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ABSTRACT

Stabilization and Strong Stabilization of LTI Systems by Structured Time-delay

Controllers

S. Mert OZER

Department of Electrical and Electronics Engineering
Programme in Control and Command Systems

Eskisehir Technical University, Institute of Graduate Programs, August 2022

Supervisor: Prof. Dr. Altug IFTAR

The main objective of this thesis is to develop controller design methods for stabi-
lization and strong stabilization of linear time-invariant multi-input multi-output systems.
In particular, the open-loop systems to be considered are allowed to be retarded or neutral
time-delay systems which may have an arbitrary number of discrete time delays in the
input/output channels or in the dynamics of the system itself. In order to stabilize such
systems, an eigenvalue optimization-based controller design method is proposed in which
the stabilization problem is formulated as the minimization of spectral abscissa function
over the controller parameters. In this context, not only conventional finite-dimensional
controllers but also time-delay controllers with an arbitrary number of artificial time de-
lays are aimed to be designed. Furthermore, the controllers to be designed are allowed
to be structured in an arbitrary form. A strong stabilization method is also developed as
an extension of the stabilization method. More precisely, the centralized and/or decen-
tralized strong stabilization problem is formulated by adding the controller stability as a
constraint to the present stabilization problem. Finally, a new MATLAB-based software,
which implements the analysis and controller design methods proposed in this thesis, is

developed.

Keywords: Stabilization, strong stabilization, time-delay systems, time-delay controllers,

optimization.
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OZET

Dogrusal Zamanla Degismeyen Sistemlerin Yapilandirilmis Zaman Gecikmeli

Denetleyiciler ile Kararlilagtirilmasi ve Kuvvetli Kararhilagtirilmasi

S. Mert OZER

Elektrik-Elektronik Miihendisligi Anabilim Dali
Kontrol ve Kumanda Sistemleri Bilim Dal1

Eskisehir Teknik Universitesi, Lisansiistii Egitim Enstitiisii, Agustos 2022

Danisman: Prof. Dr. Altug IFTAR

Bu tezin temel amaci, dogrusal zamanla degismeyen cok girdili ¢ok ¢iktili sistem-
lerin kararlilagtirilmasi1 ve kuvvetli kararlilastirilmasi i¢in denetleyici tasarim yontem-
leri gelistirmektir. Ozellikle, ele alacak olan acik dongii sistemlerin, girdi/cikti kanal-
larinda veya sistemin kendi dinamiklerinde keyfi sayida ayrik zaman gecikmesine sahip
olabilen geri-tipli veya tarafsiz zaman gecikmeli sistemler olmasina izin verilmistir. Bu
tiir sistemleri kararlilastirmak icin, kararlilastirma probleminin denetleyici parametreleri
tizerinden spektral apsis fonksiyonunun minimizasyonu olarak formiile edildigi 6zdeger
optimizasyonu tabanli bir denetleyici tasarim yontemi 6nerilmigtir. Bu kapsamda sadece
geleneksel sonlu boyutlu denetleyiciler degil, istege bagh sayida yapay zaman gecik-
melerine sahip zaman gecikmeli denetleyicilerin de tasarlanmasi amaglanmistir. Ayrica,
tasarlanacak olan hem sonlu boyutlu hem de zaman gecikmeli denetleyicilerin keyfi bir
bicimde yapilandirilmasina izin verilmistir. Kararlilagtirma yonteminin bir uzantisi olarak
bir kuvvetli kararlilastirma yontemi de gelistirilmistir. Daha kesin olarak, merkezi ve/veya
merkezi olmayan kuvvetli kararlilastirma problemi, mevcut kararlilastirma problemine
bir kisit olarak denetleyici kararlilig1 eklenerek formiile edilmigtir. Son olarak, bu tezde
Onerilen analiz ve denetleyici tasarim yontemlerini uygulayan yeni bir MATLAB tabanlh

yazilim gelistirilmistir.

Anahtar Sozciikler: Kararlilagtirma, kuvvetli kararlilagtirma, zaman gecikmeli sistem-

ler, zaman gecikmeli denetleyiciler, optimizasyon.
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1. INTRODUCTION

In Section 1.1, the existing literature about the content of this thesis is overviewed. Then,
the objectives of the thesis and the motivation are presented in Section 1.2. In Section 1.3,

the outline of the subsequent chapters is given.
1.1. Literature Overview

In feedback control systems, acquiring information, creating control signals, and exe-
cuting decisions do not occur instantaneously [1]. Because of that, there always exist
certain time delays. Furthermore, time delays may also occur in the system dynam-
ics due to communication and transportation lags (e.g., see [2] and references therein).
In many cases, it is not possible to completely eliminate time delays. In other words,
the presence of time delays is inevitable. It is well-known that neglecting these delays
may lead to poor performance, lack of robustness, or even cause a destabilizing effect
in feedback control systems. Therefore, time delays must be taken into account in the
controller design. In particular, such systems are described by delay-differential or delay-
differential-algebraic equations (DDAEs) and called time-delay systems. In general, it
is more difficult to analyze and stabilize time-delay systems, compared to the delay-free
systems, since their states can not be represented by finitely many state variables, thus,
they are infinite-dimensional; therefore, an LTI time-delay system has infinitely many
modes (characteristic roots), in general [3]. A system described by a delay-differential
equation which does not involve the delayed version of the derivative of the state vector
is said to be a retarded time-delay system. On the other hand, if the delay-differential
equation involves the delayed versions of the derivative of the state vector or if the sys-
tem is described by DDAEs, then the system may become a neutral time-delay system.
It is more difficult to deal with neutral systems compared to retarded systems, because,
although an LTI retarded system always has finitely many modes in any right-half com-
plex plane (as in finite-dimensional systems), neutral systems may exhibit infinitely many
modes tending to infinity along vertical axes at the right-hand side of a real number on the
complex plane [4]. Furthermore, even if an LTI neutral system has finitely many unstable
modes, this situation can dramatically change when an infinitesimal perturbation in the

time delays occurs [3].



In feedback control, stability is the primary expectation when it comes to controller
design. Even though there exist a rich literature and various controller design methods
for finite-dimensional systems, the stabilization of time-delay systems is still an open
problem [5]. For time-delay systems, the analytical controller design methods can only
be derived for relatively simple systems such as generally low-dimensional and/or having
a limited number of time delays (see [3] and the references therein). In this context,
many different controller design methods for stabilization of time-delay systems have
been proposed in the literature (e.g., see [3], [5], and references therein) so far.

Although stability of an overall closed-loop system is the primary expectation in
feedback control, in most of the practical cases, there are some other requirements such
as tracking performance, disturbance rejection and robustness [6]. Even though closed-
loop stability can be achieved by an unstable controller, the unstable controllers may
have certain disadvantages in some practical applications. For instance, system integrity
may be a motivation to use stable controllers. In the feedback control, when a sensor
or an actuator fails or is deliberately turned off during start-up or shutdown, hence the
feedback loop opens; overall stability can not be maintained if the controller is unsta-
ble. A stable controller, however, guarantees overall stability under such a fault if the
plant is also stable [7]. On the other hand, an unstable controller introduces additional
right-half plane zeros, which reduce the tracking ability and disturbance rejection of the
closed-loop system and makes it more sensitive to numerical errors and nonlinear ef-
fects [8]. Such effects may in fact cause an unstable behavior in practical implementa-
tions [9]. Because of these reasons, stable controller design, which is also referred to
as strong stabilization, became an important problem [8]. Although strong stabilization
is important, not all plants are strongly stabilizable. It is well-known that a stabilizable
finite-dimensional LTI system is strongly stabilizable if and only if it satisfies the par-
ity interlacing property (PIP); a system is said to satisfy the PIP if the number of poles
(counted according to their McMillan degrees) between any pair of blocking zeros on
the extended positive real-axis is even [10]. Strong stabilization problem is first studied
for finite-dimensional systems (e.g., [8, 11-18]), then, for infinite-dimensional systems in
single-input single-output (SISO) case [19-21] and in multi-input multi-output (MIMO)
case (see [22] and references therein). In particular, a number of analytical methods to

solve the strong stabilization problem for both finite-dimensional (e.g., [12,17]) and time-



delay (e.g., [9,19,21,23]) systems have been proposed. Most of these analytical methods
developed to solve the strong stabilization problem rely on the construction of a unit func-
tion that interpolates the value of the characteristic function of the system at the blocking
zeros of the system located in the extended right-half plane. Due to the interpolation-
based design approach, the analytical methods are proposed only for systems with a re-
stricted number of unstable poles and/or blocking zeros (see [24] and references therein).
Furthermore, as reported in many studies, those analytical methods developed to solve the
strong stabilization problem usually lead to high-dimensional controllers. Moreover, the
existence of infinitely many unstable poles and/or blocking zeros makes the interpolation
phase of those analytical methods even more complicated [23].

In recent years, the eigenvalue-based methods are used for stabilization of LTI
time-delay systems, effectively. First, the so-called continuous pole placement algo-
rithm was presented in [25] for retarded time-delay systems, then, extended to the neutral
case in [26]. Then, the eigenvalue optimization-based controller design method, which
was originally introduced for robust stabilization of finite-dimensional systems in [27],
was adapted to retarded time-delay systems in [28], and to neutral time-delay systems
in [29]. In addition to these papers, this method has been successfully used in many
studies [30—43]. The underlying idea of the eigenvalue optimization-based stabilization
is minimizing the real part of the rightmost mode, i.e., spectral abscissa of the closed-
loop system. From this perspective, this strategy not only leads to a stable closed-loop
system but also to a stable closed-loop system with a maximum exponential decay rate.
We note that, achieving the maximum exponential decay rate is quite desirable in some
applications such as load frequency control [44], fast consensus in networked control sys-
tems [45], synchronization in network systems [46], multi-agent systems [47], oscillatory
systems [48], etc.

Even though the closed-loop stability is not guaranteed by using the eigenvalue
optimization-based method, it can, in principle, be achieved through minimizing spectral
abscissa as a function of sufficiently large number of controller parameters. Therefore,
it is advised to increase the dimension of the controller to be designed until the stability
is achieved. Thus, the success of this method highly depends on the degree of free-
dom of the controller to be used. If the stability can not be achieved, then, the degree

of freedom of the controller to be designed must be increased, gradually, as it is sug-



gested in [49], by increasing the number of differential order of a delay-free dynamic
controller. However, for complex systems, e.g., time-delay systems, such a strategy may
cause very high-dimensional delay-free controllers which are quite undesirable for var-
ious reasons, such as cost, reliability, robustness, etc. [50]. In [51], it has been shown
that rather than using such delay-free controllers with high differential degree, simpler
time-delay controllers (i.e., delayed-feedback) may be employed, since it is known that
time-delay controllers, which introduce artificial time delays, can have a stabilizing ef-
fect on certain systems (see [1, 52, 53], and the references therein). For instance, [48]
has shown that an oscillatory system can be stabilized using a simple delayed-feedback
instead of using a derivative feedback or an observer. Furthermore, time-delay controllers
have several advantages in practical implementations [54]. It has been shown that time-
delay controllers can improve the exponential decay rate [55], noise attenuation [56], and
stability margins [57]. However, the analytical design of such controllers is quite diffi-
cult even for low-order systems [58,59]. Besides their difficulties, most of the analytic
methods are dedicated to determine the stability maps over the controller parameters,
e.g., [60]. On the other hand, iterative methods, such as continuous pole placement [25]
or eigenvalue optimization [29], can be used to design stabilizing time-delay controllers
for high-dimensional or even time-delay systems [55,61]. The optimization-based sta-
bilization method has been successfully adapted to the design of time-delay controllers
in [55]. In that study, the designed controllers had no differential parts, i.e., no integrators
in their implementation. Even so, by benchmark examples, it has been shown that such
time-delay controllers may be more effective than delay-free controllers with differential
parts, i.e., finite-dimensional dynamic controllers. However, for some systems, the sta-
bilizing controller may need to have differential parts also. In this case, the controller
must be described by delay-differential equations. So, in [51], controller type considered
in [55] has been extended to a more general form, which may have an arbitrary number
of time delays and differential degree, in order to achieve the stabilization of complex
systems.

The growing size and complexity of real-world industrial processes are raising the
importance of modeling and control of large-scale systems. For many large-scale systems,
it may be very costly, even impossible, to collect all the information in a centralized place,

process it there, and dispatch the control commands from there [62]. Practical examples
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Figure 1.1: Centralized (left) and decentralized (right) feedback control.

of large-scale systems are electric power distribution systems, transportation and traffic
systems, water transmission systems, inventory management systems, and the global eco-
nomic system (see [63—65] and references therein). The idea of information flow structure
usually describes the fundamental difference between feedback control of small-scale and
large-scale systems. Thus, unlike the small-scale systems, the overall plant is not con-
trolled by a single controller but by several independent local controllers each of which
can operate only on certain input-output channels of the system as illustrated in Fig-
ure 1.1. This control strategy is known as decentralized control, and those independent
local controllers all together represent the overall decentralized controller [66]. The de-
centralized controllers have several advantages over the centralized ones. First, they can
reduce communication requirements. Thus, employing a decentralized control strategy
is more economical in real-life control systems. Second, decentralized controllers are
inherently robust to uncertainties in the interconnections [63]. Therefore, they operate
in industrial processes more efficiently. Third, the overall control system can be more
reliable against both interconnection and controller failures [67]. However, due to the
information flow constraints, well-known feedback control methodologies, which have
been established for the centralized case, can not be applied directly to the decentralized
case. To this end, many studies have been conducted to analyze and design decentralized
feedback control systems particularly.

Considering the existence of multiple input-output channels and the high complex-
ity of large-scale systems, the existence of time delays is inevitable for such systems.
Therefore, it is crucial to take time delays into account in the feedback control design of
large-scale systems. There are various studies on this topic, e.g., [38,67-82]. Even though
there exist many controller design methods for time-delay systems, only a few of them
has been adapted to decentralized case in recent years [64]. There might be two main rea-

sons for this circumstance. The obvious reason is that the high complexity of time-delay



systems makes the decentralized control of large-scale systems even more complicated.
As a second reason, although the importance of time delays in a feedback control system
has been realized long ago, most enlightening studies have been carried out in the last
three decades [5]. Furthermore, recent developments in computational tools facilitated
the control of time-delay systems. Therefore, it is necessary to fill this gap by developing
a decentralized controller design method for time-delay systems, which can be thought of
as an extension of existing centralized controller design methods to the decentralized case
in the presence of time delays.

In the literature, there are several decentralized controller design methods developed
for finite-dimensional systems in the last five decades (see e.g., [66,83—88]). Essentially,
there are two main design approaches, which are known as sequential design and simulta-
neous design. In the simultaneous design, the overall decentralized controller is described
as a block diagonal controller. Then, such a controller can be designed in a single step
as in the design of a centralized controller [37]. On the other hand, in the sequential de-
sign, the local controllers are designed one-by-one [33]. The main advantage of using
the sequential design approach is to be able to split the controller design problem into
subproblems by considering a single input/output channel each time. So, the sequential
design approach can be preferred because of the fact that a large-scale system generally
has an excessive number of input/output channels which would dramatically increase the
complexity of the controller design problem [49]. However, when a sequential design is
considered, the question of the most advantageous design order arises. Emprical evidence
have shown that the result directly depends on the design order of the local controllers
when they are designed sequentially. Even though there exists recent studies on finding
the most effective design order, it is a higly complicated problem. The only solution ex-
isting right now is the trial-and-error method which brings a computational burden as the
number of local controllers to be designed increases. So, in the light of above disscusion,
the computational cost of these two design stategies can not be a reason to chose one of
them. Other than these two main approaches, an alternative method has been proposed
in [83] that a decentralized controller is designed by making the closed-loop system sta-
bilizable and detectable, i.e., free of unstable fixed-modes, from a single channel by ap-
plying decentralized static output feedback controllers to the remaining channels. One

can conclude that this method is disadvantageous, especially in the case of time-delay



systems, because, unlike the sequential or simultaneous design, the overall complexity of
a decentralized controller is not distributed among the local controllers, which causes to
end up with a single highly-complex local controller responsible for the stability of the
overall closed-loop system.

Both centralized and decentralized stabilizability (i.e., stabilizability under central-
ized and decentralized feedback, respectively) can be determined by the existence of fixed
modes. Basically, a mode of an LTI system is called fixed if its location on the com-
plex plane does not change under any LTI static output feedback controller applied to the
system [89]. As far as the centralized control is concerned, a fixed mode of a system is
named as a centralized fixed mode (CFM), which corresponds to an uncontrollable and/or
unobservable mode of the system. We note that CFMs are characterized as spectrally un-
controllable and/or spectrally unobservable modes of an LTI time-delay system [2]. It has
been shown in [90] that an LTI retarded time-delay system can be stabilized by a proper
LTI dynamic finite-dimensional controller if and only if the system does not have any
unstable CEMs. A decentralized fixed mode (DFM), on the other hand, can be thought
of as a fixed mode under decentralized control. It has been shown in [89] that an LTI
finite-dimensional system can be stabilized by a proper LTT finite-dimensional dynamic
decentralized controller if and only if it does not have any unstable DFMs. Similar to this
result, it has been shown in [83] that a strongly connected LTI finite-dimensional system
can be stabilized by a proper LTI finite-dimensional decentralized controller if and only
if certain system matrices belonging to the complementary subsystems are all complete.
Then, in [91], it has been shown that the completness condition of [83] is equal to the
absence of unstable DFMs. Furthermore, it has been shown that the strong connectedness
assumption of [83] can be removed when a proper LTI finite-dimensional decentralized
dynamic controller is applied [85,92]. Then, the result of [89] was extended to an LTI
retarded time-delay system with commensurate time delays in [93]. The same result was
extended to retarded time-delay systems with incommensurate time delays in [71] and
then to neutral time-delay systems in [77]. In this concept, the most general centralized
and decentralized stabilizability conditions of possibly neutral time-delay systems (with-
out restricting the type of time delays as commensurate or incommensurate) have been
established in [80]. It has been shown in [80] that such a system can be stabilized by a

centralized (decentralized) LTI finite-dimensional and/or time-delay controller if and only



if it does not have any unstable CFMs (DFMs). Note that the above result is valid only un-
der the assumption that the system has finitely many unstable modes. As it is mentioned
above, since retarded systems always have finitely many unstable modes, this assump-
tion is necessary only for a neutral time-delay system. Considering the result of [94],
which basically states that a proper LTI controller can not stabilize a time-delay system
with infinitely many unstable modes, this assumption is necessary as long as a proper LTI
controller is to be designed.

Even though the centralized strong stabilization problem has been well studied in
the past four decades, the literature is not that rich for the decentralized counterpart of the
strong stabilization problem. As far as the author’s knowledge, the decentralized strong
stabilization problem is studied explicitly only in [95-98]. In [98], the decentralized
blocking zeros (i.e., blocking zeros that occur under decentralized feedback) are char-
acterized for finite-dimensional systems. The decentralized blocking zeros are defined as
the common blocking zeros of various complementary TFMs, and the TEMs appear in the
main diagonal of the TFM of the system. Then, it has been shown that PIP (where decen-
tralized blocking zeros are considered particularly instead of centralized blocking zeros)
is a necessary condition for decentralized strong stabilization of finite-dimensional sys-
tems, and also a sufficient condition under some assumptions. A stable controller design
method, which is based on the sequential design of stable local controllers, is also pro-
posed in [98] for finite-dimensional systems. However, to the author’s best knowledge,
there is no result on either the decentralized strong stabilizability or the decentralized
strong stabilization as far as the time-delay systems are concerned.

In recent years, a number of Matlab-based software, which use the eigenvalue
optimization-based controller design method, have been developed. First, HIFOO has
been developed to design finite-dimensional stabilizing controllers for finite-dimensional
systems [27]. Even though the main objective was to design a stabilizing controller, the
capabilities of HIFOO have been extended to H°° optimization [21], strong stabiliza-
tion [99], and multiobjective optimization [100] over the years. It has been shown through
benchmark examples that the design method leads to the design of low-dimensional (rel-
ative to the dimension of the system to be handled) controllers [21]. Then, TDS_STABIL
[29] and TDS_HIOPT [101] have been developed to design finite-dimensional stabilizing

and H*° controllers, respectively, for time-delay systems described by delay-differential-



algebraic equations (DDAESs). For such systems, then, DCD_TDS has been developed
to design finite-dimensional decentralized stabilizing controllers [35]. Note that being
able to design low-dimensional controllers is more crucial for time-delay systems since
these systems are infinite-dimensional; hence, it is quite possible to end up with high-
dimensional controllers using conventional design methods. We note that, for the opti-
mization phase, all these software use a Matlab-based solver named HANSO, which is

specialized for nonsmooth and nonconvex unconstrained optimization [102].

