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ABSTRACT

SOLUTION OF KG-EQUATION IN D-DIMENSION AND ITS
APPLICATION IN PHYSICAL SYSTEMS

Aram Bahroz BRZO
M.Sc. Thesis in Engineering Physics
Supervisor: Prof. Dr. Eser OLGAR
February 2016
61 pages

The analytic and approximate solution of KG-equation in arbitrary dimension D are
calculated by using Asymptotic Iteration Method. The system of some important
type of potentials like harmonic oscillator potential, the Go’ldman-Krivchenkov
potential and some exponential-type potentials such as Morse and Woods-Saxon
potentials have been studied in the D-dimension. The corresponding eigenvalues are
obtained. In addition, the total normalized eigenvectors are obtained after calculating
normalization constant for each type of potentials. Furthermore, it is shown that
application of Asymptotic Iteration Method in KG-equation gives the eigenvector
solution in terms of the Gauss hypergeometric or its special cases using the

wavefunction generator.

Key words: KG-equation, Asymptotic Iteration Method, Harmonic Oscillator, the

Go’ldman-Krivchenkov potential, Morse potential, and Woods-Saxon potential



OZET

D-BOYUTLU KLEIN-GORDON DENKLEMININ COZUMU VE FIZIKTEKI
UYGUNLAMALARI

Aram Bahroz BRZO
Yuksek Lisans Tezi, Fizik Miihendisligi Bolima
Tez Yoneticisi: Prof. Dr. Eser OLGAR
Subat 2016
61 sayfa

D boyuttaki Klein-Gordon denkleminin analitik ve yaklasik ¢6ziimleri Asimtotik
Iterasyon Metodu ile hesaplandi. Harmonic oscillator, the Go’ldman-Krivchenkov
potansiyeli ve Morse ve Woods-Saxon gibi exponansiyel potansiyellerin D boyuttaki
sistemleri iizerinde galigildi. Ilgili potansiyellerin 6zdegerleri hesaplandi. Ek olarak,
her bir potansiyel i¢cin normalize sabiti hesaplandiktan sonra potansiyelleri normalize
edilmis toplam 6zvektorleri eldi edildi. Ayrica, dalgafonksiyonu ireteci kullanilarak,
Klein-Gordon denkleminde AIM uygulamasinin 6zvektor ¢oziimlerini Gauss
hypergeometric cinsinden veya Gauss hypergeometric fonksiyonun &zel bir

formunda verdigi gosterildi.

Anahtar Kelimeler: Klein-Gordon denklemi, Asimtotik Iterasyon Metodu,
Harmonik Osilatér, Go’ldman-Krivchenkov potansiyeli, Morse potansiyeli ve

Woods-Saxon potansiyeli.
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CHAPTER 1

INTRODUCTION

1.1 Background Context

The Klein-Gordon (KG) equation is a relativistic extension of Schrodinger equation,
which describes scalar (or pseudoscalar) particles with zero-spin such as pions and
kaons. Furthermore, it is one of the earliest results of the attempts to enter special
relativity in to quantum mechanics [1, 2]. In 1905 two important papers were
published by Einstein. In the first paper, the well-known theory called special theory
of relativity under two assumptions the constant speed of light ¢ and the principle of
relativity was introduced. In the second one, the equivalence relation between mass
and energy was derived [3]. The relativistic expression can be derived in four-vector

notation as of this relation was stated as

ptp, = M*c? (1.1)

where M is the rest mass of the particle, p# = E,Px,Py,pZ], p; is the momentum in

i" direction, and E is the energy of the particle. This two papers of Einstein created
a great change in physics and their effects entered in all physical fields [1]. After
that, in 1926 a series of important papers were published this time was by
Schrodinger. In one of those series publications, he merged Max Plank’s quantum
assumptions with his wave mechanism. Thus, the quantum mechanic theory was

born and Schrodinger derived his equation as

Hy = Ey (1.2)



where H is the Hamiltonian which gives the total energy of the system, and v is the

eigenvector of the system.

In the others, he suggested the interpretation of y* in a way that this interpretation
has a wide applications in quantum mechanics. Furthermore, he stated that the
system could be viewed as being in every kinematically possible configuration at the
same time, the function yy* deciding how “strongly” each configuration contributes
to the overall state [3]. Indeed, in the same paper he tried to derive a new form of his
equation which is a relativistic generalization for an electron that is known now as
the KG-equation. Due to the simplifications that he did in the KG-equation, he
rejected his results and he considered it is incomplete equation, because he couldn’t
make estimate his results in a correct way and also, he failed make them fit the data.
The mistake that made Schrodinger regret form his calculation, is that during his
study about electron, he didn't take into account the spin of the electron [4]. After
that, in1926 paper of Gordon and in the 1927 paper of Klein, they completed the
incomplete work of Schrédinger. They derived the equation bearing their names
from the Schrodinger formulation of quantum mechanics Eq. (1.1) and combining it
with Einstein’s theory of relativity [3] as will done in this study in Sec. (2.1.1). In
addition, and exactly in 1928 the British physicist Paul Dirac formulated a relativistic
guantum mechanical wave equation which describes a relativistic particles with Y-
spins. Furthermore, his equation is consistent with both quantum mechanic principles
and the special theory of relativity [5]. The important point of views that should be
noted is that the KG-equation differ from Schrddinger equation because of that it
contains vector and scalar potentials. In addition, for the KG-equation, the two
different energy solutions are defined to describe two different particles - the particle
and the antiparticle. After all, due to those results there were a hot discussions about
the physically acceptable conditions and reality of the negative energy i.e. anti-
particles. But, finally the physical counterparts to these negative energy, antimatter

particles, have turned out to be real [6].

As already stated, the relativistic version of the Schrédinger theory was done by
Klein and Gordon, but there were others working on the same problem, including V.
Fock, J. Kudar, T. de Donder, and H. van Dungen as stated in [7].



1.2 Literature Review

In nuclear and high energy physics [8, 9], one of the most important problem is to
obtain the exact or approximate analytic solution of the relativistic wave equations
like KG, Dirac and Saltpeter wave equations for mixed vector and scalar potential.
The exact solutions of these wave equations (non-relativistic or relativistic) took
much attention recent years because their importance. In the literature, analytical and
approximate solutions are done for most of potentials with different methods.
However, analytical solutions are possible only in some potentials such as the
harmonic oscillator and some type of Anharmonic Oscillator potentials [10,11],
Pseudoharmonic potential plus the Ring-shaped potentials [12,13], Makarov
potential [14], Hydrogen atom [15], and The Mie-type potentials [16]. In contrast,
there are several potentials that they cannot be solved without the approximations
that offered to the centrifugal term as in the case of this thesis, and such potentials,
Hulth’en potential [17], Rotating-Morse potential [18], Manning-Rosen potential
[19], Yukawa potential [20], Eckart and Q-deformed Eckart potential [21],
Exponential-Type potentials [22], and so on. In recent years, the D-dimensional
solution of KG-equation has been developed by researcher and several methods have
been tested and improved to solve this type of equations. Such most important
methods that applied to D-dimensional KG-equation for different potentials are
supersymmtric quantum mechanics (SUSYQM) [17], Nikiforov-Uvorov [23],
Hellmann-Feynman theorem [24], Minimal length [25], Adomian’s method,
transformation and exponential function method [26], Ansatz method [27], and
Asymptotic Iteration Method (AIM) [28]. Furthermore, there are a list of potentials
that they are tested under the solution of KG-equation in arbitrary dimension D such
as ring-shaped pseudoharmonic potential [12], Manning-Rosen potential [19],
Kratzer potential and Coulomb potential [29], Hulthen-Type Potential [17], Hylleraas
Potential [30], Energy-Dependent potential [31], Yukawa potential [32], Eckart
potential [33], generalize Woods-Saxon potential [34], Poschl-Teller potential [35],
exponential-type potentials [22], Ring-Shaped Kratzer potential [36], and so on.
Among those potentials and methods, this thesis is focused on different types of
potentials, harmonic and exponential type because they are in a common form among
potential types. Harmonic oscillator, Go’ldman-Krivchenkov, Morse, Woods-Saxon
potential are tested in arbitrary dimension of KG-equation by AIM during this thesis.



First, the Harmonic Oscillator potential is among the most important example of
explicit solvable problems, both in classical and quantum mechanics. It is the ideal
model potential and it’s one of the basic potentials, recently in literature it has been
solved exactly in both non-relativistic and relativistic cases [10, 37] by AIM and
Nikiforov-Uvarov methods, respectively. In addition, Go’ldman-Krivchenkov
potential which is a special case of harmonic oscillator potential has been preferred
with some other type of potentials as perturbation of Harmonic Oscillator potential or
Anharmonic potential [11]. The Go’ldman-Krivchenkov potential in literature also
has been studied exactly and gave good results for energy spectrum and
corresponding eigenvector in nonrelativistic [38] or relativistically [39] by AIM and
SUSYQM, respectively.

