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ABSTRACT

ONA SPECIAL CASE OF CLEAN RINGS
MSC THESIS
RUQAYAH MUSTAFA SALIH ALFAQI
BOLU ABANT IZZET BAYSAL UNIVERSITY
INSTITUTE OF GRADUATE STUDIES
DEPARTMENT OF MATHEMATICS

(SUPERVISOR:Assoc.Prof.Dr. TAHIRE OZEN OZTURK)

BOLU, AUGUST 2021
(ix+ 28)

Throughout this thesis, let any ring be an associative ring with identity. We define
a class of clean rings with idempotent not identity which is a special case of the
class of clean rings. We obtain some characterizations of these rings. Moreover, we
extend some known concepts to this structure.

KEYWORDS: Clean rings, Unit element, Idempotent element, Jacobson radical.



OZET

CLEAN HALKALARIN OZEL BiR DURUMU UZERINE
YUKSEK LiSANS TEZi
RUQAYAH MUSTAFA SALIH ALFAQI
BOLU ABANT iZZET BAYSAL UNIVERSITESI
LiSANSUSTU EGITIM ENSTITUSU
MATEMATIK ANABILIM DALI

(TEZ DANISMANI: DOC. DR. TAHIRE OZEN OZTURK)

BOLU, AGUSTOS - 2021
(ix+ 28)

Bu tezde herhangi bir halka, birimli ve birlesmelidir. Clean halkalarin sinifinin 6zel
bir hali olan, idempotenti birim eleman olmayan clean halkalarin sinifini
tanimladik. Bu halkalar1 karakterize ettik. Ayrica bazi bilinen kavramlari bu yapiya
genislettik.

ANAHTAR KELIMELER: Clean halkalar, Birim eleman, Idempotent
eleman, Jacobson radikali.
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1. INTRODUCTION

Let T be a ring with identity and J(T) (= J) be the Jacobson radical of T. We
study on the class of clean rings with idempotent not identity. These rings are a
special case of clean rings which are very important structures in associative rings

and modules theory.

Clean rings were introduced by Nicholson (1977). Every semisimple,
semiperfect rings and finite rings are clean rings. We can see that a clean ring may
not be semiperfect. Indeed, Z> X Z X... is a clean ring, but it is not semiperfect
(see Immormino (2013)). Moreover, many special cases of clean rings have been
studied such as strongly clean (Nicholson (1999)), weakly clean (Ahn and
Anderson (2006)), J-clean (Chen (2010)), uniquely clean (Chen (2011)) and etc...
Unit regular rings were introduced by Ehrlich (1968). These rings are also proved
to be clean rings by Camillo and Khurana (2001). Furthermore, the class of clean
rings is a subclass of exchange and semipotent rings (see Immormino (2013)). This

thesis is organized as follow:
In section 3, we give some unknown basic concepts to understand this thesis.

In section 4, we define clean rings with idempotent not identity and we give
examples on these rings. We prove that T is a clean ring with idempotent not
identity if and only if so is U,(T). And we also prove that the formal power series

and the formal triangular matrix rings are clean rings with idempotent not identity.

In section 5, we prove that the ring of linear transformations of a nonzero
vector space Whp is a clean ring with idempotent not identity where D is a division
ring. Furthermore, we prove that unit regular rings are clean rings with idempotent
not identity. Thus, we also obtain that every semisimple, semiperfect, artinian and

finite rings are clean rings with idempotent not identity.



2. AIM AND SCOPE OF THE STUDY

The main purpose of this thesis is to investigate the class of clean rings with
idempotent not identity which is a special case of the class of clean rings. Clean
rings are very important structures in associative rings and modules theory. In
general, the aims of this thesis are itemized as follow:

1. Using the properties in literature for some very known rings such as
semiperfect, unit regular, clean and etc..., we determine some common
properties of rings in this class.

2. We investigate the relationships between the classes of some important
rings in literature and the class of this rings.

3. We aimto determine when any clean ring is a clean ring with idempotent

not identity.



3. PRELIMINARIES

In this section, we give some unknown concepts which is used in this thesis

(see Anderson and Fuller (1992) for more details).

Definition 3.1. (Jacobson Radical) J(T) is the intersection of all maximal right (or
left) ideals of the ring T. Then J(T) is an ideal of T. Moreover, a € J(T) if and only
if 1- ta (or 1- at) is invertible in T for all t € T. (See Anderson and Fuller (1992).)

Definition 3.2. (Idempotent, Unit Element and Abelian Ring) If f> = f € T, then
f is called idempotent. For example, the only idempotents of a field S are 0 and 1.
A ring is abelian if every idempotent is central. u € T is called a unit element in T

if there exists u’ € T such that uu’=u'u = 17.

For example, we know that

Z6={0,1,2, 3,45}
Idempotent elements of Z:

(0)2=0,(1)2=1,(3)>=3,(4)? =4and hence 0, 1, 3, and 4 are idempotents
in Zs.

Unit elements of Ze:

1.1=1,5.5 =1 and hence, only unit elements of Zsare 1 and 5.

Notice that in a division ring T, every non—zero element is unit and there exist no

idempotent elements except for Orand 1.

Definition 3.3. (Orthogonal ldempotent and Orthogonally Finite Rings) A pair
of idempotents f; and f, are called to be orthogonal if f; f, = f, f1 = 0. For
example, 3 and 4 are orthogonal idempotents of Zs. A ring T is called an
orthogonally finite (or I- finite) ring if there does not exist an infinite set of

orthogonal idempotents in T.

Definition 3.4. (Primitive Idempotent) A non-zero idempotent e is called
primitive if it can not be written as a sum e = e1+ e such that e; and e2 are non-zero
orthogonal idempotents (if and only if the corner ring eTe has exactly one nonzero

idempotent, namely e). For example, since 1= 3 + 4 and 3 and 4 are non-zero



orthogonal idempotents, 1 is not a primitive idempotent, but 3 is a primitive

idempotent in Zs.

Definition 3.5. (Local Ring and Local Idempotent) A ring T is local if for every
X €T, either x or x-1 is invertible. If a corner ring eTe is a local ring where e is
idempotent, then e is called a local idempotent. For example, let T = Z4 =
{0,1,2,3}isalocal ring.

