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ABSTRACT

COMBINATORIAL MORSE HOMOLOGY
CALCULATIONS ON SO(n)

In this thesis we study the gradient flows of a specific Morse function f4 5 on
the special orthogonal group SO(n). We determine the exact number of flows. We
also find the exact conditions of existence of gradient flows between the critical points
with consecutive indices. Finally, we put an order with a combinatorial setup on the
critical point set. Thanks to this order, boundary maps can be written easily and we

implement an algorithm to calculate the Zy-homology.



OZET

SO(n) UZERINDE KOMBINATORIK MORSE HOMOLOJI
HESAPLAMALARI

Bu tezde spesiyal ortogonal iizerinde tanimlanan bir Morse fonksiyonun diigiim
egrilerini aragtirdik. Bu egrilerin tam olarak ka¢ tane oldugunu ve hangi kritik noktalar
arasinda var olduklarim ispatladik. Son olarak da kritik noktalar kiimesi iizerine bir
siralama koyarak smir fonksiyonlarimin matris karsiliklarimi yazdik. Bu siralama ile

birlikte Zs-homoloji hesabi i¢in bir algoritma olusturduk.



vi

TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . . . . . iii
ABSTRACT . . . o e iv
OZET . .. .o v
LIST OF FIGURES . . . . . . e vii
LIST OF SYMBOLS . . . . . . viii
1. INTRODUCTION . . . . e ix
2. PRELIMINARIES . . . . . .. . 2
2.1. Semisimple Lie Theory . . . . . . . .. .. .. ... ... ... ... 2
2.1.1. Killing Form and Cartan Decomposition . . . . . ... ... .. 2

2.1.2. Root Systems and Weyl Group . . . . ... .. ... ... ... 4

2.2. Morse Homology . . . . . . . . .. ... 5

3. MORSE FUNCTIONS ON COMPLEX FLAG MANIFOLDS ... ... .. 12
3.1. Morse Functions on Embedded Submanifolds . . . . . . .. .. ... .. 12
3.2. Morse Functions on Complex Flag Manifolds . . . . . .. ... .. ... 16

4. GRADIENT FLOWS ON REAL FLAG MANIFOLDS . .. ... ... ... 20
4.1. Root Spaces . . . . . . . . . 20
4.2, Structures . . . . ... 22
4.3. Gradient Flows on G.B and Stable(Unstable) Manifolds . . . . .. .. 24
44. TheReal Case. . . . . . . . . . . . . . 26

5. GRADIENT FLOWS ON SO(n) . . . . . . . .. .. 28
5.1. Quadratic Morse Function on SO(n) . . . ... ... ... ... .... 28
5.2. Gradient Flows on SO(n) . . .. ... ... ... ... ... .. ... 30

6. COMPUTATIONS . . . . . . e 34
6.1. An Ordering on Cr(fap) - - -« « v v v v i i i 34
6.2. An Example: SO(3) . . . . . ... 36

7. CONCLUSION . . . . e 40

REFERENCES . . . . . 41



Figure 6.1.

Figure 6.2.

LIST OF FIGURES

Critical points on SO(3)

Gradient flows on SO(3)

vii



M(z,y)
Ng(H)
O(n)
SO(n)

so(n)

LIST OF SYMBOLS

Moduli space between critical points z and y
Normalizer of H in G

Real orthogonal group

Real special orthogonal group

Real skew symmetric matrices

viil



1X

1. INTRODUCTION

Morse functions on homogeneous spaces and symmetric spaces have been an-
alyzed for a long time of period, dating back to the paper ”Nondegenerate Critical
Manifolds” by R.Bott in 1954 [22]and later ” Applications of the Theory of Morse to
Symmetric Spaces” by R.Bott and H.Samelson in 1958 [3]. These works show how
the ”distance functions” or analogously, energy functionals and the height functions
on homogeneous/symmetric spaces serve as Morse-Bott functions and they describe
the topology of these spaces by constructing the corresponding cell decompositions.
M.Atiyah’s ”Convexity and Commuting Hamiltonians” (1982) [10] and J.J. Duister-
maat, J. Kolk, V. Varadarajan’s ”Functions, Flows and Oscillatory Integrals on Flag
Manifolds and Conjugacy Classes in Real Semisimple Lie Groups” (1983) [12] papers
also include the function defined on the adjoint orbit of a compact Lie group and given

by K(X,—) for fixed X where K is the Killing form.

In the study of H.I. Bozma, W.D Gillam and F.Oztiirk [15], it is shown that the
quadratic trace function on the orthogonal group O(n) given by f4 p(X) = tr(AX BXT)
is a Morse-Bott function for fixed symmetric matrices A and B. Parallel to the results
of T.Frankel [16], they show that critical submanifolds of O(n) diffeomorphic to dis-
joint union of Grassmannians. On the other hand, when both A and B have distinct
eigenvalues then the function f4 g is a Morse function with a critical point set which is
actually a subgroup of O(n). This subgroup consists of signed permutation matrices,

in other words, it is the hyperoctahedral group B,.

Of course the restriction of f4 g to the special orthogonal group SO(n) is also a
Morse/Morse-Bott function and the critical point set (subgroup) Cr(fa p) is the signed
permutation matrices with determinant 1. This group is an index 2 subgroup of B,, but
its description differs by the parity. Independent from the parity, or the dimension of
SO(n) this subgroup has both algebraic and combinatorial properties: any critical point

can be described by a product of a diagonal sign matrix and a unsigned permutation



matrix in a unique way. Moreover, the Morse index of a critical point is given by
the inversion number of the corresponding unsigned permutation matrix. With these
properties, our aim is to calculate the Morse homology of SO(n) in Z, coefficients with
respect to the function f4 p and the Riemannian metric given by the minus of trace

form.

Since the Morse homology is based on the idea of ”counting flows” we need
to determine the gradient flows of f4 5 on SO(n), and how they appear between
the critical points with consecutive indices. However, the number of critical points
|Cr(fap)| = 2" 'n! hence, predicting the gradient flows or even determining the num-

ber of gradient flows has a very high complexity.

The main result of the present work is the determination of the gradient flow

structure. More precisely we prove:

Theorem 1.1 (See Theorem 5.1 and 5.2). (i) Assume that x = So is a critical point
of fas. Call o for the corresponding unsigned permutation matriz. The number
of gradient flows starting from x is equal to twice of the number of edges between
o and the permutations with inversion number inv(o) — 1 in the Bruhat graph of
the symmetric group.

(i) Assume that x andy are critical points with consecutive indices. Also assume that
their corresponding permutation matrices are connected with an edge in the Bruhat
graph. Then there is a transposition (i, j) which increases inversion number by 1
and send the unsigned part of x to the unsigned part of y. Moreover there exists
a gradient flow between x and y if and only if y is obtained by rotating +m/2
degrees the plane spanned by i ’th and j’th rows of x.

We prove this theorem in Chapter 5, Theorem 5.1 and Theorem 5.2.

Before obtaining above results we analyze the Morse functions over flag manifolds.

Since our aim is studying on SO(n), we are interested in the case of complex and real
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complete flag manifolds rather than for an arbitrary parabolic subgroup P of a given
semisimple Lie group G and the quotient G/ P. More explicitly, we can identify complex

flag manifolds as adjoint orbits of the action of SU(n) on its Lie algebra su(n).

In Chapter 3, first we analyze the distance functions in more general sense, as in
the J.Milnor’s "Morse Theory” book [1]and then we describe the (height) function [2]
with respect to the trace form on the adjoint orbit SU(n).B given by

fASU(n)B—HR (1.1)
x> (A, X) (1.2)

where A and B are purely imaginary, diagonal and regular. With these restrictions fx

become a Morse function.

