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ABSTRACT 

STAIBILTY ANALYSIS OF REINFORCED CONCRETE SLENDER 

COLUMN 

 AREEJ TAHA YASEEN ALBU-ABOOD 

 M.Sc, Civil Engineering, Altınbaş University, 

Supervisor: Prof. Dr. Tuncer CELIK 

Co-Supervisor: Asst. Prof. Dr. Bassman Riyadh MUHAMMAD 

Date: Month/Year    6 / 2021 

Pages: (70) 

A study was made on 168 rectangular concrete columns (HSC, NSC) available in literature, tested 

under concentric and eccentric loads at short time. 149 RC slender columns have been 

experimentally tested and the rest are short. By using the theoretical predictions, test results are 

compared for the methods chosen of column capacity. Three current universal codes are being 

used (ACI 318M-19, BS 8110 and TS500). In this study, the flexural rigidity (EI), the stress 

intensity factor (α1), the ultimate compression Strain of concrete values are investigated to 

propose a new expression to predict the value of lateral deflection and the ultimate bearing 

capacity. For 12096 hypothetical rectangular RC slender columns. The proposed method will 

prove the effect of some properties of the column on the final bearing capacity and lateral 

deflection, such as (b/h, Lu/h, ρ). By the statically regression analysis of the columns, the effect 

of each factor will be shown. Comparisons between the proposed values and the standard value 

will be counted to observe the effect of the properties on the final values. 

To reach the maximum accuracy of the theory a comparison was made between ( Ptest / Pcalc) and 

it gave (COV=11.09)% and mean (X=1.21), also (Ptest / Pprop) and it gave (COV=8.88)% and mean 

(X=1.19), that mean the proposed method reached the acceptable level of accuracy. 

Keywords: Slender columns; Reinforced columns; Stability analysis. 
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1.INTRODUCTION 

The column is an important structural element, it is considered a compression member whose 

height is three or more times greater than the lateral dimension and it is mainly used to support 

loads in structure. Currently, there are several types and shapes of column, it will be different 

according to the type of reinforce such as columns reinforced with longitudinal bars in addition to 

closed spaced spirals. Also some types of columns contain composite compression elements that 

are reinforced longitudinally and with shape steel structure, and its shapes are tubes, pipes with or 

without additional bars. [1] 

 

All columns are subjected to the loads that are axially, uniaxial, or biaxial. At the present time, 

columns are most widely used are short column, which ultimate load is controlled at a specified 

eccentricity by the cross section dimensions and the bearing strength of the materials. also the 

slender column which is affected by slenderness and ultimate load which may cause transverse 

deflections in the column during the loadings. 

 

The theory that used to explain the effect of load on the structure is when the structure is subjected 

to a load at a certain point the structure will undergo deformation so that the bearing point moves 

towards the affecting general load. Sometimes the impact of deformations associated with forces 

with a critical axial load Euler (Pc) is large and causes high stress making the structure 

unserviceable. While, the nonlinear analysis of the structure and behavior of inelastic materials 

makes it extremely complex. As a result, Erule Buckling (Pc)[2] has an essential role in the analysis 

and its equation (1-1)  is explained below: 

 

Pc  = 𝜋2 EI / ( KLu )
2                                                                                                        ……. (1-1)  

 

Where 

 Pc =axial load on the structure, 

EI = flexural rigidity of the column,  

K = the effective length factor, 
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Lu =unsupported length of column,   

Can be written the eq ( 1-1 ) is another format :  

𝜎cr = 𝜋2 E  / ( KLu / r
2 )2                                                                                                 ……. (1-2) 

Where 

𝜎cr = the average stress over the cross-section at the critical load,  

E =modulus of elasticity of material,  

r =radius of gyration. 

Column slenderness is greatly affected by the lateral deflections that occur as a result of bending. 

Also, the effects of deflections depend on the type of loads and the conditions of the ends of the 

column. Slenderness ratio has been determined by different approaches ( KLu / r
 ) ,( Lu / r) , ( L / 

r). 

In slender column a secondary moment ( P ∆ ) is happening as a result from the deflection caused 

by the effect of the axial forces. The behavior of the column under the gravity effect alone or under 

load and gravity combined cannot be known precisely through first-order analysis[3].  

In the short column type, it has a low slenderness ratio where the ultimate strength is not affected 

by the height and there will be no secondary moments due to no deflections or it can be completely 

neglected. However, in slender column, the ultimate strength is affected by deflection. The type of 

load applied on the column determines the resulting deflection, it can be a single or double 

curvature. The column reaches the maximum value of the moments (first order analysis plus 

additional secondary moment) at the ends of the columns or within the heights, that means the 

maximum moments occur within the height between its ends for singular curve states (non-sway 

columns). Columns with non-sway frames that under effects double curvature, the secondary 

moments do not amplify the primary moments (first-order analysis) and occur at the ends. columns 

with sway frames that are not subjected to a high axial load, the magnification moments with high 

values may occur at the ends. Deformations occur in the columns while the structure is subjected 

to loads, which leads to a decrease in the rigidity of the column and beams
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Through the studies that have been made for the short column in non-sway frame, its shows that, 

when the decrease in the moments occurs due to the decrease in the stiffness is greater than the 

increase in the moments due to the deflection, then the load capacity of columns will increase 

while the maximum moments decrease.[4] 

For the slender column in non-sway frame, when the moments due to deflection increase more 

rapidly than the restraint moments, then the load capacity of columns will decrease while the 

maximum moments increase.[3][5] 

Fig ( 1-1 ) shows research made by Furlong and Ferguson [3] to explain the behavior of slender 

non-sway column. 

 

 

Fig ( 1-1 ) Behavior of column in frame tested by Furlong and Ferguson [3] 
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In order to find the values of forces and moments for columns in frames, an accurate analysis is 

required. since the second-order analysis is complicated, so alternative approach shall be taken 

magnified moment methods, this approach includes a first-order structural analysis and the values 

of lateral deflections (P ∆) are included.  

At the present time, there are many methods of analysis and design for columns and frames. To 

calculate the forces and moments. which will be further explained and discussed in Chapter Three. 

 

 1.1 OBJECTIVES 

The main objective of this work is to predict the bearing capacity of a reinforced concrete column. 

This research includes the Universal methods (codes) used for analysis and design (ACI 318M-

19, BS 8110 and TS500), and the method that has been proposed is provided with some 

modifications to the current methods. 

168 concrete columns available in the literature. Various models of rectangular concrete column 

are used in this work, includes short and slender, HSC and NSC columns. The samples were tested 

under concentric, eccentric and short time loading. 

 

1.2 CONTENT OF THE RESEARCH 

 

 This research is divided into five chapters, the first chapter the general definition and description 

of the types of columns and their behavior. The second chapter conducts extensive review of the 

research and a survey of the literature and its summarization. The third chapter analyze and explain 

the theories that were used to find these methods, whereas each method is described separately. 

Chapter Four, clarify the columns that are available in the laboratory based on the literature and 

the methods used to analyze 168 columns, and discuss its finding. Finally, chapter number five 

will describe and detail out the conclusions, suggest recommendations, and to be facilitated for 

further future research activities. 
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1.3  PURPOSE OF THIS RESEARCH  

 

As a result of the continuous urban development and the proliferation of tall buildings, modern 

technology methods have been found to produce high strength concrete (HSC), it is widely used 

in multi-story buildings (high-rise buildings). This type of concrete provides high structural 

efficiency as better bearing strength and improved stiffness. 

As the high-strength type of concrete is widely used in buildings and structures, therefore slender 

columns have evolved in their composition in practice. Several developments have been made in 

the formation of slender columns through some methods and expressions such as bending stiffness 

(EI), strain values ... etc, all these factors will directly effects on the column, whereby a new 

proposed formula will be formed to predict the values of bearing capacity and the values of 

deflections as a result of the imposed loads[6] . This is achieving by comparisons between the 

deflections and bearing capacity that obtained at the laboratory of 168 columns and the results 

obtained from the application of the new proposed formulas. 

This study includes a discussion of the quality of each method by analyzing different types of 

columns, slender, short, sway and non-sway frames and the columns that made of high strength 

concrete HSC and normal strength concrete NSC. 
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2.     LITERATURE REVIEW 

 

2.1      GENERAL 

During the past years, scientists have adopted several different methods to analyze and design 

building columns, along with understanding the behavior of these columns when load is applied. 

The suitable behavior of the slender columns depends directly on the additional length of the 

column; this factor will lead to the reduction in the column strength. According to the difference 

in the effective length, section width, slenderness ratio and end conditions of the column, all these 

factors determine the rigidity of the column.  

In order to accurately analyze the column, the forces and moments must be determined at each 

point in the column and adopt second-order analysis method to correspond the cross-section of the 

column resisting the loads. 

In this chapter, some present researches that explains and analyzes the behavior of slender concrete 

columns 

 

2.2       HISTORICAL THEORY   

For decades, tests have been conducted in several universities around the world to analyze and 

interpret the behavior of the concrete column cross-section under the influence of loads. The use 

of design and analysis theory depended on the ultimate strength of cross-sections is in effect come 

back to the original theory of design, the early design formulas were empirical, being depended on 

the failure due to loads of typical elements.  