1.2. Motivation and Objectives

The first objective of this thesis is to develop an eigenvalue optimization-based stabi-
lization method for LTI MIMO time-delay systems. The systems to be considered are
allowed to be so-called complex in which no restriction has been made on system dimen-
sion, input-output number, and the number of time delays. In this respect, multi-agent
large-scale systems are particularly considered. The controllers to be designed, on the
other hand, are allowed to be LTI output feedback controllers with an arbitrary number
of time delays and differential degree. Thus, it is possible to design complex controllers
with a high degree of freedom which is in general needed as the complexity of the system
increases. As it is mentioned in the previous section, time-delay controllers have several
advantages over delay-free ones. As far as the design and implementation of a controller
are concerned, it is possible to add an extra degree of freedom by increasing the number
of time delays of the controller instead of increasing the dimension of the state vector,
i.e., the number of integration units necessary to implement the controller. Despite the
ability of complex controller design, we always aim to achieve the closed-loop stability
by using the simplest (e.g., low-dimensional in the finite-dimensional controller case) yet
the most effective (i.e., in terms of the achieved minimal spectral abscissa value of the
corresponding closed-loop system) controller. To this end, the eigenvalue optimization-
based controller design strategy is specially chosen, because it has been shown in many
studies that this strategy leads to the simplest yet the most effective controller because of
the fact that the solution of the eigenvalue optimization problem corresponds to the point
where the maximum exponential decay rate is achieved. Furthermore, it is well-known
that the existing analytical methods are generally restricted to relatively simple systems

and/or may be quite conservative (e.g., methods using Lyapunov-Krasovskii functionals),
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in the sense that stabilizing controllers can not be found even if they exist. Furthermore,
using analytical methods, designing complex controllers such as time-delay controllers is
mathematically intense.

The second objective of the thesis is to design structured time-delay controllers. In
this way, it is possible to design time-delay controllers which introduce different time de-
lays to each 1/0 channel of a MIMO system. Furthermore, it is also possible to design
well-known servocompensators such as PI/PD/PID, which are the far most popular con-
trollers used in practical control systems. In this respect, one can also design PR/PIR con-
trollers, which can be thought of as delayed versions of PD/PID controllers. As discussed
in the previous section, these time-delay servocompensators may be more advantageous
in practical applications. On top of those, the structured controller design leads to the de-
sign of decentralized controllers where the overall controller is composed of several local
controllers, each of which is connected to a certain part of a large-scale system.

The third objective of the thesis is to extend the stabilization methods to strong
stabilization. In other words, it is aimed to design stable controllers to achieve closed-
loop stability. Because stable controllers are preferable in practical control systems for
many reasons such as robustness, tracking performance, etc., as discussed in the previ-
ous section. However, as mentioned in the previous section, not all systems are strongly
stabilizable. Because of that, in this thesis, certain analysis methods are also aimed to be
developed to investigate the strong stabilizability of a given LTI MIMO time-delay sys-
tem. Here, the decentralized strong stabilizability problem is especially considered since
the existing literature lacks results in this manner even though the literature is quite rich
for the centralized counterpart. On the other hand, even though there exist decentralized
strong stabilization methods developed for finite-dimensional systems, those methods can
not be applied to time-delay systems directly. Furthermore, as it is mentioned in the pre-
vious section, most of the proposed strong stabilization methods lead to unnecessarily
complex controllers even for finite-dimensional systems. Therefore, the development of
new centralized and decentralized strong stabilization methods, which can be used for
both finite-dimensional and time-delay systems, is also aimed.

Last but not least, the fourth objective of the thesis is to develop a Matlab-based
software that implements the proposed analysis and controller design methods. The main

reason for this objective lies behind the fact that the proposed methods require algorithms
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that consist of many symbolic and numeric operations. Because of that, a Matlab-based
software, which can also be integrated with the necessary tools such as mode/zero com-
putation and optimization solver, is aimed to be developed. Furthermore, the developed
software will be publicly available so that any researcher or control engineer can use the
proposed analysis and design methods effectively. Because of this motivation, special

attention is given to developing not only effective but also a user-friendly software.

1.3. Outline

A brief outline of the thesis is given in this section. A detailed outline of subsequent
chapters is given at the beginning of each chapter. In Chapter 2, the open-loop system
descriptions are introduced along with the necessary background on the spectral proper-
ties and stabilizability conditions of LTI time-delay systems. Furthermore, the centralized
and decentralized structured time-delay controllers, which are considered in the following
chapters, are also introduced in Chapter 2. In Chapter 3, the design method of central-
ized stabilizing and strongly stabilizing time-delay controllers are presented, along with
the technical details of the optimization-based design phase. At the end of this chapter,
the proposed methods are illustrated through various examples. In Chapter 4, first, the
decentralized strong stabilizability conditions of LTI time-delay systems are investigated;
then, the controller design methods presented in Chapter 3 are extended to the decentral-
ized case. Then, as in Chapter 3, the proposed methods are illustrated through various
examples at the end of Chapter 4. Finally, the concluding remarks of the thesis are given
in Chapter 5 along with the discussion of possible research objectives which can be con-

sidered in the future.
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2. SYSTEMS, CONTROLLERS, AND STABILIZABILITY

In Section 2.1, the spectral properties of an LTI (retarded or neutral) time-delay system
with an arbitrary number of discrete time delays are outlined. Those properties are the
necessary background for the rest of the thesis since the autonomous part of all the open-
loop systems to be controlled, and time-delay controllers to be designed are in the form
of (2.1) given below. In Section 2.2, two different descriptions of LTI MIMO intercon-
nected time-delay systems, which are considered as the open-loop systems (i.e., plants)
in this thesis, are introduced. In Section 2.3, both centralized and decentralized LTT out-
put feedback controllers are introduced along with various structures, each of which can
be used for different aspects. In Section 2.4, centralized and decentralized stabilizability

conditions of the open-loop systems, introduced in Section 2.2, are given.

2.1. Spectral Properties of Time-delay Systems

Let us consider an LTI time-delay system described by DDAEs of the form:

Bi(t) =) Aw(t — hy) 2.1)
i=0
where z(t) € R" is the state vector at time t. Here, h; > 0,7 = 1,...,0, where o

indicates the number of distinct time delays involved in (2.1), are the time delays. In
particular, hy := 0 is used for notational convenience, thus © = 0 corresponds to the
delay-free part of the system. The matrices ' and A;, ¢« = 0,...,0, are constant real
matrices. In the case rank(F) < n, let the columns of U (respectively V') be a minimal
basis for the left (respectively right) null space of E. Then, U € R™" and V € R"*",
where

n:=n —rank(FE), (2.2)

are such that

U'E=0 and EV =0. (2.3)

In order to ensure the solvability of (2.1), itis assumed that either rank(E) = n or UT AV
is nonsingular [29], [103].
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Definition 1. For any given € € R, the set of e-modes of (2.1) is defined as
Qe = {s € C/ | det (¢(s)) =0} (2.4)
where
o(s) = sE — A(s). (2.5)

is the characteristic matrix of the system where
A(s) =) Ae . (2.6)
i=0
Remark 1. By Definition 1, for any s, € (), it follows that
rank(A(sg) — soF) < n. 2.7)

Definition 2. For any given € € R, s € (). is said to be simple, if

d

% (det(gb(s))) |s:so 7& 0

and is said to be multiple, otherwise.

Definition 3. For any given p € R, where p is the relative stability boundary, (2.1) is

said to be p-stable if there exist a { > 0, such that Q,_ = 0.

Note that, for ¢ < 0, p-stability is equivalent to the exponential stability with a
decay rate less than p [3]. The p-stability condition can also be expressed in terms of the

spectral abscissa of the system, which is defined as
c .= sup {Re(s) | det (¢(s)) =0} . (2.8)

Hence, (2.1) is u-stable if and only if ¢ < p.

When n = 0, where n is the rank deficiency of £ as defined in (2.2), (2.1) has only
delay-differential equations; hence it describes a retarded system. For retarded systems,
Q. is a finite set for any ¢ € R [3]. In other words, even though the time-delay system

has infinitely many modes, there are always finitely many of them on the right-hand side
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of any vertical line of the complex plane. Consequently, for any given 1 € R, a retarded
system has always finitely many p-modes.
On the other hand, in the case 1 < n < n, i.e., when F is a rank deficient matrix,
(2.1) may also have delay-difference equations. Let the columns of U+ € R™*(»~") and
V+ € R™ (7 be a basis for the orthogonal complement of U/ and V/, respectively, so
that
U:=[U+U] and V :=[V*+ V] (2.9)

are full-rank matrices. Also let z; and x5 be defined such that
w=Vz] z3]" = Vi + Va, (2.10)

where 7; € R"" and 2, € R™. Now, (2.1) can be described as coupled delay-differential
and delay-difference equations, via multiplying (2.1) by U from the left and substituting
(2.10), which yields

g

U BV (1) =S <ULTAiVla:1(t — )+ U AVt — h@-))

=0 (2.11)

Sl

o
I

7

Clearly (2.11), accordingly (2.1), describes a neutral system unless U7 A,V = 0, i =
1,...,0.

Note that neutral systems are generally described in the following form:

Z(t) + Z (Eii(t — hy)) =) (Aiie(t — hy)) (2.12)

1=0

where the delayed version(s) of state derivatives are explicitly given. In this case, (2.12)

can be brought into the form of (2.1) by defining the state vector as

x(t) = [z(t)" 2(t)T]", (2.13)
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where

B(t) = E(t) + > (Eid(t — hy)) . (2.14)

I, 0 0 A
FE = , A = , (2.15)
0 0, I, I,
and, fori=1,...,0,
A = | . (2.16)
0 E;

When (2.1) describes a neutral system, the associated delay-difference equations

can be described as

g

> At —hi) =0, (2.17)

=
where A; := UTA,V,i =0,...,0,and U and V are as in (2.3). Here, () € R"isa

dummy state vector. The spectral absicssa of (2.17) can be defined as

cp = sup {Re(s) | det (¢p(s)) =0} (2.18)

where

Op(s) =) At (2.19)

=0
is the characteristic matrix of (2.17). Then, (2.17) is u-stable if and only if cp < p [29].

Unlike the retarded systems, neutral systems may have infinitely many modes on
the right-hand side of some vertical line on the complex plane. However, (). is a finite
set for all ¢ > cp [3]. Consequently, for any given p > cp, a neutral system has always
finitely many p-modes. For this reason, cp < v is a necessary condition for the p-stability
of (2.1) [4].

However, even though (2.18) is continuous in the elements of the system matrices, it

is not continuous in the time delays. As a consequence of this, the high-frequency modes
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of (2.17), accordingly cp, may be highly sensitive to infinitesimal perturbations in the
time delays [4]. In other words, €2, may become an infinite set when the nominal values
of time delays change [104]. For this reason, the concept of strong stability has been
introduced in [4]. In this thesis, however, since we reserve the term strong stability for the
closed-loop stability achieved by a stable controller, we will call this property insensitive

stability as in [49] and [51].

Definition 4. (2.1) is said to be insensitively y-stable if it is u-stable for nominal values
of the time delays and remains p-stable when infinitesimal perturbations occur in the time

delays.

In this regard, the system (2.1) is insensitively p-stable if and only if it is p-stable,
i.e.,, ¢ < u, and the real part of the modes of (2.17) remains less than y under all in-
finitesimal perturbations in the time delays [29]. A necessary condition for the insensitive
p-stability of (2.1) is the insensitive p-stability of the associated DDE (2.17). Considering
the hypersensitivity of cp, we need to calculate the least upper bound of the real part of
the modes of (2.17) under all infinitesimal perturbations in the time delays. We will call

this bound as the insensitive bound (this was called safe upper bound in [29]) of (2.1).

Definition 5. The insensitive bound, indicated by C'p, is the least upper bound of the real

part of the modes of (2.17) under all infinitesimal perturbations in the time delays.

The insensitive bound, C'p, is equal to the unique root of

9(¢) = 1=0, (2.20)
where, for o = 1,
9(¢) =p (flalfhe*“l) : (2.21)
and, for o > 2,
g(€):=  max  p (flo P Aje=h 4 iﬁlke“keﬁk]) : (2.22)
6 € [0,2r]7 ! k=2

where 0 := {605, ...,0,} [29].
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Note that the set of e-modes is finite for all ¢ > (C'p and remains finite even when
infinitesimal perturbations in the time delays occur. Furthermore, if the set of e-modes is
a compact set that consists of finitely many elements, then the supremum in (2.8) reduces
to a maximum. As a result, for all ¢ > C)p, the system in the form of (2.1) is u-stable if
and only if the real part of the rightmost e-mode is strictly less than ¢ € R. Clearly, the
above result is also valid for finite-dimensional systems, i.e., systems in the form of (2.1)
with o = 0, since it is well-known that the set of e-modes is a finite compact set for all
finite-dimensional systems.

Although C'p gives direct information about the location of the rightmost roots of
(2.19), the computation of C'p is quite expensive. Taking this situation into consideration,
we use the following measure, which is computationally less demanding than Cp, to
determine the insensitive p-stability. The associated DDE (2.17) is insensitively p-stable

if and only if vy, < 1, where, for o = 1,
Y= p (AglAle—“hl) (2.23)

and, foro > 2,

Yy = max P (Agl Ale_”hl + Z Ake_“h’“eje’“]) , (2.24)
= k=2

00,27
where 0 := {0, ...,0,} [49]. We refer the reader to [26] for the case ;. = 0; the general
case follows by the transformation s — s — . Notice that, for © = 0, (2.23) and (2.24)
are independent of time delays. Therefore, the system (2.1) is insensitively 0-stable if and
only if it is O-stable [104].

The insensitive p-stability condition for (2.1), then, can be expressed in terms of ¢
and either vy, or Cp. As aresult, (2.1) is insensitively j-stable if and only if ¢ < p and

Cp < p, while the latter condition can also be expressed as 7y, < 1.
2.2. System Descriptions

In this section, we consider the single-agent and multi-agent systems separately. In Sub-
section 2.2.1, the description of LTI MIMO single-agent time-delay systems is given by

(2.25). It is shown that neutral time-delay systems with direct feed-through terms given
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by (2.28) can be compactly represented as (2.25). Then, in Subsection 2.2.2, the descrip-
tion of LTI MIMO multi-agent time-delay system is given by (2.31). It is shown that
a multi-agent system described as (2.31) can be represented as (2.25) by collecting the

agents.
2.2.1. Single-agent Systems

We consider an LTI MIMO time-delay system described by DDAEs of the form:

g

Bi(t) =Y (Ai:c(t — hy) + Byu(t — hi))
=0 (2.25)
y(t) = Z Cil’(t — h;)

where u(t) € R™ and y(t) € R? are, respectively, the input and the output vectors at time
t. The autonomous part of (2.25) is in the form of (2.1). In addition to the autonomous
part of the system, the matrices B; € R"*™ and C; € R?*", ¢ = 0, ..., 0, are constant
real matrices, where o indicates the number of distinct time delays. The system may
have an arbitrary number of time delays both in the autonomous part and the I/O channels
of the system. We note that, although we represent the time delays compactly here, the
state, the input, and the output time delays may indeed be different, in which case certain
matrices in (2.25) would be zero. Since the autonomous part of (2.25) is in the form of
(2.1), (2.25) can describe both retarded and neutral systems. Respectively, the spectral
properties given in the previous section are also valid for (2.25).

If n = 0, where 7 is the rank deficiency of £ as defined in (2.2), (2.25) has only
delay-differential equations; hence it describes a retarded system. Furthermore, (2.25)
does not have any direct feed-through term in this case. However, if 1 < n < n, i.e.,
when E is a rank deficient matrix, (2.25) describes a neutral system unless U7 A;V = 0,
t = 1,...,0. In this case, the state equations of (2.25) may become coupled delay-
differential and delay-difference equations. The existence of delay-difference equations
may cause (2.25) to have direct feed-through terms. In order to reveal this circumstance,
we take (2.25) into the form of coupled delay-differential and delay-difference equations.
Let U and V be as described in (2.9). Also let x; and x5 be as in (2.10). We multiply the

state equations of (2.25) by U from the left, then substitute (2.10) into both the state and
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output equations of (2.25), which yields

U EVEi () =Y (ULTAZ-VLxl(t — b)) + UL A Vao(t — ) + U Bau(t — hi)>

1=0
o

0= Z (UTA V52 (t — hy) + UT AV (t — hy) + UT Buu(t — hy))

1=0
o

(2.26)

Then, we solve the delay-difference parts of the state equations for x5 (%), which yields

(e

SL’Q(t) = Wil <Z (UTAiVJ'l’l(t = hz) + UTBZ’U,(t — hl)) + Z UTAZV.T}Q(t — hl)>
=0 i=1
where W := UT A,V has already been assumed to be invertible to ensure the solvability

of the system. Then, we substitute x5 (¢) into the output equations in (2.26), which yields

(e

y(t) = (CiV'a(t—hi)) + i: i (CVWIUT AV s (t — by — hy)

i=0 =0 j=0

+ CVWTUTBju(t — by — hy)) + > Y (CVW T UT AV aa(t — hi — hy)).

i=0 j=1

As aresult, (2.26), accordingly (2.25), does not have any direct feed-through term if and
only if
C;VWIUTB; =0, (2.27)

foralli,7 =0,...,0,whenl < n <n.
In order to illustrate the generality of the system description (2.25), let us consider

the following system description:
=0 (2.28)

where the direct feed-through terms are explicitly given. Now, (2.28) can be brought into
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the the form of (2.25) by defining the state vector as
z(t) = [2(t)" w(t)']", (2.29)
where
w(t) := 4 (Dyu(t — hy)) - (2.30)

Accordingly, the system matrices in (2.1) become

0 A4, 0 By
) AOZ ) B(): - aC(): |:C() ]q:|7
Oq 0 -1 Dy

A, 0 B;
B, }
0 0, D,

2.2.2. Multi-agent Systems

In the concept of large-scale systems, where especially decentralized control is consid-
ered, open-loop systems are generally described in the I/O oriented form since it gives
more information about the structure of the inputs and outputs of the system. Therefore,

for such systems, we consider the description of

[

Ei(t) = Z <Aix(t — h;) + Z B; pug(t — hi))

- 2.31)
yk(t)zzcl,kx(t_hl)vk:1777/7
1=0

where u(t) € R™ and y,(t) € R% are, respectively, the input and output vectors at time
t. Here, v is the number of local control stations each of which is associated with the
corresponding I/O channel which consists of a certain number of inputs and outputs [62].
That is, k" local control station has access only to 7, and determines only u. As in

(2.25), the autonomous part of (2.31) is in the form of (2.1). Thus, (2.31) can describe
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both retarded and neutral systems. In addition to the autonomous part of the system, the
matrices B, € R™™ and C;;, € R**", ¢ =0,...,0, k = 1,..., v, are constant real
matrices, where o indicates the number of distinct time delays. The system may have an
arbitrary number of time delays both in the autonomous part and the I/O channels of each
local control station.

Note that a large-scale system given in the form of (2.31) can be brought into the

form of (2.25) by defining
u(t) == [ul(t) - ul ()" e R™, (2.32)
where m := Y, _, my, and,
y(t) =l () -~ v, O R, (2.33)
where ¢ := Y, _, qx. Thus, fori = 0,..., 0, B; and C; can be composed as
B, :=[Bi1 --- Bi,]

and

C; = [C'Tl C’LZ:V]T'

1y

Likewise, a large-scale system described in the form of (2.25) can be brought into the
form of (2.31) by decomposing B; and C;, i = 0, ..., o, into submatrices (regarding the
associated time delays) whose dimensions are compatiable with the corresponding input
and output vectors u, and y, k=1,...,v.
We should note that (2.31) does not have any direct feed-through term if either
rank(E) = n or
CixVWUTB;, =0, (2.34)

forall k,l = 1,...,vandi,j = 0,...,0, where W = UTAyV, and, U and V are as
defined in (2.3).
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2.3. Controller Descriptions and Structures

We consider LTI output feedback controllers described in the form:

I
—~
~
S~—
I
/N

Fiz(t — hi) + Gay(t — i%))
= (2.35)
u(t) = 3 (Hizlt = h) + Kiy(t = h))
i=0

Here, 2(t) € R is the state vector at time ¢ where [ € N is the differential degree of
the controller. Fori = 0,...,4, F;, € R*! G, € R, H; € R™!, and K; € R™*4
are real-valued matrices, and ﬁi > (), are the time delays of the controller (introduced
intentionally), where ¢ indicates the number of distinct time delays. In particular, we let
ho := 0, thus, i = 0 corresponds to the delay-free part of the controller. The autonomous
part of (2.35) is in the form of (2.1) with & = I;, which follows that all the spectral
properties introduced for (2.1) are also valid for (2.35).

