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ABSTRACT

EXTENSION PROBLEM AND BASES FOR SPACES
OF INFINITELY DIFFERENTIABLE FUNCTIONS

Zeliha Ural Merpez
Ph.D. in Mathematics
Advisor: Alexandre Goncharov
April 2017

We examine the Mityagin problem: how to characterize the extension property
in geometric terms. We start with three methods of extension for the spaces of
Whitney functions. One of the methods was suggested by B. S. Mityagin: to
extend individually the elements of a topological basis. For the spaces of Whit-
ney functions on Cantor sets K (7), which were introduced by A. Goncharov, we
construct topological bases. When the set K(y) has the extension property, we
construct a linear continuous extension operator by means of suitable individual
extensions of basis elements. Moreover, we use local Newton interpolations to
contruct an extension operator. In the end, we show that for the spaces of Whit-
ney functions, there is no complete characterization of the extension property in
terms of Hausdorff measures or growth of Markov’s factors.

Keywords: Whitney functions, Extension operator, Topological bases, Hausdorff

measures, Markov factors.
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OZET

SONSUZ TUREVLENEBILIR FONKSIYON UZAYLARI
[CIN GENISLETME PROBLEMI VE TABANLAR

Zeliha Ural Merpez
Matematik, Doktora
Tez Danigmani: Alexandre Goncharov
Nisan 2017

Genigletme ozelligini geometrik terimler aracihigiyla nasil tanimlanabilecegi
lizerine olan Mityagin problemini inceledik. =~ Whitney fonksiyon uzaylari
icin bilinen ¢ genigletme metodu ile basgladik.  Bunlardan birisi B. S.
Mityagin tarafindan oOnerilen metod: topolojik bazin elemanlarini ayri ayri
genigletmektir. ~ A. Goncharov tarafindan tamtilan Cantor kiimeleri K(7)
icin tanmimlanmig olan Whitney fonksiyon uzaylarinda bir topolojik taban
olugturduk. Eger K(7) kiimesinin genigletme &zelligi varsa, tabanin eleman-
larinin birbirinden ayri uygun genislemeleri ile bir dogrusal stirekli genigletme
operatorii olusturduk. Ayrica, yerel Newton interpolasyonlarini kullanarak da
genigletme operatorii olugturduk. Sonunda, Whitney fonksiyon uzaylarimin
genigletme 0Ozelliginin Hausdorff 6lgiimleri veya Markov faktorlerinin biiyiimesi

cinsinden eksiksiz tanimlanamayacagini gosterdik.

Anahtar sozciikler: Whitney fonksiyonlari, Genigletme operatorii, Topolojik ta-

ban, Hausdorff ol¢timleri, Markov faktorleri.
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Chapter 1

Introduction

Let K C R? be a compact set, p € N and B be a closed cube containing K.

The Whitney space £7(K) of extendable jets contains all f € [],, C(K) such
that there exists F' € C?(B) with F(® | = f@  |a| < p. Thus the space EP(K)
consists of traces of CP-functions defined on B, so it is a factor space and it should

be equipped with the quotient norm ||| f|||, = inf|F'|, 5 where infimum is taken

over all possible extensions of f to I’ € CP(B). Here x = (x1,...,24), (o) denotes
a multiindex (o) = (a1, ..., aq) € N4 o] = a1 + ... + ag,
laf
f@ = 0J (1.1)

8:61“1 e 8xd0‘d

and
|FlpB = sup{|F(a)(x)| cx € B, |a] < p}. (1.2)

For given K, the spaces C*°(K) and £(K) 1= E%(K) = M2, EP(K) are defined
as the corresponding projective limits, 7¢ is the quotient topology of £(K). Then
E(K) is the space of jets f : K — R extendable to C*°-functions on R?. Let
Rbf(z) = f(z) = TP f(x) be the Taylor remainder centered at y and

rp(f 1) = sup{|(R ) (@)]|a—y[*7P : 2,y € K,0 < Jo—y| < t.]a] < p}. (1.3)

We consider the space EP(K) of jets f on K such that r,(f,t) = 0ast — 0. Its

topology Ty is given by the seminorms



[fllp = [flp + suprp(f, 1) (1.4)

p=0,1,..., where

\f\pzsup{|f(a)(x)| cx € K, |a| < p}. (1.5)

We say f € E(K) if f € EP(K),Vp. Then E(K) is a Fréchet space; its topology

is defined by the sequence of seminorms (||.||,)5°-

Theorem 1.0.1. (Whitney’s Extension Theorem [31]) For all p < oo, there exists
a linear continuous extension operator W, : EP(K) — C?(B). And the restriction

operator R : C*(B) — E(K) is surjective.

For a sketch of the proof see Section 2.3.

Therefore, EP(K) = EP(K) for p < co. Since both spaces are complete and 7y
is not stronger than 7, by the open mapping theorem, the topologies are equiva-
lent, that is, any non-empty open set of one topology contains a non-empty open

set of the other topology. For details about the spaces of Whitney functions see

[5]-

For each compact set K C R?, Whitney functions can be extended from jets of
finite order £P(K) to the functions in C?(B). By Whitney Extension Theorem,
this extension can be done by means of a linear continuous operator provided
p < oo. In the case p = oo, the possibility of such an extension by means of a
linear continuous operator depends on a structure of the set K. The existence of
an extension operator in the C'™ case was first proved by B.S. Mityagin [18] and
R.T. Seeley [24].

Definition 1.0.2. Let K be a compact subset of R?. Then K is called C°°-
determining if for each f € C*°(R?), the condition f|x= 0 implies f®)|x= 0 for
all k € N¢,



Clearly, K C R is C"*°-determining if and only if K is perfect. Thus, if we have
C>-determining subsets of R?, or perfect subsets of R, the function f € £(K)
will describe all derivatives of f and the jet (f(®)) will be completely defined by
f.

Definition 1.0.3. ([27]) A compact set K has the extension property (EP) if

there exists a linear continuous extension operator W : £(K) — C*®(R9).

Example 1.0.4. Let us consider the simplest example of a set without (EP):
K = {0} C R does not have the extension property. Assume to the contrary that

an extension operator exists. Then we have
Vp 3¢, C Wy < Cllfllg, VS € E(K). (1.6)

For p = 0, choose a corresponding ¢ = ¢(p). Define a jet @) =1 and f@ =0
for all © # ¢ + 1. Clearly, this is a Whitney jet since it is a restriction of the

polynomial F(z) = (qil)!wqﬂ on the set K. Then || f]|, = 0, whereas W f # 0, so

the left hand side of the equation (1.6) is positive.

Generalizing this, any set K with an isolated point does not have FP.

B. S. Mityagin posed in 1961 ([18], p.124) the following problem (in our terms):

What is a geometric characterization of the extension property?

1.1 Notations and Auxiliary Results

For each set A, let #(A) be the cardinality of A, |A| be the diameter of A.
Also, [a] is the greatest integer less than or equal to a, > ;_ (---) = 0 and
[I;_,,(-+) =11if m > n. The symbol ~ denotes the strong equivalence: a,, ~ b,
means that a,, = b, (1 + o(1)) for n — oo.

Let K be a perfect compact subset of I = [0,1],y € K and f € £(X). Taylor
polynomial (of order ¢) of f at y is the polynomial

)
Tof) =3 LWy (L7)




Then the Fréchet topology 7 in the space £(K) can be given by the norms
(7)™ ()]

|z — yl|a=F

||f”q:|f|q,K+Sup{ :x,yeK,x;«éy,k:O,l,...,q}

for ¢ € Z, where |f|,x = sup{|f®(z)| : * € K,k < ¢} and Rif(z) = f(x) —
T f(x) is the Taylor remainder.

Theorem 1.1.1. If FtY s continuous on an open interval I that contains v,

and x € I, then there exists a number ¢ between y and x such that

(+D)(
RyF() = e (1)

Given f € E(K), let ||| f ||| = inf | F'| 41, where the infimum is taken over all
possible extensions of f to F' € C*°(I). From the definition of Taylor remainder,
we have RIf(z) = RIF(x) for any extension F. By the Lagrange form of the
Taylor remainder given in the above theorem, we have || f ||, < 3| F|,;. The
quotient topology 7q, given by the norms (|[|-[||52,), is complete and, by the open
mapping theorem, is equivalent to 7. Hence for any ¢ there exist r € N, C' > 0
such that

LAl < CULfI (1.9)

for any f € E£(K). In general, extensions F' that realize ||| f|||, for a given
function f essentially depend on g. Of course, the extension property of K means

the existence of a simultaneous extension which is suitable for all norms.

1.2 Tidten-Vogt Linear Topological Characteri-
zation of EP

A sequence (f;)iez (finite or infinite) of linear maps between linear spaces (M, );cz

L= VRN LN Ve O Y (1.10)

is said to be exact if im f; = ker f;.1, Vi.



Remark 1.2.1. Let F' be a Fréchet space and E be a closed subspace of F'. Then
E and F/E are likewise Fréchet spaces (see [17]). If J : E — F' is the inclusion
and R : F — F/F is the quotient map, then

0—E-LF 5 F/E—0 (1.11)

is a short exact sequence of Fréchet spaces.

Let I be a closed cube containing K and F(K,I) = {F € C®(I) : F9|g =
0, Ya} be the ideal of flat on K functions. The Whitney space £(K) of extendable
jets consists of traces on K of C'*°-functions defined on I, so it is a factor space
of C*°(I) and the restriction operator R : C*(I) — E(K) is surjective. This

means that the sequence
0— F(K,T) -1 o) L5 g(K) — 0 (1.12)

is exact. The sequence is called split exact if C>(I) = F(K,I) ® E(K). If it
splits then a right inverse to R exists. Then R~! is the desired linear continuous

extension operator W and K has EP.

Definition 1.2.2. Let X be a Fréchet space with an increasing system of semi-

norms (|| - ||x)52,- X is said to have a dominating norm || - ||, if

(DN) ¥geN FreNC>1 | -|lg <Cl -l [l (1.13)

Moreover, the following is also an important invariant in structure theory of

Fréchet spaces. For all 2’ € X',

(@) Vp Jg ¥r Fe.C |-l < CU- IR A1) (1.14)

q T

Theorem 1.2.3. (Splitting theorem, [30]) Let E,F and G be Fréchet-Hilbert
spaces and let
0—F---a-5%E—0 (1.15)

be a short exact sequence with continuous linear maps. If E has property (DN)

and F' has the property (S2), then the sequence splits.
6



In [27] M. Tidten applied D. Vogt’s theory of splitting of short exact sequences
of Fréchet spaces (see e.g. [17], Chapter 30) and presented the following important

linear topological characterization of EP:

Corollary 1.2.4. [27] A compact set K has the extension property if and only if
the space E(K) has a dominating norm (satisfies the condition (DN)).

1.3 Polynomial Interpolation and Divided Dif-

ferences

There are several ways to approximate a continuous function f on a closed interval

[a, b] by polynomials. We consider here interpolating polynomials.

Definition 1.3.1. A polynomial p is called an interpolating polynomial of f at
the set of distinct points (z;)i, if p(x;) = f(z;), Vi < n.

Theorem 1.3.2. [22] Let (x;), be any set of distinct points in [a,b] and let
f € Cla,b]. Then there is exactly one interpolating polynomial of degree n.

Proof. Tt is easy to see that there cannot be two different interpolating polyno-
mials of order n. Assume to the contrary that p; and py are two interpolating
polynomials of order n. Then p; — p, will be a polynomial of order n with n + 1
zeros. Hence, p; must be equal to py. To show existence, we use the Lagrange
interpolation formula. Let w(z) = (x — x)(x — x1) ... (v — x,), Lagrange funda-

mental polynomials of order n are defined as

w(z)

lk(x) = (l’ . xk)w’(:ck)’

k=0,1,...,n. (1.16)

If k =i then lx(x;) = 1, otherwise l;(s;) = 0. Lagrange interpolating polynomial

is given by the formula

Lof(x) =) flay)l(z). (1.17)

k=0

]



Another important polynomial interpolation is the Newton interpolation. Let

no(z) =1, nj(x)= H(w —xx), j=1,...,n. (1.18)
k=0

Newton interpolating polynomial is defined as
Ny (z) = chnj (1.19)
=0

where the coefficients ¢; of the interpolating polynomial are said to be divided
differences of order j for the function f and denoted by [zo,...,z;]f.  The
divided difference of order zero is the value of function itself, i.e [xo]f = f(z0)

and
[lﬂl, e ,$i+k]f - [xu - 7xi+k71]f

Titk — L4

By Theorem (1.3.2) interpolating polynomials and the coefficients ¢,, are equal.

Using the equation (1.17), for all n > 1, we get

o, aalf =Y (1) (1.21)

wi(z)

Theorem 1.3.3. [22]Let f be a continuous function on the interval I and (z;)!,

be a set of distint points from I. Then, there exists ¢ € I such that

() (¢
[0, ..., xn)f = fo) (1.22)

By the above theorem, one can say that the coefficients in Newton interpolating
polynomial have similarities with the Taylor polynomial. For more information,
see [22].

1.4 Weakly Equilibrium Cantor-Type Sets K(7)

Weakly equilibrium Cantor-type set K(vy) was introduced by A. Goncharov in
[13]. Given sequence v = (75)%2; with 0 < 75 < 1/4, let ro = 1 and ry = 2

8



for s € N. Define Py(z) = x(x — 1), Pys+1 = Pos(Pas + 1) and Ey, = {z € R :
Pyeia(z) < 0} for s € N. Then E, = U2_, I}, where the s-th level basic intervals
Iis] = 0 as s — oo. Here, (Pos + 15/2)(Es) =

I are disjoint and maxi<j<os
[—7s/2,75/2], so the sets E, are polynomial inverse images of intervals. Since

E, .1 C E;, we have a Cantor-type set

K(vy) :==NZEs. (1.23)

Varying the parameters allows us to construct sets with various properties. The
set K () can be considered as a generalization of the classical quadratic Julia set,
but as opposed to Julia sets, it is more flexible with respect to its features. For

more information, see [2].

In what follows we will consider only v satisfying the assumptions

W <1/32 for k€N and » 7y <oo. (1.24)
k=1

The lengths [; s of the intervals [; s of the s—th level are not the same, but,
provided (1.24), we can estimate them in terms of the parameter §s = 17y -+ - s
([13], Lemma 6):

0s < ljs < Cpds for 1<j<2% (1.25)

where Cy = exp(16 Y.~ 7). Each I;, contains two adjacent basic subintervals
Igj_178+1 and [2j73+1. Let hj75 = lj75 — lgj_175+1 — l2j,s+1 be the distance between

them. By Lemma 4 in [13], h;s > (1 — 47,41)l; . Therefore,

hjs>T7/8 15> g -0 for all j. (1.26)

In addition, by Theorem 1 in [13], the level domains
Ds={z€C: |Pas(z) +1s/2] <15/2} (1.27)

form a nested family and K (y) = N, D,.



We decompose all zeros of Pys into s groups. Let Xo = {1, 22} ={0,1}, X; =
{g,wa} ={lig, 1 =lon}, -, X = {lig ligm1 — logs -+ s 1 —low g} for b < s — 1.
Thus, Xy = {z : Py(x)+ 7, = 0} contains all zeros of Pyr+1 that are not zeros of
Po. Set Yy = Uj_o Xi. Then Pys(z) =[], oy, (v — x). Clearly, #(X,) = 2° for
s € N and #(Y;) = 2*%! for s € Z,. We refer s—th type points to the elements of
Xs.

