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ABSTRACT

DYNAMICS OF A TWO LEG LADDER UNDER A
TIME DEPENDENT ARTIFICIAL MAGNETIC FIELD

Mehmet Akif Keskiner
M.S. in Physics
Advisor: Mehmet Ozgiir Oktel
September 2019

Especially in the last two decades, there have been intensive theoretical and
experimental studies on the periodically driven quantum systems. The reasons
for these intensive studies are the emergence of new topological effects and to
be able to control these systems by periodic forcing. Another important reason
is that systems governed by time periodic Hamiltonian can be also described by
an infinite dimensional time-independent Hamiltonian in the Floquet formalism.
Reducing this time-independent Hamiltonian into an effective N x N dimensional
Hamiltonian provides great convenience to analyze the periodic quantum systems.

We study the dynamics of a particle in a two leg ladder subject to a time
dependent artificial magnetic flux for two cases. In the first case, we consider
that artificial magnetic flux varying linearly with time, and in the second case
artificial magnetic flux oscillates in time. In both cases, we obtain a time periodic
Hamiltonian in k-space at each k-point . Therefore, we use Floquet formalism
to get eigensolutions of the Hamiltonian in k-space numerically, and then we
construct the wave function of the particle in real space as a superposition of the
Floquet states. We first analyze the quasi-energy bands for different values of
the driving frequency and examine the effect of the field amplitude on the quasi-
energy bands for oscillating magnetic field. Secondly, we examine the behavior
of the particle in the real space for the different values of the driving frequency
and the field amplitude.

Keywords: Time dependent artificial magnetic field , Time independent Floquet

Hamiltonian, Time-periodic Hamiltonian.
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OZET

SOZDE MANYETIK ALAN ALTINDA BULUNAN iKi
BACAKLI MERDIVENIN DINAMIGI

Mehmet Akif Keskiner
Fizik, Yiiksek Lisans
Tez Damismani: Mehmet Ozgiir Oktel
Eylil 2019

Ozellikle son yirmi yilda periyodik olarak siiriilen kuantum sistemler iizerine
teorik ve deneysel olarak yogun caligmalar yapidi. Yeni topolojik etkilerin or-
taya c¢ikmasi ve bu sistemlerin kontrol edilebilir olmasi bu yogun ¢aligmalara ne-
den olmustur. Zamana gore periyodik olan Hamiltoniyen tarafindan tanimlanan
bu sistemlerin zamandan bagimsiz sonsuz boyuta sahip Hamiltoniyen tarafindan
da tanmimlanmasi bu yogun calismalarin bir bagka ¢nemli nedenidir. Bu sonsuz
boyuta sahip Hamiltoniyenin N x N boyutuna sahip etkili bir Hamiltoniyene

indirgenmesi periyodik kuantum sistemlerin analizinde biiyiik kolaylik saglar.

Zamana gore lineer degisen sozde manyetik akiy1 birinci durumda, zamana gore
salinim yapan stzde manyetik akiy1 ise ikinci durumda degerlendirdik. Her iki
durumda da k-uzayinda her k noktasi i¢in zamana gore periyodik Hamiltoniyen
elde ettik. Bundan dolay1 k-uzayinda Hamiltoniyenin 6z-¢oziimlerini elde etmek
icin Floquet formalizmini kullandik, ve sonra parcacigin dalga fonksiyonunu Flo-
quet durumlarimm bir siiperpozisyonu olarak olusturduk. Ilk olarak Kuasi enerji
bandlarini farkli frekans degerleri igin analiz ettik ve salinim yapan manyetik aki
i¢cin manyetik alan genliginin kuasi enerji bandlara etkisini inceledik. Daha sonra,
parcacigin gercek uzayda davranisim farkh frekans ve manyetik alan genligi i¢in
inceledik.

Anahtar sézciikler: Zamana bagl sozde manyetik alan, zamandan bagimsiz Flo-
quet Hamiltoniyeni, Zamana gore periyodik Hamiltoniyen .
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Chapter 1

Introduction

Controlling and manipulating the quantum systems in order to understand their
deep properties has become possible with the help of the powerful technolo-
gies resulting from quantum concepts. Recent experiments [1, 2, 3, 4, 5, 6, 7]
show that time-periodic driving is a versatile tool for manipulating quantum
systems and their dynamics. Therefore, over the last decades periodically time-
dependent systems known as Floquet syatems have attracted a great deal of
attention. These systems have brought interesting and non-intuitive phenomena,
which are absent in static systems, to light such as dynamic stabilization and dy-
namic localization|8, 9, 10, 11|, dynamical phase transition[12, 13, 14], coherent

destruction of tunnelling[15, 16].

The fascinating phenomenon of dynamical stabilization , which has a wide
range of applications including charged particle traps, optical resonators, and
mass spectrometers, was firstly demonstrated by Kapitza. In classical physics,
it emerges as a result of the shaking the suspension point of a rigid pendulum
periodically along the vertical line with a sufficiently high frequency, which makes

the pendulum stable at the inverted position|17].

The concept of controlling lattice systems by means of periodic driving was

introduced by Dunlap and Kenkre[8]. They studied the effect of periodic forcing



on a charged particle and found that a moving charged particle in a lattice struc-
ture under the influence of an oscillating electric field can be localized whenever
the ratio of the field amplitude to the field frequency takes certain values. This
phenomenon known as dynamic localization is the quantum mechanical version
of the above mechanism and was observed with dilute Bose-Einstein condensates

in a shaken optical lattices|1].

One of the most remarkable results of time-periodic systems is the quantized
charged pump. Thouless in 1983 investigated the effect of the periodically time-
dependent potential, which changes adiabatically, on an electronic system and he
demonstrated that it causes charge transport to be quantized. This quantization
of charge transport is topological invariant over an adiabatic cycle. This mecha-
nism known as Thouless’ pump|[18]. Thouless pump was observed experimentally
by using ultracold atoms in optical lattice[19, 20]. In fact, topological structure in
periodically time-dependent systems is richer than in static systems. References
[21, 22, 23, 24, 25| include some topological phenomena which can be realized

only in time-periodic systems.

This thesis is organized as follows. Chapter 2 gives an outline of the Floquet
theory. We develop perturbation theory in Chapter 3, and examine the dynamics
of the particle in two-leg ladder subject to time dependent artificial magnetic field

in Chapter 4. We summarize our results in Chapter 5.