Note that (2.35) describes a broad class of LTI output feedback controllers. For
instance, when & = 0, (2.35) describes a finite-dimensional controller, otherwise, (2.35)
describes a time-delay controller which may have an arbitrary number of distinct time
delays both in the I/O channels and dynamics of the controller itself.

Note that (2.35) may describe a centralized or decentralized controller depending
on the structures of the controller matrices. These two types of controllers are separately

considered in the next two subsections.
2.3.1. Centralized Controllers

In a feedback control system, if there exists a single agent (i.e., control station) which can
access all the I/0 channels, then such a control structure is said to be centralized control.
In centralized control, the complete set of output signals is collected in a centralized place,
and the complete set of input signals is dispatched from there. In other words, the infor-
mation flow of a centralized controller is not constrained. In this subsection, some of the
centralized LTI output feedback controller classes are introduced. Each controller class is
determined by the existence of a differential part and time delay in (2.35). Even though a

centralized controller is not constrained by means of information flow, the controller ma-
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trices can be intentionally structured to obtain different types of centralized controllers.
Some of the essential types of centralized controllers which are obtained by using proper
structuring will be introduced under the associated controller classes.

Centralized controller classes:

* K%, : =the class of all centralized delay-free static controllers in the form of (2.35)

with { = 0 and 6 = 0. Thus, a controller in this class can be described as

u(t) = Koy(t), (2.36)

which has mgq number of parameters to be determined (i.e., free parameters) and

requires same number of gains to be implemented.

* K¢, : = the class of all centralized delay-free dynamic controllers in the form of
(2.35) with [ > 0 and ¢ = 0. Thus, a controller in this class can be described as
2(t) = Foz(t) + Goy(t)

(2.37)
u(t) = Hoz(t) + Koy(t)

which has [2 4 [q+ Im + mq number of free parameters when none of the controller
matrices are structured. However, the input-output relation of such a controller
is unique only up to a similarity transformation. In this regard, it is possible to
reduce the number of free parameters of the controller by structuring the controller
matrices in a suitable canonical form without changing the effective complexity, i.e.,
the degree of freedom, of the controller [49]. In these forms, the controller matrices
can be structured depending on [, m, and ¢q. If ¢ < m, then the multivariable
controllable canonical form [105] can be used, in which case Fj and Gy matrices
have a certain number of fixed parameters while H, and K, matrices have free

parameters only. If the dimension of the controller, [ > ¢, then F|y and G, matrices
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take the following forms:

0(lfq)Xq I
0 0
f1,1 fl,l Ot—q)xq
FO - . . ; GO = )
: q
0 0
q,1 q;l |
otherwise
0 0 0 0
f1,1 f1,l 911 91,91
0 0 0 0
fz,1 fl,z 911 g1

If ¢ > m, then the multivariable observable canonical form [105] can be used, in

which case F{y and H, matrices have a certain number of fixed parameters while G

and K matrices have free parameters only. If [ > m, then the controller matrices

take the following forms:

Omx(lfm)
Fy, =
Il—m
otherwise
fa
Fo=1 :
f 1?1

fﬁl f{),m
7H0 = 0m><(l—m) Im] ’
fl(,)l fz(,)m
i !
1,
o AP TP}
: , 410 — .
i
_hgn—l,l h?n—l,l_

Note that, in any of these forms, the number of free parameters is equal to lq +

Im + gm, which means that the number of free parameters is simply reduced by [

compared to the case when the controller matrices are not structured in a canonical

form.

Besides the canonical forms, the controller matrices of (2.37) can also be struc-

tured to obtain the well-known servocompansators. For instance, consider a SISO
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controller described in the Laplace domain as

ki

S

de
TfS + 1

u(s) = kpy(s) + —y(s) + y(s) (2.38)

where u(s) and y(s) are the Laplace transform of the input and output, respectively,
and, k,, k;, and k, are the proportional, integral, and derivative gains of the con-
troller, respectively. Such a controller is known as proportional-integral-derivative
(PID)!. Furthermore, it is also known as proportional-integral (PI) when kg = 0,
and proportional-derivative (PD) when k; = 0. Considering (2.37), a PID con-

troller can be designed by structuring the controller matrices as

0 1 0
FO = ) GO = )
0 —1/T} 1/T} (2.39)

Ho = |k; Tik; — kq/Ts|» Ko = kp+ka/T},

where k,, k;, and k, are the free parameters of the controller. Therefore, a PID con-
troller has three free parameters and requires three gains along with two integrators
to be implemented. In addition, 7%, i.e., the time-constant of the filter, may be fixed
or can also be left as a free parameter (see [107] for the design of a derivative fil-
ter). However, the time-constant must be chosen as a non-negative number if it is
determined to be fixed; otherwise, it must be guaranteed that 7 > 0 during the

controller design phase (see Subsection 4.5.2 for an example).

* K¢, : = the class of all centralized time-delay controllers in the form of (2.35) with

0 > 0and ! = 0. Thus, a controller in this class can be described as
u(t) = Ky(t—hy) (2.40)
i=0

which has mq(6+ 1)+ 6 number of free parameters and requires mq(é + 1) number
of gains along with 6 number of delay elements to be implemented. Obviously,
(2.40) is only a delayed version of (2.36). The controller in the form of (2.40)

introduces o number of artificial time delays to the I/O channels of a system. In

'A controller with a pure derivative term (with kg # 0, Ty = 0), i.e., without a low-pass filter, is
intentionally excluded for many practical reasons [106].
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the case of multi-input and/or multi-output, the default option is to introduce the
same time delay to each I/O channel. However, it is also possible to introduce
different time delays to each I/O channel by choosing appropriate o (depending on
the number of input and/or output) and structuring K;’s properly. For instance, if,
besides a delay-free feedback, a different single time delay is to be introduced from

each output to each input of a two-input two-output system, (2.40) takes the form

kL, 0 . 0 ki, .
u(t) = Koy(t) + | y(t —hy) + oyt — h)
0O O 0O O
2.41)
0O 0 N 0O 0 .
+ y(t — hs) + y(t — ha),
ki, 0 0 k3,

where all the elements of K, each k; » and each ﬁl is a free parameter. Here, we
should also note that a controller in the form of (2.40) with & = 1 is known as
proportional-retarded (PR) controller which can be thought as an approximation of
a PD controller with a pure derivative term, i.e., a controller whose description in

the Laplace domain is (2.38) when k; = T = 0 [108].

K%, : = the class of all centralized time-delay controllers in the form of (2.35)
with & > 0 and [ > 0. Thus, a controller in this class can exactly be described as
(2.35). As a particular case, the dynamics of a controller may be delay-free, yet,
the controller can introduce an arbitrary number of artificial time delays to the I/O

channels of a system. Such a controller can be described as

£(t) = Foz(t) Z( wy(t—h )

5 (2.42)
u(t) = Z (Hiz<t - iLz) + Kiy(t — ilz)> ;
i=0
which is in the form of (2.35) with, for: = 1,..., 4, F; = 0. Furthermore, the con-

troller matrices of (2.35) can also be structured to obtain a servocompensator known
as proportional-integral-retarded (PIR) which can be described in the Laplace do-

main as

ki .
u(s) = kpy(s) + —y(s) + ke ™"y (s) (2.43)
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where £, and h, are the retarded gain and time delay of the controller, respectively.
Considering (2.35), a PIR controller can be designed by letting [ = 1 and 6 = 1

and structuring the controller matrices as

F():FIZO, Gozl, G1:0,
(2.44)
Ho = ki, H1 =0, Ko=ky, Ky =k,

where k,, k;, and k, are free parameters. The time delay h, = h, is also a free
parameter. Therefore, a PIR controller has four free parameters, and, requires a

single integrator, a single delay element, and three gains to be implemented.
2.3.2. Decentralized Controllers

In a feedback control system, if there exist ¥ > 1 agents, each of which can access a
specific I/0O channel, then such a control structure is said to be decentralized control. In
decentralized control, there exist v local control stations. Unlike centralized control, only
a subset of output signals is collected in a local control station, and a subset of input
signals is dispatched from there. The controller applied from a local control station is
said to be a local controller. So, the information flow of a decentralized controller, which
consists of v local controllers, is constrained. Therefore, the decentralized controller is

naturally in a structured form. The local controllers are described as

Z(t) = Z (sz«zk(t — ilzk) + G kyi(t — ilzk)>

0 (2.45)
Ok R R
uk(t) = Z (Hi,kzk(t — hig) + Kixyr(t — hzk)) )
i=0
where 2;,(t) € R, k = 1,..., v, is the state vector of the k" local controller at time .

Thus, the k' local controller given above can access only {uy, y} pairs of the system
given in (2.31). Here, ]Alug >0,1=1,...,01,, k =1,...,v, are the time delays where
o}, indicates the number of distinct time delays of the k" local controller. In particular,
we let iLO,k =0, k = 1,...,v, for notational convenience, hence : = 0 corresponds
to the delay-free part of the k" local controller. Furthermore, Fi . Gig, H;p, and K, 1,

1=20,...,08 k=1,..., v are real-valued matrices of appropriate dimensions.
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If we let

T
2= [I() - I eRL (2.46)
where [ := Y7 | I,
T T
u(t) == |ul(t) --- ug(t)} cR™, y(t):= [y{(t) yg(t)] cR?  (247)
and,
{ha,.. . by ={hy1, ... hs 1} U U{hy, ... hs, o}, (2.48)

then the overall decentralized controller? can be compactly represented in the form of
(2.35). Due to the structural constraint of the overall decentralized controller, the con-

troller matrices in (2.35) must be structured in the form

Fi = bdiag(EJ, o0 Evy), Gz = bdiag(ém, ceey Gi7y)7
(2.49)

A~ ~ A

H, = bdiag(Hi,b ey HZ",,), K, = bdiag(Ki,l, .. f(’i’y),

where
o) My, i he =y
. 0, otherwise
where M stands for F', G, H,or K,7=0,...,0,k = 1,...,v. As aresult, the overall
decentralized controller is actually a block diagonal controller where the main diagonal
of each controller matrix given by (2.49) consists of the associated controller matrices of
the corresponding local controller.

In the remainder of this subsection, some of the essential decentralized LTI output
feedback controller classes are introduced. Each decentralized controller class can be
thought as a counterpart of the corresponding centralized controller class introduced in the
previous subsection. Therefore, as in the centralized case, each decentralized controller
class is determined by the existence of a differential part and time delay in (2.45).

Decentralized controller classes:

« K¢ : = the class of all decentralized delay-free static controllers where, for k =

Here, we especially use the term “overall” because of the fact that a controller which consists of, say,
s number of local controllers, where 1 < s < v, is also a decentralized controller. However, the overall
decentralized controller is a controller that consists of ¥ number of local controllers, i.e., the complete set
of all local controllers.
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1,...,v, each local controller is in the form of (2.45) with [, = 0 and ¢, = 0.

Thus, a controller in this class can be described as

u(t) = bdiag(Ko 1, - - ., Ko, )y(t). (2.50)

where u(t) and y(t) are as in (2.47).

K¢, : = the class of all decentralized delay-free dynamic controllers where, for
k =1,...,v, the local controllers is in the form of (2.45), at least one with [;, > 0,

but all of them with 6, = 0. Thus, a controller in this class can be described as

#(t) = bdiag(Fo,1, . .., Fo,)z(t) + bdiag(Go,1, . . ., Go,)y(t)

(2.51)
U(t) = bdiag(Ho,l, ., Hoy,/)Z(t) + bdiag(Km, Ce ,K07l,)y(t).
where z(t), u(t), and y(t) are as in (2.46)-(2.47).
Kfs : = the class of all decentralized time-delay controllers where, fork =1, ..., v,

the local controllers is in the form of (2.45), at least one with 6, > 0, but all of them

with [, = 0. Thus, a controller in this class can be described as
u(t) =Y Kiy(t — hy) (2.52)
i=0
where u(t), y(t), ﬁl i =1,...,0,and ¢ are as in (2.47)-(2.48). Furthermore, K,

1=20,...,0,are as in (2.49).

K¢, : =the class of all decentralized time-delay controllers where, fork = 1,.. ., v,
the local controllers is in the form of (2.45), at least one with [, > 0 and at least

one with &5, > 0. Thus, a controller in this class can be described as

N
—~
~
SN—

I
/N

Fiz(t — hi) + Giy(t — iz))
(2.53)

where z(t), u(t), y(t), hi, i = 1,...,6, and 6 are as in (2.46)-(2.48). Furthermore,
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F;, G;, H;,and K;,7=0,...,07, are as in (2.49).

Note that, since each local controller described by (2.45) is in the form of (2.35), the local
controllers can be structured individually as introduced in the previous subsection. For in-
stance, it is possible to reduce the free parameters of a decentralized controller in the class
of K&, by using a proper multivariable canonical form. Likewise, the decentralized ver-
sions of the centralized sercocompensators such as PID and PIR (and their sub-versions
without an integrator such as PD/PR) can be obtained when the classes K§; and K¢,

respectively, are concerned.
2.4. Stabilizability

In this section, we consider the stabilizability of LTI MIMO time-delay systems. To be
consistent, we consider a system described as (2.25) when centralized stabilizability (i.e.,
stabilizability by means of a centralized controller) is concerned (see Subsection 2.4.1),
and, a system described as (2.31) when decentralized stabilizability (i.e., stabilizability
by means of a decentralized controller) is concerned (see Subsection 2.4.2).

It has been shown in [94] that it is not possible to assign infinitely many unstable
modes of an LTI time-delay system to the stable region in the complex plane by using an
LTI proper controller. According to this result, to be able to design a p-stabilizing con-
troller in any class of centralized/decentralized controllers introduced in Subsection 2.3.1-
2.3.2, it must be ensured that the open-loop system has finitely many p-modes, for p < 0.
Therefore, Cp < p is a necessary condition for stabilizability of (2.25) and (2.31) since
only then it is guaranteed that the open-loop system has finitely many p-modes (see Sec-
tion 2.1). To this end, we make the following assumption before going into the centralized

and decentralized stabilizability conditions of (2.25) and (2.31), respectively.

Assumption 1. (2.25) and (2.31) satisfy Cp < p, where ;v € R is the relative stability
boundary.

In the following two subsections, the centralized stabilizability of (2.25) and the de-
centralized stabilizability of (2.31) are considered, respectively. Before going into them,

we make the following definitions:

Definition 6. If there exists a centralized controller, say X, which makes (2.25) u-stable,
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i.e., the closed-loop system of /C and (2.25) is pu-stable, then (2.25) is said to be centralized

u-stabilizable, and, the controller /C is said to be a centralized p-stabilizing controller.

Definition 7. If there exists a decentralized controller, say K, which makes (2.31) u-
stable, i.e., the closed-loop system of I and (2.31) is u-stable, then (2.31) is said to
be decentralized yi-stabilizable, and, the controller K is said to be a decentralized -

stabilizing controller.
2.4.1. Centralized Stabilizability

In this section, we consider the stabilizability of an open-loop system descibed as (2.25)
by using a centralized controller in any class introduced in Subsection 2.3.1. Let us intro-

duce the following definition:

Definition 8. For a given 1 € R, the set of p-centralized fixed modes (1.-CFMs) of (2.25)
with respect to the class of controllers K, where K can be any class introduced in Sub-

section 2.3.1, is defined as
A ={s e C! | det(¢(s;K)) =0, VK € K} (2.54)

where ¢(s; K) is the characteristic matrix of the closed-loop system obtained by applying

controller IC to (2.25).

Notice that the centralized controller classes introduced in Subsection 2.3.1 have
the following relations

K?s C Kgd - K:da (255)

and

K§ C Ki, C Ki4. (2.56)

Remark 2. Af, is exactly same for all the centralized controller classes given above (see
[90] for retarded time-delay systems under controllers in the class of K§;, and [80] for

time-delay systems described as (2.31) under controllers in the class of K¢,).

Furthermore, under Assumption 1, A, = () is a necessary condition for the existence
of a pu-stabilizing centralized controller in the classes of K§, or K§,. On the other hand,

again under Assumption 1, A}, = () is both a necessary and sufficient condition for the
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existence of a ji-stabilizing centralized controller in the classes of K§; and K¢, [80]. Asa
result, in order to determine the centralized p-stabilizability of an LTI time-delay system
described as (2.25), each pu-mode of the system must be checked whether it is a ;~-CFM or

not. The rank conditions given in the following lemma can be used for this purpose [109].

Lemma 1. s, € C:[ is a u-CFM of (2.25) if and only if

rank SOE_A(SO) B<30> <n (2.57)
or
E—A
rank %0 (50) <n (2.58)
C(s0)
where
A(s) == ZAie_Sh", B(s) == Z Bie™*" and C(s) := Z Cie™M. (2.59)
i=0 i=0 i=0

According to Lemma 1, (2.25) is both spectrally stabilizable and spectrally de-
tectable if and only if
rank [SOE — A(so) B(so)| =1,

and
SQE — A(So)

rank =n

C(s0)

for all s, € (C:[ [2]. These two rank conditions can be thought of as a generalization
of Popov-Belevitch-Hautus (PBH) stabilizability and detectability tests, respectively, to

time-delay systems [110]. Note that, since

E—-A
rank [SOE — A(sg) B(sg)| = rank %0 (50) =n, (2.60)
C(s0)

unless rank(s,E — A(s,)) < n, any u-CFM of (2.25) is a y-mode of (2.25), thus
ACCQ,. (2.61)

From this follows, AZ is also a finite set under Assumption 1. Thus, once the p-modes of
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(2.25) are determined (e.g., by the method of [111]), the u-CFMs can be determined by
checking the rank conditions (2.57) and (2.58).

2.4.2. Decentralized Stabilizability

In this section, we consider the stabilizability of an open-loop system descibed as (2.31)
by using a decentralized controller in any class introduced in Subsection 2.3.2. Let us

introduce the following definition:

Definition 9. For a given 1 € R, the set of u-decentralized fixed modes (;--DFMs) of
(2.31) with respect to the class of controllers K, where K can be any class introduced in

Subsection 2.3.2, is defined as
d T _
A“ ={se€ C:[ | det(o(s; K)) =0, VK € K} (2.62)

where ¢(s; K) is the characteristic matrix of the closed-loop system obtained by applying

controller /C to (2.31).

Notice that the decentralized controller classes introduced in Subsection 2.3.2 have
the following relations

K§ C K§; € K&, (2.63)

and

K& c K& c K&, (2.64)

Remark 3. A/‘j is exactly same for all the decentralized controller classes given above
(see [89] for finite-dimensional systems under controllers in the class of K‘fid, [71] for
retarded time-delay systems under controllers in the class of K$;, and [80] for time-delay

systems described as (2.31) under controllers in the class of Kg).

Furthermore, under Assumption 1, Aﬁ = () is a necessary condition for the existence
of a pi-stabilizing decentralized controller in the classes of K¢ or K¢.. On the other hand,
again under Assumption 1, Aﬁ = () is both a necessary and sufficient condition for the
existence of a p-stabilizing decentralized controller in the classes of K§; and K¢, [80].
As aresult, in order to determine the decentralized p-stabilizability of an LTI time-delay

system described as (2.31), each u-mode of the system must be checked wheter it is a
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1-DFM or not. The rank condition given in the following lemma can be used for this

purpose [109].

Lemma 2. s, € C is a u-DFM of (2.31) if and only if there exist k € {0,...,v} and

{1, gk} €A1, ..., v}, where {j1,..., i} are distinct, such that

A(So) - S()E le (SQ) RPN Bjk(SO)
C; 0 . 0
rank JH} (50) ' . . <n (2.65)
Cju (80) 0 ce 0

where {j1, -5 gt = {1 v\, Gk b

Proof. See [80]. L]

Note that, as in the centralized case, any p-DFM of (2.31) is a u-mode of (2.31) [80],
thus
d
A, C Q. (2.67)

From this follows, Az is also a finite set under Assumption 1. Thus, once the pi-modes of
(2.31) are determined (e.g., by the method of [111]), the u-CFMs can be determined by
checking the rank conditions (2.65) [80].

