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ABSTRACT

One-sided sticky Brownian motion is a slowly reflecting Brownian motion because it
spends positive amount of time at zero before reflection. The primary purpose of this
thesis is to analyze the stochastic differential equation or the equivalent system which
has one-sided sticky Brownian motion as a weak solution. The work of H. J. Engelbert
and G. Peskir entitled “Stochastic Differential Equations for Sticky Brownian Motion”
published in Stochastics in 2012 is taken into consideration. They study the stochastic
differential equation for one-sided sticky Brownian motion by first analyzing the stochas-
tic differential system for two-sided sticky Brownian motion and then using these results
for the one-sided system. In this thesis, one-sided version is analyzed without the use of
the results for the two-sided version, but with the help of the relation between one-sided
and two-sided sticky Brownian motion. The proofs for two-sided sticky Brownian mo-
tion given in [Engelbert and Peskir, 2012] paper are followed. We prove the stochastic
differential equation, or the equivalent system, admits a weak solution but does not have

a strong solution.
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OZETCE

Tek tarafli yapigkan Brown hareketi yansimadan 6nce sifirda pozitif miktar zaman
gecirdigi icin yavag yansiyan Brown hareketidir. Bu tezin birincil amaci1 tek tarafl
yapigkan Brown hareketinin zayif ¢éziimii oldugu stokastik diferansiyel denklemi ve
denkleme esdeger olan sistemi anlamaktir. Ozellikle, H. J. Engelbert ve G. Peskir’in
“Stochastic Differential Equations for Sticky Brownian Motion” isimli 2012’de Stochas-
tics’de yayinlanmis makaleleri dikkate alinmistir. H. J. Engelbert ve G. Peskir tek tarafli
yapigkan Brown hareketi icin olan stokastik diferansiyel denklemi, ¢ift tarafli yapigkan
Brown hareketinin stokastik diferansiyel denklemini analiz ettikten sonra galigmiglardir
ve cift tarafli yapiskan Brown hareketinin stokastik diferansiyel denklemi i¢in bulduk-
lar1 sonuclart kullanmiglardir. Bu tezde tek tarafli yapiskan Brown hareketi ¢ift tarafli
yapigkan Brown hareketi i¢in bulunan sonuglar kullanilmadan analiz edildi. Tek tarafli
yapigskan Brown hareketi ile ¢ift tarafli yapiskan Brown hareketi arasindaki baglanti kul-
lanildi. [Engelbert and Peskir, 2012]’de ¢ift tarafli yapigkan Brown hareketi igin yapilan
ispatlar takip edildi. Stokastik diferansiyel denklem ve ona egdeger olan sistemin zayif

¢Ozimii oldugu ama giiglii ¢ézliimiiniin olmadig: ispat edildi.
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Chapter 1

INTRODUCTION

Solvability of stochastic differential equations is essential in both theory and appli-
cation. There are some stochastic differential equations which have only weak solutions.

Our main interest in this thesis is the stochastic differential equation (SDE):
dXt = al{Xt:()}dt—l— 1{Xt>0}dBta (101)

where Xo = z € R*, a € (0,00) is a given constant and B is a standard Brownian
motion.

Sticky reflecting (one-sided sticky) Brownian motion {Xy;t > 0} is the weak solution
of this stochastic differential equation defined on some probability space (€2, F,P), which

is similar to reflected Brownian motion away from 0 but satisfies [Howitt, 2007, p.14]

t
IP’(/O Lix,—oyds > 0) > 0.

Since it spends positive amount of time at zero, X is called sticky. Chitashvili [Chi-

tashvili, 1997] proved that this stochastic differential equation has no strong solution.
Engelbert and Peskir [Engelbert and Peskir, 2012] are interested in Equation (1.0.1)

and also the stochastic differential system for two-sided sticky Brownian motion which

1s:

dX; =1 dB; (1.0.2)

{X:#0}
1 -
1ig,_ydt = acwg(X), (1.0.3)

where Xo =% € R, a € (0,00) is a given constant, B is a standard Brownian motion
and (°(X) is the local time of X at 0. Their no strong solution proof is different from
Chitashvili’s because they used proofs of two-sided sticky Brownian motion for one-sided
sticky Brownian motion.

Bass [Bass, 2014] also studied stochastic differential equations with sticky point from

a more general perspective. Both Engelbert-Peskir and Bass are interested in Equation
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(1.0.2), but instead of Equation (1.0.3) Bass used a side condition
m(dz) = dx + ~vdp(dz), (1.0.4)

where d¢ is point of mass at 0, m is a speed measure. Stochastic differential equation
examined in his paper (1.0.2)4 (1.0.4) is equivalent to the system (1.0.2)+ (1.0.3).

There are some other researchers who studied sticky Brownian motion from other
aspects. Harrison and Lemoine [Harrison and Lemonie, 1981] examined as the limit
of storage processes. Amir [Amir, 1991] examined as the strong limit of a sequence of
random walks. Hajri, Caglar and Arnaudon [Hajri et al., 2017] examined application of
stochastic flows to the sticky Brownian equation.

In this thesis, we first give some preliminary definitions and theorems used in our
analysis of solutions of Equation (1.0.1). Then, we show that the SDE (1.0.1) has a
weak solution and study some of its basic properties. Finally, we prove that the SDE
has no strong solution. For this, we follow the same lines of proof for two-sided version

given in Engelbert and Peskir [Engelbert and Peskir, 2012].



Chapter 2

PRELIMINARIES

In this chapter, some essential definitions and theorems which are used in the next
chapter are introduced. Let (2, F,P) be a probability space and {F;} be a filtration on
it.

2.1 Martingales

We can define a martingale as in [Karatzas and Shreve, 1998, p.11].

Definition 2.1.1. A real-valued stochastic process { Xy, Fi;0 < t < oo}, where Xy is
integrable for every 0 < t < oo and adapted to Fi, is said to be sub-martingale if
E(X:|Fs) > X super-martingale if E(X¢|Fs) < Xs martingale if E(X¢|Fs) = Xs when-

ever s < t.

Definition 2.1.2. Let X be a square integrable martingale (EX? < o0), quadratic vari-
ation of X is a process <M , M > such that unique, adapted, natural increasing process

for which <M, M>0 = 0 almost surely and M? — <M, M> s a martingale.

Definition 2.1.3. A real-valued stochastic process {X;, F;0 < t < oo} is said to be
local martingale if there exists a nondecreasing sequence of stopping times {Tp;0 < n}

of Fy with lim T, = 0o a.s. such that {Xiat,, Fi;0 <t < oo} is a martingale.
n—oo
Every martingale is a local martingale but converse is not true.

Definition 2.1.4. A real-valued stochastic process {X;, F1;0 < t < oo} is said to be
continuous semi-martingale if it can be written as X = M + A where M = { My, F;;0 <
t < oo} is a continuous local martingale and A = {As, F4;0 < t < 00} is a continuous

adapted process of finite variation.

Although definition of the Brownian motion will be stated in the next section, we

can characterize standard Brownian motion by martingales [Cinlar, 2010, p.231].

