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ABSTRACT

In this thesis, we study on stabilization of the solutions of second order nonlinear
parabolic equations by using finite parameters feedback control systems. In particu-
lar, the zero steady state solution of initial boundary value problems, for nonlinear
parabolic equations (with Neumann and Dirichlet boundary conditions) is examined.
Finite parameters, such as, spatial averages (finite volume elements), finitely many
Fourier modes and finitely many nodal observables and controllers are used. More-

over, continuous dependence of the solutions on the initial data is shown.
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OZETCE

Bu tezde, sonlu sayida parametreli geribildirim denetim sistemlerini kullanarak,
ikinci dereceden dogrusal olmayan parabolik denklemlerin ¢oziimlerinin kararliliginm
calisiyoruz. Ozellikle, dogrusal olmayan parabolik denklemler icin baslangic siir
deger problemlerinin (Neumann ve Dirichlet simir kogullar ile) sifir-durgun-durum
(zero steady state) ¢oziimiiniin kararhiligi incelenmigtir. Sonlu parametreler olarak,
konumsal ortalamalar (sonlu hacim elemanlar1), sonlu Fourier modlar ve sonlu diigiim-
sel gozlemlenebilirler (observables) ve geribildirim denetleyicileri kullanilmigtir. Buna

ek olarak, ¢ozlimlerin baglangi¢c degerine siirekli bagimli oldugu gosterilmistir.
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Chapter 1

PRELIMINARIES

1.1 Introduction

The determining parameters are crucial in the feedback control theory. C. Foias and
G. Prodi (1967), in [3|, present the first rigorous proof about the description of the
long term behaviours of the solutions of the particular dissipative equations, by a
finite number of degrees of freedom. Specifically, it is shown that the asymptotic
behavior of solutions of initial boundary value problem for two dimensional Navier-
Stokes equations can be determined by first N Fourier modes.

A. Azouani and E.S. Titi ( |1]) studied the problem of stabilization of the problem

uy (2, t) — Ve (z,t) — au(w,t) +u’(z,t) = 0, (1.1)

uz(0,t) = ux (L, t) =0, Vt>0, (1.2)

where v, > 0, by using controllers depending on finite number of parameters. They

studied the following feedback control system.

uy(2,1) — Vg (z,t) — au(z, t) +u(x,t) = —puly(u), (1.3)
uz(0,t) = u, (L, t) =0, ¥Vt >0, (1.4)
u(z,0) = up, . (1.5)

As an extended application of this study, in the article [5|, E. Lunasin and E. S.
Titi develop some algorithms for the finite-dimensional feedback control of infinite-
dimensional dissipative evolution equations. Specifically, a feedback control system is

developed for the stabilization of the solution of those equations. The computational
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studies are done on one-dimensional Chafee-Infante and one-dimensional Kuramoto-

Sivashinsky equation:
u(t, ) + Upgae (B, ) + Uz (E, ) + u(t, x)u,(t,2) =0 in (0,00) x R. (1.6)

A recent study about the feedback control by using finite number of determin-
ing parameters is done by V. Kalantarov and E. S. Titi, in [4]. Different from the
previous studies, the feedback control is used to stabilize the solutions of nonlinear
damped wave equations. In particular, the nonlinear damped and strong damped

wave equations
0P — Au+bdu — a+ f(u) = —pw, v€Q, t>0, (1.7)
and
Ofu — Au+ bAGu — Au+ f(u) = —pw, x€Q, t>0, (1.8)

are studied. Various feedback controllers are employed to stabilize the solutions of:

(i) equation (|1.7)) with Neuman boundary conditions by using finite volume elements,

(ii) equation (1.7) with Dirichlet boundary conditions by using one feedback con-

troller based on a proper subdomain 2 C R",

(iii) equations (|1.7) and (1.8) with Dirichlet boundary conditions by using finite

number of Fourier modes,

(iv) equation ((1.8]) by using finite number of nodal values.

In this thesis, following [1]|, we propose a feedback control for nonlinear parabolic
equations by using finite number of determining parameters, such as spatial averages,

nodal values, Fourier modes and nodal observables. We will consider the following
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initial-boundary value problem for a one dimensional second order nonlinear reaction-

diffusion equation of the form

up(2,t) — Ve (z,t) — au(w,t) + |u(z, )P 2u(r,t) =0, (1.9)
uz(0,t) = u, (L, t) =0, Vit >0, (1.10)
u(z,0) = ug, up € L*(0,L). (1.11)

where p > 2 and v and « are positive constants.

Let us explain the structure of the thesis briefly:

In Chapter [T} we give some preliminary information about function spaces, useful
identities and inequalities, and some auxiliary lemmas and theorems.

In Chapter [2, we present three examples of the interpolant operators. These are
interpolant operators based on spatial averages, nodal values and finite number of
Fourier modes.

In Chapter [3] we demonstrate how an interpolant operator can be used as a feed-
back controller. Specifically, in our first subsection [3.1], we use an interpolant opera-
tor based on the spatial averages to stabilize the zero solution of equation with
Neuman boundary conditions . In the second subsection , we use another in-
terpolant operator which is based on the Fourier modes to stabilize the zero solution

of equation (|1.9) with Dirichlet boundary conditions
u(z,0) = u(x, L) = 0.

In Chapter [ we study the stabilization of the zero solution of zero steady state
solution of the problem ((1.9)-(1.11]) in L? and H' norm.

Finally, in Chapter [} we introduce a new feedback control system
uy (2, 1) — Ve (z,t) — au(w,t) + |u(z, )P 2u(z, t) = —ph i\[: w(Ty, t)0(x — xp),
k=1
with the periodic boundary conditions
u(z,t) =u(z+ L, ).

Remark 1.1.1. Throughout this thesis, the parameters v, and p are positive num-

bers and p > 2.
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1.2 Function Spaces

Lebesgue Spaces

For 1 < p < oo, LP(QQ) is the space of all Lebesque measurable functions defined on

2 with the following norm:
ey = ([ 17@Pa) " 1<p<oc
Q
[/l 2oo() = esssup,eqlf(z)],  p=o0.

Note that the space LP(Q) is a Banach space. Moreover, L?(Q) is a Hilbert space.

The inner product in L?*(Q) is defined as follows:

(fyg)m(ﬂ):/gf(a:)g(a:)da:.

In the following chapters, the norm and the inner product in L?(0, L) will be denoted
by || - || and (-,-), respectively.

The Space of Test Functions
The space of test functions, C'°(€2), is defined as follows:
C(Q) ={n € C*: supp(n) is compact in Q},

where

supp(n) = {x € Q: n(x) # 0}.

Note that the space of test functions C2°(£2) is dense in LP(Q2) for 1 < p < oc.

The Space of Locally Integrable Functions

The space of the locally integrable functions is denoted by Lj10.(€2) and defined as

follows:

Li1oc(2) = {f : @ — R measurable : f|x € L'(Q), VK C Q, K compact}.
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Sobolev Space H(Q)

Definition 1.2.1 (Weak Derivative). Assume that o = (au, .., ) is a given multi-
index, u and v are locally integrable functions over Q. Assume that ¥n € C(Q)) the

following equation is satisfied:

[ ut@pata)ds = (1! [ oo,

where

9In(x)

ozt ...0xgm

Then the function v is called a-th weak derivative of u on the domain Q.

Dn(x) =

The Sobolev space H'(f2) is an inner product space of all functions u € L?((2)
that have all first order weak derivatives u,,’s are from L*(Q) for i = 1,2, ...,n. The

inner product in H'(Q) is defined as folllows:

(u,v)Hl(Q) = /Q + ZUIJ ’ij dx.