The Morse potential gives an excellent qualitative description of the interaction
between the two atoms in a diatomic molecule and also it is a reasonable qualitative
description of the interaction close to the surface [40]. It has been studied recently in
Schrddinger equation and its relativistic version [41, 42] by Nikiforov-Uvarov

method.

The Woods-Saxon potential has a great important in nuclear physics because of that
it’s a reasonable potential of nuclear shell model and a short range potentials [43].
Also, it has a wide applications in other fields of physics such as particle, atomic,
chemical, and condensed matter physics [44]. Recently, the relativistic and non-
relativistic solutions have been solved for Woods-Saxon potential with different
methods [45-46].

The Morse and Woods-Saxon Potentials are in the most potentials among the
exponential potentials and they cannot be solved in D-dimensional KG-equation
exactly. Instead of that, the solution of this problem is solved numerically due to an
approximation which preferred to the centrifugal term as in the case of this thesis in
Chapter 4. During the applications of the corresponding potentials in KG-equation, it
is considered that the vector potential VV(r) and the scalar potential S(r) are equal to
the each other except for the Woods-Saxon potential. When the potentials V (r) and
S(r) are taken unequal, the results are obtained in same form with the case of equal

form with different constant parameters. Since it is given a different form of equation



in KG-equation, the relation between the V(r) and V(r) potential is considered

unequal in Woods-Saxon potential.
1.3 Objective and Scope

The goal of this thesis is to show that the D-dimensional KG-equation is exactly and
approximately solvable with some different type of potentials as mentioned before
using AIM method.

This thesis is divided to 5 chapters and it is organized as follows: the derivation of
KG-equation in one dimension and generalizing it to three and arbitrary dimensions
D are outlined in Chapter 2. Chapter 3 is focused on AIM and formulation of this
method from 15¢ and 2"* order homogeneous linear differential equations.
Furthermore, calculating eigenenergy and eigenvector with AIM is highlighted in

detail during same chapter.

The main part of this thesis is the Chapter 4. It includes all applications of AIM in to
KG-equation with different potentials. The energy spectrum of those potentials are

calculated and compared with the results in literature.

Ultimately, the last chapter is devoted to the discussion and conclusion of the main

results.



CHAPTER 2

KLEIN-GORDON EQUATION

The KG-equation is a relativistic version of Schrédinger equation or it can be said
that it is an alternative equation of Schrédinger equation in the relativistic case which
deals with particles of zero spin (spin less particles) [47] like Boson particles, ©
mesons [48] and Higgs Boson H [49]. This equation was named after a great work
that done by to physicists Oskar Klein and Walter Gordon after publishing their
papers in 1927. They proposed this equation to describe electrons in the relativistic
situation [9]. There are two objects that make it differ from Schrédinger equation,

negative energy spectrum with the vector V(x) and scalar potential S(x) [50].

2.1 Formalism of KG-equation

There has been many different ways proposed to derive KG-equation and they
started from different fields or different equations in physics such as did by authors
in [51, 52]. They started the derivation from Maxwell’s electric wave equation and

solution of wave equation, respectively.

In order to derive the KG-equation from the relativistic way, the first step is starting
from the well-known relation between energy and momentum which was stated by
Einstein in special relativity and deriving KG-equation in (1+1) and generalizing it to
(3+1) dimensions. The following step is the expanding of the derivation to the d-

dimensional form of the KG-equation.

2.1.1 Derivation of One-Dimensional KG-equation

The starting point of the derivation of KG-equation is the fundamental energy
relation used in special relations which is the most common and easy way in

derivation



E? = p%c? + M?c*. (2.1)

By using quantum mechanical principles, the energy operator is expressed as

E=in 2 2.2)

Similarly, the expression of momentum operator is in the form of

p =—ih =, (2.3)

Taking the square of both sides of Eq. (2.2) and Eq. (2.3) leads to

B2 = —n? — (2.4)
A2 2 02
p? = —h? —. (2.5)

Then, by substituting results of Eq. (2.4) and Eq. (2.5) in to Eq. (2.1), the equation is
transformed to

2 9%

—hz L = _n?c
at? ox?

+ M2c*, (2.6)

To give a physical taste to Eg. (2.6), the wavefunction of space and time ¥(x,t)

must be applied as



2 2
—h? alg—g’t) = —h?c? a;/T(f't) + M?2c* ¥ (x, t). (2.7)

When h =c=1(natural units) in Eq. (2.7) the KG-equation in cartesian coordinate

system becomes

%W (x,t) 9%wW(xt)

9t2 9x2 + M? Y(x,t) =0, (2.8)

which is the one dimensional KG-equation. It can be generalized to three

dimensional by defining (V) operator which is the directional derivative operator;

= d . d . d «
V=g i+ -j+ ok (2.9)

X

Then 3-dimensional KG-equation takes the form as follows;

92y (r,t) _
at2

V2P (r,t) + M(r)?c* ¥(r,t) = 0. (2.10)

One important point that should be noted is that the KG-equation has some potential
corrections due to the Stark and Zeeman Effect that they cause shifting and splitting
spectral lines of atoms and molecules due to the presence of an external static electric
and static magnetic field, respectively [47]. Hence, after taking in to account the

effect of these two field, the energy and momentum operators have to be written in

the form of
p=p+Agp (2.11-a)
L9 _ . )
o=l V(r) (2.11-b)



where A is vector potential. The other correction is an additional coupling of the
space-time scalar potential S(r, t) to the relativistic mass of a particle in a way that:

M - M + S(r,t). (2.11-¢)

Using Poincare space-time symmetry group Gauge invariance of the vector coupling
which is a unitary irreducible representation corresponding of the “four-vector” and
“scalar” allows for the freedom to fix the gauge (remove the nonphysical gauge
modes) without altering a physical content of the problem [53]. There are many
choices of gauge fixing but, here the most commonly used conditions, the Lorentz
gauge, d.A = 0 and the Coulomb gauge, V.A = 0 are taking in to consideration.
Adapting the later choice, it’s time to write the time component of the four-vector
potential as, g4, = V(r,t), where g is a quantity related to the magnetic moment of
an electron, nucleus or other particle [1, 7]. Thus, consequently the two independent
potential functions in KG-equation, vector potential and scalar potential are selected.

Using the notation developed as (du 0% = % — 172), then Eq. (2.10) can be written
in a compact style and it becomes:
(Ouo* + M(r)?>) w(r,t) = 0. (2.12)

The vector and scalar coupling potentials that introduced above in Eq. (2.11-b) and

Eq. (2.11-c) will lead to potential interactions and Eq. (2.10) is rewrites as follows:

G2 V()2 - P2+(M +S(r,6) )23 ¥(r,£) =0, (2.13)

After simplifying, above equation becomes in the most common using form as:

10



V() +(E-V)?¥P(r,t)-(M + S(r,t)>¥(r,t) =0. (2.14)

Again rearranging Eq. (2.14) with the effective potential V() yields:

VAP (r,t) + Ve (r) ¥(r,t) = 0, (2.15)

where,

Verr(r) = E*- M?* + (V2(r)- S2(r))- (M S(r) + EV(1)).

It can be seen that Eqg. (2.15) is the reduced form of KG-equation to Schrodinger
equation with the energy dependent effective potential (Ve ¢ (7).

2.1.2 D-Dimensional KG-equation

The KG in EQ.(2.13) in higher dimension for spherically coordinate with the
repulsive vector potential V(r), the attractive scalar potential S(r) and the rest mass
M (in units h = ¢=17) reads [54],

ADlpn,l,m(r' 'QD) = {(En,l - V(r))z - (M + S(r))z} wn,l,m(r' -QD) (2-16)
with
1 9 _1 0 A3 (Qp)
Ap= v2D=rD_1;(rD 15) —Dr—ZD (2.17)

Ap (Qp)
rZ

where E,;,Ap, and Qp are the energy eigenvalues, the D-dimensional

Laplacian, the generation of the centrifugal barrier for the D-dimensional space, and
the angular coordinates, respectively.

The total wave function in D-dimension for separating variables is written as:

11



ll}n,l,m(erD) = Rn,l(r) Ylm(-QD)- (2.18)

2
As mentioned above the term % is the generalization of the centrifugal term for

the higher dimensional space. The eigenvalues of A% (Qp) are defined by the

relation,

A (Qp) ¥ (2p) =1 (1+ D = 2) " (2), D > 1 (2.19)

where Y™(2p), Ry, (r) and | represent the hyperspherical harmonics, the hyperradial
wavefunction and the orbital angular momentum quantum number, respectively.

Suppose, the hyperradial wavefunction ansatz [54] as:

Ry (r) = r= @2y (7). (2.20)

After substituting the wavefunction ansatz and focusing on the hyperradial part of the
KG-equation, Eq. (2.16) is transformed to:

(D+21-1)(D+21-3)
472

(&4 Eny = VE)? = (M +50))’ Vo =0 (21)

which is the basic equation in order to apply for some physical potentials.