Definition 3.6. (Lifting ldempotent) Let I be an ideal of a ring T. We say that
idempotents can be lifted modulo I if for every element a € | such that a?- a€ | there
exists an idempotent e € T such that a-e € I. For example, | = (2) is an ideal of Za.
Leta>-a€l. Thena?—a=0o0r2.1fa>~a=0,thena=0o0r 1. Hence 0=a-a €l
where e= a is idempotent in Z4. If a%>— a= 2, then a= 2 or a= 3. Let a =2, then a=
a—0€l where 0 € Zs. Let a=3, then2 = a —1 €. Thus, idempotents can be

lifted modulo | in Za.

Definition 3.7. (Semisimple Left T-Module and Semisimple Ring) Let N be a
left T-modulo. N is called a semisimple left T module if N is a direct sum of
simple submodules. For example, Zs = (2) @ (3) is a semisimple Z-module. If T
is a semisimple ring, then T = ®* ; M,,; (D;) where all the D; are division rings
(see Wedderburn-Artin Theorem in Anderson-Fuller (1992)).

Definition 3.8. (Semiperfect Ring) A ring T is called a semiperfect ring if T/] is

a semisimple ring and idempotents lift module J (T) (< 1ris the sum of orthogonal
local idempotents < every primitive idempotent is local and T is orthogonally
finite).

Definition 3.9. (Regular Ring and Unit Regular Ring) A ring T is regular if for
all a € T there exists b € T such that aba=a. A ring T is unit regular if for all a €
T there exists u € U(T) such that aua= a (see Goodearl (1991) and Ehrlich (1968)).

Definition 3.10. (Clean Ring) Let T be a ring. An element of T is called clean if it
is a sum of a unit and idempotent element. The ring T is called a clean ring if every

element is clean.



idempotents of Zs are 0, 1, 3, 4 and all units of Zsare 1,5. Thus, 0 =1+ 5, 1=0 +
1,2=1+1,3=4+5,4=3+1and5=0+5. Therefore, Zs is a clean ring.

Furthermore, every field and finite ring are clean rings.

Definition 3.11. (Exchange and Semipotent Ring) If there exists an idempotent e
€ aT such that (1- e) eaT for all a €T, then T is called an exchange ring. Every
clean ring is an exchange ring. If for all a ¢ J(T), thereexist0 #e’=eandteT
such that at = e, then T is called a semipotent ring. Every exchange ring is

semipotent. (See Immormino (2013) for clean, exchange and semipotent rings.)



4. ON A SPECIAL CLEAN RING

In this section, we define and characterize clean rings with idempotent not

identity.

Definition 4.1. (Clean Element with Idempotent not Identity) Let T be a ring
andte T. Ift=e+ uwhere 1 #e idempotent and u unit, then t € T is called a
clean element with idempotent not identity. Then every clean element with

idempotent not identity is a clean element.

Let Thearingandt € J(T). Then tis a clean element, because 1-t is unit
since t € J(T) and hence t = 1+ u where u € T is unit. But t € J(T) can not be a
clean element with idempotent not identity. Otherwise, if t = e + u where e? =
e=1 and u unit, then (1-€) t = (1-e) u where 1-e # 0. So (1-€) t u~1= (1-e) €J(T).
Thus 1-(1-e) = e is invertible, and so e =1. This gives a contradiction. Then t €

J(T) can not be a clean element with idempotent not identity.

Lettbe a unitelementin T, thent =0 + t where 0 # 1. Thus, we see that if

t is unit, then tis a clean element with idempotent not identity.

Now, let t be idempotent such that t = 0. Then t = (1-t) + (2t-1) where 1-t
# 1and (2t — 1) 2 = 4t 2- 4t +1 = 1 and hence 2t-1 is a unit. Thus, t is a clean

element with idempotent not identity.

Definition 4.2. (Clean Ring with Idempotent not Identity) Let T be a ring. If
every element not in J(T) is a clean element with idempotent not identity, then T is
called a clean ring with idempotent not identity. Then every clean ring with

idempotent not identity is a clean ring.
Lemma 4.3. Let f: T; — T, be aring isomorphism such that f (17,) =1r,. Then

f(I(T1)) = I(T>).

Proof. Since f is isomorphism and hence itis onto, 3 X € T, suchthatf (x)=y, Vy

€ J(T,).In addition, V t, € T,,3 t; € T, such that f (t,) = ¢t,.

Claim: x € J(T4).Let's prove this!



V ty € T, we will prove that 17 - t;x is invertible. Since f (17, - t1x) =f (17,) -
f(t)f (X) =1r, - f (t,)y, y € J(T2) and f(t,) € T, 11, — f (t,)y is invertible in
T,. Thus, f (17,- t1x) is invertible and hence there exists s € T, such that f (17, -
t1x) s =sf (17,- t1x) = 14,. Since f is onto, 3 s; € T, such that f (s;) =s. Then
f(1p,-tyx) f (sq) = f(sq) f (17, t1x) =17, = f (15,). Since fis a 1-1
homomorphism, we have that (17,- t1x) s; = s1(17,- t1x) = 17,. Therefore, x €

J(T1) and so, y =f(x) € fF(J(T1)). Thus, J(T2) < f(I(T4)) ... (1)

Now, let f (x) € f(J(T1)) where x € J(T,). Since f is onto, ,3 t; € T, such that
f(ty) =t;, Vi, €T, Thus, 1r, -t T (X) = (1) - (ty) T (X) = f (17,- t1x).
Since x € J(T), 1r,- tyx is unit, and so f (1, - £1x) is unit, hence, f (x) € J(T3),

and then f(J(T,)) € J(T3) ... (2)
By (1) and (2) f(J(T1)= J(T2).

Proposition. 4.4. Let f: Ty — T, be aring isomorphism such that f (17,) =1, . If

T, is a clean ring with idempotent not identity, then so is T,.

Proof. Let t, ¢ J(T,). Since fisonto, 3 t; € T, suchthatf(t;)=t,. Thent; ¢ J
(T,). (Otherwise, if t; € J(T4), then f (¢1) € F(J(Ty)). Since f (J(T4)) = I(T>)
by above lemma. t, = f (t;) € J(T,). This gives a contradiction.) Since T, is a
clean ring with idempotent not identity, £, = e + w where e? = e # 1, and w unit.
Then t, =f(t;) = (e) + f (w) where (f(e))? = f(e) and f (w) is unit. In addition,
f(e) # 1r,, otherwise if f(e) =1r,, then f(e) =1y, = f(1r,). Since fis 1-1, e
=1y,. This gives contradiction. Therefore, T is also a clean ring with idempotent

not identity.

