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ABSTRACT

In this thesis, we study the one-dimensional Schrodinger operator
2

L:—;b—c;+q(x), —0 <X <o 1)
in L,(—,0) with a complex-valued, periodic (g(x +27) = q(x))) and Lebesgue
integrable potential q(x). First, the spectrum of this operator is investigated by using
the operator L, (¢ €[0,1]) generated by expression (1) in [,[0,27] and the

quasiperiodic boundary conditions. Then, the asymptotic formulas for eigenfunctions
and eigenvalues of the operator L, is obtained. Finally, using these asymptotic

formulas, the spectral expansion for the operator L is constructed.



OZET

Bu tezde, L, (—o0,®) uzayinda, kompleks degerli, periyodik (g(x +27) = q(x)))
ve Lebesgue integrallenebilir q(x) potansiyele sahip olan bir boyutlu Schrédinger

operatorii
2

L:-—‘Zc7+q(x), —0 <X < 4]
caligilmigtir. Once, bu operatorin spektrumu, 1,[027] de, (1) ifadesi ve
quasiperiyodik simir kogullann ile genellestirilmis L, (7 €[0,1]) operatoriinden
yararlanilarak incelenmigtir. Daha sonra, L, operatoriiniin o6zfoksiyonlari ve
ozdegerleri icin asimptotik formiiller elde edilmigtir. Son olarak, bu asimptotik
formiiller kullamlarak 1. operatoriiniin spektral agilimi olugturulmustur.
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CHAPTER ONE
INTRODUCTION

The Schrodinger operator with a periodic potential describes the motion of a
particle in a bulk matter. Therefore, it is interesting to have a detailed analysis of the

spectral properties of this operator. The one-dimensional Schrédinger operator
d?

L=—;§c—2+q(x) (1.1)
with periodic real-valued potential g(x) was investigated originally by the famous
mathematicians H. Poincare, M. A. Lyapunov and G. W. Hill. They investigated the
stability and unstability zones of Hill’s equation

—y"+q(x)y =y (1.2)
(Titchmarsh, 1958), (Dunford,1963), (Eastham, 1973). Then, it was proved
(Eastham, 1973) that for a real-valued q(x) the conditional stability zones of Hill’s
equation (1.2) coincides with the spectrum of the operator L generated by (1.1) in
Hilbert space L, (—o0,). The spectral expansion related to the self-adjoint operator
L is constructed by I. M. Gelfand (Gelfand, 1950) and E. C. Titchmarsh
(Titchmarsh,1958). They proved that the spectrum S(L) of the operator L is the union
of the spectra S(L, ) of the operators L, for ¢ €[0,27], which is generated by the

operator (1.1) in L, [0,a] and the boundary conditions
y(a) =e" y(0)
y'(@)=e"y'(0)
wherea is the period of potential q(x), i.e. g(x) = g(x +a).

(1.3)

The spectrum and some spectral properties of the nonself-adjoint operator L with

complex-valued potential q(x) were examined by F. S. Rofe-Beketov (Rofe-



Beketov,1963), M. I Serov (Serov, 1960) and D. C. McGarvey (McGarvey,
1962,1965). In particularly, they showed that the relation

S(L)= S(L
(D=, 55 ED

holds for the nonself-adjoint case too.

0.A Veliev investigated the spectrum and the spectral singularity and constructed
the spectral expansion for the operator L with the complex-valued continuous
potential (Veliev, 1980,1983,1986). M. G. Gasymov studied the direct and inverse
problem of L with the potential q(x) of the form

q(x) = 2 qn,e™

n=1
and he showed (Gasymov, 1980) that the operator L has infinitely many spectral
singularities which complicate the construction of the spectral expansion for L.

In this thesis, we study the one-dimensional Schrodinger operator with an arbitrary
Lebesgue integrable and complex-valued periodic potential (g(x +27)=gq(x)). So

1
q(x) can have a finite number of singularities of order I—_l; where a < 1.
X—Xi

In chapter two, we investigate the stability and conditional stability zones, spectra
of L and L, and so we prove that

SW=CW)= v SL)= g STE) (14)

where L(k) is the operator generated in [0,27%] by (1.1) and the periodic boundary

conditions. We prove this using the scheme in the book (Eastham, 1973) which was
presented for a piecewise continuous and periodic function q(x). The relation (1.4)
shows that the research for the spectrum of L is reduced to research for the spectra of
L.



In chapter three, the asymptotic formulas for eigenvalues and eigenfunctions of L,
are obtained. These presented formulas are valid for the operator L, with a
generalized potential q(x) of the form

q(x)= 2.g,e™

n=—

where ¢, = O(1) . Here, we followed the method given in the article (Veliev,1986).

Our object in chapter four is to establish the spectral expansion for L. For this
reason, using the asymptotic formulas obtained in chapter three, we prove that the
eigenfunctions of the operator L, form a Riesz basis in 1,[0,a], a=1. Then, we

construct the spectral expansion for the operator L with integrable potential q(x)
using the scheme of papers (Veliev; 1980, 1983,1986).

1.1 Quasiperiodic Boundary Conditions

Consider the nonselfadjoint differential operator L generated by differential

expression

) =-y"+q(x)y, -0 <X <w (1.5)
in L,(~o,), where g(x) is a periodic with period 27, Lebesgue integrable and
complex-valued function which may have finite number of singularities, for instance
X7,%9,...,X,, in the interval [0,27:]. Since the spectral property of the operator L
with potential g(x +b) are the same as the spectral property of L with the potential

q(x), without loss of generality it can be asssumed that x;, # 0,2z for all k=1,2,....n.

Now define the operator L, generated by the differential expression (1.5) in
L,[0,27] and the following boundary conditions
U1(p) =" y'(0) - y'(27) = 0
U () =€ y(0) - y(27) = 0

where t is a complex parameter. These conditions are termed by quasiperiodic

(1.6)

boundary conditions.



As it is mentioned above, since the spectrum of L is connected with the spectrum

of L, with quasiperiodic boundary conditions (1.6), first of all we shall classify these

boundary conditions.

Letdenote U, (y)=0, v=12,...n which are the boundary conditions of a given

linear differential equation of order n such that
UO) = (@) + &Y' (a4, " @)+ ByB) + By GY+.. 4B,y ®)

A boundary condition such as U(y) has order k, if it contains the kth derivative
¥® (@) or y® (B) explicitly but y™ (a) and y*(b) do not, for any v>k. If
necessary to eliminate the order of boundary conditions, using equivalent linear
combinations of the forms U,(y), we can reduce their number of orders to a

minimum number. The obtained boundary conditions by this procedure are called
normalized. Then the normalized boundary conditions take the form

U, =U,(»+U,;(»)=0, (L.7)
where
k,-1
Uy () = a,y® (@) + X a,yY (a),
= (1.8)

k-1
U () = B,y* @)+ Z(:)ﬂw-y(j) ®)
j=

n"IZkl Zk2 Z..2 kn ZO, kv+2 <kv’

and for each value of the suffix v at least one of the numbers a,,f, is non-zero.

(Naimark, 1968).

It is easy to see from (1.7) that we have normalized boundary conditions (1.6). If

we apply (1.7) and (1.8) for our boundary conditions (1.6) with the orders
ky =1and k, = 0, respectively



Uio(¥) = 1y"(0) + ay0¥(0) = €% y'(0)
UnO) = By'(27) + Poy(2r) = —y'(2x)
Us(¥) = 2y3(0) = €™ y(0)

Uy () = By(Q27) = -y(2r),

we get

@ =a,=e*"andf=p =-1. 1.9)

The class of conditions which are regular defines a given differential operator. The
definition of regular boundary conditions is given in two ways depending on whether

its number of conditions n is even or odd. In particularly, we are dealing with the even

case.

Definition 1.1.1 When n is even, n=2p, the normalized boundary conditions (1.7)
are said to be regular if the numbers 6_; and 8, defined by the following identity

%+00 +6s =
k A

ky
q@y ... oo,y (o +Sﬂ1)w,’,‘1 (o +—)0’p+1 ,Bla’p+2 Bk
ky ,32
= azahkzm 2w,k (2 +Sﬂz)w§2 (e, +—)mp+1 ﬂzwp+2~- By

By

k, K
a, wpl (an+sﬂn)wpn (a +— wp+l ﬂnpr+2 ﬂnlw

(1.10)

are different from zero. Here the numbers w;,,,...,», denote the different nth roots

of -1. (Naimark, 1968).