12



CHAPTER 3

SOLUTION METHODOLOGY

In general, differential equations with different orders and their solutions play an
important role to overcome problems in many branch of physics especially in
quantum and mathematical physics. Among those differential equations, second-
order differential equation has a special importance and it took much attention in the

recent years in physics by researchers [35].

To solve second-order differential equations many methods were applied as
mentioned in Sec. (1.2). AIM is one of those methods proposed to solve 2"¢ order
homogeneous linear differential equations with appropriate boundary conditions
[55].

AIM has algorithm suitable for computer programming to get results directly and
rapidly. It gives good results in both analytic and approximate solutions for both
Schrodinger and Klein Gordon equations with different potentials [56, 57, 58, and
59].

In addition to the formalism of AlM, there are two different ways to derive the AIM

as stated in the next two sections.

3.1 Derivation of AIM from 2™ Order Linear Differential Equations

The AIM is proposed [35] to solve the 2™ order homogeneous linear differential

equations of the form

y' () = Gy () + 50(x) y(x) (3.1

13



where A,(x) # 0 and s,(x) are functions defined in C*(a, b). And they have
sufficiently many continuous derivatives. In order to find a general solution to this
equation, the symmetric structure of the right hand side of Eq. (3.1) is differentiated
with respect to x, and it gives

y' = MEY'®) + 510 yx) (3.2)

where
M) = A" (%) + so(x) + 24,7 (%),
and

$1(X) = So'(x) + So(x) Ao (x).

Again taking second derivative of Eq. (3.1) yields

Y7 = R®yE + 520y (3.3)

with

) = A"+ 510 + 23 M),

and

$2(x) s1'(x) + 5o () A4 ().

Thus, continuing with this successive derivative in the same procedure, and
collecting them for (k + 1) and (k + 2)** derivatives with =1,2,..., then, it

gives following results

14



yE D) = L1 () Y + sp_1 (%) v,

and

YD () = R0 Y + se(x) v,
while,

Me(x) = Aoy (1) + 5p-1(6) + 20 (x) Aoy (),
and,

s(x) = sk-1'(X) + 5, (%) A1 (%)

Taking the ratio of the (k + 1)*" and (k + 2)*" derivatives, gives

1) ¥ 0+ ()
d yk+2) () k ( (0
=l (y(k+1)(")) - =

(k+1) - :
y (x) Sg—1(0)
lk-1< YO+ =5 y(x)>

(3.4)

(3.5)

(3.6a)

(3.6b)

(3.7)

It’s time to introduce the ‘asymptotic’ aspect of the iteration method. Hence, for

sufficiently large k [60],

Spx) _ sp_1(x) _
00~ e G-

(3.8)

Thus, some cancelation happens at the right hand side of Eq. (3.7) and it reduces to

da (k+1) _ Ar(x)
dx In (y (X)) T A ()

15

(3.9)



After applying integration operator to both sides of Eq. (3.9), it yields the exact

solution as

At
y&*D(x) = €, exp (f#f(z)dt) (3.10)

where C; is the integration constant. Furthermore, by dividing both sides of Eg.
(3.6a) by Ax_;(x) and looking to the Eq. (3.8) with substituting the result in Eq.

(3.10) one can obtain

y** () = €1 Aoy exp (f(a + 2,) db). (3.11)

In addition, by dividing both sides of Eq. (3.4) and Eq. (3.11) by A,_; and

comparing results give the change for the form of Eq. (11) as

y'(x)+ ay(x) = C; A_qexp (J(a + A,)dt). (3.12)

Eq. (3.12) is 15¢ order linear differential equation and it can be solved easily.

Ultimately the general solution of Eg. (3.1) can be written as

y(x) = exp (— [adt) [ C; + C; [ exp (J2a(r) + A, (7)) dT)dt]. (3.13)

From the right hand side of Eq. (3.13), one can notice that the first part gives as the
polynomial solution which is converge and physically acceptable while, the second
part becomes divergence and physically unacceptable. Hence, to pass this problem
it’s convenient to put C; = 0 in order to find square integrable solutions [61]. Hence,
the corresponding eigenfunctions can be derived from the following wave function

generator

y(x) = Cyexp (— [ adt). (3.14)
16



Hereafter, the calculation of finding energy eigenvalues and eigenfunctions with the
aid of AIM will discuss in Sec (3.3) and Sec. (3.4), respectively. But before that, the
derivation of AIM from 1Storder differential equation in the following section is

calculated.

3.2 Derivation of AIM from 15t Order Linear Differential Equations

AIM can be derived from the first order linear differential equation [62], considering

two different first order differential equations in the form

P () = (X)) P1(x) + 5o (%) 1 (%) (3.15)

P, (0) = wo(x) Y2 () + po(x) P2 (x) (3.16)

where w, and p, are differentiable functions depend on x. Differentiating Eq. (3.15)
and Eq. (3.16) yield

P = () P1(x) + 51(x) P1(x), (3.17)

P70 = 01(0) P (x) + p1(x) P2(x), (3.18)
where

M) = 2" (1) +25(%) + So(x) 06(X) (3.19)

51(0) = 55" (%) + 5,(x) Ao (%) + 5,(x) po(x) (3.20)

w1(x) = Wo'(X) + Ao(x) Wo(X) + Po(x) Wo(X) (3.21)
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p1(x) = po’(x) + poz(x) + So(x) e (). (3.22)

Taking 2™%,3"¢ and so on derivatives of Eq. (3.15) and Eq. (3.16), and generalizing

their derivatives for (k + 1)** and (k + 2)* then result will be as follows

P () = 1) Y1 (0 + 51 (X) Y1 (%) (3.23)
() = w(0) Yo () + pr(x) P2 (%) (3.24)
and

D (50) = A1 (0 Y1 () + Sis1 () Y1 () (3.25)
P () = Wpyr (1) Yo () + Pras () Yo (x), (3.26)

while
Dier1(0) = 2 (0 + () 2, (0) + 51.(%) wo (%) (3.27)
Sie1(0) = 51/ (0) + LX) 5o(%) + (%) po(X) (3.28)

W1 (X) = wi' (1) + wp(X) 4,(x) + pe(X) wo(x)  (3.29)

Pra1(X) = pi’ (1) + wi(x) 5o(x) + pre(x) po(x).  (3.30)

From the ratio of (k + 1)** and (k + 2)*" derivatives as done in Eq. (3.7), the result

is transformed to

SE+1(x)

(k+2) A+1 () (W1 () + P2 (X))

d k+1 P (x) Ageyq (%)

=@V () = B = i) . (33Y
A (€9) lk(x)(¢1(x)+,1k(x)¢z(x))

18



Applying the same procedure for 1, (x) yields similar expression. For large value of
k,

Skan () _ sk
@ T @)

= ar(x), k=0,12,... (3.32)

Thus, by using relation of Eq. (3.32) and substituting in Eq. (3.31), and from Eg.

(3.31) the expression of wfk“) (x) is obtained as

Ak+1
Y00 = Cexp ([ 22 04r) = ¢, W) exp (@, + A)d). (3.39)

By dividing both sides of Eq. (3.23) by Ax(x) and comparing with Eq. (3.33), then
Eq. (3.33) reduces to

P10+ alx) Y (x) = Cyexp (J(a wo + Ao) db). (3.34)

By using Eq. (3.18) and Eq. (3.34), the general solution of y,(x) is obtained in the
following form [63]

lpz(x) = exp (f(po —a ('00) dt){cz + Cl f [exp (fO‘o —pPot+ 2a (*)o) dt)]} (335)

This expression is the wavefunction generator for the first order differential

equations.
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3.3 Calculating Eigenvalues

Eq. (3.8) can be used to calculate energy eigenvalues. Rearranging this equation with

the help of termination condition gives

s (x) Ay (x)

A@ =107 0 Aol

k=1,23,..

furthermore,

Ap(x) = A1 (%) sp(x) — A(x) sk (x) = 0. (3.36)

The energy eigenvalues can be obtained exactly from the roots of Eq. (3.36). There is
some important points should take care about them before using this equation.

Initial conditions  Ax_; =1 and sx_; =0 should be used while calculating
eigenvalues [68]. Also A, and s, are determined from Eq. (3.1) and A, and sy from
equations (3.6a) and (3.6b), respectively. If the problem is exactly solvable then Eq.
(3.36) is enough to give all roots (eigenvalues). Otherwise, for a specific n principal
quantum number a suitable x, point should be selected [35]. This point determined
generally as the maximum value of the asymptotic wavefunction or the minimum
value of the potential. At the end, for sufficiently large value of k the approximation
energy eigenvalue will get from the roots of the Eq. (3.36) [59].

