠ
�

Რ잘 ��ᴐ��傈- Î  şՠ��ı� 远ՠğ�ՠ
�ığı
�ՠ� �
﹔﹔�� 잘� ㉀�﹔�ՠ����
﹔� sürekli dönüştürülebilen 

operatör��﹔
���

Teorem 2.27. �㉀�뜘�軨� �� 軨�ՠ蓨ını� 
㉀�뜘�軨� ᴐ� 軨�ՠ蓨ı
ՠ� ��
�ş���﹔
� �
﹔﹔�� 잘�

㉀�﹔�ՠ����
�
� 远��﹔㴴�� ��
�ş�����﹔��﹔
� ㉀�﹔�ՠ���� ㉀�뜘ՠ远ı� 轼
� ﹔�﹔㴴� �﹔� 蓨﹔�﹔�� şՠ���

��잘傈 ᴐ= ��� �m > ��﹔ � � ��잘傈x" Î �轼
� 잘 ���ૼ�傈x m x³ �﹔ş�远��ğ

�

远ՠğ�ՠ
뜘ՠ远ıdı���

ᴐ軨㴴ՠ�ı�ՠ㴴� �﹔㉀�﹔뜘� 远��﹔㴴�� ��
�ş�����﹔��﹔
� ㉀�﹔�ՠ����﹔�� 轼
� 
﹔㉀�﹔뜘� ������蓨ՠ�

�ՠ蓨ՠ
ՠ�ՠ㴴��㉀ğ�軨�軨���

Teorem 2.28 (Banach Teoremi). �
﹔﹔��远��﹔㴴��잘�㉀�﹔�ՠ�������뜘����ՠ
ՠ⦸	�軨�ՠ蓨ını�

��뜘�ᴐ��ՠ
ՠ⦸	�軨�ՠ蓨ı
ՠ���﹔�����
�ş�����ğ�
�﹔� Რ잘- �㉀�﹔�ՠ�����远ını��ı�㉀�﹔�ՠ����㉀�軨���

�軨��﹔㉀�﹔뜘�ՠşağı�ՠ㴴�ş﹔㴴��﹔��﹔�蓨ՠ�ՠ������

잘 ����ᴐ傈Î �� ����﹔�ᴐ�軨�ՠ蓨�ՠ�ı��ՠ
ՠ⦸	�軨�ՠ蓨�ՠ��ı�� ���잘傈 ᴐ= �﹔� Რ잘- �㉀�﹔�ՠ������ՠ�远ՠ�

㉀��ՠ뜘ՠ
� Რ잘- �㉀�﹔�ՠ�����远ını��ı�㉀�﹔�ՠ��������

��� ş뜘�� 远��﹔㴴�� ��
�ş�����﹔��﹔
� ㉀�﹔�ՠ����﹔�
� �
﹔뜘
� �远�﹔�뜘﹔㴴� 轼
� 잘x y= �

㉀�﹔�ՠ���� �﹔
㴴�﹔뜘
� ﹔�﹔� ՠ�ՠ�ı뜘�� �ՠ�远ՠ蓨ՠ�ı뜘� 㴴� �軨� �﹔
㴴�﹔뜘�﹔� 잘� 远��﹔㴴��

��
�ş�����﹔��﹔
��﹔
㴴�﹔뜘�㉀�远軨
����ՠ뜘ՠ
� Რ잘- ��ՠ���﹔� Რ잘x y-= �㉀�軨���



���
�

%잘x y= �远﹔�轼���뜘�� % %Რ잘x y-= �㉀�軨����	ՠ��﹔����� % %Რ잘x x y y
-- £ - �蓨ՠ�ՠ�������軨�

eş�远��㴴�﹔
����蓨㉀�軨��㴴�远��﹔㴴����
�ş�����﹔��﹔
�㉀�﹔�ՠ�����﹔
㴴�﹔뜘
�﹔�远ՠğ�蓨ՠ
�ՠ��

�﹔ğiş�ğ
�﹔� 轼���뜘�﹔� ՠ�� �﹔ğiş��� �軨� ���� ��㉀��﹔뜘�﹔�﹔� doğru çözülebilen problemler�

�﹔
���

��蓨�﹔⦸﹔� ��� ���蓨㉀�軨�� 㴴� 远��﹔㴴�� ��
�ş�����﹔��﹔
� ㉀�﹔�ՠ������ �﹔
㴴�﹔뜘�﹔�� �㉀ğ�軨�

