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ABSTRACT

Spectral Structure of Conformable Derivative Eigenvalue Problems
Isam Najemadeen ARAB

Master's Thesis

FIRAT UNIVERSITY
Graduate School of Natural and Applied Sciences

Department of Mathematics
[Select an Item for Technology Faculty]
June 2020, Page: ix +52

The thesis consists of six chapters.

In the first chapter, a general history of fractional calculations and conformable derivatives are given.
Different between classical and conformable derivatives is explained.

In the second chapter, fundamental definitions and theorems are given. Fractional power series and
conformable Laplace transform are given.

In the third chapter, the spectral theory of the conformable Sturm-Liouville problem with normal
boundary conditions is analyzed.

The fourth and fifth chapters form the original chapters of the thesis.

In the fourth chapter, by using the Frobenius method, solutions of the conformable Sturm-Liouville
equation having modified Coulomb and hydrogen atom potential are obtained. Additionally, these solutions
are analyzed with graphics.

In the fifth chapter, the fundamental spectral theory of conformable Sturm-Liouville problem with
Coulomb potential is proven. The conformable Lagrange identity theorem is proven. The eigenfunctions
corresponding to distinct eigenvalues are a-orthogonal and the representation of the solution are obtained.

In the sixth chapter, results obtained from thesis are analyzed in detail.

Keywords: Conformable calculus, Sturm-Liouville eigenvalue problem, Spectral theory, Coulomb potential,
Singular.



OZET

Uyumlu Tiirevli Ozdeger Problemlerinin Spektral Yapisi

Isam Najemadeen ARAB

Yiksek Lisans Tezi

FIRAT UNiVERSITESI
Fen Bilimleri Enstitlsi

Matematik Anabilim Dali
[Program Seciniz]
Haziran 2020, Sayfa: ix +52

Tez alt1 boliimden olugmaktadir.

Ik boliimde, kesirli hesaplamalar ve uyumlu tiirev hakkinda genel tarihge verilmistir. Klasik ile
uyumlu tiirev arasindaki fark agiklanmigtir.

Ikinci boliimde, temel tanim ve teoremler verilmistir. Kesirli kuvvet serileri ve uyumlu Laplace
doniistimleri verilmistir.

Uciincii bélimde, uyumlu tiirevli Sturm-Liouville problemi igin normal sinir sartlar1 ile spektral teorisi
incelenmistir.

Dérdiincii ve besinci boliimler tezin orijinal kismini olusturmaktadir.

Dordiinci bolumde, uyumlu tirevli singller Sturm-Liouville problemi icin Frobenius metodu
kullanilarak ¢oziimler elde edilmistir. Bu ¢dziimlerin grafiklerle analizi yapilmustir.

Besinci boliimde, Coulomb potensiyelli conformable Sturm-Liouville problemi igin temel spektral
teori ispatlanmigtir. Uyumlu Lagrange 6zdesligi teoremi ispatlanmistir. Farkli 6zdegerlere karsilik gelen
ozfonksiyonlarin a-ortogonal oldugu ve ¢6ziimlerinin goriintiisii elde edilmistir.

Altinct béliimde, tezden elde edilen sonuglar detayli bir sekilde analiz edilmistir.

Anahtar Kelimeler: Uyumlu hesap, Sturm-Liouville 6zdeger problemi, Spektral teori, Coulomb
potansiyel, Tekil.
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SYMBOLS

dn
dx™

Dg

CDg

. A derivative of order n concerning x.

: The fractional derivative operator with order a.

: Fractional derivative operator for Caputo definition with order «a.
: Left conformable derivative with order a.

: Right conformable derivative with order «a.

: Set of real numbers.

: Set of natural numbers.

. Left conformable integral with order «a.

: Right conformable integral with order «a.

: Gamma function which is defined in [1].

: Conformable Laplace transform of order a, where t, € R.
: Normal Laplace transform.

: Lambda.

: Implies that.



1. INTRODUCTION

Fractional calculus is old as the ordinary calculus. In 1695 L’Hospital asked if we have n =
%, so what does it mean of ZZ—’;. From that time on, it attracted many types of research [3-6]. The

fractional name was given to express differentiation and integration in an arbitrary order. The
impact of this fractional calculation in the branches of pure applied science and engineering has
started to increase considerably in the last time [5-9]. During the last and present centuries many
scientists have attempted to find a definition of the fractional derivative and fractional integral, by
using their notations and methodology, they found appropriate definitions for the notion of integral
or derivative with non-integer order. Many definitions have been popularized around the world of
fractional calculus like Riemann-Liouville, Caputo, Weyl, Fourier, Abel, Leibniz, Griinwald, and
Letnikov definitions [10—14]. Furthermore, the most popular definitions that observed are
1) Riemann-Liouville definition. Here it is to iterate the integral concerning to the certain
weight function and simply replace iterated integral with single integral direct Leibniz-
Cauchy formula and replace fractional function to the Gamma function. Also, the arbitrary
order Riemann-Liouville outcomes from the integration of the metric dt. For a € [n —
1,n),n € N, the derivative of the function f with order @ on the Riemann-Liouville
definition is given by

DEf)() = —— L [* SO __ gy (1.1)

r(n—a)dt"’a (t—x)e—n+1 =7

which Dg is an operator of the left fractional derivative with order is not integer number,
n
also % is an operator of the derivative with integer number.

2) Caputo definition. This definition utilized an integral form of the fractional derivative. Let

a € [n—1,n),n € N, then the fractional derivative of f is defined as

DEF(E) = roes fy B (12)

r(n-a)“a (t-x)@—n+1 =7

3) Grunwald —Letnikov definition. In this law, the limit definition of the derivative should be
iterated to obtain a quantity with a certain binomial coefficient and then fractionalize by
utilizing the Gamma function rather than the fractional in the binomial coefficient.
Fractional derivative by Grunwald-Letnikov is defined as

x—a

OEAH® = timh=e 37 (-1 () fGxe = ). (13)



The acquired fractional derivatives in this analytic appeared to be confounded and lost a
potation of the essential properties that standard derivatives have, for example, the Riemann-
Liouville derivative does not fulfill D (1) = 0 whereas °D& (1) = 0 for Caputo derivative, where
a is not an integer number [12,14-18]. Additionally, in these definitions, all fractional derivatives
do not fulfill the following residences as in the usual derivative

e D&(fg) = D5 (g) + gDi(f). The recognized formula of derivative of the product of two

functions.
e D& (i) = w. The recognized method of derivative of the quotient for two
g g
functions.

D&(fog) = f“@(g(t))g'®(t). chain rule.
D*DBf = DB f In general.

Let f be a given function, then the Caputo definition assumes f is differentiable.

In recent times, Khalil and associates introduced a new definition of non-integer number
order derivative which is a very simple called conformable derivative. This new basic definition
simply takes a limit method as the normal derivatives such that satisfy all the previous properties.
The conformable integral of order 1 < @ < 1 only, is defined by Khalil at al. They also really tested

and proved the conformable Rolle’s theorem and mean value theorem, additionally, if the
ta

conformable exponential function e« played an important rule, then some conformable differential
equations can be solved.

Levitan et al., in [19] give some important definitions and theorems on the spectral theory.
Depending on that definitions and theorems, the process in this study gives out of conformable

Sturm-Liouville equation and some applications on this equation.



2. BASIC DEFINITIONS AND THEOREMS

2.1. Conformable derivative

Definition 2.1.1. [20] The left conformable derivative of the function f: (0, ) — R of order

a, where 0 < a < 1 is defined as follows

(T (©) = lim M 1)
£

for every t > a. If a = 0, then we write T,. From this definition if (T¢f)(t) exists on the

interval (a, b), then we can say that
(&)@ = lim (TN, 22)
Note: From [21] suppose that f be a differentiable function and 0 < @ < 1 then we can say that

(TeH(® = (t —a)'~*f'(1). (2.3)

Definition 2.1.2. [20] The right conformable derivative of the function f: (0, ) — R of order a,
where 0 < a < 1 is defined as follows

(27f)(©) = i A= O 24
-0 &

for every t < b. If b = 0. From this definition if (3T f)(t) exists on the interval (a, b), then

we can say that
@ETH®) = lim GTH(®). (2.5)
Note that: [21] We can define the right conformable derivative as

(ATF)(®) = =(b — )7 f" (1), (2.6)

when 0 < a < 1 and f is differentiable. Suppose that f be a given function and conformable
derivative of f is exists, then f is said to be a-differentiable function [22].
Let0 < a < 1, fand g are two a-differentiable functions at t > 0, then the definition of

conformable derivative satisfies all the following properties

o Ty(af +bg) = aT,(f) + bT,(g), foreverya,b € R.

¢ Ta(fg) = gTa(f) + fTa(9).



o T,(tP) = ptP~* foreveryp e R.

e T,(4) =0, for every constant function f(t) = A.

The conformable derivative of some functions
1) T,(tP) = ptP~%, foreveryp € R.
2) T,(1) =0.
3) T,(e*) = cx'~%e* where c € R.
4) T,(sinbx) = bx'~%*cosbx, b € R.
5) T,(cosbx) = —bx'~%sinbx, b € R.

Notwithstanding this, we noted the following conformable derivative of specific functions

.1 1
. T, (sm—t“) = cos—t“.
a a

Definition 2.1.3. [22] Let f be an n-differentiable at t, where ¢t > 0. Then the conformable
derivative of f with order « where @ € (n,n + 1],n € N is given by

f([rﬂ—1)(Hgt[al—a)_f(m]—l)(t)
£ )

(2.7)

(Taf)(t) = é%

where [a] is the smallest integer number that greater than or equal to the number a. Also, we

can easily show that

(TN (@) = cde=Dplal (), (2.8)

where a € (n,n + 1],n is a positive integer, and we say f is (n + 1)-differentiable at non-

negative number t.