3.4 Calculating wavefunctions

The discovery of a common source for the entire set of a problems and their
treatment in arbitrary dimension D by AIM are the most highlight points of this
thesis. It should be noted that using AIM is related to an important aspects: the
solution of second order differential equations with suitable boundary conditions.
Therefore, of that during calculation wave functions of KG-equation with different

potentials, different forms of solution will be seen. This calculation with more
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general type of second order homogeneous linear differential equation is in the form
[35]

axN+1 (m+1)

00 = 2( - Ty 0 - 2y ® (3.37)

where 0 <x <b¥z ifb> 0,and0<x< oo if b<0.Here N=—1,0,1, ...,
and the real numbers a, m, and w are specified according to the problems. It has to
say some of the problems discussed during this thesis will be transformed to the form
of above equation, otherwise they will be a special case of Eq. (3.37). Bender et al
[64], recently has been studied on Eqg. (3.37) and as a special case he showed that the
exact solutions of the class of eigenvalue problem can be written in the follows form

—y"(x)+ x*N*2y(x) = ExNy(x)y (N = —-1,0,1,...,). (3.38)

This is helpful to improve and extend the solutions of Eq. (3.38) to provide analytic
formula for the solutions of the eigenvalue problem as did by authors [55, 65] as

—y"(x) + (m+x2’v+2)y(x) = Ex"y)y N =-1,01,..,). (3.39)

x2

Hereafter, in this section the focus point is on the obtaining wavefunctions by
applying AIM to investigate the second order linear homogeneous differential

equation [65] in the form below

y'(0) =2(axpx) - E2)y'(0)-wp@yx)  (3.40)
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where a, m, and w are arbitrary constants. To make Eq. (3.40) exactly solvable it’s

necessary to choose an appropriate polynomial function p(x) [65]. Therefore, Eq.

(3.40) is reduced to the most common form of Eq. (3.37)

" _ N+1 +1 , N
Y0 =2 o = )y () - Sy ().

Then, comparing last equation with Eqg. (3.1) it works out that

Ao(®) = 2( - &), (3.412)
and
wxN
So(X) = — o (3.41b)

Now for calculating eigenvalues it must be apply the termination condition in Eq.
(3.36) and it gives the eigenvalues result as

wm(N) =b(N + 2)? n (n+p) (3.42)

with p = — M, where N =-1,0,1,... and n =0, 1, 2, .... For obtaining
(N+2)b

yn(x) the generator of wavefunctions of exact solutions in Eq. (3.14) must be used

Yn(x) = Cyexp (— j a dt)
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wheren = 0,1, 2,.., and k = n is the iteration step number. This leads to get wave
functions [55, 65] as

e yo(x)=1,since wf'(N)=0forN=-1,0,1,2, ...

o Y1(x) = - C(N+2) o(1- ZE2xN+2)

2
e V,(x)=C,(N+2)2 a(c+1)(1— %Jrz)an + %xzmn) )

o y300)=—C(N+2)? (o +1) (1- LD+

3b2(p+3)(p+4) (n+2) _ D3(p+3)(p+4)(p+5) _3(N+2)
—x —
o(o+1) o(oc+1)(c+2)

.. etc.

The general formula for calculating wavefunction y,, (x) is obtained as follows

Yn(X) = (D" C, (N +2)" (0),, ,F1 (—n,p +1; 0; bx"*?), (3.43)
where
T'(o+n) _ 2m+N+3 _ (2m+1Db+2a
@)y, o ' 27 TN+2 ,and p = (N+2)b

and ,F; is the Gauss hypergeometric function and it’s a special case of the below

generalized hypergeometric function

(@)n,--(ap)n v

(C)n(Cdnn!

pFq(@y, ,ap, Cqy e, €3 y) = Yo (3.44)

That is to say, a polynomial of degree n in y.
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CHAPTER 4

APPLICATION OF KLEIN-GORDON EQUATION IN
PHYSICAL SYSTEMS

During this chapter, in the framework of AIM, the solution of KG-equation in D-
dimension is studied in order to calculate both of eigenvalues and eigenfunctions of

some physical systems including different potentials with constant masses.

4.1 KG - Equation with Harmonic Oscillator Potential

The Harmonic Oscillator potential is among the most important example of explicit
solvable problems, both in classical and quantum mechanics. The vector V(r) and

scalar S(r) harmonic oscillator potentials can be written as the following form [38]

V(r)=V,r?, and S(r)=S, > 4.1)

The potentials V (r) and V (r) are considered as equal to each other because of giving

the same results with unequal case. Substituting the potentials in to Eq. (2.21) gives

(D+21-1)(D+21-3)
472

(e H [Bui = G ' = M+ ¥, 7)) bo.m=0 @2

By expanding the above equation and with some algebraic steps it reduces to the

form of

(D+21-1)(D+21-3)
472

2
{4 (B2 = M) = 2(Eny + M)V, 7% - Y@ =0, (43)
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By introducing some parameters, the corresponding equation becomes in a simple

form as

o+ - 2= (E) U = 0 (44)

r2

where

fni= B2 —M?,  B=2(E, +M)V, and c=-(D+20—-3). (45)

Now, to solve Eq. (4.4) by AIM, it has to transform this equation to the form of
suitable equation like Eq. (3.1). To do this, the boundary conditions must be applied.
Thus, it’s clear that the Eq. (4.4) satisfies the condition U, ;(0) = 0 which is known
as the Dirichlet boundary condition. Therefore, the unnormalized generator wave

function takes the form of

r2
Ung(r) = r e Ry (). (4.6)

Hence, substituting above wavefunction generator in to Eq. (4.4) gets the following

result

_ (c+1)

D) Ry (1) = (2 € + 3 = &1 )R (1) = 0. (4.7)

Ry, "(r)— 2 (r

Furthermore, the above equation can read also in the form of
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R = 2 (r =) Ry + 2 c+3 = & )Ruu() (4.8)

Eq. (4.8) is in compatible form with Eq. (3.1). Therefore, AIM now can be applied

for calculating both eigenvalues and eigenfunctions as in the next two sections.

4.1.1 Solving for Eigenvalues

The application of AIM is now initiated by comparing Eqg. (4.8) with Eq.(3.1).
Ultimately, it gives that

Ao(r) = 2 (r — w),

r

and
So(r) =2c+3—-¢&,,

Taking k-time derivatives of the above two equations with respect to r, just like the
steps that done in Sec. (3.3) Eq. (3.6-a) and Eq. (3.6-b), the high order functions
A () and s, (y) give the following functions

— 2 %, 2z 2 _
/'ll(r)—5+2(:+r2+r2+( -——+2r)*=¢

2 Zc
s;(r) = (—;—T+ 2r)(3+2c—=%§)

4  4c 2 2c 2 2c 2 2c
AZ(T'):—T—3—§+2(2+r—2+r—2)(—;—7+27')+(—;—7+27")(3+2
-$)
2 2 2 2 2 2 2
+(————+2r) 5+ZC+—2+—2+(————+2r> —¢
r o r r r r o r

;) =@+2c—9) (5+2c+5+5+-8)+(2+5+%5)B+2c—¢)
etc...

Hence, applying the termination condition Eq.(3.36) to the above and solving for &, ,

for each value of n, it gives the following results,
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Ao Aa(r) B
o0 T s O Su= 3+

A1(7) — Az(T) N ";1’1 =7+ 2c,

s1(7r) 52(1)

L@ _ W)
S2(r) s3(¥)

> &= 11+2c.

Respectively, that means
$ng=4n+2c+3 ,n=012,.. (4.9)

Substitution the value of ¢ as in Eq. (4.5) in to the above Eq. (4.9), it gives the last

result of the energy spectrum, namely
= 4n+;D+2D] ,n=0,12,. (4.10)

This energy values are in a good agreement with the results of [66].
4.1.2 Solving for Eigenvector

Fortunately, Eq. (4.8) is the differential equation of the hypergeometric function ,F,
with well-known eigenvector solution. Therefore, the general solution of Eq. (4.8)
can carry out directly. But, before that it will be better to give some detail to get the
last result. Hence, as mentioned before, the 2"* order homogeneous linear
differential eqaution, i.e. Eq. (4.8) is in suitable form with the Eq. (3.1). Thus, AIM
has to apply for calculating corresponding eigenvector. Then, substituting each
values of A, (y) and s, (y) one by one in to Eq. (3.14) and obeying steps as described
in Sec. (3.4) in detail. Eventually, it yields the solution of R, ;(r) after some

straightforward computation as

_yn _1\ymo(n-2m) I'(n+1)I'2c+2n+2)r(c+n-m+1) (2n—2m)
Rn'l(r) m=0( 1) 2 l"(n+1)[‘(n—m+1)F(c+n+1)F(2n+2c—2m+2)r '

(4.11)

It can be seen that Eq. (4.11) together with Eq. (4.6) gives the exact eigenvector for
the Gol’dman and Krivchenkov potential. In addition, Eq. (4.11) has to proceed as

follow. By using Pochhammer’s identity
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__T'(a-m)

(@ =2 (4.12)
Eq. (4.11) transforms to the form of
Roy(r) = 2021 5y (—1m — (o (1) (4.13)
nl m=0 mi(n+1)_m;, 2c+2n+2)_;m \21 ) '
To further simplifying above equation, the identity [(a)_,, = ((1__163)"1] and the
Gauss’s duplication formula
a a+1
@ =(3), (5, (4.14)

It has to apply to the Eq. (4.13), so the above equation changes to the new form as

(-Wm (-n=c=DIm (i)m_

m!