The numbers 6, 6 and ; can be derived from (1.9) and (1.10) while n=2,

) = iand Wy = —i that



k B K
0_] (a1 +s,81)a)11 (al +;‘)0)21
5 + 90 + le = k, & Iy
(ay +5py )" (ay + s)“’z
. . 1
=1 . 1
(el27tt_s) (e127d __;)
= -2i( %eiz’” —1- €M 4 5o ).
Hence,
6, =0, =-2ie™™ £0 and 6, = 2i(1+e"*™). (1.11)
1 1 0

This shows that the boundary conditions (1.2) are regular for all t. Moreover, the
following condition which is known as strictly regular boundary condition

62 —46,01 %0 (1.12)

k
holds if £+ 5 for all integers £.

Let U, and U, denote the boundary conditions of L; which is the adjoint

operator of L,. Take y(x) and z(x) in their domain of definitions D(L,) and D(L}),

respectively.
(Ly,2) = [ () + 400t =~y (@2(0) + YT [} + 0 L)

Using the definition of an adjoint operator
(Lty’z) = (y’ Lt*z) ’

it must be

~Y'(x)2() + y(x)2'Cx) [ =0.
Equivalently,
= y'(0)e"*" 2(27) ~ 2(0)) + Y(0)(e"*™ ='(w) - 2'(0)) = 0.
Hence, I; is generated by the following adjoint differential expression and

boundary conditions



1" (2(x)) = -z"(x) + q(x)z(x)

U} (2) = €2 2(0) - 2'(27) = 0

e (1.13)
U, (2) = €2 2(0) - z(27) = 0
Now consider the given boundary conditions for
IO)=d (1.14)
such as linear forms
U; () = ay(0) +a;py'(0) +a;3y(27) + a4y’ 27) = 0, i=1,2. (1.15)

Let 9(x,A) and @(x,4) denote the fundamental solutions of (1.14) satisfying the
initial conditions
6(0,4) =9'(0,4) =1,
0'(0,4) = ¢(0,1) = 0.

The general solution of (1.14) is
y(xa 2’) = cle(xa ﬂ’) + CZ¢(x: A’)
where ¢; and ¢, are constants. Substituting this into boundary conditions (1.15), we
have

aU1(6) + Uy (p) =0
iUz (8) +c Uy (9) =0

There exists a nonzero solution of (1.14) and (1.15) if and only if

U1(6) Ui(p)
Uy (0) Uy(p)

vanishes identically. Since the Wronskian W(8,p) =1 everywhere, the characteristic

A(A) =

function becomes
AA) = Jyg + 34 +J139Q2m, A) + J140' (27, A) + J3,0(27, A) + J4,0' (27, 1)
where

S = Omay — Ay 0y, (m,n=1,2,3 4).



Definition 1.1.2 The boundary conditions (1.15) satisfying one of the following

three conditons are called nondegenerate

(@) Jup #0
(i) J42 =0, Jiu +J3 20
(iii) Jgp = J14 +J32 =0, Jy3#0 (1.17)

(Marchenko, 1986).

The boundary conditions (1.6) of L, are nondegenerate for all # €C, since they

satisfy the condition (ii) in (1.17). This can be checked from (1.6) that
Jaz = 014053 — 24012 =0
Jia = @y —anay =€
2
I3y = a13ap —ayay; =7,

Thus, the quasiperiodic boundary conditions are regular and nondegenerate for all
k
complex value of 7 and also strictly regular for ¢ # Py keZ.

At the end of this section, we should note that the boundary conditions (1.6) can

be written in suitable form

2% y(x) (1.18)
Indeed, putting x=0 in (1.18) and in the obtained equality after the differentiation of

y(x+27)=e

both sides of (1.18), it is seen that this implies (1.6). Conversely, suppose that y(x) is
a solution of I(y)=Ay satisfying (1.6). Since y(x+2x) is a solution of this
differential equation, v(x)= y(x+27)—e?®y(x) is also a solution of this
differential equation with v(0) = v'(0) = 0. Then, by the well-known theorem for the
differential equations, v(x) vanishes identically. That is, (1.6) implies (1.18). Thus,

(1.6) and (1.18) are equivalent.

1.2 Floquet Theory

We examine the solutions of the eigenvalue problem of the differential expression

(1.5) rearranging it



Y"(x)+(A-q(x)y(x)=0 (1.19)
where the potential function q(x) is a complex-valued, periodic and summable
function, g(x+2x)=q(x), which may have a finite number of singularities in the

interval [0,27] but does not at the points 0 and 2.

More generally, the differential equation (1.19) can be termed by Hill’s equation.

Floquet theory given by the following two theorems states the form of the
solutions for (1.19) (Eastham, 1973).

Theorem 1.2.1 There are a non-zero constant p and a non-trivial solution

y(x,4) of the equation (1.19) such that
y(x+27,A) = py(x,2). (1.20)

Proof. There exist linearly independent solutions 6(x,4) and ¢(x,1) of (1.19)
satisfying the initial conditions at the regular point x=0

6(0,4) =@'(0,4) =1,
0'(0,4) = 9(0,4) =0,

(1.21)
because the Wronskian of 6(x,4)and ¢(x,4) does not vanish at the point zero. For
each fixed value of x, the fundamental solutions &(x,A1) and ¢@(x,A)are analytic

functions of the parameter 1 .

Any non-trivial general solution y(x,A) can be written as a linear combination of

the fundamental solutions

Y(x,4) =¢;0(x,A) + c, p(x, 1) (1.22)

for which at least one of the constants c¢; and c, is non-zero.



10

Besides, the functions 6(x+2m,A1) and p(x+27,4) are linearly independent
solutions of the equation (1.19), they can be expressed as a linear combination of the
fundamental solutions

O(x + 27, A) =ay; 0(x, ) + ajp(x, 1),

1.23
90k +27, A) =013, 0z, 1) + apy p(x, 1) (1.23)

when its coefficient matrix is non-singular.

By the periodicity of the potential function q(x), the solution y(x+2x,4) holds
for the differential equation (1.19). Using (1.23), (1.20) is satisfied if
(@11 - p)ey +aye; =0,
app¢) +(ay —p)e; =0

where ay, = 0(27,4), a1, = 6'(27,A), ay; = 9(27,A) and ay, = @'(27, ).

(1.24)

The equation (1.19) has a non-trivial solution if and only if the determinant of the
coefficient matrix for (1.24) vanishes, that is

P> — (0027, A)+9'Cr,A)p+1=0. (1.25)
Clearly, this quadratic equation has at least one non-zero root. This proves the

theorem.

Here, the function F(A)=60(2#,1)+¢'(2n,A) is known as the Lyapunov
function and is also analytic with respect to A, being the analytic fundamental

solutions and their derivatives.

Theorem 1.2.2 There are linearly independent solutions y,(x,4)and y,(x,A)of
the equation (1.19) such that either

(@) y1(e,4) =™ py(x,4), y,(x,4) =€ p,(x,4)
where m; and m, are constants, not necessarily distinct, and

pi(x,2) and p, (x, A) are periodic with period 27 ; or

(i) y1(x,2) =™ pi(x,4), yy(x,4) =™ (xpy (x,4) + P, (x, 1)



11

where m is a constant and p, (x,4) and p, (x, 1) are periodic with period 27 .

(Eastham, 1973).

We should note that, g, and so also m;, (k=1,2) depend on the value of 4.

Every solution of (1.25) can be expressed by an exponential number depending on
the period 27 such thatp, = ¢*™ where m; = o, +if}, for real numbers a; and
B, (k=1,2). If there are two distinct solutions of (1.25), i.e. p; # p,, then part (i) of
Theorem (1.2.2) applies. For the case of double zeros, i.e. p; = p, ; if the rank of the

coefficients matrix of the equations (1.24) vanishes then part (i) of Theorem (1.2.2)
occurs, if the rank of the coefficients matrix of (1.24) is unity then part (i) of

Theorem (1.2.2) occurs.



12

CHAPTER TWO
ON THE SPECTRUM AND STABILITY ZONES OF

NONSELF-ADJOINT HILL’S OPERATOR

2.3 Domain of Stability

The spectrum of L is closely related to the stability theory of the Hill’s equation
Iyy=Ay. The stability theory introduces the domain of stability of the differential
equation with periodic coefficients. The domain of stability (stability zones) of the Hill
equation (1.19) is the class of all parameters A such that all of its non-trivial solutions
are bounded on the whole of the real line.

