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ABSTRACT

OSCILLATION PROPERTIES OF STOPPED RANDOM
WALKS ON INFINITE TREES

Abdullah Oner
M.S. in Mathematics
Supervisor: Assoc. Prof. Dr. Azer Kerimov
August, 2014

We investigate a random walk on a branching tree with vertices labeled 1,2,... r
which terminates if two consecutive vertices of a walk are labeled with close
numbers. It is proved that expected absorption times and absorption probabilities
have surprising oscillating dependencies on starting states.

Keywords: branching random walk, absorption probabilities, expected absorption

times.
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OZET

SONSUZ AGAQLAR UZERINDEKI DURDURULAN
RASSAL YURUYUSLERIN SALINIM OZELLIKLERI

Abdullah Oner
Matematik, Yiiksek Lisans
Tez Yoneticisi: Dog. Dr. Azer Kerimov
Agustos, 2014

Diigiimleri 1,2, ...,r ile numaralandirilmig bir dallanma agaci iizerinde ardigik
iki diigiimiiniin numaralar1 biribirine yakin oldugunda duran rassal yiirtiytsleri
inceliyoruz. Beklenen yutma zamanlarinin ve yutma olasiliklarinin baglangi¢ kon-

umunlarina baghliklarimin o6zellikleri arastiriliyor.

Anahtar sozcikler: dallanma rassal ylriiylsii, yutma olasiliklari, beklenen yutma

zamanlari.

v



Acknowledgement

It is a great pleasure for me to acknowledge that this thesis is conducted
under the guidance of Associate Professor Azer Kerimov. I learned a lot from
him during a rigorous research period in probability and I feel fortunate to be
a research assistant of such an advisor who has a great personality besides his

academic excellence.

I am also grateful to other prestigious committee members Professor Ali Sinan
Sertoz and Professor Oguz Giilseren for their time allocation and careful reading

of my thesis.

I specifically thank my officemates Bekir, Burak and Ismail Alperen because

of whom this work is done in a peaceful working environment.

Finally, I would like to thank my dear parents and my dear elder brother for

their affection and endless support.



Contents

1 Introduction
2 Fundamental Concepts

3 Oscillation Properties of Expected Absorption Times
3.1 Formulation of Results . . . . ... ... ... ... ... .....

3.2 Proof of Oscillation Properties . . . . . . . ... ... ... ....

4 Oscillation Properties of Absorption Probabilities
4.1 Formulation of Results . . . . . . . ... ... ... ... .....

4.2 Proof of Oscillation Properties . . . . . . . . .. ... ... ....

5 Concluding Remarks

vi

13

13

15

20

20

21

39



Chapter 1

Introduction

In this thesis we investigate expected absorption times and absorption probabil-

ities in branching random walk.

In Chapter 2, we introduce discrete time Markov chains and provide basic defi-
nitions and properties as the Markov property, n-step transition probabilities, ex-

pected absorption times and absorption probabilities, recurrence and transience.

In Chapter 3, we define a branching random walk starting at one of r labeled
vertices of a regular rooted tree where at each step of the walk we randomly jump
to one of these labeled vertices of the next generation. The walk terminates if
the difference of labels of two successive vertices is at most one. The aim of this
chapter is to investigate the behaviour of expected absorption times. We prove

that the expected absorption times have surprising oscillation properties.

In Chapter 4, we investigate absorption probabilities of the random walk
defined in the previous chapter. We prove that the absorption probabilities have

surprising oscillation properties.

In Chapter 5, we obtain the exact expressions of the expected absorption
times. Then we define a random walk which terminates if the difference of labels
of two consecutive vertices is at most s and formulate hypothesises related to

oscillating behaviour of expected absorption times and absorption probabilities.
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Numerical results for both even and odd cases are given to support our hypothe-
sises. In the end, we define a random walk by forbidding jumps stopping the walk.
We observe that limiting probabilities have no oscillation behaviour in contrast

to absorption probabilities.



Chapter 2

Fundamental Concepts

In this chapter we formulate basic properties of discrete time Markov chains [1],

2], [3]-

1. Let (€2,%, P) be a probability space and (X,,),>0 be a sequence of random
variables whose ranges are in a finite or countable set X. We start with the

following definition:

Definition 2.1. The sequence (X,,),>0 is called a Markov chain if for n > 0 and

io,...,in_l,i,j in X
P{Xni1 = j|Xpn =10, X1 =in_1,...,Xo =d0} = P{Xp11 = j| X, =i} (0.1)

under the assumption that P{X, =i, X,, 1 =ip_1,...,Xo =1p} > 0.

By this definition we see that given the present and past values of (X,,)n>0,
the probability of future behaviour is independent of the history of the chain.
The property in (0.1) is referred as the Markov property of (X,)n>o and shows
its memorylessness. But since the random variables X, ..., X,, are dependent,

the Markov property gives a model of dependence among random variables.

The set X is called the state space or phase space of the chain. Probabilities

P{Xpi1 = jIX, = i} = pii"! (0.2)

%)
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are called the transition probabilities from state i to state j and p;, = P{Xy = i}

is the wnitial probability distribution.

If the transition probabilities do not change over time, i.e. p?j’"“

(X5)n>0 is called a homogeneous Markov chain. 1f we arrange the numbers p;; in

= Pij then

a matrix P=||p;|| with p;; > 0 and 3 p;; = 1 for each 4 in X, the corresponding

matrix is called the transition probability matriz of the chain.

Theorem 2.2. ([1]) A discrete time stochastic process (X, )o<n<n is called a
Markov chain if and only if for all ig,...,in in X

P{Xn=1in,..., X1 =11,X0 =10} = Piy_yin - - - DirisPioir Pio- (0.3)

By means of Theorem 2.2 we observe that the transition probabilities and
the initial probability distribution completely specify the joint distribution of
Xoyoo oy Xy forn=0,...,N.

Example 2.3. Random walk without barriers. Let X = 7Z and let (3,...,(, be
a sequence of independent Bernoulli random variables with P{(; = +1} = p and
P{(;=—-1} =q¢=1—p. Wedefine S, =>" ¢ forn>1and Sy = 0. Then
the random walk (.S,,),>0 starting at ¢ = 0 with transition probabilities p;; = p

for j =141 and p;; = q for j =4 — 1 is a Markov chain since

P{Sypi1 =ins1|Sn =i, ..., So =10} =P{Sn + Cur1 = ins1|Sn = in,..., S0 =0}
=P{S, + Cat1 = tn41|Sn = in}
=P{Cr+1 = tnt1 — in}-
Example 2.4. Branching process. Suppose that an organism produces a random
number ¢ of offspring and dies immediately. Assume that P{{ = i} = p; for
i =0,1,... with > .p;, = 1. Let X,, denote the size of the population at the
n — th generation and at the initial time there be just one organism i.e. X = 1.
We also suppose that all offspring are acting independently. If (Z-("_l) denote the

number of offspring produced by the ¢ — th organism at the n — 1 — st generation

then the number of offspring produced for the n — th generation is

Xo=" VY O (0.4)
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The process (X,,)n>1 defined by (0.4) is called a branching process and is actually

a Markov chain since
P{Xn+1 = in-i—l’Xn - ina e ;Xl - Z]} :P{Xn+1 - Z.n—i-l‘Xn == Zn}
=P{¢” + &+ Y =)

2. Let (X,,)n>0 be a homogeneous Markov chain with initial vector M=(p;)
and transition matrix P=||p;;||. Then for any ¢ > 0 the probability that the

process moves from state i to state j in n transitions (or in n steps) is
P{Xusi = jIX; = i} = pj}’ (0.5)
and the probability that finding process at point j at time n is

P{X, = j} =p". (0.6)

One can arrange the probabilities in (0.5) and (0.6) in matrices P(n):Hpg;‘l)H
and N™=|p{")||, respectively.