Rny(r) = 20 P20 2 _o(~1)™ (4.15)

r2

The finite sum in Eq. (4.15) is the series representation of the hypergeometric

function , F,. Therefore

Ry (r) = 2" r®",F, (—n, —n—c—=; i) (4.16)

2’ r2

Above equation can be written in terms of a confluent hypergeometric function | F;

as

Rpy(r) = (=1)" 2" L::%( %)

S (end) R (merd) @
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where P () is Laguerre polynomials. At the end, to get the total unnormalized
eigenvector, Eq. (4.17) has to substitute in to Eg. (4.6). Consequently, the

unnormalized wavefunction takes the form of

2

Upi(r) = Co (D" 2" (c+2) vV ez (F(-mc+3; 72).  (4.18)

This eigenvector is close to the results of that obtained in [67]
4.1.3 Normalization Constant (C,,)

A normalization constant C,, can be computed in the following way:
S U@ Pdr =1. (4.19)

Thus, substitution of Eq. (4.19) in to Eq.(4.18) gives

2 _r?
C2 22" (¢ + %)n Js r2etbe 2 | F (—n; c+ %; rz) Fi(—n;c+ %; r?)dr =1
(4.20)

Above equation faced some form of integral which in turn requires the computation
definite integral [34, 35] in the following form

Inm(a) = fooo pte ™ F(—nap) 1 FL (—m,a;p). (4.21)

It can be seen that the computation of the above definite integral is depending on
values both of n and m. Furthermore, by comparison between Eq. (4.21) and Eq.

(4.20) it yields that this problem becomes interesting when n = m. Therefore, with
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the aid of the following lemma it’s possible to compute the above integral for

different values of n and m [36], as

n!T'(a)
(

on ,wheren =m. (4.22)

fooopae_pz Fi(—nap) F(—map)=

Thus, Eq. (4.20) becomes

3
| 2
n.F(c+2

2(c+%

N—

2
C2 22" (c+32)n =1.

N—

n

Ultimately, the normalization constant carried out as

(4.23)

Finally, the total normalized eigenvector by substituting Eq.(4.23) in to Eq.(4.18) is

obtained as

2(c+2) 2

C+—- T
Up(r) = (D" n—zg’" rctDe™2 |F, (—n;c +;; rz). (4.24)

which is the required wavefunction.

4.2 KG - Equation with Gol’dman and Krivchenkov Potential

The Gol’dman and Krivchenkov Hamiltonian is the generalization of the Harmonic
oscillator Hamiltonian in 3-dimensions [39], namely the corresponding potentials are

c(c+1)
—

V(r) =K, r*+ @, Sr)=Ky,r*+ (4.25)
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Starting in the case of equal vector and scalar potentials (V(r) = S(r) ), and setting
(K, = K, = K) with substitution of Eq. (4.25) in to the KG-equation in d-dimension

give

dr?

e [ = (ot 222 = s (2

(D+21-1)(D+21-3)
472

}Um(r)= 0. (4.26)

After rearranging Eq. (4.26) with algebraic calculation, it gives

8(En +M) y(y+1)+(D+21-1)(D+21-3)
412

{j—; +(E2, —M?) — 2(Ey,; + M)kr? } Upt (1)
=0. (4.27)

In a similar way, by defining the parameters &, ;, §, and &, the equation reduces to

6(6+1)
T2

{;—; + &= B = ()} U () =0 (4.28)

where

$ni = E‘rzl,l - M?, B = 2(En.l + M)K, and

§=—(-1+/—2+4D — D2 + 81— 4Dl — 412 — 4By — 4py? ). (4.29)

Hereafter, Eq. (4.28) will obey the same way that presented before to solve the
harmonic oscillator potential with little difference that appears just in parameters. It
must be transform this equation to the form of suitable equation like Eq. (3.1). This
transformation can happen relying on the boundary conditions. Thus, it has seen that
Eq. (4.28) satisfies the boundary condition U, ;(0) = 0 which is known as the
Dirichlet boundary condition. The generalization lies in the parameter § ranging over
[0, ) instead of the angular momentum quantum number I =0, 1, 2 . . . Therefore,

the unnormalized generator eigenvector may takes the form
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r2
Upi(r) = 7D e 2 R, /(7). (4.30)

Hence, substituting above eigenvector generator in to Eq. (4.28), the result becomes

—ED R () — (2643 = 41) Raa(r) = 0. (4.31)

R,,"(r)— 2 (r

Furthermore, the above equation will read in the form of

Rt = 2(r = E2) Ry /() + 26+ 3 — &1) Ry (1). (4.32)

AIM now can be applied to calculate eigenvalue and eigenfunction, after comparing
Eq. (4.32) with Eq.(3.1) which they are in the same form. In the next sections the
steps for calculation will be done as did before in the case of Harmonic Oscillator
potential.

4.2.1 Solving for Eigenvalues

Comparing Eq. (4.32) with Eq. (3.1), it carries out value of A,(r) and s,(r) as

Ao(r) = 2 (r - @),
and

So(r) =26 +3—&,,.

By taking derivatives for above functions to calculate A, (r) and s,(r), it gives the

following results

2 286 2 25,
/11(T')=5+r—2+25+r—2+(—;+27'—7) —E

31



2 28
s:(r) = (—;+ 2r _T)(S +26 —¢)

4 46 2 26 2 26 2 26
AZ(T') = —r—S—r—3+2(2+r—2+r—2)(—;+27"—7)+(——+2T—T)(3+26—

O+ (-2+2r ——)(5+ +26+ 5+ (=24 2r ——) —5)

sZ(r)=(2+f—2+i—f)(3+25—5)+(3+25—g)(5+f_2+25+i_f+

(2rr-2 )

and solving for &, ; for each value of n

B _ M@
o) 51(7)

$ouy= 3+26

A1(7) — Az (1)
s1(r) 52(1)

= fl,l=7+26

Az(1) — A3(¥)

= 11 + 26.
) osoy O s +26

Respectively, that means

$ng=4n+26+3, n=012. . (4.33)
These eigenenrgy values is in a good agreement with the results that obtained in [66].

4.2.2 Solving for Eigenvector

It seems that Eq. (4.32) has the same form as Eq. (4.8), therefore the same solution
can be applied here in a way that the solution of Eq. (4.32) becomes

_yn _1\ymo(n-2m) r(m+1)r2é+2n+2)r(§+n-m+1) 2(n—-m)
Rn'l(r) m=0(—1)™2 F(n+1)T(n-m+1)T(+n+1)T[2(n+5-m+1)] . (4.34)
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Using Pochhammer’s identity and the Gauss’s duplication formula, the above

equation transforms the new form as

W (=8 =D m
Ryy(r) = 20 170 S o(—1ym SR (L) (a35)

m!

Substituting the hypergeometric function , F;, instead of its finite series representation

in the above equation gives

Ry (r) = 2" r®,F, (—n, -n—26— l;i). (4.36)

27 r2

Above equation can be written in terms of confluent hypergeometric function , F; as

Ru() = ("2 (8+2) 1R (-me+3;572). (4.37)

n

Substitution of Eq. (4.37) in to eigenvector generator in Eg. (4.30), leads radial

wavefunction

2

Uni(r) = Cu(=D" 2" (6 +3) @V e 1Fy (-m6+2572). (4.38)

which is unnormalized wavefunction and it is in compatible form with the results of
[66].

4.2.3 Normalization Constant (C,,)

As mentioned before the Gol’dman and Krivchenkov Hamiltonian is a special case
of harmonic oscillator potential, as cleared during the calculation there is a lot of
similarity between their calculations including eigenvalue and eigenvector

calculations. Thus, comparing their total unnormalized radial eigenvectors Eq. (4.18)
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and Eq. (4.38), it seems that they are in the same form. Therefore, the same
calculation for normalization constant can be used here with changing the parameter

c there to & here. Eventually C,, takes the same form of Eq. (4.23) as

(4.39)

T+, ([0 r(5+§)'
At the latest, the eigenvector U, ,(r) is calculated by substituting Eq. (4.23) in to Eq.
(4.18) yields

2 5+E r2
Up, (1) = (-1 ’n(T;-I-)%n) r+D e 2 | F (—n;6+§; rz). (4.40)

4.3 KG - Equation with Morse Potential

The Morse potential is one of the most useful models to describe the interaction
between two atoms in a diatomic molecule. Its vector and scalar potentials have the
form of [42]

V(r) =A(e™2% —2e %), and S(r) = B (e 2%% — 2e7%%) (4.41)

with z = [==2] and @ = ar,. Here, (4, B) and a denote dissociation energies and

Te
Morse parameter, respectively. 7, is the equilibrium distance (bound length) and a is
a parameter to control the width of the potential. Due to the same reasons as stated in
the previous applications, by taking equal case of potentials, the corresponding KG-
equation reads
dZ

(4 [Eny— (A (e —2e7%)) " = [M + (4 (e729% — 2¢%))]"

(D+21-1) (D+21-3)
412

}u.m =0
(4.42)
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It’s well known that the KG-equation in D-dimension cannot be solved exactly for
this potential for nonzero centrifugal term

(D+2l—1)(D+2l—3) #0.