Chapter 2

Floquet Theory

2.1 Floquet Theory and The Extended Hilbert
Space

Floquet theory is a powerful tool for the study of dynamical systems described
by a time periodic Hamiltonian. These systems have steady states |1, (t)) called
Floquet states. According to the Floquet theorem [26], the solution of the
Schrodinger equation with time periodic Hamiltonian can be written as a time
periodic function multiplied by a phase factor. The Schrodinger equation with

time periodic Hamiltonian is ( for convenience, we set i = 1 up to Chapter 4 ) ;

OY(t)
=0 = H(E)b () (2.1)

where H(t+T) = H(t) = Ho+ V(t) with T, defined by T' = %“, being the period
of the drive, and associated driving frequency w. The form of solutions of the

Schrodinger equation is as follows;

Ya(t) = e7'6a(t), (2.2)

with ¢o(t +T) = ¢o(t). Here, 10, (t), éa(t), €, are called Floquet state (steady-
state), Floquet mode, and quasienergy, respectively. When we substitute Eq.(2.2)

3



into the Eq.(2.1), we obtain an eigenvalue problem

(H) ~ i 9)6u(1) = catul) (23)

is defined in an extented Hilbert space F = H ® T. The tensor product of the
state space of H of a quantum space and the space of T of functions which are
periodic in time with period T = %’r

Hp = H(t)—i2 is known as the Floquet Hamiltonian and it is also time periodic.
Due to the fact that the Floquet state depends on time we need to solve eigen-
value problem for all t € [0,T). The eigenvalue problems includes plenty of Floquet
states which are physically equivalent. For instance, |¢a,(t)) = € |¢4(t)) is a

new solution with the shifted quasienergy €., = €, + nw,

[Ya(t)) = €7 |a(t)) = €7 |Gan(t)) (2.4)

Therefore, there appear an infinite number of replicas of Floquet states indexed
by «. This redundancy provides a periodicity of w for the quasienergy spectrum.
Thus, we can reduce each quasienergy to a point in a zone which we can call
the first Floquet Brillouin zone, =¥ < €, < . This zone helps us to define
the quasienergies correctly for the physical states. That’s why, each physically
different Floquet states can be characterized by these quasienergies that lie in
the first Floquet Brillouin zone . Moreover, because of the time periodicity of

Floquet modes, we can expand them in a Fourier series;

6a(t) = > ™o (2.5)

m

[Valt)) = €Tty e o) (2.6)

m

The steady states can be interpreted as the linear combination of stationary

mwt encode the

states with energies €, + mw. Besides, the Fourier functions e
time dependence of Floquet state and the orthonormal set of these functions
(tlm) = ™! spans vector space T. The inner product in 7 space can be shown

as;

1t
(n,m) = T/o dt elm=rt (2.7)



Furthermore, the Floquet modes also form an orthonormal basis set in Hilbert
space,

Zm (da(t)| = 0o(t =) (2.8)

Thus, the inner product in the extented Hilbert space F is defined as;

(ol =5 [ o) (29

This is the time average of inner product of states in H over a single period T.
The double ket notation |¢)) is used to represent the elements of the extended
Hilbert space F; the corresponding state in physical Hilbert space H at time t is
denoted |4(t)) .

2.2 Time-independent Floquet Hamiltonian

A time-dependent Schrédinger equation with a Hamiltonian periodic in time can
be reformulated as an equivalent time-independent infinite-dimensional matrix

eigenvalue problem by the help of Floquet theory|27].

When we substitute the Eqn.(2.5) into the Eqn.(2.3), then we get
H t) Z |¢Z inwt + nw |¢ einwt €, Z |¢ einwt (210)

imwt

If we multiply above equation by e~ and integrate with respect to time, then

we get

o0

STOHTT ) 4wl = e l6) (2.11)

m=—00

Where, H"=™) = %fOT dte'™=m™@tH (1) is the (n-m)-th Fourier component of the
Hamiltonian. We can think the Fourier mode index n as a lattice index in an ex-
tra fictitious dimension. Therefore, a d-dimensional time-dependent system can
be transformed into a d+1 dimensional time-independent system by the aid of
the Fourier expansion. Since n runs from —oo to co, we arrive at an infinite di-
mensional time-independent Hamiltonian which is equivalent to the time periodic

Hamiltonian.



If we use the Floquet-state nomenclature introduced in the reference [28]

[yn) = 17) @ In) (2.12)

where 7 refers to the system index and n refers to the Fourier index and n €

(—00,00), then we obtain a matrix eigenvalue equation as;

> (BmlHplyn) oL, = catl s (2.13)

n
with the Floquet matrix defined by

(Bm|Hrlyn) = (BIH"™|y) + nwdnmbys (2.14)

where ¢p, . = {(7]#%). The matrix elements of H are provided by the orthonormal
basis |yn), which can be considered as column matrices of all zeros, except for

one in the position of v,n. Hp has periodic structure due to Eq.(2.14),
(Bm+ q|Hrlyn + q) = (Bm|Hr|lyn) + qwdy mdy g (2.15)

where, q is an arbitrary integer. The quasienergies are obtained by solving the

following secular equation;

det |[Hp —el| =0 (2.16)

If we look at Table 2.1 a bit closer, we see that when we replace € in secular
equation by € + qw , q is any integer, the determinant doesn’t change so both €
and € + qw are the eigenvalues of Hp. Let €., and |¢am)) be eigenvalues and

normalized eigenvectors of Hp, respectively

Hr |¢am>> = €am |¢am>> (2.17)

then €., = €40 + mw, and clearly the orthonormality condition is satisfied in the

extended space F,

T
Table 2.1 and Table 2.2 are the pictorial representation of the Floquet time in-

(Gomldon)) = = / 0t (Do (1) 630 (1)) = G5B (2.18)

dependent matrix and its eigenstates, respectively;
Note that the Floquet Hilbert space have absorbed all temporal dependencies
into its structure, therefore, the eigenstates |¢,)) of Floquet space do not depend

on time.