The H'(2) norm is defined as follows:

ol = ( [ (2o + |Vu<x>|2>dx); | )

In the following chapters, the H'-norm on the interval [0, L] will be defined as follows:

1 [t L
||u||§_[1(07L) = ﬁ/ u2(x)dx+/ u?(r)dz.
0 0

This norm clearly is equivalent to the norm . The closure of the space C2°(€2) in
the space H'(Q) is defined as the Hilbert space Hj(€2). The inner product in H} ()

is defined as follows:

(u, ) 3 0 /Vu - Vou(x)dx.

The Dual Space of H}(Q):H ()

See [2|) The dual sSpace of Hl Q s Hl Q *, is denoted by H_l 1) and defined as
0 0
follows:

H Q) ={u: H}(Q) — R| uis bounded and linear}.
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The pairing between H () and H} () is denoted by (-, -).

Definition 1.2.2. The H~! norm is defined as follows:

lullzr-10) = sup{(u, w)| w € Hy (), [lwl| 5y < 1}.

1.3 Useful Identities and Inequalities

Lemma 1.3.1 (Parseval Identity). Suppose that f € L*(0, L), with period L

Let ay, by, be real Fourier coefficients of f. Then we have the following equality

oo

2
a
_/ |f(x \d$—|0| +Z\ak|2+’bk ;
=1

where

L
w=2 /0 f(x)da,
/L f(@) cos(ZkWI
0

L
/ f(x) sin(Zkﬂx)d:ﬁ, kelZ".
0

Ydz, keZt,

ap —

by, =

L

Nl

Lemma 1.3.2 (Gronwall’s Inequality). Let u(t) be a real-valued function which
satisfies the following differential inequality:

iu(t) <w(t)u(t) + h(t), Vtel0,T].

Then "
u(t) < u(0)exp ( /0 tv(r)dr) + /0 Ceip < / tv(f)df) h(s)ds, vt € [0,T].

Gronwall’s inequality for integral:
Let u(t) and v(t) be nonnegative continuous functions for t > 0, and satisfy the

following inequality:

u(t) < C+ /tu(r)v(r)dr, vVt >0,
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where C > 0. Then

u(t) < Cexp (/Otv(r)dr> . Vt>0.

Lemma 1.3.3 (Cauchy-Schwarz Inequality). Let H be an inner product space
with . Then for any u,v € H, the following inequality holds:

[(w, 0) | <l glloll -

Lemma 1.3.4 (Holder Inequality). Assume that p € [1,00] and % +% = 1. If
u € LP(Q) and v € LI(Q), then wv € L' () and

|uv]| i) < [Jullr@) vl zeo)-

Lemma 1.3.5 (Young’s Inequality). Let p and q be positive real numbers such that
% + % = 1. Then for any nonnegative real numbers a and b the following inequality

holds:
p q
<@ ¥ (1.12)
p q

Young’s Inequality with €:

For some € > 0, the following inequality holds:

2 b2
ab < g—€+% (1.13)

Lemma 1.3.6 (Poincaré Inequality). For all o € H}(0, L), the following inequality
holds true:

el < )~ HI¢N%, (1.14)

d2

where A\ is the smallest eigenvalue of the operator — -

with Dirichlet boundary con-
ditions.
Proof. Let us write Fourier expansion of ¢.
p(x) = wpw(z)
k=1
P (x) =) onwy(x)

k=1

= — Z AW (T).
k=1
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Consider the following
| @i == [ @l
— /0 (Z gpk)\kwk(:c)> (Z gpmwm(x)> dx

m=1

Z/\leOE

k=1

= Milell”
O

Lemma 1.3.7 (Poincaré-type Inequality,(e.g. [4])). For all w € H}(0,L), the

following inequality holds true:

N

lu(t) = (u(z,t), we)wil|* < (Ansa) " lua ()1, (1.15)
k=1
where wy,’s are orthonormal basis for L*(0, L) and )\, is the smallest eigenvalue of the
d2

operator — 4 with Dirichlet boundary conditions.

Lemma 1.3.8 (Jensen Inequality). Assume that f is a convex function in R. Let
Y € LYQ) is a positive function and w € C(Q). Then the following inequality holds

true:

Jo (@) (z)de ; < 1, u(a:)w(x)dx)
Jovlyde =7\ [ (2)de )

Proof. Let us consider the following:

)

Since f is a convex function, there exists a number m such that

f(u) = f(ko) +m(u — ko). (1.16)
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Let us multiply both sides of inequality (1.16)) by ¥ and integrate over the region €.

Thus, we get

/Qf(u(x)) dx>fk0/1/1 dx+m/ dx—mko/l/) dr. (1.17)

Let us write the value of kq in the last inequality (1.17]). Hence, we obtain

/f v)dz >f(foQ dx)/gw(x)dx.

]

Lemma 1.3.9 (Monotonicity Inequality). If p > 2, then there exists a number
do(p,n) such that for each a,b € R™ the following inequality holds true

(laP~2a = |b|P~2b,a — b) > do|a — bJP.
Proof. Let J : R — R be a function defined as

J(p) = (|a]P~%a — |b]""?b,a — b), Vp > 2.

J(p) = (la""*a — b]""*b,a — b)
'd
_ </ llsa+ (1= )b (sa + (1 - 5)b)]ds, a — b)
o ds
1
= / |sa + (1 — 8)b|P2|a — b|*ds
+(p— 2/\8@—1— $)bP~4(sa + (1 — s)b, a — b)*ds.
Since p > 2 we get
1
J(p) > / |sa + (1 — s)bP2|a — b|*ds. (1.18)
0
If |a| > |b — a| then we have

|sa+ (1 —s)b| =]a+ (1 —s)(b—a)

> [la] = (1 = s)la = b[| = sa —b].
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Thus,

1
J(p) > |a— b|2/ sP72%|a — b[P~%ds
0

1
= la — bJP.
p—1

If |a| < |b— a| then we have

sa+ (1 —s)b| =]a+ (1 —s5)(b—a)l

<la|+ (1 =38)la—0b] <(2—s)la—10|

Therefore,

[|sa + (1 — s)b|?)2

1—s)b|P~? > :
st (U= bl 2 T o — bp

By using Jensen’s Inequality ((1.3.8]), we obtain from (1.18)) the following inequality

sy = a0 [ IEEEEIE

1/ :
> — (/ |sa + (1 — s)b\zds)
4 \Jo

11 9 9
= J3p(lal + (@ b) + [bP)

_ 11 (BatbP, Ja—b e
- 43% 4 4

11
> -
4

P
2

D |CL - b|p
122

This completes the proof. O

1.4 Useful Lemmas and Theorems

Lemma 1.4.1 (See [6]). If f € H}(0, L), where H)(0, L) is the completion of C3°(0, L) =
{flo.n) : f € C and fis periodic with period L} with fOL f(z)dx =0, then

[wwre < (L) [(rwre
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Proof. Let us consider the Fourier series expansion of f.

> 2minz
fla) =3 cvep (T,

n=—oo

Since

L

| s =0,

0
we have

1 L

co = z/o f(z)dx = 0.

Thus we can write the Fourier series expansion of f as follows:

o= Y e (T,

n=—00,n#0

Let us take the derivative of f(x) with respect to x.

By using Parseval Identity we have the following equality:

/OLyf'(x)de:L > (%T")cn2

n=—o00,n#0

Thus, we get

L 0 4202
[ir@ra= 3 L (Tl

n=—00,n#0

472 =
z(?) > Lle®

n=—00,n#0

Thanks to Parseval Identity in the right-hand side of the last inequality, we

/OL!f’(x)de > (%) /OL!f(w)Fdx. (1.19)

Hence, this completes the proof. O

obtain
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Lemma 1.4.2 (See [7]). Let V, H,V* be three Hilbert spaces such thatV C H = H* C
V*, where V* and H* are dual spaces of V and H, respectively. If u € L*(0,T;V)
and uy; € L*(0,T;V*), then the following equality holds true:

d
SO = 2,

Theorem 1.4.3. Assume that f : R™ — R" is a locally Lipschitz function,

i.e. f satisfies the following inequality

1 (@) = f(W)llen < L(B)llz = yl[rn

for every x,y € B, where B C R"™ is any bounded set.