Proposition 2.1.5. Let X be a continuous martingale adapted to F with Xg = 0. If
{X? —t,F;0 < t < oo} is also a martingale adapted to F;, then X is a standard

Brownian motion with respect to F.
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2.2 Brownian Motion

Brownian motion can be considered as a model of a particle moving randomly in
d-dimensional space such as in a fluid. In this thesis, linear (d=1) Brownian motion

is taken into the consideration.

2.2.1 Brownian Motion on R

We can define a Brownian motion as in Morters and Peres [Morters and Peres, 2010,

p.7].

Definition 2.2.1. A real-valued stochastic process {B(t);t > 0} is called Brownian

Motion starting x € R if
- B(0) =z,

- B(t,) —B(tn—1), B(tn—1) — B(tn—2), ..., B(t2) — B(t1) are independent random variables,

for0<ty <ty <..<ty,

- B(t+h)— B(t) are normally distributed with expectation 0 and variance h for allt > 0
and h > 0,

- the function t — B(t) is continuous almost surely.

Brownian motion is sometimes called as Wiener Process to honor Norbert Wiener
and if x = 0, called as standard Brownian Motion.

From the definition, one can see that Brownian motion is a stochastic process for
which almost all sample paths are continuous, and their increments are independent, nor-
mally distributed. After these properties, a theorem which helps to determine whether
a stochastic process is a Brownian motion or not is needed. Levy’s characterization
theorem [Karatzas and Shreve, 1998, p.157] shows that one can reach the answer using

the quadratic variation of the stochastic process.

Theorem 2.2.1. (Levy’s Characterization Theorem) Let {X; = (Xt(l)7 Xt(2), - Xt(d)),}"t;
0 <t < oo} acontinuous, adapted, real-valued stochastic process satisfying the following
conditions:

- the process Mt(i) = Xt(i) — X(()i) is a continuous local martingale adapted to {F;} for
1<i<dand0<t< oo,

- the cross variations are <M(i),M(j)> = 05t for 1 <i,j <d.

Then, { X, F;0 <t < oo} is a Brownian motion.
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If Levy’s characterization theorem is not applicable to a local martingale, one may
use theorem of Dambis, Dubins, Schwarz [Karatzas and Shreve, 1998, p.174] which
roughly tells that continuous local martingales with unbounded quadratic variations are

time-changed Brownian motions.

Theorem 2.2.2. (Dambis, Dubins, Schwarz Theorem) Let M := {M;, F;;0 < t < oo} €

MG loc satisfying tlim <M, M>t = oo almost surely in probability. Define the stopping
—00

time T(s) = inf {t > 0; (M, M>t > s}, for each 0 < s < co. Then, the time-changed

process
Bs := My with the filtration 95 == Fp(y), for each 0 < s,

is a standard one dimensional Brownian motion. In particular, the filtration {9} satisfy

the usual conditions and we have almost surely in probability:

Mt:B< 0<t.

),

We can also define a reflected Brownian motion as the absolute value of a Brownian
motion, (|B]). By the Skorokhod representation theorem [Karatzas and Shreve, 1998,

p.210], we can say
|Bt| ~ By — (0 A 0;1;235), (2.2.1)

where we use symbol ‘~’ in the meaning of “has the same distribution with”.

Our stochastic process, one-sided sticky Brownian motion, can be considered as
slowly reflecting Brownian motion. Therefore, we are also interested in the the amount
of time the process spent around zero. Local time helps us to measure this time. It
behaves as a clock which advances when and only when particle is at origin [Cinlar,
2010, p.409]. We can define local time of Brownian motion B at origin as in [Revuz and

Yor, 2005, p.227]

#(B) = lim / L{_e<p,<qyds, fort>0. (2.2.2)
If X is a continuous semi-martingale then its local time at a is

(X)) = lim - / Lig<x,<atead(X, X> for t > 0 and every a. (2.2.3)
If X is a continuous local martingale then its local time at a is

(X)) = lim / 1{a €<Xs<a_,_€}al<X X> for t > 0 and every a.

e—002¢€
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Stochastic calculus provides us with a generalized rule for differentiation with re-
spect to stochastic processes of unbounded variation, such as Brownian motion. See
Karatzas ans Shreve [Karatzas and Shreve, 1998, p.128] for an account of stochastic
integration. The fundamental theorem of stochastic calculus is known as It0’s formula,

which necessitates the existence of second derivative.

Theorem 2.2.3. (Ité’s formula for Brownian motion) If f : R — R is the continuous,

twice differentiable function, then for the Brownian motion B

t t
F(B(1) = F(B(0)) + /0 F/(BAB, + /0 F"(B.)ds.

The following theorem is known as Tanaka formula [Revuz and Yor, 2005, Thm.1.2].

In this thesis, Tanaka formula will be applied many times.

Theorem 2.2.4. (Tanaka formula) For any a € R, there exists an increasing, continu-

ous process £ such that,
¢
| X: —a| =Xy — al —i—/ sgn(Xs — a)dXs + 07,
0 t )
(X;—a)t = (Xo—a)" + / Z{Xs>a}dXs + 56?,
ot .
(X;—a)” = (Xo—a) — /0 L, eadXs + 5.

In particular, | X; — a|, (X¢ —a)™ and (X; — a)™ are semi-martingales.

2.3 Stochastic Differential Equations

A differential equation of the form
dXt = /L(t, Xt)dt + O'(t, Xt)dBt (231)

is called a stochastic differential equation (SDE) in which p is called (d x 1) dimensional
drift vector, o is called (d x r) dimensional dispersion matrix and B is an r-dimensional
Brownian motion, X; is a stochastic process with values in R?. The integral version of
the above equation can also be written. The integrals should be understood as stochastic

integration [Karatzas and Shreve, 1998].

2.3.1 Strong Solutions of SDE’s

It is essential to know whether an SDE has a strong solution or not, for many problems
because strong solutions are known as soon as B is known. In [Karatzas and Shreve,

1998, p.285] a strong solution is defined as follows.
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Definition 2.3.1. A strong solution of an SDE is a process X = {Xy; 0 <t < oo} with
continuous sample paths on the given probability space (Q, F,P) and with respect to the

fized Brownian motion B and initial condition  satisfying

X is adapted to the natural filtration {F;} of the given Brownian motion B,
- Xo = ¢ almost surely,

! u(s, Xs)| + 0%(s, X,))ds < oo almost surely for every 0 <t < 0o,
0

- Xs=Xo+ fot p(s, Xs)ds + fota(s,XS)st holds almost surely.

Strong solutions are functions of the given Brownian motion in the SDE. After de-

termining the existence of a strong solution for an SDE, we consider its uniqueness.

Definition 2.3.2. Let p and o be given. Assume B is an r-dimensional Brownian
motion on a probability space (0, F,P). If X and X are two strong solutions of an SDE
adapted to the natural filtration of B and satisfy IP’{X =X0<t< oo} =1, then we

say that strong uniqueness holds for the pair (u, o).

Theorem 2.3.1. If (u,0) satisfies that for every integer n > 1, there exists a constant

K, > 0 such that for every t >0, ||z|| <n, ||y|| < n such that

[t 2) — pt Yl + o, z) — o, z)|| < Knllz -yl
then strong uniqueness holds for an SDE.