Lemma 4.5. Let {T; };c; be a family of some rings. Then [1;¢; J(T;) =J(I1;e; T:)-
Proof. Let X =(x; )ier € [1;,J(T;) be any element. Then Vi € I, x; € J(T;).

Lety =(¥; )ier € [1ie; T; beany elementand 1= (1, );; be the identity of [, T;.

Now, we prove that 1 —yx is invertible in [T;e; T;. Then 1 —yx = (17, — ¥iX; )ier
and since x; € J(T;), Vi €1 17, — y;x; is invertible. Then there exists u; € T;
such that (1’[‘[. - y,-xi)ul- = ui(lTi — YiX; ) :1Ti’ Viel TherEfore, if you take as

7



U=(u; ier € [lie; T;, then u (1 —yx) = (1 —yx) u =1 and hence 1 — yx is invertible.
Thus, x € J(I1;¢; T;) and hence

[lie J(T) €T Lier Ti) --- (1)

Conversely, let x =(x; )ier € J(I1ie; Ti)- Lety =(¥; )ier € [1ie; T; be any element.
Then 1 —yx = (17, — ¥;X; )ies is invertible since X € J([1;e; T;). So there exists u
=(u; )ier € [1ig; T; such that u (1 —yx) = (1 —yx) u =1. Thus, we have that Vi € 1
u; (17, — yix;) =(1g, — yix;) w; =1g,. This gives to us Vi € I x; € J(T;), and
hence X =(x; )ies € [1ie/J(T5)- Then

JLier Ti) € ielJ(TH) - (2)
By (1) and (2) [Tie/ J(T:) =J(I1ier To).

Proposition 4.6. Let {T; };c; be a family of some rings. All the T; are clean rings
with idempotent not identity, Vi € I if and only if [];c; T; is a clean ring with

idempotent not identity.

Proof. (=): Let all the T; be clean rings with idempotent not identity and t =(¢; );e;
€ [l Tibut t € J([Tie; T;). Then iy €1 t;, € J(T;,), since J([Tig; T;) =
[lie/J(T;). Since T is a clean element with idempotent not identity, t; =
e;, tu; wheree; + 1Ti0 idempotent and u ;, unit. Since all the T; are clean
rings with idempotent not identity, all the T; are clean rings. Then for iy #i €1
t; = e; + u; where e; idempotent and u; unit. So t =(t; )ie; = (€; )ier + (Wi ier
where 1Ti0 +e;, €T, for iy € Iandthen, (€; )iy # 1in [l T;. Therefore, t
is a clean element with idempotent not identity and hence, [];¢; T; is a clean ring

with idempotent not identity.

(<): Let [1;; T; be a clean ring with idempotent not identity. Assume that there

exists at least one iy € I such that T ; is not a clean ring with idempotent not
identity. Then there exists t;, & J(T ;,) such that ¢; is not clean element with
idempotent not identity. Let t =(¢; );; where t; = 0, forall i # i,. Since [[;¢, T;
is a clean ring with idempotent not identity, t = e +u such that e? = e #1 idempotent
and u unitin [[;; T;. Lete = (e; )ie; and u = (u; );¢; hence t = e+u where for all

i€l t;=e; +u;. Leti # iy. Thenwe know that ¢; =0 and hence 0 = e; +u; gives

8



that u; = -e;. Since u unit, all the u; are unit, hence u;~! exist. Thus, (1-e;) u;
u; '=-(1-e;) e;u; 7', 1-e; = 0 and so e; = 1 for all i # iy. Since e #1, e;, #1.
Therefore, t; = e;, +u;, where 1+ e; idempotent and u;, unit. Thus ¢; is a
clean element with idempotent not identity. This gives a contradiction. By the

contradiction, for all i € I, T; are clean rings with idempotent not identity.

Definition 4.7. (The Ring of Morita Context) Let sCt and tDs be bimodules over

theringsSand Tand leta:C x D ——Sand B:D x C ———T be some

(x.y)—xy yx)—yx
binary functions. Then (S, T, C, D, a, B)is called a Morita context if « and
B preserve addition and satisfy that s(xy) =(sx)y, (xt)y =x(ty), t(yx) =(ty)X, (ys)x
=y(sx),(yx)t =y(xt). If (S, T, C, D, a, B) is a Morita context, then L :[g ﬂ =

S X
{[y t] :S€S,teT,xeC,ye D} isaring with respect to the usual operations.

Then L is called the ring of a Morita context.

Proposition. 4.8. Let (S, T, C, D, a, ) be a Morita context. If S and T are clean
rings with idempotent not identity, then Loz[g ?f’] is also a clean ring with
0

idempotent not identity where C, ={x € C: xD € J(5)} and D, = {x € D: xC <
J(T)}

J($)

a x
Proof. Let A = [y b] ¢ J( Ly) where J(L) = Dy J(T)

] Thena ¢ J(S)orb ¢
J(T).

Case 1. Let a ¢ J(S). Since S is a clean ring with idempotent not identity. a = f +u
where f2=f#1 idempotent and u unit in S. Since T is a clean ring with idempotent

not identity, T is a clean ring and hence b - yu™! x = g + v where g2=g idempotent

[f +u

. a X
and v unit in T. Thus,[ ]= y g+v+yu x] [

y b
u X . - u Tx] _
* [y v yut o] Since [— yu! 1] b v+ yutal [o ] )
u X
[g 2 '[y v+ yul x] is invertible. In addition, [(f) g] #1 idempotent and

hence A is a clean element with idempotent not identity.



Case 2. Now, letb ¢ J(T). Since T is a clean ring with idempotent not identity, b
= f + u where f2=f=1 idempotent and u unit in T. Since S is a clean ring with

idempotent not identity, and then it is a clean ring and hence b - xu™ly=g + v

- ) ) a X

where g2 =g idempotent and v unit in S Thus [, ] =

_ -1 !

g+ v+ xuly x ] = [g 0 + [V+ Xuy x]. Since
y f +u 0 f y "

1 —xu‘1”v+ xuly x” 1 0]_[1; 0][ 1 0]_[17 O]
0 1 y ull-—uty 17y uf[-uty 1]7lo Wb

I -1
v+ ’;u y )161] is invertible. In addition, [g 2] #1 idempotent and hence A is

a clean element with idempotent not identity.