One of the first theories to be used was called the theory of ultimate load,[7] Koenen’s theorem in 

1886 in north America which specified the distribution of concrete stress as a straight line and 

neutral axis at med-depths, and that shown in fig(2-1) below  
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One of the first theories to be used was called the theory of ultimate load,[7] Koenen’s theorem in 

1886 in north America which specified the distribution of concrete stress as a straight line and 

neutral axis at med-depths, and that shown in fig(2-1) below  

 

Many scientists have conducted research on the stress distributions of columns. These experiments 

and analysis show that using the principle of {rectangular stress block} type in design and 

analytical calculations will show more accurate and effective results.[8] In 1904, for the first time, 

Von Emperger proposed the use of a stress block with a rectangular shape. Many engineers at that 

time followed this formula, the most famous was C. S. Whitney, where his papers were from the 

literature of the design of ultimate strength design. 

 

 In the 1930s an extensive investigation of the ACI code was conducted on con-centrally loaded 

columns where a law was concluded stipulating that the final strength of the column is equal to 85 

percent of the force applied on the cylinder multiplied by the area of steel. Where the  approach 

used was a rectangular stress block with a maximum stress 0.85 fc` , where 𝛼1 = 0.85.  

 

Jensen[9], presented a study showing the stress distribution in the shape of a trapezoid and derived 

the properties of this shape as a function of the cylinder strength. Then the maximum value of the 

stress distribution was found by Hognestad[10] with a value equal to 0.85 use of the ascending 

parabola and a straight descending line after the maximum stress. 

 

Conclusions were presented through experiments conducted at that time in several universities, 

including Imperial College, University of London and University of Illinois in 1956, [7]Mattock 

created appropriate values for design and analysis through the parameters, where β1 mean ratio of 

the depth of the stress block and α1= 0.85 mean the intensity of stress, at the extreme; fiber of 

stress block shown in the eq (2-1) below: -  

β1= 1.05-0.05 (fc‘/6.9)≤0.85                               for fc‘ in MPA                               …..(2-1) 
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Which also proved that the compressive strength of cylindrical concrete, whether central or not, 

ranges between (8.2-57.4) MPa within a rectangular stress block. In an attempt to obtain the best 

relationship between stress and strain of concrete during the loading process and reaching the 

failure stage. The maximum value of the compressive strain of 0.003 was obtained at the 

University of Illinois through laboratory experiments on concrete and reinforced concrete. 

In 1976[11], the ACI318-71 Code was adopted to find the minimum value of β1 = 0.65 for cylinder 

concrete strength exceeding the 55 MPC, according to Nederman's opinion. 

β1= 0.85-0.008 (fc‘-30)                 0.65  ≤ 𝛽1 ≤0.85               for fc‘ in MPa           …..(2-2) 

 

Continuous development over the years and as a result of the development of techniques for 

producing different types and shapes of materials according to advanced specifications, as high-

strength columns(HSC) were produced with high compression strength more than normal-strength 

columns(NSC)[12], where in 1950 the compressive strength was adopted with a value from 30 

MPa and More for high strength columns. 

Depending on the characteristics and features of (HSC), the researchers tried to obtain suitable 

values for the α1 and 𝛽1 of the rectangular stress block, where the α1 value should not exceed 0.85 

and not less than 0.75 with a value of fc‘ equal to 80 according to the opinion of Park and Setty et 

al[12] , it’s given in eq (2-3): 

α1 = 0.85 – 0.004(fc‘- 55)           0.75  ≤ 𝛼1 ≤0.85   for fc‘ in MPa                         …..(2-3) 

 

S. A. mirza[13], in ACI code approach used 9500 columns for analysis process was based on the 

stress-strain curve, where this approach is affected by the flexural rigidity El of the column and 

considered the α1 and 𝛽1 values as shown in the Eq (2-4)&(2-5) below 

α1 = 0.85 – (fc‘/800)  ≥  0.75                           for fc‘ in MPa                               …..(2-4) 

𝛽1 = 0.95 – (fc‘/400) ≥  0.70                            for fc‘ in MPa                               …..(2-5) 
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Lawrence F. Khan and Karl F. Meyer[14], conducted a study of 19 high-strength columns 

according to ACI318M code that used at that time, used both equations (2-2) and (2-3) to find α1 

and 𝛽1  ,Where fc‘ between (66.4-102.2) MPa, ultimate strain of concrete = 0.003, the modulus of 

elasticity Ec= 4700√𝑓𝑐′. Where used rectangular stress block on triangular and circular 

compression zones, and results showed conservative values, some of the beams were a 

semicircular cross-section to make the compression zone in a circular column under a center load 

and bending, the remaining beam were triangular cross-section to make rectangular column under 

the influence of biaxial bending. The reinforcing distribution was according to the size of the 

compression area and the location of the neutral axis, where it was divided to measure the strain 

of both concrete and steel.  

 

Ford et al [15], Presented a study on a set of columns to study the ability of deformation and predict 

the instantaneous bending of large axial loads. The strains ranged from 0.003 to a maximum safety 

value of 0.004, where the ultimate compressive strain of RC as equation shown below: 

ϵcu = 0.003 + 0.02 b/z + (𝜌 fy/100)2                                                                           …. (2-6)  

where  

z = distance between points of maximum and zero moment  

𝜌 = volumetric ratio of ties reinforcement  

fy = yield stress of ties in MPa 

 Migue et al[16], introduced a new iterative algorithm for finding the ultimate strain limits used in 

bending theory. The study provided high efficiency for any shaped cross section by comparing 

with experimental results. 

Through all experiments, it was found that the accuracy of the results increased in the rectangular 

compression block compared to the semicircular and triangular shapes due to the shape of the 

compression block. They recommended their results using the rectangular stress block in the ACI 

code, and the results were satisfactory for the values of the moment capacities. 
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In this time all codes ACI318M-95, ACI318M-02, ACI318M-05, ACI318M-11, ACI318M-14, 

ACI318M-17, ACI318M-19 all are still use constant value of ϵcu = 0.003, α1=0.85 and β1 use 

formulas below: 

 

- For ACI318M-95, ACI318M-02  

β1= 0.85- (fc‘-30)/140                                                                                          ….. (2-7a)  

- For ACI318M-05, ACI318M-11, ACI318M-14, ACI318M-17, ACI318M-19 

β1= 0.85- (fc‘-28)/140                                                                                          ….. (2-7b) 

In all standard the limit of β1 not greater 0.85 and not less than 0.65. 

Ref [17][18], the British code BS (8110), the ultimate compressive strain of RC in this code equal 

to 0.0035.  the values of this code are based on a rectangular stress block to design and analyze the 

concrete sections according to the fig(2-2)  below, α1=0.67 (for fcu in MPa)  and β1=0.9 , Note 

that fcu is the compressive strength value of cubic concrete, and 𝛾m is a partial safety factor for the 

strength of the material and equals 1.5 (at reciprocal is 0.67) , that show in fig(2-3) below  

 

 

Fig (2.2) short term design stress-strain curve for normal-weight concrete in compression 
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Fig (2.3) simplified stress block for concrete at ultimate state 

 

Ref[19], Turkish code (TS-500), the ultimate compressive strain of RC in this code equal to 0.003. 

The concrete distribution stress  is rectangular block define by 𝛼1 that equal 0.85 and K1 as Eq 

(2-8) below : 

K1= 0.85- 0.006(fcd-25)                                                                                         …… (2-8)  

the amount of  K1 ranging between 0.85 as a maximum value and the minimum value is 0.7 fig 

(2-4) shown the idealization of stress and strain distribution in a column section.   

 

Fig (2-4) Idealization of stress and strain distribution in a column section 
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2.3      THE LITERATURE SURVEY OF THE SHORT COLUMN  

To know the behavior of reinforced concrete, firstly should study the properties of its constituent 

materials, such as concrete, steel, explain the behavior of concrete such as plasticity and rigidities, 

also the stress and strain behavior mainly depends on the thickness of the covering and the spacing 

between the transverse reinforcement. Scientists have proven that transverse reinforcement has a 

significant effect on improving concrete strength and elasticity, as well as stress and strain 

relationship has major effects in determining concrete behavior. The longitudinal and transverse 

bars of each column subjected to compression have an impact on the final bearing capacity[20], in 

the models (2-5)&(2-6) below a failure that occurred as a result of buckling after the model reached 

the ultimate strength of the column. According to the current design equations, the ties should be 

close enough and in sufficient number to avoid premature buckling.  

 

 
 

Fig (2-5) & (2-6) failure of tied short column 

During previous studies, in order to know the behavior of the concrete confined by transverse 

reinforcement, there are several factors that must be know it: 

a. type and strength of concrete; 

b. amount and distributions of longitudinal reinforcement 
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c. amount, spacing, and configurations of transverse reinforcement;  

d. size and shape of confined concrete; 

e.  ratio of confined area to gross area;  

f. strain rate; 

g. strain gradient; 

h. supplementary crossties; 

i. cyclic loading;  

j. characteristics of lateral steel; 

k.  level of axial load in the case of flexural behavior. 

In NSC cases, all references have proven that the increased ductility and durability depends on 

increasing the amount of transverse reinforcement, as columns with single hoops and hooks 90 

degrees have insufficient ductility especially in cases of high axial loads and cyclic flexure, that 

mean the reinforcement use in this case needs for little ductility or limited and low cyclic flexure.  

Young et al[21], carried out experiments showing the effects of ductility in HSC subject to 

compressive axial load. A group of HSC was chosen, confined to a straight line with lateral ties 

and longitudinal rebar, an improvement in the strain, stress behavior of the ties, the concrete cover 

and the increase in flexibility have been observed compared with NSC. This proves the eight 

longitudinal bars, are more flexible than the four-bar, also the failure of all models that were 

exposed to single shear. 

