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ABSTRACT
FINITE p-SUBGROUPS OF Sp(n)

Mustafa Seyyid CETIN
M.S. in MATHEMATICS
Advisor: Ozgiin UNLU
September 2021

Hikari [1] classifies all finite p-subgroups of simple algebras, and Baniegbal [2] classi-
fies the finite subgroups of 2 x 2 matrices over a division algebra of characteristic zero.
In this thesis, we give a new proof for the classification of the finite p-subgroups of
2 x 2 matrices over the quaternionic algebra. Using this classification, we classify fi-
nite p-subgroups of the symplectic group Sp(2). More precisely, for every prime p, we
define a denumerable family of p-subgroups of Sp(2) so that every finite p-subgroup
of Sp(2) lives inside one of the members of this family. To give this classification, we
proved general results for Sp(n) whenever possible.

Keywords: p-group, symplectic group.
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OZET
Sp(n) ICINDEKI SONLU p-ALTGRUPLAR

Mustafa Seyyid CETIN
Matematik, Yiiksek Lisans
Tez Danigmani: Ozgﬁn UNLU
Eylil 2021

Hikari [1] basit cebirlerin tiim sonlu p-altgruplarim simiflandirir ve Baniegbal [2] 2 x 2
matrislerinin sonlu altgruplarimi karakteristigi sifir olan bir bolme cebiri tizerinde
siniflandirir. Bu tezde, 2 x 2 matrislerin sonlu p-altgruplarini kuaterniyonik cebir
tizerinden simiflandirmak igin yeni bir kanit veriyoruz. Bu simniflandirmay kullanarak,
Sp(2) simplektik grubunun sonlu p-altgruplarimi smiflandiracagiz. Daha dogrusu, her
asal p i¢in, Sp(2)’nin sayilabilir bir p-altgruplar: ailesi tanimlariz, boylece Sp(2)’nin
her sonlu p-altgrubu bu ailenin iiyelerinden birinin i¢inde yasar. Miimkiin oldugu

durumlarda Sp(n) i¢in genel sonuglar kamtlayarak bu 6zel simflandirmay: verdik.

Anahtar sézcikler: p-grup, simplektik grup.
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Chapter 1

Introduction

Representation theory helps to see all finite groups as a subgroup of a matrix group
so that finite groups can be studied much better by linear methods. Hence it is
crucial to understand the finite subgroups of matrix algebras. Here the matrix group
means the multiplicative group of matrix ring, i.e., the group of all invertible n x n
matrices. To clarify, we first introduce the matrix ring over a ring. Most of the time,
this ring will be the real numbers R, the complex numbers C or the Hamiltonian
quaternions H. Let R be a ring. Firstly, Mat,(R) denotes all n x n matrices over
R and we define GL,(R) as the general linear group, which is the group of n x n
invertible matrices over a ring R. In this group, there are basic subgroups, and we
define some of them now. The special linear group SL,(R) is the n x n matrices
whose determinant is 1 over a ring R. This group is also a normal subgroup of
GL,(R) because it is the kernel of the determinant as a group homomorphism from

GL,(R) to the multiplicative group of R.



On the real number matrix ring, the orthogonal group O(n) defines the subgroup
of GL,(R) where the transpose of the elements is equal to its inverse. Here the
determinant of the orthogonal matrices can be 1 or -1, so we also define the special
orthogonal group SO(n) as the group of orthogonal matrices with determinant 1.
In GL,(C), a matrix called unitary if its conjugate transpose is its inverse, and the
unitary group U(n) is the group of all unitary matrices. The special unitary group
SU(n) is the subgroup of the unitary group with determinant 1. Finally, we define
the symplectic group Sp(n) in quaternion matrix ring G L, (H) with the property
A*A = I, where A* = [a;]* = [a;;] for any matrix A = [a;;] of Sp(n).

Felix Klein [3] firstly started to study the finite subgroups of SL,(C) by making
the relation between geometry and group theory. He classified the finite subgroup
of the special linear group for 2 x 2 matrices over C. Finite subgroups of classical
groups have been studied by many authors, and here we give two more examples of

such studies.

As an example of finite subgroups of these matrix groups with real entries, we can
take the well-known example SO(3), called the rotation group in three dimensions.
Artin [4] gives this example in his book, but Armstrong shows this more explicitly
in his book [5] by using orbit-stabilizer and counting theorem. It turns out that the
conjugacy classes of finite subgroups of SO(3) is equivalent the triples (x,y, z) with
% + % + % > 1 where z,y, z € Z". Hence, the classification of the finite subgroup of
SO(3) has three types: a cyclic group, a dihedral group, and the rotational symmetry
group of regular solids. To state clearly, we can think of the cyclic group as a rotation
by multiplies of 27 /n about a line and the dihedral group as symmetries of a regular
n-gon with n arbitrary. Also, this includes the rotational symmetry of tetrahedron,

octahedron and icosahedron.