Then there ezists a T' = T(xo) such that the initial value problem

dx
o =@, w0 =2 (1.20)

has a unique solution on [0, T].

Theorem 1.4.4. Let x(t) be a solution of the initial value problem (1.20)). Then z(t)

has a mazimal interval of existence [0,T*) if and only if |z(t)||gn — 00 as t — T*.

Definition 1.4.5 (Weak* Convergence). Let X be a Banach space. A sequence
{fn} € X* is said to be weak™ (weak star) convergent to f if f.(x) — f(x) for
all x € X.

Theorem 1.4.6 (Alaoglu weak™ compactness, see [6]). Let H be a Banach space and
{u,} be a bounded sequence in the dual space H*. Then {u,} has a weak™ convergent

subsequence.

Theorem 1.4.7 (See [6]). Assume that {u,} is a bounded sequence in a reflexive
Banach space, U. Then there ezists a subsequence of {u,} which is weakly convergent
i U.

Theorem 1.4.8 (See [6]). Assume thatu € L*(0,T; H'(0,L)) andu; € L*(0,T; H™').

Then (i) w : [0,T] — L*(0, L) is continuous

sup, lu(®)] < C([u®) 20,15 0,0)) + l[ue(®) | z20,7:m-10,0))):
te[0,T
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and (1)

for almost every t € [0,T].

Theorem 1.4.9. Let X C C H C Y be Banach spaces and X be reflexive. Assume

duy,

7 1s uniformly bounded

that w,, is a uniformly bounded sequence in L*(0,T; X), and
in LP(0,T;Y"), for some p > 1. Then there exists a subsequence that converges strongly

in L*(0,T; H).

Lemma 1.4.10 (See [8]). Let u, be a bounded sequence of functions in LP(0, L)
(1<p<o0) Ifue LP0,L) and u, — u almost everywhere then u, — u weakly in
LP(0, L).

Lemma 1.4.11 (See [8]). Let X be a Banach space and X* be the dual space of X.
If for 1 < p < o0,

u, — u weak™in LP(0,T; X),
(1.21)
u, —u' weak™ in LP(0,T;X),
then

un(0) = u(0) weak* in X. (1.22)

Remark 1.4.12. In Lemma [1.4.11} for a reflexive Banach space X, weak™ conver-

gence 1s the same as the weak convergence.
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EXAMPLES OF INTERPOLANT OPERATORS

In this section, we define a linear map I, : H'(0, L) — L*(0, L) which satisfies for

every p € H(0, L), the following inequality

le = In(p)ll < chllellrro,n), (2.1)

where ¢ > 0 is a constant. We use this map, I;, as an interpolant operator. We

introduce three types of interpolant operators and show that they satisfy inequality

(2.1), for every p € H'(0, L).

2.1 Interpolant operator based on spatial averages (finite volume ele-

ments).

The interpolant operator based on spacial averages is defined as follows:

In(p) = Z@kxh (),

where J, = [(k—1)£, k%), for k=1,..,N —1,and Jy = [(N = 1), L] . X;,(z) is
the characteristic function on the interval J;, and

1 N
=7 ] s =F [ elds
k

P
k L/,
are the local averages of the solution for £ =1, ..., N. In the following proposition, we

will show that this interpolant operator satisfy inequality (2.1]).

Proposition 2.1.1. Let ¢ € HY(0,L) and h = % Then the following inequalities

hold true:
N

le =S BXall < hl@N < Allelm o, (2.2)
k=1
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ol < hz + (5 )2||90 2 (23)

Proof.
N I N 2
le = BXul” = / (@(90) - Z@M(@) dz.
k=1 0 k=1
Since
N
> Xy (x) =1,
k=1
we can write
N
p(r) = o(x) Y Xy, (2)
k=1

We know that X, (z)X,(x) = X, (x)dx. Thus, we have:

lo— S B = / S (0(2) — B, (2)da

0
N
=3 [ (o) - 2.0
k=1 "k
Since fJ —pr)dz = 0 and p(z) € HY(0,L), we can apply Lemma in

equality (2.4 . We obtain:

IN

/Jk ((z) — By) de (%)2 /Jk ( (x))?da. (2.5)
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By summing inequality (2.5 from £ =1 to k = N, we get:

_ h
o= Somult < (5) 3 [ (e
1 T =
h ? g ! 2
— (X d
(55) [ i
h ? /12
- (3) el
= Wl
Hence,
N
o~ Bl < k@) < Bl
k=1

Now, we will show that

N 2
2 p, —2 ﬂ 72
el < hY i+ 5 ) ¥
k=1

Let us consider the inequality

/Jk (o(z) — @) de = /Jk ©*(x)dx — 2, /Jk o(x)dx + /Jk 5, 2da.

By definition of @,

/ (ple) -7 = / )i~ 7

By using Lemma [1.4.1} we get:

/Jk Ha)de = °h < (2};>2/J (¢'())*de. (2.6)

By summing inequality (2.6 with respect to k from & =1 to k = N, we obtain

> [ pomenyeis (1) S [ o

/0 dac—thok _( )2/OL(<,0/(I))2CZ$

_ h)®
ol =137 < (55) 112
k=1
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Therefore,
N B\ 2
ol <0 Y7 + (5 ) I
k=1 T
This completes the proof of the proposition. n

2.2 Interpolant operator based on nodal values.

We define this type of interpolant operator as follows

I(e) =) plar)Xy, (@),

where xj, are the points in Ji for k =1, ..., N and X, are the same as in the previous

example. In the next proposition, it will be shown that this operator satisfy inequality
1.

Proposition 2.2.1. For every ¢ € H*(0, L), the following inequality holds

N
lo = > el Xl < hli¢']l.

Proof.

N

k=1
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Let us apply Cauchy-Schwarz Inequality (1.3.3) in the right-hand side of inequality
(2.7), we obtain:

lo— Zwk Xl <h2/ tay [ ¢y
—hQZ y)*dy

< h2||90’||2-
Hence, we conclude:

N
lo = e@)Xa ]l < Rl
k=1

2.3 Projection onto Fourier modes as an interpolant operator.

In this example, the interpolant operator will be constructed by using the projection
onto Fourier modes. We will present two examples of interpolant operator by using
Fourier modes.

Ezample 1.

In this example, we will define I, as follows:

N
k‘:mr
E Preos(—

where

O = %/0 () cos(ﬂ—f;t)dx. (2.8)

Next proposition implies that this interpolant operator satisfies inequality (2.1]).

Proposition 2.3.1. Let ¢ € H'(—L, L) be an even function and ¢ be defined as in

(2.8). Suppose that
L
/ o(z)dz = 0.
0
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Then the following inequality holds:
le — Zsokcos D) < chlll,

_ L
where h = 5

Proof. Since ¢ is an even function from H'(—L, L), we can write its Fourier series

extension with period 2L as follows:

A~ o0 k
:% ; or cos(20)

where

L

First, let us take the derivative of ¢ with respect to x.
= km kmx
! _ ~ o . o
#le) = =3 e Tsn )

Note that by using Parseval Identity and Poincaré-type Inequality [1.3.7] we get:

2 [* k
O = —/ () cos(%)dx, k=0,1,2,..
0

k=N-+1
(N+1)2r2 SN
2 oL Z |2k ?
k=N+1
N
(N +1)*z? . kxm o
= ST o = 3 rcos(S)|
k=1
Therefore,
V2L ,
< ch||¢]|.
where
2L 1
c= —\/_ and h=—.
T N
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Ezxample 2
Let us define the interpolant operator as
al kmx
In(p) = Z Prsin(——),
where
2 [F k
o = z/o () sin(%)dz.