Po is the axial load capacity under, concentric compression given in Eq (2-9)  

Po = α1 fc‘ (Ag-Ast) + fy Ast                                                                                 ….. (2-9) 

Where  

Ag = gross area of section 

Ast= total area of reinforcement bars 

fy= yield strength of reinforcement  

Collins et al[22], have suggested, the factor α1 in Eq(2-10) below  

α1 = 0.6+(10/ fc’) ≤ 0.85                                                                                ….. (2-10)       

 



 

15 
 

However, it should be noted that the Eq(2-10) ignored the effect of, transverse reinforcement, on 

axial capacity, as opposed to columns that contain little transverse steel, where the results were 

conservative. 

Cheng-Tzu HSU[23], made a suggestion through his experiments to analyze and design twelve 

short and tied RC models under the influence of biaxial and uniaxial bending together, this 

equation of failure was written as shown below. 

(
𝑃𝑛−𝑃𝑛𝑏

𝑃𝑜−𝑃𝑛𝑏
) + (

𝑀𝑛𝑥

𝑀𝑛𝑏𝑥
)

1.5

+ (
𝑀𝑛𝑦

𝑀𝑛𝑏𝑦
)

1⋅5

  = 1                                                             ….(2-11) 

Pn  =nominal axial compression, (positive), or tension (negative) 

Mny, Mnx  = nominal bending moment about –y and –x axis  

Po  = maximum nominal axial compression, (positive), or tension (negative) 

Pnb  = nominal axial compression, at balance strain condition 

Mnby, Mnbx  =  nominal bending moment about –y and –x axis ,,respectively at balance strain 

condition 

 

Hsu's method finding the ultimate strengths of RC is simpler compared to other methods, such as 

reciprocal and contour. Design and calculate the strength of columns affected by axial load and 

uniaxial or biaxial bending, where the manual calculations are tiring for uniaxial, and biaxial 

bending, it cannot be manually designed according to basic principles. Tables and charts are used 

as tools to facilitate, calculations and make them more accurate. Recently, computer programs 

have been used for the purpose of analysis and design of concrete columns.  

 

J. Y. Richard Yen[24], used the computer to find an efficient and direct method for designing short 

RC exposed to  concentric or eccentric loading. To find the section strength, two variables were 

introduced, namely the steel ratio (ρ) and the neutral axis direction c. The solutions were found in 

the shortest time and in reliable ways on any device and on any computer size, as large numbers 

of RC were designed in seconds. Multivalued repetition techniques are used for the variables and 

the minimum value of the longitudinal steel. The conclusion was proving that the loads should be 

less or equal to the resistance of the section and depended on steel ratio and the direction of natural 

axial c, its shown in equation below: 
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Pr = Pn (c , 𝜌 )                                                                                                 …….. (2-12) 

Mr = Mn (c , 𝜌 )                                                                                               …….. (2-13) 

Mr , Pr = applied axial, bending moment,  respectively 

Mn , Pn = axial, bending nominal strength,  respectively 

𝜌 = longitudinal steel reinforcement ratio  

Ag= gross area of section 

Pn (c , 𝜌 ) - Pr  = 0                                                                                          …….. (2-14) 

Mn (c , 𝜌 ) - Mr  = 0                                                                                       …….. (2-15) 

 

Yen used Newton's law to solve, the equations in an efficient manner for the variables c and 𝜌, with 

values of 0.8 and 0.01 respectively, h is the thickness of the section , in the plane of bending. 

 

2.4    THE LITERATURE SURVEY OF THE SLENDER COLUMN 

In any structure, columns are the most important part of the building, so their behavior especially 

slender greatly affects the efficiency of the structure. Many scientists have developed methods, and 

techniques to increase durability and produce high-efficiency varieties such as HSC, which are 

considered to, be higher strength and improved ductility. 

One of the economic, benefits of HSC is to produce a smaller design for the same load that the 

NSC carries, as reducing the size of the column with efficiency leads to space savings (this greatly 

helps the architect in design and decoration)[25]. 

During the design and analysis of the frame of slender columns, several problems appeared, 

including nonlinearity relation resulting from inflexible properties of materials and cracking that 

occurs as a result of changes in the section, where the equilibrium of the structure is affected due 

to displacement. 

S. A. Mirza[13], presented a statistical evaluation of the constants that affect the flexural stiffness 

of slender columns, as shown in the equations below: 

EI = (0.27 Ec Ig + Es  Ise ) / 1.7                                                                  …………(2-16 a)  

EI = (0.21 Ec Ig + Es  Ise ) / 1.6                                                                  …………(2-16 b)  
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EI = (0.1 Ec Ig + Es  Ise ) / 1.5                                                                     …………(2-16 c)  

Eq (2-16 a) for columns shall be on lower floors that have more, than three floors and a roof, 

βd=0.7 . Eq (2-16 b) for columns shall be on intermediate floors that have more, than three floors 

and a roof, βd=0.6 . Eq (2-16 c) for columns shall be on top floors supporting, roof, βd=0.5 . 

EI = (𝛼 Ec Ig + Es  Ise ) / (1+ βd)                                                                …………(2-17 a)  

𝛼 mirza= {0.27 + 0.003 (L/h) – 0.3 (e/h)} ≥0                                             …………(2-17 b)  

𝛼 mirza = {0.3 -  0.3 (e/h)} ≥0                                                                    …………(2-17 c)  

Eq (2-17) more accurate than Eq(2-16).Mirza derived the, effective stiffness factor  𝛼 as : 

EI = (𝛼 Ec Ig + Es  Ise )                                                                                  …………(2-18) 

𝛼 = ( EI - Es  Ise )/( Ec Ig)                                                                              …………(2-19)    

where         

EI  = effective flexural stiffness of column 

E = module of elasticity; for  (concrete +, steel) 

Ig = moment of inertia for the gross (concrete + steel )  

Ise= moment of inertia of steel  

𝛼 = effective stiffness factor 

βd = creep factor 

Lu = unsupported height of column  

h = thickness of cross, section 

e = larger end eccentricity 

 

For development, of the theoretical, flexural stiffness, eq (2-20) below shown that: 

 Mmax = M sec ( 𝜋/2 √Pu/Pc )                                                               …………(2-20) 

Mmax = Maximum bending moment  

M = applied end moment  

Pu =   axial load acting on the column 

Pc=   Euler bucking strength 
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Where Pc is effected by EI, its written: 

EI =  
𝐿2 

4(𝑠𝑒𝑐𝑠𝑒𝑐 −1 (𝑀𝑚𝑎𝑥∕𝑀))−2
                                                        …………(2-21) 

Duan et al.[26], Proposed ; an expression to represent the flexural rigidity; by finding the moment 

curvature relationship, used 108 RC columns  available in literature. The results prove that the 

method give a realistic representation of actual column behavior, the modifications is written 

below: 

EI = ( 1+0.3 𝛾1 ) (Pn (d-e) )  / ( ∝D Øy )                                                  …………(2-22) 

∝ D = 2 + 0.2 (e/h)                                                                                   …………(2-23) 

Øy = 1/d [ ( 0.7 + 2.8 𝜉 ) * 10-3  + fy / Es ]                                               …………(2-24) 

𝜉 = β1 C / d = ( fy As – fs’ As’ ) / ( 0.85 fs’ b d ) ≤ 𝜉b                                …………(2-25) 

𝜉b = ( 0.003 β1 ) / ( 0.003 + 𝜖y )                                                                …………(2-26) 

𝛾1 = ( b1 – b ) hf / (b d )                                                                            …………(2-27) 

Where  

Ø y = The curvature that occurs in the steel section 

∝  = stiffness reduction’ factor 

 

MacGregor[27], from the results used for the design and analysis of slender columns, adopted the 

principle of moment magnifier as a second order analysis. One year later, Goyal and Jackson[28], 

conducted a study showing the effect of sustained load and the amount of force, as the sustained 

load capacity is equivalent to 50% of the load capacity of short duration, which means a decrease 

in the value of the force in this case.  

 

As theories continue to evolve new research and data are gather, specifically by, Mirza and 

MacGregor[29], whom have studied the differences of the short duration ultimate strength of 

slender tied RC .Where the slender RC is exposed during their study to various variables and 

characteristics such as the ratio of slenderness, the ratio of deflection, the concrete strength and 
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type, also the eccentricity, the result was the creation of an instantaneous interaction curve of loads 

and bending moment to find the strength of the section. 

A relationship called Hognestad's stress- strain was found in compression, at the first part of curve 

the highest value of force is described as a second-degree parabola, the lower part of the curve 

when the force is after the maximum value is will be a straight line. The behavior of steel 

reinforcement in concrete has been described as in stress-strain plastic elastic is excellently in both 

cases of compression and tension. 

As a result of development and urbanization, slender buildings and slender columns have become 

popular in use, which makes attention to all matters of stability and solving problems of 

deflections. the difference in concrete strength values is a major and important factor for slender 

columns, where the strength of the column is high derived from the strength of the steel in the case 

of increased eccentricities, but when the value of the eccentricities is small the strength from the 

steel will be secondary strength. 

 

The slenderness effects on the column causes several problems, including displacement, as due to 

this displacement the stability the column is disturbed and this is called "member stability effect". 

Slenderness also causes an erosion called the "lateral drift effect" or "the PA effect" due to the 

lateral displacement of the slender column relative to the columns below it. 