In the complex matrix ring, we can give another example: the finite subgroups of
SU(2). Klein [3] and Artin [4] show the strong relation between SU(2) and SO(3).



Here Klein proves the important theorem related between SU(2) and SO(3) that
there is a double cover from SU(2) to SO(3), i.e., surjective map where the preimage
of each element has order 2. Therefore we can find the finite subgroups of SU(2)
using the relation with SO(3). Besides, we can consider S* as the multiplicative
subgroup of quaternions H that consists of elements whose product of its conjugate
is 1. There is an isomorphism showed in, for example, Serrano’s paper [6] between
SU(2) and S3. Amitsur [7] classifies the finite subgroups embeddable in a division
ring and hence it classifies all subgroups of S3. Both of these methods show that the
subgroups of SU(2) can be listed as follows: a cyclic group, quaternion group Qs,
binary dihedral groups with order 2(n — 2) where n > 5 and the binary groups of

tetrahedral, octahedral or icosahedral groups.

All finite subgroup of SU(2) freely act on S* since SU(2) is isomorphic to S.
Furthermore, Milnor [8] studied the finite group acting on S™ without fixed points,
and he classifies all finite groups acting on S* as the trivial group, the quaternion
group of order 8n, the octahedral and icosahedral group and also, Danops1) =<
a,b : a® = 1,0 = 1,ab = b~la > where 2 < n,1 < k, Pis. =< a,b,c :
a? = (ab)? = V?,ca = bc,cb = abe, ¢ = 1 > where 1 < n and the groups of
direct product of P x [[ G, where G, is one of above groups and C' is cyclic with
(ord(Gy),ord(C)) = 1.

In this thesis, we classify all finite p-subgroups of Sp(2). For p odd, a finite p-
subgroup of Sp(2) is isomorphic to a subgroup of Cyn x Cyn for some natural number
n. For p = 2, every finite p-subgroup of Sp(2) is a subgroup of a semidirect product
of the direct product of two generalized quaternion 2-groups of order 2" and the

cyclic group of order 2 for some natural number n (i.e., a split extension of Qan X Qan
by Zs as (Qan X Qan) X Zs ).



Chapter 2

Preliminaries in Group Theory

We give some definition and notation in group theory which will be used later.

Let G be a finite group, then the normalizer in G of X C G is defined as
Ne(X)={geG:g'zge X for all v € X}
and the centralizer in G of X is

Co(X)={9€G:2g=gxforalzecG}

We denote Aut(G) as the set of all automorphism of a group G. A characteristic
subgroup in a group G is an Aut(G)-invariant subgroup of G where we consider the
natural action of Aut(G) on G. If H is a characteristic subgroup of G, then we write
H char G.

We also define the rank of a group G by

rank(G) := min{r : there exist an elementary abelian subgroup of G whose rank is r}.

4



Let P be a partially ordered set(poset) with respect to <.  Then an

ascending chain in P is the infinite sequence aq, ao, ..., of element of P such that

a<ar <..<a, <..

— n

and an descending chain in P is the infinite sequence ay, as, ..., of element of P such
that
CL126L22...>(an...

We say P satisfies the ascending chain condition ACC (respectively
descending chain condition DCC') if every ascending (descending) sequence even-

tually stabilizes, i.e., there exist n € Z such that a, = a,+1 = ...

When we think the subgroup relation, any group GG becomes a set of subgroups of
poset. Hence if a group G satisfies the ACC, then we said G is a noetherian group,

and if it satisfies the DCC, we said G is an artinian.

Let n be in Z. If a group G has a finite series of subgroups Hy, Hy, ..., H,
such that 1 = Hg < Hy < Hy < .. < H,y < H, = G (without equality)
where each subgroup is maximal normal in the next, or equivalently, the fac-
tor groups H,/Hy,Hs/Hy,...,H,/H,_1 are simple, then this series is called a
composition series and these factors are called composition factors. Also, n is

the length of this composition series.

Given groups N and H, a group G is called an extension of H by N if there is a
short exact sequence
0-N5GSH—0.

It means there is a monomorphism i : N — G and an epimorphism 7 : G — H such
that Im(i) = Ker(w). Therefore, if G is an extension of H by N, i(N) is a normal
subgroup of G, and the quotient group G/i(N) is isomorphic to the group H.



Let p be a prime, G be a finite p-group and n € Z*, then
0 (G) =<2 €G: 2" =1>

and

O"(G) =<2 :z€d >

Now we also give some finite groups with their presentations which we use in this

paper later:

The cyclic group with order n considered here the rotation naturally with the

generator 27 /n rotation:
C,:=<g:g9"=1> where 1 is the group identity

The dihedral group with order 2n is the group of the rotation and reflection of
regular n-gon.