Definition 2.1.4 [21] Let f:(0,00) — R be a given function and £ (t) exists, then the left
conformable derivative starting from a of the function f of order a € (n,n+ 1],n € N where

B = a —n is defined as
(T = (TEFM)(®), (2.9)

we write T, and Tg when a = 0.



Definition 2.1.5. [21] The right conformable derivative ended at b of the function f: (0,) - R

with order « where @ € (n,n+ 1],n € N and § = a — n is given by
(GTH@®) = (O™ (TF™) (). (2.10)

Note that if a =n+1then f=a—n=n+1-n =1 and the conformable derivative
will become f ™+ (¢). Also, the Definition 2.1.4 and Definition 2.1.5 are respectively the same as
Definition 2.1.1 and Definition 2.1.2 whenn =0 ora € (0,1).

Theorem 2.1.6. (Rolle's theorem for Conformable differentiable functions). Let a > 0, if the
function f: (0, ) — R satisfies

i.  fiscontinuous on the interval (a, b).

ii.  fis a-differentiable for some a € (0,1).

ii.  f(a) =f(b).

Then, there exist c € (a, b), such that (T, f)(c) = 0.

Proof. By conditions (i) and (iii) we have c € (a, b), which is extrema point. Without loss
generality, suppose that c is a local minimum point. So

1-a\_ 1-a\_
(Tof)(©) = lim, feee™ ) 1O jjy Hetee )70 2.11)
£

£-0" &

hence (T, f)(c) = 0 because the limit is non-negative when £ — 0% and the limit is non-

positive when ¢ —» 0~.

Theorem 2.1.7 (Mean value theorem for Conformable differentiable functions). Let a > 0 and the
function f: (0, ) — R satisfies
i.  fiscontinuous on the interval (a, b).

ii.  fis a —differentiable for some a € (0,1).

Then, there exist c € (a, b), such that (T, f)(c) = %.
~b%—=a
Proof. Take the function
®)-f(a) (1 1
9@ =) - f(@ - 52T 2 (Zx* —2a%), (2.12)
b)—
(Ta)(®) = (Tef)() — 0~ 52D, (2.13)

since the function g satisfies the condition of Rolle’s theorem, then there exists c € (a, b)

such that



(Tag)(c) =0,

so that

(Taf)(e) = 5242 (2.14)

We know that if the function f is differentiable and ae(0,1), then (TZ2f)(t) =
(t—a)'%f"(x) and (3TF) () = —(b — )1~*f'(¢). It is obvious, the conformable derivative of
the constant function is zero. Conversely, if (T4 f)(t) = 0 on the interval (a, b) then by the mean
value theorem of conformable differentiable function for all ¢t € (a, b) we can easily show that
f(t) = 0. Also, by the help of a conformable mean value theorem there we can prove that if the
conformable derivative of the function f on (a, b) is negative (positive) then the graph of f is

decreasing (increasing) there [21].

Lemma 2.1.8. [21] Assume that f, h: [a, ) — R be functions such that T is exists for all t > a.
If £ is a differentiable function on the interval (a,o) and T2f(t) = (t — a)l~*h(t), so that
h(t) = f'(t) forall t > 0.

The proof is based on the definition and putting in place h = e(t —a)!"% then h - 0 as

& - 0. We can state this lemma as a result.

Theorem 2.1.9. (Chain Rule). Suppose 0 < a < 1 and f, g: [a, ) — R be (left) a-differentiable
functions. If we let h(t) = f(g(t)). So h(t) will be (left) a-differentiable function and for all ¢

when t # 0 and g(t) # 0 we have

(Tew(@®) = TEH (D) - (TEPH®gBO, (2.15)

if t = a then we have
(T¢h) (@) = lim (T¢)(9(D) - (T2g)(®) - g (). (2.16)

Proof. Since g is a continuous function and by putting u = t + £(t — a)1~¢ in definition then we

have
(TéR)(E) = (£ — @)~ < (h(®))

_ g F@@)-f@®) . N1-a
=lm=—n ¢~

_ g Fle@)-fg®) ;. gw-g®) ,,  1-a
= lm= e dmTy (-4




_ : flew)-f(9®) . 1-a Ta a-1
- g(ul)l—%(t) sw-g 9B Tag®-90

= (TN 9®) - (TEPH®) - g

Proposition 2.1.10. Let f:[a,0) > Rbegivenand 0 < a,f <1suchthat 1l <a+p <2.If f
is twice differentiable on (a, o) then

(TETEN®) = Tappf (O + (1 = Bt — ) PTEf(O). (2.17)

Proof. Since f is twice differentiable and by conformable product rule we see that
(TETEN®) = (¢ — ) L [TEF(0)]
= (t— ) L[t — ) Ff ()]
= (t— ) (t— ) Pf (O + A - Pt - ) FF ()]

=Tgpf () + (1= Bt = ) PTEf ().

Also, we have (TZTg f)(t) = Tof(¢) = f"(t) when a, f — 1.
Finally, in this section, we explore the conformable derivative for some smooth functions at
b in the right case also at a in the left case. From [21] let n — 1 < a < n,n € N and suppose

f:[a, ) = R be given such that f ™ (t) exists and continuous, then, by Theorem 2.1.4 we see that

(TE)(0) = (T¢1-nf D) (O
(2.18)
= (t— )" f™(),

therefore
(Tef)(@) = lim (t —a)"~“f ™ (t) = 0.

Similarly, in the right case when f: (—oo, b) = R such that £ ™ (t) exists and continuous,

then we have
(&Tf)(b) = lim (b~ "™ () = o0.

Now, let 0 < @ <1 and n = 1,2,3,~~. Then the left sequential conformable derivative of

order n is defined as



MWTaf(t) = TATE .. T2f(f), n— times. (2.19)
Also, in the right case defined by
brMf(t) = BTET ..BTF(t), n — times. (2.20)

Assume that f: [a, o) — IR be second continuously differentiable and 0 < a < % then the

collections directly demonstrate that

(01 —a)(t—a)' 2 () + (t — a)*24f (D), if t>a 59

rerer© ={§ f t=a

Similarly, when f: (—o,b) - R is second continuously differentiable and 0 < a < % then

the direct collections in the right case show that

orars( == {A-OEOTIS O+ G0FEIO, I t<h g

, if t=bh.

From this process, we know that the second-order sequential conformable derivative my not
be continuous when £ is second continuously differentiable for% < a < 1. If we take an inductive

step, then we can obtain n*"-order sequential conformable derivative which is continuous and

disappears at the endpoints a in the left case and b in the right case when f is n-continuously

differentiable for 0 < a < %

2.2. Conformable integral

Definition 2.2.1 [21] Let f: (0,) — R be a given function, then the left conformable integral of

f of order & where a € (0,1] is defined as follows
UEH@®) = [, f()dg(x, )
(2.23)
= [;(x — )% (x) dx.

If a =0, thenin I¢ and d, (x, a) we write I, and d,x .

Definition 2.2.2. [21] The right conformable integral of f of order « where f: (0, ) — R and
a € (0,1] is defined by



(CIF)® = [ F()dg(b,x)
(2.24)

= [[ (b = )" f(x) dx.
If b = 0 then we write d,x.

Theorem 2.2.3. Suppose that f: (0,00) — R be a continuous function and a € (0,1], then for all

t>a
Talaf (@) = f(O). (2.25)
Proof. I$f(t) is differentiable because f is continuous. Hence
TEULNH(®) = (t — )= (12f)(1)
= (t— @)% [ (x — )9 f (x) dx
=({t-a)' *(x—-a)*f()
= f(®).
Theorem 2.2.4. Suppose that f: (0,0) — R be a continuous function and « € (0,1], then for all t
greater than a we have
aTalf@®) = f(©. (2.:26)
We can get prove same as theorem 2.2.3 easily.

Definition 2.2.5. [21] Let 8 = a —n and f be a given function, then the left conformable integral

starting from a > 0 of f of order a € (n,n + 1] is defined by
USHE) = Iy (¢ — )P 71f) = — [7(t — 0)"(x — @) "L f (x)dx. (2.27)

Recognize that if « =n + 1 then we get f = 1, hence employing Cauchy formula the

iterative integral of f with n + 1 times over (a, t] is given by

UENH®) = UL (D) == [£(t = 0" f(0dx. (2.28)

And remember that the left Riemann-Liouville conformable integral of order any positive

number « starting from a is defined as follows



ULN®) = s [, = ) ()ds. (2:29)

Notice that in gamma function we have I'(n + 1) = n! for n € N. then from (2.28) and
(2.29), we see that

(g H(@®) = TgH (@),

wherea =n+1forn=0,1,2,

Application 2.2.6. Recalling that in [21], if we have

UL — ") = 7o (x — )T+, (2:30)

where a,u > 0, then we can easily calculate left fractional integral of (¢t — a)* of order

a€(nn+1landpu € Rsuchthata +u—n>0as

(U2 = D)) = U (¢ = P (0) = FEER (x — )+,

Also, the right fractional integral of (t — a)* of order @ € (n,n + 1] and u € R such that
a+u—n>0wherea,u > 0isgiven by

(810 = )) () = (5 2I(b — )+ 1) (a) = DL (jy iy,

r(a+u+1)

From the discussion above, we notice that the fractional integrals of Riemann and the
conformable integrals of polynomial functions are different from a constant multiple and coincide
with natural orders [21].