Table 2.1: Floquet infinite matrix form

H() —2Ld H1 H2 H3 H4

H_1 Ho—w H1 H2 H3
%F: H_Q H_1 H() H1 H2

H_3 H_2 H_1 H()"i‘(x) Hl

H,4 H,g H,Q H,l H0+2(.U

Table 2.2: Eigenvectors

2.2.1 The Unitary Evolution operator

The evolution operator defined as;

t
U(t>t0) = 7—61’19[—2'/ H(t/)dt’} = H e tH () (i1 —t:)
to

t1<t;<to

[Va(t)y = Ult, ty) [a(to)) with Ulte,tg) =1

Ult,to) = Y [¢a(t) ($alto)]

(2.19)
(2.20)

(2.21)

where 7 is the time-ordering operator. The matrix elements of U(t,%y) can be

written as;



BIUE )Y = Usyi-to) =Z<B|¢a(t)><¢a(to)h>

— ZZ Bn|¢a0 inwt 7zea (t—to) Z ¢am|70 —imuwtg
- ZZ (Balémm) 150200 (6,0}
= Z(ﬁme—”ﬁ t7t0) |y0) et (2.22)

We can consider Ug,, (t —to) as the amplitude that the system is evolved according
to the time independent Hamiltonian Hp from initial Floquet state |y0) at time
to to the Floquet state |Sn) by time t , summed over n with weighting factor

et also it is interpreted as the amphtude that the system is evolved according
to the time dependent Hamiltonian H(¢) from initial state |y) at time ¢y to the
state |3) by time t . The transition probability corresponding to the initial state
|7) to the final state |3), summed over all final field states, is;

Py (t — to) = |Up, (t = o) = Y _ {Bnle™Hr=|50) et (ym|e=r(=10) | )

nm

(2.23)
We assume here that initial state is not well-defined. The transition probability

averaged over initial times ¢ by keeping the time t — ¢ fixed is written as;

Py, (t —to) = Z| (Bnle=Mr(=to)|y0) |2 (2.24)

Finally, if we average t — t(, then the long time average probability is obtained

as;

Pay(t —to) = Y | (Bnldar) (dar|70) | (2.25)

nak

Let me summarize this chapter. First of all, since the Floquet states have
infinite replicas, we choose a zone of size w to characterize the physically differ-
ent Floquet states by the quasi-energies lie in this zone. Secondly, we use the
Fourier expansion show the equivalence between a d-dimensional time dependent
system and a d+1-dimensional time-independent system by considering the Flo-

quet index n as a label of lattice sites in an extra fictitious dimension. Then,

8



we show that an infinite dimensional time-independent Hamiltonian can describe
the system, which is governed by the time periodic Hamiltonian, in the extended
Hilbert space. Finally, we see that a time averaged transition probability between
the Floquet states can be obtained by the infinite dimensional time-independent

Hamiltonian.



Chapter 3

Perturbation Theory in the
Extended Hilbert Space

In this chapter, we develop perturbation theory in the extended Hilbert space to
obtain approximate solutions for the Floquet states to analyze them analytically
and also introduce two time formalism and adiabatic Floquet perturbation theory

for our future work.

Sambe showed that the Floquet states , he called them as steady states, and
their quasienergies behave in the extended Hilbert space like stationary states
and energies of the time-independent systems|29]. Therefore, we can use time-
independent perturbation theory to find approximate eigensolutions of the Hamil-
tonian when it includes a time periodic perturbation. Let the time-dependent

Hamiltonian H (¢, \) of system be given by

H(t,\)=H’+\V(t) (3.1)

where H? is the time independent Hamiltonian and V(¢) is time periodic per-
turbation with period T' = %’r, and A is an expansion parameter.
The Floquet-type Schrondiger equation is

10



Hp(t)|(t)) = (Hp(t) + AV (1)) [6(t)) = |¢(1)) (3.2)

where HY%(t) = H° — i% is the unperturbed operator and its eigensolutions
(€0, |#°(t))) are well known. Before we develop perturbation theory, let’s outline
the differences between H%(t) and HY.

3.1 The Difference Between Unperturbed Hamil-

tonians HEFO) and H©

In order to show the difference between unperturbed Hamiltonian HI(TO) (t), de-

fined as HY = HO —ih2,

Hamiltonian H® in the physical Hilbert space H, assume that the operator H(®

in the extended Hilbert space F and unperturbed

has discrete eigenvalues E,, and eigenkets |¢,,), namely, H® |¢,,) = E,, |fm).
Now if we consider the extended Hilbert space, then we can find the solutions of
following equation;

HY $run)) = €mn |61m))

where n is arbitrary integer. The eigensolutions of the above equation become
|Pmn)) = |Pm) €™, and €, = Ep + nw. Since the |¢pn)) and |[@mnig)) with
an arbitrary integer g can construct same physically Floquet state with their
corresponding eigenvalues. We have infinite eigenenergies of a physical Floquet

states, €, = Ep, + nw.

Suppose that E,,, Ej, E,, ... are the eigenvalues of H(®) and the relation between
them is; E,, = Fy + pw = E, 4+ quw = ... for some integers p, q, ..., then the
eigenstates |¢,,), |dr) €, |b,) €9t ... are the eigenstates of H}O). This proves

)

that the eigenvalue of pro could be degenerate even if the eigenvalues of H® are

non-degenerate.

11



3.2 Non-Degenerate Perturbation Theory in the
Extended Hilbert Space

Let (E,, Es, ...) be eigenvalues of H" and the difference between any two eigen-
values be not equal to integer multiples of frequency, E, # Eg + qw, where q is

an arbitrary integer. The steady-state Schrodinger equation for the system is;

HE |fan)) = €an [Pan)) (3.3)

If we expand €4, and |pa.,)) in power series of A

€am = €0 4+ Al 1 A22 4 (3.4)
|Gam)) = |¢am>>+A|¢am>>+m¢£&>>+.u, (3.5)

and equate the coefficients of the same power of \, we obtain the following se-

quence of equations;

HY = O] 1e%)) =0, (3.6)
[HY — €OT o)) + [V — B ] [60)) =0, (3.7)
(HE = D112 + [V — D] [l — e 160 =0, (3.8)

With the normalization condition;

{(Pam(N)Gam(N)) = 1= ((6501850)) = ((Gnlobn)) = 0=
com = {(GamlVIeMn) (3.9)
e = ((6EIVIoE)) (3.10)

Since the set of the unperturbed states |gbg%)> form a complete and orthonormal

basis, we can expand ]¢8%)> in the \qbg%}) basis.

