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SEMIGROUP METHODS IN THE REPRESENTATION THEORY OF THE
INFINITE SYMMETRIC GROUP

ABSTRACT

This thesis is devoted to giving a classification of all the unitary representations of
the infinite symmetric group, which consists of bijections on natural numbers, that are
continuous with respect to a suitable topology in the infinite symmetric group. For
the first time in 1972 this classification was done by A. Lieberman without the use of
semigroups . We work out the semigroup approach to this problem developed by G. I.
Olshansky. In particular, we associate a sequence of representations of finite inverse

symmetric semigroups to any unitary representation of the infinite symmetric group.

Keywords: Infinite symmetric group, finite inverse symmetric semigroups,
continuous unitary respresentations, partial permutations, good representations, A.

Lieberman Theorem
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SONSUZ SIMETRIK GRUBUN TEMSIL TEORISINDE YARIGRUP
METODLARI

0z

Bu tezde, dogal sayilar iizerindeki permiitasyonlardan olusan sonsuz simetrik
grubun uygun bir topolojisine gore siirekli olan tiniter temsillerinin siniflandirilmasi
calisilmistir. Bu siiflandirma ilk olarak 1972°de A. Lieberman tarafindan yarigruplar
kullanilmadan yapildi. Biz bu problemi, G. I. Olshansky tarafindan gelistirilen
yarigrup methoduyla calistik. Ozel olarak, sonsuz simetrik grubun iiniter temsillerinin

her birini sonlu ters simetrik yarigruplarin bir dizi temsilleriyle iligkilendirdik.

Anahtar Kelimeler: Sonsuz simetrik grup, sonlu ters simetrik yarigruplar, siirekli

tiniter temsiller, kismi permiitasyonlar, iyi temsiller, A. Lieberman Teorem
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CHAPTER ONE
INTRODUCTION

Representation theory was initiated in 1896 with the studies of the German
mathematician F. G. Frobenius. The idea motivating the representation theory is to
make an abstract algebraic object more concrete by describing its elements by linear
transformation of vector spaces and the algebraic operations in terms of addition and
multiplication of linear transformations. The algebraic objects which are suitable for
such a description include semigroups and groups. In other words, representation
theory reduces problems in abstract algebra to problems in linear algebra, which is a
well understood subject. Moreover, the vector space on which an abstract object is
represented can be infinite-dimensional, and by this allowance, for instance, a Hilbert

space, methods of analysis can be applicable.

In mathematics, there are many applications of the representation theory. So far, a
vast number of connections to other branches of mathematics have been explored, in
particular to combinatorics (especially representations of the finite symmetric groups
S(n)), number theory, Lie algebras, group theory. Moreover, there are applications of
representation theory in algebraic and geometric computational complexity,
cyro-electron imaging, digital signal processing, holographic algorithms and quantum
computing, machine learning and pattern recognation. Peculiarly, the infinite
symmetric group and its representations have an important place in the field of

modern theoretical physics such as gauge theories, gravitation and integrable systems.

Roughly speaking, representation theory is the study of the ways in which a given
group may act on vector spaces. The description of representation theory which we give
is very simple, but it is splitted substantially when we would like to be more specific. In
particular, the common objects of representation theory of groups are locally compact
groups such as finite groups, Lie groups, etc. Nevertheless, the representation theory
of nonlocally compact groups such as groups of diffeomorphisms, certain groups of
intinite matrices, is very rich. It is a remarkable fact that to any some representation of

such a group, a sequence of representations of certain finite dimensional semigroups



is associated naturally. By using this technique, one may get a classification of all the
unitary representations. The aim of this thesis is to make a present of an extensive
introduction to this topic on a special example of the infinite symmetric group, S(c0)

which we will define soon.

In this thesis, we study Lieberman Theorem which gives a classification of all the
unitary representations of S(oo) that are continuous relative to pointwise convergence
topology in S(oc0). For the first time it was proved by A. Lieberman without using the
semigroups, to find his proof see Lieberman 1972. However, semigroup approach
takes advantage of handy facts from the representation theory of finite semigroups.
There are many reasons to study with semigroups from the representation theoretic
point of view. First of all, obviously finite semigroups have less complicated structure
than infinite groups. However, by using representations of finite semigroups, we can
obtain a classification of certain representations of some infinite groups. The aim of
this thesis is to introduce this subject by an example: the infinite symmetric group.
On the other hand, the objects of a representation theory in a complex Hilbert space
are sets with a kind of topological and algebraic structure that does not go beyond that
of some subsets of bounded linear operators on Hilbert space. In the light of this fact,
another reason appearing immediately is that the bounded linear operators on Hilbert
space forms a semigroup under composition, which occupies a significant place in
functional analysis. A difficult problem in representation theory is for a given
representation whether there is a decomposition into irreducible representations or
not. We give the answer of the question in Chapter 2 for finite semigroups:
representations of finite semigroups break up into a direct sum of irreducible
representations. In addition, any irreducible representation of a finite semigroup is

finite dimensional.

We haven’t described our main object of study yet, the infinite symmetric group,
S(oc0). There are different meaningful realizations of the infinite symmetric group.
Mostly, S(o0) is defined as the group of all bijections of the set of natural numbers
N = {1,2,3,...} to itself. In this thesis, alternatively, we will consider S(co) as the

group of all infinite permutation matrices, i.e. infinite matrices whose number of 1’s



in any row or column is exactly one. We are acquainted with the notion of considering
the elements of finite symmetric group S(n) as n X n permutation matrices: to any

o € S(n) we associate the corresponding matrix by

1 0=
Uij =
0 otherwise.

In exactly the same way, the group of bijections of N turns into the group of all
infinite permutation matrices. Seeing elements of S(oo) as infinite permutation
matrices will help us understand more easily the topology that will be constructed on
the infinite symmetric group in Chapter 3. S(n) can be imbedded into S(c0): any

n X n permutation matrix o is identified with the infinite permutation matrix

where [ denotes the infinite identity matrix. In Chapter 3, we give a detailed

information about the realizations of the infinite symmetric group.
Let us now describe the content of the thesis in a little more detail.

The second chapter of the thesis deals with the representation theory of
semigroups. It contains necessary definitions and results from semigroup
representation theory. A representation of a semigroup I is a couple (H, 7) where H
is a complex Hilbert space, called the representation space, and 7 is a morphism
which associates a bounded linear operator H — H to each element of I'. Our main
interest is in finding the building blocks of the representations which are called the
irreducible representations. At this point, some properties of bounded linear operators
on a Hilbert space are used in order to obtain a characterization of irreducible
representations. It is natural to ask whether we have any relation between two
representations of a semigroup. We construct an equivalence relation between
representations and we will not distinguish between representations and equivalence

classes.



In Chapter 3, we introduce the infinite symmetric group S(co). More clearly, it
begins with the definition of the infinite symmetric group, then develops its basic
properties. In this chapter, some of its subgroups are defined, such as S°(c0), S, (o),

Sy (00). The first subgroup S°(oo) is the union of the infinite chain

S(1) c S(2) € S(3) C ... (1.1)

of growing finite symmetric groups. S°(c0) is countable and it is reasonable to consider
it as a natural infinite analog of the finite symmetric groups S(n). The elements of
the second subgroup S,,(c0) are infinite permutation matrices whose upper left n x n
submatrix is the identity matrix of size n. S(oc0) has a topological group structure for

which {5,,(c0)},,>1 is a fundamental system of neighborhoods of the identity element.

In Chapter 4, we describe some representations of the infinite symmetric group.
In this chapter we use the first realization of the infinite symmetric group, i.e. we
consider the elements of S(co) as bijections from N to itself. First we fix a natural
number n and an irreducible representation 7 of S(n). For this pair (n, 7) we construct
a representation of S (o), which will be denoted by T'(n, 7). These representations are
proven to be irreducible and continuous with respect to the group topology of S(o0)

which is constructed in Chapter 3.

In Chapter 5, we introduced the partial permutations. A partial permutation is
simply a bijection defined on a subset of N. The set of all partial permutations is
denoted by I'(c0). By the same way as we did for S(o0), we may consider I'(o0) as
the set of all infinite 0-1 matrices, i.e. matrices whose number of 1’s in any row or
column is at most one. There is a detailed information about the two realizations of
['(00) in the begining of the chapter. The infinite symmetric group is a subgroup of
['(c0). Similarly we define the semigroup I'(n) of all the square 0-1 matrices of order
n. The semigroups I'(n) are called the finite inverse symmetric semigroups. ['(c0)
has a topological structure and its topology is compatible with the group topology of
S(oc0) defined in Chapter 3. Simply, any neighborhood of an element «y of I'(c0)

consists of the elements whose left upper n x n submatrices are the same as . One of



the striking fact is that with respect to this topology S°(o0) is dense in I'(00).

In Chapter 6, we relate the unitary representations of S°(c0), continuous unitary
representations of S(oo) and representations of I'(co). For a unitary representation 77
of S°(00), we define H,,(7°) as the subspace of S2(o0) = S,,(00) [ S°(c0)-invariant

vectors in H (7). These subspaces constitutes a chain

H\(T°) C Hy(T°) C Hy(T°) C ... (1.2)

We denote their union by Ho(7°) = U,cnyHn(1°). We say that a unitary
representation of S°(0o) is a good representation if H,,(7°) is dense in H(7°). We
showed that any good representation of S°(co) can be extended to a continuous
unitary representation of S(oco) and I'(co) which acts in the same representation space
H(T°). By the density of S°(c0), these extensions are unique. To extend a unitary
representation 7° of S°(c0) to a representation of I'(oco), we first construct the
representations 7,, of the semigroups I'(n), ¥n € N. The extension representation 7 of

['(c0) is is obtained from the representations 7.

In Chapter 7, we introduce the finite inverse symmetric semigroups I'(m), m € N
and their representations. I'(m) is the semigroup of all m x m 0-1 matrices satisfying
the following property: number of 1’s in any row or column is at most one. Let £ < m

and € ,,, € I'(m) be the element

I, 0O
0 0

(1.3)

mxXm

Let 7 be an irreducible representation of the semigroup I'(m). We denote the image of
7(ek,m) by Hi(7). Letn = n(7) be the smallest natural number such that [, (7) # 0.
We proved that H,(7) is an irreducible representation of S(n) and any representation
of I'(m) is uniquely determined by the number n(7) and the representation of S(n) in
H, (7). After giving necessary results about representations of the semigroups I'(m),

we prove the A. Lieberman Theorem.



Lieberman Theorem is the main theorem of this thesis. This theorem classifies the
representations of the infinite symmetric group. In particular, it has two major
statements: the first one says that the representations 7'(n, 7), where n = 1,2, ..., and
7 is a unitary irreducible representation of S(n), and the trivial representation are all
continuous irreducible representations of S(c0); the second one says that any
continuous unitary representation of S(co) is a direct sum of irreducible
representations. To prove Lieberman Theorem, in essence, we use the Olshansky
semigroup approach. This approach first allows us to obtain representations of the
finite semigroups I'(n), n € N from any representation of the infinite symmetric
group (uniquely). Moreover, it helps us classify all of the irreducible representations
of the finite semigroups I'(n), n € N. Thanks to this classification, we classify the

representations of S(co), which is the purpose of this thesis.



CHAPTER TWO
PRELIMINARIES

Let I" be a semigroup with unity. An involution * : I' — I is a bijection which

satisfies the following:

*k

Y=y, ()" =nni (2.1)
for every v, v1,72 € I

From now on, the semigroup I will be assumed to possess an involution.
Proposition 1. Let I" be a semigroup with unity. Then 1* = 1 where I denotes the unity
of the semigroup.

Proof. Forall v € T', we have v = v** = (y*)* = (7*1)* = 1*.
Taking v = 1, since 1 is the identity, 1 = 1*1 = 1*. [
Let H be a complex Hilbert space. A linear operator v : H — H is bounded if there

is a constant C such that

Ju(z)|| < Cll| 2.2)

for all x € H. Using the linearity of u

(-

we see that u 1s bounded, satisfying equation 2.2 if and only if

_ Ju@) o

]

u(x)
]

sup|z|=1lu(z)|| < C. (2.4)

We denote by B(H) the set of all bounded linear operators u : H — H. B(H) form
a vector space. For all u,v € B(H), u + v is the transformation with (u + v)(x) =

u(z) 4+ v(x) forall z € H and for every constant C', C'u is the operator x — Cu(x) for



all x € H. On B(H) we define the operator norm by

[ull = supjzj=i|lu(z)] (2.5)
forallu € B(H).

LetI'(H) = {u € B(H) : |Ju|| < 1}. Then we have:

Proposition 2. I'(H) is a semigroup with involution (the usual conjugation of

operators).

Proof. By definition of norm, we already have
st} < [ls]l - [I¢]] (2.6)

forall s,t € B(H). So the composition of any two operators from I'(H ) has norm less
than or equal to 1. This makes I'(H) a semigroup. Thus it only remains to show that
['(H) is closed under involution. To do this, we show that ||s*|| = ||s||,Vs € B(H).

Since

Is(@)I* = (s(2), s(x)) = [{(s"s)(x), )| < |(s"s)(@)[| - [l=[| < [Is"s[ - [l=]* (2.7

From this we see that [|s|| < +/|[s*s|| < +/|[s*[|\/|Is]l. Squaring both sides we get

[Is[] < [|s*[]. Similarly, [|s*[| < [|s™[| = [|s].

Hence I'(H ) is closed under involution. O

The semigroup I'(H) is equipped with the weak operator topology. (There is an
explanation about the weak operator topology in Appendix A.) From now on, when we
say that a subspace (a net) of I'(H) is weakly closed (weakly convergent), we mean
that it is a closed subspace (convergent net) with respect to the weak operator topology

of T(H).

Definition 1. A representation of a semigroup 1" is a complex Hilbert space H along



with the morphism 7 : I' — I'(H) which commutes with involution and maps 1 into
1. If T is equipped with a topology then T is supposed to be continuous with respect to

weak operator topology on I'(H). Thus for every v, 71,72 € I’

T(n2) = T()7(R), 7)) =70, T(1) = 1 (2.8)

The Hilbert space of a representation T will be denoted by H(1). We denote such a

representation by (H(T), T) or simply T.