The points of Y; can be ordered using, as in [11], the rule of increase of the
type. First we take points from X, and X; in the ordering given above. The set
Xy = {5, , x5} consists of the points of the second type. We take z;.4 as the
point which is the closest to z; for 1 < j < 4. Here, x5 = 21 + 12, ©6 = T2 — ls 2,
etc. Similarly, Xy = {@ryq, -+ ,Zor+1} can be defined by the previous points.
For 1 < j < 2% the point z; is an endpoint of a certain basic interval of k-th
level. Let us take x,,or as its another endpoint. Thus, z; 0 = x; &= l;, Where
the sign and ¢ are uniquely defined by 7. In the same way, any N points can be

chosen on each basic interval.

For example, suppose 2" < N < 2" and the points (z;)i_, are chosen on [
by this rule. Then the set includes all 2" zeros of Pys+n on I ¢ (points of the type
< s+ mn —1) and some N — 2" points of the type s + n.

1.5 Potential Theory

In [15], our main concern was the extension property of the set K () and char-
acterization of E'P in terms of Hausdorff measures and Markov’s factors. In
Potential Theory, R. Nevanlinna [19] and H. Ursell [29] proved that there is no
complete characterization of polarity of compact sets in terms of Hausdorff mea-
sures. We presented two Cantor-type sets for which the smaller set (with respect
to Hausdorff measure) has extension property whereas the larger set does not

have EP. Let us recall the necessary notions from Potential Theory.

10
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Figure 1.1: Ordering of Points

Definition 1.5.1. If x4 is a Borel measure with support in K, then its logarithmic

energy is defined as

I(p) :://log ! du(t)du(z). (1.28)

|2 =1

The logarithmic capacity Cap(K) of K is defined by the formula

log = 1inf{I(p): p>0,supp(pn) C K} (1.29)

Cap(K)

The equilibrium measure wy of a set K of positive capacity is the unique
probabity measure wg minimizing the energy integrals in (1.29). Logarithmic

potential of equilibrium measure defined as

1
U“K(z) :== /log de[((t). (1.30)
Z —
U“%(z) has the following properties
U“s(z) < log(Cap (K)™') for z€C, (1.31)

11



U“(z) = log(Cap (K)™') qe z €K, (1.32)

where ”q.e” means quasieverywhere, except on a set of zero capacity. The zero
capacity sets are also called polar sets. If K is not polar then wy is its equilibrium
measure.

We are interested in the minimal value of the logarithmic energy log(Cap (K)™1),
which is also called the Robin constant of K and is denoted by

Rob(K) =log(1/Cap(K)) < oo. (1.33)

For the level domains D, defined for K(v) by (1.27), we have R, = Rob(D,) =
2_5'log%TR§ 00.

If R<oothen ps=R—Rs10, po=R—log2, Ry=1log2, as ro=1. dg:=1,

2 2 2s5—1
Os = V1. Vsy Ts =VsToqg ="s Varq---Vi =05 T1:Ta...Ts_1 =75 <05 <"s.

(1.34)
If R < oo then 27° -logds — 0 (by equation 10 in [13]).

s—1

- 1 2 1
Ry =277 -log2+ Z 27% . log— =2"%.log — + Z 27+ 1 Jog — (1.35)
k=1 Yk 55 1 5k
Therefore, the set K (7) is non-polar if and only if Rob(K (7)) = 322, 27" log .- =
00 —k—1 1
Y e 2 +log 5- < 0.

1.6 The Equivalent Conditions and Negation of

Conditions for Extension Property

We will characterize EP of K(v) in terms of the values By = 27*~1.log i. Thus,

Rob(K (7)) = >_;~, By. The main condition for EP is (compare with (3) in [12]):
Bn S

(V) i

=5 — 0 as n — oo uniformly with respect to s. (1.36)
k=s

12



We see that this condition allows polar sets.

Example 1. Let v, = exp(—4B) and v, = exp(—2*B) for k > 2, where
B > 1log32, so (1.24) is valid. Here, B, = B for all k. Hence (1.36) is satisfied
and the set K(v) is polar.

The condition (1.36) means that
Ve dsg, Ing : Bsin < &(Bs+ -+ + Bsyy) for n>mng, s > sq. (1.37)

Clearly, instead of Jsy one can take above Vsq. Let us show that (1.37) is equiv-

alent to

Ver Vm € Z.3N : Bsrpm+-+ -+ Bsin <e1(Bs+-+ -+ Bsin-m-1),n > N,s > 1.

(1.38)
Indeed, the value m = 0 in (1.38) gives (1.37) at once. For the converse, remark
that in (1.38) we can take on the right side £1(Bs + -+ + Bsyn), so here we
consider (1.38) in this new form. Suppose (1.37) is valid, given €; and m, take
e =¢1/(m+ 1) and the corresponding value ng from (1.37). Take N = ng + m.
Then for n > N and 0 < k£ < m we have n — k > nyg, so

Bsinr <e(Bs+ -4 Bsing) <e(Bs+ -+ Bsin)- (1.39)

Summing these inequalities, we obtain a new form of (1.38).

It follows that the negation of the main condition can be written as

s+n s+n—m—1
JeIm:YN3In>N: Y By>ec » Bifors=s;100. (1.40)
s+n—m S

Also, (1.37) is equivalent to
Ve Im,no, So : Bsin < €(Bstn-m + -+ + Bsin_1) for n >ng, s > s9. (1.41)

Indeed, comparison of right sides of inequalities shows that (1.41) implies (1.37).
Conversely, given e, take ny such that (1.37) is valid with /(1 + ¢) instead of .

13



Take m = ng. Then for n > ng, s > sy we have § = s+n—m > s¢ and, by (1.37),

Byt = Bsym < 72 (Bs + -+ - Bsy), which is (1.41).

We will also use a “geometric” version of (1.41) in terms of (&)

VM 3Am,ng, So: dsin_1 (5§+n72 R dﬁn for n > ng, s > s9.  (1.42)

s+n—m

14



Chapter 2

Three Methods of Extension

There are three main methods to construct an extension operator for compact sets
if it exists. The method of extending the elements of topological basis of £(K)
introduced by B. S. Mityagin [18]. In [20] Pawlucki and Plesniak constructed
the extension operator by using Lagrange interpolation polynomials for compact
sets preserving Markov’s inequality. A. Goncharov [7] presented a compact set K
without Markov’s property, such that the corresponding Whitney space has the

extension operator.

2.1 Extending the Elements of Basis

To follow the method introduced by Mityagin, the space must have topological
bases. The basis is found for the space C*°[—1,1] in (Th.14, [18]), for the case of
compact sets with nonempty interior in (Th.2.4, [30]), for Cantor sets in (Th.1,
[12]) , see also [9)].

Let E be a locally convex topological vector space with topology 7 defined
by a family of seminorms. A complete, metric, locally convex space is called a

Fréchet space, and has a topology defined by a countable family of seminorms.
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Definition 2.1.1. A sequence (e,)%2; in a locally convex space F is called a
Schauder basis of E, if Vo € FE, there exists uniquely determined sequence of
constants (&, (x))52,, such that z = > "7 &, (x)e,

Definition 2.1.2. A Schauder basis (e,)22, of E is called an absolute basis, if
for each continuous seminorm p on E, there is a continuous seminorm g on £ and

there exists C' > 0 such that
Z|§n Jp(en) < Cq(x) Vr € E. (2.1)

Definition 2.1.3. Let A = (aip)iernen (the set I is supposed to be countable,
in general I # N) be a matrix of real numbers such that 0 < a;, < a;; for p < p.
Kothe space, defined by the matrix A, is the locally convex space K(A) of all
sequences s = (s;) such that
|s|, == Zaip|si| <oo VpeN (2.2)
icl

with the topology generated by the system of seminorms |-|,,p € N.

By the Dynin-Mityagin theorem [17] a Fréchet space E with an absolute basis
(en)e, and a topology generated by increasing system of seminorms {||-||, }pen, is

isomorphic to the Kéthe space defined by the matrix A = (ay,,) where a,, = ||e,||,.

By Corollary (1.2.4), a compact set K has the extension property if and only
if the space £(K) has the property (DN). Let the compact K has the extension
property and £(K') has a topological basis (e,)> ;. Then any function in £(K)

has representation
F=Y & en (2.3)
n=1

and can be extended to the function defined on the whole space by

Zﬁn W (e,) (2.4)

Here {W(e,)}n>1 are suitable extensions of basis elements. See Theorem 2.4

in [30] about possibility of W(e,) in the case when K has nonempty interior.
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However, we do not know whether each space £(K) has a topological basis, even
though £(K) is complemented in C*°(7). This is a particular case of the Mityagin-
Pelczynski problem: Suppose X is a nuclear Fréchet space with basis and F is
a complemented subspace of X. Does E possess a basis? The space X = s of
rapidly decreasing sequences, which is isomorphic to C*°([), presents the most

important unsolved case.

2.2 The Pawlucki - Plesniak Extension Opera-

tor

Definition 2.2.1. A compact set K is said to have the Markov property if there

exists positive constants M and m such that

sup|Vp(z)| < M(deg p)™ sup|p(z)| (2.5)
reK rzeK

for al polynomialsl p.

Given a compact set K with Cap(K) > 0, Green’s function of K with a pole
at oo is the unique function gg(z, 00) defined in the outer domain G = Co, — K

with the properties:

e ¢y is nonnegative and harmonic in G,
e gi(z,00) — log|z| is harmonic in a neighborhood of z = oo, and
o lim, . .cq i (2z,00) =0 for g.e. 2y € 0G.

Remark 2.2.2. Green’s function is also related with the equilibrium measure;

lim (g(z, 00) — log|z|) = log(Cap(K)™"). (2.6)

Z—00

To examine the relation between Markov’s property and the Green’s function, let

us give the definition of the gx(z) concerning polynomials.

17



Lemma 2.2.3. Green’s function with a pole at 0o for G C Cy, and K = C — G

1s also defined as

log|(p(2))]
= : <1 2.7
aile) = sup { EEE e o e < .1
where P denotes the set of all polynomials.
Proof. From the Bernstein theorem
lo z
gK(z)Zsup{M:pEP, ]p\Kgl}. (2.8)
egp

Let us choose for all n a monic polynomial p,(z) of degree n such that K C
{z € C: |pn(2)| < 1}. Green’s function for the set K is g,(z) = log|p(z)|/n. By
a suitable choice of the polynomials p,, the intersection of corresponding level

domains give the set K (see e.g. Proposition 9.8 in [4]). O

Definition 2.2.4. Green’s function of the set C,, — K is defined to be Holder

continuous if there exists C,v > 0 satisfying

gk (2) < C(dist(z, K))”, VzeC. (2.9)

It is easy to prove (HCP) of Green’s function implies Markov property of the
compact set K by using Cauchy’s integral formula. In some cases the Markov
property is equivalent to the Holder continuity of the Green’s function. Totik [28]
showed that this is true for Cantor-type sets. For any compact set, the problem

remains open.

Definition 2.2.5. Let U C R?. U is uniformly polynomially cuspidal (UPC) if
there exists M, m € R* and n € N such that for each point « € U, there is a

polynomial map h, : R — R? of degree at most n satisfying;

e h.((0,1]) C U and h,(0) = z,

o dist(h,(t),R—U) > Mt™, VYreU andte (0,1].

18



Let U C R? be a uniformly polynomially cuspidal compact set. Siciak’s ex-

tremal function of U, introduced in [25] by
Py (z) = iglf{supﬂp(xﬂl/k :p € Pr, |Ipllv <13}, (2.10)
for 2 € C?, has Holder continuity property (HCP)
Oy (x) <1+ Co" if dist(z,U) <6 <1, (2.11)

with some positive constants C; and p independent of §. Consequently, Siciak’s
extremal function is the generalized Green’s function and has Holder continuity

property. Thus, (UPC) compact sets have Markov property as well.

Now equip C*°(U) with another topology. Following Zerner [32], we set
dfl(f> = HfHU7 do(f) = diStU(f, PO) and for k = 1, 2, R

di(f) := supn”disty (f, Pn). (2.12)

n>1

The notation disty(f,P,) stands for best approximation to f on U by polyno-
mials of degree at most n. Then by Jackson’s theorem, each dj is a seminorm on
C>*(U). Denote by 7; the topology in C*°(U) defined by the system of seminorms
(k= —1,0,...).

W. Pawlucki -W. Plesniak extension operator is constructed for the family of
sets with polynomial cusps [20]. Authors used telescoping series that contain
Lagrange interpolation polynomials with Fekete nodes. Plesniak generalized the

result to any Markov set in [21]. Let us explain the extension operator.

Let K be a compact subset of R? and (e;)!"% be a basis for the space of
polynomials of order k where my = comb(n + k, k). Let {t*} = {t1,...,tx}
be a system of k points of R?. Define the Vandermonde determinant for 4,j €
{1,...,k} as

V{t"}) = detfe; (1) (2.13)
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If the determinant is nonzero, then we have Lagrange fundamental polynomials

defined as
V(tl, ce 7tj_1,l', tj+1, cen ,tk)

Following [25], if p is a polynomial with degree < k and {t"*} is a system of my,

(2.14)

points of R? such that the Lagrange fundamental polynomials defined, then for
r € R?

p(r) = Zp(tj)lj(% {t"™}). (2.15)

Definition 2.2.6. A system {t*} of k points of K is called Fekete — Leja system
of extremal points of K with order k if V ({t¥}) > V({s*}) for all systems {s*} C
K.

Let K C R? be a (UPC) compact set. For k = 1,2,..., define u; on R? to
be smooth functions (i.e. C*) such that ux(z) = 1 for z € K, and ug(z) = 0
for dist(z, K) > €, > 0. ¢, are chosen so that the Siciak extremal function has

Holder continuity. Also, let the derivatives of the smoothing function uy satisfy

(0% Ca
u{® ()] < T VT € R? and a e 72, (2.16)

where the constants C\, depends only on the order of derivation a. Let f €

C*®(K), the Pawlucki - Plesniak extension operator is defined as:
Lf =wLif +Y u(Lisif — Lif) (2.17)
k=1

where

Lyf(x) = Zf(%)b(% {t™}). (2.18)

Lf is a smooth function on R? and Lf(z) = f(z) for all x € K. Linearity of
the operator is direct from the definition. Using Hoélder continuity and Markov
propery of the set we get the upper bound for the derivatives. Continuity of
the operator follows since the Jackson topology and the quotient topology are

equivalent for Markov sets.
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For compact sets with EP without the Markov property ([7], [3]), the Pawtucki-
Pleéniak extension operator is not continuous in 7, but it may be bounded in 7.
M. Altun and A. Goncharov showed in [3] that the local version of this operator

is bounded in 7.

2.3 Whitney Extension Operator and Other
Methods

Let X be a closed subset of R?. The classical Whitney extension operator for the
space EP(X) jets of finite order, is constructed by using the Whitney covering and
partition of unity [31]. The Whitney covering of the set is briefly finding disjoint
cubes @; whose union contains the whole set R — X and diam(Q;),Vi € N are

comparable with the distance of the cubes ); to the set X.