BN =3 o5n) (516l (3.11)
Bn
[HE = DTS IoS) (@S + [V = e ] 60 =0, (3.12)
Bn

12



multiply by <<¢E§3I, we obtain following relations;

[€Q — €D (o)) = (65 V[6D)) = (3.13)
V| dam

oy = 30 LbVig) (3.14)
Bn#am am 677,

Consider the following Hamiltonian as an example;
H(t) = H® + \V(t), where

7O _ <(1) _01) and V(t) = (f?t) f ét)) (3.15)

where f(t +T) = f(t) = Y, fre™*. Assume that the time dependent part is
sufficiently small compared to the time independent part. Suppose that at t= 0

1
the particle is in the state |1(0)) = <0> . We want to find the state of the particle

at time t. Since the system is two level system , there are only two physically
different states. We can call them as up state by [, (t)) = e™"1m! |y, (¢)) and
down state by |, (t)) = e “mt ¢, (t)). Now we can apply non-degenerate
perturbation theory (h = 1);

The zeroth order;

[H — DT 160y = 0,=

; 1
[Sim(®)) = [ofn) ™!, where |¢{)) = (0) (3.16)
€rm = 1+ mw (3.17)

The first order;

r¢$1i>>:Z|¢$2>><<¢%‘33H¢§2>> + 316 (@] eh))  (3.18)

n#m
— DT o) (ol o)) + Zwi?ﬁ» o0 1600}
n#m

+ [V —em]lein) =0,
(3.19)

13



multiply by <(¢$3| , we obtain;

[0 — O (@D 16509) +

the second and third terms give no contribution so ((¢ (0)|¢(1)>> =

(V6O —

and 6%1 = (<¢%(BL|V|¢$2L)> = 0. multiply by <(¢$l)| , we obtain;

[€2 — DT ((#D]pl0) +

the third term is zero, thus,
(Dl Bm))

[9tm)
similarly;
0
9m)
and

(P2 |V]6O))

O _ o

(0) (0)
€im — €tn

In this example, we find the first

(D [V [0y —

(BIV [05))
RO

(B IV @)
D gy ol ia2t)

n Tm n

(2 V]e{2)) = 0

6O V16
5l |i>0 ) o,

n m ™m

(Vo))

1
- dt —i(n—m)wt
5[

fn—m
2—(n—mw

—2—(n—m)w

) (e\060)) =

0, (3.20)

e (D5 [61m)) = 0, (3.21)

(3.22)

order corrections for both eigenstates and

quasienergies, and now we can write the complete wave function as follows,

14



[W(t) = Cl{](pgz(t»_’_‘qﬁ%})l(t»}6_1(6(0)_Fe(l)_F 3t
+ e {lo0 @) + [P () e Em et

— Cl{’T 1mwt+z fn m

tnwt ,—i(1+mw)t
—m)w e e

1mw fn m nw —i(—14+mw
+ ofll)e t+z ) ity gmil-THma)t

-2 —(n—m)w

- Cl{H\ —it + Z fn m |\L> ei(n—m)wte—it}

2—(n—mw

+ afll) e”+z f" = 1) el mmtetty

—m)w

= {cle—it + ¢y Z _Q@nwemwteit} |T>}

it fn inwt —it
+ {026 + 1 Zn: me e } |i,> (323>

We can find ¢; and ¢ from the initial conditions

fn

(0 ))—{01+C2Z }|T>}+{02+Clz

n

—HH) (3.24)

This example is an application for the non-degenerate perturbation theory in the
extended Hilbert space. If conditions which we mention above are satisfied, then
we can apply non-degenerate perturbation theory to find approximate solutions

for any system.

3.3 Degenerate Perturbation Theory in the Ex-
tended Hilbert Space

Suppose that |¢§f0) )) and |qbg31)>) are nearly degenerate states, E, ~ Ez + quw,
of the unperturbed Hamiltonian Hl(po). We want to determine the eigenkets
(|6a0)) , |@sq))) and their energies (€qg,€4) of the full Hamiltonian Hp with the
aid of almost degenerate perturbation theory developed by J. O. Hirschfilder|30].

15



For convenience, let (|¢1)) , |¢2))) and (€1, €2) represent (|¢a0)) » [984)));(€a0, €84),

respectively. We can make the following transformation by the aid of a nonsin-

gular matrix M,

|6r)) = Z |¢1)) My, (3.25)

where M), are the elements of a nonsingular transformation. If M~! is the

inverse of the matrix M, then

o)) =D 16s)) My (3.26)

After transformation, we have following eigenvalue equations

Hr|ér)) = g;qlcbz»Mzk
= Z:Iés»esk (3.27)
where
2
ek =Y _ My e My, (3.28)

=1

The eigensolutions (e, |¢x))) are the eigensolutions of the 2-dimensional secu-

lar equation,

| <<<5k\HF - €|<5z>> |=0 (3.29)
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If we use expansions in Eqn.(4,5) for eigensolutions (e, |¢x))) and substitute
them into Eqn.(3.27) and equate the coefficient of each power of A to zero, then

we obtain following equations;

for n = 0:
(Hp = ) [6,")) = 0 (3.30)
for n > 1:
2 n-1
0 T(n 7(n—1 T(m n—m
(Hy — eI = =VIS! N+ 323 1me™  (3:31)
s=1 m=0
where el({O) = eg%)5sk and |gz~51(€0))> are the well known eigensolutions of H%.

If we multiply Eqn.(3.27) with ((él(o)], where [ = 1,2, then we get

2 n—1
e = (A VIA) + (6" — e (1370 = 33 (A ey el
s=1 m=1

(3.32)

Let (!(]3&0;2» , ‘(/3(6(2» , {|<;~§Sy%>)}) be the nondegenerate states with z # 0, and
y # ¢, and an operator be defined as

0
s

HORWIS(O)
Ry =Y % (3.33)

where p excludes just ar and fy with x = 0 and y = ¢. If we apply this
operator to Eqn.(3.31), we get

17



2 n—1
67) = RV 16N =D R GIM)) € +Z|¢ (016))
s=1 m=0
(3.34)
with the Certain’s type of normalization [30]
(BO1™ ) = = >~ (@™ e ™)) (3.35)
m=1
and
~ y n—1
(B 161 = ¢§">r¢k =Y {A™Mg ™) (3.36)
m=1
we can obtain
67)) = RV 16{) (3.37)
7)) = R{V 16}”) Zw Zw) ) (6P1or ) (3.38)

6 = RV I6)) =3 {160 €5 + 1600 €1 = 37 160)) (61 [67))

(3.39)

For practical purpose, we define the sequence of partial sums instead of expan-
sions in Eqn.(3.4, and 3.5),
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Be(N))) = DTG (N)))

N
er(N) = D Nl (3.40)
n=1

By doing so, we can obtain the approximate eigensolutions (ex(N), |or(N))))

which are the eigensolutions of the following 2-dimensional secular equation,

| {{@(N)|Hp = e(N)|én(N)) | = 0 (3.41)

3.4 Floquet Adiabatic Perturbation Theory

If a term s(t), which is varying slowly, is added to the periodic Hamiltonian at
t=0, then the Hamiltonian will not be periodic anymore. However, if we consider
s(t) as almost constant during one period, we can apply the Floquet theory. By
using (t,t”) formalism [31, 32|, we can develop the Floquet adiabaatic theory.