R.R. Kocherlakota’s 1995 paper ”Integral Homology of Real Flag Manifolds and
Loop Spaces of Symmetrical Spaces” [4] describes the gradient flows for the function
fa restricted to the real flag manifold. To do that, he defines a Cartan involution 7 on
a simply connected, compact Lie group, then sees the real flag manifold as the adjoint
orbit of the fixed point set of 7. If we apply these to SU(n) with the involution given
by complex conjugation, then the fixed point set is SO(n) hence SO(n).B C SU(n).B.
Kocherlakota explains how the Morse theory on complex flag manifold SU(n).B can
be transferred onto the real flag manifold SO(n).B. He describes the gradient flows
with respect to the restriction of the Kahler metric which is defined on the complex
flag manifold and gives the exact number of flows. He also introduce a way to compute
integral homology of real flag manifolds with only using the root systems and some
parameters defined with respect to the Weyl group W. However, it turns out to be
there is an ambiguity about the signs of flows and the integral homology results of
Kocherlakota. Much later L.Rabelo and L.A.B. San Martin calculate integral homology
of real flag manifolds in their 2019 paper ”Cellular Homology of Real Flag Manifolds”
[21]. In Chapter 4, we cover the results of Kocherlakota on the gradient flows on real

flag manifolds.



In Chapter 5, we try to combine the datum of gradient flows on flag manifolds
with the SO(n) case. We realize that the function f4 p on SO(n) and the function fa
on real flag manifold are related by the quotient map between SO(n) and the adjoint
orbit SO(n).B, i.e, fo = fap o m with particular choices of the matrices A and B.
Moreover we show that the gradient flows on SO(n) (not for the metric defined as
the trace form) can be obtained from the lifts of the gradient flows on the real flag
manifold. To do that we use the Riemannian metric on SO(n) defined as the pullback
of the restriction of the Kahler metric on real flag manifold and we show that the
quotient map is actually smooth covering map and a Riemannian submersion with

respect to these metrics. Thus we prove our main results.

In Chapter 6, we introduce an order on the critical point set of fi4 5 and we
construct the boundary maps with respect to this order. We see that the matrices
correspond to the boundary maps consists of 2"~! by 2"~! symmetric block matrices
in this order. As an example, we describe the gradient flows on SO(3) in figures and
we write the boundary maps in this case. For higher dimensions (SO(4), SO(5)) we

collect our Sage based calculations in the website [23].



2. PRELIMINARIES

In this chapter we briefly mention about the necessary concepts and tools that

are going to be used in following chapters.

2.1. Semisimple Lie Theory

First, we are going to explain some basic facts about Lie theory. Assume that G

is a Lie group and g is its Lie algebra. Details can be found in [5] and [9].

2.1.1. Killing Form and Cartan Decomposition

Definition 2.1. Killing form K on g is a symmetric bilinear form defined as

K(X,Y) — tr(ad(X) o ad(Y)) (2.1)

Lie algebra g is called semisimple if it has no solvable ideals. Fortunately, there

is a relatively easy way to determine whether the Lie algebra g is semisimple or not:

Theorem 2.1. Lie algebra g is semisimple if and only if the Killing form B is non-

degenerate on g.

Killing form does not only provide necessary information about the semisimplicity
of g. Besides, it gives us a Morse function with the proper choice as to be appeared in

the next chapter.

Now assume that g is semisimple. Hence g can not consisted entirely nilpotent
elements. Otherwise, by the Engel’s theorem [9] g would be nilpotent. Hence g contains
semisimple elements (Over a algebraically closed field being semisimple is equivalent

to being diagonalizable).



If g is a linear semisimple Lie algebra then for any = € g there exists x5 and x,
such that x = x4+ x,, where z, and x,, denotes the semisimple and nilpotent parts of x
respectively (Jordan decomposition). Then, ad(zs+ x,) = ad(zs) + ad(z,) = (adz)s +
(adx),,, which means that adjoint representation preserves the Jordan decomposition.

Soif x € gis semisimple (diagonalizable) then ad(x) is also semisimple (diagonalizable).

Now consider a subalgebra t in semisimple linear Lie algebra g over C which
consists of semisimple elements. Then take a maximal subalgebra among such algebras.
Then this maximal subalgebra generated by semisimple elements is abelian [9]. This

subalgebra t is called a Cartan subalgebra.

Fix a Cartan subalgebra t. ! Since ad : g — gl(g) is a Lie algebra homomorphism,
for any x,y € t, [adz,ady] = ad([z,y]) = O since [z,y] = 0. Consequently, ad(t)
is an abelian subalgebra of gl(g). Thus, all the elements in ad(t) are simultaneously
diagonalizable. So we have the same eigenspace decomposition for any adxr. However,
eigenvalues correspond to these eigenspaces may differ. Define g, = {z € g|[h, 2] =
a(h)x} where «ris a functional on t and encodes the eigenvalue datum. The set of all a €
t* is called the set of roots and denoted by @ and g, is called a root space. Therefore,

we have the following decomposition, which is called the Cartan decomposition:

g=t®> ga (2.2)

Furthermore, we can restrict the Killing form onto Cartan subalgebra t, and in
the semisimple Lie algebras this restriction still remains non-degenerate [9]. Thus, the
function K : t — t* given by h +— K (h, —) is an isomorphism. Under this isomorphism,

there is unique ¢, corresponds to the root a.. Hence, we have the correspondence:

b s {to|a € D} (2.3)

'In this thesis we always pick Cartan subalgebra which consists of diagonal elements



and a(h) = K(ts, h).

Now we can list the orthogonality and integrality properties of roots and root

spaces:

(i For any o, f € @, [ga,gg] C gasts-
(ii) If o € @ then —a € P.

)
)
(iii) In the case of 5 = —« then [ga, 8 o] C go = t. Moreover, [ga, 9_o] = span(t,).
(iv) f o € @ and x € ga, Yy € g_o then, [z,y] = K(z,y)t,.

)

(v) If « € @ and z,, € g, then there exists y, € g_, so that za, Yo, [, y] := hs span a

three dimensional simple subalgebra of g which is isomorphic to sl(2,C) and the

) h 3 01 0 0 1 0
isomorphism is given by z — Y , ho
10 0 -1

(vi) If 24, Yo, ho are as in (v) then they satisfy the relations [za, Ya] = ha, [Pa, Ta] =
2%, [hay Ya] = —2Ua. Since [hg, o] = a(hy)za, a(hy) = K(ta, ha) = 2.

(vil) Again if x4, Ya, he are as in (v), then

2 = K(ta, ha) = K (ta, K (Ta, Yo )ta) = K (20, ya) K (ta, ta) (2.4)

2
K(tata)"

(viii) By (iv) and (vii) hy = K(tz,ta)ta'

hence, K (o, Yo) =

2.1.2. Root Systems and Weyl Group

Consider a finite dimensional vector space over E over R endowed with posi-
tive definite symmetric bilinear form (,). Let r, denotes the reflection through the

hyperplane {§ € E|(a, ) = 0}. Then,

a (2.5)



Definition 2.2. A subset @ of E is called a roots system if:

& is finite and 0 ¢ .
span(®) = E.

For any o, 3 € ®, 2((55)) €.
To(P) C .

If a € @ then the —a is the only nonzero multiple of « that is contained in ®.

If the last axiom of the previous definition is not satisfied then @ is called restricted

root system.

2.2. Morse Homology

A smooth function f: M — R is called Morse function if at every critical point
of f, Hessian is non-degenerate. Number of negative eigenvalues of the Hessian at the
critical point is called the Morse index of a critical point. Critical points of a Morse
function are isolated and in case M is closed, there are finitely many critical point.
Number of critical points of a Morse function is bounded below by the dimension of
homology of underlying manifold (i.e Morse inequalities: by < ¢). Moreover, number of

critical points of index k, ¢, satisfy following equation called strong Morse inequalities,

> (=1 Fh <Y (=)™ e for allm >0 (2.6)
k=0

m
k=0

In this section we follow [24].