The partition of unity ¢; is defined on the Whitney covering @); having ¢;|g,= 1
and supp(¢;) C Qi(x;,r; + €) (where Q(x,r) means the ball centered at x with
radius 7). Then define the functions ®; : R? — [0, 1],
_ 9i(x)

Zi i’
for which >, @;(z) = 1 for all z € R? — X. For each @; in Whitney covering,
let y; € K be the point at the shortest distance to X, i.e., d(Q;,v;) = d(Q;, X).
Since X is closed such points exist for all . Define the function Wf : R? — R
with Wf(z) = f(z),Vr € X and if v € R — X

Wfe) =3 T3 f (@)®i(x). (2:20)

O, (x)

(2.19)

This simple extension operator W, f — W f, is linear. If f: X — R is a contin-
uous function, then W f : R? — R defined above is continuous in R?. For a proof

see [26].
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In [6] L. Frerick, E. Jord4, and J. Wengenroth showed that, provided some
conditions, W can be generalized to the case £(K), where K is a compact subset
of R%. Instead of Taylor polynomials, the authors used a kind of interpolation by
means of certain local measures. A linear tame extension operator was presented

for £(K), provided K satisfies a local form of Markov’s inequality.

There are some other methods to construct W for closed sets. Seeley’s exten-
sion [24] is constructed from a half space. Stein’s extension (Chapter VI1.2.2 [26])
uses sets with Lipschitz boundary Lip(a, F'), where a-Hélder continuous func-
tions are mapped continuously to Lip(a, R?). However, these methods, in order
to define W (f, z) at some point x, essentially require existence of a line through
x with a ray where f is defined, so these methods cannot be applied for compact

sets.
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Chapter 3

Bases In Spaces of Whitney

Functions

With the concept of basis, one can provide some methods of approximation of
vectors and operators in the space. Bases of a Banach space was introduced by
Schauder and continued with the theory of bases in topological vector spaces by
Banach. The basis problem Banach asked in his book on the theory of linear

operators is whether every separable Banach space posseses a basis or not.

Let the set K(7) C R be defined by means of a sequence of parameters v =
(75)22- In this chapter, we examine the basis problem for the set K(v). Given
x € R, by di(z, A) we denote distances from x to the points of A arranged, in

nondecreasing order, so di(z, A) = |z — am, | /.

3.1 Uniform Distribution of Points

Consider the sequences 7 = (7,)22; with 0 < 75 < 1/32 and > 2,7, < oco. Let
ro =1, Py(x) = z(z — 1) and ry = v,r2 |, Pysr1 = Pys(Pas + 1) for s € N. Then
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Ey :={x € R: Pypni(z) <0} = UL I, where the s—th level basic intervals I

are disjoint. Since F,y1 C E,, we have a Cantor-type set K(7y) := N2, Es.

For the length ¢, ; of the interval I;

4.5, by Lemma 6 in [13], we have:

0s < ljs < Cyo, for 1<j<2° (3.1)
where dy := 1,0, := 1172 - - s for s € N and Cy = exp(16 > -, 7). Clearly,

o= 0 Op1 02y Oh g 62 (3.2)

Each I;, contains two adjacent basic subintervals I;_q .41 and Iyjs11. Let
hjs = ;s — laj_15+1 — lajs+1 be the distance between them. As in (Lemma 4,
[13]),

7
hj,s > —- €j75 > g : 55 (33)

ol

and

loj1 541+ lojsi1 <4l (3.4)

for all s and 1 < j < 2%,

We decompose zeros of Ps into s groups: Xo = {z1,z9} = {0,1}, X; =
{xg,xa} = {lig,1=Llan}, -, X = {lig, Cigo1 — Lo, -+ s 1= Lo g} for b < s—1,
so X} contains all zeros of P+1 that are not zeros of Por. If Yy = Uj_, X}, then
Pys () = [, ey, , (x —a1). Clearly, #(X,) = 2° for s € N and #(Y,) = 2°* for
s € Zy. We refer s—th type points to the elements of Xj.

We put all points ()52, in U2 Xy in order by means of the rule of increase
of type. The order of (z);_, is given above. To put the points from X, in order
we increasingly arrange the points from Yy, so Y7 = {x1, x3, x4, 22 }. After this we
increase the index of each point by 4. This gives the ordering X = {z5, 27, xs, x4}
Similarly, indices of increasingly arranged points from Yy = {x;, xiy, - - - ,xiQk}
define the ordering Xy = {x;, yor, Tipyor, - - - ,xiQHQk}. We see that z; o¢ = x; &

U i, Where the sign and m are uniquely defined by j.

A useful feature of this order is that for each N, the points Z := (x3)Y_, are

distributed uniformly on K () in the following sense.
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Suppose 2" < N < 2""! Then the binary representation
N=2"4+2" 4. . 424 ... 42" with 0<w<---<i<---<m<n (3.5)

generates the decomposition Z = 72, U Z,,U---U Z,, with Z, =Y,,_; and Z,, U
-+U Z, C X,. Here, for fixed i € N := {w,--- ,m,n}, each basic interval of
i—th level contains exactly one point of Z;, so #(Z;) = 2' and the points of Z;
are uniformly distributed on K (7). Also, for each N, s and for each i, j < 2°

#(ZN1Ls)—H#(ZNI1,)| <1, (3.6)

so any two intervals of the same level contain the same number of points of Z or,
perhaps, one of the intervals contains one extra point xp, compared to another

interval.

Remark 3.1.1. If we choose, by this rule, the set Z on any I; 5, then the points
pf Z N Iy;_1 541 are also uniformly distributed, whereas the distribution of points

of Z M Iy 11 on the right subinterval is either uniform or bilaterally symmetric.

In what follows we will associate with a number N not only the sets Z and N/,
but also the product [ [, . 7, where r; is defined in (3.2). We combine together

all 0, that constitute this product and arrange them in nondecreasing order:

N n n
H T = H Pm = H5Zk(N) with Z sg(N) = N. (3.7)
m=1 k=0 k=0

ieN

For example, N = 2" gives Hﬁzl Pm = Tn, Whereas N = 21 generates N' =
{0,2,4} and []20_, pm = 040563 62 63
For each N > 1 and k£ > 0, the corresponding degrees are given by the formula
se(N) = 2771 (N +2%)).

From here it follows that, for N +1 = 2™ (2p+1), the values s,(N) and s(N +1)
coincide for all k except for k = m, where s,,(N 4+ 1) = s,,(N) + 1.
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In the same way, we can choose the set Z = (xj5)h_, on any ;. If2" < N <
2"t1 then Z includes all 2" zeros of Pystn on I; s and some N — 2" points of the
type s + n. Here, 7y = 0544 0s4i—1024; 5 027" and [Lienris = ngl Pm.s- I
terms of the last product we can estimate the sup-norm of the function fy(x) =
[T, (z — @s) on the set K () NI,

Lemma 3.1.2. With the above notations

N N
(7/8)N Hpk,s < |fwloxmns,. <G5 Hpk’s'
Pl k=1

Proof. For brevity, let us consider the interval I;; = [0,1], since the proof for
the general case is the same. Thus we drop the subscripts 7 and s. For a fixed

x € K(v) we have

N

[fv@) =TIz =l =] I] |z — 2l (3.8)

k=1 ieEN xL€Z;

For each i € N we consider the chain of basic intervals containing z: = € I, ; C

I;,ic1 C --- C Ij,0 = [0,1]. Since the points from Z; are uniformly distributed,

the interval I;, ; contains just one point from Z;, as well as [ ;1 \ I;,;. Also,
#(Z N0 Lok \ Lj,_ k1)) = 2871 for 1 < k < i. Therefore,
H |LE — l’kl S ‘gjo,i gjl,i—l 652,7;*2 N g?:;) < C'glri, (39)
kaZi
by (3.1) and (3.2). From this, |fx(z)] < CF [],cp i and
N
| fnloxe < Co Hpk- (3.10)

k=1

The bound (3.10) is sharp with respect to the product Hfle pr- Indeed, let

us consider |fn(xni1)]- As above, x4 € Ljgn C Ij;n—1 C -+ C I, 0. Hence by
(3.3),
H ’xN+1 - $k’ > gjo,n hjl,nfl hi,n—z T h?—ZEI > (7/8>2n T'n. (3-11)
TpEZLn
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Asfor [, ez |2ny1— k|, we observe that 2+! basic intervals of the level m 41
contain 2" + --- 4+ 2% points from A := Z,, U --- U Z,. Since the number of
points is less than 2% the point xy;; must be on some Ij,,,1 which is free of
points from A. Otherwise, xy41 € I; 11 With #(Zﬂ[i,mﬂ) > on=m=1 1 9 where
7 = (x;)N%!. Recall that each interval of the level m 4 1 contains 2™ points
from Z,. In particular, #(Z N1, ,41) = 27, contrary to (3.6). It follows that
xn+1 and the nearest point to it from Z,, are located on different intervals of the

m + 1—st level. Arguing as above, we see that

H | TN — 7| 2 Pjom jy m—1 h?%m,z T h?:o_l > (7/8)2m T'm- (3.12)

TRELm

In a similar fashion, [] \Zni1 — x| > (7/8)% r; for each i € N. Therefore,

kaZi

N
nloscen = v (@)l = (7/8)N T] on. (3.13)

k=1

O

Remark 3.1.3. Given = € K(7), the value |fy(z)| has also the representation
in terms of distances, |fn(z)| = H]k;V:1 dip(z, Z). The lengths of basic intervals
of the same level may be rather different (we can say only that ¢;, < Cy/; s,
by (3.1)). For this reason, as k increases and x,y belong to different parts of
the set, the values di(z, Z) and di(y, Z) may increase in quite different fashions.
Nevertheless, the product ngl pi is defined by N only, so it does not depend
on the choice of x. The procedure above indicates that, for each x, there is a

correspondence between (py)2_, and (di(x, Z))r_,.

Let 2" < N < 2" and a basic interval I = [;4 be given. Suppose Z =

(zx)N_, and Z = (x;)N1! are chosen on I by the rule of increase of type. Let
CH ::(8/7)'<C%'+'1)

Lemma 3.1.4. For each x € R with dist(z, K(v) N I;,)) < de1n and 2z € Z we

have
N N+1 ~
Soin [ [ dr(z, 2) < CF T] di(2. 2). (3.14)
k=2 k=2
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Proof. As above, we take s = 0,5 = 1. Let & € K () realize the distance above
with 2 € I, C Ij; n-1 C -+ C I;, 0 = I. Also, let z, € Z, C Z be such that
di(z,Z) = |x — z,|. Of course, x, may coincide with z. We observe that z, also
belongs to Ij, ,, since otherwise the point from Z N I, will realize d;(z, Z).

Therefore,

di(x,2) = di(z, Z),) = |x—xp| < |[x—2|+|T—xp| < Op+Ljyn < (Co+1)d,. (3.15)

For each i € N with 7 # p we take ¢ with n — 4 < ¢ < n. Then the interval
I

jom—g contains 277" points from Z;. If x), € Z; N I, 4 then

v — | <o — 2| + |7 — 21| < 0gqn + €, n—q < (Co + 1)p—q. (3.16)
We combine these inequalities for all admissible g. This gives [],, ., |z — x| <

(C() + 1)2i7“2'.

The terms di(z, Z,) for 2 < k < 2P can be handled in much the same way. On

combining all these, we get the bound

N
Soin [ [ dr(z, 2) < (Co+ DV ] (3.17)
k=2 ieN
We proceed to show that
N+1 )
1T de(z.2) = (7N ] - (3.18)
k=2 ieN

Lemma 3.1.2 gives this inequality for N +1 = 2""! or z = zy,; with any N,
so let N 41 < 2m+L,

First consider the case w = 0in (3.5). Then N = 2"+42"+. . .42u42v~ 14202
-+ -+241 with some 1 < v < w and, correspondingly, N+1 = 2" 42"+ . .42% 42",
Fix z € Z and the chain z € Livn Cljn—1 C -+ C 1, 0. Here, z is an endpoint

of Ijo,n‘

Suppose that z € Z,, and another endpoint of [}, ,, is 2, € Z, C Z. We will esti-
mate separately [ [, . 74 |z — x| for ¢ that participate in the binary decomposition
of N + 1.
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For ¢ = n we have, as in Lemma 3.1.2, di(z,Z,) = {j,n-1,d2(2,Z,) >
Rjsn—2, - and [, |2 — ] > (7/8)%" 21, /6,. For each ¢ with p < ¢ < m we
have the bound [[, <, |z — @[ = (7/8)* rq. Indeed, z, belongs to I, ., 441 and
each interval of the ¢ + 1—st level may contain at most one point from the set
ZgU---UZ,U--- Z,. Hence, the nearest to z point z, from Z, is on the adjacent
interval of the ¢ + 1—st level and dy(z, Z,) > h;,_, 4 Continuing in this fashion,
by (3.3), we get the bound for given q.

We now handle the case ¢ = p. Here, di(2,2,) = |2 — 2p| = Ljon > On.
Since 2, € I;,_, ,, this interval cannot contain another point from Z,. Therefore,

da(z,Zp) 2 hj, 1 p—1 = 7/80p—1 and kaezp |2 — @] > (7/8)% 1 0,/0)

To deal with indices ¢ < p, let us take the nearest to z point z,, from the set
Z\(ZnUZpU---UZ,) = ZU---Z, ---UZ,. For each q with p; < ¢ < t we
have, as above, [[, ., [z — x| > (7/8)*" r,. If ¢ = py then [] z— x| >

(7/8)*" 1y, 8,/0p, . Indeed, the interval I, ,11 contains z,, so it cannot contain

Z‘kEZpl |

another point from Z,U---Z,, ---UZ,. Therefore, z and z,, must be on different
intervals of the p + 1—st level. Then dy(2, Z,,) > hy,_,,.- Now [; _ , contains
Zpy, 80 do(2,Z,,) > h;

before.

jn_prs1.p1—1 and the rest of the proof for this case runs as

Continuing this line of reasoning and combining all bounds together, we see
that

N+1
on, 0 1) 0.
8/7 HdeZ _Tm' ‘Tp_rt”'rpl_p”'rpgﬂ”‘Tpk Pk—1
677 (Spl 6172 6pk

with p; = v. The right hand side here is 7, - - - 7, 7, /d,, which exceeds [[,. i =
Tpe  TyuTy_1-*-T170, SINCE Ty _1Ty_o---T1Ty = r%/év, as is easy to check. This
yields (3.18).

The cases z € Z, C Z and w > 0 are very similar. Now (3.17) and (3.18)
together give the result. O]

Now we consider the same N and Z, as above, but arrange their points in

)N+1

increasing order. Thus, Z = (zk C I with increasing z;. For ¢ = 2™ — 1 with
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m<nand 1 <j<N+1—gq, let J={z, -, 214} be 2™ consecutive points
from Z. Given j, we consider all possible chains of strict inclusions of segments

of natural numbers:
7,7+ d] = lao, bo] C [a1,01] C -+ C lan—g,bn—¢] = [1, N + 1], (3.19)
where ap = ap_1, by =bp_1+1ora, =ar_1—1,bp =bp_1 for 1 <k <N —q.