Theorem 2.3.1 and its proof are given in [Karatzas and Shreve, 1998, p.287].

2.8.2 Weak Solutions of SDE’s

Weak solutions of stochastic differential equations are useful in both theory and appli-

cations.

Definition 2.3.3. A weak solution of a stochastic differential equations (2.3.1) is a
pair (X, B) of adapted process on a probability space (2, F,P) filtered by {F;} satisfying

following properties:

- X = {X, F;0 < t < oo} is a continuous, adapted, R%-valued process and B =

{B¢, F1;0 < t < oo} is an r-dimensional standard Brownian motion,
- fg (Ju(s, Xs)| + 0%(s, Xs))ds < oo almost surely for every 0 <t < oo,

- Xo=Xo+ f(f wu(s, Xs)ds + fga(s, Xs)dBs holds almost surely.



8 Chapter 2: Preliminaries

Remark 2.3.4. Existence of a weak solution does not imply existence of a strong solution
but clearly, existence of a strong solution implies existence of a weak solution. (Existence

of a weak solution Z Eristence of a strong solution.)

Example. Tanaka’s Equation
t
Xi=z —|—/ sgn(Xs)dBs (2.3.2)
0
where 0 <t < 0o, x € R and B is a standard Brownian Motion and
1 x>0,

sgn(x) =
-1 x<0.

Equation (2.3.2), known as Tanaka’s Equation, does not have strong solution but

admits a weak solution. First, the quadratic variation of X is,

(X, X), = /Ot sgn’(X,)d(B,B)_ ='t. (2.3.3)

By Levy’s characterization (Theorem 2.2.1), X is a Brownian motion. We can define B

as
dX; = sgn(X;)dBy
sgn(X;)dX, = dBy
T+ /Ot sgn(X;)dXs = By

which is also a Brownian motion, similar to X. (X, B) satisfying Tanaka Equation is
a weak solution. To show it does not admit strong solution, we can use contradiction
method. Assume that X on (2, F,P) with given B satisfies Equation. Then, X is a
function of B which means F;X C F7? for every t > 0.

We can apply Tanaka formula (Theorem 2.2.4) to X; for a = 0 with Xy = x as,
t
Xl =Jol + [ sen(X.)dB. + £(X).
0
Then, we have
t
| sen(dx. = 1] - 8()  Ja
0
where (9(X) = hm fo Li_e<x,<ad(X, X)_for t €[0,00). It leads us
t
B = [ sen(X)dX, = 1] ~ () = la

= | X¢| — lim / Lyx, < ds — |z|, fort>0.

e—002€
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with this equation we have F? C Ft‘X|. Regarding our assumption, we get F;X C F C

Ft‘X| which contradicts with the fact that .7-"LL|X| C F;X. Hence, Tanaka’s Equation does
not have a strong solution.
After determining the existence of a weak solution for an SDE, we consider its unique-

ness.

Definition 2.3.5. Path-wise uniqueness holds for an SDE if for any two weak solu-
tions (X,B) and (X,B) defined on the same filtered probability space with common
Brownian motion B = B and common initial value ]P’{Xo = X'O} = 1, we have

IP){Xt = Xy; forall0<t< oo} =1.

Definition 2.3.6. Uniqueness-in-law holds for an SDE if for any two weak solutions
(X, B) and (X, B), not necessarily defined on the same probability space, with possibly

different Brownian motions B, B but with the same initial distribution Xo ~ Xo, then

X~X.

Definition 2.3.7. Joint uniqueness-in-law holds for an SDE if for any two weak so-
lutions (X, B) and (X, B), not necessarily defined on the same probability space, with
possibly different Brownian motions B, B but with the same initial distribution X ~ Xg,

then (X, B) ~ (X, B).

Remark 2.3.8. For a large class of stochastic differential equations uniqueness-in-law

and joint uniqueness-in-law are the same [Cherny, 2001].

Remark 2.3.9. Uniqueness-in-law does not imply existence of path-wise uniqueness but
clearly existence of path-wise uniqueness implies uniqueness-in-law. (Umqueness—m—law
7—4 Path-wise um’queness.)

Example. Weak solution of a Tanaka’s equation is unique-in-law but equation does not

have path-wise uniqueness.

Assume that (X, B), (2, F,P),{F:} be a weak solution for Equation (2.3.2). We
know that X is a Brownian motion by Equation (2.3.3). Therefore, uniqueness-in-law
holds. By the way, if (X, B), (Q, F,P), {F;} is a weak solution, then (—X, B),

(Q, F,P),{F:} is also a weak solution. Then, path-wise uniqueness fails.
The following theorem relates weak and strong solutions to uniqueness-in-law and

path-wise uniqueness.
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Theorem 2.3.2. For a solution of an SDE, strong existence and uniqueness-in-law hold
if and only if weak existence and path-wise uniqueness hold.

(Strong existence + Uniqueness-in-law <= Weak existence + Path-wise uniqueness.)

Sufficiency in this theorem is proven by Yamada and Watanabe [Yamada and Watan-

abe, 1971] and neccessity is proven by Cherny [Cherny, 2001].

Remark 2.3.10. We have shown that Tanaka’s equation does not have a strong solution
but admits a weak solution. When we construct unique-in-law weak solution, we will have

already proven that Equation is not path-wise unique in view of Theorem 2.5.2.



Chapter 3

ONE-SIDED STICKY BROWNIAN MOTION

Consider a stochastic process X which defined as a strong Markov process on [0, c0)
and behaves like a Brownian motion when it is away from zero, reflects when it hits zero.
Different from reflecting Brownian motion, it spends positive amount of time at zero. It
can be obtained by reflected Brownian motion | B| by time change [Engelbert and Peskir,
2012], [Warren, 1997]. They have the same sample paths but one-sided sticky Brownian

motion spends more time at zero [Engelbert and Peskir, 2012, p.2] in the sense that

t
IP’(/O Lix,—oyds > 0) > 0.

Then, one can say one-sided sticky Brownian motion is a slowly reflecting Brownian

motion. We call this process one-sided sticky Brownian motion.

In this chapter, one-sided sticky Brownian motion is defined as a weak solution of
an SDE. Then, some properties of the weak solution are examined and it is proven that

this SDE does not admit a strong solution.

All processes we examined in this chapter are continuous and taking values in the

space [Engelbert and Peskir, 2012, p.8|
S ={x:[0,00) — R;x is continuous}
equipped with the topology of uniform convergence on compacts which is induced by
o0
the metric d(z,y) = > 1/2V (1A sup |z(t) — y(2)]).
n=1 0<t<N
3.1 SDE for One-Sided Sticky Brownian Motion

The stochastic differential equation for one-sided sticky Brownian motion is constructed
by It6-McKean [It6 and McKean, 1963]. The SDE for one-sided sticky Brownian motion

is given by

dXt = CLl{Xt:()}dt + 1{Xt>0}dBt (311)
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or equivalently the system

1
dX, = 5deg(X) + 1(x,50dB; (3.1.2)

1
Lix,—oydt = %cw?(X) (3.1.3)

where Xg =z € RT, a € (0,00) is a given constant, B is a standard Brownian motion
and ¢°(X) is the local time of X at 0.

