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Relativistic Stars in Starobinsky Model of Gravity

SUMMARY

The strong gravity regime of neutron stars provide a good opportunity to test
general relativity and constrain modified models of gravity. In this thesis the
hydrostatic equilibrium of neutron stars in Starobinsky model of gravity is
studied. The field equations and hydrostatic equilibrium equations are obtained
for a spherically symmetric metric in the Starobinsky model. The trace of the field
equations contains second order derivative of Ricci scalar and poses a singular
perturbation problem. Accordingly, the matched asymptotic expansion (MAE)
method is used to solve the set of differential equations for the Ricci scalar, mass
within radial coordinate and pressure distribution for a uniform density object.
It is found that the solution for the Ricci scalar can not match the Schwarzchild
solution at the surface. This leads to the conclusion that uniform density neutron
star solutions matching the Schwarzschild solution do not exist in the Starobinsky
model of gravity. This does not exclude the possible existence of solutions that
match an appropriate vacuum solution in this gravity model.
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Starobinsky Gravitasyon Modelinde Relativistik Yıldızlar

ÖZET

Einstein alan denklemleri iki şekilde modifiye edilebilir; (i) Einstein alan denklem-
lerinin sağ tarafına enerji-momentumtum bileşeni eklemek, (ii) Einstein-Hilbert
Lagrajyen’ine bazı terimler ekleyerek Einstein alan denklerinin sağ tarafını
modifiye etmek. İkinci metot “modifiye gravitasyon modeli” olarak adlandırılır ve
eğer Lagrajyen sadece Ricci skalerine bağlıysa “f(R) gravitasyon modeli” olarak
adlandırılırlar.

Nötron yıldızlarının yeğin gravitasyon alanı genel göreliği sınamak ve alternatif
gravitasyon modellerine kısıtlamalar getirmek için uygun deney koşulları
sunmaktadır. Bu tezde Starobinsky modifiye gravitasyon modelinde,

f(R) = R + αR2,

nötron yıldızlarının hidrostatik dengesi incelenmiştir. Starobinsky modelinde
küresel simetrik metrik,

ds2 = − exp(2φ)dt2 + exp(2λ)dr2 + r2
(
dθ2 + sin2 θdφ2

)
,

için alan denklemleri,

(1 + αhR)Gµν −
1

2
α (h− hRR) gµν − α (∇µ∇ν − gµν�)hR = 8πTµν ,

burada
h = R2 ve hR = dh/dR (0.1)

olmak üzere yukarıdaki gibi elde edilmiştir. Enerji-momentum tensörünün
korunum denkleminin “r” bileşininden türetilen

dP

dr
= − (ρ+ P )φ′

denklemi ve kütle ile λ parametersi arasındaki ilişkiyi tanımlayan

exp(−2λ) = 1− m(r)

r

denklemi kullanılarak hidrostatik denge denklemleri boyutsuz parametreler ρ̄
(boyutsuz yoğunluk), m̄ (boyutsuz kütle), P̄ (boyutsuz basınç), R̄ (boyutsuz
Ricci skaleri)ve x (boyutsuz radyal koordinat) cinsinden

dP̄

dx
=− ρ̄+ P̄

4x (x− m̄)
(
1 + 2εR̄ + εxR̄′

) ×[
16πx3P̄ + 2m̄+ 4εm̄R̄− εx3R̄2 − 8εxR̄′ (x− m̄)

]
xix



ve(
1 + 2εR̄ + εR̄′x

) dm̄
dx

=
x2

6

(
48πP̄ +

(
2 + 3εR̄

)
R̄ + 32πρ̄

)
+

1(
1 + 2εR̄

) 2εR̄′

6

[
−3m̄

(
1 + 2εR̄

)
+ x3

(
R̄ + 3εR̄2 + 16πρ̄

)]
+ ε2x (x− m̄)

4(
1 + 2εR̄

)R̄′2
burada α parametresinin boyutsuz hali ε olmak üzere yukarıdaki gibi elde
edilmiştir. Ayrıca alan denklemlerinin izi

ε
(
1 + 2εR̄

)
R̄′′ =

(
−8πρ̄+ 24πP̄ + R̄

) 1

6

(
x

x− m̄

)(
1 + 2εR̄

)
+

1

6

ε

x− m̄
[(

1 + 2εR̄
)

6m̄x−1 − 12
(
1 + 2εR̄

)]
R̄′

+
1

6

ε

x− m̄
[
εx2R̄2 + x2R̄ + 16πx2ρ̄

]
R̄′

+ 2ε2R̄′2

şeklinde Ricci skalerinin ikinci mertebe türevini içeren bir diferansiyel denklem
veriyor. Bu denklem en yüksek mertebe türevli terimin önünde çok küçük
bir parametre olan ε çarpanı olduğundan tekil pertürbasyon problemi özelliği
gösteriyor. Bu nedenle Ricci skaleri, kütle ve basınç için elde ettiğimiz diferansiyel
denklem setini çözerken eşleşen asimptotik açılımlar metodu kullanılmıştır. Sabit
yoğunluklu bir nesne için aşağıdaki sınır koşulları kullanılarak

m̄ (0) = 0, R̄′ (0) = 0

P̄ (1) = 0, R̄′ (1) = 0

boyutsuz kütle

m̄ (x) =
8

3
πx3ρ̄,

boyutsuz basınç

P̄ (x) = ρ̄

√
1

1− 8
3
πρ̄
−
√

1
1− 8

3
πρ̄x2

3
√

1
1− 8

3
πρ̄x2
−
√

1
1− 8

3
πρ̄

,

ve boyutsuz Ricci skaleri

R̄ (x) =16πρ̄

1−
2
√

1
1− 8

3
πρ̄

6
√

1
1− 8

3
πρ̄x2
− 2
√

1
1− 8

3
πρ̄


− ε1/22

(4πρ̄)2

1− 8
3
πρ̄

√
6

(
1− 8

3
πρ̄

)
exp

− 1√
6
(
1− 8

3
πρ̄
) 1− x
ε1/2


olarak bulunmuştur.

Ricci skaleri için bulunan çözümün yüzeyde Schwarzchild çözümüyle eşleşmediği
belirlenmiştir. Bundan dolayı Starobinsky gravitasyon modelinde yüzeyde

xx



Schwarzschild çözümüne eşleşen sabit yoğunluklu neutron yıldızı çözümünün
olamayacağı sonucuna varılmıştır. Bu sonuç bu gravitasyon modeli çerçevesinde
elde edilebilecek bir vakum çözümüne eşleşen bir yıldız çözümü olamayacağı
anlamına gelmemektedir.
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1. INTRODUCTION

One of the most important discovery in physics in recent times is the acceleration

of the universe [1]. Efforts to understand this phenomenon followed two avenues.

The first is to add a constant energy-momentum component to the right hand

side of Einstein’s field equations such as the dark energy. The other one is

modifying Einstein’s general relativity (GR) by replacing the Lagrangian of the

Einstein-Hilbert action R with some terms such as different orders of curvature

terms of R, the Ricci scalar [2, 3]. That causes to change the left hand side of

Einstein’s field equations. In this so called f(R) theories of gravity [4, 5, 6] the

action is written as

S =
1

16π

∫
d4x
√
−gf(R) + Smatter (1.1)

where fundamental constants G = c = 1. There are many models with different

orders of curvature terms. Viable models, while providing accelerated expansion

of the Universe [7, 8, 9] (see [10] for a review), should be consistent with the solar

system and laboratory tests in the weak field limit [11]. It had been shown [12, 13]

that the parametrized post-Newtonian (PPN) parameter γ has the value 1/2 for

R± µ4/R type of gravities (independent of µ!) [2] which is measured to be close

to unity [14] and is exactly 1 in general relativity. Mapping such f(R) theories of

gravity to scalar-tensor gravity models [15] leads to Brans-Dicke parameters well

known to be incompatible with solar systems tests (see [16] for a review of tests

of relativistic theories of gravity and PPN parameters).