Definition 3.1.5. For fixed J, let II(J) denote the minimum of the products

N9(2, — 24, ) for all possible chains.

Lemma 3.1.6. For each J C Z there exists 2 € J such that Hff:f;rQ du(2,7) <
I1(J).

Proof. We take again I = [0, 1], as the same proof with the corresponding change
of indices is valid in general case. Fix J C Z. Let Ji = [24,,2,]. Then (3.19),
which defines II(J), generates strict inclusions J C J; C -+ C Jy_, = I with

N(J) = [T el

Clearly, #(Z \J) =N —qand each z € Z\ J appears as an endpoint of some
Ji.. Let wy, be the endpoint of J, in its first appearance, so wy, is not an endpoint
of Jy,-+-, Jy_1. This gives an enumeration of Z \ J. Our aim is to find Z € J and
a permutation (w;, )h_¢ such that for 1 < k < N —q we have dg144(%, Z) < |J;, |.
Multiplying these inequalities immediately yields the result. Given z, let d; be
shorthand for dy (2, Z).

Recall that 2" +1 < #(Z) < 2", so Y,_1 C Z C Y,, and #(J) = 2™. The
points from Z are distributed uniformly on I. Hence, for each basic interval of

n —m + 1—st level we have
2 < (2N L) <27 (3.20)

We observe that J may be located on v consecutive intervals of this level with
1 <wv<3. Indeed, if J C I UL, UI3U I, with JN I, # (), then all points from Z
on I, U I3 are included in J and, by (3.20), #(J) > 2™ + 2, a contradiction. Let

us consider all possible values of v.
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1) J C I := Ij,_mm+1 for some j. Here, J = Z NI, and any point z € J may
serve as Zz, since distances d for 1 < k£ < 2™ are realized on points from I;. If
¢+ 2 <k < N+1then dy, is |2 — wy,| for some w;, € Z\ J and d, < |.J;, |, since

z € J;, and w;, is an endpoint of this interval.

2) J C I U I5. Suppose first that these intervals are adjacent, that is I; =
LIy 1p—ms1 and Iy = Iyjp_mi1. Let p = #(J N 1), that is z;,-- -, 2;4,—1 belong
to I, whereas zjip, -+, 2j+q € I2. Suppose, for definiteness, that p < 2™, that
is at least a half of J is on the right interval. The right endpoint of I, belongs
to Y,,_1, so it is z;4, for some r with r > ¢. Thus, #(ZN 1) =r—p+ 1, where
r — g of these points are from Z \ J. We take Z = z;4,, the left endpoint of I,.
Then d = zj1pix—1 — 2 for 1 <k < r —p+ 1, since lengths of basic intervals
are smaller than gaps between them. In particular, d,_,+1 = zj1, —Z = |I2|. The
next distances will be realized on points from Iy : d,_p12 = Z—2j4p-1," ,dry1 =
Z — 2. Since #(Z N I,) < 2™ < r + 1, the value dym is Z — z;,,; for some i with
J<i<j+p-—1

Now, for dj with ¢ +1 < k < r + 1 we take w;, = 2441 on Io. Then
| Jip| > Zjak—1 — 25 > di, = Z — Zj4r—kt1, S Zjpp—1 > 2 and zj4,—g41 > 2. Notice
that the next values of dj, (for r+2 < k < N + 1) will be realized on some points
w;, € Z\ J. As in the first case, dj, < | J;, |.

The same reasoning applies to the case of nonadjacent intervals. Let [, =
Ly on—my1 and Iy = Iy 1 —mi1 C Ijp—m. Then we take Z as the endpoint of
interval containing at least a half of .J, let be again I5. Here, p points from I; N J
realize some dps41,- -, dy+p and we put into correspondence to them the first p

points from [;,,_,, \ J. All other dj are realized on some w;, with dj, < |J;,|.

3) Let J C I} U Iy U I3. Here, I is completely filled with points of J. One of
endpoints of I, belongs to Y,,_,,_1. We take this point as Z. The rest of the proof

runs as before. ]

Lemma 3.1.7. Let 2" < N < 2" and Z = (w1 ;4)0_, be chosen on I; by the

rule of increase of type. Suppose x,y € I; s1n_q C I; s for some ¢ < n (in general,
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r,y ¢ K(v)). If m = #(L s4n—qNZ), then

N

kl;[+1 % < exp(29). (3.21)

Proof. For brevity, let I;, = [0,1], Z = (z)i_,. Fix ¢ < n, any I;,,_, and z,y on
this interval. Recall that I;,,_, may contain from 27 to 297 points of Z. Clearly,
the distances di(y, Z) and di(z, Z) for 1 < k < m are realized on some points
from Z N I;,,—,, so we can consider the ratios |y — x,|/|x — z,| for z, € Z\ I; ,—,

only. Let Ii,n—q C Iil,n—q—l c---C IZ 0- If Tp € Ii1,n—q—l \ [Ln_q then

n—gq»
[y — xp| <l g1y | = 2p| 2 hiy g1 (3.22)

and |y — x,|/|z — z,| < 8/7, by (3.3). There are at most 297! such points .
They contribute (8/7)2"" into the common product. For the next step, when
Ty € Liyn—g-2 \ Lit1n—qg-1, we have |y — z,| < |z — x| + lin_q with |x — z,| >
Piyn—q—2 > T/8liyn—q—2- Here, [y—x,|/|x—ax,| < 1+48/7-472 by (3.4). Continuing
in this way , we get at most 297* terms in the general product, which of the terms
is bounded above by 1+ 8/7 -47%. Here, 2 < k < n — q. Therefore,

di(y, Z) 2a+1 T —k\24Tk
———= < (8/7 14+8/7-4 3.23
[T 57 < @ Tla+sma, (3.23)
k=m+1 k=2
which does not exceed exp(27), that is easy to check. O

Recall the condition (Y') (1.36) for EP which is given in terms of B, = 27%1.
log i.
Bn+s
ils Br

uniformly with respect to s.

—0 as n— o0 (3.24)

This condition can be written as

VM dm,ky: M- -Bp < Bj_,,+ -+ B, for k> k. (3.25)
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Here we will use a stronger one
VM,QHm,koi Q‘f‘MBkSBk_m—f——i-Bk for ]{32]{70, (326)

which will provide continuity of the extension operator constructed by interpola-

tion of functions on the whole set.

In constructing of a Faber basis in the space £(K (7)) we also use the clause

All these conditions have “geometric” forms in terms of (dx). For example (3.26)
1s

VM, Q Im, ko : Q% 62" 862 -6 <M for k> k.

Let us illustrate the difference between conditions (3.25)-(3.27) for the case
of monotone sequence (By)72,. Since 7, < 1/32 are only allowed here, we have
By, > (log32) - k27%=1. On the other hand, the values of By may be as large as
we wish for small sets K (). The condition (3.25) is valid if By \, By /' B < 00
or By, /0o, but slowly, with subexponential growth (that is k= log By — 0), by
Theorem 7.1 in [15]. In turn, we have (3.26) for By \y B > 0, B, /* B < oo or
By /* oo of subexponential growth, whereas (3.27) is satisfied with By \, B > 0

and any By . Thus, the sequence of constant By, satisfies all three conditions.

3.2 Faber Basis in the Space £(K (7))

Consider the Whitney space (K (7)) with the norms

1 llg = 1flowe+sup {|(RLHP ()] - |z —y[* 2,y € K(v), 2 #y,k=0,1,...,q}

for ¢ € Zy, where |flo k() = sup{|f®(z)| : = € K(7),k < ¢} and RIf(z) =
f(z) = T7f(x) is the Taylor remainder. By the open mapping theorem, for any ¢
there exist r € N, C' > 0 such that

1A Hlle < CILF (3.28)
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for any f € £(K). Here, ||| f||q = inf | F'|4 0,1, where the infimum is taken over
all possible extensions of f to F' € C*[0, 1].

Here we use an adjustment of the construction in [11], where A. Goncharov
considered the case of geometrically symmetric Cantor sets. Let ¢y = 1 and
en(z) = Hiv(qr — z) for N € N, where the points (z;)° are chosen on K(7)
by the rule of increase of type. The divided differences define linear continuous
functionals {n(f) = [z1, @2, -+ - , N1 f on E(K()). By the properties of divided
differences, the system (en,&n)%_, is biorthogonal and functionals (x)%_, are
total on E(K (7)), that is, whenever {x(f) = 0 for all N, then f = 0. We show
that (en)J_, is a topological basis in the space (K (7)) provided the set K(7)
is sufficiently small. Thus, for small sets K (), the space E(K (7)) possesses a
strict polynomial basis. Recall that a polynomial topological basis (P,)2, in a
functional space is called a Faber (or strict polynomial) basis if deg P, = n for

all n.

Lemma 3.2.1. For each N and p = 2* < N/2 we have |lex]||, < C - C{¥ NP -
H]kVZQerl pr, where C does not depend on N, Hfj:l pi s the product generated by
N.

Proof. By Lemma 3.1.2 for I;, = [0,1], we have |ex|y k() < C& TTh_, p- Our

first goal is to generalize it:

N
lenlqk () < Cy “N¢ H Pk (3.29)
k=q+1

is valid for ¢ < N. For a fixed z, we use the representation |ey(x)| =
chvzl dp(z, 7). The g—th derivative of ey at the point x is the sum of (NL_!q)!
products, where each product contains N — ¢ terms of the type (x — ;). Hence
|e§3) ()] < N9 H,]f:qﬂ di(z, Z). Here, for each k, we take the smallest m = m(k)
with di(z,2) <}, i—m < Co0i_pm. By the Remark (3.1.3), 6;_, < pi. The last
inequality may be strict if we take x on a part of the set with high density of

points xy, for example near the origin.
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To deal with || ey ||p, let us fix ¢ < p and x # y in K(y). For brevity, let
R := (RPen)™(y). We consider two cases: x,y belong to the same interval or two

different intervals of the level n — w.

In the first case, let z,y € I;,,_,, by the Lagrange form for the Taylor remain-
der, we have |R| - |z —y["? < |e§€)(9)| + |e§€)(x)| for some 6 € I;,,_,,.

Let m := #({;,—, N Z). Since the points from Z are distributed uniformly on
K(7), we have p < m < 2p. Hence,

N N
ROl < N ] d0.2) <N T dul0. 2). (3.30)

k=p+1 k=m-+1
as all distances here do not exceed 1. By Lemma 3.1.7 and the argument in the
proof of (3.29), [e®(0)] < e? N - [Tn_, 1 dilw, Z) < @ NP CYF ™ - TIn iy P
On the other hand, |e§§)(x)| < NPCYTP . Hiv:pﬂ pr. Thus, in the first case,
|R| - |x — y|[7P < 2P NP CY - Hg:2p+1 Pk, since the last product dominates the

products of p involved in the estimation of both terms.

In the second case, let y ¢ I;,_y, so |v —y| > hj, n—u_1, Wwhere x € [,,,_,, C

Iiyn—u—1.By (3.3), |zt —y| > 7/8 - 6,—y—1. Now,

R - _yltP < (4) i—p |:L,_y|lcp
RI- o — g < e w)] - |2 ol +Z|eN )

By (3.29), |e§l\f)(a7)| o —ylFr < C’év_k NF ngkﬂ Pm (8/7)p*k§ﬁ:p_1. Recall

u

that, for given N, the interval I ,,_, contains at least p points from Z. Therefore,

D1 pp <OPF | and
N
k _
e’ (@) -z =y < (&/7P G N* [T o (3.31)
m=p-+1

Clearly, N* + > ¥_ Z(k—i), < NPe. Combining these yields |R| - |z — y|"? <
(8/7)r C NP Hm:p +1Pm- We compare estimations for both cases. The result
follows. O
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We proceed to estimate the divided difference |{n (f)| for f € E(K (7)), Env(f) =
(21, , zn41)f. As in Lemma 3.1.6, Z = ()5 is the set ()5 arranged in
increasing order. Recall that N generates the product chvzl o = 11— (5Zk(N),
whereas for N + 1 we have [T2 ok = [Too 055 with sx(N) = s5(N + 1) for

all k£ except one value, which is not larger than n + 1. Therefore,

N+1

N
pe > [[ ox - bnsa. (3.32)

1 k=1

>
Il

Lemma 3.2.2. For each N and ¢ =2 —1 < N we have

Ev(HE< /DN AN T et (3.33)

k=q+1

Proof. As in (17) from [15],

[En ()< 211 £l (T0(T0)) 7, (3.34)

where II(Jo) = mini<j<nt1-4I(J) for II(J) defined in Lemma 3.1.6, so it is

enough to estimate from below HkN:J;LQ di(z, Z) uniformly for z € Z.

Arguing as in the proof of (3.13), we see that for each x € K(7)

()| = [ dee, 2) = di(,2) - (7/8)" T e

Similarly, H]k\f:t]lﬂ de(x,2) > (7/8)N-a-1 H],CVZZIJFQ Pr, because of the correspon-
dence between dk(m,Z) and gy for 1 < k < N + 1. We remove ¢ + 1 smallest
terms from both parts of (3.32). This gives Hff:ﬁrz Pr > Hiv:qﬂ pr, and the

lemma follows. O]

Theorem 3.2.3. Dynin-Mityagin criterion ([18], Theorem 9), let E be a nuclear
space and {z), € E',x, € E.k =1,2,...} be a biorthogonal system satisfying the
conditions:

e the set of functionals ), is total over E,
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e for any seminorm p in E there exists a seminorm q > p such that

sup  q(z),)p(zr) < 0. (3.35)
p(zg)>0

Then the system {z}.,xy} is an absolute basis in E.

Next is Theorem 1 from [11] adapted to our case.

Theorem 3.2.4. Suppose (By)52, satisfies (3.27). Then the sequence (en)J_
is a Schauder basis in the space E(K(7)).

Proof. By Theorem (3.2.3), it is enough to show that for every p there exist r
such that the sequence (||en||, - |{n]—r)¥—y is bounded. Here, |- |_, denotes the

dual norm: for & € £(K (7)), let €], = sup{| ()], /], < 1.

We can consider only p of the form p = 2*. In order to apply Lemma 3.1.6 we
have to take only ¢ of the type ¢ = 2¥ — 1. For this reason, given arbitrary u, let
q = 2°"' — 1 where v = v(u) will be specified later. Then r = r(q) will be defined
by (3.28).

Fix N with 2" < N < 2""!, We take N so large that Lemmas 3.2.1 and 3.2.2
can be applied. Then |&y|-, < C(16/7)N [T, ., p;;" for C defined by (3.28),

and

lenllp - | Enl—r < C(3Co)Y H pr < C (3Cy)N H pr (3.36)

k=2p+1 k=2p+1

where C' does not depend on N. We can decrease the upper index of the product

above as all pp do not exceed 1.