2.4.3. Numerical Procedure for Stabilizability

As a result of the previous subsections, the centralized and decentralized p-stabilizability
can be determined by the existence of ;-CFMs and pi-DFMs, respectively. In this context,
once all the p-modes of the system are calculated, a u-mode can be checked whether
it is a 4-CFM or p-DFM by the rank conditions given in Lemma 1 and 2, respectively.
However, such a procedure is disadvantageous for at least two reasons.

According to the rank test-based procedure, for the determination of centralized -
stabilizability, it is necessary to check the rank of at most two matrices (i.e., (2.57) and

(2.58)) for each p-mode. For the determination of decentralized j-stabilizability, on the
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other hand, it is necessary to check the rank of up to 2 matrices for each p-mode. Thus,
even for finite-dimensional systems, where the number of p-modes can not be greater
than n, the number of rank computations dramatically increases as v increases. For time-
delay systems, on the other hand, the number of rank computations can be extremely
high since the number of ;-modes of a time-delay system may be much greater than n.
Furthermore, as n increases, the rank computation problem of even a single matrix may
become computationally intense and/or numerically ill-conditioned® [112].

As an alternative to the rank test-based procedure, we use a numerical procedure
to determine the centralized and decentralized p-stabilizability. The main idea of the
numerical procedure is based on the definition of the sets of ;-CFMs and pi-DFMs given in
Definition 8 and 9, respectively [113]. In this procedure, we apply an arbitrary controller,
whose gains are randomly chosen, to the open-loop system. If all the y-modes of the
open-loop system are moved, then the system is said to be p-stabilizable. However, if
there exists any p-mode of the open-loop system whose location on the complex plane
is not changed, then such a g-mode can be determined as a fixed mode. This procedure
relies on the fact that the location of a non-fixed mode on the complex plane is changed
by almost all controllers whose gains are randomly chosen [66]. Furthermore, relying on
Remark 2 and 3, the controller to be applied in this procedure can be a delay-free static
output feedback controller to ease the process.

Such a numerical procedure can be applied for both centralized and decentralized
stabilizability. The main differences between these two cases are the open-loop systems
to be considered and the controllers to be applied. In this respect, the decentralized coun-
terparts are indicated inside parentheses, when necessary, in the test given below.

Centralized (Decentralized) u-stabilizability test:

0) Choose an ¢ € R such that C'p < € < u for mode calculation. Also, choose a
small positive 6 € R, e.g.,d = 107°, a < p, and the number of random controllers,

n, > 0, to be applied sequentially.

1) Calculate the set of e-modes of (2.25) ((2.31)). Let S := (2, denote the set of all

p-modes of the open-loop system.

3 An ill-conditioned matrix is close to being singular. In other words, the columns of a matrix tend to be
linearly dependent as n increases, which generally causes an error in numeric computations.
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2) Randomly choose L € R"™*9 (L € R™*% |k =1,... V).

3) If rank(E) = n or (2.27) is satisfied, then apply the controller (2.36) with Ky = L
((2.50) with K, = Ly, k = 1,...,v); otherwise, apply the controller (2.37) with

FO = a[q, GO = [q, HO = L, KO = Oqu

if ¢ <m,
Fy=al,,, Go= L, Hy = I,, Ko = 0px4
otherwise ((2.51) with
For=aly, Gop =1y, Hor = Li, Kok = Omyxq
if ¢ < my,
For = aly,, Gor = Ly, Hop = I, Ko = Oy xq,
otherwise, fork =1,... v).

4) Calculate the e-modes of the closed-loop system. Let S denote the set of all -

modes of the closed-loop system.
5) LetS = 0.
6) Forall 5 € S do the following: if |s — s| < & for some s € S then let S = S U {s}.
7) LetS = Sandnr =n, — L.
8) If S = 0, go to step 10, otherwise continue with the next step.
9) If n, > 0, go to step 2, otherwise continue with the next step.

10) If S = (), then the open-loop system does not have any ;.-CFM (u-DFM). Therefore,
the open-loop system is centralized (decentralized) p-stabilizable. If S # (), then,
with probability 1, § is the set of 4-CFMs (u-DFMs), hence the open-loop system

is not centralized (decentralized) p-stabilizable.
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We should note that a mode can be determined as nonfixed if the condition in step 6
is violated, i.e., the location of the mode changes considerably. However, a mode may not
be fixed even though the condition in step 6 is satisfied, i.e., the location of the mode does
not change, or the present change is not satisfactory. Therefore, using multiple random
controllers with different gains would increase the accuracy of the result; thus, one should
choose n, > 1[112].

Note that, in step 3, the applied controller is chosen as a finite-dimensional static
controller if rank(E) = n or (2.27), forall i, 7 = 0,...,0, ((2.34), forall k,l = 1,...,v
and 7,7 = 0,...,0, in decentralized case) is satisfied, which means that the open-loop
system does not have any direct feed-through terms. However, if rank(E) < n and (2.27),
for at least one combination of 72,7 = 0,...,0, ((2.34), for at least one combination
of k,l = 1,...,vand 7,7 = 0,...,0, in decentralized case) is not satisfied, then the
controller is chosen as a finite-dimensional dynamic controller without any direct feed-
through terms. Due to the controller structures, the closed-loop system is guaranteed to
be well-posed in both cases. Furthermore, it is also guaranteed that Cp = Cp, where Cp
is the insensitive bound of the closed-loop system. Since € > C'p, all the e-modes (thus
all the p-modes) of the closed-loop system can be calculated. For details of these two
arguments and the construction of the closed-loop system, we refer to Section 3.1 and 4.1

for centralized and decentralized cases, respectively.
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3. CENTRALIZED STABILIZATION AND STRONG STABILIZATION

The main objective of this chapter is to propose eigenvalue optimization-based stabiliza-
tion and strong stabilization methods for LTI MIMO time-delay systems, described in
(2.25), using centralized LTI output feedback controllers introduced in Subsection 2.3.1.
In Section 3.1, first, the closed-loop system is obtained, then, the stabilization problem is
formulated. In Section 3.2, first, the strong p-stabilizability test is introduced, then, the
strong stabilization problem is formulated. In Section 3.3, the technical details of the con-
troller design phase are discussed. Finally, in Section 3.4, the controller design methods
proposed in this chapter, along with the associated analysis methods given in the previous

chapter, are illustrated through various examples.
3.1. Stabilization

We consider a MIMO LTI time-delay system described by DDAEs described as (2.25).
According to Subsection 2.4.1, given that C'p < p, (2.25) is centralized p-stablizable by
a centralized controller in the form of (2.35) if and only if it does not have any ;-CFMs.

For this reason, we make the following assumption in addition to Assumption 1.
Assumption 2. (2.25) does not have any (i-CFMs.

Under Assumptions 1 and 2, all the py-modes of (2.25) can be assigned to the left-
hand side of ;# € R. To describe the closed-loop system of (2.25) and the controller
described as (2.35), let

{ha,... hs} = {h1,...,ho} U{hy,... hs}, (3.1)

where ¢ = 0 + . Then, the closed-loop system can be described in the form of (2.1) as

En(t) = Aon(t +ZA77 (3.2)
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where 7(t) := [gg(yj)T y®)T z()T u(t)T] eR", n:=n+m-+qg+1,

E 0 0 O Ay 0 0 By
0 0, 0 O Co -1, 0 0
£ = ! , Ay = ° ! ,
0 0 I, 0 0 Go Fo O
0 0 0 O 0 Ko Hy —In
and, fori=1,...,0, i i
A 0 0 B
C; 0, 0 0
./41‘ = _ B s
0 G, F, 0
0 K; H; O
where
0,, otherwise Onxm, oOtherwise
_ C:, if h; = h;
C. = J j ’
Ogxn, oOtherwise
0;, otherwise O1xq, oOtherwise
- H;,  ifh; = h, R K; if h; = h;
O, otherwise Omxq, Otherwise

Let nn denote the rank deficiency of &, thus

n:=n—rank(€) =n+m+q,

where 7 is the rank deficiency of E as defined in (2.2). Let U/ € R™™ and V € R™*", be

39



such that

Onxg O
1, 0
U=y = 3.3)
Oqu O
0 I,
if rank(F) = n,
U 0 0 V 0 0
0o I, O 0o I, O
U v , (3.4)
0 Oqu 0 0 Ol><q 0
0 0 I, 0 0 Iy

where U and V' are as in (2.3), otherwise. Thus, the columns of ¢/ and V form a minimal
basis for the left and right null spaces of £, respectively. Also, let the columns of U+ €
R™*("=7) and Y+ € R™ (") be a basis for the orthogonal complement of &/ and V,

respectively, in which case

U:=UU] and V= [V V)] (3.5)
are full-rank matrices. Also let 77; and 7, be defined such that
n ="V n]"=Vin+Vn (3.6)

where 7, € R and 1, € R". Now, (3.2) can be described as coupled delay-differential
and delay-difference equations, via multiplying (3.2) by A from the left and substituting
(3.6), which yields

Ut eviin =Y (uiTAivLm (t—hy) + U AV (t — BZ-))

=0

3.7
0= Z (UT.AZVJ_nl(t — iLl) -+ Z/{T.AZVTIQ(t — BZ)) .

1=0
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Therefore the associated delay-difference equation of (3.2) is
Hona(t) + > Hima(t — hi) =0, (3.8)
=1

where H; :=UT AV, i =0,...,5. Then, if rank(E) = n, we have

-1, 0
Ho = ; (3.9)
KO _Im
and, fori =1,...,0,
0, O
H,=| , (3.10)
otherwise,
UTA)V 0 UTB,
Ho=| CV -1, 0 [, (3.11)
0 Ky, -1,
and, fori=1,...,0,

UTAV 0 UTB;
Hi=| CV 0, 0 |- (3.12)
0 K; 0O,
Notice that, by (3.9) and (3.10), the closed-loop system can not be neutral if rank(E) = n.
However, if rank(F) < n, the closed-loop system might be neutral.

The closed-loop system (3.2) is well-posed if and only if the characteristic matrix

of (3.2) defined as ¢(s; K) := s€ — A(s), where
Al(s) = Z Ageshi, (3.13)
i=0

is invertible and its inverse is proper [6]. From this follows, the closed-loop system (3.2)

is well-posed if and only if

lim  det (¢(s; K)) # 0. (3.14)

Re(s)—+oo
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If rank(E) < n, then, using (3.5) and (3.6), (3.14) can be explicitly given as

U AVt — s EVY Ut A 0 o Ut'B,
UT AV + UTAV 0 0 UT B,
0 0 Go F() - SI[ 0
I 0 0 Ko  Hy ~Ip |
(3.15)
since
lim  A(s) = Ay.
Re(s)—+o0 ( ) 0
By rearanging the rows and colums of ¢(s; K), (3.15) becomes
UL 4vt — st EVY 0 UtTawv o UtTB]
0 Fy — s 0 Go 0
lim  det UT A,vL 0 ulasv 0 UTB #0
Re(s)—+o0
CoV+ 0 CoV -1, 0
i 0 Hy 0 Ky —In |
(3.16)
Then, (3.16) can be written as
lim  (det(¢'!)det(¢™ — ¢*'(¢')'0"?) # 0, (3.17)
Re(s)—+oo
where
T T i T T
&11: Url z‘l()‘/L—S(UvL EVL) 0 &12: UvL on 0 UrL B(]
0 Fy — sI 0 Gy 0
UTAVE 0 UTA)WV 0 UTB,
Pr=1 cVvt 0 |,90"=| vV -1, 0
0 Hy 0 Ky -1,
Then, using
lim  (det(¢")) #0 3.18
el (det(9)) # (3.18)
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and

el (@7 =0 @19
(3.17) reduces to
Re(ggm (det(¢™)) = det(¢™) # 0. (3.20)

Recalling that UT A,V is assumed to be nonsingular, i.e., det(U T AgV) # 0, (3.20) further
reduces to

det (1 + KoCoV (U AV)"'UT By) # 0. (3.21)

As a result, to gurantee the well-posedness of the closed-loop system (3.2), the controller
(2.35) must satisfy (3.21). Note that, if rank(E) = n, then the closed-loop system is
always well-posed.

The main objective is to make (3.2) u-stable by minimizing the spectral abscissa
as a function of the free parameters of the controller in the form of (2.35) which satisfy
(3.14). Considering (2.35), let p € R be the vector of free parameters in the controller
matrices where [V is the number of free parameters involved. Furthermore, let h € R? be

the vector of time delays of the controller described as
h=lhy,... hs. (3.22)
So, the overall vector of parameters can be constructed as
p:=[ph]. (3.23)

In order to find a controller, which p-stabilizes (3.2), we solve the following opti-
mization problem:

min ¢(p) (3.24)
p

where c(p) indicates the spectral abscissa of the closed-loop system (3.2) with the param-
eter vector p. If a local minimizer, p*, of (3.24) satisfies ¢(p") < p, then, the controller
corresponding to p* p-stabilizes the system (2.25) for a given 1 € R. If a time-delay

controller, i.e., (2.35) with ¢ > 0, is aimed, then the constraint

{hi,... hs} >0 (3.25)
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must be imposed to make sure that the designed controller will be causal. However, if a
delay-free controller, i.e., (2.35) with 6 = 0, is aimed, then (3.25) should be omitted.

By definition, the spectral absicssa, ¢(p) for a particular p, can be determined as the
real part of the rightmost closed-loop e-mode (the e-mode with largest real part), where, to
achieve y-stability, e must be chosen such that € < u. Therefore, the determination of ¢(p)
requires that the set of closed-loop e-modes be finite. To this end, it must be guranteed
that Cp(p) < ¢, where Cp(p) indicates the insentive bound of the closed-loop system
(3.2) with the parameter vector p, during the course of the optimization. Considering this
circumstance, we will introduce two different cases regarding the relation between C'p and
Cp(p). Before getting into the cases, recall that the system (2.25) does not have any direct
feed-through term if either rank(FE) = n or (2.27) is satisfied for all 7, j = 0,...,0. On
the other hand, the controller (2.35) does not have any direct feed-through term if K; = 0,
t = 0,...,0. Furthermore, the controller (2.35) can not be neutral.

Case I: If either the system or the controller does not have any direct feed-through
terms, then Cp(p) = Cp. As a result, it is guranteed that Cp(p) < e for all p since
Cp < e.

Case 2: 1f a controller (2.35) with some direct feed-through terms is to be designed
and the open-loop system (2.25) has some direct feed-through terms, then for some p we
might have C'p(p) > Cp. ' Then, the constraint of Cp(p) < ji must be imposed, where
i € R. In this case, chosing /i and € such that Cp < i < € gurantees that the set of
closed-loop e-modes be finite. However, as it is discussed in Section 2.1, calculating the
insenstive bound is computationally expensive. On the other hand, C'p(p) < i can be

expressed as v;(p) < 1, where, for5 = 1,
B) = p (Ho " Hae™™) (3:26)
and, for & > 2,

() = max  p <H01 lﬂleﬂﬁl +2erﬂ’3keﬁk]> , (3.27)
6 € [0,2r]7 1 k=2

'Cp(p) can not be less than Cp since a controller in the form of (2.35) can not reduce Cp(p) any
further than C'p [29].

44



where 0 := {6y, ...,05}. Therefore, rather than Cp(p) < fi, the constraint

(@) <1 (3.28)

can be imposed to (3.24). As a result, under the constraint (3.28), it is guranteed that
Cp(p) < e for all p since ji < €.

Note that, in Case 1, the closed-loop system is guaranteed to be well-posed during
the course of the optimization. On the other hand, in Case 2, (3.21) may be violated for
some p, which causes Cp(p) = oo, i.e., va(p) > 1. However, by imposing (3.28), the
closed-loop system is guaranteed to be well-posed during the course of the optimization.
Furthermore, in both of these cases, if the controller corresponding to p* p-stabilizes

the system (2.25) then the system (2.25) is guaranteed to be insensitively u-stable, since

< .
3.2. Strong Stabilization

Although the solution to the optimization problem (3.24) leads to the design of a sta-
bilizing controller, the designed controller may not be stable. However, (3.24) can be
modified in such a way that the controller stability can be defined as a constraint. In this
case, such an optimization problem is solvable only if (2.25) is strongly stabilizable, i.e,
(2.25) can be stabilized by a stable controller. As mentioned in Section 1.1, however,
under Assumption 1, a stabilizable system of the form (2.25) is strongly stabilizable if
and only if it satisfies PIP. Although, PIP is normally defined with reference to extended
positive real-axis [10], since here we aim p-stability, for some (normally non-positive)
real 1, we define it with reference to extended i-positive real-axis, which is defined as all

real numbers, including infinity, greater than or equal to p:

Definition 10. A system is said to satisfy PIP if the number of real modes (counted ac-
cording to their McMillan degrees) between any pair of real blocking zeros on the ex-

tended p-positive real-axis is even.

In the concept of strong stabilization, we have two main questions that must be

answered:

Q1: Does there exist a pi-stable p-stabilizing controller, in the form of (2.35), for (2.25)?
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and

Q2: If a pu-stable pu-stabilizing controller for (2.25) does not exist, what is the minimum
possible number of p-modes, counted with multiplicities, that any p-stabilizing

controller must-have?

In fact, Q1 is directly related to the solvability of the strong p-stabilization problem. On
the other hand, the solution of Q2 yields a solution to Q1, therefore it can be thought of
as a generalization of the strong p-stabilization problem. So, we need to have a test that
gives the answer to Q2 for (2.25).

First, let us define the blocking zeros of (2.25).

Definition 11. z € C is said to be a blocking zero of (2.25), if T'(z) = 0, where T'(s) :=
C(s) (sE — A(s))"" B(s) is the transfer function matrix (TEM) of (2.25), where A(s),
B(s), and C(s) are as defined in Lemma 1.

The following test answers Q2:

Strong ;i-stabilizability test:

A) Compute the e-modes of the system for some ¢ satisfying Cp < € < p. Form an
interval Z C R with the boundaries (e, <), where ¢ is the rightmost real e-mode of
(2.25) (if there exists no such mode, then the system satisfies PIP, let /™" = () and
exit). Find all z € 7 satisfying T'(z) = 0, where T'(s) is the TFM of (2.25), to find
the blocking zeros of (2.25) on Z.

-, k; } inside Z with an

177

B) Determine the pairs of consecutive real blocking zeros {x
odd number (counting multiplicities) of real modes between them, fori = 1,..., [T,
where [t is the number of such pairs (if there are no such pairs, let [t = 0). Also,
let k™ indicate the rightmost blocking zero in Z and check whether there are an odd

number of real modes to the right of ™. If so, let [™in — ]+ 4 1: otherwise, let

min = [+,

C) If /™ = (, then (2.25) is strongly p-stabilizable. Otherwise, the dimension of
the y-stabilizing controller of (2.25) must be at least ™. Furthermore, such a
controller must include at least one real mode (or any odd number, counting mul-

tiplicities) in each interval (k; /5’), it =1,...,1", plus at least one real mode (or

17
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any odd number, counting multiplicities) to the right of ™ (but to the left of next
real blocking zero if any - if blocking zeros outside Z are not known, these modes
must be placed between s and ) if there are an odd number of real system modes

to the right of <™.

The interval Z can be chosen as a finite interval with upper limit ¢, since whether
there are any real blocking zeros to the right of ¢ or not does not affect the end result.
Thus, the roots of T'(z) = 0 in Z can be computed using any numerical algorithm since
7 is a finite interval. In particular, quasi-polynomial mapping based root-finder (QPmR)
algorithm of [114] can be used.