Proposition 2.2.7. Assume that f: [a, ) — R be a given functionand 0 < a, u < 1 such that 1 <
a+pu<2.Then

u
Uadu )@ = U+ (Taruf ) O =7 fy s f(s)ds. (2.31)
Proof. Interchange the integral order and note that

(Ia+uf)(t) = (125a+ﬂ_2f(5))(t)
(2.32)
= fot(t — 5)s¥TH=2 f(5)ds,
also, we see that

U )® = Jy ([ F(5)s ds) e+t
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= [1 f(s)s? ( JL gkt dtl) ds

th sk

= [1 f(s)s? [— - —] ds

TR

tth

= [ 7s"“lf(s) ds — fot%sa_lf(s) ds

=[S TG s+ s ) ds = [ s () ds [y s T ) ds

tth

=/, jsa_lf(s) ds + % [fot ts*TH2f(s) ds — fots“““lf(s) ds — tfot SFTE2£ () ds]

= L Uaf)O + 2 [ Ui YO — £ [ s+ f(s)ais]

Lemma 2.2.8. Suppose that f:[a, ) — R be a function such that f™(t) is continuous and « €

(n,n + 1] where f = a — n then for all t > a we have
TRIGf () = f(O). (2.33)

Proof. From the definitions of conformable derivative and conformable integral we have
dn
TSI =T (Sx 18 ©)

= Tg (L1241 (- FLF (1)),
there is a derivative of order n and integral with order n + 1 whenn = 1,2,3,-. Then
TEISF(£) = TS (IA((t — )P (1))),
since B = a —n where a € (n,n + 1], n € N there for g € (0,1] so that
18 (e = F1f () = I8F (.
TSISF () = TRIEF(O).
hence by Theorem 2.2.3, we have

TG f(t) = f(0).

Lemma 2.2.9. Suppose that f: (—oo, b] = R be a function such that f™(t) is continuous and « €

(n,n + 1] where § = a — n then for all t < b we have

11



aTalf () = f(©).

Similarly, we can prove the same as the above lemma.
Corollary 2.2.10. [21] Let f:[a,b) — R be a given function. If I§TSf(t) exists fora <t < b,
then f(t) is a differentiable function on (a, b).

Lemma 2.2.11. Let a € (0,1] and f: [a, b) — R be a differentiable function, then for all t > 0

IGTf@®) = f(8) = f(a). (2.34)

Proof. Since f is differentiable then by the help notation in Theorem 2.1.7 and Definition 2.2.1 we
have

IETEF () = [;(x = D T, (/) (%) dx
= [[(x — )" (x — @) (x) dx
=f@®) = f(a).
Now for the higher-order, Lemma 2.2.11 can be generalized as follows

Proposition 2.2.12. Suppose that f: [a, b) — R be (n + 1) times differentiableand @ € (n,n + 1],
then for all t > a we have that

P (@) (t-a)k
k! ’

IGTGf(t) = f(t) — Xk=o (2.35)

Proof. From definitions of conformable derivative and conformable integral we have
IETEF () = I8 (¢ — )P TEF ()
= I3 ((t = )f 1t - )P (0)

= [ f @)

® (@) (t—a)k
= f(®) = Thoo O

In the same way, we have the right case of the form as follows.

Proposition 2.2.13. [21] Assume that « € (n,n+ 1] and f:[a,b) > R be (n+ 1) times

differentiable, then for all t > a we have that

(~1*r B ) (b-)*
k! ’

elgT(F)(®) = f(t) — Xk=o (2.36)

12



Butifn=00r0 < a <1then

daT(H(©®) = f(©) — f (D). (2.37)

Theorem 2.2.14. Suppose that r be a non-negative continuous function at interval j = [a, b] also,

6 and k be positive constant such that
r(t) <6+ [ kr(s)(s —a)*'ds, (t€)), (2.38)

thenfort € j

(t-a)*

r(t) < 8e a . (2.39)

Proof. Redefine that

R(t) = 6 + [, kr(s)(s — @)*~'ds

=5+ Ig(kr(s))(t), (2:40)
so that r(t) < R(t) and by theorem 2.2.3 TZR(t) = kr(t). Now
(t) — kR(t) = kr(t) — kR(¢t)
< kr(t) — kr(t) (2.41)

=0,

t—a)%

multiply (2.41) by h(t) = e ¥ o, using product rule of conformable derivative, we have
TE(R®R®)) <0, (2.42)

where T3h(t) = —kh(t). By Lemma 2.2.11 and in (2.42) by integrating both sides with

order a we see that
I3Ta(R(R(®)) <0,
(2.43)
h(t)R(t) — h(a)R(a) <0,
itis clear that h(a) = 1, and R(a) = §, then we obtain

h(HR(@) -6 <0.

Since r(t) < R(t) then the proof is complete.

13



2.3. Conformable Integration by parts.

Theorem 2.3.1 Assume f and g be two differentiable functions such that f, g: [a, b] = R, then

[ FOTE@ ) da(x, @) = £g15 — [, 9(0) TE(F) () de(x, ). (2.44)

Proof. By Definition 2.1.1 and Definition 2.2.1 we can say that

[P FO) TE(@) e (@) = [ (x — D) Lf () (x — ) g' (x)dx
(2.45)

= [V f(x) g'(x)dx,

from usual calculus by integration by parts of (2.45) we get

[} ) TE@)@dq(x,0) = fg15 — [ () f' (x)dx
b
~ ol - [ G- @G- g0

= fglb — [ g0 TE(H) () de (%, @).

The following integration by parts formula is specified through the left and right conformable

integral.

Proposition 2.3.2 Let £, g: [a, b] = R be a function, then for a € (0,1] we have
L1 (@) (©)da(b,) = [ (D) () (©)da(t, ). (2.46)
Proof. From Definitions 2.2.1 and 2.2.2 we have
P18 @ ©Odab,0) = [ ([i —*  f ) dx) (b — ) g(Odels,  (247)

by interchanging order of integral then we get
[ I (©) (@@®dalb,t) = [, (x — a)* f@)(J; (b — )¢ g()dt)dx|}
= [, F(®) 8(9) (D) da(t, ).

In the following theorem, we use Proposition 2.3.2 to prove the integration by parts formula

utilizing the left and right conformable derivatives.

14



Theorem 2.3.3 Suppose f, g: [a, b] = R be differentiable functions and « € (0,1] then we have
[, TEH® 9©da(t,@) = [; F(O) (STG)(O)da(b,t) + F()F@)IE. (248)
Proof. Since f and g are differentiable functions, then by Proposition 2.2.13 we get
LATENH® 9O da(t,a) = [ TEFE) LT de(t,a) + g(b) [ TEF)(E) dy(t, a).

By using Proposition 2.3.2 we obtain

LATEN®) g(Oda(t, @) = [CUSTE)(®) ETg(0)dg (b, ©) + g(b) [ (TEF)(E) dg(t, ).  (2.49)

From Lemma 2.2.11, we can see that
UaTd H@®) = f() - f(a),
therefore in (2.49), we have

LTEN® g@®)do(t,a) = [} £ STg(®)de (b, ) = f(a) [} BT g(t) do(b,t)

+9(b) [ TEM(E) de(t, @). (2.50)

Applying that f and g are differentiable functions, then by Definitions 2.1.1 and 2.1.2 also

Definitions 2.2.1 and 2.2.2 we can say
[PTen® do(t,a) = f) f(0dt

=f(b) - f(a).
And

[75Tg(t) do(b,0) = [} —g'(t)dt
=g(a) — g(b).

Now in (2.50), we obtain

[2TEN© g(©)da(t, @) = [ £ (GTG) (D de(b,0) + F(DGDIE.

Remark 2.3.4. Remember that if in the Theorem 2.3.1 or Theorem 2.3.3 we assume a — 1 then
we get the integration by parts formula in usual calculus, when we have to take note of that
do(t,a) » dt,d, (b, t) > dt, Tf(t) » f'(t) and 2Tf - f'(t) asa — 1.
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Definition 2.3.5. [21] Some function spaces such that the integration by parts formulas acquired

are still valid yet for 0 < a < 1 on the interval [a, b] define as
I,([a,b]) = {f:[a,b] » R: f(x) = (I3D)(x) + f(a), forsome @ € L,(a)}. (2.51)
And

I([a,b]) ={g:[a,b] » R: g(x) = (ghp)(x) + f(b), forsome ¢ € L,(b)}. (2.52)

Where

Lo(a) = {®:[a,b] » R : (12®)(x) exists for all x € {a, b]}. (2.53)
And

Lo(b) = {p:[a,b] » R: (LIp)(x) exists for all x € {a, b]}. (2.54)

Lemma 2.3.6. Assume that f, g: [a, b] = R be functionand 0 < a < 1, then
a) fel,([a,b])and g € *I([a,b]) when f is left and g is right a-differentiable.
b) If ¥ is continuous and f € I,([a, b]) with f(x) = (IZP)(x) + f(a) then ®(t) =
Ta f(x) and Ig Ty f(¢) = f(8) - f(a).
c) If ¢ is continuous and g € *I([a,b]) with g(x) = (L1¢)(x) + f(b) then ¢(t) =
alg(t) and glgTg(t) = g(©) — g(a).

Proof. At the beginning proof of (a) follows by putting ®(t) = T¢f in Lemma 2.2.11 we get
I1G0() = f(t) — f(a) = (f(t) = 1§D(t) — f(a)) € I«([a,b]). Also, by putting ¢(t) = §Tg in
Proposition 2.2.13 we obtain (f(t) = (21¢)(t) + (b)) € “I([a, b]). Now the proof of (b) by
hypothesis we have f(t) = (I¢P)(t) + f(a) = (IZP)(t) = f(t) — f(a), then take left a-
derivative of both sides we get TZf (t) = ®(t), because the left a-derivative of a constant function
is zero and from Theorem 2.2.3 there is T2 If(t) = f(t). Also, by taking left integral with order «
of T2 f(t) = ®(t) and applying Definition 2.3.5 we get ISTZ f(t) = f(t) — f(a). Proof of (c) is
similar to (b) follows by Theorem 2.2.4, Definition 2.3.5 and the right a-derivative of a constant

function is zero.