We see that the product Hi;p 11 i takes its maximal possible value in the
case of minimal density of points of Z, when each basic interval of the level n —u
contains p points from Z. At worst, pi,---,p, do not exceed ¢,_,, whereas

Ppt1s " 3 P2p = On—u—1, P2pt1," " ,Pip = On—y—2, €tc. On the other hand, values
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N closed to 2" will give maximal density of Z on K(vy) with p1, - ,p, <

On—utl, Ppti> " s P2p = Op—y, etc. Thus, in any case,

v
H Pr < 5721117172 5;?:%3 T 53,”:@1 = exp[—2" (Bn—u—2+ -+ Byy)].
k=2p+1
We claim that RHS of (3.36) is bounded for a suitable choice of v. It suffices to
prove that N log(3Cy) + plog N < 2" (B,,_y_2 + -+ + B,_,). Since N < 2"F1,
it is reduced to 2 log(3Cy) + (n + 1)27"plog2 < B, _y 2+ -+ + B,_,, which
is valid for large n if we take v = m + w + 2, where m is chosen in (3.27) for
Q =21log(3Ch) + 1. O

Remarks. 1. With the assumption of the stronger condition (3.26), the set
K () has, in addition, the extension property. The second part of the proof
of Theorem 5.3 from [15] (for j = 1,s = 0) actually shows that the sequence
(llewllp - [En]=r)F—o is bounded. Here, éy is a suitable extension of ey. Since, for
each extension F of f € E(K(v)), we have ||f||, < 3|F|,, this proof implies also
that (en)¥_, is a basis provided (3.26).

2. We guess that, using analytic properties of polynomials Pss, it is possible to
replace the coefficient C{¥ in Lemma 3.2.1 with N9 for some Q. It is interesting to
analyze the possibility to improve the bound (3.34), by changing the exponential

growth of the coefficient with a polynomial growth.

3.3 Local Polynomial Bases

In general, the system (en,&n)F_, does not have the basis property. Follow-
ing [11], we use local interpolations to construct bases for any considered case.
Suppose we are given a nondecreasing sequence of natural numbers (ns),. Let
N, =2 MY = N,_1/2+1, M{" = N,_1/2 for s > 1 and M, = 0. Here, ({)

and (r) mean left and right respectively. We choose, by the rule of increase of
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type, N, points (xk,j,s>]]j;1 on each s-th level basic interval I; ;. Set

N N
EN1, 0 H T — Tk, 0 H Xr — {L'k (337)
k=1 k=1

for x € K(y) and N = 0,1,--+, Ng. Given s > 1 and j with 1 < 5 < 2% for
M < N < N, we take ey s(z) = [T, (z — a4y.) if © € K(y) N1, and
en,j s = 0 on K(v) otherwise. Here, the superscript a in Mj is [ for odd j and
a = r if j is even. Thus, we interpolate a function f on the interval /;; up to
degree N,, whereupon we continue the process on subintervals, preserving the

previous nodes of interpolation. All nodes zy j s are taken from the sequence

(z1)5°

By Z we denote the points (zjs)h_,. Let (zr;s)a, be the same set, but
arranged in increasing order. The functionals &y s(f) = [215,s: - 2nt18) f
are biorthogonal to functions ey ; s for N,k € [Ms(a),Ns] and 7,7 € [1,2°]. But,
in general, {y ; s are not biorthogonal to ey ; ,. For example, as is easy to check,
Ena sti(en,,s) # 0 for Ms(le < N < N;. For this reason, as in [11], we take the
functionals

Ns—l

g, s(F) = Engs(f) — Z Engs(eri s—1) ki s—1(f) (3.38)
k=N

for I;s C I;s5-1 and N = M§a),M§a) +1,---,N,. We see that the subtrahend
in 7y s is a kind of biorthogonal projection of £y ; s in the dual space on the
subspace spanned on (&g ; s— 1) . Also, let nn1.0 = &na,0 for 0 < N < N,. By
Lemma 2 in [11], the system (e,n) = (eNn,j s IN,j, s ):ooi 1 ]]VV Az, is biorthogonal.
Increasing N by one means an inclusion of one more point into the interpolation
set, so, if Ny ; s(f) = 0 for all functionals, then f(x;) = 0 for all k. Since the set
under consideration is perfect, the functionals 7 are total on E(K(v)). Provided

a suitable choice of the sequence (n;)&°, the system (e, n) has the basis property.

Here, we take ng = ny = 2 and n,; = [log, log é] for s > 2. Then ny, < ngyq
and
1 1 1
3 logé— < N, < log 5 for s > 2. (3.39)

S S
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In the next lemma we consider any s, I;s C I; _1 and N, k, as in (3.38), that
is Ms(a) < N <k < N,_4. Also, szl Pm,s corresponds (in the sense of the proof
of (3.13)) to the product [[N_, dum(n11,s, Z), whereas T[] _, pms_1 does for
H]:n:1 A (Trs14s-1, W), where W = (2,,,;,1)F _, are chosen by the same rule,

as Z, but on the interval I; ,_;.

Lemma 3.3.1. In the above notation, 5f:fv ﬁ:qﬂ Pm,s < an:qH Pm,s—1 for

qg<N.

Proof. We have Ny_1/2 < My < N < N,_1,502" < N < 2" withn :=n,_;—1.
We can omit the case N = 2" with [] _| pim.s = Optst10nts0n, 51 - 02, since
then £ = 2" as well with anzl Prs—1 = OntsOnis—102y o 02, and the
desired inequality is evident. Therefore, 2" < N < 2" p, o€ {0nss, ,0s},

whereas pp,s—1 € {dnys, - ,0s—1} for all considered m.

Let U = WNly1s and V. = W N Iy, Let us show that #(U) < #(2)
and #(V) < #(Z). By that, the densities of points from W on each s—th level
subinterval of I; ;_; do not exceed that of Z. Thereby, pms < pms—1 for 1 <
m < N. Also k — N does not exceed the number of points on the adjacent to I,
interval. This implies that p,, s—1 = 0s—1 for N +1 < m < k, which gives the

desired conclusion.

Suppose that [; ; is the right subinterval of I; s, that is j = 2i. If k = 2¢ + 1
then N > g+ 1. Here, #(U) = ¢+ 1, #(V) = q, so both do not exceed #(Z). If
k=2qthen N > q=#(U) = #(V).

Similarly, for j = 2i — 1 and k = 2¢ + 1 we have N > g+ 1 = #(U) with
#(V) = q, whereas k = 2q gives #(U) = #(V) =¢ < N.

Since 2" < N < 2""! the set Z contains all points of the n + s — 1—st level
on I, and at least one point of the n 4 s—st level is not included in the set.
Therefore, p1s = Opis, Pas = Onts—1 and pss € {dpts—1,0nts—2} depending on
N. As in Section 2, we have [[Y_, pm.s = [[22" 5™ But #(W N 1) < #(2),
where [ is the subinterval of s—th level containing 41, s—1. As was mentioned in

Section 2, the distribution of points from W NI is uniform or bilateral symmetric

40



to uniform. This mean that p, s—1 > pm.s for 1 < m < N and the degrees s,(k) in

the representation Hizl Pm,s—1 = Hffrz Lo "®) do not exceed the corresponding
sy (N), except the value r = s — 1 if #(W N 1;,) < #(Z). In addition, we have
PN41s-1 ="+ = Prs—1 = O0s—1. This completes the proof. O

We are able to give an analog of Theorem 2 from [11].

Theorem 3.3.2. Let (ng)X, be chosen as above. Then the system

(en,j s> 1N, j, 8)2003 1]]\\775 v, 18 a Schauder basis in the space E(K(7)).

Proof. Since in the proof of Lemmas 3.2.1 and 3.2.2 we use only (3.1), (3.3) and
the properties of uniformly distributed points, the same reasoning applies to the
local case. For 2" < N < 2"*! with N > 2p we have

N
||6N7j75||pSC'C(§VNp' H pm,57
m=2p+1
where the values p,, s belong to the set {0, 4, - - -, ds} and correspond to the points

Z = (Tmjs)N_, C I, In the proof we use the notation C' for any coefficient that

does not depend on NV, s and j.

As in Lemma 3.2.2, |Ex.;.s(F)] < 16/ |If1ll 4 Hm ot1 Pms for N > q+1
with ¢ of the form 2™ — 1.

In order to estimate the subtrahend in (3.38), we use a rough bound (8) from
[11]:

[ einaa O _ (K ]
valen )| = < ()62 < 2G0T

<

since for each # € I;; we have ]e,(f,\gs_l(ﬁ)\ < N), | N1 Am(0, Z)
|

and distances d,, do not exceed ¢ ;. As above, & i s-1(f)

(16/7) |||f|”q Hm q+1pms 1
By Lemma 3.3.1, | €x,j.s(er,,5-1) |1, 5-1 ()] < 32 Co/ D I F 11 TTne s P

There are at most Ng_; terms of this type in the sum in (3.38). Hence, by
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(3.28),

ngsl—r <O T ok [A6/T)N + Nooi(32Co/T)N1). (3.40)

m=qg+1

The expression in brackets is less than 2 Ny (5 C’O)N s. Therefore,
q
llensisllp g5l < CNZFCS 1T pms
m=2p+1

with Cy = 5CZ. Here we can use a rough bound Pm.s < 05 that implies

len,j,sllp [1n,j,s|-r < C exp[(p + 1)1log Ny + N, log Cy + (¢ — 2p) log 4],

which is bounded, by (4.3), if we take ¢ > 2p + log Cy and r that corresponds to
this ¢ in the sense of the bound (3.28). O

Remark 3.3.3. The argument of the theorem can be applied as well to any
sequence (ng)2, with ng 1 oo (non-strictly) and 2™ < log é. This gives a variety
of bases in the space £(K(v)). The question about quasi-equivalence of these

bases (see [11], p.359) is open.
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Chapter 4

Extension Property and

Extension Operator for £(K (7))

4.1 Local version of Pawlucki-Plesniak Exten-

sion Operator for £(K(v))

Here we consider rather small Cantor-type sets that are neither Markov nor lo-
cal Markov. We follow [3] in our construction, so W is a local version of the
Pawtucki-Plesniak operator. It is interesting that, at least for small sets, W can
be considered as an operator extending basis elements of the space. Thus, for
such sets, the first method and a local version of the second coincide. Here, as
in [3], we use the method of local Newton interpolations. We fix a nondecreasing
sequence of natural numbers (n4)2, with ny, > 2 and ny — co. Given a function
f on K(v), we interpolate f at 2" points that are chosen by the rule of increase
of the type on the whole set. A half of points are located on K () NI ;. We con-
tinue interpolation on this set up to the degree 2™ . Separately we do the same on
K(v) N I;. Continuing in this fashion, we interpolate f with higher and higher
degrees on smaller and smaller basic intervals. At each step the additional points

are chosen by the rule of increase of the type. Interpolation on I; ; does not affect
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other intervals of the same level due to the following function.

Let ¢t > 0 and a compact set F on the line be given. Then u(-, ¢, F) is a C*°—
function with the following properties: u(-,t,F) = 1 on F, u(z,t,E) = 0 for
dist(z, E) >t and sup,cp |u§§,) (x,t,K)| < ¢, t7P, where the constant ¢, depends

only on p. Let ¢, be increasing.

Given N +1 points ()4 on K ()N 14, let Qi1 (x) =[] (z — 2). Define

N+1

LN(f,$,fj,s) = Zf(zk)wk(x)a (4.1)

k=1

where

Ony1(2)
(7 — 21) Uy (21)

wi(z) = (4.2)

Let Ny = 2" — 1 and M, = 21! —1 for s > 1, My = 1. Then, for fixed s,
we take M, +1 < N < N,, 502" < N < 2" withn € {n,_y —1,--- ,n, — 1}.
For such N and s we take ty := d51,. Let, in addition, 1 < 7 < 2% be fixed. Then
we choose N + 1 points on the interval I; ; by the rule of increase of the type and

consider for given f

AN,j,s = [LN(fa xz, Ij,s) - LNA(f;»’U, [j,s)] U(iU,tN, Ij,s N K(’Y))-

We call A (f,z) == JJ:TZS/:MSH An ;s the accumulation sum. The last term
here corresponds to the interpolation on I;, at 2" points. In order to continue

interpolation on subintervals of I; 5, let us consider the transition sum

Tk,s(f; x) = [LM.9+1 (fa z, [k,s+1> - LNs (f7 z, Ij,s)] u(x, 6s+ns*17 Ik78+1 N K),

where we suppose 1 < k < 25t 5 = [%] and [ s D I sp1 U Ljsq1.

As above, we represent the difference in brackets in the telescoping form:

ons 1

Lot = In) == > [Ln(fi2,05.0) — Ly (f, 2, 10)].

N=2ns—1
Here, the interpolating set Z for Ly consists of M, ;41 points of Y1, 1 NI 541
and N — M,y points, chosen by the rule of increase of the type on [; s41. The
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second parameter of u is smaller than the mesh size of Z, so T} s(f,z) # 0 only

near Ij ;1.

Consider the linear operator
25 25+1

W(f> ) = LMo(fa '711,0) u('a 17 K) + Z [ZAj,s(fa ) + ZTk,s(f7 )}
j=1 k=1

s=0
We remark at the outset that, for fixed x € R and s, because of the choice of
parameters for the function w, at most one value A, ; does not vanish. The same

is valid for T}, ;.

Let us show that W extends functions from (K (7)), provided a suitable choice
of (ns)32y. Define ng = ny = 2 and n, = [log, log -] for s > 2. Then ny < nepy
and

1 1 1
5 log 5 < 2" <log 5 for s > 2. (4.3)

Lemma 4.1.1. Let (ns)2, be given as above. Then for any f € E(K(v)) and
x € K(v) we have W(f,x) = f(x).

Proof. Let us fix a natural number ¢ with ¢ > 2+41og(8Cy/7), where Cj is defined
in (3.1). By the telescoping effect,

W(f> .Z') = sliglo LMs(f7$7Ij,S)7 (44)

where j = j(s,x) is chosen in a such way that = € ;. As in [10],

omn

| Lo (fow L) = F@ <N fllg Y T = 2] wn@) | (4.5)
k=1

Here n is shorthand for n,_; — 1 and s is such that M, = 2" — 1 > ¢. The
interpolating set (z;)7_, for Ly, consists of all points of the type < s +n — 1
on I;,. Given point z, we consider the chain of basic intervals containing it:
x € 1, son C -+ C I o41 C Ijs. We see that [, o, contains one interpolating
point, I, | sin—1 \ L}, s+n does one more z;, I, , sin—2 \ L, ,s+n_1 contains two
such points, etc. Thus, for fixed k, we get

on

_ —1
| v — 2|1 H [z — 2| < l;{s t instn * Ui 1 s4n—1 ljzn,g,s+n—2 T l]%sn . (4.6)
i=1,ik
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By (3.1), this does not exceed Cg 797 64y Ggpn 102, o021, 02" Fa=L,

On the other hand, by a similar argument, for the denominator of | wg(z) | we

have
n—1
|ze—21| -l o= 2] Lz — 2ol | 2o — 220 > lguystne1-he o oim o hls
(4.7)
for some indices g1, gn—2, - - - . The last product exceeds (7/8)*" 20515162, 5 -

by (3.3). It follows that
LHS of (4.5) < || f]42" C&(8Cy/7)2" Gyyn 697"

The expression on the right side approaches zero as s — o0o. Indeed, 2" <
log(1/ds_1), by (4.3), and 2™(8Cy/7)2" 91 < 1 due to the choice of q. Thus
the limit in (4.4) exists and equals f(z). O

4.2 Extension Property of Weakly Equilibrium
Cantor-Type Sets

We need two more lemmas.