Any model of gravity in which f(R) is not a linear function of R results in field

equations with 4th order derivatives which then would require extra boundary

conditions than it is customary in general relativity. If higher curvature terms are

perturbatively small, this would lead to a singular perturbation problem where the

coefficient of the highest order terms in the system of equations are small so that

the zeroth order expansion would artificially reduce the order of the equations.
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Starobinsky model of gravity [17] employs

f(R) = R + αR2 (1.2)

which provides an accelerated stage in the early universe—inflation— and is

motivated by the presence of such a term at the weak energy limit of string

theory [18]. Even if such a model of gravity satisfies the laboratory and the solar

system tests, it is of interest to test it in the strong gravity regime of neutron

stars by examining effect of the higher curvature term on the structure of neutron

stars.

DeDeo and Psaltis [19] showed the existence of stars in the Starobinsky model by

a perturbative method [20, 21]. Arapoğlu et al. [22] employed the same method to

constrain the value of α by using neutron star mass-radius measurements [23] and

for a representative sample of realistic equations of state (EoSs). Yazadjiev [24]

followed a non-perturbative approach where the theory is conformally mapped

to a scalar-tensor theory (STT) and argued the inconsistency of the perturbative

approach.

The method of mapping f(R) model of gravity to the STT is questioned at ref.

[25] who argued that the scalar-tensor theory poses ill defined quantities and that

causes singularity and wrong analyses.

In ref. [26] the Starobinsky model given in Equation 1.2 is used for studying

the structure of neutron stars. Different from [22], they also used the trace

equation which gives a second order differential equation for the Ricci curvature

R. Because of the α coefficients on the second derivative of R, the equation

poses a singular perturbation problem as also mentioned by the authors. They

solve only the trace equation with appropriate analytical method e.g. the matched

asymptotic expansion (MAE) method (see Appendix A) and solve the hydrostatic

equilibrium equations by numerical methods for various EoSs. Accordingly, the

authors of Ref. [26] encountered a problem in matching with the Schwarzchild

solution at the surface of neutron stars in their direct numerical solution of the

hydrostatic equilibrium equations. In the cosmological settings and for a different

f(R) model, authors of ref. [27] show that the MAE method is very useful and it

gives very appropriate results.
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In this work we employ MAE method for analysing the structure of neutron

stars in f(R) = R + αR2 gravity. In § 2 we describe shortly relation between

general relativity and hydrostatic equations. In § 3 we derive the field equations

for spherical symmetric metric. In § 4 we derive the hydrostatic equilibrium

equations. In § 5 we apply MAE method into the hydrostatic equilibrium

equations and in § 6 we find solutions to these set of differential equations for

uniform density with MAE method.
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2. HYDROSTATIC EQUILIBRIUM OF RELATIVISTIC STARS IN
GENERAL RELATIVITY

Einstein’s field equations

Gµν = 8πTµν (2.1)

[28, 29] describe the relation between geometry of space-time and density

ρ and pressure P where T µν is energy-momentum tensor and it equals

diag (ρ,−P,−P,−P ) for perfect fluid and Einstein tensor is

Gµν = Rµν −
1

2
Rgµν . (2.2)

The spherically symmetric and static metric is

ds2 = − exp(2φ)dt2 + exp(2λ)dr2 + r2
(
dθ2 + sin2 θdφ2

)
(2.3)

where λ and φ are functions of r. In GR with this metric the “time-time” (tt)

and “radial-radial” (rr) components of field equations are

8πP = exp (−λ)

(
φ′

r
+

1

r2

)
− 1

r2
(2.4a)

8πρ = exp (−λ)

(
λ′

r
− 1

r2

)
+

1

r2
, (2.4b)

respectively [30, 31]. From the conservation equation of energy-momentum

tensor, ∇µT
µ
ν = 0, it can be obtained that

dP

dr
= −ρ+ P

2
φ′. (2.5)

These differential equations which describe the hydrostatic quantities are called

Tolman-Oppenheimer-Volkoff (TOV) equations [30, 31]. In order to solve the

structure of the star these equations must be completed by an equation of state

(EoS) which is independent of the gravity model.

5



6



3. FIELD EQUATIONS

We start with the action

S =
1

16π

∫
d4x
√
−gf(R) + Smatter (3.1)

where

f(R) = R + αh(R). (3.2)

The variation of this action gives the field equations

(1 + αhR)Gµν −
1

2
α (h− hRR) gµν − α (∇µ∇ν − gµν�)hR = 8πTµν (3.3)

[4, 5] where hR = dh/dR. The trace equation is then

3α�hR − (1− αhR)R− 2αh = 8πT (3.4)

which, with spherically symmetric and static metric given in Equation 2.3, implies

that

3α exp(−2λ)h′′R =8πT + (1− αhR)R + 2αh

+ 3αh′R exp(−2λ)

(
λ′ − 2

r
− φ′

)
. (3.5)

where the primes (′) denote derivatives with respect to r. Also the “tt” component

of the field equation is

−8πρ =− r−2 + exp(−2λ) (1− 2rλ′) r−2 + αhR
(
−r−2 + exp(−2λ) (1− 2rλ′) r−2

)
− 1

2
α (h− hRR) + exp(−2λ)α

(
h′Rr

−1 (2− rλ′) + h′′R
)
, (3.6)

and the “rr” component of the field equation is

8πP =− r−2 + exp(−2λ) (1 + 2rφ′) r−2 + αhR
(
−r−2 + exp(−2λ) (1 + 2rφ′) r−2

)
− 1

2
α (h− hRR) + exp(−2λ)αh′Rr

−1 (2 + rφ′) (3.7)

[19].
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4. TOV EQUATIONS IN f(R) GRAVITY

We define m(r), mass within radial coordinate r, as

exp(−2λ) = 1− m(r)

r
. (4.1)

By taking the derivative of this we find

dm

dr
= 1− (1− 2λ′r) exp(−2λ) (4.2)

which we rearrange as

λ′ =
1

2

(
dm

dr
− 1

)(
1

r −m

)
+

1

2r
. (4.3)

By plugging this to the “tt” component of the field equation and rearranging it,

the first TOV equation is obtained as:(
1 + αhR +

1

2
αh′Rr

)
dm

dr
=8πρr2 − 1

2
αr2 (h− hRR)

+
αh′Rr

2

(
−3

m

r
+ 4
)

+
(

1− m

r

)
αr2h′′R. (4.4)

Left hand side of the “rr” component of the conservation equation of the

energy-momentum tensor, ∇µT
µ
1 = 0, is

∇µT
µ
1 =∂µT

µ
1 + ΓµµλT

λ
1 − Γλµ1T

µ
λ

=P ′ + P

(
λ′ +

1

r
+

1

r
+ φ′

)
−
(
λ′P +

1

r
P +

1

r
P − φ′ρ

)
. (4.5)

By equating above equation to zero, the second TOV equation is derived as

dP

dr
= − (ρ+ P )φ′. (4.6)

