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ABSTRACT

ON DENSITY FUNCTIONAL PERTURBATION
THEORY WITH THE FINITE ELEMENT METHOD

Yunus Altintop
M.S. in Mechanical Engineering
Advisor: Ilker Temizer
August 2025

Density Functional Perturbation Theory (DFPT) introduces a systematic frame-
work to compute higher-order material properties based on Density Functional
Theory (DFT) and linear response theory. However, most conventional imple-
mentations are intrinsically formulated for periodic structures, which may obscure
flexibility of complex systems. In order to overcome the limitations, DFPT is re-
formulated for the first time within Finite Element Method (FEM), a real-space
method. The models are developed for both all-electron and pseudopotential
frameworks with the GGA and LDA exchange-correlation functionals. For ape-
riodic system implementations, benchmark calculations achieved chemical accu-

racy.

Keywords: Kohn-Sham Density Functional Theory, pseudopotentials, all-
electron, exchange-correlation functional, real-space methods, interatomic force
constant tensor, Sternheimer equation, gauge freedom, projector.
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OZET

SONLU ELEMANLAR YONTEMIYLE YOGUNLUK
FONKSIYONELI PERTURBASYON TEORISI
UZERINE

Yunus Altintop
Makine Miihendisligi, Yiiksek Lisans
Tez Damigmani: Ilker Temizer
Agustos 2017

Yogunluk Fonksiyoneli Pertiirbasyon Teorisi (DFPT), Yogunluk Fonksiyoneli
Teorisi (DFT) ve dogrusal tepki teorisine dayali olarak daha yiiksek mertebe-
den malzeme Ozelliklerini hesaplamak icin sistematik bir cerceve sunar. An-
cak, standart uygulamalar1 dogasi geregi periyodik yapilar ongormekte ve bu
durum karmasik sistemler icin esnekligi sinirlayabilmektedir. Bu kisitlamalarin
agillmasi amaciyla, DFPT gercek uzay yontemi olan Sonlu Elemanlar Yontemiyle
(FEM) ilk kez formiile edilmigtir. Modeller, tiim elektron (all-electron) ve
yalanci potansiyel (pseudopotential) yaklagimlari i¢in, GGA ve LDA degis-
tokug/ilinti (exchange-correlation) fonksiyonelleriyle geligtirilmistir. Periyodik ol-
mayan sistemler iizerindeki uygulamalarda, karsilagtirmali hesaplamalar kimyasal

dogruluga ulagmigtir.

Anahtar sozcikler: Kohn-Sham Yogunluk Fonksiyoneli Teorisi, yalanci potan-
siyeller, tiim-elektron, degis-tokug/ilinti fonksiyoneli, gercek-uzay yontemleri,
atomlar arasi kuvvet sabiti tensorii, Sternheimer denklemi, 6lgiit serbestligi, pro-
jektor.

v



Acknowledgement

I would like to express my deepest gratitude to my advisor, Prof. Dr. Ilker Tem-
izer, for his invaluable guidance, patience, and continuous support throughout
my academic journey. His insight, encouragement, and dedication to research
have been a constant source of inspiration, shaping both my scientific approach

and personal growth.

I am profoundly thankful to my family for their unconditional love, under-
standing, and sacrifices that made this work possible. Their unwavering belief in

me has been my greatest source of motivation.

I also wish to extend my heartfelt appreciation to my friends, whose encourage-
ment, laughter, and companionship have lightened the challenges of this journey

and made it an unforgettable experience.



Contents

1 Introduction

2 Density Functional Theory
2.1 Kohn-Sham density functional formulation . . . . . . . .. .. ..

2.2 The Hellmann-Feynman forces . . . . . .. . . ... .. ... ...

3 Density Functional Perturbation Theory
3.1 2n+1 theorem . . . . . . . .. .
3.2 Variational perturbation orders . . . . . . ... .. ... ... ..
3.3 Sternheimer equation . . . . .. ..o

3.4 Gaugeselection . . . . ...

4 Numerical Framework
4.1 Weak formulation . . . . . . . . ..

4.2 NURBS discretization . . . . . . . . . . ..

vi

12

13

15

16

26

27



CONTENTS

4.3 Solution scheme . . . .

5 Numerical Investigations

5.1 Demonstration of LDA

5.1.1

5.1.2

Non-degenerate case . . . . . . . . . .. ... ... .. ..

Degenerate case

5.2 Demonstration of GGA

5.2.1

5.2.2

5.2.3

5.2.4

6 Conclusion

Symmetry convergence . . . . . . . .. ... ...

Mesh-independent coherence of DFPT and FD . . . . . . .

Non-degenerate case . . . . . .. . ... ... ... ...

Degenerate case

A All-Electron

B FEM Multiverse

C Finite Difference Scheme

D Vibrational modes

Vil

31

34

36

36

39

40

41

42

43

47

49

56

61

64

66



List of Figures

4.1

5.1

5.2

5.3

5.4

5.9

5.6

5.7

5.8

Kohn-Sham DFT and DFPT flowchart . . . . .. ... ... ...

Dihydrogen convergence plot with the LDA exchange-correlation .
Dilithium convergence plot with the LDA exchange-correlation . .
Methane convergence plot with the LDA exchange-correlation

Dilithium symmetry convergence plot with the GGA exchange-
correlation, depicting the absolute difference between the first

row’s first and fourth column elements of IFC . . . . . . . . . ..
Investigation of FD and DFPT correlation with (Lig) . . . . . ..
Dilithium convergence plot with the GGA exchange-correlation . .
Ammonia convergence plot with the GGA exchange-correlation

Dinitrogen convergence plot with the GGA exchange-correlation .

viil

37

39

40

42

43

44

46

48



List of Tables

5.1 Atomic positions for the dihydrogen with LDA . . . . . . . .. ..
5.2 Atomic positions for the dilithium with LDA . . . . . ... .. ..
5.3 Atomic positions for the methane with LDA . . . . . .. ... ..
5.4 Atomic positions for the dilithium with GGA . . . . ... .. ..
5.5 TFC of dilithium with GGA in pseudopotential setting by DFPT .
5.6 IFC of dilithium with GGA in pseudopotential setting by FD . . .
5.7 Atomic positions for the ammonia with GGA . . . . ... .. ..
5.8 TFC of ammonia with GGA in pseudopotential setting by DFPT .
5.9 IFC of ammonia with GGA in pseudopotential setting by FD . . .
5.10 Atomic positions for the dinitrogen with GGA . . . . . . . .. ..
5.11 TFC of dinitrogen with GGA in pseudopotential setting by DFPT

5.12 TFC of dinitrogen with GGA in pseudopotential setting by FD . .

A.1 Atomic positions for the dihydrogen with LDA in AE setting . . .

1X

44

45

45

46

47

47

48

48

60



LIST OF TABLES

A.2 TFC of dihydrogen with LDA in AE setting by DFPT . . . . . ..

A.3 TFC of dihydrogen with LDA in AE setting by FD



Chapter 1

Introduction

Density Functional Theory (DFT) has emerged as a feasible alternative to the
many-body Schrodinger equation for electronic structure calculations of atoms,
molecules and crystals [1]. Over years, it has been improved by introducing
system-specific pseudopotentials and more accurate exchange-correlation func-
tionals [2, 3, 4]. Furthermore, it has been implemented in various numerical
frameworks such as the Gaussian basis in real space and the plane-wave in recip-

rocal space [5, 6, 7].

Despite the variational structure of DFT, the Gaussian basis formulation lacks
monotonic energy convergence upon basis refinement on its incomplete basis
set [8]. In contrast, the plane-wave formulation achieves systematic convergence
by increasing the kinetic energy cutoff. Even though the Gaussian basis is feasi-
ble for molecular systems, it is not suitable for periodic structures like crystals.
On the other hand, the plane-wave basis intrinsically possess periodic boundary
conditions making it natural tool for crystal structures. However, its molecular
models require supercells, which are large unit cells, to isolate them from the

contagious unit cell images.

Among alternative numerical methods in real space, Finite Difference (FD)
and Finite Element Method (FEM) have been verified within the Kohn-Sham



DFT framework [9, 10]. Especially, it has been proven that FEM could achieve
optimal energy convergence rates with respect to the number of degree of freedom
(DOF). Moreover, the scope of DFT implementations within FEM framework
has reached to energy, force, stress calculations in both aperiodic and periodic
systems, and beyond [11, 12, 13]. However, Density Functional Perturbation
Theory (DFPT) within FEM framework has not been implemented so far while
it was studied within FD framework [14]. This study aims to implement basics

of DFPT in aperiodic structures within FEM framework.

DFPT allows access to myriads of material properties considering linear re-
sponse theory [15]. It variationally searches for the Kohn-Sham wavefunction
perturbations minimizing even-order energy perturbations [16]. In this study, in-
teratomic force constant (IFC) tensor, corresponding to the second-order energy
perturbation with respect to ionic positions, is computed. It is useful in order to
find vibrational modes of molecules, which allow to observe infrared and Raman

spectra.

This thesis consists of six chapters. Chapter 1 provides a general picture of
the study. Chapter 2 starts with a background on the development of DFT,
followed by a detailed formulation of Kohn-Sham DFT and the derivation of
Hellmann-Feynman forces via pseudopotential. Chapter 3 introduces the theo-
retical constituents of DFPT: the 2n+1 theorem of Hylleraas and the variational
perturbation development of Sinanoglu with an adaptation to the DFT Hamil-
tonian [17, 18]. Upon these foundations, it derives the second-order energy per-
turbation and the corresponding Sternheimer equation for the energy definition
in Chapter 2. Chapter 3 concludes by discussing the gauge choices necessary
for calculating non-degenerate and degenerate orbitals in the Sternheimer equa-
tion. Chapter 4 details the weak formulation and discrete equations of FEM.
It continues with an overview of the NURBS discretization. Chapter 4 ends by
comparing DFT and DFPT schemes such as correlations in problems, inputs and
outputs. Chapter 5 demonstrates accuracy of the DFPT formulation and the
FEM framework by comparing with contemporary codes and FD schemes. These
are categorized for the LDA and GGA exchange-correlation functionals with re-

spect to the orbital degeneracies. The convergence rates of energy, force and IFC
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elements are monitored. The last chapter gives a study summary. Finally, it

mentions theoretical and computational future work recommendations.

Appendix A derives and validates the DFPT formulation for all-electron frame-
work. At first, it finds the second-order energy perturbation with respect to
atomic positions and the corresponding Sternheimer equations. Then, the strong
and weak forms are expressed which is followed by the NURBS discretization.
The all-electron formulation is also validated with FD. Appendix B outlines sev-
eral manipulations available for variational principles, especially FEM. Appendix
C explains the FD scheme used in validation of DFPT.



Chapter 2

Density Functional Theory

Density Functional Theory (DFT) is a non-interacting electron density-based ap-
proach to electronic structure calculations that encapsulates quantum effects into
an exchange-correlation functional, avoiding the exponential scaling of the many-
body Schrédinger equation. Considering the Born-Oppenheimer approzimation,
which neglects the kinetic energy contributions of nuclei due to their larger mass
relative to electrons, the Schrodinger Hamiltonian consists of the electron kinetic
energy, electron-electron interactions, and electron-nucleus interactions [19]. The
Hamiltonian does not include contributions of the nucleus-nucleus interaction due

to its electron density independence.