Theorem 2.3.7. Suppose f,g:[a,b] » R be functions such that f € I,([a,b]) with ® is

continuous also g € *I([a, b]) with ¢ is continuous then for 0 < a < 1 we have

[2TER®) g da(t @) = [L £ (GT@(®)da (b, ) + F ()DL, (2.55)
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Proof. The proof is comparable to that in Theorem 2.3.3 where (b) and (c) are used in Lemma
2.3.6.

2.4. Fractional power series expansion.

Theorem 2.4.1. Let 0 < a < 1 and £ is an infinitely a-differentiable function at a neighborhood

of a point t, then the power series expansion of the function f is defined as

o TLNHR () (t—t)*e

f(®) = Xz T (2.56)
1

where t, <t < to 4 Ra,R >0 and (T.°)%®)(t,) means the application of the fractional

derivatives k times.

1
Proof. Assume that fort, <t < t, + R=,R > 0 the function f is defined by
f(t) = CO + Cl(t - to)a + Cz(t - to)za + C3(t - t0)3a + .-l
Then, f(ty) = c,. Taking Tof" of f and evaluate at t, we get

(750F) ko)

a

(Tofof)(to) =ca=c; =

(T2°T2°r ) (ko)

2a2

(TRTLf)(to) = 2a%c, = ¢p =

riortorto £\ ¢,)
(TOTLTf) () = 6a3c; = c3 = (7a"7a7a 1) t0)

6a3

Inductively proceed and applying TOfO of f, n-times and evaluating at t, we obtain

(n)
_ (T;Of) (to)
Cn = amn!

Therefore (2.56) is acquired and the proof is finished.

Proposition 2.4.2. [21] (Fractional Taylor inequality). Assume 0 < @ < 1 and f is a-differentiable
at a neighborhood of a point t, also has a Taylor power series representation (2.56) such that
[(T¢f)™L <M, M > 0 forsomen € N. If

(T B (ty) (t-ty)
akk!

Ry(t) = Zlc;ozn+1

(T20) ) (t9) (t—to) ke

= f(x) = Spoo T2t

then we have
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IRy (D] < (t — ) “*+D,

a"+1(n+1)'
t—tg)*
Application 2.4.3. For 0 < a < 1 consider the fractional exponential function f(t) =e a« .The

function f(t) dos not have a Taylor power series representation about t, because it is not

differentiable at a point t,. We know that (TOfOf)(n)(tO) = 1 for all n, therefore

=t (t—to)

e o =3P (2.57)

akk!

The ratio test demonstrates that this series convergent to f on interval [t,, o).

(-

Application 2.4.4. Let f(t) = sm( " and g(t) = cos——— know that f and g do not have

Taylor power series expansions about t = t, for 0 < a < 1 because they are not differentiable
there. By the help of (2.56),

)

to . (t—ty)® t—ty)%
T osm( 0) cos( 0)
a a a

t t—t t—tg)*
Taocosg —sin @,
a a

we have

(t_to)(2k+1)(x

C(t-t)® oo .
sin ao - Zk:O(_l) a@k+D (2K 4+1)1’ te [tO'Oo)- (2.58)
And
(t=t)? _ yoo 1k (t—to) @0 )59
05— = Yk=o(—1) PRI t € [tg, ). (2.59)

Application 2.4.5. Let 0 < a < 1 then the function f(t) = 1t0, is not differentiable at t = 0 hence
1—

a

it does not have Taylor power series representation about t = 0. Now by the help of (2.56), we

can see that

L =32t te[0). (2.60)
1__

For more generally we have

1 )
—wr = Lot~ 00)™,  tEltoto + 1), (2.61)
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Remark 2.4.6. In case the function f is not differentiable at a where f be a function such that
defined on (—oo, @), then for some 0 < @ < 1 we are looking for its conformable right fractional-
order derivatives 3T at a and apply it for our fractional Taylor series on some (a — R,a),R > 0.
(t-

a

For example, the functions —— and sin ((t_é") ) and so on.

2.5. Conformable Laplace Transform.

In this part, we are going to define the conformable Laplace transform and apply it to solve
some linear fractional equation to generate the fractional exponential function. After that, we use
the method for progressive estimation to check the solution by taking advantage of the fractional
power series representation discussed in the section above. However, we will calculate the Laplace

transform for some certain fractional type functions.

Definition 2.5.1. [21] Suppose that f: [t,, ) — R be a real all valued function for t, € Rand a €

(0,1], then the conformable Laplace transform starting from a of order a of f is defined by.

LYF(O}(s) = F°(s)

- (® —s
_fto

f (0)dq(t, to) (2.62)

(tt“

fO —ty)* .

= fto

Theorem 2.5.2. Let f:[t,, ) — R is a real-valued function fora € Rand 0 < « < 1. Then

LEATEODIs) = sFE(s) — f (). (2.63)

Proof. From the definition of conformable Laplace transformation and Definition 2.1.1 also by

integration by parts in usual calculus we see that

LATEN®}s) = [ e T (- )" ()t — a)* T dt
=" e f'(t)dt

= e TN 45 [T — ) e f()dt

= —f(a) + sk (s).
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Application 2.5.3. To find the fractional initial value problem of

Tgy)(@®) =2y@), y(@)=yo t>a. (2.64)

When it is assumed that the solution is differentiable on (a, o). Use the operator I¢ to both
sides in (2.64), we obtain

y(©) = yo + Azy)(2). (2.65)
Then
Yn+1 = Yo + AUgyn)(E). n =012 (2.66)

When n = 0 we see that

(t- a)“

Y1 =Yoo+ Yo
(2.67)

Also, when n = 1 we have

)Za

y2=yo 1 +252 4 2 o (2.68)

a(2a)
If we continue to proceed inductively, we will conclude that

n_ Ak (t—a)ke

Yn = Yo Zk=0"" gk - (2.69)
Allowing n — oo we get

o A (t—a)k*
akk!

y(t) =yo (2.70)

That is obvious the fractional Taylor power series representation of the fractional exponential

. A(f—fo)a
function yye” "«

Lemma 2.5.4. This lemma relates the conformable Laplace transform to the normal Laplace

transform in this way, assume that f: [t,, o) — R be function and Lff{f(t)}(s) = Fat" (s) exists

then we have

FLO(s) = L{(f (t + (@)D} (s). @2.71)

Where for g: [0,0) - R
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L{g(O}(s) = [, et g(Ddt. (2.72)

- a 1 1
Proof. Letu = % = t — t, = (au)« then dt = (au)a *du. From (2.62) we see that
¢ o _t=ta)?® 1
)=, e « fOlt—t)* dt

. 1 1,a-1 1,
= f € f(to + (@)a) ((aw)z)  (aw)edu

= L{f (to + (a)D)}(s).

Application 2.5.5. In this application, we give the conformable Laplace transform for certain

functions.

Lo {1}(s) = § s> 0.

L{E}(s) = LIF(to + (aw)®)}(s)

1
t ir@a+sy
=22+qga—%, s>0.
S 1+=
s Ta

p

Le{tP}(s) = =T (1+2), 5> 0,
S a

a

t
L%{ea}(s) = s—% s> 1.

L% {sinw %}(s) = L{sinwt}(s)

_ 1
w2+s2’

L% {cosw %}(s) = L{coswt}(s)

N

w2452’

(G

Lo (e F(O)(s) = Lie ™ (b + (au)e)).

For example

t® a
Lo e ®asin %}(s) = L{e *tsint}(s)

_ 1
T (s+k)2+1
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-

Lf;{e)l :zO) } = £{e?t}

2
s=A

Application 2.5.6. In this application, we apply the conformable Laplace transform to evaluate the
solution of the fractional initial value problem

Tgy(@) = Ay(t), y(a) =y, t>a. (2.73)

When the solution is supposed to be differentiable on the interval (a, ). By applying L%

and use (2.63) we obtain
sLaly(©)} — y(a) = ALe{y(®)},
La{y(6)} = 2.

Hence from the above example, we get

(t-tp)*

y(t) = J/Oel &
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3. CONFORMABLE STURM-LIOUVILLE EIGENVALUE PROBLEM

In this chapter, from [13] we consider some conformable applications of the Sturm-Liouville

eigenvalue problem
Te (p()Tgy) + q(x)y = —Aw(x)y, (3.1)

Where% <a<1la<x<b.Also,p, T¢y, q,and the weight functions w(x) are continuous

on interval (a, b), p(x) > 0, w(x) > 0 on [a, b] and TZ is the conformable derivative with order
a. We analyze (3.1) with boundary conditions
cy(@)+cy' (@) =0, c;24 c2>0,
(3.2
riy(b) + 1,y (b)) =0, 12+ 1,%2>0.

If TATZy is continuous on the interval [a.b] then we say that y is 2a-continuously
differentiable on [a, b]. Also, y € C?%[a, b], if y € C'[a, b] and is 2a- continuously differentiable
on [a, b]. Let

Ly, a) =Ty (p(OTy) + q(x)y, 3.3)
then we can write the conformable Sturm-Liouville eigenvalue problem as

L(y,a) = —Aw(x)y. (3.4)

3.1. Conformable Lagrange identity

In this section, we generalize the easy result of a well-known Lagrange identity.

Theorem 3.1.1. (The conformable Lagrange identity theorem). Suppose y;, v, be 2a- continuously

differentiable on the interval [a, b], then we can say the following is true:
[y 02 L0, @) = 1L, @)da () = P G2TEv1 = 1 TEy)11E (35)
Proof. By using (3.3) we have
Y2L(y1, @) = y1L(y2, @) = v, Tq (p()T'y1) + a(X)y1y,
T ()T Y2) — qC)y1y2 (3.6)

= ¥ T )Ty — i Tq ()T y2).