Doy i=<g,h:g"=h*=1,gh=h""'¢g""' >

Besides these group, we give the presentation of another group which is the

generalized quaternion 2-group with order 2™:

1 n—2

Qo :i=<g,h:g"" =h*=1,¢"" =0 gh=hg™" >

For n > 4, the semidihedral group with order 2" denoted by SDsn is defined by

SDon =< g,h:¢*  =h*=1hgh=g¢>" ">



The elementary abelian group with order p” denoted by E,» is defined by

Ep =< T1,T9, ... Ty 2y =28 = ... =2ab =1, z;x; = xjx; for all 1,j >

The modular p — group Mod,. of order p™ is the split extension of Cpn-1 =< g >
by a subgroup H =< h > of order p with h=1gh = g*" *+*

Mody =< g, h : " =1, =1,k gh=¢g" t'>

We start with the set of matrices. Let n be a positive integer then we will denote
Mat, (R) the set of all n x n matrices with entries in a ring R and a matrix A in
Mat,, (R) will be represented as [a;;] such that a;; € R where i,j are positive integers
between 1 and n. Mat,(R) is a ring, and we are interested in the multiplicative
group of this ring and subgroups. The multiplicative group of the matrix ring is

called the matrix group.

Now we give some definitions of the classical lie groups. For more information,

you can see Baker’s book "Matrix groups”[9].

We define the general linear group in Mat,(R) where any element has a multi-
plicative inverse, equivalently, the determinant of any element is not equal to 0 and

it denotes by
Mat,(R)* = GL,(R) :=={A € Mat,(R) : detA # 0}

and the special linear group define as the set of nxn matrices with determinant 1

and we will show by

SL,(R):={A € Mat,(R) : detA = 1}.

Here we generally interest in the real number R or the complex number C fields,

the quaternion number H as the ring.



On the real matrix ring, the orthogonal group includes the element A = [a;;] with
the property A'A = I, where A" = [a;;]" := [a;;] is the transpose of A. We will
denote by

O(n) :={A € Mat,(R) : A'"A=1,}

and the special orthogonal group is
SO(n) :={A € O0(n) :detA =1}

For the orthogonality on Mat, (C) (respectively Mat, (H)), we use the conjugation
on C (respectively H) with the transpose of matrix. On the matrix ring over C
(respectively H), we define the conjugation transpose of matrix A = [a;;] as A* =
[a;;]* = [a;]" = [@;]. Besides, we also define the standard hermitian(respectively
quaternionic) inner product by this conjugation on C" (respectively H") by

n
<v,w >=v'w = Z@wi, where v = [v;], w = [w;] € C"(respectively H")
i=1

In general, we can define a hermitian inner product as a function <, >: VxV — C
on a vector space V over C with the following conditions:
D<u+v,w>=<u,w>+ <v,w>
Q)< u,v+w>=<u,v>+ < u,w >
3)< UM, v >=\ < u,v >
4)< u, A >=< u,v > A
D) <u,v>=<uv,u >
6)<u,u>>0
N<u,u>=0 <= u=0
for all u,v,w eV and A € C

The conjugate transpose also gives the subgroups of matrix group: The
unitary group in Mat,(C) is
U(n):={A e Mat,(C): A*A=1,}
8



and the special unitary group is
SU(n):={Ae€U(n):detA=1}.
The symplectic group in Mat,(H) is

Sp(n) :={A € Mat,(H) : A*A = 1,}.

Let R be a ring, then R" is an R-module. When R is a division ring, it becomes
vector space (see [10]). Matrix ring over R always act naturally on R", and these
matrix groups have geometric inspiration. Geometrically the action of the orthogonal
groups preserves the distance, inner and dot product,and this is another way to define
equivalently, so, in particular, these matrices include rotation, reflection and their
combination. Hence we can think of the finite rotation and reflection groups in

orthogonal groups.



Chapter 3

Preliminaries of Module and

Representation Theory

In this thesis, we only consider fields characteristic zero.

Given an F-vector space and a ring R, then we say R is an algebra over F' if it

satisfies the condition

A.(ab) = (A.a)b = a(A\.b) forall N € F, a,b€ R

A division algebra D is an algebra (over a field F') where all non-zero elements

of D are invertible.

Let R be an algebra over a field F. A non-zero R-module V is called simple (or
irreducible) if V does not have any R-submodules except for 0 and V. An F-algebra
R is called semisimple if it is the direct sum of simple submodules, that is, there

exist simple submodules S;, for i € I an index set, such that R = € S;.
iel

10



When we think the submodule relation, the set of submodules of a module V'
becomes poset. Hence if a module V satisfies the ACC, then we said V' is noetherian,

and if it satisfies the DCC, we said V' is artinian.