Here the φ′ is found from the “rr” component of the field equation

φ′ (2 + 2αhR + αrh′R) =8πP

(
r2

r −m

)
+ (1 + αhR)

m

r −m
r−1

+
1

2
α (h− hRR)

r2

r −m
− 2αh′R. (4.7)

9
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5. SINGULAR PERTURBATION PROBLEM

We choose h = R2 and define dimensionless parameters are defined as

x =
r

rs
, ε =

α

r2
s

, R̄ = r2
sR, P̄ = r2

sP, ρ̄ = r2
sρ , m̄ =

m

rs
(5.1)

where rs is the radial distance from center to the surface of the star and so

0 < x < 1. The first TOV equation given in Equation 4.4, in dimensionless

variables, become

(
1 + 2εR̄ + εR̄′x

) dm̄
dx

=
x2

6

(
48πP̄ +

(
2 + 3εR̄

)
R̄ + 32πρ̄

)
+

1(
1 + 2εR̄

) 2εR̄′

6

[
−3m̄

(
1 + 2εR̄

)
+ x3

(
R̄ + 3εR̄2 + 16πρ̄

)]
+ ε2x (x− m̄)

4(
1 + 2εR̄

)R̄′2. (5.2)

The second TOV equation given in Equation 4.6 then becomes

dP̄

dx
=− ρ̄+ P̄

4x (x− m̄)
(
1 + 2εR̄ + εxR̄′

) ×[
16πx3P̄ + 2m̄+ 4εm̄R̄− εx3R̄2 − 8εxR̄′ (x− m̄)

]
. (5.3)

The trace equation given in Equation 3.4 becomes

ε
(
1 + 2εR̄

)
R̄′′ =

(
−8πρ̄+ 24πP̄ + R̄

) 1

6

(
x

x− m̄

)(
1 + 2εR̄

)
+

1

6

ε

x− m̄
[(

1 + 2εR̄
)

6m̄x−1 − 12
(
1 + 2εR̄

)]
R̄′

+
1

6

ε

x− m̄
[
εx2R̄2 + x2R̄ + 16πx2ρ̄

]
R̄′ + 2ε2R̄′2 (5.4)

[26].

For satisfying continuity at centre of the star we choose two boundary conditions

as m̄(0) = 0 and R̄′(0) = 0. Since the pressure vanishes at the surface of the star,

P̄ (1) = 0. For matching with the Schwarzchild solution at the surface we choose

R̄′(1) = 0 [32, 33]. The condition R̄(1) = 0 will be used for testing solutions

instead of boundary condition.

11



Because of the ε coefficient multiplying the R′′ term in the trace equation given in

Equation 5.4, the system of equations poses a singular perturbation problem. An

appropriate method for handling such singular problems, well known in the fluid

dynamics research, is the MAE which we employ in the following. In Appendix

A we introduce MAE for solving singular perturbation problems. According to

the method, there should be a boundary layer which according to the authors

of ref. [26] forms near to the surface of the star. The solution which is valid

in the boundary layer is called the inner solution and for stretching this region

a new parameter will be defined in an appropriate way. Outside the boundary

layer—the rest of the star—the outer solution is valid. In a transition region the

two solutions match with each other. The outer solutions of Equations (5.2),

(5.3) and (5.4) satisfy the boundary conditions at x = 0, and the inner solutions

satisfy the boundary conditions at the x = 1.

5.1 Equations of Outer Region

The outer solutions are valid in the domain 0 < x < 1 and they are introduced

as perturbative expansions

R̄out(x) =R̄out
0 (x) + ε1/2R̄out

1 (x) +O (ε) (5.5a)

m̄out(x) =m̄out
0 (x) + ε1/2m̄out

1 (x) +O (ε) (5.5b)

P̄ out(x) =P̄ out
0 (x) + ε1/2P̄ out

1 (x) +O (ε) (5.5c)

ρ̄out(x) =ρ̄out
0 (x) + ε1/2ρ̄out

1 (x) +O (ε) . (5.5d)

We plug these expressions into Equations (5.2), (5.4) and (5.3). The O (1) terms

in the equations are

dm̄out
0

dx
=
x2

6

(
48πP̄ out

0 + 2R̄out
0 + 32πρ̄out

0

)
(5.6a)

4x
(
x− m̄out

0

) dP̄ out
0

dx
=−

(
ρ̄out

0 + P̄ out
0

) (
16πx3P̄ out

0 + 2m̄out
0

)
(5.6b)

0 =x
(
−8πρ̄out

0 + 24πP̄ out
0 + R̄out

0

)
. (5.6c)

12



Similarly, the O(ε1/2) terms are

dm̄out
1

dx
=
x2

6

(
48πP̄ out

1 + 2R̄out
1 + 32πρ̄out

1

)
(5.7a)

4x
(
x− m̄out

0

) dP̄ out
1

dx
=− 4xm̄out

1

dP̄ out
0

dx

−
(
ρ̄out

1 + P̄ out
1

) (
16πx3P̄ out

0 + 2m̄out
0

)
−
(
ρ̄out

0 + P̄ out
0

) (
16πx3P̄ out

1 + 2m̄out
1

)
(5.7b)

0 =
1

6
x
(
−8πρ̄out

1 + 24πP̄ out
1 + R̄out

1

)
. (5.7c)

By solving these equations the outer solutions can be obtained. Also the boundary

conditions at x = 0 become

m̄out
0 (0) = m̄out

1 (0) = 0,
(
R̄out

0

)′
(0) =

(
R̄out

1

)′
(0) = 0. (5.8)

5.2 Equations of Inner Region

We assume that the boundary layer exists near to surface so we define a new

variable (coordinate stretching parameter) as ξ ≡ (1− x) /εν which implies that

d

dx
= − 1

εν
d

dξ
,

d2

dx2
=

1

ε2ν
d2

dξ2
. (5.9)

Using the stretching parameter, the dimensionless trace equation given in

Equation 5.4 is rewritten as

ε1−2ν (1− ενξ)
(
1− ενξ − m̄in

) (
1 + 2εR̄in

) (
R̄in
)′′

=

1

6
(1− ενξ)2 (1 + 2εR̄in

) (
−8πρ̄in + 24πP̄ in + R̄in

)
− 1

6
ε1−ν

[(
1 + 2εR̄in

)
6m̄in − 12

(
1 + 2εR̄in

)
(1− ενξ) + ε (1− ενξ)3 (R̄in

)2
] (
R̄in
)′

− 1

6
ε1−ν

[
(1− ενξ)3 R̄in + 16π (1− ενξ)3 ρ̄in

] (
R̄in
)′

+ 2ε2−2ν (1− ενξ)
(
1− ενξ − m̄in

) (
R̄in
)′2
. (5.10)

We should, now, choose the value of ν such that R′′ term and one of the terms

on left hand side of the equation are O(1) while rest of the terms are of higher

orders. This can be achieved by choosing

ν = 1/2. (5.11)
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Thus, the inner solutions which valid for 0� x < 1 are introduced as

R̄in(ξ) =R̄in
0 (ξ) + ε1/2R̄in

1 (ξ) +O (ε) (5.12a)

m̄in(ξ) =m̄in
0 (ξ) + ε1/2m̄in

1 (ξ) +O (ε) (5.12b)

P̄ in(ξ) =P̄ in
0 (ξ) + ε1/2P̄ in

1 (ξ) +O (ε) (5.12c)

ρ̄in (ξ) =ρ̄in
0 (ξ) + ε1/2ρ̄in

1 (ξ) +O (ε) . (5.12d)

and the boundary conditions at x = 1 then become

P̄ in
0 (0) = P̄ in

1 (0) =
(
R̄in

0

)′
(0) =

(
R̄in

1

)′
(0) = 0. (5.13)