Definition 2.1.1 The equation (1.19) is said to be
(i) stable if all solutions are bounded on the whole of the real line.
(i) conditionally stable if there exists a non-trivial solution which is bounded on the
whole of the real line.

(iii) unstable if all non-trivial solutions are unbounded on the whole of the real line.

Theorem 2.1.2 (i) If [F(1)>2, the equation (1.19) is unstable. (1 is in the
unstability zones).
(i) If |[F(A)|<2, the equation (1.19) is stable. (A is in the stability

zones).

Proof (i) Suppose that the Lyapunov function F(A) is complex-valued. Since

F?(2)-4 is different from zero, there are distinct zeros of the characteristic

equation (1.25). They satisfy pjp, =1, thus
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p=e*™ and p, =e2™ 2.1
with a number m = a +if . If their moduli were equal to unity, it would be
F(A)=p +p, =2cos2znf,

but this contradicts being non-real (1) .Therefore it must be a number m with a non-
zero real part. By Floquet’s theorem (1.2.2), there are linearly independent solutions
of (1.19) such that

1 (x,2) =™ py(x,A) and y, (x, 1) = e ™ p, (x, 1) (22)
where p,(x, ) and p, (x, A) are periodic functions with period 27 . This proves that
all solutions of the equation (1.19) as non-trivial linear combinations of (2.2) are

unbounded as |x] — o if the Lyapunov function is complex-valued.

Let F(A) be real-valued. If F(A)>2 then the zeros of (1.25) are real ,distinct and
positive. Furthermore, the zeros are different from unity. Hence, by part(i) of
Theorem (1.2.2), y;(x,4) and y, (x,A) are of the form (2.2) with a real non-zero

number m.

If F( A )<-2 then the zeros of (1.25) are real, distinct , negative and different from
-1. Since they are negative, (2.1) and so (2.2) occur for which 2zm = 2zm’ +iz with

a real non-zero m' .

Consequently, every non-trivial linear combination of y;(x) andy,(x) is

unbounded as {x| — o when F(1) is real-valued and [F( A )[>2 holds.

(i) If -2<F(A)<2 then there exist distinct and complex-valued zeros of (1.25).

Since their multiplication equals to unity, their moduli are unity. Then,
p =2 p = o727 2.3)
and by part (i) of Theorem (1.2.2), we have
»(xe,2)=ep (x,2) and y,(x,2) = e p,(x,) @4
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1 1
with a real number # suchthat0<p <E (or "3 < B <0). Since every periodic

function is bounded in (—o,), all linear combinations of y;(x,1) and y, (x,1) are
also bounded on the whole of the real line. Thus, the theorem is proved.

On the other hand, there exist periodic and anti-periodic, i.e semi-periodic,
solutions of the equation (1.19) if
F(A)?-4=0 (2.5)
In this case, the equation (1.25) has double solutions, p =p,. If both of
o(27,A) and 9'(27w,A) are zero then the rank of the system of equations (1.24)
vanishes. It follows form the first part of Theorem (1.2.2) that all non-trivial solutions
of (1.19) become periodic with period 27 while F(1)=2 and anti-periodic with
anti-period 27z (i.e. periodic with period 47) while F(1) = —2 .Thus, all solutions are

bounded on the whole of the real line, namely the equation (1.19) is stable.

If (27,A4) and 6'(2x,A) are not both zero then the rank of the system of the
equation (1.24) does not vanishes, so the second part of Theorem (1.2.2) applies.
Hence, only one of the linearly independent solutions becomes periodic with period
2z and anti-periodic with anti-period 2z while F(A)=2and while F(1)=-2,
respectively. Consequently, there exits a bounded solution of the equation (1.19) in

(—o0,), it means that (1.19) is conditionally stable.

Now, let us consider the differentiation operator L(k) generated by the differential

expression (1.5) in the interval [O,an] and the boundary conditions

y(0) = y(2kr) ,
e ot k=1,2,..). (2.6)
y'(0) = y'(2kr)
From these conditions, the periodic boundary value problem L(k)y=Ay has
nontrivial solution such that

Y(x+2km,A) = y(x,4) 2.7
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Let the eigenvalues of L(k) be denoted by A, (k). Then we have

Y S(LGY) = {A, (k) : n, k21}. It is obvious from (2.7) that the eigenfunctions can
21

be extended to (— o, ) as a bounded function. Clearly, every eigenfunction forms as

the linear combinations of the linearly independent functions in (2.4). Verifying (2.7)
to the eigenfunction, we obtain

c;(1-eP)y, (x,A) +c,(1- )y, (x,A) = 0
Here, y,(x,A) and y,(x,A) are linearly independent if and only if their coefficients

are both zero, so it must be

2B _ |

This implies that there are some integers / such that / = kf .

Hence, from (2.3), the eigenvalues A, (k) of L(k) satisfy the equation

FA)=p +p, = 2cos(-2k£). (2.8)

Now, consider the differential operator L, over [0, 2z] recalling its boundary
conditions
y(27) = ¢ (0)
y'(2m) = €27 y'(0)

where t is a complex parameter. From boundary conditions (2.9), this problem has a

2.9)

solution of the form

y(x+27m,4) = e y(x,2). (2.10)

If we verify the conditions (2.9) for the general solution of L,, we obtain the
system of the equations given by (1.24) such as

02, A)-e*™)c, + (27, A)c, =0

9'(271', /‘L)cl + (¢'(27[’ ﬂ) _eizm)c2 -0 (211)
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As a result of (2.11), the number A is an eigenvalue of L, if and only if 4 holds the
equation ‘
F(A)=2cos2nt . 2.12)

Let the eigenvalues of the operator L, be denoted by A, (¢) (n=1,2,...). Then the
collection of all eigenvalues of the operators L, for 0<# <1 is
= . = 0<t 1 .
R {4, :n21, 0121}

The eigenvalue 4,(¢) is a continuous function of't. Indeed, the equation (2.12) can be

expressed as an implicit function of A and t. Since it is analytic and in the view of
implicit function theorem, there exists a unique function A,(f) which is analytic in an

open neighborhoods of #, € (0,1) where # 0. So the union of spectrum of

I
dA An(tp)
the operators L, for 0<7<1

=] : < =]
t eHl]S(L,) gl{ﬂ,,(t) : 0<t<1) ur,
consists of piecewise smooth arcs I, .
Let C(I) be a set such that it includes the values of A for which Hill’s equation

(1.19) has a non-trivial bounded solution on (—o,). In other words, C(Z) is the

conditional stability set of L, so that

c@y={a:|F)|<2}.

Now, we establish the relation to the spectrum of the operators L(k¥) and the
conditional stability set of L.

Theorem 2.1.3 The closure of kul S(L(k)) 1s C(L).
2

Proof. Take an eigenvalue A, (k) 2 S(L(k)), that is
>
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l
A (k) etA: F(A)= 2cos(27t7c-), k21, ey

Then, A, (k) € C(L). Hence,
,:;IS (L(k))cC(L).

Since the function F(A) is continuous, for every point @ in the range of F(4)
the set C(L) = {F ' (@) : ol < 2} is closed, i.e. C(L) = C(L) . Hence,

U S(L(K)  C(L). (2.13)
k21

For any A € C(L), since F(A) is real, a real number r can be found satisfying

F(A)=2cos(22r). When r is a rational number there exist some integers p and q

such that F(4)= 2cos(27r§). Therefore, A €S(L(k)). When r is not a rational

: . P
number, a sequence of rational numbers converges to r, that is = —r asn — «. By

n

continuity of F(A), this implies that 2cos(27:§—") —> 2co§(2nr) as n— o,
n
Therefore, 4 EW. So
c() < glm . (2.14)
As a result of (2.13) and (2.14), the set kLle S(L(k)) is dense in C(L)

U SLH) = C(L).