In his 1982 paper [20], Edward Witten introduced Morse-Witten complex whose
chain groups are generated by the critical points of a Morse function f and the boundary
map is given by counting the number of (anti)-gradient flow of the function f. He also
proved that homology of Morse-Witten complex is isomorphic to singular homology.
We will give a short account for Morse-Witten complex and its homology so called

Morse homology.

For an auxillary choice of Riemannian metric g , the gradient of a function f ,

V f , with respect to metric g is defined by following equation

g(VIif, X) =df( X)VX € X(M) (2.7)

And anti-gradient flow of f is given by

ddjt(x)__ 9f o Ptz
= Ve (2.8)
(z) =2

One can easily shows f is decreasing along anti-gradient flow lines. This has two
important implications. First, every level set of f intersect a flow line at most once.
Second, limy 1., @'(z) is a critical point for every x € M . First one is trivial and later

is implied by the first and compactness.

Definition 2.3. Let x,y be a critical point of f, stable and unstable manifolds of f at

x are defined respectively as
Wé(x):={pe M: tlhm ' (p) =2} and W"(z) :={pe M : tEr_n ?'(p) = x}
and the set

M(z,y) =U(x)NS(y) ={p € M: lim &'(p)=yA lim & (p) =z}

is called space of connecting orbits.



Remark 2.1. Letp € M(x,y), then there exist unique gradient flow line v,(t) = *(p).
So M(x,y) is the model space for space of gradient flow line flowing from x to y.

Assume without loss of generality f(x) > f(y) so that there exist a number
c € (f(y), f(x)). We know that f~!(c) will intersect every gradient flow in M(z,y)
once thus the set M.(z,y) == M(x,y) N f~'(c) is in one-to-one correspondence with
number of distinct gradient flow lines between x and y. For different choices of ¢ we

can identify the corresponding spaces by flow. Thus we will omit subscript c.

Remark 2.2. Here is what we mean by distinct gradient flow. Let y(t) be a anti-
gradient flow of f, and ty € R, to - v(t) := ~v(t + To) is also a anti-gradient flow of f.
We identify these two gradient flows.

We are now ready to define Morse-Witten complex.

Definition 2.4. Let g be a metric on M and f be morse function such that all its
stable and unstable manifolds are intersecting transversally. The Morse- Witten chain

complex associated to the Morse function f and the metric g in coefficient ring Zs,

(Ce(f59),0s) is given by

Ce(fr9) = P Zox (2.9)

x€Crity(f)

=Y  |[M(yly mod?2 (2.10)

yECTity_1(f)

For the purpose of this study, we are interested in Zs coefficient. However it is

possible to define Morse-Witten complex in more general coefficient ring.

The transverse intersection of stable and unstable manifold is called Morse-Smale
condition. a pair of morse function and metric satisfying it called Morse-Smale pair.
Morse-Smale condition is a generic condition since transversality is generic. For Morse-

Witten complex to be indeed a chain complex we need show that M(Jc,y) is finite



discrete set whenever index difference is one and should show that 0,_, o 9, = 0. We

will start by investigating dimension of stable and unstable manifolds.

Theorem 2.2. Let EY to be sum of the negative eigenvalue space of hessian and E; to
be sum of the positive eigenvalue spaces for a critical point x. Then, unstable manifold

U(z) and S(x) are embedded submanifold of M. Moreover,

T.U(x) = E} and T,S(z) = E; (2.11)

Corollary 2.1. Let x be a critical point of f, then

dim U(z) = codimS(z) = ind(z). (2.12)

This is where transversality condition come handy. Transversality is sufficient
condition for intersection of two submanifolds to be a submanifold. We summarize

some implication of Morse-Smale condition in next theorem.

Theorem 2.3. Let (f,g) be a Morse-Smale pair and x,y be critical points of f, then

followings are true,

(1) M(z,y) is a submanifold.
(i1) if ind(z) > ind(y) then dim M(z,y) = ind(z) — ind(y).
(iii) if ind(x) < ind(y) then M(z,y) = 0 unless x = y.

This ensure that dim M(x,y) = 0 whenever ind(z) — ind(y) = 1. Therefore it is

a discrete set and finite if it is compact.

Proposition 2.1. Let z,y be critical point of f and ind(x) — ind(y) = 1 then M(z,y)

15 compact, thus it is finite.

This ensure that boundary operator is well defined. We need a more generalized

result to show that 0, o 9y_; = 0.



Definition 2.5. Let (f,g) be a Morse-Smale pair and x,y be critical points of f such
that ind(z) — ind(y) = 2. We say that a sequence in p, € M(x,y) converges to broken
orbit (1,72) € M(x,z) x M(z,y) if pp’s representative in suitable level set converges

to v1 and o with respect to Riemannian distance on M.

We can give similar definition for higher difference in obvious manner but we only

need it for index difference two.

Theorem 2.4. Let (f,g) be a Morse-Smale pair and x,y be critical points of f such
that ind(z) —ind(y) = 2. Then, every sequence in M(x,y) has a subsequence converge

to a broken trajectory.

Soif ind(z) = k+1 and ind(y) = k—1, M(x, y)U(Uzecmk(f) M(z, z) x M(z,y))
is compact with this topology.

Theorem 2.5. Let (f,g) be a Morse-Smale pair and z,y,z € Crit(f) with indices
k—1,k, k+ 1 respectively. Then there exist map

# M(x,y) X M(y,z) X [rg,00) — M(m,z), D(u,rv) = u#

satisfying

(i) # is an embedding
(ii) u#t.v converge to broken trajectory (u,v) for all u € M(z,y),v € M(y, 2)
(iii) Any sequence in M(z,z) converging to a broken trajectory (u,v) has to be pass

through us#,. yv

The map in above theorem is called glueing map. The theorem implies the set

of broken trajectories connecting x, z is actually boundary of connecting trajectories.
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One can easily calculate

Ok—1 0 Ok(x Z Z (z,y ||./\/l(y, z)|z (2.13)

2€Crity_o yeCrity_1

The coefficient of a critical point z is given by

oMz, 2) =] | M@y xMyyl= Y IMay)lIMy.2)] (214)

yeCrity_1 yeCritg_1

Which is number of element in the boundry of compact one dimensional manifold.

Therefore it is even and vanishes in Zs thus,

Theorem 2.6. The Morse-Witten chain complex in Zo coefficient (Co(f), 0s) is indeen

a chain complex i.e

(1) Osis well defined.
(Z’L) 0k_1 e} 8k =0.

We will end this chapter with following two theorems:

Theorem 2.7. For all pair (f*, g%) and (f°, g°) morse-smale pair there exist a natural

homomorphism that preserves grading

v H(Cu(f*,9%) = H(Cu(f7, 9")) (2.15)

satisfying,

(i) (W7) "t =wl.
(ii) WP o WP = w2,
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The second theorem says there is no difference between Morse homology and the

singular or cellular homology:

Theorem 2.8. The homology of Morse-Witten complex of a Morse-Smale pair (f, g)

15 wsomorphic to cellular homology of underlying manifold , i,e

H(Cu(f,9)) = H* (M, Zs) (2.16)

Following remark encapsulates the spirit of this thesis: Morse-Witten complex
and the calculation of corresponding boundary maps are difficult to handle since it
consists of the flow information. Ordinary differential equations which give the flows,
in most cases, are very complex. However, in our case, combinatorics and the algebraic

properties of the Lie group/homogeneous space make them reachable.