As in the following propositions, we will show that this interpolant operator also

satisfies inequality ([2.1)).

Proposition 2.3.2. Let ¢ € H'(0,L). Then the following inequality holds:

llp — Zwksm 5 < ehligl,

_ L
where h = 5

Proof. Let us write Fourier expansion of ¢ as follows:

- f: by sin( ")
- gpk L )
=1
where
2 [* k
O = E/o o(x) sin(%)dw, k=0,1,2,..
Let us take the derive of ¢ with respect to z.
> kn kmx
/ f— A — —
#e) =3 o oL

Thanks to Parseval Identity |1.3.1, we obtain:

L LN km
! 2 _ 21,5 12
| @ =53 (Fal

k=1
L & km
> = 2|5
>2 > &
kE=N+1
(N+1)*72 &K .,
>~ 7
= oL, Z |Px
k=N-+1

N +1 kxm
N S T
k=1
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Therefore,

V2L
I — Zwksm D)) < N+ 1)m 1]l
< chll¢|
where

V2L 1
c=—— and h=—.
s N



Chapter 3

INTERPOLANT OPERATOR AS FEEDBACK
CONTROLLER

In this chapter, there will be two problems with different stabilizers and distinct
boundary conditions. We will present the stabilization of initial boundary value prob-
lem for nonlinear reaction-diffusion equation by using controller involving interpolants

based on the spatial averages and Fourier modes.

3.1 Spatial Averages as Stabilizer

In this subsection, we will consider the following feedback control system:

U (2, 1) — Ve (z,1) — au(z, t) + |u(z, )P >u(x, t) = _MZEkXJk(l‘) (3.1)

uz(0,t) = u, (L, t) =0, Vit >0, (3.2)

u(z,0) = uy. (3.3)

The feedback controllers are the interpolant operators based on the spatial averages
of which is mentioned in Chapter [2|

Next, we will show that the stabilization of the zero solution of the initial- boundary
value problem (|1.9))-(1.11)) under the following condition

> 1/(2%)2 >« (3.4)

L

where h = 5

Theorem 3.1.1. Assume that holds. Then for each solution u(t) of the problem
(3.1)-(3.3), we have ||Ju(t)]| — 0, as t = oo.
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Proof. Let us take the L? inner product of equation (3.1]) with w.

/OL wy(z, t)u(z, t)de—v /OL Uge (x, t)u(z, t)dr — a/OL w?(x, t)dx + /OL u(z, t)|Pdx
= _“Z/ wpu(z, t)d (3.5)

Note that
L
t Hdr = =— 2
| wteute. 0t = 3210l
and by using integration by parts and the boundary conditions (3.2)), we have
L L
/ Uge (T, D) u(z, t)dx = —/ uxz(:v,t)dm.
0 0

Thus, equality (3.5 implies:

1d 2 g 2 2 -
g MO+ [ a0 = alu® + Ol = 43 dx
0 k= Ji
1d ) ) ) L&
2O + PO = el + w0y = =i 2
k=

This implies

1d

5 7 1O + vllwa @1 + Mhzuk —alu®)|* = —lu®l - (3:6)

k=1

It is clear that

N N
4 2
s+ Y = = ( Sl (81 + th ) (=07 ) S
By using the condition (2.3]) and the condition (3.4, we obtain:
N 472
vilug (O + ph Y > VTHU(t)HQ- (3.7)
k=1

Employing (3.7)) in (3.6)), we obtain the following inequality:

4y
2 2
— t)|” <0.
3 g1+ (5 = o) P <
By using Gronwall’s Inequality ((1.3.2)), we get:

<2 N2
lu()]? < &2 B ) g2

Hence, ||u(t)|| tends to 0 as t — oo, with an exponential rate. O
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3.2 Fourier Modes as Stabilizer

Next, we will consider a new feedback control system for the following initial-boundary

value problem

U (7,1) — Ve (z,1) — au(w,t) + |u(z, )P u(z, t) =0, (3.8)
u(0,t) =u(L,t) =0, Vt>0, (3.9)
u(z,0) = uy. (3.10)

We will construct a feedback control system for this new problem ({3.8])-(3.10)) by using

the interpolant operator based on the Fourier modes:

N

k
(2, 1) — Ve (2, 1) — au(x, ) + |u(z, t) [P 2u(z, t) = —uZuk(t) sin(%x) (3.11)
k=1
u(0,t) =u(L,t) =0 (3.12)
u(x,0) = u, (3.13)
where
k k
u(t) = Z/o u(zx,t) sin(T)d :
under the following conditions
> 2, (3.14)
and
Owi) ' < et (3.15)
T a?l?+ 2oL’

where Ayyp is the (IV + 1)-th eigenvalue of the operator —% under the homoge-
neous Dirichlet boundary conditions. In the following theorem, we will show that all

solutions of the problem (3.8)-(3.10)) tend to zero, as t tends to infinity.

Theorem 3.2.1. Assume that the conditions and hold. Then we have
[u(®) |10,y = 0

as t — oo, for every solution u(t) of the problem (3.11))- (3.13)).
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Proof. In order to show that ||u(t)|| g0,y = 0 as t — oo, first we will show that
lu(t)]] — 0, as t — oc.

Let us write the Fourier series expansion of u as follows:

[e o]

Z ug(t) sin(lme),

k=N+1

u(z,t) = Zuk(t) sin(k%x) +

and take L? inner product of equation (3.11)) with .

1d

2 2 P 2
5 7 It + et / [u(z, t)[Pdx — aflu(?)]

.y /0 (;uk(t) sin(ki;)> (Zul(t) sin(lﬂTx)) dz.

=1

N 00

Since Y uy(t)sin(®%) and Y. wy(t)sin(#2) are orthogonal to each other, we get
k=1 k=N+1

the following equality:

1d 2 2 p 2
WO+ O + [ oo, 0~ )]
N L
k
:—pZuk(t)/ sinQ(ﬂ)d:C
k=1 0

By using Parseval Identity [1.3.1} we obtain:

NI + a0 + / |uxt>|pdx+(%—aL)Z () =aL ) ui(t)

k=1 k=N+1

Thanks to the Poincaré-type Inequality [1.3.7], we get

N
2 2 pL 2
SO+ a0+ [t e+ (4 - o) > uie)
< aL(An+1) " Hua ()]
By using the assumption (3.14]) we get:

S lu@®I + (v = aL(An41) ™) lu(1)[* < 0. (3.16)
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Thanks to the assumption and Poincaré Inequality we obtain followings:
5O + Sl <0
5 @I+ Zhu@)]? <.
By taking integral from 0 to t, we get:
lu)]* < lluol?e™.
Therefore,
Jim (0 = 0. @17

Now, let us show that

|ue (8)||* — 0,as ¢ — oo.