We are interested in one-sided sticky Brownian motion. However, two-sided sticky
Brownian motion is also referred to. SDE for the latter process is also constructed by

It6-McKean [It6 and McKean, 1963] as

dX; =13, .0ydB: (3.1.4)
1 h,
1ig,_oydt = aCM?(X) (3.1.5)

where Xo =7 € R, a € (0,00) is a given constant, B is a standard Brownian motion
and (°(X) is the local time of X at 0.
First of all, we need to be convinced of the equivalence of Equation (3.1.1) and

System (3.1.2)+(3.1.3).

Theorem 3.1.1. [Engelbert and Peskir, 2012] Equation (3.1.1) and System (3.1.2)+

(3.1.3) are equivalent.

Proof. By (3.1.3), we have
e (X) = 2al (x,_qydt. (3.1.6)

When we put Equation (3.1.6) into (3.1.2), we have Equation (3.1.1). Therefore, system
(3.1.2)+ (3.1.3) implies Equation (3.1.1).
For the other side, we will show X~ = max{—X,0} = 0 because we need to be

convinced that X is non-negative. Apply Tanaka formula to X for a = 0:
_ _ ¢ 1,
X, = XO - ; 1{X<0}dXs + iﬁt (X)
t 1 1 0

=0— dXs + =0; (X

0 /0 (X <0} + 2@( )

t 1,

= —/O 1{X<0} (CL]_{Xt:()}dS + 1{Xt>0}dBS) + §£t (X)

t t
1
= —/0 a(lix<oylix,—0y)ds —/O (Lix<orlix,>01)dBs + 559()()

1 1
=-0-0+ #?(X) = 559()().
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where in the second equality we use Xo = x € R™ and in the third equality we substitute

X with Equation (3.1.1). Since X is a continuous semi-martingale, by Equation (2.2.3)

we have
_ 1 /[t
Z? (X): hm/ 1{76<XS<0}d<X7X >, fOTOgSSt,
E—0Q € 0 - -
.1t
= elggoe/o 1{75§XS§0}1{X5>0}d3
=0.

Therefore, we have
X, =0 (3.1.7)

which means X is non-negative, X = XT.
Now, we will show that every solution of Equation (3.1.1) is also solution for system
(3.1.2)+(3.1.3) using non-negativeness of X. Let X be a solution for Equation (3.1.1).

We will again apply Tanaka formula to X for a = 0:
t 1
X;r = )(0+ —|—/ 1{XS>0}dX5 + igg(X)
0
t 1 0
Xi=ax+ 1{Xs>0}dXs+§£t(X)
0
t
1
=x+ /0 1{Xs>0} (al{XS:()}dS + 1{XS>O}dBS) + 56?()()
t t 1 0
=+ /0 a(l{XS>O}1{XS:O})d5 +/0 (1{XS>0}1{XS>O})dBS + §€t (X)
t
1
0

where in the second equality we use non-negativeness of X and Xg = x € R*, in the

third equality we substitute X with Equation (3.1.1). It is equal to
1.0
dXt = 1{Xt>0}dBt + §d€t (X)

by differentiation which is Equation (3.1.2). When we compare this with Equation
(3.1.1), we have

1
§d€?(X) = al{x,—gydt

which is Equation (3.1.3). Hence, every solution of Equation (3.1.1) is also a solution

for System (3.1.2) + (3.1.3). O
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Equation (3.1.1) and System (3.1.2)4(3.1.3) are equivalent. Suitable one can be
used. In the following, “the SDE” refers to both System (3.1.2)4(3.1.3) and Equation
(3.1.1).

As we have discussed in the previous chapter, X needs to be adapted to the natural
filtration of B in order to be a strong solution of the SDE. We will prove the SDE
has no strong solution. Nonetheless, we will also prove the SDE has a weak solution.
Therefore, we can find a standard Brownian motion B and a stochastic process X which

is not adapted to natural filtration of B but (X, B) satisfies the SDE.

3.2 Weak Solutions of the SDE

In this part, we adapt the proof of weak existence [Engelbert and Peskir, 2012, Thm.1]

for two-sided sticky Brownian motion to our case of one-sided equation (3.1.1).

Theorem 3.2.1. The stochastic differential equation/system for one-sided sticky Brow-

nian motion (the SDE) has a weak solution.

Proof. We will construct a one-sided sticky Brownian motion using the reflecting Brow-
nian motion. Therefore, suppose we have defined one dimensional standard Brownian

motion B on a probability space (Q, F, ]13’) and define

W; = |z + B;| where 2 € R given and fixed. (3.2.1)
We will use technique of time change, then define

Ay =t + %e?(W) (3.2.2)

where A; is continuous, strictly increasing, and lim A; = oco. The proper inverse of A;
t—ro0

is well-defined and is denoted by
T, = A, forall t > 0. (3.2.3)

T; is also continuous, strictly increasing and 1tlim T; = co. Now, define the time-changed
—00

of (3.2.1) as
X, :=Wr, = |z + Br,|. (3.2.4)
To explore |z + Br,|, first focus on x + By, as follows

R T, X T, R T R
v+ B = | s @ = | VeyspodBs = | Loz dBs

t t t
:/0 Lwy, #0ydBr, :/0 Lix,01dBr, :/0 Lix,>01dBr.; (3.2.5)
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since X; = |z + BTJ > 0. Now, we apply Tanaka formula to z + BTt for a = 0,

¢
|z + Br,| = |z + Bo| +/ sgn(z + Br,)dBr, + (3, (z + B)
0
. t . . 1, .
= |z +Bo| + | sgu(z + Br,)dBr, + 5¢1,(Jo + Bl)
0

t
A N 1 A
=T+ / Sgn(:v + BTs)l{XS>0}dBTs + §€%(|x + B|)
0

where in the third equality we use Equation (3.2.5), By = 0 and |z| = z. Defining
B}, = fot sgn(x + Br,)dBr,, it becomes

t
. 1
|z + Br,| =z + /0 Lix,>01dBs + 5E,E’(X). (3.2.6)

Equation (3.2.6) is similar to the first part of the SDE, Equation (3.1.2), but we need a

Brownian motion. Then, start with checking quadratic variation of B}Ft which is

<Bl, B’l>Tt = <sgn(:v + BT)BT, sgn(z + BT)BT>t = <BT, BT>t =T
i T, 7 3 T,
= | Lwazads= | Lwapods+ o 6W)= | LuzodAs
0 0 0

t t t
:/0 1{WT5750}dATs :/0 1{XS7§0}dS:/O 1{Xs>0}d3'

Then, take another one dimensional standard Brownian motion B° independent from

3% on a probability space (QO, FO, I@’O). Then, we can define
t
Bt = B%’t +/ 1{Xs:0}dB-(5)7 for ¢ > 0. (327)
0

The quadratic variation of B is

t t t
<B’B>t = <Bl,Bl>Tt +/O 1{XS:0}dS = /0 1{XS>0}dS +/(; 1{XS:0}dS = t

By Levy’s characterization theorem, B is a Brownian motion. Also, we have

t t
/0 1{Xs>0}dB;:/0 Lix,>01dBs.