Remark 2.3. Although Morse homology is isomorphic to cellular homology, it is im-

practical to calculate in most cases.
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3. MORSE FUNCTIONS ON COMPLEX FLAG
MANIFOLDS

In this section, we will begin with a family of quadratic Morse functions on an
arbitrary smooth embedded submanifold M in R™. It can be shown that the distance
function on M to a point p is a Morse function for almost all p € R™. Distance
functions are very useful not only as examples of quadratic Morse functions but also
in the sense that their Hessian matrices at critical points can easily be described along
with the indices. After collecting necessary information about these functions, we will
see that another family of quadratic Morse functions can be defined over complex flag
manifolds by using the trace form on the Lie algebra su(n). Moreover, it will turn out
that these quadratic Morse functions on flag manifolds are equal to some multiple of
distance functions with a translation term. Then we will explain the stable/unstable
manifolds in terms of Schubert calculus and finally we will give the full description of

the gradient flows of Morse functions stemming from the trace form.

3.1. Morse Functions on Embedded Submanifolds

Assume that a smooth manifold M with dimension m is smoothly embedded
in R™. In local coordinates (uy,us, ..., u,;,) around some point in M, define this em-
bedding as x(u1, Ug, ..., Up) = (X1 (U1, Uy ooy Upp )y To(Up, Uy cooy U )y ovy Ty (U, Uy ooy Usy))
with smooth coordinate functions x4, xs, ..., z,. Let N denote the total space of normal

bundle of M, i.e,

N = {(g,v)lg € M,v € Ny(M)} (3.1)

Now we define the "end-point” function £ : N — R™ as E(q,v) = ¢ + v. which

eventually leads us to have a Morse function.
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Definition 3.1. p € R" is called a focal point of M at q with multiplicity p if E(q,v) =
p for some v € Ng(M) and the Jacobian of E Jig.)(E) at (q,v) has nullity > 0.

We need a couple of definitions from differential geometry to describe Jg.)(F)

more explicitly.

Definition 3.2. The first fundamental form of M with respect to the chosen coordinate

system (uy,ug, ..., Uy,) and the embedding x is the symmetric m X m matriz defined as

or Oz
(9:) = (8_uz : a—uj)lgi,jgm- (3.2)

Furthermore, the second fundamental form of M is a symmetric matriz (¢;;) of

vector valued functions defined as follows:

0%z

(9u10uj ’

(3.3)

(¢;5) = normal component of

The latter definition makes sense since afguj at point ¢ € M isin T,(M) @ N, (M).
Theorem 3.1. g + tv is a focal point of M at q with multiplicity u if and only if the

matriz (g;; — tv.l;;) is singular with nullity .

Proof. Determine n — m orthonormal vector fields wy (w1, ..., ), <oy Wy (Ut oony Upy)-

Choose local coordinates (u1, ..., Upm, t1, ..., tn—m) on the normal bundle N corresponding
n—m

to the point (Z(uy, ug, ..., tm), >, taWo(Ui, ..., un)). Within these local coordinates

a=1
function FE is evaluated as

E(u, oyt by, ey b)) = x(ug, ugy ooy ) + Z LaWa (U, ooy Upy)- (3.4)
a=1



14

Then the Jacobian of F is of the form

owe
8u1 + Z to‘ ou;

Now consider a matrix C' with column vectors 2%, ..., 2% . ..., w,_m. Since these
Aui’ """ Oum’ s 00y Wn—m

vectors are linearly independent, C' is invertible; therefore, multiplying by C' does not

change rank and nullity. Taking this into account, consider the matrix

(32 & B +Ztaaaqﬁa 89&) (3 taGe= wg)

0 (1d)

J(E)C =

n—mxn—m

It is clear that the nullity of J(E) is equal to the nullity of the upper left hand block

of J(E)C'. Since w, and 8% are orthogonal

0 ( &v) ow, Oz N 0%z 0 (3.5)
w . — . w ‘@ — = . .
8u,~ “ a’LLj 0uz 6uj “ 8u18u]
Thus w,. 2% = —9a 92  Gince . is a normal vector, w Oz _ g g
O Gu;du; du; " 0u; a O Ju;u; a-tij-

Consequently, upper left hand block of J(E)C is equal to the matrix (g;; — Y tawa.4ij)-
]

Now, assume that all the 8

= ’s are orthonormal. This implies that the matrix
(gi;) is the identity matrix. Moreover, assume that the line ¢ contains all the points

q + tv for fixed unit normal vector v. Then,
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Corollary 3.1. The focal points of M at q along £ are g+ (1/K;)v, 1 <i<m, K; #0

where K;’s are the eigenvalues * of the matriz (v.l;;).

Proof. By the previous lemma, g+tv is a focal point if and only if the matrix (g;;—tv.¢;;)
is singular. Since (g;;) is the identity matrix, for an element y in the null space of
(gij — tvlis), y = (9i5)(y) = t(v.li;)(y). Thus g + tv is a focal point if and only if 1/¢

is an eigenvalue of (v.4;;). O

Next, consider the distance function s, : M — Rfor afixedp € R™, s,(u1, ..., up,) =
||z (w1, ooy y) — pl|> =2 -2 —22-p+p-p. When we look at the partial derivatives
Osp __ ) ox

£ . (x — p). This implies,

we obtain that e = 25

Lemma 3.1. q is a critical point of the function s, if and only if p —q € N,(M).

Furthermore, the (7, j) entry of the Hessian of s, at a critical point ¢ is (provided

with p = ¢ + tv; v is a unit normal vector)

0%d, dz Ox 0
=2 — Sz — 3.6
=2(gij)ij — 2t(v.Lij)i; (3.7)

Above equation leads us to the following:

Lemma 3.2. The following statements are equivalent:

(i) q is a non-degenerate critical point of s,.
(11) (gij — tv.li;) is non-singular.

(i11) p is not a focal point of M at q.

2K;’s are called the principal curvatures of M.
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Finally, if (g;;) is the identity matrix and 2(g;; — tv.¢;;) is non-singular, then for a
negative eigenvalue A and a corresponding eigenvector w, we have; (2g;; —2tv.4;;)(w) =
2-)

Aw. Consequently, === is an eigenvalue for (v./;;) thus equals K, for some r. Then

2 — 2tK, < 0 since A < 0. Equivalently 1/t < K, and as a result, we conclude with:

Corollary 3.2. If q is a non-degenerate critical point of s,, then the index of q is equal

to the number of eigenvalues of (v.;;) which are greater than 1/t.

3.2. Morse Functions on Complex Flag Manifolds

The next concept that we will be interested in is the complete complex flag
manifolds. Although, all the upcoming statements, with proper adjustments are valid
for any type of complex flag manifolds [3], we will stick to the complete ones. Similar

treatment for complex Grassmanians can be found in [2].

Fix a diagonal matrix A in su(n) with distinct eigenvalues and consider the
adjoint orbit SU(n).B = {xBx~!|z € SU(n)}. Also denote the subspace of all purely
imaginary diagonal traceless matrices by t which is a Cartan subalgebra. Moreover,
fix the inner product ( , ) on su(n) given by (X,Y) = —Retr(XY') which is non-
degenerate, associative and Ad-invariant. Denote SU(n) by G and denote su(n) by g

for the rest of this section.

Next theorem explains under which conditions the inner product on su(n) gives
us a Morse function. Note that this function resembles the height function or the

distance function on the Euiclidean space.
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Theorem 3.2. Suppose that A € t has distinct eigenvalues and define a function fa

as

fa:G.B—R (3.8)
X< AX> . (3.9)

Then f4 is a Morse function.

Remark 3.1. It is also possible to choose the matriz A non-diagonal. Indeed, since A
is unitarily diagonalizable, there exists y € G such that yAy=™ = D. Then fp(X) =<
D, X >=< yAy ', X >=< Ay 'Xy >= fa(y ' Xy) by the Ad-invariance of the
trace form. This implies fa = fp o Ad(y). Hence fa equals fp composed with a

diffeomorphism.

Before the proof of Theorem 3.2, we state some facts about the adjoint orbit G.B

and the function f4.