(n)

It is a crucial fact that p;;” satisty the Kolmogorov-Chapman equation

pitm = mep . (0.7)

Indeed, using the total probability law we get

p(n-i—m) —P{Xn+m = ]|X0 = l} ZP{X’VH—m = j» - k|X0 - Z}
k

By (0.7) we obtain the equations
pitY = szkpk] (0.8)

and

pi Y Zp,k D (0.9)

called backward and forward equations, respectlvely.
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Let us consider the unconditional probabilities in (0.6). By means of the

method used to prove (0.7), we see that the probabilities p§n)

n+m Zpk pkj : (0.10)

satisfy the equation

Now we investigate the n-step transition probabilities by matrix analysis. For

this purpose, we write (0.7) in matrix form
prtm) — ppm), (0.11)
Clearly, (0.8) and (0.9) have the matrix forms
Pt = PP gpd P = PP,

respectively. Since PV = P it immediately follows that P(™ = P" Thus we
conclude that the n-step transition probabilities are the entries of the n — th

power of the probability matrix P for homogeneous Markov chains.

We now consider the law of X, i.e. P{X, = i} = p;. The probability of
finding the process in state j at time n in (0.6) actually equals the j — th entry
of the n-vector MP". In fact, by (0.10) we obtain

=P{X,=j}= Zpkpkj (MP™);.

3. We are now passing to discuss the notion of expected absorption times and
absorption probabilities. For this purpose, we start with introducing the class

structure of Markov chains.

Definition 2.5. We say that ¢ leads to 7 which is written ¢ — j if for some n > 0
P{X,=jlXo=1i}>0

and say that ¢ communicates with j which is written ¢ <» 7 if i — j and j — 1.

It can be readily seen that <+ is an equivalence relation on X and thus we can

partition the states of the chain into communicating classes.



A communicating class C' is known to be a closed class if i € C' and 1 — j
then j € C. It means that if you enter this class, you stay there forever. If {i} is
a closed class then 7 is called an absorbing state. If the state space X itself is a

communicating class then the chain (X,,),>¢ is called irreducible.

Definition 2.6. Let (X,,),>0 be a Markov chain with transition probability ma-
trix P and K be a closed communicating class for X. The absorption time of

K C X is the random variable 75 : Q — {0,1,... } U {oo} given by
™ (w) =inf{n >0: X, (w) € K} (0.12)
where we agree that the infimum of empty set is infinity.

If (X,)n>0 is initially in ¢, the probability that the process is absorbed in K

is called absorption probability and can be stated as
ul = P{r% < 00| Xy =i} = P{r" < o0}, (0.13)

and the mean time until the process is absorbed in K is called expected absorption

time and can be stated as

vl = B{r¥| Xy =i} = B{r"}. (0.14)

By (0.13) we observe that if Xy =i € K, 7% = 0 and thus v/ = 1. But if we
consider the case Xy =i ¢ K, we see that 75 is at least one. Therefore, using

the Markov property we get
P{t" < 00|X; = j} = P{r" < 0} = u]K

Then the total probability law by summing (0.13) over j with X; = j simply
gives

up = ZpijU]K- (0.15)

jeX

We see that absorption probabilities satisfy above linear system of equations,

but we have a more comprehensive result as follows:



Theorem 2.7. ([1]) Let X be a countable set. Then the vector of absorption

probabilities v = (uf : i € X) is the minimal non-negative solution to the

system of linear equations

ulf =1, 1e K

ulf = ZjeXpijuf, i¢ K.

Similarly, by (0.14) we observe that if Xy =i € K, 7% = 0 and thus v* = 0.
But if we consider the case Xy =i ¢ K, we see that 7X is at least one. Therefore,

using the Markov property we get
Then summing (0.14) over j with X; = j simply gives

UZ-K =1 + Zpijij.
Jj¢K

Now we have the following theorem that gives a general result for expected

absorption times.

Theorem 2.8. ([1]) Let X be a countable set. Then the vector of expected ab-
sorption times v = (v i € X) is the minimal non-negative solution to the

system of linear equations

vE =0, ie K

viKzl—i-Zj%Kpijv]K, Z%K

Remark 2.9. In Theorem 2.7 and Theorem 2.8, we used the phrases absorption
probabilities and expected absorption times instead of hitting probabilities and
mean hitting times whom the author used in [1] since we assume that K C X is

a closed communicating class.



Remark 2.10. In Theorem 2.7 and Theorem 2.8, we have minimal non-negative
solutions to the systems of linear equations. But if the state space X is finite,

the solutions of these linear systems are unique.

4. Now we discuss the classification of States of a Markov chain in terms of
asymptotic properties of the probabilities p ) and pm . Let (X,,)n>0 be a Markov
chain with the probability matrix P. The probability of first return to state i at
time n is

f = P{X, =i, Xp #£i,1 <k <n—1|Xy=1i}

and for i # j the probability of first arrival at state j at time n is
= PIX, = j. Xp # 4,1 <k <n—1]X,=i}.

Let Xy =7 be given. The probability that we arrive at j in n transitions is

s Zfz (b, (0.16)

Indeed, T be the time of first arrival at j. Using the total probability law and
the Markov property we get

L ZP{X = j|T; = k, Xo = i} P{T; = k| X = i}

k=1

=Y P{X = j|1X = Y P{T; = k| Xo = i}

k=1
_ka) (n—k)

If 5 =1 (0.16) becomes

P me pi "

and represents the probability of return to state ¢ in n transitions.

Now we define the probability of a particle that leaves state i will sooner or

later return to the same state as

fu = Zfz(zn)
n=1



If f;; =1, the state ¢ is said to be recurrent, and if f; < 1, it is transient.

Let p; be the average time of return defined by

oo

Wi = Z nfz(zN)

n=1

Then a recurrent state i is positive if p; < oo, and it is a null state if p; = oo.

We give alternative characterizations for the recurrence property of states

since calculating the functions fi(in) is very sophisticated.

Theorem 2.11. (/2]) (a) The state i is recurrent if and only if

ipgf) = oo,
n=1

(b) If state j is recurrent and i <> j then state i is also recurrent.

Theorem 2.12. ([2]) If state j is transient then
> <o
n=1

M 40, n— oo

for every i, and therefore p;;

We say that state j has period d = d(j) if pg-?) > 0 only for the values of n
of the form dm where d is the largest number satisfying this property. It means
that d is the greatest common divisor of the numbers n such that pﬁ?) > 0. If

d(7) = 1 then the state j is known as aperiodic.

Now we consider recurrent states as follows:

Theorem 2.13. (/2])Let j be a recurrent state with d(j) = 1.

(a) If i communicates with j, then

m _, 1
pij — —, N — 0.
2%
If in addition j is a positive state then
m_, 14
Py — >0, n— oo.
Hj
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If, however, j is a null state, then

pfjn) — 0, n—oo.

(b) If i and j belong to different communicating classes, then

m . Ji

Hj

Let d > 1 be the period of an irreducible Markov chain (X,,),>0. The chain
may have a special structure concerning transitions from one group of states to
another. Let 79 be a state in X, the class X is divided into subclasses in the

following sense:
ng{jGX:p§:}>0:>nEO (mod d)},

C1={j€X:p§:}>0:>n51 (mod d)},

(0.17)

Cor={jeX:p">0=>n=d—1 (mod d)}.

07

Clearly X = Cy+ C1 + -+ + Cy_1. We observe that after one step from Cy the
particle enters C', it enters C5 in the next transition and so on. It returns to a
given set of states after d transitions. This is called cyclic property associated
with the states. Indeed, let ¢ € C, and p;; > 0. Let n be such that pg? > (). Since
we have n = md+pie. n=p (mod d),n+1=p+1 (mod d). Therefore
p( 1)

107

>0 and j € Cpyy.

Theorem 2.14. ([2]) Let j be a recurrent state and let d(j) > 1

(a) If i and j belong to the same class, and if i belongs to cyclic subclass C,

and j to Cyyq, then

iz a d
Z(jd+ ) &
2%

(b) With an arbitrary 1,
prte (Zf/“‘”) a=0,1,...,d—1.