An early model of DFT, the Thomas-Fermi, defined the kinetic energy based on
a non-interacting uniform electron gas and the electron-electron interactions via
the classical Coulomb repulsion. Subsequently, the Thomas-Fermi-Dirac model
introduced an exchange-energy term to account for the effective same-spin elec-
tron repulsion due to the quantum mechanical indistinguishability, considering

the Pauli exclusion principle [20].

The first Hohenberg-Kohn theorem assures a one-to-one correspondence be-
tween the external potential ve.(r) and the electron density p(r), up to an ad-

ditive constant. Since the number of electrons and the external potential v, (r)



determines the Hamiltonian, p(r) is enough to fix both the ground-state wave-
functions and all observables. On the other hand, the second Hohenberg-Kohn
theorem applies the variational principle to the electron density-based energy def-
inition. It proves that any trial electron density minimizing the energy functional
is the ground state electron density. These are what ensure the many-body true

wavefunction based Schrédinger equation avoidable.

The Kohn-Sham DFT formulation introduces a framework of non-interacting
particles that reproduces the ground-state density of the interacting system.
While it models the dominant part of the true kinetic energy exactly, the unknown
parts of kinetic energy and other many-body quantum effects in the electron-
electron interactions are embedded into the exchange-correlation functional. The
Kohn-Sham DFT approach is exact in principle but approximate in practice due

to the hidden nature of the exchange-correlation functional.

2.1 Kohn-Sham density functional formulation

Energy formulation in the Kohn-Sham DFT for non-periodic systems can be
applied to both all-electron and pseudopential calculations. Pseudopotentials re-
duce computational complexity by canceling the core electrons with the positively
charged nucleus and proposing a potential approximate to the true effects [21].
Therefore, only the valence electron densities are needed in the self-consistent
field (SCF) iterations and any further calculations.

In the pseudopotential framework, each nucleus is represented by [ €
{1,..., N} with a charge Z; and position vector R;. Any point in the domain
is positioned with the vector r. The relative position vector of a nucleus is as-
signed as r; = r — R;. The electron density p(r) is determined through a set
of square-integrable orthonormal states 1, (r) and occupancy factors f, € [0, 1]

with
oce/2

p(r) =2 faltha(r)da(r)). (2.1)



The Kohn-Sham formulation requires p(r) > 0 at any point in the domain and
it invokes constraints > o fo = N and (p(r)) = N. (a) represents integration
over all coordinates, which is equivalent to [ [---a--- d®'d®r. Both are used
interchangeable in this thesis. Additionally, variables’ dependencies on domains
can be represented interchangeable as well, such as p = p(r) and p' = p(r')
whereas b = b(r) and b = b(r’).

The ground state Mermin free energy E of a non-periodic system is defined
as,
E=T,+ Eny + Ey. + Ec — 08, (2.2)

with the constant temperature 6 and entropy of a non-interacting Kohn-Sham
reference system S;. With the Laplacian V2, the kinetic energy contribution T

is defined as,
occ/2

Z fa(tba(r)(V)tha(r)). (2.3)

In this work, the separable norm-conserving formulation of pseudopotentials
are preferred [22, 23|. This form contains both local and nonlocal contributions.
The local contributions are embedded into a classical electrostatic problem for
electron-nucleus and nucleus-nucleus interactions. On the other hand, the nonlo-

cal pseudopotential’ s energy contribution Fy, is formulated as,
oce/2

ENL =2 Z fa<¢a(r)@NL(rI7r/I)wOé(r/»?

occ/2

=2 Z ZZ Z Zfa Do (X)) Rl (NI ()b (1))

I =0 m=-1k=1

(2.4)

where the projectors are defined as A7 (r;) = Y, (¥7)pY,(rr) for spherical har-

monics Y}, and k; radial components plk based on Gaussian forms.

The exchange-correlation energy contribution FE,. is modeled with both
the local density approrimation (LDA) and generalized gradient approzimation
(GGA) [4, 24]. In this work, only GGA is compatible with the non-linear core-
correction (NLCC) where p,. is a partial core charge density obtained with radial



ionic contributions (r;) which is also based on Gaussian forms [22]. The core-
corrected electron density and density gradient dependent term needed for GGA,
are defined as p = p + p. and ¢ = |Vp|?, where p.(r;) = >, r1(r)),

E,.= <ﬁe:cc(ﬁv 5)) (25)

In the LDA, the electron density core-correction becomes arbitrary and the &

dependence of the exchange-correlation functional falls.

The LIBXC library offers energy definitions in two different ways,

E:rc = <€xc(r>> = <€wcp<r)>7 (26)

where e, is energy density per unit particle and €. is energy density [25]. To find
the unperturbed energy, e,. is used whereas the perturbed energies are defined

upon €.

On the other hand, the exchange-correlation potential, v,., is defined for the
Kohn-Sham Hamiltonian within the variation 0FE,. = (v,.0p). Given the defi-

nition in equation (2.6), the exchange-correlation potential for LDA is derived

as,
Vge = 8§;CP + €xc; (27)
while the GGA potential takes the form of,
0o _Oege _
= 2 - V. 2.
e = GG+ et 205 V5- Y (2.8)

The electrostatic energy contribution E, covers the Coulomb interactions [26,
27],
Ec = Ep+ Eer + Err. (2.9)

Similar to the exchange-correlation potentials, the electrostatic potential ¢ is

also defined within the variation 0 E¢ = (0cdp) so that v = %. The electro-

static energy F¢ is determined via potentials calculated with the Poisson equa-

tion,

Ec = ((p+b)ic),
. (2.10)
——VZ@C =p+ b,
4

7



where, nuclei charges are determined by b(r) = 32V 8;(r;) for the number of
atoms M. Similarly, the nuclei-nuclei interaction Ej; is defined using the external
potential 0.,; found by separately solving Poisson equations for each 5;(r;) where
Vot = Zyzl v7. In order to prevent the self-interaction, a corresponding term is

subtracted,
M

By = %<b@m> - %Zwﬂm. (2.11)

I=1
The hat over the potential terms indicate the discrete calculations. If the same

term is used without hat, it represents the exact counterpart.

The entropy term appearing in the Mermin free energy is applied for the non-
interacting Kohn-Sham reference system,

occ/2

Se = =2k Y _[falnfa+ (1= fo)ln(l = fa)], (2.12)

where k is the Boltzmann constant [21].

All the Kohn-Sham DFT calculations are implemented on the FEM numerical
settings. For accurate solutions, computationally demanding DFT calculations
require high FEM degree of freedom (DOF) that results in high run time. In
order to achieve more accurate solutions with a low DOF, the numerical electron-
nucleus and nucleus-nucleus interactions’ external potential related terms can be
replaced with analytical counterparts. The discrete electron-nuclei interaction

term appearing in the electrostatic energy can be changed by the exact one as [11],
EeA*I = <p<vemt - @ext»- (213)

Also the nuclei-nuclei interaction term can be revised by,

M
1 N 1 a
EIAI = _(§<bvext> 3 E (Bror)) + E}SI. (2.14)
=1

The exact nuclei-nuclei interaction energy E¢; becomes a point-charge Z as the
ball charges around nuclei do not overlap.

M M

AYA,

ES = § § 2.15

= IR, —Ry| (2.15)
1 1 J#£I

8



The energy expression is finalized after the exact-discrete change as,

E=FE+FE%, +E5. (2.16)

e

Under the normalization constraint (¢,1,) = 1 through an orbital free energy
€, as a corresponding Lagrange multiplier, variation of the energy expression

(2.16) with respect to v, delivers the canonical Kohn-Sham equation,
(_§v +ve +uNL + ch)"% = Eoﬂ/]a- (217)
The DFT scheme ensures an absolute minimization by iteratively improving

the wavefunction. However, this monotonic minimization property strictly holds

only when the electrostatic potential is calculated exactly, where the exact elec-

trostatic potential, v, consists of both the Hartree potential, vy = [ |£(_1~2| d3r’,
and the external potential, v.,;. However, in the FEM framework, direct evalua-
tion of the Hartree potential is problematic due to its long-range nature, (1/r),
and divergent behavior near the core. As a result, the electrostatic contribution
must be computed via the Poisson equation, as formulated in (2.10). Therefore,
the SCF iteration scheme within FEM delivers a saddle-point problem where the
total energy is minimized with respect to the Kohn-Sham orbitals whereas it is

maximized with respect to the electrostatic potential in the Poisson problem.

2.2 The Hellmann-Feynman forces

The Hellmann-Feynman theorem proves that knowledge of the first-order wave-
function perturbations is redundant for force calculation in the case of a self-
adjoint Hamiltonian H with a normalization condition on the wavefunction
(*) = 1 [28]. A self-adjoint Hamiltonian has the property of Hi) = etp and
H Y* = ey*. For the energy definition,

U= (V" Hy), (2.18)



the first-order derivative equals to,

oo, oy
35 = Cap HY) T <w > (W HSS). (2.19)

Because the eigenvalue is independent of the position, it can be trivially moved
out of the integral,

ou  OH o

. o
= W) + el

¢ + 1/, > (2.20)

The second term in (2.20) corresponds to the first-order derivative of the nor-
malization condition (1*1)) = 1, which also represents change in the number of
electrons in a closed system. Relying on the constant number of electrons, the

second term is canceled out and the force term becomes,

ou

F=—2= <¢ >. (2.21)

When deriving the force expression for (2.16), explicit dependence on the ionic
positions is searched. Therefore, the kinetic energy and Hartree potential do not
contribute to the force. In order to benefit from (2.21), a Kohn-Sham Hamiltonian
is defined as,

N 1 1
H = —§V2 + @NL + €zc + E@H + f)e:ztt- (222)

In (2.22), the Hartree potential 0y and 0., are separated contrary to (2.10) even
though they are solved in a single Poisson problem. It is not only unnecessary to
calculate v¢ because the Hartree part does not contribute to the force term but
also it is impossible to calculate due to the first-order density perturbation need
for the Poisson calculation. Then, the first-order derivative of Hamiltonian H®5)
can be derived as,
H®RD = B 4 oRe) 4 5R0) (2.23)
The energy definition (2.16) contains also electron density independent terms,
which do not appear in the Hamiltonian derivative (2.23). Therefore, it is nec-
essary to calculate the explicit NLCC contribution (p.(r;)e..(p,7)) and nuclei-

nuclei interaction terms. Including these extra terms, the revised energy definition

10



for (2.16) is written as,

oce/2

=2 Z fa Hwa <pc6xc[ﬁa 6—]> - 98’5

) (2.24)

 (plvest — D)) — (3 (bews) — 5 3 (Bro)) + By

I

Considering explicit ionic position R; dependence while taking derivatives, the

final force expression on the ion [ is,

occ/2 1

——4> )" Z Zfa AT R ATV a)

a =0 m=—1 k=1

Oe, 0ege  _ _
<p <pc |39 A — a, + 2vpc Rr - 05 Vp)) - <pc,R16xc[p7 U]> (225)
A
~{pum) + 3 g p® — R)
J£I

where p. g, (r;) is equivalent to kg, (r7) [L1]. Several elimination steps during the
derivation can be addressed: the discrete external potential term (pi..;) cancels
out the electron-nuclei interaction term in the Hamiltonian. Similarly, the discrete
nuclei-nuclei and self-interaction terms in (2.24) are dropped due to cancellation

with the exact nuclei-nuclei interaction term in the energy definition.

11



Chapter 3

Density Functional Perturbation

Theory

DFPT provides a systematic framework for predicting various material prop-
erties by utilizing the linear response of the electron density to perturbations
such as atomic displacements, electric fields, and strains in different orders [29].
First-order energy perturbations yield forces, polarizations and stresses, while
second-order energy perturbations give force-constant matrix, dielectric suscep-
tibility, elatic constants, Born-effective charge, internal strain, and piezoelectric

response [30].It also allows to derive higher-order perturbations.