In terms of stretching parameter Equation 5.2 can be written as

1

ε1/2

[
1 + 2εR̄in − ε1/2

(
1− ε1/2ξ

) (
R̄in
)′] dm̄in

dξ
=

−
(
1− ε1/2ξ

)2

6

(
48πP̄ in +

(
2 + 3εR̄

)
R̄in + 32πρ̄in

)
+ ε1/2

(
R̄in
)′

3
(
1 + 2εR̄in

) [(1− ε1/2ξ)3
(
R̄in + 3ε

(
R̄in
)2

+ 16πρ̄in
)
− 3m̄in

(
1 + 2εR̄in

)]
− ε
(
1− ε1/2ξ

) (
1− ε1/2ξ − m̄in

) 4(
1 + 2εR̄in

) (R̄in
)′2
. (5.14)

Similarly, Equation 5.3 can be written as[
4
(
1− ε1/2ξ

) (
1− ε1/2ξ − m̄in

) (
1 + 2εR̄in −

(
ε1/2 − εξ

) (
R̄in
)′)] dP̄ in

dξ
=

ε1/2
(
ρ̄in + P̄ in

) [
16π

(
1− ε1/2ξ

)3
P̄ in + 2m̄in + 4εm̄inR̄in − ε

(
1− ε1/2ξ

)3 (
R̄in
)2

+8ε1/2
(
1− ε1/2ξ

) (
R̄in
)′ (

1− ε1/2ξ − m̄in
)]

(5.15)

and Equation 5.10 becomes

(
1− ε1/2ξ

) (
1− ε1/2ξ − m̄in

) (
1 + 2εR̄in

) (
R̄in
)′′

=

+
1

6

(
1− ε1/2ξ

)2 (
1 + 2εR̄in

) (
−8πρ̄in + 24πP̄ in + R̄in

)
− ε1/2

6

[(
1 + 2εR̄in

)
6m̄in − 12

(
1 + 2εR̄in

) (
1− ε1/2ξ

)
+ ε
(
1− ε1/2ξ

)3 (
R̄in
)2
] (
R̄in
)′

− ε1/2

6

[(
1− ε1/2ξ

)3
R̄in + 16π

(
1− ε1/2ξ

)3
ρ̄in
] (
R̄in
)′

+ 2ε
(
1− ε1/2ξ

) (
1− ε1/2ξ − m̄in

) (
R̄in
)′2
. (5.16)
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O (1) terms in these equations are

dm̄in
0

dξ
=0 (5.17a)

(
1− m̄in

0

) dP̄ in
0

dξ
=0 (5.17b)

6
(
1− m̄in

0

) (
R̄in

0

)′′
=− 8πρ̄in

0 + 24πP̄ in
0 + R̄in

0 . (5.17c)

Non-trivial solutions of the first and the second equations are

m̄in
0 = A0 P̄ in

0 = B0 (5.18)

where A0 and B0 are constants. According to boundary condition at

Equation 5.13, B0 should be zero.

Then O(ε1/2) terms in the equations of inner solution given in Equations (5.14),

(5.15) and (5.16) are

dm̄in
1

dξ
=− 1

6

(
2R̄in

0 + 32πρ̄in
0

)
(5.19a)

4 (1− A0)
dP̄ in

1

dξ
=2ρ̄in

0 A0 (5.19b)

(1− A0)
(
R̄in

1

)′′
=
[
m̄in

1 + ξ (2− A0)
] (
R̄in

0

)′′
+

1

6

(
−8πρ̄in

1 + 24πP̄ in
1 + R̄in

1

)
− 1

3
ξ
(
−8πρ̄in

0 + R̄in
0

)
− 1

6

(
6A0 − 12 + R̄in

0 + 16πρ̄in
0

) (
R̄in

0

)′
. (5.19c)
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6. UNIFORM DENSITY STARS

For simplicity, density is taken constant in neutron star and have no perturbative

part. Accordingly ρout
1 = ρin

1 = 0.

6.1 Outer Solutions for Uniform Density

Equation 5.6c can be written as

R̄out
0 (x) = 8πρ̄out

0 − 24πP̄ out
0 (x) . (6.1)

If we plug it into Equation 5.6a, we obtain that

dm̄out
0

dx
= 8πx2ρ̄out

0 . (6.2)

The solution of this equation with Equation 5.8 is

m̄out
0 (x) =

8

3
πx3ρ̄out

0 . (6.3)

And the solution of the Equation 5.6b (see Appendix B1) is

P̄ out
0 (x) = ρ̄out

0

 2 (Pc + ρ̄out
0 )

√
3

3−8πρ̄out0 x2

3 (Pc + ρ̄out
0 )

√
3

3−8πρ̄out0 x2
− (3Pc + ρ̄out

0 )
− 1

 . (6.4)

According to Equation 6.1,

R̄out
0 (x) = 16πρ̄out

0

1− 3Pc + ρ̄out
0

3 (Pc + ρ̄out
0 )

√
3

3−8πρ̄out0 x2
− 3Pc − ρ̄out

0

 . (6.5)

As shown in Appendix B2 O(ε1/2) equations, i.e. Equations (5.7a), (5.7b) and

(5.7c), give

m̄out
1 (x) =0 (6.6a)

P̄ out
1 (x) =Pc1eF (x) (6.6b)

R̄out
1 (x) =− 24πPc1eF (x). (6.6c)

Here Pc1 = P̄ out
1 (0) is a constant and F (x) is given in Equation B2.6. Note that

both of R̄out
1 and R̄out

0 are already consistent with boundary condition given in

Equation 5.8.
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6.2 Inner Solutions for Uniform Density

The non-trivial solutions for m̄in
0 and P̄ in

0 are given in Equation 5.18. Then for

constant density and ρin
1 = 0, R̄in

0 can be found from Equation 5.17c as

R̄in
0 (ξ) = C0 exp

(
ξ√

6 (1− A0)

)
+D0 exp

(
− ξ√

6 (1− A0)

)
+ 8πρ̄in

0 (6.7)

and the boundary conditions at Equation 5.13 requires C0 = D0.

With these results, solutions of Equation 5.19a and Equation 5.19b are

m̄in
1 (ξ) =C0

√
6 (1− A0)

3

[
− exp

(
ξ√

6 (1− A0)

)
+ exp

(
− ξ√

6 (1− A0)

)]
− 8πρ̄in

0 ξ + A1 (6.8a)

P̄ in
1 (ξ) =

A0ρ̄
in
0

2 (1− A0)
ξ (6.8b)

for uniform density. The solution of Equation 5.19c has a singularity unless

C0 = 0 and it is found as

R̄in
1 (ξ) = (2C0ξ + C1) exp

(
ξ√

6 (1− A0)

)
+ (2C0ξ +D1) exp

(
− ξ√

6 (1− A0)

)

− C2
0√

6 (1− A0)
exp

(
2ξ√

6 (1− A0)

)
+

D2
0√

6 (1− A0)
exp

(
− 2ξ√

6 (1− A0)

)

− 12πρ̄in
0 A0

1− A0

ξ. (6.9)

The boundary conditions at Equation 5.13 imply that

C1 −D2 =
4C2

0√
6 (1− A0)

− 4C0

√
6 (1− A0) +

12πρ̄in
0

1− A0

A0

√
6 (1− A0). (6.10)

6.3 Matching Solutions of Uniform Density

For simplifying the equations we define some constants as

8

3
πρ̄out

0 = M̄, K = Pc + ρ̄out
0 , L = 3Pc + ρ̄out

0 , (6.11a)

β =
√

6 (1− A0), Z =
(
1− M̄out

)1/2
, N = 3KZ − L. (6.11b)

For matching the solutions we will employ Van Dyke’s method [34] :

18



1. Two term outer solutions are written in terms of the inner variable

m̄out (ξ) =M̄
(
1− ε1/2ξ

)3
(6.12a)

P̄ out (ξ) =ρ̄out
0

 2K
[
1− M̄

(
1− ε1/2ξ

)2
]−1/2

3K
[
1− M̄ (1− ε1/2ξ)2

]−1/2

− L
− 1

+ ε1/2Pc1eF(1−ε1/2ξ)

(6.12b)

R̄out (ξ) =6M̄

1− L

3K
[
1− M̄ (1− ε1/2ξ)2

]−1/2

− L

− 24ε1/2πPc1eF(1−ε1/2ξ).