Then, B satisfies Equation (3.2.6),

t
1
X =z +/ 1{Xs>0}st + 55?()()
0

Therefore, (X, B) satisfies SDE (3.1.2). Also, we have
t t t T;
/0 l{XSZO}dS = A 1{XS:0}dATs —/O 1{WTS=O}dAT5 = . 1{W5:O}dAS

T 1
0 a

Tt Tt 1 0
= 1{Ws:0}d5 + 1{1/(/3:0} ?dft (W)
0 0 a
1 0

1
= S, (W) = - B(X)
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which means (X, B) satisfies SDE (3.1.3). Hence, (X, B) satisfies the SDE which means
the SDE has a weak solution. O]

3.3 Properties of the Weak Solutions

In this section, we are interested in some properties of one-sided sticky Brownian motion.
Especially, non-negativeness and (joint) uniqueness-in-law properties have a role in main
proofs (Theorem 3.1.1, Theorem 3.4.1). However, the following property is also essential
because it links the two-sided Brownian motion to one-sided Brownian motion. We are
able to use the proofs for two-sided Brownian motion in the paper [Engelbert and Peskir,

2012] for oned-sided Brownian motion with the help of this connection.

Proposition 3.3.1. [Engelbert and Peskir, 2012] Absolute value of the weak solution of
the stochastic differential system for two-sided sticky Brownian motion (3.1.4)+(3.1.5)

is the weak solution of the stochastic differential equation/system for one-sided sticky

Brownian motion (the SDE).

Proof. Let X be a weak solution for system of two-sided sticky Brownian motion (3.1.4)+

(3.1.5). Apply Tanaka formula to X for a =0 with Xg =7 € R:
~ t ~ ~ ~
X = | +/ sgn(X,)dX, + 00(X)
0
t N _ 1 B

— ol + [ sen(X)ax, + 58X

0
_ b =y Lo
e +/0 sn(X) (15, yoydBs) + (1K)

where in the third equality we substitute X with Equation (3.1.4). Define B; =
fg Sgn(X s)dés which is a Brownian motion by Levy’s characterization (Theorem 2.2.1),

then we have
- t 1 -
%l = a1+ [ 15, p0paBe+ 58051
t 1. .
— |az+/0 1{|X5‘>0}dBS+§€?(]X\)
using 1{5(3750} = 1{|XS|>0}' Also, we see that

¢ ¢ 1 -~ 1 B

where in the second equality, we have used (3.1.5). Hence, we find that (|X|, B) satisfies
the SDE. O
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Proposition 3.3.2. [Engelbert and Peskir, 2012] The weak solution of the stochastic
differential equation/system (the SDE) for one-sided sticky Brownian motion is non-

negative.

Proof. We have already proven that the negative part of X is equal to 0, X~ = 0, which
is Equation (3.1.7) in the proof of Theorem 3.1.1. Therefore, stochastic differential
equation/system for one-sided sticky Brownian motion has a non-negative weak solution.

O]

Proposition 3.3.3. [Engelbert and Peskir, 2012] A weak solution of the stochastic
differential equation/system (the SDE) for one-sided sticky Brownian motion is unique-

in-law.

Proof. Let (X, B) be solution of the SDE. By Theorem 3.2.1 and the following Theorem
3.4.1, we know that (X, B) is a weak solution but not a function of the given Brownian
motion B. If we can show that every X satisfying the SDE is a function of another
Brownian motion ‘B ’, then the law of X will be uniquely determined.

By Dambis-Dubins-Schwarz Theorem 2.2.2, we know that every continuous local
martingale with unbounded quadratic variation is a time-changed Brownian motion. To

use Dambis-Dubins-Schwarz Theorem, first let us define the process
¢
My = / ]-{XS>0}d337 te [O’ OO)
0
By definition, M is a continuous martingale, and its quadratic variation is
t
<M’M>t = / 1{X5>O}ds-
0
Then, for each t € [0,00), we can define right inverse of t — <M, M>t as
A(t) = inf {s >0 (M, M)_>t}. (3.3.1)

Secondly, we need to prove <M , M > , goes to infinity when ¢ goes to infinity. Assume
(M, M>75 < 0o and define (M, M>S = fot 1{x,=0}ds. Then, we have

t t
(3.00),+ 1307 = [ Lixsndi+ [ Lo,

t t
0 0

lim (M, M) = lim (t — (M, M),) = oc.

t—o00 t—o00

It leads us
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We can write X as
t t 0
Xt:x—i—a/ 1{X50}d$+/ 1{Xs>0}dBS:33—|—a<M,M>t + M;.
0 0
When we take limit of X, we get

. . 0
tligloXt —tlggo(a:—i—a<M,M>t + M) = 0.

However, X € RT. Then, there is a contradiction with tll>nolo <M , M >? = 00. Therefore,
<M , M > , = 00.

Now, the time-changed process B =M A(t) 18 a a standard one-dimensional Brown-
ian motion by the Dambis-Dubins-Schwarz Theorem 2.2.2. If tli)rglo<M, M>t < 00, wWe can
still define By := M 4@y However, in the situation of ¢ > tlif&<M’ M>t, we get A(t) = oc.
Then, My ;) would not a Brownian motion [Revuz and Yor, 2005, p.181,182]. To un-

derstand what is X, define
Cr = X () where t € [0, 00).

From the SDE (3.1.1), we have

=z + ~09(C) + B;. (3.3.2)

We can use proposition of Skorokhod’s Lemma in [Karatzas and Shreve, 1998, p.211],
then C is a reflecting Brownian motion starting at 2 € R™ by the definition 2.2.1. By
(3.3.1), t= <M,M>A(t). Now, we can write

At) At)
t = <M’M>A(t) = /0 1{Xs>0}d8 = A(t) —/0 1{Xs:0}d3

1 1
= A(t) - %dg?él(t) (X) = A(t) - %df?(XA)

1
= A(t) — —de)(C
(t) - 5-d(C)
where in the fourth equality we use Equation (3.1.3). Then, we have
Lo
At) =t + ?dét (C), fort>0.
a
We see that A(t) is continuous and strictly increasing, its inverse is well-defined as

(M, M), = A(t)"" and A((M,M),)=t, fort>0.
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Therefore,

Xt :XA(<M,M>t) = C<M,M>t’ for t > 0.

Hence, X is a well determined measurable function of C' which is a a well determined
measurable function of B by Equation (3.3.2). Then, X is a well determined measurable

function of B so X is unique-in-law. O

Stochastic differential equation/system for one-sided sticky Brownian motion has a

non-negative, unique-in-law weak solution.

Remark 3.3.4. For the SDE, the uniqueness in law implies the jointly uniqueness-in-
law [Cherny, 2001, Thm.3.1]. Therefore, the weak solution of the SDE is also jointly

unique-in-law.

Remark 3.3.5. In the SDE, we take a € (0,00) because in the cases of a = 0 or a = oo,
the SDE has strong solutions [Chitashvili, 1997].