We say that (H(7),7) is a unitary representation of the semigroup I if for all
invertible elements v € T, the associated linear operator 7(v) is a unitary linear

operator.

Proposition 3. Let S = {y € ' | vy = yv* = 1}. Sis a subgroup of T. If T is a

representation of T, then T|s is a unitary representation of S.

Proof. By Proposition 1, we know that 1* = 1 and so 1 € S, so that S is unital. If
a, 8 €5, then

(aB)(aB)” = appf’a” =1 (2.9)

and

(af)*(aB) = ra"af =1 (2.10)

which shows that S' is closed under multiplication. By construction of S each element

has an inverse in S. Hence S is a subgroup of I'.
Next, if ¢ € S then
(o) =71(c*)=71(c ) =7(0)! (2.11)

So 7(0o) is unitary. O

Definition 2. Let 7 be a representation of the semigroup I'. A closed subspace S of

H(7) is said to be invariant under I if for all v € I" and for all s € S, 7(7)(s) € S.



Proposition 4. Let T be a representation of I'. If H C H () is invariant under ', then

the orthogonal complement H+ is invariant, too.

Proof. Leth € H,h' € H*,v € T. Since H is invariant under 7,

(TR, h) = (', 7 ()" (h)) = (W, 7(y")(h)) = O (2.12)

This shows that 7(v)(h’) € H*. Hence H is also an invariant subspace. O

Definition 3. A representation T of the semigroup U is said to be irreducible if there is

no proper nontrivial closed invariant subspace in H (T).

A closed subspace M of a Hilbert space H is stable under a set of operators A C
B(H)if T(M) Cc M forevery T' € A. Aset A C B(H) is said to be irreducible, if

thereisnosucha M C H.

Proposition 5. A subspace M of a Hilbert space H is stable under a set of operators
A C B(H) if and only if it is stable under the weakly closed algebra A generated by
A.

Proof. If M is stable under A then it is stable under the algebra A generated by A. Now
given X € A, let N be a directed set and let { X, },,cy be a net with X, € A such that
X, — X weakly in B(H). Forany z € M andy € M~ we have X,,() € M and so
0 = (X,(z),y) — (X (z),y). This proves that X (x) 1. M*,i.e. X(M) C M and so
M is stable under A. Since A C A the stability of M under A clearly implies that M
is stable under A. O]

We say that an operator algebra A is self adjoint if A = A*, thatis forall T' € A,

T* € A. Let A’ denote the set of continuous operators commuting with all operators in
A.
A'={M € B(H): MN = NM,VN € A} (2.13)

Theorem 1. Let A be a self adjoint algebra of continuous operators in complex Hilbert

space . Then A is irreducible if and only if A" = CI.

10



Proof. 1f Aisreducible then by A = A* we have H = M + M~ where M and M~ are
nonzero stable subspaces. Then we claim that A’ contains the projection P : H — M
and so A # CI. We first show that a subspace M is stable under A if and only if the
associated projection belongs to A’. In view of Proposition 5 stability with respect to
A and A mean the same thing. Since A = A* and M is stable under A, then so is M.
We need to show that PT' = TP for all T € A if M, M+ are stable under A.

Since M is stable, TP(M) C T(M) C M. Thus if x is any element of H then
TP(z) = P(z') for some 2/ € H and so by P> = P we obtain PT' P = T'P. Similarly
since M~ is also stable we have (I — P)T'(I — P) = T(I — P), thatis to say PTP =
PT. Hence if M, M+ are stable then PT = PTP = TP. Conversely if PT = TP
then T(M) = TP(H) = PT(H) = P(H) = M and in addition (I— P)T = T(I—P).
By the same reasoning we also get T'(M*) = T(I — P)(H) = (I — P)T(H) C
(I — P)(H)=M-".

Conversely, if A is irreducible then the only projections in A’ are 0 and [ . Every
weakly closed self adjoint algebra larger than CI contains a proper projection (It is a
consequence of a sequence of theorems and a detailed information can be found in Gaal
(1973) see the References page.). Thus A is irreducible if and only if the commutant
A’ is equal to CI. O

Theorem 2. A representation T : I' — U'(H) is irreducible if and only if the algebra

generated the operators T(vy)(y € ') is dense in B(H) in the weak operator topology.

Proof. 1f A is irreducible, then by Theorem 1, A’ = CI. Since all operators commutes
with scalar operators we have A = B(H ). Now suppose A = B(H) sothataT € A’
commutes with every projection P : H — H. We fix x # 0 in H and let P denote the
projection P : H — Cx. Then T'(z) = A(z)x = PT(x) = A(z)x for some A(z) € C
implying T'(x) = A(z)z,Vx € H. Take z,y € H as linearly independent vectors and

consider

T(x+y) =Mz +y)z+y)=T(x)+T(y) = Mz)r + Ay)y (2.14)

11



this implies that we have (A(z) — A(z+y))z = (A(y) — A(z+y))y. But 2,y are chosen
as linearly independent vectors so we have A\(x) = A(z +y) = A(y). Thus T'(x) = Az
where )\ is a fixed element of C and so 7' = AI. Hence A’ = CI and so irreducible by
Theorem 1. U

Definition 4. Let H be a Hilbert space and {z,} a family of vectors in H which are

labelled by a set A. The set {z,} is said to be total in H if its linear span is dense in
H.

Definition 5. Let T be a representation of the semigroup T'. A vector z € H(T) is said
to be cyclic if the family {1(v)(2)|y € I'} is total in H(T). A subspace H, C H(T) is
said to be cyclic if the family {T(v)(z)|y € ', z € H,} is total in H(T).

If 7 is irreducible then any nonzero vector (or subspace) is cyclic. A cyclic span
of a subspace H C H(7) (or of a vector z) is the smallest invariant closed subspace

containing it.

Definition 6. Let (7, H(7)) and (7', H(7")) be two representations of I'. We say that

T and 1" are equivalent if there exists a linear isometry I : H(t) — H(7') such that

IT(y) = 7' (7)I for every v € T

Lemma 1. Let {z,} and {2}, a € A, be two total families in the spaces H and H ,
respectively. Suppose (2, 23) = (., Z:8> forany o, B € A. Then there exists a linear

isometry H — H' which maps z, into Z;

Proof. Letusdefine I : H — H' by I(z,) = z., forall « € A and extend linearly on
span{z,lac € A}. Then for any z,y € span{z,|Ja € A}, we clearly have
(I(x),1(y)) = (z,y). Now suppose x is a limit of a sequence from span{z,|a € A},
that is, z = lim,_,, x,, where z,, € span{z,|a € A} for every n € N. Consider the

image sequence {I(z,)}nen. It is a Cauchy sequence. Indeed, lete > 0
() = Hzm)ll = (20 = zm)|| = l2n — 2wl (2.15)
For every € > 0, there exists N € N such that ||z, — 2,,,|| < ¢ for every n > N since

12



{Zn}nen is a convergent sequence. So that {/(z,)},en is Cauchy, which means it is

convergent. Define I(x) = lim,, o, 1(z,,).

Next, we claim that I is an isometry. Suppose that z,y are limits of sequences

{Zn}nen, {Un nen, respectively from span{z,|a € A}. Then

(e,y) = {1im @, lim g,) = lim (2, 50) = lim (2(2,). 1(y,)) = (1(2). 1))
(2.16)

So that [ : H — H'is an isometry. H

Corollary 1. Let T and 7' be two representations of I'. Suppose that there exist cyclic

vectors z € H(T) and 2’ € H(7') such that

(r(1)(2),2) = (T (N(Z), 2) (2.17)

for every v € I'. Then T and 7' are equivalent.

Proof. z and 2’ are cyclic vectors means that span{7(y)(z):v €T} = H(r) and

span{t'(y)(') : vy € '} = H(7'), that is, the families {7(v)(z) : v € I'} and
{7'(7)(2') : v € '} are total families in H(7) and H (7’), respectively.

For any 71,7, € I we have

! !

)2y = (T (m)(=

I

), 7 (12)(2))
(2.18)

(1(11)(2), 7(2) (2)) = (T(371)(2), 2) = (T (%371) (2

So by Lemma 1, there exists a linear isometry [ : H(7) — H(r ) which maps 7(7)z
into 7' ()2 for every v € I'. We claim that I gives an equivalence between 7 and 7,

that is, I7(y) = 7/(y)I for every v € I'.

If © € span{T(7)(z) : v € '}, it can be easily seen that I7(vy)(x) = 7/(v)I(z).

Suppose z is a limit of a sequence from span{7(7y)(z)|y € '}, thatis, x = lim,,_, z,,

13



where z,, € span{7(y)(z)|y € I'} for every n € N. Then

IT(7)(z) = IT(y)(lim z,) = lim I7(y)(zy) = lim 7/()1(zn) = 7'(y)1(2)

n—oo n—0o0 n—oo
(2.19)

This proves our claim. [

A zero in I is an element 0 such that 70 = 0y = 0 for every v € I

Lemma 2. Suppose that I contains 0 and let T be an irreducible representation of T'.
Then either 7(0) = 0 or dim(H(7)) = 1 and 7(y) = 1 for any v € I (i.e. the trivial

representation,).

Proof. Suppose that I' contains 0 and let 7 be an irreducible representation of I'.

Consider the subspace H = span{7(0)(§) : £ € H(7)}. We claim that H is a closed

and I"-invariant subspace of H (7).

Forany v e I',

T(M7(0)(§) = 7(10)(§) = 7(0)(§) € H (2.20)
so that H is I'-invariant. By irreducibility either H = H(7) or H = 0.
If H =0, then 7(0)(¢) =0 V¢ € H(7), which implies that 7(0) = 0.
Now suppose H = H(7). If z € H(r) = H is such that Y | 7(0)&; = x for some
& € H(r), then
k k k
@) =7 ) T0)& =Y r(NT0)& =) (10 =2 (221)
i=1 i=1 i=1
This implies that 7() = 1 forany v € I'.
Finally, let us see that dim(H (7)) = 1. For any nonzero { € H(7), the subspace

H' = span{7(0)¢} is a 1-dimensional closed invariant subspace of H(7) and so H' =

H = H(r). u
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Lemma 3. Let I be finite. Then any of its representations breaks up into a direct sum

of irreducible representations, and any irreducible representation is finite dimensional.

Proof. A finite dimensional representation of I' is a direct sum of irreducible
representations. Because, if P; is an invariant subspace of positive, minimal
dimension, then it is irreducible. (We can find such a subspace because the
representation is finite dimensional, so its invariant subspaces have finite dimension.
By minimality of dimension, P is irreducible. Because otherwise it would contain a
proper invariant subspace of dimension less than P;.) By Proposition 4, P;- is an
invariant subspace and so by the same reasoning 7| p. has an irreducible subspace P».
In finitely many steps we obtain a decomposition H(7) = P, @ ... & P, where each

P, is an irreducible subspace of H (7).

Now we consider any representation (7, H(7)) of I'. Take a nonzero vector x from

its representation space H(7). Then the cyclic span of this nonzero vector

span{7(y)(x) : v € I'} is an invariant finite dimensional subspace because I' is a
finite semigroup. Hence it contains a nonzero irreducible subspace say H. We have
H(t) = H @ H*. Now take a nonzero vector from H+ and consider its cyclic span
again. Continuing in this manner, we can write H(7) as a direct sum of irreducible
representations. So any of its irreducible representation must be finite dimensional.

Otherwise it would contain a finite dimensional invariant subspace. ]
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CHAPTER THREE
THE INFINITE SYMMETRIC GROUP

In introduction, we have mentioned that the infinite symmetric group has
fundamentally two meaningful realizations. Generally, S(o0) is defined as the set of
all bijections from N = {1,2, ...} to itself. The set S(co0) acts on N on the right, the
image of ¢ € N under 0 € S(c0) being written as io. Let 0,8 € S(c0). Their
product, which we call composition of ¢ and 5, @« = of is defined as follows
ic = (i) for all i € N. This binary operation is associative and has identity / which
sends every natural number to itself. Every element o € S(c0) has an inverse defined

by ioc~! = j if jo = i. Thus S(oc0) is a group under compositon of bijections.

We may consider S(co) as the set of all infinite permutation matrices, i.e matrices
whose number of 1’s in any row or column is exactly 1. To see this we assign to any

o € S(oc0) an infinite permutation matrix (o)

1 ioc=j

0 otherwise.

It is easy to see that any permutation matrix is of the form (o;;) for some
o € S(o0) and composition of the bijections in S(oco) turns into the product of
matrices. The set of infinite permutation matrices becomes a group under the
multiplication of matrices. The identity of the group is I whose all diagonal entries
are 1 and the inverse of each element is its transpose. In this thesis, we have used
matrix description of S(co). Because at the end of this Chapter, we will construct a
group topolgy on S(oco) and the matrix description will be very useful to describe this
topology more clearly. Moreover, in Chapter 5, the reason why we use the matrix
description will make sense more obviously. The first description of S(co) will only

be used in Chapter 4.

Let us describe some important subgroups of S(co). An infinite permutation matrix

o € S(00) is said to be finite if the number of 0’s on the diagonal is finite. The set of
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all finite elements of S(c0) will be denoted by S°(00).

We will consider S(n), the group of all permutation matrices of order n. We can

identify each 7 € S(n) with the element of S(co) of the form
€ S(0)

Hence for any v € S(n), we have finitely many 0’s on the diagonal (Indeed, there can
be at most n zeros on the diagonal.), which implies that S(n) C S°(c0). So we have
Unen S(n) C S°(00). On the other hand, any o € S°(oc) can be considered as an

element of S(m) for a sufficiently large m. Thus we have

|J S(n) = 5°(c0). (3.1)

neN

Proposition 6. S°(c0) is a countable normal subgroup in S(c0).

