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STATISTICAL INFERENCE BASED ON RANKED SET SAMPLING

ABSTRACT

In a scientific research, the data collection method is substantial for statistical and
methodological analysis. Ranked Set Sampling (RSS) is an advanced and effective
method for collecting data and making inferences about the population. The main
impact of RSS is to use the ranking information of the units in the sampling
mechanism. When the ranking is done properly, the inference based on RSS generally
gives better results compared with simple random sampling (SRS) for both parametric
and non-parametric cases. Because of the uncertain nature of the ranking process
without actual measurement, inaccuracy among judgment ranks is unavoidable when
using the RSS procedure in a real life application. In this thesis, we propose a new
approach for modeling uncertainty in the ranking process and combining the
information coming from multiple rankers. A new sampling procedure,
Fuzzy-weighted Ranked Set Sampling (FRSS), is introduced for dealing with
uncertainty in the ranking mechanism of RSS with fuzzy sets perspective. New
methods are introduced to combine the information coming from multiple rankers in
FRSS procedure. An estimator for the population mean is defined using the
measurements of the sampled units and their membership degrees obtained using the
new sampling procedure. We use real data sets from biometric researches and
comparative simulation studies to show that our new method results in a considerable
improvement on the estimation of the population mean over the counterparts in the

literature.

Keywords: Ranked set sampling, mean estimation, fuzzy sets approach, imperfect

ranking.
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SIRALI KUME ORNEKLEMESINE DAYALI iISTATIiSTIKSEL CIKARSAMA

0z

Bilimsel bir arastirmada, veri toplama yontemi istatistiksel ve metodolojik analiz
i¢in olduk¢a énemlidir. Sirali Kiime Orneklemesi (SKO) verileri elde etmek ve kitle
hakkinda ¢ikarimlar yapmak igin gelistirilmis etkili bir yontemdir. SKO’niin en temel
etkisi, oOrnekleme mekanizmasindaki birimlerin sira bilgilerini kullanmasidir.
Siralama islemi olmasi gerektigi gibi yapildiginda, SKO’ye dayali ¢ikarimlar Basit
Rasgele Orneklemeye (BRO) dayali gikarimlara kiyasla, hem parametrik hem de
parametrik olmayan yoOntemler i¢in, daha iyi sonuglar vermektedir. SKO
uygulamalarinda, birimlerin gergek Olglim degerleri bilinmeden gerceklestirilen
siralama isleminin belirsiz yapisindan Gtiirii, siralamalara dair verilen kararlarda hata

olmasi kaginilmazdir.

Bu tezde, siralama islemindeki belirsizligin modellenmesi ve birden fazla
siralayicidan gelen bilginin birlestirilmesi i¢in kullanilabilecek yeni bir yaklagim
onerilmektedir. Siralama islemindeki belirsizligin modellenmesinde bulanik kiimeler
yaklagimimin kullanildigi yeni o6rnekleme yontemi Bulamik-agirlikli Sirali Kiime
Orneklemesi (BSKO) tamtilmaktadir.  Birden ¢ok siralayicidan gelen bilginin
birlestirilmesi igin yeni yontemler dnerilmektedir. Orneklem birimleri ve onlarin
tiyelik derecelerinin birlikte kullanildig1 yeni bir ortalama kestiricisi tanimlanmuistir.
Biyometrik arastirmalardan elde edilmis gercek veri setleri ve karsilagtirmali
benzetim c¢aligmalar1 kullanarak yeni Ornekleme metodumuzun literatiirdeki
benzerlerine gore kitle ortalamasi kestiriminde kayda deger bir iistlinlik ortaya

koydugunu gdosterilmistir.

Anahtar Kkelimeler: Sirali kiime 6rneklemesi, ortalama kestirimi, bulanik kiimeler

yaklagimu, hatali siralama
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CHAPTER ONE
INTRODUCTION

Data collection is a very important part of any type of scientific research. The
quantitative methods of data collection build upon sampling which can be defined as
the process of selecting units from a population of interest to generalize the results
back to the population. Sampling methods can be grouped into two categories,
non-random and random sampling methods. In a non-random sampling method, the
sampling units are chosen by the researcher without using a probabilistic model.
Some of the famous non-random sampling methods are the Quota Sampling,
Judgmental Sampling and Snowball Sampling methods. Random sampling methods
are considered more preferable and reliable methods when compared with
non-random methods because the sampling units are chosen randomly. Simple
random sampling (SRS) is the most commonly used random sampling method
(Wolfe, 2012). In settings where the concerned population is infinite (or finite but

large enough to approximate), a simple random sample is defined as follows.

Definition 1.0.1. Wolfe (2012), Let the concerned population has a probability
distribution function (p.d.f) f and cumulative distribution function (c.d.f) F. The set
of n collected random variables X,, X, ---, X, is said to be a simple random
sample if each of n variables are mutually independent and have the same probability

distribution as the concerned population with p.d.f. f and c.d.f F.

In the finite population settings, a simple random sample is defined using a different

set of conditions.

Definition 1.0.2. Wolfe (2012), A set of sample observations with size n from a finite
population with size N, X1, X, ---, X,,, can be defined as a simple random sample if

each of the possible subsets of n observations has the same chance of being selected.

The most important advantages of SRS are ease of procedure and existence of the

wide range of statistical methods defined based on SRS. Also it is known that the



average of the variable/attribute of interest based on SRS would provide a good
estimator for the population parameter of the variable/attribute if we take enough
multiple random samples. However, SRS procedure does not guarantee that a single
random sample provide such a good estimate (Wolfe, 2012). Advanced sampling
methods such as Stratified Simple Random Sampling, Systematical Sampling and
Cluster Sampling focus on this situation in SRS and try to minimize it using an
admissible amount of cost, time and labor. Ranked Set Sampling (RSS) is another

advanced sampling method developed for this purpose.

1.1 Ranked Set Sampling in the Literature

Ranked set sampling (RSS) was first introduced by MclIntyre (1952) as part of a
biometric research. In simple terms, random sets are drawn from a population, the
units in the sets are ranked with a ranking mechanism, and one of these ranked units is
sampled from each set with a specific scheme in RSS procedure. The ranking
mechanism could be the visual inspection of an human expert or a highly-correlated
concomitant variable. For cases where the actual measurement of the variable of
interest is more difficult or expensive than obtaining the rank information from a
human expert or a variable used for ranking, RSS can be introduced as an easier and

alternative way to obtain a more representative sample.

The terminology of ranked set sampling was first introduced in the study of Halls
& Dell (1966) regarding the estimation of forage yields in a pine hardwood forest.
The first theoretical results on RSS were given by Takahasi & Wakimoto (1968).
They proved that, the mean estimator based on RSS is an unbiased estimator of the
population mean if ranking is perfect and the variance of the ranked set sample mean
is always smaller than the variance of the mean estimator of a SRS with the same
sample size. Dell & Clutter (1972) and David & Levine (1972) were the first to give
some theoretical treatments on imperfect ranking. Stokes (1976, 1977) considered the
use of the concomitant variables in RSS. Later Stokes (1980a,b) introduced the

estimation of population variance and the estimation of correlation coefficient of a



bivariate normal population based on RSS. The estimation of distribution function
and quantiles with various settings of RSS was considered by Stokes & Sager (1988),
Kvam & Samaniego (1993) and Chen (2000). The RSS counterpart of ratio estimate
was considered by Samawi & Muttlak (1996).

Based on RSS, various statistical procedures, parametric and non-parametric, have
been investigated. For instance, Bohn & Wolfe (1992, 1994), and Hettmansperger
(1995) investigated the RSS version of distribution-free test procedures such as sign
test, signed rank test and Mann-Whitney-Wilcoxon test. The regression estimate
based RSS was addressed by Yu & Lam (1997) and Chen (2001). Different quality
control charts for the sample mean were introduced using RSS by Muttlak &
Al-Sabah (2003). The studies to date show that RSS based estimators give better
results for both parametric and non-parametric inference than traditional sampling
methods in nearly all cases. More detailed information on developments in the area of
RSS can be found in the review paper of Wolfe (2012), the book of Chen et al.
(2004) and the technical report of Mode et al. (1999).

Some researches have focused on modifying the ranking scheme of RSS. Muttlak
(1997) first introduced Median RSS where only medians of the random sets are
chosen for the sample for estimation of population mean. Ibrahim et al. (2010)
modified Median RSS for stratified cases. Samawi et al. (1996) proposed the Extreme
RSS (ERSS) model in which they suggested using only the lowest and largest values
in the random sets for estimation. Subsequently, Al-Nasser & Mustafa (2009)
modified ERSS and called the new model Robust Extreme RSS. Muttlak (2003a)
suggested another modification to the RSS, Quartile RSS in which the quartiles of the
random sets are chosen for the sample. Al-Nasser (2007) proposed a robust method L
Ranked Set Sampling as a generalization of the many types of modified methods
mentioned above. Another modification on the ranking scheme of RSS is defining
multiple stages. Al-Saleh & Al-Kadiri (2000) introduced Double RSS. Al-Saleh &
Al-Omari (2002) suggested Multistage RSS in order to increase the efficiency of the

estimator of the population mean.



The ranking mechanism is one of the major parts of RSS procedure. Since there is
an ambiguity in discriminating the rank of one unit with another without actual
measurement, the ranking of the units could not be perfect in practice. Clearly, there
is uncertainty in the ranking mechanism of RSS in cases of imperfect ranking. In the
literature, there are several studies focused on the case of imperfect ranking and
approaches were introduced for modeling the uncertainty in ranking with a

probabilistic perspective. These studies can be grouped into two categories.

The first category features those studies using the model to search for the impact of
the imperfect ranking on the inferences. Dell & Clutter (1972) introduce a pioneering
model for imperfect ranking using an additive model of concerning and concomitant
variable and investigate the effect of the imperfect ranking on the estimation of
population mean. Bohn & Wolfe (1994) proposed an expected spacings model for the
probabilities of imperfect judgment rankings based on the expected differences of
units in the set. They suggested constructing a single stochastic matrix consisting of
specified probabilities of units which are inversely proportional to the expected
differences between the order statistics.  The properties of tests based on
Mann-Whitney U statistics are studied based on their model. Aragon et al. (1999)
further developed a probability matrix for imperfect ranking. Presnell & Bohn (1999)
used this model to show that RSS procedure is asymptotically at least as efficient as
the SRS, even if the ranking is imperfect. Frey (2007) described a new class of
models for imperfect rankings, and argued whether it contains essentially any
reasonable imperfect rankings model. Ozturk (2008) proposed inference techniques
for RSS data in the case of imperfect ranking using the models of Bohn & Wolfe
(1994) and Frey (2007). Park & Lim (2012) and Frey (2014) also studied the impact

of ranking error on the Fisher information in RSS.

In the second category, there are RSS inspired studies where new sampling
procedures are defined using the main idea of ranking in RSS and also the uncertainty
in the ranking mechanism is studied. These studies are defined as the RSS related
approaches or the extensions of RSS in the literature. MacEachern et al. (2004)

introduced the Judgment Post-Stratified (JPS) sampling method for a specific case



where a simple random sample is already chosen. In the JPS method, a random set is
taken for each unit in the simple random sample. The units in these random sets are
used for determining the rank of the units in the simple random sample. Then the rank
information of the units is used as additional information for inference. MacEachern
et al. (2004) also give a formula for the estimation of population mean when the
ranking is imprecise/imperfect. Ozturk (2011c) introduced the partially ranked
ordered set (PROS) sampling design for a specific case of imperfect ranking. Rankers
are allowed to declare any two or more units are tied in rank whenever the units
cannot be ranked with complete confidence. The fully measured units are then
selected from partially ordered judgment subsets where the units are replaced. Arslan
& Ozturk (2013) develop parametric inference for the location and scale parameters
of a location scale family of distributions based on a PROS sample design. In that and
subsequent studies, such as Ozturk & Jozani (2014), Nazari et al. (2016), ties are the
cause of imprecise rank decisions in sampling design and the tied units split the

probability evenly between the assigned ranks.

1.2 The scope of the thesis

The studies in the literature show that the inference based on RSS generally gives
better results compared with simple random sampling (SRS) for both parametric and
non-parametric cases. This advantage comes from the additional information of rank
decisions. In simple terms, the ranker determines the most possible rank for each unit
in ranked sets and this information is used in inference. However, the ranking is done
without actual measurement in practice and it causes uncertainty. In other words, there
could be other possible ranks for a unit. In our study, we introduce a new approach
for this situation and propose a fuzzy set perspective for dealing with the uncertainty
occurring in the ranking process of RSS. Fuzzy set theory allows the units to belong
to different sets with different membership degrees. If we define fuzzy sets for each
rank in the ranking process of the random sets, the units could belong to not only the

most possible rank but also other possible ranks. In this way, we can use not only the



information coming from most possible ranks but also the information coming from

other possible ranks.

With this perspective, we first set out the RSS procedure, the mean estimator based
on RSS and its statistical properties in Chapter 2. Modified RSS methods and the
studies focused on modeling the uncertainty in the ranking process are given in the
same chapter. A brief introduction to fuzzy set theory, the motivation of the study and
the new sampling method Fuzzy-weighted Ranked Set Sampling (FRSS) are
introduced in Chapter 3. The sampling procedure of FRSS which works for both
single and multiple ranker cases, an estimator of population mean with some
theoretical remarks are given in the same chapter. In Chapter 4, the performance of
our new method is investigated with simulation studies for both single and the
multiple ranker cases. The brief applications of FRSS and a comprehensive numerical
study based on real data sets are conducted in Chapter 5. Finally, the conclusions are

given in Chapter 6.