Lemma 3.3. The tangent space T,(G.A) at the point x is g, x] and the normal space
N.(G.A) is equal to {Y € g|[Y,z] = 0}.

Proof. Since the compact Lie group G acts on G.A smoothly and transitively, for any
X € T,(G.A) there exists Y € g such that £ (Ad(exp(tY))) li—o () = X based on the
fact that the quotient map between G and G.A is actually a submersion [18]. Besides,
L (Ad(exp(tY))) lezo (z) = ad(%(exp(tY) ’t:O)(x) = [Y,z] so T,(G.A) C [g,z]. Last

equation also proves the converse direction since, for any Y € g; [Y, x| is the derivative

of a curve Ad(exp(tY))(z) in G.A at t = 0.

On the other hand, if Y € N,(G.A), then (Y, T,.(G.A)) = (Y, [g,z]) = (Y, [z, g]) =
([Y,z],g) = 0. Thus [Y, z] = 0 since the trace form is non-degenerate. O
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In the light of Lemma 3.3, we can make further observations:

Corollary 3.3. Assume that a matriz x in G.A Nt has distinct eigenvalues. Then

N,(G.A) =t

Proof. 1f the diagonal matrix x has distinct eigenvalues, then it is easy to check that
any matrix which commutes with z is diagonal. Conversely, since t is abelian ¢ C

N,(G.A). O

It can easily be seen that the directional derivative Dx fa of f4 in the direction

of X € T,(G.B) is (X, A) [2].

Lemma 3.4. Cr(fs) ={¢€ G.B|[¢,A] =0} =G.BNt.

Proof. 1f ¢ is a critical point of f4 then all the directional derivatives are zero, hence
< X,A>=0forany X € T,(G.B). By the Lemma 3.3, T,(G.B) = [g, q] so, X = [Y, ]
for some Y € g. This leads us to have (X, A) = ([Y,q],A) = (Y,[¢, A]) = 0 and
consequently [¢, A] = 0 due to the non-degenerateness of the trace form. Also, the
second equality follows from A has distinct eigenvalues hence critical point ¢ must lie

in t. O

In this setting of critical points, we can make a further observation in terms of

the Weyl group.

Lemma 3.5. Cr(f4) = G.BNt = W.B where W is the Weyl group of G = SU(n)
and W.A denotes the Weyl group orbit of A.

Proof. Let ¢ = gAg™" be in G.ANt and characterize W as Ng(T')/T where T = exp(t).
For one direction, it is enough to show that ¢X ¢! € t for any X € t. The exponential

map exp : t — T is surjective (T is both connected and compact) and exp(gXg~') =
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gexp(X)g™ € T so g € Ng(T). However, [A, gXg7'| = glg~'Ag, X]g~' = 0 because
both g7'Ag and X are in t. This implies [A, gX¢g~!] = 0 and since the centralizer of A

! must be in t. For the reverse direction, assume

only contains diagonal elements, g X g~
g € Ng(T). Then g induces diffeomorphism over 7' by conjugation, thus, its derivative

at identity Ad(g) : t — t sends A to gAg~! which shows that gAg~! must lie in t. [

Now consider the function s, : G.B — g defined as in the previous section. (We
replace M by G.B, R" by g and the Euclidean inner product by the trace form.) Since
sa(x) = (z,x) — 2(A, ) + (A, A) we deduce that fa(x) = 3(sa(x) — (z,2) — (4, A)).
Furthermore, x € G.A thus there exists ¢ € G such that © = gAg~! thus; (z,2) =
(gAg~',gAg™") = (A, A). Hence fp is a scalar multiple of sp plus a constant. As a
result, we conclude that f4 and s4 have the same critical points and f4 is a Morse

function if and only if s4 is a Morse function.

Furthermore, we know that B a is critical point of f4 since [A, B] = 0. Now
assume that ¢ = gBg~! is a critical point of f4. Moreover, similarly with Remark 3.1;
fa(z) = (A z) = (hAh™Y hah™) = fuap-1(heh™!) for any x € G.B and h € G. Thus
B is a non-degenerate critical point of f4 if and only if ¢ is also a non-degenerate critical
point of f,4,-1. This implies that it is enough to only look at the non-degenerateness

of critical point B to prove Theorem 3.2.
Now we can restate Lemma 3.2:
Lemma 3.6. The following statements are equivalent:
(1) B is non-degenerate critical point of fa.

(i) B is non-degenerate critical point of s4.

(i1i) A — B is not a focal point of G.B at B.
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4. GRADIENT FLOWS ON REAL FLAG MANIFOLDS

In this chapter we will describe the gradient flows of a specific Morse function
over a complete real flag manifold. This function will be defined similarly to f4 as in
the previous chapter. Kocherlakota [4] explains the nature of the gradient flows and
describes the stable/unstable manifolds of the corresponding critical points. Moreover
he describes the integer homology of (generalized) real flag manifolds in terms of the
root system of corresponding semisimple Lie algebra with some ambiguity of the signs.
We will follow Kocherlakota’s paper [4] throughout this chapter. However, we will only

be interested in complete flag manifolds.

4.1. Root Spaces

Assume that 7 : SU(n) — SU(n) is given by 7(X) = X. Then 7 is an involution
with fixed point set K = SO(n). Moreover, the differential 7, : su(n) — su(n) is
also involution with —1 and +1 eigenspaces. It can easily be shown that the —1
eigenspace corresponds the the subspace i{real traceless symmetric matrices} and the

+1 eigenspace corresponds to the Lie algebra so(n) of K = SO(n).

For the rest of this chapter, assume that G = SU(n), g = su(n), K = SO(n),
t = so(n), p denotes the —1 eigenspace defined above (hence g = p @ £) and lastly t
denotes the Cartan subalgebra in g consisting of purely imaginary traceless diagonal

matrices.

Here K acts on p via conjugation and the orbits of this action are real flag
manifolds. Assume that B € t is fixed as in the previous chapter. Specifically, we deal

with the orbit space K.B C p which is the real complete flag manifold.
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Now, consider the complexification gc=sl(n,C) of g and the root space decom-

position with respect to the tc:

si(n,C) =gc=tc® »_Eq (4.1)

acd

where @ denotes the set of roots and E,’s denote tl;e corresponding root spaces. More
explicitly, let ;; denote the root defined by Oéij(( 1 )) = A — Aj. Then, & en-
tirely consists of this type of roots [5]. Consequently, simgfe roots are {aq2, ..., Ap—15}-
Now fix a diagonal matrix A with entries iAq, ...,i\, along the diagonal with A\; >
A2 > ... > A,. Then the set of positive roots @ is {a;;|i < j} and the set of negative
roots @_ is {a;|i > j} with respect to A. Note that this matrix A is compatible with
the setting in the previous chapter, i.e. f4 is a Morse function on the complex flag

manifold.

We also have a similar decomposition for g:
g=t®> ga (4.2)
where
go=(Esn+E_o)Ng . (4.3)

More precisely, g, is a 2-dimensional real vector space spanned by matrices in p \ t and

matrices in €. Moreover, gg =FE,+FE ,and g, =¢g_a-

Corollary 4.1. If v € t N G.B is regular then T,(G.B) = Y .4 8a

Proof. By Corollary 3.3, N,(G.B) = t and the decomposition (4.2) is an orthogonal

decomposition with respect to the trace form. O
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Furthermore, suppose that b, is the subspace tc & ) E,, and similarly b_ is

acdy

the subspace = tc @ > E,. Corresponding subgroups of G¢ = SL(n,C) are the

acd_
Borel subgroups denoted by B, and B_ and in our case, these subgroups correspond to
the upper triangular matrices in SL(n, C) and the lower triangular matrices in SL(n, C)

respectively.

Before dealing with the topology of real flag manifolds we will collect some struc-

tural information about the complex flag manifolds.