 

The stability analysis of the RC frames was developed and it is considered a complex process due 

to the variable reinforcement ratios and due to the non-linear relationships of the deflection, and 

for these reasons the frames were considered elastic and the effect of the column stability was 

approximated by the moment magnifier method or use the effective length method. 

Therefore, MacGregor[30], proposed to use the Cranston’s equations which are based on the 

effective length and as shown below : 

 

Kns = 0.7 + 0.5 ( G1 + G2 )  ≤ 1                                                                          ……(2-28) 

Kns = 0.85 + 0.05 Gs   ≤ 1                                                                                   ……(2-29) 

 

Where  

Kns  = non sway effective length factor  

G1 , G2 = the ratio of column to beam stiffness  

Gs    = the smaller of G1 & G2  
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They use this factor to find the maximum moment as below: 

Mmax = 𝛿ns M02 ≥  M02                                                                                        ……(2-30) 

Mmax = maximum second order moment 

M02 = large end moment from first order analyses  

𝛿ns = non sway moment magnifier factor 

𝛿ns = Cm 
1+0.25𝑅⋂𝑠

1−𝑅⋂𝑠
                                                                                           ……(2-31) 

Cm = correction factor for unequal moment 

𝑅 ns = ratio of compression load to the non-sway Euler buckling  

Then the (P-∆) technique was developed, this process will not converge to columns with flexible 

frames whose axial loads are high. Lateral displacement (∆O) is calculated on each story by 

applying lateral loads and vertical loads to the building, they computed the additional story shears 

(AV) depending on vertical load (∑P) as shown below: 

AV =  ( ∑P ∆O  ) / L                                                                                        ……(2-32) 

L = height of the story  

According to the reference[30], a value called the stability index (Q) has been proposed and its 

value is extracted as below: 

Q = ( ∑P ∆O  ) / ( L V )                                                                                    ……(2-33) 

When Q  ≤ 0.0475 during the second-order analysis, those effects are neglected and the structure 

is designed as a non-sway frame. 

for Q between (0.0475 & 0.2), in this case the second order analysis will be recommended. 

 Also if Q > 0.2 , the second order analysis in this case should be recommended   

Diaz and Roesset [31], carried out long studies and research on slender columns to find out the 

effect of stability on frame through second-order nonlinear analysis and proved that this analysis 

depends to a large extent on the theory of large deformation. The numerical results extracted via 
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computer programs were performed and compared with practical results such as the moment 

magnified ACI code, and the stability index methods.  

Through experiments and values obtained from analysis of laboratory models, the Eq (2-34 a & 2-

34 b) than Eq (2-35a & 2-35b) below give the best value for Q 

EIcol = 0.2  Ec Ig + Es  Ise                                                                           …………(2-34 a)  

EIbeam = 0.4  Ec Ig                                                                                   …………(2-34b)  

EIcol = Ec Ig (0.2 + 1.2 𝜌t  Es / Ec  )                                                       ….………(2-35a)  

EIbeam = 0.5  Ec Ig                                                                                   …………(2-35b)  

Where  

EIcol , EIbeam = effective flexural stiffness for (column & beam)  

Ec , Es  = modulus of elasticity for (concrete & steel reinforcement) 

Ig     = moment of inertia of gross section  

Ise   = moment of inertia of reinforcement  

𝜌t   = total ratio of reinforcement ( As/Ag )  

 

Rangan[32], introduced a new idea and simpler method for analyzing slender columns by 

estimating lateral deflection affected by sustained load. A factor directly affecting the effective 

modulus of elasticity of the column was found to calculate the creep effect and take the moment 

of inertia I as 𝛼rangan I , where 𝛼rangan  can obtained in equation below : 

EI = 𝛼rangan Ec Ig ( 1  + 0.8 ∅cc  )                                                               …………(2-36) 

𝛼rangan= 0.6 ( eb  + 𝛿e  )    ≤ 1                                                                    …………(2-37) 

∆ = 
𝑃 𝑙𝑒 

2 𝐶𝑀  𝑒2

𝜋2 𝐸𝐼−𝑃 𝑙𝑒2                                                                                            …………(2-38) 

Where 

∅cc= creep factor, the value equal to mean amount (1.8 &3.8) = 2.5 

 e = eccentricity  
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eb= eccentricity at balance failure  

∆ = lateral deflection  

le = effective length 

e2 = larger eccentricity 

Cm = correction factor   

P = axial thrust due to sustained load  

 

The resulting values were compared through the laboratory results and the values from the 

equations the, the ratios showed good correlation, where the mean (calculated values / values 

through the laboratory) was equal to 1.04 and COV equal to 24%. 

Through the above equations for the analysis of slender columns, Rangan[33], provided a method 

to find the strength of the non-sway framed column, as it relied on the stability analysis method 

for the pin-ended column. When the column reaches failure due to instability (Pmax), at given 

eccentricity, where: 

Pmax  ≥  ∅ Pb 

Where  ∅ Pb is axial load strength at balance failure , also Pmax = ∅ Pn   &  Mn = Mmax  .  

Cn represent depth of compression zone, this value helped to find ky factor as below : 

ky  = 0.003/  Cn                                                                                        …………(2-39) 

∆y = Ky l
2

e / 𝜋2                                                                                         …………(2-40) 

∆y = short term deflection at failure 

While Pmax < ∅ Pb , It is be Pmax = ∅ Py  , The axial thrust that directly effects on the section when 

the steel reaches the yield stage. 

Mmax =∅ My , (coexisting bending moment ). ∅ My    & ∅  ,  These values are obtained by carefully 

analyzing the cross-section of the slender column, and assuming equivalent distribution to the 

resulting concrete stress in the compression zone. 

ky  = 𝜖y /  ( d - Cn )                                                                                   …………(2-41) 
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𝜖y = yield strain of steel  

d = effective depth  

then  

∆cp  = ∆tot - ∆e                                                                                             …………(2-42) 

∆cp  = creep deflection 

∆tot  = total deflection due to sustained load  

∆e = elastic component of the total deflection  

∆e  =       Po l
2

e Cm e2                                                                                  …………(2-43)           

           𝜆 𝜋2 Ec Ig  - Po   l
2

e  

∆tot   =       Po l
2

e Cm e2                                                                                …………(2-44)           

             𝜋2 EI  - Po   l
2

e   

Pmax = Mmax / ( e + ∆cp  + ∆y )                                                                     …………(2-45)  

  

Bonet and Romero[34] , A study was presented on 613 columns (HSC, NSC) experimental test 

available in the literature, based on effective flexural stiffness to obtain the best value of bearing 

capacity of slender columns. Equation is good for rectangular sections subject to short time and 

continuous loads, the results were compared to backward codes such as (ACI-318-2008 and Euro 

Code–2-2004). The flexural rigidity and the factor of stiffness can obtain in equation below: 

 

EI = α · (Ecd · Ice) / (1 + ϕeff) + (Es · Ise) / (1 + ξϕ )                                  …………(2-46) 

 

Where  

Φeff = creep coefficient 

α = (1.95 − 0.035 · λm − 0.25 · ϕeff) · (η − 0.2) + (fcd/225 + 0.11)         …………..(2-47) 

 

η = e0 / 4 · ic                                                                                             …………(2-48) 

 

η  = Md / Nd · 4 · ic                                        for η < 0.2: )                       …………(2-49) 

 

Where  

η = the first order relative eccentricity 

https://www.sciencedirect.com/science/article/abs/pii/S0141029610004815#!
https://www.sciencedirect.com/author/25637746200/manuel-l-romero
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Nd = design axial load  

Md =  the vector modulus of the first order bending moment 

 ic = critical radius of gyration 

The reduction factor of the stiffness of the reinforcement ξϕ is given by equation below: 

 

 ξϕ = 1.9 · ϕeff · exp(−λm/25)                                                                    …………(2-50) 

λm = = lp/ic )                                                                                             …………(2-51) 

 

Where  

α = the effective stiffness factor 

λm = mechanical slenderness of the column 

lp = effective buckling length  

 

Tikka K. and Mirza[35], Adopt the moment magnifier approach to designing RC slender columns. 

Where it is directly affected by effective flexural stiffness (EI). 27,000 columns with variable 

properties were laboratory tested. Develop two new equations to calculate flexural rigidity factor 

and effective rigidity factor as equations below: 

EI = (𝛼 Ec (Ig – Iss – Irs ) / (1+ βd) + 0.85 Es (Iss+ Irs)                             …………(2-52 )  

𝛼 = {0.48 – 3.5 e/h [1/1+β(e/h)] + 0.002 (L/h) } ≥0                              …………(2-53)  

Where  

β = 7 for RC columns when 𝜌<2% , β = 8 for RC columns when 𝜌>2%, β =9.5 for composite 

columns. 

Iss  = moment of inertia of structure steel 

Irs = moment of inertia of longitudinal reinforce steel  

Ig = moment of inertia of gross section 

 

 

To reach the acceptable level of the resistance or load value and to reduce the possibility of the 

section being exposed to an overload or understrength, the ACI code specifies the resistance factors 

of the column in certain ways, including: 
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a) The resistance factor applied to cross-section strength. 

b) The resistance factor applied to the buckling strength that occurs as a result 

of slenderness that used in moment magnification. 

c) In order to arrive at the design of the resistance factors reliably, a constant 

value of the stability and safety factor was found, which ranges between 0.7 

and 0.75, and was used in the calculations of the moment magnification of the 

slender RC. A value of 0.75 is the safest amount used for all column cases. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

26 
 

 

3. THEORETICAL BACKGROUND 

3.1 GENERAL OVERVIEW  

The column is a structural element that is subjected to axial force. Usually, the height of the column 

is greater than the cross-sectional dimensions. There are many types of columns such as short 

columns and slender columns, which are classified according to the factors affecting the body, 

types of reinforcement that are used in it, and slenderness. 