A 2n + 1% order energy perturbation plainly includes wavefunction perturba-
tions up to 2n+ 1% order without any manipulation. This wavefunction perturba-
tion order can be deduced to n'" order through imposing the 2n+1 theorem [17].
It proves a 2n + 1% order energy perturbation with 2n + 1% order wavefunction

is equivalent to the one calculated with n* order wavefunction.

Unperturbed wavefunctions and corresponding eigenenergies are determined
through the Kohn-Sham equation derived via variation of the energy under con-
straints with respect to the wavefunction, which is quadratically dependent on

the wavefunction. On the other hand, each order wavefunction perturbation is

12



calculated via variation of the even-order energy perturbations with respect to the
corresponding wavefunction perturbation [18]. Briefly, an n* order wavefunction
perturbation is sufficient to calculate a 2n + 1% and 2n'* order energy perturba-
tions whereas an n* order wavefunction perturbation is only available by secking
the stationarity for variation of a 2n'* order energy perturbation. The governing

equations, called Sternheimer equations, are solved within SCF iterations [31].

3.1 2n+1 theorem

Perturbations of any operator, state, or value can be expressed as a power series

in a small parameter A [17],

X=X 4 AXx® £ 22X® 1 N3x® 4 (3.1)
where X = %‘ﬁ;\f Given the Kohn-Sham Hamiltonian H, the correspond-

ing energy eigenvalue €, for the eigenstate |1, > satisfies the Kohn-Sham (KS)
equation,

H[o) = €a |tha) (3.2)

subject to the orthonormality condition,

(Vatp) = dap- (3.3)

Accordingly, equations (3.2) and (3.3) are expanded as follows,

[ﬁ“)) FAHD £ 2H® L A3H® 4 } (2O 4 A D) + 22 @) 4 ..] ",
3.4
= [ + 2 + 22D + N3P + L] [[0@) + A D) + 22 [¢@) + ..,

(GO + MO+ X WP+ ] [[v9) + A o) + X2 9Py + ...] = 1. (35)

At first glance, expanding the Hamiltonian might seem counterintuitive to those
familiar with the quantum perturbation theory, where the Hamiltonian is consid-
ered as the source of perturbation. The expectation would be to expand energy
eigenvalues and eigenstates for the perturbed Hamiltonian. However, in DFT,

also the KS Hamiltonian depends on the perturbed eigenstates and eigenvalues,

13



and thus it must be expanded in A. By grouping terms of equal order in A, the
equations (3.4) and (3.5) can be formulized as,

%

D (H =€) [l =0, (3.6)

=0
%

D @) =0,i # 0. (3.7)

J=0

A similar expansion can be derived by premultiplying equation (3.2) with < 1),],

<wa(f{ 7 Ea)woc> =0, (3.8)

and it gives the identity of,

S WA — e )i 0. 69

j=0 k=0
For second-order variation, the triangular structure similar to the formulation in

[32] is obtained as:

DD = ) + WO EHY = )
+ @ (HS = epl?) + @O HD = )pl) + WP H = D)),

(3.10)

This expression corresponds to the second derivative of the Kohn—Sham equation
with respect to atomic positions, divided by two. Using identity (3.9), the first row
and the last column of equation (3.10) can be directly eliminated. By applying

identity (3.7), the first-order eigenvalue perturbations 6&1) can be canceled out,

yielding the second-order eigenvalue perturbation e?) as,

e = WPHDYD) + (WO HD = i)
+ WPHDY) + WP HD YY),

As observed in equation (3.11), the second-order variation of the eigenvalue explic-

(3.11)

itly depends on the zeroth and first-order eigenstate perturbations. This aligns
with the essence of the 2n + 1 theorem, which suggests that to compute a per-
turbation of order 2n or 2n + 1, knowledge of wavefunction perturbations up to
order n suffices. Therefore, the first-order wavefunction calculation is enough to

calculate the second-order energy perturbation.

14



3.2 Variational perturbation orders

Perturbation equations for the Kohn-Sham DFT are derived using variational
methods similar to the Rayleigh-Schrodinger perturbation theory [33]. However,
it changes due to a fundamental difference originating from the Hamiltonian
definition. The non-relativistic Schrodinger Hamiltonian is independent of the
wavefunction. Instead, it consists solely of kinetic and potential energies, typi-
cally Laplacians and Coulomb interactions, while quantum effects arise through
the wavefunction solutions. In contrast, the Kohn-Sham Hamiltonian explicitly
depends on the electron density, which is a functional of the wavefunctions. As a
result, the Kohn-Sham equation is required to be solved via SCF iterations instead
of one-shot eigenvalue equation. Therefore, this nonlinearity makes variational

methods natural for deriving perturbations of the Kohn-Sham DFT.

Solving the Kohn-Sham equation H 1 = ep for normalized eigenfunction is

equivalent to searching for v via,

= (WHY) /(W) (3.12)

For the exact ground state wavefunction and corresponding energy, any trial

wavefunction 12 results in,

E < (GH) [ (1)). (3.13)
Once the trial wavefunction ¢ = 32°° /¢ and Hamiltonian H = 3.  H™ are
plugged into equation (3.13), the following relation appears,

E<EQ+EY 4 @ 4 p® (3.14)
where, E© is the zeroth-order energy,
< H(l)q§(0)>

= 2(pO(HD — E) MY + (¢W(HO — EO)pMy 1 (6O (F@ — B2))p0)y,
(3.15)

In this variational formulation, A terms disappear because it is not an expansion
but an exact representation of the contribution at that order. For equation (3.15),

the remainder energy E™® is the error after the second-order energy correction to
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the true ground-state energy. To calculate the remainder, higher order derivatives
are required. The second-order energy perturbation is explicitly dependent at
most on the first-order wavefunction ¢®). Tt meets the variational (extrema)
property by being quadratic in ¢"). Therefore, ¢") minimizing the second-order

energy perturbation will be the solution.

®3)

The third-order energy perturbation, E'*, which appears in the remainder of

equation (3.14), is derived as,

E® = (¢ H® ¢y 4 2(sM(FR) — F2))p(0))
0 2<¢(2)(]f[(1) — EM)p®)y 4 2<¢(2)(ﬁ(0) — EO)pMy. (3.16)

The variational property of E®) with respect to ¢(!) has been proven, and the
2n+1 theorem assures that EF® can be computed without requiring wavefunction
perturbation beyond ¢"). However, E® cannot be used to determine ¢, as it
is not quadratic in ¢(). Calculations for further perturbations suggest an ob-
servation that even-order energy corrections have variational properties, whereas

odd-order corrections do not.

3.3 Sternheimer equation

General form of the Kohn-Sham energy definition that is going to be studied in
this thesis contains kinetic energy, nonlocal pseudopotential energy in the norm-
conserving seperable form, electrostatic energy, exchange-correlation energy for
both Local Density Approximation (LDA) and Generalized Gradient Approxi-
mation (GGA) with Non-Linear Core Correction (NLCC), and self-interaction

energy contributions, which is represented as,

E =Y (tha(t)T(r)ta(r)) + > (a(r)Vyr(r,r')a(r))
o a (3.17)
¥ Eolp+ 0+ Bulp] = 375 {8aba).

A
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The perturbation calculation is directly available via equation (3.17). However,
in order to create a 2n+1 theorem compatible energy formulation, the equation
(3.17) is modified to,

E = Zea +EC[p+b] +Exc[p]
N (3.18)

dEc(p +b] 5 S Eyelp] , 1
- | S iy = [ Ty =35 i)

where,
dEc|p + 0] 0 Eue[p]

(p(r) +b(r)) ~ dp(r)
The energy form (3.18) simplifies the perturbation derivation including the or-

o = (¥ [T Vg + ] Yo (3.19)

thonormalization condition, given the energy with Lagrange multipliers as [34],

occ occ

F=E-3% % cas({ahs) = ap)- (3.20)
a B

Equation (3.20) is the parallel transport gauge compatible energy form with
Lagrange multipliers. This form is applicable to both non-degenerate and de-
generate orbitals in any molecular systems. However, only the diagonal gauge
formulation is given due to its simplicity in which the multipliers are diagonal.
The energy definition upon which the perturbation formulation is developed is

determined as,

occ

F=FE-) eal(thatha) — ). (3.21)

As a notification, the parallel transport gauge compatible formulation is going
to contain off-diagonal occupation factors so that it is also required to be trans-

formed. Then, the DFPT formulation follows the same derivation procedure.
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For equation (3.21), the second-order energy perturbation in general form be-

comes,
=3 fallws T + Ve + @O HO = D))

+ <wg (TP + VO + (T + V)]

1)
(1) [65EC[P+5]))} DO 4 (O {5 dEc(p +b]

- (p(r) +b(r (p(r) +b(r
© dEc|p+ b] y 0
+ 2 fald ){>—+b<>>] i)

+Zfa w“ {‘SE“[ %00+ i [ 2207 gy

3o(r) ()
(2) (2)
2 sulel? "] o) | [ ] s

1 (2
- [Z 5(@1@1)] :
(3.22)

In equation (3.22) and the following equations, the perturbations on the non-
local contribution functions A\ are transferred to the other elements using the
integration by parts and gradient theorems (see Appendix B). It benefits from
the equivalence of derivatives so that it could change the atomic position pertur-

bations to gradients when they operate on rj.

Relying on Chapter 3.2, the second-order energy functional is stationary with
respect to the first-order wavefunctions, thereby enabling its treatment via vari-
ational optimization schemes. Therefore, the Sternheimer equation is derived by
taking derivative with respect to the first-order wavefunction. For clarification,
the Sternheimer equation is held in the strong form of FEM, attributing 61&&” as
a test function, which is mentioned in the subsequent sections. Considering that
equation (3.22) is the duplicate of second-order derivative with division by 2, it

takes the form of,
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= 4fo (6D (HO — D)D)

+ 2£, (S NTOPO) + 2, (pOTW sV

+2f, / VoA () dPr / OO (') dPr!
T 2f, / SEOAO (1) / XO VO (r) dr
+2fa / VO @AY (r) dr / O ep dPr’
+ 2/, / GO (1) Pr / X )V dPr’

(0)
+4fa/51/18) [ 5 Exc[p;)] 1) d3r’] w&o)@) Br
6p(r)
T 4f, / 56 156 O (x) dr,

(3.23)

where the first-order perturbation of electrostatic potential S¢ is defined as,

_ 0*Eg(p +b] (1) DY By
Sc /5(p(r)+b(r))2(p + ') dr. (3.24)

Equation (3.23) is equivalent to negative of the search direction in minimization
algorithms [35]. So considering the problem as a nonlinear minimization problem,
a solution to any system can be found by using Quasi-Newton methods. On the
other hand, the problem can be transformed into a linear system of equations

as shown in equation (3.25). The solution can be found using direct or iterative
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solvers within SCF iterations.
4fa (oD (HD — D)) = =2fa (50 DTNPD) = 2fo (pOTW6L)
2y [ VA @ [ X0 )
=2 [P @) [ XSOV @)
—2f, / VO e)A D (r) dPr / O 5y @By’
=2/ [GO@A @ e [ 20 w)ToulD @

(52Exc[,0(0)] , ,

— 1) 1) 3 (0) 3
4fa/5wa [ 5o(r)? p dr}wa (r)d’r
—4f, / &pgl) [Sel w&o)(r) d*r

(3.25)