Let us rewrite (3.11)) in the following form:
al kmx
u(,t) = Vit (2, 8) + (1 — @) Y ur(t)sin(==) + u(z, )P~ 2u(x, t)
k=1

=a )y uk(t)sin(lme) (3.18)

k=N+1
Let us multiply (3.18)) by u; and integrate with respect to = from 0 to L.

d |v (0 —a)L al 1 [*
>+ — | = lu (D> + —L= 2(¢ —/ t)|Pd
lue @7 + = | S a1 + = k§:1uk()+p i u(, t)[Pd
al & ,
k=N+1

By using Cauchy-Schwarz ([1.3.3)) and Young’s inequality [1.3.5 we obtain

d |v (0 —a)L al I
OIZ+ — | =||ug(O)|? + ———= 2(¢ —/ t)|Pd
l(®I + G |G + 5= 3 0k + ) [ e P

N

< %( 3 uﬁ(t)) ( > (u;<t>>2)
<> ui(t)) )]
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This implies

< L i w2(1). (3.19)

Now, let us multiply equality (3.18]) by u and integrate over x from 0 to L. We obtain

() + 2w s 1)+ (M—Q)L;Ui(tH? / fu(e, 1) Pdx
=alL i ui(t). (3.20)
k=N+1

Let us multiply equality (3.20) by some € > 0, and add (3.19)). Thanks to Poincaré-
type Inequality [1.3.7] we get

% [shuor+ =S i+ [ \u(x,t>|pdx+e||u<t>||2]

dt
k=1

N L
+2evju, (1)||* + (1 — a)eL Z u () + 26/ |u(z,t)|Pdx
k=1 0

272 o0
< (g +eal) Y ()

k=N+1

+eal)Av1) " lua (8% (3.21)

o’L?

<(

Note that by using Poincaré Inequality [1.3.6], we can write the following inequality

I = Sl + 3 lue(t)]

1 1
> §||ux(t)\|2+)\1§Hu(t)||2. (3.22)

By using (3.22), we obtain from (3.21))the following inequality

N L

d

ZB(1) + evlun(®)2 + evdallu®)|® + (n = a)eL Y ud(t) + 2 / fu(, )P da
k=1 0

+ EOéL) (/\N+1)_1 ||um(t) ”2’

o’ L?

<(
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where

B@) = gl + LS 2ES 0 + 5 [ e P + )P

This implies that

272 N

@) Owan) ™) @)+ e = )L 3 ()

k=1

d a
EE@) + (ey —(

L
Y / lu(z, 8)[Pdz + eval|u(®)]2 < 0.
0

Let us choose € = i, and

v o’L?  al
- — — ) (A -1 >
s (0w 2

1%
ga
l.e.

2
D)t < g [? +2al.

We can write that

d v 2 (W —a)L a
—E(t ||y (1)]|? @) + ——= 2(¢
50+ SO + ol = L2 ko

1 L

—i——/ lu(x, t)|Pdz < 0.

8 Jo

Therefore, we obtain
d
%E(zﬁ) +JE(t) <0, (3.23)

for some § > 0 small enough. By integrating (3.23|) over (0,t), we obtain

E(t) < E(0)e™.

This implies that

N L
. . v @w— )L 1
i £() = Jim | S0l + “ZES k045 [ e opde + uiolP| -

t—o00
k=1

(3.24)
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Since all terms in F(t) are nonnegative, we obtain from (3.24]) that

lim ||u,(t)||* = 0. (3.25)

t—o00

By combining the equalities (3.17)) and (3.25]), we conclude that, for all solutions of
the problem (3.11))-(3.13]) we have

lim [[u(t)]| = 0.

t—o00



Chapter 4

STABILITY

In this chapter, we will show that a general feedback control interpolant operator

I;, which satisfies the condition ({2.1]), stabilizes the problem ({1.9))- (L.11]).

4.1 Stabilization in L? norm

In the following theorem, we will show the stabilization of zero solution of zero steady

state solution of (1.9)- (1.11]). So we consider the problem:

Uy (2, 1) — Ve (z,1) — au(z, t) + |u(z, )P %u(r, t) = —ply(u), (4.1)
uz(0,t) = u, (L, t) =0, Vt>0, (4.2)
u(z,0) = up, (4.3)

with parameters such that
> (2a+3vL™?), v > uc’h’. (4.4)

Theorem 4.1.1. Suppose that T > 0, and the conditions (2.1) and (4.4) are sat-
isfied. Then the initial-boundary value problem (4.1)-(4.3) has a unique solution
we C(0,T;L*(0,L)) N L*0,T; H'(0, L)). Also this solution u depends continuously

on the initial data. Moreover, it satisfies the following equalities:
lim [|u(t)[|* = 0;
t—o0

and for every T > 0
t+T1

lim |z (s)||*ds = 0.

t—o00 ¢

Proof.
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Remark 4.1.2. Ezxistence and uniqueness of the weak solutions of the problem will
be show in the Appendiz[7], in Theorem [7.0.5]
Let us show that
lim ||u(t)||* = 0.

t—o00

Let us rewrite (4.1]) as follows:

ur(z,t) — Vg (x,t) + %u(x, t) — (oz + %) u(z,t)
= —|u(z, )P 2u(z, t) — plp(u). (4.5)

Let us take L? inner product of (4.1)) with u(x, ). Then, we obtain:

/OL w(z, t)u(x, t) — vuge (z, t)u(x, t) + %uz(x,t) — (a + %) u?(x,t)dx

_ /OL lu(z, t)|Pdz — M/OL Ly(w)u(z, t)da.

This implies
v v
S S + a7 + T () = (o + ) fu(e)]?

L
O " / I(wu(e, )da.

Let us write

I(w)u(z, t) = (In(u) — u(x, t))u(x, t) + u?(z, t).

By Cauchy-Schwarz Inequality (|1.3.3)), we have:

5 eI + Vw1 + @I < (a+ 75) lu®]?

@501y = wllu@®)? + pllu@) | ut) — In(w)]-
By applying Young’s Inequality we obtain the following inequality:

5 @2 + vl + @I < (a+ 75 ) lu@]?

a0z — SO + L) - w)IE. (46)
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From inequality (2.1)) and definition of H'(0, L) norm, we obtain:

SO + O + 25l < (a4 25) Tl ~ ) g

= Sl + SR () .
= (a+ 73) I = [u®)]y ) — S a1
+ S (LI + a0l (@)

By using our assumption (4.4]),
3v 9,9
pzRat+5) vz pch
in inequality (4.7]), we obtain the following inequality:
d 2v 2v
GO + 2 + RO < (20+ 35 ) WO - 2000

— il + e + vllu )2 (48)

72
Let us rewrite inequality (4.8). Thus, we have following inequality:

d 2 2, 2V 2 3v 2
- = <
IO+ O + Z ol < (20+ 35 ) o)

— llu(t)]? — 2 / fu(z, £)Pdz.

Since p > (2a + 3%), we have:

d AV
@HU(t)H2 + vllu. () |I” + ﬁHU(t)H2 < =2fu®)[7r (0.1

Therefore, we have:

d

2
Zle@IF + vl +

LQHU( )|I> < 0. (4.9)

We can eliminate ||u,(#)]|? from the left-hand side of inequality (4.9). Thus, we obtain:
Sl < - Zu(o) P
dt - L? '

By integrating both sides over (0, %), we get:

lu(®)]|? < e 2% ||uol|?. (4.10)
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Therefore,

lim [[u(t)]? < lim e 2% ||ug|® = 0. (4.11)
t—o0

t—o0

Hence, since ||u(t)]|> > 0, for every t > 0, inequality (4.11]) implies:

lim ||u(t)||* = 0. (4.12)

t—o00

Now, let us show that for every 7 > 0, the following equality holds

t+1
lim |z (s)||*ds = 0.

t—o00 ¢

Let us take integral of both sides of inequality (4.9) from ¢ to ¢ + 7. Observe that

V7 > 0 we have:
tr 9
fute + 0+ [ ()P + I ) ds < ol
tt+7’ 2
o[ (R + Zl ) ds < o
t tr
v [ lllPds < uo)
Since v > 0 and lim;_.||u(t)||* = 0, we obtain:

t+7
lim / | (s)||?ds = 0, V7 > 0.
t—oo [,

4.2 Stabilization in H' norm

In this section, we will show that the feedback control interpolant operator I, stabilizes
the zero solution of the problem (1.9) and ((1.11)) in H*! norm. In other words, we will
show:

lim [Ju(t)||3: = 0.