In this thesis, the concerned population is assumed infinite or quite large relative to
the size of the sample (being collected with replacement) for ease of discussion. It is

assumed that the random sets in the procedure satisty the following property.

* The collected random variables X;, X, ---, X, have the same probability
distribution as the concerned population with p.d.f. f and c.d.f. F' and are

mutually independent.

For a general information about the settings of RSS without replacement from a
finite population see Patil et al. (1995), Ozturk et al. (2005) and Jafari Jozani &
Johnson (2011).



CHAPTER TWO
RANKED SET SAMPLING

Advanced sampling methods provide increased assurances on the
representativeness of the sample data by using additional information. For example,
Stratified SRS uses the information coming from homogenous strata; Cluster
Sampling uses the information coming from heterogeneous subsets. When viewed
from this aspect, RSS can be defined as the sampling method where the units are
sampled from ranked sets which are randomly-chosen and the rank information of the
sample units is used as additional information. Thereby, a ranked set sample is more
likely to span the full range of values in the population than a simple random sample

of the same size.

2.1 RSS procedure

The RSS has an easy-to-use sampling procedure. First, the size of the sets (k) and
the sample size should be decided. After that, there is a six-step procedure to obtain

the ranked set sample.

1. Select k units at random from a specified population.
2. Rank these k units without measuring them.
3. Keep the smallest judged unit.

4. Select the second set of £ units randomly from a specified population, rank these

units without measuring them, keep the second smallest judged unit

5. Continue the process until £ ordered units are measured. (The first five steps are

called a cycle.)

6. The first five steps are repeated n times to get n cycles and & * n units.



The procedure above is known as the Balanced RSS procedure. The term balanced
means an equal number of units are chosen for each rank. The RSS procedure also
allows the choice of different numbers of units for each of the ranks so that the
researcher is able to give more weight to the center or tails. Our study focused on the
balanced form of RSS which is the most widely-used form RSS. For detailed
information about the unbalanced forms of RSS, one can see Chen et al. (2004) pages
73-101. An illustration of the RSS procedure (balanced form) as follows. Let X be
the variable of interest and Y be the concomitant variable which is used to rank the
random sets. Figure 2.1 shows the RSS procedure with a concomitant variable Y and

set size k = 3.

Cycle 1
Y1 = Yoy < Ye)u X
Y1 = Yeo)1 = Yen |- 0y = [X2n
Y1 < Y21 < Y31 X311
Cycle 2
Y1)z < Y2)2 < Y3)2 X2
Yz < Y232 < Y2 [ = 05 = | X212
Yoz = Y2)2 < Y3)2 X(3)2
Cyclen
Y = Yo < Y X[1]n
Yyn = Y = Yam| = 0, = | X[2]n
Yiyn < Yo < Y3 X(3]n

Figure 2.1 Illustration of RSS procedure with a concomitant variable

In the procedure Y/(;); means the value of the concomitant variable Y of the Ath unit
in a specific set in the jth cycle. X|;); means the hth ranked unit which is chosen for the
sample from the jthcycle forh = 1,2, ...,k and 7 = 1,2, ..., n. We use square brackets
[]instead of the usual round brackets () for the value of the variable of interest, X, while

using round bracket () for the values of the concomitant variable, Y. The reason is that



X|p); may or may not actually be the hth ordered measurement (in terms of X') among
the k£ units in the random set, because the ranking is done without actual measurement

of X in practice of RSS.

We can give another illustration of the application of RSS for a single cycle where
the ranking is done by visual inspection of a human ranker. Haq (2011) conducted a
study to estimate the mean height of Arabidopsis Thaliana (AT) plants. Balanced RSS

procedure was applied and ranking is done visually, as in Figure 2.2.

First set of k = 3 units

After ranking

Second set of k = 3 units

After ranking

After ranking

Figure 2.2 Example of ranking with visual inspection for a single cycle (Haq, 2011)

The main aim in RSS is to sample the units which are more likely to span the full
range of values in the population, Ozturk (2011b). The ranking part can be defined as
the main tool to achieve this aim. The population is post-stratified by ranking the
random sets. Thus RSS becomes more representative than SRS for the same sample
sizes. We can give an illustrative example as follows. Let X have a normal
distribution, N (0, 02). Lets also take a ranked set sample for set size k = 5 and cycle
size n = 1. If the ranking of the units is considered perfect, then we have five units,
Xy, X2 X3, Xpa) and X5), which behave as order statistics coming from the same

population. Figure 2.3 illustrates the marginal densities of the order statistics (denoted



by jgmt 1,2,3,4 and 5 in the figure) and the entire population (denoted by Simple R
in the figure). It can be seen in Figure 2.3 how RSS is more likely to span the full

range.

—— Simple R
jgmt 1

jgmt 2

-~ jgmt3
jgmt 4
jgmt5

fly)

Ranked Set Sample

XXX X
Simple Random Sample

T T T T T
-4 -2 0 2 4

y

Figure 2.3 Spaning the full range of values in the population with RSS (Ozturk, 2011b)

Since the study of Takahasi & Wakimoto (1968), numerous researchers have
shown the advantage of an estimation based on RSS over an estimation based on SRS
in terms of efficiency. However, this advantage brings an incremental cost of
sampling. Suppose that we take samples from RSS and SRS with equal sizes, k X n,
where k is the set size and n is the cycle size in RSS procedure. Let the cost of
measuring of the variable of interest X for a single unit be C'(X). Let also a
concomitant variable, Y, be used for ranking in RSS and the cost of measuring the
concomitant variable, Y for a single unit be C'(Y"). Then the sampling costs (SCost)
of SRS, RSS and the relative cost (RC) are given by Dell & Clutter (1972)as;

SCost(SRS) = (k x n)C(X), (2.1)

10



SCost(RSS) = (k x n)C(X) + (k* x n)C(Y), (2.2)

(k x m)O(X) + (K xm)C(Y) _ | (K xn)C(Y)

hC = (k x n)C(X) (k x n)C(X) "

(2.3)

When there is a cost of ranking, the RSS method is more costly than SRS in any case

when the sample sizes are equal. Thus, the researcher must chose the optimal set size, k

and relative cost of ranking % to attain an acceptable cost of sampling. We can define

when RSS is a cost-efficient method compared with SRS. Let M SE() denotes, for

example, the mean square error of the estimator based on a specific sampling method.

Then the relative efficiency (RE) of RSS is

_ MSE(SRS)

F=—"7.-Z-——-".
RE = S 19E (RS

(2.4)

When we combine the relative cost (RC) in eq.2.3 and relative efficiency (RE) in

Eq. 2.4 to write the formula of the relative cost-efficiency (RCE), it becomes

SCost(SRS) MSE(SRS)
SCost(RSS) = MSE(RSS)

RCE = (2.5)

Finally, we can say that the RSS method can be defined as a cost-efficient sampling
method for cases where RCE > 1 (Dell & Clutter, 1972) . This definition may be the
numeric answer to the questions “"When and why should a researcher use RSS?”. In
other words, RSS is a cost-efficient way to obtain a more representative sample when

the actual measurement of the variable of interest is more difficult or expensive than

obtaining the rank information from a human expert or a variable used for ranking.
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2.2 Mean estimator based on RSS

We should first introduce the mean estimator based on SRS for a clear comparison
with RSS. Let N observations, X, Xs, ..., Xy, be chosen as a simple random sample
from a continuous population with distribution function F', density function f and finite

mean and variance (u, 02). The estimator of  is;

_ 1
Xspg = ~ ZXi' (2.6)

We know that Xgpg is an unbiased estimator of 1 with variance Var(Xggs) = %.

N
Let another set of N observations be chosen as a ranked set sample from the same
population with set size k, cycle size n and N = k X n. The mean estimator of the
ranked set sample observations, X1, X1, - -+, Xiggr, Xpjes -5 Xpgo> <> X[ign» 18

formulated as follows.

Xpss = —— Z Z X(n)j (2.7)

hl]l

Under the assumption of perfect rankings, we can give the well known theorems of

the mean estimator based on RSS given in Eq. 2.7.

Theorem 2.2.1. Wolfe (2012). X gss is an unbiased estimator for y, i.e E(Xrss) = ji.

Proof. With the assumption of perfect rankings, the ranked set sample observations,
Xyt Xpgp1s > Xy, Xpg2s v X[aj2s -+ +» X[r)n can be considered as order statistics
from the underlying continuous population, X1y1, X2)1, -+, X1, Xy2, -+ 0 X(r)2s

-, X(k)n- Then the expectation of X g is written as follows.

n

k
11
E(Xpss)=1-> ) B(Xuy) (2.8)

h=1 j=1
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We remember from the order statistics background that expected values of hth
ordered observations of random sets of n cycle chosen from the same population are
equal.

E(Xpn) = E(Xpz2) = = E(Xpn) = E(X@) (2.9)

Then 2.8 becomes

k
1
E(Xgss) = z E E(Xn)) (2.10)
h=1

We can write the expectation of hth order statistics, /(X)) as

o
Bnss) =13 [ gyl P @
=13 [ (D) IF@r - P @)
00 k -
:/ zf(x) {Z (’;L - D [F ()] 1 = F(2)]*" | da, (2.11)
e h=1
It follows from the binomial distribution that
S (}’j: 1) [F(2)]" 1 — F(z)]*" = 1. Therefore,
B(Xnss) = [ af(o)ds = E[X] = @12)

]

Theorem 2.2.2. Wolfe (2012). The variance of the mean estimator based on RSS is
always less than or equal to the variance of the mean estimator based on SRS,

VCLT(XRss) S VaT’(XSRs).
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Proof. We first write an equation which we use in the proof. Let y;, denote the mean

of hth order statistics, F/(X}) = -

E[(Xh - M)ﬂ = E[(Xh U T M)ﬂ = E[(Xh - Mhﬂ + (pn — 1)
As we know that £ [(Xh — uhﬂ = Var(X},), then we can write

Var(X) = B[(Xo = n)?] = (= 0)*, (2.13)

We also remember from the order statistics background that variances of hth ordered

observations of random sets of n cycle chosen from the same population are equal.

Var(Xmyi) = Var(Xmy2) = - = Var(Xm,) = Var(Xe) (2.14)

Now, we can write the variance of X pgg using eq. 2.14 and eq. 2.13 as follows

(remembering that the observations are mutually independent).

k k
Var(Xgss) = # ZnVar in Z ( [ (X — ] (o — M)2)>
h=1 h=1
1 & 1 <&
= 5o SB[ = )] = = D — ) (2.15)
h=1 h=1

We can rewrite the first part of the eq. 2.15 in a similar way as the previous proof,



- [ e {Z (32 1) P P,

h=1

Once again using the binomial distribution, the interior sum is equal to 1 and we obtain

1 [ o? _
= /_Oo(x — ) f(z)dx = P Var(Xsgrs)- (2.16)
Finally the proof is completed as follows.
_ _ 1 &
Var(Xgss) = Var(Xsrs) — = ;(uh — ). (2.17)
O]

Although the theorems are generally demonstrated under the restrictive assumption
of perfect ranking, Dell & Clutter (1972) show that the mean estimator based on the
(balanced) RSS is an unbiased estimator for the population mean even though rankings

are imperfect.

2.3 Modified RSS methods

Although the main point in this thesis concerns the balanced form, to a lesser degree
we also give some other forms of RSS, in the literature. Several researcher proposed
modifications on the sampling scheme of RSS procedure. The common point of all
modified methods is collecting unequal number of units for each of the ranks. For those
cases where the underlying distribution of the population is heavy-tailed, unimodal or
similar, it may be more useful to use a modified RSS method rather than the balanced

one.
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2.3.1 Median RSS

The median ranked set sampling (Median RSS) is suggested by Muttlak (1997). In
this method, only medians of the random sets are chosen to the sample for estimation
of population mean. For the odd set sizes, it is quite easy to chose the median of the
each set. For even set sizes, the m /2 th ranked units are chosen from the first m /2 sets
and the (m + 2)/2 ranked units are selected from the remaining m /2 sets. Others are
discarded and only selected units are measured. If necessary, procedure can be repeated
r times as a cycle and we have n = mr sample of size The procedure for one cycle and

the case of m = 3 can be shown as below:

Yo < You < Y — Xpn
Yope £ Yo < Yz — Xpp
Yoz < Yo < Yz — Xpgs

Muttlak (1998) used Median RSS to estimate the population mean and regression
coefficients for the case for which the ranking is done based on a concomitant
variable. Hossain & Muttlak (2008) introduced some test procedures for scale
parameters of exponential and rectangular distributions using the Median RSS
method. Al-Omari (2012) define two modified ratio estimators for the population
mean using auxiliary information in simple random sampling and Median RSS.

Ibrahim et al. (2010) also extended Median RSS for stratified sampling.

2.3.2 Percentile RSS

Muttlak (2003b) suggested another modification for the RSS, Percentile RSS, where
only the upper and lower percentiles of the random sets are chosen to the sample for
determined value of percentile (p). The procedure of the Percentile RSS is similar to

the even-set-size procedure of the MRSS. Suppose that m random sets with size m are
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chosen from a specific population to sample m units and ordered visually or with an
auxiliary variable. In PRSS procedure, the units which represent the lower percentile
are chosen from the first (m/2) sets and the units which represent the upper percentile
are chosen from the other (m/2) sets. If m is an odd number, the average of the first
and third quartiles can be chosen as the final unit from the final set. Example for one

cycle and the case of m = 5 and p = 0.3 can be represented as below for odd set size.

