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OZET

GORUNTU VE CIZGE SINYALI TEMIZLEME ICIN SPEKTRAL CIZGE TABANLI
ORTAK DUGUM-SIKLIK WIENER FILTRELEMESI

Ali Can YAGAN

Elektrik-Elektronik Miihendisligi Anabilim Dali
Eskisehir Teknik Universitesi, Lisansiistii Egitim Enstitiisti, Ekim 2020
Danisman: Prof. Dr. Mehmet Tankut OZGEN

Bu tezde, goriintii ve cizge sinyallerinin temizlenmesi i¢in spektral ¢izge tabanlh diigiim-
siklik Wiener filtreleme islemi 6nerilmis ve gelistirilmistir. IIk olarak, klasik sinyal isleme-
deki Zadeh zaman-siklik filtreleme kavrami ¢izge sinyallerine uyarlanmistir ve bu filtrenin
diigiim-siklik transfer fonksiyonu, onun orijinal ve tahmin edilen ¢izge sinyali arasindaki
ortalama karesel hatasini enkiigiilten, diiglimle degisen diirtii cevabindan elde edilmistir.
Tiiretilen Wiener filtresini kullanabilmek i¢in bir delta sinyali ile genellestirilmis kon-
voliisyon olarak tanimlanan bir ¢izge oteleme operatdriine dayandirilan ¢izge Rihaczek
diigiim-siklik dagiliminin (CRD) detayl bir tiiretimi sunulmugtur. Ulagilan Wiener filt-
resinin yapist klasik sinyal islemede yaygin olan zaman-siklik Wiener filtrelerininkin-
den oldukca farklidir. Ayrica, kullanilan CRD’nin terslenebilirlii de incelenmistir. Bir
bagka calisma olarak, sadece diizensiz yapidaki cizge sinyallerinin temizlenmesi i¢in
pencerelenmis ¢izge Fourier doniisiimii alaninda bir diigiim-siklik cizge Wiener filtre-
leme yapis1 6nerilmis ve gelistirilmistir. Cizge sinyalinin deterministik oldugu varsayimi
altinda, bu 6nerilen diigtim-siklik Wiener filtrelerini uygulamak amaciyla bazi algoritma-
lar Onerilmistir ve bazi goriintii ve diizensiz ¢izge sinyallerinin temizlenmesi i¢in uygula-

narak performanslar1 giincel temizleme yontemleriyle karsilagtirilmistir.

Anahtar Sozciikler: Spektral ¢izge yontemleri, Wiener filtresi, Zadeh zaman-siklik filt-

resi, Cizge Rihaczek dagilimi, Goriintii ve cizge sinyali temizleme
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ABSTRACT

SPECTRAL GRAPH BASED JOINT VERTEX-FREQUENCY WIENER FILTERING
FOR IMAGE AND GRAPH SIGNAL DENOISING

Ali Can YAGAN

Department of Electrical and Electronics Engineering
Eskisehir Technical University, Institute of Graduate Programs, October 2020
Supervisor: Prof. Dr. Mehmet Tankut OZGEN

In this thesis, spectral graph based vertex-frequency Wiener filtering scheme is proposed
and developed for image and graph signal denoising. Zadeh time-frequency filter con-
cept in classical signal processing is first extended to graph signals and vertex-frequency
transfer function of this filter is obtained from its vertex varying impulse response min-
imizing the mean square error between original and estimated graph signal. A detailed
derivation of graph Rihaczek vertex-frequency distribution (GRD) based on a graph shift
operator defined by generalized convolution with a delta signal is presented to facilitate
the derived Wiener filter. The form of the obtained Wiener filter is different than those of
time-frequency Wiener filters prevalent in the classical signal processing. Moreover, the
invertibility of the employed GRD is investigated. As another work, a vertex-frequency
graph Wiener filter framework in the windowed graph Fourier transform domain is pro-
posed and developed to denoise irregularly structured graph signals only. Under the as-
sumption that the graph signal is deterministic, some algorithms are proposed to imple-
ment these proposed vertex-frequency Wiener filters, and they are applied for denoising
of a set of images and irregular graph signals, and their performances are compared with

recent denoising methods.

Keywords: Spectral graph methods, Wiener filter, Zadeh time-frequency filter, Graph

Rihaczek distribution, Image and graph signal denoising
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1. INTRODUCTION

1.1. Background and Motivation

In the past decade, graph signal processing (GSP) based on the idea of defining
a signal on a regular or irregular structure has been rapidly developed in many signal
processing applications such as social, sensor or biological networks, etc. [1, 2]. Many
classical signal processing approaches have been extended to graph signals for filtering,
denoising and coding purposes [3, 4, 5], i.e., signals samples of which are defined on and
indexed by vertices (nodes) of a graph with edges between vertices to represent sample re-
lationships and possible edge weights to model pairwise similarity between those vertices
or samples residing on them.

Spectral graph based methods based on the graph Fourier transform (GFT) have also
been widely used in signal processing applications. Adjacency matrix of a signal defined
over a graph is of high importance in these methods since the GFT is computed by the
projection of corresponding signal onto the eigenbasis of it [4, 6, 7] or onto that of a graph
Laplacian matrix derived from it [3, 8]. Alternative and more elaborate GFT definitions
have also been proposed recently [9]-[13]. Spectral analysis of graph signals [14]-[19],
filtering operations in the graph spectral domain [3, 4], [6]-[8], [20, 21], stationarity of
a graph signal [15]-[19], [22] and adaptive graph signal processing [23]—-[25] are some
notions facilitated by the GFT, to analyze and process a signal, in spectral graph based
methods.

Spectral graph based denoising methods have been developed for graph signals de-
fined over irregular structures and images recently [26]. Viewing pixels of an image as
vertices (nodes) of a graph consisting of a two-dimensional (2-D) regular grid of those ver-
tices connected by edges representing image pixel similarities with their assigned weights
enables some image processing techniques such as smoothing, denoising and filtering
to be applied in GFT domain [20] and also leads to discrete regularization frameworks
on the weighted graph obtained from image to be processed [27]. Such regularization
frameworks are related with denoising techniques employed in GFT domain [3, 6, 7, 21],
[28]-[31], i.e., ly, [; and l5 regularization yield hard thresholding [32]—[34], soft thresh-

olding [6, 7] and lowpass filtering [35]-[37] in the graph Fourier domain. Total variation



minimization methods applied to graph signals are also developed for denoising in GFT
domain [6, 7, 27, 38, 39].

Fast spectral graph filter implementations are also available based on polynomial
approximations of graph filter frequency responses that enable to apply polynomials of a
sparse graph shift operator matrix to an input signal locally in the vertex domain [6, 8,
40, 41]. A related fast filtering approach is to project the input noisy signal onto a Krylov
subspace of the graph Laplacian matrix [42]—[44].

Some of the more recent image denoising methods are kernel based image filtering
techniques [45] that weight similar image patches or pixels locally or nonlocally [46]-
[48], such as the bilateral filters (BF) [49, 50] and nonlocal means (NLM) [51]-[53] fil-
ters, and that also adapt to local structures of patches [54]. Such methods are closely
related with spectral graph based denoising methods in that kernel similarity matrices
are analogous to weighted adjacency matrices whose elements representing similarity be-
tween two image pixels serves as the weight of the graph edge connecting those two pixels
(vertices). Kernel matrices can be adapted to local structures of images as well, for im-
proved performance [54]. In such kernel based image filtering methods, row-normalized
kernel matrices are applied to input vectors composed of observed, noisy image pixels
[45, 54]. However, the matrix inversion involved in the normalization is shown to be
relieved successfully to reduce the computational cost [55].

Two of the patch based image denoising methods employing Wiener filtering, i.e.,
patch-based locally optimal Wiener (PLOW) filtering and the block-matching and three-
dimensional (BM3D) filtering, achieve effective denoising performances resulting them
to be called as state-of-the-art methods. In particular, the PLOW filter performs Wiener
filtering in spatial patch domain [56] while the BM3D filtering performs it in a fixed
three-dimensional domain [57, 58]. Spatial domain Wiener filtering techniques based on
estimating pixelwise image statistics locally [59]-[61] or non-locally [62] developed for
various noise models; stationary or nonstationary, additive or multiplicative, Gaussian or
Poisson [59]-[62] are also developed in image denoising literature.

In GSP context, stationarity notion for graph signals has also been defined and sta-
tionary graph Wiener filters in GFT domain have been developed for deconvolving or
denoising of stationary graph signals [15]-[19], [21, 63]. Such filters are based on dif-

ferent concepts such as graph shift operator (GSO) matrices [18], correlation functions



of stationary graph signals computed by an isometric GSO to obtain a graph version of
the Wiener-Hopf equation [19], and power spectral densities [15, 18, 21, 22, 63] obtained
from eigenvalues of such signal autocorrelation matrices whose eigenvectors are same
with those of graph Laplacian [15, 21, 22, 63]. Image denoising and in-painting applica-
tions have also been performed by such filters [15, 18].

Images have been divided into different categories such as natural or piecewise
smooth (PWS) images including depth, synthetic images, etc., with respect to their struc-
tural and textural properties in some of the more recent studies in image processing, to
demonstrate the performance of proposed algorithms effectively. Natural images are gen-
erally regarded as 2-D stationary signals defined over regular structures [15, 64], however,
images and graph signals of interest can be nonstationary or can even be modeled as de-
terministic. In particular, PWS images can be considered as 2-D deterministic signals
on grid graphs. It has also been shown that there is still room for improvement in de-
noising performance over the state-of-the-art methods especially for less textured, simple
structured and smoother images called as PWS images [65].

Wiener filtering has been developed in a fixed domain such as the cosine, wavelet
or discrete Fourier domain [52, 66, 67], and in the eigenspace of a filter kernel matrix
[45, 68], under the assumption that the signal of interest is deterministic. Such a filtering
is proposed in [68], applying a kernel based denoising filtering iteratively to optimize
estimated mean square error (MSE) from input noisy image, with respect to truncation of
filter eigenmodes. A graph Wiener filtering scheme is proposed and developed in [69] in
GFT domain as a post-processing step in order to improve image denoising performances
obtained by various spectral graph based denoising methods. This method uses cleaned
graph Fourier coefficients of a noisy image provided by such a method, and the estimated
noise variance, to estimate graph Fourier coefficients of the original, noiseless image, first;
and then estimates the Wiener filter frequency response using these estimated coefficients
of the original image [69]. As such, it is realized directly in the GFT domain without
requiring to compute graph power spectral densities or graph correlation functions first.

Wiener filtering approaches existing in related literature have been developed to
perform filtering operations in a fixed transform domain, spatial domain or a GFT domain
facilitated by a graph formed from the signal of interest. However, if a graph signal of

irregular structure or of regular 2-D grid (for an image) is considered as deterministic,



the Wiener filter becomes shift varying (node variant or vertex varying for graph signals).
In that case, as clarified in detail in this thesis, transfer function of such filter should be
formulated in the joint vertex-frequency domain as in the time-frequency (TF) domain
for classical signal processing. Therefore, in this thesis, a vertex-frequency (or vertex
varying) Wiener filtering scheme is first proposed and developed for denoising of images
and graph signals [70]. As another work, a vertex-frequency graph Wiener filter class
in the windowed graph Fourier transform (WGFT) domain [71]-[76] is proposed and
derived for graph signal denoising as a generalization of the Wiener filter developed in

[70] that includes it as a limiting case.

1.2. Related Work

In this thesis, a graph Zadeh vertex-frequency filter is proposed by extending the
Rihaczek-Zadeh filtering scheme [77, 78] that is one of the commonly used linear TF
filters in the classical signal processing [79, 80]. The proposed Zadeh filter is used for
graph signal and image denoising, as a vertex-frequency graph Wiener filter while it can
also be employed for seperation of graph signals.

More recent TF Wiener filters, as reviewed in [81], employ the Weyl TF transfer
function formulated in terms of Wigner-Ville spectra of the original, noiseless signal and
the noise process [81, 82]. However, interpolation required to extend this approach to
graph signals makes this process difficult to achieve [3].

Evolutionary spectra [83] of the signal of interest is employed to formulate the
transfer function of TF Wiener filters employing Zadeh’s TF transfer function [84]—[86].
Nevertheless, this transfer function is also related to the Rihaczek distribution (RD) [87]
of the input signal of the time varying filter [78]. Therefore, in this thesis, the Zadeh’s TF
transfer function [77] is first extended to graph signal filtering, then, a vertex-frequency
Wiener filtering scheme is proposed for image and graph signal denoising, whose graph
Zadeh’s vertex-frequency transfer function is expressed in terms of the graph Rihaczek
vertex-frequency energy distribution (GRD) [88, 89] of the original, noiseless signal of
interest.

The short-time Fourier transform (STFT) and the wavelet transform domains of

the noisy signal have been employed by Wiener filter-type transfer functions in other TF



Wiener filtering approaches. Transfer functions are expressed in terms of spectrograms
(magnitude squared STFT) and scalograms (magnitude squared wavelet transform), in
[90, 91] and [66], respectively, of the original, noiseless signal and the noise process.
Such filtering approaches are also used for image denoising and restoration as in local
adaptive filtering proposed in [67]. Windowed image portions are filtered in a fixed trans-
form domain by weighting windowed spectral coefficients by an estimated Wiener filter
frequency response specific to that image patch, in this work [67]. Hence, this work is
actually a form of space-frequency filtering of the analysis-masking-synthesis type [80]
mentioned above. The BM3D method [57, 58] also seems to be a 3-D extension of such
a space-frequency filtering; since similar image patches at different locations on a noisy
image are grouped together before applying a 3-D Wiener filter to them in a transform
domain, making this method a space varying filtering operation. The third dimension is
related to the similarity of the grouped patches.

The graph Wiener filtering scheme developed in [69] can be considered as a graph
extention of TF Wiener filtering methods employing the STFT whose graph counterparts
are the WGFT [71]-[76], or the graph S-transform [73], when it is applied patchwise in
a locally adaptive manner. However, it can only be a very decimated and crude way of
a vertex-frequency graph filtering operation. Firstly, choosing different image patches
[69] amounts to the classical spatial shift operation, instead of a graph shift operation
applicable to generic graph signals defined on possibly irregular graphs. Secondly, the
GFT coefficients of selected patches are employed in this method, instead of using the
WGEFT or the S-transform. Therefore, this method proposed in [69] is not appropriate to
be generalized for processing of generic graph signals.

Recently proposed vertex-frequency graph signal representations such as the WGFT
or the S-transform, mentioned above, have only been employed to analyze vertex vary-
ing graph frequency contents of involved signal of interest, so far. They have not been
employed yet for any vertex-frequency filtering operations. Nevertheless, such a filtering
idea is hinted in [92] as masking the WGFT coefficients of an input, noisy signal and
inverting them by inversion methods listed there to attain the filter output signal. This
filtering is probably proposed for a denoising operation, since thresholding the WGFT of
the input, noisy signal is proposed to be used for obtaining the filter transfer function.

However, a filtering application is not obtained in that work. Therefore, as another work



presented in this thesis, a vertex-frequency graph Wiener filter framework in the WGFT
domain is proposed and developed to denoise graph signals of irregular structure, only. It
is achieved by weighting the WGFT of the input, noisy signal by the filter transfer func-
tion and then obtaining the filter output signal by one of the WGFT inversion methods
presented in [92]. Assuming that the original signal to be recovered is viewed as a de-
terministic signal, the Wiener vertex-frequency transfer function obtained by minimizing
the MSSE is analytically expressed in terms of the GRD of the original, noiseless signal of
interest and the window signal in the vertex domain.

In some recent works, the idea of denoising the noisy transform coefficients by
thresholding has been employed for images [93] and graph signals [94], as a vertex-
frequency filtering, in the graph wavelet and multiscale transform domains. For details of
such methods and a comprehensive review of multiscale transforms and graph wavelets
please see [1, 3, 8, 94] and references therein.

Spatial domain Wiener filtering methods mentioned previously [56], [S9]-[62] also
involve space varying filtering, but they are not formulated or implemented in a joint
space-frequency domain.