In designing the structural members, the compressive strength of the columns is the criterion of 

quality, so the performance of the reinforced concrete body under imposed loads depends on the 

stress-strain curve (the relations between concrete and steel), also the type of loads applied to the 

column. The nonlinear relationship that happens in the reinforced columns on the stress-strain 

curve that changed due to the loads, so that the stress block distribution will be rectangular, 

trapezoidal or triangular, etc. 

In this research, a study was made to identify the stability of reinforced concrete slender column 

using a non-linear stress-strain relation for concrete with all effects of cracking, creep, and 

shrinkage, through computer software programs whereas detailed analysis procedures were 

calculated with high precision. 

Columns will be subjected to deflection along the length of the column, and that deflections appear 

on the column as additional secondary bending moments. When the materials of column failure 

reached this point under the combined action of loads and bending moments, the building will fail. 

Most countries codes are based on the moment magnifying method to analyze slender columns. 

Each country has special codes that are applied in civil works, yet some civil engineers in certain 

countries don’t use the specific design codes in their respective countries. They select comparable 

consulting codes from other countries to obtain desired results. The need for comparison analysis 

and persisted follow-up on scientific developments can convey excellent results. 
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3.2    SHORT COLUMN  

A concrete structure with a thin cross-section. The body resists the force imposed on a given 

eccentricity {e} through the resistance of the materials it is formed from. In analyzing this type of 

column the ultimate bearing capacity is not affected by length.  

The column exposed to axial force {P} and bending moment {M} applied at eccentricity {e = 

M/P} shown in fig (3-1) below  

 

Fig (3-1) Equivalent eccentric column loading 

Depending on the relations of strain and stress of concrete, the internal analytical forces of the 

column can be calculated by finding the neutral axis and determining the point C which represents 

the maximum compression distance depending on the amount of eccentricity obtained the 

compressive strength of concrete, tensile strength of steel, and the durability of concrete through 

mathematical equations and the theory of right and wrong. 

The short column is the column in which the final loads are not reduced through bending 

deformations because the additional eccentricity is little or far from the critical location. In any 

column for every amount value of eccentricity of loading, there is a particular amount of (cross-



 

28 
 

section resistance) P & M, these values are affected by the main axis specified for the value of C 

which is changed to acquire the necessary eccentricity value. 

In this case, infinite values are found for the column strengths (P & M) by changing the eccentricity 

values from zero to infinity, and that is by linking all the values on a graphic design which includes 

two axes horizontal and vertical, where the values of M on the horizontal axis and the values of P 

are on the vertical axis, a closed curve is formed called (the interaction diagram) as shown in the 

fig (3-2c) below. This closed curve is used to design and analyze columns. Line O-A explains the 

relation between loads and moments as in (3-2a). At point A (Column develops to material failure) 

represented by increased axial loads up to the point on the intersection of the interaction diagram.  

 

Fig (3-2) The behavior of column under loading  
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3.3    SLENDER COLUMN 

 

The slender column is one of the columns whose final bearing capacity is reduced due to the 

slenderness which leads to an increase in bending. The value of the deflections that occurred due 

to the bending depends on the end conditions and the type of impressed load. Analysis of slender 

column is more complex than short column, due to the additional bending that occurs. 

 

A straight column is subjected to a load of P from both ends, resulting in a bending deformation 

whose total value is equal to (e + ∆), e represents the eccentricity, and ∆ represents the additional 

eccentricity that occurs as a result of the slenderness of the column. The (P ∆) is called the 

secondary moment value, it is the reason for the increase in the bending moment amount Fig ( 3-

2b ). This expression indicates that the moment is of secondary importance, although in other 

situations it may be more significantly important. 

At present, the classic stability theory is adopted for slender concrete column designs. almost all 

codes of practice require design for final loads but it is recommended that a flexible method of 

frame analysis to use. Upon failure, two important states of the slender column are formed; the 

first state is the curve (O- B) fig (3-2c). This failure occurs when the curve intersects the interaction 

diagram, leading to a material failure condition, and because of the effect of slenderness, the axial 

load decreases from A to B. The second state of failure is when the columns are very slender, 

reaching the stage of instability and the failure reaches its maximum value, point B reach to point 

C fig (3-2c) and (ᶑM/ᶑP) = zero. 

 

For example, in the case of the short column in a braced frame due to low stiffness, the moments 

at the ends of the column decrease more than the increase in the moments due to the deflection, 

meaning the load capacity increases due to the decrease in the maximum moment. Whereas, in the 

case of the slender column in a braced frame the bearing capacity decreases due to the increase in 

moment because it is greater than the resistance moment. 
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Many factors affecting on the strength of slender column, which are as follows: 

a. The ratio between eccentricity and height (e/h), the ratio between unsupported 

height and section depth (Lu/h), these percentages are directly affected. 

b. The rate of rotation of the end restriction, to increase column strength, the connected 

beam system must be stiffer. 

c. The rate of lateral restraint, the braced column is more stable than the un-braced 

column against end displacement. 

d. The amount of reinforcement and the quality of the materials used in the column 

affect the strength and rigidity of the column. 

e. Sustained loading on the column leads to an increased column deflection; this reduces 

the rigidity of the column. 

3.4    PRINCIPLES OF STATICS FOR THE CROSS-SECTION  

In this work, there are two distribution shapes .  of stress block of reinforced concrete, rectangular 

and triangular shape. Below will explain the deferent between the two shape. 

 

3.4.1   RECTANGULAR STRESS BLOCK  

It’s defined by two factors (α1,β1) in the stress block analysis.  𝛼1 means the factor of compression 

stress block intensity,  𝛽1 means the ratio between the depth of compression stress block to the 

depth of natural axis C. These values mainly depend on (fc‘) compressive strength of concrete. In 

some codes these values are constant or formula, see fig (3-3c)  

Where: 

Pc = plastic centroid of cross-section column, 

fc‘= specified compressive strength of concrete, 

As = area of tension enforcement. 

A's = area of compression enforcement, 

d‘ = distance from compression fiber to centroid of compression reinforcement 
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d = effective depth of section, 

h = overall thickness of the cross-section; 

b = width of compression of the cross-section; 

Ɛs = strain in reinforcement corresponding& compression respectively,  

Ɛcu = ultimate compressive strength 

 
 

When the compressive strength of concrete is rectangular it’s equal to: 

Cc = b . 𝛼1 . fc‘ .  𝛽1 .  c                                                                                  …… (3-1) 
 

 

But the amount of Eq (3-1) shouldn’t be greater than the amount of Eq (3-2)  

Cc = b .  𝛼1 .  fc‘ .   h                                                                                                        …… (3-2)  

 

3.4.2    TRIANGULAR STRESS BLOCK  

 

This type of stress block shows the compressive strength of concrete as triangular block fig (3-3d) 

shown that, and it is equal to: 

Cc =½ .  b . 𝛼1 .  fc‘ .  𝛽1 .  c                                                                                            …… (3-3) 

But also the amount of Eq (3-3) shouldn’t be greater than the amount of Eq (3-4) : 

Cc =  ½ .  b .  h .  𝛼1 .  fc‘(2  𝛽1  c –h)/𝛽1 .  c                                                                 …… (3-4) 

This shape was created due to the increasing use of HSC in construction[36], where it is considered 

cost-effective, bearing the loads as well as the small size of the column. 

Several studies were conducted about that shape where concerns were raised that safety factors 

and design methods for this type could not be extrapolated[36]. 

Fig (3-3) shows the relation between stress-strain for HSC, reaching 90 percent of the maximum 

stress[37]. 

In general, the force and moment (P & M) values of the cross-section should be calculated as 

follows: 
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P=  Cc  + ƹnAst  (fs  - fc)                                                                               …… (3-5a) 

M = Cc .  lever arm to plastic centroid + ∑ Ast(fs-fc)* lever arm to plastic centroid   …… (3-5b)  

Where 

N= the number of steel layers, 

Asi=  area of steel in the ith level, 

fsi= stress of the reinforcing steel ith layer corresponding to the strain distribution, 

fs= specified strength of reinforcing steel, 

fci= stress of concrete in ith position corresponding to the strain distribution, 

ith= reinforcement steel layer, 

a. if fsi is (negative value) the force of reinforcing steel =Asi*fsi 

b. if (fsi-fci) is (negative value), it shall be neglected and the reinforcing steel force 

in that position. 

 

 

Fig (3-3) Eccentrically loaded column section at the ultimate load  
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3.5     DESIGN AND ANALYSIS METHOD  

At present time, in the design procedure of RC columns, several modern codes have been used to 

idealized case of elastic, hinged ends bent in symmetrical single curvature. As a result of the 

magnitude of second-order moments that occurs due to the deflection of the column or the lateral 

drift of the structure as a whole. 

The type of column will be determined as short or slender, different types of codes with different 

symbols have been used to deal with both types of columns. The relation of stress-strain is the 

most important influence that determines column analysis and design, as well as the shape of the 

stress block. 