Let n be in Z. If a module V' has a finite series of submodules My, My, ..., M,
such that 1 = My < My < My < ... < M,; < M, = V (without equal-
ity) where each subgroup is maximal submodule in the next, or equivalently, the
factor groups M, /My, My/M;, ..., M, /M, ;1 are simple, then this series is called a
composition series and these factors are called composition factors. Also, n is the

length of this composition series.

Let A and B be vector spaces over a field F' with bases aq,aso,...,a,, and
by, b, ..., b,, respectively. Now we define A ®p B as the mn-dimensional vector space
over I with a basis the set of a; ®p b; where i € 1,...,m and j € 1,...,n. For any
a€ Aand b € B with a = 7" Nia; and b= 377, yja; where \;,y; € F' for each
1,7 , the product is defined by

a@p b= Z)\f)/](az QSF bj)

i?j

Let V be an n-dimensional vector space over a division algebra D with a chosen
basis. A representation of a group G is a homomorphism p from G to Mat, (D) and
the character of the representation is the trace of the matrix representation. Here,
G can act on D-module V' with g.v := p(g)v for all g € G and v € V. We can also
similarly define irreducible representation as an irreducible G-invariant module. A
faith ful representation is an injective representation. Also, if a module V cannot
be written as the direct sum of some of its submodules permuted by G, then we say

this module and representation is primitive. Otherwise V' is called imprimitive.

Let Rep(G, K) denote the set of all representations of G on K-vector space where
K = R,Cor H. If p € Rep(G,H) can be seen also in Rep(G,C) or Rep(G,R)

11



(similarly complex representation can be seen as real representation) so we can define

the restriction maps by
re . Rep(G,H) — Rep(G, C)

i : Rep(G,H) — Rep(G,R)
g : Rep(G,C) — Rep(G,R)

And also, we define the extension maps

(&

& Rep(G,C) — Rep(G,H) by U s H®c U

eq @ Rep(G,R) — Rep(G,H) by U s H®g U
eg : Rep(G,R) — Rep(G,C) by U +— C®g U

Irr(G, K) denotes the set of all irreducible G-invariant modules over K.

Let V be a finite-dimensional left vector space over C and p be a representation
of G on V. Then

i) if V has a map conjugate-linear G-map f: V — V with f2 =1 then p is called to
be of real type

ii) if V has a map conjugate-linear G-map f : V — V withf? = —1 then p is called
to be of quaternionic type

iii) if p is neither real nor quaternionic type, then p is called to be of complex type

Now, we give more specific definitions on Irr(G, K') which denoted by Irr(G, K)y,
where L and K are one of H, C and R:

U € Irr(G,H)y : <= (3V of quaternionic type, V = r¢(U))

UcIrr(GH)c: <= 3V,VZVand U =eg(V))
U e Irr(G,H)g : <= (3V of real type, U = e (V))

12



U € Irr(G,C)y : <= U is of quaternionic type
Ueclrr(G,C)e:<= Uz%U
U € Irr(G,C)g : <= U is of real type
U € Irr(G,R)y : <= (3V of quaternionic type, U = rg(V))
UecIrr(G,R)c:+= 3V,V2Vand U =r5(V))

U Irr(G,R)g : <= (3V of real type, V = eg(U))

Let (R, +,.) be a ring. An element e of R is called idempotent if it satisfies that
e? = e. The idempotent elements e and f are called orthogonal if ef = fe = 0.
And if the idempotent belongs to the center of the ring then, it is called central

idempotent.

Let A be an F-algebra, then the Jacobson radical J(A) is the intersection of all

maximal left ideals of A.

Here are the main theorems on semisimplicity:

Theorem 3.0.1. (Artin-Weddernburn) Let A a semisimple F-algebra where F is a
field. Then
A= Mat,, (Dy) x ... x Mat,, (D,)

for some division algebras D; over F where n;’s are in Z for all 1 < i <n andr is

the number of simple A-submodules.

Theorem 3.0.2. (Maschke’s theorem) Let F' be a field and G a finite group. Then
the characteristic of F' does not divide the order of G if and only if the group algebra

FG is semisimple.

13



Chapter 4

Some known result about the

classification of finite p-subgroups
of Mato(H)

Definition 4.0.1. Let Py =< g > be a cyclic group with an order p. Let P, P’ be
finite p-groups and Py, P, ..., P, be equal to P’. If P is an extension of P{ x Py x ... x P}
by Py such that P = P, ... .P? = P/ P! = P/, then we will say P is a simple
(1-fold) p— extension of P'. We also call P an n-fold p-extension of a finite p-group
P, if there exist finite p-groups, Py = P’, P, ..., P,_1, P, = P where P;;; is a simple
p-extension of P, forall0 <:<n—1

We also define

70) {all generalized quaternion 2 — groups}, if p =2

? {all cyclic p — groups}, otherwise

and an element of TIEO) is called a p-group of O-type. When a finite p-group P is an

14



n-fold p-extension of a p-group of O-type, we will call P is n-type. Tp(”) is also defined
as the set of all p-groups of n-type.