If (2.25) is strongly p-stabilizable, i.e., [™® = 0, then a strongly p-stabilizing con-
troller in the form of (2.35) can be designed by adding the constraint of controller stability
to (3.24). Let ¢(p) denote the spectral abscissa, i.e., the real part of the rightmost mode,
of the controller which corresponds to p. Suppose that we want all the controller modes

to have real parts less than /i for some i < p. Then we impose an additional constriant

é(p) < fu. (3.29)

to the stabilization problem (3.24). If a local minimizer, p*, satisfies ¢(p*) < pu, then,
the controller corresponding to p* strongly pu-stabilizes (2.25) for the given . € R. Note,
however, that, constraint (3.29) is needed only when [ > 0. If [ = 0, then the controller
reduces to the form (2.40), which is ji-stable for any /1 € R. Hence, when [ = 0, constraint

(3.29) must be omitted.
3.3. Details of Centralized Controller Design

This section presents the technical details of the analysis and controller design methods
presented in Section 3.1 and 3.2. First, the properties of the object function (3.24) and the
possible constraints, i.e., (3.25), (3.28), and (3.29), are discussed in Subsection 3.3.1. In
Subsection 3.3.2, the initialization of the free parameters of the controller to be designed
is given. Then, in Subsection 3.3.3, the computation of the function values, i.e., ¢, ¢, Cp,
and v, is given. Finally, in Subsection 3.3.4, the computation of the gradient vectors are

given along with the derivation of the associated analytical formulas.
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3.3.1. Optimization Phase

It is known that the spectral abscissa, ¢(p), is both nonsmooth and nonconvex function
of p [28]. The main reason for the nonsmoothness is that by definition ¢(p) may be
determined by more than one mode whose real parts are precisely equal. Furthermore,
as it is reported in many studies (e.g., in [27] and [28] and references therein) that the
local minima of ¢(p) is likely to be a nonsmooth point because of the fact that, as ¢(p) is
minimized, more than one modes are assigned to the left as far as possible in the complex
plane. Furthermore, there might be more than one such local minima because of the
nonconvexity of the spectral abscissa function. Obviously, these properties also hold
for ¢(p). Furthermore, 7;(p) has the same properties since it is a maximum eigenvalue
function as defined in (3.27) [29].

However, by utilizing a proper random initialization, for almost every p, gradients
of ¢(p), ¢(p), and 7, (p) exist [29]. For this reason, the optimization problem (3.24) can be
solved by utilizing a gradient-based algorithm. Relying on that, we utilize the specialized
algorithm of [115] and its associated Matlab-based solver named as GRANSO [116]. The
algorithm of [115] is based on a quasi-Newton Hessian approximation BFGS and an exact
penalty function whose parameters are tuned using a steering strategy. Here, the Matlab-
based software DrStabilization is integrated with GRANSO to solve (3.24) for designing
controllers of the form (2.35) with arbitrary / and .

GRANSO requires a feasible initial point, i.e., the initial controller in our case, the
function values, i.e., ¢(p), ¢(p), and ;(p), and the corresponding gradient vectors, i.e.,

Ve(p), VE(p), and Vv, (p), whenever the function is differentiable.
3.3.2. Initilization of the Controller Paramaters

The optimization algorithm of GRANSO requires a feasible initial parameter vector which
corresponds to a feasible initial controller in our case. Considering the nonconvexity of
(3.24), the initial parameter vector must be determined randomly as much as possible.
Furthermore, due to the nonconvexity of (3.24), the optimization problem must be solved
starting from a number of different initial parameter vectors, and the best result (in terms
of the minimum spectral abscissa value) must be chosen (in Section 3.4, we solve each

example starting from 20 different randomly chosen initial points and take the best re-
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sult). However, before the initialization of the controller parameters, the type (time-delay
or delay-free) and the complexity (/ and ¢ in (2.35)) of the controller must be determined
in advance. Recall that, the strong p-stabilizability test given in Section 3.2 determines
[™n i.e., the least possible differential degree that any p-stabilizing controller must have.
In this regard, in the choice of the controller complexity, the differential degree must be
chosen such that [ > [™",

After the determination of the complexity of the controller, the default option is to
let all the controller parameters (i.e., all the elements of the controller matrices and all
the time delays of the controller) be free for the optimization phase. However, as given
in Subsection 2.3.1, the controller can be structured in a prescribed form by fixing some
of the terms to a predetermined number while letting the rest of them be free. So, the
structure of the controller must be determined before the initilization.

Once the complexity and the structure of the controller are determined, in order
to find a feasible initial controller, the initialization of the controller parameters must be
carried out according to the existing constraints imposed to (3.24). However, regardless
of the constraint, we apply a general rule: to avoid having a high-gain controller, the free
parameters of the controller matrices (i.e., the elements of the vector p) are initialized
randomly according to a normal distribution centered at zero (the standard deviation for
each parameter must be chosen according to the problem at hand; in the examples in
Section 3.4, we take all standard deviations as unity).

If the constraint (3.25) is imposed, thus in the case of a time-delay controller design,
the time delays of the controller (i.e., the elements of the vector fz) must be initialized
as randomly chosen non-negative numbers (DrStabilization randomly initialize the time
delays according to a normal distribution with mean zero and standard deviation unity
and then take the absolute value).

If the constraint (3.29) is imposed, in order to ensure that the initial controller is a
feasible point for the optimization, the initial controller must be ji-stable. To find such an
initial controller, the parameters of the F{ matrix (in case [ > 0; if [ = 0 the controller is
inherently stable) are initialized such that the real part of the rightmost eigenvalue of Fj is
less than /i; and (in case [ > 0 and 6 > 0) matrices Fj, 7 = 1, ..., &, are initialized as zero
matrices. The parameters of the other controller matrices (i.e., G;, H;, K;,© = 0,...,0)

are initialized randomly according to a normal distribution centered at zero. Also, the
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time delays of the controller are initialized as randomly chosen non-negative numbers as
mentioned before.

If the constraint (3.28) is imposed, the initial controller must satisfy v;(p) < 1
which corresponds to Cp(p) < fi. Here, we should keep in mind that v;(p) (and Cp(p))
depends only a subset of 5, which will be denoted as p* from now on. More precisely,
P’ consists of the free parameters of K;, i = 0,...,0 and the associated time delays
introduced to the direct feed-through of the controller (see Section 3.1). Therefore, as
long as the constraint (3.28) is concerned, we only consider p*. In order to find such an
initial controller, there are two different ways to follow. The first one is the bisection-
based initilization. In this approach, we set all the time delays in p* (if any) to zero and
randomly choose the rest of the controller parameters in p*. Then, we check Y (p*) <
1. If it is not satisfied, then we divide all the non-zero parameters of p* by two until
va(p™) < 1is satisfied. This approach relies on the fact that v;(p™) < 1 can be satisfied
when all the controller parameters are set to zero. Accordingly, a feasible initial controller
can be found when the controller parameters become sufficiently small. However, we
should note that the controller would not be entirely random since the time delays are set
to zero. The alternative approach is the optimization-based initilization. In this approach
we randomly choose all the elements of p* including time delays (which are forced to
be non-negative as mentioned before). Then, starting with the corresponding parameter

vector, say pg, we solve

min vz (p) (3.30)

where Cp < i < e. If a local minimizer, ]56“’, of (3.30) satisfies v;(p) < 1, then, the
controller corresponding to 3 can be a feasible initial controller for the main optimiza-
tion problem (3.24). However, if there exist time delays in p’*, then the constraint (3.25)
must be imposed to (3.30) to preserve the causality of the controller. Compared to the first
approach, all the controller parameters can be chosen randomly in this approach. How-
ever, randomly chosen different initial controllers may converge to the same (or almost
the same) local minima of (3.30) which leads to ending up with the same (or almost the
same) local minimizer. This situation can be a problem because we need multiple ran-
domly chosen initial controllers for the main optimization problem (3.24). However, this

problem can be solved by stopping the optimization algorithm as soon as the v;(p) < 1
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is achieved. By this way, the randomness of the initial controller can be preserved.

Notice that, the constraint (3.29) only depends on £}, ¢ = 0, ..., ¢ and the associ-
ated time delays. On the other hand, (3.28) only depends on K;, i = 0,...,¢ and the
associated time delays. Therefore, if both (3.28) and (3.29) are imposed, then, first a
fesaible initial controller can be found considering (3.29); then, by saving the intialized
F;, 1 =0,...,0 and the associated time delays, a feasible initial controller can be found
considering (3.28).

Finally, we should stress that a feasible initial controller may not be found because
of improper structuring. That means, if the determined structure of the controller makes
the satisfaction of the constraints impossible for all p, then none of the proposed ap-
proaches leads to a feasible initial controller. Therefore, the controller must be structured

by taking the imposed constraints into account.
3.3.3. Computation of Function Values

For the optimization phase, the values of ¢(p), ¢(p), and 7, (p) must be computed for a
particular p.

The evaluation of 7, (p) can be handled by applying a predictor-corrector approach,
as it was done in [29]. In the prediction step, Dekker-Brents method can be used, and in
the correction step, Newton’s method can be used, where the evaluations are approximated
by restricting each 6; to a grid.

Note that if (3.2) is a retarded system, then there always exist a finite number of
e-modes for all ¢ € R. On the other hand, if (3.2) is a neutral system, then (3.2) might
have infinitely many modes. However, it is guranteed that, there always exist finitely
many e-modes for any € > i (see Section 3.1). Thus, we can always compute the value of
¢(p) by computing the e-modes of (3.2), for € > [i by the spectral discretization approach
of [29], which extends the approach of [111] to systems whose autonomous part can be
described by DDAEs. For a system with finite-dimensional dynamics (when ¢ = 0 or
A = ... = A; = 0), however, to find all the modes (which, counting multiplicities,
there exist exactly rank(€) of them), we simply calculate the roots of det(s€ — Ap).
Once the set of e-modes are computed, the spectral abscissa can be determined as the real
part of the rightmost e-mode (the e-mode with largest real part). On the other hand, in the

computation of the value of ¢(p), we follow the same procedure as in ¢(p).
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3.3.4. Computation of Gradient Vectors

Although the gradient vectors can be computed by finite differences, it is more reliable
to use exact gradients. Therefore, the analytic formulas of Ve(p), VE(p), and Vv, (p)
must be derived, explicitly. Note that, while V¢(p) is essential for the controller design,
Vé(p) and V;(p) are necessary only when (3.29) and (3.28) are imposed, respectively.
In addition to these, when (3.25) is imposed, the corresponding gradient vector must also

be calculated, which is relatively straightforward.
3.3.4.1. Computation of Vc(p)

Let A be a simple root of

det(p(X;p)) =0 (3.31)

at some p, which is the overall vector of free parameters of the controller. If A is a multiple
root of (3.31), then it can be separated into simple roots by perturbing the controller
parameters, as long as it is not a fixed mode of (2.25); however, by Assumption 2, there
are no p-fixed modes of (2.25). So, we assume that \ is a simple root of (3.31) without
loss of any generality. Furthermore, if there are more than one such mode with the same
real part, then, any one of them can be used to determine the spectral abscissa [28]. Then,

there exist non-zero vectors u, v € C" such that

u*d(\;p) =0 (3.32a)
P(A\;p)v =0 (3.32b)

Note that, since ¢ depends on p, A depends on p as well. Accordingly, u and v depend on
p too. Let h be fixed and take the derivative of (3.32b) with respecttop;, j = 1,..., N,

and multiply both sides from left by u* to obtain

<qb ¢ O\ ov 81} EM)

apﬁamp) vty ><a anop) =" (333)
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then, use (3.32a) and rearrange the terms to obtain

x Op
o\ U 750
= (3.34)
apj U*a—f?)

Thus, if A is the rightmost mode of (3.2), which determines the spectral abscissa, then,

% 09
u*==v
9¢ _ _Re —o ), (3.35)
(3pj u*a—‘f\’v
where - B
8(b 7 8./41 _)\E.
— =— —e (3.36)
8pj ; 8pj
and B _
99 _ o
oy =€+ Z hiAie ™M, (3.37)

Then, the gradient of ¢(p) with respect to p is obtained as

 Opn

Vyelp) = |2 e ). (3.38)

Next, let p be fixed and take the derivative of (3.32b) with respect to hyy k=

1,..., 0, and multiply both sides from left by u* to obtain

0p  O¢ O\ ./ Ov ov O\
<8hk oA 6hk> o(A:p) <8hk oA ahk)
then, use (3.32a) and rearrange the terms to obtain
% 0P
A u* ==
ox - (3.40)
Ohy, u*a—fv

Thus, if A is the rightmost mode of (3.2), which determines the spectral abscissa, then,

. 98
0¢ _ Rl Lom” (3.41)
Ohy, u*g—fv
where ~
9% _ AA e M (3.42)

hy,
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where i is such that /i, = h;, and 22 is as given by (3.37). Thus, the gradient of ¢(p) with
X

respect to h is obtained as

Vielp) = [ 2. a@;] . (3.43)

As a result, the gradient vector of ¢(p) can be constructed as
Ve(p) = [vpc(p) v,;c(@] . (3.44)

3.3.4.2. Computation of V(p)

If the strong stabilization problem is considered, then, in addition to Ve(p), VE(p) must

also be derived when [ > 0.2 To derive V¢&(p) when [ > 0, let A be a simple root of
det(¢(X; p)) = 0 (3.45)

at some p, where

SNp) =M =Y Fe™M (3.46)
=0

is the characteristic matrix of (2.35). Then, there exist non-zero vectors @, 0 € C! such

that

W o(X:p) =0 (3.47a)
b\ p)o =0 (3.47b)

Then, proceeding as before, the gradient vector of ¢(p) can be constructed as

V) = |Viip) Vie)) = |2 . o2 & L 2], (3.48)

where, for j =1,..., N,

~x O A
A U510
o _ —Re< o, >, (3.49)

op; 5k 00 1
Pj U550

ZRecall that, when [ = 0, the controller reduces to the form (2.40), which is [i-stable for any & € R; in
which case, constraint (3.29) must be omitted; thus V&(p) is not needed.
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and, fork =1,...

where

and

, 0, )
~x O A
A U —v
o° —Re( T > (3.50)
Ohy, u*mv
OF; i,
3.51
apj Z ¢ (3.51)
43 _ — My
= = \Fpe M (3.52)
k
9 . ;
—f =1+ hFe™ (3.53)

where A is the rightmost mode of (2.35), which determines the spectral abscissa of the

controller.

3.3.4.3. Computation of Vy;(p)

If the constraint (3.28) is imposed to (3.24), then, in addition to V¢(p) and VE(p), V(D)

must also be derived. Let H;,72 = 0, ..., 7, be the matrices in (3.8) and let
U(p) == (Ho)™" Vo (3.54)
where
Uy = Hie (3.55)

ifo =1, and, if 6 > 2,

where

Wg = Uy (07) (3.56)

Wy(0) = Hoe ™M+ Y " Hye il (3.57)
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where 6 := [0, ...,05] € [0, 27r]671 and 61 € [0, 27r]671 is such that
p ((Ho) " W1 (607)) > p((Ho) ' W1(0)), VO €[0,2m) .

Then, let A be an eigenvalue of ¥ (p) such that |A\| = p(¥(p)). Thus, A is the largest (in

magnitude) eigenvalue of ¥(p) and
va = | . (3.58)

Note that, if there are more than one such eigenvalue which corresponds to p(¥(p)), then,
any one of them can be used to determine p(¥(p)). Then, there exist non-zero vectors

@, 9 € C™ such that

@ (p) = Mi* (3.59)
U(p)i = A (3.59b)

and u*v = 1. Note that, since WV depends on p, A depends on p as well. Accordingly, u
and v depend on p too. Let h be fixed and take the derivative of (3.59b) with respect to

pj» 7 = 1,..., N, and multiply both sides from left by u* to obtain

ov ov  0v O\ A ov  0v OX
Wi+ ) =i o T (o ), (3.60)
apj (9pj O\ apj apj 8pj o\ 8pj
then, use (3.59a) to obtain
v
ﬂ*a—f/ = ﬂ*@f) (3.61)
Op; Op;j
which further reduces to
ov O\
W—0=— (3.62)
dp;  Ip;
since 52 is scalar and @0 = 1. Now, using |A| = (A\)!/?, where X indicates the complex

conjugate of A\, we take the derivative of both sides of (3.58) with respect to p;, j =

1,..., N to obtain -

fhﬁ O\ < O\ 1
N _ (A5 Oy L 3.63
ap, (apj * apj> 2N/ (3.63)
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Then, using -
(224222 = 2re(23)

Ip; Ip; Ip;
and (3.62), we obtain
8’7,1 1 - 8\I/ -
—— = —Re( A" —0 (3.64)
8pj |)\| ( 8pj )
where
ov 0(7{0)’1 -1 oV
— = ——"Vs+ (H —_— 3.65

which can be derived by taking the derivative of (3.54) with respectto p;, j = 1,..., N.
Keep in mind that both H, and ¥, might depend on p;, 7 = 1,..., N. In particular, if H,
dependsonp;, j =1,..., N, then

= —(Ho)_l—agg?) (Ho) ™. (3.66)

O(Ho) ™"
Ip;

Then, the gradient of ;(p) with respect to p is obtained as

V,7a(p)) = [f’i » BL} . (3.67)

Op1 OpN

Now, let p be fixed and take the derivative of (3.59b) with respect to izk, k =

1,...,0. By proceeding as for p, we obtain
i 1 < Y
N _ ~Re(Aa’ o ) (3.68)
Ohy, Al Ohy,
where
ov ov
= (Hy) T =2 (3.69)
Ohy Ohy,

which can be derived by taking the derivative of (3.54) with respect to hy, k= 1,...,0.

Keep in mind that H, does not depend on izk, k=1,...,0,but ¥, does. Therefore,

oV,
ohy,

— (e el (3.70)

where i is such that i; = hy, and 67 := 0if i = 1. Then, the gradient of v (p) with respect
to h is obtained as

Vira(p) = [g%l . g%] : (3.71)
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As aresult, the gradient vector of v;(p)(p) can be constructed as
V(D) = |Vya(®) Viva(d)|- (3.72)

3.4. Examples

In this section, the analysis and controller design methods are illustrated through various
control problems. Each subsection begins with an introduction of the given open-loop
system, then continues with the open-loop system analysis, controller design, and closed-
loop system analysis phases, respectively. The main objective is not only to stabilize (or
strongly stabilize) the given system but also to achieve the minimum spectral abscissa
value, i.e. maximum exponential decay rate, with a controller whose complexity is as low
as possible. However, even if a stabilizing controller is found, we also investigate the per-
formances of more complex controllers by gradually increasing the controller complexity.
In addition to the achieved spectral abscissa value, specific performance measures and/or
time-domain responses are also obtained to make fair comparisons when needed. In par-
ticular, the examples presented in Subsection 3.4.1, 3.4.2, and 3.4.3 are considered as a
benchmark. The examples presented in Subsection 3.4.4 and 3.4.5, on the other hand, are
dedicated to showing the effectiveness of the design method in more complex systems.
Note that all the analysis and controller design phases are performed by using DrStabi-
lization v1.0. We should also note that some parts of this section have also been presented

in [55], [51] and [117].
3.4.1. Two-mass-spring System

We consider an oscillatory mechanical system that consists of two masses attached to each

other by a spring, as illustrated in Figure 3.1. It is a simple yet challenging benchmark

control problem introduced in [118] for the first time. The external force acts on mass 1

while the position of mass 2 is measured. In order to describe the dynamics of the system
T

in the state-space form, we let z := [ggl x9 w3 x4| be the state vector where x;

and z, are the displacements, and, x3 and x4 are the velocities of mass 1 and mass 2,
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Figure 3.1: Two-mass-spring system.

respectively. Then,

[ 0 0 1 0] [0 ]
0 0 0 1 0
i(t) = x(t) + u(t)
—K/my K/mi 0 0 1/my (3.73)
| K/my —K/my 0 0 | 0|
y(t) = :0 10 0]z

where m; = my = 1 and K = 1. For this particular system, the analytic solution to
the achievable maximum exponential decay rate, i.e., the achievable minimum spectral
abscissa value, problem is considered in [119]. It has been shown that to be able to 0-
stabilize the system, a delay-free controller whose differential order is at least 2 is needed.
Then, in [27] using HIFOO, a 2"? order delay-free controller is designed. The achieved
minimum spectral abscissa value is given in Table 3.1 which is also consistent with the
result of [119]. In [55] on the other hand, stabilization by a delayed output feedback
controller of the form (2.40) with a single time-delay (equivalently a time-delay controller
of the form (2.35) with [ = 0 and 6 = 1) was considered. By minimizing the spectral

abscissa, the controller

u(t) = —0.5391y(t) + 0.3471y(t — 3.0693) (3.74)

was obtained. Here, we increase the complexity of the time-delay controller by increasing
its differential order [/ in order to achieve better performance in the sense of minimal
spectral abscissa value. We let each controller to have four time-delays, one (say h1)
associated with the F' matrix (thus we let /5, = F3 = F; = 0), one (say }ALQ) associated

with the G matrix (thus we let G; = G3 = G4 = 0), one (say ﬁg) associated with the H
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Figure 3.2: The course of optimization during the design of controllers (3.74) (blue), (3.75) (red),
and (3.76) (green).

matrix (thus we let H; = Hy, = H, = 0), and one (say fz4) associated with the & matrix

(thus we let K1 = Ky = K35 = 0). By choosing [ = 1, we obtain the following controller:

(t) = — 2.80902(t) + 1.4096y(t) — 0.7340z(t — 0.8577) + 0.1505y (¢ — 0.3404)

u(t) =1.22112(t) + 0.0887y(t) + 2.0852z(¢ — 1.9280) — 1.6307y(t — 0.9497)
(3.75)

and by choosing [ = 2, we obtain the following controller:

) —2.0934 —-0.9186 0.5979
zZ(t) = z(t) +
—0.9180 —0.5602 1.4804
—1.1351 1.7956 0.4585
+ z(t —0.4242) 4+ y(t —1.0244)
—0.1061 —1.2533 —0.4138

u(t)z[—o.9221 0.4633| z(t) — 0.4891y(t) + |1.1305 —1.1145] z(t — 1.4136)

+0.5041y(t — 0.3472).
(3.76)

The course of optimization during the design of each controller is shown in Fig-
ure 3.2. As shown there, as the complexity of the controller is increased, more iterations
are needed to design the controller. However, the spectral abscissa value is significantly
improved. The closed-loop modes under each controller are shown in Figure 3.3. The

closed-loop spectral abscissa value achieved by each controller is shown in Table 3.1
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Figure 3.3: The closed-loop —5-modes of the system (3.73) under the controllers (3.74) (blue),
(3.75) (red), and (3.76) (green).