Proof. For every natural number n, the group S(n) is countable (finite) and by the
equation 3.1 S°(c0) is a countable union of countable sets. Since countable union of
countable sets is countable, S°(c0) is countable. So we only need to show the normality
of S°(c0). Let 0 € S(00), 7 € S°(00). Since S°(c0) is the union of S(n), Vn € N,
7 can be seen as an element of S(m) for some m € N. Then, one can also see that
oro~ ! has at most m zeros on the diagonal. Indeed, if & > m then 7, = 1. An
ij th term is obtained by the multiplication (070");; = ouTkpojp. If k = p, then
OikThk0Ojk = OikOjk = 0i(0')k; = Iij. Thus (o70');; = 1ifi = jand k > m we

obtain that o070 could have at most m zeros on the diagonal. [

Given a number n = 1,2, 3, ..., we define the set S,,(co) consisting of the elements
whose the upper left n x n submatrix of the associated infinite permutation matrices

are the identity matrix of size n

I, O
0 K

€ S(00)
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where K is an infinite permutation submatrix and the set S,,(c0) whose elements has

0-1 matrix of the form
A 0

0 B

€ S(0)
where A is an nzn matrix and where B is an infinite permutation submatrix.

S,(c0) and S, (co) are subgroups of S(co). For every n € N we have that
Snt1(00) C Sp(00) and (), Sn(oo) = {1}

Proposition 7. S,,(co) is the semidirect product of its normal subgroup S, (o) and

S(n).

Proof. First we can show that S, (co) is normal in S, (co) by using a similar argument
as in the proof of Proposition 6. It is quite clear that any o € S,,(c0) N S(n) must be
identity, I. Thus we only need to check S,,(c0) = S,(c0)S(n). To do this we take a
o€ gn(oo) and define 7 and y as 7;; = 0y if i < nand 7; = [;; if i > n, v;; = 0y
ifi > nand~; = I;;ifi < n. Thent € S(n), vy € S,(c0) and o = 7. Then by
Appendix C, we conclude that gn(oo) is the semidirect product of its normal subgroup

Sp(00) and S(n). O

By Theorem 12 in Appendix A2, in S(co) there exists a (unique) structure of
topological group for which {S,,(c0)},>1 is a fundamental system of neighborhoods
of the unity. By Corollary 4 in Appendix A2, for any element ¢ € S(c0) the classes
{05, (c0)},>1 are fundamental systems of neighborhoods of o. This means that for
any o € S(00) a neighborhood V' of o contains the elements 5 € S(oo) such that for
a sufficiently large n, the upper left n x n submatrices of o and /3 are the same. By

Corollary 5, S,,(c0) and S, (c0) are open in S(0o). Indeed,

Su(0) = | oSn(0). (3.2)

oeS(n)

Remark 1. This topology on the infinite symmetric group is not compact. In particular

Jor 5°(00), the family {S,,(00) },>1 is an open cover for and has no finite subcover.
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CHAPTER FOUR
CONSTRUCTING A FAMILY OF UNITARY REPRESENTATIONS

Let 7 be an irreducible unitary representation of the group S(n). We can consider
7 as a representation of S, (c0) by the following way. Let o € S,,(c0). By Proposition
7 in Chapter 3, we may write 0 = 0109 where oq € S(n) , 09 € S,(c0). Then we set

7(0) = 7(o1). Obviously, 7 is a unitary representation of S, (co).

7 induces a unitary representation 7' = T'(n, w) of S(oc0). By definition H (7") is the

space of all functions f : S(oo0) — H () such that
f(o10) = (1) f(0), Yo, € Sn(c0),Yo € S(c0). 4.1)

Now we fix coset representatives {0y }res S0 that S(00) = Ukeso;, where o, denotes

gn(oo)ak. Indeed, by definition,

f(Boy) =7(8)f(or) (4.2)

for all 5 € S,(c0). Since any element o € S(c0) can be written uniquely in the form

o = Po forsome k € I and § € Sn(oo), the set of values { f (o) }rer determines f.

H(T) becomes an inner product space defined by for all f, g € H(T)

(f,9) =D _(F(03),9(03)) rm) (4.3)

kel

Since 7 is the unitary representation of S, (c0), for every 8 € S, (o)

(f(Bor), 9(Bow)) @y = (m(B) f(on), 7(B)g(or)) r(x) = (f (o), 9(o%)) i (z)  (4.4)

Thus the notation (f(c},), g(03,)) m(x) in equation 4.3 is correct.
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This inner product induces a norm on H(7):

IfII” = Z 1f (i) |7 (4.5)

kel

and by definition || f|| < oo forall f € H(T). The action of S(o0) in H(T') is given

as follows:
T(0)f(c') = f(d'a), Vo,0' € S(c0). (4.6)

Proposition 8. (T, H(T)) is a unitary representation of S(cc).

Proof. We claim that (T'(c')(f), T(c)(g)) = (/. g) forall f,g € H(T).

(T(0)f,T(0)g) = D 4er(T(0)f(03), T(9)9(03)) r1(r)

Zke]<f(0k0)a g(gicg»H(ﬂ) 4.7)
= D mertf(05,),9(0:,)) H(r)
= (f,9)
O

We have an another description of T'(n, 7). First we define this representation and
then we will show that they are actually equivalent representations. From now on, for
this chapter, we use the usual realization of S(00), that is, we consider the elements of

S(00) as bijections from N to itself.

Let Q = (n) denote the set of all injective maps w : {1,2,...,n} — N. If we
denote kw = iy, then any w can be seen as an ordered sequence of distinct numbers
w = (41,12, ..., 1,). One may also consider w = (i1, i3, ..., 7, ) as an infinite 0-1 matrix
whose entries are

1 =14, =kw

Wkl = ‘
0 otherwise.
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S(o0) has an action on €2(n) given by for w = (i1, 42, ...,4,) € (n) and o € S(c0)
wo = (010, ..., 1,0), (4.8)

and the action of S(oc0) on §2(n) corresponds to the multiplication of elements of (2(n)
by the elements of S(co) from right; wo. Also, S, (cc) has an action on Q(n) given by

for o’ € S, (00) and w = (i1, 49, ..., i) € Q(n)
0'/(,«) = (ila/, --wina’); (49)

and the action of S,,(c0) on Q(n) corresponds to the multiplication of elements of (1)

by the elements of S,,(oc0) from left; o’w.

We define H'(T") as the space of all the functions f : Q(n) — H(7) such that

f(o'w) = 7(0") f(w) Yw € Q Vo' € 5, (c0) (4.10)
If11? = Z 1f (@) [y < 00 (4.11)
we

Then S(o0) acts on H'(7") as follows:

T'(0)f(w) = f(wo) (4.12)
for every o € S(00) and w € (.
Now let’s show that (7', H(T')) and (7", H'(T")) are equivalent representations.

Let A : S(00) — €(n) be defined for any o € S(o0)

A(o) = (10,20, ...,n0) (4.13)

We have the following observation.
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Proposition 9. /. A is onto.

2. A(Bo) = BA(o) forall f € S,(c0)

Proof. 1. Clear.

2. Let f € S,(c0) and 0 € S(cc). Denote ko = iy for all & € N. Then
k(Bo) = (kB)o = ixs. So that A(So) = (i1, ..., ing) Which is equivalent to
6(7;1, ,Zn> = 5A(0')

Recall that we fixed the coset representatives of S, (co), which are {o}, } e, so that
S(00) = UgesSn(00)as. Applying A to both sides of the last equation, since the action
of S,(c0) and S(n) on Q(n) are the same and by Proposition 9, we have Q(n) =
UgerS(n)wy where wy, = A(oy). (The union is still disjoint because A~!(S(n)wy) C

S, (00)os.)
Let us take any f € H(T'). We define a function o7 : Q2(n) — H(7) by
op(wr) = f(ok) (4.14)
forall & € I and for all 3 € S,,(c0)
oy (Bwi) = f(Box) (4.15)

So that 6; o A = f. The induced function ¢y is well-defined. In order to show this
suppose that for o1, 09 € S(00), A(o1) = A(og). So there exists v € .S, (c0) such that

01 = y09. Since 7 acts trivially on .S,,(c0), we have

flo1) = f(yoz) = 7n(7) f(o2) = f(o2) (4.16)
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so that 07 is well-defined:

droA(oy) = f(o1) = f(oz) = 7 0 A(02) (4.17)

Moreover §; has the following properties. For all 8 € S,,(c0), k € T

of(Bwr) = f(Box) = m(B) f(or) = m(B)ds(wr) (4.18)

and

16417 =D 85 @) lrimy = D185 (Beom)Frimy = D 1 Bo)lrmy = I Nrery < 00

we(n) kel kel
(4.19)

so that 6 € H'(1”). On the other hand, for any f € H(T), there is only one induced
function 0y € H'(7") by its construction. Furthermore, for any ¢ € H'(7”) one can
findan f € H(T') suchthatd; = g (justtake f as goA ). Thus this construction induces
a bijection between H (1) and H'(1"); 6 : H(T) — H'(1") given by 6(f) = & for
any f € H(T). This induced function ¢ is an isometry by equation 4.19 and sets up an
equivalence between H(T') and H'(T"), that is

T'(0)d = 6T (o) (4.20)
forall 0 € S(o0).

From now on, we will use the second description (7", H'(1")) and we denote it by

(T, H(T)) instead of (T", H'(T")).

Forany m = 1,2, ..., let H,,(T') be the subspace of all S,,(co)-invariant vectors in

H(T) and P, be the projection in H(T') — H,,(T).

Ho(T) = {f € H(T)|T(0)f = f, Vo € Sn(o0)} (4.21)

Now we will describe a subset 2,,, = Q,,,(n) of Q(n). We call 2, the set of partial
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permutations v € {2 which satisfy 1, o, ..., i, < m, where m > n.

We have one more special subspace H, (T') of H(T) which consists of functions

whose support is a subset of {2,,,.
Hy, (T) = {f € H(T)[suppf € i} (4.22)

where

suppf = {w € Q| f(w) # 0}. (4.23)

Let S(n)" denote the set of all irreducible unitary representations of S(n).

Lemmad4. Let T = T(n,w), wheren = 1,2, ...,and = € S(n)"

1. If m < n then H,,(T) = {0},
2. Ifm > n then H,,(T) = H! (T);
3. Ifm>n Nf € HT), Pnf = xm[ where x, is the characteristic function of

Q.

Proof. Let f € H! (T) be arbitrary. Then suppf C €2, . We claim first that f is

Sm(00)-invariant. Let o € S,,,(c0). Then for any w € Q,,,

T(o)f(w) = flow) = f(w), Vo € S,,(c0). (4.24)

Hence f € H,,(T).

Now take f € H,,(T"). Then f(w) = T(0)f(w) = f(wo) for every o € S,,(o0) is
constant along the S,,(oc0)-orbits in €(n). We have two cases: either the orbit
containing w is finite or infinite. Ifw ¢ {1, ..., m}, then the S, (c0)-orbit of w can not
be finite. But the sum of || f(w)]| is finite. So that ifw & {1,...,m}, then || f(w)]|| must

be 0. On the other hand, if w C {1, ..., m}, then the S,,(oc0)-orbit of w contains only
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w. Thus the support of f must be contained in €2,,,(n), which means that f € H/ (7).

So (2) is proved.
(1) follows from the fact that H,(T") = 0 Vm < n.

Since H,,(T') = H],(T), for all f € H(T') the equality P,,f = x[f follows. This
shows (3). [

Lemma 5. Let T = T(n,w), where n = 1,2,...and 7 € S(n)\. Then H|(T) is

isomorphic to H(r) as the representations of S(n).

Proof. By definition

H (T)={f:Q.n) = H(x): f(c) =n(0)f(I,),Yo € Q,(n)} (4.25)

where I,, denotes the partial permutation (1,2, ...,n). Thus f € H/ (T) is determined
by f(I,) € H(T) and any choice of f(I,) € H(m) determines an element of H/ (7).
Therefore we have an isomorphism of vector spaces H/ (1)) — H(m) which is given

by f — f(I,). Furthermore

T(0)f(In) = [(Ino) = f(oln) = m(0) f(In) (4.26)

for all o € S(n), so that the map is S(n)-linear. O

Lemma 6. Let T = T'(n,w), wheren = 1,2, ... and m € S(n)". For any o € S(o0),
T(o): H(T) — H(T) carries H (T') to isomorphically K, = {f € H(T)|suppf C

Q. (n)o~1} with the inverse T(o™1).

Proof. Let f € H/(T). Then T'(0) f(w) = f(wo) which is 0 unless wo € Q,,(n), or
equivalently unless w € Q,(n)o~!. Thus T'(0) f € K,.

On the other hand, if f € K,, then T(c7!)f(w) = f(wo™) # 0 if
woteQ,(n)e ! ie. weQ,(n). Sothat (o~ 1) f € H.(T). O
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Corollary 2. Let T' = T'(n,m), wheren = 1,2,... and 7 € S(n)". Then H,(T) is
cyclicin H(T') as a subspace. That is,

span{T' (o) flo € S(c0), f € H.(T)} = H(T) (4.27)

Proof. Let f € H(T). For any 0 € S(o0) we denote x,f by f, where x, is the
characteristic function of K, = {f € H(T)|suppf C Q,(n)o~'}. Lete > 0. Then

there exist some o, ..., 0™ € S(c0) and f,: € K,: such that

<e. (4.28)

Hf—Zfai

By the isomorphism in Lemma 6, there exists g; € H/,(T) such that f,; = T(c")g; and

SO

Hf - Zfai

Since Y 1", T'(0")g; € span{T'(0)f|o € S(c0), f € H,(T)}, the result follows. [

=|If =D T(e"gll <e. (4.29)
=1

Lemma 7. T' = T'(n,7) is an irreducible representation for any n = 1,2, ... and

m e Sn)N

Proof. By Lemma 6 and Corollary 2, H],(T") is S(n)-irreducible and cyclic in H(T').
By Lemma 4, H)(T') = H,(T'), so H,(T') carries the same properties.