t—o00

Lemma 4.2.1. The solution u of the initial boundary problem (4.1)-(4.2]) with the

initial value uy € H', satisfies the following inequality

. 2
lim [[u(t) 2 = 0.
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Proof. Note that in Theorem [4.1.1] we have shown that the solution, u, of the problem

(4.1)- (4.3) satisfies
lim [|u(t)||* = 0.

t—o00

It is enough to show that
lim ||u,(t)]]* = 0.

t—o0
Let us rewrite equation (4.1)) as follows:
v
2

w(z,t) + éu(:ﬁ, £) — vitgs (2,1) — (@ + —)u(z, t) + |u(z, )P~ 2u(z, t)

Let us take L? inner product of (4.13) with —u,,(z,t). Thus, we get:
L

L L
/ —uy (2, ) U (x, t)dr — % w(x, )y (x, t)de + 1// u? (z,t)dx
0 0 0

+(a+ %)/O w(x, t) gy (x, t)dx

L L
= / lu(z, )P~ 2u(z, ) gy (z, t)dx + ,u/ I (w)uge (2, t)dx.
0 0
By using integration by parts and the boundary conditions (4.2)), we have
1d v

10 2 2 2 v 2
el O s (7 + v a0 — (0 )0

- /L lu(z, )P~ 2u(z, gy (v, t)dx + ,u/L I (u) gy (2, t)d.
0 0
The first integral in the right-hand side of the last inequality is
/ " s P2, Bt (s ) = —(p— 1) / "2, lue, ) 2d
0 0
Let us write the following:
In(u) gy (z,t) = (In(u) — u(x, t))uge (2, t) + u(x, t)ug(x, t).
Therefore,

5 O + vl O + Sl = (@ + 25 lua(0)]?

=—(p— 1)/0 u?(z,t)|u(x, t) [P 2de + u/o (In(u) — u(x, t))upe(x, t)dz

— pllu (8], (4.14)
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This implies
5 O + Vi) + 25 O - (@ + 1) DI
L
<n [0 =~ a0
0
Thanks to Cauchy-Schwarz Inequality ([1.3.3)), we get:
§%H%(t)||2 Ve (DI + 25 Sl @)? < (a+ 732 s (O = gl ()]
+ gl [ In(w) = w()][[|uae (2)]]- (4.15)
Let us apply Young’s Inequality [1.3.5] in the last term of inequality (4.15)), we obtain
v
5 7 1@ + vlue 1 + 75 Sl @) < (a+ =5 — p)l|ua(t)]?
2
+ Sl (O + 5= 170(w) = u(®)
By the assumption (2.1)), we get
1d 2 v 2y 2 o v S 2
O + DO + ol ) < (o + 25— s+ )3
B v ,  hPpPc? | N
= (oot T IO+ (e e
c 2 4 2
L 0l +

Thanks to the assumption 1 , v > ucth?, and p > (2o + %), we have:

e O + S a2 + Tl )2 < =55 @I + Slu@ 2 (@16)

This implies:

%Hum(t)ll2 < — Dl ()2 + pllu()]* (4.17)

By applying Gronwall’s Inequality (1.3.2)) to (4.17]) we obtain:

vt t vt 3vs
(O < a0 expl~75) + 4 [ exp (—§+7)Hu(s>llzd8~ (4.18)
0

We will show that the right-hand side of inequality (4.18) tends to 0 as t — oo.

In the first term we have:

I vt

exp(~5)

lim ||u,(0)
t—o0

=0. (4.19)
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Let us consider the second term:

e s
im g 57 = p lim
t—o00 exp( )

exp(F)l|lu(t)]?
t=oo Frexp(FH)

2

L 2
= g Jim [lu(t) -

Since we have from Theorem that limy . ||u(t)]|* = 0, we obtain

3vs 2d
lim Mfo exp(7Z )£|))| u(s)l*ds _ (4.20)
t—00 exp(—Q)
Thanks to the equalities (4.19) and (4.20)), we get:
lim [Ju,(t)]|* = 0. (4.21)
t—r00

Therefore, the equalities (4.12) and (4.21)) imply:

lim [Ju(t)|[3: = 0.

t—o00

Hence, this completes the proof. O



Chapter 5

NODAL OBSERVABLES AND FEEDBACK
CONTROLLERS

In this chapter, we will investigate a different feedback control system for our
problem (L1.9)-(1.11]). The observables will be chosen as the values of solutions u(zy)
at the points T, € Ji, where J, = [(k — 1)£, k%] and feedback is at some points
xr € Jy, for k = 1,..., N. We will present a new feedback control system based on
nodal observables and feedback controllers. Let us consider the periodic boundary

value problem

(2, 1) — Vg (z,t) — au(z, t) + |u(z, t) [P 2u(x, t)

N (5.1)
= —puh Z w(ZTk, t)0(z — x)
k=1
u(z,t) = u(z+ L,t), (5.2)
where h = £ for a € [0, L], 6(x — a) € H,1(0, L) and for every ¢ € H},.(0, L),
d(z — a) is extended periodically such that
(0(- —a),¢) = ¢(a). (5.3)
Lemma 5.0.2. Let x4, Ty, € J, where Jy = [(k — 1) £, k%] and h = £.
Then for every o € HY(0, L) the following inequalities hold true:
N
D lelze) = e@) < bl (5.4)
k=1
and
N
el <2 |h Y lp(@)l® + K117 - (5.5)

k=1
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Proof. Since C' is dense in H', it is enough to prove inequality ([5.4) for every ¢ € C*.
Let ¢ € C! be arbitrary.

Then by Holder inequality, we have

lo(xr) = p@)? <1kl [ ¢/ (s)Pds
Jk

—h [ 1 (s)ds.

Jk
Let us sum the last inequality over k from k =1 to k = N. Then, we get

N

> leta) = @I <hY [ Iel(s)Pds

k=1
L
— h / 1 (s)|2ds
0
— hllg|

This completes the proof of inequality ((5.4)).
Next, let us show inequality (5.5)). Let us observe that

lo(2)] < |p(zr)| + ’ o' (s)|ds.

This implies that

2
ol < 2 [\so<xk>|2 w ([ 1) ] .
Jk
Let us integrate the last inequality with respect to x over Jj.
2
ot <2 [ poPae 2 [ ([ 1oePas) do
Je \Jy,

Jk Jk

— 2hlgan) -+ 20 |¢'<s>|2ds)2.

Ji
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Thanks to Cauchy-Schwarz Inequality (1.3.3) and by summing over k from k& = 1 to
k = N, we have

|p(z)Pde < 2h [|go(xk>|2 +h |go'(s)|2ds]

Jk
N N
> [ lew@Pdr <2 [Z p()? +h||90'||2] .
k=1 Jk k=1

Hence, this completes this completes the proof. O

Jk

Theorem 5.0.3. Let o > 4a and h be small enough such that v > 2uh®. Then for
every T' > 0, and every ug € LZGT(O, L) the system || has a unique solution u such

that
w € C(0,T; I2,,(0, L)) N L*(0,T; H},, (0, L)) N IP(0, T; LE,, (0, L)),

per per per

where p > 2 and
w € L*(0,T; Hyp),

per

Moreover,
t+1
. _ , 27, _
tliglo |lu(t)|| =0, and for every, ™ >0 tliglo/t ||us(t)]|*ds = 0.

Proof. Let u € H'(0,L) and let us take H'(0, L) action of equation (5.1) with w.
Thanks to Lemma [1.4.2] we get

S lutol v [ " s Byl O — o / '
2 dt | Uaal T Ul

L
uZ(x,t)dx—l—/ \u(z,t)|Pdx
0 0

- _MhZu(Ek,t)/o Oz — zp)u(z, t)dx.