Table 3.1: The minimum spectral abscissa values achieved by various controllers for the example
in Subsection 3.4.1. The improvements on the spectral abscissa values are calculated
against the delay-free controller.

Controller Min. Spec. Abs. Imp.
Delay-free, [ = 2, [27] —0.7706 -
Delayed, [ = 0, (3.74) —0.1816 -
Delayed, [ = 1, (3.75) —1.1199 45%
Delayed, [ = 2, (3.76) —1.4963 94%

together with the spectral abscissa value achieved by the 2"? order controller designed
in [27]. Although the minimum order of a stabilizing delay-free controller is 2, here we
could stabilize the system by a time-delay controller with O differential order using only
one time-delay. However, as shown in Table 3.1, by increasing the differential order of
the controller it is possible to further decrease the spectral abscissa value and obtain a
significant improvement over that achieved by the 2"? order delay-free controller.

We also examine the time-domain performance of the four controllers. The closed-
loop step responses under each controller is shown in Figure 3.4. Although the delay-free
controller of [27] causes a significant undershoot, the time-delay controllers with [ = 0
and [ = 2 do not cause any undershoot, and the time-delay controller with [ = 1 causes
a much smaller undershoot. Furthermore, the maximum overshoot under each time-delay

controller is less than the maximum overshoot of the delay-free controller of [27] and
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Figure 3.4: Closed-loop step responses under the delay-free controller of [27] (black) and the
time-delay controllers described by (3.74) (blue), (3.75) (red), and (3.76) (green).

decreases as the differential order of the time-delay controller increases. Finally, the
response under the time-delay controllers with [ = 1 and [ = 2 settles much faster than
the one under the delay-free controller of [27], as also suggested by the spectral abscissa

values given in Table 3.1.
3.4.2. Acrobot Robotic System

We consider the strong stabilization problem of an underactuated robot called Acrobot
which is a two-link planar robot moving in a vertical plane. The system description of
Acrobot is given in [120], where the associated transfer function of the system linearized

at the upright equilibrium point is obtained as

—1.3545(s — 1.281)(s + 1.281)

P(s) = (s — 6.101)(s — 2.24)(s + 6.101)(s + 2.24)

(3.77)

Clearly, the system has two stable, s; = —2.24 and s, = —6.101, and two unstable, s; =
2.24 and sy = 6.101, modes. Furthermore, the system has two real finite blocking zeros,
z1 = —1.281 and 2z, = 1.281. Since z; < 0 and there are an even number (two) of modes
to the right of z,, as far as O-stability is concerned, the system satisfies PIP. So, if we apply
the strong p-stabilizability test, for g = 0, it results /™" = (0. Therefore the system is
strongly O-stabilizable. In [121], a stable 2"¢ order delay-free controller is designed, and,

the achieved spectral absicssa value is reported as —1.2806. On the other hand, in [122],
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Figure 3.5: Spectral abscissa values of the closed-loop system (blue) and of the controller (red)
during the design of (3.78).

a stable 3¢ order delay-free controller is designed, and, the achieved spectral abscissa
value is calculated as —1.2726. Here, we aim to design ji-stable controllers for i = 0.
First, we design a O-stable 2"¢ order delay-free controller in the form of (2.35) with

[ =2 and ¢ = 0. The designed controller is

. —15.2610  0.6496 —19.9390
t) = z(t) + y(t)
11.3650 —1.8223 24.7037 (3.78)

u(t) = [49.3085 1.7497] 2(t) + 106.7103y(¢).

The minimization of the closed-loop spectral abscissa value is shown in Figure 3.5, to-
gether with the spectral abscissa of the controller. The closed-loop modes are shown
in Figure 3.6. The achieved spectral abscissa value is —2.8472 which is less than that
achieved by both [121] and [122].

Next, we design a time-delay controller of the form (2.40) with a single time-delay.

The designed controller is

u(t) = 64.1787y(t) + 4.3205y(t — 1.6695) (3.79)

which is inherently ji-stable for any ji. The minimization of the closed-loop spectral

abscissa value is shown in Figure 3.7 and the closed-loop modes are shown in Figure 3.6.
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Figure 3.7: The course of optimization during the design of the controller (3.79).

The achieved spectral abscissa value is —0.2874. Even though this value is greater than
that achieved by (3.78), (3.79) requires only two gains and one delay element, where as
(3.78) requires two integrators and nine gains (the number of gains, however, could be

reduced to five if a canonical form was used - see [49]).
3.4.3. Input-delayed System

We consider the input-delayed system described as

#(t) = Apz(t) + Bru(t — 5) (3.80)
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Table 3.2: The minimum spectral abscissa values achieved by various controllers for the example
in Subsection 3.4.3. The improvements on the spectral abscissa values are calculated
against the 0-order delay-free controller of [29].

Controller Min. Spec. Abs. Imp.
Delay-free, [ = 0, [29] —0.1489 -
Delay-free, [ = 1, [29] —0.2293 54%
Delay-free, [ = 2, [29] —0.2682 80%
Delay-free, [ = 3, [29] —0.4575 207%
Delayed, [ = 0, (3.81) —0.2492 67%
Delayed, | = 1, (3.82) —0.3449 232%
Delayed, | = 2, (3.83) —0.5171 347%
where
—0.08 —0.03 0.2 —0.1
Ao=1] 02 —0.04 —0.005|, Bi=|-02],
—0.06 0.2 —0.07 0.1

which was considered in [29], where it was assumed that the whole state vector is mea-
surable. Thus, here too, we let y(t) = x(t). The open-loop system modes are s; = 0.1081
and s; o = —0.1490 £ j0.2015, thus the system is unstable. In [29], using TDS_STABIL,
delay-free controllers in the form of (2.37) were designed. The achieved spectral abscissa
values of [29] are given in Table 3.2. Here, on the other hand, we design controllers of
the form (2.35), for { = 0, 1, and 2. Not that, for the O** order controller, we consider the
same time delay in all the output channels. For the 1% and 2°¢ order controllers, on the
other hand, as in Subsection 3.4.1, we consider four time delays, each associated with a

different controller matrix. The designed controllers are as follows:

u(t) = [1.4567 3.4589 1.3211} y(t)
(3.81)

+ [—0.9218 —2.7055 —0.6651} y(t — 0.2917)
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for ! = 0;

#(t) = — 1.36062(t) + [—0.2784 1.3153 0‘1485} y(t) — 1.0789z(t — 2.7422)
+ [1.0194 —0.6851 —1.5088} y(t — 0.9014)
u(t) =0.42632(t) + [1,4360 0.4853 0,5869] y(t) — 0.68452(t — 2.2906)

+ [—0.6712 0.8023 —0.1375} y(t — 0.0446)

(3.82)
for! = 1; and
) —2.2475 —1.3285 0.2049 —-0.0311 -0.2119
Z(t) = z(1) + y(t)
2.5137  0.6410 0.7912 1.7789 1.5988
—0.0741 —-1.5393
a z(t — 1.9559)
0.3514 1.3903
—0.6628 0.2405 —1.4212
+ y(t — 0.1578) (3.83)
0.6263 —1.0781 0.8367

u(t):[0.0927 1.7344} z(t)+[—o.4296 —0.3518 —0.3189] y(t)
+ [—0.2418 —0.6569} Z(t — 1.3349)

+[0.4174 0.4872 0.6127] y(t —0.0427)

forl = 2.

The course of optimization during the design of each controller is shown in Fig-
ure 3.8. As in the previous example, as the complexity of the controller is increased, more
iterations are needed to design the controller. However, the spectral abscissa value is im-
proved significantly. The closed-loop modes under each controller is shown in Figure 3.9
and the spectral abscissa values achieved are shown in Table 3.2. As shown there, com-
paring to the delay-free controllers of [29], the time-delay controllers designed here made
significant improvements in the spectral abscissa values.

Next, we design a controller of the form (2.40), where different time delays are

introduced in each output channel. Such a controller can be described as
u(t) = Koy(t) + Kyy(t — hy) + Koy(t — hy) + Kay(t — hs) (3.84)
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Figure 3.8: The course of optimization during the design of controllers (3.81) (blue), (3.82) (red),
and (3.83) (green).

30
% X%
X XXX X
20  Cux XXX SN
J X 5 % X < )
10 x X *x X Xy x
) x %
EO . <% x
S
x XX X
-10 v XXX X X o X x X
X X
X % X
20 XX xx Xt~
x XX Xy
X
_30 | | | X | | | | | | | |
-1 -0.9 -0.8 -0.7 -0.6 -0.5 -04 -0.3 -0.2 -0.1 0 0.1
Re(s)

Figure 3.9: The closed-loop —1-modes of the system (3.80) under the controllers (3.81) (blue),
(3.82) (red), and (3.83) (green).

where all the elements of K are free, however, the rest of them are structured as (us-
ing a similar notation with (2.41)) Ki == [kl 0 0], K2 == [0 k2 0, and Ky =
[0 0 ]gg] where k{, k2, and k3 are free parameters while the rest of them are fixed to

zero. The controller is designed by minimizing the spectral abscissa function as shown
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Figure 3.10: Minimization of the spectral absicssa value during the design process of (3.85).

25+
2

o

© 15
T
>
ko

£ 05
o

T 0

0.5

_1 | | | | | | |
10 20 30 40 50 60 70

lteration number

Figure 3.11: Changes of parameters K? (blue line), KS (red line), and Kg (black line) of (3.85),
during the course of the optimization algorithm.

in Figure 3.10 which yields

u(t) = [—0.9243 0.9709 —0.3744] y(t)
+ 1.5059y; (t — 0.0015) 4 0.1562y2(t — 2.9420) (3.85)

+0.9352y5(t — 1.8246).

where the free parameters changed during the optimization process as shown in Fig-
ure 3.11, Figure 3.12, and Figure 3.13. By using the QPmR tool [114], we calculate all

the —0.5-modes of the closed-loop system which are shown in Figure 3.14. The achieved

68



\V)
|

—
o

—_

o
a1
T

Parameter values
()

o
o

1
—_

_1 5 | | | | | | |
10 20 30 40 50 60 70

lteration number

Figure 3.12: Changes of parameters Kl1 (blue line), K22 (red line), and Kg’ (black line) of (3.85),
during the course of the optimization algorithm.
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Figure 3.13: Changes of parameters iLl (blue line), iLQ (red line), and iLg (black line) of (3.85),
during the course of the optimization algorithm.

spectral abscissa value is —0.2486 which is almost equal to the one achieved by (3.81)
where same time delay introduced in each output channel. Thus, we conclude that (3.81)
is more favorable since even though both (3.81) and (3.85) require 6 gains to be imple-
mented, (3.81) requires only delay element along with the gains while (3.85) requires
three delay elements along with the gains. Furthermore, (3.81) has 7 free parameters to
be determined while (3.85) has 9. Thus, (3.81) is also favorable than (3.85) as long as the

controller design is concerned.
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Figure 3.14: The open-loop system modes (blue) of (3.80) and the closed-loop system modes as-
sociated with the controller described by (3.85) (red).

3.4.4. Neutral Type System

We consider the LTI neutral time-delay system, described as

Z(t) 4+ By (t — 0.7) + Es@(t — 1.7) = Agi(t) + Byu(t — 0.5) (3.86)
where ~ _
0 —02 04 03 01 0
Ey=105 —03 0|, Es=| 0 —02 o0 |,
—02 —07 0| 01 0 —04
48 47 3 |
A=1]01 14 —04| . B=03 07 01] ,
(07 31 —15]

which was considered in [26], where it was assumed that the whole vector Z(¢) is mea-
surable. Accordingly, a finite-dimensional state vector feedback controller was desgined.
Therefore, we let y(t) = Z(t). The system can be put into the form (2.25) by defining

x(t) = w(t)” #(t)T T, where

w(t) == &(t) + Epi(t — 0.7) + Esi(t — 1.7)
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Figure 3.15: Open-loop modes (red) of (3.86) and the closed-loop modes (blue) of (3.86) under
the controller (3.87).

ho =0, hy = 0.5, hy = 0.7, hy = 1.7,

and all other matrices as zero.

We calculate C'p = —0.2751. Thus, we can calculate €. by the method of [29],
for any € > —0.2751. We choose ¢ = —0.25 and determine 2_¢ o5 = {0.2180,0.0976 +
1.0396j}. Hence, the system is not stable. By using the QPmR tool [114], we calculate
all the —3-modes of (3.86) with imaginary parts between —80 and 80 and show them in
Figure 3.15.

As stated in Section 3.1, Cp can not be reduced by any controller in the form of
(2.35). Therefore, the spectral abscissa can be minimized only up to —0.2751. Note
that, in [26], the continuous pole placement algorithm of [25] was used to design a 0-
stabilizing controller. In this respect, the design process has been stopped as soon as ¢ < 0
is achieved. Here, we aim p-stability for 4 = —0.2 which is close enough to Cp. We
apply the proposed optimization procedure to design a controller of the form (2.40) with
a single time delay. The minimization of the spectral abscissa is shown in Figure 3.16.

We stop the iterations as soon as p-stability is achieved. The designed controller is
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Figure 3.16: The course of optimization during the design of the controller (3.87).

u(t) [_2.1150 0.1124 1.5747] y(t)

(3.87)
+ [—0.4309 0.8969 0.2282] y(t — 2.2582).

The closed-loop —3-modes with imaginary parts between —80 and 80 (calculated using

QPmR) are shown in Figure 3.15.
3.4.5. Multiple Delay System

This example is borrowed from [61], where the continuous pole placement-based con-
troller design method is used. The system is a LTI retarded time-delay system, which has

delays in both the states and the input:

(3.88)
y(t) = Cox(?) ,
where hy = 0.7, h, = 0.8,
-25 0.5 3 -1 -3.5
AO — , A2 — , Bl = , and C() = |:Cl 225:| .
0 -3.5 0 5 b

—2-modes of the system are shown in Figure 3.17. Because of the existence of two

unstable modes, s; = 0.3324 and s, = 0.1534, the system is unstable. We consider two
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Figure 3.17: Open-loop modes (x) and blocking zeros of (3.88) with by = 3, ¢y = 0.5 (0), and
with by = 10 and ¢1 = 2.5 (o).

sets of values for by and ¢;.

Scenario 1: As in [61], we let by = 3 and ¢; = 0.5. In this case, the system has a real
blocking zero at z; = 0.1 (see Figure 3.17). We apply the strong p-stabilizability test
for 4 = 0. Because of the existence of an even number of real modes to the right of 2,
the system satisfies PIP. Therefore, the system is strongly p-stabilizable. Accordingly, the
minimum possible order of the controller is determined as /™" = ( which is consistent
with the result of [61] where the system is stabilized by an 0-order delayed controller.
Here, we particularly focus on designing —0.5-stable controllers. First, we design a —0.5-

stable 1% order delay-free controller. The designed controller is

2(t) = — 2.1498z(t) — 26.0069y(¢)
(3.89)
u(t) = 0.08632(t) + 0.5779y(t) .

The minimization of the spectral abscissa value is shown in Figure 3.18 together with the
spectral abscissa of the controller. The resulting closed-loop system modes are shown
in Figure 3.19. The achieved closed-loop spectral abscissa value is —0.1817, which is
comparable with the one (—0.1825) obtained in [61]. Furthermore, the spectral abscissa
value of the controller is —2.1498, which is well below the required —0.5.

Next, we design a —0.5-stable 15 order time-delay controller. The designed con-
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Figure 3.18: Spectral abscissa values of the closed-loop system (blue) and of the controller (red)
during the design of (3.89).
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Figure 3.19: Closed-loop —5-modes (blue) of (3.88) (Scenario 1) under the controller (3.89) and
the controller mode (red).

troller is

(t) = — 1.66512(t) + 1.3208y(t) — 1.6670z(t — 0.5301) — 0.3210y(t — 0.8723)

u(t) =2.3699z(t) + 0.3812y(t) — 2.53782(t — 0.5559) — 0.7800y(t — 0.2578).
(3.90)

The minimization of the spectral abscissa value is shown in Figure 3.20 together
with the spectral abscissa of the controller. The resulting closed-loop system modes are

shown in Figure 3.21 together with those of the controller. The achieved closed-loop
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Figure 3.20: Spectral abscissa values of the closed-loop system (blue) and of the controller (red)
during the design of (3.90).
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Figure 3.21: Closed-loop —5-modes (blue) of (3.88) (Scenario 1) under the controller (3.90) and
those of the controller (red).

spectral abscissa value is —0.3833, which shows an improvement of 217% compared to
the one achieved by the delay-free controller (3.89). Furthermore, the spectral abscissa

value of the controller is —1.25, which is also well below the required —0.5.

Scenario 2: We let b, = 10 and ¢; = 2.5. In this case, the system has a real blocking zero
at z; = 0.2143 (see Figure 3.17). Unlike Scenario 1, there exists an odd number (one) of
real modes to the right of z;. Therefore, the strong j-stabilizability test yields /™" = 1
for ;r = 0. Thus, the system is not strongly j:-stabilizable for any ;¢ < 0 since the PIP is

not satisfied. However, the system can be stabilized by an unstable controller that has at

75



Spectral abscissa value

_2 | | | | | | | |
20 40 60 80 100 120 140 160

lteration number

Figure 3.22: Spectral abscissa values of the closed-loop system (blue) and of the controller (red)
during the design of (3.91).
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Figure 3.23: Closed-loop —5-modes (blue) of (3.88) (Scenario 2) under the controller (3.91).

least one real unstable controller mode located to the right of z;. We design a 1! order
delay-free controller. The designed controller is

2(t) = 1.9678z(t) + 0.4593y(t) o1

u(t) = — 2.43362(t) — 0.6404y(t)
which has one unstable mode (at 1.9678) to the right of z;, as required. The minimization
of the spectral abscissa value is shown in Figure 3.22 together with the spectral abscissa
of the controller. The resulting closed-loop system modes are shown in Figure 3.23. The

achieved closed-loop spectral abscissa value is —0.4621.
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4. DECENTRALIZED STABILIZATION AND STRONG STABILIZATION

The main objective of this chapter is to propose eigenvalue optimization-based stabi-
lization and strong stabilization methods for LTT MIMO time-delay systems, described in
(2.31), using decentralized LTT output feedback controllers introduced in Subsection 2.3.2.
In Section 4.1, first, the closed-loop system is obtained, then, the stabilization problem
is formulated. In Section 4.2, the decentralized strong stabilizability conditions of LTI
time-delay systems are investigated, and the decentralized strong p-stabilizability test is
introduced (see Remark 6). In Section 4.3, the decentralized strong stabilization problem
is formulated. We should note that Section 4.1 and 4.3 can be thought of as special cases
of Section 3.1 and 3.2, where a decentralized controller is aimed to be designed. Further-
more, the decentralized controllers are designed using a simultenous design approach.
Therefore, the controller design methods have only slight modifications. Because of that,
to avoid redundancy, the reader is referred to the related parts of Section 3.1 and 3.2 when-
ever necessary. In Section 4.4, the technical details of the decentralized controller design
phase are discussed. Finally, in Section 4.5, the decentralized controller design methods
proposed in this chapter, along with the associated analysis methods given in Chapter 2,

are illustrated through examples.
4.1. Decentralized Stabilization

In this section, we consider an LTI time-delay system described as (2.31). According to
Subsection 2.4.2, given that C'p < p, (2.31) is decentralized p-stablizable for a decen-
tralized controller whose k" local controller is in the form of (2.45) if and only if it does
not have any ;-DFMs. For this reason, we make the following assumption in addition to

Assumption 1.
Assumption 3. (2.31) does not have any pi-DFMs.