3.4.1 (t,t’) formalism

The time dependent solution of the Schréodinger equation

i< W(t) = H(H)D(t) (3.42)

with the initial state

W (t) = o (3.43)



can be written as

[e.9]

(t) = /_ dt's(t — t))(t', 1) (3.44)

o0

where (¢, t) is the solution of the following two time Schréodinger equation,

. 0 - / - INT (4
where K(t') is defined as
/ / 0

Pfiffer and Levine [33| proved the validity of the Eqn.(3.44) by using time
ordering operator. An alternative proof was developed by Peskin and Moisyev|32]
as follows: from the Eqn.(3.45)

0 d\ ~ ~
(= + = )u(t',t) = H{tY(t' t 3.47
i+ )00 0) = D, 1) (3.47)
Since the contour ¢t = t’ is the only contour we are interested in, and % =1,
thus we can find that
0 - 0 ~ 0
pr (t', ) J=r + g@b(t’,t)hzt, = a111(75)|,5:,5, (3.48)

therefore, Eqn.(3.47) reduces to Eqn.(3.42) at t=t’.
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3.4.2 Adiabatic Floquet Model

Now we are ready to introduce two time variables t’ and t, which correspond to
"slow" time scale and "fast" time scale respectively, to develop Floquet adiabatic

perturbation theory|34].

K(s(t),0) [ (s(t'), 1)) = i [P(s(t'), 1) (3.49)
where
/ / .0
K(s(t'),t) = H(s(t),t) — Z& (3.50)

The solutions of the Schrondiger equation for any constant value of s are the

Floquet states;

[Va(s,1)) = €7 Juq(s, 1)) (3.51)

We can write the solution of the Eqn.(3.49) as

[D(s(t), ) =) Cals(t)))e 8 =N (5. 1) (3.52)

Substituting Eqn.(3.52) into Eqn.(3.49), and taking inner product with

((up(s(t'),t)|, we can obtain following equation;

S eals(t)) = = 3 eals@e O s 5(0) )| L 5(0), )

(3.53)

Now performing a transformation,

21



ag(t) = e ey (t) (3.54)

where v5(t') = if(f/ dr ((ug(s(1), )| Zuq(s(7),t))) known as Berry phase[35],

then the equation becomes

a —1 €, T 6 T T
508 (s( = =D aa(slt I3 Cay=esrir 4 (1) (3.55)
oB

Here Ags(t') = e =) ((us(s(t), )| 52muals(t), 1)) L. Let the sys-

tem be initially in an arbitrary Floquet state r, ¢,(s(0)) = 1, then

0

paa(s(t) = el (e atirg, (3.56)

If we use integration by parts, then we can obtain the first order correction in

os(t’)
ot’

a-(s(t") ~ 1= cr( (t) ~ e (t)

zfo €a(T)— er(T))dT

aa?ér(s(t/)) N ( ) r(t/) 065 =
Zfo €a(T)—€r(7))dr (1!
Corr(8(8)) 2 4 (t’) o) © ~ ) (ug(s(), t)|%(t,)ua(3(t’),t))> aag)

[Bs(t). 1)) o e e @O, (5(t), 1))

t o) ,t s(t
403 fuals(t),1) ((ua(s(t )()\)as(t (()( ) )>>aa(;)} (357

a#r

Since |1)(s(t'), t)) [i=y = ¥(t), our initial Floquet state (Eqn.(3.51)) will evolve

22



as;

Wa(s(t),1)) ~ e ®emthoainf |y (5(1), 1))
| ((up(s(t), 1) 525 e (5(2). 1)) Ds(t)
+z%|uﬁ<s<t>,t>> D )
(3.58)

In this chapter, we see the difference between the unperturbed Hamiltonians
H g) ) and H,, we prove that the degeneracy may occur due to the structure of
Hl(mo) even if Hy has no degenerate eigenvalues. Then, we develop non-degenerate
perturbation theory in the extended Hilbert space to show that the Floquet states
behaves in the extended Hilbert space like the stationary states in the Hilbert

space.

The almost degenerate perturbation theory which we develop converges rapidly
near resonance, and if we determine the eigenstates up to n-th order O(A"), then it
allows us to calculate the energies up to 2n+1-th order O(A***1). This provides us
the transition probability between the Floquet states to observe (2n-+1) photons

process.

Finally, we develop two time formalism in order to obtain the Floquet adiabatic
model. We develop this part for our near future work, that is, we will be interested

in the topological charge pumping which is related to adiabaticity.
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Chapter 4

Two Leg Ladder Subject to Time
Dependent Artificial Magnetic Field

4.1 Two-Leg Ladder

Jei:'.l[ﬂ"z

Figure 4.1: Two Leg-Ladder.
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In order to apply the Floquet formalism, which we develop in Chapter 2, to a
physical system, we choose a simple model. Since the tight-binding model was
studied for static case and experimentally, we use it to analyze the dynamics of the
two-leg ladder under the time-dependent artificial magnetic field. We assume that
a particle is allowed for tunnelling or hopping between the nearest neighbouring

sites. We can write our Hamiltonian without magnetic field as:

H= JZ CL;[CLZ'_H Sl b;rbi_;_l il ajbz + h.c (41)

where a!(a;) are creation(annihilation) operators for leg-a and b!(b;) are cre-
ation(annihilation) operators for leg-b and J is the hopping parameter. We apply
a time-dependent magnetic field in the z-direction and choose the vector potential
A = (—yBy(t),0,0) as the Landau Gauge. Due to the vector potential, the wave-
function of the particle picks a phase when the particle moves from a lattice site
to a different lattice site. The phase, which is described as an integral i) R Adl