Theorem 2.1.4 The sets E%J ]S(L,) and C(L) are identical.
tef0,1
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Proof. By the reason of the previous theorem, we need to show that the closure of

S S(L(k))and the set e{U ]S(L,)are identical. Let us consider an eigenvalue
2 tq0,1

s

Ae U SLfor =3

with some integers s and , i.e. £ €. Then

y(x+27,1) = em% y(x,A) |
for xe(~m,). If we shift this eigenfunction on the real line by substituting
x=x"+2x, we have
Y +4m,2) = ¢ Fy(xr 1),
Applying this process (k-1) times, we obtain
y(x'+2km,A) = eizni-k y(x',A)=y(x", ).
That is, an eigenfunction of L(k),A e kkzjl S(L(k)) . Hence,

U S(L,) € v S(LKK)) c L S(L(k)).
=0 k=21 k21
Conversely, an eigenfunction of L(k) associated with 1 ku1 S(L(k)) coincides with
2
an eigenfunction of L, associated with 4 € U S(Z,) . Thus,
teQ

U S(L,) = U S(L(k)) . (2.15)
te0 k21

s
By virtue of the continuity of 4,(f), for the sequence of rational numbers —kL

r

s
converging to a real number in (0,1), this implies that A, (k—') converges to A (f) as

r

r — . Hence,

US(Z)= U S(L)
teQ tc0,1]

and so the closure of the sets in (2.15) gives S(L(k))= U S(L,)= U S(L,). This
te) t0,1]

proves the theorem.
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2.2 The Spectrum

Definition 2.2.1 The resolvent set p(L) of L is the set of values of 4 for which

the resolvent operator (L — AI)™' exists and is bounded. The spectrum S(L) of L is
defined by the complement of the resolvent set, i.e. S(L)=C\p(L).

Theorem 2.2.2 The spectrum of L and the union of the spectrum of the operators
L, for 0<t <1 areidentical. Thatis, S(L)= U S(L,).
t0,1]

1 .
Proof. Takeany Ae U S(L,). If r# O’E then py # p, wherep; = ¢”?™ and
£0,1]

2 =€ 2" By Theorem (1.2.2) there are linearly independent solutions y;(x,1)
and y,(x,A) of

- (L-ADy=0 (2.16)
such that

(x,4)= eml’l (x,4), y2(x,4)=e _mpz (x,4)
where p;(x,A) and p,(x, 1) have period 2z .So the general solution is
1™ py(x,2) + c,e " p, (x, A) (2.17)
where ¢; and ¢, are constants. If (2.17) is a non-zero solution then 3 x; such that
lcleitxpl (xo,ﬂ)' = Iclpl (xo,ﬂ,)| # Icze 7 py (%o, ﬂ)l = |02P2 (%o, /1)[ :
By the periodicity of p;(x,4) and p,(x, 1), we have
lc1 P1(xp +27m, A)I # [cz Do (xp +27m, ﬂ)l

Hence, the solution (2.17) clearly does not have a finite norm in L,(—o, ), ie.

(2.17) is not an element of L, (—o0, ).

If £ = 0,1 then the general solution is of the form either
c1py(x,4) + ¢y Py (x,2) (2.18)

or
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clxpl(x>x)+02p2(x’ x) . (219)
where p;(x,A) (i=1,2) are periodic functions. For the case of (2.18) repeating the
above argument, we see that (2.18) does not belong to L, (—o0,). For the case of

(2.19) the solution tends to infinity as |x| — «, so it cannot be in L, (—0,).

1
The case f = -2- is similar.

As a result of the above argument, there is only trivial solution for (2.16)

in L, (—o0, ), so the resolvent of L exits.

Let g(x) be chosen such that g(x) and /(yg) are bounded in [0,27] and g(x) has
continuous second derivative satisfying
g0 =0, g2m)=1, g"(0)=gP2m)=0 (m=12).
In order for g(x)g(x) to be finite at the singular points of g(x), we assume that every
singular point x; €(0,27) of q(x) is a zero of g(x), i.e g(x;)=0.

Now define a sequence of functions by

Jn(x,4) = y(x,)h, (%), —0 <X <W
where
1, x| <m-1)27
h,(x) =18Qm—lxl), (n-127<|x[<n2z
0, x| > n2z

For Ae U S(L),
te0,1]

© ~(n-127
fle-msfa= " [| @-n0een-|d -+

~00 -n2z
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(n-1)27 n2r

+ | @-anpy@ar Pars || @ -aDO@gEna-Ia) [ ax
—(n-1)27. (n-127x
< M? 4r,

from the definition of g(x), a number M>0 can be found which does not depend on n.

Hence, |(L - AI)f,| is finite.

However, " S || —>wasn—> o,

” —(n-1)2x ) (n-1)2x ) n2z )
1= | begerr-fac+ | e+ [podg@nn-|x) d
-n27 —(n-1)27 (n-1)2x
—> a0,

Thus,
L-aI
lim ———“( )/ " =0.
I TA
Therefore, L — Al does not have a bounded inverse, i.e it is an unbounded resolvent,
and so 4 €S(L). Hence,

U S cSA).
£td0,1]

If A¢ U S(L,) then |F (l)|>2 and the real parts of the characteristic
t0,1]

exponents are nonzero, that is Re(m, ) # 0, (k = 1,2). In this case, we shall show that
the resolvent of L exist and is bounded, i.e. 4 ¢ S(L). There are linearly independent
solutions of (L —Al)y = 0 of the form

NEA) =P p (1), y(A)=e@Pp ()  (220)
where a #0, a and B are real numbers, p,(x,A) and p,(x,A) are periodic
functions. Let o .>0 then y,(x,4)is defined in L, (-,0) and y,(x,1)is defined in.
L, (0,0). Consider the differential equation
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(L-A)y=f @21)
for f €L,(—»,o). The equality (2.20) shows that any linear combination of
y,(x,A) and y,(x,4) are unbounded in L,(—,) so (L—Al)y=0 only has a
trivial solution in L, (—o,®) . Therefore, the solution y = (L—AI)™ f is of the form

y(x,A)=cy,(x,A)+c,y,(x,1) (2.22)

Applying the method of variations of parameters to the differential equation (2.21),

we have

cHt6y, =0
ey +eiy; =1

Solving this equations for ¢, and c, and replacing in (2.22), we obtain

(@L-AD) 1)) = [Gx,5,2)f()ds

where Green’s function is

"J’1(x’ﬂ')J’2(S,'1) ’ x<s
~ 1 (x, ) (5,4), x>

Thus, the resolvent is the integral operator with Green’s kernel. When M is a

G(x,s,4) = {

boundary for p;(x,A) and py(x,4),

(@- a7 fl<| [ 9.0 s F s | +] [y 292 (5,2) 7 (s)ds |

< ﬂe—(a+iﬂ)xe(a+iﬁ)sp2 (x, A)p, (s, ﬂ)f(S)IdS' + ”e(aﬁﬂ)x e—(a+i,t‘f)spl (6, A)py (s, /‘L)f(s)lak
o x

< MP[(LF)x) + (LS ))]
where

GHE = [ e 2| fds, (L) =] e\ f(s)lds.
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In order to show boundednees of the resolvent in the normed space L,(—c0,), it

is enough to show boundedness of these operators. Integration by parts and using

Schwarz inequality, it can be seen that

Iaril =1 T | ] elrcos Pae 2 <2 1]

-0

and similarly (7, f)(x) is bounded. Thus, there exists a constant C such that

[ ] -2y P 1

lz-anA

— <C
“f“ [ I|f(x)|2aﬁc ]1/2

As a result, the operator (L—AI)™ is bounded and so A €p(L). In other words,
A eS(L) if A ¢C(L), or equivalently
- S cCL).
Hence,
C(L)=S8(L)

and the previous theorem completes the proof immediately.
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CHAPTER THREE
ASYMPTOTIC FORMULAS FOR

EIGENFUNCTIONS AND EIGENVALUES

3.1 Introduction

In many applications of mathematics and physics, it is necessary to use
discontinuous and singular functions, for instance, the step function and the delta
function. A singular function which makes no sense in mathematics has a meaning
whenever it corresponds to a functional. Under this consideration, it is possible to
generalize the classical definition of functions. A generalized function is defined as a
linear continuous functional on the space of test functions.

Since the potential q(x) has some singularities we shall take the periodic and
singular function q(X) as a periodic generalized function whose Fourier series
converges distributionally. Then, we shall seek the generalized eigenfunctions and

eigenvalues of the differential operator L, .

In this chapter, we obtain asymptotic formulas for eigenvalues and eigenfunctions

nx

of L,with periodic generalized potential ¢(x) = anei

n=—w

which has Fourier
coefficients g, such that

9 = 0(1).

In particular, these asymptotic formulas remain true if the potential q(x) is a Lebesgue
integrable function or if it is a generalized function as the delta distribution.
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Now a brief note is needed about generalized functions before evaluating the
asymptotic formulas for the eigenfunctions of L, .