As an approach reminiscent to vertex-frequency filtering, convolutional neural net-
works are devised for graph structured data where WGFT coefficients of such data are
implemented, and weighted by network weights acting as spectral multipliers, in net-
work layers [95]-[97] for deformable shape correspondence and classification applica-
tions [97, 98]. Although such a localized graph spectral convolution operation is also a
form of vertex-frequency filtering, it is not explicitly formulated and designed in a joint
vertex-frequency domain.

The node-invariant (shift varying or vertex varying) graph filters introduced in detail
in [99] are used in analog network coding to optimally approximate a predetermined linear
transformation that is applied to graph signals [99], while they are employed for denoising
purposes in this thesis. Nevertheless, the vertex-frequency transfer function is also given
in Eq. (4.3). As emphasized below, this node-variant graph frequency response differs
from the Zadeh vertex-frequency transfer function and the Zadeh vertex-frequency graph
filtering concepts proposed in Chapter 4 of the thesis. Fig. 1.1 presents a flowchart of
proposed image denoising methods employing a vertex-frequency transfer function of the

proposed graph Zadeh filter.
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Figure 1.1. A flowchart demostrating the proposed image denoising methods

Node-invariant (shift-invariant) graph filters are usually described by impulse re-
ponse matrices expressed as polynomials of GSO matrices [1, 3, 4, 18, 19, 99, 100].
Node-variant filters are obtained in [99] by generalizing scalar polynomial coefficients to
diagonal coefficient matrices multiplying powers of the GSO matrix so that each graph
node applies different coefficients to corresponding samples of shifted input graph sig-
nals. Then, for each graph node, a different graph frequency response is revealed as a
polynomial of eigenvalues of the GSO matrix serving as graph frequencies, with polyno-
mial coefficients specific to that node (Eq. (4.3) in [99]). In the proposed graph Zadeh
filtering scheme, the entire graph filter impulse response matrix is considered, whether it
is expressible as a polynomial of a GSO matrix or not, and a transformation to it is applied
in a similar way to the one encountered in the classical Zadeh time varying filtering [77]
to obtain a vertex-frequency transfer function of the proposed graph Zadeh filter. This

derivation will be given in Chapter 4.



1.3. Thesis Contributions

Contributions of this thesis are listed as follows.

(1) A graph Zadeh vertex-frequency filtering scheme for graph signals is proposed.

(2) A vertex-frequency graph Wiener filter for denoising of such signals is proposed
with a vertex-frequency transfer function obtained from transformation of the impulse
response of the Wiener filter.

(3) The obtained Wiener transfer function is expressed in terms of the GRD [88, 89]
of the original, noiseless signal to be estimated. The form of the attained vertex-frequency
transfer function is notably different from than those of TF Wiener filters widely used in
the classical signal processing, as reviewed in [81].

(4) The employed GRD originally proposed in [88, 89] has been shown to satisty
vertex and frequency marginal properties in those works; but, a more detailed develop-
ment of it is presented in this work, as follows:

(4.1) The GRD based on a graph shift operator defined by generalized convolution
with a delta signal [3, 8, 72] is derived, among different GSO’s defined for graph signals.
This derivation follows the original definition of the classical RD [87]: The graph signal
of interest is first translated, conjugated and correlated with the unshifted signal, respec-
tively; then, a GFT is finally computed from the graph shift or lag variable. In particular,
it is emphasized that first the graph shift operation should be applied to the graph sig-
nal than the complex conjugation process, not the other way around, to obtain the GRD
proposed in [88, 89] that satisfies marginal properties.

Furthermore, derivation presented in this thesis analogous to the classical one also
enables to define a cross GRD of two graph signals on the same graph, which is not
defined in [88, 89].

(4.2) It is shown that the vertex-frequency transfer function of the proposed graph
Zadeh filter matches the GRD of the filter input signal, in a similar way as has been shown
in [78] for the classical case.

(4.3) Mean and variance of the GRD of an observed, noisy graph signal are also
derived, since they are employed in one of the Wiener filter based denoising algorithms
proposed and implemented in this work.

(4.4) Graph signal of interest is recovered back from its GRD only within a fixed



phase factor.

(4.5) Two alternative GRD definitions based on two isometric GSO’s developed in
[101] and [19] are also derived. It is shown that they satisfy marginal properties only for
the standard complex exponential basis, for which case all three GRD definitions reduce
to the classical RD. Furthermore, invertibilities of them turn out to be less favorable than
that of the GRD proposed in [88, 89].

(5) It is shown that the proposed vertex-frequency graph Wiener filtering scheme is
reduced to stationary graph Wiener filters [15, 18, 21, 22] developed for stationary graph
signals.

(6) Assuming that the original, noiseless graph signal to be estimated can be con-
sidered as deterministic, two algorithms are developed to apply the proposed vertex-
frequency graph Wiener filter to denoising. One of them is built on the output signal
of a denoising lowpass filter in the GFT domain [3, 6, 7, 21], [28]-[31] to estimate the
GRD of the original, noiseless signal that is used to facilitate the transfer function of the
Wiener filter. The other algorithm estimates the GRD of the original signal by smoothing
and hard thresholding GRD coefficients of the input, noisy graph signal.

(7) The proposed Wiener filter algorithms are applied to denoise various images
of different texture and structure such as natural and PWS images including depth and
synthetic images, and obtained averaged peak signal-to-noise ratio (PSNR) and structural
similarity (SSIM) index values are compared with those yielded by the BM3D, NLM, BF
and some recent graph based denoising methods developed especially for PWS images
such as Optimal graph Laplacian regularization (OGLR) and Nonlocal graph based trans-
form (NLGBT) methods. Real graph signals such as dendritic tree thickness, Toronto traf-
fic volume and Minnesota road graph data are also denoised by the proposed algorithms,
and averaged signal-to-noise (SNR) results are compared with those of graph wavelet
shrinkage based denoising methods, such as the hierarchical graph Laplacian eigen trans-
form (HGLET) and the generalized Haar-Walsh transform (GHWT), proposed for graph
signal denoising in [94].

(8) As another contribution of this thesis, a vertex-frequency graph Wiener filter
class in the WGFT domain for graph signal denoising is also proposed and derived as
a generalization of the Wiener filter obtained in [70] that includes it as a limiting case.

Under the deterministic signal assumption, a denoising algorithm based on hard thresh-



olding and smoothing that of the observed, noisy signal is proposed and applied to graph
signals. The performance of the proposed Wiener filter algorithm in the WGFT domain is
compared in averaged SNR results with those of graph wavelet shrinkage based denoising

methods [94] mentioned above, in denoising real graph datasets.

1.4. Thesis Organization

Graph signal model and the WGFT are presented in Chapter 2. In Chapter 3, the
vertex domain Wiener filter for denoising applications is presented. Graph Zadeh vertex-
frequency filtering scheme is proposed in Chapter 4. Vertex-frequency graph Wiener filter
developed for denoising of graph signals and images is introduced in Chapter 5. Appendix
A presents two general forms of the proposed graph Wiener vertex-frequency transfer
function expressed in terms of the graph Rihaczek spectrum (GRS) of the graph signal to
be estimated, without the assumption that the graph signal is deterministic. For stationary
graph signals, this vertex-frequency transfer function is reduced to the stationary graph
Wiener transfer function of [15, 18, 21, 22, 63] developed for graph signals, which is also
presented in Appendix A.

Chapter 6 presents derivational details of the GRD based on a graph shift operator
defined by generalized convolution with a delta signal [3, 8, 72], in order to match the
transfer function of the graph Zadeh filter proposed in Chapter 4. Mean and variance
of the GRD of input, noisy graph signal to be used in one of the proposed denoising
algorithms are also presented in this chapter and their derivations for the real and complex
signals and graph Fourier bases are given in Appendices C and D, respectively, while
Appendix B presents two inversion methods for the employed GRD. Two alternative GRD
definitions with different isometric GSO’s proposed in [101, 19] are separately derived
in Appendix E where their invertibilities and whether they satisfy marginal properties or
not, are also given. In Chapter 7, an elaborate derivation of the proposed vertex-frequency
graph Wiener filtering class in the WGFT is presented with the assumption that the graph
signal is deterministic.

Two algorithms are proposed with their one-step and two-step versions, to perform
the proposed vertex-frequency graph Wiener filter for image and graph signal denoising

in Chapter 8 where another two step algorithm implementing proposed vertex-frequency
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graph Wiener filtering scheme in WGFT domain is also proposed for graph signal denois-
ing only, as another work. Performances of these algorithms in image and graph signal
denoising are separately presented by comparing them with the state-of-the-art methods’

denoising results in Chapter 9. Chapter 10 concludes the thesis.
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2. BACKGROUND

2.1. Graph Signal Model

A weighted, connected and undirected graph G = {V,£, W} contains a set )V of
L vertices, a set £ of edges between those vertices, and a weighted adjacency matrix W.
If pixels (vertices) m and n are connected via an edge e = (m,n) directed from n to
m, the element w,,,, represents the positive weight of the edge as a measure of similarity
between those pixels. If they are not connected, w,,,,, = 0. Undirected graphs for which
Winn = Wny, are considered. Hence, W is a real, symmetric matrix.

A graph signal x : V — C defined on the vertices of the graph G can be viewed
as a complex valued vector x = [z(1),z(2),...,2z(L)]" € CL where 2(n) represents the
signal sample at vertex n of the graph.

An image X of size M x N can also be considered as a graph signal defined on
a 2-D regular grid graph with vertices corresponding to image pixels. A column-stacked
vectorized form of the image, x € R with dimension L = M N can be regarded as a real
valued graph signal defined on such a graph.

The unnormalized graph Laplacian £ is defined as £ = D — W, where the degree
matrix D is diagonal whose ith diagonal element given by the sum of elements of the ith
row of W. Since L is also a real symmetric matrix, it has a complete set of orthonormal
eigenvectors taken as columns of a unitary matrix V such that £ = VAV, with VV# =
I [3, 20]. Its eigenvalues are real and nonnegative eigenvalues of the graph Laplacian L,
A, forl =0,1,..., L — 1, sorted from the smallest to the largest, with Ay = 0 being the
only zero eigenvalue for a connected graph [3]. Eigenvalues represent graph frequencies
from the lower to the higher when sorted this way [3, 20, 101].

The GFT x¢ = [2(Xo), 2(M\1), ..., 2¢(Ar_1)]" of the graph signal x is defined as
x¢ = VIx [3, 8], yielding GFT coefficients as

L

zp(N) =Y V*(n,\) z(n) 2.1)

n=1

for{ =0,1,...,L — 1. The graph signal x is obtained back from its GFT by the inverse

12



GFT, x = Vx¢ [3, 8], revealed as

z(n) =Y V(n,A\)zs(\) (2.2)

forn=1,2,..., L.

The image measurement model is given by

y=X+Ww 2.3)

where y and x denote column-stacked vectorized forms of the observed noisy and original
noiseless images, respectively, of size L. w is a noise vector of additive, zero-mean, white
Gaussian noise (AWGN) samples. For the real signal model, i.e., x € R’ it is assumed
that w ~ N (0, 0%I) containing independent, identically distributed (i.i.d.), zero-mean
Gaussian noise samples with variance o2

For the complex signal model, i.e., x € CF¥, noise samples, w(n) = wgr(n) +
jwr(n),n =1,2,..., L, are assumed to be i.i.d., complex, zero-mean, circular Gaussian

random variables with variance o%; E {w(m)w*(n)} = o25(m — n) [102] for which

E {wg(m)wg(n)} = E{w;(m)w;(n)} = (62/2)d(m — n) (2.4)
E{wgr(m)w;(n)} =0 (2.5)
for m,n = 1,2,..., L, where wr(n) and w;(n) are real and imaginary parts of w(n),

respectively. [E(-) denotes the statistical expectation operation above.
For both real and complex signal models, x and w are assumed to be uncorrelated.
The denoising problem is to estimate X given its noisy version y, in the minimum MSE

sense.

13



2.2. Windowed Graph Fourier Transform

The WGFT of the graph signal x can be expressed in the vertex domain as the GFT

of a windowed version of x [74, 92],

L
(m, \e) = a(n) V*(n, M) (2.6)

n=1
form = 1,2,...,Land k = 0,1,...,L — 1. h,(n) is a window function localized

around the vertex m, and, V' (n, \;) denotes nth element of the kth eigenvector of the
graph Laplacian associated with its eigenvalue ), i.e., an element of the graph basis
matrix V.

Five inversion methods are presented for the WGFT in [92] to recover back the
signal x. The proposed filtering scheme in the WGFT domain is based on the following
[92]:

L L-1
m=1 k=0
forn =1,2,..., L, when the window function is normalized such that

L
Y () =1 2.8)

m=1

for each vertex n.
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3. VERTEX DOMAIN WIENER FILTER

An estimate of the original, noiseless graph signal x is obtained as X = Hy, where
H = [h(m, n)|L« is a graph filter matrix [4, 18, 19, 21], in order to minimize

1 . 1
MSE = 7 X E{|x—x|*} = 7 X E {|x — Hy|]*}.

By evaluating derivatives of the MSE with respect to complex conjugates of filter
coefficients, h*(m,n)’s, with the assumption that ~(m,n) and h*(m,n) are independent
variables according to Wirtinger calculus [103], setting these derivatives to zero, using
(2.4) and (2.5) for the complex, circular noise model in the obtained linear system of
equations, and solving this equation system, The graph Wiener filter matrix in the vertex

domain [15, 104] is obtained as
Hy =E {XXH} [021 +E {XXHH y - [0’ I+ E {XXH}] g {XXH} . (3.1)

Since the above matrices commute, the second equality above follows from the first one.
Under the assumption that the graph signal of interest x is deterministic; by removing the
statistical expectation E(-) and applying the matrix inversion lemma [102], (3.1) can be

written as

xx

Hy = —— —
o? + ||x|]*

(3.2)

where ||x||? = x!x above. For the real signal model, Hyy is obtained simply by replacing
the Hermitian operators with the transpose operators, i.e., x7 terms with x* in (3.1) and
(3.2) via a similar derivation.

The real form of the ideal (true) vertex domain graph Wiener filter given by (3.2) is
applied to denoise vectorized forms of 14 noisy gray scale images of size 256 x 256 with

zero-mean AWGN with standard deviation of 15. PSNR values are calculated in dB using

2552 >

PSNR = 101log;, (M -

Table 3.1 presents PSNR values averaged over 20 independent trials. For normalized
images, 255 is replaced by 1 in PSNR definition above. Remarkable results obtained not

only for PWS synthetic and depth images but also for natural images as presented in Table
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Table 3.1. Ideal (true) Wiener filter performances in average PSNR are presented for noise level
of 15

Patch Size - Image

Box | Stripes | Teddy | Cones | C.man | Montage | Peppers | House | Lena | Boats | Barbara | Parrot | Baboon | Grass
64 x 64 |60.85| 61.09 | 60.82 | 60.61 | 60.57 | 60.31 60.21 | 60.89 [60.97 | 60.75| 60.91 | 60.89 | 60.66 |60.78
128 x 128 66.14 | 66.96 | 66.67 | 66.58 | 67.09 | 67.42 | 66.18 | 66.92 |67.01 |67.15| 66.78 |67.48 | 66.46 |67.26
256 x 256 | 77.59 | 79.88 | 77.93 | 77.85 | 78.51 | 79.61 78.42 | 79.57 |78.97 |76.74| 7729 |75.67 | 74.99 |73.36

3.1, hint that it is reasonable to consider even textured natural images, as noise-like as the
grass image, as deterministic graph signals.

From (3.2), the vertex domain Wiener filter coefficients hy (m,n) o< z(m)xz*(n).
Therefore, it is obvious that at least for signals defined over regular grid graphs like im-
ages, the Wiener filter Hy;, becomes vertex varying (or shift varying), since it is not a
Toeplitz matrix with elements Ay (m, n) dependent on m — n, in general. Hence, Wiener
filter transfer function should better be formulated in the joint vertex-frequency domain,

as developed in Chapter 5.
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4. GRAPH ZADEH VERTEX-FREQUENCY FILTERING

The Zadeh TF filtering concept is generalized to the graph signal setting and a graph
Zadeh vertex-frequency filtering scheme is proposed in this chapter. Its derivation is
similar to that of the classical Zadeh TF filter [77].