The current design and the proposed method (describe in chapter four) are based on these 

assumptions: 

a. Ignore the tensile strength of concrete. 

b. Ignore the contribution of confinement on strength. 

c. The stress in reinforced steel (fs) shall be equal to or greater than the specified yield 

strength of reinforcement (fy). The stress-strain relation for reinforcing steel is elastic 

perfectly plastic. 

d. It is assumed, the perfect bending exists between steel and concrete at the surface, so 

no slip occurs between the two materials.  

e. The strain will be zero in the reinforcing and concrete where directly proportional to 

the distance from the natural axis. the stress equals the specified strain multiplied by 

the modulus of elasticity of steel.   

In this chapter, three types of codes will explain how to analyze the RC slender column. 

 

3.5.1     ACI318M- 19 CODE  

This refers to the method used by reference [38] 
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The values of this code deal precisely with the nominal strength of the cross-section and with the 

force reduction factors. The concrete distribution stress in this code is rectangular define by α1 

that equal 0.85 and the value of β1 equal 0.85 when the concrete strength value reaches 30MPa, 

and for concrete strength above 30MPa it should be continuously decreased in the range of 0.05 

per 7 MPa from the strength, in this situation the β1 should not take a value less than 0.65 and its 

appearance in Eq (3-6) below: 

β1=0.85-(fc‘ - 28)/140))                         0.65≤   𝛽1 ≤0.85                                                …… (3-

6) 

The strain at extreme concrete compression Ɛcu equal to 0.003, the strength reduction factor 

 (Ø) = 0.7, 0.75 for (tied & spiral column)[39].  

This code uses an approximate design method that relies mainly on the moment magnifier 

principle.  

 

3.5.2.1     MAGNIFIED MOMENT NON-SWAY FRAMES  
 

Mc=𝛿𝑛𝑠 ∗ 𝑀2                                                                                                                                …… (3-7) 

𝛿𝑛𝑠= Cm / {1- (Pu/0.75)/Pc}                                                                            …… (3-8) 

Cm = 0.6+0.4(M1/M2)≥0.4                                                                                  …… (3-

9) 

Pc = (𝜋2EI)/ (Kns . Lu)                                                                                   …… (3-10) 

The stability factor in this case is a constant value, it is equal to 0.75. 

 
3.5.2.2      MAGNIFIED MOMENT SWAY frames 

 

M1=M1s+ 𝛿𝑠 ∗ 𝑀1s                                                                                                                                          …… (3-11) 

M2=M2s+ 𝛿𝑠 ∗ 𝑀2s                                                                                                                                          …… (3-12) 
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𝛿s = 1/{ 1 – (∑Pu /∅)/∑Pc}                                                                                        …… (3-13) 

Mc=𝛿𝑠 ∗ 𝑀2                                                                                                                                                                            …… (3-14) 

Mmax = 𝛿𝑛𝑠 ∗ 𝑀𝑛𝑠 + 𝛿𝑠 ∗ 𝑀𝑠                                                                                                                                    …… (3-15) 

Where  

Mmax= maximum second-order moment 

M1= smaller end moment on compression member; 

M2=larger end moment on compression member 

Cm=equivalent moment factor 

Pc=elastic Euler critical load  

Also, the effect of slenderness has a great importance in the analysis and design of slender column, 

it can be shown as below: 

KLu/r > 34-12*M1/M2                           for non-sway case                                          …… (3-16) 

KLu/r > 22                                              for sway case                                                  …… (3-17) 

Where  

K = effective length factor  

Lu= unsupported length  

r = radius of gyration  

To estimate the value of Lu should use Jakson and Moreland alignment chart fig (3-5). The flexural 

stiffness (EI) is estimated by using second-order frame analysis which the modulus of elasticity 

(Ec)= 4700√ẝ𝑐‘  in MPa also the moment of inertia of it is as below : 

 beam = 0.35Ig, 

 column = 0.7Ig  

 flat plate = 0.25Ig 

EI= (  . Ec  . Ig + Es  . Is)/ (1+𝛽d)                                                                               …… (3-18) 
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Where  

𝛽d = creep factor (ratio of max. dead load to max. total load)  

𝐼g = moment of inertia of gross concrete section 

𝐼s = moment of inertia of reinforcement  

𝐸s= modulus of elasticity of reinforcement 

𝛼 = the flexural stiffness factor (  = 0.2)  
 

This status is a bit conservative since the summation of the two maximum moments must be greater 

or equal to the actual maximum moment, also it may be over-conservative when the two maximum 

moments occur in different parts and the two amounts are comparable in magnitude. 

 

 

 

Jakson and Moreland alignment chart (3-1) 
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3.5.2     BS8110 CODE 

This refers to the method applied by reference [40] 

The concrete distribution stress in this code is rectangular define by 𝛼1that equal 0.67 and β1 equal 

0.9 respectively. 

In this code, the specified cube strength of concrete ẝcu{cylinder strength between (70-90)% of the 

cube strength, so if fc‘ =0.788 fcu the compression block stress 𝛼1 equal 0.85 fc‘ }.  

The strain concrete compression equal to 0.0035, the reduction factor of concrete {1/𝛾m=1/1.5} 

and for reinforcement {1/𝛾m=1/1.15} 

This code is based on the additional moment approach; the approach is affected the curvature of 

the column because the columns in structures may be will elastic or homogeneous under loads.  

To determine the effective length factors into case braced column and sway columns the tables (3-

1) below: 

 

 

Table (3-1) values of effective length factor 
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𝑙𝑒

ℎ
(of either axis) > 15   for non-sway frame                                                                     …… (3-19) 

𝑙𝑒

ℎ
(of either axis) >10 for sway frame                                                                               …… (3-20) 

Where  

Le = β Lo 

Le = effective length of column 

Lo = unsupported length of column 

h  = overall thickness of column 

The columns in this code should be designed for its ultimate axial load (N) {axial load at given 

eccentricity), together with the total amount of moment (Mt), which is given by the following 

equation: 

Mt=Mi+ Madd                                                                                                                          …… (3-21) 

Mt=M2                                                                                                                                                                                            …… (3-22) 

Mt=Ml+ 0.5 Madd                                                                                                                                                                   …… (3-23) 

Mt=Nemin                                                                                                                                                                                      …… (3-24) 

Mi=0.4 Ml+0.6 M2 ≥ 0.4 M2                                                                                                                                        …… (3-25) 

 

Where, 

Mi = initial moment 

M1 = smaller end moment on compression member; 

M2 = larger end moment on compression member 

Madd = additional moment 

 

Madd = Nβa k h                                                                                                                 …… (3-26) 
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βa= 1/2000 ( 
𝑙𝑒

𝑏‘
 )2                                                                                                                                                                   …… (3-27) 

b‘ = smaller dimension of the column  

k = an optional reduction factor  

k =  
𝑁𝑢𝑧−𝑁  

𝑁𝑢𝑧−𝑁𝑏𝑎𝑙
≤1                                                                                                          …… (3-28) 

Where  

 

Nuz= capacity of the column under axial load; 

Nbal = axial load corresponding to the balance condition  

emin = design minimum eccentricity that taken 0.5h or 20mm whichever is smaller; 

 

3.5.3 TS 500 CODE  

 

This refers to the method applied by reference [19]; 

The concrete distribution stress in this code is rectangular define by 𝛼1that equal 0.85 and K1 (β1) 

as Eq (3-29) below: 

 

k1= 0.85- 0.006(fcd-25)                     0.70  ≤ 𝑘1 ≤0.85                                                …… (3-29) 

 

Where  

k1 = The ratio of the depth of the stress block to the depth of neutral axis 

fcd = Design compression strength of concrete 

 

The analysis of the slender columns depends on the dimensioning of the members under the axial 

compression and bending, that were extracted from the second-order analysis, taking into account 

the nonlinear material and the behavior of the concrete as a result of the influences such as 

cracking, creep and shrinkage. 

The method used for the analysis of the column is the moment magnification method (approximate 

method), when the section dimensions and axial load differ from their height. The magnification 

factor is used to know the state of the effect, if the structure or wall has stiffness against the 
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horizontal forces, the status of non-sway can be assumed, and if the end moments of the column 

resulting from the second-order analysis differ by 5 percent from the moments at the end of the 

column calculated from the first-order analysis, non-sway can be assumed also. 