Therefore, an approximation has to be made to overcome this problem and transform
it to some form like zero centrifugal term. There has been several approximations in
literature that suggested to pass this problem. Here, the Pekeris approximation is
used as a most convenient and powerful approximations among all approximations
for this potential case. This approximation is based on the expansion of the
centrifugal barrier in terms of exponential series form relying on the intermolecular
distance, keeping terms up to second order. It should be noted that this

approximation is valid only for low vibrational energy states. Thus, from coordinate

relations (z = [r;—re 1) the centrifugal term is expanded in a series around z = 0,
e

(HVZ)Z =y(1—2z+32%2—4z3+ ) (4.43)
where (y = (D21 (D+2l-3) ). Proceeding toward the second order degrees in upper

4re 2

series expansion and writing them in terms of exponential yield

)4

1+2)? y(co + cre7% + ce72%%), (4.44)

In order to find out the constants (c,,c;, and c,), EQ. (4.44) also has to expand in a

series of z, which it yields

Y
(1+2)2

=y [co + ¢+ ¢, — (cg +2¢)az + (Cz—l + 202) a’z? + ] (4.45)
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Looking to the equal power of Eq. (4.43) and Eq. (4.45), the constants can be carried

out as

3 3 4 6 1 3
C0—1—;+;, Cl—a—; y CZ__;-*_;'

Thus, instead of solving the radial KG-equation in arbitrary dimension D with Morse
potential as in Eqg. (4.42). The Eq. (4.45) can be expanded and transformed to the
form including Pekeris approximation. Thus, with the aid of Eq. (4.44), Eq. (4.42)

takes the new form as

{:_ZZZ +[(E2, —M?) = 2A(E,; + M)(e 202 — 2¢7%%)

—y(co + cre”% + 672 1} Uy y(2) = 0. (4.46)

Above equation can be simplified further using some algebraic steps and some

ansatzsthen it will gives the form of

(L 4+ +p2e — 2 e} U, (2) = 0 (4.47)

dz?

with

EZ = (E‘r?l,l - Mz)ycoa
B? =24(Ep + M) — yo (4.48)

and
p? =2A4(E,; + M) + yec,.
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Defining new variable in the form
y =e %, (4.49)

and applying the well-known method for changing variables Chain Rule on the upper

variable transformation, it yields

dzUn,l(Z)_ 2 zdzUn,l(Y) 2 AdUp1(y)
- Y T +a Y "y (4.50)

Substitution of Eq. (4.49) and Eq. (4.50) in to Eq. (4.47), gives

A2Un () | 1dUni(») £ g 2 ~
ay? * y dy + {azyz T a?y a2 } Un,l()’) = 0. (4.51)

The reasonable physical eigenvector for this case is suggested as follows

£ _k,
Un,l(y):y“e @ Rn,l(y)- (4-52)

After substituting this wavefunction generator in to the Eq. (4.50), Eq. (4.50) reduces
to the second order homogeneous linear differential equation in the following form

d®Rn(¥)  (2uay-2§a—a®) dRni(¥)  (2§ut+ap—pB> B
dy? { ya? } dy { ya? }Rn,z(Y) =0 (4.53)

or, it can be written as
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d?Rn1(y) _ (2uay—-28a—a?) dRn () | (2&u+au—p?
dy? _{ vaz }dy +{ a2 }Rn,z(y). (4.54)

By comparing the final second order differential equation with Eq. (3.1), it can be
seen that the above equation is now amenable to an AIM solution. Thus, in the next
sections all requirements for reaching the exact eigenvalue and eigenvector is

calculated.

4.3.1 Solving for Eigenvalues

EQ. (4.54) gives the following results

A, (y) _2m ay—-2&a—a?

ya?

2§ u+ap—p?
yaz

So(y) =

With the help of Eq. (3.6), the following calculation can be done for finding A, (y)
and sy (y) with the results

A, (y) = B2 3u " 28u —a?-2aé+2yau n (—a?-2a&+2yap)?
1) = ya2 ya ya? y2q2 y2at
_ _ 28u
s:(y) = g2 _ w2 C ot —2a8+2yap)( a2+ya ya?)
1 yZa?  y2a  y2q? ya?

2p2 63 4¢P 2(-a?-2a&+2yaB,) | 4f,(-a?-2af+2yaf,)
L, (y) = ;Z—yz—;—yz(x§+ o 2) 4 P2 N 2) _
(~a —2af+2ya[s’2)< Bz, 2$ﬁ2>
+

2
2(-a?-2aé+2yaf;) n yaz ya ya?

y3a4 ya2

B2 I3[5‘ 28B2 —a —2a€+2ya/i’ aZ-2a&+2yaBs)
(—a2—2a$+2yaﬁ2)< yalz ya2 ' yazz e 2, ( - 2 >

ya?

2 (—a?-2a&+2yaf;) (= b1 _ﬁ_ziﬁz)
S(y)=_2ﬁ1 ﬂ 4fﬁ2+ Zyuczyucyaz2
2 y3a2 | y3a | y3q2 ya?
Zfﬁz Bz 2§B2
2B2(— ya2+ya yaz) (—a?-2aé+2yaf,)(— az ya+ya2) 51 32 288, B2
: s E b By B
ya yia ya’ ya ya
3B2 n 2§, —a*-2ai+2yap, n (—a2—2af+2yaﬁz)2)
ya ya? y2q2 Y2t

etc...
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Therefore applying the quantization condition given in Eq. (3.36), gives the

following eigenvalues expression

do(r) _ 24() _ Bi-ap
0@ s So1 = 2u

M) _ () = &= B?—3au

s1(1)  s2(1) 2u
L@ _ BO) = &, = —5au
S2(1) s3(y) 21 = 2u

Generating the eigenvalues of the corresponding potential gives the general form of

gn,l as

£, = o Dan O, (4.55)

These energy values are agree with the results that obtained in [67].

4.3.2 Solving for Eigenvector

After computing eigenvalues, and substituting them in to Eq. (3.14), the following

eigenvector generators reads

Ro,(y) = 1.

Ry, (¥) = Qap — B?) <1 _ ﬁ)

au

R (y) = (B — 4ap)(B* — 3aw) (1 - a(ﬁ;f‘;im) + az(ﬁz_wifl)y(ﬁz_sam)>

au aup au

Reu(v) = (—4au + B*)(B? — Sau) (B> — 6 ap) (1 - a(.ﬁ—zfi‘im)

ap

+ Bz_mtz - yﬁz—7au - BZ-7au :267%;” B2-7au )
az( ap :1>( au =2) a3( ap :1)( ap =2)( ap :3)

etc...
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The general solution of Eq. (4.52) using series representations becomes

2 En,l

m=n 2
Rui) = (—1)" (ﬂ(ﬁz ~(m+ 1)au> B (-n =222 4s6)

Thus, the total radial unnormalized eigenvector can be determined by substituting
Eqg. (4.56) into Eq. (4.52) as follows

T £ 2 2
Uns(¥) = (1) (ﬂ(ﬁz —(m+ 1)au> yie @ |F, (— ng + 1;% ) L(457)
m=0

The wavefunction van be written in the following form by using the definition of

Laguerre polynomials

2§n1

£ B, ==
Uni(¥) = Cuyse™ @ L (22), (4.58)

a

This eigenvector is close to the result that has been obtained in [67].

4.3.3 Normalization Constant (C,,)

C, can be computed by applying Eq. (4.19) to the Eq. (4.58), then

28 2 28nt
C2f} ywe e lL a (zﬂ)l -1 (4.59)

cz n? () 2o=1 (4.60)

a (n—-¢)!

Solving for normalization constant gives
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1 2u 2a
=5 (%) (4.61)
By substituting Eq. (4.61) in to Eq. (4.58), U, ;(y) is obtained as
1 /2 Znta n_@)l £ U 2n1 20y
H 2a a TV a [EH
Un) =5 (%) SeyeeT @ L (B2) @6

4.4 KG - Equation with Woods — Saxon Potential

The potentials V(r) and S(r) for the standard form of Woods-Saxon potential [43]

are defined as

e—(ZT e—ar

Vir) =V, and S(r) =S§

(4.63)

1+e-ar’ 0 Jte—ar

For this potential, equal and unequal cases of Woods-Saxon potential are considered.
Because of that for both cases, the KG-equation reads different energy spectrum.