Letys(N), 1 =0,1,..., L —1denote GFT coefficients of an observed, noisy graph
signal y computed according to the GFT definition given by (2.1). To obtain output signal
samples z(n), n = 1,2, ..., L, a graph Zadeh filter should weight V'(n, \;)ys()\;) terms
in the inverse GFT definition (2.2) by coefficients of a vertex-frequency transfer function

H(n, \i):

=Y V() H(n, M) ys(N) (4.1)

forn = 1,2,..., L. Input GFT coefficients y;(\;) computed according to (2.1) is then
substituted into (4.1);

L—-1
VTL)\[ n)\l

=0

L

) | D VE(m )y )], (4.2)

m=1

n =1,2,..., L. The output signal Z(n) is attained in terms of the input signal y(m) by

interchanging the order of summations in (4.2) as

L
T(n) =) h(n,m)y(m) (4.3)
m=1
n =1,2,..., L, where impulse response samples are expressed as
L—1
h(n,m) = V*(m, AV (n, \)H(n, \)) (4.4)
1=0
n, m = 1,2,..., L, in terms of the vertex-frequency transfer function #(n, \;). There-

fore, from (4.4), the impulse response matrix H = [h(n, m)]1 ., of the graph Zadeh filter
can be written in terms of its vertex-frequency transfer function matrix H = [H(n, \))| <1
as

H=(VoH) V. (4.5)

Since V'V = 1, by using the impulse response matrix of the graph Zadeh filter, its

vertex-frequency transfer function matrix is obtained as

H =V o (HV). (4.6)
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(4.5) and (4.6) relating the vertex-domain impulse response and the vertex-frequency
transfer function to each other constitute the proposed graph Zadeh vertex-frequency fil-
tering scheme. The output signal X can be computed from either the filter input, noisy
signal y (or GFT coefficients of it y;()\;)) directly in the joint vertex-frequency domain
by (4.1) for given the vertex-frequency transfer function H(n, \;). Alternatively, impulse
response of the filter H can be computed by (4.5) and the output signal of the filter can be
computed subsequently in the vertex domain as X = Hy.

The proposed Zadeh filter can also be used for separation of graph signals. Firstly,
the GRD [88, 89] or the WGFT [71, 72] of the input, noisy signal y can be computed
to obtain its joint vertex-frequency display. Then, vertex-frequency region of the desired
signal component in y can be identified and the Zadeh transfer function H(n, A;) can be
set to isolate corresponding region. Finally, the designed graph Zadeh filter as such can
be implemented to the input, noisy signal y, to recover the desired component as the filter
output X.

However, in this work, this Zadeh vertex-frequency filtering scheme is employed to
develop a vertex-frequency graph Wiener filtering framework for image and graph signal
denoising, only. This is achieved by transforming the impulse response matrix of the
Wiener filter H, via (4.6), to obtain its vertex-frequency transfer function H, in Chapter

5.
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5. VERTEX-FREQUENCY GRAPH WIENER FILTER

The vertex-frequency transfer function of the proposed graph Wiener filter is de-
rived in this chapter, under the assumption that the original graph signal of interest is de-
terministic. For the random graph signal case, the graph Wiener vertex-frequency transfer
function will be derived in Appendix A.

The Wiener impulse response matrix Hy;, given in (3.2) is substituted into (4.6).
Then, by using x¢ = V¥x expression as the GFT of x, the vertex-frequency transfer
function matrix of the Wiener filter is obtained as

H
Hy =V o0 (%W) (5.1)
The Wiener vertex-frequency transfer function coefficients, Hy (n, A;), are defined as

z(n) 27 (M)
Vi(n, \i) (0% + [x]1?)°

Hw (n, \i) = (5.2)

forn=1,2,...,L,1=0,1,...,L — 1. The GRD of the original, noiseless graph signal

X, as introduced in [88, 89],
Ry(n, ) = z(n) 23 (N) VE(n, M), (5.3)

the Wiener vertex-frequency transfer function in (5.2) is expressed in terms of (5.3) as

R:Jc(n7 )\l)

Hw (n, \i) = [V (n, M)|2 (02 + ||x]|2)

(5.4)

forn=1,2,...,L,l=0,1,..., L — 1.

(5.3), (5.4) and (4.1) constitute the proposed vertex-frequency graph Wiener filter
for signal estimation in the minimum MSE sense, under the deterministic signal assump-
tion. The Wiener filter vertex-frequency transfer function given in (5.4) is applied to the
GFT coefficients of the observed, noisy image y modeled as (2.3)—(2.5), via (4.1), by
substituting (5.4) into (4.1). The denoised signal X is obtained as the output of the Wiener
filter.

For the real signal model, i.e., the graph signal x and the basis matrix V are real, the
denominator term of (5.4), |V (n, \;)|?, is replaced with V?(n, );) and the GRD is defined
as [88, 89]

R.(n, i) = z(n)zs(N) V(n, \).
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In a practical setting, the GRD coefficients of the original, noiseless signal, ﬁx (n, \r),

should be estimated from those of the observed, noisy, real signal, given by
Ry(n, \) = y(n)yr(N) Vin, N), (5.5)

and an estimate of the Wiener vertex-frequency transfer function in (5.4) should be em-

Ul, f} (5.6)

forn =1,2,...,L,1 = 0,1,...,L — 1. Division by squares of eigenbasis elements

ployed for the denoising graph filter, given as

ﬁw(n, ;) = max {min

V?2(n, \;) implying division by magnitudewise very small, positive or negative numbers
yields magnitudewise very large, positive or negative numbers, therefore, U and L, upper
and lower bounds, respectively, are used for limiting transfer function values. Numerical
values of these bounds should be searched to result in a good denoising performance.

To obtain the denoised signal X, the constant scale factor o + ||x||? in the denomi-
nator in (5.4) is corrected by using average or sample mean values of the observed, noisy

signal y and the unscaled output of the filter given by (5.6), denoted as X,,, as

mean(y) . 5.7)

*= mean(X,)

since mean(y) ~ mean(x) for the zero-mean WGN.

The proposed vertex-frequency graph Wiener filtering framework includes (i) esti-
mating the GRD of the original, noiseless signal from that of the observed, noisy signal,
R,(n,N;), (ii) by using this estimate, Ex(n, A1), establishing the filter vertex-frequency
transfer function as in (5.6), (iii) applying this filter with (5.6) to the GFT of the observed,
noisy signal y, as in (4.1), to obtain the unscaled filter output X,,, (iv) and finally, correct-
ing the scale of X,, by (5.7) to obtain the denoised signal X. Two denoising algorithms

proposed to implement this filtering scheme will be given in Chapter 8.
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6. GRAPH RIHACZEK VERTEX-FREQUENCY DISTRIBUTION

The GRD of a graph signal that is originally proposed in [88, 89] is derived analo-
gous to the definition of the classical RD, in this chapter.

The RD of an analog signal z(t) is defined as [87]

R.(t,w) = /OO w(t)z*(t —7)e 7 dr

where the Fourier transform is computed from the lag variable to the frequency variable.
In a similar way, the GFT operation is applied to the graph shift index in this derivation
of the GRD below.

Let x;, be the shifted (translated) version of a graph signal x defined on the graph
G = {V,E, W}. Graph shift is applied by employing a graph translation operator defined
by generalized convolution with a delta signal &, located at vertex k, as recommended in
[3, 8, 72]

xp = VLV [x¢o (V78;)] = VLV [x¢ 0 V(k,:)"] (6.1)

for k =1,2,..., L. From (6.1), nth sample of the k-shifted signal located at vertex n, is

written as
zp(n) = VLV (n,:) [x¢ o V(k,:)"] = VL [x¢" o V*(k,:)] V(n,:)" (6.2)

forn =1,2,..., L. Collecting nth samples of the shifted versions of the graph signal x, a
new graph signal xs(n) = [x1(n), ..., 2x(n),...,z5(n)]" is obtained, where the discrete
independent variable is the graph shift index k. The GFT of this new signal is computed

after taking the complex conjugate of it, as
x5 (n) = VL |V o (x¢,%x¢,...,x¢)" | V(n, )", (6.3)

to derive the GRD of the graph signal x. (6.3) is obtained by concatenating the second
equality in (6.2) for K = 1,2, ..., L to attain the column vector xs(n), and then by com-
plex conjugation of its elements.

The GRD of the graph signal x based on the GFT of xs*(n) is defined in a similar

way to the form of the classical RD, as

Ry(n, \) = 2(n) VI (N, ) xs*(n)/VL (6.4)
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forn=1,2,...,L,1=0,1,..., L — 1. By substituting (6.3) into (6.4), and employing
VH()\l, Z) = V(I, )\l)H,

Ry (n,\) = 2(n)V(;, A" [V o (x¢,Xg, ..., x¢)" | V(n, )" (6.5)

Expanding the matrix-vector products above,

~

L -1
Ry(n, \) = 2(n) > YV (k, AV (K, A2 (M) VE (1, Ay). (6.6)

k=1 0

3
I

Interchanging the order of summations in (6.6), and then substituting

D VRNV (k) = 6(1 —m)
k=1

since VVH = VIV =1,

~

R.(n,\) = z(n) i T Am)V (1, A )0 (1 — m) = z(n) 23(N) V7 (n, A) (6.7)

=0

3

forn=1,2,...,L,1=0,1,...,L — 1. The same GRD definition developed in [88, 89],
as given in (5.3), is obtained above.

The derivational details of the GRD definition given above are as follows. The graph
signal of interest is first translated, conjugated and correlated with the unshifted signal,
respectively; then, a GFT is finally computed from the graph shift or lag variable.

It is emphasized that if the order of these operations is reversed, i.e., first conjugation
and then translation is applied to the graph signal, the GRD definition in [88, 89] can not
be achieved for graph signals and bases, with complex values; resulting that the GRD can
not be expressed with a simple definition.

Appendix B presents two inversion methods for the developed GRD R,(n, ),
given in (5.3). The graph signal x is recovered from its GRD R,(n, \;) within a fixed
phase factor or a fixed sign for the complex and real signal cases, respectively.

Let x; and x5 be two graph signals defined on the same graph G = {V, £, W}, the
cross GRD of them is obtained by applying graph translation and conjugation operations

to the second graph signal x, as

Ry oy (0, A1) = w1(n) 25 ¢ () V7 (1, )
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forn=1,2,...,L,1=0,1,...,L — 1, where 5 s(\;)’s denote the GFT coefficients of

the second graph signal x,.

6.1. Graph Zadeh Transfer Function and the GRD

Let y be an observed, noisy signal of a linear graph filter with filter matrix H. The

inner product of the observed, noisy signal y and the filter output signal Hy is written as
(y,Hy) =y"Hy =y" (Vo H)y; (6.8)

where the second equality is obtained by using (4.5) for H and recognizing the GFT

yr = Vy.
Expanding (6.8),
L L-1 L L-1
(y,Hy) = Z Y (n)V (n, \)H(n, \)yr(N) = ZZH (n, \)Ry(n, \i)  (6.9)
=1 =0 n=1 1=0

recognizing R, (n, A1) = y(n) y5(A) V*(n. \).
(6.9) reads
(y,Hy) = (#,Ry) (6.10)

where Ry, = [R,(n, \)];, ; is the GRD matrix of the observed signal, yielding an in-
ner product of the graph Zadeh vertex-frequency transfer function and the GRD of the
observed, noisy signal in the vertex-frequency domain. Therefore, the vertex-frequency
transfer function of the proposed graph Zadeh filter matches the GRD of the observed,
noisy signal as a weighting function in the corresponding domain, as has been shown in

[78] for classical RD and the Zadeh TF transfer function.

6.2. Mean and Variance of the GRD

Proposition 1: For a real, observed, noisy signal y given in signal measurement
model (2.3), where the original, noiseless signal x is deterministic and the AWG noise
vector w ~ N (0,0°T), and for a real basis matrix V obtained from graph Laplacian,

mean and variance of the GRD of y are as follows

E{R,(n,\)} = Ro(n, \) + 0*V3(n, \), (6.11)
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Var {R,(n, \))} = 0?V?(n,\) [2°(n) + 25(N\)] +
20%V?(n, A)Ro(n, \o) + o' V2 (n, A) [1+ V(n, )] (6.12)

Proof: Please see Appendix C.

Proposition 2: For the complex, observed, noisy signal y given in signal measure-
ment model (2.3), circular Gaussian random variables (2.4) and (2.5), where the original,
noiseless complex signal x is deterministic, and for a complex basis matrix V, mean and

variance of the GRD of y are as follows

E{R,(n, \)} = Ro(n,\) + 2|V (n,\)[?, (6.13)

Var {R,(n, \)} = o* |[V(n, W) [ + a* [V (n, W) [Ja(n)]? + [z, NW)F] . (6.14)

Proof: Please see Appendix D.
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7. WIENER FILTER IN THE WGFT DOMAIN

7.1. Derivation

An estimate of the original signal x is obtained from its noisy version y by filtering
in the WGFT domain;

L L-
= Z Sy(m, A)H(m, Ag)V(n, Ax) (7.1)

m=1 k=0

._.

forn =1,2,..., L. (2.7) is modified by masking the WGFT of the input signal y with the
transfer function H(m, A ) of a denoising filter before the inversion, to yield (7.1) above.

The transfer function is chosen to minimize the MSE,

1 L o 2
MSE = — x E {nzl |z(n) — Z(n)] }

By substituting (7.1) into MSE expression, setting derivatives of the MSE with respect to
conjugated coefficients H*(m, A\x)’s to zero with the assumption that they are indepen-
dent from H(m, \¢)’s according to Wirtinger calculus [103], using E {w(m)w*(n)} =
28 (m—n) [102] for the complex, circular noise model, and, 3%, V'(n, \p)V*(n, \,) =
d(k" — k) for the orthonormal graph basis, the linear system of equations to solve for
H(m, \x) coefficients are obtained as

L
> E{S,(m!, Ae)S;(m, Ak) } H(m!, M) ZE{Q; )S:(m, )} V(M) (7.2)

m/=1
foreachm =1,2,..., L, k=0,1,...,L—1. Itis assumed that the graph basis elements
V(n, Ax)’s are cleaned from noise, and hence, can be viewed as deterministic [20, 28],
above.

Assuming that x is deterministic, substituting for S, (m, A;) according to definition
(2.0),
E {x(n)S;(m, )} = 2(n)S;(m, \r) (7.3)

for the zero-mean noise w(n). Substituting (7.3) into the righthand side of (7.2),
L
> E{x(n)S;(m, Ae)} V(M) = 2p(A) Sa(m, Ar) (7.4)
where z¢(\g) = Zﬁzl x(n)V*(n, \g) is the GFT coefficient of x for the eigenvalue \.
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By substituting for S, (m, A;) and using the zero-mean, complex, circular noise model
E {w(m)w*(n)} = a25(m — n),

E {Sy(m', M) S (m, Ak) b = Sa(m’, \e) Si(m, M) + 0° Z R (), (D) |V (9, Ak )|

p=1

(7.5)
By substituting (7.4) and (7.5) into (7.2), and defining the transfer coefficient vector
H () = [H(m, A% _,, the original WGFT vector Sy (A) = [Sa(m, \o)]%_,, and

m=1° m=1"°

h(p) = oV (p, M) [h%,(p)]% _,, the equation system (7.2) is expressed in the vectorized

form
L
Si” (M) Sk (k) + > hue(p)hu (p) | H (1, M) = 2,(M)Sx”™ (M) (7.6)
p=1
by concatenating equations indexed by m, for each frequency index k£ = 0,1,..., L — 1.