By using integration by parts and the property of d-function, (5.3]), we obtain

1d

51O+ s OF = o) = [ e Pde = b S @, utaw.

k=1

— afu()|? - / fulz, D)Pdz

— ph Y fu(we, )P + ph Y (ulae, t) — u(@e, t)u(wg, t).
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Thanks to Young’s Inequality [1.3.5] we have

1d L
——u@®))* + vlus )] < eflult)|* - / lu(z,t)[Pdx

N N
- ghz (o, 1) + ghz (g, t) — u(Tp, £)?

k=1 k=1

Let us use the inequalities (5.4) and (5.5) from Lemma [5.0.2] Then, we obtain

L
5@ + vlua )] < allu)]® - /0 u(z, t)[Pdx
0o 1
IS Ju(on O + AR 01
k=1

L
L
< allu(®)|I* - /0 [u(z, t)Pde = Zlu()]* + ph|lus (O]

Therefore, we have

S e + (v = uh?)lus ()] < (a - %)IIU(t)II2 - /0 ju(, t)["dz.

By using our assumptions

v >2uh? and p > 4a,

and omitting the term — fOL |u(x,t)|Pdx from the right-hand side of the last inequality,

we obtain

L) + vilua I + (£ = 20) [u(d)]? < . (5.6)

1
dt (2

Then we have

d 9 w 2
@I + (5 = 20)llu(t)]* < 0. (5:7)

Let us denote z(t) = ||u(t)||* and apply Gronwall’s Inequality ([1.3.2)) to (5.7). We

obtain

2(t) < 2(0)e~ (372001,

In other words, we get

lu(®)]* < [JugPe(Z 72,
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Since
||u(t)||2 >0 and tlim ||u(t)||2 <0,
—00
we have
lim [[u(t)] = 0.

We will show that
t+1
r >0 lim/ ua () 2ds = 0.
t—o0 ¢

Let us integrate inequality (5.6)) from ¢ to ¢t + 7, for an arbitrary 7 > 0. We get
t+1 /1' t+71
u(t + )2 + v / Jua(5) s + (& — 20) / lu()IPds < u@)]>  (5.8)
t t

This implies
t+7
v [ lu)lPds < Ju(o)]
t
Since

v>0, |u(s)|*>0 and tlim lu)|| =0
—00
we obtain that

t+1
/ ||ux(s)||2ds < 0.
¢

Next, we will show the uniqueness of the solution. Let w(z,t) and v(z,t) be two
solutions of the problem (5.1)-(5.1) and denote w(x,t) = u(x,t) — v(z,t). We have

the following equation
wy(x,t) — vwg(x,t) — cw(x,t) + |u(x,t)|p_2|u(x, t)] — |v(x, t)|p_2|v(x, t)]

= —uh Zw(@, t)o(x — xy). (5.9)

Let us take H~! action of (5.9) on w and apply Lemma By following similar

procedure in the previous steps, we get
57w + vl (O — aflw@)[?

= —/0 (Ju(z, )P ulz, t)] = (e, OF 2o, O Jw(z, de — ph Yy (@, w ().

k=1
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Thanks to Monotonicity Inequality [1.3.9 we obtain

/0 (lulz, )Pz, )] — ol P2, H)w(z, de > d / iz, t)Pdz,

where d > 0 is a constant. This implies

1d 2 2 2
5 g IO + vlw. @I = afw@)]” < d/ \th)lpdx—uh;ka, Jw(xk, t)
N
< —ph > w(Tp, t)w(z, t)
k=1

N
< — Z| w(xy, t |2—|—,uhz w(xg, t) — w(Tg, t))w (g, t).
k=

By using Young’s inequality and apply Lemma [5.0.2] we get

1d
5 g O +vllw. O - allw@]* < ——hZ [w(zr, t)
" N
+ Eh; jw(xg, ) — w(Tk, 1)

N
< =LY ol ) + Sh2 (1))
k=1

1
< =7 lw@IF + ph*w. @)1

Therefore, we obtain

LI 4+ 0 — i) ()P < (o — 2 o)

By using our assumptions v > 2uh? and p > 4o, we have
d 2 2 H 2
WO + vlw. @1 + (5 = 2a)[lw@®)]” < 0.

Since v > 0, we get

d 2 K 2
Sl@I? + (&~ 20)u@|? < 0.

Thanks to Gronwall’s Inequality (1.3.2]), we obtain

lw()]* < e®*= 2" [w(0)]|*. (5.10)
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Therefore, since ||w(0)|| = ||u(0) — v(0)|| = 0, from inequality (5.10) we have that
lw(®)]| =0 vt €[0,T].

i.e. the solution is unique. Furthermore, inequality ({5.10]) implies continuous depen-
dence of the solutions on the initial data.

Hence, this completes the proof. O
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CONCLUSION

In this study, we have shown that the stability solutions of a second order nonlinear
parabolic equation by using finite parameters feedback control. Our motivation is the
study of A. Azouani and E.S. Titi in 1] and V. Kalantarov and E. S. Titi in [4]. We
are inspired by the articles [1] and |4] to show our technical results.

We aimed to adapt the results of [1] to the nonlinear parabolic equation of the

following form:
up (7, 1) — Ve (z,t) — au(z, t) + |u(z, )P %u(r, t) = —uly, (6.1)
with the initial value
u(z,0) =ug, ug € L*(0,L).

The feedback control of this initial value problem under Neumann and Dirichlet
boundary conditions is done with various feedback controllers, such as, finite volume
elements, finitely many Fourier modes and nodal observables and controllers.

We can describe our results as follows:
(i) The existence and uniqueness of the solutions of equation with the Neumann

boundary conditions:
uz(0,t) = u,(L,t) =0,
and the initial value
u(z,0) = ug, up € L*0,L).

(ii) The stabilization of (6.1)) in L? norm with the Neumann boundary conditions, by

using spatial averages as interpolant operator.
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(iii) The stabilization of (6.1) in H' norm with the homogeneous Dirichlet boundary

conditions:
u(0,t) =u(L,t) =0,

by using finite Fourier modes.
(iv) The stabilization of (6.1 in H' norm with the following periodic boundary con-

ditions:
u(z,t) =u(zx+ L,t) =0,

by using finite nodal values and controllers.
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APPENDIX

Weak Solutions

Consider the following one dimensional nonlinear reaction-diffusion equation
up(2,t) — Vg, (z,t) — au(z, t) + |[u(z, )P *u(x, t) = h(z,t), (7.1)
with the Neumann boundary conditions
uz(0,t) = u, (L, t) =0, Vt>0, (7.2)
and the initial value
u(z,0) = uy. (7.3)

We will prove that the initial-boundary value problem (|7.1)-(7.3]) has a unique solution

which is defined as follows:

Definition 7.0.4 (Weak Solution). Suppose that uy € L*(0, L).

Then the function u : [0,00] — L2*(0,L) is called a weak solution of the initial-

boundary value problem (7.1)-(7.3|) if
(i) for each T > 0,

u e L*(0,T; Hy(0,L)) N C(0,T; L*(0, L)),

u; € L*(0,T; H'(0, L)),
(ii) for every w € H}(0, L), the following equality holds for all t € RT :
L L
(ug(t), w)y — 1// Uge (T, V) w(x)dr — oz/ u(z, t)w(z)dz
P L
- —/ lu(z, )P 2u(z, )w(z)de +/ h(z,t)w(z)dz,
0 0
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where (-,-) denotes the duality pairing between Hy(0, L) and H~*(0, L),

(1) u(zx,0) = uy.

Theorem 7.0.5. If uy € H} N LP(0, L), and h € L*(0,T; L?(0, L)), then the initial-
boundary value problem (7.1))-(7.3) has a unique weak solution wu.

Proof. We will prove this theorem by Galerkin method. Let us choose base functions

{wj, j € N} in Hj such that w;’s are eigenfunctions of the Sturm-Liouville problem

—wj(r) = Nw;(x), x€l0,L],

where

2
wj(x) = \/;sin(k%x), k=12, ..