11



5. Let (X,)n>0 be a Markov chain with a finite state space X = {1,..., N}
and probability transition matrix P. If we suppose P"* > 0 for some n then the
corresponding matrix is called regular. The most important fact about a regular
Markov chain is existence of the limiting distribution = = (my,...,7y), where
m; > 0 for each j € X and ) ;=1 and is independent of the initial state i,

such a distribution is called ergodic.
Formally, for j = 1,..., N we have
: v e (n)
o P =1%o =1k = fn by =

It means that in the long run the probability that we find the process in state j

is approximately 7; no matter which value the chain had initially.

Now we have the following theorem, called Ergodic Theorem, explains the

long run behaviour of Markov chains.

Theorem 2.15. (/2/) Let P=||p;;|| be the transition matriz of a chain with a
finite state space X ={1,..., N}.

(a) There is an ng such that

(no)

min p;;~" > 0
7/7‘7

if and only if there are numbers my, ..., N such that
>0, Y m=1
J

and
pz(-;l) — T, N — 00
for every i € X.

(b) The numbers (my,...,mN) satisfy the equations

Wj:ZWkpkj, ]: 1,...,N.
k

12



Chapter 3

Oscillation Properties of

Expected Absorption Times

In this chapter we give a definition of a branching random walk and explore
expected times until the walk is stopped. Our aim is to prove the oscillation

behaviour of expected absorption times.

3.1 Formulation of Results

We consider a random walk on I(r) = {1,2,...,r} where the probability to jump
from any point to any point is £. Let (S})nez., be the random walk starting at
point i € I(r) : S = i. The walk terminates at [ — th step if its [ — th move
length is O or 1: S} | =jand S} € {j —1,7,5 + 1} (we adopt 1 —1 = 1 and
r+1=r). Actually (S})necz., can be treated as a branching random walk on
a regular rooted tree, where at each step we randomly choose one offspring out
of r labeled offsprings and the walk terminates if the difference between labels of
two consecutively chosen offsprings is at most one. Branching random walks are
widely explored [4], the walk when the number of unlabeled offsprings at each

step is random is a well-known Galton-Watson tree [5], [6], [7].

13



Let the random variable X (i) be the time when the random walk (S},)nez.,
terminates and F; be the expectation of X (7). We will investigate the behaviour
of expected absorption times E; as a function of 7. Since by symmetry E; = E,._;14
fori=1,...,|5], we will investigate E, ..., E for r = 2k and Ey, ..., By for
r = 2k+1. It can be readily shown that F; > E5, one could expect similar mono-
tonicity relationships £; > Eji; for i = 1,2,...[5] between other expectations.
On the contrary, it turns out that Fs is the smallest one among all expectations

and there is the following oscillating hierarchy between expected absorption times:

Theorem 3.1. Expected absorption times E;, 1 = 1,2, ...,r satisfy the following

mequalities:

or=2k=4I

Ei>FE3>--->E, 3>FE,1>FE,>FE_y>-->F > Es. (1.1)
er=2k=41+2
Eiy>FE3s>--->E,4y>F,9>FE,>FE_1>FE,_3>--->F; >FE, (12
or=2k+1=41+1

Eir>E;>--->FE, 1 >E 1 >FE,>FE,9>--->FE; > F,. (1.3)
or=2k+1=414+3

E1>E3>"'>Ek_4>Ek_2>Ek>Ek+1>Ek_1>--'>E4>E2. (14)

14



3.2 Proof of Oscillation Properties

It can be readily shown that the expectations E;, 1 < i < r satisfy the following

system of r linear equations with r unknowns:

1 1 1
Ei=-+-+ —(1+ Ej)
T T - T
7j=3
1 1 1 1
Eyo=-+-+-+ -(1+ Ej)
r r r ]:47"

i—2
1 111 1 . .
Ei:;;(1+Ej)+;+—+—+_Z ~(L+Ej) if 3<i<r—2 (21)

T T -
Jj=i+2
3 1 1
Ei=) -(1+E)+-+-+-
T T T
Jj=1
r—2
1 1
E, = “1+E)+ =+~
j:lr( + Ej) + +T

If r is even then by symmetry F; = E, iy for i = 1,...,5 and if r is odd
then by symmetry F; = E,._ ;11 forv = 1,..., % Therefore, we can reduce
the number of equations and unknowns to § and % in even and odd cases,
respectively. Let us start with the even case r = 2k. After reducing the number

of unknowns to 5 = k, we get the following linear system of k equations:
k
(7"— 1)E1 —E2 —2ZE] =T
=3

k
—El—i-(?”—l)EQ—Eg—ZZEj:T
j=4

k
—QZE B+ (r—1)E—En—-2Y E=rif 3<i<k-2 (22)
J=t+2
k—3
—QZEj—Ek,Q—F(T—l)Ek,l—Ek:T
j=1
k—2
—QZEj—Ekfl—i‘?”Ek:T.

J=1

15



Let us take the difference of each equation in the system (2.2) with the subsequent

one and get the system of k£ — 1 equations:

T(El — EQ) = E3
(r+1)(Ex-1 — Ex) = Ey1 — Eya.

The system (2.2) also yields the following system of k — 2 equations:

(Ek—2 — Ey) = B, — Ej—3

(Br—s3 — Ey) = Ey — Eyo + B — By (2.4)
(Bi —Eiy3) =Eiy— B + By — By if 2<i<k—4

(B, — Ey) = Es — Ey + Es.

where the first equation is obtained by considering the difference of kK — 2 — nd
and k — th equations of (2.2), the second equation is obtained by considering the
difference of &k — 3 — rd and k — th equations of (2.2), and for j = 3,...,k — 2
the 7 —th equation is obtained by considering the difference of £ —j — 1 — st and
k — j + 2 — nd equations of (2.2).

Let us define numbers a;, 2 = 0,1, ..., k—3 by ag = % and a; = (r+1—a;_1)~!

for each integer 1 < i < k — 3. Then the system (2.4) yields the following system
of k — 2 equations:
Ey_o — By, = ao(Ey — Ey_3)
Ey o i—FEpimi=ai(Eyy — Ep3—) if 1<i<k—4 (2.5)
E1 — E4 = ak,3E3.

The first equations of (2.4) and (2.5) coincide and for j = 2,...,k — 2 the j —th
equation of (2.5) is obtained from j — th and j — 1 — th equations of (2.4).

The systems (2.3) and (2.5) readily yield:

E
El—EQZ—g and
r

16



Ey— E; ap—3E3

E2 - E3 == —
r r
Fs— E, = Ls — By _ _ak—4(E4 — ) _ ag—ga—3b3
r T r
(2.6)
E,— E_ E "
ByoBpy = 2= Bs _qperBollacyon
r T
Ep1— By LB an,
Ek-,l - Ek = % = G,O(Ekfl — Ek‘*?) = (—1) 3]‘_[+0
Thus, for 2 <7 < k — 1 we have
K "
E; — Eipq = (1) 3Hn hic la (2.7)

r

Now since 0 < a, < 1 and E; — Ey = Ej3/r the relationships (1.1) and (1.2)
readily follow from (2.7).

Let us consider the odd case r = 2k + 1. Reducing the number of unknowns

r to % =k + 1, one can get the following linear system of k + 1 equations:

k
(r—l)El—Eg—QZE]’—EkH:T
j=3
k
—E1+(T—1)E2—E3—2ZEJ‘—E]€+1:7'
j=4
if 3<i<k—2
k
—QZE B+ (r—1)E—En-2)Y E—Ega=r
=142

(2.8)

k=3
—QZE] —Ek_g—{—(r— 1)Ek_1 —Ek _Ek’—i-l =T
j=1
2
—QZEj—Ek_l—i—(T—l)Ek:T
j=1
k-1
—QZEj+TEk+1:T.

Jj=1
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Let us take the difference of each equation in the system (2.8) with the subsequent

one and get the following system of k equations:

r(Ey — Ey) = E3
1By — Bys1) = Eyoo — By if 2<i<k—1 (2.9)
T(Ep — Epy1) = Ex — Ej_1.
The system (2.8) also yields the following system of & — 1 equations:
r(Ex—1 — Ey) = Egs1 — Ej—2
(r+1)(Ey—2 — Ex41) = Ep — Ep1 + Ey — B3

(r+1)(E — Eiys) =Eijys —Eipn + EBpo — By if 2<i<k-3
(T+1)( E4):E5—E2+E3.