Taking conformable integration with order a of (3.6) and using integration by parts from
Theorem 2.3.1 we see that

[y 02 L1, @) = y1L (72, 0))dg (x)
= [, 2 TE@EOTEYD) do () = [ i TEPETEY) dg (x)
= p(Y2 Tyl = f, PG TEY1 T8y, () (37)
—pCONTEYV2 I + [, GO TEWTEY2do (X)
= [p(X) 2 Tdy: — y1Tgy)l8
Proposition 3.1.2. If y € €1[0,1] and y'(x,) = 0, then (T¢y)( x,) = 0 for some x, € [a, b].
Proof. Since y € C1[0,1] then y is a differentiable function on [0,1] and by Theorem 2.1.1 we

have (TZy)(xy) = (xo — @)1=y’ (x,), but this result follows for x, € (a, b]. If x, = a, then we
have (T9)(a) = lim (x — a)' "%y’ (x) = 0.
x—-a

Proposition 3.1.3. If y;, v, € C![a, b] and satisfy the boundary conditions (3.2), then It maintains
that

[p(X) Y. Tgy1 — }’1T(g}’2)]|2 =0. (3.8)

Proof. From (3.8) we have

[P (¥2Tay: — y1Tey )15 = p(0)[y2 () (Téy1) (b) — y1 (b) (Tay2) (b)]
(3.9)

—p@[y2(@)(Tay1)(a) + y1(a)(Tg y2)(@)].

Since ¢;% + ¢,2 >0, and 1,2 + 1,2 > 0, in the beginning, we suppose that ¢; # 0 and
r; # 0, without loss of generalization and the proof of other cases going to be gotten similarly.

Now in (3.2), we have
y(@ = ~2y'(a),
(3.10)
y(b) = =2y’ ().

Also, since y;,y, € C'[a,b], then we have (Tgy,)(x)=(x—-a)'"%’' (x) and
(Tly,)(x) = (x — a)l_“y'z(x). Now by putting that and (3.10) in equation (3.9), we acquire
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p(0)(y2(b)(Te'y1) (b) — y1(b) (Te'y2) (b))

= =2y, G)TE)B) + 2y, (0)(TEy,) (b)
(3.11)
==2(y,®)0b -y ,(0) =¥, B)b - )Y, (b))

= 0.
Similarly

y2(a)(Ty'y1)(@) + y1(a)(Tgy2)(a) = 0. 312

Which demonstrated the Proof.

3.2. Orthogonality regarding the weight function

Definition 3.2.1. [13] Let f and g be two given function then we say fand g are a-orthogonal with

respect to the weight function u(x) = 0, where

J2 1) f()g(x)dg(x) = 0. (3.13)

Theorem 3.2.2. Let y; and y, be two eigenfunctions of the conformable eigenvalue problem
(3.1) — (3.2) corresponding to distinct eigenvalues A, and A, respectively, then we can say that y;
and y, are @ —orthogonal concerning the weight function w(x).

Proof. Since A, and A, are two distinct eigenvalues of eigenfunctions y, and y, then by using
(3.4), we have

L(}’pa) = —/11W(x)}"1v (314)

Ly, a) = —A,w(x)y,. (3.15)

Through multiplying (3.14) by y, and (3.15) by y; and subtracting the two equations then

we get

—(A1 — )W) y1y2 = y2L(y1, @) — y1L(y2, @) (3.16)

Performing the conformable integration of order @ and applying the conformable Lagrange

identity we receive that
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—(4 — 42) f; w(x)y1y2 d(x) = f:(J/Z L(y1, @) — y1L(y2, @))dq(x)

= [p() Ty — Y1T&1YZ)]|3 (3.17)

=0,
with the righteousness of Proposition 3.1.3. Since the eigenvalues 1, and A, are distinct, then
in (3.17) we have ff w(x)y1y, do(x) = 0. Hence by Definition 3.2.1, the result is received.

Notation. Let z = a + bi, be any complex number with a, b € R then the complex conjugate

of z is denoted by Z and defined as Z = a — bi. Also, we have zZ = |z|?, because |z| = V/zz.

Theorem 3.2.3. Assume that y is a solution of the conformable Sturm-Liouville eigenvalue
problem (3.1) — (3.2), then the eigenvalues of y are real.
Proof. Taking the complex conjugate of the Sturm-Liouville eigenvalue problem (3.1) — (3.2)

and utilizing the way that the functions p(x), g(x) and w(x) are real-valued functions, we get

Ly, a) = TE(p)TEy) + q(x)y
(3.18)

= —Aw(x)¥.

ciy(@) +cy' (@) =0, c;?2+ 2 >0,
(3.19)
Tl}_/(b) + Tz}Tl(b) - 0, T]_Z + .',.22 > 0

Applying similar measures to the evidence of Proposition 3.1.3 and Theorem 3.2.2 for

y1 =y andy, =y, we receive that
~(A= ) f; wEly ()2 de(x) = [, 7 LG, @) = LG, @))da(x)
=[P GTEy - yTeylla (3:20)
=0,
since w(x) is a real-valued function and |y(x)|? > 0, then f; w(x)|y(x)|? dg(x) # 0.

Hence A — 1 = 0 = 1 = 1. So, the eigenvalues must be real and completed the Proof.

3.3. The Conformable Wronskian function

Definition 3.3.1. [13] Assume f and g be two givens a-differentiable functions, then the

conformable Wronskian function of f and g is denoted by W, (f, g) and defined as
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Wo(f,9) = fTag — gTaf. (3.21)

Theorem 3.3.2. Suppose that y;and y, be 2a-continuously differentiable on the interval [a, b],

then we have

We(1,7:)(@)
We(y1,yp) = 22 00 (3.22)

where y; and y, are the linearly independent solution of (3.1).

Proof. Since y; and y, are linearly independent then we can say

Wa(V1,¥2) = y1Tdy2 = v Ta'yr # 0, (3.23)
by taking the conformable derivative and using product rule in (3.23) we see that

TaWa(y1,¥2) = iTa'Tdy2 — ¥ Ta Tays - (3.24)
Similarly, using the product rule of (3.1) returns

TETEy = =5 (TEPTEY + (4 + Aw)y) . (3.25)
Replacing equation (3.25) in (3.24) yields

TEWa (1, ¥2) = =2 (TEpTEyz + (4 + 2w)y)

+22 (TgpTey: + (g + Aw)y)

Ts
= Tp 2Tgy1 = 1Tay2) (3.26)

T&p

v Wo (¥1,¥2)

pTeWo(y1,y2) + TepWe(y1,y2) =0

T (pWa (y1,¥2)) = 0, (3.27)

applying conformable integral of (3.27) we get

(PWa (1, 72)) () = (pWe (71, ¥2)) (@) = O

(3.28)
Wa(y1,¥2)(@)p(a)

We (1, y2) = ()
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Theorem 3.3.3. The eigenvalues of the conformable eigenvalue problem (3.1) — (3.2) are simple
as follows.

Proof. Assume that y; and y, be two eigenfunctions for the eigenvalue 4, then in (3.16) we can
get that

0 =y,L(y1, @) = y1L(yz, @)
=Y, Ta ()T y1) — 1 Td (p() T4 y2)
=y, (TapTay1 + Ta Tay1) — yi(TapTay2 + Ta Td'y2) (3.29)
=pTa Tay1 = 1Td Tay2) + T p(vaTa vy — 1 Td'v2)
= T¢ (02 Tdy1 — y1T4y2))-

Take conformable integral of (3.29) and by letting (p(x)(v.TZy, —leO?yz))(a) =c,

where c is constant then

P Tiyr —nTay2) = c. (3.30)

But here, the constant ¢ = 0 because y,; and y, are satisfy the same boundary conditions and
p(x) > 0, therefore, we get

V2Tay1 —1Tey2 = 0. (3.31)

Hence, y, and y, are linearly dependent, since both of y; and y, are solutions to the
conformable eigenvalue problem (3.1) — (3.2) and W, (y,,y,) = 0, so proof obtained.

Theorem 3.3.4. (conformable Rayleigh Quotient). The eigenvalues A of the problem (3.1) satisfy

b b
L, p(@@y)?da(x)- [ qy?da(x)-pyTdy|}

A oy et (3.32)
Proof. Multiplying (3.1) by y and integrating with order « yields
[y TE@OOTEY da(x) + [7 q()y2de(x) = =2 [} wyd (x), (3.33)
using conformable integration by parts formula of the first integral, then we obtain
PYTEYIE = [ PTEY)?da () + [} 4)y2da (o) = =4 [ wy?de(x), (3.34)

which received the result.
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Corollary 3.3.5. Letting y; € C'[a, b] and g(x) < 0, then the eigenvalues of the problem (3.1)
such that connected with homogeneous boundary conditions of Dirichlet or Neumann type are not
negative.

Proof. Since the boundary conditions are the type of Dirichlet or Neumann then we have
yT¢ylh =o. (3.35)

So, from conformable Rayleigh Quotient theorem we have

_ J2 p(T8y)?de ()~ 2 qy?da(x)

A b
fa wyZdg(x)

(3.36)

The result is obtained directly, since g(x) < 0,p(x) > 0,w(x) > 0 and we know that a <
b, then the results of integrations are positive from a to b.

29



4. SINGULAR EIGENVALUE PROBLEM WITH MODIFIED
FROBENIUS METHOD

Let0 < a < 1, then the conformable differential equation of order 2« is defined as

ToTey + p(X)Tey + q(x)y = 0, (4.1)

where p and q are two functions of x defined on [a, b] [23].

Definition 4.1. [23] If both functions p(x) and q(x) are a-analytic at a point xy€e[a, b] in the
equation (4.1), then we say that x, is an a-ordinary point. Otherwise, x, is said to be a singular

point.

Definition 4.2. [23] If x, € [a, b] be a singular point of the function p(x) or g(x) and both
functions (x — x)*p(x) and (x — x4)?%*q(x) are a-analytic at x, in the equation (4.1), then we
say that x is a regular a singular point. In the opposite case, we say that x is an essential a singular

point or irregular.