(6.12c)

2. They are expanded for small ξ up to ε1/2

m̄out (ξ) =M̄
(
1− 3ε1/2ξ

)
(6.13a)

P̄ out (ξ) =ρ̄out
0

(
2K

NZ1/2
− 1

)
+ ε1/2

2Kρ̄out
0 M̄

Z2

[
3KN−1 − Z2

N

]
ξ

+ ε1/2Pc1

(
eF (1) − ε1/2ξ ∂F

∂ξ
eF (1)

)
(6.13b)

R̄out (ξ) =6M̄

(
1− L

N

)
− 18M̄2ε1/2

LK

N2Z3
ξ − 24ε1/2πPc1

(
eF (1) − ε1/2ξeF (1) ∂F

∂ξ

∣∣∣∣
1

)
.

(6.13c)

3. Two term inner solutions are written in terms of the outer variable

m̄in (x) =A0 − 8πρ̄in
0 (1− x)

+ ε1/2
[
−C0

β

3
exp

(
1− x
ε1/2β

)
+ C0

β

3
exp

(
−1− x
ε1/2β

)
+ A1

]
(6.14a)

P̄ in (x) =ρ̄in
0

A0

2

1− x
1− A0

(6.14b)

R̄in (x) =C0 exp

(
1− x√
εβ

)
+ C0 exp

(
−1− x√

εβ

)
+ 8πρ̄in

0

+ ε1/2
[(

2C0
1− x
ε1/2

+ C1

)
exp

(
1− x√
εβ

)
+

(
2C0

1− x
ε1/2

+D1

)
exp

(
−1− x√

εβ

)]
+ ε1/2

[
−C

2
0

β
exp

(
2

1− x√
εβ

)
+
C2

0

β
exp

(
−2

1− x√
εβ

)]
− ε1/212πρ̄in

0

A0

1− A0

1− x
ε1/2

. (6.14c)

4. They will be expanded for small ε up to ε1/2. Before that, to avoid infinities C0

and C1 should be zero which implies D1 = −12πρ̄in
0 A0

√
6 (1− A0)/ (1− A0)

and note that, since C0 is zero we can use solution of R̄in
1 given in Equation 6.9.
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Then the expansions of the inner solutions for small ε are

m̄in (x) =A0 − 8πρ̄in
0 (1− x) + ε1/2A1 (6.15a)

P̄ in (x) =
A0ρ̄

in
0

2 (1− A0)
(1− x) (6.15b)

R̄in
0 (x) =8πρ̄in

0 −
12πρ̄in

0 A0

1− A0

(1− x) . (6.15c)

5. Matching the inner and outer expressions gives

8

3
π
(
1− 3ε1/2ξ

)
ρ̄out

0 = A0 − 8πρ̄in
0 (1− x) + ε1/2A1 (6.16a)

ρ̄out
0

(
2K

NZ
− 1

)
+ 2ε1/2ξρ̄out

0 M̄
K

Z4

(
3KN−1 − Z2

N

)
+ ε1/2Pc1eF (1) =

A0ρ̄
in
0

2 (1− A0)
(1− x)

(6.16b)

6M̄

(
1− L

N

)
− 18ε1/2ξM̄2 KL

N2Z3/2
− 24ε1/2πPc1eF (1) = 8πρ̄in

0 −
12πρ̄in

0 A0

1− A0

(1− x) .

(6.16c)

The second and the third equations give Pc1 = 0. Note that ε1/2ξ = 1 − x.

Then we should equate the coefficients of x on the right and left hand side of the

equations with each other and the constant terms on both sides with each other.

By combining the constant terms in the second and the third equations

ρ̄out
0

(
2K
(
1− M̄

)−1/2

3K
(
1− M̄

)−1/2 − L
− 1

)
= 0 (6.17)

can be obtained. Then

Pc = ρ̄out
0

√
1

1− 8
3
πρ̄out0

− 1

3−
√

1
1− 8

3
πρ̄out0

. (6.18)

With that result the coefficients of x in the second and the third equations are

3M̄ − 9M̄2

4

(
1− M̄

)−1/2
=8πρ̄in

0 −
12πρ̄in

0 A0

1− A0

(6.19a)

9M̄2

2

(
1− M̄

)−1/2
=

12πρ̄in
0 A0

1− A0

. (6.19b)

By combining these equations we obtain

8πρ̄out
0 = 8πρ̄in

0 (6.20)

which implies ρ̄out
0 = ρ̄in

0 . Also matching condition of m̄in and m̄out gives

8

3
π (−2 + 3x) ρ̄out

0 = A0 − 8πρ̄in
0 (1− x) + ε1/2A1. (6.21)
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The above equation can be satisfied if

ρ̄in
0 = ρ̄out

0 , A1 = 0,
8

3
πρ̄in

0 = A0. (6.22)

In this way we have determined all constants in terms of ρ̄out
0 . Since ρ̄out

0 equal to

ρ̄in
0 , we can denote both of them with ρ̄.

6.4 Composite Solutions for Uniform Density

After matching the solutions we can construct the composite solution by

subtracting from sum of the solutions the overlapping parts as described in the

Appendix by Equation A2.3.28. Accordingly, the dimensionless mass is found as

m̄ (x) =
8

3
πx3ρ̄+

8

3
πρ̄− 8πρ̄ (1− x)−

[
8

3
πρ̄− 8πρ̄ (1− x)

]
=

8

3
πx3ρ̄. (6.23)

The dimensionless pressure is found as

P̄ (x) =ρ̄out
0

(
2K
(
1− M̄x2

)−1/2

3K
(
1− M̄x2

)−1/2 − L
− 1

)
+

A0ρ̄
in
0

2 (1− A0)
(1− x)− A0ρ̄

in
0

2 (1− A0)
(1− x)

=ρ̄

√
1

1− 8
3
πρ̄
−
√

1
1− 8

3
πρ̄x2

3
√

1
1− 8

3
πρ̄x2
−
√

1
1− 8

3
πρ̄

. (6.24)

Finally, the dimensionless Ricci scalar is found as

R̄ (x) =16πρ̄out
0

(
1− L

3K
(
1− M̄x2

)−1/2 − L

)
+ 8πρ̄in

0

− ε1/2β 9M̄A0

2− 2A0

exp

(
−1− x√

εβ

)
− 9M̄A0

2− 2A0

(1− x)−
[
3M̄ − 9M̄A0

2− 2A0

(1− x)

]