4.4.1 Equal Vector and Scalar Potential (V(r) = S(r) ) Case

Starting with the case of equal vector and scalar potentials and substituting them into
D-dimensional KG-equation as stated in Sec. (2.1.2) with Eq. (2.21), yield

az Vo, ( Vo e—‘”)z _ (K-1D(K-3)
{dr2 + (En 1+e—0“’) M+ 1+e~a” 4r?

} Un(r) =0 (4. 64)
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where k = D + 2I and both V, and S, are the depth of the vector and scalar Woods-
Saxon potential, respectively. And U, (r) is the reduced radial wave function and it’s

satisfying the boundary conditions

Uy(r=0)=0, and U,(r=o) = 0. (4.65)

After some simplification, Eq. (4.63) reduces to

2 -ar - —
{_d_ _ 2(M+ER)V, e n (K-1(K 3)} U, (r) = (Enz — M2) U, (r). (4.66)

dr? 1+e—aT 472

In order to obtain analytic solutions of this equation, there has been suggested an
approximation as [25, 26]. In relativistic case same approximation can be used in
non-relativistic cases. The centrifugal term that was used here, is defined as an

appropriate solution to overcome this problem as in [25, 26, 27, and 28]. Thus,
approximation of centrifugal term (Tiz) is @ main idea to pass this difficulty in a way

that,

aZe—ar

(4.67)

Q

=

(1—e—ar)*

Substituting above approximation in to Eq. (4.66) and after some mathematical steps
Eq. (4.66) becomes

2 -ar 2 _ _ —-ar
{_d__ 2(M+Ep)V, e 4 (K-1)(K-3) e }Un(T') _ (En2 — M2 )Un(r). (4.68)

dr? 1+e—ar 4(1-e~am)2
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Eq. (4.68) can be further simplified using a new variable y = e™*" (r € [0,:0), ¥ € [1,
0)). Then by applying the most known method that was stated in every Calculus

books

which is Chain Rule, the corresponding equation reduces to

4> ,1d &€ m _ 86-1) B
{dyz + ydy y? + y(1-y) y(1—y)2} Un(Y) =0 (4.69)

where the dimensionless parameters are

2 _
EZ=M n= W—Mm’, and6=¥07‘ 5=%(—1+k)- (4.70)

a a?

Boundary conditions in Eq. (4.65) lead to look for a solution of Eq. (4.69) in the

form of

U.(y)) = yE(l - Y)(S R,(y). (4.71)

By substituting Eq. (4.71) in to Eq. (4.69), in this case Eq. (4.69) transforms to

1+2§ 28 22688 +7

(1 )y

R"»(y) = ( ) RO = (=55, ) Ba() = 0. (472)

and also it can be written as

43



1+2§ 28

" —5%-25¢ +
R":(y) =( S 1o L

YRR + (Zs™) Ra() (4.73)

Eventually, the second order homogeneous linear differential equation is obtained.
Now, Eq. (4.73) is absolutely ready to obey all requirements that they are necessary
to calculate eigenvalue and eigenvector with the aid of AIM as in the following

sections.

4.4.1.1 Solving for Eigenvalues

Ao (¥) and s, (y) are determined by using of AIM for obtaining eigenvalues

W= (1),

so()= (22,

Hence, just like the steps that done in Sec. (3.3) Eq. (3.6-a) and Eq. (3.6-b), the high
order functions for k-values can be get for A;(y) and s, (y) by taking derivatives,

then it gives
L) = — 52 -1-2§-2§ 28§  1-y-2y8+2§-2y§  1-y-2y8+2§-2y¢
1Y (-1+y)y = (-1+y)y  (=1+y)y (-1+y)y? (-1+y)%y
(1-y—-2y6+2§—2y&)? n
(=1+y)2y? (=1+y)y
_ 52 52 26¢ 26§ n . n
s1(y) = (-1+y)y? + (=1+y)%y + (-1+y)y? + -1+»)2y  (—1+y)y?  (-1+y)%y
52 288

(1_y_2y6+25_2y$)< (=1+y)y (—1+y)y'(—12y)y)

(=1+y)y

...etc.

Combining the above functions in terms of termination conditions Eq. (3.36) and

solving for & for each value of n, it can be found that

Ao® _ AO) (K) _ =8%+7

So(¥) 51(¥) 0 26
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M) _ AO) o £ _ -1-28-8%+n

5100 5209 L7 20148)
L) _ ) (K) _ —4-48-8%+n
s2(¥) s3(¥) 2 2(2+6)

@) _ 40 o 00 _ -9-68-8%+n
s3(¥) sa() 3 2(3+96)

And the general form of &, ; is

-n?-2n6-6%+n

= T e 0 =012 (4.74)

Again, the energy calculation can proceed to find exact energy E,, by substituting
values of dimensionless parameters ¢ and n form Eq. (4.70) into Eq. (4.74) and
solving for energy eigenvalue E,, and after some simplification and mathematical

steps the last result of energy spectrum is determined as follows

Vo +VVo2 + 4M Vo 6§ + 4M252-2653
E,, = 5 . (4.75)

This energy values obeys the results of [18].

4.4.1.2 Solving for Eigenvector

To find appropriate eigenvector, the steps that presented in Sec. (3.4) have been
processed. Furthermore, Eqg. (4.73) is in the suitable form with Eqg. (3.37) and its
differential equation of hypergeometric function ,F; with well-known solution as
stated in Eq. (3.43). Thus, comparison of Eq. (4.73) with Eq. (3.4) gives that b = 1

and N = —1. Ultimately, the general unnormalized wanefunction gets as follows

Ry(y) =(=1)"C, (0)y 2F1 (=1, p +1;0,Y) (4.76)
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with dimensionless parameters

F(an‘l+1+n )

0=1+28,, (0)n= F28n+1)

and p=2&,,+26.

In addition, Eq.(4.76) can be written without dimensionless parameter as

Ra() = (=1)" Ca(1+28n,1) 2F1(-1,280, +28 +m; 1+ 28, y).  (477)

Using R, (v), the function U, (y) can be written as

Un(y) = Caynt(1 = )°(1+ 28,1), 2Fi( =, 280, + 26 + 51+ 261, y)(4.78)

And U, (y) function can be written in terms of Jacobi polynomials as follows

28n1,2 8+1
Un(y) = Cuy$ni(1 — )8 BEm20D (1 _ 2y (4.79)

where, the Jacobi polynomials P,f“‘ﬁ ) (y) has a deffiniton as

Pn(a,ﬁ) (y) = f(n+1+a) oF; (—n, a+ f+1+n1+a, 1_y). (4.80)

nir'(1+a) 2

Eq. (4.79) is close to the results of that obtained in [18].
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4.4.1.3 Normalization Constant (C,,)

C, is computed in the following way

L Wwmldr=~[lumPE =1 (4.81)

Thus, the determination of the normalization constant it will be done here in detail
with the aid of method that used in [29]. By using Eq. (4.78) because of substitution
y =e %"and placing it in the above expression for computing normalization

constant give

1 _
C2 [yt (1= y)2 [LF(~n 26, + 26+ 15 1+26,,)=a  (4.82)

Using the series representation Eq. (3.44) of the hypergeometric function ,F;, being

a polynomial of degree n in y, then Eq. (4.82) transforms to

(—n);(2&n 142 §+n); (—1)j(28pn1+2 5+n);
(1+25n,l)i i! (1+25n,l)j J!

1 itj—
Crzl ?:0 Z}l:o fo yzfn,l+1+] 1 (1 _ y)zé‘dy =

(4.83)

The definite integral in Eq.(4.22) is just the integral representation of Incomplete
Beta function [29],

By(x,y) = [, &1 (1 — ©¥~tdt, R(x) > 0,R(y) > 0. (4.84)

Therefore, Eq. (4.83) now reads
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(—n);(2&p1+2 8+n); (—n)j( 28y 1 +2 8+n);
(1+2&p ) 1! (1+2&5,0); J!