Y < You < Yo < Yy < Yo — Xpn
Yo < Yoo < Y < Yue < Yoo — Xpp
Y3 < Yo < Y < Yup < Yiz = Xus
Yiua < You< You< Yua < You — Xupu
Yy < Yo < Yais < Y < Y — Xpgs)

Muttlak (2003a) also suggested another modification for the RSS, Quartile RSS,
where only the upper and lower quartiles of the random sets are chosen for the sample.
Simply, Percentile RSS method can be considered the generalized version of Quartile
RSS. Muttlak & Abu-Dayyeh (2004) introduced weighted version of Percentile RSS.
Quartile RSS procedure was also considered to estimate the distribution function of a

random variable by Al-Omari (2016).

2.3.3 Extreme RSS

Extreme RSS is another modification of RSS suggested by Samawi et al. (1996)
to estimate the population mean only using maximum or minimum ranked unit from
each set. For estimation based on Extreme RSS, the following procedure can be used.
The selected m random sets each of size m units from the population can be ranked
within each set with respect to a variable of interest by human expert or any inexpensive
method. If the set size m is even, the lowest ranked unit of each set is selected from
the first m/2 sets and the largest ranked unit of each set is chosen from the other m /2

sets. If the set size is odd, select the lowest ranked unit from the first (m — 1)/2 sets,
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select the largest ranked unit from the other (m — 1)/2 sets and median is taken from
the remaining last set. When the size of ERSS is increased by cycling the procedure
r times, then we have n = mr sample size. The procedure for one cycle and case of

m = 4 can be shown as below:

Yo < Yon < Yo < Yupn — X
Y < Yop < Yep < Yy — Xip
Yo < Yo < Yo < Yus — X
Y < You < Yigu < Yau — X

Al-Saleh & Samawi (2010) introduced Moving Extreme RSS on estimating the
odds. Al-Nasser & Mustafa (2009) also extended Extreme RSS for robust case.

2.3.4 Balanced groups RSS

Balanced groups ranked set samples method (BGRSS) is can be defined as the
combination of Extreme RSS and Median RSS. Jemain et al. (2008) suggested to use
BGRSS for estimating the population mean with a special sample size m = 3k. In
their study, BGRSS procedure is described as follows: m = 3k (where
k = 1,2,3,...) sets each of size m are select randomly from a specific population.
Units in each set are ranked visually or using another inexpensive method. Sets are
randomly allocating into three groups. The k& smallest units from the first group, k
median units from the second group and £ largest units from the third group of ranked
sets are chosen. In the second group, when the set size is odd, the median unit is
defined as the ((m + 1)/2)th ranked unit in the set and when the set size is even, the
median unit is defined as the mean of the (m/2)th and the ((m + 2)/2)th ranked
units. If £ is an even number, the researcher takes the averages of the two units as

median unit. BGRSS process for £ = 2 can be described as follows:
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Yin< You< Yo < Yun < Yo < Yeou —  Xun
Y < Yopr< Ygp< Yy < Yo < Yer — X
Yz < Yo < Yo < Yus < Yes < Yez — w
Yo < You< Yeu< Yuua < You < Yieu — m
Yos < Yo < Y < Yus < Yo < Yes = Xgs
Yy < Yo < Yo < Y < Yo < Yoo — Xl

2.4 Studies focused on imperfect ranking and RSS related approaches

In applications of RSS, the efficiency of the estimation is directly related to how
well the rankings of the units are done. Although perfect rankings are the goal of any
RSS procedure, it is generally not feasible in practice. It means an unavoidable
uncertainty in the proper applications of RSS. In the literature, there are studies
focused on the case of imperfect ranking and modeling this uncertainty. In this thesis,
we categorize these studies with respect to the usage of the model of imperfect
ranking. In the first category, there are some studies which develop statistical models
to capture the uncertainty of the ranking procedure and use this model to research the
impact of imperfect ranking on inferences. The studies in this category are
widely-examined under the topic imperfect ranking. We also define a second category
including some RSS inspired studies because the studies in this category introduce
methods to model the uncertainty and to use the model in inference for special cases

of imperfect ranking.

2.4.1 Studies focused on imperfect ranking

Dell & Clutter (1972) introduced a pioneering approach for the case of imperfect

ranking. The units in the random sets are ranked based on a concomitant variable which
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is constructed through an additive model of the actual measurement. The values of the
concomitant variable are generated by adding the values of the interested variable and
random error is drawn from a parent distribution (generally N (0, 0?)). The level of
imperfectness is controlled by the variance of the error term. Let X be the variable of
interest and Y be the concomitant variable using for ranking in the study. Let also x4,
Xa, - - -, Xy be the true values of the units which are obtainable by accurate measurement
in a real life application. Then the x’s and y’s may be regarded as realizations of linked

random variables X; , Y;

Y;‘ = g(X“ Zz) fori = 1,2, ..., W,

where Z; is defined as judgement error term for a function of ¢g. Then the concomitant

variable is computed with a simple formula

Y= X;+ Z fori=1,2,...,w, (2.18)

where Xy, Xo, ---, X4, Z1, Zs, -+, Z, are mutually independent. Dell & Clutter
(1972) also mentioned a theoretical approach to the calculation of the relative efficiency
(of RSS) and applications for the case Z ~ N (0,02%) and X ~ N(0,1)). Dell & Clutter
(1972) and David & Levine (1972) used this approach to construct a simulation study
to see the impact of imperfect ranking on mean estimation. Because it is simple and
easy to apply, Dell & Clutter (1972) approach is widely-used in the simulation part of
RSS studies.

Bohn & Wolfe (1994) introduced another approach to model imperfect ranking
where probability matrices are used to estimate the quality of judgment ranking
information. The distributions of the judgment order statistics is considered mixtures
of distributions of the true order statistics and the probabilities of imperfect judgment
rankings is determined based on the expected spacings between order statistics in this
approach. Simply, the expected difference, £(X; — X;), between the order statistics

X; and X is called expected spacing. The main idea is that the absolute value of
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expected spacing will increase and the probability of mis-specifying decreases as the
quantity | — j| increases. Bohn & Wolfe (1994) preferred to use a matrix notation to

show the probabilities as follows,

P11 P12 P13 P14
P21 D22 P23 P24
P31 P32 P33 D34

Pa1 Pa2 Pa3 Pas

where p; ; > 0 is the probability that the jth ordered unit in a set is assigned a
judgment rank ¢. The Bohn & Wolfe (1994) approach indicates that the distribution
of each judgment class population (F};(¢), @ = 1,2,...,k) can be expressed as a

linear combination of the order statistics in a set of size k,

k
Fig(t) = pigFp)(t) fori =1,2, ... k. (2.20)
j=1

The assigning probabilities, p;;’s, have some features. First, the sum of the
probabilities of a judgment rank ¢ must be equal to 1, p;1 + pi2 + ... + pix = 1.
Second, the sum of the probabilities of the jth ordered unit must also be equal to 1,
p1,j + D2+ -+ pi; = 1. Clearly, these two features make the probability matrix P

a double-stochastic matrix.

The Bohn & Wolfe (1994) approach draws considerable interest to the topic of
imperfect ranking. Aragon et al. (1999) introduced an advanced approach for the
construction of the probability matrix P. Presnell & Bohn (1999) used this model to
show that the RSS procedure is asymptotically at least as efficient as the SRS, even if
the ranking is imperfect. Frey (2007) described a new class of models for imperfect
rankings as an extension of the Bohn & Wolfe (1994) approach and argues whether it
contains essentially any reasonable imperfect rankings model. Ozturk (2008)

proposed inference techniques for RSS data in the case of imperfect ranking using the
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models of Bohn & Wolfe (1994) and Frey (2007) and gave an application for
constructing a confidence interval for the population median. There is also a
less-known alternative to the Bohn & Wolfe (1994) approach in modelling the
imperfect ranking.  Fligner & MacEachern (2006) introduced a new model for

ranking information through the monotone likelihood ratio principle.

Finally we can say that the common underlying structure in all of these approaches
is stochastic ordering of judgment ranking classes that leads to a reasonable ranking
mechanism (Ozturk, 2008). They also share a common purpose, modelling the
uncertainty in the case of imperfect ranking and using the model to investigate the

impact of imperfect ranking on estimation.

2.4.2 Judgment Post Stratification(JPS) Method

Judgment Post Stratification (JPS) is the first method in the second category, RSS
related approaches, of the studies focusing on imperfect ranking. MacEachern et al.
(2004) introduced the JPS sampling method as a combination of SRS and RSS for a
specific case. Briefly, there is a simple random sample which is already chosen and the
rank information of each sampled unit is obtained individually by way of random sets
using the same method as in RSS (see Figure 2.4). Finally, the simple random sample

and the rank information of the units in the sample are used together in estimation.

Xy < XippXopays o Xk—11]
X, < Xy21: X221 - Xk —1[2]

Xn < Xipn) X2[n)s - Xk =1[n]

Figure 2.4 Illustration of the JPS method for sample size n

Let X, X5, ---, X,, be a simple random sample with size n. Let us also take n

random sets (1 set for each unit) including £ — 1 auxiliary units (which is not fully
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measured) from the same population to get rank information, R; for: = 1,2, ..., n. If
we consolidate the sampled units with the random sets of auxiliary unit, we will have n
sets with size k (and thus k& ranks or post-strata). Finally, we obtain the judgment post-
stratified sample consists of pairs (X, R;) through ranking the sets. For cases where
the rankings are perfect, the estimator of population mean based on JPS is defined as

follows.

XiRin
. 1 & o |
Xips-p =1  H——fori=12 .. nandh=12, ..k (2.21)

where Ry, is an indicator variable as R;;, = I(R; = h). It can be seen that Xips_p
formula is actually the same with RSS estimator for the case the rankings are perfect.
However, as in the application of RSS, the ranking of the units should be done without
actual measurement in the application of JPS. Therefore MacEachern et al. (2004)
proposed another estimator (indeed, three estimators but they don’t recommend the

other two) for the case of imperfect ranking.

3

fortr=1,2,...,.nandh=1,2,.... k, (2.22)

where p;;, 1s an auxiliary variable as 0 < p;;, < 1 and Elf,;l p;n, = 1 forall 7 and h. In
this case, p;;, represents the ranker’s strength of belief that the unit X; has rank /. Also

pinX; assigns a proportion (ﬁ) of X; to post-stratum £ in the estimation.
=17

The main advantage of JPS is that it uses simple random samples with additional
information of ranking and increase the efficiency of the estimation with this additional

information. It is a real problem that some researchers are worried whether subject
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matter journals would consider the sampling method to be nonstandard when they use
RSS. Therefore, using a simple random sample may be useful for researchers who are
strictly loyal to SRS in their researches. For further studies on the topic JPS, see Wang
et al. (2006), Ozturk (2011a) for the multiple ranker case and Wang et al. (2008), Frey
& Ozturk (2011), Frey & Feeman (2012) for estimations of different parameters.

2.4.3 Partially ranked ordered sets (PROS) method

Another RSS related approach, the Partially Ranked Ordered Sets (PROS) sampling
method was introduced by Ozturk (2011c). Rankers are allowed to declare any two or
more units are tied in rank whenever the units cannot be ranked with total confidence.
The fully measured units are then selected from partially ordered judgment subsets
where the units are replaced. In the PROS method, ties are the main cause of imprecise
ranking decisions in sampling design and probability is prorated proportionally to the
ranks which subsets hold. This approach adds flexibility to improved precision for RSS
estimation procedures in settings where it is difficult to distinguish one unit from one

or more others in a set for a rank decision.

The PROS method has a relatively complex procedure and notation. It starts with the
decision of the sample size /V and the set size M. Then N sets of M units are randomly
chosen from a population having the distribution F', mean p and variance o2, Suppose
that the researcher has a problem to distinguish units for a rank decision in each of N
sets. Therefore, he/she makes subsets for each set and ranks them. Ozturk (2011c)
also defines a cycle structure where V sets are divided into K cycles. The notation of
sets and subsets will be denoted as S,.; = S,(1)i, Sr[2]i, ---» Sr[k;]i» Where 7 shows the cycle
number and k; is the number of subset in the set .S, ;. The value of k; varies from set
to set and depends on the ranking ability of the researcher. The structure of the PROS

method is ready for sampling (see Figure 2.5, Ozturk (2011c)).
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Group (i) Sri

Judgment subsets

my;

Obs

a) Design G, N =5K=2M =10

1 {s1pa1- sip2p} {1,2,3.4.5},{6.7,8,9, 10} 5 Xoim
{s20171> S20211> 2031} {1,2,3},(4.5,6,7}, (8,9, 10} 4 Xy
{s30111> $31211> 3311} {1.2.3}, (4.5}, (6.7.8.9, 10} 5 Xy

2 {1112, S1212 S10312) {1,2.3),{4.5.6.7}. (8.9, 10} 3 Xy
Is21112- S21212) {1.2.3.4.5.6.7). (8.9. 10} 3 Xsyop

b) Design G*, N =5, K =2, M =6

1 {styy. s1p2)1- s13)1) {1.2}, {3.4}, (5,6} 2 Xoim
{s21171- 82121, 52131 } {1,2}, (3,4}, {5, 6} 2 Xsaan
{30171, 5312115 83131 {1,2},{3,4}, (5, 6} 2 Xs331

2 {s1y1)2> s112)2) {1,2, 3}, (4,5, 6} 3 Xl,-””2
{21172, 821212} {1,2,3}, (4.5, 6} 3 Xopp

c)Design G** N =4 K =2 M=6

1 {s1p111. s1211) {1,2,3), (4,5, 6} 3 Xsim
{s21171, s21271) {1,2,3}, {4,5,6} 3 Xsopn

2 {s1[112- 122} {1.2,3}, {4,5,6} 3 Xsinp
{52112, s212)2} {1.2,3}, (4,5, 6} 3 Xsyp

Figure 2.5 Illustration of the PROS method for three different designs (Ozturk, 2011c¢)
X5, ; Tepresents the sampled unit which is chosen randomly from Ath ordered subset

of rth set in cycle 7. (Because of the design of the method, a unit is sampled when

r = h.) There is one additional notation, my,;, in Figure 2.5. my; is the size of the

subset in the hth set of cycle ¢ from where the sampled unit is chosen from. Ozturk

(2011c¢) also gave a definition for a ”balanced design” of PROS method as follows.