(2.10)

where the first equation is obtained by considering the difference of £k — 1 — st
and k — th equations of (2.8), the second equation is obtained by considering the
difference of k — 2 —nd and k + 1 — st equations of (2.8), and for j =3,... k—1
the 7 — th equation is obtained by considering the difference of k — 7 — th and
k — j + 3 — rd equations of (2.8).

Let us define numbers b;, i = 0,1,...,k—2 by by = % and b; = (r+1—"b;_;)~*
for each integer 1 < i < k—2. Then the system (2.10) yields the following system

of k — 1 equations:

Ey_1 — Ey = bo(Epq1 — Er—2)
Ep1—i — Eproi = bj(Epp1—i — Exa—y) if 1<i<k-—3 (2.11)
El - E4 == bk,QEg.
The first equations of (2.10) and (2.11) coincide and for j = 2,..., k—1 the j—th
equation of (2.11) is obtained from j — th and j — 1 — th equations of (2.10).

The systems (2.9) and (2.11) readily yield:

E
El—EQZ—g and
r
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CE-E bsB

r r
E—FE bp_s(E, — FE bi—_3bj_o F
E3—E4:5 2:_k3(4 1):k3k23
r r r
(2.12)
Epq — By = —5tL k=2 (_1)k3H—n:1
r r
FE,— FE_ E k:2 bn
Ey, — Epq = % = bo(Ey — Ey_1) = (_1)k+1 3H;L0 .
Thus, for 2 < i < k we have
BT b,
Ei— Eit1 = (—1)l+1—3 o : (2.13)

r

Now since 0 < b, < 1 and F; — Ey = Ej3/r the relationships (1.3) and (1.4)
readily follow from (2.13). The proof of Theorem 3.1 is completed.
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Chapter 4

Oscillation Properties of

Absorption Probabilities

In this chapter we formulate and prove the oscillation properties of absorption

probabilities.

4.1 Formulation of Results

We consider a random walk defined in Section 3.1. Let the random variable
X (i) be the time when the random walk (S )ncz., terminates and let p;; be
the probability that the random walk (S?),.c 7., starting at point ¢ terminates
at point j. Then absorption probabilities P; = %22:1 pi; for 1 < j < r under

natural assumption that the starting state i € I(r) of the walk is chosen with

probability .

We will investigate the behaviour of absorption probabilities P; as a function
of j. Since by symmetry P; = P,_j;; for j = 1,...,[5] we will investigate
Py,....,P, if r =2k and Py,..., Py if r = 2k + 1. It can be readily shown

that P, < P, one could expect similar monotonicity relationship P; < P;4, for

j=1,2,...]].
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On the contrary, it turns out that P, is the greatest one among all probabilities

and there is the following oscillating hierarchy between absorption probabilities:

Theorem 4.1. Absorption probabilities satisfy the following inequalities:

or=2k=4I

P<P< - <P 3<P1<P<Po<- <P <P, (1.1)
oer=2k=41+2
P<P< - <P y<Po<P <P 1<P_3< <P <P (1.2)
or=2k+1=41+1

P<Pi< - <P 1<Pu<P<P o< - <P<h. (1.3)
or=2k+1=414+3

P1<P3<"'<Pk_4<Pk_2<Pk<Pk+1<Pk_1<"'<P4<P2. (14)

4.2 Proof of Oscillation Properties

We start with the even case » = 2k. For each fixed j = 1,...,k, the absorption
probability P; = 1377 p;;. In order to evaluate p;; we fix j and write the
system of equations p; ;, ? = 1,...,r. Since these systems have different forms for

j=1,2,3,4 and j > 5 there are five different equation systems.

The system for evaluation related to the probability that the walk terminates

at 3 =1 is:
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1 "1
1= — “paq if 1<i<2
Di T—i-zrp,l f 1< <

n=i+2
i—2 1 r 1
L= — — ) < <r-—
pz,l Z Tpn,l + Z Tpn,l Zf 3 SUTSsT 2 (21)
n=1 n=t1+2
i—2 1
pi,lzz_pn,l if r—=1<i<n.
r
n=1

The system for evaluation related to the probability that the walk terminates at
J=21s:
1 1 . ‘
Dig = — + Z —Pn2 if 1<i<2
-

1 1 "1
==+ -piat > —pn
D32 , TP1,2 2 7010 2

-2 T (2.2)
2=y - - ‘ <ji<r—
pz,2 Z 7apn,? + Z 7apn,2 Zf 4 STST 2
n=1 n=i+2
i—2 1
pi,QZZ—an if r=—1<i<nr.
r
n=1

The system for evaluation related to the probability that the walk terminates at

J =3 is:
1
P13 = Z ~Png3
n=3 r
1 1
o = — + —_ TL‘
D23 , ; rp 3
21 1 &1
Pi3 = Z A Z Pns if 3<i<A4 (2.3)
n=1 n=i+2
1—2 1 r 1
i3 = - - ' <i<r-—2
p1,3 Z Tpn,S + Z Tpn73 Zf 5 ST>T
n=1 n=i+2
i—2 1
i3 — —Pn ) r—1 S 1 S T.
Di3 ; TP 3 f

The system for evaluation related to the probability that the walk terminates at

J =41is:
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T

1
Dig = Z —pna if 1<i<2
n=i+2 r
i—2

1 1 "1
ia= Y —Dnat—+ “pna if 3<i<5
Dia ZTPA . ZTpA f
n=1 n=i+2
i—2

1 "1 ' ‘
pi,4=§:;pn,4+ E ~Pn if 6<i<r—2
n=1 n=i+2
1—2

1
pz’AZZ;pnA if r—=1<i<nr.

n=1
The system for evaluation related to the probability that the walk terminates at
j=mfor5<m <kis:

r

1 . .
Pim = Z ;pn,m Zf 1<:i<2
n=i+2

1—2 r
1 1 : .
pz,mzz;pn,m—i_z;pn,m Zf 3<1<m—2
n=1

n=i+2
i—2 1 1 r 1
m =) = = = ' _1<i< 1 '
Dism ern,m+r+ Z “Pnm if m <i<m+ (2.5)
n=1 n=i+2
i-2 4 T
n=1 n=i4+2

i—2
1
im — _nmi ?”—1§2§7"
Let szz;lpi,j,wherelgjgk_

The side by side summation of the system (2.1) yields

r—1
24+pia1+opr
2(]71,1 +pr,1) + 32}%,1 =2. Thus, ¢ = %
1=2

Similarly, by side by side summation of the systems (2.2)-(2.5) we get

o 3 + DP1,j T Prj
q; = #

for 2 <j <k.
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The system (2.1) readily yields:

B 1 n 1 ( )
pl’l_r—l—l r+1 @~ P2
B 1 n 1 ( )
P21 = rr 1 T qd1 — P11 — P31 -
X (2.6)
Pi1 =~ T 1(611 —Pic1g — Pit1) of 3<i<r—1
1
DPr1 = 7’—1——1(q1 _pr—l,l)-

The system (2.2) readily yields:

B 1 n 1 ( )
P12 = 1 1 q2 — P22
. ) if 2<i<3
i,2 = —Pi-12 — Pi t ST
Dig2 1 T+1CJ2 Pi—1,2 — Pi+1,2 .
io = ——(q2 — Pi—12 — Pi f 4<i<r-—1
Di2 r+1(QQ Pi—1,2 p+1,2) if 1T
1
Pr2 = m(% - pr—1,2)-

Similarly, the systems (2.3)-(2.5) readily yield:

- )
pl’m_'f’—i—l qm p2,m
1
Diim = r+1<Qm_pi—1,m_pi+1,m) if 2<i<m-—2
1 1
Pi, T+1+T+1(q Picim = Pivim) if m—1<i<m+ (2.8)
1
Di, r—|—1<q Pi—1, Piya, ) f
— )
pr,m_r+1 dm pr—l,m'
Now we wish to express p; ; and p,; in terms of ¢; for j =1,... k:

Let us define numbers ¢;, e =0,1,...,7r — 1 by
1
a=1——— and ¢, =1-

(r+1)2 cio1(r+1)2

for each integer 2 <1i <r — 1.
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Then the system (2.6) yields the following two relationships:

1
ICE

1

— J— +—
P 4 r+1r lnr PSR RITCTEY s [ AP I Py e

r—1
(—1)H+1 1 1
Pra = (Z 1)1 r—1 - 1 r—1 a1 + 1)r—1 r—1
=1 (’T‘ + ) Hm:l Cm (T' + ) Hm 16m (T + ) Hm:l c

1
(r+1)r H:;:ll Cm

Similarly, the system (2.7) yields the following two relationships:

(= 1)”1 - 1
pm_(; (r+ 1= em (7‘+1)’“Hrmzllcm>Q2+(r+1)cr__1

1 1
— -
O Py (4 D D en

B r—1 ( 1)l+1 B 1 B
“3‘<220+¢V1H o w+1>H;H%)QQ

1 1
+ = .
(r+1)- 1Hm (Cm (T 1) Hrm_zll Crm

1

1

(r+1)r=2 H:n_:lz Cm

Finally, for 3 < j <k, the system (2.8) yields the following two relationships:

- r—1 (_1)l+1 _ 1 )
P1,j (; (7” + 1)r—l H:n_:ll Cm, (T + 1)7" H:n_:ll Cm) qj + ( )

(=1 (=1
(r+1)J H:n_:lr_j Cm  (r+ D) o

a r—1 ( 1)l+1 B 1 ‘ (
Dr,j (; (r+ 1) le (Cm (P 1) Hrm;11 Cm) v (r+1)

(~1p+ (~1y

(=1

1))~ IHmr]—l—l m

_1)j+1

) e ()R L em
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Summarizing last six relationships we get that for j = 1,...,k, pi; and p,;

have the following form:
py = f(r)g; +g(r,j),
prj = [(r)g; + h(r,j)

where
— (r+ 1) lH a (r+1)r H:n_:l1 Con
1 1
1) = _
g(r;1) (r+1)c-1  (r+1)2c 91’
if 2<j<k
. —1)J ~1)! 1y
g(r,j) = S ) - =1 + é )
(T—i_l)] Hm r— j+1cm (T—|—1) Hm r— ]C ( )J Hm =r—j— 1€
1 1
h(T, 1) 1 - r—1 )
( )T Hm 1 Cm (T + ]‘)T Hm:l Cm
1 1
h(r,2) = . + " — — ,
(r + 1) H o Cm  (r 1) H 1 Cm (rF )T m
if 3<j<k
. —1)iFt 1)7+1 1)i+1
P L 1 -1

r+ 1) en (e )= L e

(r+

Y

)7‘ J+2Hm e QCm.

By the definitions of g;, p; ; and p,; for j =1,..., k, we have:

2+g(r,1)+ h(r,1)

g1 =

3-2f(r)
34g(r,j) +h(r,j) . :
Then g; for j =1,...,k can be expressed as follows:

1 1 1 1

0 = 2+ rtDer—1 (4 D)Zer—26r1 + r+0) [ em (D) I em

1 3—2f(r) ’

1 1 1 1

0o = 3+ (r+Der—1 (r+1)2cr—2cr-1 + (r+13 T gem (412110 L em

’ 3—2f(r)
1 i 1

X (r+)" 'Ttiem )7 T2 em
3—2f(r) ’
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34 17 ey 1y

¢ = (r+1)3= TS em (r+1)J H’"m_zlr_]. cm (r+1)7H T em
! 3—2f(r)
(=17t (=17+t (= 1)”1
ra1)—3 T—_l'm_rlr +1 1 - 1)r—i+2 -
P 2f236 (R T
Since P; = % for j =1,..., k we get:
11—
P —-P = (r+1)° Hm r—3Cm + (r+1)7~ 21—1 2 Cm_

r(3—2f(r))

1 1 1 1
P2 - P3 = (T+1)CT71 + (T+1)4 H;7;T—4 Cm ((T-‘rl) Hm 11 Cm _|— (T—’_]‘)T 3I—Im 30m> .

r(3—2f(r))

P; — Pjy for j =3,...,k —11is written in the form

(-1 1y (-1t + (-1t
(A TS jyrem  HDIPILDpem | ) PRI pem | (D) T om

r(3—=2f(r))

Now let us show that 3 — 2f(r) is positive. Straightforward calculation yields

that ¢; > % fori=1,...,r—1. Thus, for any [ and indices 41, i, . . . , 7; we have
(r 4+ Vleiyciy -+ i, > 1. Determine t; = (r +1)¢; > 1 fori = 1,...,7 — 1. Then

r+1>t;>rsince 1 >¢; > —=. Thus, t; > t;;; for 1 <i<r —2. Now

r+1
r—1 (1)t 1
fir) = S _
T e e e
r—1

r_1

=2t )t 1- <(1-
| S < 752!) | < r+ 1) < r+ 1) Z 241

1 2 g2 r rr—1 r’ r
r+1 =t (r+1Drr=tr2—-1 (2 —-1) r2-1

[\ RNV

Therefore, 3 —2f(r) > 0.
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Now we investigate signs of P; — Pjyy for j =1,...,k —1:

-1 -1+ (7~+1)T—51HT*4 c
Pl B P2 _ + m=2tm < 0
r(3—2f(r)) r(3—2f(r)) (r+1)3H%n;1,«_3Cm

since both terms are negative.

Similarly,
1— L 1— L
(r+ 1) 1102 em (r+ 1) 7T s em
Py — Py = + >0
(3 - 2f( )) (r+1§cr,1 r(3 - 2f( )) (r+1)4 H::l‘n_zlrfél Cm

since both terms are positive.

Similarly, since

1\
(—1) (1 (T+1)7an+2k 4cm> . (—1)"3 (1 — —(r+1;ck,1>
r3=2f(M)(r+ DF 3T Lpsem (3= 2f(n)(r+ DF [T ¢
the sign of P,_o — Py_; is positive (negative) for even (odd) values of k and since
_ 1\k+1 . 1 _1)\k+1 _ 1
( 1) <1 (r+1)2 Cka+1) + ( 1> (1 (r+1)2cp_3cp— 2)
r(3=2f())(r+ V¥ 21 g cm 73 =2f(r)(r + DMLy cm

the sign of P,_; — Py is positive (negative) for odd (even) values of k.

Ppo—Pp =

Py 1—P =

Now we investigate signs of P; — Pjyo for j =1,...,k —2:

e _ 1~ ey s . )
P—Ps — 1302 _sem (D)™ 3]0 Lem DA aem D) [ om o
r(3—2f(r))
ThUS, P < P
Cer s T G T em T G I e | ) T e
Pe= = > 0.
r(3—2f(r))
ThUS, PQ > P4.
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J DT SR J DI SR 1 1
1+(7‘+1)CT73 1+(7“+1)CT—6 —1+ (r+1)cq -1+ (r+1)cy

(r+1)2cr—2cr—1  (r+1)2 [0t sem (D) ™20 Y em | (D)™ 510 hem
P;— P = - = = < 0.
r(3—2f(r))
ThUS, Py < Ps.
Py — P

<ﬂﬁkwﬁmfﬁ*ﬂkw@ﬂ)ﬁ*%kwﬁﬂ)ﬁ”wkwﬁﬂ>

("'+1)k73 H:n_zlk+3 Cm (T+1)k H:n_zlk Cm (T+1)k+3 H:n_zlk73 Cm (T"'l)k H:n_zlk Cm

r(3—=2f(r))

Thus, P,_s > P, if k is even, P,_s < P, if k is odd.

These two sequences of inequalities readily imply the relationships (1.1) and

(1.2).