Lemma 4.2.1. Lety satisfy (3.4), ¢ = 2™, r = 2" withm < n and Z = (zx);_, be
all points of the type < s+n—1 on I s for some s € Zy. Let f(x) = [[,_,(x—21)
forx e K(v)N1is and f =0 on K(y) \ I1s. Then

’f‘O,K(’Y) < Cg ’ 5n+s ' (5n+571 : (57214_5_2 o '537171, (48)
FOO] 2 gl (7/8) - 62,y - 02 and |||l < 211

Proof. Fix & that realizes |f|o,x(,) and a chain of basic intervals containing it:

T € Ljgn+s C Ijjpys—1 C --- C Ij, s = 1. Arguing as in Lemma 4.1.1, we
n—1 . .

see that | flox(y) < Lomts - lints—1 - Gy nis o -11s , which, by (3.1), gives the

desired bound.
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In order to estimate | f(9(0)], let us remark that f(@(z) is a sum of (2) products,
each product has a coefficient ¢! and consists of r — ¢ terms (z — 2;). One of these
products is g(v) := [[_,.1(x — 2,), where z;, < z, < --- < z,. All products
are nonnegative at x = 0, since 7 — ¢ is even. From here, |f@(0)| > ¢! - g(0).
Taking into account the location of points from Z, we get g(0) = H’,;:q +1 % >
WY ey B > (T/8) 70 62, 62", by (3.3). The bound of || f]|,

is evident. O

For given 2" < N < 2™! we consider Qu(z) = [[o_,(z — 2) with Zy =
(2x)5_,, where the points are chosen on I by the rule of increase of the type.

Let u(x) = w(x, 6s1n, ;s N K(7)) and, as above, d;(z, Zy) := |z — 2z, .
Lemma 4.2.2. The bound |(Qy-u)®) (z)| < 2? (Co41) ¢, 6,55 NP [n-, di(z, Zn)

1s valid for each p < N and z € R.

Proof. By Leibnitz’s formula, |(Qy -u)® (z)] < 30 (?)] Q%) (2)] ¢p_i0, L. Since
dy increases, we have |Q§f,) (2)] < % Hiv:iﬂ di(z, Zn). This gives

N
(@ 0)? (@) £ 2600, max (N o) [[ dle Zn). (49)

k=i+1

The set Zy consists of 2™ endpoints of subintervals of the level s + n — 1
covered by I; ; and N — 2" points of the type s + n. Here, dist(z, I;s N K (7)) =
|z — x| < d51p, for some xg. Let zg € I s1n C I sin—1. Then I, 1,1 contains
from 2 to 4 points of Zx. In all cases, di(z, Zn) < li s4n + 0s4n < (Co~+1)0s4n, by
(3.1). Also, 051/2 < dy < (Cp + 1)ds4pn—1. Here the lower bound corresponds to
the case #(I; s1n N Zy) = 2, whereas the upper bound deals with #(/, s4n—1 N
Zn) = 2. Similarly, d3 > hpsin-1 — 0s4n. From (3.3) and (3.4) it follows that
d3 > T/8 Sgin-1 — Osn > 2704y This gives 8 hdi1 - -dy < (Co+ 1)dy - - - dy
for 0 <7 < p and, by (4.9), the lemma follows. ]

Theorem 4.2.3. Suppose v satisfies (1.24). Then K(v) has the extension prop-
erty if and only if
Bn+s

V) =s o
kis Bk

— 0 as n — oo wuniformly with respect to s. (4.10)
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Proof. Recall that the extension property of a set is equivalent to the condition
(DN) of the corresponding Whitney space. Due to L. Frerick ([5], Prop. 3.8),
E(K) satisfies (DN) if and only if for any € > 0 and for any ¢ € N there exist
r € Nand C > 0 such that |- |[}** < C|- |0k || -]|¢. Hence, in order to prove
that (V) is necessary for EP of K(v), we can show that negation (1.40) implies
the lack of (DN) for £(K (7)), that is there exist € > 0 and ¢ such that for any
r € N one can find a sequence (f;) C £(K (7)) with

[ fild™ | il 1 fill 75 — 00 s j = o0,

Let us fix € and m from the condition (1.40) and take ¢ = 2™. For each fixed
large 7 (clearly, we can take it in the form r = 2") and s; defined by (1.40), we

consider the function f; given in Lemma 4.2.1 for s = s;. Then

_ _ m—1 _ m n—1
C | fj|}]+8 | fJ| O,IK('y) || fj||r ‘ Z (5n+s'5n+5—1'5721+5—2 e 5721+s—m) 1(57%-‘1-8—77’1—1 U 53 )57

where C' does not depend on j. The right side here goes to infinity. Indeed, its
logarithm is 2" {2B,, s+ Bnis-1+ 4+ Buys—m — €[Bnis—m—1+ -+ + Bs]} and
the expression in braces exceeds B, s by (1.40). Therefore the whole value ex-
ceeds 2""5B, ., = %log ﬁ, which goes to infinity when s = s; increases. Thus,
EP of K(v) implies (1.36).

For the converse, we consider the extension operator W from previous section,
where (n;) are chosen as in (4.3). We proceed to show that W is bounded provided
(1.42). Let us fix any natural number p. This p and C; from Lemma 3.1.4 define
M = 2p+ 2+ log(2C;). We fix m € N that corresponds to M it the sense of
(1.42). Let ¢ = 2™ — 1 and r = r(q) be defined by (3.2). We will show that
the bound |(W(f,z))®| < C||f]|» is valid for some constant C' = C(p) and all
fe&(K(y)),zeR.

Given f and =z, let us consider terms of accumulation sums. For fixed s € N
we choose j < 2% such that z € ;. Fix N with 2" < N < 2" for n, 1 — 1 <
n<ns—1,s0 My+1 < N < N,. For large enough s the value N exceeds p and ¢.

Asin Lemma 3.1.4, let Z = (2;)0,' = Zny U{2n+1}. By Newton’s representation
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of interpolating operator in terms of divided differences, we have

Anjs(fr ) = [21, - 2val f - Qv () u(z),

where 2y and u are taken as in Lemma 4.2.2. We aim to show that

N, AR (f2)] < 572l (4.11)

for large s. This gives convergence of the accumulation sums.

Since divided differences are symmetric in their arguments, we can use (4)
from [12]:

[ Lo, s aval <2V 91N, (TTCT0) (4.12)

where II(.Jy) = mini<j<n+1-4I1(J) for II(J) defined in Lemma 3.1.6. Fix Z € J,

that corresponds to this set in the sense of Lemma 3.1.6.

Applying Lemma 4.2.2 and Lemma 3.1.4 for z = 2 yields

N+1
Q- )P ()] < Co L, NP O [] di(z. 2) with C =2°(Co+ 1) .

k=2

On the other hand, (4.12) and Lemma 3.1.6 for J; give

N+1
e saval /<2, T ditG 2).
k=q+2
Combining these we see that
g+1
AR, () < C U1 82, N7 (200N [T ez, 2).
k=2

Recall that the set Z includes all points of the type < s+n —1 on [, and
N — 2™ points of the type s + n. We can only enlarge the product HZS dp(Z,7)
if we will consider only distances from Z to points from Y ,_1 N I;,. Arguing as
in Lemma 4.1.1, we get [[715 di(2, Z) < Cd6sin102, o620 .. We observe

that di(Z,Z) = 0 is not included into the product on the left side. By (1.42),
[T du(z.2) < CF 82,

49



In order to get (4.11), it is enough to show that
s Ny NP (2C)N 67 — 0 as s — oc. (4.13)

Here, by (4.3), Ny, N? < 2m®+) < log(1/5,)P*! < 57771 Also, (2C)V <
55 1829 Clearly, we can replace d,., in (4.13) by &,. Then, because of the
choice of M, the product in (4.13) does not exceed s*d,, which approaches 0 as

s — 00, since, by (3.4), 65 < 327%.

Similar arguments are used for terms of the transition sums. O

4.3 Extension Operator by Suitable Extensions

of Basis Elements

When the space £(K) has a topological basis for K with the extension property,
the extension operator can be constructed by suitable individual extensions of

basis elements.

Theorem 4.3.1. If there exists a continuous linear extension operator for
E(K (7)) then it can be given by replacing all basis elements in the basis expansion

of a function by their extensions.

Proof. As is shown in [15], the condition (1.36) is a characterization of the exten-
sion property for K (), so we suppose that (1.36) is valid. We aim to show that

the operator

co 2% oo 2

W:EK(Y) = CoR) - f=> ) fj INgs(f)engs = > fj NN, s (f) EN. s

s=0 j=1 N=M, s=0 j=1 N=M,

is bounded, provided an appropriate choice of extensions for basis elements given
in Theorem 3.3.2. As in [15], given s,j and N with 2" < N < 2""!  we take a
C* —function u(x) = u(z, §s1n, I; s VK (7)) with sup, g [u®(z)| < ¢, 6,7,, where
¢ /,u=1lonl;;NK(y)and u(zx) = 0if the distance from = to the set I; ;N K ()
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is larger that d,4,,. Now we consider ey ; s as a polynomial on the whole line and

define ey j s as en j s - u.

It suffices to show that for each p € N there exists r such that for each f €
E(K(v)) and x € R we have the bound

oo 2%

N
Y30 w18 @) < A Il (4.14)
s=0 j=1 N=M,
where A, depends only on p. Given p, let us take M = logCsy + p + 3 (with
Cy = 5CZ) and m that corresponds to M in the sense of (1.36). Next, we take
q = 2" — 1 and the corresponding r from (3.28).

By Lemma 5.2 in [15], |é§\’;7)j7s(x)| < Co P NP [T, di(z, Z). As above, C
stands for any coefficient that does not depend on s,j and N. As in Lemma
3.2.1, we have dy,(z, Z) < Copr.s, 50 |Enj.slp < CCN 5P NP H,]:;Q Pk.s, where
prs are defined after (3.39). By the proof of Theorem 3.3.2, |nn ;. s(f)] <
2NSOéVS | f1ll4 Hllcvzq+1 pl;,i

Because of the choice of parameters, the function €y ; s vanishes on all intervals
I; s for © # j. Hence, for each fixed z, we get at most one nonzero term in the sum
with respect to j in (4.14). Clearly, the sum with respect to N contains at most
N, terms. Thus it remains to show that s* NP*2Cy"* [[¢_, pk.s is bounded. As

in Theorem 3.2.4, we replace upper index ¢ in the product with more convenient
2m+l

The product HZ:I Pr,s takes its maximal possible value when the density of
points (@ ;)i is minimal, that is in the case N = M, = 2" with n :=n,_; — 1.

2m+1

Then [Ti_y ks = Osn—1020 o024y 1. By (1.36) and the choice of m, this
does not exceed §M, _, for large enough s. Also we have n > 2 and 0541 <
§s < e N, by (3.39). Therefore, it is enough to show that s> NPT2 CNe e=MNs g

bounded, which is valid due to the choice of M and the inequality s?d, < 1. O

The condition (3.27) means that the set K(7) is so small that the space
E(K (7)) possesses a Faber basis. On the other hand, (3.27) is compatible with
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(1.36), which provides the extension property. A combination of both conditions,
that is (3.26), we analyze separately. Thus we consider the operator Wy, which is
W from the previous theorem for s = 0,5 = 1. On the other hand, Wy, is equal
to the accumulation part of the operator (11) from [15]. Therefore, Wy, coincides
with the Pawhucki-Plesniak operator, provided (z3)4_, is the Fekete set. We con-
jecture that, at least for N = 2", this is the case. Following Theorem 4.3.1, we

take u(z) = u(z, §,, K(v)),én = ey - u and
Wy : E(K (7)) = C*(R) : f = ZfN(f) en = ZfN(f) eN.

Clearly, the sum Z%:o &n en is the interpolating operator Lj; at the set Z =
(xk),]y;{l. The parameter 6,, of u corresponds to the values 2" < N < 2"+ This

gives the representation

oo 2ntl_g

Wa(f.z) = £0) - u(xz,00) + > > (Ly = Ly-1)(f,2) - u(z,8,),  (4.15)

n=0 N=27

as Lo(f,x) = f(0). After cancellation of equal terms we get

Wa(f,z) = kh_)rrolo {Z Lon_1(f,x) - [u(z,0n-1) — u(x,0n)] + Lox+1_1(f, x) - u(z, 5/<;)} )

Lemma 4.3.2. If (1.36) is valid then there are A and ng such that 62 | < 8, for

n > ng.
Proof. We use (1.36) for M = 2 : 62" ---02_, < §, for n > ng. Clearly, LHS
here is larger than 62", so we can take A = 2™ for m = m(2). O

Theorem 4.3.3. The extension operator Wy, is bounded provided (3.26).
Proof. We use the representation (4.15). Here, (Ly — Ly—_1)(f,z) - u(z,d,) =
An10(f, ) in notations of [15]. For each p, we want to find r with |AS€7)170(f, z)] <

N=2||fl|,. Given p, we take ¢ = 2™ — 1, where m will be defined later, and
r =r(q), by (3.28).
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By (18) in [15], |, o(f,2)] < C [||f[ll4 6,7 N* (2C))V [Ti5 pi. The prod-
uct sz pr can be handled as in Theorem 4.3.1. We are reduced to prov-
ing that the expression 6,7 NP2 (2C,)" 6,1 6% ,---6%" | is bounded. Since
(3.26) is stronger than (1.36), we can apply Lemma 4.3.2. Hence, §,7 < 5,:5{‘ =
exp(2"p A B,,_1). As before, §,, 1 62_5--- 02" isexp[—2"(B, 1+ +By_m_1)]-

The problem now reduces to establishing that
2"pAB, 1+ (p+2)log N+ N log(2C)) < 2"(Bp-1+ -+ Bym1),

which is valid for large n if we define m by (3.26) for M = pA and @ =
210g(2Cy) + 1, as N < 2"+L, O

4.4 Two Examples

Recall the condition for extension property;

BnJrs

Y) =
kl—s Bk

— 0 as n — oo uniformly with respect to s. (4.16)

First we consider regular sequences (Bg)>,. Let By = (log By)/k. We say
that (By)72, is regular if, for some ko, both sequences (By)72,, and (Bi)i2,, are

monotone. Recall that (By)p2, has subexponential growth if B, — 0 as k — oo.

) (B) _

= a %" = exp(—a*) for
large enough k. Then V) for 1 < j < 3 generate regular BY) with B,El) ~
2-F1aklogk, BY ~ 275212 loga, B ~ (a/2)**'/(a — 1). Here, 8LV, B2 A~
—log 2 and ﬂ,gs) — —log(a/2), so BY) are not of subexponential growth, except
B® for a = 2. We see that (4.16) is valid in the first two cases and in the third

case with a < 2.

For example, given a > 1, let 7,(:) = k‘_“,v,(f

More generally, (4.16) is valid for each monotone convergent (By)72 ;. Indeed,
if By \y B > 0, then LHS of (4.16) does not exceed (n + 1)~'. If By B, then
we take so with By > B/2 for s > s¢. Then B+ - Bgy,, > (n+1)B/2 and LHS
of (4.16) < 2(n + 1)~!. This covers the case of regular sequences (By)52, when
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By are negative. Let us show that (4.16) is valid as well for divergent regular

sequences (Bg)2, of subexponential growth.