Assuming that hy(p) vectors are linearly independent, A = 25:1 hy (p)hy (p)
appearing above becomes a full rank, invertible matrix. Then, from the matrix inversion

lemma [102],

[A+S (M) ST ()] = AT —ATIS, T ()
x [14 ST (M) A1 (A)] ST (A) AL (7.7)

By solving (7.6) and then substituting (7.7) therein, the Wiener transfer function vector is
obtained, Hyy (3, Ax), that minimizes the MSE, as

2 (M) A8 (M)
14+ S (M) A=1S." ()

Hw (5, ) = (7.8)

after simplifying the expression, for k =0,1,..., L — 1.
Let us define a = A~'S,* (\;) that appears in (7.8). It is the unique solution of the

equation system Aa = S,* (\;), namely,
L
> hi(p) [ (p)a] = Sx* (M) (7.9)
p=1

Let us define b(p) = hy(p)a above. Then, from (7.9), b(p)’s are common scalar un-
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knowns of all the equations

L
> bu(p)(m)b(p) = Si(m, Av) (7.10)
p=1

form =1,2,..., L, corresponding to individual equations involved in (7.9). Substituting

definitions of hy(p) and S, (m, Ax) (given by (2.6)) into (7.10),

L L

o> VI, AR, (p)b(p) = Y 2" (0 (p)V (0, Ar)- (7.11)

p=1 p=1

b(p)’s satisfy (7.11) uniquely, if

L
b(p) = D hue(p)"(m)a(m) = 2*(p) /o (7.12)

m=1
forp = 1,2,..., L, since they are uniquely defined in terms of a as given by the first

equality above. By substituting for the elements of hy (p) in (7.12),

> hn(p)a(m) = % (7.13)

m=1
forp=1,2,..., L. A window matrix H with elements H,,,, = h,,(p) on the pth row and
mth column is defined. Then, from (7.13)

a—=H" [&} ’ (7.14)
UZV*(n, )\k) n=1 ' '

The term in the denominator of (7.8) is

L
1+8." (M) a=1+)_ S,(m,\)a(m). (7.15)

m=1
By substituting (2.6) into (7.15), interchanging the order of summations, and then substi-
tuting (7.13),
1+ S" () a=1+|x|?/0% (7.16)

where ||x[|? = xx.

By substituting (7.14) and (7.16) into (7.8), and using the definition of the GRD of
x given by [88, 89], as in (5.3)

Ryp(n, ) = x(n) 23 (M) V*(n, i),
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the Wiener transfer function vector is obtained as
Hiv () = 5 H! {—Rj”(n’ Ak)g] L (7.17)
o? + ||x||? [V (n, M) ]z
in terms of the GRD of the original graph signal, foreach £ = 0,1,..., L — 1. (7.17) is
also valid for the unitary DFT basis.
The proposed Wiener filtering is illustrated for real valued graph data and a real,
orthonormal basis V, in this work. Real form of the Wiener transfer function can be
derived starting from the real signal model in (2.3), by a similar derivation. It follows

directly from (7.17) by noting that real terms are equal to their conjugates and will replace

them in (7.17).

7.2. Graph Wide-Sense Stationary Signal Case

If x 1s a graph wide-sense stationary (GWSS) signal, its autocorrelation matrix is
diagonalizable by eigenvectors of the graph Laplacian matrix [15, 21, 22]; E {XXH } =
VA,V with diagonal elements of Ay, A (\.), k = 0,1,...,L — 1, serving as graph
power spectral density coefficients of x. Then, a similar derivation to the one presented for

the deterministic x above leads to the following vertex invariant Wiener transfer function;

Ar<)\k>
Aw()\k) + 0'2

k=0,1,...,L —1, for this GWSS signal case. 1 denotes an L-dimensional ones vector

Huw (5, A) = H 1, (7.18)

above.
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8. ALGORITHMS

8.1. Image Denoising

In this thesis, two vertex-frequency Wiener filtering algorithms based on lowpass
filtering, and, smoothing and hard thresholding are proposed for image denoising. Firstly,
common operations used in both proposed algorithms such as pre-filtering step and con-
structing the weighted adjacency matrix are mentioned as follows. Gaussian filtering is
first applied to vectorized input, noisy image to stabilize the graph weigths by reducing
the effect of noise, as recommended in [20, 28, 45, 52], and graphs employed in denoising
algorithms are constructed from this filtered image xX. The weighted adjacency matrix is
then computed in a form reminiscent to that of the BF [45, 49], as follows

Wyn = €XP (_—me }%XHHQ) exp (_ [Pm }:%PnHQ) (8.1)
form,n = 1,2,..., L, where h, and h, are smoothing parameters in the photometric
and pixel (spatial) domains, respectively. x,,, and x,, denote vectorized forms of patches
centered at pixels m and n in the Gaussian pre-filtered image, and p,, and p, denote
their locations in the 2-D image, in spatial domain, respectively. Each vertex (pixel) is
connected to each other in the 2-D image, with the weights in (8.1). The orthonormal
eigenvectors serving as the graph basis V are obtained with the eigendecomposition of
the unnormalized Laplacian £ = D — W derived from the weighted adjacency matrix

W.

8.1.1. Lowpass filtering based Wiener filter algorithm

The GFT coefficients of the noisy image is first lowpass filtered in the GFT domain
[3, 21, 28] as
Za,f(N) =

v, (82)

[ =0,1,...,L — 1. « is a positive regularization parameter whose value should be
searched to result in a good denoising performance. Then, inverse GFT is applied to
obtain the filter output, as the denoised image xq = Vx4 which is used to compute the

estimated GRD of the original, noiseless image R, (n, ;) as

~

Rx(n, )\l) = Rxd (77,, )\l) = xd(n) xd,f()\l) V(n, )\1), (83)
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n=12,...,L1=0,1,...,L — 1. By substituting the Ex(n, A;) into (5.6), an estimate
of the Wiener transfer function is obtained.

The Wiener vertex-frequency transfer function obtained in (5.6) can be applied to
the GFT coefficients of the noisy image y or those of the denoised image x4 by replacing
yr(A) with 24 ¢(\;) in (4.1). Both options are tried and the second one whose results
are slightly better is employed in experiments. The unscaled Wiener filter output X,, is
subsequently scaled as in (5.7) to obtain the denoised image X.

Besides the one-step version of the algorithm mentioned above, LPFW, two-step
version of this algorithm LPFW, is also developed and applied to noisy images for fur-
ther denoising. Second lowpass filtering in the GFT domain is applied to X; that is the
denoised image obtained by the LPFW1, in a similar way in (8.2). The new GRD matrix,
computed from this filtered image as in (8.3), is substituted into (5.6) to obtain a new
Wiener filter estimate that is subsequently applied to the GFT coefficients of X; instead of
those of noisy images y. The output image X is finally obtained by correcting the scale

as in (5.7).

8.1.2. Smoothing and hard thresholding based Wiener filter algorithm

The GRD estimate of the noiseless image x, figg(n, A1), is obtained by hard thresh-

olding and smoothing the GRD of the input, noisy image y, R,(n, \;), as

Ry(n, ) = By(n, M) £ (|Ry(n, M)| = E(n, M) (8.4)

l=0,1,....,L—1,n=1,2,..., L, where 1(-) yields 1 if the condition is satisfied and
0 otherwise. The threshold parameter ¢(n, ;) with a multiplication term /1 + V2(n, )
that is the last term of the GRD of the input, noisy image R,(n, \;) derived in (6.12), is
defined as

tn, \) =152 [V (n, \)|V/1+ V2(n,\) (8.5)

Hence, any prior information for noiseless image x is not required for the threshold pa-
rameter t(n, \;). r is a positive parameter that should be searched to result in a good
denoising performance and the estimated noise standard deviation & is calculated by a
proposed method given in [105].

Smoothing is applied to the thresholded GRD coefficients }N%y(n, A1) to estimate the
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mean of R,(n,)\;) and the estimated GRD of the noiseless image x to be used in (5.6),

~

R.(n, ), is computed by substructing the last term emerging in (6.11) from the smoothed

term as follows

K-1K-
~ 1 - ~

Rx(n, )\l) = —= Ry(n —m, )\lfk) — 0

2
m=0 k=0

[y

V230, \) (8.6)

where K is smoothing size parameter whose value should be searched to result in a good
denoising performance. Hard thresholding and smoothing operations employed for de-
noising are applied in such an order in experiments, however, they can also be applied in
reverse order resulting slighty different denoising performances.

The estimated Wiener vertex-frequency transfer function employing the Ifzx(n, Al)
is applied to the GFT coefficients of the input, noisy image y. Then, the output image X;
is obtained by correcting the scale via (5.7).

Similarly to the LPFW algorithm, two-step version of the SHTW is also developed
and applied to noisy images for further improved results. One-step and two-step ver-
sions of the SHTW algorithm are designated as SHTW; and SHTW,, respectively. New
noise standard deviation value on the SHTW; output X; is estimated as o, by using a
method given in [105]. Hard thresholding and smoothing operations employing o; are
subsequently applied to the GRD of X; as in (8.4), (8.5) and (8.6). Then, the estimated
Wiener filter is obtained for the second step by substituting the new ﬁx(n, A;) into (5.6)
and applied to the GFT coefficients of X; instead of those of noisy images y, since they
yield better denoising performance. The output image X is finally obtained by correcting

the scale as in (5.7).

8.2. Graph Signal Denoising

Three real graph signal datasets ! with available adjacency matrices are considered
for denoising in this thesis where two different works are presented. The first one is a
vertex-frequency Wiener filtering scheme employed for image and graph signal denoising,
introduced elaborately in previous chapters. These filtering algorithms proposed for graph
signal denoising is presented in the first section. In the other work, a vertex-frequency

graph Wiener filtering class in the WGFT domain is proposed for graph signal denoising,

! Available at https://github.com/JeffLIrion/MTSG_Toolbox.
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as mentioned in Chapter 1. Proposed algorithms of this filtering is given is the next

section.

8.2.1. Vertex-frequency Wiener filtering

The orthonormal eigenvectors serving as the graph basis V for the algorithms are
obtained with the eigendecomposition of the unnormalized Laplacian £ = D — W de-
rived from the adjacency matrix W readily available.

Both versions of the proposed algorithms, LPFW;, LPFW,, SHTW; and SHTW,,
are employed in denoising of these graph signals. The substracted term in (8.6) is not
considered while estimating the noiseless graph signal x; which is the only difference in
SHTW, algorithm while employing it for graph signal denoising.

Furthermore, an alternative version of the SHTW algorithm is proposed for denois-
ing of graph signals. The averaging operation is performed in the frequency and vertex
directions separately, instead of performing a 2-D convolution given in (8.6) by consider-
ing the GRD of graph signal datasets as a regular 2-D structure (grid). In the frequency
direction, each column of the GRD matrix is smoothed by ones vector of size K x 1 as
regular 1-D convolution, while the GRD samples at vertices in a K -hop local neighbor-
hood of each vertex is averaged in the vertex direction as a simple form of vertex domain
graph filtering described in [3]. One-step and two-step versions of these algorithms are

designated as SHTW7 and SHTW3, respectively.

8.2.2. Vertex-frequency Wiener filter class in the WGFT domain

As a second work mentioned in Chapter 1, vertex-frequency Wiener filtering class
in the WGFT domain is proposed and applied to graph signals for denoising.

The GRD of the noiseless signal x is estimated by hard thresholding and smoothing
the GRD of the input, noisy signal y, R,(n, \;), as described by (8.4), (8.5) and (8.6).
This GRD estimate, Ex(n, Ak), is substituted into the real form of (7.17), without the
constant scale term o2 + ||x||?, to estimate the unscaled Wiener filter transfer function.
The unscaled Wiener filter estimate is applied to the input, noisy signal y via (7.1). The
obtained unscaled filter output X,, is then scaled as in (5.7) to account for the constant
term in the denominator in (7.17).

As the second step of the algorithm for further denoising, similar hard thresholding
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and smoothing steps are applied to the GRD of the denoised output X; of the first step. The
obtained improved GRD estimate R, (n, \) as such is substituted into (7.17) to obtain an
improved unscaled Wiener filter estimate. This new Wiener filter estimate is applied to
the first step output X; via (7.1), and the scale of the obtained unscaled Wiener output is
corrected similarly as described above, to yield the final denoised signal X.

The proposed Wiener filter algorithms are illustrated for two window functions; one

described in the spectral domain with its GFT
H(M\) = Cexp(—AgT)

where C' and 7 > 0 are window amplitude and width parameters [92], and, the other being

the Hann window in the vertex domain of width D vertices [92]

(1 + cos(mdumn/D))

N | —

hy(n) =

where d,,,, is the distance between vertices m and n. They are both normalized to satisfy
(2.8). The proposed algorithm versions using windows defined in spectral and vertex
domains are designated as WS and WV, respectively.

An alternative version of above algorithms where the averaging operation is sepa-
rately performed in the frequency and vertex directions as in the algorithms marked with
(*) in Subsection (8.2.1), are also proposed for graph signal denoising. This form of
the algorithm is designated as WS™ and WV™ for spectral and vertex domain windows,

respectively.

8.3. Computational Cost

At each step of the proposed algorithms, for an input, noisy graph signal of length
L; Gaussian pre-filtering (of noisy image patches) before graph construction and graph
weights calculation for the first step only, GFT computation for the input signal, lowpass
filtering in the GFT domain, GRD computation, smoothing and thresholding operations
applied to the input GRD, Wiener transfer function calculations, and the output signal
computation require O(L?) computations, each, in terms of real or complex multiplica-
tions and additions. For SHTW algorithms, smoothing operation in (8.6) takes O(K2L?)

additions, but K? < L.
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However, eigendecomposition of the L. x L graph Laplacian matrix to compute
the graph basis matrix V requires O(L3) computations, which determines the overall
computational cost of both one-step and two-step versions of the two proposed algorithms.

For 4-nearest neighbor (NN) and 8-NN graph configurations, compared with the
complete graph configuration in image denoising accuracy in the next chapter, the sparsity
of the Laplacian is O(L); thus, its eigendecomposition can be performed with O(L?)
operations. Hence, the overall computational cost remains as O(L?) operations for such
graph configurations.

For image denoising tasks, L = 64% = 4096 for each 64 x 64 image patch requiring
a separate eigendecomposition. Hence, the computational cost of denoising a 256 x 256
image by any of the proposed algorithms is 16 O(40963) real operations, which is very
high in the case of image denoising applications. For k-NN graph configurations, the
computational cost becomes 16 O(4096°) real operations, which is more feasible.

For a noisy image patch of size 64 x 64, it takes about 1 minutes for two-step LPFW
algorithm and about 19 minutes for two-step SHTW algorithm in MATLAB (v2018) on
a desktop computer with an Intel Xeon E5-1620 v2 CPU. For irregular graph signals,
denoising the noisy Minnesota road data of size 2640 x 1 takes about 15 seconds on the

same computer.
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9. EXPERIMENTAL RESULTS

9.1. Image Denoising

Proposed algorithms given in Section 8.1, with their one-step and two-step versions
are employed to denoise 256 x 256 benchmark gray-scale noisy images with additive, zero
mean WGN. They are applied to 64 x 64 noisy image patches in a locally adaptive manner
and optimum parameter values are searched for each patch. Denoising results are obtained
using PSNR and SSIM index values that are averaged over 20 independent realizations
and they are compared with those of the BF, NLM, BM3D, NLGBT and OGLR methods.

PSNR (top) and SSIM index (bottom) results attained by two versions of the pro-
posed algorithm LPFW; and LPFW,, and the other compared methods are presented in
Table 9.1. Denoising algorithms are applied to 14 benchmark noisy (with o = 15) images
of different structure and texture, including natural' (Parrot, House, Barbara, etc.), PWS
depth? (Cones and Teddy) and PWS synthetic (Stripes and Box) images. Both LPFW; and
LPFW, algorithms have obtained remarkable results by surpassing the compared meth-
ods in average PSNR up to 10 dB for PWS synthetic images. Especially for the Stripes
image, obtained results are notably close to that of the true (ideal) Wiener filter presented
in Section 3.1 when it is applied to patches of size 64 x 64. Graph based approach OGLR
has attained best results for PWS depth images by slightly surpassing the proposed algo-
rithms. For natural images, the proposed algorithms have significantly outperformed the
BF and NLM methods (except for the Barbara image only, for the NLM) while giving
slightly worse results than BM3D and OGLR methods. Lena image is of high importance
among natural images, since it contains either natural image properties like a feathered
and tasseled hat or PWS image properties like flat regions on her face. Denoising perfor-
mances of the proposed two-step algorithm LPFW for such an image are beyond the NLM
and BF methods and are slightly worse than the BM3D and OGLR methods, demonstrat-
ing that the proposed graph based algorithms can compete with recent denoising methods.