Let us consider the odd case r = 2k + 1. For each fixed j = 1,...,k + 1,
the absorption probability P; = % > i1 pij. In order to evaluate p; ; we fix j and
write the system of equations p; ;, % = 1,...,r. Since these systems have different

forms for j = 1,2,3,4 and j > 5 there are five different equation systems.

The system for evaluation related to the probability that the walk terminates

at j =1 is:
1 ~ 1 . .
Pz‘,1=;+ Z ~Pn.1 if 1<0<2
n=i+2
i—2 1 T 1
i1 = — — ) <1 <r—
Pia Z Tpn,l + Z Tpn,l Zf 3 S1TST 2 (29)
n=1 n=i+2
i—2 1
i1 = —Pn1 f T—1<:<r.
Pin ; Tp 1 f
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The system for evaluation related to the probability that the walk terminates
at 3 =2 is:
]. s ]. . 1 < . < 2
io = — + E —Pno tf 1< <
Piz2 . Pn2

1 1 1
==+ -piat > —pa
P3,2 - TP1,2 rp )2

e " 1 (2.10)
pi,2zz;pn,2+ Z P2 if 4<i<r-—2
n=1 n=i+2

i—2
1 ) .
piﬂ:z;pnz if r—1<i<r.
n=1

The system for evaluation related to the probability that the walk terminates at

7 =3 is:
P13 = 7JUn,:s
n=3
1 1
= — _|_ —Dn,
D23 , ; Tp )3
i—2 1 1 r 1
Pis=  ~Puat -+ ) ~pas if 3<i<d (2.11)
n=1 n=i+2
i—2 1 r 1
i3 = — — ) <:<r—
pz,?; Z Tpn,3 + Z Tpn,?) Zf 5 STST 2
n=1 n=i+2
i—2 1
i3 = —Pns 1f T—1<i<r.
Di3 ; Tp )3 f

The system for evaluation related to the probability that the walk terminates at

J=41s:
1
— - ) <1<
p1,4 Z Tpn,4 Zf 1 ST > 2
n=i+2
i721 1 r 1
i4 = —Pna+—+ —Pna tf 3<1<5H
DPia4 ;Tp A , n:zigzrp A f
- (2.12)
«— 1 1
4= - — ) <1<r—2
pz,4 ern,4+ Z T.pnA Zf 6_2_7"
n=1 n=i+2
i—21
4 = —Dna 1 -1 <<
Dia ;rpA if r <i<r
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The system for evaluation related to the probability that the walk terminates

at j=mfor5<m<k+1is:

r

1 . .
Pim = Z ;pn,m Zf 1<:<2

n=1i+2

i—2 1 "o
Pim =D ~Pom+ Y, ~Pam if 3<i<m—2

n=1 " n=i+2 r

21 1 K1
pz,mzz_pn,m+_+z—pn7m Zf m—1§z§m+1

n=1 " r n=i+2 "

n=1 n=i+2

1—2
1 , .
pi,mZE ;pn,m Zf r—1<i<r.
n=1

Let pj => 7 pij, where 1 <j <k+ 1.

The side by side summation of the system (2.9) yields

r—1

2(p11 +pra) + 32]9@-71 =2. Thus, p, =

1=2

24 pi1+pra
—

Similarly, by side by side summation of the systems (2.10)-(2.13) we get

_ 3+ Pty

0; 3 for 2<j<k+1.

The system (2.9) readily yields:
1 1

p1,1:T+1+r+1(p1—p2’1>
1 n 1 ( )
Par = T P e
1
il = T\ Pici1 TP f 3<i<r-—1
Dij T—I—l(pl Pi-1,1 p+1,1) if i <r
1
DPry = T‘—{——l(pl _pr—l,l)-
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The system (2.10) readily yields:
1 1

p1’2:T+1+r+1(p2_p2,2)
1 1
p’2 T+1 +T+1<p2 p 1,2 p+1’2> Zf 7
1
Pi2 = m(m —Pic12 —Dit12) if 4<i<r-—1
Dr2 = 1 P2 — Pr-12)-

Similarly, the systems (2.11)-(2.13) readily yield:
1

Pim = "t 1 (pm - p2,m)
1
i, T+1(,0 Pi-tm — Pivim) if
1 1
Di, r—|—1+r+1(p Di-1, Dit1m) 1f m 1< m+
! ( ) if m+2<i<r—1
im m — Pi—1,m — Pi+1,m) m SUTST—
Di, r+1'0 Di-1, Pi+1,
- )
pr,m_r+1 pm pr—l,m-
Now we wish to express p; ; and p,; in terms of p; for j =1,... k + 1:

Let us define numbers d;, : =0,1,...,r — 1 by

1 1
! (r+ 1z diy(r +1)2

for each integer 2 < <r — 1.

Then the system (2.14) yields the following two relationships:

B i (—1)! N 1 . 1
P11 )T S dn 4 ) I dn )T+ Dds

=1

1
B (7’ + 1)2dr72dr71’

(2.15)

(2.16)

(>t ! 1
Pr ) d ) T hdn ) T, o

=1

1
+ r—1 .
(T + 1)T Hm:l dm
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Similarly, the system (2.15) yields the following two relationships:

— (—1)! 1 1
= + +
P12 (; r+ 1)L de (r+ 1) [ dm> P2 T Dd,
1 L 1
(r+1)%dradry (r+ P[],y d

Pro = Zl (=) + L g -+ !
P\ ) de ) de ) )2 [ d

1 1
+ :
(r+ 1) s de (1712 d

For 3 < j <k + 1, the system (2.16) yields the following two relationships:

(& (—1)! 1 | (=1)?
P = (lzl (r+ 1) H:n_:ll dm i (r+1)r Hrm_:11 dm) pit (r+1)7-1 Hm r—j+1 dim
ey (-1
(r+ 10 dm (1 d
(5 (1) 1 | (—1)7
fra = (lz:; (r+ 1) T2 don ! (r+ 1) T dm) o (r+ 1112, d
. SV - (W
(r+ 1) LS d (P D)2

m]2

Summarizing last six relationships we get that for j =1,...,k + 1, p1; and p, ;

have the following form:
P = U(T’)p] + U(Taj)7
Pr; = u(r)p; + 2(r, j)

where
r—1
—1) 1
U,(’r') = f‘l ) —1 + T —1 )
=1 (T + 1) Hm:l dm (T + 1) Hm:l dm
1 1
v(r,1) =

T+ Doy (r+ 1)2dyady
if 2<j<k+1
; (1) (—1) (—1)7
) —_ - _|_ ’
U(r j) (7" + 1)J ! Hm r—j+1 d (7" + 1) Hm 17, —j dm ( )J+1 Hm i 1
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1 1
+

r+ D) de (1) T dn

1 B 1 N 1
r+102 Y dn (1) I d (r D) Tl de
if 3<j<k+1

vy (1) ., (-1 |
(r+ 19T dn (1) DD d (P )982 2 d,

z(r,1) = —

)l

z(r,2) =

2(r,j) =

Regarding the definitions of p;, p1; and p,; for 7 =1,...,k + 1, we have:

2+ w(r, 1) + 2(r,1)

P 3 —2u(r) ’
3+o(r,j) +2(rJj) :
. 2<5<k+1.
Pi 3 — 2u(r) i rsis

Then p; for 5 =1,...,k+ 1 can be expressed as follows:

1 1 1 L
P1 = 2+ (r+0)dr—1 ~ (r+1)2dr—adr—1 (r+1)7—1 H:n_:ll dm * (r+1)" H:n_:ll dm
3 —2u(r) ’

1 1 1 1
S s Vgl eV e R VY s NN PR Ty

m=r—3°m
3 —2u(r)
—1 4 1
)" Il dm | () Tl di
3 — 2u(r) ’

3 + (_1)j (_1)j + (_1)j

P2 =

(r4+1)7-1 H;'pi:lr—jJrl dm (r41)7 H;::lrfj dm (r+1)3+1 H;72T7j71 dm
3 — 2u(r)
(_l)j (_l)j + (_l)j

(’l“-‘r].)T_j H:n—zlj dm - (T+1)T_j+1 H;::lj71 dm (7’+1)T—j+2 H:r::lij dm Zf 3 S j S k + 1
3 —2u(r)