The following theorem is the main theorem from Hikari’s paper on the Multiplica-

tive p-subgroup of simple algebras.

Theorem 4.0.2. [1] Let n be a fived positive integer and let P be a finite p-group.
Then following conditions are equivalent:

1) P is a subgroup of Mat,, (H)*

2) There is a division algebra D such that P C Mat, (D)*

3) There exist non-negative integers, t, mg, ..., my with Zfzopimi < n and
. t m; .
PO P e TY for each 0 <i <t such that P C [] [] PY.
i=0j=1

For 2-groups, we consider TQ(O) as the set of all generalized quaternion 2-groups.
Also, when we look at 2-groups in Maty(H)*, the third condition has only three
possibilities with 2°.mg + 2t.m; < 2
1) mop =1 and m; =0 then P C Po(l) for Po(l) € TQ(O)

2) mo =2 and my = 0 then P C P\" x P?) for P}, P{¥ € T\"
3) mo =0 and m; =1 then P C Pl(l) for Pl(l) € Tz(l)

Here the condition 2 includes condition 1, so we only consider conditions 2 and 3.

Hence we can rewrite Hikari’s theorem when p =n = 2;

Theorem 4.0.3. Let P be a finite 2-group. Then following conditions are equivalent:
1) P is a subgroup of Maty(H)*

2) There is a division algebra D such that P C Mats(D)*

3) P is the subgroup of the direct product of two generalized quaternion 2-groups or

1-fold 2-extension of a generalized quaternion 2-group.

For p-groups when p is odd, we consider TISO) as the set of all cyclic p-groups.

When we consider p-groups in Maty(H)*, we only have two possibilities for the

15



third condition with p®.mgy < 2
1) mg =1 then P C Po(l) for Po(l) e
2) mg = 2 then P C P\" x P? for P}, P¥ € "

Similarly, condition 2 includes condition 1, so we can conclude that:

Theorem 4.0.4. Let p is odd prime and P be a finite p-group. Then following

conditions are equivalent:

1) P is a subgroup of Maty(H)*

2) There is a division algebra D such that P C Maty(D)*

3) P is the subgroup of the direct product of two cyclic p-groups.

16



Chapter 5

Finite p-subgroups of Sp(2) when p
is odd

Theorem 5.0.1. Given a finite group G and an injective group homomorphism from

G to Mat,(H)*, there ezists an injective group homomorphism from G to Sp(n).

Proof. Assume that o : G — Mat, (H)* is an injective group homomorphism. Then
this induces a G-action on H" as follows G x H" — H" with (g, x) — a(g)(z)
Define a new quaternion Hermition inner product with the usual Quaternion Hermi-

tian inner product

1
< o> HY x HY — H" as follows < z,y >,,= @Z < gx, gy >
geG

Let {wq,ws, ...,w,} be a orthonormal basis with respect to the new inner product.

Define P = [wy, wy, ..., w,] then

1 k% 1 * *\ — —
|—G|ZP99P=I,SO @2992(1)) P

geG geq

17



Hence
(P~ goP)" (P~ goP) = P*QS(P_l)*P_lgoP = *

» = Pg (PPl 90P = Pgsiey LS 7 gg0P

geG
then we get
Z (990)" (990) P = €] ZP*g*gP =1
QEG geG

Then the G-action now with this new inner product induces G — Sp(n) which is

injective because it is just a conjugate.

]

Theorem 5.0.2. Let R be a ring with 1 # 0. There is a one-to-one correspondence
between the following sets:

i) {6, Is,...,} : R=1®1,& .31, is a decomposition of R as a direct sum of
left ideals }

ii) {{e1, €2, ...,en} : €1,€a,...e, are orthogonal idempotents of R such that ey + ey +
ot e, =1g}

given by the equality I; = Re;.

Proof. Let eq,e,, ..., e, are orthogonal idempotents, then Re; is a left ideal. Since
1g = e1t+es+...+e,, weget R = i: I;. And also, let us take z € ReyN(Rea+...+Re,,),
then x = rye; for some 7, € R e;(li r =196y + ...+ 1pe,. We get z =r1e7 = rle% =
roeser+...+rpe e = 0 from the orthogonality of {x;}. Hence Re;N(Rey+...+Re,,) =

0 and it is also true for all i such that Re; N (Rey+ ...+ Re;—1 + Rejp1+ ...+ Re,) =0

so R=;_, .

Conversely, given R=1,® [, ® ... I,, where [; is a left ideal, we have 1z = Z z;

where x; € I;. Since R is the direct sum of I; and z;z; € I; then z;.2; = 0 for all 1,j

18



(i # j) so x;’s are orthogonal. Since z;.xz; =0 and x; = 2;.1 = > x;2; = 7 for all ¢
j=1

then the x; are orthogonal idempotents. ]

Theorem 5.0.3. If D is a division algebra, then Mat, (D) is artinian and semisim-

ple.