- The strong solution of the case a = 0:
dXt = I{Xt>0}dBt

¢
Xi=2x +/ 1ix,>0ydBs
0

=z + Biap  where T =min{s > 0, z + Bs = 0}.
- The strong solution of the case a = oo:
X = B B; — By)).
t = max (90 + Dy, Ofgggt( t s))

Even though we defined one-sided sticky Brownian motion as a weak solution of the
SDE, one-sided sticky Brownian motion also can be defined as a Markov process which
is characterized by a generator. By [Hajri et al., 2017], generator of one-sided sticky
Brownian motion is

$f(x) x>0,

(Af)(z) =
af'(0+) =0

and domain of one-sided sticky Brownian motion is

DA)={f¢€ 02(0, ) : f € Cy([0,0)), f/(0+), f(0+) exist,
F1(X = 0) = = £"(0), tim f"(z) =0}

2a T—r00
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We can think of ‘a’ as the rate of departure from zero and the second derivative
measures stickiness of X at 0. Using the boundary condition, when a — 0, il_r)r(l) 17(0) =
Clbig(1)2af’(0) = 0 means X is absorbed at zero, when a — oo, ali_)nolof’(()) = ali_)lgloif”(()) =0
means X is reflected instantaneously at zero which is simply a reflected Brownian motion.
In these cases, the SDE has strong solutions.

In the case a € (0,00) is given, fixed, and constant, X spends positive amount of
time at zero but does not stays at zero forever and X is not representable as a function
of the Brownian motion ‘B’ in equation. In the next section, we will prove that the SDE

does not admit a strong solution when a € (0, c0).

3.4 No Strong Solutions of the SDE

In the previous section, we have found X which satisfies the SDE but X is not a measur-
able function of given B. In this section, we will show that if B and constant a € (0, 00)
are given, we cannot find a solution X as a measurable function of given B.

The following steps will be followed to prove no strong solutions of the SDE:

- Define an auxiliary equation which has a strong solution. [Definition 3.4.1]

- Construct a sequence of strong solutions to the auxiliary equation which approxi-

mate the weak solution of the SDE. [Lemma 3.4.2]

- Show a sequence with strong solutions of the auxiliary equation does not converge

in probability. [Lemma 3.4.3]

- Change the problem of strong existence to the problem of convergence. [Lemma

3.4.4]

- Prove that strong existence fails via contradiction method. [Theorem 3.4.1]
Definition 3.4.1. The differential equation
1
dXT = o (X1 AW + 5deg(X") (3.4.1)

with X' = x € RT, where W™ is a standard Brownian motion, by, is any sequence with

, 1 lyl > b, , .
lim b, = 0, o,(y) = fory € R and n > 1, is called the auziliary
n—oo

2ab, |y| < by

equation.
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We want to converge solution of the SDE by the solutions of the auxiliary equation.

Therefore, we first construct solutions to the auxiliary equation.

Lemma 3.4.2. We can construct a sequence of strong solutions {(X™, W"™);n > 1} to
the auziliary equation, in which {X™;n > 1} approximates the weak solution X of the

SDE (3.1.1) /(3.1.2)+(3.1.3).

Proof. We will start with defining a new measure

dr dx |z| > by,
n(d = =
M@= 00 T
2aby, |$| < b”

and a new functional with the measure
AT / (& + Bl)dmy(dz) (3.4.2)
R

where B is a standard Brownian motion defined on (Q, F , I@’), x € R fixed and constant,

and t > 0, n > 0. We will use inverse of this function to define a time-changed Brownian

motion.
An—/zx(|x+f}|)dm (da:)—/ew(x+3\) dz
¢ R ¢ " R ! o2 (z)
t dS t t 1

where in third equality we use the equality in [Karatzas and Shreve, 1998, p.204]. Taking

the limit, we have

t t
1
lim A} = lim 1 ds + lim ds

. 1 .
Nn—00 n—oo Jo {lo+Bs|>bn} n—o0 Jo 2ab, {lz+Bs|<bn}

! 1 t
= lm1, .., ds+—li —1 .
/0 Moo o+ Bul >0} @0 G 0 | o (bt Ba<bn} @

n— o0 an—oo

¢
]. 0 al
:/0 1{|$+BS\>o}d5+5£t(x+B)

1 . 1 A
=t+ L)@+ B) =t+ -l (jw+ Bl) = A,

A; which we recently defined is the same as A; for one-sided sticky Brownian motion in
Equation (3.2.2). Since t — A} is continuous and strictly increasing so we can define its
inverse as T)* = (A?)~! for all ¢ > 0 which is also continuous and increasing. Then, we
have

lim T = lim (A?)™' = (lim A?) ™' = (4) "' =1}, forallt>0. (3.4.4)

n—oo n—oo n—o0
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We can define time-changed process as ETﬁ, for t > 0. Define
X[ = |z+ BTt"| and X; = |z + Br,| where 2 € R given and fixed. (3.4.5)

X, is the same X; in Equation (3.2.4). Dini’s theorem states that if a sequence of
monotone increasing continuous functions converges pointwise on a compact space and
the limit function is continuous then the convergence is uniform. This leads us to the
convergences nhl& A} = Ay and nlg]go T} = T; are uniform for ¢ € [0, N] with any N > 0.

Then, we have

BT;L — By, uniformly as n — oo and (3.4.6)

X{" — X uniformly as n — oo (3.4.7)
for t € [0, N] with any N > 0. Also, we have

(Q(X™) = 6(|x + Brn|) = £ (|lz + B|) = €, (Jo + B|) = £(|z + Br|) = (X)
(3.4.8)

uniformly for t € [0, N] with any N > 0. B is defined on Theorem 3.2.1 and BTt" is
a time-change version of B. Therefore, BT[L is a continuous martingale. Now, we can
define a process
W= /t M (3.4.9)
0 on(x + Brn)
which is also a continuous martingale. Therefore, Levy’s characterization theorem can

be applied. We have

- ~ /td<ZL‘-I—_éTn,JJ—I—_éTn>s_/td<x+-éyw‘|'B>T;I
0 o2(z + Brn 0 o2(z + Brn

B /Tt” d(B,B}S B /Tt" ds B /Tz” ds
o oz+B) Jo ox+B,) Jo o2(w+ Bl
:A’in:t fort>0, n>1

where in the last equality we use Equation (3.4.3). Therefore, W™ is a standard Brownian

motion for 7 > 1. From the definition of W in Equation (3.4.9), (z + BTg, W") satisfies
d(z + Brp) = oy (x + Brp)dWy. (3.4.10)