By case (1) and (2), Ly is a clean ring with idempotent with idempotent not

identity.

Proposition. 4.9. Let sMt be a bimodule. Then K :[S M] = {[S x] 'SES t€e
h X 0 T 0 el ’

T, x € M} is a clean ring with idempotent not identity if and only if S and T are

clean rings with idempotent not identity.

Proof. (=): Let K be a clean ring with idempotent not identity and s & J(S). Then

s 0 [ M s 0]_f[e1 my u —m

[0 0] ¢ J(K) _[ 0 ](T)] Thus, [o o] = [O e2]+ [0 —ez] where

[801 Z] idempotent not identity and [g :2] is unit. Since [g :Z;] IS

e m
ez

invertible, there exists t € T such that —e, t =1;. Since [0 ] is idempotent,

e,?=e,. Thus, —(1 — e;) et =(1 — e;) and hence e, =17.

Case 1. Letm =0. Then e; # 1 and s = e;+ u where 1# e,%=e, and u unit.

. e, mje;s mjp_jJjeq m 2_
Case2.Letm;tO.S|nce[O 1][0 1]— 0 1],Wehavethate1—e1and

e;m+ m=m and then e;m = 0. This show that e; # 1. Thus, s = e;+ U where 1+

e,%= e, and u unit.

In each case, we see that s is a clean element with idempotent not identity. Thus, S

is a clean ring with idempotent not identity. Similarly, we can obtain that so is T.

10



(<): let Sand T be clean rings with idempotent not identity and [(S) T] ¢ J(K).
Thens & J(S) or t ¢ J(T).

Case 1. Lets & J(S). Since S is a clean ring with idempotent not identity, s=e +
uwhere e?=e # 1 and u unit. Since, T is a clean ring with idempotent not identity,

so it is clean and then t = g + u, where g%= g and u, unit. Then we can write that
s m e O u m e 0]. . . u m
[0 t] = [0 g] + [0 u1] where [0 ] idempotent not identity and [0 u1]

mu1

] is a clean
u,

-1 _
unit where [g le] :[ 0 u ] Therefore, [0

t

element with idempotent not identity.

Case 2. Let t ¢ J(T). Similarly, we can prove [(S) T] is a clean element with

idempotent not identity.

S M. . o . .
By these cases, we see that [ 0 T] is a clean ring with idempotent not identity.
Lemma 4.10. Let U = [u;;] nxn € Un(T). Uisinvertible ifandonly if vi e {1, ...,
n} u;; are invertible in T.

Proof. (=): Let U be invertible. Then UU™1 = U~1U =1,, and hence u;;u;~t =

_1 —
u; u= 1

() letvie{], ..., n} all the u;; are invertible. We will use an induction on n.
Let

Uuq1 X

n=2 Then U = [ 0 uzz] where u11u11_1 = u11_1u11: 1 and uzzuzz_l =

- Ugr X U™t —ugg txugy !
Uy 1u22 =1. Then 0 ] u u 1 22 IZ and
Uz, 0 Uy,
-1
u -Uu xu Uuq1 . .
18 1 XUz ] [ = I,. Thus, for n = 2 the induction is true.
Uz,

Now, suppose that the induction is true for n-1. Let U = [’g uB ] where
nn
AT
u
B= 2" . Since A € U,,_4(T) and u;; is invertible for all i € {1,..., n-1}, A

u(n—l)n

11



_ 1 -1 1 _ 1 -1
is invertible, [A B ] [ A7 Bu"" ] A A7 Bu"" ” ]
0 u,, 0 0 uy,

=I,. Thus, the induction is true for n. Therefore, Uisinvertibleif vie {1, ...,n}

all the u;; are invertible.

Lemma 4.11. Let E = [e;;] nxn € Un(T) be idempotent such that e;; = 1 for all

i €{1,...,n} Then e;; =0 forall i#j.

Proof. We will use an induction on n. Letn = 2. Then E = 1 €12 ] and E2= E

gives that [1 elz][l €12 = 1 elz] and hence | 612-;312] =

[(1) eiz ] Then ey, = 0. Thus, the induction is true for n = 2. Now, suppose that

the induction is true for n-1. If E = [g ﬂ then [g G [g (1;] = [g g

that F2= F such that e;; = 1 for all i € {1, ..., n}. By the induction hypothesis, F =

implies

nlandso[’"1 G]["l G] ["1 G]andhenceG+G G gives that G

=0andso E=1I,,.

Theorem 4.12. T is a clean ring with idempotent not identity if and only if U, (T)
is a clean ring with idempotent not identity, too.

Proof. (=): Let T be a clean ring with idempotent not identity. Let A = [a;;] ¢
J(U,(T)). Then 3 a;; € J(T) where i € {1, ..., n}. Since T is a clean ring with
idempotent not identity, a;; = e; + u; where e; # 17 idempotent and u; unit.
Since T isacleanring forall t € {1, ..., n}-{i} a,, = e; + u, where e, idempotent
and u, unit. Then A = E + U where E = [e;;] € U,(T) with e;; = ej and e;; = 0 for
i#j and U = [u;;] with w;; = u; fori € {1, ..., n}. Thus, E # I,, idempotent and U

is unit by Lemma 4.10. So U,,(T) is a clean ring with idempotent not identity.

(<): Let U,,(T) be a clean ring with idempotent not identity. Leta ¢ J(T). Let A
= [a;j] € U,(T) such that a;; = a and otherwise, a;; = 0 for i#j. Then A ¢
J(U,(T)), and since U,(T) is a clean ring with idempotent not identity, A = E +
U where I,, # E2=E = [e;;] and U = [u;;] unit and hence all the u;; are invertible.

Suppose that e;; = 1 for all i € {1, ..., n}. By Lemma. 4.11. E = I,,. And hence

12



there exists at least one i € {1, ..., n} such that e;; # 1. Then a;; = e; + u; where

e;; # 1 idempotent and u; unit. Then T is a clean ring with idempotent not identity.

Remark. Notice that Z/BZ = Z4 is a clean ring with idempotent not identity where

idempotents lift modulo 3Z. But Z is not a clean ring with idempotent not identity.