3.2 Generalized Functions

Definition 3.2.1 The support of a continuous function @(x) is the closure of the

set {x: @(x) = 0}, written as suppg .

The function @(x) has a compact support if its support is contained in a compact

set, i.e. suppgp C[a,b] for somea, beR.

Definition 3.2.2 Let K denote the set of functions infinitely differentiable in R
with a compact support. A sequence @, in K converges to the function ¢ in K if

there is a compact set Q=[a, b] such that suppg, = Q and for every k, the sequence
of kth derivatives q:,fk) (x) is uniformly convergent to the o (x)in Q. The set K

with this sense of convergence is called the space of test functions.

Definition 3.2.3 A continuous linear functional f on K is called a generalized
function. It is defined by the following conditions;
(i) there is a number (f, ¢ ) associated with each ¢ €K,
(i) (f,ep +By)=a(f,p)+B(f,y) foral ¢,y cKand a,f €C,
(iii}) the generalized function fis a continuous functional on K, that is, if a sequence
¢, form K converges to @ in K then the sequence of complex numbers (, ¢,)

converges to (f, ¢ ). (Vladimirov, 1979).

The set of all generalized functions on K will be denoted by K’ .

Example. If f{x) is an absolutely integrable function in any interval Q = R then
Jf(x) defines a generalized function as
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(f.0) = | F®p(x)dx, @3.1)

for every @ €K. Here, f(x)@(x) is integrable in R since ¢(x) = 0 outside of suppg.

(3.1) is also linear and continuous. If sup|¢,, - (ol — 0, where suppp — Q, then
xeQ

f,0 —9) = [ FO) @ (x) - p(x))dlx < suplp, ~¢ JIfeltc >0 asn—>w.
—Q0 X Q

Definition 3.2.4 A generalized function is said to be regular if it is generated by a
locally integrable function. All others are called singular.

Example. The most important singular generalized function is the delta
distribution defined by
(6(x),¢(x)) = ¢(0) for any ¢ K.
O(x —x;) shifts the value of ¢ €K to x,
(6(x —xp),0(x)) = p(x0).

Definition 3.2.5 The sequence of generalized functions f, converges to f K’
if (f,9)— (f,p) forall g eK.

Definition 3.2.6 For f €K' the functional D* f is called the kth generalized
derivative if
(D*1.0)=(D*(f,D*p)
for all @ K. (Gelfand & Shilov, 1964).

Definition 3.2.7 A generalized function fis said to be periodic with period a if
(f (x+a),9(x)) = (f (x),0(x —a)) = (f (x),9(x))
for all p €K.
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Definition 3.2.8 Let S denote the space of infinitely differentiable functions which

decrease as |x] — o together with their derivatives, faster than any power of |x|™'.

For ¢(x) €8,
N nk _ -
Ix D ¢(x)| <Cuy (k=012,., N=123.).

The set S’ consisting of all linear continuous functionals on S is called the space of
generalized functions of slow growth (tempered distribution). Clearly,
KcSand S'cK’.

Theorem 3.2.9 The Fourier series

E:cneimt 3.2)

n=—ow

converges to a periodic generalized function f €S’ if and only if
¢y = O(r™)

for some integer m as || — .

The periodic generalized function f with the period 27 is determined uniquely by

its Fourier coefficients such that

=5 (™).

When fis an absolutely integrable function on [0,a ], the series in (3.2) converges

to f'in the sense of classical Fourier series where the coefficients ¢, approach zero as

n tends to infinity. However, the Fourier coefficients of a generalized function in
S’ may be polynomial growth.
Example. The singular distribution &(x) has Fourier coefficients c, = ZL
V4
Indeed, the series
1 ie‘"’
27

does not converge in classical sense but it converges distributionally.
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Therefore, g(x) which is supposed to satisfy g, = O(1) behaves as the delta
distribution

3.3 Asymptotic Formulas for Eigenfunctions and Eigenvalues

Definition 3.3.1 A nonzero function ye H;,[0,27z] is called generalized
eigenfunction of the boundary value problem
=y +q(x)y =2ty
y@m) =" (0)
y'@m)=e"y'(0)
if there is a number A corresponding to y(x) such that the function y(x) satisfies the

(3.3)

identity
2z

[ (v ey + gy V(e - (V) i = 0 (3.4)

0
for all v(x) € H,~[0,27], where H,,[0,27] denotes the set of all functions satisfying
the boundary conditions (3.3) and belonging to L,[0,27] together with their first

generalized derivatives.

Suppose that yy ,(x) is a generalized eigenfunction of L, corresponding to the

eigenvalue Ay (7). Taking v(x) = &™1* e have

2z

J (V/ﬁz,t(x)(e"i(”+’)")' +q)Y (e~ ay Oy, (x)e'i("+’)x)ﬂb¢ =0 (3.5)
0

The boundary conditions given in (1.18)
, Wi (e +2m) = 2y (x)
shows that

Wi (%) = € p(x)

where p(x) is the 27z -periodic function
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p(x)= 2 pne™.

n=—o

By definition of the space H,,[0,27], the generalized derivative of yy ,(x) belongs

to L,[0,27]. It means that

o0
2. inp,e™ e L,[027],

n=—aw

that is
2

> || <.

n=—w©

So,

Slo- Sk (T (2] <o

It is seen from this and the relation g, = O(1) that

gy, (¥) = ™Y g0 )
n k

=Z qu-kpkei(m+t)x )
m k

27 27
jq(x)y/N’ . (x)e—i(n+t)xasc = | J' ZZ Dt Db o mHOx y=i(ntt)x g,
0 0o m k

=27’| D 2 dui s l
n k

=O(I)Zk:|pk|<oo.

2z

Hence, the integral J‘q(x)r//N’, (x)e ("% g exists. Therefore, (3.5) becomes
0

Ay () = (+ )2y (%), D7) = (q(x)py 4 (%), %) (3.6)

when we take 7 €R, ie. 7=, in order to simplify our notation.
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Thus, we proved that

i(n+t)x )

@G (), <C 3.7
Assume that C is independent on N and n. Here, we must note that if g(x) € 1,[0,27]

then the condition (3.7) is satisfied. (Marchenko, 1986).

Putting the distributionally convergent series (Fourier series of periodic generalized
function of g(x))

ax)= D gne™ ., (3.8)
in (3.6), we get
Ay (@) =+ )Wy (0,60 = D g, (W, (x),e %), (3.9)
=

Here, it can be assumed without loss of generality that gy = 0.

If we replace n—n, by n in the equation (3.6) to make an iteration and write the

resulting expression in (3.9), then

o ei(n—n1+t)x
Ay (O =+ D*)Wu (), ") = g, (q;x)'g,t(;), ny +1)2 :
n=—0 N —\rFTM

(3.10)

Setting

9x)= D 4qne™"

Ny =—0

into (3.10) and using (3.6), we obtain

. > 2 (W 4 (x),e" 0%
_ 2 i(ntt)x — 2 =
(IIN (t) (n * t) )(WN’t (x)’ ¢ ) n1=z-co nzg_:g & qnz ﬂ'N (t ) - (n - + t)z
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I 9-n i(nt)x
=[ X vy (x)e )+
{n: my4ny=0} A‘N (t) - (n -m+ t)z g .

+Z Zq q (WN,! (x),ei(n—-nl—-nzﬂ)x)
o ey Ay (O~ (n—m +1)?

qnl q-nl
{r: my+ny =0} Z'N (t) - (n —-m+ t)

=[

2 ](V/N,t (x)a ei(".‘-t)x ) +

@)Yy (), @07
+ .
% o ,E,f:‘of"z Uy () — 01— 1y + 22 WAy () — (2= — 1y +1)7 ]

(.11)

Replacing (3.8) with index nj in the last sum of (3.11) and using (3.6), at the second

step of iteration we get

_ 2 i(ntr)xy _ In9-m
(}'N (t) (” * t) )(V/N’t (x)’ ¢ ) { {m: n§n2=0} /"LN (1) - (n —n+ l')2

+m qnl qn2 q—nl =~ i(n+f)x

+ 2

m {m: i _7)(; Uy (&) = (n—m + D* WA (O~ (-1 ~ 1y +£)°] Y e(x),e )+
n1+n2 =

2 2 a0, %)

e Rl T ,ﬁ%w V@)~ +0P W) ~(r—m i+ WO~y ~my ~rs +17°]

Continuing this iteration, the following general formula is obtained

Gy @ -+ D))y (0, ™) =(Fa, Yy (6),e" D)+ R, (3.12)
k=1
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where

g= ¥ Iy - I, L-my-mymy,
k~ 2 2 2
mms, v @) —@—m +0)" WAy O —(—m —m, +0)° ). [Ay O —(0—py.. 7y +1)7]

and

R, = Z I Dn, -+ Iy Iy (q(x)V/N,t (), ei("—n""_n"’”ﬁ)x)
et A = 0= + 07 Wy ()= —my +0)° ] [Agy ()~ (= g +1)°]

m
when Zinj;to , (m=1,2,..).
]=

Theorem 3.3.2 For each eigenvalue Ay (f) of L,, where lﬂN (t)l >>1, there is an
integer n such that
b (- (+1?] <€y
and

; 1
Vi ()= 0% 1 0()

where () is a constant. This asymptotic formula is uniform with respect to t in

s

¢ —>6 8= 0,1,2} where () is a bounded domain containing the

O, ={t:teq,

interval [0,1] and & is a sufficiently small positive number.