Definition 2.4.1. ( Ozturk (2011c).) A PROS sampling design is called balanced if

K , ki
U ( U Sh[h]i) = KM,

(2.23)

where K is the cycle size and M is the set size. According to this definition, all of

the three designs in Figure 2.5 are balanced designs of PROS. The definition 2.4.1 can

also be written with an easier way.

Definition 2.4.2. 4 PROS sampling design is called balanced if

K ki
E mp; = KM
i=1 h=1
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Based on a balanced design of the PROS method, the unbiased estimator of the

population mean is given as,

K
- 1
Xpros = 77 3 D MiXey . (2.25)

When (m—h) is defined as the weight of X

o this weight assigns a proportion

R[h]i?
of sampled unit Xsh[h]i to stratum h proportional to size of the subset, my;. Clearly, a

balanced design of PROS becomes balanced RSS for m;; = 1 and SRS for m,; = M.

2.4.4 Combining the information coming from multiple rankers

In the literature, some studies focused on using multiple rankers as another way
of reducing ranking error. Ridout (2003) counted on a multiple attributes (rankers)
case for the selection of sample units in RSS. He proposed a new method to sample
the units in the sets according to the rank decisions of all attributes. Ridout (2003)
introduced a new method that sought to achieve samples that are nearly balanced with
respect to the rank decisions of all rankers. However this new method based on multiple
rankers is shown to result in loss of precision compared to single ranker case. Ozturk
(2011a) proposed a more powerful and easier way to combine the ranking information
of multiple observers with a strength of agreement measure for RSS and JPS. Simply,
each ranker makes a decision about the rank of the units and gives 1 to a suitable rank
and 0 to the others. Then the average of the rank decisions from multiple rankers is
taken as the strength of agreement measure for each unit. Let X, Xo, ---, X be a
random set with size k chosen for RSS. Let the rankers decide the rank of the units in
the set and w§ (r) denotes the rank decision of ranker ¢ for unit X, to rank r, where
c=12,...C, h =1,2,...kand r = 1,2,..., k. Then we have C rank decision

matrices for C' ranker for this single set. For & = 4 it will be as follows.
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wi(l) wi(2) wi(3) wi(4) 0010
We = w(l) wi(2) ws(3) wi(4) for instance oo
wi(1) ws(2) wi(3) ws(4) 0100
(1) wi@) wid) wi) 0001

Let wy,(r) shows the strength of agreement measure for unit X, to rank r in the set. It

is defined as

wy(r) = % Z wy (7). (2.27)

Finally we have a strength of agreement measure matrix, W, for a single set and the
unit which has the biggest w value for rank r is chosen for the sample for rank r. (For

example the unit which has max(w; (1), ws(1), ..., wk(1)) is chosen for rank r).

_wl(l) w1(2) wy(3) w1(4)_
W wa(l) we(2) we(3) wo(4)
ws(1) w3(2) ws(3) ws(4)
(@4(1) @4(2) wa(3) wa(4)]

When we repeat the process for £ times for each of the ranks, one unit will be sampled
for each rank. It is called a cycle and we can repeat the cycle for n times to get a ranked
set sample with size k£ x n. We note that Ozturk (2011a) preferred not to use cycle
structure. Instead, he suggested repeating the single set process N times (where N is
the sample size and it is equal to k£ X n in cycle notation) and cautioned that researcher
must chose equal number of units for each rank to have a balanced RSS. With the
notation we prefer in this study (cycle notation), the estimator of the population mean

is given by
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n

k
> @ (r) Xpnys
3 Fl::l . (2.29)

= > ()

j=1 h=

| =

Xprss—m =

—_

The main idea of the estimator X zpgs_; came from the study of MacEachern et al.
(2004). The eq. (2.29) is a transformed version of eq. (2.22). Ozturk (2011a) also
adapted the strength of agreement measure to JPS in the same study and PROS design
in Ozturk (2013) for multiple ranker case. For further studies on multiple ranker case,

see Murray et al. (2000), Wang et al. (2006).
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CHAPTER THREE
FUZZY-WEIGHTED RANKED SET SAMPLING

In the application of RSS, ranking is performed via two main ways: i) One (or
more) human ranker(s) can decide the rank of a unit in a set by visual inspection
taking the other units in the set into account, or ii) one (or more) concomitant
variable(s) can be used for ranking. In both ways, ranking must be done without
actual measurement of the variable of interest and ranking cost must be smaller than
the cost to measure the variable of interest. Since the ranker makes the decision of
ranks without actual measurement, these decisions could not always be perfect even if
ranking is done using powerful criteria with a high relationship. Clearly, there is an
uncertainty in the ranking mechanism and it causes a loss of information. In previous
chapter, we have given information about the approaches focusing on this uncertainty
from a probabilistic perspective. In this chapter, we introduce a different perspective

using fuzzy sets approach.

3.1 A brief introduction to fuzzy set theory

Zadeh (1965) introduced fuzzy sets for representing and manipulating data when
they are not precise. With a simple definition, Zadeh (1965) transformed the structure
of membership in classical set theory from a binary categorization (0-1) into a more
flexible one which allowed partial membership with a degree between 0 and 1. While
a classical set has a black or white form, a fuzzy set can include the grey zones. Fuzzy
set theory has transformed not only set theory but also logic, reasoning and inference
by taking into account the human subjectivity and imprecision. Thus there are a group
of famous topics which are developed out of fuzzy set theory such as fuzzy logic,
approximate reasoning, fuzzy inference, possibility theory, soft computing, etc. For
detailed information, see Zimmermann (2001), the literature review of Kahraman
et al. (2016) and the theoretical review of Zimmermann (2010) for general fuzzy set

theory; Ross (2016) and the review of Mohd Adnan et al. (2015) for fuzzy logic and
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applications; Dubois & Prade (1988) for possibility theory; Chaturvedi (2008) for soft

computing methods and applications.

3.1.1 Fundamentals of fuzzy set theory

A fuzzy set is a natural extension of a classical set. Thus it needs a reference set
(called universe of discourse) which always has a classical-crisp form. Let
X = {x1,x9,...,x,} be a classical set of units ;. Then the fuzzy set is defined as

follows.

Definition 3.1.1. Zimmermann (2010). If X is a collection of objects denoted

generically by z, then a fuzzy set Ain X is a set of ordered pairs:

A= (z,p5(x))|x; € X,

where (1 ; is is called the membership function (generalized characteristic function) of

A and maps X to the membership space M.

The membership function plays an important role in the definition of fuzzy sets

which is stated in the next definition.

Definition 3.1.2. Bilgi¢ & Tiirksen (2000). A fuzzy (sub)set, say A, has a membership
Junction p ; defined as a function from a well defined universe (the referential set), X,
into the unit interval as:

i X —[0,1].

The degree of membership in a fuzzy set is represented by a number between 0 and
1. 0 shows the unit is entirely not in the set, 1 shows the unit completely in the set and
there are an infinite number of membership degrees between 0 and 1. The main role of
the membership function is to represent human perceptions and decisions, which are
usually individual and subjective, as a member of a fuzzy set. The most commonly
used membership functions in practice are triangular, trapezoidal and Gaussian type

membership functions because of their ease of use for arithmetic and fuzzy operations.
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Figure 3.1 Different types of membership functions. (A) Triangular, (B) Z-shaped, (C) Trapezoidal, (D)
Gaussian

The existing properties of the classical sets, such as emptiness, equality, inclusion,

cardinality and so on are also extended to the fuzzy set concept.

Definition 3.1.3. Werro (2015). Defined over the classical set X = x1,x,...,T,, a

fuzzy set A is empty if
pi(z;) =0,Ve; € X.

Definition 3.1.4. Werro (2015). Two fuzzy sets A and B defined over the same

reference set X, are equal if

pi(wi) = pg(),Va; € X.

Definition 3.1.5. Werro (2015). Two fuzzy sets A and B are defined over the same

reference set X. A can be said to be included in B if

(i) < pglaq), Va; € X.

The cardinality of a classical set is defined as the total number of units in the set. A
unit is a member of a fuzzy set with a membership degree. Thus, cardinality is defined

as the sum of the membership degrees of the units in the set.
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Definition 3.1.6. Werro (2015). Cardinality of fuzzy sets A defined over set X is

Fuzzy set theory allows us to define both convex and non-convex fuzzy sets. But

we note that convex fuzzy sets are used in the great majority of the analysis.

Definition 3.1.7. Zimmermann (2010). A fuzzy set A which is defined over set X is

convex if

pi(Az; + (1= XN)xy) > min(pz(x:), pilx;)), Vo, x; € X, A € [0,1].

The properties, support, a-cut and kernel are widely used in fuzzy set operations.
In particular, a-cuts are important for application of fuzzy sets because any fuzzy set

can also be described by using its a-cuts.

Definition 3.1.8. Werro (2015). The support of a fuzzy set A defined over a crisp set

X is a crisp subset of X where the membership degree of the units is positive. That is

Supp(A) = {z; € X, uz(z;) > 0}

Definition 3.1.9. Werro (2015). The kernel of a fuzzy set A defined over the crisp set

X is a crisp subset of X where the membership degree of the units is equal to 1.
Kern(A) = {z; € X, pz(z;) = 1}

Definition 3.1.10. Werro (2015). The a-cut of a fuzzy set A defined over the crisp set
X is a crisp subset of X where the membership degree of the units are equal or greater
then .

Ay ={z; € X, pz(z;) > a}
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Figure 3.2 Illustration of support, kernel and a-cut of a fuzzy set, Werro (2015)

3.1.2 Operations on fuzzy sets

Complement, intersection and union are operations of classical set theory. Each
of the operation is extended to a large class of operations in the flexible structure of
fuzzy set theory. We have provided some basic definitions and notable operations in
this section. One can see Zimmermann (2010) and Chaturvedi (2008) for a detailed

information about fuzzy set operations.

Definition 3.1.11. The complement of a fuzzy set A defined over a crisp set X is denoted
as A and defined as follows.

A pge(zy) =1 — ps(zy), Vo, € X.

In fuzzy set concept, the class of intersection operators is called 7-norm (Triangular

Norm). Zadeh (1965)’s min operation is the pioneer and the most famous of this class.

Definition 3.1.12. Zimmermann (2010). The membership function of the Zadeh's

intersection of two fuzzy sets A and B defined over a the crisp set X is defined as

ANB : psnpli) = min(us (), pg(r)), Vo, € X. (3.1)
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Some of the typical T-norms are listed below to give an idea of the class of
intersection operations. For two fuzzy sets A and B defined over a crisp set X, there

are several ways to define intersection (A N B),

* Drastic product

min(p (i), pp(xi), if maz(pg(z:), pp(zi)) =1
1inp(Ti) =
0, otherwise

¢ Bounded difference

pins(@i) = max(0, (pi(w:) + pp(e:) —1)]

* Einstein product

Hana(Ti) = 5= (i) + pp(e:) — pale:) < pp(e)]

In relation to 7-norm operators, the class of union operators is called 7-conorm

(Triangular Conorm) or s-norm.

Definition 3.1.13. Zimmermann (2010). The membership function of the Zadeh s union

of two fuzzy sets Aand B defined over a crisp set X is
AU B : pgop(ei) = maz(ps(@:), pp(), Ve, € X.

Some of the typical T-conorms are also listed below. For two fuzzy sets A and B

defined over a the crisp set X, there are several ways to define union (A U B).

¢ Drastic sum

max(pi(zi), pp(w:) if min(ug(x:), pg(x:)) =0
1aup(T:) =
1 otherwise
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¢ Bounded sum

paup(wi) = mainll, (pz () + pp(w:))]

* Einstein sum

ey MA(:L‘,)"‘NB('IZ)
pius (i) 1 — pz(zi)pg(s)

T-norm and T-conorm operators are also called nonparameterized operators
because there is no additional parameter in the formulation of the membership
function, 15 ,5(z;) or p15~5(2;). There are also some parameterized operators, such
as Hamacher union, Yager intersection, Dubois and Prade intersection and so on. (See
Zimmermann (2010) for a brief information.) In any case, an operation should satisfy

the properties listed below to be called as a T-norm or T-conorm operator.