Lemma 4.13. T is a clean ring with idempotent not identity if and only if

idempotents lift modulo J(T) and T/](T) is a clean ring with idempotent not

identity.

Proof. (=):Vx + J(T) ¢ J(T/](T)) = 0, since T is a clean with idempotent not

identity and x & J(T), x = f + w where f2= f«1 and w unit. Thus, we have that f +
J(T) # 1+ J(T), otherwise; if f + J(T) = 1 + J(T), then 1-f € J(T) and hence 1-(1-
f) = fis unit and then f = 1. This gives a contradiction. Furthermore, w + J(T) is a

unit in T/](T)' So, we are done.

Now, we will prove that idempotents lift modulo J(T). Let t2-t € J(T). If t € J(T),
thent + J(T) =0+ J(T), and hence t — 0 € J(T) where 0 is idempotent in T. Now,
let t ¢ J(T). Since T is a clean with idempotent not identity, t = f + w where 1 # f
=f2 and w unit. Then t - w™1(1 - f) w = w=1(t2- t) € J(T). Thus, we have that an

idempotent w=1(1-f)w € T such thatt- w=1 (1 -f) w € J(T). Then we are done.

(€):vxegJT),x+JT)ed (T/](T)) = 0. Since T/](T) is a clean with

idempotent not identity, x + J(T) = (f + J(T)) + (w + J(T)) where (f + J(T))?*=f
+J(T)# 1+ J(T) and w + J(T) is unit. Since idempotents lift modulo J(T), there
exists gZ= g € T such that g + J(T) = f + J(T)) = 1 + J(T) and so we have that gZ=
g# 1 Thenx+J(T) =(g + J(T)) + (w + J(T)) and hence we can write that x- g =
w + j where j € J(T). Since w + J(T) is unit, we have that (w + J(T)) (wy + J(T))
=1+ J(T)and thenww,; —1 € J(T) and so 1 — (ww; — 1) = ww is unit, that is, w
is unit in T with inveres of w, w,. Since j € J(T), 1 + w, jisunitand sow (1 + w,

J) =w+jisunit. Then x =g + w +j where g # 1 idempotent and w +j is unit.

Lemma 4.14. Let T [[x]] be the formal power series. Then the following are

satisfied:

13



) u(X) = ug + ugx +...€ T [[X]] is invertible if and only if u is invertible.
i) I(T [[Ix]]) = I(T) + T [[x]] x.
iii) Lete(x) = ey + e;x +... # 1 be idempotent. Then ey # 1.

Proof. i) (=): Since u(x) is invertible, there exists v(x) = vy + v1X +...€ T [[X]]
such that u(x) v(x) = 1. Then (uy + u;x +...) (vy + v1X +...) = 1 and hence u, v,

=1, ug isinvertible in T.

(€): Letug be invertible. Let t(X) = (ug + ugX + Upx? + ...) (Vg + V41X + VX% +
) = 1=ty +t;x +... wherevg =uy ~1. Thenty=1=uguy, 1, t; =uev, +
u, vy = 0, and hence vy = -uy ~“luyvy, ty = UGV, + UV, HULVE = 0, Uy = -
uy, “Y(uyv, +u,v,). If we continue in this way, then we find that vy, v4, ..., V,,—1
€T. Let’s findv, € T. t,, = ugv, + 4 V,_1 tUV,_» *+... t U,V =0.v, = -
uy “Y(ugv,_q + ... + u,v). Then there exists v(x) € T [[x]] such that u(x) v(x) =
1 where v(X) = vy + v1X +... Similarly, we can find that v(x) u(x) = 1. So, u(x) is

also invertible.

i) Let t(x) € J(T [[X]]). Then V r(X) = ro + rix +...€ T [[X]], 1- r(X) t(x) is
invertible, thatis, 1 — (rg + ryx +...) (¢ + tyx +...) is invertible By the part (i) 1 -
Toto IS invertible, namely t, € J(T). And hence t(x) =ty + (t; + tyx +...) X E
J(T) + T [Ix]] x.

Now, let t(x) € J(T) + T [[X]] x. Then t(X) =ty + t1x +... =a + (by + byx +...) X
whereae J(T)andsoa=ty € J(T).Vr (X) =1y +rix +... € T [[X]], 1 - r(X) t(x)
=1l—(rotrix+...) (kg +ttix+...) =1 —(roty + (roty + r1ty) X +...) =1 —1t,
+ [roty + ity + (roty + ity + 1rotg)x + - Ix. Since ty € J(T), 1 - 1oty is
invertible and hence t(x) € J(T [[X]]).

iii) Since e(x) is idempotent, (e(x))?= e(x). Assume that e, = 1 where e(x) = e,
+tex+.... Then(1+e;x+...) (1 +ex+...)=(1+e;x +...). Thusle; +e4 1
=eq impliese; =0,1 e, + e;e4 + €, 1 = e, implies e, = 0. If we continue in this
way, then we have that e, e,, ...,e,_1=0,50e,=1e, +e;€,,_1 +...Tt €,_1€1

+ e, 1 implies e, = 0. Then e(x) = 1. This gives a contradiction.
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Proposition 4.15. T is a clean ring with idempotent not identity if and only if

T [[X]] is a clean ring with idempotent not identity.

Proof. (=): Let t(x) =ty + t1(X) +...¢ I(T [[X]]). Then t, & J(T) and hence t, =
€p + Uy with €p 2= €p # 1 and Uy unit. ThUS, we have that t(X) =€y + (uo + t1X
+...) By Lemma 4.14, ug + tyx +... is unit and ey 2= e, # 1 idempotent. Then

T [[X]] is a clean ring with idempotent not identity.

(<): Let T [[x]] be a clean ring with idempotent not identity and ¢ ¢ J(T). Then t
¢ J(T [[X]]),and hencet=(ey + e1X +...) + (uy + u X +...) wheree(x) = ey + e;X
+... # 1 idempotent and u(x) = ug + uyX +... Unit. By Lemma 4.14, ey 2= ey #
1 and hence t, = ey + uy Where eq 2= e, # 1 idempotent and u, is unit. Thus, the

proof is completed.

We know that every primitive idempotent is local in a semipotent ring and
every orthogonally finite semipotent ring is semiperfect (see Immormino (2013)).
Then we can give the following proposition since every clean ring with idempotent

not identity is semipotent.