Under Assumptions 1 and 3, all the p-modes of (2.31) can be assigned to the left-
hand side of ;1 € R. Before the construction of the overall closed-loop system, we first
take (2.31) into the form of (2.25) as described in Subsection 2.2.2. Furthermore, since the
set of all local controllers (2.45) of the overall decentralized controller will be designed
simultaneously, we construct the overall decentralized controller in the form of (2.35) as

described in Subsection 2.3.2. Recall that each local controller is allowed to have different
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time delays (see (4.21)-(4.22) for example). Therefore, the set of time delays of the overall
decentralized controller will be the union of the set of time delays of each local controller.

From now on, the closed-loop system and decentralized controller refer to the over-
all closed-loop system and overall decentralized controller, respectively. Then we apply
the same procedure described in Section 3.1 to obtain the corresponding closed-loop sys-

tem. First, we let

A~

{hy,. . hs} ={h1, ... ho} U{hy,... hs}, (4.1)

where {ﬁl, ceey ﬁo} are as in (2.48), and ho := 0. Then, the closed-loop system can be
described by DDAEs as

En(t) = Aon(t) + Z A (t — hi) (4.2)
i=1

where 7(t) := [gg(t)T y®)T z(t)T u(t)T} ' € R™, where z(t), u(t), and y(t) are as in
(2.46)-2A47),n:=n+m+q+1,

E 0 0 O Ay 0 0 By
e . 0 0b 0 O . Co =1, O Oqu7
0 0 I, 0 0 Go Fy O
0 0 0 0, 0 Ko Hy —I,
and, fort=1,...,0, i i
A, 0 0 B
AZ’ — éz (iq (3 0q><m 7
0 G; i 0
0 K, H, 0,
where
0,, otherwise ’ O,xm, oOtherwise ’
C’. — Cj, lf iLZ - hj

Ogxn, otherwise
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T
B; Bja B;, } , Cy= [ C}jl CJTV )
and,
P F;, if hy = h; | G e G, ith;=h; |
0;, otherwise O1xq, otherwise
o H;,  ifh; = h, R K; if h; = h;
Omxi, otherwise Omxq, Otherwise

Note that, since the open-loop system is in the form of (2.25) and the controller
is in the form (2.35), the closed-loop system (4.2) is in the form of (3.2). The only
difference is that the matrices of the decentralized controller are block diagonal matrices
as in (2.49). Therefore, the associated delay-difference of (4.2) can be obtained as for
(3.2). Accordingly, the associated delay-difference of (4.2) is in the form of (3.8). Thus,
following from Section 3.1, the closed-loop system (4.2) can not be neutral if rank(FE) =
n; however, if rank(E) < n, the closed-loop system (4.2) might be neutral. We also
note that the closed-loop system (4.2) is well-posed if and only if (3.14) is satisfied. In
particular, if rank(F) < n, then (3.21) must be satisfied to gurantee the well-posedness
of the closed-loop system (4.2). However, if rank(FE) = n, then the closed-loop system
(4.2) is always well-posed.

The main objective is to make (4.2) u-stable by minimizing the spectral abscissa as
a function of the free parameters of the decentralized controller. Considering (2.45), let
p € RY be the vector of free parameters in the controller matrices where N is the number
of free parameters involved. Furthermore, let h € R be the vector of free parameters

described as

~

h=[hy,... hs], (4.3)

thus,  consists of the time delays of the decentralized controller. So, the vector of pa-

rameters can be constructed as

p:=[ph (4.4)

In order to design a decentralized controller, which p-stabilizes (3.2), we solve the
optimization problem:

min ¢(p) 4.5)
p
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where ¢(p) indicates the spectral abscissa of the closed-loop system (4.2) with the param-
eter vector p. If a local minimizer, p*, of (4.5) satisfies ¢(p™) < p, then, the decentralized
controller corresponding to p* p-stabilizes the system (2.31) for a given 4 € R. If a
decentralized time-delay controller, i.e., (2.45) with 6, > 0 for at least one k, is aimed,
then the constraint

{h1, ... hs} >0 (4.6)

must be imposed to make sure that the designed decentralized controller will be causal.
However, if a decentralized delay-free controller, i.e., (2.45) witho, = Ofork =1,... v,
is aimed, then (4.6) should be omitted.

In order to determine c(p) for a particular p, it must be guaranteed that Cp(p) <
¢ < u, where O'p indicates the insensitive bound of the closed-loop system (4.2), during
the course of the optimization. According to this, two different cases, introduced in Sec-
tion 3.1, can also be applied to decentralized controller design. However, careful attention
must be paid that the open-loop system (2.31) does not have any direct feed-through term
if either rank(F) = n or (2.34) is satisfied for all k,/ = 1,...,vandi,j = 0,...,0.
Furthermore, the decentralized controller does not have any direct feed-through term if
K, = Oforallt = 0,...,04, k = 1,...,v. Moreover, the decentralized controller
(2.45) can not be neutral since none of the local controllers are neutral.

As in Section 3.1, in Case 1, it is guaranteed that Ch (p) < e for all p. However, in

Case 2, the constraint

(@) <1 4.7)

must be imposed to (4.5), where ;(p) is as described in (3.26) and (3.27). As a result,
under the constraint (4.7), it is guranteed that C'p(p) < e for all p. We note that, in both
of these cases, if the decentralized controller corresponding to p* u-stabilizes the system

(2.31), then the system (2.31) is guaranteed to be insensitively p-stable, since i < p.
4.2. Decentralized Strong Stabilizability of Time-delay Systems

In this section, we try to find answers to the questions Q1 and Q2 given in Section 3.2 in
the case of decentralized control. For Q2, we investigate the minimum possible number of
unstable modes, counting with multiplicities, that any decentralized stabilizing controller

must have. As in the centralized case, the answer to Q2 yields the answer to Q1 so that
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we determine whether there exists a stable decentralized controller or not. Furthermore,
according to the answer to Q2, the strong stabilizability test given in Section 3.2 can be
extended to the decentralized case. As it has been mentioned in Section 1.1, these two
questions have been solved in [98] for finite-dimensional systems, i.e., systems in the
form of (2.31) with ¢ = 0. Here, we extend the results of [98] to time-delay systems,
i.e., systems in the form of (2.31) with o # 0, by following the line of [98], and using
the results of [22] which considers the centralized strong stabilizability problem for a
broad class of LTI MIMO systems including time-delay systems. In the remainder of this
section, we extensively use bicoprime factorization for the system and left/right coprime
factorization for the controller. We note that there are several advantages of using both of
these two types of factorization approaches (see [123] and [124]).

Let us denote the TFM of (2.31) as Z = [Z; ], where Z

ijs L,J = 1,...,v, are
the ¢; x m; dimensional TFMs of each subsystem associated with Z. Also, let us denote
the my, x ¢, dimensional TFM of the k" local controller (2.45) as C;, then denote the
TFEM of the overall decentralized controller as C = diag{Cy, ...,C,}. The decentralized
strong stabilization problem can be defined as designing a decentralized stable controller
C, which is composed of stable local controllers Cy, k = 1,...,v, for Z such that the
overall closed-loop system of (Z,C) is stable.

It is known that the ordered triple (P, ), R) is bicoprime in Hg® if the pairs (P, Q)
and (@, R) are right and left coprime over Hg°, respectively [124]. Furhermore the or-
dered triple (P, @, R) is a bicoprime factorization of Z over Hy° if (P, @), R) is bicoprime
in H2°, Q is a square matrix with det(Q(o0)) # 0, and Z = PQ™'R, where P, Q) and
Rare g x &, ¢ x € and £ x m dimensional matrices in Hg, respectively. Here, £ must be

such that
nrank(Z) < ¢

where nrank( Z) is the normal rank of Z [124]. Note that, for Z, one can always find these
pairs (P, Q,) and (Q;, R;) which are right and left coprime in Hg°, respectively [125].
Then a bicoprime factorization can be found via right or leftcoprime factorization. For
example, once a right coprime factorization of Z = P,Q, ! over HY is found, then the
ordered triple (P, @), R) can be determined as a bicoprime factorization of Z over Hg

by choosing P = P,, @ = @,, and R = [,,. A dual procedure can also be applied by
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using the left coprime factorization. Furhermore a bicoprime factorization can be directly
derived from (2.31) if and only if (2.31) is both spectrally stabilizable and spectrally
detectable [124].

A decentralized controller C, whose each local controller is in the form of (2.45),
has always a right coprime factorization C = P.Q_' over HZ® such that P, and Q.. are
right coprime over ‘Hg® where P, and (). are m X ¢ and g X ¢ dimensional matrices in

HE [125].

Lemma 3. Letr Z = PQ ™' R be a bicoprime factorization over Hg®. Also let C = P.Q_!
be a right coprime factorization over HY. Then, the closed-loop system of (Z,C) is stable
if and only if
Q@ RPE
—P Q.
is invertible in Hy® (see Theorem 11 in [124]).

(4.8)

According to Lemma 3, if C € M (HY), i.e., Q. is invertible in 7g°, then (4.8) can

be written as

I RP.Q:'| |Q+RP.Q:'P 0 I 0
0 I 0 Q.| |-Q'P [T

by using the Shur complement decomposition. Accordingly, the closed-loop system of
(Z,C) is stable if and only if Q + RP.Q;'P is invertible in H°, where C € M (HY).
Now we state the following two results which give the characterization of central-

ized blocking zeros through the framework of factorization in Hg’.

Lemma 4. Let Z = PQ ™' R be a factorization over H. For any zy € C*€ satisfying

Z(z9) = 0, one has

Q R
rank (z0) <& (4.9)
—P 0

where strict equaliy is achieved if either (P, Q) is right coprime or (Q, R) left coprime
over Hy® [126].
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Lemma 5. Let Z = PQ™' R be a bicoprime factorization over HY. For any zy € C**
rank ? (20) =¢& (4.10)

if and only if Z(zy) = 0 [126].

Now let us introduce the notion of decentralized blocking zeros which will play a

central role in the remainder of this section.

Definition 12. z, € C* is a decentralized blocking zero of Z = [Z, ;],4,j = 1,...,v, if,
when evaluated at zj, all the main block diagonal entries and the entries below the main
diagonal blocks of the system TFM become zero after a suitable symmetric permutation
of the block rows and columns. In other words, 2 is a decentralized blocking zero of
Z = [2,,] if for some permutation {i1,...,%,}, Z;,; = 0 where &k = 1,...v and

[l =1,..., k. Thus, the set of decentralized blocking zeros can be desribed as

Az = {z0 € C° | there exists a permutation {iy,...,i,} of {1,...,v} such that

Zi i 0 0 0

Ziviv  Zigis 0 0

Zigin Zisin  Zisis 0 | (20) =0}
0

Ziiy Zigias Ziyis Zi, i,

For instance, when v = 2, the set of decentralized blocking zeros of Z can be

defined as

o |21 0 Zi1 Zip
Az ={z € C°| (z0) =0or (20) =0}
Zy1 Zap 0 259

which can also be expressed as

Az = {the intersection of blocking zeros of Zy1 and Z5}N
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{the union of blocking zeros of 215 and Z51}

Some other equivalent descriptions of the decentralized blocking zeros can be found
in [98]. We note that, for a single-channel system, i.e, when v = 1, the decentralized
blocking zeros are equal to the centralized blocking zeros. By definition, while a decen-
tralized blocking zero may not be a centralized blocking zero, any centralized blocking
zero is a decentralized blocking zero. Consequently, the set of decentralized blocking
zeros can be a much larger set than the set of centralized blocking zeros. Let us denote

the decentralized unstable blocking zeros of the system as
AL =AzNCSe.

Lemma 6. Let Z be a TFM of (2.31). If (2.31) does not have any unstable DFMs, then
the set of modes of Z and N, are disjoint [126].

Before going into the main theorem, first, we should invastigate how a local con-

troller applied to any channel of Z affects the set of unstable decentralized blocking zeros.

Lemma 7. Let Z have no unstable decetralized fixed modes, and, Z = PQ™ 'R is a
bicoprime factorization over HY. Let C, = P.,Q_} be the local controller applied to
the v*" channel of Z, where (P.,,Q.,) is a pair of right coprime matrices over HY
with appropriate dimensions. Let the resulting v — 1 channel system has a bicoprime

factorization over Hy®

P1 O —1
R,P., R, - R,
vl | ¢ @ ! H (4.11)
—PV ch o .- 0

and, Z"~! has no unstable DFMs. Then A}, C A, , [126].

Lemma 7 states that the set of unstable decentralized blocking zeros of the resulting
system with v — 1 channels includes the set of unstable decentralized blocking zeros of the
given system with v channels. Note that this result is crucial for the proof of the following

theorem.
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Theorem 1. Let Assumptions I and 3 are made for Z. Let 21, 29, . .., z; denote the el-
ements of Az N RI® arranged in an ascending order. Also, let n; denote the number of
R(J{e modes of Z counted with multiplicities in the interval (z;, z;11), © € 1,2,...,t — 1.
Define 1 to be the number of odd integers in the set 1y, ...,m:—1. Then, every decentral-
ized stabilizing controller C = diag{Cy,...,C,} has at least n modes in R}® (counting

multiplicities).

Proof. Let Z = PQ™'R be a bicoprime factorization over Hg® where P = [Pl ... PT]T
and R = [R; ... R,]. The proof will be given by induction. Let v = 2. By Definition 12,
for a two-channel system, the set of decentralized unstable real blocking zeros can be

defined as

A; = {ZU € R*e | [217:1 227:1] (ZO) = (0 and 2272(2’0) = 0}

(4.12)
U{ZO € RJre | [Zl,l Zl,2:| (Z()) =0and 2272(20) = O}
Also, if zy € AL satisfies [Z]; 21,17 (29) = 0, then by Lemma 4, we have
QR I
rank |—P, 0| (20) =& (4.13)
-P 0

since (P, Q) is right coprime. If 2o € A% satisfies [Z11 Z12](29) = 0, then by Lemma 4,

we have

ke | @ 0 T (20) = & (4.14)

-P 0 0

since (@, R) is left coprime.

Assume that C = diag{C;,Cs} is a decentralized stabilizing controller whose local
controllers C; and Cy have n; and ny unstable modes, respectively, counted with multi-
plicities. Let Cy = P.oQ).;' be a right coprime factorization over 3°. Then, the resulting

system, which is obtained by applying C,, can be obtained as

1
Q RePo| |Ri

1.

2'=|n o —P, Qo 0 12
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which is a bicoprime factorization over Hy® [85]. Note that the closed-loop system of
(Z',Cy) is stable since C = diag{C;,Cs} is assumed to be a decentralized stabilizing
controller. By the bicoprimeness of (4.15), for any 2, € RS“ ¢ for which (4.13) or (4.14)

holds, i.e., zj is an unstable real blocking zero, we have

Q R2pc2 Rl
rank | —P, Q. 0 | (20) =&+ ma. (4.16)
—-P 0 0

Since (4.15) is a bicoprime factorization over Hg°, we can apply Lemma 5 for Z'. Ac-
cordingly, every zo € A% is an unstable real blocking zero of Z'. By Lemma 3 of [22],

C, stabilizes Z! only if the number of sign changes of

Q RoPo )

det( _P2 QCQ

(4.17)

at the blocking zeros of Z' is not be greater than n,. Since, by Lemma 7, the sequence
21, %2, ..., 2 is a subset of the blocking zeros of Z!, the sign changes of (4.17) at these
sequence can not be greater than n;. On the other hand, for any z, € A%, it holds that
Z99(z9) = 0 by (4.12). Therefore, the number of sign changes of (4.17) and that of
det(Q)det(Q.2) in the sequence 21, 29, ..., 2 are equal. It follows that the number of
sign changes of det(Q) in this sequence equals 1. Then, det(Q)det(Q.2) has at least
n — ny sign changes in the sequence zy, 2y, . . . , 2;. In other words, for C; to stabilize Z!,
it must hold that 7 — ny < ny. This proves Theorem 1 for v = 2.

Now, assume that the statement in Theorem 1 holds for v — 1 forany v — 1 > 2.
We need to establish the statement for v. Let C be a decentralized stabilizing controller
whose local controller C; has n; unstable modes, counted with multiplicities, for £ =
1,...,v. Let C, = P,Q_! be a right coprime factorization over Hg°. Consider the
closed-loop system Z”~! given in (4.11) which is a bicoprime factorization over Hg° [85].

Let AT

=, be the set of unstable real decentralized blocking zeros of Z¥~!. By Lemma 7,

we have A7 C AL, ,. By Lemma 6, A%, , and the set of mode of Z¥~! are disjoint.
Let z1, 2o, . . ., Z7 denote the elements of A;_l arranged in an ascending order. Also, let

7; denote the number of Rge modes of Z¥~!, counted with multiplicities, in the interval
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(Zi, Ziv1), 1 € 1,2,...,t — 1. By hypotesis of induction, the number of odd integers in the
set 71, ...,Mr_1 1s less than or equal to ny + no + ... + n,_1. In this case, the number of

sign changes of

Q R,P,
det( ) 4.18)
_PI/ ch/
in the sequence z1, 29, . . . , 2; is not greater than ny+ns+. . .4+n,_1. Also, in this sequence

(4.18) and det(Q)det(Q.,) takes the same sign as every decentralized blocking zero of
Z, say z, satisfy Z,,(z) = 0 by Definition 12. The number of sign changes of det(Q)
in zy, 29,...,2 1snolessthann —n,. So,n —n, < ny +ns+ ...+ n,_1. Recall that the
number of unstable modes of C' is equal to ny + ns + ... + n,. Thus, the statement has

been proved. [

Remark 4. The proof of Theorem 1 is the modified version of the proof given for the
necessity part of Theorem 2 in [98] in which a very similar statement has been made.
Although the proof of [98] has been conducted for fractional system matrices, we use
the same strategy to extend to time-delay systems using the results of [22] instead of [8].
Furthermore, for the bicoprime factorization of time-delay systems, we refer to [124]

when necessary.

Corollary 1. Under Assumptions 1 and 3, (2.31) is decentralized strongly stabilizable

only if n = 0.

Theorem 1 and Corollary 1 can be thought of as the generalizations of the part (i)
of Theorem 2 and Corollary 1 given by [98], respectively, to time-delay systems. Fur-
thermore, Corollary 1 can also be thought of as the generalization of the necessity part of

Theorem 1 given by [22] to decentralized strong stabilizability.

Remark 5. In Theorem 1 and Corollary 1, we consider the strong O-stabilizability for the
sake of ease. However, Theorem 1 and Corollary 1 can be generalized to decentralized

strong j-stabilizability, for any i € R, by considering decentralized p-blocking zeros.

Remark 6. According to Theorem 1 and Remark 5, the strong p-stabilizability test given
in Section 3.2 can be used to determine the least possible number of unstable modes
that any decentralized p-stabilizing controller must have by considering decentralized

blocking zeros instead of centralized blocking zeros.
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4.3. Decentralized Strong Stabilization

If (2.31) is decentralized strongly pi-stabilizable, then a decentralized strongly p-stabilizing
controller in the form of (2.45) can be designed by adding the constraint of controller sta-
bility to (4.5). Let ¢(p) denote the spectral abscissa, i.e., the real part of the rightmost
mode, of the decentralized controller which corresponds to p. Then, the decentralized
controller is y-stable if and only if ¢(p) < p. Since the decentralized controller is a block
diagonal controller, p-stability of the decentralized controller implies that each local con-
troller is also p-stable. Suppose that we want all the modes of the decentralized controller

to have real parts less than /i for some i < ;. Then we impose an additional constriant

&(p) < . (4.19)

to the stabilization problem (4.5). If a local minimizer, p™, satisfies ¢(p™) < p, then, the
decentralized controller corresponding to p* decentralized strongly j-stabilizes (2.31) for
the given © € R. Note, however, that, constraint (4.19) is needed only when [ > 0. If
[ = 0, then the controller reduces to the form (2.52), which is ji-stable for any 1 € R.