Proof. It follows from the equation (3.6) and (3.7) that

iy (0~ 2+ 02|y, (), €49%)

<C. (3.13)

The equation (3.6) can be written as

GG, (x), €05
iy () - (n +1)?|

] (n+t )x )

(3.14)

W (), e
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Let Ay (f)be in the strip
(np +1)*> <Redy (£) < (my +1+1)°

for large integer |n0| .

If k| >2, k €Z, then
Iy @) = (g + e + 02| >|mg + 14 )% — (g + b+ 12| > Clkl2(m +1) - K| (3.15)

for a suitable constant C, . Using (3.14), (3.15) and also (3.7), we get

i(ng+k-+£)x |2
Z l(l//N (x) e'("o+k+t)x) I(q(x)'//N,t(x) e’ )

C? 1
<=
G2 P2 k2|2(n0 +1) - k|2

(3.16)

1
Let substitute a = 2(ny +¢) where f#0,—-,1. To simplify the sum in (3.16), we

shall seperate some terms for which £ =a,at1,a+2. Hence,

1 1 1
> 4> +0( )
|]>2 k2 |2(n0 -+ t) - klz {k: la~k]>2, [K|>2} kz la - k|2 noz

Since |a — k| = 0, this can be expressed by a convergent integral.
a-2 ©

1 < J‘ dx N _[ dx
i laiba, by K2 @—k)? S x(a-x)? ¥ (@-x)?

Let us calculate the last integral

"—I( L+ L

a+2 ax a(a x) x (a_x)2

=L tim[ 2 - tnGe-a- Lo L |

a‘c uoo- a X g-—x Jat2
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Similarly,
a-2 dx _ [ 1 )
X a-x? g
Thus,
. 2 1
> |(ny £ (), e’(”°+k+t)")l = o(—z] . (.17)
|k>2 ny
On the other hand, using Parseval’s equality
o _ 2
> |, (), ™05 =1
m=—c0
we have
. 2 1
> |(WN £ (), e’("°+k+t)")| =1+ 0(—2J (3.18)
[k[<2 hy

Therefore, there exists an integer n for which n = n, + £, k| < 2 such that

. 1
(W (0, 05> 2 (3.19)
It follows from (3.19) and (3.13) that A, (¢) lies in the disc

b -+ 1?| <,

where C; >2C.

For this reason, there exists a positive constant C; such that

oy @) -+ k +0?| > Cyl
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for |k| <2 and & # 0. From this, (3.14) and (3.7), we obtain
I(WN,t (x), ¢ (”+‘)")| = 0(%)

Combining this with (3.17), we get

> Jws0, ero0n = o ). (3.20)

{k:k#0} h

Hence, by Parseval’s equality , for k=0 it is obtained

. 2 1
s (), 05" = 1+o(;2—) ,

and it yields

i x 1
| o), 0 = 1+ O(n—z) .

Hence, by (3.20), wy ,(x) has Fourier decomposition in the form

Wy (%) = e 4 g () + O(Lz)
n

where
)
lel=02).
As a result, we have the asymptotic formula
; 1
Wy () = 4 0(;) (3.21)

1
Here, since the constants C; and 0(;) does not depend on t, (3.21) is uniform with

respectto £ €Q,.

Theorem 3.3.3 If the potential q(x) satisfies the condition
9m = O(1)
then

2, () = (n+1)? +F+F+.4+F +0((11;—n)kj (3.22)
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where

- 1
R=y i o]

" (n+t)2 ~-(n-m +1)? - n
_ qnlqnzq—nl—nz -0 Inn 2
f _,,12,,,2[(n+t)2 —(n—-n +t)2][(n!+t)2 —(n—n —ny +t)2] (( n ) )

G

—~ s
and F,(x)= D, Fj(x) is defined as following
k=1

~ ~ k-1
Fy(x)= 4y (Fq(x)+%),  4(x)= ;10 (%),

qnl qnz e an q—nl —Hy ...—nj

aj(x)= Z

mgen; [ == + 0 X =@ —ny —ny +1)* _[x=(r—n) —ny..—n; +1)]
for which x = (n+1)2.
Here, the asymptotic expression (3.22) is uniform with respect to ¢ €Q,,..

Proof. g, = O(1) means that, there exists a constant C, such that

Iqm| < C4
for large integer |m|. By Theorem (3.3.2), we have

4, () -+ 12| < €.
Therefore, for any integer k£ =0,

4,0~ (n 14 02| > bl n+ 1) - K| - C; > Cslkl2(n +1) - &

holds for a suitable positive constant Cs. Then,
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Ia | < Z qnlqn_l < C42 Z —-—1—_
' {mel: m+0} Ill,,(t)—(n—nl +t)2| C5 {kel: k#0} |k||2(n+t)—-k|

Let substitute a = 2(n+¢) where ¢t €, and separate some terms of the above sum

for which |a — k| < 2. Then,

1 1
w|=o(2)+ L
I II o kﬁ%—klﬂ} lella — &

Let us calculate this sum.
1
(3.23)
= ey
Here,
& 17,1 L, 1, . _
a:[Z x(a—x) a a‘[z(x—a B x)dx—a :&»n}o[ Lnfx—a] - Inlx] ]a+2—

1 |a+2| Inla] _ (lnn)

=;lul 2 | la| n

Thus, together with a similar evaluation for the other integral in (3.23), we have

o-{2) o))

Now, assume that
lnn_,
A = ((_) j (3.24)

Then,

|- [N —

nl,nz...,nkl[}n(t) (= + 1) A, ()~ (=g —my +)° ][4, () ~(r—my.. 1 +1)7] |
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1
<Ck+l
Y ,E ne| 2O —@-m+£2 | 2O~ —my+00? |..| A=y +1)? |

< C4k+1 Z ( 1

ke | A ()~ (-m +)* L] 20— (—ny..np_y +1)? If(nl’nz’m’nk-l»

(3.25)

where

1
f(”l,nz,...,nk_l) =Z

77 "
e I ﬂ.”(t)‘—(n—nl...—nk_l —Rg +t) |

For each value of ny,n,,...,n,_; regarding as fix, the estimation of
Sf(ny,ny,...,n;_1) with index ny is the same as the estimation of a;with index #;.

Hence,

fny,ny,... 1) = O(%ﬁ) :

Moreover, this estimation does not depend on 7y,n,,...,n;_;, that is, there exists Cg

such that
Inn
,f(nl,nz,...,nk_1)| < C6 —n—
for all ny,n,,...,n;_;. Hence,

sup f(nl,nz,...,nk_1)=0(y—) (3.26)

{np o1y} "
From (3.25), (3.26) and the assumption (3.24), we obtain

- l‘iﬁk—l) (ln_n)_ (ln_”_k)
ar =0 22y o &) = o 22
Similarly, using (3.7), we can estimate
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From the formula (3.12) and the inequality (3.19), we get
B m
@) =+ 12| < D | +2IR,|.
k=1
Therefore, the order of eigenvalues is determined by the order of a;, that is

In(O)= (1) +o(ln”)

So the formula (3.22) is proved for k=1.
To prove (3.22) by induction, assume that (3.22) is true for k=j, that is

A =@+ +F ,-_1+0((%)f) . (3.27)

First, divide both sides of (3.12) by (yy, (x),¢’ ('”'t)x) , recalling the new notation

n=N and truncating the series (3.12) at k, and secondly, use the asymptotic formula
for y,,,(x) given by (3.21). Then, it is obtained for k=j that

A, () = (n+1)2 +Za + o( 2 )J*‘) (3.28)
Putting (3.27) into a,in (3.28), considering that a, is defined in (3.12) with argument
A, (), we get
A= @0 + Ao+ F s o 207y o (2]
= Inn, iy
=(n+1)* + Ay ((n+ £)? +FJ_1) +0((——)’ )

~ l . ~
+[Ajn((+1)> +F ,_1+0((%)1)) - A ((n+1)* +F )],

=(n+1)* +1;,-+0((h17n)f“) +
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Inn

+ 4 (n+1)? +1~7,-_1+0(( )j))—t‘ljﬂ((’“'t)2 +1;j—1)]

n

1 .
It is not difficult to see that the sum in the bracket is of order O((in’l)’ +1) . Thus, the

theorem is proved.
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CHAPTER FOUR
SPECTRAL EXPANSION FOR THE

NONSELF-ADJOINT DIFFERENTIAL OPERATOR L

4.1 Eigenfunctions as a Riesz Basis

In this section, we prove that the system of eigenfunctions of the operator L, with
summable potential q(x) form a Riesz basis for almost all values of t. For this we shall

use the following definitions and theorems.