 

∅= 1.5 ∆I

∑
𝑁𝑑1

𝑙𝑖

𝑣𝐹⋅1

≤ 0.05                                                                                                    …… (3-30) 

Where 

∅ = magnification factor 

Nd =axial design load 

Vf  =shear force for ith story 

Li  = ith story column length  

∆I =drift at ith story 
 

 

The values that use in eq (3-30) should be calculated using un-cracked sections, can be 

computations by the equations below: 

Fd = 1.0 G + 1.0 Q + 1.0 E                                                                                          …… (3-31) 

And  

Fd = 1.0 G + 1.3 Q + 1.3 W                                                                                         …… (3-32) 

 

Where  

Fd  = design load effect 

G = permanent load effect  

Q = live load effect  

W = wind effect  

E = seismic load effect  

 

The calculation of the effective length is done in cases, if a drop panel or capital exists is found, 

the effective length is calculated from the face of the drop panel or capital exists. In the case of 



 

41 
 

accurate analysis, the effective length is calculated by multiplying the clear length by the factor K 

that is calculated by the Eq(3-33) below. 

a. For column non-sway frames: 

K = 0.7 + 0.05 (𝛼1 + 𝛼2) ≤ (0.85 + 0.05 𝛼1) ≤ 1.0                                                      …… (3-33) 

 

b. For column sway frames: 

If 𝛼m< 2    K = 
20−𝛼𝑚

20
√1 + 𝛼m                                                                                                                                 …… (3-34) 

If 𝛼m≥ 2    K = 0.9 √1 + 𝛼m                                                                                                                                        …… (3-35) 

When sway frame K= 2+0.3𝛼 with one end hinged columns, 𝛼 should calculated at the end (not 

hinged) 

Where  

𝛼m =  average of 𝛼1and 𝛼2 ratio 

𝛼1& 𝛼2 = column end restraint coefficient 

Rm = 
∑𝑉𝑔𝑑

∑𝑉𝑑
 (for whole story)                                                                                           …… (3-36) 

Where  

Rm = creep coefficient  

Vgd  = permanent load contribution to axial design force  

Vd  =  design shear force  

 

The moment magnification coefficient (𝛽) shall be calculated by two cases shown below:  

a. if the column is non-sway frame: 

𝛽 = 
𝐶𝑚

1−1.3
𝑁𝑑

𝑁𝐾

≥ 1                                                                                                            …… (3-37) 

When the column is bent in single curvature, the ratio of M1/M2 is positive, and if the column is 

bent in double curvature, the ratio of M1/M2 is negative.  
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Cm = 0.6 + 0.4 (
𝑀1

𝑀2
) ≥ 0.4 ; M1≤ M2                                                                                                             …… (3-38) 

Where  

Cm = moment coefficient in case of buckling  

M1 = smaller end moment on compression member; 

M2 = larger end moment on compression member 

 

If any horizontal load affected between the column ends (Cm = 1) 

The design moment (Md) is given in Eq(3-39) below: 

Md = 𝛽 M2                                                                                                                                                                                   …… (3-39) 

b. if the column is sway frame: 

𝛽s = 
1

1−∑
𝑁𝑑

𝑁𝐾

≥ 1                                                                                                   …… (3-40) 

Where  

Nd = axial design load 

Nk = column buckling load  

∑Nd≤0.45 ∑Nk                                                                                                               …… (3-41) 

 

In the columns in sway frames, the value of β should be calculated, in calculating β ( Cm should 

equal to 1.0). for β and βs, the larger values of ( βM2 and βsM2 ) should be used in calculating the 

design moment. So the slenderness ratio is: 

 

𝑙𝑘

ⅈ
>

35

√
𝑁𝑑

𝑓𝑐𝑘𝐴𝑐

                                                                                                                      ……(3-42) 

 

Md = β  βs  M2                                                                                                                                                                     ……(3-43) 

 

3.6    SUMMARY  

The expression "short column" is used for a column whose strength is equal to or greater than the 

cross-section strength using the force and moment obtained from the analysis procedure and 



 

43 
 

assumptions for bending and axial load. The expression "slender column" represents a column 

whose strength is reduced by second-order deformations that occur. 

Although the designer has determined the steps used to analyze the column, except that it does not 

appears until it starts the mathematical calculations. 

Generally, at present time, the design procedures for hinged end concrete columns are based on 

elastic analysis applicable to single curvature.  

Approximation methods have been introduced in the analysis of concrete columns and column 

frames, these approximations include selecting the EI for the concrete section, as well as treatment 

of creep, the use of elastic effective length factor to approximate the frame behavior. 
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4.   ANALYSIS DATA AND RESULTS 

4.1    GENERAL  

In order to analyze concrete columns in an acceptable and logical manner, it is necessary to study 

the behavior of the columns in different conditions and examine the influencing factors. In this 

work, the laboratory results will be studied and compared with the analytical results.  

Columns that are studied at different cases, some of them are under the influence of uniaxial 

bending, short or slender columns sway or non-sway frame, as well as NSC & HSC. 

The characteristics of the experimental results used in the work varied, such as the cross-section 

dimensions, the slenderness ratio of HSC, the longitudinal reinforcement ratio, the eccentricity 

ratio, the compressive strength of concrete and the yield strength of the longitudinal reinforced 

concrete. 

As a result of the development in the scientific computer programs used, several programs have 

been used to analyze the models in different data and determine the details of each column. 
 

4.2     SPECIFICATIONS OF THE EXPERIMENTAL RESULTS 

For the available 168 RC rectangular columns experimentally tested under short-time loads 

[23][15][41] [42][43] and [44]. 19 of these columns are short and the remainders are slender 

columns. Table (4-1) shows the detail and test result of all columns. 

During the column analysis process, the lateral deflection of each column was obtained, where an 

extensive regression analysis process is performed to find out the main factors affecting on the 

bearing capacity of slender columns. 

In this work, 12,096 case studies have special specifications listed in Table (4-2). The principle of 

moment magnifier approach was used to analyze the columns, where some amendment or 

improvement to the methods of analysis and design of columns were made. In this curriculum, the 

effective length factor K, the equivalent uniform moment diagram factor Cm and the sustained load 

factor𝛽d will be constant values for all columns. Fig (4-1) shows during the test that these values 

do not affect the derived expressions later. As the studied hypothetical model shown in the figure 

is exposed to the effect of loads for a short period, as the symmetry in geometric materials is about 

the middle of the height of RC column.
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properties Specified values No. of specified 

values 

Fc‘ (MPa) 20;30;40;50;60;70;80 7 

Fy (MPa) 100;200;300;400 4 

Lu/h 1;10;20;30;40;50 6 

𝜌t Table (4-3) for combinations of steel 

ratios and bars arrangements 

12 

b/h 0.5;1;1.5;2;2.5;3 6 

Total number =  7* 4*6*12*6 = 12,096 columns 

Table (4-2) specified properties of columns studies 
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In which  

Lu/h = slenderness ratio  

e/h = eccentricity ratio  

 

In table (4-2) are the ranges of values used (fy, fc', Lu/h, b/h, 𝜌t) employed by the construction 

industry. 

 

 

Table (4-3) longitudinal reinforcement details of selected hypothetical columns 
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4.3     COMPUTER PROGRAMS AND COMPARISON FORMULAS 

The two programs Matlab 2019a and Microsoft office excel 2020 were presented in this study to 

conduct an inclusive study for analysis of the concrete columns available in the literature, by 

different analysis methods that were developed in this work. 

Matlab 2019a is one of the most powerful programs used at the present time, as characterized by 

accuracy and speed in carrying out the required tasks and for a large number of values in a short 

period of time, in this study, this program is utilized to analyze columns and all specifications of 

each column. 

The Microsoft office excel 2020 program is used for modeling, scheduling and comparing all 

results attained from the analysis of each method. 

In order to count the results and data in a useful way, the most commonly scale was used to 

compare the results, the arithmetic mean (X), and for the interpretation of the results the coefficient 

of variation (COV) is used. 

 

4.4    THE ANALYTICAL PROPOSED METHODS 

In this work a proposed method will made on the standard analysis and design procedure, for 

analysis 168 reinforced concrete columns using moment magnifier approach for (ACI318M-19 

and TS500) codes and additional moment approach for (BS8110) code by statically regression 

analysis. Where existence some of constants in the standard equations leads to less accurate in the 

results. Therefore, this constant will changed to equations will be proposed that include some of 

details of columns like the amount of steel ratio, the dimension of the section and slenderness ratio. 

By the statically regression analysis for 12096 hypothetical rectangular RC slender columns, the 

effect of each factor will be shown. Comparison is made between the results of proposed method 

and the results of standard methods, where the effect of the properties will be appearing on the 

final values. 

During the column analysis process by matlab program, the maximum lateral deflection of each 

column was obtained, where an extensive regression analysis is performed to find out the main 

factors affecting on the deflection and ultimate bearing capacity like flexural rigidity EI, buckling 



 

58 
 

load Pc, and c; depth of neutral axis, all these factors gives the maximum deflection and ultimate 

bearing capacity of columns. 

Two formulas and one value are suggested in the analysis procedure to obtain the most accurate 

value of bearing capacity and maximum lateral deflection of the column that occurs as a result of 

the imposed loads. 

All suggested formulas will be explained below: 

4.4.1 Effective Rigidity Factor (𝛼) 

 

- In (ACI318M-19 and TS500) codes, the analysis of reinforced concrete slender column 

subjected to load is effected by the flexural rigidity (EI), and it’s given in the equation below: 

El = (0.2 Ec Ig + Es Is) / (1 + 𝛽d)                                                                                      ….. (4 – 1)  

- In (BS8110) code, the analysis of reinforced concrete slender column is based on the 

additional moment approach and it shown in the equation below:                    

  

Madd = Nβa k h                                                                                                                  ….. (4 – 2) 

 

 βa= 1/2000 ( 
𝑙𝑒

𝑏‘
 )2                                                                                                              ….. (4 – 3) 

 

 k =  
𝑁𝑢𝑧−𝑁  

𝑁𝑢𝑧−𝑁𝑏𝑎𝑙
≤1                                                                                                             ….. (4 – 4) 

Through the equation (4-1), there is less of an inaccuracy that occurs due to the constant that used 

(0.2) which is not affected by the factors that affect the stiffness. Therefore, in this work a modified 

version will be made to the equation below: 

El = (𝛼Ec Ig + Es Is  )/ (1+𝛽d )                                                                                           ….. (4 – 5)  

Where  

𝛼 = Dimension less reduction factor which is influenced by factors affecting the stiffness process 
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𝛽d = ratio of max factored dead (sustained) load to max total factored load (it’s always positive), 

for short time load 𝛽d equal to zero. 