Proof. Let M = Mat,(D). Let i be an integer between 1 and n, and let e; be the
matrix with (i,) entry is 1p otherwise 0. Me; is a left ideal. Here Me; is a minimal
nonzero left ideal and left M-module. To show minimality, if we get any element me;
of Me; where m € M then me; is equal to the matrix with (7, 7) entry a € D otherwise
L we get e; € Me;
again, so Me; is minimal ideal. Define My = 0 and M; = Me; + Mes + ... + Me; for
1 <, then M;/M; 1 = Me;. Therefore, we get 0 = My C My C ... C M,, = M, so

M has a composition series then M is artinian. For semisimplicity, we use that the

0. Here if we multiply me; with the matrix with (7,7) entry is a~

artinian ring where the Jacobson radical is zero is semisimple (see Theorem 5.4 page

452 in [10]) . So the Matrix ring is semisimple. O

Theorem 5.0.4. Let R be a ring with 1 # 0 and S a left-artinian and semisim-
ple ring. Assume that f : R — S is a unitary ring homomorphism and 1 =

e1+ es + ... + e, where ey, es, ..., e, are orthogonal idempotents. Then

I{i|f(e;) # 0} < composition length of S.

Proof. Say {i|f(e;) # 0} = {i1,i2,...,3,}. Then 1g = f(e;) + flei,) + ... + f(es,.)
Notice that for each j, f(e;;) is an orthogonal idempotent of S. Hence by Theorem
5.0.2 there exist left ideals Iy, 5, ..., I, of S such that S =2 I} & I, & ... ® I,. This
means 0 C [ CLp L C..CIi®dI,d...d 1 =S is a normal series of S. Hence

we have r < composition length of S. [

Fact 5.0.5. Composition length of Mat,(H) is n.
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Proof. Firstly, we can easily see that H" is simple as a Mat, (H)-module since we
have Mat,(H").v = H" for any nonzero element v of H". Now, let N,, := {[a;;] €
Mat, (H); a;; = 0 when j # m} for each m € 1,2,...,n then N,, is a Mat,(H)-
submodule and N,, = H", so we can write Mat, (H) as a sum of these submodules,

ie., Mat,(H) = Ny ® Ny @ ... ® N,,. Then we can get this composition series:
0OCNCNEN,C...C N1 & ... & N,, = Mat, (H)

Hence the composition length is n. O

Fact 5.0.6. (2) A group homomorphism ¢ : G — Mat,(H) can be extended to a

Q — algebra morphism QG — Mat,(H) by sending > c,9 — Y. c,0(g)
geG geG

Theorem 5.0.7. (Proposition 6.8 in Chapter 2 from Brécker and Dieck’s book [11])
Let G be a group and V' be in Rep(G,C) with character Xy : G — C. Then

1<V is of real type
/Xv(g2)dg =1 0& Visof complex type

— 1 & V is quaternionic type,

Theorem 5.0.8. (Proposition 6.6 in chapter 2 from Bricker and Dieck’s book [11])

i) If W e Irr(G,H)g then rEW =V &V forV € Irr(G,C)r
i) If W € Irr(G,H)¢ then réW =V @V for V € Irr(G,C)c
i) If W € Irr(G,H)y then réW =V for V € Irr(G,C)y

Theorem 5.0.9. Let G be a finite group. Assume that |G| is odd. Then G is
isomorphic to subgroup of Sp(2) if and only if G is isomorphic to subgroup of Zy, X 7y,

for some odd natural number n.

Proof. (<) Let n be an odd number. Then

Loy X Ly =< a,b:a" =0" =1, ab=ba >
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Define « : Z,, X Z, — Sp(2) by a — Notice that « is

0 1 0
b'_> 271
0 1 0 e

injective. So Z, X Z, is isomorphic to a subgroup of Sp(2). Hence any subgroup of

Ly, X Zy, is isomorphic to a subgroup of Sp(2).

(=) Now assume G is isomorphic to a subgroup of Sp(2). Then there exist an
injection o : G — Maty(H). So we get a 2-dimensional quaternionic representation
W of G. If W is not irreducible, then G < H x H. Also notice that the group algebra

QE,~ has the following orthogonal central primitive idempotent: ey, = ﬁ > g,
gEEpm

IEF

Y. cugg where ¢y, = | _|1
95 p—‘G’ vifge H
p™'. And notice that H acts trivially on ey for all H < E,m with |H| = p™~!. Hence
by Amitsur (Theorem 7 in [7]), G is abelian so by Theorem 5.0.4, rank(G) < 2. So

by Fundamental theorem of abelian groups, G = Z,,,, X Zy,. Take n = lem(mq, ms).

ifge H
1

el for H < E,m with |H| =

g =

G is isomorphic to a subgroup of Z, x Z,. If W is irreducible then by Theorem
5.0.8 (Proposition 6.6 in Brocker and Dieck’s book [11]), either r¢W =V & V or
rEW =V @V or rEW =V for some V in Irr(G, C) In either case, dim(V) is even.
This is impossible because the degree of an irreducible representation divides the
order of a group.(See [12] and [13]). O

Theorem 5.0.10. If G is a p-subgroup of Sp(2) and p is an odd prime, then G is

isomorphic to a subgroup of Cyn x Cyn for some n in N.