Property T-norm T-conorm
Identity IlAnx=x Ovx=ux
Commutativity XAY=YAX XVy=yVvx
Associativity xA(YAZD=EAY)AZ xviyvz)=xvy vz
Monotonicity if v <wandx <ythen vV <wVvy

VAX SWAY

Figure 3.3 Properties of T-norm and T-conorm operators, Werro (2015)

There is also an alternative class of averaging operations for both intersection and
union. The averaging operations are generally more optimistic than T-norm operators
and more pessimistic than T-conorm operators. Compensatory operators, Yager’s OWA
and Arithmetic mean-Average are the most famous in this class (Zimmermann (2010)).
The averaging operators are also known as to be better suited for modeling aggregation
in a human decision environment than T-norm and T-conorm operators. It should be
noted that averaging operators do not have the mathematical properties of the T-norms

and T-conorms.

35



3.2 Modelling the uncertainty using a fuzzy set perspective

In Chapter 2, we mentioned the unavoidable uncertainty/impreciseness in the
application of RSS and introduced the studies focusing on this problem with
probabilistic perspective. In this chapter, we introduce our new approach to deal with
this uncertainty, a fuzzy inspired approach. Let us start with an example to provide
motivation. Suppose that there is a single human-ranker to decide the rank of a unit in
arandom set. Based on his/her degree of belief, the ranker assigns the unit to the most
likely rank which he/she decides. However, there could be some other possible ranks
for that unit because ranking is done without actual measurement. It is known that
fuzzy set concept allows the units to belong to different sets with different
membership degrees. If we define fuzzy sets for all of the possible ranks, the units in
the sets could belong not only to the most likely rank but also to the other possible
ranks.

Fuzzy set theory overcomes the limitations of classical set theory by allowing partial
membership in a set. It provides a mechanism for measuring the membership degrees
as a function represented by a real number in the range [0, 1]. Inspired by fuzzy sets,
we introduce a new approach to address uncertainty in ranking. Let { X7, Xo,..., X}
be a random set of size k£ from a population. Let also this set be ranked without actual
measurement as { X71), X[g), . .., Xpiy }. In the proposed FRSS method, £ fuzzy sets for

k possible rank are defined as follows.

Definition 3.2.1. Defined over a ranked set X = {Xpj, Xjg, ..., X}, a fuzzy set of

rank r, A,, is defined as a set of ordered pairs

A = (X[h]nuﬁr (X[h]))‘VX[h] € Xa (32)

where r = 1,2, ..., k is the rank number and h = 1,2, ..., k is the order of unit.

p 4. 1s the membership function of A, and has a key role in the FRSS method

through the determination of membership degrees, 115 (X[)). For clearity, we use
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my,(r) instead of 115 (X)) in the rest of the study to denote the membership degree
of hth ordered unit to rank r. In the RSS method, ranking is done with two main
tools, with the visual inspection of a human expert or with a concomitant variable.
The FRSS method uses the same tools but with an additional task, determination of
the membership degrees. For a proper determination of the membership degrees we

need some assumptions as follows:

1. The ranker should be a real expert or a highly correlated concomitant variable.

2. A unit belongs to a specific rank with the maximum membership degree, 1, when

the ranker considers this rank is most possible rank for this unit.
3. Membership degrees degrade for the other possible ranks.

4. Ties are not allowed if there is one (single) ranker for determination of the

memberships.

The first assumption concerns the aim of the FRSS (and also all RSS and related
methods) for ranking accurately. The other three assumptions is necessary to make the

fuzzy sets of the ranks convex and force to have a kernel such as Kern(A,—,) = X

for the case of single ranker where X, is hth ordered unit in the set.

3.2.1 Determination of the membership degrees by a human-ranker’s visual

inspection

In the first way of ranking, the ranker can decide the membership degrees of the
units by visual inspection, taking the other units in the set into account. In this case, the
main role of the membership degrees is to represent the human-ranker’s perceptions on
rank decisions. Let r = 1,2, ..., k be the rank number, h = 1,2, ..., k be the set size
and j = 1,2, ..., k be the cycle number.The membership degree of hth ranked unit in a

set of jth cycle to a fuzzy set of rank r determined by the ranker is shown as my, ;(r).
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An example of the determined membership degrees by visual inspection is given for a

random set of cycle j and set size £ = 3 as follows.

mi;(1) mi;(2) my;(3) 1 08 0.1
mg,j(l) TTLQ}'

ms;(1) ms;(2) mas;(3) 0.1 0.7 1

<
~~
N
~—
s
<
—
w
~—
I
V
=
~J
—
=
(=}

We can give an example to support this case. Suppose that we have a random set
from a specific population and it includes 3 units represented by the letters 4, B and
C. If we consider it is fully ranked by a human ranker, each unit in the set is ordered
1 to 3. The ranker decides with his/her specific criteria that unit A is the 1st, unit B is
the 2nd and unit C is the 3rd. He/she assigns rank 1 to unit A because he/she thinks
1st is the most possible rank for it. However he/she think that 2nd rank is also possible
(but not as likely as st rank) and that 3rd rank is the least (but not impossible). In
the FRSS method, this ranker can determine the membership degrees as m; ;(1) = 1,

may,; (2) = 0.8 and ml,j(?)) =0.1.

We should note that the membership degree matrix of a ranked set is not a stochastic
matrix and the matrix notation is only for proper display of the membership degrees of
the units in a ranked set. Only one row of the matrix (membership degrees of the unit

which is chosen to the sample) is used in the procedure.

Determination of the membership degrees based on the visual inspection of a
human expert may look like arbitrary to the researchers because of the uncertain
nature of human reasoning. For example, a human ranker may determine different
membership degree for the same unit in the same set at various times. Computing
with words (CW) methodology in which words are used in place of numbers for
computing and reasoning or other similar approaches may help to build a more
consistent method for determination of the membership degrees by a human expert.
The simulation of the determination of the memberships by human ranker also will be
available if a CW or similar method is defined. However, using these kind of methods

will also increase the complexity of FRSS method and this could be a disadvantage
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for prefer-ability of FRSS in applications. Therefore, we propose to use the simplest
method, determination of the membership degrees based on the visual inspection, for

human ranker cases.

3.2.2 Determination of the membership degrees with a concomitant variable

Using the information from a concomitant variable is the second way of ranking.
We also suggest using the same idea (fuzzy sets and memberships) for this way.
However, when a specific concomitant variable is used for ranking the units in the
sets, a membership function also can be defined to determine the membership
degrees. Let Y(;,); denote the value of the concomitant variable Y for hth ordered unit
of the set in jth cycle. When the distance between the units based on the value of
concomitant variable Y is large, the ranks of the units are determined more easily and
clearly than the case the distance between the units is short. Therefore, we introduce a
new membership function where the memberships are determined inversely
proportional to the distance between the values of concomitant variables for each

sampled unit in the set.

Yir); — Yinyl
(maxYg; — minYy;)
q q

mp?(r)=1- forq=1,2,.., k. (3.3)
We called the membership function in eq (3.3) the relative distance (RD) method
because the distances between the units are calculated relatively to the range of the
set. For a second way to determine memberships of the units, a Gaussian type

formula can be defined, as follows.

Y11 = Yins

mG(r) = e (=103 )/2 g q=1,2,...k (3.4)

The equations (3.3) and (3.4) have special situations. Eq (3.3) gives the same results
with RSS when the set size is 2. Eq (3.4) gives the membership degrees between e 2
and €. We note that, based on the flexible nature of the fuzzy inspired approach,

researchers can define new membership functions which are considered suitable for
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their studies.

In practice, there may be some criteria in the human ranker’s decisions or he/she may
rank arbitrarily. In this case, the main role of the membership degrees is to represent
the human-ranker’s perceptions on rank decisions and it really suits the main idea of
fuzzy set theory. However, the fuzzy sets and the memberships in our approach is not
totally same with fuzzy sets and memberships in fuzzy set theory because there is also
concomitant variable option for determination of the membership degrees. The word
of fuzzy in the topic is just for representing the main idea in our approach. The similar

situation can be remembered in the topic fuzzy ¢ means in data mining.

3.2.3 Combining the ranking information from multiple rankers

If we have more than one ranker (human or concomitant variable or both), it could
be a good way to combine the ranking information coming from C' (C' > 1) rankers for
a more accurate determination of the membership degrees. In our study, we suggest to
use min, mazr and avg operations to obtain the set of combined membership degree
decisions of C' (C' > 1) ranker. We prefer to use the most well-known and easy to apply
operations in our study. Similar to fuzzy T-norm operations, min can be defined as a
conservative combiner. max can be defined as a liberal combiner, like the T-conorm
operations in fuzzy set theory. avg is the balanced combiner which can be define as a

statistical operation more than a fuzzy one.

Let ¢ = 1,2,...,C be the number of ranker and mj, ;(r) denotes the membership
degree which is determined by the ranker c¢. Then we have C' rank decision matrices
for C ranker. Considering the set size as k = 4, it will be as follows for a single set of

cycle j.
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mg;(1) m§;(2) m{;(3) ms;(4) 1 08 05 0.1

ms (1) ms5;(2) ms;(3) ms (4 08 1 0.7 0.2
We= o) s (2) ms(3) ma () for instance

ms5 (1) mg;(2) m§;(3) ms;(4) 04 07 1 04

mg (1) mg;(2) mg;(3) mg;(4) 0.1 03 05 1 |

We define the combination of the membership degrees based on chosen operation

as follows.

mp;(r)

1f min is chosen

maz(my, ;(r),...,mg (r)), if maz is chosen
avg(my, ;(r), ..., mf ;(r)),  if avg is chosen

Finally we have a combination of the membership degree decisions matrix for a

single set in cycle ;.

3.3 FRSS procedure

ma;(1) mi;(2) mi;(3) ma;(4)
mai(1) mo;(2) ma;(3) me;(4)
m3 (1) ms;(2) ms;(3) ms;(4)
[ma(1) mai(2) ma;(3) ma;(4)]

Using the formulas to determine membership degrees and the methods to combine

the information of multiple rankers given previously, we introduce the sampling
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procedure of FRSS in a general form which can be used for both single and multiple

ranker cases as follows.

1. Select £ units at random from a specified population.

2. The ranker (each ranker if there are multiple rankers) ranks these k units without
measuring them and determine the membership degrees of the units for each

rank.

3. Combine the membership degree decisions of each ranker. (This step is ignored

for the single ranker case)

4. Chose the unit which has the highest membership degree for the rank in the first

order and keep its membership degrees.

5. Repeat the first four steps to choose the units which have the highest membership

degrees for the ranks in the second, third, ..., kth orders, respectively.

6. The first five step are called a cycle. The first five steps are repeated for n times

to sample k * n observations

Figure 3.4 shows the FRSS procedure for the case where the ranking is done with
a concomitant variable. In this procedure, Y(;); means the value of the concomitant
variable Y of hth unit in a specific set in the jth cycle and X|;,; means the hth ranked
unit which is chosen for the sample from the jth cycle for h = 1,2,....k and j =
1,2, ...,n. We use round brackets while defining the ordered value of the concomitant
variable Y because it represents an order statistics in the random set. However, we
prefer to use square brackets to show the value of the variable of interest X since we
do not know the real order of the X values in the random set as the ranking is done

without actual measurement of X .

The first output of the FRSS procedure is the set of k& * n observations, called a
fuzzy ranked set sample. The second output is the set of membership degrees of the

observations which represent the degrees of affiliation to each rank. my, j(r) means
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membership degree of hth chosen unit from the jth cycle for rank r, r = 1,2, ..., k.
(The chosen units from jth cycle are represented by a vector O;and their membership
degrees are given in a matrix M; for clarity in the illustration for j = 1,2,...,n in

Figure 3.4).

Cycle 1
(Y1 < Y1 < Y] [ X111 [my1(1) my1(2) my1(3)]
Yy S Yo s Ye)1| = 0y = | Xpn | and My = [ma1(1) mp1(2) my:(3)
Y1 < Y2)1 < Yiz)1) [ X311 m31(1) m3,(2) m31(3)]
Cycle 2
_Y(l)z < Y(z)z < Y(a)z_ _x[1]2 _ml,z(l) ml,z(z) m1,2(3)'
Yz < Yz < Yiayz| = 0, = | Xpzjz [and M, = [mp2(1) myp2(2) my2(3)
Y2 < Y22 < Y3)2 [ X[3)2 M3 (1) m35(2) msz,(3)]
Cyclen
Yin < Yo < Y X[1]n my (1) my,(2) my,(3)
Yiyn < Yon S Yaon| = Op = [Xp2in [and M, = |myn(1) mpn(2) my,(3)
Y1)n < Y2)n < Y3)n X[3n mzn(1) mzn(2) msz,(3)

Figure 3.4 FRSS procedure with a single ranker Y and set size k = 3

It can be seen in Figure 3.4, the units chosen to sample, Xp,;; (b = 1,2,...,k and
j = 1,2,....n), are the same in both the RSS and FRSS procedures when there is a
single ranker. However there is additional membership information about the ranks,

mpj(r)(h=1,2,..,k,h=1,2,....kand j = 1,2, ..., n) in the FRSS procedure.