4.2. Structures

It is known that, there is a one to one correspondence between the G-invariant
almost complex structures on a flag manifold and the choice of the positive roots
[6]. For a regular z € tN G.B, (g/t)° = (I,(G.B))* = Y s Ea by Corallary 4.1.
Then set 79 = Y E, and TOY = Y E,. Define a basis of T,(G.A) as
Xi; = Eij — Ef and Yj; = i(Ej; + EJ) where Ej; is a matrix with ij entry is 1

acd acd_

and the rest of is 0. Also note that for i < j, E;;’s span T and for i > j, Ei;’s
span TV, If we set J as J,(X;;) = Yi; and J,(Y;;) = —X;; then J2 = —I and for
i < § Jo(By) = J(Xu5uy = (Xutay — g Hence T is the (+4)-eigenspace.
Similarly, 7Y is the (—i)-eigenspace. Since G acts on G.B transitively, we can extend

J to whole manifold.

Moreover, this almost complex structure is integrable: vanishing of the Nijenhuis
tensor is equivalent to checking [7(1%), 710 C T [7]. However, root spaces satisfy
[Ew, Eg] C E,qp hence G.B is a complex manifold.

Additionally, there is a symplectic form w on G.B defined at B as follows:

wa: T(G.B) x Ts(G.B) — R (4.4)
(X,Y) = (B,[X,Y]) (4.5)
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This form is actually the Kirillov-Kostant-Souriau symplectic form [8] that is defined
over the coadjoint orbit but under the isomorphism between g and g* (induced by the
non-degenerate form <, >) it can be transferred to the subspace Tp(G.B) of g. Then

this 2-form is extended globally by the transitive action of G.

We can also define a bilinear 2-form g on G.B by ¢(X,Y) := w(X, JY) and with

this form G.A becomes a Kahler manifold:

Lemma 4.1. w(Ju, Jv) = w(u,v) and w(u, Ju) > 0. First equality implies that g is

symmetric and the latter implies that g is positive definite.

Proof. It is enough to show this implications at the point B. We know that the tangent
space at B (or any regular point) is g/t =) 4 0a- If @, 3 € @ and u € go, v € gg in
which  # £a then [u,v] € goip. Also the decomposition at (4.2) is orthogonal with
respect to the trace form and J rotates the symmetric part and the skew-symmetric

part in each g, hence J(g,) = go- As a result

wp(Ju, Jv) = (B, [Ju, Jv]) =0 = (B, [u,v]) = wp(u,v) . (4.6)

Now assume for a € @, g, = span(X,Y) where X is skew-symmetric and Y is purely

imaginary symmetric so that J(X) =Y and J(Y) = —X. Then

wp(JX,JY) = (B,[JX,JY]) = (B,[Y,=X]) = (B,[X,Y]) =ws(X,Y)  (4.7)

The last step is the situation of both u, v are skew symmetric (or symmetric) and both
lie in the same eigenspace g,. However, [¢,€] C €, [p,p] C € and ¢ is perpendicular to t.
Moreover, J sends skew ones to symmetrics and vice versa. Consequently, in this case;
J is still orthogonal with respect to w. Positive definiteness can be shown in similar

fashion. O
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Now, we are going to describe the gradient flows of f4 in GG.B with respect to the

Kéhler metric g [4].
4.3. Gradient Flows on G.B and Stable(Unstable) Manifolds

Gradient vector field of the Morse function f4 with respect to the trace form is
given by V fa(x) = [[A, z], z] [4]. But Ad(exp(t[A,x]))(x) is not the gradient flow even
though  Ad(eap(t[A,))(x) | _, = [[4.a]. ).

As mentioned in the previous section, G.B has rich geometric structures. Com-
patibility relations between these structures give us a chance to determine gradient

flows with ease.

Maximal torus 7' (corresponding to t) acts symplectically on G.B by the adjoint

action. Indeed,

Adywp(X,Y) = wype-1(9Xg ', gV g™ ) (4.8)
= (9Bg~ ", [9Xg " gYg ")) (4.9)
= (9Bg~", g[X,Y]g™") (4.10)
= (B,[X,Y]) (4.11)
=wp(X,Y) (4.12)

This action is hamiltonian ( [4], [11]) hence induces moment mapping p : G.A — t*
given by p(X) = (proj(X),—) where proj(X) denotes the orthogonal projection of
X onto subspace t. As a result, the component p* of y in the direction A is our Morse
function f4 (u? being the hamiltonian). Let A% denote the vector field generated by
{exp(tA)|t € R}. Furthermore, since the action is hamiltonian, dfs = ¢ 4w. Since

SL(n,C) acts holomorpically on G.B this action can be restricted to T, thus T" acts
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holomorpically too. By collecting all these information, we obtain:

9(Vfa, X) = dfa(X) (4.13)
= 1 w(X) (4.14)
= w(A%, X) (4.15)
=g(JA X) (4.16)

Corollary 4.2. Gradient flow of the Morse function fq at x € G.B 1is given by
exp(itA).x

Remark 4.1. Note that the action in the previous corollary is actually the action of
SL(n,C) on the flag manifold. Indeed, iA € tc and the adjoint orbit is identified with

SL(n,C)/B.y hence, in this setting, action is the left multiplication with the correspond-
ing flag.

Before passing through the real case we describe the unstable and stable manifolds

of G.B.

Note that the Bruhat cells are given by B wB, /B, where w is a representative
in N(T') for the Weyl group W. These cells are actually the orbits of the action of B on
the flag manifold G/ B, given by the left multiplication. Besides, the critical points are
also described by the aforementioned representatives of the Weyl group W. Following

lemma from [4] explains the unstable/stable manifolds in terms of the Bruhat cells:

Lemma 4.2. The unstable manifold W"(x) and the stable manifold W*(z) at the

critical point x (correspondingly at coset wB,y ) are equal to

Wé(x)=B_wB_/B_=B_.x (4.18)
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4.4. The Real Case

Similarly to the complex case, we can look at the adjoint orbit SO(n).B of SO(n)
in the Lie algebra g = su(n) via the involution 7 which is defined in the beginning of
this chapter. In this case, the stabilizer of B is a discrete subgroup of SO(n) and from
now on, denote this group by I'. Hence SO(n)/I" = SO(n).B. On the other hand
consider the action of SL(n,R) on real flags via left multiplication. So we can make

the following identifications:
SO(n).B = SO(n)/I" = SL(n,R)/B* (4.19)

where B™ is the real upper triangular matrices with determinant 1. Note that Bt =

B; N SL(n,R). Denote SO(n) by K as before.

Above identifications have correspondents in the Lie algebra level: We can de-
compose split real form sl(n, R) into root spaces with respect to the Cartan subalgebra

it

siin,R) =it® > E, (4.20)

acd

Remark 4.2. In the above decomposition -with abuse of notation- root spaces are
actually the real part of the E,’s that are defined for the root space decomposition of
sl(n,C) at (4.1). Hence instead of writing E, Nsl(n,R) we keep the same notation for

the root spaces.

Now assume that w and o are in the Weyl orbit W.B hence they are critical
points. Assume that ind(c) = 1 + ind(w). Here the indices are the inversion numbers
of corresponding permutations(W.B is identified with the symmetric group S,). Then
there is a way [4] to determine whether the moduli space M(o,w) is empty or not.

Similar arguments in the language of Toda flows can be found in [14].
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Theorem 4.1. Assume ind(c) = 1+ ind(w) for the critical points o and w in K.B.
Then there exists a gradient flow between these two critical points if and only if there

exists a reflection in W carrying o to w. FEquivalently, o > w in the Bruhat order of

S

Kocherlakota gives the exact number of gradient flows whenever there exists a

reflection that carrying critical points with consecutive indices.

Theorem 4.2 (Kocherlakota). If there exists a reflection between critical points o and

w then there are exactly two gradient flows between them.