Proof. Let G be p-subgroup of Sp(2) and p be an odd prime. Then by Theorem
5.0.9, G is isomorphic to a subgroup of C,, x C,, for some natural number m. Define

no = max{n : p"|m} then G is isomorphic to a subgroup of Cho X C 0. ]
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Chapter 6

Classification of the Finite

2-Subgroups of Sp(2)

Theorem 6.0.1. (see [14] and [15]) If a finite group G has a faithful, irreducible,
primitive representation module over a field with characteristic zero, then G is iso-
morphic to one of the following groups:

a) The cyclic group Cym where m >0

b) The dihedral group Dom where m > 4

¢) The semidihedral group SDom where m > 4

d) The quaternion group Qom where m > 3

Lemma 6.0.2. If a finite group G has a faithful, irreducible, primitive representation

module, then every abelian normal subgroup of G is cyclic.

Proof. Assume M is a faithful, irreducible, primitive G-module. Let N < G so that
N is abelian. Since QN is a commutative semi-simple algebra, there exist a set of

fields F' such that QN = @ K. Hence we have M = @ KM. Notice that for
KeF KeF
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each K € F, KM is a left N-module and a right End(M)-module. Since N < G,
QN is invariant under the G-action by conjugation, so G permutes the components

of the direct sum QN = @ K to each other. Since M is primitive, there exist Ky
KeF
in F' such that M = KoM. Let 7y denote the projection of QN = @ K to Ky. We
KeF
have Vn € N my(n) # 0 because otherwise, the action of n on M is not invertible.

Since M is faithful otherwise, the action of n on M must be trivial.

Therefore my sends the group N injectively into the multiplicative group of the
field Ky. Hence N is cyclic. ]

Lemma 6.0.3. If every abelian normal subgroup of a p-group G is cyclic and G is

not abelian, then G contains a cyclic normal subgroup U with Ce(U) = U.

Proof. Assume that G is a p-group which is not abelian such that every abelian
normal subgroup of G is cyclic. Then take a maximal normal cyclic subgroup M
of G. Since G is not abelian M # G. So G/M is a nontrivial group. Now notice
that M is normal in G and M is abelian so G/M acts by conjugation on M. Let K
denote the kernel of this action. Assume K = K /M then K # M. Notice Z(K) # 1
since K is a p-group so there exists Z such that Z/M = Z(K), M 4 Z <K 4G.
Notice Z is abelian and Z < G then Z is cyclic. This is contradiction. So K = M
then Cq(M) = M. Hence we take U = M. O

Lemma 6.0.4. (Aschbacher (25.5) [16]) Let G be a nonabelian p-group. Suppose
that G contains such a normal subgroup U of order p™ such that U is cyclic and
Cq(U) = U then one of the followings is true:

a) G is isomorphic to Don+1, Qan+1 01 SDan+1

b) M = Cq(01(U)) = Modyn+r and E,z = Qi (M) char G

Proof. (of Theorem 6.0.1) By Lemma 1, Lemma 2 and the condition (23.5) from
Aschbacher, we only have the cyclic group, the quaternion group (Qom, the dihedral
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group, and the semidihedral group SDyn. We do not consider part b in Aschbacher
lemma. If every abelian normal subgroup of G is cyclic, then it is not a group that
satisfies the condition (2) in (23,5) by Aschbacher because H char G is true and there
is a subgroup H isomorphic to E,2 in G. So H <G since every characteristic subgroup
is also normal. But H is not cyclic. Also notice that we have QDg = QBQaQeQaL
where L = Q(i)[u : iu = —ui, u? = 1]. Hence L acts nontrivially on an irreducible
faithful representation of Dg. However, all irreducible faithful representations of

Dg on which L acts nontrivially are isomorphic to the representation given by the

-1 0 0 -1
map Dg — Maty(Q) where h +— [O 1} and g — [1 ’ Hence these

representations are not primitive.

Theorem 6.0.5. (Baniegbal, Lemma 2, [2]) Let D be a division ring and let G <
Mato(D)* be finite. Assume that G is imprimitive then there exist H < G with
(G : H] = 2 and N < H with the property if G = H U Hg for some g € G then
NNN9 =1, [N : N9 =1 and H/N maps injectively into D. Conversely, assume
that the groups H and N exist as above and p be a representation of H on D with
ker(p) = N. Then we define a representation of G in Maty(D)

0 [0 p(gQ)]’ . [p(h) 0 ]
1 0 0 p(g~'hg)

for h € H and this representation is a faithful.