, enters the Hamiltonian via Peierls substitution

—je [Fm o
J — Jexp{h—/ A.dl} (4.2)
c

then our Hamiltonian becomes

JZ{e “al lai1 + e’Z@bEbiH + a;rbi + h.c} (4.3)
where
e - o e 2m

t Adl = ds=—®(t) = —P(t 4.4
o) =1 § Adl= £ [(Gx Dds= o) = e (@)
where ¢y = % is the flux quantum and ®(¢) is the magnetic flux passing

through each plaquette. The general wave function can be written as the linear
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combination of the all localized states [i, ) as

Z¢1A

We can write our Hamiltonian

transform;

where L is the length of the system and [ay, a
Since we assume the periodic boundary condition a;1; = a;, Y, €

S e®itq we can find k as k =

) i, A) + ip(t) i, B) (4.5)

and eigenstate in k-space by using Fourier

1 o
Jp e
VL4

1 i
—= 2"y (4.6)
VL %
k] = 0y, ,and [bk,b =04
ikjaeikLaa —
QL”—(:L, where n is an arbitrary integer. Our

Hamitonian and wave function becomes

H(t) = Z 2J cos(ka + @)azak + 2J cos(ka — ¢(t) Vbl by + Jalb + Jblay,
g (4.7)
B ; -\ [ 2J cos(ka + @) J ay
N zk: <ak 7 bk) ( J 2J cos(ka — 42) | \ o, (48)
) = 377 a6 ) b))
= Z%A ) |k, A) + Yip(t) |k, B) (4.9)
where
Vr,a(t) _ L o ikia ¥j.a(t)
(«m,fs@)) Vi <¢j,3<t>) 10
and



Vj,a(t) 1 ivia [ Vra(t)
- et 4.1
(wj,sw) Vil <¢k,3<t>> .

Then the Schrédinger equation reads

@)W,A(ﬂ |k, A) + Jbr,a(t) |k, B)

+ JYp(t) |k, A) + 2J cos(ka — @)mfﬁ(zﬁ) |k, B)

H(t)|¥(t) = Z 2J cos(ka +

= BT () Ik, A) b s(0) [k, B)) (4.12)
k

projection by (k, A| gives

ih%wkﬂ(t) =2J COS(]CCL + @)wkﬂ(t) -+ ka,B(t) (4.13)
and projection by (k, B| gives
ih%wk73(t) = J g(t) + 2J cos(ka — @)th(lﬁ (4.14)

Let 7 = % , then we can write above equations as:

9 (Yra(T))  [2cos(ka+ @) 1 G (7)
o <¢ka<7>> . ( I %) (wk,w)) o

For each k point we obtain a Hamiltonian as

2 cos(ka + 222) 1
Hy(t) = 2 4.16
#(7) ( 1 2 cos(ka — @) (4.16)
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4.1.1 Case I: Artificial Magnetic Flux Varying Linearly
With Time

If artificial magnetic flux varies with time linearly, ¢(7) = 2Q7, then Eqn.(4.16)

becomes

22 (1/%’14(7')) _ (2 cos(ka + Q) 1 ) (ﬂ%,A(ﬂ) (4.17)
01 \ 4y 5(7) 1 2cos(ka — Q7)) \Yr.B(7)

Although our field is not time periodic, the Hamiltonian for each k-point be-

comes time periodic due to the lattice structure.

01 2cos(ka + Q 0
Hy(7+T) = Hy(r) = Ho+ Vi(7) = 1 (Zeostha+ )
10 0 2 cos(ka — Q)
where )
m
7=
Q

Therefore we can write our solutions as;

) — Vr.a1(T) _ i) <¢k,A,1(T)) 418
() ( W,lm) b on(r) 1)
and

) — Vr.a2(T) _ piealb)r <¢k,A,2(T)) 419
V(7)) (1/;,,37372(7')) Or,B2(T) )

where
(¢k,A,r(T+T)> _ <¢k7Azr<7)> (4.20)

Sepr(T+T) Or.8.+(T)

where r = 1,2 and €;(k), €1 (k) lie in the first Floquet Brillouin zone. The general
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Hp =

solution for the Hamiltonian at k-point can be written as;

V(7)) = (

Since the Floquet states can be

wk,m)
wk,B (T )

space H we are working in as

1 (k,>e—iel(k)7 (
CQ(k)e—ieg(k)T (
> ei(k)jea®r <

Cz(k>efieg(k)7' (

¢k,A,1 T

(
¢k,B,1(T
(
(

¢k,A,2 T

¢k,B,2 T

m
k,B,2

¢7;:,LA,1

m
k,B,1

)
)

(7)) = 7B " G (a) [a) e

) efzmQT

¢m
k,A,2 efimQ‘r

(4.21)

decomposed in any basis |a) of the Hilbert

(4.22)

where ¢}, (o) = (a|¢},), we can construct the infinite Floquet matrix by the aid

1 0
of |a) = (O) and |5) = <1> , {an|Hp|Bm) = H25™ + nQ6,umbas, as;

o, =2) 1B, =2)  |a,—-1) |8, 1) lo, 0) [8,0) la, +1) B, +1) o, +2) |8, +2)
4 4 4 1 4 4 4 + 4+ 4
—2Q 1 etka
1 —20 0 e tka
e—zka 0 —Q 1 ezka
eika 1 —Q 0 e*ika
e ka 0 0 1 eika
e'ika 1 0 0 E*ika
—ika 0 1 ka
eik‘a 1 Q 0 e—ika
e~ ka 0 20 1
etka 1 20

30

— |a, —2)
«— [B,—-2)
+— |a, —1)
«— [B, 1)
— |a, 0)
« [B,0)
— |a, +1)
B, +1)
«— |o, +2)
«— 18, +2)