PSNR (top) and SSIM index (bottom) results obtained by two versions (LPFW,
LPFW, and SHTW,;, SHTW5) of the proposed algorithms LPFW and SHTW, and the

other compared methods are presented in Table 9.2. Denoising algorithms are applied to

! Available at http://www.cs.tut.fi/~foi/GCF-BM3D.
2 Available at http://vision.middlebury.edu/stereo/data.
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LPFW (Proposed)

NLM LPFW (Proposed)

Figure 9.1. Fragments of the Parrot and Lena natural images are displayed for visual comparison
with their original (noiseless), noisy (with 0 = 15), denoised versions by the proposed two-step
algorithm LPFWy and by BE, NLM and BM3D methods. Image fragments of the Parrot image are
presented in uppermost two lines, while those of Lena image are presented in lowermost two lines

PWS depth and synthetic images for different noise standard deviations. All versions of
the proposed algorithms surpass the compared methods in terms of PSNR values, among

them, LPFW,, outperforms other algorithms for all standard deviation values by achieving

36



Original Noisy BM3D

LPFW (Proposed)

Original

BM3D

NLM SHTW (Proposed) LPFW (Proposed)

Figure 9.2. Fragments of the Teddy and Cones PWS depth images are displayed for visual com-
parison with their original (noiseless), noisy (with o = 25), denoised versions by the proposed
two-step algorithms LPFWo and SHTWs, and by NLM and BM3D methods. Image fragments of
the Teddy image are presented in uppermost two lines, while those of Cones image are presented
in lowermost two lines

the best PSNR results. However, for depth images Cones and Teddy, the BM3D attains
better results than SHTW; and SHTW,, for o = 5. In particular, for the Teddy image, the
BM3D surpass the LPFW; for 0 = 5. For 0 = 25, the BM3D is also better than LPFW;
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Table 9.1. Natural, PWS depth and PWS synthetic image denoising: Performances in average
PSNR and SSIM index for two versions of the proposed algorithm LPFW(proposed), and for
compared methods BM3D, OGLR, NLM and BF, for noise level of 15. Best results among five
algorithms are written in boldface

Algorithm Image
Box | Stripes | Teddy | Cones | C.man | Montage | Peppers | House | Lena | Boats | Barbara | Parrot | Baboon | Grass
LPFW, 51.87| 58.97 | 39.29 | 38.93 | 31.06 | 34.14 31.99 | 33.72 {32.24(30.73 | 30.62 | 31.01 | 28.64 |29.65
0.999 | 1.000 | 0.969 | 0.962 | 0.869 | 0.933 0.888 | 0.865 [0.899|0.861 | 0.864 | 0.880 | 0.833 |0.870
LPFW, 54.17 | 60.75 | 39.51 | 39.28 | 31.09 | 34.28 32.06 | 33.79 |32.31|30.79| 30.67 |31.03 | 28.65 |29.71
0.999 | 1.000 | 0.975 | 0.968 | 0.876 | 0.938 0.893 | 0.869 | 0.904 | 0.864 | 0.867 |0.885| 0.834 |0.871
BM3D 45.81 | 46.59 | 36.87 | 36.29 | 31.58 | 35.09 32.69 | 34.93 | 33.23 | 31.17 | 32.19 |31.30 | 27.98 |30.02
0.993| 0.999 | 0.972 | 0.964 | 0.888 | 0.953 0.909 | 0.891 {0.923|0.881| 0.907 | 0.893 | 0.806 |0.882
OGLR 45.95| 46.68 | 39.66 | 39.71 | 31.33 | 34.77 32.32 | 34.85 (32.79(30.62| 31.92 |30.86| 28.11 |29.61
0.997 | 0.999 | 0.969 | 0.978 | 0.896 | 0.949 0.902 | 0.896 | 0.916|0.871| 0.905 |0.889 | 0.822 |0.865
NLM 42.68 | 4542 | 3538 | 34.98 | 30.86 | 32.98 31.34 | 33.24 {31.59(30.01 | 30.89 |30.52| 27.89 |28.94
0.978 | 0.999 | 0.951 | 0.938 | 0.843 | 0.922 0.885 | 0.866 | 0.889|0.836| 0.876 |0.855| 0.817 |0.852
BE 30.75 | 29.42 | 30.47 | 30.37 | 29.06 | 29.94 29.38 | 29.69 |29.27 | 28.75| 28.63 | 2891 | 27.49 |28.39
0.641 | 0.991 | 0.654 | 0.667 | 0.715 | 0.722 0.771 | 0.692 | 0.754|0.773 | 0.784 |0.744 | 0.805 |0.845

Table 9.2. PWS depth and PWS synthetic image denoising: Performances in average PSNR and
SSIM index for two versions of the proposed algorithms LPFW(proposed) and SHTW(proposed),

and for compared methods BM3D, NLM and BF, for different noise levels. Better results than
competing algorithms are written in boldface

LPEW1 SHTW1 pyiap | NLM ;

» | [LPFW5 |SHTWS BE | mage

Box Stripes Teddy Cones
68.163 65.606 52.663| 70.313 68.257 55.651 43498 42011 43.242 43461 41.618 42.786
5 1.0000 | 0.9999| 55.521 ‘ 0.9975| 1.0000 ‘ 1.0000 | 56.141 ‘ 0.9999 0.9848 | 0.9838 ‘ 43.542 | 0.9843 0.9804 ‘ 0.9742 ‘ 43.297 | 0.9841
70.363 67.017 ' 0.9992 ' 43.819| 72.267 ' 69.249 ' 0.9999 ' 41.944 43.593 ' 42.046 ' 0.9919 ' 40.873 43.607 ' 41.641 ' 0.9909 ' 40.486
1.0000 1.0000 0.9759| 1.0000 1.0000 0.9995 0.9861 0.9839 0.9721 09816 0.9743 0.9708
59.495 57.243 47.257| 61.767 61.058 49.176 41.044  40.511 38.158 40.829  39.256 37.614
10 0.9999 | 0.9995 , 49.448 ‘ 0.9908| 1.0000 ‘ 1.0000 | 50.124 ‘ 0.9999 0.9786 , 0.9808 ‘ 39.370 | 0.9719 0.9723 ‘ 0.9698 ‘ 38.883 | 0.9417
61.666 58.714 ' 0.9969 ' 36.372| 64.637 ' 62.225 ' 0.9999 ' 34.715 41.169 ' 40.516 ' 0.9823 ' 35515 41.153 ' 39.277 ' 0.9784 ' 35.315
1.0000 0.9996 0.8678| 1.0000 1.0000 0.9975 0.9811 0.9808 0.8703 0.9755 0.9701 0.8736
51.873 49.927 42.684| 58972 58.931 45.427 39.294  38.333 35.386 38.926 37.490 34.987
15 0.9994 | 0.9991 | 45.806 ‘ 0.9785] 1.0000 ‘ 1.0000 | 46.587 ‘ 0.9997 0.9694 | 0.9747 ‘ 36.877 | 0.9502 0.9621 ‘ 0.9628 ‘ 36.292 | 0.9383
54.174 52.838' 0.9932 ' 30.755| 60.755 ' 59.705 ' 0.9998 ' 29.421 39.507 ' 38.393 ' 0.9721 ' 30.476 39.278 ' 37.504 ' 0.9643 ' 30.375
0.9999 0.9993 0.6412 1.0000 1.0000 0.9912 0.9749 0.9748 0.6541 0.9682  0.9648 0.6672
45.745 44.164 37.514| 51.619 51.191 42.896 37.644  37.466 33.473 37.408 36.276 33.193
20 0.9961 | 0.9969 , 43.285 ‘ 0.9544( 1.0000 | 0.9999 | 44.102 ‘ 0.9996 0.9525 | 0.9687 ‘ 35.084 | 0.9218 0.9494 | 0.9461 | 34.550 | 0.9066
47.023 45798 ' 0.9881 ' 26.479| 56.758 ' 51.443 ' 0.9997 ' 25.329 38.529 ' 37.476 ' 0.9616 ' 26.363 37.809 ' 36.279 ' 0.9499 ' 26.296
0.9988 0.9971 0.4167| 1.0000 1.0000 0.9772 0.9718 0.9687 0.4348 0.9594  0.9547 0.4534
39.611 38.962 34.569| 42.844 42453 40.844 36.246  34.032 32.058 36.453 34.871 31.685
25 0.9812 | 0.9821 , 41.081 | 0.9208| 0.9999 | 0.9998 | 42.145 | 0.9993 0.9396 |, 0.9482 | 33.755 | 0.8911 0.9376 | 0.9451 | 33.261 | 0.8724
42.045 41.181 "' 0.9813 ' 23.287| 46.067 ' 43.844 ' 0.9996 ' 22.235 36.832 ' 34.102 ' 0.9503 ' 23.228 36.953 ' 34.877 ' 0.9356 ' 23.219
0.9925 0.9894 0.2734| 1.0000 1.0000 0.9538 0.9634 0.9511 0.2914 0.9514  0.9452 0.3122
and SHTW;.

SSIM index values of the proposed algorithms LPFW, and SHTW,, are better than
other compared methods, however, BM3D attains better results for depth images Cones
and Teddy for lower standard deviation values 5 and 10 only.

As PWS synthetic images Box and Stripes are considered, the proposed algorithms
drastically outperform the BM3D for lower standard deviation values, by attaining almost
12 dB more in PSNR. An obvious improvement over all compared methods is achieved
for applied PWS images.

Fig. 9.1 presents two fragments of natural images Parrot and Lena with their origi-
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Table 9.3. Performance comparison in average PSNR and SSIM index of the 4-NN and 8-NN and
complete graph configurations employed in the LPFWsy algorithm for denoising PWS synthetic
and depth images for o = 15. Best results are written in boldface

. Image
Configuration Box Stripes £ Teddy Cones
4NN 53.381 60.147 38.392 39.171
0.9996 1.0000 0.9563 0.9589
3NN 53.785 60.215 38.292 39.079
0.9995 1.0000 0.9569 0.9569
Complete 54.174 60.755 39.507 39.278
Graph 0.9999 1.0000 0.9749 | 0.9682

Table 9.4. Performance comparison in average PSNR of the LPFWs, OGLR and NLGBT methods
in denoising PWS synthetic and depth images, for different noise standard deviations. Best results
are written in boldface

[ LPFW; | NLGBT | OGLR ] Image

Box Stripes Teddy Cones
10 | 61.67 | 61.50 | 49.94| 64.64 | 51.16 | 49.21 41.17 | 42.29 | 4243 | 41.15 | 42.84 | 42.93
15 54.17 | 56.40 | 45.95| 60.75 | 47.46 | 46.68 39.51 | 39.38 | 39.66 | 39.29 | 39.18 | 39.71
20 | 47.02 | 46.41 | 42.22| 56.76 | 44.96 | 44.24 | 38.53 | 36.71 | 37.83 37.81 | 36.53 | 37.37
25 | 42.04 | 45.63 | 41.15| 46.05 | 43.22 | 44.08 | 36.83 | 34.62 | 36.39 | 36.95 | 34.43 | 35.59

nal, noisy (with o = 15) and denoised versions, while Fig. 9.2 displays two fragments of
PWS depth images Teddy and Cones, with o = 25 for noisy version.

Proposed methods are superior in edge recovery than compared methods since
round edges disappear even in the denoisied image by the BM3D. Some deteriorations
also occur in denoised versions of other algorithms as in the center of Teddy image for the
BM3D in Fig. 9.2. However, for the denoised versions of the Cones image, output of the
BM3D method appears as more vivid or less blurry than those of the proposed algorithms.
Thus, to demonstrate performance of the proposed algorithms, contrast measures for PWS
depth images are also computed by averaging image intensity variances of all horizontal
lines. The attained contrast measures are averaged over 5 independent denoising real-
izations. The averaged contrast measure results of the proposed algorithms LPFW, and
SHTW, are higher than that of the BM3D method as 6.5022 x 1072, 6.4137 x 102 and
6.3951 x 1073, respectively, demonstrating that they are more succesfull in denoising
according to such a measure, though they seem more blurry in visual comparison.

The contrast measure results of the algorithms mentioned above are 2.9610 x 1073,
2.7584 x 1073 and 2.7185 x 1073, respectively, for the denoised versions of the Teddy
image fragment. Although, BM3D obtains more variation with the deterioration occurred

in the denoised image, the proposed algorithms are superior than the BM3D, again.
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Figure 9.3. A surface demonstrating the relation between PSNR value and squared smoothing
parameters h, and hy,, employed in weighted adjacency matrix construction formula

A modified version of the weighted adjacency matrix formula given in (8.1) is also
developed and employed in proposed image denoising algorithms. The patches X, and
X5, to be employed in measuring the similarity in the photometric domain, are sepa-
rately normalized and substituted into (8.1), subsequently. Graph Laplacian is computed
from this weighted adjacency matrix, and graph bases employed in proposed denoising
algorithms are obtained by eigendecomposition of the graph Laplacian. Two-step LPFW
algorithm is applied to two different 64 x 64 noisy patches of Lena and Montage images
with best-performing window size parameters as w = 7 and w = 3, respectively. PSNR
values obtained by LPFW; and LPFW, are 29.45 and 29.52 for the Lena image patch,
and are 40.59 and 40.63 for the the Montage image patch, respectively. After normal-
ization process in (8.1) mentioned above, PSNR values attained by LPFW; and LPFW,
are 25.18 and 24.74 for the Lena image patch, and are 26.65 and 26.52 for the Montage
image patch, respectively. Thus, this normalization process results worse PSNR perfor-
mances in image denoising. The consistent improvement achieved by the second step of
the algorithms is not valid for denoising algorithm employing normalized weighted adja-
cency matrix. Moreover, this deterioration in PSNR obtained by the second step of the
algorithms is increased as the window size parameter increases.

Fig. 9.3 presents the relation between PSNR values and the squared smoothing

parameters in the photometric and pixel (spatial) domains, h, and h,, respectively. One-
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step version of the LPFW algoritm, LPFW1, is applied to a 50 x 50 noisy image patch
of the Teddy image with the noise level of 15, for this comparison. Obtained PSNR
values are averaged over 5 independent realizations. h, and h, are in the range [1, 50]
and [0.01, 50], respectively, and other design parameters are adjusted as their optimum
values. According to the PSNR values obtained by different combinations of smoothing
parameter values, h, parameter seems to be more effective on denoising performance than
hyp. That is, achieving the pixel similarity information of two patches accurately are more
determinative on denoising performance than the distance information of these patches
in the 2-D image, for such a weighted adjacency matrix form reminiscent to BF. The
optimum values of h, giving effective PSNR values are in the range [4, 7].

Graph parameters employed in denoising are searched in detail for each separate
patch of all noisy images to obtain denoising results given in Tables 9.1 and 9.2 and
are presented in Tables F.1 and F.2, in Appendix F. Such parameters have following
definitions. h, and h, are smoothing parameters in pixel (spatial) and photometric do-
mains. h, o denotes Gaussian pre-filtering smoothing parameter while w denotes patch
size around pixels in determining the weighted adjacency matrix.

Mode, median and range values of graph construction parameters presented for
each patch of all images in Table F.1 are as follows. h2 . € [0.001,10], with median
0.825 and mode 1.000 having 44 occurences. hf) € [0.105, 8.25] with median 1.225 and
mode 1.5 with 31 occurences. For PWS synthetic images Stripes and Box with gray levels
in the range [0, 255], h2 € {45,52.5,60,67.5,75} with median and mode 75, both, with
18 occurences. For natural and PWS depth images normalized to the intensity range
[0,1], h2 € [0.004,0.176] with median and mode 0.019, both, with 79 occurences. w €
{1,3,5,7,9,11}, with median and mode of 3 samples, both, with 75 occurences among

224 patches.

9.1.1. Comparison with k-nearest neighbor graph configurations

In this work, complete graph configuration with the weight as in (8.1) is used in the
proposed algorithms. Denoising results obtained in this way are compared with those of
4-NN and 8-NN graph configurations in which each image pixel is connected to its 4 or
8 nearest neighbors only. As the proposed algorithm that gives the best results, LPFW,

is employed for this comparison with the weight as in (8.1), in denoising PWS depth and
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synthetic noisy images with the noise level of 15.