In this study, the IFC tensor C is calculated for proof of concept. It cor-
responds to the second-order atomic position perturbation of energy. The IFC
tensor differs from equation (3.22) by the dropped off kinetic energy perturba-
tion terms because it is independent of atomic positions. Then, the second-order

atomic positions perturbation of energy is going to take the form of,
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oce/2

2F _4Zf (Ra)(F1O) _ ((0))y) (R

dR;dR,
+4(§/2fa / VB (AP (x) dr / A0 () dir
+400i/2 fa / RO (A0 (r) @ / N O ) vy (r') dPr’
+40i/2fa / VELO oA (0) d*x / OO @) &
+4Oi/2 fa / TS &Pr / A ORI () dPr
+4%2fa [0 [ 50w i) e, B2
—4%20:/2 fa / Vi O () d®r / A0 (O (2') dr' 6,

+/U%P(R”5( r) d'r '} (R)) 4oy

1
+5 [ 150 (o™ +40) s

5EC[P + 0]
b(RI,RI)d d3
/ )+ b(r)) er

51) ~ I,r
// 515? BB gy g, d%—/w[ﬂﬂﬁf{ Ri)g,, dr,

The atomic position perturbations on any operator, vector, and value are rep-

resented by X®1) . The §(r' — r) indicates locality of functional whereas d;7;

means that terms will not contribute to the mixed-nuclei perturbations in equa-

tion (3.26).
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For equation (3.26), the Sternheimer equation is derived as,
L (B — D)) = —af,, [ wwgf‘w&“ o [ X000
— 4f, / Sy BOND 3y / A OT©) g3y
— 4f, / Vi ONY dr / X Oy R0 Py

—4f, / YEOND @y / N Ovey RO Py

— SfQ/&/J&RU [ Mﬂ(m) d3r’1 w((lo) Br
dp(r)

— 81, / Syp®BD (S| O @Pr.

(3.27)
where, the first-order electron density is defined as,
oce/?2
r)®1) = 9 Z (% (1) RO (£)© 4 g (1) g (1) RO (3.29)

First-order variation of the electrostatic potential (2.10) can be preferred to
calculate by observing the second-order energy perturbation with respect to the
atomic positions (3.26) and the corresponding Sternheimer equation (3.27).

1 R
__VQA( 1) — ,Rp) b(RI)
1" e Pt

1 (3.29)
__VQSC — p(RI) + pR1)
47

The first-order perturbation formulations in equations (3.26), (3.27), and (3.29)
display local pseudocharges up to the second-order perturbation. The local pseu-
docharges are calculated via Laplacian of the Goedecker’ s potential definition [23]

in the spherical coordinates under the assumption of spherical symmetry with,

1 1d d
Dioe - 2 V. ) 3.30
toc(T4) 47r7’124 dr [TAdr : (TA)] ( )
Given A and B,
2 d 2 & d?
== _7'_2d WOC(TA> d ZWOC(TA) dr 3‘/ZOC<TA)
A
3.31
4 d 4 d2 2 d° d* (331)
B = 2 Viee(ra) — EWWOC(M) + _Aﬁvloc(“) dr =1 Vioe(ra),
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the first and second-order perturbations can be derived trivially as,

1 r
b (ra) = -4 (—é) , (3.32)
1 1 1 1 1
bl(il’R‘])(rA) = — EA <EI — EI‘] 0% I‘J) — EBEI'I Qry, (333)

where ry =r — R4 and 74 = |ra]. r represents any position in the domain while
R 4 is position of the atom A. I and J indices in equations (3.32) and (3.33) span

the perturbations.

Equations (3.26) and (3.27) use the LDA exchange-correlation functional. In
order to switch to the GGA contributions, the exchange-correlation contributions
in the zeroth-order Hamiltonian and eigenvalue should be changed. Also the

exchange-correlation perturbation term should be switched as follows,

62 Ego[p©)
/ |: acc[p ]p/(RI)é(I'/ i I') d3r/:| p(RJ) dSr

So(r)?
0% 0%
_ [P my) w3 Pue Ry R o
07 pp r+/8p80p o r
2 2
25_6(;;5@) SR oy %amaﬁmn Pr (3.34)
+2/% VR V) IR 0] gy
g
O€c
b [ S pmm .

In order to convert the Sternheimer equation (3.27) in LDA to GGA, the varia-
tion of equation (3.34) with respect to the first wavefunction can be taken and

replaced.

The GGA format requires a core correction term to the electron density only
in the exchange-correlation related terms. In this work, the Willand’s non-linear

core correction density, p., is employed by [22],

Z — Znucleus 71( TA )2
pc(rA> = Ccoreme 2\ reore ) (335)
Tl core

Then, the atomic perturbations are derived accordingly as,

r
PR (ra) = pl (r) 5, (3.36)

core
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and

1 1
pBIR) (1) = pO(r,) —r;®r; — 51|, (3.37)

Also the density gradient term, a8, and the gradient of the densities can be

derived considering the definitions, p = p + p. and 7 = |Vp|>.

The energy perturbation and Sternheimer equation accuracies can be improved
with an exact-discrete change similar to the DFT equations (2.13) and (2.14). It
relies on the replacement of electron-nucleus and nucleus-nucleus interaction po-
tentials created in the Poisson problem with the exact pseudopotential counter-
parts. If the same perturbation process is followed, correction to the second-order

electron-nucleus contribution becomes,

oce/2

— (Peat) T - {prege) BIR) = 4Zfa (WE (o) — 89 w )
+/( ®R) _UéxRtJ)) R oy
+ [ (o0 = 50 oo iy
/ ( (RpR) _ th,RJ)> 20 oy

While finding the discrete electrostatic energy contribution, each nucleus’ in-

(3.38)

teraction with itself is manually subtracted. Also the avoidable second-order
perturbations are decreased by the integration by parts and gradient theorem so

that the discrete nucleus-nucleus interaction becomes,

1 1 1
_5 <b@€$t>(RI7RJ) E§5}7RJ) 5/@E4R1)5(RI) d3r5]J . 5/@,(4R1)B,(4RJ) 3
1 1
_ _/U(RJ 5 1 Pyt 2/ égz)ﬁj(qm) 8o,
OV
// ol BIRI dgrlﬁgRI 61y d’r

+ / V@I[/af] § D5, dr.

(3.39)

24



The exact nucleus-nucleus interaction perturbations can be decomposed into
diagonal and off-diagonal nucleus-nucleus terms. Here, diagonal refers to inter-
actions where the perturbation is with respect to the same nucleus index, I — I,
while off-diagonal refers to mixed derivatives involving different nucleus indices,
I — J. It means neither the matrix diagonality nor the nuclei’ spatial vector

components. The diagonal nucleus-nucleus perturbation is given by,

1

RI,RI

- 217, { s (Rr —Ry)® (R — Ry) — —I} ;
J1ZJ;H |R RJ| R — R,/

(3.40)

while the off-diagonal nucleus-nucleus perturbation is formulated as,

1 1
EXRRD) — _ 7.7 {3— R;—R,)® (R, - R ——I]
1" i P mryp B T RO R Ry

(3.41)

The first-order electron density perturbation dependence is only observed in
the electron-nucleus discrete-exact change (3.38). Its contribution to the Stern-

heimer equation (3.27) is derived as,

8faldv ) (0 = 00)) W) = —afaldul (v =05 ) v0)

0) (R _ 5®R) R) (3-42)
_4fa<wa <e:1:t Vent 5¢ !

Beyond these corrections, the unperturbed eigenenergies e((yo), which contribute

to both the second-order energy perturbation and the Sternheimer equation, are
affected by exact-discrete changes due to the corrections in the Kohn-Sham DFT.
It is significant to notice that these exact-discrete changes are preferred only

within pseudopotential framework, not for the all-electron.
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3.4 (Gauge selection

The Sternheimer equation (3.27) is compactly expressed in strong form as,
(FO) = )th = () - D)y, (343

where €. wa (D) 0)>. The operator on the LHS , (H(© — (0)) is a singular
operator when applied on the occupied subspace. Consequently, any linear com-
bination of @Z)((lo) added to @D&l) will also satisfy equation (3.43). This degeneracy is

called the gauge freedom, and it leads to an infinite number of valid solutions [35].

In order to eliminate redundancy, a gauge condition on the wavefunctions must
be imposed [18]. An orthonormality condition for the perturbed wavefunctions
is,

(W2 v") + (wayg”) =o. (3.44)
Instead, the stricter condition of <¢Z 1/151)) = 0 is forced due to the computational
concerns of equation (3.44). On the other hand, projectors are imposed on both
sides in order to make the Sternheimer equation occupied-state free. The parallel
transport gauge associated idempotent projector is defined by,

occ

- Z 1) O (O], (3.45)
As a result, the gauge-fixed Sternheimer equation is derived as,

B - O Butd = ~ By (i — &

A
=
=
N—
<
L3
=

(3.46)

It ensures that both sides of equation (3.46) lie in the unoccupied subspace.
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Chapter 4

Numerical Framework

Both the FEM framework and the DFPT scheme involve multiple layers of numer-
ical consideration. FEM allows to reduce the order of derivatives by employing the
test functions, which is referred as weakening. Once the weak form is obtained,
it is discretized to construct a linear system of equations using trial functions for
a set of basis functions. The order and type of the bases functions directly affect

the quality and efficieny of solution convergence and accuracy.

In this work, NURBS are preferred for the discretization. It offers smooth
crossing at element boundaries. Also its exact representation of round objects
makes isoparametric formulation accessible for atomistic models, which cancels
out geometric approximation errors. Compared to the Lagrange discretization, it

achieves better convergence for both ground-state calculations and beyond [36].

The DFPT scheme within FEM requires recursive construction of the elements
of linear system of equations within SCF iterations. These systems may be solved
using either direct or iterative solvers with preconditioning or not. Moreover, it
incorporates orthogonalization procedures to eliminate numerical instabilities in
degenerate cases. For robust convergence, it benefits from mixing schemes on the

density perturbations.
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4.1 Weak formulation

Weak form formulation is constructed upon boundary conditions. In weakening
of the Sternheimer equation (3.27), wél) is subject to the homogeneous Dirich-
let boundary condition for @Z)&O) solved in the Kohn-Sham DFT with the same
boundary condition. Introducing a test function ¢, which theoretically can be
any function in FEM and here is selected as 5w&R’ ), the Sternheimer equation

takes the weak form of,
_<90(f{(0) - E&O))w((lRI)> _ /V¢A§O)(r) dSI‘/)\;(O)(I“)@D&O)(I“)dsr‘
+ / o0 (x) dPr / A vyO () dPr
52Ex0[p(0)] 1(Ry) 33| 1,(0) 3
+/<P{ Wﬂ dr}z/;a(r)dr
+ [ plsclu®e) .

(4.1)

where the zeroth-order kinetic energy contribution at the LHS is manipulated as
—<<pV2@/J((1RJ) ) = (V- Vit )) using the integration by parts, divergence theorem
and properties of the homogeneous Dirichlet BC.