Proposition 4.16. i) Every primitive idempotent in a clean ring with idempotent not

identity is local.

i) Every orthogonally finite clean ring with idempotent not identity is semiperfect.
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5. SOME EXAMPLES

Now, we will prove that End (W+) is a clean ring with idempotent not identity
where W is a nonzero vector space over the division ring T by using Nicholson
and Varadarajan (1998).

Definition 5.1 (Shift operator) Let W+ be a vector space over the division ring T
such that {y;, v,, ...} is a basis of Wr. The linear transformation g: W+ — Wr
given by B (yi) = yi+1, for each i, is called a shift operator relative to the basis { y;,

Vo, ...} on Wr.

Lemma5.2. Every shift operator on W is a clean ring with idempotent not identity
in End(Wr) where W is a vector space of countably infinite dimension over the

division ring T.

Proof. Let p: Wt — W be a shift operator on Wt where {y,, y,,...} is a basis
of Wrand B( yi) = yi+1 for each i = 1. Our goal is to find an idempotent y not
identity such that p—y is unit (that is, B—y is a 1-1 and onto linear transformation
on Wr).

Lety: Wt — Wrgiven by

Y(y1) = y1 +y,, and then

(1) =701 +y2)

Y (1) =v(r) +v(v2)

Ow,=7 (¥2)

and then y (y,) = Ow,.

Y2r)="? where k> 1.

Case 1. Let k be even. Then take as
Y(Vak) = Yar+y, Where k>1.
Thus, v? (Yak) =y (art ¥2 )

VW) =Y Oare) + v (V2) =¥ age ) + Ow..
16



V(Var)= Y(Var )-

Case 2. Let k be odd. Then take as
Y(Var+2) = Yars2-Y2 V k21
VWarr2) = YVak+2- V2 )
=Y(Var+2) -7 (V2)

=Y(Vak+2) - Owy

V’Vaier2) = YVak+2 ).

By case 1 and case 2 we see that
Ya) =y W) ¥V k=1,

Now, lety (Var+1) = Yok + Vars2

Let’s prove that ¥? (¥z2x+1) = ¥ (V2k+1)

Case 1. Let kbeeven. Then

Y(Var+1) = Yar™t Vars2

V’Vak+1) =¥ Var) + ¥ Gaks2)
=Yak t Y2t Vak+2" Y2

= Yak t Yak+2= ¥ Var+1)-

Case 2 let k be odd. Then
Y(Vak+3) = Yaksz * Vakra
V’Vak+3) =¥ Vak+2) + ¥ Vak+a)
= Ya2 - Y2 * Yak+at V2

= Yak+2t Vak+a

Y2 (Vak+3) =¥ (Vak+3)

By case 1 and case 2,
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Y°(Var+1) =Y Var+1)-

As a result, y? =1, that is, y is idempotent not identity.
Now, let’s prove that —y: Wt — WHris onto.

(B=7) (-y1) =y1,

(B=7) (v2) =y,

Y Vak+1) = Yot Yok V K21

=Yt B (V2k+1)

B—Y) (- Y2k+1) = Y2k

Let’ s find that (B—7) (?) = Yaxs1, ¥ k1.

Case 1. Let k be even.

(B=) (Yar) = Yak+1- Yak~ Y2

(B=Y) (Vak+1) = Yar+2~ Yak —Var+2
(B—) (¥3) =Ya- Y2 -Va

Then (B—Y) (Yar- Yak+1-Y3) = Yak+1
Case 2. Let k be odd.

(B=Y) (Vak+2) = Yar+3~ Yak+2 t Y2
(B—7) (Yak+3) = Yak+a~ Yak+2~ Yak+a
(B=) (¥3) = Ya-¥2 - ¥a

Thus, (B—7) (Yak+2- Yar+3-Y3) = Yak+3
Consequently, p—y is onto.

Finally, we will prove that p—y is 1-1.
Leta, y;+a, y, +...+any, € ker (B—y)

where a,, ..., an € T.
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Then (B—v) (a1 y1+a; y, +...t an ¥p) = Ow,

Using the definitions of B and vy, we can find the following:

(B=7) (¥1) =-y1,

(B=7) (y2) =3,

(B=7) (¥2k41) = -y V k21,

(B=7) (Var) = Yaks1-Yar-y2 ¥V k=1,

(B—Y) (Yak+2) = Yak+3~Vak+2¥Y2 V k=1

Using these equalities, we can see that,

Coefficient of y,:-a,;=0r.

Coefficient of y,:-az—a,tag —agta;g —a;;+ag—aet...

Coefficientof  y;:a, =0r.

Coefficient of  y,u: -a441 - 4= O1.
Coefficient of  y,p41: a4= 01,

Coefficient of V442" -A4k43 - Aaks2= OT.
Coefficient of  y,p43" asr42= 01,

Therefore, a;= a,= Or.

au=0r V k> 1 (thatis, a, =ag=... = 0r).

a4k+2: OT V k 2 1 (that iS, 36 = a10 = ... OT).

= 0T.

Then agr,1=0r V k>1and hence az = 07 and S0 a3 = Or.

Therefore, a; y;+a, y,+...+ an ¥,= Oy, and hence ker (B—y) = {O,}, and so

B—y is 1-1. Thus, B—y is unit where vy is idempotent not identity and then B is a

clean element with idempotent not identity.
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Lemma 5.3. Let ® € End (W+) where Wr is spanned by {y, 0(y), 6(y), ...} for
some y € W+ such that 6(y) # Or. Then 0 is a clean element with idempotent not

identity.

Proof. Let 0"(y) & (y, 0 (y), ..., 0™'(y)), V n > 1. Then {y, 0(y), 6%(y), ...} is
linearly independent and hence it is a basis for Wr. Therefore, 0 is a shift operator
relative to this basis on W+. By Lemma 5.2. 0 is a clean element with idempotent

not identity.

Let3n>1,0"y) €y, 0(y), ..., 0!(y) ). Then we can choose that n is the smallest
number in this way. Then {y, 0(y), ..., 0™}(y)} is a basis for Wr. Let n = 1. Then
0(y) € (y) and so, 6(y) = ay and it gives that 6 = al (a # 0) is unit.