In this setting, we can express the flows more combinatorically. Hasse diagram of
the symmetric group with respect to the strong Bruhat order contains all the necessary

information about flows:

Remark 4.3. Here the reflection is a transposition in S,. Since the indices are given
by the inversion number, existing of a such a reflection is equivalent to existing of
a transposition that increases inversion number by one. This means that the Bruhat
diagram on S, represents the flow diagram by adding extra edge beside the existing

edges.

Moreover, we are not only allowed to deal with the complete real flag manifolds,

all the construction can be generalized to arbitrary reductive homogeneous space.

Remark 4.4. All the arguments are valid for any reductive homogenous space [8].
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5. GRADIENT FLOWS ON SO(n)

After all the details about the flag manifolds and the Morse functions over these
spaces, we are now ready to begin the case SO(n). In the study of H.I. Bozma,
W.D Gillam and F.Oztiirk [15], it is shown that the quadratic trace function on the
orthogonal group O(n) given by fa p(X) = tr(AXBXT) is a Morse-Bott function for
the fixed symmetric matrices A and B. Moreover, if A and B have different eigenvalues,
then the function is Morse. In their setup, they compute the indices by the method
so-called "perfect fillings” and they compare their results with the linear case studied
in the paper of T.Frankel [16]. However, in this study, as in the case of flag manifolds;

we are only interested in the Morse situation.

In this chapter, we will first describe the critical point set of f4 p and then we will
give algebraic properties of this set. Then, we will combine the real flag manifold case
and the SO(n) case by showing, with particular choices, the function f4 5 in SO(n)
and the function f4 in the real flag manifold behave similarly. This will lead us to

determine the exact number of gradient flows on SO(n).

5.1. Quadratic Morse Function on SO(n)

Assume A and B are real diagonal matrices and both have different eigenvalues.

In the study [15], it is shown that the function given by

fap:0(n) =R (5.1)
X = tr(AXBXT) (5.2)

is a Morse function with the critical point set consists of signed permutation matrices.

Lie theoretically, It is the Coxeter group B,,; Weyl group of SO(2n + 1). On the other
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hand this group splits as

B, =72 xS, . (5.3)

Here, the factor Zj corresponds to the normal subgroup of B, consists of diagonal
matrices with entries £1 and S,, corresponds to the (unsigned) permutation matrices.
Hence we can decompose any critical point as a product of a sign matrix and an

unsigned permutation matrix.

Remark 5.1. Here the set of critical points B,, of fa g is obviously a subgroup of O(n).

Now assume that a critical point is given by D.c where D is a diagonal sign

matrix and o is a permutation matrix. Then the index of D.o is given by [15]

ind(D.o) =inv(o) = [{(i,7) : 0(i) > a(j),i < j}. (5.4)

In other words, the index of a critical point is the inversion number of corresponding

unsigned permutation.

Next, consider the restriction of f4 p onto SO(n). We have denoted this restric-
tion again with f4 p since there will be no further information about the O(n) case.
From now on, Cr(fa ) denotes the set of critical points of f4 5. Clearly, Cr(fas)
is the set of signed permutation matrices with determinant 1. Now we describe the

algebraic properties of Cr(fa p):

Lemma 5.1. Cr(fap) < B,. When n is odd Cr(fap) = D, where D,, consists of
signed permutations with an even number of minus sign(equivalently, denotes the Weyl

group of SO(2n)).
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Proof. Since |Cr(fap)| = 2" 'nl, its index in B, is 2 hence Cr(fap) < B,. If n is

odd then consider the map

¢: D, — Cr(fan) (5.5)

R o det(o) =1 (56)

—o det(o) = —1

Since the determinant is a homomorphism, ¢ is also a homomorphism. Surjec-
tivity is obvious. In addition, the sizes of these two groups are equal. Hence ¢ is an

isomorphism. O

Unfortunately, when n is even Cr(f4 ) is not isomorphic to D,,. For example,
when n = 2, Cr(fap) = Zs but Dy = Zy X Zy. This situation of parity prevents us

working only on Coxeter groups.

5.2. Gradient Flows on SO(n)

Remind that in chapter 3 and 4 matrices A and B were purely imaginary, diag-
onal and regular. Now assume that we are fixing such A and B. Then the function
f—iaip is a Morse function on SO(n). Moreover f_;a;5(X) = tr(—iAXiBXT) =
tr(AXBX ') = f4(XBX™!) for all X € SO(n).

The subset I" of Cr(f4 ) which consists of diagonal sign matrices acts freely on
SO(n) by the right multiplication: g.z = ¢ implies x = I. Moreover this action is
properly discontinuos. To prove this, we need to check that for any g € SO(n) whether
there is a neighborhood U of x such that {z € I'|lU N Ux # 0} is finite. However, for
any neighborhood of = this set is finite since I is finite. Moreover, free and properly
discontinous action of a group on a Hausdorff space is a covering space action [17].

Hence,
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Corollary 5.1. The quotient map w: SO(n) — SO(n)/I" is a covering map.

In addition, we also know that if a compact Lie group acts on some smooth
manifold transitively, then the quotient map with respect to any stabilizer is a submer-
sion [18]. Hence 7 is a submersion. Since I" is finite, dim(SO(n)) = dim(SO(n)/I).
This implies 7 is also a local diffeomorphism. Topological covering map and local

diffeomorphism implies smooth covering [19] Hence,

Corollary 5.2. The quotient map 7 : SO(n) — SO(n)/I" is a smooth covering map.

Now let € SO(n)/I" and let 7,(t) be the gradient flow line passing through
x. Since SO(n)/I" is compact, gradient vector field is complete. Moreover, the map
v ¢ (R,0) — (SO(n)/I',z) can be lifted into the covering space uniquely since R is
simply connected: (7;).(m(R,0)) C m.(m(SO(n), g)) where 7(g) = x and ~,(0) = .

It remains to show that these lifts are gradient flows: We have a unique bi-
invariant Riemannian metric (up to scalar) on SO(n) given by the the trace form as
in the case of SU(n). However, in order to describe gradient flows on SO(n) as lifts
of gradient flows on SO(n)/I" we need to introduce another Riemannian metric on
SO(n). The reason is that the trace form on SO(n) and the restriction of the Kéahler
metric g on real flag manifold is not compatible. One obvious choice of a metric to

solve this problem is the pullback 7*g.

Assume that 7, is the lift of the gradient flow line ~,. We need to show that

$ell) — ¥ f4 5. Now define (1%¢)(X,Y) := g(dr(X),dr(Y)). Then,

dfa,s(X) = (7"9)(V faB, X) (5.7)
= g(dn(V fa,p), dr(X)) (5:8)
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and

de,B(X) = de o} dﬂ'(X) (59)
= g(V fa,dr(X)) (5.10)

Hence we obtain that, for all X,

(m"9)(V fa,p, X) = g(dn(V fa), dr(X)) (5.11)
= g(Vfa,dn(X)) (5.12)
= (7"g)(dn ™'V fa,X) (5.13)

As a result, Vfap = dr 'V fa. Since dmj;(t) = d”;t(t) = V fa, by the chain rule, we

get the desired result. Thus we have proved that

Theorem 5.1. Gradient flows on SO(n) are the lifts of the gradient flows on the real

flag manifold.

Now assume that 6, and 65 are critical points of the function f4 over the real flag
manifold with consecutive indices. Since we can identify Cr(f4) with the symmetric
group S,, Theorem 4.2 says that if there is a reflection r on the Weyl group such that
r(6;) = 05, then there exists exactly two gradient flows between these critical points.
By Theorem 5.1, we can lift these flows up to SO(n) hence for any critical point
X € n71(60,) there are exactly two gradient flows starting from X and flow through
7 1(6;). But these arguments do not answer this question: between which critical

points with consecutive indices are there gradient flows?