Definition 4.1.1 An eigenvalue 4, is said to have multiplicity p if 4; is a root of
the characteristic function A(A) with multiplicity p.

Since A(A) is an entire function of 4,

AR, PAG) _
N ©oat

An eigenvalue of multiplicity one is called simple. In this case, there is only one

eigenfunction corresponding to a simple eigenvalue.

Definition 4.1.2 Let ¢, be an eigenfunction of L, corresponding to the
eigenvalue Ay. The functions ¢,p,,...,9,; are called associated functions with the
eigenfunction ¢ if

(L = 2o D)py = P
Ui(pr) =0
for k=1,2,...,p-1 and i=1,2.
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Theorem 4.1.3 The system of eigenfunctions and associated functions of the
Strum-Liouville operator with nondegenerate boundary conditions and integrable
potential is complete in the space L,[0,27]. (Marchenko, 1986).

Definition 4.1.4 Two sequences {¢j }:o and {y/j}:o are said to be biorthogonal if

Definition 4.1.5 A sequence {¢j}:° in L,[0,27], or generally in the Hilbert

space, is called a basis if every function fin this space can be expanded in a series
o0
f= Z(f, Vi )¢j
j=1

which converges in the norm of 1,[0,27], where (¢;,¥;)=8;, vy, €L,[0.27].

Definition 4.1.6 A basis {r// J}:o which is obtained from an orthonormal basis by a

linear bounded invertible transformation A is called a basis equivalent to an

orthonormal basis, or a Riesz basis.

If {¢j }:0 is an orthonormal basis in 1,[0,27], f €L,[0,2z] can be expanded as

f = ZU:Z])W}
Jj=1
such that
'//j = A¢]’ Xj = A*—1¢j j=1,2,....

where {y/ J}:o is a Riesz basis in 1,[0,27] derived from {;151-}:o by the transformation

A. Here, { X }:o is the biorthogonal system to {l// ]}:o . (Goghberg&Krein, 1965).
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Theorem 4.1.7 The following assertions are equivalent.
(i) The sequence {l//j}:o forms a Riesz basis.
(ii) The sequence {l// ]}:o is complete in Hilbert space, there corresponds to it a

complete biorthogonal sequence { Xj }T , and for any f in Hilbert space one has

o 2 - )
Z|(f"//.l')| <, Zl(f»lj)l <o,
Jj=1 j=l -

(Goghberg & Krein, 1965).

In chapter one, it is proved that the boudary conditions (1.6) of L; are

nondegenerate for all ¢ eC. Therefore, by Theorem (4.1.3) the system of
eigenfunctions and associated functions of L, is complete in L,[0,27].

It is known form chapter one that the eigenvalues A, (¢) of L, are the roots of
F(A)=2cos2nt .

If 7 i * 0 then the eigenvalue 4, (¢) is simple.

Let v,v,,... be the roots of the entire function 7y and #,,%,,... be the points for

which v = 4,,(¢;) . Then 4,(¢) is simple for ¢ + #,,1,,....

— — =]
We wish to prove that if 7 # #;,1;,...,f1,1,,... then {l//n,, (x)}1 forms a Riesz basis.

For this, let us find the biorthogonal system to { Wt (x)}

©
1 .

Multiplying the inner product (W, ¥m; ) by 4,(f), we have



A (O Wy '//m,t*) = (Lt'/’n,t:'//m,t*) = (Vnt> Lt"//m,t‘) = m(wn;,wm;')
where ,,(¢) the eigenvalue, of the adjoint operator L: corresponding to l//;, ¢~ Thus,
CAGRYN0) CARAPSELS @1
Since {t//,, P (x)}:o is complete system, any y/,, ,,* cannot be orthogonal to ¥, ,(x) for
all n. Hence, there exists y,,, such that
(7% '//m,t‘) #0. (4.2)
Then, it is obtained from (4.1) that .
2 (0) = (1) (43)
We denote by u,(f) the eigenvalues of L: satisfying (4.3). Since for

t£1,ly,...,t1,1,,... the eigenvalues 4 (7), i (£),... are distinct , (4.3) holds only for

one m. So, we have

En (D) =2,()

and

an(t) = ('//n,tﬂ//n,t*) #0.
If 44,,(f) # A,(f) then from (4.1),

(V/n,ta ‘//m,t*) =0.

® ) ®©
A4 . .
Hence, the systems {xn y }:o = {oc ngt)} and {l//,,,t }:o are biorthogonal , i.e.
n
1

('//n,t ’ Zm,t) = 5nm (n7m=la2>)

It is known from Theorem (3.3.2) that
Vs =607 100,
From here, considering the adjoint problem (1.13), we have
s =100, 44

Therefore,



45

1
a,(t) =1+ O(;) . 4.5)
Hence, the biorthogonal system to {y/n,, (x)}:o has the following asymptotic formula

(nt 1
T = ez(n+t)x + O(’;) )

®
1

Theorem 4.1.8 If 7 # tl,tz,...,a,g,..., then {l//,,,t(x)} forms a Riesz basis of

L,[0,27]. The sequence {tk }:0 has only the limit point % where s is an integer.

Proof. We proved that for £ #1,,1,,...,11,t5,... {y/,,,, (x)}:o is complete system
and it has complete biorthogonal system { ¥ o (x)}:o . For every f(x) € L,[0,27], the

asymptotic formula for the eigenfunctions give us

Slrwnd| <2 Zforee | +3o(5)
n=1 n=l n=1

n
o0 2 [ o]
. —itx _inx i
22|07, %0[”2)}

= Z{IIfe_ﬂx"2 + ZIO(niz)} <

[+ o]

. 1.
since 2—2- 1s convergent.

n=

®© 2
Zkf:ln,t)l <.
n=l
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]
1

As a result of Theorem (4.1.7), the system{y/,, P (x)} forms a Riesz basis of

L,[0,2x].

Now, assume that £ €Q, and A,(¢f) is a multiple eigenvalue for n>>1. Suppose
that there are two eigenfunctions corresponding to the multiple eigenvalue A,(f).

Then, we can choose two eigenfunction y,,, and v, , which are orthogonal

('/’n,t, '//n',t) =0. (4.6)

It follows from Theorem (3.3.2) that both y,, and v, , satisfy the asymptotic
formula (3.21). Hence,

1
('//n,ta ‘//n’,t) =1+ O(;) .
This contradicts to (4.6), so there is only one eigenfunction y,,, corresponding to

A,(#). Similarly, the adjoint operator L: has also only one eigenfunction t//,,’,fk

correspoding to 4, (¢).

First, we show that there is an eigenvalue s,(f) of L; such that u,(f) = A,(f).
Indeed, if m # A,(?) for all m then (4.1) shows that v, , is orthogonal to y/m,t*
for all m. If A, ’,* is an associated function with the eigenfunction y/m’t* , that is

(Lt = O D" = ¥
then multiplying it from the rigth side by v, ;, we obtain
0= Wy Wne) = (L = tu O D" W)

= (hm,t*’ (Lt - ;l:(t_)l)l//n,t)
= (A () = 1 OY " W)
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Hence, y,, is orthogonal to the associated function h,,,’t* too. In this way, we show

that y,, is othogonal to all eigenfunctions and associated functions of L: which

contradicts to its completeness. Thus,

(D) = A, (8).