(4.23)
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quet states for values of 2 =0.2, 0.3
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Figure(4.2) and Figure(4.3) show the quasi-energies and corresponding the long
time averaged transition probabilities as a function of ka with Q = 0.2, 2 = 0.3,
Q =3, Q =10 .The blue and red lines in the middle represent the quasi-energies
that lie in the first Floquet Brillouin zone which we define in Chapter 2. The
two lines at the top and the two lines at the bottom represent the shifted quasi-
energies €;2(k) + Q and €;2(k) — €, respectively. Note that the quasi-energy
bands become flat as frequency increases, actually, in the high frequencies the
system is governed by an effective time-independent Hamiltonian obtained by
high frequency expansion|36]. In the low frequency vicinity as in Figure(2a)and
Figure(2b) we observe the n-photon time averaged transition probability from
lp_) = \/Li (1, —1)T to |py) = \/Li (17 1)T. The red lines represent upper Floquet
states(|an)) and the blues corresponding to the lower Floquet states (|5, n)). In
this figure we can easily observe the periodicity of the quasienergies with €2 and
there are resonance transition between |a) and |5) at the some of the avoided
crossings between Floquet states. Resonance occurs when two quasinergies,each
of them represents different physical state, in different Brillioun zone come close
to each other. At the resonance points the Floquet states are strongly mixed
and the condition €; — e = nf) with integer n is satisfied, thus, the particle
absorbs and emits n photons. In other words, n-photon transitions occurs at the
resonance points. To understand multi-photon resonance process analytically we

can apply quasi-degenerate perturbation theory.

To apply quasi-degenerate perturbation theory, let first perform a unitary

transformation;

fi(r) = 1 1 2 cos(ka — Qr) 1 1 1
v ~1 1 2cos(ka+Qr)) \1 —1

1
2
1 + 2 cos(ka) cos(§27) 2sin(ka) sin(21) (4.24)
2sin(ka)sin(27)  —14 2cos(ka)cos(27) .
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[ee, =2) 18, —2) la, —=1) 18, —1) la,0)  18,0) o, +1)  [B,+1) la; +2) [8,+2)

’ i . ’ i : ’ i ' .
1-2Q 0 c is — |, —2)
0 —1-2Q is c — |8, —2)
c —1is 1-Q 0 c is +— |a, —1)
—is c 0 —1-Q is c «— |8, -1)
c —is 1 0 c is +— |a,0)
Hp = —is c 0 -1 is c <+~ |B,0)
—18 14+ Q 0 c is — |a, +1)
—is c 0 —-1+Q is c <+~ |8, +1)
c —is 1420 0 — |a, +2)
—is c 0 —-1+4+2Q <~ |8, +2)
(4.25)
where ¢ = coska and is = isinka . Now if we consider this transformed
Hamiltonian as sum of unperturbed Hamiltiony H°, and perturbation,V,
l,=2)  16,=2)  lo,—=1)  [B,=1) |a,0) 8,00 Ja,+1)  [B+1) e, +2) |, +2)
: : 1 ' ! 1 i ! i B
1-2Q 0 c 0 — |, —2)
0 —1-2Q 0 c «— |8, —2)
c 0 1-Q 0 c 0 — |a, —1)
0 c 0 -1-Q 0 c |8, —1)
c 0 1 0 c 0 — |a, 0)
I:I?, _ 0 c 0 -1 0 c <+~ |3,0)
c 0 1+Q 0 c 0 — |, +1)
0 c 0 -14+Q 0 c <+~ |8, +1)
- 0 1+2Q 0 — |, +2)
0 c 0 —1+42Q «— |8, +2)
(4.26)
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la, =2) |8, =2)  fa,=1) B, —1) [, 0) [B,0) Ja,+1) B +1) o, +2) |8, 42)

4 + 4 4 + + + 4 4 +
0 0 0 is — |a, —2)
0 0 is 0 <~ |B,—2)
0 —is 0 0 0 is +— |a, —1)
—is 0 0 0 is 0 «— |8, —1)
0 —is 0 0 0 is <~ |, 0)
—is 0 0 0 is 0 « |8, 0)
0 —1is 0 0 0 is — |a, +1)
—is 0 0 0 is 0 « B, +1)
0 —is 0 0 — |a, +2)
—is 0 0 0 — |B,+2)

(4.27)

then since the unperturbed eigensolutions are well known we can find approx-

imate solutions of the full Hamiltonian.

If we write our Hamiltonian in terms of new bases |an) = Y - Ji_n(—2coska/Q) |ak)

and |fn) — Yore oo Ji—n(—2coska/Q) |Bk), where J, is the Bessel function
(We can obtain these new bases by performing unitary transformation (7) =
o—i2cos(ka) [ cos(Qr')dr! &(7)) , then we get

| &) 2

1

| B) 2 |
1

-&,)

$

| By 1
0

&0 |
1

B0 |
1

a1 |
1

0

By1 |

&2
1

| B2
1

is

s

«—la, —2)
— 1B, -2)

1-Q

0
-1-Q

«— |&, —1)
18, -1)

—1is

—is

+ |&,0)
« 18,0)

is

is <+~ |a, +1)
0 « 18,+1)

1429

0 «— |&, +2)
—1+2Q — 1B, +2)

(4.28)

We see that |&, n) is coupled to |3,m) when n = m —1 or n = m + 1 from the

matrix structure of Eq.(4.28).

As an example, let assume that the states ¢£?) = |@,0) and (bg)) = |57 +3) are
nearly degenerate(2 ~ 3Q2). Then Eq.(4.28) is reduced to 2 x 2 matrix.
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1 uaa ua
H=| T ’ (4.29)
U;a -1 + nQ + Z/{gﬁ

where the elements of matrix ¢ are obtained by following equation

U= (ths) = GOV + (@OVI6D) — (6OV]6) (606
HBDIVIED) — (6Io) (O[V]6) (430

with ¢ = (g, ¢p) and ¢8) = 34518,1) — 54518, —1), 65 = 525, 2) —

2+i9 |, 4), where A = isin(ka).