Table 9.3 presents PSNR (top) and SSIM index (bottom) values for different options
of graph configuration mentioned above. Best results are obtained for all images when the
complete graph configuration is considered. Denoising results of the 4-NN configuration
are slightly better than those of 8-NN for PWS depth images, while the opposite of that

case is valid for PWS synthetic images.

9.1.2. Comparison with NLGBT and OGLR methods

Graph based image denoising approaches NLGBT and OGLR achieve better results
than the BM3D algorithm for PWS depth images not only in PSNR values but also in
SSIM index values. Denoising results given in Tables 9.1 and 9.2 demonstrate that the
proposed algorithms LPFW and SHTW are useful for denoising of PWS images. Thus,
LPFW, algorithm is compared with graph based methods in denoising PWS depth and
synthetic images for different noise levels. NLGBT results presented in Table 9.4 are
attained by us for PWS synthetic images Stripes and Box while results of PWS depth
images Cones and Teddy are directly taken from the paper [32].

The proposed algorithm LPFW, outperforms graph based methods NLGBT and
OGLR in denoising the Stripes image for all noise levels, in particular, by almost 14 dB
in PSNR obtained especially for lower standard deviation values. For other PWS synthetic
Box image, OGLR obtains the worst results for all noise levels. NLGBT outperforms the
LPFW, for noise standard deviation values 15 and 25, by almost 4 dB in PSNR, while
LPFW, attains better results for other noise levels.

For PWS depth images Cones and Teddy, the proposed LPFW, algorithm outper-
forms graph based methods for higher noise level values 20 and 25, by almost 2 dB.
However, OGLR obtains best results for standard deviations 10 and 15, by almost 2 dB
more than the LPFW,. The OGLR always surpasses the NLGBT method for all depth
images and noise levels.

These denoising results mentioned above demonstrate that the proposed algorithm
LPFW, can compete with the graph based image denoising methods for PWS depth and

synthetic images under different noise levels.
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Table 9.5. Performance comparison in average SNR for the proposed algorithms LPFW, SHTW,
SHWT* and graph wavelet based methods HGLET, GHWT

. Graph Signal
Algorithm Dentritic Tree Tor(f;to T?V. Minnesota R.N.
LPFW 25.05 10.63 14.52
LPFW, 25.07 10.64 14.54
SHTW; 24.92 8.53 12.90
SHTW2 25.07 9.61 13.66
SHTW; 25.06 10.22 14.03
SHTW3 25.07 10.23 14.40
HGLET 20.85 8.96 10.16
GHWT 23.03 8.27 11.76

9.2. Graph Signal Denoising

9.2.1. Real graph data

The proposed algorithms are applied to real graph signals such as the thickness data
on the dendritic tree, the traffic volume data for Toronto and the Minnesota road network
data. Denoising performances of three algorithms proposed for noisy graph signals are
compared with graph wavelet shrinkage based denoising methods GHWT and HGLET in
[94], using averaged signal-to-noise ratio (SNR) values defined as

x|l
SNR = 20log,, (HX — §H)

SNR values of the noisy graph signals are adjusted to be 8 dB, 7 dB and 5 dB for
dendritic tree, Toronto T.V. and Minnesota R.N, respectively, as in [94].

SNR results averaged over 50 independent trials, attained by LPFW, SHTW and
SHTW™* and those attained by GHWT and HGLET methods are presented in Table 9.5.
The proposed algorithms surpass the compared methods for all three graph signals by
significant margins in SNR, especially LPFW is best performing algorithm among them.

SNR values obtained by the other proposed algorithms WS, WV, WS* and WV*,
performing in the WGFT domain are presented in Table 9.6. According to the SNR results
averaged over 100 trials, these proposed algorithms also surpass the compared methods,
especially for the dendritic tree data by almost 3.5 dB more in SNR.

The noiseless, noisy and denoised (by the LPFW5) versions of Toronto traffic vol-
ume data and thickness data on the dendritic tree are presented in Fig. 9.4, while same
versions of the Toronto traffic volume data are displayed in Fig. 9.5 when the WS algo-

rithm is used for denoising.

43



Table 9.6. Performance comparison in average SNR for the proposed algorithms WS, WV, WS*,
WV* and HGLET, GHWT methods

. Graph Signal
Algorithm Dentritic Tree | Toronto T.V. Minnesota R.N.

WS 23.42 10.48 13.47
V'A% 23.45 9.49 12.42
WS* 23.35 10.41 12.34
WAA 23.32 10.10 12.72
HGLET 20.85 8.96 10.16
GHWT 23.03 8.27 11.76
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Figure 9.4. The original (noiseless), noisy and denoised versions of the Toronto traffic volume data
(upper line) and the dentritic tree thickness data (lower line) are presented for visual comparison

9.2.2. Discrete Fourier transform basis and chirp denoising

The proposed graph Wiener filtering scheme is also valid for a complex-valued, uni-
tary graph basis, for which VV# = 1. The DFT basis with V' (n, ) = exp[j(27/L)l(n —
D)/vVL,n=1,2,...,L,1=0,1,...,L — 1, is such a basis, which is the eigenbasis of
the adjacency (and Laplacian) matrix of a directed, cyclic graph (dicycle graph) with L
vertices that models discrete-time periodic signals with period L [19]. Adjacency matrix
elements are w,,, = 1 when m = mod(n, L) + 1, and zero otherwise for such a graph

[19].
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Original Noisy, 7 dB WS (Proposed), 10.48 dB

Figure 9.5. The original (noiseless), noisy and denoised versions of the Toronto traffic volume
data are displayed for visual comparison

By substituting the DFT basis into (5.4) and (5.3),

271' LR, (n,%21)  VLa(n)X*(l)e 32/~
Hw —I ) = =

L o+ x| o2 + |x]|?

forn,l = 0,1,...,L — 1, as the TF Wiener transfer function for estimating a discrete-
time signal x(n) from its noisy version y(n) given by (2.3). X (l) denotes the L-point
DFT sequence of x(n) above. The Wiener filter output is obtained by (4.1) with the DFT

basis, as

Zeﬂ”l”/L’H (n —z) Y (1)

forn =0,1,...,L—1, where Y(l) is the L-point DFT of the noisy y(n). The TF Wiener
filtering scheme for denoising given by the two equations above are novel in the classical
TF filtering literature.

In a practical setting, an estimate of the classical RD of the original, noiseless sig-
nal, R,(n, 27l/L), should be obtained from the RD of the noisy signal, Ry(n,2nl/L) =
y(n)Y*(1) exp(—j2nin/L)/v/L. This input RD estimate is used, in turn, to obtain an
estimate of the Wiener transfer function, 7-A[W(n, 27l/L).

A noisy version of the chirp signal is considered for denoising z(n) = exp[”"Q],
n=0,1,...,L—1, according to signal model (2.3), where the additive complex, circular
noise w(n) is modeled by (2.4) and (2.5). The ideal (true) form of the proposed TF
Wiener filter given above is applied to denoise this noisy chirp and compare the results
with those of the interpolated half-band Weyl filter [79]. TF transfer function of the Weyl

filter is chosen to isolate the instantaneous frequency line of the chirp w(n) = 7mn/(2L),

as H(n,w) = §(w —mn/(2L)),0 < n < L — 1. With least-squares scaling of Wey] filter
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Table 9.7. Output SNR values for the Weyl filter, true Wien_Rihac filter and its estimates in de-
noising a noisy chirp signal, for different input SNR values

SNR;,
Method 20 75 10 5 0 3
Weyl 21307 | 21.277 | 21.183 | 20.903 | 20.117 | 18.980
True
Wien Rihac | 43987 | 39.284 | 34603 | 28983 | 23.827 | 21.404
WienRihac ) 900 | 17954 | 13104 | 9924 | 5654 | 3.062
Algorithms

outputs employed, this Weyl filter is a very good approximation to the ideal TF Wiener
filter based on Wigner-Weyl framework [81, 82]. Hence, it is fair to compare with the
ideal form of the proposed TF Wiener filter (designated as Wien_Rihac).

Table 9.7 lists filter output SNR values averaged over 100 independent trials, for
various input SNR values (—101og;,(c?) for this unity amplitude chirp). Large improve-
ments achieved by the proposed ideal Wiener filter indicate that the true form of the
TF Wiener filter for denoising should be rather as given above, although the Weyl filter
also gives excellent results and is a practical realization of the ideal Wiener filter of the
Wigner-Weyl approach.

Unfortunately, contrary to the Weyl filter accurately implementing the Wigner-Weyl
scheme, it seems to be very difficult to accurately estimate the transfer function of our
Wiener filter, although it has the correct form, when the original signal is a wideband
signal as in this example.

The LPFW; algorithm is implemented by substituting the output of a lowpass filter
with passband [0, 77/2) in radians, x4(n), its DFT and the DFT basis into the TF Wiener
transfer function above. The SHTW; algorithm is also implemented by searching the
threshold parameter ¢ in (8.4) as real multiples of |V (n,1)| = 1/+/L due to variance
given by (6.14), and by taking the subtracted term in (8.6) as 02/ L due to mean given by
(6.13). In addition, noisy |R,| is smoothed and arg[R,] is smoothed or kept unchanged
to estimate modulus and phase of the original RD, R,, respectively, to substitute into the
Wiener transfer function. This method is designated as the ST algorithm.

For the later two algorithms, the constant scale factor 0% + ||x||* is estimated as
lyll> = (L — 1)o?, since ||x||? = ||y||* — Lo?. Scale correction in (5.7) can not be used
for the chirp signal case, since average values of real and imaginary parts of the chirp are
also close to zero, making (5.7) unstable.

Results of these proposed algorithms are usually much worse than those of the Weyl
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filter. They can not accurately estimate the true Wiener transfer function, although they
achieve some amount of denoising. Hence, only best output SNR values provided among
these three algorithms are listed in Table 9.7. For SNR;, = 20 and 15 dB, presented
results are obtained by the S, where arg[f%x} is taken as arg[R,| without smoothing
and |R,| for w € [0,7/2) is taken constant as the mean value of |R,| for w € [0,7/2).
|]§x| is taken as zero outside this frequency range of the chirp. For SNR;,, = —3 dB, the
presented result is obtained by the SHTW,. For other input SNRs, best results presented
are obtained by the LPFW;. The Weyl filter is surpassed for SNR;,, = 20 dB only, by the

SW.
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10. CONCLUSION

In this thesis, the Rihaczek-Zadeh TF filtering scheme is extended to graph signals
and a graph Zadeh vertex-frequency filter is proposed. Vertex-frequency graph Wiener fil-
tering based on this Zadeh filtering scheme is subsequently proposed for image and graph
signal denoising. The vertex-frequency transfer function of the proposed Wiener filter

has a quite different form than ( R (n,\i)

TR () that is expected in the TF filtering literature

as reviewed in [81], in terms of a vertex-frequency signal energy distribution.

In Appendix A, the Wiener transfer function is expressed in terms of GRS matrix of
the graph signal and the graph basis matrix V obtained from graph Laplacian. However,
in order to express Wiener transfer function coefficients analitically, the condition of the
graph signal of interest to be deterministic as in (5.4) or to be GWSS as in (A.1.1) should
be satisfied. The proposed Wiener filtering scheme is reduced to stationary graph Wiener
filter for GWSS signals as presented in Appendix A, demonstrating that the proposed
vertex-frequency Wiener filtering framework is a generalization of such filters [15, 18,
21, 22, 63] to nonstationary graph signals.

Moreover, the GRD [88, 89] based on a GSO defined by generalized convolution
with a delta signal [3, 8, 72] is derived in Chapter 6. The graph shift operation should be
applied first to the graph signal than the complex conjugation process in this derivation.

The proposed Wiener filter algorithms yield considerably better PSNR and SSIM in-
dex values for PWS images than BF, NLM and BM3D methods and compete with graph
based denoising methods NLGBT and OGLR. For natural images, obtained results are
slightly worse than, but get close to those obtained by these compared methods. In denois-
ing of real graph signal datasets, proposed algorithms significantly outperfom the graph
wavelet shrinkage based methods GHWT and HGLET in SNR values for each graph data.

It is important to note that proposed spectral graph based algorithms achieve signif-
icant performances in image denoising as well as irregular graph signal denoising, since
such methods are adaptive to the image of interest. Graph bases are obtained by the eigen-
decomposition of the Laplacian matrix including the similarity information of pixels in
the image. In particular, denoising performances of such proposed algorithms are remark-
able for PWS images, since the information of such an image can be obtained accurately
from its first few eigenvalues.

As another work presented in this thesis, a vertex-frequency graph Wiener filter
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family in the WGFT domain indexed by used graph window functions is also derived to
denoise graph signals. This family encompasses the graph Zadeh based Wiener filter as a
limiting case. Proposed algorithms give better SNR results than compared graph wavelet
shrinkage based methods for tried real graph data.

The vertex-frequency graph Wiener filtering proposed in this thesis is formulated
for a fixed graph structure underlying the given noisy graph signal. That is, the weights
of graph edges, hence the graph Laplacian matrix and its eigenvectors that determine the
GFT operation, are assumed to be given, in this development of the Wiener filter. Their
optimal choice or learning is outside the scope of this work. Graph learning issues or
optimal choice of graph edge weights for a given graph signal are not encompassed in
the proposed optimization framework. However, in simulations, pre-filtering parameters,
smoothing parameters and window sizes that determine graph weights are thoroughly
searched for the best performance in these presented image denoising results.

A more principled or automated approach might be integrating the optimal graph
Laplacian regularization approach proposed in [31] for image denoising, or graph learn-
ing techniques, to the Wiener filtering scheme developed in this article in order to use
optimally selected graph basis vectors in the proposed Wiener filter. For a comprehensive

list of graph learning methods, please see [1, 26].
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APPENDICES

A. Wiener Vertex-Frequency Transfer Function

Two general forms of the vertex-frequency transfer function of the proposed graph
Wiener filter are derived for the case of random graph signal of interest x, in terms of its
GRS.

From (5.3), the GRD matrix of x,

Ry = [Ro(n, )]y = (xx¢™) 0 V™.

For the random x, the expected value of its GRD is defined as the GRS of x in order to
express the Wiener transfer function in terms of it. Thus, the GRS matrix, denoted as
R, = E{R,},

Ry =E {xx¢"} o V*. (A1)

Substituting the first equality in (3.1), as the Wiener filter matrix, into (4.6), the Wiener

transfer function matrix is obtained as
Hw =V °oE {xx"} [021+E{XXHH_1 V. (A.2)

Inserting VV# = I between the expectation and inversion terms above, moving V inside
the expectation, moving V# and V first inside the inversion and then inside the inner

expectation, using X = V¥ x, and substituting into (A.2)
E {xx¢"} =Rxo (V*)™° (A3)
obtained from (A.1), together with
E {XfoH} =VH [EX o (V*)_O}
obtained by multiplying both sides of (A.3) by V¥ from the left, (A.2) is written as
1

Hw =V °0 [Reo (V)] {¢’ I+ V" [Rxo (V)°]} (A4)

that expresses the Wiener transfer function matrix in terms of the GRS matrix of x and
the graph basis matrix V.

Alternatively, substituting the second equality in (3.1) into (4.6), using x¢ = Vx,
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and then substituting (A.3) and
E {xx"} = [Rxo (V*)°] V¥

obtained by multiplying both sides of (A.3) by V¥ from the right, into the resulting

expression,
Hiy = V20 {0°T+ [Reo (V)] VA [Ryeo (V™). (A.5)

In (A.2), (A.4) and (A.5), matrix product operations have priority over the elementwise
product.

(A.4) and (A.5) relate the Wiener transfer function matrix to the GRS matrix of
x. However, they do not yield explicit analytical relations between the elements of these
matrices, i.e., the explicit analytical expression for the Wiener vertex-frequency transfer
function coefficients Hyy (n, A;) in terms of the GRS coefficients of x is not available or

feasible in the general case of nonstationary random graph signal x to be estimated.