Letn > 2 and A = [a;] be the matrix with respect to this basis. Thus, we have that
0(y) = Ory+ 11 6(y)+ Or 0%(y)+ ...+ 01 0"Y(y)

0(6(y)) = 6%(y) = Ory+ 07 6(y)+ 171 0%(y)+ ...+ 01 0™*(y)

0(6™*(y)) = 0"(y) = Ory+ 0rO(y)+ ..+ 07 6™(y)+ 11 6™(y)

0(0™(y)) = 0" (Y) = apq Y+ anz0(y)t ...+ ay, 0™H(Y)
Therefore, if we take as Or = 0, then we have that

[0 0 0 .. O n1]

[1 0 0 .. 0 ap|
A=|0 1 0 .. 0 a,sl
lo 0 0 .. 1 a,,

Since T is a clean ring, we have an idempotent e and a unit u such that a,,; = e+ u.

Then we can obtain that
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0 0 O 0 e [0 0 0 0 u
[000...Oe]|100 0 b,|
A=lo0 0 0 .. 0 e|l+l0 1 0 0 byl
[s SRR J [: s+ - i 1
000 ..0e looo .1l

where a,, =€ +b,, ..., a,, =€+ b,,

The first matrix is an idempotent matrix not identity and the second matrix is a unit

element in M, (T) such that the inverse of second matrix is as in the following:

—b,u! 1 0 .. 0 O
—bsu! 0 1 .. 0 O
0 0 0 .. 00
—-b,u! 0 0 : 0 1
u! 0 0 .. 0 O

Thus, A is a clean element with idempotent not identity and hence, 6 is a clean

element with idempotent not identity.

Theorem 5.4. Let W+ +# 0 be a vector space over a division ring T. Then End (Wfr)

is a clean ring with idempotent not identity.

Proof. Let @ € End (W) and y, € Wt with a( y,) # O1. If Uo=y, T+ a(y,) T+
a?(yo) T+ ... = Wr, then a = e + u (where e is an idempotent not 1 and u is a unit)

by Lemma 5.3.

Let Uo= yo T+ a( vo) T+ a?(y,) T+ ... # Wr.

LetY ={(U, 6, m): Uo CUS Wris a —invariant such that a|y;= 6+ m where
& € End (U) unit, 7%= 7 € End (U) and &],,= u and m|,, = e}.

Let the partial ordering on Y as follow:

U, 6 m)< (U8, m)ifUCU ,§|y=6and ' |y =

Let C be any chain in Y. (Thus, any two elements in C are comparable). Let

(UyecU, B, Y) be defined as follow: Vx,y € UyecU, 3 (Uq,64, ;) and

(U,,6,,m,) € Csuchthatx € U;andy € U,. Since C is a chain, we can suppose

that (Uy, 61, 1) < (U,, 85, m,) and, we can define S(x) = §,(X), £(Y) = 62(y), Y(X)

= 12(X), Y(y) = m2(y). Then we have B(X +y) = 8,(X +y) = §2(X) + 8,(y) = B(X)
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+ B(y) and (x +y) = my(X +y) = m,(X) + m2(y) = P(X) +3(y). Thus, g and ¢ are
additive homomorphisms. In addition, we can say that § and i are linear
transformations such that |, = B + ¥ where g is a unit in End (D) and ?
=1 € End (D) and B|y,=uand Y|y =€ # 1 where D = Uyec U. Then (D, B, )
€ Y is an upper bound of C in Y. By Zorn’s Lemma, Y has a maximal element. Say

(Uy, &, m) for this maximal element.
It is enough to prove that U; = Wr.

Assume that y € Wt -U;. If a( y) € U,, then ©’: yTOU; — yTHU; with
n'(up) =m(uy) and ' (y) =yand §': yTOU; — yTHU, with 6§’ (uy) = 6(uy)
and 6'(y) = 6(a(y))-y where u, € U;. Then rt’ is idempotent on yT@U;. Now,

let’ s prove that &'is unit.

Let 8’ (yty + u,) = 0. Then we can write that
6'(y)ty +6(uy) =0

S(a(y))ty —yt; +6(uy) =0

S(a(y)ty +é6(u;) =yt; € UyNyTr=0andsoy=0o0rt; =0. Then §(uy) =
0,s0uy =0, and yt; + u;=0. Thus, 8" is 1-1.

Now, let’ s prove that &' is onto. Since &'(a(y) —y) = 6(a(y) -6(a(y) +y =Y.

Then &' is onto.

Let Wo = yT®U,, then Wy is a —invariant. Thus (U;,U, e) <(W,, &', ') and it

gives a contradiction.

Now, let a(y) € U;. Let K=y T + a(y) T+ ... and Wo = U; + K where W is

a —invariant.

Claim: a is a clean element with idempotent not identity in End (Wo). Let’ s prove
this !

We can find that Wo= M @ U, where M is a subspace containing y.

Since Uy is a —invariant,
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c_t:WO/U1 — WO/U1 given by

a(wy + Uy) = a (wg) + Uy is a linear transformation.
Then a™(wy + U; )=a"(wy + U;) Vn=> 1.
Letwy, +U; =w, .

Let 8:Wy ————M. Then 6% = 8 € End (Wo) where 8(Wo) = M and ker (8) =U,.

m+u;—m

. Wy
Let 60: 0/, o M

Then 6, is a 1-1 and onto linear transformation.
Write = 6,a6,* € End (M).

Then vV w, € Wowhere wy =m + u,

BO(Wo) = 0,65 *(6(wo))

= 0ya(wotU;) = 0y(a(wy)+U,) = Oa(wy)

And hence 6(w,) = Oa(w,) ¥V wy € Wo.
Thus, f6(m) = Oa(m)

6a(m) = p6(m) = B (m)

and hence 88(m) = 88 (a(m)) = 6 (a(m))

Since ker (6) =U;, a(m) - f (m)€ U;, Vm € M.

Since {y,a(y),a%(¥), ....} spans WO/U1 where @(y) # 0,

{60(3).00@(3).00& (), ...} = {66(7),B00(7).5? 6o(¥), ...} spans M where S, (7)
# 0.

Thus, by Lemma 5.3. B = 8+ 1y Where 3 =y € End (M) and &, € End (M)

is a unit.

We have that a|y, = 8+ 1 where n? =m € End (U,) and § €End (U,) is a unit.
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Since Wo=M @ U, , let’s define
@(m +uy) = mo(m) + m(uy)

F(m+u;) = 8o(m) + (a(m) - B (m) +8(uy))

€U,y

Then ¢|y,=mand I'|y,=4.
In addition,

(@ + (M +u,) = mo(m) + 8o (M) + m(uy) + 8(uy) + a(m) - B (m) = B (m) + a(u,)

+a(m)-B (m)=a(mtu)) >a=¢p+1I.