Proof. G < Maty(D)* is an imprimitive finite groups means there exist subspace
Wi, Wy of D & D such that D& D = W; & Wy and G permutes W, and Ws.
Let v; be a vector that spans W, then conjugate each element of G by the matrix
[v1,v2]. Consider G as the new subgroup of Mats(D)*, then H is the kernel of the
permutation action. Since G is irreducible [G : H| = 2. By the choice of v; and v,

the group H is the diagonal matrices in Maty(D). Also notice that the elements of

*

10
N have the form [0 ] . O]
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Because of Theorem 6.0.5, it is important to understand the structure of 1-fold 2-
extension of 2-group. Here, we give the theorem of the presentation of the extension
from D. L. Johnson’s book [17], so it helps to understand what kind of group we

have.

Let N be a group with a presentation < X : R > and let H be a group with
presentation < Y : S > where X,Y are the generator sets and R, .S are the relation

sets.

Let G be an extension of H by N then we have the short exact sequence
0o NSGDH H—=0

where ¢ is a monomorphism and 7 is epimorphism with Im(i) = Ker(m). Remember
Im(i) <G since ker(m) <G and G/im(i) = H.

Firstly, since ¢ is monomorphism, we can see the N as a subgroup of G. Now we
define the set X = {Z = i(z) : € X} with the relation R = {7 : € R} which is

the same relation just changing a element z of X with element % of X.

Next, define Y = {§ |y € Y and v(jj) = y} and for each s € S, let 5 be the word
in Y obtained from s by replacing each y by §. Now annihilates each 3, and so far
s€S,5¢€ Kerv=Imiand since I'm 7 is generated by the set 57, each 5 can be

written as a word - say vs- in the . Then let

S ={5s € S}.

And also, since Imi < G, each conjugate § 127, § € }7, T € X, belongs to Ima,

and so is a word -w, - in the Z. Putting
T= g_ligjw;; xeX,yeY
Theorem 6.0.6. [17] [page 138-139, Proposition 1]
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G can be presented by < X, Y:RST>.

Now we are back to 1-fold 2-extension of a generalized quaternion 2-group.

1 4

on on—
Qo =< m,y:x =y =1z

=gy lay =2 >

pn—1 e ouaer 9 -1 _
Iy =y =1, 2 =Y Y1 1Y =Ty,
2n—1

— i =1 n=2 9 _1 _
A= _ Ty =Yy =1, 75 = Y3, Yo T2Y2 = Ty,
= Qo X Qo = ( T1,Y1,T2,Y2 :
T1To = TaX1, T2Y1 = Y122,

T1Y2 = Y21, Y1Y2 = Y21

G=Zy,=<t:t*=1>

Assume 1 = A5G 5 G lisa group extension such that the action of G on

A is given by A x G — G where (x1,t) — xa, (y1,t) = Yo, (x2,t) — x1, (y2,t) — ¥

Lemma 6.0.7. G2 Ax G

Proof. Now, let #; = i(z;) and ; = i(y;) and £ € G such that v(f) = t. Then vy is
a word in 1, o, §1, §o such that #2 = v,2. Notice v is in Z(i(A)) and tve = vet, so
vee = 292 or v = 1. In case vz = 1 we are done because vz = 1 means G = A x G.

In case v;2 = yiy3. We have an isomorphism as follows
Vv:AXxG > G

by x1 — x1, y1 — Y1, T2 — x;l, Yo > Yo, s fylyQ
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Notice that A x G = (Qan X Qan) X, Cy where ¢ : Cy — Aut(Qan X Qgn) is defined
by a(t)(a,b) = (b,a). Let say A x G :=T,. We have Qan X 1 =< x1,y; >, in other
words, the group generated by x1,y; and we also have 1 X QQan =< x9, Yo >, in other

words, the group generated by xs, ys.

Theorem 6.0.8. If G is a 2-subgroup of Sp(2), then G is isomorphic to a subgroup

of 'y, for some n in N.

Proof. 1) Case G is a primitive subgroup of Sp(2). By Theorem 6.0.1, G is isomorphic
to Com, Qam, Dom or SDym for some m.

Com is isomorphic to < z; > in [', 44

(Qom is isomorphic to < zy,y; > in [,

Dym is isomorphic to < x;25 lt>inT,,

S Dym is isomorphic to < z122" 't >in I,

ii) Case G is an imprimitive subgroup of Sp(2). Then by Theorem 6.0.5, we have

an extension 1l = N XN -G —G/H —1,G=HUgH and N <H. So N < Qom
=H :CZ
for some m. Hence proof is done by Lemma 6.0.7. [
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