A.1. Reduction to the Stationary Form

If x is a GWSS signal, its autocorrelation matrix is diagonalizable by eigenvectors
of the graph Laplacian matrix [15, 21, 22]; E {xx" } = VA, V¥ with diagonal elements
of A serving as graph power spectral density coefficients of x.

Substituting for the signal autocorrelation matrix in (A.2) and simplifying the ex-

pression using VV# = VIV =1,

Hy = V™o [VAx (o1 + Ax)_l] -

Ax()\O) Ax()\l) . Ax()\Lfl) 1:|
o2+ A(Nog) o2+ A (N)T T+ A (A1)

where 1 denotes an L x 1 dimensional ones vector. The second equality follows
from the first one, because multiplying V by the diagonal matrix from the right scales
columns of V with the corresponding diagonal elements, and then elementwise division

by elements of V leaves constant columns carrying these diagonal elements.

Thus,
A(N)
AN)=—""— A.l.1
forn =1,2,...,L, 1 = 0,1,...,L — 1. (A.1.1) indicates that the vertex-frequency
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transfer function of the proposed graph Wiener filter reduces to vertex-invariant transfer
function of the stationary graph Wiener filter as in [15, 18, 21, 22, 63], when x is a

stationary graph signal.

B. Inversion Methods for the Graph Rihaczek Distribution

Method 1: For the unnormalized graph Laplacian matrix £ = D—W, the eigenvec-
tor associated with the first eigenvalue \y = 0 is a constant vector, V (n, \g = 0) = 1/v/L,
n=1,2,..., L. Then, the GFT definition in (2.1) yields

rr(o=0) =Y x(n)/VL. (B.1)

n=1

Substituting (B.1) and V'(n, Ay = 0) = 1/+/L into (5.3),

L
Ry(n, Ao = 0) = 2(n)z}(0)V*(n,0) = z(n) Y _2*(n)/L. (B.2)
n=1
Summing (B.2) over n, and taking square root of both sides,
L L
LY Ru(n,0)=|> z(n) (B.3)
n=1 n=1
Dividing (B.2) by (B.3), side by side,
VLR (n,A\g =0
x(n) = e”’\/— (.20 = 0) (B.4)
VL Ro(n,0)
forn = 1,2,...,L, where ¢ = arg [Zizl x(n)] is an indeterminate phase common

for all signal samples. For a real valued graph signal x, a similar procedure results in a
common indeterminate sign, sign [2521 as(n)] , in place of the phase factor, in (B.4).
Hence, graph signal samples can be recovered from the GRD of the graph signal,
within a common phase or sign for complex or real signal cases, respectively.
Method 2: For real valued, nonnegative signals, such as images, the vertex-marginal

property of the GRD [88, 89] is used to obtain

(B.5)

forn=1,2,..., L.
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C. Mean and Variance of the GRD for the Real Case

Substituting for y¢()\;) in (5.5), then taking expected value of both sides of (5.5),

and substituting, subsequently,

E{y(n)y(k)} = z(n)a(k) + o*d(n — k)

resulting from the signal observation model given by (2.3) with zero-mean AWGN uncor-

related with x:

L
E{Ry(n, M)} =V(n, M) Y _V(k,\) [z(n)z(k) + 06(n — k)]
S (C.1)
V(n,\) YV N)a(k) + 0V (n, \).
k=1

Identifying x¢();) given by (2.1) for the real basis V in the first term of (C.1), that term
above is recognized as R,(n, \;) and (6.11) follows.

From (5.5) and (C.1),

Ry(n, ) = E{Ry(n, \)} =

L (C.2)

V(M) S0V (kM) (m)w(k) + w(n)e(k)+uw(n)w(k)] — 02V2(n, )

k=1
Substituting (C.2) into
Var {R, (n, \)} = E{[R,(n, A1) = E{R,(n, \)}]°},
and, using E{w(n)w(k)} = 0%§(n — k) and the uncorrelatedness of x and w;
L

Var {R,(n, \)} = o*V*(n, \)) = 20"V (n, A1) YV (k, N)S(n — k) + E

k=1 (C.3)
=E—o'Vin,\),

where I/, above, denotes the mean square value of the first term in (C.2), and hence, it

can be expanded as a double sum.

By substituting E{w(n)w(k)w(m)} = 0, E{w?(n)w(k)} = 0, E{w*(n)w(m)} =
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0 forw ~ N (0, 0°T),

L L
E=V2(n,\) ) > V(k )V (m, \)[2*(n)o?5(k — m) + o*x(k)x(m)
k=1 m=1 (C4)

+ z(k)x(n)o?d(n — m) 4+ z(n)z(m)o?d(n — k) + E{w?(n)w(k)w(m)}].

Using Z£=1 V2(k, \;) = 1 for the first term, recognizing the GFT x;()\;) in simpli-
fying second, third and fourth terms, and using E{w?(n)w(k)w(m)} = 0 for k # m,

E{w?(n)w(k)w(m)} = E{w*(n)}E{w’(k)} = 0"
for k = m # n and E{w*(n)} = 30 [102] for the last term, (C.4) becomes

E =a*V?(n,\) [#°(n) + 23(N)] 4 202V (n, \)z(n)
C5
x zp(\) + 0V, N) Y V(R ) + 30 VA (n, N). (€3)
k#n
Recognizing that R, (n, \;) = z(n)z(\)V (n, \;) in the second term above, combining

the last two terms and using again Z,le V2(k,\;) = 1, (C.5) becomes

E = aV?(n, N) [22(n) + 25 (N)] +20°V2(n, M) Re (n, N) 6
+ Lo*V3(n,\) [142V3(n,\)] . |

By substituting (C.6) into (C.3), (6.12) is obtained.

D. Mean and Variance of the GRD for the Complex Case

Substituting for the GFT, y¢();), in the GRD of the observed signal and taking the

expected value,

Ry(n,\) = y(n)y;‘c()\l)v* (n, \y)

E{Ry(n, M)} = V*(n, M) Y V(k, M)E{y(n)y"(k)}. (D.1)
k=1

For the complex signal model given by (2.3) with the zero-mean, complex, circular

Gaussian noise described by (2.4) and (2.5) that is uncorrelated with x,

E {y(n)y" (k)} = x(n)a’ (k) + 05(n — k). (D2)
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By substituting (D.2) into (D.1),

V(k,N)z* (k) + a* |V (n, )| (D.3)

M) =

E{R,(n,\)} = xz(n)V*(n, \)

k=1
From (2.1), x}()\l) is identified in the first term of (D.3). Then, that term above is recog-
nized as R, (n, \) = x(n)z}(A\)V*(n, ;) and (6.13) follows.

From R, (n, A1) = y(n)y; (M) V™ (n, \;) with (2.3) substituted, and (D.3);

Ry(n,\) — E{R, (n,\)} = V*(m.\) SV (ks M) e (n)u (k) + w(n)a (k)
k=1 (D.4)

w(n)w* (k)] — o |V(n, Al)|2 )

Substituting (D.4) into
Var {Ry(n, A1)} = E{|Ry(n, \)) = E{Ry(n, \)}*},

and, using E{w(n)w*(k)} = 026(n — k) for the complex, circular noise and the uncorre-

latedness of x and w; Var { R, (n, \;)} simplifies to

VA, \) Y V(kN)6(n — k)

k=1

Var{R,(n,\/)} = E — ot |V (n, )\l)|2

L D.5)
V(n, )YV (k,A)d(n — k)

k=1

+ o lVin, )| = E—-c*|[V(n, A",

where I/, above, denotes the mean value of the absolute squared first term in (D.4), and
hence, it can be expanded as a double sum.

By substituting these equations E{w*(n)w*(k)w(m)} = 0,E{w(n)w*(k)w(m)} =
0, E{Jw(n)Pw*(k)} = 0, E{jw(n)Pw(m)} = 0, E{w*(n)w*(k)} = 0, E{w(n)w(m)} =

0, for the complex, circular Gaussian noise described by (2.4) and (2.5), £’ simplifies to

L L
=V, M) VMV (m, ) [Jo(n)o?5(k — m)
k=1 m=1 (D.6)

+ 02" (k)z(m) + E{Jw(n)[w (k)w(m)}] .

Using Zle [V (k, \;)|* = 1 for the first term, recognizing the GFT z;()\;) given by (2.1)

in simplifying the second term; and for the last term, using E{|w(n)[*w*(k)w(m)} = 0
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for k # m,
E{w(n)w* (k)w(m)} = E{fw(n)*}E{jw(k)]*} = o*

for k = m # n and

E{jw(n)|'} = E{ [wh(n) + wi(n)]*} = 20*

since E {w% ;(n)} = 0?/2 from (2.4) and E {w}, ;(n)} = 30*/4 for Gaussian wg,;(n)
[102], (D.6) becomes

E=0o*|V(n,\)| () [? + la g (\)[?]

(D.7)
+ ot [V (n, NP V(R NP+ 20" [V(n, M)
k#n

Combining the last two terms and using again Zle [V (k,\)|)? = 1, (D.7) becomes
E = 02 [V, M) (o) 2 + ;) 2] + 0 [V, W [T+ [V AP . ©8)

By substituting (D.8) into (D.5), (6.14) is obtained.

E. Graph Rihaczek Distribution for Isometric Shift Operators

E.1. An Isometric Graph Shift Operator

The isometric GSO proposed in [101] is T = exp <— Jjm\/ L] p) where p denotes
an upper bound on moduli of eigenvalues of the Laplacian matrix. It can be diagonalized

as
T = Vexp (—jm/A/p> v, (E.1.1)

Then, the shifted version of a graph signal x by k vertices is defined as [101]
x;, = TFx = Vexp (—jkﬂ' A/p) Xr, (E.1.2)

fork =0,1,...,L — 1. From (E.1.2), nth sample of the k-shifted signal, at vertex n, is
given by

-1

zr(n) = V(n,:)exp (—jlmrﬂA/p) Xf = Z V(n, A\m) e=3km/Am/p zr(Am) (E.1.3)

=0
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forn = 1,2,..., L. Then, x4(n) = [zo(n), z1(n), ..., 2,_1(n)]" collects nth samples of
the shifted versions of x, as a new graph signal with independent variable being the graph
shift index k. Another definition of the GRD for this shift operator can be developed by
applying the GFT operation to the graph shift index, based on the GFT of xs*(n):

R (n, A) = 2(m)VI (N, ) %" (0) VI = 2(n) >V (k, \) iy (n) VL. (B.1.4)

Substituting (E.1.3) into (E.1.4), and, interchanging inner and outer summations;

BV (n, \) % 2 OV (0, 0) [ S0V (kA w—/]
( )TZZS = (E.1.5)
=T 2 SOV, Am)V” (7v/ Ao N

n=12,...,L1=0,1,...,L — 1, where XN/(w, A1) stands for the discrete-time Fourier
transform of the sequence V' (k, \;).
To check for the frequency-marginal property of this version of the GRD;

L

ZR (n,\)) = Z|xf s (W\/W,)\l) /VL

by summing both sides of (E.1.5) and using (2.1). The above term does not reduce to
|z¢(\,)|? for an arbitrary graph basis V, since V(m\/Am/p, M) # VL 6(1—m) in general.
Hence, this version of the GRD does not satisfy the frequency-marginal property.

To check for the vertex-marginal property,

L-1 L-1
ZRSJ (n, ) = 2( Za: m) V(1 A
=0 m=0

from (E.1.5). Since the inner sum can not yield unity for all m, the above term does not

Lz_:lv* <7T\/W7>\l>] JVL

=0

reduce to |x(n)|2 for an arbitrary basis V. Hence, the vertex-marginal property is not
satisfied either.
A real valued, nonnegative graph signal x can be recovered from its GRD RrUY (n, \))
as follows.
. . . T
From (E.1.4), r,,() (n) = [R,S;”(n, Xo), ..., B8V (n, )\L_l)} = 2(n)VHx4*(n) /VL
Then,
(31) _Z (n) Ho * _ * NG
Vr,'"(n) = —=VV¥ix"(n) = x(n)xs"(n)/VL (E.1.6)



since VV# = 1. Since x( = x from (E.1.2), (E.1.6) yields

2(n) = 2(n)] = VI [V ()] (1), (E.17)

n=1,2,..., L, from the first element of Vr, (") (n).

E.2. Another Isometric Graph Shift Operator

Another isometric GSO proposed in [19] can be adapted to be based on the Lapla-

cian matrix, as

A, =Vdiag |e 7T ... e Tl e T yH (E.2.1)
V being the eigenvector matrix of the Laplacian. k-shifted versions of a graph signal
x are then obtained as x;, = A¥x, k = 0,1,..., L — 1. By collecting nth samples of
k-shifted signals to form a shift vector and applying the GFT operation to its conjugate,
as done in the previous section for the first isometric shift operator, another definition of
the GRD of x for this shift operator given by (E.2.1) can be obtained, as follows:

L-1 L

R (n, ) = 2(n) > 5 (M) V' (0, M) | DV (k, M) EmED | VI
Tj’ k=1 (E.2.2)
=2(n) Y 5(An)V* (0, )V (m, Ny),
m=0

n=12...,L1=0,1,...,L —1, where V(m, A1) denotes the L-point DFT of the
sequence V' (k, \;). For the DFT basis V(k,\;) = explj(2r/L)l(k — 1)]/VL, k =
1,2,..., L, (E.2.2) reduces to the original GRD definition of (5.3), since the inner sum
above yields 0(l — m).
From (E.2.2),
> R (n,N) = Z\xf 2V (m,\)
n=1

by using (2.1). For the DFT basis, V(m, \;) = (I — m) and the above sum yields
|z (\) |*. Hence, the frequency-marginal property is satisfied for the DFT basis. For other

graph bases, this version of the GRD does not satisfy the frequency-marginal property.
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To check for the vertex-marginal property,

L-1
ZR(ZQ)n)\l ) =x(n Zx} *(n, Am)

=0

z_: V*(m, /\l)]

from (E.2.2) again. For the DFT basis, V (m, \;) = 6(I — m) and the inner sum yields
unity for all m. Hence, the above term reduces to |z(n)|* by using (2.2), and the vertex-
marginal property is satisfied for the DFT basis. For an arbitrary graph basis V, the inner
sum can not yield a constant value for all m; hence, the vertex-marginal property is not
satisfied.

Inversion Method 1: By substituting A\ = 0 and V(k,\g = 0) = 1/VL, k =
1,2,..., Linto (E.2.2), RY (n, Ao = 0) is obtained as in (B.2). Hence, graph signal sam-
ples x(n) are recovered from R (n, A\g = 0) by (B.4), as for the original GRD definition
of (5.3), within a common phase or sign for complex or real signal cases, respectively.

Inversion Method 2: To recover a real valued, nonnegative graph signal x, r, " (n)
— |R® (n, Xo), -, R (n, A L—l)] ! can be defined for each n, as done for the first iso-
metric shift operator in the previous section. Since R (n, \;) is also defined by (E.1.4),
for the shift operator of (E.2.1), (E.1.6) and (E.1.7) also hold for r, ) (n). Hence, z(n) is
obtained from r, ") (n) by (E.1.7) for each n.