Suppose that there is a decomposition H(T) = H & H*' into closed invariant
subspaces H,H*. For any f € H,(T), its projections on H and H=t are
S, (oco)-invariant, too. Indeed, if f = f, + f», where f; € H and f, € H*, then for

any o € S,,(00)

[=T()f=T(o)(fr+ fo) =T(0) L +T(0)f2 (4.30)

Since H, H* are S(oc)-invariant, T'(0)f; € H and T'(0)f, € H*. But f has the
unique expression f = f; + fo, so we must have 7'(0) f1 = f; and T'(0) fo = fo. Thus
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both fl; f2 € Hn(T) Then
H,(T) = (H,(T)NH)® (H,(T) N H+) (4.31)

Since H,(T) is S(n)-irreducible, we have either H,,(T') C H or H,(T) C H*. But
H,(T) is cyclic, so that either H = H(T) or H+ = H(T) and so T'(n, ) is irreducible.
0

Lemma 8. The representations T = T(n, ), wheren = 1,2,... and 7 € S(n)" are

pairwise inequivalent.

Proof. Suppose for ny,ny € N (n; < ny ) and 7y, m € S(n)”, the representations
Ty = T'(ny,m ) and Ty = T'(no, my) are equivalent representations. Then there exists
a linear isometry I : H(Ty) — H(T3) such that for every o € S(00), ITi(0) =
Ty(o)I. Now let f € H,, (T}), that is, for every o € S,,(c0), T1(0)f = f. Then
ITy(o)f = I(f) = Tx(o)I(f) for every o € S,,(00). Thus I(f) € H,,(T»). Since [
is an isomorphism of vector spaces and by definition of n; and the subspace H,,, (1}) is
nonzero, there exists some 0 # f € H,, (17) such that 0 # I(f) € H,, (T3). However
then this means that n; = ny. Because ns is the smallest number k& making Hy(T5)
nonzero. By Lemma 5, 7, and 7, are representations of S(n) in H,,, (71) and H,,, (1),

respectively. Then for any o € S(n) and f € H,,(T}), we have
ITy(o)f = Im [ =Ts(0)I(f) = m(o)Lf (4.32)

so that I sets up an equivalence between 7, and m,. Thus the representations 7' =

T(n,m), wheren = 1,2, ... and 7 € S(n)" are pairwise inequivalent. O

Lemma 9. The representations T(n,m) constructed as above are continuous

representations with respect to the group topology of S(o0) defined in Chapter 3.

Proof. Let 0 € S(o0) be close to I, that is, o is an element of a sufficiently close
neighborhood of the identity /. Our claim is now reduced to show that 7'(o) f is close

to f for any fixed f € H(T). For any ¢ > 0, we can find a natural number m € N
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such that || f — f,,,|| < § where f,, = P, f = Xm.f. Then forall o € S,,(c0), we have
T(o)fm = fm- Hence

IT(0)f = fIl = T(o)(f = fm) = (f = fm)l
IT(o)(f = fa) | + 1 = Foml (4.33)
2f = fmll < e

IN
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CHAPTER FIVE
PARTIAL PERMUTATIONS

A partial permutation is a triple { D, vy, I’} where D, I C N and 7 is a bijection from
D to 1. We denote the triplet shortly by 7. The set of all the partial permutations is
denoted by I'(0c0). We say that i is defined if ¢ € D; then iy denotes the image of 4
under 7. The product 7 = 717, of elements 1,72 € ['(c0) is constructed as follows:
for i € N i~ is defined if and only if iy, and (i7;)7, are defined and then iy = (i ).
This product is associative so I'(c0) is a semigroup. The semigroup has the unity land

the zero 0; 71 is defined and equals to ¢ for all ¢ € N but 70 is never defined.

The semigroup I'(co) may be considered as the semigroup of all the infinite 0-1

matrices (i.e. matrix whose values are 0 and 1) with the following property:
(%) In its any row or column the number of 1°s is at most one.

To see this we assign to any v € I'(co) a matrix, (7;;) as follows: ~;; = 1 if
i € Dom(v),iy = j and 7;; = 0 otherwise. Since ~ is a bijection, in any row or
column of (;;) , there is at most one 1, and the other terms are 0. That is, (v;;) satisfies
the property (x). Moreover any 0-1 matrix with the property (x) can be obtained by this
way. The product in I'(c0) turns into the product of matrices. In this thesis, we use
matrix description of I'(co) mostly. Unless otherwise stated, the elements of I'(0c0) are

regarded as matrices.

For given 7 € T'(00) let’s denote the transpose of 4 by 7*. Then * : v — ~* is an
involution of ['(c0). Clearly 1* = 1 and 0* = 0.

The group S(o0) is a subgroup of I'(c0). More precisely, S(oo) is the set of elements

v € T'(o0) which satisfy v*y = y7* = 1.

In a similar way, we may define the semigroup I'(n) of all the square n x n 0-1

matrices whose number of 1°s in any row or column is at most one.
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Foranyn =1,2,...,letd, : I'(co) — I'(n) be the map sending every v € I'(c0) to
its upper left n X n submatrix.

Lemma 10. 0,, is onto and sends 1 to 1 and 0 to 0. Moreover 0,, commutes with

involution.

Proof. Lety € I'(n). One can imbed I'(n) into I'(co) by the following way:

Then 6,,(v*) = ~. So 6, is surjective.

Since the identity of I'(n) is a 0-1 matrix whose all diagonal entries are 1, and 0 of
I'(n) is the zero matrix of size n, one can see that 6,,(1) = 1 and 6,,(0) = 0. Finally,
let v € I'. Then since the image of transpose of v under 6, is just the transpose of the

upper left n X n submatrix of 7*, we have 0,,(v*) = 0,,(7)*. O

The map 6,, gives a topological structure to I'(co) by the following way. For every
v € I'(0c0) and n € N, we define U(vy,n) as

U(v,n) = {8 € I'(00) : bn(7) = 0n(B)} (5.1

Let ¢ consists of the sets U(~y,n) for every 7 € I'(oc0) and n € N. ( is a base for a
topology on I'(00). Indeed, for any v € I'(c0) the sets U(+y, n) contains . On the other
hand, for two sets U(, n),U(«, m) from ¢ where v, a € I'(c0) and n, m € N (without
loss of generality suppose n < m) if there exists an element 5 € U(y,n) N U(a, m),
then 6,,(a) = 0,,(8) = 0,(7). Sothat U(5,n) C U(v,n) NU(a,m) for U(B,n) € (.
Since the topology generated by ( consists of arbitrary unions of sets in (, any open

subset of I'(0o) with respect to this topology is of the form

Uisngi € I) ={8 €T (00) : 0,,(7i) = 0,,(5),forsomei € I} (5.2)

where [ is an arbitrary index set.

30



A net {7, }ren, where ) is a directed set, is said to be convergent to v, € I'(co) if

for every n € N, there exists a «,, € A such that

0n(72) = 0n(75) (5.3)

for every A > «,. In this topology, any neighborhood of a given v € I'(c0) consists of
elements whose upper left n x n submatrices are the same as that of -y for a sufficiently
large n. For instance, neighborhoods of the identity are the sets whose elements contain
I,, for some n € N in the upper left n x n submatrix. Restricting this neighborhoods

to S(o00), we get the family of sets {.5,,(00) }nen. So that we have the following result:

Lemma 11. (i) Restricted topology of T'(c0) to S(o0) is the group topology of S(c0)
defined in Chapter 3.

(ii) The involution x : v — ~v* is continuous relative to the topology of T'(c0).

Proof. (i) In the topology of I'(c0), the neighborhood of ¢ € S(oco) consists of
elements whose upper left n x n submatrices are the same as that of . Since the
neighborhoods of o in the group topology of S(oc) are {05, (00)}nen, these

topologies coincide.

(i) Let {7x}xrea, Where A is a directed set, converge to v in I'(co). Then for a
sufficiently large n there exists «,, € A, such that 0,,(,) = 0, () for all A > «,,.Then

by Lemma 10,
On(12)" = 0,(73) = 0,.(7") = 0,(7)" (5.4)

for all A\ > «,,. Hence the involution * : v — ~* is continuous. 0

Recall that in the begining of the Chapter 3, we mentioned that the motivation of
seeing elements of S(co) comes from the topological structure which we will put on
S(00). So far, we have constructed the topology on I'(cc) and proved that the restricted
topology of I'(00) to S(o0) is the group topology of S(oo) defined in Chapter 3. The
topology on ['(00) is given by the equality of submatrices which are the images of the

maps 0,,, n € N. Hence the matrix description aids us in comprehending the topological
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structure of S(00).

Remark 2. By Lemma 11, (i) part, we can say that this topology on 1'(c0) is not
compact. Because by Remark 1 in Chapter 3 we know that the restricetd topology to

S(00) is not compact.

Let

0o 2
= xz(xn>neN:|\x||=(Zr:cnP) <o (55)
n=1

The semigroup I'(oo) has a natural action in the Hilbert space ¢2. If we write the vectors
x € (? as column vectors, then the action of v € I'(00) is yz. In fact, since there are

only 0 and 1’s in the matrix 7, we have for all z € ¢
[ly|| < [[a]] < o0 (5.6)

which means yx € (2. Hence the elements of I'(c0) are operators in £, Then I'(c0)

becomes a subsemigroup of I'(¢?) = {y € B(¢?) : ||y|| < 1}.

Lemma 12. The topology of T'(c0) coincides with the weak operator topology of T'(1?).

Proof. Let {7, }xea, where A is a directed set, converge to -y in the topology of I'(c0).
That means for every n € N there exists a,, € A such that 6,,(7,) = 6,(~) for all

A > «,,. Then by definition of the inner product of /2, we have for all z,y € [?

o0

((n =Mz y) = 4| D _((a = 7)) = 0. (5.7)

i=1
Next we need to show that the convergence in the weak operator topology of I'(I?)
implies the convergence in the topology of I'(c0). Let {7, }rca, Where A is a directed
set, converge weakly to v in I'(cc). That is Vx,y € [? the sequence {\(z),y)
converges to (y(z),y). Equivalently, Vx,y € [? the sequence ((vx — 7)(z),y)

converges to 0. For sufficiently n’s, we have in T'(/?)

((On(n) = 0u(¥))(@),y) < (1 —7)7, ). (5.8)
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(Here we consider the matrices 0,,(7,) as elements of ['(co) by the imbedding in
Lemma 10.) So that ((6,,(7») — 6,(7))(z),y) converges to 0 for all x,y € % In
particular letting y = (0,,(7x)—0.(7))(x), we see that ||(0,,(7x)—6,(7)) (z)|| converges
to 0 for all x € I2. Hence 0,,(7x) = 0,(7), where n is sufficiently large. So that {~,}
tends to 7y in the topology of I'(c0). O

Let us denote by S°(o0) the intersection S,,(00) N .S°(c0). Then any o € S2(0) is
also an element of S,,(00) and S°(c0), which implies that o € S(m) for some m € N.
If m < n, then o is the identity of S(cc). If m > n, then o is a finite element whose

number of zeros on the diagonal is at most m — n.

Since S°(c0) C S(c0), the map 6, is defined on S°(c0).
Lemma 13. i The restricted map 0,, : S°(c0) — I'(n) is onto.

ii. There is a bijection between I'(n) and S2(o0) \ S°(00)/S2(00) which is induced
by 0,,. More precisely, for given 1,05 € S°(00), we have 0,,(01) = 0,(02) if

and only if 01 and o4 belong to the same double class modulo S2(c0).

Proof. i. Lety € T'(n) be arbitrary. We need to find a o € 5°(c0) whose upper
left n x n submatrix is . Let & denote the number of 1’s in . We need to find a
o € 5°(o0) such that 0,,(0) = ~. First there exist o/, 0" € S(n) C S°(o0) such

that v = o’e,.0” where
1, 0

0 Onfk

Ek =

But then we may set o = 0’0 ;)0” where

1y O 0 0
0 On—k 1n—k 0
0 ]-n—k On—k 0
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ii. Lete) : S2(00) \ S°(00)/S2(c0) — I'(n) be defined for any o € 5°(c0)

$(55(00)a5;(00)) = bn(0) € I'(n) (5.9)

1 is well defined and 1-1. Because any of two double cosets S2(00)o1.52(00) and
S9(00)09.52(00) are the same cosets if and only if the upper left n x n submatrices

of o1 and o5 are the same matrices, that is 6,,(o1) = 0,,(02).

Let v € I'(n). By () , the map 6,, : S°(c0) — I'(n) is onto. So there exists
ao € S°o) such that 0,(c) = 7. Hence ¢(S2(00)0S5%(0)) = 6,(0) = 7,
which proves that ¢ is onto. Hence 1) is a bijection between I'(n) and S°(c0) \
5°(00)/52(c0) which is induced by 0,,.

Now, by using Lemma 13, we will prove an important result which says that the
subgroup S°(o0) is dense in S(cc). By using the density, we will construct some

representations of the finite semigroups I'(n), n € N in the next chapter.

Corollary 3. 5°(c0) (and hence S(o0)) is dense in T'(00).

Proof. Letn € Nand ~, € I'(c0). Then 6,(7,) € I'(n). By lemma 13, for every
n € N, there exists v, € S°(co) such that 0,,(7,) = 0,(7,). Then (7,)nen is a net
in S°(c0) converging to v,. So S°(c0) is dense in I'(c0). Since S°(c0) C S(0), the

group S(o00) is dense in ['(c0). O
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CHAPTER SIX
GOOD REPRESENTATIONS

Assume that 7" is a continuous unitary representation of S(co). Let H,(7') be the
subspace of all S,,(c0)-invariant vectors in H(7") where n € N. Foralln € N, we have
H,(T) C Hp41(T). Indeed if f is S, (00)-invariant vector in H (7"), since S,,+1(00) C

Sp(00), we have that f is S,,;1(00)-invariant. So

H\(T)C Hy(T)C ...C H,(T) C H,a(T) C ... (6.1)

Let Hoo(T) = U, o Ha(T).