Since 4,(f) is an multiple eigenvalue, there is an associated function 4,, with
Vngs ie.
(Le =2, (D Dby g =Wy

Multiplying this from the rigth side by ’,‘ , we get

Wngo Vs )= (Ls = 2 (OVDy 1, W)
= (s (Lg = YDV )

= () = 2P V)
=0

which contradicts to (4.5). Thus, for # €Q, and n>>1 the eigenvalue A, (¢) is simple.

It means that, £, ¢, for large k. Hence, for each £> 0 the point of (), cannot be

the limit point of sequence {tk }T . Therefore, t, — % as k — o where s €Z.

We should note that, if the potential q(x) is a continuous function then the
eigenfunctions of Strum-Liouville operator with strictly regular boundary conditions

. . . . k "
form a Riesz basis. (Naimark,1968). Since for # # Y the the boundary conditions
(1.6) are strictly regular, which we have shown in chapter one, the system of

eigenfunctions and associated eigenfunctions of L, for ¢ # Y form a Riesz basis.

4.2 Spectral Decomposition

Spectral decomposition corresponding to the self-adjoint different operator
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d2
L= —F +q(x)

with a 1-periodic, continuous and real-valued potential q(x) is constructed in the
following lemma by 1. M. Gelfand.

Lemma 4.2.1 (Gelfand) Every continuous compactly supported function f{x) can

be represented in the form

1 2z
1= 5 |1y )
where
fx)= k_z f(x+k)e™ (4.8)
satisfying
fe(x+)=€"f,(x). (4.9)
Moreover,
© i 27
JJ 7o = = { el o e - (4.10)

If q(x) is real-valued, the eigenfunctions y,(x),y,,(x),... of the self-adjoint
differential operator L, form orthonormal basis in L,[0,1]. Therefore f,(x) has

decomposition as

ft (x) = Zan (t)'//n,t (x)

n=1

and we have Parseval’s equality

1 ©
[ o) e = lea,,(t)lz @11)
0 n=

where

a4y (t) = (ft (X), l//n,t (x))Lz[O,l] = (f(X), l//n,t (x))Lz(—co,ao) .
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It follows form (4.10) and (4.11) that

W . 27 o
[l e = | S lan@f .

0 n=1

Clearly, the sum |a,, (z‘)l2 can be integrated term by term so

n=1

[+ o) o 27

Jlr@fa=o-3% [ of
0 n=1 ¢

from which the spectral expansion was obtained by L M. Gelfand.

In the nonself-adjoint case , i.e. for the case when q(x) is complex-valued, the
Parseval’s equality does not hold. Therefore, we cannot use (4.11). Moreover, the

function a, (f) has some sigularities and we cannot consider the integral

2z
[lan @) at
0
or

27
[ERGI e 2
0

Remark. We shall construct the spectral expansion for the nonself-adjoint
differential operator L by using the method of the papers (Veliev, 1980,1983,1986), in
which the spectral expansion for L with a 1-periodic, complex-valued and

contionuous potential q(x). Therefore, we shall consider the operator L, generated

by the differential expression (1.5) in Z,[0,1] and the boundary conditions

y(1)=e"y(0), y'()=e"y'(0).

Theorem (4.1.8) shows that, there is a curve /, e, with the end points -7 +1,
and z+ty (% #1;,0,7) such that zs,f;, ¢/, and the distance between any point

t €l, and the real line less than 2¢.
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s

1 - -

_ﬂ""to —7[

T +to
Figure 1
Hence, by Theorem (4.1.8), for every f el, the sequence of eigenfunctions

{v//,,’, (x)}:o of L, form a Riesz basis of L,[0,1]. Thus, we have the formula

i) =2 a,(O,, (%) 4.13)

n=1

for all £ €/, where

ay (1) = (1 (%), 2n s (%)) = (t) (f () Wns ().
n
Using (4.8) which also holds for complex ¢ and the relation

Xnt (x+ 1) = eith,t (x)

we get
1
@, (©) = [ f1(0), Ty (),
0

[+ ]

1
=[( X F(x+k)e ™)z, (x)dx
0

k=~

o 1

=3 [(FGxe+k) g, (x)e™d

k=—0 0

F e+ k) g, (x+k)dx

Ms
O Loy

k=—o

= (f(x): Xng (x))l,z(—oo,eo)

Since for a compactly supported function f{x), the function f,(x) defined by (4.8) is
trigonometric polynomial with respect to t, f,(x) is an analytic function of t in any

domain containing /, . Therefore, using Cauchy theorem and (4.9), we get
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2%
[ fe e = [ £ ()
0 A

Now it follows from (4.7) and (4.13) that

1@= 1= 3 0, v e
1 1, k=

Repeating the proof which was given in the papers of O. A. Veliev (Veliev,
1980,1983,1986) and using the obtained asymptotic formula for y,, ,(x) and z,,(x),

we obtain

f@=5-% [ @Oy e “19)

k=1 I

The series in (4.14) converges in the norm of L, [a,b] for arbitrary a and b.

It is not hard to check that
Y (xa;"n(t)) * VIZ(x’;,h(t))
nt =T A e .t =gy 4.15
L S| Vns )= A, O] (4.13)

where

W, (x,2) = p(L, A)6(x, 1) + (" — 8(1L, A))p(x, 1)

and
v, (%, 4) = p(LA)O(x, ) + (e - 8(1, Ap(x, A) .
From (4.15),
LA F ,

&, (1) =— Teilival {6020 (e, 2) +(801,2) - (1, )6Ce, AYp(x, 2) - p(1, AP (x, A)die

0
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__o(,A) dF
v llv2] 2
(4.16)

On the other hand, from the relation
' F(A)=2cost

and by impilicit function theorem, we get

dt dF . dr 2
== =L [Ja-F? 4.17
i) 2sint 7 4-F°(A) 4.17)

Denote by G, the domain with the boundary I, and [-7 +¢,,7+1,]. In the view
of Theorem (4.1.8), we see that @, (£)¥,,,(x) has only finite number of singularities
in G, for a fixed n. Indeed, if £ # ¢, then

a, (t) = (y/n,ta'//n,t*) #0.
Otherwise it contradicts to completeness of {w,, ;}T. If t=1; and L, has an

associated function 4, , then in the proof of Theorem (4.1.8), we see that a,(f) =0
and a,(f)y, ,(x) has singularity. Since v, —> o as k — oo for fixed n the function
a,(f) can be vanished only for finite number of 7. Therefore, if a,(f) #0 in G,

then we have

2z
[y @Oy ()t = [, (O, ()
I 0
Otherwise we have

2z
[a, 0w, )t =lim [a,(O,,(x)dt .
) -0 Is

Now, using it and the relations (4.14), (4.16), (4.17), and changing the variable t to A
in the integral (4.14), we get the spectral expansion

2 1 1 "
ORDY = FI B )y TMEG)]
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where

¢(x,2) = 6'(L, H(D)p(x,2) + %(0(1, 2)-9'(1L, ANO(x, A)h(2)
+8(A)e(x, 1)) - o(1,)g(2)0(x, 4)

W)= [, Df (), gA)= [0, A)f (), p(A)=+4-F2(A). Here,

I, = {2,, ®): t €[0, n]} is a component of the spectrum of L and M} (x)

corresponds to the spectral singularity 4,

MEe)=Lim [ S B, (0 )"
F om0 [ 4 TIPS A0
where
i)
Beyy={ 1 TH-Al<o
0 otherwise
and

=1

Bo()=g(A)- Y, Bi, (AP (), K, ={k 4 eT,}.
j=0

The following theorem which was proved for continuous potential q(x) in the
paper (Veliev,1983) can be generalized without modifying for a Lebesgue integrable
potential q(x).

Theorem 4.2.2 The number 4 = 4, () is a spectral singularity of L if and only if

a, () = 0, that is, the operator L, has an associated function at the point 4, (£).

Note. A point 4, € S(L) is called the spectral singularity of the operator L if the

system of the projections
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P(A) = ﬁ f-anTaa
e Ys

are not uniformly bounded in neighborhoods of 4y, where y, c p(L), 7, = y,}. uyf

and limy,’ = A for the curves },; and ;/3 liying on opposite sides of A. Here A

&0

is a subset of spectrum AT, c S(L)and it contains only simple eigenvalues. In
other words, Ay € S(L) is a spectral singularity of L if and only if there is a squence

of {A,} suchthat A, = S(L) and |P(A,)] -  as A, tends to 4.
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