=16πρ̄

1−
2
√

1
1− 8

3
πρ̄

6
√

1
1− 8

3
πρ̄x2
− 2
√

1
1− 8

3
πρ̄


− ε1/22

(4πρ̄)2

1− 8
3
πρ̄

√
6

(
1− 8

3
πρ̄

)
exp

− 1√
6
(
1− 8

3
πρ̄
) 1− x
ε1/2

 . (6.25)

Note that, the negative pressure is unphysical and for avoiding this situation we

impose

3 >

√
1

1− 8
3
πρ̄

> 1 (6.26)

which implies that 0 < ρ̄ < 0.1.
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Figure 6.1: Here panels (a), (b) and (c) represent composite solutions for
dimensionless mass m̄, pressure P̄ and Ricci scalar R̄. For all
figures ρ̄ = 0.1. Also panel (d) represents the coefficient of R′ at
Equation 5.4

In Figure 6.1 we show the composite solutions. As shown in the panel (c) of

the Figure 6.1 R̄ does not equal to zero at the surface. That prevents matching

Schwarzchild solution at the exterior. It can be possible for ρ̄ ∼= 0.11 which

exceeds limit for positive pressure or ρ̄ = 0 which means there is no neutron star.

Also the panel (d) of Figure 6.1 shows the coefficient of R′ at Equation 5.4 is

always negative. According to MAE method, if the coefficient of the first order

derivative term is negative, boundary layer occurs at x = 1. So our assumption,

boundary layer occurs at x = 1, is valid.
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7. CONCLUSION AND DISCUSSION

By starting from a modified action of gravity, we derived field equations and

the hydrostatic equilibrium equations for Starobinsky model with static and

spherically symmetric metric. We obtained exact differential equations for Ricci

scalar, mass and pressure. Since the trace equation poses a singular perturbation

problem, we solved these set of differential equations with matched asymptotic

expansion. We obtained solution for uniform density stars.

The solutions found at Equation 6.23 and Equation 6.24 for m̄ and P̄ do

not have any perturbation part and are similar to the solutions that would be

obtained within general relativity. Yet, the solution found for the Ricci scalar in

Equation 6.25 does not match, at the surface, to the Ricci scalar that would be

found from the Schwarzchild solution.

Within the framework of general relativity Birkhoff-Jebsen theorem states that

for a spherically symmetric body the exterior solution should be Schwarzchild

solution [29, 35, 36, 37]. We did not search for a vacuum solution within

Starobinsky model and we can not state confidently whether Schwarzschild

solution would be the vacuum solution in this model of gravity.

If the Schwarzschild solution is unique to this model of gravity, as well as general

relativity, we conclude that our solutions for uniform density object can not match

to the vacuum and hence can not describe neutron stars. It does not mean that

neutron stars could not exist in Starobinsky model since we found our solutions

only for uniform density and uniform density case is not realistic assumption for

neutron stars. With more realistic equations of state, solutions which match with

Schwarzchild solution at the surface, can be found. Yet, in this thesis we show

that the MAE is useful and applicable method for solving TOV equations.

23



24



REFERENCES

[1] Caldwell, R.R. and Kamionkowski, M. (2009). The Physics of Cosmic
Acceleration, Annual Review of Nuclear and Particle Science, 59,
397–429, 0903.0866.

[2] Carroll, S.M., Duvvuri, V., Trodden, M. and Turner, M.S. (2004).
Is cosmic speed-up due to new gravitational physics?, Phys. Rev. D,
70 (4), 043528, astro-ph/0306438.

[3] Nojiri, S. and Odintsov, S.D. (2003). Modified gravity with negative
and positive powers of curvature: Unification of inflation and cosmic
acceleration, Phys. Rev. D, 68 (12), 123512, hep-th/0307288.

[4] Sotiriou, T.P. and Faraoni, V. (2010). f(R) theories of gravity, Reviews of
Modern Physics, 82, 451–497, 0805.1726.

[5] de Felice, A. and Tsujikawa, S. (2010). f(R) Theories, Living Reviews in
Relativity, 13, 3, 1002.4928.

[6] Capozziello, S. and de Laurentis, M. (2011). Extended Theories of
Gravity, Physics Reports, 509, 167–321, 1108.6266.

[7] Amendola, L., Gannouji, R., Polarski, D. and Tsujikawa, S. (2007).
Conditions for the cosmological viability of f(R) dark energy models,
Phys. Rev. D, 75 (8), 083504, gr-qc/0612180.

[8] Aviles, A., Bravetti, A., Capozziello, S. and Luongo, O. (2013).
Updated constraints on f(R) gravity from cosmography, Phys. Rev.
D, 87 (4), 044012, 1210.5149.

[9] Guo, J.Q. and Frolov, A.V. (2013). Cosmological dynamics in f(R) gravity,
Phys. Rev. D, 88 (12), 124036, 1305.7290.

[10] Clifton, T., Ferreira, P.G., Padilla, A. and Skordis, C. (2012). Modified
gravity and cosmology, Physics Reports, 513, 1–189, 1106.2476.

[11] Clifton, T. (2008). Parametrized post-Newtonian limit of fourth-order
theories of gravity, Phys. Rev. D, 77 (2), 024041, 0801.0983.

[12] Flanagan, É.É. (2004). Higher-order gravity theories and scalar tensor
theories, Classical and Quantum Gravity, 21, 417–426, gr-qc/
0309015.

[13] Chiba, T., Smith, T.L. and Erickcek, A.L. (2007). Solar System
constraints to general f(R) gravity, Phys. Rev. D, 75 (12), 124014,
astro-ph/0611867.

25

0903.0866
astro-ph/0306438
hep-th/0307288
0805.1726
1002.4928
1108.6266
gr-qc/0612180
1210.5149
1305.7290
1106.2476
0801.0983
gr-qc/0309015
gr-qc/0309015
astro-ph/0611867


[14] Shapiro, S.S., Davis, J.L., Lebach, D.E. and Gregory, J.S. (2004).
Measurement of the Solar Gravitational Deflection of Radio Waves
using Geodetic Very-Long-Baseline Interferometry Data, 1979 1999,
Physical Review Letters, 92 (12), 121101.

[15] Chiba, T. (2003). 1/R gravity and scalar-tensor gravity, Physics Letters B,
575, 1–3, astro-ph/0307338.

[16] Will, C.M. (2014). The Confrontation between General Relativity and
Experiment, Living Reviews in Relativity, 17 (4), http://www.
livingreviews.org/lrr-2014-4.

[17] Starobinsky, A.A. (1980). A new type of isotropic cosmological models
without singularity, Physics Letters B, 91, 99–102.

[18] Psaltis, D. (2009). Two approaches to testing general relativity in the
strong-field regime, Journal of Physics Conference Series, 189 (1),
012033, 0907.2746.

[19] Cooney, A., Dedeo, S. and Psaltis, D. (2010). Neutron stars in f(R)
gravity with perturbative constraints, Phys. Rev. D, 82 (6), 064033,
0910.5480.

[20] Jaén, X., Llosa, J. and Molina, A. (1986). A reduction of order two for
infinite-order Lagrangians, Phys. Rev. D, 34, 2302–2311.

[21] Eliezer, D.A. and Woodard, R.P. (1989). The problem of nonlocality in
string theory, Nuclear Physics B, 325, 389–469.

[22] Arapoğlu, S., Deliduman, C. and Ekşi, K.Y. (2011). Constraints on
perturbative f(R) gravity via neutron stars, JCAP, 7, 020, 1003.
3179.