In a similar way, let 7° be a unitary representation of S°(cc) and H,,(7°) be the
subspace of all S?(oco)-invariant vectors in H (7). We denote the union of these

subspaces H,,(T°) by Ho.(T°).

Proposition 10. Let T be a unitary representation of S(00) and T° = T'|go(cc). Then
we have H,(T°) = H,(T) for alln € N and Ho(T) = Hy(T°).

Proof. For any representation 7" of S(c0), the restricted morphism to S°(c0), 7° =
T'| s0(0) gives a representation of S°(oco). In this case H,(T') = H,, (1) for alln € N.
Indeed, any f € H,(T') is S(oo)-invariant since S2(0c0) C S,(00). So H,(T) C
H,(T°). Now take any f € H,(T°) and o € S,(00).The density of S°(c0) in S(c0)
implies the density of S?(c0) in S,,(c0). So that there exists a net {o) }rca, Where A is
a directed set, in S2(c0) , converging to 0. Then T'(0y)f = f forall A € A. Since T’
is a continuous representation, the image net {7°(c) }ea converges T'(c). Let e > 0.
There exists an &« € A such that ||T(0)f — T(o))f|| < € forall A > «a. Hence
| T(o)f — f|| < eforalle > 0. Thus T'(0)f = f. So H,(T°) C H,(T). From this
we conclude that H . (T') = H.(T°). O

Lemma 14. i H,,(7T°) is S(n)-invariant for any m > n.

ii. The subspace H..(T°) is S°(oco)-invariant.
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Proof. 1. Itis enough to show that H,,(7°) is S(m)-invariant, since S(n) C S(m)
foralln < m. Let f € H,,(T°) and o0 € S(m). We will show that 7°(o) f is
Sm(00)-invariant. Let 5 € S,,(00). Since fo = of and [ is S, (c0)-invariant,
we have

() 1°(0)f = T°(0)T°(B)f = T°(0) f (6.2)

ii. Let 0 € S°(c0). Then o € S(n) for some n € N. Let f € Hy(T°). Then
f € H,,(T°) for some m € N. If m > n, then by part (i), T'(0) f € H,,(T°) C
Ho(T°). If m < n,since f € H,,(T°) C H,(T°),wehave T'(0)f € H,(T°) C
Ho(T°). So that H..(7°) is S°(co)-invariant.

Now, we introduce the notion of good representations of the subgroup S°(c0). Good
representations are really crucial. In fact, good representations will help us reduce the
problem of working representations of the infinite symmetric group to the problem of

working that of finite semigroups ['(n), n € N.

Definition 7. We say that a unitary representation T° of S°(c0) is good if Hy(T°) is
dense in H(T°).

If T° is a unitary irreducible representation, since H.,(7°) is an invariant subspace

(Lemma 14), it is enough to check that H,,(7°) # {0}.

Lemma 15. Suppose that T° is a unitary good representation of S°(oc0). Then T is

continuous with respect to the group topology on S°(c0) described in Chapter 3.

Proof. Tt is enough to prove the continuity at [ € S°(c0). Let f € H(T°) be fixed.
We need to show that 7°(c)(f) is close to f when o € S°(c0) is sufficiently close to

I. Given ¢ > 0, by density of H,,(7°) in H(T°) we can find an m in such a way that

1f = Pu(HI < (6.3)

N ™M
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Now suppose o € S,,(c0). Then T'(0)(P,.f) = P, f, thus

IT(o)f = fII = NT()(f = Puf) = (f = Puf)
< T@)(f = Pl + If = P fll (6.4)
= 2|f - Bufl <e

It is time to prove one of the most important theorem of this thesis; Olshansky
Theorem. By this theorem, we will show that any good representation of S°(c0) gives
a continuous unitary representation of S(oo) and a representation of I'(co) and
conversely. In the proof, we will use the density of the subgroup S°(oc) in I'(c0).
The construction in the proof will demonstrate the power of the semigroup approach
in the following way: First we will write a representation for I'(n) for each n € N.
Then by using all these representations we get a representation of I'(co) (so a

representation of S(c0)).

Theorem 3. Assume that T° is a unitary representation of S°(c0). Then the following
are equivalent:

(i) T° is a good representation of S°(0).

(i) T° is extended to a continuous unitary representation T' of S(00) which acts in
H(T®).

(iii) T° is extended to a representation T of the semigroup I'(0co) which acts in H(T°).

Proof. (iii) = (ii) : Assume that 7 is the extended representation of I'(co). We know
that S(oco) consists of elements 0 € I'(co) which satisfy o*c = oo*0 = 1. Then
by Proposition 3 in Chapter 2, the restricted representation 7" = 7|g() is unitary. On
the other hand, 7 is continuous. Since the restricted topology of I'(c0) to S(c0) is the
group topology of S(00), T = T|g(«) is @ continuous unitary representation of S(co)

which is extended from the good representation 7 of S°(00).

(17) = (i) : Letx € H(T),e > 0 and K,,(x) be the closed convex hull of the
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transforms 7'(o)(z) where o € S,,(c0). By continuity of 7" there exists an n € N
such that for all o € S,,(00), ||T'(0)(z) — || < e. This implies that K,,(z) C C(x,¢)
where C'(z, ) is the closed ball centred at = with radius €. By definition of 7', each
T(c), 0 € S(c0), has norm bounded by 1 and by Definition 12 every Hilbert space is
uniformly convex Banach space, then by Appendix D, Theorem 13, there exists z, €
K, (z) such that T'(0)(z,) = x, forall ¢ € S,,(c0) which implies =, € C(z,¢). Hence
||z — z,|| < e, proving the density of H..(T") in H(T'). By Proposition 10, H..(7°) is
dense in in H(7°).

(1) = (dii) : Assume that 7° is a good representation of S°(c0), i.e. Hoo(1°) =
H(T°). By P, we will denote the orthogonal projection H(7°) — H,(T°). Assume
also that n is so large that H,,(7°) # {0}. By Lemma 13 (i), 6,,(5°(c0)) = I'(n). So
we have a map 7, : I'(n) — I'(H,(7°)) such that 7,,(0,,(c)) = P,T°(0)|u, (o) for
every o € S°(c0). In order to show that 7, is well defined, we need to prove that if

0,(01) = 6,(02), then we have shown above P, T°(c,) P, = P,T7°(03)P,.

By Lemma 13 (ii) we have for any oy, 05 € S°(00)

0n(01) = 0,(02) & S2(00)0150(00) = S

n

(00)09Sp(0). (6.5)

Thus 6,,(01) = 0,,(02) implies that o1 = S0y’ for some 3, 5" € S,0(c0). Then for
any f € H,(T°)

BT(0)Pulf) = BT°(Boof') Pu(f)
= BT°(B)T(02)T°(5)(f)
= PT°(B)T°(02)(f)
where f” denotes the image P,(f), and the last row follows from the fact that f’
is S?(oo)-invariant. Now since H,,(7°) is S°(oo)-invariant, T°(o9) f' € Hy(T°) for
some k € N. Since € S°(c0), then 5 € S(m) for some m € N. We have two cases

to consider:
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I. Case: k > m: By lemma 14, H;(T°) is S(m)-invariant which means

B T(01) Po(f) = PaT?(B)T°(02) (") = PaT"(02) Pa(f)- (6.6)

IL. Case: k < m: We know Hy(7T°) C H,,(T°). Since H,,(T°) is S(m)-invariant,
we have

P, T(01)Pu(f) = PnTO(/B)TO(UZ)(f,) = P, T°(02) P, (f). (6.7)

In each case we have

P,T°(01) P, = P, T%(05) Py. (6.8)

Hence 7, is well-defined.

Let m > n. Define 0, ,,, : I'(m) — I'(n) as follows: for any v € I'(m), 6,,.,,(7) is
the upper left n x n submatrix of . So 6, ,,, satisfies 6,, ,, 0 0,,, = 0,,. Lety € I'(m). If
o € S°(o0) is such that v = 6,,(o), then P,7,,,(7) = P,Tim(0m(0)). So by definition

of 7,

P10 (0)) P, = P, P, T°(0) P, = P,T°(0) Py, = 7(0,(0)) = 70 (0 (7). (6.9)

Hence we have 7,,(0,,.m (7)) = PuTm(7) Pa.

Lety € I'(c0) and 0, € S°(00) be such that 6,,(y) = 6,,(0,,) forevery n € N. Then
we have a sequence (0, )nen in S°(c0) which converges to v € I'(co). This sequence is
Cauchy. In order to show this, we need to prove that for any open neighborhood S2(c0)
of I, there exists an N € N such that ¢,,'0,, € S%(c0) and 0,,'0,, € S°(00) for every
n,m > N. We have chosen this sequence in such a way that for any m > n, 6,,(c,,) =
0,.(0m). So we have 0,,(c,, 0,,,) = 0,,(I) for every m > n. Thatis, o}, ', € S2(00)
for every k,m > n. (Similarly o .'o, € S°(oc0) for every k,m > n ) This shows that

(0 )nen is Cauchy.

Now consider the operator sequence (P, 7°(0,,)P,)nen- Let us show that this
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sequence is strongly convergent (See Appendix A), that is convergent with respect to

strong operator topology. To show this, first take an f € H..(7°) and let e > 0.

[1PaT?(00) P (f) = P T(0m) P ()
= [P T(on) Pu(f) = PaT(00)(f) + BT?(00)(f) — PnT?(0m)(f)+
EnT(0m)(f) = BT (0m) P (£)
<SP T (0n) Pa(f) = PaT?(0n) (DI + 1P T?(00) () = BT (0m) (S]]
HPnT?(om)(f) = P T (0m) P ()]
S NPt = FIl 1P f = fI+ 12T (0n)(f) = BT (0m) (S]]
(6.10)
Since f € H,(T°), there exists an m; € N such that P,,, f = f. On the other hand,
H(T°) is S°(oco)-invariant. Sothat T'(o,) f and T'(0,,,) f liein Ho (7). We know that
(0n)nen 1s a Cauchy sequence in S°(oco) and 7 is a continuous unitary representation
of 5°(c0). By Lemma 22 the image sequence (7(0,,)(f))nen is Cauchy, so that there

exists an my € N such that for all m,n > ms
[PAT?(00)(f) = P T (o) (S| < e (6.11)
Now choose N = max{mi, msy}, then
[P T?(00) Pa(f) = P T(0m) P (f) ]| < €. (6.12)

Let us take any f € H(T°). By density of H,(7°) in H(T°), for any ¢ > 0, there
exists a K € N such that || f — Pk f|| < 5. Furthermore the image net (7'(0,,)(f))nen

is Cauchy, so that there exists an M € N such that for all m,n > M

IPT2(0)(f) = PuT"(o) ()] < . (6.13)
Now choose N = max{ K, M} the equation 6.10 becomes
| P.T°(0n)Po(f) — PuT(0m)Pu(f)] < e. (6.14)
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This proves that for any f € H(T°), the sequence (P,1°(0,)F.(f))nen is Cauchy.
Hence we conclude that (P, 7°(0,)P,).en is a strongly convergent sequence in

['(H(T?)). Let us denote the strong limit by 7(). We have for every f € H(T°)

7(v)f = lim P, T°(0,)P,(f) (6.15)

n—oo

Since sup{||P.T°(c,)P.(f)]] : n € N} < 1 forall f € H(T°) by
Banach-Steinhaus Theorem, the strong limit 7(-y) is a bounded linear operator whose
norm is at most 1. For every v € I'(c0), we can associate a bounded linear operator
7(y) € T'(H(T?)) in this way, that is, we have a map 7 : ['(c0) — T'(H(T?));
v+ 7() for every v € I'(c0).

For every v € I'(c0), the operator () has the following property: for any & € N
and f € H(T°), by equation 6.9 and the definition of 7

PkT(’)/)Pk(f) = 111’1’1 PkPnTO(O'n)PnPk(f) = PkTO(O'k)Pkf = Tk(Qk(ak)) (616)

n—oo

T is a representation of the semigroup I'(c0). First let us show that 7 is continuous.
Lete >0, f € H(T°),«, B € I'(c0). We need to show that 7(«)(f) is close to 7(3)( f)

when « is sufficiently close to 5. By construction of 7

() (f) = lim P,7°(,)P.(f) (6.17)

n—oo

where o, € S°(c0) and 0,,(cv,) = 6,,(«) for every n € N and

T(B)(f) = lim B.T°(8,) Pa(f) (6.18)

n—oo

where (3, € S°(o0) and 0,,(53,,) = 0,,(5) for every n € N. Then

I7(@)(F) = 7B)A = [limuosoe Pu(T(an) = TB) PP
= lim [P(T7(0) ~ TG )P (619)
= limy [[(T°(0n) = T°(8))Pa(F)]
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Since Ho, (1) is dense in H (T°), there exists M € Nsuch that || Py, f — f|| < 5. Then

(T () = T(Bn)) Pu( )]
= [IT°(n) Pa(f) = T*(n) (f) +T?(n) (f) = T°(Bn) (f) + T°(Bn) (f) = T°(Bn) Pa( )l
ST () (Pa(f) = A+ 1T Bu) (Balf) = P+ 1T () (f) = T*(Ba) (Sl

=2[|P,(f) = fIl + 1T°(n)(f) = T°(Ba) ()l
(6.20)

Since T is continuous, || 7°(c,)(f) — T°(8,)(f)|| < 5 when O () = 0k (5,) for a
sufficiently large K € N. Then choose N = max{M, K}, we have foralln > N

(T (en) = T°(Bn)) Pu ()| < & (6.21)

and Oy (a) = Oy(a,) = On(Bn) = On(F). So we conclude that 7(«)(f) is close to
7(B)(f) when Oy (a) = Ox(5).

7 commutes with involution. Let v € I'(c0)

7(7)"(f) = (lim P,7%(en) P, (f))" = lim P, T%(a,,)P,(f) = 7(v")(f)  (6.22)

n—oo n—oo

since the involution is continuous by Lemma 11 and when 6,,(0,,) = 6,,(y) we have

0,(0%) = 0,,(7*) by Lemma 10.