We look for the approximate weak solution of the form
(@) = Yty () (2),
=1
which satisfies the system of equations: ]
(i (2, 1), w5 (2)) = V(tmaa (2, 1), wj (7)) — @(um(z, 1), w;(x))
= —(Jtm (@, ) um (@, 1), wi(@)) + (A(z, 1), w(2), j=1,...m.  (74)
(um(0),w;(2)) =&my, J7=1,....,m, (7.5)

where

U (T, 1), Ume (2, 1) = —um(x, 1),

ox

u, (x,t) =

ot

and §,,; are constants such that

Z {mjwj — Ug n Hé M Lp((], L),
j=1

as m — oo. We can rewrite the system ((7.4)-(7.5)) as a system of ordinary differential

equations:

Ui () A VAU (1) = Qi () = —G(tmy(t)) —l—/o hz, t)w;(z)dx, j=1,..,m,

Um](O) == gmju j == 1, e, m, (77)
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where

Gylums () = [ 13 s ) s

foryj=1,....m
Note that G is a polynomial of u,,; of order p—1. Therefore, GG;’s are locally Lipschitz
for j =1,2,...,m. From equality (7.6)), the functions

F;(t) ::/0 h(z,t)w;(x)dx

are continuously differentiable, for j =1,2,....m
This implies that F}’s are locally Lipschitz for j = 1,2,...,m. Thanks to Theorem
the initial value problem — has a unique solution on some interval
[0, 7*]. By using Theorem [1.4.4] if u,, remains bounded on every interval [0, 7], then
we can extend solution to the interval [0, co).

Now, we will prove that the sequence {u,,(z,t)}, is uniformly bounded. Let us
multiply equation by w,;(t) and sum with respect to j = 1,2, ..., m. We obtain

1d
2 dt

By applying Cauchy-Schwarz (1.3.3)) and Young Inequality ((1.3.5) to the right-hand
side of ([7.8)), we obtain:

MmO + Ve I = allum @1 + lum O, = (b, tim)- (7.8)

%Hum(t)!\z + 20 [tma (D" = 20+ D@7 + 2llum )70,y < RO (7-9)

By integrating inequality ((7.9)) over the interval (0,t), we get:

o +20 [ Tl +2 [ ()

m

Zm]+|2a+1|/|]um 1 dT—l—/Hh JI[2dr

Since Y &2, is uniformly bounded, we deduce that
j=1

() ||2+2y/ (7 ||2d7+2/ it (7)o .y < He, V€077, (7.10)
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where Hp depends on |Jugl|, fOT |h(7)||?dT and T. From the inequality (7.10

obtain

[t (1)]* = Zum] ) < Hp, Vte[0,T].
Hence, we have a uniform a priori estimates:
e u,, is uniformly bounded in L>(0,T; L*(0, L)),
e u,, is uniformly bounded in L?(0,T; H}(0, L)),

e 1, is uniformly bounded in L?(0,7"; L?(0, L)).

Now, let us multiply the equation |D by Aty and uy,; respectively and sum over

j. We obtain the following inequalities

(Ufm(l', t), —Umae(T,1)) + V”“WM(t)HQ — ot (2, ), —Umaz (2, 1))
A ([thgn (2, ) [P~ 2 (2, 1), =tz (2, 1)) = (R(2, 1), —Upmga (2, 1))

< [h(®) [t ()],
and

5 P + ¥ (i (2, 8), U (2, 8)) — (i (2, 8), 10, (,))

([t (@, ) (2, 1), w2, 1)) = (h(, ), ), (2, 1))

We integrate both inequalities ((7.11)) and (7.12)) over (0,¢). Then we obtain
1 t t
2 2 2
e F + [ lnesl )Pl = [ a7 Par
t
== 1) [ W) F (P

< SO + [ I

—_

(7.11)

(7.12)

(7.13)
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and

1
/QHU Pdr + 5 W%w()HQ—-%Im()W i Olzoo.
1
§-§HumUDH2+-§HumADHV SO,y U/ 1A () [ [[t (7) |

(7.14)
Hence,we obtain the following a priori estimates:
(um is uniformly bounded in L>(0,T; Hj N LP(0, L)),
Uy, is uniformly bounded in L?(0,T; H} (0, L)), (7.15)
u! . is uniformly bounded in L?(0,T; L*(0, L)).

\

Therefore, by Theorem and Theorem [1.4.6] there is a subsequence w,,, such that

o u,, — u weak* in L>(0,T; H} N L?(0, L)),
e u,, — u weakly in L?(0,T; H}(0, L)),

e u/, — u' weakly in L*(0,T; L*(0,L)).

Thanks to Theorem [[.4.9) we can extract a subsequence of u,,, denoted by wu,, such
that
U — u strongly in L*(0,T; HY(0, L)).

By Lemma |l.4.10] we can extract a subsequence, denoted by u,,, such that u,, almost
everywhere converges to u in domain Q7 = [0, L] x [0, T]. Therefore, |u,, [P~ %u,, —

|u[P~2u almost everywhere in Q7. Note that implies that, for p > 2,
U, 18 uniformly bounded in Lﬁ(O, L).
Thanks to Lemma [[.4.10] we obtain that
|t [P 2ty — |ufP 20 weakly in L77(0,T; L3-1(0, L)).
From Lemma and Remark we get

0) = &njw; = u(0) weakly in L*(0,L). (7.16)
=1
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We know that w,,(0) — u(0) strongly in Hj (0, L). Therefore, u,,(0) — ug weakly in

L?(0, L). Since the limit is unique, we obtain
u(0) = up(x).

Now, we pass to the limit in ((7.4). Observe that each term in the left hand side of the
equation 1' is weakly convergent in Lﬁ(o, T), for p > 2. Therefore, the following
holds in L#1(0,T).

(U (), w; (7)) + V(e (2, 1), W) (7)) = A(um (2, 1), w; (7))

= —(Jtm(z, )P *um (2, 1), wi(z)) + (h(z, 1), w;(x)), Vj=1,2,... (7.17)

Since u',u,, and f and belong to L?(0,T; L*(0, L)), |u[P~?u € L*(0,T; L*(0, L))
and (7)) holds in L?(0,T; L?(0, L)). O

Uniqueness

Now, we will show the uniqueness of the solution of the problem ([7.1))-(7.3)).

Proof. Suppose that u(x,t) and v(x,t) are two solutions of the problem. Let w(x,t) :=
u(z,t) —v(x,t). Thus, we have:

wi(z,1) — Ve (2, 1) — aw(w,t) + [u(z, t) P 2u(z, t) — |[v(x, t)[Pv(2,t) =0, (7.18)
wz(0,t) = w,(L,t) =0, V¥Vt >0, (7.19)
w(z,0) = 0. (7.20)

Let us multiply equation (7.18]) by w(z,t) and integrate with respect to = over [0, L].

Thus, we have:

/0 [wi(z, )w(z,t) — vwe, (z, t)w(z, t) — cw?(z,t)|de+

/o (Ju(z, t) [P 2u(z, t) — |v(x, t)[P~2v(z, t))w(z, t)dz = 0.
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Thanks to the integration by parts, boundary conditions and Monotonicity Inequality
1.3.9, we have:

1d

57 1O + vllwe O + dollw(®) 0 1) < el @I,

where dy is a number. This implies
57 lw®]* < afw(®)]*. (7.21)
By applying Gronwall’s Inequality in inequality we obtain:
|w(@®)|* < e ?*||w(0)]|> =0, Vtel[0,T)]. (7.22)

Hence, this implies the uniqueness of the solution. Furthermore, note that inequality
(7.22)) implies the continuous dependence of the solutions of the problem on the initial
data. O
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