[23] Özel, F., Baym, G. and Güver, T. (2010). Astrophysical measurement of
the equation of state of neutron star matter, Phys. Rev. D, 82 (10),
101301, 1002.3153.

[24] Yazadjiev, S.S., Doneva, D.D., Kokkotas, K.D. and Staykov, K.V.
(2014). Non-perturbative and self-consistent models of neutron stars
in R-squared gravity, JCAP, 6, 003, 1402.4469.

[25] Jaime, L.G., Patiño, L. and Salgado, M. (2011). Robust approach to
f(R) gravity, Phys. Rev. D, 83 (2), 024039, 1006.5747.

[26] Ganguly, A., Gannouji, R., Goswami, R. and Ray, S. (2014). Neutron
stars in the Starobinsky model, Phys. Rev. D., 89 (6), 064019, 1309.
3279.

[27] Evans, J.D., Hall, L.M.H. and Caillol, P. (2008). Standard cosmological
evolution in a wide range of f(R) models, Phys. Rev. D., 77 (8),
083514, 0711.3695.

26

astro-ph/0307338
http://www.livingreviews.org/lrr-2014-4
http://www.livingreviews.org/lrr-2014-4
0907.2746
0910.5480
1003.3179
1003.3179
1002.3153
1402.4469
1006.5747
1309.3279
1309.3279
0711.3695


[28] Carroll, S. (2004). Spacetime and Geometry: An Introduction to General
Relativity, Addison Wesley, http://books.google.com.tr/
books?id=1SKFQgAACAAJ.

[29] Wald, R. (1984). General Relativity, Physics, astrophysics, University
of Chicago Press, http://books.google.com.tr/books?id=
ibSdQgAACAAJ.

[30] Tolman, R.C. (1939). Static Solutions of Einstein’s Field Equations for
Spheres of Fluid, Physical Review, 55, 364–373, http://adsabs.
harvard.edu/abs/1939PhRv...55..364T.

[31] Oppenheimer, J.R. and Volkoff, G.M. (1939). On Massive Neutron
Cores, Physical Review, 55, 374–381, http://adsabs.harvard.
edu/abs/1939PhRv...55..374O.

[32] Deruelle, N., Sasaki, M. and Sendouda, Y. (2008). Junction Conditions
in f(R) Theories of Gravity, Progress of Theoretical Physics, 119,
237–251, 0711.1150.

[33] Clifton, T., Dunsby, P., Goswami, R. and Nzioki, A.M. (2013). On
the absence of the usual weak-field limit, and the impossibility of
embedding some known solutions for isolated masses in cosmologies
with f(R) dark energy, Phys. Rev. D, 87 (6), 063517, 1210.0730.

[34] Van Dyke, M. (1964). Perturbation methods in fluid mechanics, Applied
mathematics and mechanics, Academic Press, New York, http://
opac.inria.fr/record=b1082859.

[35] Birkhoff, G.D. and Langer, R.E. (1923). Relativity and modern physics.

[36] Jebsen, J.T. (1921). On the General Spherically Symmetric Solutions of
Einstein’s Gravitational Equations in Vacuo., Arkiv for Matematik,
Astronomi och Fysik, 15, 18.

[37] Hawking, S.W. and Ellis, G.F.R. (1973). The large-scale structure of
space-time.

[38] Bender, C.M. and Orszag, S.A. (1978). Advanced Mathematical Methods
for Scientists and Engineers.

27

http://books.google.com.tr/books?id=1SKFQgAACAAJ
http://books.google.com.tr/books?id=1SKFQgAACAAJ
http://books.google.com.tr/books?id=ibSdQgAACAAJ
http://books.google.com.tr/books?id=ibSdQgAACAAJ
http://adsabs.harvard.edu/abs/1939PhRv...55..364T
http://adsabs.harvard.edu/abs/1939PhRv...55..364T
http://adsabs.harvard.edu/abs/1939PhRv...55..374O
http://adsabs.harvard.edu/abs/1939PhRv...55..374O
0711.1150
1210.0730
http://opac.inria.fr/record=b1082859
http://opac.inria.fr/record=b1082859


28



APPENDICES

APPENDIX A: Method of Matched Asymptotic Expansions
APPENDIX B: Solutions of Uniform Density

29



30



A. METHOD OF MATCHED ASYMPTOTIC EXPANSIONS

In this chapter a brief introduction to the method of matched asymptotic
expansions is presented. For more detailed descriptions of the method the classical
texts given in references [38] and [34] can be consulted.

A1. Asymptotic Expansions

For ε → 0 an asymptotic expansion of a function y = y(x; ε) where variable x is
independent of ε in terms of an asymptotic sequence of δn(ε) can be written as

y(x; ε) =
∞∑
n=0

δn(ε)yn(x). (A1.1)

If

y(x; ε) =
N−1∑
n=0

δn(ε)yn(x) +RN(x, ε) (A1.2)

where RN(x, ε) = O(δN(ε)yN(x)) is satisfied for all values of x, the expansion is
called uniformly valid. Otherwise the expansion is called non-uniformly valid or
singular perturbation expansion.

If y(x; ε) is the solution of a problem and the expansion in Equation A1.1 is
not uniformly valid for all x values, the problem cannot be described by the
expansion in Equation A1.1. Even in that case, the solution can be used within
the interval of x where the expansion is uniformly valid. Also, other expansions
can be uniformly valid in other regions and they can be used for describing the
solution in those regions.

A2. Singular Perturbation Problem

A simple example for singular perturbation problem is the differential equation

εy′′ + a(x)y′(x) + y(x) = 0 (A2.3)

where ε→ 0. The boundary conditions are given as y(0) = 0 and y(1) = 1. and
a(x) = 1 for simplicity. We are looking for an approximate asymptotic solution
in the interval 0 < x < 1.

Let us first try to solve Equation A2.3 as a regular perturbation problem. The
solution can be expanded as a perturbative series

y(x) =
∑
n=0

εnyn(x). (A2.4)

The boundary conditions become

yn(0) =0 n = 0, 1, 2, . . . (A2.5a)
y0(1) =1 (A2.5b)
yn(1) =0 n = 1, 2, . . . (A2.5c)
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If we plug it into Equation A2.3 we obtain∑
n=0

εn+1y′′n(x) +
∑
n=0

εny′n(x) +
∑
n=0

εnyn(x) = 0. (A2.6)

The order O(ε0) equation
y′0(x) + y0(x) = 0 (A2.7)

is of first order and has the solution

y0(x) = A exp(−x). (A2.8)

This solution cannot satisfy both boundary conditions of y0(x) as it has only one
arbitrary constant. The problem, thus, cannot be solved as a regular perturbation
problem. One of the methods for solving these kinds of problems is the matched
asymptotic expansion (MAE).

The solution found in Equation A2.8 cannot be valid all over the interval 0 < x <
1; it can be valid near to only one of the boundaries. Near to the other boundary
another solution can be valid and it is assumed that at this boundary a “boundary
layer” occurs. Boundary layer is a region where the function rapidly converges to
the boundary value. The solution which is valid in the boundary layer is called
the inner solution and the solution which is valid outside of the boundary layer is
called the outer solution. In an intermediate region two solutions should match
with each other.

The region where the boundary layer occurs can be determined by examining the
function a(x). In the interval 0 < x < 1 if a(x) > 0, the boundary layer occurs
at x = 0. If a(x) < 0, the boundary layer occurs at x = 1. If a(x) changes
sign at some points, boundary layer occurs at these points. For the problem in
Equation A2.3 boundary layer should occur at x = 0.