The discretization follows the weak form in FEM. The discrete forms of test
and trial functions are given as ) ; vIN; for a set of basis functions N; and
solution DOFs v!. The zeroth-order discrete Hamiltonian [H ]!/ consists of

kinetic energy, nonlocal potential, electrostatic, and exchange correlation terms,

[HO|Y = (VN; - VN,)

N ka
HON =33 (NG har( AL ) w2
A=1 k=1 .
1
[H = SNl N)

Also the zeroth-order eigenvalue contributes to the LHS with the mass matrix
M!7 = (N;Ny). On the other hand, the first-order discrete Hamiltonian [HM]!/
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contains nonlocal potential, electrostatic, and exchange correlation terms,

ka
HGY =3 (INAD R AQING) + (N hae ATV N)
k=1
4.3
[He'" = (NpolVNg) -
[HY = (Nl Ny)
Therefore, the discrete Sternheimer equation becomes,
([HON — DM {0} = =[HO) g0} (4.4)

The Sternheimer equation also includes unperturbed and first-order perturbed
electrostatic terms. In order to calculate these values, the Poisson problems
(2.10) and equation (3.29) should be weakened and discretized. The weak forms

are written as,

1
— = < ¥V > =<elp+b)> (4.5)
1
— - <9V > =< p(pf) + b)) >, (4.6)
where S = [ 65;5?231 '(Rs) 4 5'(R1)) @3y’ The LHS of equations (4.5) and (4.6)

are prone to decrease the order of derivative by using integration by parts and

divergence theorem. Therefore, the discretized electrostatic problems become,

(VN VNG oc} = (Ni(p + ), (4.7)
(VN VNG {Se} = (Ni(p®D 4 ). (4.8)

Weak form of the exact-discrete change contribution (3.42) is derived as,

8falie (v — 0 ) B) = —afale (v = 05) wl0)

4.9
— 4o (o5 - o5 ). )
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4.2 NURBS discretization

Non-Uniform Rational B-Splines (NURBS) provide a flexible and compact basis
for discretization capturing complex geometry within an isoparametric formula-
tion [36]. In this work, NURBS basis functions [37] are employed for the numerical
solutions of the Kohn-Sham and Sternheimer equations, and the Poisson problems
arising in DFPT.

In three dimension, the numerical domain is defined in the parametric space
(£1,6%,6%) € (&, &m,] % (65,65, % [&.&2,), where each parametric direction o €

{1,2, 3} is associated with a knot vector =% given as,

E% = {€0 s &g Epay1s - Epay oy Ema ) (4.10)

Considering m® = n®+p®+1, each knot vector Z* contains m®+1 non-decreasing
knots £, which are non-uniformly distributed in general, such that the first and

last p® + 1 of them have the same value with the open knot vectors.

The knot vector defines n* + 1 univariate B-spline basis functions B%(£?),
a € {0,...,n,}. These functions are non-negative, satisfy the partition of unity,
have local support, and are piecewise polynomial of order p,. Then, the trivariate
NURBS basis functions are defined by,
Rue(€!,€,€%) = oo BL(E) BY(E) BA(E), (4.11)
W' €2,€%)
with the positive normalizing function,

ny mn2 N3

W(ELE ) =D waBa(£)BHE) BAEY), (4.12)

a=0 b=0 c=0
for the weights wg,. > 0. Relying on this definition, the trivariate NURBS basis
functions become non-negative, satisfy the partition of unity, have local support,

and are piecewise polynomial rational.

Each patch is defined by the knot vectors in each parametric direction with the
associated weights and the control points, which are the degrees of freedom (DOF)

multiplying the basis functions. NURBS discretization guarantees interpolatory
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behavior at the patch corners whereas it does not ensure interpolatory elsewhere
unlike Lagrange discretization. Mathematically, the first B§(£J) = 1 and the
last Boa(€ha) = 1 whereas BS (§5) = 0 and BS.,a(§5e) = 0. Therefore, the
Dirichlet boundary conditions cannot be enforced on control points without weak
enforcement strategies. A univariate B-spline of degree p® is CP"~! continuous
and each interior knot &} repetition reduces the continuity order by one. For
example, p® times repeated knot results in C° continuity at that location by

introducing a cusp in the basis function.

The discretized NURBS mesh of this work consists of 7 patches (see [36]).
The central patch is a cube and each face connects to the remaining 6 patches,
which wraps up to a sphere at the outer surface. Across these patches, only
C° continuity is enforced by ensuring continuity at shared control points. The
B-spline polynomial degree p* is fixed in each parametric direction within each

patch.

Let the knot vector 2% = {,...,£%.} for a patch have a unique subset
{€3,...,£%} where e represents the number of unique knot spans. The element
spans in the parametric space is defined through a tensor-product partitioning
el x e? x e3. It prepares the NURBS mesh, similar to the Lagrange mesh, even
though it does not yield a conventional mesh. The domain shape function are
represented by N; where [ stands for the degrees of freedom. Therefore, the
physical coordinates, i.e. r as the control points defining the geometry, and any
scalar field, i.e. v as the degrees of freedom, are expressed as r(§) = >, N;(§)r;
and v(§) = > ; Ni(§)v; in an isoparametric formulation, which formulates the

domain geometry and solution fields with the same basis functions.

4.3 Solution scheme

The Sternheimer problem requires the knowledge of the zeroth-order wavefunc-
tions, occupancy factors and eigenvalues for the Kohn-Sham problem. It is

mandatory to have the Kohn-Sham DFT solutions beforehand. Similarly, the
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Sternheimer equation searches approximate solutions to the true first-order wave-
functions, occupancy factors and eigenvalues minimizing the second-order Kohn-

Sham energy perturbation which is proven to be variationally consistent.

The Sternheimer equations are solved via self-consistent field iterations [38].
The solution starts with a guess of the first-order wavefunction perturbation.
After each iteration, a better first-order wavefunction perturbation is predicted.
Before the SCF iterations, the LHS matrix is created and stored because of its
first-order wavefunction independent structure. On the other hand, the RHS
changes according to the preceding first-order electron density perturbations. The
first-order electrostatic potential perturbations are also calculated via Poisson’s
problem for each density perturbation. Moreover, the first-order electron density
perturbation depends on all the occupied states’ wavefunctions for the specific
perturbation. Therefore, each occupied states’ perturbations are calculated at
each iteration. For smoother convergence, the Anderson mixing scheme is imple-

mented for the first-order electron density perturbation.

As the second-order energy perturbation has variational property with respect
to the first-order wavefunction, the minimum wavefunction can be searched via
both solvers for linear system of equations in SCF iterations and minimization
algorithms. Both are prone to the preconditioners to speed up the convergence.

In this work, iterative linear system solvers with preconditioner are preferred.

Both numerical and analytical aspects of the problem require the use of pro-
jectors at various stages. The first projector appearing on the RHS of the Stern-
heimer equation (3.46) ensures that the nonhomogeneous Sternheimer equation
admits a solution by orthogonalizing the RHS to the homogeneous LHS solution.
The second projector on the first-order wavefunction assures the orthogonality of
the wavefunction to the Kohn-Sham solution. The third projector, the leftmost
term of the LHS, is arbitrary for refined-meshes. However, H© — ) cannot
cancel out the zeroth-order Kohn-Sham orbital contributions for low resolution

systems. Therefore, it is used to eliminate pollution in the zeroth-order wave-

function directions.
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’ NURBS basis functions and mesh are generated. ‘

l

’ Dirichlet boundary condition are generated. ‘

|

Preliminary Poisson problem is solved for
e and U4.

Canonical Kohn-Sham equation,

A0 = Oy,
is solved using direct solvers with Chebyshev filtering.

!

Smearing is done for the occupation factors.

|

Electron density is calculated for new wavefunctions

and occupation factors.

Anderson mixing is done on the electron density.

l

Poisson problem, —iv%c =p+b,
is solved.

SCF iterations

U, 140,

’ NURBS basis functions and mesh are generated.

l

’ Dirichlet boundary condition are generated.

l

Preliminary Poisson problem is solved for

3, 88, 88, 84, and 04,

l

Unoccupied space projected Sternheimer equation,
Py(HO — Pyl = —Pp(HD — )y,
is solved using iterative solvers with preconditioners.

|

The first-order occupation factor perturbations are

calculated.

First-order electron density perturbation is calculated
for new wavefunctions and occupation factors.

!

Anderson mixing is done on first-order electron density

perturbation.

Poisson problem, —ﬁV2Sé = p®R1) 4 pR1)

SCF iterations

is solved.

Figure 4.1: Kohn-Sham DFT and DFPT flowchart

The general frameworks of DFT and DFPT share structural similarities (see

Figure 4.1). However, the Kohn-Sham DFT requires an eigenvalue problem so-

lution with Chebyshev filtering whereas the DFPT involves to solve a singular

linear system of equations by using iterative solvers. The inherent singularity

in DFPT is addressed through projecting the linear system of equations and

first-order wavefunction perturbations upon the unoccupied subspace, depending

on the gauge selection. In comparison, the DFT enforces orthogonality of the

zeroth-order wavefunctions through the Gram-Schmidt algorithm.
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Chapter 5

Numerical Investigations

The Kohn-Sham DFT energy, forces, second-order perturbations and Sternheimer
equations have been derived within the pseudopotential formalism. Then, the
weak and discretized forms have been found in the FEM framework. In this

chapter, the accuracy of DFPT derivations and implementations are confirmed.

In order to validate the DFPT implementation, two viable options are em-
ployed. The first one is comparison of the interatomic force constants with those
obtained from contemporary codes such as ABINIT and Quantum Espresso. The
latter is verification via FD using energy or analytical forces. Both approaches

are used in different stages.

The current DFPT implementation in QAGE for the LDA exchange-
correlation functional complies with ABINIT using the Hartwingsen-Goedeker-
Hutter (HGH) pseudopotentials [23]. Therefore, DFPT may be tested with
ABINIT for the LDA cases. On the other hand, the GGA implementation based
on the Gaussian pseudopotentials of Willand is not supported in the contem-
porary codes. Therefore, the FD scheme has to be employed for the verified
DFT energies and forces. In this study, the exchange-correlation functionals are

accessed via Libxc [39].

The numerical investigations are separated to two main branches based on
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the choice of LDA and GGA exchange-correlation functionals. In each brach,
validation is carried out for molecules with categories of both non-degenerate

and degenerate unperturbed orbital.

The first category consists of non-degenerate cases, where both the diagonal
and parallel transport gauges are working. Any diatomic molecule in the first
column of periodic table is suitable for this category. However, it is valid for
the pseudopotential formalism because the first column molecules except dihy-
drogen become degenerate in the all electron setting due to the degeneracies in
fully occupied core states. Also the remaining first column diatomics differ from
dihydrogen by additional nonlocal contributions. Consequently, the dihydrogen
(Hs) and dilithium (Liy), and ammonia (NHj3) molecules may be analyzed. The
second category involves degenerate cases. For this category, methane (CHy) and

dinitrogen (Nj3) could be preferred.

All tests are performed using uniform C?-continuous cubic B-spline discretiza-
tion to generate the finite element mesh. To assess compatibility of pseudopo-
tential calculations, chemical accuracy, defined as 1.6 - 10~* Hartree per atom,
is targeted for absolute energy convergence. In order to demonstrate further ac-
curacy, this threshold is exceeded in the subsequent examples. These examples
display energy in Ha, force in Ha/ag and IFC in Ha/a? for the energy unit
Hartree, Ha, and length unit Bohr, ay.

Two axis convergence plots have the number of degree of freedom at the x-axis
and error at the y-axis in logarithmic scale. As an instance, the energy error is
defined as £ — Ey/M, which is the difference between the current calculation and
the reference energy. In order to comply with the chemical accuracy definition,
the error is divided by the number of atoms in the system. Also the force and

IFC errors has the same formulation.
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5.1 Demonstration of LDA

The Libxc library allows to select exchange and correlation functionals separately.
For the following examples, the Slater for exchange and the Wigner parametriza-

tion for correlation are chosen [40, 24].