Theorem 4.4.1. Let (By)32, be reqular with positive values of B. Then (4.16)

is valid if and only if (Bg)32, has subexponential growth.

Proof. A regular sequence (By)52; is not of subexponential growth, provided
Br > 0, in the following three cases: [y " 8 < 00, B /0o and F N\, g9 > 0.

We aim to show that (4.16) is not valid under the circumstances.

In the first case, given s and n, let b = exp fs4p,. Then b —1 > expffy — 1 >
By > 0 and b < exp 8. Here, > i7" By < b5+ /(b — 1) as By, = exp(kBy) < b*
for such k. Therefore, Byyn/ > 3 " By, > (b—1)/b > 31/ exp 3, which contradicts
(4.16).

If By /* oo then, by the same argument, By ,/ > ;i By > (b—1)/b > 1/2 for

S

s > s, where s is fixed with exp 5,5, > 2.

Suppose B ¢ 0. We fix indices s; < sy < --- such that the intervals I;
connecting points (s;, 3,,) and (sjt1,3s,,,) form a convex envelope of the set
(k, Br) on the plane. We start from s; = max{s: s = 1 }. If s; is chosen, then
we take s;11 with he property: for each k with s; < k < s;4; the point (k, 5j) is
not over /;. At any step we can take the next value so large that the slopes of I;

increases to zero. In addition, given s;, we take s;,; such that

(4 -2 Sj/8j+l)5sj+1 > (3 - Sj/Sj“Fl)/BSj? (417)

which is possible as 3, decreases to a positive limit.

For fixed j, we take s = s; and s +n = s;j4;. Let B = ak + b with a =
—(Bs — Bssn)/n and b = Bs + (Bs — Bsyn) s/n for s < k < s+ n, so the points
(k, Br) are located just on the interval I;. Also, let g(z) = az® + bx and By =
exp g(k) = exp(k Bk) on [s, s + n|. Of course, B, = B, and By, = Byin.

It is easy to check that the function ¢ increases on this interval. Hence,
"B < Yu"B < Ls+ng(:c) dr + Bsi,. By integration by parts,
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fsern g(z)dr = g(n+s)-[2a(n+s)+b1—g(s) - [2as+ b1 +2a fSJr x)(2ax +
b)~2dx. We neglect the last term, as a < 0, and the second term, as 2as +b=
g'(s) > 0. Also, 2a(n + s) +b = (24 s/n)Bern — (1 + 5/n)Bs > Bs/2 > 50/2
by (4.17). Hence [ g(x)dw < 2 Byyn/eo and Byn/ S 32" By > €0/(2 + €0),

(4.16) is not valid.

We proceed to show that (4.16) is valid for Gy N\, 0, that is in the case of
subexponential growth of (By)32,. Here, for fixed large s and n, we estimate

S+n " By from below. Let b = exp fBsyn. Then By > b* for s < k < s+ n.
Therefore Bgin/ Zs+n e < ’;;91_11) .

If b < 2 for the given s and n then "™ — 1 > (n + 1)B,,,. On the other
hand, exp By —1 < 2 Bsyp for By, < 1. Thus the fraction above does not exceed
4/(n+1).

Otherwise, b™ > 2 and 0" < 2(b""! — 1). Here the fraction does not exceed
4 Beyn. Tt follows that Bey,/ > 2" By < max{4/(n+1),4 3,}, which is the desired

conclusion. O]

Our next objective is to consider irregular sequences (By)52, (compare with
Ex.6 in [14]). Given two sequences, (k;)?2; C N with k;,, —k; 7 oo and (g5)%2,
with €; N\, 0, let 7, = (k+5)7% for k # k; and i, = (k; +5) %¢;. Then v satisfies
(3.4) with & = (5!/(k 4+ 5))?e1e9---¢; for k; < k < kj1. Let A; := log

We will consider only sequences with the property

€1€2-€5 "

kQ

20 AT =0 as j— oo (4.18)

Provided this condition, By = 27 log "2 4 27k=1 A, ~ 27k A for ky < k <

;1. In addition, an easy computation shows that for large j,
Bkj + Bkj+1 + -+ Bkj+1_1 <3 Bk;j- (419)

Now we can construct different examples of compact sets K () without extension

property.
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Example 2. Let A; = 2%, s0 ¢; = exp(—2% + 2%-1) for j > 2 and ¢, =
exp(—2). In this case, (4.18) is valid under mild restriction 2% £2,; — 0 as
j — oo. Let us take s = kj,n = kjy1 —k;. Then Byy, > 27%+171 A, = 1/2 and,
by (4.19), By + -+ Byiny < 3B, < 4271 A, = 2. This gives (1.40) with
e=1/4 and m = 0.
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Chapter 5

Hausdorff Measures and

Extension Property

R. Nevanlinna [19] and H. Ursell [29] proved that there is no complete character-
ization of polarity of compact sets in terms of Hausdorff measures. The scale of
growth rate of functions h, which define the Hausdorff measure Ay, can be decom-
posed into three zones. For h from the first zone of small growth, if 0 < A, (K)
then the set K is not polar. For h from the zone of fast growth, if A,(K) < oo
then the set K is polar. But between them there is a zone of uncertainty. It is
possible to take two functions with hy < hy from this zone and the corresponding
Cantor-type sets K; with 0 < Ay, (K;) < oo for j € {1,2}, such that the larger
(with respect to the Hausdorff measure) set K5 is polar, whereas the smaller K;
is not polar. Here we present a similar example of two Cantor-type sets: the

smaller set has P whereas the larger set does not have it.

Let h be a dimension function, which means that h : (0,7) — (0,00) is

continuous, nondecreasing and h(t) — 0 as t — 0.

Definition 5.0.2. The h—Hausdorff content of £ C R is defined as
M(E) =inf{ > _h(|Gi|) : E C UG;}
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and the h—Hausdorfl measure of E is

s e o <
An(E) hgn_glf{ZhﬂGzD : E C UG, |G| <6}

Where |G;| is the diameter of the set. Here we consider at most countable

coverings of E by intervals (open or closed).

It is easily seen that M (F) = 0 if and only if Ap(E) = 0. We write hy < hy
if hi(t) = o(ho(t)) as t — 0. Let hy & hy if C7'hy(t) < hy < Chy(t) for some
constant C' > 1 and 0 < t <ty < T. We will denote by hy the function

1
_log%

ho(t)

(5.1)
with 0 <t < 1, which defines the logarithmic measure of sets.

A set E is called dimensional if there is at least one dimension function h
that makes F an h—set, that is 0 < Ap(E) < oo. In our case, the set K(7)
is dimensional. In [1], following Nevanlinna [19], the corresponding dimension
function was presented. Let n(dy) = k for k € Z, with dg :=1 (0 = 7172 .. V%)
and 7(t) = k+log %/ log (Sfﬁ for 041 <t < 8. Then h(t) :=27"® for 0 < ¢ < 1.
Clearly, h(d;) = 27*.

Proposition 5.0.3. Let v satisfy (3.4) and h be defined as above. Then
Ap(K(v)) = 1.

Proof. Taket = Cy dy, where Cy is given in (3.1). Then §; < t = Cy v Ip—1 < dg_1
for large enough k. Here, n(t) = k — log Cy/log(1/y%) and h(t) = 27% a; with
ap = exp l‘ffg?f;;)ff. Since v, — 0, given £ > 0, there is kg such that ap < 1+ ¢

for k > ko. From (3.1) it follows that

2k
1=2"h(6) < ) h(ljx) <2"h(t) <1+e (5.2)
j=1

provided that k > ko. Of course, Ap(K (7)) < Z?; h(l;y) for each k. Since ¢ is
arbitrary, we get Ay (K (7)) < 1.
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Let us show that A, (K (7)) > 1. Fix € > 0 and choose kg such that
e log1/v, > —log2-log(l — 4,) for k > k. (5.3)

This can be done as 7, — 0. Take any open covering UG; of K(v). Given ¢, we
can consider only coverings with |G;| < dx, for each i. We choose a finite subcover
UN |G, of K(v).

Fix i« < N and k with 0,11 < |G| < 0x. Recall that, for each j < 2% we
have h;,r > (1 — 49,+41)lj%. Therefore the distance between any two basic in-
tervals from Fji1 exceeds (1 — 4vygi1)0k. If |G| < (1 — 47yk41)0k then G; can
intersect at most one interval from FEj,;. In this case we can consider only
|G;| < max;<j<oitt ljpy1 < Coligr, by (3.1). Thus there are two possibilities:
041 < |Gi| < Cobir or (1 — 4ypq1)0k < |G| < Ok

In the first case we have h(|G;|) > 27%~1. Here, G; intersects at most one

2m—k=1 interval from E,, for

interval from FEj.; and, by construction, at most
m > k. In turn, in the latter case, h(|G;|) > 27%(1—¢). Indeed, here, n(|G;|) < k—
— log(1—4 -lo
log(1 — 4yr)/ 1og(1/7441) and h(|Gi]) > 2% a, where a = exp RECEEIRE2 >
(1 —¢), by (5.3). Now G; intersects at most two interval from Ej.; and at most

2™k interval from F,,.

Let us choose m so large that each basic interval from FE,, belongs to some
G, perhaps not to unique. We decompose all intervals from FE,, into two groups
corresponding to the cases considered above. Counting intervals gives 2™ <
Soromok=l g NSom=k < om IS R(|Gil) + 307 h(|Gi]) (1 — €)7Y]. From this we see
that ). h(|G;|) > 1 — ¢, which is the desired conclusion, as ¢ and (G;) here are
arbitrary. [

The same reasoning applies to a part of K () on each basic interval.

Corollary 5.0.4. Let v and h be as in Proposition above, k € N,1 < j < 2F,
Then Ay (K (y) NIjx) =27%.

Suppose, in addition, that K () is not polar. Then, by Corollary 3.2 in [1],
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wi () (Ljk) = 27, so the values of wk(,) and the restriction of Aj, on K(7) co-
incide on each basic interval. From here, by Lemma 3.3 in [1], these measures
are equal on K (7). Thus, a non-polar set K(v) satisfying (3.4) is indeed equi-
librium Cantor-type set if we accept for definition of this concept the condition
wr = Ap|k(y), which is more natural than the definition suggested in (Section6,

[13]). Let us rewrite the examples from previous sections.

Example 5.0.5. Let 7, = exp(—4B) and v, = exp(—2*B) for k > 2, where
B > 1log32, so (1.24) is valid. Here, B, = B for all k. Hence (1.36) is satisfied
and the set K () is polar.

Example 5.0.6. Let A; = 2% s0 ¢; = exp(—2% + 2%-1) for j > 2 and &, =
exp(—2*1). In this case, (4.18) is valid under the mild restriction 2% k2 | — 0
as j — oo. Let us take s = kj,n = k; 11 — k. Then By, > 27kt A =1/2
and, by (4.19), By + -+ + Bgyn1 < 3Bs < 4-27%"1 A, = 2. This gives (1.40)
with e = 1/4 and m = 0.

Proposition 5.0.7. There are two dimension functions ho < hy and two sets
Ky, Ky, where K; is an hj—set for j € {1,2}, such that the smaller set K; has

the extension property, whereas the larger set Ko does not have.

Proof. Take K; from Example 5.0.5. Let us show that the corresponding function
hy = 27™ is equivalent to hg. It is enough to find C' > 0 such that n(t) — C' <
m(t) < no(t) + C for small t. Here, no(t) = (loglog 1/t)/log2, so hy(t) = 27,
For the set K; we have §, = exp(—2*"1B) and 1y(0x) = k + log2B/log2. If
Okr1 < t < 0 for some k, then k < n;(t) < k+1 and k + log2B/log2 < ny(t) <
k+1+log2B/log2, which gives h; & hy.

In turn, let Ky be as in Example 5.0.6 with A; = 2% 277 and ¢; = exp(—A; +
Aj) for j > 2. Here we suppose that (k;)52, satisfies 27%27 k%, | — 0 as j — oco.
Then (4.18) and (4.19) are valid, which, as in Example 5.0.6, gives the lack of the
extension property for K,. Let us show that hy < hg. It is enough to check that
n2(t)—no(t) = oo ast — 0. Let §y <t < 61 with k; < k < kj 44 for large enough
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J. Then log 1/6), = 2log((k+5)!/5!)+A; <2 A; and no(t) < no(dx) < kj+1—j. On
the other hand, ny(t) > 12(d—1) = k—1 > k; — 1. Therefore, ny(t) —no(t) > j—2,
which completes the proof. O]

One can suppose that, for the family of sets considered, the scale of growth
rate of dimension functions can be decomposed as above into three zones. If
K(7) is an h—set for a function kA with moderate growth then the set has EP. If
the corresponding function A is large enough, then EP fails. Proposition above

shows that the zone of uncertainty here is not empty.

We see that h = hg is not the largest function which allows EP for h—sets
K (7). If, as in the regular case, we take By * oo of subexponential growth, then
6, = exp(—2F1By) and ho(d;) = 27% B!, which is essentially smaller than
h(6) = 27% for the corresponding function h.

Example 3. Let log(,, ¢ denote the m—th iteration log---logt¢ for large
enough t. The sequence By = exp(k/log,, k) has subexponential growth.
Then the corresponding sequence ()52, satisfies (3.4), as for large k& we have
Y = 0/0k_1 < exp(—2FBy) < exp(—2*) and for the previous k we can take
e = 1/32. By Theorem 4.4.1, the set K () has EP. Let us find a dimension func-
tion h that corresponds to this set. We will search it in the form h(t) = hg‘(t)(t).
Let t = ;. Then logl/t = 2" By so k ~ (loglog1/t)/log2. On the other
hand, h(t) = 27% = (281 B,)~*®) which gives a(t) ~ 1 — (log2 - log(,,y k)" ~
1 — (log2 -log,, 9y 1/t)~". Clearly, h = hq.

The next Proposition generalizes Example 3. We restrict our attention to
strictly increasing functions h of the form h = h{, where o is a monotone function
on [0, t]. Since in the next section we shall be interested in dimension functions

exceeding hg, let us suppose that a(t) < 1. Then h > t? for each fixed o > 0.
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In addition we assume that asymptotically
h(t) < 2h(t?), (5.4)

which is valid for typical dimension functions corresponding to the cases
a) a(t) = ap € (0,1],
b) at) = ap + &(t) with « € [0, 1),

c) a(t) =1—¢e(t).

Here,

e(t) \y 0 with e(t) loglog1/t /oo as t \,0, (5.5)

since for slowly increasing e we get h®0*® ~ hgo.

By (5.4), for the inverse function h~!, we have h=1(7) < (h=(27))* and h! <
7™ for M given beforehand. From this, 7, = h~1(27%)/h=1(27%"1) defines a
sequence satisfying (3.4). We denote the corresponding set by K(vy). Our aim
is to check extension propertry for this set provided regularity of the sequence
By, = 2% 1log(1/h~1(27%)). We see at once that By, increases. In its turn, 85 \, 0
if ap = 1 in the case (a), Br /" 1/ap—1in (b) and in (a) with oy < 1. Concerning
(¢), the monotonicity of fj requires additional rather technical restrictions on e.
At least for e(t) = en(t) := (logg, 1/t)~" we have B \, 0. Here, m > 3, as
h = hy for m € {1,2}.