Assume Z, is a root vector living in E, (4.8) and o« € &,. Also assume
that r, is the the reflection corresponding to the root plane ker(a) and r,(6;) = 6o
where 01,0, € Cr(fa). Gradient flows between this points are given by the equation
limy_, o0 €420, = #y. Now consider X, = Z, — Z_, which is skew-symmetric and

limy 4 = Ad(exp)(tX,)(01) = limy ;1o €%0;. Then
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Theorem 5.2. Suppose x € 7 *(0,) where 0; € Cr(fa). Then there are two gra-
dient flows starting from x correspond to the reflection r, and they are given by
limg s = exp(tXy).z. Hence flows starting from x land to exp(5 X, ).z and exp(—5Xo).x.
Total number of gradient flows starting from x are equal to two times the number of

transpositions that increases the inversion number of m(x) by one.

Proof. 1t is enough to show that the curve exp(tX,).z is a lift of a gradient flow on
the real flag manifold. Indeed,

m(exp(tXy).w) = exp(tXy).x.B.(exp(tX,).x) ™
= Ad(exp(tX,)).m(x)
= Ad(exp(tX,)).0:
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6. COMPUTATIONS

In this chapter we introduce a way to calculate Morse homology of SO(n) in Z

coefficients.

6.1. An Ordering on C7(fap)

Assume that a reflection r, sends critical point 6; to #5 in the real flag manifold.
As stated in the previous chapter, this reflection also induces the gradient flows between
the "layers” 7=1(6;) and 7=!(fy). Also note that |[7=(0,)] = |7~ 1(6s)| since 7 is a

covering map. Moreover,

Lemma 6.1. If v € 7 (0,) then there exists y € 7w '(0,) so that the gradient flows
satisfy exp(5Xa).x=exp(—5Xs).y and exp(—5X,).x =erp(5X,).y. Hence for each

reflection that carries layers, critical points appear as pairs.

Proof. Assume that the reflection r, with respect to the hyperplane ker(a) C t car-
ries 01 to 6. Assume that the corresponding sl(2,R) copy generated by the set
{Zo,Z 0,70, Z_4]} and a € @,. Hence X, = Z, — Z_, € so(n). Also suppose that

exp(5X,) and exp(—5X,) act as § and —

7 rotations on the plane span(e;, e;) € R".
Hence if the signs of a critical point x € 77(6;) are {e;, €2} at i'th row and j'th row
respectively, then the critical point with signs {—e;, —e2} at i’th row and j’th row is

sent to same critical points under the action of exp(5X,) and exp(—5X,). O

Any critical point in SO(n) can be written as a product of a diagonal sign ma-
trix and a unsigned permutation matrix uniquely. However, in this decomposition,
corresponding sign matrix does not have to be in SO(n). Hence this decomposition is

actually occurs in O(n) rather then SO(n).
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In the Morse-Witten chain complex, denote the chain group generated by the
signed permutation matrices correspond to inversion number k by C%. If the inver-
sion number is odd then the determinant of related unsigned permutations are —1.
Conversely, when the inversion number is even then the corresponding unsigned per-

mutation matrices have determinant 1.

Now our aim is to give an order to the fixed basis (critical points) of Cy for all

inversion numbers k regarding sign changes.

First, represent the group of k by k sign matrices with determinant 1 by I.
Now denote a sign matrix in I} in the vector form a = (ay, as, ..., a,). Then define an

embedding

AR SR (6.1)

(ay,...ar) — (ay,...,ag, 1) (6.2)

Also note that I, is generated by the sign matrices with two consecutive —1 entries

and the remaining entries are 1. Denote such matrix as (I,{+ 1). Then it is clear that

L = (O @ () (ke k + 1) (6.3)

In other words, we can inductively obtain all the sign matrices. Moreover, since the
It is trivially ordered, we can expand this order inductively. Thus, if I is or-
dered as {Ay, ..., Agi-1} then I}, is ordered as {¢T (A1), ..., T (Agr-1), (9T (A1) (k, k+
1), (0" (Age)) (b, b+ D}

Similarly, we define an order on sign matrices with determinant —1. Since this
set is not a group we actually put an order on the quotient I;/I;" where I, C O(k)
consisting of all the k by k sign matrices. We can define ¢~ in the same way, and again
multiplying with sign matrix with only minus entries occurring in the last two spot,

we can obtain all the negative sign matrices.
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Remark 6.1. Above process is very similar to constructing k + 1-dimensional cube
from k- dimensional cube. When the vertices of k-dimensional cube represented by a
binary sequences, k+ 1-dimensional cube can be obtained by adding 0 and 1 to the each

vertex of k-dimensional cube.

Corollary 6.1. If the set of permutations in S, with inversion number i ordered as

01,...,05} then the set of basis of C;, 7 Yok) can be ordered as
k
{Algla ceey AQn—lO’l, A10'2, ceey AQn—lO'Q, ---7A10L7 ceey AQn—lO’L}

where A;’s are ordered as above.

Matrices correspond to the boundary maps are formed by 2"~! by 2"~! blocks
and each block corresponds to a reflection that carries critical points in the real flag

manifold or edges of the Bruhat diagram of the symmetric group. Moreover,
Corollary 6.2. With the above ordering, matrices correspond to the boundary maps are

formed by 21 by 277t symmetric blocks where each block correspond to a transposition

that increases inversion number by 1.

6.2. An Example: SO(3)

Now we apply the arguments about critical points and the gradient flows to SO(3)

with following chain complex and we obtain the critical points in Figure 6.1.

078278 278 5,78 0 (6.4)
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Figure 6.1. Critical points on SO(3).

Above figure shows all the 24 critical points of the Morse function f4 g on SO(3).
They are given in the hierarchy of Morse indices, so that the top 4 matrices are cor-
responds permutations with inversion number 0, second line corresponds to 1, third
line corresponds to 2 and the bottom corresponds to 3 (since we are interested in the
negative gradient flows). We also respect to the order defined in chapter 6.1. With this

ordering, we can easily predict the any other layers with knowing the only top layer.

Figure 6.2. in the next page shows the gradient flows on SO(3). Note that the
red flows between the top and the second layer and again the red flows between the
third layer and the bottom represent the same action; induced by the corresponding
reflection in the flag manifold. Similarly black and purple edges are written. This says
us there is a sort of symmetry dictated by the strong Bruhat order combined with the

order which we defined in section 6.1.
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Figure 6.2. Gradient flows on SO(3)

Next we describe the boundary maps 0,0, and 03 correspond to the related
inversion numbers. As we mentioned in the previous page, to describe these boundary

maps, we use the order defined in section 6.1.

In this ordering, independent from the dimension; all the matrices are formed by
symmetric blocks and each block correspond to the reflection in the complete real flag

manifold.

Moreover, when we consider the blocks and the corresponding edges they can be

seen as a graph with some nice properties:

Corollary 6.3. Critical points and the flows between them correspond to the blocks
between consecutive layers can be considered as a 2-balanced, reqular, bi-partite graph.
Hence the boundary maps are formed by the 2"~' by 2"~ blocks and each block is

actually a bi-adjacency matriz of the corresponding bi-partite graph.

Finally, Thanks to Sage homology package, we obtain the Zs-homology of SO(3),
SO(4), SO(5) and we collect all these datum in the website [23]. In the next page we

give the aforementioned boundary maps for SO(3).
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7. CONCLUSION

In this thesis, we study the particular Morse functions both on flag manifolds
and the special orthogonal group SO(n). We describe the gradient flows on these
spaces with proper metric. Moreover, we connect these gradient flows via the smooth
covering map between SO(n) and the quotient space SO(n)/I" where I" consists of
diagonal sign matrices in SO(n). Then we determine how the gradient flows between
the critical points with consecutive indices appear. With this information we set an

order on the critical point set which helps to write boundary maps easily.
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