Application 4.3. a) We shall reflect on consideration on the following conformable differential

equations
xTyy —y = 0.
x2T, T,y — 2x%y = 0.
x24T, T,y — 2x%T,y + x?%y = 0.

The argument x = 0 is a regular « singular point for the equations mentioned above.
b) In the following, we shall consider more conformable differential equations that have

another regular a singular points
(x—1D*T,y—y =0.
(x — 1D?*T, T,y — 2(x — D)*T,y + (x — 1)**y = 0.

For these equations, it is evident that the point x = 1 is a regular « singular point. To prove

these processes, we can use Definition 3.1 and Definition 3.2 easily.

Theorem 4.4. (Frobenius’ Theorem). [20] Suppose that x, € [a, b] is a regular « singular point of

equation (4.1), and a € (0,1], then the solution of this equation is defined as follows

y06T) = Yoo en(r) (x — x0) 1, (4.2)



Let us ¢y # 0, and r is a number that must be recognized.

Theorem 4.5. 12] Assume x,, is a regular « singular point of the equation (4.1), if r; and r, be two
real roots of the conformable indicial equation, then the solution of the equation (4.1) has three
cases.

Case 1. If r; and r, be two distinct real roots such that r; — r, # n, n € N, then equation (4.1) has

two linearly independent solutions of the form
Y102 11) = T e (r) (x — x0) 70, (4.3)

Y2 (x;73) = Bimo e (1) (x — x0) MH72), (4.4)

where x € (xo, xo + &) with § > 0 and initial conditions are ¢, = y(x,), acy = T,y (xp)-
Case 2. If r; = 1, then there are two linearly independent solutions of the equation (4.1) for

x € (xg,xo + &) defined as follows

y1(x;1) = Yo Cn(x — xo)(n+rl)a; (co # 0). (4.5)

Yo (x5 11) = Inlx — xoly1 (35 11) + Yiemg b (x — x0) 714D, (4.6)

Case 3. If r; and r, be two distinct real roots and r; — r, = n,n € N, then there are two linearly

independent solutions of equation (4.1) defined by

y1(6 1) = Yo cn(x — xo)(n+r1)a, (co # 0). (4.7)

y2(x;73) = C.In|x — xoly, (06 71) + Tivmg bn (x — %) H72)%, (4.8)
For x € (xy, xo + 6), where C is a constant number also sometimes it is equal to zero.

Application 4.6. A solution of the conformable Sturm-Liouville equation having modified
Coulomb potential. We shall consider the following equation

2
T,T,y — a? =2y = a’2y, (4.9

where 2 e R and a € (0,1]. If « = 1, then the equation (4.9) can be solved in an ordinary

differential equation easily. Now for a € (0,1), in equation (4.9) we have p(x) = 0 and q(x) =
—az(x%—l), it is clear that x, = 0 is a singular point of the above equation. Since both
(x — x0)*p(x) and (x — x5)?%q(x) are a —analytic at x, = 0, then we say the point x, = 0 is a

regular « singular point and we can use Frobenius method to solve equation (4.9)
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(1) = N0 cn (M) (x — x0) ™, g =0

(4.10)
— Z%C):o Cnx(n+r)a’
where x > 0. Now we obtain T,y and T, T,y of the form
T,y = Y2 sa(n + r)c,x™r—be, (4.11)
T, T,y = Y& sa’(m+1r)(n+71— 1Dc,x™H7-2e, (4.12)
By Putting y and T, T,y in equation (4.9), we get
Yo alm+r)(n+r—1Dc,xMHr2a _yo 9g2c xMiT-2)a
. Z;‘:;O az/lcnx(nﬂﬁ)a =0
= N2 ol +r)(n+1— Dex™MT—2e —y® 2g2¢, x(MT-2)a
(4.13)
_ 2;0{3:2 a,z/lcn_zx(n+r—2)a =0
= a?r(r — Deox T2 + a?r(r + 1)y x TV — 2a2¢ox -2
=222, xT DY L 7O q2(n+1r)(n+71—1) = 2)c, (4.14)
_Acn_z)x(nﬂ”—z)a =0
= a?(r(r — 1)=2)coxT 2% 4+ a2(r(r + 1) — 2)¢;x e
(4.15)

+ 3%, a?(n+1r)(n+71—1) = 2)c, — Acy_p)x =2 = 0,

From (4.15) we have a?(r(r — 1) — 2)c, = 0, we know that @? # 0 and ¢, # 0, hence

r(r—1)—2=0thenwegetr, = 2andr, = —1. Also, we have that

a’(r(r+1) —2)c, =0, (4.16)

a’(m+r)(n+7r—1)—2)c, — Ac,_p) = 0, (4.17)

since r; and r, are two distinct real roots and r; — r, = 3, then equation (4.9) has two linearly
independent solutions. For the first solution when r; = 2, then in (4.16) it is obvious that

r(r +1) — 2 # 0 where r;, = 2, then we have ¢; = 0. Also, in (4.17) we have
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Acy
) (4.18)

Cyp = —— n=
o nm+3)

_ Acg _ _ A%¢ _ _ 2% _ _ A*c,
=55 =0 =577 6=0, =725 67=0, 6= o osn
Hence the first solution of the equation (4.9) is
A"c
— 2a o 0 (n+2)a
Y1 =X + Yo g X : (4.19)

The second solution by Theorem 4.5 we have
Y2(2572) = C.Inlx = Xolyy (651) + Ziig b (x = x0) ™72

(4.20)
= C.Inxy; + Y% o bx ™),

Ty = Cx~ %y, + ClnxTyy, + Yoo a(n + 1) bx (2= 1e,
T,T,y, = —Cax™ %%y, + 2Cx~%T,y; + CInxT,T,y;
+ 3% ja’(n+r)(n+r, — 1)b,xMt2=2)a,
By using y, and T, T,y in equation (4.9), we see that
—Cax™2%y, + 2Cx~%Ty; + CInxT,Tyy, + Yoo a?(n + 1) (n + 1y — 1) b xWF7272)@

Ca? xZTalnxyl — a? xZTaZ?f:o bpx T — 20 Inxy, — a?AYE o byx™2% = 0

= C-Inx - (TaTayl - azszayl — aleyl) — Cax™ 2%y, + 2Cx™%T,y,
+Y0 i+ )+ 1y — Dbyx ™=@ — ¥& 2g2p xMtr-2a
_2;0{322 azlbn_zx(nﬂ“z—z)a =0.

*MHDE 420 2acy + 2C N, DA (n+1)a

Ac
= —Cacy — Ca X 2
0 Zn—l T [T, 2i(2i+3)

n 2i(2i+3)
+¥% ga?(m+ 1)+ 1, — Dbyx 2= 5o 9g2p xMtr2-2)a

_Z;-lo=2 azlbn_zx(nﬂ”z—z)a =0.
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From this equation —Cacy + 2C2acy = 0 = 3Cacy = 0, since ¢y # 0, then € = 0 and
in (4.20) we have Frobenius method, known as in there the first term is not equal to zero.

Therefore, b, + 0. Now in the above equation, we see that

a?(ry(r, — 1)=2)box"2=2% 4 a2 (r,(ry + 1) — 2)byx T2~ Da
(4.21)
+ 32, a?((n+ 1) + 1y — 1) = 2)by, — Aby,_,)xF72=2)@ = ¢,

By the same previous technique and take r, = —1, in (4.21) we have that b; = 0 and

L ) (4.22)

T nn-3) ’

_Acy . . & T 3¢ r . A*cq
by ==, b3 =0,by =7, bs = 0,bg = ==, b; = 0,bg = 2=
= bx"% +Zoo A™b, x(n—l)a (4 23)
V2 0 n=1 H‘l(l::l 2i(2i-3) ' .
For example, if A = 0, then the first solution of equation (4.9) is
Y1 = cox?%. (4.24)
And the second solution is
Y2 = box™ . (4.25)
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Figure 4.1. The first solution of the conformable Sturm-Liouville equation having modified Coulomb

potential with order @ = 0.2 and ¢, = 1.

3T :
— A=0
— A=0.5
2 — A=1
— A=1.5
1,
5 8 0

-1

Figure 4.2. The second solution of the conformable Sturm-Liouville equation having modified Coulomb

potential with order @ = 0.2 and b, = 1.
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Application 4.7. A solution of the Conformable Sturm Liouville equation having modified

hydrogen atom potential. We shall take the following equation into practice

2 L(L+1
T T,y + a? (x_"‘ — (xm )) y =0, (4.26)
where a € (0,1] and L € R. In this equation we have p(x) = 0 and

q(x) = a? (xia - L(g;l)). So, xo, = 0 s a singular point. Also x, = 0 isaregular a singular

point because in this point both (x — x¢)%p(x) and (x — x,)?*q(x) are a —analytic. To solve

equation (4.26) we use the Frobenius method

Y1) = Tom (1) (x — xo) 7@

(4.27)
= Z;?:o Cnx(n+r)a.
T,y = Yo sa(n + r)c,x™r-be, (4.28)
T, T,y = Y3 ga?(n+1r)(n+1r — 1)cx(F7-24, (4.29)
Using (4.28) and (4.29) in equation (4.26) we get
Yo sal(m+r)(n+r—1)c,x™7=2De 4 ¥ 2g2c, x(FT-Da
— Yoo L(L + Depx™T=2a =0
= a?r(r — Deox T2 — L(L + 1)cox T2
(4.30)

+¥% a?((n+r)(n+7r—1) = L(L + 1))cp+2c,_1)x™7=2)a = ¢

In (4.30), we have a?(r(r—1)—L(L +1)) = 0. Since a® # 0, then r, =L + 1 and

_ —2Cn—q
n = Gar—Dm+r)—LL+1)’

n>1 (4.31)

_ -2¢,
= S D-La+ D

_ ZZCO

C2 = G D-La+ D)+ D)+ 2L+ D)’

_ —23¢,
€z = (rr+1)-LL+D)((r+ D) (r+2)-LL+1))((r+2)(r+3)-L(L+1))’
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(=D)"2"cy

“n T (Grim)r+D-L@+ D)’ (4.32)
Since L € R, so we have four cases of solutions of equation (4.26) as following
Case 1. If L#n, n€ {...,—%,—1,—% 0%1% ..}, then r; —r, # n € N then the equation

(4.26) has two linearly independent solutions. By applying r; = L + 1 in the equation (4.32), then

the first solution is provided by

. = (L+Dea © (=D"2"%  (n+L+1)a
Y(x7) = cox + Lnst [ GGz ' (4.33)

And the second solution for r, = —L is given by

) = coy—la p oy _CD2  (n-L)a
YZ (x' rZ) - COx + Zn=1 Hlﬂ:li(i_ZL_l)x b (434)

10

-151L

Figure 4.3. The first and second solutions of the conformable Sturm Liouville equation having modified
hydrogen atom potential with order ¢ = 0.9 for L = 0.1 and ¢, = 1.