轼����﹔��﹔
���㉀��﹔뜘�﹔�����

2.19.2. Ters Operatörlere Örnekler 

Örnek 2.13. 잘x y= �﹔ş��ğ
�﹔� 잘�
ı
� nxn ���� 뜘ՠ��远� ㉀��軨ğ軨
軨� �ՠ�远ՠ蓨ՠ�ı뜘��

�﹔� 잘 �¹ �㉀��軨ğ軨
�ՠ�ⵌ�ՠ뜘﹔��蓨�
�﹔뜘��﹔��軨�뜘ՠ��远
��﹔�远��軨�軨
軨����軨�잘�뜘ՠ��远

�

�㉀ğ軨��軨ğ軨�㉀�﹔�ՠ����远��﹔㴴����
�ş�����﹔��﹔
�㉀�﹔�ՠ����㉀�軨���

Örnek 2.14.� 
� 远ՠ�﹔� ��� 
�﹔�ՠ�� �﹔
㴴�﹔뜘
� ﹔�﹔� ՠ�ՠ�ı뜘��
Რ

�

� 傈 � 傈 � 傈x t tsx s ds y t- =ò �

�軨�ՠ�ՠ���� [ ]� 傈 ��Რy t CÎ �ՠ�ՠ�ı뜘���軨�
�﹔�ՠ���﹔
㴴�﹔뜘

�远㉀��蓨ՠ
ı���� �
﹔﹔��㉀�﹔�ՠ����

�ՠ
ı뜘�ՠ��� [ ] [ ]잘 � ��Რ ��ᲠC C® ���
�ş���﹔
�㉀�﹔�ՠ��������

잘뜘ՠ⦸ımı���軨�㉀�﹔�ՠ����
�远��﹔㴴����
�ş�����﹔��﹔
�㉀�﹔�ՠ����㉀��軨ğ軨
軨��远�﹔�뜘﹔㴴���軨�


�﹔�ՠ�� �﹔
㴴�﹔뜘
� 轼��뜘﹔㴴� 轼
�
Რ

�

� 傈c sx s ds= ò ��﹔� �远�﹔�﹔�뜘� � 傈 � 傈x t tc y t- = �

�﹔
㴴�﹔뜘

�	﹔��蓨ՠ
ını����﹔�轼ՠ��ı�����ՠ
�Რ�﹔�
�﹔�ՠ��﹔蓨﹔�뜘��

Რ Რ Რ
�

� � �

� 傈 � 傈sx s ds s dsc sy s ds- =ò ò ò ��軨�軨
軨�� �﹔� �軨�ՠ�ՠ
� �ՠ� �
Რ

�

Რ
� 傈

ૼ
c c sy s ds- = ò �㉀�軨���

�㉀�ՠ蓨ısı蓨�ՠ�
Რ

�

ૼ
� 傈

�
c sy s ds= ò ��軨�軨
軨��� �軨�ՠ�ՠ
� �ՠ� �

Რ

�

ૼ
� 傈 � 傈 � 傈

�
x t y t tsy s ds= + ò ��軨�軨
軨���

��蓨�﹔⦸﹔� �﹔
㴴�﹔뜘� 轼����㴴�� �軨�ՠ�ՠ� ��� �远�﹔��㴴� 㴴�� ﹔�﹔� ՠ��ığımı�� ㉀�﹔�ՠ���� 远��﹔㴴��

��
�ş�����﹔��﹔
�㉀�﹔�ՠ��������

Örnek 2.15. �	﹔�ՠ
远蓨﹔�� 远��﹔㴴�� ��
�ş�����﹔��﹔
� ㉀�﹔�ՠ����﹔�� 
⦸﹔�﹔蓨﹔�뜘�� Ş뜘��

���ՠşağı�ՠ㴴��	﹔�ՠ
远蓨﹔���﹔
㴴�﹔뜘�﹔�﹔�ՠ�ՠ�ı뜘��



��
�

� 傈 � Რ傈
Რ� 傈 � 傈 ��� � 傈 � 傈 ���ૼૼ傈n n

ny y a t y a t y f t-= + + + =l �

�軨��	﹔�ՠ
远蓨﹔���﹔
㴴�﹔뜘
��

� Რ傈��傈 � � ��傈 � � ��� � ��傈 � ���ૼ�傈ny y y -¢= = = �

�ՠş�ՠ
ı轼� şՠ��ını� 远ՠğ�ՠ蓨ՠ
� ⵌՠ軨⦸	蓨� ��㉀��﹔뜘

� 轼���뜘�
�� �軨�ՠ�ı뜘�� �ՠ�远ՠ蓨ՠ�ı뜘� 㴴�

���ૼૼ傈� �﹔
㴴�﹔뜘
�﹔� � Რ� 傈� ��� � � 傈na t a t ��﹔� � 傈f t �	㉀
㴴远蓨㉀
�ՠ�ı� [ ]��
 ՠ�ՠ�ığı
�ՠ�

�ՠ
ı뜘�ՠ
뜘ış�远��﹔㴴��	㉀
㴴远蓨㉀
�ՠ��ı���

� 傈 � Რ傈
Რ� 傈 � 傈 ��� � 傈n n

ny y a t y a t y-= + + +l � � �	﹔�ՠ
远蓨﹔�� 	ՠ�﹔远

� �﹔� ���ૼ�傈� şՠ��ını
�

���㴴�﹔� �㉀ğ軨��軨ğ軨� ㉀�﹔�ՠ����� ��y傈� �﹔� �远�﹔�﹔�뜘�� 잘뜘ՠ⦸ımı�� ��y傈� �	﹔�ՠ
远蓨﹔��

㉀�﹔�ՠ����
�
��﹔�远

��ՠ��㉀��軨ğ軨
軨��﹔��軨�㉀�﹔�ՠ����
� [ ] [ ]� 傈� � ��
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2.19.3. Sağ ve Sol Ters Operatörler 
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3.1. Denklemin “Yaklaşık” Denklemle Değiştirilmesinin Bir Başka Yöntemi  

�ⵔ ӄ傈� �ૼ�Რ뜀傈x y- = �

�﹔
㴴�﹔뜘

��﹔���ğ
��ՠ�远ՠ蓨ՠ�ı뜘��﹔� ӄ�� �® ���
�ş���﹔
��
﹔﹔��㉀�﹔�ՠ����㉀�远軨
����

�ՠ
ՠ⦸	� 軨�ՠ蓨ı� �﹔� ⵔ�� �� 軨�ՠ蓨ı
�ՠ� ��뜘� ㉀�﹔�ՠ�������� Ş뜘�� ��� �ૼ�Რ뜀傈� �﹔
㴴�﹔뜘� �﹔�

�﹔�ՠ�﹔���

�ⵔ �傈 �ૼ���傈x y- = �

�﹔
㴴�﹔뜘
��﹔�﹔�﹔�ՠ�ՠ�ı뜘���軨��﹔
㴴�﹔뜘�﹔��﹔� ��� �® ���
�ş���﹔
��
﹔﹔��㉀�﹔�ՠ�������� 

�ૼ���傈��﹔
㴴�﹔뜘
�﹔㴴���㉀�﹔�ՠ����
���ૼ�Რ뜀傈��﹔
㴴�﹔뜘
�﹔㴴�ӄ�㉀�﹔�ՠ����
﹔�풴蓨ՠ㴴�ՠşı㴴��

㉀�ՠ�ՠ㴴�ՠ�ırı�����ՠ뜘ՠ
��伸ӄ�	ՠ�㴴ını
�

� � ӄ dD = - £ �



皤뜀�
�

���﹔ğ﹔��﹔
����ğ
��ՠ�远ՠ蓨ՠ�ı뜘��

Teorem 3.1. ⵔ伸ӄ�
軨
�远��﹔㴴����
�ş�����﹔��﹔
�㉀��軨ğ軨
軨��ՠ�远ՠ蓨ՠ�ı뜘��﹔��

( ) Რ
ⵔ ӄ Რ �ૼ��Რ傈d -- < �

㉀�远軨
�� �ૼ��Რ傈� ﹔ş�远��ğ� 远ՠğ�ՠ
�ığı
�ՠ� ⵔ伸�� ㉀�﹔�ՠ����� �﹔� 远��﹔㴴����
�ş�����﹔��﹔
����

�yÎ �轼
��ૼ�Რ뜀傈��﹔��ૼ���傈��﹔
㴴�﹔뜘�﹔�

�

( ) Რ
ⵔ ӄx y

-= - �� ( ) Რ
ⵔ �x y

-= - �

轼���뜘�﹔��轼
�ՠşağı�ՠ㴴��﹔ğ﹔��﹔
��뜘﹔��㉀ğ�軨�軨���

( ) Რ
ⵔ � �ૼ���傈x x xd -- £ - �

İspat: �ૼ��Რ傈�﹔ş�远��ğ

��㉀ğ�軨�軨ğ軨
軨��远�﹔�뜘﹔㴴�轼
ꬨ�

( ) ( ) ( ) ( ) ( ) ( )Რ Რ Რ
ⵔ � ⵔ � ⵔ ӄ ⵔ � ⵔ � � ӄx y x x

- - -= - = - - = - - + -é ùë û �

������������������ ( ) ( )Რ
ⵔ � � ӄx x

-= + - - �

㉀�軨�����

( ) ( )Რ
ⵔ � � ӄx x x

-- = - - �


㉀�뜘�ՠ�ı�远ՠ㴴���

( ) Რ
ⵔ �x x xd -- £ - �

�軨�軨
軨��� � �軨� �﹔㉀�﹔뜘��� ㉀�﹔�ՠ����� ӄ� ㉀�﹔�ՠ����
﹔� 蓨﹔�﹔�
⦸﹔� 蓨ՠ㴴ı
� ㉀��軨ğ軨
�ՠ� �ૼ�Რ뜀傈�

�﹔
㴴�﹔뜘

� 轼���뜘�
�
� �ՠ��ığını� 	﹔�� ��� 蓨� 轼
� ՠ�ՠ
�� ﹔�﹔��� 잘뜘ՠ� �ૼ���傈�

eş�远��ğ

�远ՠğ�蓨ՠ
ı
�ՠ�� x �
�
㉀�뜘軨�㉀��軨ğ軨
�ՠ
��ૼ���傈�﹔ş�远��ğ
﹔��ՠ蓨ՠ
ՠ�ՠ㴴����

	ՠ�ՠ蓨ı� �﹔ğ﹔��﹔
��﹔뜘蓨㉀�軨��� �軨
軨
� 轼
� ՠşağı�ՠ㴴� �﹔㉀�﹔뜘� 远�ՠ��ՠ蓨ՠ�ı뜘�� 잘şağı�ՠ�

�﹔�﹔⦸﹔ğ뜘���﹔㉀�﹔뜘
�远�ՠ�ı��ૼ���傈�﹔ş�远��ğ
﹔��ՠ蓨ՠ
ՠ⦸ՠ㴴�ı���



���
�

Teorem 3.2.�
﹔㉀�﹔뜘�ૼ�Რ��
���뜘�şՠ���ՠ�ını
�远ՠğ�ՠ
�ığını��ՠ�远ՠ蓨ՠ�ı뜘���ՠ�远ՠ蓨ՠ�ı뜘�㴴��

( ) Რ
ⵔ � Რqd -- £ < �

������ՠ뜘ՠ
����

�ૼ��ૼ傈
Რ

q
x x x

q
- £

-
�

eş�远��ğ��㉀ğ�軨�軨���

İspat: ��ૼ���傈�﹔ş�远��ğ
�㴴軨��ՠ
ՠ�ՠ㴴�ՠşağı�ՠ㴴��﹔ğ﹔��﹔
��뜘﹔蓨�蓨ՠ�ՠ�ı뜘��

( )x x q x q x x x q x x q x- £ £ - + = - + �

�軨�ՠ�ՠ
����

( )Რ q x x q x- - £ �

�軨�軨
軨����﹔���ՠ�ՠ	ı��Რ q- ��蓨ՠ����﹔�远﹔㴴���

Რ

q
x x x

q
- £

-
�

eş�远��ğ
��軨�軨�軨���

Örnek 3.4.  