P =

Now let us show that 3 — 2u(r) is positive. Straightforward calculation yields
that d; > :11 fori=1,...,r—1. Thus, for any [ and indices i1, is, . .., 7; we have
(r +1)'d; diy - - - d;; > 1. Determine ¢; = (r + 1)d; > 1 fori =1,...,r — 1. Then
7’+1>ei>rsincel>di>$. Thus, e¢; > e;41 for 1 <i <r —2. Now
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B r—1 (_1)l 1
= T, T T

Sy
—1 H:n_:ll em (r+1) H:n_:ll Em

r—1 r—3

r+1

2 1 ( 1 ) 1 ( 1 ) ‘1 1
= — (1= + <|1-— +
lzl Hrm_:lm Em €2i-1 (r+1) Hm 16m r+1 Z r2+l
r—3
1 2 1 r rrt—1 1
=(1- > —+ - +
r—+1 l:OTT2 r+1 (7“—|—1)7“’”2r2—1 r+1
- rr1 n L 2r—1 3
rr=2(r2 — 1) T+1_T2—1 2
Therefore, 3 — 2u(r) > 0.
Now we investigate signs of P; — Pjyy for j =1,... k:
B <r+1>3nm adm  (r1)7" QHT & dm
P — P = < 0.
e r@—QM))
1 1 1
(r+1)dr—1 + (r+1)4 Hm g m + (r+1)r H:ﬂ;ll dm + (r+1)r—3 H:n_213 dm
P2 — P3 - > 0
r(3 = 2u(r))
P; — Pj4, for j =3,...,k is written in the form
(= 1)] (= 1)] + (=1 — + (=1
(r+1)7— IHm . J+1 (r+1)it2 Hm i o dm (r+1)7— J+2H _] 5d (r+1)r—3-1017 _]+1d

r(3 = 2u(r))
It can be readily seen that the sign of P; — Pj4; is negative (positive) for odd

(even) values of j =3,... k.

Summing two consecutive equations of the above system, we investigate signs
of P, — Pjipforj=1,....k—1:

g 1 T
( 1+ (7"+1) ) + (r+1)3T10 2 dm + (r+D)T T2 dm + (r41)7—3 ]_[’"m_il3d
P - P =
r(3—2f(r))
_A+B+C+D
r(3—2f(r))
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r—1 r—1

’_‘ B T+1dr 1 :(T+1>d1_1(r+1>T,3inm:Hm:2€m61_1

1- (r+1)d2 (T + 1)d2 -1 d1 9 €1 €y — 1
(r+ 1) 31 dm m=
SMssen, oy O DIlgsen gy G Dedt
e ! (r+12—1 (r+1)2—1"""
r2(r+1 6;:5
(7“(—{— 1)2>_ 11 (61— 1) >eq(epr— 1) >r(r—1) > 1.
Similarly,
- <r+1>dr 1 p s
(r+1)3 Hd,_4—1
‘_‘ +1) Hm r—gd _ (T+ ) 14 (T+ 1)7‘—3 H dm
(r+1)" 15~ 1 1dm T+
r—3 2 _r—>
e, rée,
. +11 <6r—4 — ].) > /r+ 11 (67__1 — ].) > e,,_l(eT_l — ].) > 1.
Thus, P < Pj.
= i + Gz ~It i
P _p (r+1)dr—1 (D40 adm (D) 0 dm | ()T AT dim
2 — Iy =
r(3—2f(r))
_E+F+G+H
r(3—2f(r))
l_m r—3
HDdi1 (r+1)d, o — r—5 1
| = = r+1) dp, €m
‘H‘ -G (r+1)d, 3—1 H €r 3_11__[3
(r+1) 41, d m=
>el ey — 1) > ep_i(epr — 1) > 1.
Similarly,
1- (T+1)1d,n,5 ( )d i
F (r+1)% Hrf,l _4dm r+1)d,_5 — 1 _5
—| = - = r—+1)" dm,
o - AR

(r+1)" = T2y dm
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r—4 Hr—4 e €T_4
> ((r+ Ddpes = D(r+ 1) [ [ d = 2222605 = 1) > : (ey_1 —1)

ot (r+1)? (r+1)?
7"367"7;
> (e, — 1) >e_1(ep_1 — 1) > 1.
(T+1)2(€ 1 ) € 1<€ 1 )
Thus, P, > P,.
“+ g e - g —+ 1- m
r+0%dy—2dr—1 " (k)P [ _sdm | (D) 2[1 L d (1) =5 117 dom
Py — Ps =
r(3—2f(r))
I+ J+K+1L
r(3—2f(r))
-1 (r +1)d
(r+1)2dy_2dr—1 r r—3 — r—7
= = r—+1) dpm, Em
‘L‘ 1~ oriyay (T+1)d4—1 H 64—1 H
(r+1)7 =5 1025 dm
r—4
> (e,_3— 1) H em > er_1(e,o1 —1) > 1.
m=>5
Similarly,
J 1= (T+1)1 dy 6 ( )d
-+ T, Losdm (14 1)drs — 7
—| = = r+1)" dy, em
'K’ 1- (r+1)d1 (7“ + 1)d1 —1 H e — 1 H
(r+1)" 2 [Ty dm B
r—7
> (e, — 1) H em > er_1(e,_1—1) > 1.
m=2
ThUS, Py < Ps.
Py_y — Py
(_1)1671(1_(’”“)1‘ik+2) 1 (_1)k71(1_m) (_1)k71(_1+m) +C D (- 1+(r+§)dk>
DRI s dm (r+ DML di (r+ DM Ty dm (r+D* Ty dim
r(3—2f(r))
_ M+N+O+P
r(3 —2f(r))
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1——1
(r+1)dg 4o

M (r+1)k—2 Hr7_1k+3 dm 9 (7’ + 1)dk+2 -1 €kt — 1
—| = T = (r+1)%dpd = €pept1—
' P ' 1_(T+§)dk ( ) Rk (T + 1)dk —1 RERtL e — 1

(T+1)k H:n_zlk+1 dm
> 6k+1(6k+2 — 1) > GT_1<€7«_1 — 1) > 1.

Similarly,

1_(T+1)1dk71
N (DRI dm 9 (r+1)dp1 —1 ep_1 — 1
—| = m = (r+ 1)°dg_sds_ = €p_3€p_9——
'O‘ 17(7‘+1)1dk_3 ( ) Rtk 2(7’ + 1)dk_3 — 1 h=3k zek_;; — 1

(r+D)RBTTydm

> 6]672(6]6,1 — 1) > €7~,1<6T,1 — 1) > 1.

Thus, P._1 < Pyyq if kis even, P,_1 > P, if k is odd.

These two sequences of inequalities readily imply the relationships (1.3) and
(1.4). The proof of Theorem 4.1 is completed.
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Chapter 5

Concluding Remarks

In this chapter we give important remarks related to future work and compare
the results of Theorem 4.1 and the limiting behaviour of a branching random

walk defined in this chapter.

In the proof of Theorem 3.1, all expected absorption times are expressed in
terms of E5. One can obtain the exact expressions of these expectations by solving
the systems (2.7) and (2.13). Thus,

-
A
where
A= 2 ak_g—(Zk—?)M—lk5(2j+2 k]Han
r réy
and
-
Es r—1—0B
where
B=2k— 3+g—3@—(2k 6)bk 3bh-y kizgﬂ ’“‘j“l:[bn
r ri ,

in cases r = 2k and r = 2k + 1, respectively.
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Let (Si=%)nez., be the random walk starting at point ¢ € I(r) : Sg=t =i
and terminating at [ — th step if its [ — th move length is less than or equal to
s: 5P = jand S)=° € [j — 5,7 + 5] ( by definitions j —s = 1if j —s < 1 and
j+s=rif j+s>r). Let the random variable X=%(i) be the time when the

random walk (S55%),ez., terminates and E7° be the expectation of X =°(i).