F. Graph Parameter Values for Image Denoising Results

Gaussian pre-filtering parameters, smoothing parameters in the photometric and
spatial domains, and window sizes yielding graph weights are listed for all patches of all

images in Tables F.1 and F.2, for the results given in Tables 9.1 and 9.2, respectively.
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Table F.1. Best parameters employed in graph construction and Gaussian pre-filtering are pre-
sented for o = 15. Patches are numbered from left to right in each patch row and numbering
continues as such in the upper row. h2, h,z are squared smoothing parameters in the photomet-
ric and pixel (spatial) domains, respectively, while h;Q;,G denotes smoothing parameter used in
Gaussian pre-filtering step, and w denotes patch size around pixels in (8.1)

Image | Parameter Paich Number

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

w 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

5 hi a 0.875 1 0.875 | 0.875 1 1 1 1 0.875 1 1 1 1 1 1 1
A }Li 75 75 60 75 525 45 75 45 75 75 525 75 60 75 75 60
h;‘; 0.5 0.5 0.5 0.675 0.5 0.5 0.5 0.5 0.625 0.5 0.75 0.75 0.5 0.5 0.5 0.5

w 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

_g hi,G 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
& hi 75 75 60 75 67.5 45 75 75 75 60 525 75 60 75 75 60
h;") 0.5 0.5 0.5 0.675 0.5 0.5 0.5 0.5 0.5 0.625 | 0.875 | 0.75 0.5 0.5 0.5 0.5

w 1 1 1 1 7 7 3 3 5 5 5 5 5 5 5 5
§ h?a,G 0.875 2 0.7 1 1.5 1.25 1 1 2375 | 225 2.25 2.5 2.375 | 2.625 | 2.25 2.375
& hi 0.019 | 0.039 | 0.019 | 0.019 | 0.039 | 0.049 | 0.009 | 0.009 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019

h;‘: 2.5 4.75 4.5 6 7 7 8 8 6 6 8 8.25 6 5.25 7.75 8

w 3 3 5 5 3 3 5 5 5 5 7 7 5 5 7 7

§ h?;,c 1.5 145 | 2375 | 2.25 1.5 1.5 2.375 2.5 225 | 2375 2.5 2.5 2.375 | 2.375 | 2.625 2.5
S hi 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019
h?) 6 6 8 7.875 6 6.25 8 8 6 6 7.75 8 6 5.875 8 8.125

g w 1 3 5 5 5 3 7 3 3 3 1 9 1 5 3 1
E h?;,c 0.75 | 0.625 0.5 0.5 1 0.5 0.875 0.5 0.5 0.05 | 0.001 1.25 1 0.5 0.1 1.25
g hz 0.019 | 0.059 | 0.117 | 0.117 | 0.059 | 0.078 | 0.117 | 0.098 | 0.059 | 0.176 | 0.039 | 0.117 | 0.078 | 0.117 | 0.117 | 0.117
S hf) 1.25 0.5 0.5 0.5 0.525 | 0.75 1 0.5 1.125 | 0.525 1.2 34 0.3 0.105 0.5 0.562

© w 3 1 5 5 3 5 5 7 3 3 3 3 3 1 3 3
& hz a 0.6 1.25 1 1.25 2 0.5 0.75 | 0.625 0.5 0.525 | 0.65 10 0.525 0.3 0.75 | 0.6875
§ hz 0.029 | 0.004 | 0.059 | 0.059 | 0.039 | 0.098 | 0.098 | 0.078 | 0.068 | 0.039 | 0.019 | 0.078 | 0.039 | 0.078 | 0.019 | 0.019

hi 35 1 0.875 | 0.875 3 1 1 1.5 1.5 2 2 1.375 2 35 2 2

w 1 1 5 3 7 5 7 3 5 7 3 3 3 3 3 3

g hg a 1.125 | 1.125 0.6 0.475 0.8 0.6 0.8 0.5 0.6 0.8 0.65 0.75 1 0.75 0.75 1
d% h% 0.004 | 0.004 | 0.068 | 0.059 | 0.059 | 0.098 | 0.117 | 0.078 | 0.098 | 0.059 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019
hi 0.675 | 0.675 0.9 0.725 | 0.875 0.7 25 0.675 0.7 0.875 1.6 1.6 1.6 1.6 1.6 1.6

w 1 1 5 3 5 5 7 5 7 3 1 11 5 7 3 1
2 h?} a 0.75 1.25 0.5 045 | 0.725 | 045 0.8 0.5 0.5 0375 | 0.75 1.125 | 0.875 0.5 0.25 1.125
= hi 0.019 | 0.004 | 0.068 | 0.059 [ 0.059 [ 0.098 | 0.117 | 0.147 | 0.059 | 0.117 | 0.019 | 0.117 | 0.117 | 0.117 | 0.068 | 0.117
hf, 3 0.675 0.9 0.725 | 0.875 0.8 1.25 | 0515 | 0.75 | 0.525 1.2 34 0.3 0.105 | 0.75 0.75

w 7 7 3 5 7 3 7 3 7 3 3 3 7 3 3 3

o h,g a 0.8 0.8 1 0.6 0.8 0.75 0.8 1 0.8 0.75 0.75 0.75 0.9 0.75 1 1
3 h,z, 0.059 | 0.117 | 0.019 | 0.098 | 0.059 | 0.019 | 0.059 | 0.019 | 0.059 | 0.019 | 0.019 | 0.019 | 0.059 | 0.019 | 0.019 | 0.019

}Lg 1 2 1.5 0.625 | 0.875 1.75 | 0.875 | 1.625 | 0.875 | 1.375 1.25 2 1 1.5 1.625 2

w 7 3 7 7 3 3 3 3 3 3 3 3 5 3 3 3
é hf, a 0.9 0.75 0.8 0.8 0.75 | 0.625 | 0.75 0.75 0.75 | 0.875 | 0.675 | 0.75 0.75 0.75 0.75 0.675
@ h?_, 0.059 | 0.019 | 0.059 | 0.059 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.023 | 0.019 | 0.098 | 0.019 | 0.019 | 0.019
h;‘: 1 1.5 0.95 0.95 1.5 15 1.45 1.375 | 1.375 1.5 1.5 1.75 1.5 15 15 1.625

w 3 3 3 5 5 3 3 5 3 3 5 5 3 3 3 3
E hi a 0.625 0.7 0.825 0.6 0.6 1 0.675 0.5 0.75 | 0.875 0.5 0.5 0.75 0.75 0.75 0.825
é hf_, 0.019 | 0.019 | 0.019 | 0.098 | 0.098 | 0.019 | 0.019 | 0.098 | 0.019 | 0.019 | 0.098 | 0.098 | 0.019 | 0.019 | 0.019 | 0.019
h;‘; 1.75 1.5 1.5 1.5 1.375 | 1.375 15 15 1.375 1.5 1.5 1.75 1.5 15 1.6 1.25

w 3 3 3 7 3 3 3 5 3 3 1 5 3 3 3 7

'g hi,G 0.825 | 0.675 | 0.925 0.9 0.75 | 0.675 | 0.675 0.8 0.75 0.75 1.125 0.5 0.675 | 0.75 | 0.675 0.8
£ hi 0.019 | 0.019 | 0.019 | 0.059 | 0.023 | 0.019 [ 0.019 | 0.098 | 0.019 | 0.023 | 0.004 | 0.098 | 0.019 | 0.019 | 0.019 | 0.059

h;") L5 1.5 1.25 1 1.675 1.6 L5 L5 1.375 1.5 0.675 1.75 1.5 1.5 1.75 1

w 7 7 7 7 7 7 7 7 5 7 7 5 5 5 5 7

§ h?a,G 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.9 0.5 0.6 0.6 0.6 0.8
;% hi 0.059 | 0.059 | 0.059 | 0.059 | 0.059 | 0.059 | 0.067 | 0.059 | 0.098 | 0.059 | 0.059 | 0.098 | 0.098 | 0.098 | 0.091 | 0.067

h?) 0.875 1 1 1.1 0.9 1 0.9 1 1.5 0.9 1 1.75 15 15 1.75 1

w 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 h?;,c 1.25 1 1.375 | 1.125 1.25 1.125 | 1.125 | 1.125 1.25 1.325 1.25 1 1 1.25 1.125 1.125
S hi 0.004 | 0.004 | 0.004 | 0.004 | 0.004 | 0.004 | 0.004 | 0.004 | 0.004 | 0.004 | 0.004 | 0.004 | 0.004 | 0.004 | 0.004 | 0.004
hg 0.625 | 0.675 | 0.675 | 0.675 | 0.675 | 0.675 | 0.675 | 0.675 | 0.675 | 0.675 | 0.625 | 0.675 | 0.675 | 0.675 | 0.625 | 0.675
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Table F.2. Best parameters employed in graph construction and Gaussian pre-filtering are pre-
sented for Depth and Synthetic images, for different standard deviations (o). Best parameters for
o = 15 are already presented in Table F.1

o | Image | Para. Patch Number

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

w 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

x | hpc [0875 [ 1 0875 0875 | 1 1 1 1 [o0875 [ 1 1 1 [0875 ] 1 1 1
= hZ 75 75 60 75 | 525 | 45 75 45 75 75 | 525 [ 75 60 75 75 60
h2 05 | 05 | 05 [0675] 05 | 05 [ 05 [ 05 [o0625| 05 | 075 [ 075 [ 05 [0625 [ 05 [ 05

w 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

2 [hpo | 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
3 nZ 75 [ 675 | 60 75 [ 6715 | 45 [ 675 [ 715 [ 675 [ 60 | 525 [ 75 60 [ 6715 | 75 60
5 h2 05 [0625| 05 [0675] 05 [0625] 05 [ 05 [ 05 [ 05 [0875[ 075 | 05 [0625 [ 05 | 05
w 9 9 13 13 9 9 11 13 15 15 17 17 13 15 17 15

g [ hpg | 075 [ 075 [ 1375 | 125 [0625 | 075 | 1375 [ 1125 | 225 | 2375 | 25 [ 2375 | 2375 | 25 [ 2625 | 275
& R2 10019 | 0.019 [ 0.019 [ 0019 [ 0.019 [ 0.019 | 0.019 [ 0.019 [ 0.019 | 0.019 [ 0.019 | 0.019 [ 0.019 [ 0.019 | 0.019 [ 0.019

h2 6 |6125| 85 | 875 | 575 6 | 8875|8625 | 75 | 725 8 [ 775 ] 75 | 15 [1875 | 8

w 13 13 21 19 13 15 21 21 15 15 13 13 15 13 13 15

8 [h2 o | 125 | 125 [ 275 [2875 [ 1025 | 125 | 275 [ 2625 [ 225 [ 2375 [ 2 | 225 | 2125 | 225 [ 2125 [ 2
S R2 10019 | 0.019 [ 0.019 [ 0019 [ 0.019 [ 0.019 | 0.019 [ 0.019 [ 0.019 | 0.019 [ 0.019 | 0.019 [ 0.019 [ 0.019 | 0.019 [ 0.019
hZ 7 | 7125 [ 7625 | 775 7 7 775 | 75 | 625 [ 65 4 5 625 | 6625 | 475 | 3875

w 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

x | hac [0875] 1 [0875[0875 [ 1 1 1 1 0875 1 1 1 [ris| o 1 1
A h2 75 75 60 75 [ 525 | 45 75 [ 315 [ 715 [ 675 [ 525 | 75 60 75 75 60
hZ 05 [0625| 05 [0675] 05 [ 05 [ 075 | 05 [oe25[ 05 [ 075 [ 075 | 05 | 05 [ 05 | 05

w 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

g [me] 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
a r2 [ 615 | 75 60 75 75 45 | 675 [ 75 75 60 | 525 | 75 60 60 75 60
10 h2 05 [ 0625 | 06250675 [ 05 [0625] 05 [ 05 [ 075 [ 05 [0875 [ 075 | 0625 [ 0625 [ 05 | 05

w 5 5 7 7 3 5 7 7 7 7 9 9 7 9 9 9

Z [hoce| U [tns]i37s] 15 [1125 [ 125 [ 15 [ 1625 | 25 | 225 2 [ 2125 | 2625 | 25 2 2
& R2 10019 | 0.019 [0.019 [ 0019 [ 0.019 [ 0.019 | 0.019 [ 0.019 [ 0.019 | 0.019 [ 0.019 | 0.019 [ 0.019 [ 0.019 | 0.019 [ 0.019

hZ 6 |6125| 9 [9125] 575 | 5875 | 875 [ 9 75 | 7175 8 8 [7375] 75 [7875 | 8

w 7 7 9 9 7 9 9 9 9 9 7 9 9 9 7 9

8 [h2o | 15 125 [ 25 [225 [ 175 [ 1375 | 25 | 25 [ 2375 [ 225 [2375 | 2375 | 25 | 2625 | 2375 | 225
S RZ 10019 | 0019 [ 0.019 | 0.019 [ 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 [ 0.019 | 0.019 | 0.019 | 0.019
hz 7 | 675 | 7175 8 7 7 8 [ 7625 ] 625 | 65 8 75 | 6625 [ 65 8 | 775

w 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

¥ | hpc [0875 [ 1 [L2s 0875 | 1 1 1 1 0.95 1 1 [rs| o 1 1 1
2 hZ 75 45 60 75 | 375 | 45 75 45 60 75 | 525 [ 75 60 75 | 615 | 60
h2 05 | 05 | 05 [0675] 035 [ 05 [ 05 | 05 [0625[ 05 [ 075 [0675| 05 | 05 [ 05 | 0375

w 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

£ [rc 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
& h2 75 | 615 [ e15 | 75 [ 675 | 525 | 675 [ 75 60 60 [ 525 [ 75 [ 615 [ 615 | 75 60
20 h2 10375 [0.625 [ 05 [ 075 | 05 [o0625 | 05 [0.625 [ 05 | 05 [ 075 | 075 [0.625 [0.625 [ 05 | 05

w 3 3 3 3 3 5 3 3 5 5 5 5 5 3 5 5

g [hc ] 1 275 [ 2625 [ 1125 [ 125 | 25 | 275 [ 25 [2375[ 3 275 | 25 3 285 3
& RZ 10019 | 0019 [ 0.019 [ 0.019 [ 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 [ 0.019 | 0.019 | 0.019 | 0.019
h2 6875 [ 7 8 | 775 [ 615 [ 7125 8 [7875| 7 [ 675 | 12 | 115 7 75 [ 1125 | 12

w 3 3 1 1 3 5 1 1 5 5 5 7 5 5 3 5

8 [ 2 175 [ 35 | 325 | 225 2 [3375 [ 35 4 | 375 [ 225 | 25 4 [ans| 25 | 275
S R2 0019 | 0.019 [ 0.019 [ 0019 [ 0.019 [ 0.019 | 0.019 [ 0.019 [ 0.019 | 0.019 [ 0.019 | 0.019 [ 0.019 [ 0.019 | 0.019 [ 0.019
hZ 6 | 575 6 65 [6125] 6 [675 ] 65 | 55 [ 575 8 75 | 5875 | 55 8 | 825

w 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

x | hpo [0875 [ 1 0875|0875 | 1 1 1 1 [o875 [ 1 1 1 1 0875 1 1
= h2 75 75 60 75 | 525 | 45 75 | 525 | 75 | 525 | 75 60 [ 675 | 75 [ 675 | 60
hZ 05 [ 05 [ 05 Joei5] 05 [ 05 [ 05 | 05 Joe2s | o5 [ 075 [ 075 | 05 | 05 [ 05 | 05

w 1 1 1 1 I I 1 1 1 1 1 I I 1 1 1

g8 [n2o5 ] 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 nZ 75 [ 675 [ 60 | 675 [ 615 | 60 [ 675 | 75 | 675 [ 675 | 525 [ 75 60 [ 675 | 675 | 60
25 hZ 05 | 0625 | 0625 [ 0675 | 05 [ 06250625 [ 05 [ 05 [ 05 | 075 [ 075 | 05 [0625 | 05 | 05

w 3 3 3 3 3 3 5 3 3 3 3 3 3 3 3 3

Z [hhc] 2 15 [1625 | 175 [ 1875 | 2 15 | 175 | 225 2 25 | 225 2 2 25 | 225
& R2 0019 | 0.019 [ 0.019 [ 0019 [ 0.019 [ 0.019 | 0.019 [ 0.019 [ 0.019 | 0.019 [ 0.019 | 0.019 [ 0.019 [ 0.019 | 0.019 [ 0.019
h2 | 6625 [ 6625 [ 725 | 75 | 675 [ 6625 | 775 | 75 [ 75 [ 725 | 75 | 75 | 725 [ 7375 [ 75 [ 7375

w 3 3 3 5 3 3 3 3 3 3 5 5 3 3 5 5
8 [h2 o | 35 | 325 [ 325 3 35 | 3625 [ 3375 | 325 [ 2625 | 275 | 35 | 325 [ 25 [2625| 35 [ 3125
S RZ 10019 | 0019 [ 0.019 | 0.019 [ 0.019 [ 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 | 0.019 [ 0.019 | 0.019 | 0.019 | 0.019
hZ 6 |6125 [ 85 8 | 625 | 575 | 825 [ 8625 | 6 | 625 | 85 9 [ens| o 8 | 8375
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