5.1.1 Non-degenerate case

Dihydrogen molecule is modeled as two atoms in three-dimensional real space
with coordinates given at Table 5.1 in Bohr, qy. In the FEM basis, selection of
patch dimensions requires a special care to observe the variational consistency
and monotonous convergence. Specific to the dihydrogen LDA, central patch is
selected as a square with dimensions of 3z3x3a3 whereas the radius of the outer
patch is 30ag. For comparison, accuracy convergence up to 107®Ha in ABINIT
is achieved with the acell of 30230230a; and the ecut of 180Ha. The acell refers
to the lengths of primitive vectors whereas the ecut is the maximal plane-wave

kinetic energy cut-off.

atomic positions in ag

atom X vy V/
Hy -0.7400 | 0.0000 | 0.0000
H, 0.7400 | 0.0000 | 0.0000

Table 5.1: Atomic positions for the dihydrogen with LDA

The reference values obtained from ABINIT are E, = —1.1334114023Ha
for the ground-state emergy, FI' = 0.0045796579Ha/ay for the force on the
first atom in the x-direction and C;. = 0.30167Ha/a} for the xx-component

of the IFC tensor corresponding to the first atom acting on itself. For a fine
mesh, QAGE delivers Ey = —1.1334117317Ha, F! = 0.0045799968 Ha/ay and
Cl =0.3016628085Ha/a?. Among these values, only the energy can be used as

a reference for variational consistency. Comparing Ej’ s reveals that the deviation
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starts at the seventh digit for ABINIT and QAGE calculations converged up to
10~%Ha.

Error

| |
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Figure 5.1: Dihydrogen convergence plot with the LDA exchange-correlation

The expression for the energy, force and second-order energy perturbation can
be further analyzed through their asymptotic convergence rate. The asymptotic

convergence rate for the energy is defined by,
E—Ey=Cng,", (5.1)

where Fj is the reference energy, ngos is the number of degrees of freedom and
C is a constant. In Figure 5.1, the slope of energy convergence in logarithmic
scale, which is obtained by fitting selected data points, corresponds to —2k/3.
The optimal asymptotic rate is equal to the order of discretization in FEM. This
validation is legitimate only for energy and second-order energy perturbation but
force is also inspected for a complementary perspective. The slope of energy,
force and interatomic force constant are calculated for the last four discretization
points. As a result, the asymptotic convergence rates are obtained as 4.03, 3.54,
and 5.54. For a B? discretization, a rate over 3.00 is assessed as a super-optimal

convergence rate for uniform B-spline.

Dilithium is a two atoms molecule situated in a three-dimensional space with

atomic coordinates given in Table 5.2. The central patch is selected as a square
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with dimensions of 3.7523.7523.75a3 and the outer patch radius is set to 30ag.
On the other hand, ABINIT achieves energy convergence up to 10”7 Ha using
acell of 80x80x80a3 and ecut of 25Ha. This indicates that further refinement of

these parameters changes the energy at most in the order of 1075.

atomic positions in ag

atom X y v/
Liy | -2.6000 | 0.0000 | 0.0000
Liq 2.6000 | 0.0000 | 0.0000

Table 5.2: Atomic positions for the dilithium with LDA

The defined ABINIT system gives the reference values of FE, =
—0.4459053841Ha, F! = 0.0016899499Ha/ay and Cll = 0.01249Ha/a3. For
a fine NURBS mesh, Fy = —0.4459076232Ha, F! = 0.0016914109Ha/ay and
Cll = 0.0124917857Ha/a3 are obtained from QAGE where the system energy
also converged up to 10~"Ha. Even though the QAGE and ABINIT energies
hold up to 107°Ha, which satisfy the chemical accuracy, they are not the same
up to the 107" Ha accuracy because of outer radius selection for the discretiza-
tion patch. As an observation, it is critical to select a sufficiently large outer
diameter to capture more accurate results in FEM. However, the limiting factor
in this selection could be a slower convergence. In QAGE, the asymptotic con-
vergence rates are obtained as 4.23, 5.07, and 5.28 calculating for the last four

discretization points.
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Figure 5.2: Dilithium convergence plot with the LDA exchange-correlation

5.1.2 Degenerate case

Degeneracy obliges the Sternheimer equation to be solved with the parallel trans-
port gauge. Unless the parallel transport gauge is selected over the diagonal
gauge, the solution DOFs diverge. As a degenerate case with LDA, methane
molecule (CHy) is inspected with the atomic positions given in Table 5.3. The
main patch is set to a square with the dimensions of 3.0023.0023.00a3 and the
outer patch radius is 110a9. As comparison, ABINIT converged up to 107°Ha at

acell of 302302304 and ecut of 180 Ha.

atomic positions in ag

atom X vy Z
Ch 0.00000000 | 0.00000000 | 0.00000000
Hy -1.20188799 | -1.20188799 | -1.20188799
Ho 1.20188799 | 1.20188799 | -1.20188799
Hs -1.20188799 | 1.20188799 | 1.20188799
Hy 1.20188799 | -1.20188799 | 1.20188799

Table 5.3: Atomic positions for the methane with LDA

For the given specifications, ABINIT gives the reference values of E, =
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—8.0008720908 Ha, F} = —0.0019601854Ha/ag and C.. = 0.49831Ha/a3 while
the QAGE values are Ey = —8.0008710901 Ha, F} = —0.0019603894Ha/ay and
Cll = 0.4983116254 Ha/a? for a refined mesh. These energies agree in 107°Ha
accuracy and this is also beyond chemical accuracy. The asymptotic convergence
rates are found as 5.30, 6.38, and 6.65 calculating for the last four discretization

points.
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Figure 5.3: Methane convergence plot with the LDA exchange-correlation

5.2 Demonstration of GGA

For the GGA tests, the Perdew-Burke-Ernzerhof exchange-correlation functionals
are used [4]. It also includes a core-correction to the electron density according to
the Willand’s Gaussian pseudopotentials. This correction affects the exchange-

correlation functionals as well.

The chemical accuracy of energy and forces in GGA formulation had been
proven in the previous studies [11]. Calculation of interatomic force constant
tensors can be verified via central second-order derivatives for energy. The di-
agonal elements of interatomic force constant tensors can be derived using pure

derivative formulations whereas the off-diagonal elements require mixed derivative
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formulations. However, verification over energy is expensive. The fourth-order
accurate FD of second-order derivative requires 4NS + 6NS(NS — 1) + 1 inde-
pendent DFT energy calculations where IV is the number of atoms and S is the
problem dimension. Compared to the second-order formulations, the fourth-order
accurate first-order derivative FD upon analytically taken first-order derivative
drastically simplifies the number of necessary calculations. In DFT, the force cal-
culation does not require any further endeavor beyond DFT SCF iterations and
it is absolute within DF'T. The central fourth-order accurate FD of first deriva-
tive needs only 4N .S independent DF'T energy calculations. Therefore, the latter
option is invoked for verification in any DOF. Furthermore, it is significant to
clarify that agreement of the IFC tensors calculated with FD and DFPT in any
order suffices to prove the implementation accuracy due to variational structure
of FEM.

5.2.1 Symmetry convergence

Given a system of N atoms in three-dimensional Cartesian coordinates, the IFC
tensor is a real symmetric 3Nx3N matrix. This tensor contains various symme-
tries originating from the translational and rotational invariance of the system
as well as geometrical symmetries. As an instance of a two-atom system’s IFC
tensor, the first row’s first column is equal in magnitude but opposite in sign to
the first row’s fourth column. Physically, the first is the response of the first atom
to its own perturbation in the x-direction whereas the latter is the response of the
first atom to the second atom’s perturbation in the x-direction. Such symmetries

offer stringent checks for the assessment of DFPT calculations.
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Figure 5.4: Dilithium symmetry convergence plot with the GGA exchange-
correlation, depicting the absolute difference between the first row’s first and

fourth column elements of IFC

Even though the first row first and fourth column elements of the two atom
system’s [FC tensor physically possess the identity, they should numerically dif-
fer in any numerical framework, which already does not employ any symmetry
identities to construct the tensor without separate calculations. However, these
two values must converge to the same value as the mesh structure is refined. For
a coarse mesh, the dilithium molecule’s corresponding tensor values starts from
0.00564425Ha/a? and —0.01101668 Ha/a2. As the mesh refined, these converge
to 0.01054961 Ha/a? and —0.01054942Ha/a3.

5.2.2 Mesh-independent coherence of DFPT and FD

During the LDA demonstration, the results are compared for converged QAGE
and ABINIT energies. However, validation with FD may not need to achieve a
full convergence in energy. In case of that the FD and DFPT IFCs agree even for a
coarse mesh, it can reduce compute time necessary for the validation. Therefore,
difference between the FD and DFPT IFCs’ first-column first-row elements is
observed with respect to the number of DOF for dilithium molecule with GGA.
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Even though the aforementioned anomaly in the first-column first-row of IFC,
which extremely deviates from the symmetric behavior, Figure 5.5 shows that
compliance between DFPT and FD could be assumed independent of how refined
the mesh is, in the aspect of chemical accuracy. Therefore, any order of mesh can

be arbitrarily selected for validation.
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Figure 5.5: Investigation of FD and DFPT correlation with (Liz)

5.2.3 Non-degenerate case

Dilithium is investigated with the GGA exchange-correlation functional as a non-
degenerate example for the given coordinates in Table 5.4. The central square
patch is switched to the dimensions of 4.5024.5024.50a3 and the outer patch

radius is changed to 75ay.

atomic positions in ag

atom X vy Z
Liq -2.7000 | 0.0000 | 0.0000
Lio 2.7000 | 0.0000 | 0.0000

Table 5.4: Atomic positions for the dilithium with GGA

For a fine mesh in this setting, the system energy, force, and first-row
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first-column element of the IFC tensor converge to Ej

—0.7502969813 Ha,
Fl! = 0.0032612054Ha/ay and C!l = 0.0105496054Ha/a3, where the system en-

ergy converge up to 107" Ha. Moreover, the asymptotic convergence rates are

determined as 4.37 for energy, 3.63 for force, and 3.48 for IFC by calculating for

the last five discretization points.
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Figure 5.6: Dilithium convergence plot with the GGA exchange-correlation

The IFC tensors of dilithium via DFPT and FD are compared in a mesh

with 11621 DOF. Major error among these components appear in the order of

10~%Ha/a3.
Ia Jp 11 12 13 21 22 23
11 0.010331446 | 0.000000000 | 0.000000000 | -0.010599412 | 0.000000000 | 0.000000000
12 0.000000000 | 0.001073257 | 0.000000000 | 0.000000000 | -0.000614937 | 0.000000000
13 0.000000000 | 0.000000000 | 0.001073257 | 0.000000000 | 0.000000000 | -0.000614937
21 -0.010599412 | 0.000000000 | 0.000000000 | 0.010331446 | 0.000000000 | 0.000000000
22 0.000000000 | -0.000614937 | 0.000000000 | 0.000000000 | 0.001073257 | 0.000000000
23 0.000000000 | 0.000000000 | -0.000614937 | 0.000000000 | 0.000000000 | 0.001073257