7 sends 1 to 1. Since 0,,(I) = 6,,(1) for every n € N

r(1)(f) = lim PTU(DP(f) = lim Po(f) = f (623)

So7(1) =1.

Finally we need to show that Vv, v, € I'(00), 7 satisfies

T(my2) = 7(1)7(7e) (6.24)

First let 7, € S°(c0) be fixed. For any v, € I'(c0) since S°(00) is dense in I'(c0),

there exists a net {0} xea, Where A is a directed set, in S°(0co) converging to ;. By
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continuity of 7 we know that the net {7°(o)}xen = {7(0x)}rea converges to 7(72).
By Appendix A, Theorem 8, the multiplication is seperately continuous in I'(co) with
respect to weak operator topology, so that 7(y1)7 (o) converges to 7(71)7(72). Again
using continuity of 7, the net {7°(71)T°(0z) }aea = {T°(7101)}ren converges to
7(7172) for any 72 € I'(00). Hence 7(v172) = 7(71)7(72) for all 45 € I'(c0). Now,

repeating the same process for v;, we conclude the result. [

Remark 3. By density of S°(c0) in S(00) and I'(c0), the extension representations T

and T in Theorem 3 are unique.

Remark 4. By Theorem 3, we see that good representations of S°(c0), continuous
unitary representations of S(oo) and representations of I'(oco) are the same

representations.

In Chapter 4 we constructed the irreducible unitary representations 7'(n, 7), where
n € N and 7 is an irreducible unitary representation of S(n). Now we will extend
them to I'(c0). The semigroup I'(co) has a natural action in (n) given by matrix
multiplication w~y for allw € Q and v € ['(c0). So the action of I'(c0) in H(T'(n,m))
is

T(7)f(w) = f(wy) (6.25)

if wy # 0 and if wy = 0, then we define

7(7)f(w) = 0. (6.26)

7 is a representation of I'(co) which is an extension of 7'(n, 7).

Theorem 4. [fT is a good representation of S°(00) andn is so large that H,,(T') # {0},
then the map 1, : I'(n) — U'(H,(T)) which is constructed in the proof of Theorem 3 is
a representation of I'(n) in H,(T).

Proof. For any v € I'(n) and 0 € S°(c0) such that ,,(c) = 7, we have defined

43



T, : I'(n) = D(H,(T)) as 7,(y) = P, T(0)F,. We need to show that

Tn(M72) = Tn(71)Tn(72) (6.27)

for all 7;, v, € I'(n), 7,, commutes with involution and 7,,(1) = 1. By 7 we denote the

representation of I'(oo) which exists by Theorem 3. Let ¢,, be the infinite matrix

and P, be the orthogonal projection H(7') onto H,(7T). Then we first prove that

7(e,) = P,. Since ¢, = €2 = ¢, the map 7(e,) is a projection.

Let us denote the image of 7(¢,,) by H,, thatis H, = 7(¢,)(H(T)). We claim that
H! = H,(T). Indeed, if f € H/, then f = 7(¢,,)g for some g € H(T"). Then for any

o € 5%(c0) we have

7(0)f = 7(0)7(en)(9) = 7(02n)(9) = 7(€n)(9) = f (6.28)

since o¢,, = €,. Hence H, C H,(T).

By construction of 7 and 7,,, we have

P, 7(en)Pn = T(0n(en)) = (0n(1)) = P,T(1) Py = 1 m,, (1) (6.29)

Hence H,(T') C H], and H,(T) = H], so P, = 7(&,).

Now we use this fact to show that 7,, is multiplicative. We may imbed B(H,,(T))
into B(H (7)) by the map A — P, AP,. Furthermore we can also imbed I'(n) into
['(c0) by the map I'(n) — I'(co) given by 7y — 4" where
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for every v € I'(n).

By this imbedding we have

T(7) = Putn(7) Po = Pat(Y) P = () 7(7N)7(E0) = T(enY"en) = 7(7)(6.30)

Then
Tn(1172) = T(M™M2") = T(NN)7T(12") = T(11) 7 (72). (6.31)
Moreover
mly) = 16 = 7 = )" (632)
and
(1) = 70(00(1)) = P T°(V)| a1y = 1o, 1) (6.33)
Thus 7, is a representation. [l

For any k£ > n we let

I, 0
Enk = € F(k’)
0 O

Lemma 16. If T is a good representation of S°(c0), then 1y,(ey, 1) is the orthogonal
projection from H (1) = Hy(T) to H,(T).

Proof. By Theorem 3, the good representation 7' of S°(co) can be extended to a

representation 7 of I'(00). By Theorem 4, we have P, = 7(¢,,). Then

Ti(Enk) = Th(0k(en)) = Pt (en) b, (1) = PPl ) = Pl 1)- (6.34)

]
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CHAPTER SEVEN
LIEBERMAN THEOREM

By Theorem 3, having a good representation of S°(c0) is equivalent to having a
continuous unitary representation of S(oo) and a representation of I'(co). Hence
studying continuous unitary representations of S(oc) is reduced to studying
representations of the semigroup I'(co0). In the proof of Theorem 3, in the (i) — (i)
part, first we introduced the representations 7,, of the I'(n), n € N (the fact that they
are representations of I'(n) was proved in Theorem 4). Then we constructed a
representation 7 of I'(co) as a strong limit of the operator sequence (P,7,F,)nen,
where P, denotes the orthogonal projection from representation space of S°(c0) to
the subspace of S?(oo)-invariant vectors. So our main aim turns into studying the

representations of the finite semigroups I'(m), m € N.

An element ¢ € T'(m) is said to be idempotent if ¢ = ¢* = 2. Any idempotent
element of I'(m) has the only non-zero entries on the diagonal. We denote an
idempotent element by ¢ x where X is the set of all indices ¢ of the non-zero diagonal

entries of ex. Note that g = 0 and €41,y = 1pm)-
There is a natural partial ordering in the set of idempotents: ey < ey if X C Y.

Foranyn = 1,...,m wesete, = €1, n ifn # 0and e, = 0if n = 0. Then any
idempotent element ex € I'(m) can be written as oe,,0~" where n = Card(X) and

o€ S(m).

Let 7 be a representation of I'(m). Then 7(ex) = 7(ex)* = 7(ex)?. Hence T(cx)

is a projection for any X C {1,...,m}. Let Hx(7) be its range.

Lemma 17. Let T be a representation of I'(m). If X CY C{1,...,m}, then Hx(1) C
Hy(T).
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Proof. Take f € Hx(7). Then 7(ex)(g) = f for some g € H(7).

T(ev)(f) = 7(ev)T(ex)(9) = T(exev)(9) = T(ex)(9) = f (7.1)

Hence f € Hy (7). O

Denote the image of 7(¢,,) by H,,(7) when n # 0 and Hy(7) when n = 0. Let n(7)
be the least number n such that H,(7) # {0}.

Lemma 18. Let 7 be a representation of I'(m) and n = n(1) # 0. 7(ex) # 0 when

Card(X) > n(r) and (e x) = 0 when Card(X) < n(r).

Proof. Lett = Card(X). Then ex = oe;0~ " for some o € S(m), or g, = 0 'exo.
Suppose t > n(7). Since, by Lemma 17, H,(7) C H;(7) we have H,(7) # (), which
means 7(g;) # 0. Then 7(6'exo) # 0. Hence 7(cx) # 0 when ¢t = Card(X) >
n(r).

Now suppose ¢ < n(7). By definition of n(7), H;(7) = {0}, thatis, 7(e;) = 0.

Equivalently 7(0)7(g;)7(07!) = 7(0gi07!) = 7(ex) = 0. O

Lemma 19. Let T be a representation of I'(m) and n = n(t) # 0, v € T'(m) and ||
be the number of non-zero entries of . Then 7(v) # 0 when |y| > n(7) and 7(v) =0

when |y| < n(7).

Proof. Let X be the set of indices 7 of the entries such that 7,; # 0 for some j € N.

Then v*y = ex. So we have

TN #0e7(7)'7(7) #0e 7(v"y) #0 & 7(ex) #0 (7.2)

Then by Lemma 18, the result follows. [

Lemma 20. Let T be an irreducible representation of I'(m) and n = n(t) # 0. Then

H,(7) is invariant and irreducible under S(n).
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Proof. Let f € H,(T) and 0 € S(n), we claim that 7(c)(f) € H,(T'). Then

7(en)T(0)(f) = T(eno)(f) = 7(0)(f) (7.3)
so that 7(0)(f) € H,(7). Hence H, () is S(n)-invariant.

By Lemma 3, 7 is finite-dimensional. By Theorem 2, the operators 7(7),
~v € I'(m), span B(H(7)). So to check its irreducibility it is sufficient to prove that
the operators 7(0)|m,(-), ¢ € S(n), span B(H,(7)). Notice that the operators
T(€0)T(V)T ()| (), 7 € T'(m) span B(H,(7)). Sety' = €,7¢,. By definition of n
and Lemma 18, we have 7(7') = 0 unless |7/| = n (Since there can be at most n
nonzero terms in 7). But |y/| = n if and only if 6,,(7’) € 6,(S(n)). So the operators
7(0)| (), 0 € S(n) span B(H,(7)). O

Lemma 21. Let 7 be an irreducible representation of I'(m) and n = n(t) # 0. Let

7w € S(n)" be the representation of S(n) in H, (7). Then T is uniquely determined by

(n, ).

Proof. Forany & € H(mw) = H,(7) and v € I'(m) we have

(r(1)€,6) = (T(N7(en)S, T(en)E) = (T(EnvEn)§, §) (7.4)

(m(0)€,8) i fOn(enyen) = On(0),0 € S(n)

0 otherwise.

By definition of n(7) and by Lemma 19, 7(g,v¢,,) = 0 if |e,ye,| < n. Since

EnYEn = (1) 0 € I'(m) (7.5)

0 0

mxXm

then |e,,ve,,| can be at most n. So if |¢,ve,,| = n, which means 0,,(¢,,ve,,) = 0, (o) for

some o € S(n), then 7(e,ven) |1, (r) = T(0)|H,(r) = T(0).

If 7 is any other representation of I'(m) and 7 is the representation of S(n) in
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H, (r") = H (), then we have by above argument for any £ € H(7) and v € ['(m)

(T'(7)€,6) = (7(7)¢, &) (7.6)

Any nonzero ¢ €  H,(r) is cyclic in H(r). Because the subspace

span{7(y)§ : v € I'(m)} is invariant nonzero subspace of H(7) but 7 is irreducible

(Similar for 7). So it is enough to apply Corollary 1. [
Now for any pair (n,7) where n = 1,...,m and 7 € S(n)" we construct an
irreducible representation 7 = 7(n,m;m) such that n = n(7) and 7 is the

representation of S(n) in H, (7).

Let €,,(n) denote the set of all infinite 0-1 matrices  for which there are some
distinct natural numbers 4, ..., 4,, < m such thaty;;, = ...7,;, = 1 and the other entries
are 0. Any v € 2,,(n) may be regarded as an ordered sequence of distinct numbers
~v = (i1, ...,1,). The space H(7) is the space of all the functions f : Q,,(n) — H ()
such that

flo'w) = 7(0) f(w) (7.7)

for every w € Q,,(n) and ¢’ € S(n). The norm in H(7) is defined by

AP = D11 @)lErry < oo (7.8)

and I'(m) acts by the rule

TN f(w) = flwy) (7.9)
for every v € I'(m) and w € ,,,(n).

7 is a representation of I'(m). For any X C {1,...,m}, Hx(7) consists of those f

which are concentrated on {w|w C X }. Because

Hx (1) = 7x(H(7)) = {7(ex)(N)|f € H(T)} (7.10)
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and 7(ex)(f)(w) = f(wex) # 0 ifand only if w C X. Thus forall K < m

Hy(r) = {f € H(r) : suppf € Qu(n)}. (7.11)

Since Q(n) = 0 forall 1 < k < n and the only function whose support is () is
zero of H(7). So Hy(r) # {0} if & > n. It follows that n(7) = n and that the
representation of S(n) in H,(7) is 7. Finally H,(7) being cyclic under I'(m) (even
S(m)), the irreducibility of 7 can be proved in exactly the same way as Corollary 2 and

Lemma 7 in Chapter 4, respectively.

Theorem 5. The representations T(n,m;n) where n = 1,...m and m € S(n)"
together with the trivial representation of 1'(m) exhaust all the irreducible

representations of T'(m).

Proof. Let 7 be an irreducible representation of I'(m). If n(7) = n # 0 then 7 is
equivalent to some 7(n, m; 7) by Lemma 21. But if n(7) = 0 then by definition, since
gg =20

Hy(r) = {7(e9)f = 7(0)f : f € H(T)} #0 (7.12)

so that there exists a nonzero element 7(0)f € Hy(7). Since 7(0) is nonzero, by

Lemma 2, 7 is the trivial representation. [

Remark 5. Let T' = T'(n, ) be the representation of S(c0) as constructed in Chapter
4. Let m > n. Consider the representation T, of I'(m) in the space H,,(T') which is
obtained by Theorem 3. Then T, is equivalent to T(n,m; ) = 7. By Lemma 21, T is
determined by (n, ). Since T is the representation of S(n) both in H, (1) and H,(7,),
it is enough to show that n(t) = n(r,,) = n. We know by the above argument (equation
7.11 and the following part) that n(1) = n. On the other hand Hy(7,,) is the image of
Tm(ex) and by Lemma 16, 7,,(gy,) is the orthogonal projection from H,,(T') to Hy(T).
Hence Hy(T) = Hy(1n) # 0 if and only if k > n (We have shown in Lemma 4, (3)
part, the least number k making Hy(T) nonzero is n). So that n(t,,) = n. Hence

Tm IS equivalent to T(n,m;m) = 7. By Theorem 5, the representations T,, of I'(m)
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in the space H,,(T'(n,n)) together with the trivial representation are all irreducible

representations of I'(m).