A2.1. Outer solution

The method for deriving the outer solution is to solve the problem as a regular
perturbation problem. The outer solution can be expanded as an asymptotic
series in powers of ε

yout(x) =
∑
n=0

εnyout
n (x). (A2.1.9)

By plugging this into Equation A2.3 we find the zeroth order and the first order
terms as

yout
0 (x) =A0 exp(−x) (A2.1.10a)
yout

1 (x) =− A0x exp(−x) + A1 exp(−x). (A2.1.10b)

The outer solution is valid in the interval 0 < x < 1 except near x = 0 and it
yields the boundary condition for x = 1. The terms should satisfy the boundary
conditions

yout
0 (1) = 1 yout

1 (1) = 0. (A2.1.11)

According to that, the two term outer solution is found as

yout(x) = exp(1− x) + ε (1− x) exp(1− x)) +O(ε2). (A2.1.12)
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A2.2. Inner solution

For deriving the inner solution we stretch the x coordinate and define a new
boundary layer coordinate as

ξ =
x

εν
(A2.2.13)

which implies
d

dx
=
dξ

dx

d

dξ
= ε−ν

d

dξ
(A2.2.14a)

d2

dξ2
= ε−2ν d

2

dξ2
. (A2.2.14b)

Accordingly, Equation A2.3 becomes

ε−2ν+1d
2yin(ξ)

dξ2
+ ε−ν

dyin(ξ)

dξ
+ yin(ξ) = 0. (A2.2.15)

The inner solution, expanded in asymptotic series of ε in terms of ξ, is

yin(ξ) =
∑
n=0

εnyin
n (ξ). (A2.2.16)

By plugging the above into Equation A2.2.15 we obtain

ε−2ν+1 d
2

dξ2

(
yin

0 + . . .
)

+ ε−ν
d

dξ

(
yin

0 + . . .
)

+
(
yin

0 + . . .
)

= 0. (A2.2.17)

The appropriate value of ν is determined by the condition that the term with the
highest derivative can be balanced with some other term in the equation. The
outer solution corresponds to ν = 0. In that case, the second and the third terms
balance each other and the first term is the highest order term, implying that we
should consider other possibilities. There are two possibilities:
(i) The second term has the highest order and the first term balances the third
term. This implies that −2ν + 1 = 0 and so ν = 1/2. Accordingly, the orders of
the terms, respectively, become O(1), O(ε−1/2) and O(1). Thus the assumption
that the second term has the highest order is violated.
(ii) The third term has the highest order and the first term balances with the
second term implying that −2ν+1 = −ν. This implies that ν = 1 and the orders
of the terms, respectively, become O(1), O(1) and O(ε). So the correct value of
ν is 1 and Equation A2.2.15 becomes

d2

dξ2

(
yin

0 + ...
)

+
d

dξ

(
yin

0 + ...
)

+ ε
(
yin

0 + ...
)

= 0. (A2.2.18)

The zeroth order and the first order terms of the inner solution are found as

yin
0 (ξ) =B0 exp(−ξ) + C0 (A2.2.19a)
yin

1 (ξ) = (B1 + ξB0) exp(−ξ)− C0ξ + C1, (A2.2.19b)

and they should satisfy the boundary conditions

yin
0 (0) = 0 = yin

1 (0). (A2.2.20)

Thus the inner solution is

yin(ξ) = B0(exp(−ξ)−1)+ε ((ξB0 +B1) exp(−ξ) +B0ξ −B1)+O(ε2) (A2.2.21)

where B0, B1 are constants that will be determined by the matching process.
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A2.3. Matching

For matching the two term inner and outer solutions we follow Van Dyke’s
matching process.

1. The two term outer solution is written in terms of the inner variable

yout(ξ) = exp(1− εξ) + ε (1− εξ) exp(1− εξ)) +O(ε2) (A2.3.22)

2. It is expanded for small ξ

yout(ξ) = e (1 + ε (1− ξ)) + ...) (A2.3.23)

3. The two term inner solution is written in terms of the outer variable

yin(x) = B0(exp(−x
ε

)− 1) + ε
((x

ε
B0 +B1

)
exp(−x

ε
) +B0

x

ε
−B1

)
+O(ε2)

(A2.3.24)

4. It is expanded for small ε

yin(x) = −B0 + (xB0 − εB1) + ... (A2.3.25)

5. The two expressions are matched

−B0 + (xB0 − εB1) =e (1 + ε (1− ξ)) (A2.3.26a)
B0 (x− 1)− εB1 =e (1− x) + εe. (A2.3.26b)

According to these equations, the coefficients should be

B0 = −e B1 = −e (A2.3.27)

The composite solution yc (x) can be constructed by adding the inner and outer
solutions and subtracting the overlapping part

yc (x) = yout (x) + yin (x)− yoverlap (x) . (A2.3.28)

Here yoverlap is the matched parts of yout and yin. Thus

yc (x) =yout (x) + yin (x)− [e (1− x) + εe]

= exp(1− x) + ε (1− x) exp(1− x)− (1 + x) exp
(

1− x

ε

)
− ε exp

(
1− x

ε

)
.

(A2.3.29)
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B: SOLUTIONS FOR UNIFORM DENSITY

B1. Solution of P out
0

By using Equation 6.3, Equation 5.6b can be written as

dP̄ out
0(

ρ̄out
0 + P̄ out

0

) (
P̄ out

0 + ρ̄out
0 /3

) = −4π
xdx(

1− 8
3
πx2ρ̄out

0

) . (B1.1)

By integrating both sides from Pc to P̄ out
0 and from 0 to x

ln

((
3P̄ out

0 + ρ̄out
0

)
(Pc + ρ̄out

0 )(
P̄ out

0 + ρ̄out
0

)
(3Pc + ρ̄out

0 )

)3/2ρ̄out0

= ln

(
8πρ̄out

0 x2 − 3

−3

)3/4ρ̄out0

(B1.2)

is obtained. This equation can be re-arranged as

P̄ out
0 (x) = ρ̄out

0

 2 (Pc + ρ̄out
0 )

√
1

1− 8π
3
ρ̄out0 x2

3 (Pc + ρ̄out
0 )

√
1

1− 8π
3
ρ̄out0 x2

− (3Pc + ρ̄out
0 )
− 1

 (B1.3)

where Pc is some constant corresponding to P̄ out
0 (0).

B2. Solutions of O(ε1/2) Equations

The O(ε1/2) equations of R̄out
1 (x) in the case of uniform density star Equation 5.7c

implies that
R̄out

1 (x) = −24πP̄ out
1 . (B2.4)

By plugging it into Equation 5.7a

dm̄out
1

dx
= 0 (B2.5)

is obtained. The solution of this equation with boundary conditions given
in Equation 5.8 is m̄out

1 (x) = 0. By applying these results, the solution of
Equation 5.7b is P̄ out

1 (x) = Pc1eF (x) where Pc1 is some constant corresponding
to P̄ out

1 (0) and

F (x) =

∫
8πρ̄out

0 x

8πρ̄out
0 x2 − 3

3Pc
√

3
3−8πρ̄out0 x2

+ 3ρ̄out
0

√
3

3−8πρ̄out0 x2
+ 3Pc + ρ̄out

0

3Pc
√

3
3−8πρ̄out0 x2

+ 3ρ̄out
0

√
3

3−8πρ̄out0 x2
− 3Pc − ρ̄out

0

dx.

(B2.6)
Accordingly we determine

R̄out
1 (x) = −24πPc1eF (x). (B2.7)
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