Based on the observation of the results that obtained by the regression analysis of the slender 

columns that examined experimentally performed, it appears evidently that the factors (Lu/h, steel 

ratio) have an effect on the values of the flexural rigidity (EI), and the other factors (concrete cover 

γ, e/h, b/h) that are independent variables with the effective stiffness factor (α) as a dependent 

variable.  

With these assumptions, an equation below found that explains the effect of each factor, Eq (4-6a) 

shows the expression:  

𝛼prop = 0.2+0.002  Lu/h+0.01  𝜌                                                                                     …..(4 – 6a)  

Which  

El effective = (𝛼propEc Ig + Es Is )/ (1+𝛽d )                                                                          …. (4 – 6b)  

Accordingly, the change in the value of effective flexural rigidity factor (α) was observed as a 

result of the regression analysis.  

Fig (4-2) shows the deferent between the two results (EI calculation & EI proposed). Noting that 

the values in laboratory tested with fc' values are within (16.27 - 98) MPa, Lu/h ranging between 

(0- 48.94), steel ratio ρ ranging shown in table (4-2).  
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A ratio was made between (αProp/ α exact), where α exact = 0.2 to find the value of coefficient of 

variation COV between the two expression which gives (COV=8.67)%  and mean (X=1.16). Fig 

(4-3) below show that. 

 

Fig (4 - 3) comparison between 𝛼Prop &𝛼 exact 

4.4.2     ULTIMATE COMPRESSION STRAIN OF CONCRETE 

 

The ultimate strain of concrete is a constant value for ACI 318M-19 and TS500 codes, which is 

equivalent to 0.003, and for BS-8110 code the strain of concrete is equivalent to 0.0035. This work 

will show the effect of dimensions on the amount of strain value by calculating the ratio between 

width to height of column (b/h) in experimental results in the literature, which is ranging between 

(0.75- 3).  

 

By this ratio the following expression is obtained: 

 ϵcu = 0.003 + 0.0002 b/h                                                                                                  …. (4 -7)  

Where the regression analysis was made for the experimental results, the change of values ϵcu   

standard and ϵcu proposed becomes clear, and be observed in fig (4-4). 

The ratio 

the columns 
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4.4.3 THE INTENSITY OF STRESS AT THE EXTREME FIBER OF STRESS BLOCK  

 

The distribution of the rectangular stress block has great influence in knowing the bearing capacity 

and lateral deflection of the column. This block is directly affected by many factors and especially 

by (α1). In ACI 318M-19, BS-8110 and TS500 codes the factor α1 is equal to 0.85.  

In this work, the value of α1 will be proposed as 0.8. This change will effect directly on the value 

of compressive strength of concrete (f'c), where in the experimental results the values of (f''c) ranges 

between (13.83 and 83.3), while during the regression analysis the values of (f''c) will ranging 

between (13.01 and 78.4), therefore the bearing capacity and lateral deflection values of the 

columns will change. 

4.5 THE COMPARISON BETWEEN EXPERIMENTAL RESULTS AND PROPOSAL 

RESULTS 

Statically regression analysis is performed for 168 columns for the three codes and the proposed 

method. The coefficient of variation and mean are the most popular measures they have been used 

for compare results and data in useful way. By Matlab the ultimate bearing capacity for each 

column will extract and for the four methods. Table (4-4) shows a comparison between the results 

by the mean and the coefficient of variation. 
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No. The code Mean X COV 

1 ACI 318M –19 754.089 277.2248 

2 BS8110 768.810 279.0306 

3 TS500 755.926 276.7155 

4 Proposed  742.049 269.4325 

 

Table (4 – 4) statistical evaluation of load bearing capacity for 168 tested Rc slender column 

 

Fig (4-5)& (4-6), show the graphics for the different values of (COV & X) between the codes and 

proposed method. 

  

 

 

In order to achieve the maximum accuracy of the theoretical, used the nominal axial capacity for 

the column obtained experimentally test (Ptest)was used by ratios with the results of 168 columns. 

where a comparison was made between the ratio of (Ptest) to calculated bearing capacity (Pcalc) 
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Fig (4 – 5) COV % for the results of load bearing 

capacity calculated by the three codes and the proposed 

method for 168 RC columns. 

Fig (4 – 6) Mean value for the results of load bearing 

capacity calculated by the three codes and the proposed 

method for 168 RC columns. 
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with the ratio of (Ptest) to the proposed bearing capacity (Pprop) and that shown in table (4-5). 

Also the maximum and minimum value of this ratio will show. 

Fig (4- 7) shown the different between amounts of the two ratios for 168 concrete column. 

 

No. The ratios X COV% MAX MIN 

1 P test /P calc 1.21 11.09 1.62 1.02 

2 P test / P prop 1.19 8.88 1.66 1.04 

 

 

 

 

 

 

 

 

 
Table (4 – 5) statistical evaluation of the ratios for 168 tested Rc slender column 

 

 

 

Fig (4-7) the different between the amounts of the two ratios for 168 concrete column. 
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5. CONCLUSION AND RECOMMENDATION 

5.1 INTRODUCTION  

 

In this work, a study was made to investigate codes method to analyze and design RC slender 

columns. 168 experimentally rectangular columns HSC and NSC tested in the literature, it will be 

exposed to short time concentric and eccentric load.  

Two types of columns are available short and slender, buckle in sway or non-sway mode. A case 

study of 12,096 rectangular RC columns was used with different combination of specific values 

of variables that affected on load bearing capacity, column behavior as well as stiffness. 

Four methods were used in this study to find the ultimate of bearing capacity of slender columns. 

Three methods are universal codes (ACI 318M-19, BS 8110 and TS500) in addition to one method 

was proposed in Chapter Four, where they were derived statistically.  

The values of bearing capacity of the slender columns calculated from the four methods were 

compared with the results of 168 slender columns that were experimentally tested. The values that 

were laboratory tested with fc' values are within (16.27 - 98) MPa, Lu/h ranging between (0- 48.94), 

steel ratio  𝜌 ranging, shown in table (4-2). 

A new proposed expression to analyze RC slender column was made by introducing some changes 

on flexural rigidity (EI) values, strain values and the factor (α1), all of these factors were 

statistically derived. 

Using Matlab 2019a program helped greatly in simplifying the analysis mechanism and adopting 

accuracy in results. In order to modeling, scheduling and comparing the values, use Microsoft 

Excel 2020. 
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5.2     THE CONCLUSION 

 

From the studies presented in this work, several things have been concluded, such as: 

a. Recommended to use for analysis 168 reinforced concrete columns using moment 

magnifier approach for (ACI318M-19 and TS500) codes and additional moment 

approach for (BS8110) code by statically regression analysis, where ACI 318M-19 

code gave (COV = 277.2248) percent and mean (X = 754.089), BS 8110 code gave 

(COV = 279.0306) percent and mean (X = 768.810), TS 500 code gave (COV = 

276.7155) % and mean (X = 755.926), the method proposed in this work gave the 

lower value of (COV= 269.4325) % and mean (X = 742.049), which means the 

proposed method gave an acceptable value more than other codes. 

b. The ratio between Ptest / Pcalc gave(COV=11.09) % and mean (X=1.21), and Ptest 

/ Pprop gave lowest value of (COV=8.88) % and mean (X=1.19), that mean the 

proposed results was in more agreement with the test results and the closest to unity. 

c. Improvement in the results accuracy of column strength was achieved using the 

new flexural stiffness factor in the equation of EI. The effect of the factors (Lu/h , 

𝜌) on the amount of (𝛼), where the flexural rigidity (EI) in (ACI 318M-19, TS500) 

codes extract in the Eq (4-5), where (𝛼 =0.2). In this study Eq (4-6a) is proposed to 

obtain the flexural rigidity factor (𝛼), this suggestion proved that constant values 

cause some of an inaccuracy in the results. 

d. The strain of concrete is a constant value for ACI 318M-19 and TS500 codes, which 

is equal to 0.003, and for BS-8110 code the strain of concrete is equal to 0.0035. In 

this work it will show the effect of the ratio (b/h) on the strain value, the Eq (4-7) 

is proposed to find the strain value and it will be ringing between (0.003-0.0036). 
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 5.3 RECOMMENDATIONS  

To better understand the behavior of RC slender column and to calculate the maximum lateral 

deflection and the nominal capacity of the RC rectangular column, this work recommends using 

the proposed method and depends on moment magnifier approach. 

 

5.4 SUGGESTIONS FOR FUTURE RESEARCH  

Based on the conclusions achieved from this work, and in order to gain added benefit from the 

recommendations in the areas of research that are concerned with the behavior, bends of concrete 

columns and strength, several vital points have been identified for future implementation:  

Expand the research range to include:  

a. Other types of experimental columns, including circular columns, columns with 

unequal end moments, column with ultra HSC, columns under biaxial bending, and centrally 

loaded columns, etc. 

b. Innovative techniques for additional uploading to identify load deflection response 

through overall loading history. 

c. The procedures used to calculate details of columns analysis, such as deflections 

and bearing strength for RC frame and RC beams. 

d. The effect of factors (P/Po , fy, e/h) on column specifications.  

e. The effect of continuous loads on failure of concrete columns. 

f. The effect of loading rate on failure of concrete columns. 

g. The effect transverse reinforcement and concrete cover on the failure that happen 

of concrete columns. 

h. The effect of effective length factor for columns in the sway or non-sway frames. 
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