The linear system of expectations Eigs, 1 <4 < r of s neighbourhood can be

written as:

EFS:_ _+Z 1+E<S
j8+2
pe_tzl 1 s, XT: 1(1+E<S) if2<i<s+1
- = - - - i (4 ? S
¢ r o J - -

if s+2<i<r—s-—1

i—s—1
1 1
E-SS: <s <s
: Z ~(1+ B )+ + = +r+ Z 1+E )
j=1 j2+8+1
e s 1 r—i
<s __ <s — . .
Ei_;;(1+Ej)+;+;+ if r—s<i<r-—1
r—s—l1 s 1
E= = “(1+E) + 2+ -,
" ;r< t 5 )+r+r

We do expect that the behaviour of expected absorption times in this case
is also oscillating but in the following more sophisticated sense. For exam-
ple, consider the odd case r = 2k + 1, then by symmetry E° = E-°_,
forv = 1,..., % Let k+1 = sp+ ¢q. We distribute k£ 4+ 1 expectations
into p + 1 groups: Gy = {E7°,...,E=*},Gy = {EZ5, ..., B30 .. =
{E(p Dei1 - B} G = {E;;H,... E;’ }. The inequality G; < G W1ll
mean that £’ < E” for any two expectations £’ € G; and E” € G;. We expect
that Gy,i = 1,...,p+ 1 satisfy inequalities (1.1)-(1.4) and if for some i < j E=*
and Ejgs belong to Gy, then for odd k E=° > Efs and for even k E=° < EJ-SS.

The numerical results support the hypothesis formulated above:
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If r =13 and s = 2 then:

EF? =3.200051, E5* = 2.984779, B3 = 2.768460, E;* = 2.798540,

E5? = 2.812140, E;* = 2.809020, E=* = 2.807974

and E° > E5* > B > E;° > B2 > B > E3°

If r =13 and s = 3 then:

E=% = 2480078, E5y® = 2.323323, E5° = 2.164878, E° = 2.005490,
=% =2.037821, E5° = 2.059782, B = 2.072043

and E° > E5° > FB3® > EX° > B5° > ES° > BE°.

Similarly, we can formulate a hypothesis for the even case r = 2k. Numerical

results are as follows:

If r =12 and s = 2 then:

E=* = 2997369, E5* = 2.781032, E5? = 2.563484,
EF? = 2596044, F=* = 2.610575, E5° = 2.606651
and E* > B3° > E3% > B3P > B2 > By,

If r =12 and s = 3 then:

EF? = 2.334060, FB5* = 2.176302, E5° = 2.016323,
E7? =1.856343, BE=* = 1.893091, E5° = 1.919754
and E° > B5° > B3% > B3° > E5° > Ef°.

We also expect oscillation properties of absorption probabilities of the random
walk (S)=%)nez.,. Let pfj be the probability that the random walk (S;*)ncz.,
starting at point ¢ terminates at point j. For fixed j € {1,...,r}, the linear

system of probabilities pfjs of s neighbourhood can be written as:
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(s
rpfjs— Z p,fj.:fyi if 1<i<s+1
k=i+s+1

t—s—1

k=i+s+1

—Zpkjjtrp =7 if r=s<i<r
where

forallie{1,...,7+s}tifje{l,...,s+1}
forallie {j—s,...,j+stifje{s+2,...,r—s—1}
forallie {j—s,...,r}ifje{r—s,....r}

Yi =

(e R

, otherwise.

Regarding the system (0.1) we note that absorption probabilities

1 T T
<s _ <s <s __
PEt==) vy and ) PP =1
i=1 j=1

Similar to expected absorption times, we do expect that the behaviour of absorp-
tion probabilities in this case is also oscillating but in the following more sophis-

ticated sense. For example, consider the odd case r = 2k + 1, then by symmetry

13]55 = ]H for j =1,. ““1 . Let k+ 1 = sp+ q. We distribute k + 1 proba-
bilities into p + 1 groups: H1 = {P— ., P=*} Hy = { AT PZSSS} JH, =
{Pp sl - prss}, H, { s - - k+1} The inequality H; < H; will

mean that P’ < P” for any two probablhtles P' € H; and P" € H;. We expect
that H;,i =1,...,p+ 1 satisfy inequalities (1.1)-(1.4) and if for some i < j P=*
and P]Ss belong to Hy, then for odd k P~ < P]-Ss and for even k P~ > P]SS.

The numerical results support the hypothesis formulated above:

If r =13 and s = 2, using Pj§2 =13 Zl 1p” for j=1,...,7 we have:

P§2 __ 744038784529 PSQ __ 976603795454 PSQ __ 1210299028862
1 77 14044285015605° © 2 7 14044285015605° ©~ 3 T 14044285015605°

PS? __ 1177803460549 PS? __ 1163110568270 P§2 __ 1166481172598
4 77 14044285015605° © 5 T 14044285015605° © 6 T 14044285015605°
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PSQ _ 1167611395081
7 14044285015605

and P;° > P2 > PF° > P > PF° > P2 > PE2

If r =13 and s = 3, using Pjg?’ =13 Zrﬂ% =3 for j =1,...,7 we have:

P§3 _ 11421331946332 PS3 __ 14014960627976 P§3 — 16636540997384
1 77 215094122259016° ~ 2~ 215094122259016° ~ 3 215094122259016°

P§3 _ 19273726011848 P<3 18738795860092 P§3 _ 18375423919160
4 7 215094122259016 T 215094122259016° © 6 215094122259016°

<3 18172563533432

7 T 215094122259016

and P° > P=° > P > P2 > P~° > PP > P2

Similarly, we can formulate a hypothesis for the even case r = 2k. Numerical

results are as follows:

If r=12 and s = 2, using P=2 = L 52 p= 2forj—l .,6 we have:
8 J 12 zll

< < <2
P,Q __ 324912449742 P,Q __ 426027121422 P2 — 527707796946

1 7 5608732106592 © 2 5608732106592 © 3 5608732106592

PSQ __ 512489528178 PSZ __ 505697482050 PSQ __ 507531674958
T 5608732106592° © 5 T 5608732106592 6 T 5608732106592

and Py* > P* > P° > Py > Py? > P2,
If r =12 and s = 3, using Pjg)’ =3 21—1 Pi; =% for j =1,...,6 we have:

P§3 __ 15892503222 P§3 __ 19481415198 P§3 __ 23120875230
1 7 2729944972087 ~ 2 2729944972087 © 3 T 272994497208’

<3 _ 26760335262 PS3 __ 25924348182 P§3 __ 25317771510
4 77 2729944972087 75 T 2729944972087 © 6 T 272994497208

and P° > P > PS° > PP > PP > PP

Let us define a random walk which never stops by prohibiting absorbing states:
the walk (gfl’gs)nezzo starting at i has a finite state space I(r) = {1,2,...,r}, the
probability that its { —th move length is less than or equal to s (:= as above) is 0
and the probabilities of all other states are equal. Then the transition probability

matrix P=* = ||p5°|| of the walk has the following form:
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L foralljeI(r)—{l,....i+s}ifie{l,...,s}

—— forall jeI(r)—{i—s,....i+s}tifie{s+1,...,r—s}

~<s _

—— foralljel(r)—{i—s,...,r}ifie{r—s+1,...,1}

0, otherwise.

It can be readily seen that the transition matrix is ergodic (there exists a
number ng(s) such that mini,j(ﬁfjs)("‘)(s)) > () and there is a unique stationary
distribution 7 = (7, ..., 7,) satisfying 22:1 7; = 1 (by symmetry 7; = m,_;4, for
Jj=1,...,15]). Straightforward calculations show that for r = 2k and r = 2k +1

we get the following stationary distributions respectively:

%7 jE{l,...,S}

~

= 25—1
m, je{s—i‘l,...,/{},
%7 je{l,...,S}
7Tj:

% je{s+1,....k+1}

Thus, there is no any oscillation behaviour of limiting probabilities in contrast
to Theorem 4.1:

iftr=2km > >m,>m1 =+ =Ty,

ifr=2k+1:m > - >7Ts>mgy1 =+ = Mpy1.
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