4
Uso = —Usp=—A7—=3
. A?
Z/{aﬁ = L{ﬁa = m (431)

Lot Qpes. = 2+ Una — Upg, d = Qpes. — nQ, and By = HHeetlostn® e we

can write H as;
d
H = FE)l+ 20 + Re{Unp}o, — Im{lap}o, (4.32)

where o are the Pauli matrices. Let E = %0, + Re{lng}o, — Im{Uas}o,. The

Pauli matrices anticommute so

d2
E? = 7+ Uns|? = 7 (4.33)
A . . , 242
et = gmibotmiBt _ omikol(] _jEt — 5 +...)
Bt E
= e (cos(rt)l — i— sin(rt)) (4.34)

r

1

If the initial state is (O

) , then the transition probability is

P(t) = | <0 1) et (3) > = |V:_;1|2 sin®(rt) (4.35)
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and the time averaged transition probability becomes

N B VA 2[Vpgl?
2 7 (Wres — n8)2 4+ 4|V,
whenever 2,., = nf2 resonance transition occurs.
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Figure 4.4: Transition probability between Floquet states for 2 = 0.73

Note that the components of the eigenvectors of the infinite Floquet matrix in
Eqn.(4.23) are the Fourier coefficients of the Floquet states, we pick these values
to construct the general solution for the Hamiltonian at k-point in Eqn.(4.21),
and by the Eqn.(4.11) we can obtain the wave function of the particle in real

space and can observe how it behaves over time.
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Figure 4.5: Evolution of the particle for values of {2 = 0.3,
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Figure 4.6: Evolution of the particle for values of 2 =10, 15

In this figures leg-1(leg-2) refers to leg-a(leg-b) and these figures show how
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particle spreads out for different values of frequency. Fig.(4.5a), Fig.(4.5b),
Fig.(4.6a), and Fig.(4.6b) are obtained with the frequencies 0.3, 3, 10 and 15,
respectively. To observe the spreading of the particle very well, we set our two-
leg ladder such that each leg has 9 sites. In real space we observe that center
of mass doesn’t change with time, in other words, the particle spreads out in
left direction and right direction equally. In addition, we see that particle with
low frequencies prefers to spread to other sites. However when we have suffi-
ciently high frequency, the particle remains its initial site. This means dynamic

localization.

4.1.2 Case II: Artificial Magnetic Flux Oscillating In Time

In this case we consider an oscillating artificial magnetic flux, ¢(7) = 2a cos(Q27).

For each k point the Hamiltonian is

[ 2cos(ka + acos(27)) 1
Hi(r) = ( 1 2 cos(ka — « COS(QT))> (4:87)

If we perform a unitary transformation
‘wk(T» 712 cos(ka) [y cos(ccos(Qr’))dr’ ‘1/} ( >> (438>
then the Schrodinger equation reads

Kl (@k,A(T)) _ (—QSin(k:a) sin(a cos(2r)) 1 ) (@A(TU
T 1Z~)k73(7') 1 2sin(ka) sin(a cos(§271)) Yr,B(T)
(4.39)

we can write Hamiltonian as

1{[(7') — 0 1 + eiacos(QT) iSil’l(kJCL) 0 + efiacos(QT) ZSID(]{ZCL)
10 0 —isin(ka) 0 i sm(k‘a

_ szT ('s-l—l + (_i)8+1) Sin(ka)
_< ) ZJ ( 0 (1571 + (=1 31smkza>

(4.40)
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where J, = J,(«)sin(ka). If we follow same procedure

following figures,
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as in case-I, we

(4.41)

obtain
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Figure 4.7: Effect of the o on the Quasi-Energy bands
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Figure 4.10: Evolution of the particle for the values of 2 = 0.3, 3 when av =1
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Figure 4.11: Evolution of the particle for the values of {2 = 10, 15 when o =1

Fig.(4.7) shows how the field amplitude affects the quasi-energy bands with
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frequency (2 = 0.3. It changes the zig-zag shape of the bands and affects the
number of resonance points in the range of the k as shown in Fig.(4.8) and
Fig.(4.9). Actually, there is no linear relationship between o and the number of
resonance points. However, when « takes high values, the width of resonance

curves expands and energy bands approach each other.

The spreading of the particle in the real space is shown for the values of
frequencies 2 = 0.3 and ©Q = 3 in Fig.(4.10) and for the values of frequencies
2 =10 and 2 = 15 in Fig.(4.11) with the value of the field amplitude oo = 1. we

see again that the particle spreads less at high frequencies.

In this case, we have a chance to control the system. By finding suitable values
for the field amplitude and the driving frequency, we can send the particle to a

site with a desired probability. Let examine the following figure as an example.
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Figure 4.12: Evolution of the particle for different values of a when €2 = 2
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Figure 4.13: Evolution of the particle for different values of a when €2 = 2

Fig.(4.12) and Fig.(4.13a) shows the spreading of the particles for different
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values of the field amplitude with the value of the frequency 2 = 2. Fig.(4.13b)
shows the spreading of the particle in the case-I for the value of the frequency €2 =
2 We see that the particle is completely found in just one leg and spread out on it,
and every half period later it prefers the other leg with a different configuration
when 2 = 2 in the case-1I, and the population of the sites is changing according
to the value of the field amplitude. Therefore, we can determine the value of the
field’s amplitude to obtain a desired configuration. However, we have no such a

opportunity in the case-I as shown in Fig.(4.13b).
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Chapter 5

Conclusion

In this thesis, we developed the Floquet formalism and examined some properties
of the Floquet states and their corresponding quasienergies. We showed that
Floquet sytems can be described by an infinite dimensional time-independent
Hamiltonian. In Chapter 3, we developed time-independent perturbation theory

in the extended Hilbert space and the Floquet adiabatic model.

In Chapter 4, we studied the dynamics of a particle subject to time dependent
artificial magnetic field in two cases by using tight-binding model. In the first
case, the time-dependent artificial magnetic field varied linearly with time, and
in the second case the field oscillated in time. We solved the problem numerically

by using the time-independent Floquet matrix.

In both cases, we obtained quasi-energy bands for different values of the driv-
ing frequency. When the driving frequency is less than or equal to the difference
between the eigenvalues of the time-independent part of the time-periodic Hamil-
tonian, we realized resonance transition at some k-point between the Floquet
states. We applied the almost degenerate perturbation theory to understand
multi-photon process better at these resonance point. In the case-I, the smaller
value of the driving frequency is, the more resonance points occurs. The dif-

ferences between quasi-energies are an integer multiple of the driving frequency
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at these points. As the driving frequency increased, we observed that the quasi-
energy bands became more flat. In the real space, we observed that as the driving
frequency increased, the spreading of the particle slowed down and the particle

remained at its initial position with sufficiently high frequency.

In the case-II, we first observed the effect of the field amplitude on the quasi-
energy bands. When we change the value of the field amplitude, the shape of
quasi-energy bands changes, and this also change the position of the resonance
transition and the number of the resonance points. In this case we have an
opportunity to populate any site by changing the value of field amplitude for a

given value of the driving frequency.

For future work, we will study adiabatic charge pumping for the case-II by
changing the field amplitude slowly. Then we will study the physics of the time-

dependent topological insulators.
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