Case 2. If L = —%, thenr, =nr, = % We have two linearly independent solutions of the equation

(4.26). By applying L = — % andry = % in (4.32) so we get the first solution as follows
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Core, e 439

nln!

For the second solution by Theorem 4.5, we have
¥2(6:11) = Inlx = x|y (65 11) + B by (x — x0) 74D

(4.36)

= Inx - Y1 + £ o bpx ™D,

T,y = x—ayl +Inx - Ty, + 27010:0 a(n + g)bnx(n%)a
T, Tyy, = —ax 2%y, + 2x Ty, + Inx - T, Ty, + Yoo, a?(n + %)(n + %)bnx(n_%)“,
Using y, and T, T,y, in (4.26) we get

—ax™ 2%y + 2x 7Ty, + Inx - TaTeyy + Yo a?(n+H(n + %)bnx(n_%)a

2 L(L+1)
2 xa

+lnx . (ZZ ( )yl + Z?{):O 2a2bnx(n+%)a’ _Z%O:O azL(L + 1)bnx(n—%)a =0

1 non
o —a(=1)"2"¢ (n-3)a w 2a(ntz)( D2 (3,
= Z”ZO n!n! o ano n!n! Y

+ 300 @2+ D + Dby x D 4 ¥ 2a2hx D 4 32 a?lh, xDE = 0

2an(-1)"2"¢,

_3 o s
n!'n! x(n 24 + Zn:l aZ(n + %)(n - %)bn—lx(n Da

= =1

3 3
+ s 202 by px DY+ 30, azibnﬂx(n'i)“ =0

2an(-1)"2"¢,
n!n!

= —4acox I + a’box 2 + 5, ( 4 Q2 (1Phyy + 2by ) 2D = 0

—4acy + a’by = 0, since a # 0, then by = %rélc0 # 0. Also, we have

2V 4 o (n2by_yq + 2by_z) = 0

n!'n!
_ —2bn_, (—1)n+igntic,
bpy =t 22 (4.37)
-1 1\1,3
b, = 2!2!(1 +2)a2 Co
1 1,1\1,4
b, = 3!3!(1+2+3)a2 Co
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(pr (n 1 )12n+zC0_

" (+D)(m+1)! \“i=0 (1+1)) a

Therefore, when L = —%the second solution of equation (4.26) is given by

. j— . [ee) (_1)n n 1 l n+2 n+§ a
V2 (x' 7'1) = Inx Y1 + Zn:O m+1)!(n+1)! ( i=0 (i+1)) a 2 COx( 2) . (438)

a‘:_,_‘:‘zﬂm

>
D |

_—

M
.f-"//.s”

( \%’ / 40\)}6 Fo \_ 100 \ 20 14
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-4} \\/j, /;/,J \\\
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Figure 4.4. The first and second solutions of the conformable Sturm Liouville equation having modified
hydrogen atom potential with order « = 0.9 for L = —0.5and ¢, = 1.

3

Case 3. If L=n,ne€ {0,%,1,5,2, ..}, then r, —r, =n € N and the equation (4.26) has two

linearly independent solutions. The first solution by using r; = L + 1 in (4.32) is provided by

o (=D)"2"¢
yl(x; rl) = Cox(l‘+1)a + 2n=1]'[i"=1i(i—+2Lil)x(n+L+1)a' (4.39)

Now for the second solution where r, = —L we have

y2 (1) = C.Inlx — xoly, (1) + Xo b (x — xo)(n+r2)a (4.40)
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= C.lnx - y; + Yoo bpx(D2,

Ty, = Cx~ %y, + Clnx - Tpy; + Y5 o a(n — L)b,x(L-1e,

T,T,y, = —Cax™ 2%y, + 2Cx~%T,y; + Clnx - T, Ty,
+¥% pa?(n—L)(n—L—1)bx(-L=2e,

By using y, and T, T,y in equation (4.9), we see that

—Cax™%y; + 2Cx ™ Toyy + Clnx - TeToyy + Tpo@®(n — L)(n — L — )b, x(h72¢

2 L(L+1)
@ axza

+C.Inx - a? ( )¥1+ Tiino 2a2b,yxEDE — 5 L (L + 1)byx WD = 0

Ca(-1)"2"c,

T i(i+2L+1)

= —Cacox~D* -y, xMH=DE 4 (] 4 1)q2Ccox e

(n+L+1)a2C(—1)"2"¢,
T, i(i+2041)

2n=1 xHL=DE L 51 sa?(n = L)(n — L — 1)byx(7h72e
+ 3% 2a%b,x(LmDa 3@ g2 (L + 1)b,xM L= = ¢

—Cacy+ (L+ 1)a2Ccy = 0 = Cacy(2L+1) =0. So, we get C =0 and in above

equation we obtain

Sq a?(n(n — 2L — 1)by+2a?by_y)x""L=2% = 0,
n(n—2L—1by+2ahy_1 =0, nx=1

By the same previous process, the second solution is given by

— o0 -1)"2"p — .
Y2(x;72) = box ™ +Zn=1mx(" Ve, i 2L+, (4.41)
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Figure 4.5. First and second solutions of the conformable Sturm Liouville equation having modified
hydrogen atom potential with order « = 0.9 for L = 0.5, b, = 1 and ¢, = 1.

Cased. If L=n,ne€e {...,—%,—2,—%,—1}, thenr; —r, =n € N,wherer; = —Landr, =

L + 1 then equation (4.26) has two linearly independent solutions. The first solution by taking r;, =
—L in (4.32) is given by

yl(x; Tl) — Cox—La +Z${3=1H(—1) 2"¢, x(n—L)a_ (4_42)

Now for the second solution where r, = L + 1 we have
Y2(572) = C.Inlx = Xolyy (6511) + Biig by (x = x0) ™72

(4.43)

=C.lnx - y; + Y%y byxHitDa,

ToTay, = —Cax 2%y, + 2Cx Ty, + Clnx - T, Tyyy
+Y2 g a?(n+ L) (n+ L+ 1)bx+-De,

Using y, and T, T, y, in (4.26) we obtain that
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Ca(—1)™2"¢,

(n-L-2)a _ (-L-2)a
e, iG—20-1) 2CLacyx

—Cacyx(2~ha _yeo |

o 2C(n-L)a(-1)"2"c _j_ © _
e T ey x(l=2a L 3o Ja?(n+ L)(n+ L+ 1)b,x (=D

+ 3% o 2a%bx DT —$© 2] (L + 1)bxMH-De =
= —Cacy— —2CLacy = 0 = —Cacy(1+ 2L) = 0,
hence, C=0 and from the above equation we get

Yo a?(n(n + 2L + 1)by+2b,_;)x@+-Da =g,

n(n+ 2L+ 1)b, +2b,_; =0, n>1.

Therefore, the second solution is

Y2 (x;15) = box M+ + Z%‘%%x(“““)% i #—(2L+1). (4.44)
3 —
—Y2
2+
1
VI \/5\/ \/\/ \/ \
-1}

Figure 4.6. First and second solutions of the conformable Sturm Liouville equation having modified
hydrogen atom potential with order ¢ = 0.9 for L = —1, b, = 1 and ¢, = 1.
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5. CONFORMABLE STURM-LIOUVILLE PROBLEM WITH
MODIFIED COULOMB POTENTIAL

In this chapter, we consider the conformable extension into account of the singular Sturm-

Liouville eigenvalue problem having modified Coulomb potential
—TATy + a? (;;a + q(x))y = a?ly. (5.1)
Where % € C2%[0,m]. We examine (5.1) with boundary conditions

c1y(0) + ¢,y (0) =0, %2+ 2 >0.

(5.2)
ry(m +ry'(m) =0, 12+ 2 >0.
Assume that L be a linear operator described on certain elements and
L0,@) = <1818y + o (S+a) . 53
then (5.1) can be written as
L(y,a) = a?2y. (5.4)

Theorem 5.1. Assume that y,,y, be 2a-continuously differentiable functions on [0, 4], then the

following equation holds true

Jo @2 Ly, @) = y1L(y2, @))de () = 32 TEy1 — y1 TEY)IE. (5.5)

This is said to be a theorem of the conformable Lagrange identity.
Proof. By using (5.3), we have

A
V2L, @) = 1Ly, @) = =y, T Tgys + a? (x—a + q(x)) Y1Y2

A
1 TETey, — a? (x—a + q(x)) V1Y2 (5.6)

= nTeTe Y=y Ta Td s

From conformable integration with order a of (5.6) and by applying conformable integration

by parts in Theorem 2.3.1, we obtain



Sy 2 Ly, @) = 1L (2, @) dg (%)
= f: V1Ta Tgys do(x) — fon VoTa T 1 da ()
= NTEy2 1§ = Jy TéviTéyz da(x) (5.7)
=y2Ta 6 + fon Ta 1Ty, do(x)
= nTdy2 — yTay)IG-

Proposition 5.2. Suppose that y; and y, in C1[0, 1] that satisfies the boundary conditions (5.2),

then the following holds true

2Tdy1 — 1Tay2)lo = 0. (5.8)

Proof. From (5.7) we have

2Teyr = Tey2)l6 = Y2 () (T y1) (1) — y1 () (Tgy2) (1)
(5.9

~(20)(T&'y1)(0) + 1 (0) (T y2) (0)).