Theorem 6. (Lieberman)

i. The representations
{T(n,m)ln=1,2,...,m € S(n)"} (7.13)

together with the trivial representation, exhaust all the continuous irreducible

unitary representations of S(00).

ii. Any continuous unitary representation of S(cc) can be decomposed into a direct

sum of irreducible representations.

Proof. i. Let 7' be an irreducible continuous unitary representation of S(cc). By
Theorem 3, T'|s0() is a good representation of S°(co) which acts in the same
space H(T'). T|so(x) is also irreducible by the density of S°(c0) in S(00).
Because if there were a closed S°(oo)-invariant subspace K of H(7'), then it
would also be S(co)-invriant. Indeed, let z € K and 0 € S(oc0). Then there
exists a net {0 }aen, Where A is a directed set, in S°(o0) converging to o. Then
T(oy)x =« for all A € A and by continuity of 7, the net
{T(ox)x}ren = {x}ren converges to T'(o)z so that x = T'(o)x, which shows
that = is S(co)-invariant. Hence K can not be a proper subspace since T is

irreducible.

Let H,,(T") denote the subspace of all S,,(co)-invariant vectors of H(7") and n(T)
denote the smallest natural number n such that H,,(T") # 0.

We define S,(o0) = S(o0). So if n(T) = 0, then
Ho(T) = {f € H(T) : T(o)f = f,Yo € S(c0)} is a nonzero invariant
subspace of H(T'). By irreducibility of T, Hy(7T) must be the whole space
H(T). This means that every vector in H (7") is S(oo)-invariant, so that 7" is the

trivial representation.

51



Suppose n(1T") = n # 0. Let us show that 7" is equivalent to some 7'(n, 7) where
n € Nand 7 € S(n)" as defined in the Chapter 4. We will denote the induced
representations from S(00) to I'(c0) by 7 and the representations of I'(m) by 7,

for m > n (by Theorem 3).

Remember that in the proof of Theorem 4, we use the imbedding B(H(T")) —
B(H,,(T)) given by A — P,,AP,,. Since T is an irreducible representation of
S°(c0), by Theorem 2 for any m > n, the linear span of the set of operators
P, T(0)P,, is weakly dense in B(H,,(T)). By the definition of 7,,, we know
Tm(0m(0))) = PnT(0)P,, for every ¢ € S°(c0). So the span of the set of
operators {7,,(7) : v € I'(m)} is weakly dense in B(H,,(T")). This means that

T, s an irreducible representation of I'(m).

By Lemma 16, the operator 7,,(£,,,») is the orthogonal projection from H,,(T)
to H,(tm) = H,(T) # 0. So n(7,) = n. By Lemma 21 and Theorem 3,
Tm = T(n,m; ), where 7 is the representation of S(n) in H,(T"). (By Lemma

20, H,,(7,,) is invariant and irreducible under S(n).)

Now consider the case m = n. Lety € I'(n). By Lemma 19, if |y| < n, then
To(7) = 0. So 7,(y) # 0if vy € S(n) and 7,,(y) = 0 if y & S(n).

Take any « € H,,(T) = H(w), and 0 € 5°(c0).

(T(0)x,z) = (T(0)Pyx, Pyx)y = (P, T(0) Pz, x) = (1,(0,(0))z, ) (7.14)

(m(0n(0))z,2) 1fn(0) € S(n)

0 otherwise.

The last equality shows thatif o € S(n), then (T'(0)z, z) = (7(0)x, z) for every
x € H,(T). H,(T) is cyclic in H(T). Because the subspace

span{T(o)z : 0 € S°(c0),x € H,(T)} (7.15)

is an invariant nonzero subspace of H(7') but T is irreducible. On the other
hand, by Lemma 5 in Chapter 4 we have the same equality 7.14 for 7'(n, 7). By
Corollary 1, T is uniquely determined by (n, 7). So T is equivalent to T'(n, 7).
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ii. Suppose that 7" is a continuous unitary representation of S(oco). Equivalently, 7’
is a good representation of S°(c0). We will show that 7" contains an irreducible
representation of S°(oo). Hence 7" can be written as a direct sum of irreducible

representations.

Let n be so big that H,,(T") # {0}. By the proof of the Theorem 3, we have
an induced representation 7,, of the semigroup I'(n) in H, (7). (In the proof
of Theorem 3 it is constructed and in Theorem 4 we have proved that 7, is a
representation.) Since I'(n) is finite, by Lemma 3 its representation H,(7T") =

H (7,) contains an invariant and irreducible subspace H. Let

H' = span{T(o)zx : 0 € S°(c0),z € H} (7.16)

and 7" be the corresponding representation of S°(cc) in H’. Then H is both
I'(n)-irreducible and S°(co)-cyclic in H(1").

For any o € 5°(00), we have

P, T(c)H = P,T(0)P,H = 1,(0,(0))(H) C H (7.17)

Since H,(T") = P,(H’), it follows that H,(T") = H.

Now suppose that H’ has a decomposition H’' = K @ K= into invariant subspaces
K,K*. Then H,(T") = (H,(T")NK) ® (H,(T") N K*). (Indeed, if a vector is
invariant relative to S, (o), then its projections on K and K~ are invariant, too.
(See the proof of Lemma 7.)) The subspaces H,,(1") N K and H,(T") N K+ are
invariant under the action of 7,, in H. Since H,,(T") = H is I'(n)-irreducible, we
have either H C K or H C K*. But H is S°(00)-cyclic, so either K = H(T")
or K+ = H(T"). Hence T" is irreducible.
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CHAPTER EIGHT
CONCLUSION

In this thesis, we aim to give an elegant proof to Lieberman theorem by using the
Olshansky semigroup approach. First we have taken a natural number n and an
irreducible unitary representation 7 of S(n). From this representation, we have
constructed a continuous irreducible unitary representation 7'(n, ) of S(cc). Then
we have obtained a different description of these representations. Next we have
introduced the notion of a good representation for the subgroup S°(co). By Theorem
3, we have showed that a good representation of S°(oco) can be extended to a
continuous unitary representation of S(co) and a representation of I'(co0). To extend a
good representation to a representation of I'(co), first we have written the
representations of finite semigroups I'(n), then taken a strong limit to get a
representation of ['(oco).  Thus, by Theorem 3, studying continuous unitary
representations of S(oo) is reduced to studying representations of the semigroup
['(n). Then we have introduced some properties of the representations of the finite
inverse symmetric semigroups. By using the results about the representations of the
finite inverse symmetric semigroups that we obtained, we have proven the Lieberman

Theorem.
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APPENDICES

Al: Topologies on B(H ), The Space of Bounded Linear Operaators on a Hilbert
Space H

Let H be a Hilbert space. By B(H) we denote the algebra of all bounded linear

operators on H. We have a norm on B(H)
lul] = supjje=1[[u(2)]] (A1)

for all w € H. This norm induces a metric, so B(H) is a metric space. So the norm
topology is just defined to be the metric topology. For any ¢ > 0, an open set containing

A € B(H) inthe norm topology is of the form O(A, ¢) = {B € B(H) : ||A—B]|| < €}.
Let us construct the strong operator topology on B(H).

We fix a vector z, € H and consider the map ¢,,, : B(H) — H defined by ¢,, :
u +— u(x,), forall w € B(H). We topologize H by its norm and we take the weakest

topology on B(H ) which makes the map ¢, continuous.

Lety € H, e > 0. In the norm topology of H, any open centred at y with radius
e will be denoted by B(y,¢) = {z € H : ||y — z|| < €}. Then ¢! (B(y, ¢)) must be

open in this new topology:
b, (B(y,€)) = {u € B(H) : ¢, (u) = u(,) € B(y, )} (A2)

This means ||u(z,) — y|| < e forall u € ¢, (B(y,€)). If y = uy(x,) for some
u, € B(H), then we get

O, (B(y.€)) = {u € B(H) : [|(u— uo)(2)|| < e} (A3)
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Then a subbase for this topology is the collection of all sets of the form

Oluos 2, ¢) ={u € B(H) : [[(u = u,)(2)]] < €} (A4)

The strong operator topology is defined as the weakest topology on B(H ) that makes
the all maps ¢,.,, x, € H, continuous. Then a base will be all finite intersections of the

sets A4 It follows that a base is the collection of all sets of the form

Ougs 21, s ps€) = {u € BH) : [|(u— )@l < evi= 1,0k} (AS)

The weak operator topology of B(H) is defined as follows:

We fix a continuous linear functional ' on H and a vector € H and consider the
linear map o : B(H) — C given by A — y/(A(x)). The weakest topology on B(H)

which makes all those functions continuous is the weak operator topology on B(H).

By Riesz Representation Theorem, there exists y € H such that ¢/(z) = (z,y)
forall z € H. Let z € C be such that z = 3/(A,(x)), for some A, € B(H), i.e.
z = (A,(z),y). We will consider the inverse images of opens in C under «, which are
a1 (B(z,¢)), where B(z, €) denotes the open ball centred at » € C with radius € in the

usual topology of C. Then

a1 (B(z,¢)) = {A€B(H):a(A) =y (A(z)) € B(z,¢)}
= {Ae€ B(H): (A(z),y) € B(z,¢)} (A6)
= {A€ B(H): [(A(z),y) — (Ao(z),y)| <€}

So a subbase for the weak operator topology is the collection of all sets of the form

O(Ag;w,y,€) = {A € B(H) : [((A = Ao)(x),y)| < e} (A7)

As always, a base is the collection of all finite intersections of such sets.

Proposition 11. Let Ay, \ € I, where [ is a directed set, be a net in B(H) and A €
B(H) . Then
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(1) Ay converges to A in the norm topology if and only if, || Ay — Al| converges to

0, where the norm is that of B(H).

(2) Ay converges to A in the strong topology if and only if for each x € H, ||Ayx —

Az|| converges to 0.

(3) A, converges to A in the weak topology if and only if for each x € H, (A\x,y)

converges to (Ax,y).

Proof. (1) A, converges to A in the norm topology if and only if for every open
O(A,e) = {B € B(H) : ||A — B|| < €} containing A, there exists an « such that
Ay € O(A,e) forall A > a. Thatis ||Ay — A|| < e for all A > «, which is equivalent

to say that || A, — A|| converges to 0.

(2) A, converges to A in the strong topology if and only if for every open
O(A;z,e) = {B € B(H) : ||(B — A)(x)|| < ¢} there exists an « such that
Ay € O(A;zye) for all A > «. Equivalently, ||Ax(z) — A(z)|| < € for all A > athat
is, ||Ax(z) — A(z)|| converges to 0.

(3) Similarly to (1) and (2). [

Proposition 12. Norm convergence implies strong convergence and strong

convergence implies weak convergence.

Proof. Let Ay, \ € I, where [ is a directed set, be a net in B(H ) converging to A €
B(H) in the norm topology. That means ||A) — A|| converges to 0. The definition
of norm in B(H) (supremum property) implies that for each =z € H, ||Ayx — Az||

converges to 0. This gives us strong convergence.

Now, let Ay,\ € I, where [ is a directed set, be a net in B(H) converging to
A € B(H) in the strong topology. Then for each z € H, ||Axx — Ax|| converges to 0.

For any x,y € H, we have

[(Axe — Az, y)| < [[Axe — Axl[||y]] (A8)
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Since the right hand side converges to 0, (A z — Az, y) converges to 0, for any =,y €

H, showing the weak convergence. ]

As a quick result of this proposition we have:

Proposition 13. The weak topology is weaker than the strong topology and the strong

topology is weaker than the norm topology.

Proof. Let E be a closed set in the strong topology. Denote by E the closure of this
set in the norm topology. Let A € E, then there exists a net Ay, A\ € I, where [ is
a directed set, in F such that ||A), — A|| converges to 0. But by Proposition 10, this
net Ay converges strongly in F to A. Thus A € E. Hence F is closed in also norm
topology. Any closed set in the strong topology is closed in the norm topology. So the
strong topology is weaker than the norm topology. By the same way, it can be shown
that any weakly closed set is strongly closed. Thus the weak topology is weaker than

the strong topology. [

But the converses of the statements in Proposition 11 are not true in general. Now

we give an example of a sequence strongly convergent but not norm convergent.

Example 1. We consider a sequence (T}, : 1> — 1?),,en which is defined by

To(z) = (0,0, ...,0, Tpit1, Tnso, ...) (A9)

here x = (x1,%3,...) € I* and each of the first n components is 0. This operator T),
is linear and bounded for each n € N. Clearly (T,),en is convergent in the strong
topology. Because T,x — 0x = 0. But, (T,,)nen does not converge in the norm

topology because ||T,, — 0|| = ||T,,|| = 1.

Second, we consider an example of a sequence weakly convergent but not strong

convergent.
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Example 2. Let (T}, : 1> — [?),en be defined by
Tn(l') = (0,0,...,O,x1,$2,...) (AIO)

here ¥ = (x1,x2,...) € I* and each of the first n components is 0. For eachn € N,
T,, is linear and bounded. Let f be a linear functional on I*>. By Riesz representaion

theorem, there is a z = (21, 29, ...) € I* such that
fla)=(z,2) =) 2% (A1)
=1
Then, setting j = n + k we have

f(Thx) = (Thz, 2) Z gz, — Zl'kanc (A12)

j=n+1

Using the Cauchy-Shwarz inequality

|F(Tox))> = [ Toz, )P < D el D Jzwl? (A13)
k=1 m=n+1

The right hand-side approaches to 0 as n — oco. Hence f(T,x) — 0 = f(0x).
This means that (T,,),n is convergent to 0 in the weak topology. But, (T,),x is not

convergent strongly. Since

[Tz = Tozl| = VI2+ 12 = V2 (m #n) (A14)

We have a multiplication map on B(H ), given by the usual composition of operators
in B(H). Closedness of multiplication can be seen easily: If A, B € B(H), then their

multiplication AB is bounded, since
IAB|| = supjsy=1|[A(B(2))[| < [[A[[l|BI] < o0 (A15)

so that AB € B(H).
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Theorem 7. Multiplication is continuous with respect to the norm topology and

discontinuous with respect to strong and weak topologies.