@*(m +uy) = @(me(m) + m(uy)) = mg(m) +w? (uy) = me(m) + m(uy) = @(m+u,)

and hence

2 —

p-=9.
Now, let’ s prove that I" is 1-1 and onto.
Let I' (m+u,) = 0.

So(Mm) + ((a(m) - B (m) +6(uy)) =0=m=0and u, =0. Then I' is 1-1.

If u’ € Uy, then there exists uy € U, such that 8(uy) = u'=T (0+uy).

V m € M, there exists m; € M such that §,(m,) = m.
Then a(m,) - B (m,) = - 6(u,) where u; € Uj.
Thus, I' (m; +u;) = §y(m; ) + (e(m,) - B (m,) + 6(u;)) =mand so I' is onto.

Therefore, a is clean in End (Wo) where U; <Woand a = ¢ + I' such that ¢? =¢
and I'is a unit and @|y,= mand I'|y, = 6.Then (U1, §,m) <(Wo,I",9) € Y. This
gives a contradiction. Because (Uy, 6, i) is maximal in Y in this way. By the
contradiction, Uy € U; =WHr. As a result, End (W) is clean ring with idempotent

not identity.

We give the following theorem using Camillo and Khurana (2001).
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Theorem 5.5. Let T be a unit regular ring. Then T is a clean ring with idempotent

not identity.

Proof. Let0 #a € T. Then aT, ry (), aT + rr (a) and K =aT n ry (a) are direct
summands of T+. Moreover, we have X € r (a) with aT + ry (a) =aT @ X. Put
T=aT@®X@YandaT =K @& ZwhereY,Z < Tt. Thus, we have that T = K @
X ®YDZ Wehave X ®@K=rr(a) =T/, =X @Y. By Goodearl (1991), K
=Y.Let¢p: K — Yand h: ry (a) — X @ Y be isomorphism with w=h~1: X
@Y — rr(a). We can extend hand w to Tt by definitions h(y) =y, w (z) = h
@2)=0,w(k)=¢ (Kywhereye Y,ze Z, k e K.

Now, we will prove thathwh=h. Vte Tt=k+x+y+zsince T=K® X &Y D
Z and then (hwh)(t) = (hwh)( k + x + y+ z) = (hw) (h(k)) + (hw) (h(x)) + (hw)
(h(y)) + (hw) (h(z)) = h(k) + h(x) + h(y) = h (k + X + y+ z) = h(t). Then hwh = h,
and hence hwhw = hw and we have that hw is idempotent. Then (hw) (1) (hw) (1)
= (hw)((hw) (1)) = (hw) (1), and hence (hw) (1) is idempotent.

Now, we will prove that r; (a — (hw) (1)) = 0. Let t € r; (a — (hw) (1)), then at —
(hw)(t) = 0. Then at = (hw)(t) eaT N (X ®Y) =0. Since at =0, tery (a) =
X @K So, t =x+ kwhere x € X, ke K. (hw)(t) = 0 imples that (hw) (x + k) =
0 and hence (hw)(x) +(hw) (k) =0. Thenx+h ¢ (k)= 0= x+ ¢ (k) =0, so X
=¢ (k) =0, and hence k =0. Thent = x + k = 0 and hence, r; (a — (hw) (1)) = 0.
Since T is unit regular, there is u € U(T) such that (a — (hw) (1)) u (a - (hw) (1)) =
a— (hw) (2). Then (a— (hw) (1)) [u (a— (hw) (1)) - 1] =0, so u (a - (hw) (1)) = 1.
Thus, a — (hw) (1) is unit.

Assume that (hw) (1) =1.SinceT=K@® X @YD Z,1=k+x+y+z (hw) (k +
X+y+2)=k+x+y+z=h(¢p (K)+x+y+0=Kk+x+y+z=¢ (k) +xX+Yy
=k+x+y+2z Then,¢ (k) =0,z=0and hence k =z =0. Thus, 1; =x +y and
hence T=X @Y=K® X @YD Zgivestous k=z=0,soaT =0. This gives
a contradiction. Thus, (hw) (1) # 1. Then a is a clean element with idempotent not
identity.

Corollary 5.6. The following are satisfied:

i) Every semisimple ring is a clean ring with idempotent not identity.
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il) Every semiperfect ring is a clean ring with idempotent not identity.
iii) Every artinian ring is a clean ring with idempotent not identity.
iv) Every finite ring is a clean ring with idempotent not identity.

Proof. i) A division ring is unit regular. If T is a semisimple ring, then T =
[Tix1 My; (D;) by Wedderburn — Artin Theorem. If f € My; (D;), then it is
equivalent to a diagonal matrix with idempotent entries by Theorem 3.7 in Lok and
Shum (2003). Then f is unit regular and then T is a clean ring with idempotent not

identity.

i) Since T is semiperfect, T/](T) is semisimple and idempotent lift modulo J(T).

By the part (i) and Lemma 4.13. we are done.

iii) Since T is artinian, T/](T) is artinian. By Anderson, Fuller (1992), T/](T) IS

semisimple and then it is a clean ring with idempotent not identity. Since J(T) is
nilpotent, idempotents lift modulo J(T). By Lemma 4.13. T is a clean ring with
idempotent not identity.

iv) Since every finite ring is artinian, by the part (iii) it is a clean ring with

idempotent not identity.
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6. CONCLUSIONS AND RECOMMENDATIONS

In this thesis, we define clean rings with idempotents not identity which are a

special case of clean rings. We will continue to solve when a clean ring is a clean

ring with idempotent not identity. We have some important conclusions on these

rings as follow:

1.
2.

T is a clean ring with idempotent not identity if and only if so is U,,(T).
We obtain when the ring of formal upper triangular matrices and a subring
of Morita context are clean rings with idempotent not identity.

Unit regular rings are clean rings with idempotent not identity.

The formal power series ring T[[x]] is a clean ring with idempotent not
identity if T is a clean ring with idempotent not identity.

Endomorphism rings of a vector space is a clean ring with idempotent not
identity.

Every semisimple , semiperfect, artinian and finite rings are clean rings with

idempotent not identity.
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