Table 5.5: TFC of dilithium with GGA in pseudopotential setting by DFPT
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Ia Jp 11 12 13 21 22 23
11 0.010331448 | 0.000000000 | 0.000000000 | -0.010599421 | 0.000000000 | 0.000000000
12 0.000000000 | 0.001073254 | 0.000000000 | 0.000000000 | -0.000614947 | 0.000000000
13 0.000000000 | 0.000000000 | 0.001073254 | 0.000000000 | 0.000000000 | -0.000614947
21 -0.010599421 | 0.000000000 | 0.000000000 | 0.010331448 | 0.000000000 | 0.000000000
22 0.000000000 | -0.000614947 | 0.000000000 | 0.000000000 | 0.001073254 | 0.000000000
23 0.000000000 | 0.000000000 | -0.000614947 | 0.000000000 | 0.000000000 | 0.001073254

Table 5.6: IFC of dilithium with GGA in pseudopotential setting by FD

Ammonia (NHj) is also selected for its behavior because it does not display geo-
metrical symmetries for the given coordinates in Table 5.7. This ammonia config-
uration is non-degenerate for the Perdew-Burke-Ernzerhof exchange-correlation
functionals with the Willand’s Gaussian pseudopotentials. For this case, the
square patch has the dimensions of 3.0023.0023.00a3 and the outer patch radius

is selected as 90ay.

atomic positions in ag

atom X y v/
Ny 0.0000 | 0.0000 | 0.0000
H, 0.0000 | -0.0100 | 1.0280
H, 0.8410 | -0.4890 | 0.2940
Hs | -0.8410 | -0.4890 | 0.2940

Table 5.7: Atomic positions for the ammonia with GGA

In Figure 5.7, force on the nitrogen in the y-direction is selected different than
the previous selections. The reference values via QAGE are determined as Ey =
—12.3146515366 Ha, Fy1 = 0.0080691848 Ha/ay and Cll = 0.6633141630Ha/ag.
In this configuration, energy convergence up to 107°Ha is reached. For the as-
sessment of an accurate implementation, the asymptotic convergence rates give
4.71 for energy, 4.27 for force, and 6.88 for IFC by calculating for the last five

discretization points.
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Figure 5.7: Ammonia convergence plot with the GGA exchange-correlation

The IFC tensor’ s only interactions relevant to the nitrogen and the second

hydrogen atoms are included in Tables 5.8 and 5.9. The biggest error in the given

part of ammonia IFC is in the order of 107®Ha/a3 for a mesh corresponding to

11621 DOF.
Ia JB 11 12 13 31 32 33
11 -0.915790663 | 0.000000000 | 0.000000000 | -0.301163527 | 0.184533294 | 0.066270875
12 0.000000000 | -2.059228684 | 0.149491866 | 0.139307502 | -0.111966328 | -0.057877968
13 0.000000000 | 0.149491866 | -1.123363570 | 0.093057453 | -0.090268017 | -0.068328091
31 -0.301163527 | 0.139307502 | 0.093057453 | 0.404651784 | -0.178901424 | -0.092720576
32 0.184533294 | -0.111966328 | -0.090268017 | -0.178901424 | 0.191431137 | 0.077540990
33 0.066270875 | -0.057877968 | -0.068328091 | -0.092720576 | 0.077540990 | 0.202074581

Table 5.8: TFC of ammonia with GGA in pseudopotential setting by DFPT
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Ia Jp 11 12 13 31 32 33
11 -0.915793074 | -0.000000003 | -0.000000001 | -0.301164007 | 0.184533292 | 0.066270874
12 -0.000000003 | -2.059232249 | 0.149492235 | 0.139307500 | -0.111967038 | -0.057877893
13 -0.000000001 | 0.149492235 | -1.123365940 | 0.093057452 | -0.090267944 | -0.068328565
31 -0.301164007 | 0.139307500 | 0.093057452 | 0.404651941 | -0.178901284 | -0.092720599
32 0.184533292 | -0.111967038 | -0.090267944 | -0.178901284 | 0.191431298 | 0.077540908
33 0.066270874 | -0.057877893 | -0.068328565 | -0.092720599 | 0.077540908 | 0.202074815

Table 5.9: IFC of ammonia with GGA in pseudopotential setting by FD

5.2.4 Degenerate case

For the coordinates given in Figure 5.10, dinitrogen molecule (Ny) is investigated

as a degenerate case.

The central square patch for this system is chosen as

2.5022.5022.50a3 and the outer patch radius is selected as 90ag.

atomic positions in ag

atom X y v/
Ny -1.1350 | 0.0000 | 0.0000
Ny 1.1350 | 0.0000 | 0.0000

Table 5.10: Atomic positions for the dinitrogen with GGA

This system converges to the reference values of Ey = —21.0353204649 Ha,

F; = 0.1914899620 Ha/ay and C} = 0.6788092190Ha/ag. For this system, the
energy convergence up to 107°Ha is obtained. After the fitting, the asymptotic
convergence rates give 4.29 for energy, 5.14 for force, and 4.85 for IFC by calcu-

lating for the last five discretization points.
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Figure 5.8: Dinitrogen convergence plot with the GGA exchange-correlation

Dominating error in the IFC tensor of dinitrogen is in the order of 1077 Ha/a?

for a mesh corresponding to 11621 DOF. It achieves more than the chemical

accuracy with monotonic convergence on each component.

Ia Jp 11 12 13 21 22 23
11 0.908436406 | 0.000000000 | 0.000000000 | -0.624605516 | 0.000000000 | 0.000000000
12 0.000000000 | -0.450722540 | 0.000000000 | 0.000000000 | -0.087986756 | 0.000000000
13 0.000000000 | 0.000000000 | -0.450722540 | 0.000000000 | 0.000000000 | -0.087986756
21 -0.624605516 | 0.000000000 | 0.000000000 | 0.908436406 | 0.000000000 | 0.000000000
22 0.000000000 | -0.087986756 | 0.000000000 | 0.000000000 | -0.450722540 | 0.000000000
23 0.000000000 | 0.000000000 | -0.087986756 | 0.000000000 | 0.000000000 | -0.450722540

Table 5.11: IFC of dinitrogen with GGA in pseudopotential

setting by DFPT

Ia JB 11 12 13 21 22 23
11 0.908435988 | 0.000000000 | 0.000000000 | -0.624605875 | 0.000000000 | 0.000000000
12 0.000000000 | -0.450722645 | 0.000000000 | 0.000000000 | -0.087986864 | 0.000000000
13 0.000000000 | 0.000000000 | -0.450722645 | 0.000000000 | 0.000000000 | -0.087986864
21 -0.624605875 | 0.000000000 | 0.000000000 | 0.908435988 | 0.000000000 | 0.000000000
22 0.000000000 | -0.087986864 | 0.000000000 | 0.000000000 | -0.450722645 | 0.000000000
23 0.000000000 | 0.000000000 | -0.087986864 | 0.000000000 | 0.000000000 | -0.450722645

Table 5.12: TFC of dinitrogen with GGA in pseudopotential setting by FD
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Chapter 6

Conclusion

DFPT offers a DFT-based scheme systematically deriving higher-order material
properties through perturbations in atomic positions, electric fields, and strains.
In this work, DFPT formulation has been developed within the FEM framework
for second-order nuclear perturbations. Compared to the planewave implemen-
tations, which is in reciprocal space, the FEM’ s real-space basis provides greater

flexibility in handling aperiodic systems.

The pseudopotential formulation has been validated against both popular
DFPT codes and internal FD procedures. The LDA exchange-correlation func-
tionals with pseudopotentials’ results match ABINIT calculations beyond chem-
ical accuracy while the GGA with pseudopotentials implementation achieves
strong agreement between DFPT and FD IFC tensors. Moreover, the all-electron
DFPT’ s IFCs computed with LDA complies with the FD’ s IFC, representing
the first reported example of all-electron DFPT calculations in real space (see
Appendix A).

The DFPT implementation in QAGE benefits from CPU parallelization at
all available stages. However, given an efficient linear system solver, the FEM
element calculations and assembly become the primary bottleneck. Porting these

from CPU to GPU parallelization could significantly reduce compute time.
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The singularity in Sternheimer equation necessitates either iterative solvers
or direct solvers with pivoting. While available preconditioners accelerate con-
vergence for basic molecular structures, they result in long computation times
for complex Hamiltonian patterns. Developing a preconditioner tailored specif-
ically to the Sternheimer equation could contribute to convergence while it also

contributes to the computational materials community.

Implementation of the DFPT core enables both vertical and horizontal theoret-
ical extensions. Vertically, once a framework is created for a specific perturbation,
higher-order perturbations can be trivially obtained. Horizontally, inclusion of
strain and electric field perturbations causes more initial costs, particularly due
to the consideration of how to impose these perturbations. Nevertheless, the hor-
izontal expansion offers valuable material properties, including the elastic tensor
(second-order strain perturbation of energy) and the force-response internal-strain
tensor (mixed perturbation of strain and atomic positions of energy). Ultimately,

predicting nonlinear material behavior could be a greater goal.
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Appendix A

All-Electron

All-electron (AE) DFT calculations consider both core and valence electrons.
Even though it is more intuitive than the pseudopotentials, it increases the num-
ber of orbitals to calculate. Moreover, convergence in calculations necessitates
too fine meshes. Therefore, it is not preferable yet it is going to be detailed for

completeness.

In the AE framework, each nuclei is formulated with the point-charge expres-
sion of 57 = —Z;6(r — Ry) with Z; as the nuclear charge, where the nuclear
potential takes the form of v; = —Z;/r;. The AE energy definition differs from
pseudopotential energy definition (2.2) by the dropped nonlocal potential contri-
bution and the nuclear charges. Also the nonlinear core-correction to the electron
density becomes irrelevant. Then, the AE energy definition with exact-discrete

change is defined as,

oce/2

P=23 falvifivn) - — (ke

dp+0)

E,e 1, .
ph+ Bo = (=5 =) + Bre = 5 (blieas) + Eyy.
(A1)

Therefore, the canonical Kohn-Sham equation equivalent to (2.17) becomes,

(_%VQ +ve + 'U:cc)wa = ana- <A2)
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The Poisson problem for the electrostatic potential does not change except the
ball-charge and point-charge at the RHS of (2.10). Weakened and discretized

versions of (A.2) can be found following the same procedures in Chapter 4.