Proposition 5.0.8. Let K*() be defined by a function h, as above, with a reqular
sequence (By)3,. Then K*(v) has the extension property if and only if

1 1/k
<10gm> — 2 as k — o0.

Proof. Let us find h™! for the case a(t) = 1 — &(t). If h(t) = 7 then
[1 — e(t)]loglog1/t = logl/7. Let us define a function ¢ by the condition
loglog1/t = [1 4 0(7)]log1/7. Then [1 — &(¢)][1 + ()] = 1, so 6(7) N\ 0 as
7N\, 0. Then t = h™'(7) = exp[—(1/7)"*%")] and log(1/h~1(27F)) = 2k(1+67%),
The k—th root of this expression tends to 2. On the other hand, (By)3, here
has subexponential growth as 3, = (§(27%) — 1/k)log2 — 0. By Theorem 4.4.1,
K%(vy) has EP.
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Similarly, if «a(t) = ap + () with 0 < «y < 1 then h7l(7) =
exp[—(1/7)Y/20=°(M] Here, (log(1/h~*(27%)))/*F = 2(1/@0=3(27%) _, 9 and B - 0,

there is no EP. In the case (a), the function § vanishes.

Lastly, ap = 0 in (b) gives h™1(7) = exp[—(1/7)2(7] with A(7) oo as 7 N\, 0.
Here, (log(1/h~'(27")))"/* — 00 and 3 — oo. O

5.1 Extension Property and Densities of Haus-

dorff Contents

To decide whether a set K has EP, we have to consider a local structure of
the most rarefied parts of K. Obviously, such global characteristics as Hausdorff
measures or Hausdorff contents cannot be applied in general for this aim. Instead,
one can suggest to describe EP in terms of lower densities of M or related
functions. Given a dimension function h, a compact set K, x € K and r > 0, let
onx(x,r) = My(KNB(x,r)) and

QDh,K(T) = ;SIf{ SOh,K (l’, 7'), (56)

where B(x,r) =[x —r,z +r]. One can suppose that K has EP if and only if the
corresponding function ¢y, i is not very small, in a sense, as r — 0. Essentially,

this is similar to analysis of the lower density of the Hausdorff content, which can

be defined as

. My(K N B(z,r))
on(K) = liminf inf =m0

Indeed, My (B(z,7)) = h(2r) for h with h(t) > t and the expression above is

wn,x (1)
r—0 h(2r) -

(5.7)

lim inf

In order to distinguish £ P by means of ¢, we have to consider large enough
dimension functions h. Indeed, if for some hy; with hy = h there exists an h;—set
K, with EP, then h cannot be used for this aim, because A,(K;) = 0 implies
M, (K1) = 0 and the corresponding density vanishes contrary to our expectations.

Therefore, we can consider only functions exceeding hy.
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We remark that A,—analogs of ¢, x or ¢, cannot be applied in general for

distinguishing E P, since for fat sets (K = Int(K)) we have A (KN B(x,r)) = 0o
provided h(t) > t.

Interestingly, it turns out that the lower density ¢, can be used to characterize

EP for the family of compact sets considered in [§].

Example 4. Given two sequences by \, 0 (for brevity, we take by = e¢~*) and
Qr  with Q > 2, let K = {0} U U2, I, where I, = [ag, by, [Ix] = b*. In
what follows we will consider two cases: Qr < ) with some @ and @} " oo with
Qr < logk for large k. By Theorem 4 in [8], K has the extension property in the

first case and does not have it for unbounded (Qy).

In the next lemma we consider concave dimension functions h = h{ for the

cases (a), (b), as above, and for more general ¢’) a(t) = ag —e(t) with ag € (0, 1].

We suppose now that ¢ is a monotone differentiable function on [0, ty] with
0<e(t)<l—apin (b) and 0 < &(t) < ap/2 in (¢’). As before, we assume (5.5).

A direct computation shows that

h'(t) < h(t) ho(t) a(t)/t for the cases (a), (b) and h'(t) < h(t) ho(t)/t for (¢').
(5.8)

Lemma 5.1.1. Suppose intervals I, are given as in Example 4 and n is large
enough. Then Mp(U2, 1) = h(b,). This means that the covering of the set
U, I by the interval [0, b,] is optimal in the sense of definition of M,,.

Proof. Let us fix any open covering of K, choose its finite subcovering UM, G; and
enumerate sets G; from left to right. We can suppose that Gy covers U2 I}, for
some N > n. Indeed, if G; covers as well some part of Iy_1, then other part of

In_1 is covered by G. In this case, association of G; and Gy into one interval will

64



give better covering, since h(b) < h(z)+h(b—x) for 0 < x < b, by concavity of h.
For the same reason, we suppose that each G; covers entire number of ;. After
this we reduce each G; to the minimal closed interval F; containing the same
intervals Ij. Thus, Fy = [0,by] and F» = [ay_1,b,] with some N —1 < ¢ < n.

Our aim is to show that
h(b,) < h(by) + (b, — an-1), (5.9)

so replacing Fy U Fy with [0,b,] is preferable. We use the mean value theorem
and the decrease of h/. Note that h(by) = k=®x),

Consider first the value ¢ = N — 1. We will show h(by_1) —h(bx) < h(|In-1]).

In the cases (a), (b), by (5.8), LHS < I (by)e N(e—1) < N~1=2b¥q(by) (e —
1). On the other hand, h(|Iy_1|) = [Qn_1(N — 1)]7*UN=1D Here, a(|Iy_1]) <
a(by), so we reduce the desired inequality to (Qn—_1/N)*®Ma(by)(e —1) < 1. It
is valid, since for ag > 0 the first term on the left goes to zero, whereas for ag = 0

in (b) we have a(by) = e(by) — 0 as N — oc.

Similarly, in the case (c¢’) the inequality [Qn_i(N — 1)]*—=liv-1D(e — 1) <

N1teo—elbn) g valid, as is easy to check.

Suppose now that ¢ < N — 2. We write (5.9) as h(b,) — h(b, — an—1) < h(by).

Here, in all cases, by (5.8), LHS < h'(b; — an—1) an—1 < h(bg)ho(by) =

bq*aN—l )
where the last fraction does not exceed bqb—]\lr);\;l,l . On the other hand, h(by) > N1
as a(by) < 1. Hence it is enough to show that N < (eN=971 — 1) ¢'Tetd We
neglect a(b,) and notice that (e 7' —1)q > (e — 1)(N — 2), which completes

the proof of (5.9).

Continuing in this manner, we see that h(b,) < Z?il h(|F;|). O

Corollary 5.1.2. Suppose by, <1 < b, — bpy1. Then @ k(1) = h(|1,]).

Proof. Clearly, ¢p k(z,7) = h(|L,]) for each x € I,,. If x € K N[0, b,41] then

B(z,r) covers all intervals [, with £ > n + 1. By previous Lemma, ¢, i (z,7) =
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h(bpy1) > h(|1.]). Of course, for x € I with k < n the value ¢, k(x,r) also
exceed h(|I,|). O

Remark 5.1.3. The covering of two (or smaller number of) intervals I by one

interval is not optimal, since My, (Ix U I1) = h(|1x|) + h(|Ix41]) < h(bk — aj41).

We proceed to characterize E'P for given compact sets in terms of lower den-

sities ¢y, for h = h{, where
a(t) = ap € (0,1] or a(t) = ap £ g, (1) (5.10)
with 0 < ag < 1 and £, (t) = (log,, 1/t)~" for m > 2, so (5.5) is valid.

Proposition 5.1.4. Let K be from the family of compact sets given in Example
4 and h be as above. Then K has the extension property if and only if ¢p(K) > 0.

Proof. Suppose first that @), < @@ with some @), so K has EP. We aim to show

lim, o S5

onx(r) > onx(e™*1), which is h(|Ii]) = (k- Q) =D by Corollary 5.1.2. On
the other hand, h(2r) < h(2e%) = (k — log2)~*¢™") Therefore,

> 0. Let e 1 < r < e7* for some k. Then, as pj i increases,

Pic(r)/(2r) > QI R (1~ log 2/k) 7).

The first term on the right converges to Q= as k — oo. The second and the
third terms converge to 1. Hence, ¢, (K) > Q~?°. Besides, this value is achieved
in the case @y = @ by the sequence ry = by — by, 1. Thus, ¢p,(K) > 0. In addition,
for given o > 0 we have a compact sets K with EP such that 0 < ¢,(K) < 0.

Similar arguments apply to the case QQ, * oo, when K does not have E P. Here,
on(K) < limg pp k(%) /h(2rg) for rp as above. By Corollary 5.1.2, ¢p, (1) =
h(|[k|) AISO, h(27”k) > h(e_k). Hence, @h,K(Tk)/h(Qrk) < Q;QO/Q k)a(eik)_a(llk"),

which converges to 0 as k increases. O]

Remark. For this family of sets, the extension property can be characterized
alsol in terms of the Lebesgue linear measure . Let \(r) := inf,cx A(K N [z —

r,x+7]). Then K has the extension property if and only if lim inf, o A(r)-7=%¢ > 0
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for some Q).

Nevertheless, at least for dimension functions h = h§ with « as in (5.10), there
is no general characterization of EP in terms of lower densities ¢p. In view of
Example 3 and the discussion at the beginning of the section, the value oy = 1

can be omitted from consideration

We treat now regular sets K (v) with §, = exp(—b*). Here, B, = 271(b/2)*.
By Theorem 4.4.1, K () has EP if b = 2 and does not have it for b > 2.

Lemma 5.1.5. For each constants C' > 1 and h, as above, there is b > 2 such
that h(Cdy) < 2 h(dks1) for large enough k. This inequality is valid also for b = 2.

Proof. In all cases we have h(d) = b=ka) and the desired inequality has the
form
pEHDaln) < 9 (pF — Jog C)*(C%), (5.11)

Suppose a = ag. Then (5.11) is valid as b* < 2 (1 — b *log C) for large k and
b = 2 + o with small enough o. All the more it is valid for b = 2.

The same reasoning applies to the case a« = ag + &(t) with ¢ 7 as e(dgr1) <

In the last case a(t) = ag — ,(t) we use the following simple inequality

108y (Cz) = log(,,,) () < log C - [logz logy () - - - log(,, 1y(x)] ™,

which is valid for all z from the domain of definition of log,, . From this we have
k- [e(Cér) — e(0k41)] — 0 as k — oo and (5.11) can be treated as in the first

case. O

Corollary 5.1.6. Let k be large enough. Then the covering of each basic interval
L of K() by one interval is better (in the sense of definition of M) than

covering by two adjacent subintervals.
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Indeed, by (31), h(lj7k) < h(co5k) < 2h(5k+1) < h(l2j—1,k+1) + h(l2j7k+1).

Remark. It is essential that coverings of a whole basic interval are considered.
For example, for the set Iy, U I3 441 we have h(ly ) + h(l3x41) < h(b3 k1), which

corresponds to the covering of the set by one interval.

Proposition 5.1.7. Let h = h§ with a as in (5.10) and K(v) be defined by
Or = exp(—=bF). Then ¢p(K (7)) = b=,

Proof. For brevity, we denote here K(v) by K. Fix x € K. Let x € I, C I; 1
and Co o <1 <7/8-8;_1. Then, by (3.1), ), <7 < hjp—1 and KNz —r,z+7| =
KNI Arguing as in Lemma 5.1.1, by Lemma 5.1.5, we get ¢y, (z,7) = h(l;x).
Therefore, by monotonicity, h(dx) < ¢n x(x,r) < h(Cydg) for each x € K.

We proceed to estimate ¢p,(K) from both sides. Suppose that Cydp < r <
Cy - 0x—1 for some k. Then h(dy) < vn (1) < h(Codx—1) and

how)  _ enr(r) _ 1(Codp-1)

Here, 0 = 6% _,. Analysis similar to that in the proof of Lemma 5.1.5 shows that
the first fraction above has the limit b~“°, whereas the last fraction tends to b°
as k — oo. Moreover, the value b~ can be achieved as limy, ¢y k(7)) /h(2r)) for
T ="T7/8 dk_1. O

Comparison of Propositions 5.1.4 and 5.1.7 shows that, for given dimension
functions, lower densities of Hausdorff contents cannot be used in general to

characterize the extension property.
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Chapter 6

Extension Property and Growth

of Markov’s Factors

The representation ge\k(y)(2) = lims_00 27° log | Pas(2) /74| for z ¢ K(7) allows
to construct Green’s functions with diverse moduli of continuity and sets with
preassigned growth of subsequence of Markov’s factors (see [13] for details). In
this section, we show that, there is no complete characterization of E'P in terms

of growth rate of Markov’s factors M, (-)5e, for sets.

Let P,, denote the set of all holomorphic polynomials of degree at most n.

Definition 6.0.8. For any infinite compact set K C C we consider the sequence

of Markov’s factors
M, (K) =inf{M : |P'|lox < M|Plox, P € P,}

for n € N.

We see that M, (K) is the norm of the operator of differentiation in the space
(P, | - lo.x). We say that a set K is Markov if the sequence (M, (K)) is of poly-
nomial growth. This class of sets is of interest to us, since, by W.Plesniak [21],

any Markov set has EP. On the other hand, there exist non-Markov compact
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sets with EP ([7],[3]). We guess that there is some extremal growth rate (m,)
with the property: if, for some compact set K, M, (K)/m, — oo as n — oo then
K does not have E'P. The next proposition asserts that here, as above, there is a

zone of uncertainty, in which growth rate of Markov’s factors is not related with
EP.

Proposition 6.0.9. There are two sets Ky with EP and Ky without it such that
M, (K1) grows essentially faster than M, (K,) as n — co.

Proof. By Theorem 6 in [13], Mok (K(y)) ~ 2/dx. By monotonicity, &' <
M,(K(v)) < 46}, for 28 < n < 2**! with large enough k. As in Proposi-
tion (5.0.7), we take K; from Example 5.0.5, so 5,(61) = exp(—2*"'B) with B > 1.
Also, we use K, from Example 5.0.6 with A; = 2%, For simplicity, we fix k; = j2
that satisfies (4.18). Here, 5,?) > k™ 2kgieq - gj for kj <k < kjpq. We aim to
show that M, (K3)/M,(K;) — 0 asn — oo. Let us fix large n with 28 < n < 2FF1,
For this k£ we fix j with k; < k < k;4;. Then

M, (Ko) /M (Ky) < 467 /67, (6.1)

Suppose first that & < k;; — 2. Then right hand side of (6.1) does not exceed
4 exp[—2""'B +2(k + 1)log(k + 1) + A;]. The expression in brackets is smaller
than 2% (1 — 2B) + k2,,, which is (j + 1)* — (2B — 1) 27", so it tends to —oo as

J — o0.

If k = kj11 — 1 then right hand side of (6.1) is smaller than 4 exp[—2%+1 B +
2kji1log kjiq+Aj1q], which goes to 0, since B > 1. This completes the proof. [

Existence of a zone of uncertainty (for the extension property) in the scale of
growth rate of Markov’s factors implicates the problem to find boundaries of this

zone.
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