Nakao [Nakao, 1972] proved that the equation d(x + BTtn) = op(z + BTtn)th” has

a path-wise unique solution for any given standard Brownian motion th We know
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path-wise uniqueness implies uniqueness-in-law (Remark 2.3.9). In the consideration of
Theorem 2.3.2, d(z + E’Ttn) = on(x + BTt")th” has a unique strong solution. In view
of this, we can apply Tanaka formula and the auxiliary equation has a path-wise unique
solution for any given standard Brownian motion. Apply Tanaka formula to x + BTSn
for a = 0,
A A t A A A
|z + Brn| = |z + Brp| + / sgn(x + Brp)d(z + Brn) + Oz + Brn)
0
. . t . . 1 .
|z + BTSn| = |z + BTO’L’ + / sgn(z + BT;L)d(a: + BTS") + ifgﬂx + BTSn\)
0
t . - 1
X[ = |z +/ sgn(x + Brp)d(z + Brn) + 56?(X)
0
t - . - 1
= |z| + / sgn(z + Brn) (on(x + Bra)dW) + 56?(X)
0

where in the third equality we insert the definition of X, and in the last equality we put
Equation (3.4.10). Defining W™ as W} = fot sgn(z + BTsn)dW” which is a Brownian

s

motion by Levy’s characterization (Theorem 2.2.1), yields
. - 1
X7 = |z| + / on(x + BradWg' + iﬁg(X). (3.4.11)
0

We have o, (x + BT;L) =on(|z + BTSn|) = 0, (X)) which leads us to

S
t 1
Xp ol + [ on(XDAWT + R0
0
Hence, {(X™, W"™);n > 1} solves the auxiliary equation (3.4.1). Also, by Theorem 3.2.1,

we know that X solves the SDE with B defined in (3.2.7). O

Lemma 3.4.3. Let {X";n > 1} be unique strong solutions to the auziliary equation
(3.4.1) with X§} = x € R, where W{* = fot sgn(x + Brg)dWs is a standard Brownian

motion, and by, is any sequence with lim b, = 0. Then, the sequence
n—o0

1
(X" — §€O(X”) - x)n21 does not converge in probability as n — 0.

Proof. Set F" = (X" — 200(X")) — (X" — Le0(X"H1) with F} = 0 for n > 1 given
and fixed. By the auxiliary equation (3.4.1), we get

t t
F'= / on(XM)dW, — / O (X0 AWy, for t >0,
0 0
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which is a martingale with quadratic variation

(F",F"), = /Ot (0n(XD) = opir (X2F1))?ds (3.4.12)

V2ab, — \/2abyi1)t | X2 < b, | X7 | < bt
2ab, —1)* X2 < by, [ X1] > bt

(
(
(1— \/2aby 1)t X2 > b, | X7 | < bt
0

‘Xn’ > bn, |Xs+1’ > bpy1.

Since lim b, = 0, we can assume that b,4+1 < b, /4 for all n > 1. Then, we have
n—oo

(V/2ab, — /2abp11)” < (v/2ab, — ,/20%”)2 = % (3.4.13)

Also, choosing b, € (0, S—Ia), we have

(v2ab, —1)" > —.

(3.4.14)

=

Our aim is to show that F" does not converge in probability as n — oo. Define stopping

time
= inf{t > 0, |F}'| = ¢}, for ¢ > 0 given and fixed.
Then, we can write

P( sup |F}'| > ¢) =P(T}' < t)
0<s<t

v

t
(1{Tc"<t}/0 Liixn|<b,)ds)

t
E(/t L xp|<b,)ds)

NP

1 t/\TC"
/1{|Xn<b }dS)—E(/ L{xn|<b,}d5)-

(‘#\H ~ | = @F\i—‘

Further, we have

t 1 t
E(/O Liixn|<p,)ds) _tE(/O 1{|a:+BTtn\§bn}ds)

t
= E(/ 1{|x+BTtn\§bn}dAn§L)
1 i

0

1 LA

(ot Bal<bny 045)
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where in the first equality we use the definition of X in Equations (3.2.4), in the second
equality we use the definitions of A} and 7} in Equation (3.4.2),(3.4.4) and in the
last equality we use Equation (3.4.3). Now, it is possible to bound the expectation in

Equation (3.4.15), using Fatou’s Lemma [Cinlar, 2010, p.59]

o T R
lim inf B( /0 Saby, Hla+B.l<b,y) 45 = B(lim inf /0 by, Hla+Bl<b,}) 05

1.1 (% 1 L1 .
= 1B (lim jnf Qb/o Lt oty 45 = B (@ + B) = o B, (1o + B)

n—o0 n
1

_ w0
= 2aE€t(X) >0

where in the second inequality we use lim 77" = T} in Equation (3.4.4). We also want
n—oo

to bound the second expectation.

AT
]E(/O L xn|<b,}d5)
AT

tATR
:E(/O 1{X:|§bn,xs+lsm+1}ds)“E(/O L b X241 50013 95)

9 tATE
= abnE(/O LX<t x2 <ty HE F) ) HAECE™ F), o
= abE(/ Lmni<onyd(F™ F™) ) + 4ECE™, F), o
n 0
9 2by, 9
= Bl pgn (F™)dz 4+ 4E(Ffjgm) . (3.4.16)
n J—2by,

using quadratic variation of F' in (3.4.12) and the inequalities (3.4.13) + (3.4.14) for
the first inequality and {|X7?| < by, | X2 < bya1} € {|F?| < 2b,} for the second
inequality.

To understand EEfATcn(F”), we will apply Tanaka formula to Frm — f for any

constant f € R and a = 0,
t
Fir — 1] = |f] + /0 sen(Flpn — F)AF g + Cppn (F7)

AT
. /0 sen(F? — £)AFT + £ g (F™).

Then, we have
AT
o (F") = [Fir — £ — |f] - /0 sgn(F™ — f)dF"

tATT
<Pl = [ sea(Fy - fary. (3.4.17)

Taking expectations on both sides of inequality (3.4.17) leads us

B nrn (F") < E[Fjipn| < \/E[F]rnl? (3.4.18)
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Insert Equation (3.4.18) into Equation (3.4.16)

2 2bn 2 2bn
il Bl (F™)dz + AR (Fipn ) < —— E| Ff | dz + 4B (Flk )
aby J o, ¢ ¢ aby J o, ‘ ‘
8
= —c+ 4.
a
All in all we have,
lim infP( sup |F}'| > ¢) > LIEFJE?(X) - 1(§c+ 402) >0
n—oo 0<s<t st= - 2ta t a -

choosing ¢ > 0 sufficiently small,given and fixed.
Hence, {F";n > 1} does not converge in probability which means (Xn - %EO(X n) —
93) .~1 does not converge in probability as n — oc.

O]

We want to reduce the existence of a strong solution problem to the problem of

convergence in probability. In this sense, we need the following lemma.

Lemma 3.4.4. [Engelbert and Peskir, 2012] It is possible to approzimate the weak
solution of the SDE (3.1.1)/(3.1.2)4+(3.1.3) in distribution with the strong solutions of

the auziliary equation (3.4.1).

Proof. For the auxiliary equation (3.4.1), {X™;n > 1}, {£°(X™);n > 1} are tight in S by
(3.4.7) and (3.4.8). {W™;n > 1} is also tight in S. Therefore, { (X", 0(X™),W");n > 1}
is tight in S [Karatzas and Shreve, 1998, p.62]. According to Prokhorov’s theorem
[Cinlar, 2010, p.115], a family is tight if and only if it is relatively compact. Then,
{(X”,EO(X”),W”);TL > 1} is relatively compact which means every sequence of el-
ements of {(X noO(X™), W”);n > 1} contains a weakly convergent subsequence. Let
{(X™, 0(X™), W™ ); ny, > 1} be a weakly convergent subsequence of { (X™, £0(X™), W")|n >
1} which converges in distribution to a random element which has the same limit law

with (X", 0(X™), W™). Let us say,
(X”k,EO(X"k), W) — (X*,ZO(X*),W*) in distribution as ny — oo.