Proof. First we will show the continuity of multiplication in the norm topology. Let
e > 0. Suppose that the nets { Ay} ea,{ Bataca ,» Where A is a directed set, converge

A, B in the norm topology, respectively. Wlog suppose ||B|| > || A||. We have

|AxBy — AB|| < ||AxBa — A\B + A\B — AB|
< ||[AyB, — A\B|| + ||AxB — AB
< MnBo = AsBI| + || AAB — AB] 16
< [[AMIB = Ball + [[A = Al Bl]
< (I[A= A+ [IAIDIIB — Ball + [|A = Al[| Bl]

Then there exists A, € A such that ||[A — A,|| < [|B]| — ||4]|| for all A > A, there
exists A\; € A such that |[|A — A,]| < angy forall A > Ay and there exists o, € A such

that || B — B,|| < angy forall a > a,. Now setting v = maz{a,, Ao, A1}, we then

have

|43By — AB|| < ¢ (A17)

for all A, & > ~. This proves our first claim. [

Secondly, we will show that the multiplication is discontinuous in the strong

topology.

Step 1: Let N = {A € B(H) : A* = 0} be the set of nilpotent operators of

nilpotency index 2. We claim that NV is dense in B(H ) with respect to strong topology.

Step 2: If we show this, then for any A € B(H) there exists a net Ay, C N such
that Ay, — A, so (A, Ay) — (A, A), by the definition of convergence in the product
topology. If the multiplication were net continuous, then A3 — A?. But Ay C N, so
for each A we have A3 = 0. Then 0 — A2, so that A> = 0. But A was arbitrary, in

particular we could have taken A to be the identity map on H, getting a contradiction.
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Proof of the claim in step 1: Suppose that

O(Ay; a1, ooy €) = {A € B(H) : |[(A— A)(x)|| < e,i=1,...k}  (AlS8)

is an arbitrary basic strong neighborhood. Wlog suppose that the x;’s are linearly
independent. For each 7 find a vector g; such that || A,z; — g;|| < € and such that the
span of ¢/s has only 0 in common with the span of the x;’s; so long as the underlying
Hilbert space is infinite dimensional, this is possible. Let A be the operator such that

Ax; = g; and Ag; = 0 and Ah = 0 whenever h lx; and h_Lg;.
Clearly A is nilpotent of index 2, and A belongs to the prescribed neighborhood.

Finally to show the discontinuity of multiplication in the weak topology, we use the

same argument as we did in the strong operator topology.

Step 1: Since the strong operator topology is larger than the weak topology, a

strongly dense set is necessarily weakly dense.

Step 2: Just replace everywhere strong by weak, it works, too.

Theorem 8. Multiplication map on B(H ) is seperately continuous with respect to weak

operator topology, that is continuous when one of the arguments is fixed.
Proof. Suppose that the net { A} ca, where A is a directed set converges weakly to
A, ie. (Ax(z),y) — (A(x),y) forall x,y € H. Then in particular (A)(Bz),y) —

(A(B(z)),y) for all z,y € H. Hence the multiplication is continuous with respect to

weak operator topology. (Similar for the other argument) [

A2: Topological Groups

Let GG be a group. A topology on G is said to be compatible with the group structure

if the mapping (x,y) — zy and z — x~! are continuous. A topological group is a
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pair (G, 7), where GG is a group and 7 is a topology on GG compatible with the group

structure.

Theorem 9. If a and b are fixed elements of a topological group G, then each of the

following mappings is a homeomorphism of G':

I x— ot
2. x—ax

3. x— b

4. x — axb
1

5. x— axa”

6. For a fixed a € G, the mapping x — vax ™! is continuous.

Proof. 1. The mapping x — ! is continuous and self-inverse.

2. z — (a,x) — az is the composition of two continuous mappings; the inverse

mapping is z — a~'x.
3. Similar to (2).
4. x — ax +— (ax)b is the composition of two homeomorphism.

5. Similar to (4).

1

6. v — (za,x™') — (xa)z~! is the composition of two homeomorphism

mappings, the first mapping being continuous because its compositions with the

coordinate projections (namely, = +— xa and x — z~ 1) are continuous.

]

Corollary 4. If G is a topological group and [ is a fundamental system of the identity

element e, then, for each a € G, the classes {aV : 'V € [} are fundamental systems of
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neighborhoods of a. Also, {V~' : V € B} is a fundamental system of neighborhoods
of e.

Proof. The mapping m : G — G;(x — ax) is a homeomorphism of G, sending e
to a, and therefore transforming [ into a fundamental system of neighborhoods of a.

Because for any neighborhood V' of GG, we have

m N (V)={re€G:areV}={reG:z€a'V}=a'V (A19)

Since a € V, e € a~'V. Then there exists an open U € /3 such that U € a~'V. Then
aU C V. Hence {aU : U € [} is a fundamental system of neighborhoods of the
element a € G. (Similarly for {Ua : U € £})

Finally, since i : G — G(x — 27 !) is a homeomorphism, for any neighborhood
Uofe, i (U)={x € G:x ' € U} = U~ contains e. Then there exists V € 3
such that V' C U~! implying V! C U, proving that {V ! : V' € 3} is a fundamental
system of neighborhoods of identity. [

Corollary 5. If A is a subset of a topological group G and if U is an open subset of G,
then the following subsets are also open: U™, AU, U A.

Proof- U~ is open if U is open since i is a homeomorphism. Since # + az and

a — xa are homeomorphisms of GG,

AU = | JaU; UA= | Ua (A20)
acA a€A
are unions of open sets. Hence they are open. [

Theorem 10. [f'G is a topological group, then the class C' of all neighborhoods of the

identity e has the following properties:

1. eeVforall VeC;

2. If VW e C, then VNW € C,
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3. If'V € C then there exists W € C such that WW C V;
4. IfV e C, then V' € C;
5. fVelCandae€GthenaVaecC;

6. IfVeCandV C W then W € C.

Proof. (1), (2), (6) are general properties of the filter of neighborhoods of a point of a
topological space.(Note that the term 'neighborhood’ means any superset of an open

set.)

3. The mapping f(z,y) = zy is continuous at (e, e), and f(e,e) = e. Given any
neighborhood V' of e, choose a neighborhood A of (e, e) in G x G such that
f(A) C V. One can suppose that A = W x W for some W € C (Such
neighborhoods of (e, e) are basic.) Thus WW = f(W x W) = f(A) C V.

4,5. x — ' and x — aza~! are homeomorphisms of G mapping ¢ to e.

The properties listed in Theorem 10, are characteristic of compability of a topology

with the group structure:

Theorem 11. If G is a group with identity e, and C' is a nonempty class of subsets of
G satifying (1)-(6) of Theorem 10, then there exists a unique topology on G such that

1. The topology is compatible with the group structure,

2. C'is the system of all neighborhoods of e.

Proof. Uniqueness: follows by Corollary 4.
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Existence: By (1), (2) and (6), C' is a filter of sets containing e. For each a € G,
define C, = {aV : V € C}; since x — ax is bijective and maps e to a, C,, is a filter

of sets containing a. In particular C, = C.

We assert that the family (C,),c¢ is the family of neighborhood filters for a topology
on G. Given N € (C,, it is to be shown that there exists M € C, such that y € M
implies N € Cy. Say N = 2V, V € C. By (3) choose W € C such that WiV C V,
and set M = zW. Then y € M implies that yW C «zWW C xV = N, thus
N D yW € C, and therefore N € C,. It remains to show that the topology on G

defined in the preceding paragraph is compatible with the group structure.

Fix a,b € G. To see that (z, y) — xy is continuous at (a, b), a neighborhood D of ab
given, say D = abV, V € C; it will suffice to find U € C such that (aU)(bU) C abV,
ie. (b~1Ub)U C V. By (3) choose W € C with WW C V, then b~'Wb € C by (5),
and, setting U = (bWb~') N W one has U € C and (b='Ub)U C [b~ (bW b 1b]W =
WW C V implying (aU)(bU) C abV.

Finally, fixing a € G, it is to be shown that  — 2! is continuous at a. Given
any S € C,-1,5ay S = a 'V, V € C we seek W € C such that (aW)™! C a1V,
ie. W™t Cc a'Va,,ie. W C a'Va. Indeed, a='Va € C by (4) and (5), thus
W = a~'Va is suitable. O

Theorem 12. Let G be a group with identity e, and let 3 be a nonempty class of subsets

of G satisfying the following properties:

1. e€ Bforall B € .

2. If By, By € B then there exists By € 3 such that B; C B; N Bs.
3. If B € B then there exists C' € (3 such that CC C B.

4. If B € [3 then there exists C' € (3 such that C~' C B.

5. If B € Banda € G then there exists C' € (3 such that C C aBa™".
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Then there exists a unique topology on G such that

1. the topology is compatible with the group structure,

2. B is a fundamental systen of neighborhoods of e.

Proof. [ is a base for precisely one filter C, namely, C' = {V : V D B for some B €
B}

Evidently C satisfies the hypothesis (1)-(6) of the Theorem 11. [

Definition 8. 4 sequence (g, )nen in a topological group G is said to be Cauchy if for
every open neighborhood U of e € G there exists an n € N such that ¥n,m > N,

9y gm € U and g, g, € U.

Lemma 22. Suppose that G is a Hausdorff topological space and T : G — I'(H) is a
continuous unitary representation of G and (g, )nen is a Cauhcy sequence in G. Then

for every x € H, the image sequence (T(g,,)(x))nen is Cauhcy.

Proof. Suppose that (g, ),en is a Cauhcy sequence in G. That is, if for every open
neighborhood U of e € G there exists an N € N such that Yn,m > N, g 'g,, € U
and g 'g, € U. Letz € H and € > 0. Since T is continuous ||z — T'(u)z|| < € when
u is sufficiently close to e, that is u € U where U is some open neighborhood of e.
Now, by assumption, there exists an N € N such that Vn,m > N, g.'g,, € U. So

9gm € goU. Then for m,n > N, ¢,, = gnUpm,,, for some u,,,, € U and

1T (gn)x = T(gm)zll = [T(gn)x — T(gnttmn)z|]
= | T(g:)(x = T(wmn)z)| (A21)

= |z —T(umn)z| <e.

Hence (T'(gy,)x)nen is Cauhcey. O

For more detailed information you can look Berberian 1974.
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A3: Semidirect Products

Suppose that M and N are two groups and ¢ : T — Aut(M) is a group
homomorphism. Let’s construct a group denoted by M X, IV, or just by M x N. The
set on which the binary operation is defined on is M x N, and the operation is as
follows:

(m,n)(m/,n') = (ma(n)(m), nn') (A22)

It is a group and its identity is (1,1). The inverse of an element (m,n) € M x N is
(p(n=Y)(m™1),nt). Let’s denote this group by G. G is called the semidirect product
of M and N. We can identify M with M x {1} and hence consider as a normal subgroup
of G. We can identify N with {1} x N and consider as a subgroup of GG. These
subgroups M and N have the following properties: M IG, N < G,MNN =1,G =
UN.

Conversely, if a group G has subgroups M and N satisfying these properties, then
G is isomorphic to a semidirect product M X, N where ¢) : N — Aut(M) is given by

Y(n)(m) = nmn~! foreverym € M,n € N.

A4: Ergodic Theory

Definition 9. 4 generalized sequence is any set {y.} of terms y, between which a
transitive relation y. < ys (read ys is a successor of Yo is defined. We allow the same

element to occur repeatedly in the sequence.

Definition 10. A generalized sequence {y.} of points of a given topological space
converges to a limit a if and only if given any neighborhood U (a) of a, each term of the

sequence has a successor all of whose successors lie in U(a).

Let £ be a Banach space. By a fix-point of £ we mean an element a such that

N(a) =aforall N € B(E).
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Elements not fix-points will have in general many transforms; the convex hull of the

set of transforms NV (z) of any element x, consisting of the weighted means or averages

DTAN, (A20,) A=1) (A23)

of its transforms, will play a significant role below.

By the successors of a mean of transforms of y, we signify the means of its

transforms. Since

S QS NNW)M; =D " A(NIM) (), (hi >0, pidi=1)  (A24)

these are means of transforms of y; for the same reason, the predecessor-successor

relation is transitive.

Definition 11. An element y of E is ergodic if and only if the means of its transforms

converge in the sense of Definition 10 to a fix-point.

Definition 12. A4 uniformly convex Banach space is one in which, given € > 0, there
exists § > 0 so small that ||y|| < ||z|| < 1 and ||z — y|| > € implies ||3(z + y)|| <
||| =6

That Hilbert space is uniformly convex follows from

[l +yl1* + [l — yl|* = 2l]=* + 2l[y]I* (A25)
whence [|5(z + y)|| < (|l=]] = Fll= = y[I)*.

Lemma 23. Let F' be any closed convex subset of any uniformly convex Banach space.

Then there is one and only one point of F of least norm.

Proof. Let T be the infimum of the norms of the elements of F'. Evidently ||a|| =

||| = T would imply ||3 (a+b)|| < T'ifa # b, which is impossible; hence there is only
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one such a point. To prove there is such a point, choose {y,, } from F so that ||y, 41| <
[ynl] < T+=. Then ||y,1—ya|| > € implies by definition |3 (yni1+yn)|| < T+=—0
and hence n < § since (Y11 + yn) € F. Therefore {y,} is convergent; its limit a

will evidently be a point in F', of norm 7', completing the proof. U

It is a corollary that if F" is the closed convex hull F'(y) of the set of transforms of
some y, then this point is carried by every .S into a point of F' of no greater norm, and

so into itself. Consequently

Theorem 13. [f for all S € B(FE) has moduli bounded by one, and E is uniformly
convex, then the closed convex hull F(y) of the set of transforms of any element y

contains at least one fix-point.

For more detailed information you can look Alaoglu & Birkhoff 1940.
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