3.4 Estimation of the population mean based on FRSS

From the FRSS procedure, we obtain two outputs: first are the observations and
second is the membership degree matrix consisting of the membership degrees of the
observations to each rank. In our approach, we propose to use these membership
degrees as the weights of the observations for calculation of the average of each rank.
Let X, X, Xz, -+ Xpnyjs -+ - » X[ be the sample obtained by FRSS from the

2

underlying distribution F' having finite variance o°. Let the membership degrees,
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mp(r), for h = 1,2,...,k, j = 1,2,..,nand r = 1,2,...,k be determined
considering the assumptions defined in the previous section. Using the membership
degrees as weights of the units, the estimator of the population mean based on the

FRSS procedure is introduced as follows.

k
_ 1 _
XFRSS - E Z FRSS» (3-8)

where

The new estimator X prgg has the same settings as the prorated estimator given in
MacEachern et al. (2004) and Ozturk (2011c, 2013) although the determination of

weights does differ. For example, similar to the prorated estimator in eq. (2.22),

mp,;(r)
22:1 Z?:l Mh,j
estimation. Thus one can easily see that X prgs has the same asymptotic properties,

mp,;(1) Xn); assigns a proportion, ( (r)), of X(p,); to post-stratum / in the

such as asymptotic normality proved by Ozturk (2013), as the estimators in the

equations (2.22) and (2.29).

We also give a remark on the unbiasedness of the new estimator with some special

assumptions.

Remark 3.4.1. Let X be the random variable we want to measure after obtaining
the sample via FRSS and the underlying distribution of X is symmetric over 0. If a

symmetric matrix containing fixed numbers and satisfying the assumptions;

* the diagonals are 1
* mn(r) = my(h)
s mplk—r+1)=m.(k—h+1)
is used as a common membership matrix for all of the cycles, the proposed estimator

44



Xrrss is an unbiased estimator.

Proof. We obtain the membership matrix with the assumptions defined in the remark

for k = 3,4 and 5, for example, as follows.

- . 1 a b ¢ d
1 a b ¢

1 a b a 1 e f ¢
a 1l d b

a 1 al, and [b ¢ 1 e b
b d 1 a

b a 1 c f e 1 a
c b al

- - d ¢ b al

First, we can write the expectation of the new estimator as

E (Xprss) = ( ZZZ - (r) Xpny ) (3.9)
r=1h=1 j= 1zzmh

h=1 j=1

The right-side of the eq. (3.9) is equal to

_E<|:k:— + ...+ k—:| (X[l]l + ...+ X[l]n)—f‘

k
anh(l) anh(k:)

..+[k—+...+k— (X + o+ Xpign) |-

anh(l) anh(k)

Recalling from the order statistics background of RSS, we know that expected values
of hth ordered observations of random sets of n cycle chosen from the same population
are equal, £(X1)1) = E(Xqy2) = -+ = E(Xyn) = E(Xq)). Also the hth ordered
units in each cycle have the same membership degree for rank r, my, 1 (1) = mpa(r) =

.. = my (1) = my(r), when we use a single membership matrix for all of the cycles.

45



From there, we can rewrite the last equation;

L1 ([% o ml—(k)] nk (Xm) + -

kn T
> mi(1) > “mu(k)
h=1 h=1 (3.10)
.+ [kmk& +..+ k;} nE (Xpy) >
th(l) th(k)

Describing the multiples of the expectations as the weights of expectations, it can
easily be calculated that the weight of F (X[h]) is equal to weight E (X[k_h+1]).
Therefore eq. (3.10) becomes

([ ] ) + ] + -
th(l) mh(k)

h=1 h=1 (311)
+|:k—+"'+k—:| [E (X[g]) +E<X[§+1])} .
> ma(1) > “m(k)
h=1 h=1
Arnold et al. (1992) (page 27) show that E (X(h)) = -k (X(k,hﬂ)) if the

underlying distribution of X is symmetrical over 0. Finally, the expectation becomes

E (Xprss) = 0= px. (3.12)

We note that, the proof is given for even set sizes. It can be easily obtained for
odd set sizes in the same way. Remark 3.4.1 could be useful for the following kind of
cases. For a simple application of the FRSS method, the researcher may prefer to use

a single membership matrix with fixed values instead of determining the memberships
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of each unit individually. This remark also gives us an idea about how we can achieve
unbiased results for the new estimator in the cases of symmetric distributions which is

now examined in the following chapter.
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CHAPTER FOUR
SIMULATION STUDIES

In this section, we examine the performance of the new method with simulation
studies for both single and multiple ranker cases. If the performance is examined for
only perfect ranking conditions, it is quite easy to generate data sets and rank them with
actual measurement. But if imperfect ranking conditions are also considered, we need
a method which aims to capture the uncertainty of imperfect ranking in the real life
applications. The studies focusing on imperfect ranking and modeling this uncertainty,
given in Section 2.4, are also used for the simulation of the imperfect ranking. Since
it is the most widely used method in RSS studies, we follow Dell & Clutter (1972)’s

method for the generation of data sets from different distributions.

We use Dell & Clutter (1972)’s method in our study as follows. Let X be the
variable of interest and Y be the concomitant variable used for ranking in the study.
Let also X, X5, ---, Xy be the true values of the units which are obtainable by
accurate measurement in a real life application. W is the population size and chosen
as 10000 in our study in order to have a finite but quite large sample. Then the X’s

and Y’s may be regarded as realizations of linked random variables X , Y;

Yi=9(X;, Z;), fori=1,2,.... W

where Z; is defined as judgment error term for the single-valued function of g. Z;’s are
generated from normal distributions Z ~ N(0, 0?). Then the concomitant variable is

computed with the simple formula devised by Dell & Clutter (1972).

Yi=X,+2;, fori=1,2...W (4.1)

where X1, Xo, ---, Xw, Z21, Zs, - - -, Zy are mutually independent.

We use correlation levels of the variable of interest X; and concomitant variable
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Y, pxy = p, as the level of imperfect ranking. 1t is quite easy to determine o2 of the
judgment error term Z; for different correlation levels when we generate normally
distributed X;. For the other distributions, we determine the value of o2 for the

judgment error term Z; by testing.

4.1 Single ranker case

We first generate data sets from different symmetric and asymmetric distributions
in order to compare the methods for single ranker case. The ranking mechanism is
modeled through the Dell & Clutter (1972) method. The accuracy and efficiency of
the proposed sampling design and former ones (SRS and RSS) are addressed. We
have studied on the estimators’ unbiasedness for their accuracy and obtained at the
mean squared errors of the estimators for their efficiency. The two kinds of method to
determine membership degrees in the ranking process were introduced previously.
Thus we have two mean estimators X rrss_rp and X prss_cr as the estimator where
the memberships are calculated using the relative distance method given in eq. (3.3)
and the Gaussian type method given in eq. (3.4), respectively. The relative

efficiencies are defined in terms of mean squared errors (MSE) as follows;

_ MSE(XSRs) _ MSE(XRSS)
REL = MSE(XFRSS—RD)’RE2 " MSE(Xrrss-rp)’

(4.2)

_ _ MSE(Xsrs) _ _ MSE(Xgrss)
RE3 = MSE(XFRsstT)’REZL ~ MSE(Xfprss—ar)’

The set sizes are chosen as 2, 3, 4 and 6. The least-common-multiple value of 2, 3,
4 and 6 is 12. Thus we can see the performance of the new estimators in different set

sizes for fixed sample sizes, 12 and 24.

According to Table 4.1 and Table 4.2, we can say that the new estimators perform
quite well compared to the estimators of the SRS and RSS methods. The relative

efficiencies are greater than 1 in the most of the cases. Some of the remarkable results
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Table 4.1 Relative efficiency results for FRSS-RD compared with SRS and RSS

RE1 \ RE2
Dist. SSizekn p=1p=09p=08p=0Tp=06p=1p=09p=08p=07p=0.6

12 26 1425 1321 1242 1.206 1.165 1.000 1.000 1.000 1.000 1.000

342045 1.695 1475 1332 1.196 1.103 1.057 1.025 1.011 0.991
3 2756 1.966 1.641 1.411 1259 1.180 1.093 1.041 1.017 1.003
2 3771 2484 1.801 1.546 1.359 1.238 1.110 1.047 1.024 1.001
12 1.487 1328 1.28 1.167 1.136 1.000 1.000 1.000 1.000 1.000
2.119 1.758 1.539 1349 1.181 1.110 1.052 1.024 1.004 0.992
2,676 2.005 1.616 1.380 1.282 1.166 1.083 1.042 1.014 0.998
4.042 2420 1.874 1.476 1311 1.232 1.112 1.051 1.022 1.001

N(10,5)

24

12 1.522 1387 1296 1.197 1.123 1.000 1.000 1.000 1.000 1.000
2.121 1.776 1.529 1.299 1.176 1.061 1.041 1.015 0.991 0.987
2.800 1.953 1.717 1.414 1.301 1.120 1.047 1.017 1.000 0.986
3.737 2.486 1907 1.538 1.373 1.053 1.057 1.019 1.000 0.993
12 1.478 1.076 1.059 1.055 1.038 1.000 1.000 1.000 1.000 1.000
2.188 1.140 1.039 1.026 0.984 1.063 1.040 1.029 1.000 0.987
2,692 1.171 1.073 1.022 0.991 1.167 1.048 1.000 1.020 1.000

3.889 1.218 1.106 0.998 1.013 1.111 1.000 1.000 1.000 1.000

Uni(0,1)

N WA NS SN

24

12 1.363 1.274 1.180 1.121 1.077 1.000 1.000 1.000 1.000 1.000
1.914 1588 1374 1.300 1.184 1.163 1.092 1.050 1.033 1.008
2425 1971 1593 1418 1.198 1.280 1.151 1.090 1.048 1.025
3.128 2.289 1.803 1.475 1.339 1.298 1.146 1.086 1.048 1.033
12 1.359 1.242 1.169 1.162 1.092 1.000 1.000 1.000 1.000 1.000
1.956 1.601 1.421 1.218 1.195 1.161 1.098 1.062 1.026 1.007
2364 1904 1.524 1311 1.240 1.205 1.126 1.071 1.034 1.019

2770 2.031 1.682 1470 1.216 1.122 1.069 1.015 0.997 0.986

Exp(1)

N WA NS SN

24

12 1.147 1.154 1.068 1.169 1.035 1.000 1.000 1.000 1.000 1.000
1.697 1.565 1310 1.300 1.177 1.281 1.194 1.153 1.126 1.072
2272 1.872 1502 1.414 1.201 1.608 1.299 1.205 1.143 1.095
2.968 2.051 1.708 1.562 1.301 1.880 1.423 1.285 1.293 1.261
12 1.142 1.113 1.122 1.063 1.066 1.000 1.000 1.000 1.000 1.000
8 1.592 1.555 1.275 1.279 1.177 1.355 1.183 1.098 1.100 1.058
6 2.153 1.797 1.535 1.421 1.249 1395 1.296 1.230 1.169 1.075
4

2708 1988 1.642 1.444 1.217 1.759 1335 1.223 1.125 1.061

LogN(1,2)

N WA N SN

24
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in Table 4.1 are given below.

For N(10, 5) case, relative efficiency rises to 4.042 in comparison to FRSS-SRS
and to 1.232 in comparison to FRSS-RSS.

For Uni(0, 1) case, relative efficiency rises to 3.889 in comparison to FRSS-SRS
and to 1.167 in comparison to FRSS-RSS.

For Exp(1) case, the relative efficiency rises to 3.128 in comparison to FRSS-

SRS and to 1.298 in comparison to FRSS-RSS.

For LogN (1,2) case, relative efficiency rises to 2.968 in comparison to FRSS-

SRS and to 1.880 in comparison to FRSS-RSS.

For applications of symmetric distributions, relative efficiency generally
increases when the sample size increases in the comparisons with FRSS-SRS

and FRSS-RSS.

For applications of asymmetric distributions, the relative efficiency generally
decreases when the sample size increases in the comparisons with FRSS-SRS.

However the comparison with FRSS-RSS has a reverse situation.

Some of the remarkable results in Table 4.2 are given as follows.

For N(10, 5) case, relative efficiency rises to 4.716 in comparison to FRSS-SRS
and to 1.433 in comparison to FRSS-RSS.

For Uni(0, 1) case, relative efficiency rises to 3.842 in comparison to FRSS-SRS
and to 1.111 in comparison to FRSS-RSS.

For Exp(1) case, relative efficiency rises to 2.697 in comparison to FRSS-SRS
and to 1.138 in comparison to FRSS-RSS.