Since ¢;% + ¢,2 >0, and 112 + 1,2 > 0, in the beginning, we suppose that ¢; # 0 and
r, # 0, without loss of generalization and the proof of other cases, will be gotten similarly. Now in
(5.2), we obtain

y(0) = ~25'(0),
(5.10)
y(r) = —:—jy’(n),

since y;,y, € C'[0,m], then we have (Tgy,)(x) = (x —a)'~*y’ (x) and (Tgy,)(x) =
(x —a)'=%y’,(x). Now by using that and (5.10) in equation (5.9), we receive

2 () (T y1) (1) = y1 (1) (T y2) (1))

2

= =2y, @Iy + 2y, (M (Ty2) ()

T

(5.11)
=-2(y,m@E -y, m -y, @ - ), (m)

=0.
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Similarly
y2(0)(Tgy1)(0) + ¥, (0)(TZy,)(0) = 0. (5.12)
Hence, Proof has been shown.

Theorem 2.3. [25] Let p be a point in real number, then for p > 1 the set L ([a, b], R), (a = 0)

be a Banach space along with the norm such that defined for f € L? ([a, b], R) as

1 oy = (PO dat) . (5.13)

Furthermore, space L2 ([a, b], R) is a Hilbert space along with inner product provided for all

(f, 9) € Lg([a, b], R) X L% ([a, b], R)

o9z anm = Jo FOGE) dat. (5.14)

Theorem 5.4. The eigenfunctions y;(x) and y,(x) of the singular Sturm-Liouville eigenvalue
problem (5.1) — (5.2) Matching to distinct eigenvalues 1, and A, respectively are a-orthogonal
where (1, ¥2) € L ([0,7], R) X L5 ([0, 7], R).

Proof. From (5.4) we have

L(y., @) = a?A,y,. (5.15)

L(y,, @) = a?1,y,. (5.16)

Through multiplying (5.15) by y, and (5.16) by y; and subtracting the two equations then

we obtain

A - Az)azjﬁ}’z = y,L(y1, @) — y1L(y,, @). (5.17)

By applying the conformable integration with order a and the conformable Lagrange identity

we see that
(A — 2)a? [) y132 do (@) = [y 2 L1, @) = y1L(y2, @))d g (x)

= [y Tiyr — nTay2115 (5.18)

= 0.
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It is under Proposition 5.2. Since the eigenvalues 1, and A, are distinct and a? # 0, then in
(5.18) we have f: V1Y, dgo(x) = 0. The result is received.

Theorem 5.5. The eigenvalues of the conformable singular Sturm-Liouville eigenvalue problem
(5.1) — (5.2) are real.

Proof. Suppose that y be a solution of the conformable Sturm-Liouville eigenvalue problem
(5.1) = (5.2) and % € €220, m]. By applying the complex conjugate of (5.1) — (5.2), then we
have

LG.@) = ~TeTe5 + @ (% +a)
(5.19)

=a’ly.

Cl}_/(O) + C237,(0) = 0, C12 + C22 > 0.
(5.20)
ry(m +1ry' (M) =0, 1?2+ r?2>0.

Applying comparable measures to the proof of Theorem5.4fory, =y ,y, =¥, 4, = Aand

A, = A, we receive that
a?(1=2) [ ly@)I? de(®) = [; T LG, @) — yL(F, @))do (x)
= Iy — YTy, 115 (5.21)
= 0.

Since a < b and |y(x)|? is positive, then ffly(x)lzda(x) # 0 also, since a? > 0.

Therefore, 1 — 1 = 0 = 1 = . So, the eigenvalues must be real and the proof has completed.

Definition 5.6. [14] We suppose that 0 < a < 1 and y; (t), y,(t),, y,(t) are (n — 1) times a-
differentiable functions, then the conformable Wronskian of that functions is denoted by

W, (v1, v, ¥,) and defined as

21 Y2 Vn
T2 T2 T2
Warn, o) =| % e oo @) (522)
(n_l)T(?yl (n_l)T(?yz (n_l)T(?yn

Theorem 5.7. Let y € C?%(0, 7], we consider the representation of the solution of the singular

Sturm-Liouville eigenvalue problem having modified Coulomb potential (5.1)
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ToTey +a? (% +a()y = a2y, (529
where the initial conditions are y(0,1) = 1 and T2y(0,1) = h is

y(x) = cos(NAx%) + aiﬁsin(\/zx“)

(5.24)
+ [ (A +90) y(© sin(WAG® — t9) d.
Proof. To solve (5.23) we need to find y,, and y,.
T2TOy + a2y = 0. (5.25)

a a a
We look for the solution of y = e”a, then T,y = re”a and T, T,y = r2e™a. So, in (5.25)

we have (r2 + a?A)e"@ = 0 =. Therefore, we get r; = av2i and r, = —av/7i. So,
Vi = ¢1 cos(VAx%) + ¢, sin(\Ax%). (5.26)

Let y; = cos(vAx%) and y, = sin (v/Ax%), then

Yp = U1Y1 tUzy> (5.27)
Toyp = Taury1 + U1 Teyy + Ty, + U Ty, (5.28)
Touiys + Touyy, =0 (5.29)
TaTayp = TouiTays + uiTaTays + TouaTays + U T Ty o, (5.30)

By putting (5.27) and (5.30) in (5.23), we obtain
A
_TaulTaY1 - ulTaTayl - TauZTayZ - uzTaTayZ +a? (x_“ + Q(x)> y

= a?luyy; + a’lu,y,

= TaulTayl + TauZTayZ + ul(TaTa'yl + azlyl) +u; (TaTayZ + azlyz)
A
- e (& +q0)y
A
= Taui Toyy + Tatz Toy, = a2 (x_“ + Q(x))y (5.31)
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From (5.29) and (5.31) we see that

T uy cos(NAx®) + Tyu, sin(ﬁx“) =0

—aVAT g sin(VAx%) + aVAT,uy cos(VAx®) = a? (;;a + q(x)) y
using Definition 5.5 to find a-Wronskian of y; and y, as

Wo (1, ¥2) = Y1Tay2 — ¥2Tar

= a2 (cos(VAx®))? + aVA(sin(vVAx%))?

=aVa.
0 sin(vVAx®)
a? Xia+q(x) y  cos(vAx%) A ]
T,u, = ( 2\//_1 = —%(x—a+ q(x))ysm(ﬁx“).
cos(VAx%) 0
sin(vAx%) az(xia+Q(x)>y A
Tau, = 7 = % (x_"‘ + q(x)) y cos(VAx%).

w=-2f (ti + q(t)) () sin(VAt®) dgt.

U, = %fs (tia + q(t))y(t) cos(VAt%) dt.

By putting the value of u; and u, in (5.27) we get
Vax® ;
Yp = — %ﬁ‘ (ti“ + q(t)) y(t) sin(WAt®) d,t
. \/Z a
+ %Ax)fox (ti“ + q(t)) y(t) cos(VAt%) dyt

SN (ti + q(t)) Y(©[ sin(VAx®) cos(VALD)

— cos(VAx%) sin(NAt®)]d,t
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(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)



=L [ (A+00)y® sin( 26 - e dt.
Hence, from (5.26) and (5.39) we see that

y(x) = ¢; cos(VAx®) + ¢, sin(:~Ax%)
(5.40)
+ (A + ) y(© sin(VIG — £9) dgt.

In boundary conditions, we have 1 = ¢;co0s0 + ¢,sin0 = ¢; = 1 and h = —aVAc;sin0 +

avAcycos0 = ¢, = aL\/I’ then in (5.40), we have

y(x) = cos(VAx®) + aiﬁsin(\/zx“)
(5.41)
+ (&4 a(0) y(© sin(AG - £ dgt.
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6. CONCLUSIONS

This research was conducted about the history of fractional calculus. The literature of the
researcher about the idea of fractional was explained.

The fractional Taylor power series representation and fractional Laplace transform for some
certain functions which they cannot be calculated by old ideas were expanded by using a
conformable derivative that discovered by Khalil at al., The conformable generalization of the well-
known Sturm-Liouville eigenvalue problems was proposed. The fundamental results of the
proposed model properties of a conformable Sturm-Liouville problem with a conformable
derivative are very identical with a classical derivative. Also, the eigenvalues of this problem are
real and simple. The eigenfunctions corresponding to distinct eigenvalues are orthogonal.

The valuables of the solution of modified power series around a regular singular point x = 0
of the conformable eigenvalue problem for singular Sturm- Liouville operator was processed. The
equation of conformable Sturm—Liouville problem having modified Coulomb and hydrogen atom
potentials around the regular singular point zero was solved. Besides, the obtained solutions were
examined. The conformable extension by studying the singular Sturm-Liouville eigenvalue
problem having modified Coulomb potential recognized. The eigenfunctions of the singular Sturm-
Liouville eigenvalue problem corresponding to distinct eigenvalues are a-orthogonal and that the
eigenvalues of this problem are real were proved. Furthermore, the representation of the solution
of the singular Sturm-Liouville eigenvalue problem having modified Coulomb potential was

discovered.
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