The second-order atomic positions perturbation of the AE energy, correspond-
ing to (3.26), takes the form of,

oce/2

d2E
_ 4 SR (FO) _ (0 (R)

vl U %ﬁgﬁ”,}w )] o

0 Ec(p + b] (Ry) 4 Ry g3y | (RO 1 pRDY g3y
+/Vf5(p(r)+b(r))2(p o) d }(p +oB1)d

/Mb(RI,RI)(S Pr (A-3)
J
d(p(r) + b(r))
1 1
2 /@I[ﬁl](RI’RI)b(O)CSIJ d’r — 2 /@1[51](RI) () oy
1 [ 1 [
+ E'5(R1 RJ)

Derivative of point-charges diverges near the core so that manipulating the
perturbation upon the point-charges could increase accuracy, which appear from
the third to the sixth lines in (A.3). It can be achieved with the integration by
parts and the gradient theorem by considering that —d/0r is equivalent to 9/0R;
when acting on r;. It also requires to choose a big enough domain to eliminate

the surface terms. For S} = [ 5(5;?)05% /(Ri) 1 p(R0)) @3¢/ (A.3) can be revised
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as,

oce/2

— 4 o RI) (0)),,(R)

52 m[p(o)] /(Ry / /
+/ [/ me )6 (r —r)d?’r] p B P
+ / SLp RO @B 4 / VS dPr

v 2 81y d®
/ ( +b< T A o

_ 5/01[51] 1 R1)p(0 (51Jd3r— —/va[ﬂz](R’)Bf,O) Br

1 R .
- §/VUJ[5J](RJ)5§O) d’r — §/V21Jem510)5u d’r

+ E?§R17RJ)'

Then, the Sternheimer equation for the AE energy, corresponding to (3.27), takes

the form of,

Ra)(F700) _ (0)),,(R0)Y _ &) [ [ OCEeeld®] ymy) ss] ) g3
8fa<5¢a (H - )¢a > = —8fa [ 0ty Wﬁ d’r’| i, (I‘)d r
- 8fa [ U SLU () s

(A.5)

Similarly, the first-order perturbation of the Poisson equation for the electrostatic

term is given as,

__v2 (/ 552E(J p+ b (p/(RJ) + b/(RJ)) d3r/) — p(RI) + pB1) (A.6)

After the test function selection of ¢ as 6$+") | the weakened form of (A.5)
becomes,

. 62 E,[p"Y] )
ot - iy = [ [T g | )

(52Ec[/)+b] I(Ry) /By By | O (r) e
+ [o|] st iampe ™ £ e e e
(A7)
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After the LHS’s discrete matrices are determined as,

[HWYY = (VN; - VNy)

(HIY = <N1v< IN;) (A.8)

1
2
[H2] = (N

xc

N 7),
and the RHS’s discrete matrices are determined as,

[HPY = (NI Ny)

(A.9)
[H) = (Nrugd Ny),
the discrete Sternheimer equation becomes,
(HOF = QPOY) 0) = ~[HO Y. (A0)

On the other hand, the Poisson problem needs a special but a simple considera-
tion due to the point-charges’ divergent behavior. The weak form is manipulated

as follows,

1
—— < pV2S0 > =< p(pB) + pRI)) >
dm (A.11)

1
- < Ve VS > =< ep®1) > 4+ < VY >,
T

by using similarly the integration by parts and gradient theorems. Then, the

discretized AE electrostatic problem becomes,

(VNG VNG {Se) = (Nip™)) + (VN8 (A12)

Validation for AE systems is handled via a DFPT and FD comparison of
dihydrogen molecule. The system is modeled with the Perdew-Zunger exchange-
correlation functional, LDA. The atom positions are given in Table A.1. The
system has a central patch with the dimension of 2.522.522.543 and an outer
patch radius of 50ay. Reference energy for the defined system is taken as E, =
—1.137844435Ha, which is calculated with a sixth-order Lagrange discretization
corresponding to 435647 DOF.

29



Table A.1: Atomic positions for the dihydrogen with LDA in AE setting

The dihydrogen energy converges to Fy = —1.137243662Ha with a mesh with
72437 DOF. The energy error is in the order of 107*Ha. The convergence is
not aimed due to the simple mesh construction scheme. Relying on Figure 5.5,
DFPT and FD results for IFC are compared directly without complete energy
convergence in Figures A.2 and A.3. The IFC results diverge at the order of

atomic positions in ag

atom X vy Z
H, -0.7400 | 0.0000 | 0.0000
H, 0.7400 | 0.0000 | 0.0000

10~°Ha.
Ia Jp 11 12 13 21 22 23
11 0.199140 | 0.000000 | 0.000000 | -0.352157 | 0.000000 | 0.000000
12 0.000000 | 0.447561 | 0.000000 | 0.000000 | 0.014105 | 0.000000
13 0.000000 | 0.000000 | 0.447561 | 0.000000 | 0.000000 | 0.014105
21 -0.352157 | 0.000000 | 0.000000 | 0.199140 | 0.000000 | 0.000000
22 0.000000 | 0.014105 | 0.000000 | 0.000000 | 0.447561 | 0.000000
23 0.000000 | 0.000000 | 0.014105 | 0.000000 | 0.000000 | 0.447561

Table A.2: TFC of dihydrogen with LDA in AE setting by DFPT

Ia Jp 11 12 13 21 22 23
11 0.199122 | 0.000000 | 0.000000 | -0.352147 | 0.000000 | 0.000000
12 0.000000 | 0.447460 | 0.000000 | 0.000000 | 0.014105 | 0.000000
13 0.000000 | 0.000000 | 0.447460 | 0.000000 | 0.000000 | 0.014105
21 -0.352147 | 0.000000 | 0.000000 | 0.199122 | 0.000000 | 0.000000
22 0.000000 | 0.014105 | 0.000000 | 0.000000 | 0.447460 | 0.000000
23 0.000000 | 0.000000 | 0.014105 | 0.000000 | 0.000000 | 0.447460

Table A.3: IFC of dihydrogen with LDA in AE setting by FD
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Appendix B

FEM Multiverse

In integro-differential equations, the control over which variable a gradient oper-
ates on can simplify both the formulation and computation. It is possible via com-
binations of the integration by parts with the divergence, gradient, and rotation
theorems. However, such manipulations results in surface terms. Fortunately, the
surface integrals disappear in variational formulations under homogeneous Dirich-
let boundary conditions. With homogeneous Dirichlet boundary conditions, both
the trial functions and test functions are constrained to be zero on the boundary.

Therefore, it introduces multiple options in the variational FEM.

The last nonlocal contribution term (B.1) in (3.26) is selected for the manip-
ulation. This term naturally derives from (B.2) by considering equivalence of

—0/0r to 0/0R when acting on r;.
occ/2

4> / VO VAL () dr / O ) P, (B
a=1

occ/2

13 1 / SO AR () o / NOEWOE) P (B2)
a=1

The multiplications of integrations are domain-independent so that these could be
separated for compact inspection. Starting with (B.2), multiverse of formulations

are derived by using the integration by parts, gradient theorem, and Dirichlet
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boundary conditions. The perturbation indices are transformed to gradients as,
/ PO NBrRI) g / VOV (VAy) dr. (B.3)

Then, the integration by parts and gradient theorem are enforced as,
/ V:OV(VAy) dPr = / VOV AN, dPr + Q¢;<0>VANL @nd’r, (B.4)

where the boundary element vanishes due to the homogeneous Dirichlet boundary
conditions. As a result, the same procedure can be expended to the following

equivalent formulations,

/1/};(0)V(VANL) d3r — /V1/JZ(O)V)‘NL d3r . /V(sz(o))/\NL d3r. <B5)

The first and last terms in (B.5) contains second-order gradients in which shape

functions complicate the NURBS formulation. The weak form is written as,

DN, 06\ 9E  [ON; %N
*(0) ~ #(0) Ivs Ys 0) 43
/VW P~ /¢ Kaear)@aﬁ(awr?)pf‘“’

(B.6)
where
O*Ny 9, 06  ON; 0 (0%
[3&8& Or; or; | &, Or; (873)] €; ® e, (B.7)
is equivalent to
e T ©) BT S FF B.8
et T [(%)F ot Fo (B.8)
using the operations,
Fir(F7)kj = 0, (B.9)
OFy O(F-~
k(F )kl‘f‘Fik ( )kl:(]
ONF ) - 8an(F_) :
87"]' B km 87"]' nls
OFy _ 0 (i) _ O 06 (B.11)
Or; — Or; \0&/) — 0&09& Or;’ :
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Here, lowercase letters, i.e. r, represent vectors while uppercase letters, i.e. F,
represent matrices. At some parts, the formulations are transformed into index
form according to the Einstein’s notation that double indices mean summation

over the index. The unit vectors e; is the elements of orthonormal basis set.

The argument detailed with the nonlocal pseudopotential contribution is valid
for the atom-atom interactions as well. The atom-atom interaction terms (B.12)

in (3.26) is also a result of similar manipulations.

/ / Lt ?’ e T / ol o dr - (B12)

The first and the last terms at (B.13) are equivalent. Both converge to the
same value as the domain size is selected big enough for the atomic charges to
vanish. Either can be preferred for implementation. However, the first term is
chosen because the last term requires the second-order perturbation solutions of
the atom potential which results in additional Poisson problems. On the other
hand, even though the perturbation indices of second and third terms differ, they
are equivalent due to the symmetry in atomic charges and potentials. Therefore,

both cheaper and neater form given in (B.12) is selected to implement.

1 1
— —/@ezt6§R“RI)51J d’r — —/@l(rRI)[ﬁI]ﬁSRJ) d’r

2 2
1 ~(Ry) (Rr) 13 1 RIyRI) 3 (B.lg)
—5 /W B8, d°r — 5 181166, d°r.
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Appendix C

Finite Difference Scheme

Verification of the IFC tensors via DFPT can be found through second-order
derivative on energy and first-order derivative on force. For IFC, positions of
nucleus I in the direction of «, Rj,, are perturbed in FD scheme. Then, the
fourth-order accurate pure FD of second-order derivative scheme, which is appli-

cable to the diagonal elements, is

*E N _E25R1a + 16E6RIQ —30FEy + 16E—6R1a - E—26R1a
OR2, 12(6Ra)?

+ O((6R 1)),
(C.1)

whereas the fourth-order accurate mixed FD of second-order derivative scheme,

which is applicable to the off-diagonal elements, is

82E ~ 64 (EZSRIOH(SRJB - E[SR]a,*(sRJB - EfﬁR]a,(SRJB _'_ EféR]a,flsRJﬁ)

GRMRJ/; - 144(6Rla)2
8 (EasRyo 6Rys — Foomyn—Ry5 — F-25R100Rys T E-2Ryu—Rp)
144(5R1a)2
. (ES(SRIQ,(SRJ[; - E3(5R[a,—6RJ5 - E—35R[Q,5RJB + E—3R]a,—RJ3)
144(0R4)?
+ O((6R10)*(0R5)?),

(C.2)

where ¢ imposes the finite FD step on the element it operates.
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The fourth-order accurate FD of first-order derivative scheme is

OFw,,  —Fri.42Rr,5 T 8F R 6,5 — 8FRiu—R,5 T FRiu—26R 5
8RJ5 125RJ6 (Cg)

+ O((0Ry5)"),

where Fg, is the force component on the ion I in the direction of a.
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Appendix D

Vibrational modes

Vibrational modes describe atomic oscillations under a molecular perturbation.
These modes are determined by converting IFC (C) to the dynamical matriz (D)
by mass-weighting the IFC with atomic masses (M) [41].

1

—Ca D.1
AL e (D.1)

Dla,Jﬁ =

Each mode is associated with a vibrational frequency (w) in units of rad/s, which

is equivalent to A% and the normalized dimensionless eigenvectors (erq).
ag-amu’

The square roots of the dynamical matrix’s eigenvalues correspond to the vi-
brational frequencies while the eigenvectors give atomic displacement patterns,

satisfying the eigenvalue equation,
Dra.j5€10 = Wiy€la- (D.2)

As a convention, the vibrational frequencies in the unit of rad/s are converted to
em~! for comparison with infrared and Raman spectra, where amu denotes the
atomic mass unit. Real vibrational frequency indicates stable vibrational modes,
which indicates translational and rotational invariance. In contrast, imaginary

vibrational frequencies point structural instabilities.

1

The vibrational frequencies in the unit of em™" is counterintuitive because it
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does not use the unit of frequency (Hz). However, it origins from the Planck-
Einstein relation,

E = hw = 2rhed, (D.3)

where A is the reduced Planck constant, ¢ is the speed of light and o corresponds to
wavenumber 1/X in em™!. Therefore, the vibrational frequency becomes directly

comparable to spectroscopic measurements.

Vibrational modes contain 3N — 6 normal for ordinary molecules while 3N —5
for linear molecules, where the atoms are co-linear such as Hy, CO5. Both contain
3 for translational symmetry and the remaining is due to rotational symmetry.
A linear molecule of point masses lying in x-axis cannot rotate about its axis so

that one of the zero frequencies drops.
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