For LogN(1,2) case, relative efficiency rises to 2.366 in comparison to FRSS-
SRS and to 1.464 in comparison to FRSS-RSS.
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Table 4.2 Relative efficiency results for FRSS-GT compared with SRS and RSS

RE3 \ RE4

Dist. SSizekn p=1p=09p=08p=0Tp=06p=1p=09p=08p=0.7p=0.6
12 26 1.743 1445 1274 1.198 1.109 1.139 1.072 1.025 1.011 0.983
342435 1.792 1478 1.316 1.125 1.232 1.115 1.036 1.002 0.974
3 3.040 2.139 1.613 1399 1.218 1.319 1.122 1.030 0.991 0.969
2 4716 2.636 1.843 1473 1296 1431 1.153 1.048 0.982 0.955
12 1.703 1.447 1348 1.123 1.118 1.147 1.089 1.023 0.995 0.976
2420 1.803 1.512 1.291 1.182 1.231 1.115 1.037 0.991 0.966
3.159 2.058 1.637 1376 1.186 1.311 1.120 1.032 0.979 0.952
4486 2.619 1.828 1.526 1.275 1.433 1.142 1.035 0.986 0.960
1468 1.328 1.253 1.175 1.109 1.000 1.000 1.000 1.000 1.000
2.000 1.647 1.417 1245 1.150 1.000 0.980 0.986 0.964 0.950
2.630 1913 1.646 1.269 1.266 1.037 0.978 0.969 0.944 0.937
3.842 2324 1.875 1.479 1.231 1.053 1.000 0.982 0.948 0.944
121.478 1.065 1.042 1.006 1.000 1.000 1.000 1.000 1.000 1.000
1.889 1.138 1.046 1.011 1.012 1.059 0.959 0.942 0.950 0.943
2429 1.198 1.107 1.070 1.000 1.077 0.957 0.934 0.941 0.944
3.500 1.252 1.073 1.050 1.032 1.111 0.955 0.958 0.944 0.936
1.329 1.230 1239 1.169 1.076 1.000 1.000 1.000 1.000 1.000
1.314 1.321 1.195 1.167 1.068 1.026 1.016 1.011 1.004 1.001
1.318 1.265 1.163 1.171 1.113 1.000 0.999 1.000 1.000 0.999
1.288 1.204 1.199 1.115 1.114 1.000 1.000 1.000 1.001 1.000
12 1.344 1.257 1.177 1.144 1.052 1.000 1.000 1.000 1.000 1.000
1.770 1.536 1.347 1.185 1.095 1.098 1.051 1.022 0.990 0.982
2.180 1.750 1.498 1.295 1.181 1.138 1.059 1.026 1.003 0.984
2.697 2.012 1.596 1.403 1.262 1.112 1.036 1.005 0.977 0.983
1.154 1.065 1.057 1.116 1.080 1.000 1.000 1.000 1.000 1.000
1.582 1.447 1295 1.177 1.120 1.208 1.187 1.086 1.060 1.003
1.871 1.558 1.320 1.227 1.149 1.278 1.245 1.112 1.047 1.038
2366 1928 1474 1401 1.168 1.464 1288 1.190 1.107 1.012
12 1.118 1.129 1.131 1.105 1.046 1.000 1.000 1.000 1.000 1.000
8 1.558 1.413 1.258 1.207 1.064 1.147 1.089 1.057 1.027 1.007
6 1.843 1.532 1367 1246 1.103 1.241 1.150 1.088 1.042 1.016
4 2,109 1.823 1471 1377 1.229 1.319 1.183 1.117 1.078 1.035

N(10,5)

24

12

Uni(0,1)

N W NP O

24

Exp(1)

N WA NS N

24

12

LogN(1,2)

N WA NS N

4
6
2
3
4
6
2
3
4
6
2
3
4
6

12 2
3
4
6
2
3
4
6
2
3
4
6

24 2

3
4
6
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When we compare the new estimators with each other, we can say that X rrgs_rp
is more efficient than Xppss_or. Xrrss—qr is more efficient only in cases where
distribution is normal and correlation is very high (p > 0.9). The performance of
Xrrss—qr is relatively low in the other cases, especially in the lower correlation levels.
The accuracy results are given in Table 4.3. We can say that numerically the new
estimators produce unbiased results where X and Y come from symmetric-distributed
populations. However there are small biases toward increasing set sizes in asymmetric

distributions. For a general discussion, we can indicate the following:

* The new estimators work well for medium-and-higher correlation levels of the
response and the concomitant variable. Relative efficiencies increase as the
correlation level of the concomitant variable increases. This result indicates
that the FRSS method could be a good alternative for researchers having a

relatively good ranker (human expert or concomitant variable) in their studies.

* Relative efficiency increases when the set size increases for fix sample size. It
means that the proposed estimators constructed based on FRSS can be more

useful for cases where the set sizes are relatively big.

As a final comment, we note that the units chosen for sampling are the same in RSS
and FRSS if the same sets and ranker are used in the procedures. The only difference
is the additional membership information in the procedure of FRSS and its usage in
the estimation of the population mean. Therefore, it can be said that increases in the
relative efficiencies of the estimators based on the FRSS result from the additional
information of memberships. Or, in other words, the single ranker case results indicate
that ”defining memberships and using them in the estimation as weights” could be a

useful idea to improve efficiency in RSS.
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Table 4.3 Accuracy results for FRSS estimators

N(10,5) \ Uni(0,1)

SSizek n p=1p=9p=8p=T7p=6p=1p=9p=8p=7p=.6

12 2 6 0.00 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

34 000 0.00 0.00 0.00 000 0.00 000 0.00 0.00 0.00

4 3 000 0.00 000 000 000 0.00 000 0.00 0.00 0.00

6 2 0.00 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

24 212 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

3 8 000 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

4 6 000 0.00 000 000 000 0.00 000 0.00 0.00 0.00

6 4 000 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

XFRSS—RD

Exp(1) \ LogN(1,2)

SSizek n p=1p=9p=8p=T7p=6p=1p=9p=8p=.T7p=.6

12 2 6 000 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

34 002 0.02 0.02 0.02 002 0.04 004 004 0.04 0.04

4 3 004 004 004 004 004 0.07 0.07 0.07 0.07 0.08

6 2 007 0.07 0.07 0.07 0.07 011 0.10 0.11 0.12 0.11

24 212 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

3 8 002 0.02 0.02 002 002 0.04 004 004 0.04 0.04

4 6 004 004 004 004 0.04 0.06 0.07 0.07 0.07 0.07

6 4 007 0.07 0.07 0.06 006 011 o0.11 o0.11 0.11 0.11
N(10,5) \ Uni(0,1)

SSizek n p=1p=9p=8p=T7p=6p=1p=9p=8p=T7p=.6

12 2 6 0.00 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

3 4 000 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

4 3 000 0.00 0.00 000 000 0.00 000 0.00 0.00 0.00

6 2 000 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

24 212 0.00 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

3 8 000 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

4 6 000 0.00 000 000 000 0.00 000 0.00 0.00 0.00

6 4 000 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

XFRSS—GT

Exp(1) \ LogN(1,2)

SSizek n p=1p=9p=8p=T77p=6p=1p=9p=8p=.7p=.6

12 2 6 000 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

34 000 0.00 0.00 0.00 000 0.00 000 0.00 0.00 0.00

4 3 000 0.00 000 000 000 010 0.10 0.10 0.10 0.10

6 2 010 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10

24 212 0.00 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

3 8 000 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00

4 6 000 0.00 000 000 000 0.10 0.10 0.10 0.10 0.10

6 4 010 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10
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4.2 Multiple rankers case

In some of RSS applications, there is more than one ranker (human experts,
concomitant variables or both) available and each of these rankers provides judgment
for the ranking of units. The experience levels of the human experts or the correlation
levels of the concomitant variables are usually different. Furthermore, their rank
decisions are usually not the same. For these kind of situations, we referred to a
combination method in Section 3.2.3. In this section, a simulation study is conducted
to draw conclusions about the performance of FRSS for multiple rankers cases where
the variable of interest X and concomitant variables Y7, Y5 and Y3 are generated from

the multivariate normal distribution (m, ¥) where

5 012 013 014

AT A
m = [10,8,5,3] and ¥ = 2,1 23 024
031 032 3 034

LU4,1 O42 043 3

The covariances, 0; ;’s, are computed from p; ; = 0, ; /0,0, for various correlation
levels. Only relative distance method, membership function given in eq. (3.3), is used
to determine the membership degrees because of the more efficient results given in the
previous section. The estimation of the population mean is obtained individually for
each of the combination operations, avg, min and maz. RSS1, RSS2 and RSS3
represent the methods of classical RSS where the concomitant variables Y7, Y5 and
Y3 are used as a single ranker, respectively. RSS — M represents the combination
method and mean estimator defined by Ozturk (2011a). Empirical mean square errors
are computed with a repetition rate of 10000 in the simulation study and the results are

summarized in Table 4.4 in terms of the relative efficiencies.
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_ _MSE(Xsrs) _ MSE(Xgss1)
RES = MSE(XFRSS)’RE6 ~ MSE(XFrrss)’

_ MSE(Xpss2) _ MSE(Xpsss)
RET = MSE(XFRSS)’RE8 - MSE(Xrrss)’ (4.3)

_ MSE(Xpss—um)
RE9 = MSE(XFRrss)

According to the results in Table 4.4, the idea of combining the decisions of the
multiple rankers generally works well. Some of the discussions on combination

operations based on the results in Table 4.4 are given bellow.

* The FFRS'S estimator based on the avg combination method is more efficient
than the SRS, RSS and RSS — M methods for estimation of the population

mean in all cases.

» The results of the new estimator X prgs_min, are not as good as the results of

Xr RSS—avg- Nevertheless, its performance is generally close to the performance

OfXFRSS—avg~

+ The results of the estimator X prgg_maee are worse than its counterparts even

though they are better than SRS and standard RS.S in most cases.

* The min operation does not work for set size 2 because of the formulation in eq.

(3.3)

The numerical superiority of the avg combination was not a surprise but the low
performance of the other operations, especially the performance of the max
operation, was unexpected. We think that better results may be obtained if a more

efficient operation is defined for the liberal combination of the rank decisions.
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Table 4.4 The relative efficiency results of Xrrsg with multiple rankers

Corr. Levels
pl-p2-p3

Set
Size

Cycle
Size

XFRSS—avg

XFRSS—min

XFRSS—maa:

RES5

RE6

RE7

RES

RE9

RES5

RE6

RE7

RES

RE9

RES

RE6

RE7

RES

RE9

(95-95-95)

2

(@)}

1.538
2.117
2.858
3.980

1.108
1.241
1.351
1.505

1.111
1.245
1.349
1.482

1.110
1.245
1.368
1.506

1.000
1.056
1.089
1.132

*

1.864
2.598
3.704

*

1.092
1.227
1.401

*

1.096
1.226
1.379

*

1.096
1.244
1.401

*

0.930
0.990
1.053

1.486
2.056
2.665
3.416

1.070
1.205
1.259
1.292

1.074
1.209
1.258
1.272

1.072
1.209
1.276
1.292

0.996
1.026
1.016
0.971

(95-90-30)

1.443
1.864
2.275
2.770

1.017
1.067
1.065
1.057

1.055
1.148
1.202
1.220

1.367
1.803
2.146
2.668

1.000
1.040
1.077
1.158

%

1.522
2.016
2.566

*

0.871
0.944
0.979

*

0.937
1.065
1.130

*

1.472
1.902
2473

*

0.849
0.954
1.073

1.095
1.315
1.449
1.548

0.772
0.752
0.678
0.591

0.800
0.809
0.766
0.682

1.037
1.271
1.367
1.491

0.759
0.734
0.686
0.647

(70-70-60)

1.398
1.706
1.986
2.368

1.170
1.311
1.436
1.604

1.165
1.337
1.421
1.612

1.244
1.418
1.580
1.844

1.000
1.023
1.090
1.156

%k

1.432
1.761
2.230

*

1.078
1.273
1.511

*

1.092
1.260
1.518

*

1.099
1.401
1.737

*

0.794
0.966
1.089

1.203
1.389
1.496
1.570

1.007
1.068
1.082
1.064

1.003
1.089
1.070
1.069

1.071
1.155
1.190
1.223

0.861
0.833
0.821
0.766

(95-65-30)

1.400
1.762
1.973
2.456

0.974
0.975
0.960
0.938

1.182
1.344
1.534
1.731

1.323
1.704
1.912
2.279

1.000
1.058
1.131
1.284

%

1.367
1.802
2.392

*

0.756
0.877
0.914

*

1.043
1.401
1.686

*

1.322
1.746
2.220

*

0.821
1.033
1.251

1.107
1.309
1.369
1.457

0.770
0.724
0.666
0.556

0.935
0.999
1.064
1.027

1.046
1.266
1.326
1.352

0.791
0.786
0.784
0.762

(95-35-30)

1.261
1.578
1.730
2.138

0.901
0.866
0.839
0.795

1.188
1.457
1.633
1.989

1.233
1.472
1.646
1.977

1.000
1.086
1.185
1.366

%

1.311
1.671
2.182

*

0.719
0.810
0.811

*

1.211
1.577
2.030

*

1.223
1.589
2.017

*

0.902
1.145
1.394

1.065
1.219
1.192
1.298

0.761
0.669
0.578
0.483

1.003
1.126
1.125
1.208

1.041
1.137
1.134
1.200

0.844
0.839
0.817
0.829

(30-30-30)

AN PR WNOAN R WP WD PR WD B WD B W

N W A NN WA AN WA ONN WERERONDND WD WA

1.086
1.086
1.153
1.218

1.027
1.093
1.083
1.110

1.054
1.094
1.077
1.117

1.056
1.047
1.087
1.111

1.000
1.024
1.032
1.081

*

0.783
1.030
1.124

*

0.788
0.968
1.024

*

0.789
0.963
1.031

*

0.755
0.972
1.025

*

0.738
0.923
0.998

1.002
1.021
1.079
1.113

0.948
1.027
1.013
1.013

0.973
1.028
1.008
1.021

0.975
0.983
1.017
1.015

0.923
0.962
0.966
0.988




Some of the other remarkable results in Table 4.4 are as follows.

* For the avg operation, the idea of combining the decisions of multiple rankers
works well even if one of them has a really low correlation level (95 — 90 — 30).
The results of the FRSS estimator with multiple ranker are even better than the

estimator based on RSS with a highly-correlated ranker.