(o o020 B2, +i+4j,26+1) =

(4.85)

For g = 1 Incomplete Beta function B, (X, y) reduces to Beta function B(X, y), then

above equation becomes

(-n)i(2§n1+2 8+n); (=1);j(28n,1+2 8+n);

(o 1m0 27=0 B2é&, +i+j,26+1) =a

(1+28p,); 1! (1+28n,1); J!
(4.86)
By using the definition of Beta function [29] in terms of Gamma function
_Ixry
B Y) =Ty (4.87)
EQ. (4.86) can be written as
C2 n Z}l:o (-1) (28,142 §+n); (—n)j(28n1+2 8+n); T(2&p 1+i+j)T(26+1) _ (4.88)

(A+2&u ;1! (1+25n,l)j J! T(2&p,+i+j,26+1)

Eqg. (4.88) is simplified by the series representation of the hypergeometric function
3k

c2 yn (i 2657 +2 5+m); 260, F, ( -n 251(11{) +26+n Zf‘r(lK) ti 1>
i=0 K . )
nos 2610 +2 5+1); 142889 260 +i+26+1
= (4.89)

"~ BEW 2541y
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Now, Eq. (4.89) is ready to compute the normalization constant for = 0,1, 2, ... . In

particular, for the ground-state n = 0, it gives

(04
Co = «/ B(2&%0 25+1)’ (4.90)

4.4.2 The Case of Unequal Vector and Scalar Potential (V(r) # S(r) ):

In this case by substituting both potentials which defined in Eg. (4.63) into Eq.

(2.21), with this potential after some technical steps, it reduces to

{ a2  (K-1)(K-3) (2MS, +2E,V, )e %7 (S,%-V,2)e 24T
dr? 4r? 14+e~@7 (1+e-a7)2

TAGE
(E,2 — M?*) U, (7). (4.91)

With the centrifugal approximation the above equation becomes

a? _
d? (2MSy +2EnV, )e™ %7 (Sp2—V,2)e2ar T(K—l)(K—3)e ar U (r)
dr? 1+e~aT (1+e~a7)2 (1—e-aT)2 n

= (B> — M?) Un(r), (4.92)

By defining a new variable y = e™“", with some ansatzs above equation reads

{d_z 1a _§ . _m B K-D&-3)

ay?2 " ydy y2 ' y(-y) (-y2  y(-y)? }Un(Y) =0 (4.93)

with parameters

En%— M2 2(MS, +EV, S 2
En'lz :(Tl ), T] — ( oazno) and B: o

a

2
Yol (4.94)

a?

Boundary conditions in Eq. (4.65) leads to look for a solution of Eq. (4.93) in the

form of
Un(y) = y*mi(1— y)° Ru(y) (4.95)
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By substituting Eq. (4.95) in to Eqg. (4.93), in this case Eq. (4.7) changes to the form

as follows

" 1+2§n, 28 1] ((k_l)(k_3)+4(6(1+25n, )—1m)
R™n(y) —( F— )R, () — ( —=)Ry(y) =0

Ty 1y 4(1-y)y
(4.96)
where § is chosen such that
§2—6-p—~(K—1)(K—-3)=0 (4.97)
which yields
§ =2(1+/=2+4k — k2 —4p). (4.98)

Then using this parameter, Eq. (4.96) is transformed to

' 1428, 26 ' ((k=1)(k=3)+4(6(1+28n,1)-1))
R'n(y) = (B2 - Z) R W) + ( OB Ra(y) = 0.

(4.99)

At the end, the second order homogenous linear differential equation is obtained.
Thus, AIM now can be applied as later sections.
4.4.2.1 Solving for Eigenvalues

Comparison of Eq. (4.99) with Eq. (3.1) gives

N

[ ((k=1)(k=3)+4(6(1+28n,)—M) ]
4(1-y)y '

so(y) =

and the A, (y) and s, (y) values are
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1
MO =

126(1 + 28)) + y2(5 + 4k — k? + 1652 + 4n + 24& + 16&% + 45(5 + 68)))]

[8(1 + 3¢ + 282) + y(—13 — 4k + k2 — 4 — 488 — 3282 —

(21 + &) +y(3+28 +28)(3—4k + k* —4n + 6(4 + 8¢))
4(-1+y)%y?

s1(y) =

A (y) = m[m +E(1+28)3+28) —y*(3+25+28)(1 -

(=4 + Kk + 41 + 128 +8(6 + 62 + 6 + £2)) = 2y(1 + &) (— (=4 + K)k +
41 +85(1+28) +3(5+8£2 +9))) + 2 (21 + 348 + 201 + 1208 +
Ak(5+26+48) —k*(5+25+4&)+8 (62(2 +48)+28(M+385(B+8)) +

8(n+28(7 + 45))))]

Sz(y) = m [y(57 - 4k(—1 + y) + kz(—l + y) + 206 + 47] - _'y(41 +
465(11 +468) +41n)) + 8y(11 + 35 — 3y(2 + 6))¢§ — 16(—1 + y)?E2 —8(3 +

5)B+ (—4+k)k—4n +6(4 +88)]

...etc.

The energy values for each n can be obtained as

L) _ M) N (K) _ —3+4k—k?-45+47

So() s1(¥) 0 88

A1 () A2 (¥) N (K):—7+4k—k2—126+4-n

s1(¥) s2(¥) 1 8(1+8)
AL _ A430) (K)_ —19+4k—k?-205+4n
5200 s3() 2 8(2+96)
A3(v) _ ) (K) _—39+4k—k?-288+4n
s30)  sa(¥) 3 8(3+5)

o1



Generalizing this energy eigenvalues gives

(k) _ —(4n2+3)+k(4—k)—(8n+4)5+4n
n =

8(n+é‘) 1 n= 0’ 1; 2; wen (4‘-100)

4.4.2.2 Solving for Eigenvector

The corresponding eigenvectors R,(y) and U,(y) are calculated with similar

procedure

Ra() = (=1)" Co(1 + 2&5,1)  2F1 (=1, 280, + 28 + 131+ 28, 7) (4.101)

and
Un(y) = Cp y*mi(1 = y)°(1 + 281) 2F1 (=1, 280, + 28 + 51+ 265,,7)(4.102)

4.4.2.3 Normalization Constant (C,)

Applying the general expression that is stated for obtaining normalization constant
Eq. (4.81). It can be found and it is in the same form with the normalization constant
that found for the case of equal potentials. Thus, here C,, has the same expression as
normalization constant which found in Sec. (4.4.1.3) and exactly Eq. (4.89).

Therefore, C,, can be written as

- (-mi( 2657 +2 541267, —n 269 4285 +n 2880 44 .
T egfezen \1+26% 269 1i4254+1 '

o
"~ B2e 285+1)

(4.104)
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CHAPTER 5

CONCLUSION

During this study, by considering an alternative method i.e. AIM, the solution of KG-
equation with some different type of potentials is analyzed in arbitrary dimensions D.
The energy eigenvalues and corresponding eigenfunctions for each potentials are
calculated. Furthermore, the normalization constants also calculated in each case of
potentials. Except for Woods-Saxon potential, in all applications of KG-equation in
physical systems, the potentials V(r) and S(r) are considered equal to each other. In
the unequal case, the same energy spectrum is generated with slightly different
parameters. But in Woods-Saxon potential, the energy spectrum is determined for

both of cases because of giving different eigenvalues and eigenfunctions.

The type of potentials are chosen according to their groups and type of solutions.
First, Harmonic Oscillator potential is tested, and it is shown that this potential is
exactly solvable and it gives good results for energy spectrum. Gol’dman and
Krivchenkov is one of the other potentials which is exactly solvable in non-
relativistic and relativistic cases. The corresponding energy spectrum for both
Harmonic Oscillator and Goldman-Krivchenkov potentials showed that they are in a
good agreement with the results of [66], where the KG-equation in arbitrary

dimension has been solved n D-dimension by Nikiforov—Uvarov method.

Other type of potentials include two important potentials among the exponential type
potentials, Morse and Woods-Saxon potential. The energy eigenvalues and
corresponding eigenfunctions of the spin-0 particles with the equal vector and scalar
Morse potential by using Pekeris approximation are presented within the framework
of AIM. And the results of eigenvalue and eigenvector is close to the results of [67]
which KG-equation in D dimension with Morse potential has been solved using
different way.

Additionally, the radial KG-equation is solved for the standard form of the Woods-

Saxon potential with any angular momentum and any dimension (arbitrary
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dimension). The AIM method has been used. It should be reminded that this potential
in its standard form had never been solved independently, and especially in the case
of the unequal scalar and vector potentials. Hence, this form of the potential is close
to the generalized Hulthen potential and the g-deformed Woods-Saxon potential.
Therefore, the energy spectrum and the eigenfunctions of this potential can be
compared with the same form potentials as mentioned before. Thus, by comparison
the results of eigenvalues and eigenfunctions is in a good agreement with the results
of [18] where the KG-equation with the generalized Hulthen potential has been

solved in the framework of Nikiforov—Uvarov method.

It is concluded that AIM is easy, powerful, and stable than other algebraic methods
to give the exact results. Furthermore, the importance of Gauss hypergemetric
function is shown in a way that all eigenfunctions that get by AIM is this type of
function, or they can be reduced to the special type of hypergemetric functions. This
method can be applied for wide range of physical potentials both for constant masses
and spatially dependent masses as a future work. It is hoped that it will give an

interesting results with respect to other numerical and algebraical methods.
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