� 傈 � � 傈 � 傈 � 傈 �ૼ���傈
b

a

x t K t s x s ds f t= +ò �


�﹔�ՠ�� �﹔
㴴�﹔뜘
� ﹔�﹔� ՠ�ՠ�ı뜘�� �軨� �﹔
㴴�﹔뜘�﹔� � � � 傈K t s �轼﹔㴴��﹔ğ

� [ ] [ ]� 	 �a b a b �

�㴴����﹔

�﹔�远��﹔㴴�� 	㉀
㴴远蓨㉀
�㉀��軨ğ軨
軨��﹔� � � 傈f t �

� [ ]�a b ��﹔�远��﹔㴴��	㉀
㴴远蓨㉀
�

㉀��軨ğ軨
軨��ՠ�远ՠ蓨ՠ�ı뜘���ૼ���傈��﹔
㴴�﹔뜘��﹔����㴴�﹔������



�Რ�
�

Რ
Რ

� � 傈 � 傈 � 傈 �ૼ��傈
n

i i

i

K t s t sj y
=

=å �

轼﹔㴴��﹔㴴�����

Რ� 傈 � � 傈 � 傈 � 傈 �ૼ���傈
b

a

x t K t s x s ds f t= +ò �

�﹔
㴴�﹔뜘
� �﹔� ﹔�﹔� ՠ�ՠ�ı뜘�� �㴴㴴ՠ�﹔� ՠ�ՠ�ı뜘� 㴴� �ૼ��傈� 轼﹔㴴��﹔㴴�� �ૼ���傈� 
�﹔�ՠ��

�﹔
㴴�﹔뜘

�轼���뜘��⦸﹔��远﹔�� �
﹔﹔���﹔
㴴�﹔뜘�﹔�� 远远�﹔뜘

�轼���뜘�
﹔���
�ş���������

�ૼ���傈��﹔��ૼ���傈�
�﹔�ՠ���﹔
㴴�﹔뜘�﹔�
�㉀�﹔�ՠ����ş﹔㴴�
�﹔�ՠşağı�ՠ㴴���蓨ՠ�ՠ������

ꬨ �ⵔ 傈x Kx f K x f- = - = �

Რ Რꬨ �ⵔ 傈x K x f K x f- = - =  

��軨�ՠ�ՠ���

Რ Რ
�

뜘ՠ	 � � 傈 � � 傈
a t s b

K t s K t s d
£ £

- £ �

dı�����ՠ뜘ՠ
�㴴㉀�ՠ蓨�ı㴴�ՠ��远�﹔�﹔�����㴴���

( )Რ Რ� �ૼ��皤傈K K b ad d d- £ = - �

�ૼ��皤傈� ﹔ş�远��ğ
�﹔
� ���蓨㉀�軨�� 㴴� Რd �远ՠ蓨ısı� 蓨﹔�﹔�
⦸﹔� 㴴�轼�㴴� ㉀��軨ğ軨
�ՠ� �ૼ���傈�

�﹔
㴴�﹔뜘
� 蓨ՠ㴴�ՠşı㴴� ㉀�ՠ�ՠ㴴� �ૼ���傈� �﹔
㴴�﹔뜘

� 蓨ՠ��ımı� �﹔� 轼��뜘﹔㴴� 轼
� �軨�ՠ�ՠ�

蓨ՠ��ığımı��
﹔㉀�﹔뜘�ૼ �Რ���﹔�
﹔㉀�﹔뜘�ૼ ����蓨�㴴軨��ՠ
ՠ������

3.2. Sade Halde Küçük Parametreler Metodu 

잘 �ૼ���傈x Cx yl- = �

�﹔
㴴�﹔뜘� ﹔�﹔� ՠ�ՠ�ı뜘�� �軨�ՠ�ՠ� � 잘� ����ᴐ傈CÎ ��﹔� Რ잘 ��ᴐ��傈- Î ��﹔ �� 蓨 ᴐÎ �㉀��軨ğ軨
軨�

�ՠ�远ՠ蓨ՠ�ı뜘�� �ૼ���傈� �﹔
㴴�﹔뜘
�﹔� l �远㴴ՠ�﹔�� �ՠ�ՠ뜘﹔��﹔���� l r< �� �� x� �軨� �﹔
㴴�﹔뜘�﹔�

ՠ�ՠ
ՠ
��﹔㴴��������﹔� �xÎ ���軨�ՠ�ՠ�



���
�

Რ잘 ᲠCl - < �

şՠ��ı�远ՠğ�ՠ
�ığı
�ՠ��蓨ՠ
�

ᲠᲠ잘 �ૼ��뜀傈Cl
--< �

şՠ��ını�远ՠğ�ՠ蓨ՠ
�	﹔����� l ��ՠ�ՠ뜘﹔��﹔远�轼
��

( )Რ잘 ⵔ 잘 잘C Cl l -- = - �

㉀�﹔�ՠ�����远��﹔㴴����
�ş�����﹔��﹔
�㉀�﹔�ՠ����㉀�軨�����ՠ뜘ՠ
��ૼ��뜀傈�şՠ��ı�远ՠğ�ՠ
�ığı
�ՠ�

�ૼ���傈��﹔
㴴�﹔뜘

�轼���뜘���ՠ���﹔��﹔㴴����잘蓨�ı⦸ՠ�

( ) ( ) Რ
잘 �ૼ�ૼ�傈x C yl l -= - �

	㉀�뜘�����﹔��軨�軨
軨����軨�ՠ�ՠ�

ᲠᲠ잘R C
--= �

㉀�뜘ՠ㴴� ��﹔�﹔� �ૼ��뜀傈� ﹔ş�远��ğ� �﹔� �ՠ
ı뜘�ՠ
ՠ
� ( )� �S ��ՠ�﹔远
�﹔� �ૼ�ૼ�傈� 	㉀�뜘���� �﹔�

�軨�軨
ՠ
� � 傈x l �轼���뜘�� l ��ՠ�ՠ뜘﹔��﹔远

� ՠ
ՠ��㴴� 	㉀
㴴远蓨㉀
軨� ㉀�軨��� �軨� 蓨���﹔
� �﹔�

�ૼ��뜀傈�şՠ��ı�远ՠğ�ՠ
�ığı
�ՠ��ૼ���傈��﹔
㴴�﹔뜘

�轼���뜘�
��

( )
�

�ૼ�ૼᲠ傈k

k

k

x xl l
¥

=

=å �

远﹔�远� ş﹔㴴�
�﹔� ՠ�ՠ蓨ՠ������ �ૼ���傈� �﹔
㴴�﹔뜘

� 轼���뜘�
�
� �ૼ�ૼᲠ傈� 远﹔�远� ş﹔㴴�
�﹔�

ՠ�ՠ
뜘ՠ远ı� �ૼ���傈� �﹔
㴴�﹔뜘

� 轼���뜘�
�
� 㴴�轼�㴴� �ՠ�ՠ뜘﹔��﹔�﹔�� 뜘﹔�㉀�軨� �﹔�

�軨�軨
뜘ՠ远ını
�﹔远ՠ远ını�㉀�軨ş�軨�軨����ૼ�ૼᲠ傈�远﹔�远
��ૼ���傈��﹔
㴴�﹔뜘
�﹔�蓨﹔�
﹔�蓨ՠ�ՠ�ı뜘���

�ՠ뜘ՠ
����

Რ

� �

잘 k k

k k

k k

x y Cxl l
¥ ¥

+

= =

= +å å �



�ૼ�
�

㉀�ՠ�ՠ㴴��軨�軨�軨����軨�﹔ş��㴴�﹔�l ��ՠ�ՠ뜘﹔��﹔远

�ՠ蓨
ı��﹔�﹔⦸﹔���﹔�뜘�﹔�

�㴴ՠ�远ՠ蓨ı�ՠ�ını�

�� ���
﹔ �﹔ş��﹔蓨﹔�﹔㴴 � � � � Რ �� � � ��� � � ���nx x x x � �㴴ՠ�远ՠ蓨ı�ՠ�ını
� �軨�軨
뜘ՠ远ı� 轼
� �﹔㴴��ՠ
远�

�
﹔﹔���﹔
㴴�﹔뜘�远远�﹔뜘
��軨�軨�軨���

� Რ � Რ잘 � 잘 � ��� � 잘 � ���k kx y x Cx x Cx -= = = �

잘� ㉀�﹔�ՠ����� şՠ��ՠ� ��﹔� 远��﹔㴴�� ��
�ş�����﹔��﹔
� ㉀�﹔�ՠ���� ㉀��軨ğ軨
�ՠ
� 远ı�ՠ远ı蓨�ՠ�

aşağı�ՠ㴴����軨�軨�軨���

( ) ( )Რ Რ Რ Რ Რ
� Რ잘 � 잘 잘 � ��� � 잘 잘 � ���

k

kx y x C y x C y
- - - - -= = = �

��蓨�﹔⦸﹔�

( ) ( )Რ Რ

�

잘 잘 �ૼ�ૼ�傈
k

k

k

x C yl l
¥

- -

=

=å �

��� �軨�ՠ�ՠ� �ૼ���傈� �﹔
㴴�﹔뜘

� 㴴軨��﹔�� 远﹔�远
﹔� ՠ轼ı�뜘ış� �ૼ�ૼ�傈� 轼���뜘�
�� �軨��軨㴴��

�ૼ�ૼ�傈�远﹔�远

�㴴ı远뜘��㉀��ՠ뜘ı�㉀�ՠ
�

( ) ( )Რ Რ

�

잘 잘 �ૼ�ૼૼ傈
n

k
k

n

k

x C yl l- -

=

=å �

	ՠ�﹔远��ૼ���傈��﹔
㴴�﹔뜘

�蓨ՠ㴴�ՠşı㴴�轼���뜘��㉀�軨����ૼ�ૼ�傈�远﹔�远
�﹔
��軨�远﹔�

��ૼ�ૼૼ傈�

kı远뜘� �㉀��ՠ뜘ını� 轼ı㴴ՠ�ՠ�ՠ㴴� �軨��軨ğ軨뜘軨�� 	ՠ�㴴ı
� 
㉀�뜘軨
軨� �﹔ğ﹔��﹔
��﹔�﹔㴴� ՠşağı�ՠ㴴�

	ՠ�﹔蓨��軨�軨�軨���

( ) ( ) ( )

( )

Რ Რ Რ Რ

Რ Რ

Რ
Რ Რ

Რ

잘 잘 잘 잘

잘 잘

Რ 잘

k k kk

n

k n k n

n

x x C y C y

C
y

C

l l l l

l

l

¥ ¥
- - - -

= + = +

+
- -

-

- = £

=
-

å å
�

�軨�﹔ş�远��㴴�﹔�蓨ՠ㴴�ՠşı㴴�轼���뜘�﹔�蓨ՠ�ı�ՠ
�	ՠ�ՠ��﹔ğ﹔��﹔
������

 

 



���
�

3.3. Genel Halde Küçük Parametreler Metodu 
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3.5. Parametreye Göre Devam Metodu 
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뜘ış��远��﹔㴴���﹔�

	﹔�� ��� [ ]��ᲠlÎ �轼
� ( )잘 ����ᴐ傈l Î ㉀��軨ğ軨
軨� �﹔� ( )잘 � ㉀�﹔�ՠ����
�
� 远��﹔㴴��

��
�ş�����﹔��﹔
�㉀�﹔�ՠ����㉀��軨ğ軨
軨��ՠ�远ՠ蓨ՠ�ı뜘��ğ﹔�� ( )잘 l �轼
�ⵔ�şՠ��ı��ՠ�远ՠğ�ՠ
ı�远ՠ��

㉀� �ՠ뜘ՠ
� ( )잘 Რ �㉀�﹔�ՠ������﹔�远��﹔㴴����
�ş�����﹔��﹔
��� �﹔� ( )Რ Რ잘 Რ g- -£ ��﹔ş�远��ğ�

远ՠğ�ՠ
ı���

�軨��﹔㉀�﹔뜘�远�ՠ��ՠ뜘ՠ�ՠ
��
⦸﹔�ՠşağı�ՠ㴴��﹔뜘뜘ՠ蓨ı�远�ՠ��ՠ蓨ՠ�ı뜘��

Lemma 3.1.� ( )잘 ����ᴐ傈l Î �㉀�﹔�ՠ�����轼
�ⵔ�şՠ��ı�远ՠğ�ՠ
�ığını��﹔� [ ]� ��Რl l= Î �轼
�

( )�잘 ����ᴐ傈l Î �㉀�﹔�ՠ����
�
� 远��﹔㴴�� ��
�ş�����﹔��﹔
� ㉀��軨ğ軨
軨� �ՠ�远ՠ蓨ՠ�ı뜘�� �

�ՠ뜘ՠ
�

( )Რ Რ
�잘 �ૼ���傈l g- -£ �

eş�远��ğ�远ՠğ�ՠ
ı���

İspat:��䇼﹔蓨	�� �xÎ �ՠ�ՠ�ı뜘��﹔�

( )�잘 x yl = �

㉀�远軨
����ՠ뜘ՠ
�

( )Რ
�잘x yl-= �

㉀�軨����軨�ՠ�ՠ�ⵔ�şՠ��ını� ( )잘 l �㉀�﹔�ՠ�����轼
�蓨ՠ�ı���
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�

( )잘 x xl g³ �

远㉀
�ՠ��軨�﹔ş�远��㴴�﹔� �l l= �ՠ�ı�远ՠ㴴��

( )�잘 x xl g³ �

eş�远��ğ
�﹔��﹔�﹔�﹔�����軨�远㉀
軨
⦸軨�﹔ş�远��㴴�﹔�

�잘� 傈y xl= ���﹔�� Რ
�잘 � 傈x l-= �

ՠ��ığımı��ՠ�

( )Რ Რ
�잘 y yl g- -£ �

eş�远��ğ

� 	﹔�� ��� ᴐyÎ �轼
� 远ՠğ�ՠ
�ığını� �軨�軨�軨��� �軨� 远㉀
軨
⦸軨� ﹔ş�远��㴴�﹔
� �﹔�

�ૼ���傈�﹔ş�远��ğ

�远ՠğ�ՠ
�ığını��軨�軨�軨���

Ş뜘���軨�ՠ�ՠ� �远��﹔� 蓨ՠ��ığımı�� �ՠ�ՠ뜘﹔��﹔蓨﹔� ��﹔��﹔�ՠ뜘� 뜘﹔�㉀�軨
軨
� ﹔远ՠ远� �﹔㉀�﹔뜘
�

㴴�	ՠ��轼
�ՠ蓨�ı�ՠ蓨�ı�远�ՠ��ՠ蓨ՠ�ı뜘����
⦸�	ՠ��﹔��ՠ�远ՠ蓨ՠ�ı뜘�㴴��

( ) ( )잘 Რ 잘 �l l l= - �

蓨ՠ
�� ( )잘 l �㉀�﹔�ՠ����� � Რl£ £ �㉀��軨ğ軨
�ՠ� ����ᴐ傈 �軨�ՠ蓨ı
�ՠ� 잘� �﹔� �� 
㉀㴴�ՠ�ՠ�ını�

���﹔ş��﹔
� �㉀ğ�軨� �ՠ�轼ՠ远ı� ㉀��軨ğ軨� 	ՠ�� 轼
� 远�ՠ��ՠ蓨ՠ⦸ՠğı��� ��� �﹔� ﹔
﹔�� 	ՠ��﹔�

( )잘 l � � Რl£ £ �㉀�﹔�ՠ����� ����ᴐ傈 �軨�ՠ蓨ı
�ՠ� � Რl£ £ �㉀�뜘ՠ㴴� ��﹔�﹔� �﹔� 잘� 
㉀㴴�ՠ远ı� �﹔�

��
㉀㴴�ՠ远ını����﹔ş��﹔
�㴴﹔蓨	�远��﹔㴴��﹔ğ��㉀��軨ğ軨�	ՠ��轼
�远�ՠ��ՠ蓨ՠ⦸ՠğı���

3.5.2. Parametreye Göre Devam Metodundaki Esas Teoremin Özel Hal İçin 
İspatı    

�ՠ�ՠ뜘﹔��﹔蓨﹔� ��﹔� �﹔�ՠ뜘� 뜘﹔�㉀�軨
�ՠ㴴� ﹔远ՠ远� �﹔㉀�﹔뜘� � Რl£ £ �㉀�뜘ՠ㴴� ��﹔�﹔�

( )잘 ����ᴐ傈l Î �㉀�﹔�ՠ����
�
��

( ) ( )잘 Რ 잘 �l l l= - + �

ş﹔㴴�
�﹔�㉀��軨ğ軨�	ՠ��轼
�远�ՠ��ՠ蓨ՠ�ı뜘��
﹔㉀�﹔뜘
�şՠ��ı
ՠ���﹔��
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�

Რ잘 ��ᴐ��傈- Î �

㉀��軨ğ軨�� 蓨ՠ
� 잘� ㉀�﹔�ՠ����
�
� 远��﹔㴴�� ��
�ş�����﹔��﹔
� ㉀��軨ğ軨� �ՠ�� 远ՠ蓨ılı��� 
远��﹔�

远�ՠ��ՠ�ığımı���﹔뜘뜘ՠ�ૼ�Რ����﹔�

� �l l= = �

ՠ��ığımı��ՠ�

( ) ( )�잘 잘 � 잘l = = �

㉀��軨ğ軨
�ՠ
��﹔�

Რ잘 ��ᴐ��傈- Î �

㉀��軨ğ軨
�ՠ
��﹔뜘뜘ՠ�ૼ�Რ���﹔㴴��ૼ���傈�﹔ş�远��ğ
﹔���﹔�

Რ Რ잘 g- -£ �

�㉀�軨���Ş뜘��ՠşağı�ՠ㴴��﹔ğ﹔��﹔
��뜘﹔蓨�蓨ՠ�ՠ�ı뜘��

( ) ( ) ( ) ( )Რ Რ Რ잘 잘 � 잘 � � 잘 잘 � 잘l l lg- - -- = - £ -é ùë û �

ş뜘������軨�ՠ�ՠ��

� � 잘

gd =
-

�

远ՠ蓨ısını�ՠ�ՠ�ı뜘�� [ ]��l dÎ �ՠ��ığımı��ՠ��远��﹔㴴�远㉀
軨
⦸軨�﹔ş�远��㴴�﹔
��

( ) ( ) ( )Რ Რ
잘 잘 � 잘 �

�
l -- £é ùë û �

eş�远��ğ
��軨�軨�軨��� ��ՠ뜘ՠ
� �﹔�远�㉀�﹔�ՠ����	ՠ㴴㴴ı
�ՠ㴴� �﹔㉀�﹔뜘﹔���﹔� [ ]��l dÎ �轼
�

( )잘 l �㉀�﹔�ՠ����
�
�远��﹔㴴����
�ş�����﹔��﹔
�㉀�﹔�ՠ����㉀��軨ğ軨
軨� �軨�軨�軨��� �軨�ՠ�ՠ�d �
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远ՠ蓨ısı�Რ��﹔
���蓨�㴴��﹔蓨ՠ�Რ�﹔�﹔ş��㉀�軨�远ՠ��蓨ՠ
� Რd ³ �﹔ş�远��ğ
�远ՠğ�ՠ�ığı
�ՠ��㉀��ՠ뜘ՠ
�

�﹔㉀�﹔뜘
�远�ՠ�ı���뜘ş�㉀�軨���

Რd < �㉀��軨ğ軨
軨� �ՠ�远ՠ蓨ՠ�ı뜘�� ( )잘 d �㉀�﹔�ՠ����
�� ՠ�ՠ�ı뜘�� ( )잘 d �远��﹔㴴��

��
�ş�����﹔��﹔
������ՠ뜘ՠ
��﹔뜘뜘ՠ�ૼ�Რ��﹔���﹔�

( )Რ Რ잘 d g- -£ �

�﹔ğ﹔��﹔
��뜘﹔远��㉀ğ�軨�軨����


远��﹔� 蓨ՠ��ığımı�� ş�﹔뜘�﹔�� l d> �	ՠ�� 轼
� �﹔㴴�ՠ�� 蓨ՠ�ՠ�远ՠ㴴�� ㉀� �ՠ뜘ՠ
� �軨� 	ՠ�� 轼
�

aşağı�ՠ㴴��﹔ğ﹔��﹔
��뜘﹔蓨��軨�軨�軨���

( ) ( ) ( ) ( ) ( ) ( )Რ Რ Რ Რ
잘 잘 잘 잘 잘 � 잘

�
l d d g l d g l d- - -- £ - = - - £é ùë û �

����軨�ՠ�ՠ��

�d l d£ £ �

ՠ��ı㴴� �﹔� �軨� �﹔ğ﹔��﹔
��뜘﹔蓨� �軨��軨㴴�� �軨� 远㉀
軨
⦸軨� �﹔ğ﹔��﹔
��뜘﹔�﹔
� �﹔�远� ㉀�﹔�ՠ����

	ՠ㴴㴴ı
�ՠ㴴��﹔㉀�﹔뜘
�軨蓨軨�ՠ
뜘ՠ远ı蓨�ՠ�

�d l d£ £ �

ՠ�ՠ�ığı
�ՠ� ( )잘 l �㉀�﹔�ՠ����
�
�远��﹔㴴����
�ş�����﹔��﹔
�㉀��軨ğ軨��軨�軨
軨����軨�ՠ�ՠ��

� Რd ³ �

㉀�軨�远ՠ��﹔㉀�﹔뜘�远�ՠ��ՠ
뜘ıştı���

� Რd < �

	ՠ�
�﹔��﹔뜘뜘ՠ�ૼ�Რ��
�軨蓨軨�ՠ
뜘ՠ远ı蓨�ՠ�

( )Რ Რ잘 �d g- -< �

㉀��軨ğ軨
軨��軨�軨�軨���
远��﹔�蓨ՠ��ığımı��ş�﹔뜘�﹔��ş뜘��
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�

[ ]� �ૼd d �

ՠ�ՠ�ığı� 轼
� �﹔㴴�ՠ��ՠ�ı��� 沤㉀
�軨� 远ՠ蓨ı�ՠ� �軨� ş�﹔뜘�﹔�� �﹔㴴�ՠ��ՠ蓨ՠ�ՠ㴴� 远㉀
軨轼�ՠ� ( )잘 Რ �

㉀�﹔�ՠ����
�
�远��﹔㴴����
�ş�����﹔��﹔
�㉀��軨ğ軨
軨�远�ՠ��ՠ�ı���﹔�

( )Რ Რ잘 Რ g- -£ �

�﹔ğ﹔��﹔
��뜘﹔远
� �﹔뜘뜘ՠ� ૼ�Რ��
� 軨蓨軨�ՠ
뜘ՠ远ı蓨�ՠ� ﹔��﹔� ﹔�﹔���� �軨�ՠ�ՠ� ( )잘 Რ �= �

㉀��軨ğ軨
�ՠ
��﹔㉀�﹔뜘��軨�	ՠ��轼
�远�ՠ��ՠ
뜘ış�㉀�軨����

Ş뜘������軨�ՠ�ՠ��

( ) [ ]( ) ( )잘 � ��Რ ૼ��ૼx yl l= Î �

�﹔
㴴�﹔뜘
� ﹔�﹔� ՠ�ՠ�ı뜘�� [ ]��ᲠlÎ �㉀�뜘ՠ㴴� ��﹔�﹔� �軨� �ૼ��ૼ傈� �﹔
㴴�﹔뜘

� ��뜘� 뜘�뜘㴴�
�

轼���뜘�﹔��轼
�ՠşağı�ՠ㴴��
��﹔ğ﹔��﹔
��뜘﹔

�蓨ՠ�ı��ığını��ՠ�远ՠ蓨ՠ�ı뜘���

�ૼ���傈x c y£ �

�ૼ���傈��﹔ğ﹔��﹔
��뜘﹔远
�﹔㴴�⦸�

�远ՠ������远ՠ蓨ı�㉀�軨�� � �﹔x y l �蓨ՠ��ՠğlı�㉀�뜘ՠ�ığını�

�ՠ�远ՠ蓨ՠ�ı뜘�� �軨� şՠ���ՠ�� 远ՠğ�ՠ
�ığı
�ՠ� �ૼ���傈� ş﹔㴴����﹔
㴴�﹔뜘

� 轼���뜘�﹔�
﹔� aprior 

değerlendirme (ön değerlendirme)��﹔
���

Lemma 3.2.��ՠ�ՠ뜘﹔��﹔蓨﹔� �ՠğlı� �ૼ��ૼ傈� ş﹔㴴����﹔
㴴�﹔뜘�﹔�
�轼���뜘�﹔�� 轼
� 蓨ՠ�ı�뜘ış�

�ૼ���傈�ş﹔㴴���aprior değerlendirme���
��﹔ğ﹔��﹔
��뜘﹔傈��ૼ��ૼ傈��﹔
㴴�﹔뜘
�﹔㴴� ( )잘 l �

㉀�﹔�ՠ�����轼
�蓨ՠ�ı�뜘ış�ⵔ�şՠ��ını
��ՠş㴴ՠ�ş﹔㴴���蓨ՠ�ılışıdı���

◤﹔�轼﹔㴴�﹔
��﹔��ૼ���傈�﹔ş�远��ğ
�﹔�

( )잘y xl= �

ՠ�ı�远ՠ㴴�� ( )잘 l �㉀�﹔�ՠ�����轼
�ⵔ�﹔ş�远��ğ
��軨�軨�軨����

( ) Რ잘 x c xl -³ �
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�軨�ՠ�ՠ
�

Რcg -= �

�㉀��軨ğ軨��軨�軨
軨���


远��﹔ �远�ՠ��ՠ�ığımı� �﹔远ՠ远 ��﹔㉀�﹔뜘 �ՠ��㉀� ��﹔ğ﹔��﹔
��뜘﹔

 �㉀�﹔�ՠ��� ��ૼ��ૼ傈 �ş﹔㴴�� �

�﹔
㴴�﹔뜘�﹔�
� 轼���뜘�
�
� �ՠ��ığı� �﹔� �﹔㴴�ğ� 	ՠ㴴㴴ı
�ՠ㴴� �﹔㉀�﹔뜘�﹔�
� 远�ՠ��ՠ
뜘ՠ远ı
�ՠ�

轼㉀㴴��
﹔뜘��㉀��軨ğ軨
軨�㴴ՠ
ı��ı蓨㉀���

3.5.3. Parametreye Göre Devam Metodundaki Esas Teoremin Genel Halde 
İspatı  

�ՠ�ՠ뜘﹔��﹔蓨﹔���﹔��﹔�ՠ뜘�뜘﹔�㉀�軨
�ՠ㴴�﹔远ՠ远� �﹔㉀�﹔뜘
�﹔
﹔��	ՠ�� 轼
� 远�ՠ�ı� ՠşağı�ՠ㴴�

�﹔뜘뜘ՠ
ı
�軨蓨軨�ՠ
뜘ՠ远ı蓨�ՠ�远�ՠ��ՠ
ı���

Lemma 3.3.�M �㴴�뜘﹔远�[ ]��Რ �ՠ�ՠ�ığı
�ՠ
� ՠ�ı
뜘ış�� �㉀ş� ㉀�뜘ՠ蓨ՠ
� �﹔� [ ]��Რ �ՠ�ՠ�ığı
�ՠ�

ՠ蓨
ı��ՠ뜘ՠ
�ՠ�	﹔뜘�ՠ轼ı㴴�	﹔뜘��﹔�㴴ՠ�ՠ�ı�㴴�뜘﹔�㉀�远軨
����ՠ뜘ՠ
� [ ]��Რ=M �㉀�軨���

�ՠ�ı��ՠ�ՠ�ı뜘�㴴��㴴﹔蓨	� �x ÎM �ՠ��ığımı��ՠ��蓨�﹔� �d > �远ՠ蓨ısı��軨�軨
軨�远ՠ�㴴��

( ) ( ) [ ]( ) [ ]� � ��Რ ��ᲠS x S xd dÇ Ç Ì ÇM �

远ՠğ�ՠ
�ığı
�ՠ�M �㴴�뜘﹔远�[ ]��Რ �ՠ�ՠ�ığı
�ՠ�ՠ轼ı㴴�㴴�뜘﹔�㉀�ՠ�ՠ㴴�ՠ��ՠ
�ırılı���

İspat:� M �㴴�뜘﹔远

� [ ]��Რ �ՠ�ՠ�ığı
ՠ� ��뜘�﹔蓨﹔

� N ��﹔� �远�﹔�﹔�뜘�� ��蓨�﹔⦸﹔��

[ ]��Რ=N M �㉀�远軨
�� = ÆN �㉀��軨ğ軨
軨� 远�ՠ��ՠ뜘ՠ뜘ı�� ﹔�﹔㴴��� 잘㴴远
� 	ՠ��� ﹔�﹔�뜘��

¹ ÆN �㉀��軨ğ軨
軨��ՠ�远ՠ蓨ՠ�ı뜘�� ¹ ÆM �㉀��軨ğ軨
�ՠ
��﹔��远��﹔
�远ını��ı�㉀��軨ğ軨
�ՠ
���蓨�﹔�

��远ՠ蓨ısı��軨�軨
軨��㴴��

� 远軨�= M �

㉀�軨���M �㴴�뜘﹔远�㴴ՠ�ՠ�ı�㴴�뜘﹔�㉀��軨ğ軨
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