* For the avg operation, the combination of the rank information coming from 3
moderately-correlated (70 — 70 — 60) variables increases the efficiency more
than 2.3 times compared with the SRS method, 1.6 times compared with the
standard RS'S methods and 1.1 times compared with the RS'S — M method. The
combination of the rank information coming from 3 low-correlated (30 —30—30)
variables enhances the efficiency more than 1.2, 1.1 and 1.08 times, respectively.
These results encouraged us to promote our new method for cases where there are
concomitant variables with only moderate or low correlation levels (this situation

is more likely to be faced in real life applications).

* Combining the rank information coming from 3 concomitant variables which
have similar correlation levels (95 — 95 — 95, 70 — 70 — 60 or 30 — 30 — 30)
using the avg operation enhances the efficiency of the estimator in comparison
with the estimators based on single ranker RSS and RSS-M. It could be another
important result because it indicates that our new method with the combination of
rank decisions coming from the multiple rankers could be a good alternative for
those cases such as when the researcher has more than one concomitant variable

having a similar correlation level.

* There is only one case where the avg operation is not the best. In the 95 —
35 — 30 case (combination of rank information coming from 2 low-correlated
concomitant variables and a highly-correlated one), the min operation in fact

performs best.
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CHAPTER FIVE
REAL DATA APPLICATIONS

In this section, we apply the proposed procedure to real data sets coming from two
different biometric studies. We pay regard to two points for the selection of the
studies. The first one is the convenience for the application of RSS. We know that
RSS is a cost-efficient sampling method if and only if the units are ranked without
actual measurement of the variable of interest and the ranking cost (the measurement
cost of the concomitant variable or the cost of expertise) is lower than the cost of
actual measurement of the variable of interest. Thus, the studies in this section
include the property that the actual measurement of the variable of interest is
relatively time-consuming or expensive than the measurement of the concomitant
variable. The second point is the potential for the usage of our new method in the
field of the study. Thus, we focus on the biometric studies which the RSS method is

first used in and widely applied.

5.1 The blood glucose dataset application

We first addressed the data set from the biometric study of Daramola (2012).
Glycosylated hemoglobin (hbAlc) and random blood glucose (rbg) values were
derived from 349 patients attending a hospital out-patient department in the original
study. The test of hbAlc is a diabetic test to measure glycated hemoglobin which
occurs when the hemoglobin protein within the red blood cells combines with the
glucose in the blood. Since the red blood cells in our body survive for several weeks
(up to 12 weeks) before renewal, medical practitioners can obtain average blood sugar

levels over that period.
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HbA1lc % HbA1e mmol/mol
(old units) Range (new units)

Figure 5.1 hbAlc levels (healthnavigator.org, 2017)

The rbg test checks the glucose level in the blood at the time of measuring. It is

easily done by pricking the finger to draw a small drop of blood which is wiped onto a

test strip that gives the glucose level results.

MEAN BLOODD GLUCOSE
HbAlc mg/dl mmol/L
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Figure 5.2 Rbg test levels

In this example 349 patients in the dataset are supposed as the population. The
concerning feature is the hbAlc values of the patients. We know that the hbalc test is
more time consuming and around ten times more expensive than the rbg test. Thus the
rbg test can be used as a concomitant variable to obtain a fuzzy-weighted ranked set
sample of the patients. The F'RS'S procedure where the memberships are determined
using the relative distance method is applied with settings setsize = 3, cyclesize = 4

as given in Table 5.1.
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Table 5.1 Blood glucose data set application of the F'RSS procedure with a single ranker case and the
mean estimation

Cycle Concomitant Membership Sample
variable degrees
() Y1, Ya, Ys;  rankl rank2 rank3 (X)

Setl 5978 7.134 11.179 1.000 0.778 0.000  5.392

1 Set2 6.800 10.401 17.549 0.665 1.000 0.335  11.144
Set3 6.578 7428  7.883  0.000 0.651 1.000  9.248

Setl 6.493  6.505 10.841 1.000 0.997 0.000 11.471

2 Set2 5978 6447  9.027 0.846 1.000 0.154  5.131
Set3 6.727 6.816 11.554 0.000 0.018 1.000 12.974

Setl 5978 7473 9465 1.000 0571 0.000  5.850

3 Set2 8.059 8380 8469 0.217 1.000 0.783  8.464
Set3 5.173 5379 11.016 0.000 0.035 1.000 10.882

Setl 6391 6.670 11.895 1.000 0931 0.000 14.085

4 Set2 9.525 14912 15714 0.130 1.000 0.870  18.268
Set3 6578 9422 16.101 0.000 0299 1.000 26.176

Xpss = 11.590

Xrres = 11.290

We can see in Table 5.1 that the units chosen to sample are the same in RSS and
FRSS. The slight difference in the estimation comes from the additional membership
information in the procedure of FRSS and its usage in the estimation of the population

mean.

5.2 The abalone dataset application

In the second application, the real data set (called the abalone data set) obtained
from a biometrical study of Nash et al. (1994) about Blacklip Abalones is used to

observe the performance of our new method. Haliotis rubra, blacklip abalone, is a
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marine gastropod mollusk which has a large and flattened shell. The Haliotis rubra
occurs along the south eastern Australian coastline and is one of the most exported

marine products of Australia (Mcllgorm & Goulstone (2001)).

Figure 5.3 Haliotis rubra (Mcllgorm and Goulstone, 2001)

The original study was conducted to predict the age of the abalones, an expensive
and time-consuming task, from their physical measurements. In their study, Nash
et al. (1994) suggested using other physical measurements which are easier to obtain
through a regression model to predict the age of the abalones. The data set contains
4177 units with the variables, Sex, Length (mm), Diameter (mm), Height (mm),
Whole weight (grams), Shucked weight (grams), Viscera weight (grams),
Shell weight (grams), Rings (integer +1.5 gives the age in years).
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Figure 5.4 The habitat and the main trade area of Haliotis rubra

We first apply the proposed F'RSS procedure and the mean estimation for a single
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ranker case where diameter is chosen as the concomitant variable Y and number of
rings is chosen as the variable of interest, X. FRSS procedure where the
memberships are determined using the eq.3.3 is applied with the settings k = 3, n =4

as given in Table 5.2.

Table 5.2 Abalone data set application of the F'RSS procedure with a single ranker and the mean
estimation

Cycle Concomitant Membership Sample
variable degrees
() Y1, Ya; Ys;  rankl rank2  rank3 (X)

Setl  0.315 0.335 0405 1.000 0.778  0.000
1 Set2 0255 0420 0540 0421 1.000 0.579
Set3 0270 0.440 0570 0.000 0.568  1.000
Setl 0.185 0430 0460 1.000 0.109 0.000
2 Set2 0360 0.405 0505 0.690 1.000 0.310
Set3  0.360 0450 0525 0.000 0.546 1.000 11
Setl 0.400 0.460 0495 1.000 0369 0.000 9
3 Set2 0355 0385 0440 0.647 1.000 0.353 8
Set3 0440 0470 0495 0.000 0.547 1.000 13
Setl 0305 0435 0495 1.000 0.316 0.000 10
4 Set2  0.260 0.350 0.440 0.500 1.000 0.500 10
Set3  0.310 0420 0475 0.000 0.546 1.000 18
Xrss = 9.750
Xrrss = 9.868

o O O 2

We can see in Table 5.2 that Xppgg is slightly greater than Xpgg. (It was
Xrrss < Xpggs in Table 5.1 for the previous application.) This results indicates that
the additional membership information can affect the estimation of the population

mean bidirectionally.

We also give an application of the combination of the rank information coming

from multiple ranker for a single cycle and setsize = 3. Diameter, height and
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whole weight are chosen as the concomitant variables, Y7, Y5 and Y3, respectively.
The operations avg, min and max are applied separately to determine the
membership degrees. After determination of the fuzzy memberships, we can choose
the observation which has the highest membership degree for the concerned rank for

the sample.

Table 5.3 Applications of combination operations for a single set

Conc. Units Membership Comb. Combined

var. degrees method memberships
(© @ Y mi(l) mi2) mi(3) mi(1) mi(2) mi(3)
1 0390 1.000 0.500 0.000 0.867 0.789 0.133
1 2 0.510 0.000 0.500 1.000 avg 0.000 0.344 1.000
3 0450 0.500 1.000 0.500 0.789 0.867 0.211
1 0.135 0.600 1.000 0.400 0.667 0.333  0.000
2 2 0.150 0.000 0.400 1.000 min 0.000  0.000 1.000
3 0.125 1.000 0.600 0.000 0.333 0.667 0.000
1 0.769 1.000 0.868 0.000 1.000 1.000 0.400
3 2 1456 0.000 0.133 1.000 max 0.000 0.500 1.000
3 0860 0.868 1.000 0.133 1.000 1.000 0.500

As can be seen in Table 5.3 different operations can give different membership
degrees for the same unit and it sometimes means that different units are chosen to

sample.

We conduct a small simulation study to show the performance of the new method
using the abalone data set. The settings are determined as k = 4, n = 3 and C' = 3.
We tried to achieve two different objectives. Our first objective was to obtain the mean
estimation of the number of rings, X; diameter, height and whole weight were
chosen as concomitant variables, Y7, Y5 and Y3, respectively. The correlation levels of
the concomitants were 0.5747, 0.5575 and 0.5404 for this objective. For the second
objective, we wanted to obtain the mean estimation of the viscera weight , X, and

diameter, height and whole wetght were chosen as the concomitant variables. The
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correlation levels of the concomitants are 0.9030, 0.8997 and 0.9664 for the second
objective. Note that the membership degrees were determined based on the relative
distance method given in eq. 3.3 and the combination of the rank information was
done by using the avg operation. The relative efficiency results based on the empirical
mean square errors computed with a repetition rate of 10000 are summarized for both

objectives in Table 5.4.

Table 5.4 The relative efficiency results of the estimator based on FRSS for the abalone dataset

MSE(Xsgs) MSE(XRrss1) MSE(Xgss2) MSE(Xpss—m)

MSE(XFRss) MSE(XFRss) MSE(XFRss) MSE(XFRrss)
Ob;.1 1.1451 1.0129 1.0011 1.0122
Obj.2 2.0517 1.1090 1.0704 1.0486

The relative efficiency results in Table 5.4 are compatible with the simulation study
results in the previous section. The relative efficiency of the new estimator X » RSS—avg
is greater than 1 for both of the objectives. For the second objective in which the highly-
correlated concomitant variables are used, it increases to 2.05 and 1.10 in comparison
with SRS and RS'S . These results encourage us to say that our new method can be a

good alternative to the sampling methods using in the biometric studies.
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CHAPTER SIX
CONCLUSIONS

Ranked set sampling is an effective method of obtaining data and making
inferences about the population. The main impact of RSS is its use of the ranking
information of the units in the sampling mechanism. In the practice, the ranking
process is done without actual measurement of the variable of interest in RSS. Since,
there is an ambiguity in discriminating the rank of one unit with another without
actual measurement, this ranking process could not be perfect. This study provides a
fuzzy inspired perspective for dealing with the uncertainty occurring in the ranking
process of RSS. We constructed fuzzy sets in the ranking process to allow the units to
belong not only to the most possible rank but also to other possible ranks. A new
sampling procedure, called Fuzzy-weighted Ranked Set Sampling, was introduced to
obtain the sample units and their membership degrees. This new procedure can work
with both a human ranker and a concomitant variable. We defined the combination
methods for the ranking information coming from multiple rankers. Thus, the FRSS
procedure can be used in both single and multiple ranker cases. A new estimator for

the population mean based on the proposed sampling procedure was introduced.

The simulation studies for single-ranker and multiple-ranker cases were conducted
individually. The single-ranker case results show that the proposed sampling method
allows us to increase the efficiency of the 2SS method with the additional information
of membership degrees. There is no additional cost of ranking in FRSS method. The
relative efficiency increases with set sizes and the correlation levels and extends to 4.04
in comparison with SRS and 1.88 in comparison with RS'S for different cases. The
multiple-ranker case results show that the idea of the combination of the membership
degrees coming from multiple rankers performs quite well for the combining operations
avg and min. In particular, the mean estimator of the F'RS'S method based on the
avg operation provides substantial improvement over the counterparts based on SR.S,
single rankers of RSS and RSS — M. The improvement is generally maintained for

different correlation levels of the rankers even if the ranking performance of one of the
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rankers is quite low.

The numerical examples and simulation study results based on the biometric data
sets indicate that the new sampling method, F'RSS, could be a useful alternative to
SRS and RSS for data collection. The estimation of the population mean based on
FRSS is relatively more efficient than its counterparts and additionally its application

is not complicated.

Using our approach, further studies can proceed in different ways. Firstly,
researchers can improve FRSS by using new functions for the determination of the
memberships and/or new operations for the combination of the rank information
coming from multiple rankers. In particular, introducing new operations for the
liberal and the conservative combinations could be a good starting point. Based on
FRSS, new statistical estimators for different population parameters such as variance
and proportion can be defined. The density estimation, regression parameter
estimation or other estimations and tests which are studied in the RSS literature can
also be addressed. In another way, the FRSS procedure can be modified as in the
procedures Median RSS, Extreme RSS, Percentile RSS and so on. Finally, the
application of our new method to different real life problems can be beneficial for

practitioners.
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