Hence, when [ = 0, constraint (4.19) must be omitted.
4.4. Details of Decentralized Controller Design

As it is mentioned before, the decentralized controller design methods introduced in Sec-
tion 4.1 and 4.3 are the slightly modified versions of the centralized controller design
methods introduced in Section 3.1 and 3.2. More precisely, the formulations of decen-
tralized stabilization and strong stabilization problems are conducted as for centralized
stabilization and strong stabilization. Because of that, the characteristics of the optimiza-
tion problems are the same. Therefore, details of the optimization phase, computation of
function values, and computation of the gradient vectors, directly follows from Subsec-
tion 3.3.1, 3.3.3, and 3.3.4, respectively. Furthermore, the initialization phase proposed in
Subsection 3.3.2 can also be applied for the decentralized controller design. However, we
should remind that, unlike a centralized controller, a decentralized controller is structured
in a diagonal form by its nature. Therefore, the initialization phase proposed in Subsec-

tion 3.3.2 must be applied after the decentralized controller (2.45) is taken into the form
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Figure 4.1: Three-mass-two-spring system.
of (2.35).

4.5. Examples

In this section, the analysis and controller design methods are illustrated through control
problems. As in Section 3.4, the following subsections begin with an introduction of the
given open-loop system, then continues with the open-loop system analysis, controller
design, and closed-loop system analysis phases, respectively. Again as in Section 3.4,
the main objective is not only to stabilize (or strongly stabilize) the given system but also
to achieve the minimum spectral abscissa value, i.e. maximum exponential decay rate,
with a controller whose complexity is as low as possible. In addition to the achieved
spectral abscissa value, specific performance measures and/or time-domain responses are
also obtained to make fair comparisons when needed. Particularly, in Subsection 4.5.2,
we design PI and PID controllers. In addition to the optimal (in the sense of minimal
spectral abscissa) PI and PID controllers, we also focus on the sub-optimal PI controller,
whose results were presented in [49]. Then, we compare the time-domain responses of
the sub-optimal PI controller with the results of some other PI controllers proposed in the
literature. Note that, as in Subsection 3.4, all the analysis and controller design phases are

performed by using DrStabilization v1.0.
4.5.1. Three-mass-two-spring System

We consider a mechanical system illustrated in Figure 4.1. The external forces act on the

first (m;) and second masses (1my) while the position of second (ms) and third masses

(m3) are measured along with the velocity of first (1) and second masses (ms). Let x :=
T Y

ry To X3 T4 x5 xg| be the state vector where x;, x2, and 3 are the positions,

and, z4, 5, and x4 are the velocities of my, mo, and ms, respectively. Then, the system
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can be described in the state-space form as

0 0 0 1 00
0 0 0 010
, 0 0 0 00 1
(t) = x(t)
—Ki/my Ky /my 0 000
Kl/m2 —(K1+K2)/m2 Kg/mg 00O
0 Kg/mg —KQ/mg 000
0 0
0 0
(4.20)
0 0
1/m1 0
0 1/my
0 0
01 0000
n(t) = x(t)
000 10O
0 01 00O
ya(t) = z(t)
0 00 O0OT1TFPO

where m; = my = m3 = 1 and K; = Ky = 1. It is a highly oscillatory system
because of the existence of multiple modes on the imaginary axis. It is calculated that the
system has six modes, s;2 = 0, s34 = 0 £ 4, and s56 = 0 & 1.7321¢, on the imaginary
axis. Since none of these modes are decentralized fixed mode, the system is decentralized
stabilizable. Furthermore, the system has no decentralized blocking zero, thus, it is also
decentralized strong stabilizable.

We first design a decentralized controller in the form of (2.45) with [} = [, =
0, 61 = 1, and 05, = 1 to p-stabilize the system for 1 = 0. Thus, the decentralized
controller consists of two local time-delay controllers. The controller design is performed
by using the optimization-based method proposed in Section 4.1. The first and second

local controllers, which corresponds to {uy,y; } and {us, y2} channels, respectively, can
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Figure 4.2: The open-loop system modes (blue), and, the closed-loop system modes associated
with the decentralized controller described by (4.21)-(4.22) (red).

be represented in the form of (2.45) as
u(t) = [—1.1441 0.0185] yi(t) + [0.7281 —0.0956} Yy (t — 2.4261) (4.21)

ug(t) = [—0.2368 0.2693] yo(t) + [0.4117 —0.3545} ya(t — 0.0773) (4.22)

The modes of the associated closed-loop system are shown in Figure 4.2. The spectral
abscissa value is calculated as —0.1760. As a result, the closed-loop system is O-stable.
Then, we design a decentralized stable controller in the form of (2.45) with [; =
ly, = 2,61 =0, and 65 = 0. Thus, the decentralized controller consists of two local
274 order stable delay-free controllers. The controller design is performed by using the
optimization-based method proposed in Section 4.3. In particular, the upper bound on
the exponential decay rate of the decentralized controller is determined as ;1 = 0. The
first and second local controllers, which corresponds to {uy,y;} and {us, y»} channels,

respectively, can be compactly represented in the form of (2.45) as

FO,I 0 G()J 0
i(t) = 2(t) + y(t)
0  Fop 0 Gop
) (4.23)
H 0 K 0
u(ty = | OE y(t)
O HQ72 0 KO,Q
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Figure 4.3: The open-loop system modes (blue), and, the closed-loop system modes associated
with the controller described by (4.23) (red).

where
—1.7666 0.3121 1.1903 —1.2515
0,1 — Go,lz
—0.7763 —1.4377 —0.6037 —2.4309
Hy, = [1.1291 1.1060} Ko = [0.6037 —0.1729],
and,
—2.0186 0.1087 —0.2932 —0.4040
Foo = Goy =
—1.0854 —4.2495 —2.0318 —0.7652

Hoy = [0.4510 0.8460} Koy = [0.0758 —0.6267] 5

Note that, the modes of the first local controller are \; o = —1.6022 4= 0.46397, and, the
modes of the second local controller are A3 = —2.0728 and \y = —4.1952. Thus, the
decentralized controller is O-stable. The modes of the associated closed-loop system are
shown in Figure 4.3. The spectral abscissa value is calculated as —0.4616. As a result,

the closed-loop system is strongly O-stable.
4.5.2. Wood-Berry Distillation Column System

In this example, we consider the pilot-scale distillation column, introduced in [127],

which is used to separate a methanol-water mixture. The system is described in the
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Laplace domain as

12.8¢—°  —18.9¢~3s
Xp(s) 67571 2Isq1 R(s)

= (4.24)

6.6e"7¢  —19.4e”3s
Xp(s) 100571 T4dsTT S(s)

where the outputs X, and X g are the mole fractions of methanol on overhead and bottom,
respectively. Furthermore, the inputs R and S are the reflux flow rate and the steam flow
rate, respectively. The system has strong interactions among its I/O channels where there
exist significant time delays. The system with the parameters given in (4.24) has been used
as a benchmark example by many studies for verification of the decentralized PI controller
design methods. Among all these studies, some of them have chosen to decouple the
TFM of the system through a decoupler matrix (e.g., [128, 129]). However, it is also
possible to design decentralized PI controllers without using any decoupler. Therefore,
in order to make a fair comparison, we will compare our results to the results obtained
by [130], [131], and [132], which do not use any decoupler either.

To apply our controller design approach, we first obtain a minimal realization of

(4.24) in the form of (2.31) as

—0.0599 0 0 0
0 —0.0476 0 0
x(t) = x(t)
0 0 —0.0917 0
0 0 0 —0.0694
0.7665 0 0
0 0 -0.9
+ u(t—1)+ u (t—7)+ us(t — 3)
0 0.6055 0
0 0 —1.3472

wt) =1 1 0 0|

pt) =0 0 1 1)

Clearly, the system has four modes, s; = —0.0599, sy = —0.0476, s3 = —0.0917, and

sy = —0.0694. We calculated that none of these modes are decentralized fixed mode.
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Table 4.1: Decentralized PI controller parameters and the corresponding minimum spectral ab-
scissa values.

Parameters
Controller kp1 ki1 kpo kio Min. Spec. Abs.
Optimal PI -0.7467 -0.1303 0.1085 0.0310 —0.0395
Sub-optimal PI -0.5921 -0.0571 0.0679 0.0187 —0.0388
PI of [130] -0.375 -0.045 0.075 0.003 —0.0183
Pl of [131] -0.9320 -0.0558 0.1240 0.0086 —0.0348
PI of [132] -0.7757 -0.0886 0.0288 0.0141 —0.0388
151+ 2
10% 0 X
% X
Xx ' Xx
5t X  Xx -2
g X X -0.045 -0.04 -0.035
on X X X X
= X % X
= X X |
=0 X% X XX
X Xx X X
X X
-5+ X X X %
X X
x X xX
L X
X
10 K¢
_1 5 | | | | | | | | |
-0.8 -0.7 -0.6 -0.5 -04 -0.3 -0.2 -0.1 0 0.1
Re(s)

Figure 4.4: —0.8-modes of the closed-loop system with PI (blue), sub-optimal PI (red), and PID
(green) controller.

Therefore, we aim O-stability. Furthermore, the system has no decentralized blocking
Zeros.

First, we design a decentralized PI controller in the form of (2.45) where z, € R?,
k = 1,2, is the state of the k*" local controller. Furthermore, the matrices of the k" local

controller can be structured as

F, =0, Gy, =1, Hy = ki, Kj, = kpy, (4.25)

where the proportional gain k,; and the integral gain k;;, are considered as the only free
parameters of the controller. The gains of the designed PI controller are given in Table 4.1.
The modes of the associated closed-loop system are shown in Figure 4.4. The achieved
spectral abscissa value is calculated as —0.0395.

We should note that the designed PI controller is so-called optimal in the sense of
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Figure 4.5: Response of the first output to a unit step reference for the first output.

minimal spectral abscissa. However, achieving the minimal spectral abscissa value does
not imply the best time-domain response in general. Therefore, we also present a sub-
optimal PI controller, which is found by searching for the one which achieves the best
time-domain performance in the optimization iterations. The gains of the sub-optimal PI
controller are given in Table 4.1, together with three other PI controllers obtained in the
literature. The modes of the associated closed-loop system are shown in Figure 4.4. The
achieved spectral abscissa value of the sub-optimal controller is —0.0388.

Then, we investigate the time-domain performance of the sub-optimal controller. In
this regard, the unit step responses are shown in Figures 4.5-4.8, both for the sub-optimal
controller and three other controllers obtained in the literature. Among all the controllers
considered, the sub-optimal controller has the minimum average integral-absolute-error
(IAE) and the minimum average settling time as given in Table 4.2. !

Finally, we design a decentralized PID controller in the form of (2.45) where z;, €
R2, k = 1,2, is the state of the k' local controller. Furthermore, the matrices of the
k" local controller can be structured as (2.39). We should note that, in the design phase,

the time-constant of each low-pass filter, T%;, k = 1, 2, is determined as a free parameter.

'We note that y;-r; indicates response of output y; to a unit step reference r; for output j. The JAE :=
fOT ly;(t) — r;(t)|dt is calculated for a simulation time of 300s and sampling time of 0.001s. The settling

time is calculated as the time it takes for the output y;(¢), i = 1,2, to reach and remain between y/ + 0.02
and y/ — 0.02 where y/ = 1 for y;-r, and ya-79, and, y/ = 0 for y1-r5 and yo-71.
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Figure 4.6: Response of the first output to a unit step reference for the second output.
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Figure 4.7: Response of the second output to a unit step reference for the first output.

Table 4.2: The time-domain performances (integral absolute error and settling time) achieved by
decentralized PI controllers.

IAE Settling Time (s)
Controller Y1-r1 Y1-r2 Y2-r1 Ya-r2  Avg. Y1-r1 Y1-r2 Y2-T1 Y2-T2 Avg.
Sub-opt. PI 3.05 2.73 7.17 7.88 5.21 2436 3191 46.54 3940 35.55
PI of [130] 3,57 339 1774 3340 14.53 22.76 4536 14721 18436 99.92
PI of [131] 2.62 277 6.64 11.06 5.77 31.82 4029 54.06 63.64 4745
PI of [132] 2.64 1.96 8.93 10.51 6.01 27.38 26.33  50.20 48.13  38.01
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Figure 4.8: Response of the second output to a unit step reference for the second output.

Therefore, the initial values of T%;, k = 1, 2, are chosen as non-negative random numbers,
and the constraint

{ThH,Tr} > 0.1

is imposed to the optimization problem (3.24). As a result, the gains of the decentralized
PID controller decribed as (2.39) are found as k,; = —0.5188, k;; = —0.5888, kg1 =
—1.6599, ke = 0.0504, k;2 = 0.1462, and kg = 0.7120. Additionally, the time-constants
of the low-pass filters are found as 7%; = 1.1087 and T}, = 0.9624. The modes of the
associated closed-loop system are shown in Figure 4.4. The achieved spectral abscissa
value of the optimal PID controller is calculated as —0.04, which is slightly better than

the spectral abscissa value that the optimal PI controller achieves.
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S. CONCLUSION AND FUTURE RESEARCH

In Section 5.1, the concluding remarks of the thesis are given. Then, in Section 5.2,
regarding the present contributions of this thesis, the possible future research objectives

are discussed.

5.1. Conclusion

In this thesis, stabilization and strong stabilization of LTT MIMO systems have been con-
sidered. The open-loop systems are allowed to be retarded or neutral time-delay systems
with discrete time delays. In this respect, no restriction has been made neither in the di-
mension nor the number of time delays of the system. In order to stabilize (or strongly
stabilize) such systems, LTI time-delay controllers have been considered. The controllers
are allowed to have an arbitrary number of time delays and differential degrees. Thus, the
degree-of-freedom of the controller to be designed can be determined arbitrarily through
the choice of differential degree and the number of time delays. Furthermore, the con-
trollers to be designed can be structured in an arbitrary form. It has been shown that by
using proper structuring, one can design various types of servocompesators. Furthermore,
it is also possible to structure the matrices of a finite-dimensional controller in a suitable
canonical form. As far as the time-delay controllers are concerned, different time de-
lays can be introduced to each I/O channel of a multi-input and/or multi-output system.
On top of these, proper structuring also leads to the design of decentralized controllers,
which are composed of several local controllers, each of which can access only a specific
part of the system. After the detailed descriptions of the open-loop systems to be con-
sidered and the controllers to be designed, the stabilizability properties of the open-loop
systems by means of both centralized and decentralized controllers have been outlined.
In this regard, a stabilizability test that can be used to determine whether a centralized (or
a decentralized) stabilizing controller exists has been introduced.

Since centralized and decentralized stabilization (and strong stabilization) are two
different concepts, these two subjects have been considered separately. First, the cen-
tralized stabilization and strong stabilization of LTI systems have been considered. In
the controller design phase, the eigenvalue optimization-based stabilization method has

been used. In this method, the stabilization problem has been formulated as the mini-
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mization of the spectral abscissa of the corresponding closed-loop system. The strong
stabilization problem, on the other hand, has been formulated as the minimization of the
spectral abscissa of the closed-loop system under the constraint of controller stability,
which has been expressed in terms of the spectral abscissa of the controller. Although
stable controllers are preferred over unstable ones because of various practical reasons,
not all stabilizable systems are strongly stabilizable. It is well-known that a centralized
stabilizing stable controller exists if and only if the stabilizable open-loop system satis-
fies the PIP condition. In this respect, a centralized strong stabilizability test has been
introduced to determine whether a stabilizable system is also strongly stabilizable. The
strong stabilizability test determines the least number of unstable real modes that any sta-
bilizing controller must-have. As a natural consequence, if such a number is zero, then
the system is strongly stabilizable. On the other hand, if it is not zero, i.e., the controller
must have a certain number of real unstable modes, then, regarding this number, one can
determine the least possible differential degree of a stabilizing controller before starting
the controller design phase. It has been shown through various examples that the pro-
posed design method is quite effective both in the stabilization and strong stabilization
of LTI systems. It is worth noting that time-delay controllers have several advantages
over conventional finite-dimensional ones. Empirical results have shown that one can
achieve better results in terms of minimum spectral abscissa by using a relatively simple
time-delay controller instead of using high-dimensional finite-dimensional controllers. It
has also been stated that simple time-delay controllers are not only more powerful than
finite-dimensional controllers but also more cost-effective as far as the controller design
and implementation are concerned.

The decentralized stabilization and strong stabilization of LTI systems have been
considered as an extension of their centralized counterparts. As in the centralized case,
the eigenvalue optimization-based controller design method has been used to design de-
centralized controllers. As mentioned before, one can design decentralized controllers by
structuring the controller matrices in an appropriate form. In this respect, the centralized
stabilization problem has been modified in such a way that the local controllers of an
overall decentralized controller are designed simultaneously by minimizing the spectral
abscissa of the corresponding overall closed-loop system. In the decentralized strong sta-

bilization problem, on the other hand, the stability of each local controller has been added
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as a constraint. Even though the decentralized strong stabilizability conditions exist for
LTI finite-dimensional systems in the literature, these results had never been verified for
LTI time-delay systems. For this reason, the existing necessary condition of decentralized
strong stabilizability has been extended to LTI time-delay systems. It has been shown that
the decentralized strong stabilization problem is solvable only if the system is decentral-
1zed stabilizable and satisfies PIP. We should note that the centralized stable controller de-
sign method proposed in this thesis can be thought of as an alternative contribution to the
existing literature. However, the decentralized stable controller design method proposed
here is a novel contribution since there exists no controller design method developed in
this manner as far as the author’s knowledge. It has been shown through various examples
that the proposed design method is quite effective both in decentralized stabilization and
decentralized strong stabilization of LTI systems.

As a final contribution to this thesis, a new Matlab-based software named DrStabi-
lization has been developed. The main objective of this software is to utilize the analysis
and design methods introduced in this thesis. In the analysis phase, one can determine
the centralized/decentralized stabilizability and strong stabilizability of LTI time-delay
systems. Then, in the design phase, centralized/decentralized structured time-delay con-
trollers can be designed to stabilize or strongly stabilize LTI time-delay systems. As a
final note, DrStabilization v1.0 has been used along with the necessary tools, e.g., QPmR

and GRANSO, in the analysis and design phases of all examples presented in this thesis.

5.2. Future Research

As it 1s discussed above, both in centralized and decentralized cases, an effective con-
troller design method has been developed in this thesis. In the light of the results of this
thesis and the existing literature, there are at least three main research subjects that deserve
attention in the near future. First, even though it has been known for a long time that the
time-delay controllers can be used in the stabilization of LTI systems effectively, because
of the difficulties in analytic design methods, the time-delay controllers do not get the
attention they deserve. It is our belief that using the proposed controller design method,
the use of time-delay controllers can be widespread. Second, as it is stressed in Chapter 2,
the stabilization (and strong stabilization) methods proposed in this thesis are based on

the minimization of the spectral abscissa function. Thus, the local minimum of such an
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optimization problem leads to the maximum (or very close to the maximum) exponen-
tial decay rate of the closed-loop system. Even though it might be required for certain
applications, it is well-known that as the spectral abscissa approaches its local minima,
the sensitivity of the rightmost modes increases, which causes a lack of robustness. Gen-
erally, there must be a balance between the time-domain performance (such as tracking
and disturbance rejection ability) and robustness. In order to establish such a balance, the
controller design method must be modified in such a way once the closed-loop stability is
achieved, H* norm of a related transfer function of the closed-loop must be minimized
(for finite-dimensional controllers, see [27] for finite-dimensional systems, and [101] for
time-delay systems). Third, as it is stressed in Subsection 2.3.2, each local controller of a
decentralized controller can access only a certain part of a system. More precisely, k' lo-
cal controller, described as (2.45), is connected to {uy, v} input/output pairs of a system
described as (2.31). However, instead of a strict decentralized controller, a decentralized
overlapping controller can be designed where k'* local controller can access a certain part
of the system in addition to {uy, yx} input/output pairs (see [133] for finite-dimensional
systems under the control of finite-dimensional decentralized overlapping controllers).
By this way, it is possible to increase the degree-of-freedom of a decentralized controller
by paying the communication network cost as a price. Such a decentralized overlapping
controller can be designed using the controller design methods proposed in this thesis al-
most directly by using proper structuring. Finally, DrStabilization can be modified to be
more efficient and user-friendly in the near future. Furthermore, DrStabilization can also

be extended in line with the possible research objectives given above.
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