According to Skorokhod’s representation theorem [Cinlar, 2010, p.113], there exist ran-
dom variables {(Y ™, (0(Y"™*), W”k);nk > 1} and (Y*,0(Y™), W*) on some probability

space such that

(X7, 0O(XT), W) ~ (Y"’“,KO(Y"’“),W”’“) for each ny, (3.4.19)
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and (X*,KO(X*),W*) ~ (Y*,EO(Y*),W*). Then, we have
(Y”k,EO(Y”k), W”’“) — (Y*,EO(Y*), W*) almost surely as ny — 0. (3.4.20)

Now, we want to show that (Y*,W*) satisfies the SDE. We use Skorokhod’s repre-
sentation theorem because convergence in distribution does not implies other kind of
convergences, except trivial cases, but we know almost surely convergence implies con-

vergence in probability. Then, we get
(Y”’“,Ko(Y”’“), W"’“) — (Y*,KO(Y*), W*) in probability as ni — oo.

0 0<xz<1/e
Choose a continuous function, p.(z) = where ¢ > 1 is given and fixed.

1 z>2/c
By [Cmnlar, 2010, Prop.3.5],

Pe(Y™) = p(Y™) in probability as ni — co.

Now, it is possible to write the following convergence which is well-defined by [Kurtz

and Protter, 1996]

Pe(YT®) - W™ = p (Y*) - W* in probability as ny — oo.
Then, we get

(Y”k,EO(Y”k),pC(Y”’“) : W"’“) — (Y*,EO(Y*),pC(Y*) : W*) in probability
as n; — 0o0. By Equation (3.4.19), we have

(Y (Y ™), po(Y) - W)~ (X £O(X ™ po(XT) - W) for each ny > 1.
Then, we have

(X O(X™), pe(X™) - W) — (Y, 0(Y™*), pe(Y™) - W*) in probability
as ny — oo. [Clar, 2010, Prop.3.5] yields

Lo/ yn Loy .y

5( (X") — 55 (Y™) in probability as ny — oo.
Also, we know by [Cinlar, 2010, Thm.3.6]

1 1 .
X% 550()(%) — (X)W 5 Y — 5KO(Y*) —p(Y™) - W* in probability
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as ny — oo. Convergence in probability implies convergence in distribution [Cinlar,

2010, p.110]
1 1 .
X" — 5eo(X"k) — (XY W YH §€O(Y*) —pe(YF) - W (3.4.21)
i distribution as ny — co. We can examine more

1 t
X 500 = [ g
0

+

. 1 . .

+

. 1 N R o -
= |z + By | — 5£§3(|gc + Broe|) = | pe(|o + By |)sgn(Bym ) dW

&
U
—~
8
_|._
Sy
~
3
=
~

A~

. 1 A N
= |z + B | — iﬁg(|x + By ) — | pe(lz+ Bpre[)sgn(z + BTS"’C)U—AS

~+

S— S— S— S—

. 1 . . . .
= |z + BTt"k | — 56?(]3: + BTtn;C ) = | pellz + Bypre|)sgn(@ + By )d B

g
Tt

N 1 . A A .
= |x+BTtnk| - 56%%(|5U+B|) / pe(|x + Bs|)sgn(x + Bs)dBs, (3.4.23)
0

where we use in the first equality the definition of X" in Equation (3.4.5), in the second
equality the definition of W™ in Equation (3.4.11) and in the third equality the definition
of W" in Equation (3.4.9), take nj large enough and for ¢ € [0, N] with any N > 0.

Uniform convergence in (3.4.6), as n — oo, Equation (3.4.23) converges uniformly to
. 1, . T . L
o+ Bl = 5o+ B) — [ pullo + Busn(e + Bu)dB,
0
. 1 . ¢ . . .
—lo+ B~ 5+ Brl) ~ [ pollo + Br[)sen(e + Br,)dEr,
0
Lo ' 1
=Xi— igt (X) - pc(Xs)dBTs
0
1, !
=X¢— §£t (X) - pe(Xs)dBs,
0

where the second equality follows from (3.4.22), and the definition of B}S in Equation
(3.2.6), and in the third we use the definition of B in Equation (3.2.7). Therefore, we

have
1 t 1 t
X — 5z‘J(X”k) — / pe(XIF) AW — Xy — 5zg)(X) — / pe(Xs)dBs  (3.4.24)
0 0
uniformly as niy — oo. We can use this uniform convergence as

1 1
XM 5EO(X"’C) — (X)W — X — §€O(X) — pe(X) - B uniformly
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as n, — oo. Convergence in distribution in Equation (3.4.21) leads us
* 1 0 * * Tk 1 0
Y= SOW) = pe(Y) - W~ X = SOX) — pe(X) - B, (3.4.25)

Now, we want to relate p.(X)- B with 1{X>0} -B. We can use Doob’s maximal inequality

[Cinlar, 2010, p.223]

t t
IP’( sup | [ pe(Xs)dBs —/0 1{X5>0}st\ > e)

0<t<N JO

4 N )

< SB[ ()~ T (. B),)
4 N )

= SB[ (o)~ i) )

4

N
= 28 (Lo rom)ds).

€

By the dominated convergence theorem [Cinlar, 2010, p.25], for any N > 0, we have

o1 B 2 1 A 2
hm 2E(/O (1{1/26>Xs>0}) dS) = 2]E(/0 hm (1{1/26>Xs>0}) dS) =0.

Cc—00 € € c—00

Now, we have

t t
P( sup | [ pe(Xs)dBs —/ Lix,>01dBs]) = 0 as ¢ — .
0<t<N Jo 0
That is,
pe(X) - B = Lix~0y - B in probability as ¢ — oo. (3.4.26)
It follows that
1 0 1 0 . ..
X — 56 (X) —pe(X) -B— X — 5[ (X) — L{x>0y - B in probability as ¢ — oo.
By Theorem 3.2.1, we know that X is a weak solution for the SDE then we get
1 0 . .7
X - 55 (X) —pe(X) - B— 0 in probability as ¢ — oo.
By the equality of the distributions in (3.4.25), we can say
* 1 0 * * Tr¥ . 7.
Y* — 55 (Y*) —p(Y™) - W* — 0 in probability as ¢ — oo.
Similarly, we have

1 A 1 A
Y — EEO(Y*) —pe(Y*) W* Y™ — ifo(Y*) — Lyyesoy - W™ in probability
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as ¢ — oo. All in all, we can conclude as
1 t .
0

which means (Y*, W*) satisfies Equation (3.1.2). Now, we wonder whether Y* satisfies
Equation (3.1.3) or not. Y™ converges Y* almost surely as ny — oo by convergece
in (3.4.20). Almost sure convergence implies convergence in probability which implies

convergence in distribution. Then, we have
Y™ — Y™ in distribution as ny — 00.

By (3.4.7), we know also X™ converge uniformly to X as n — oco. Uniform convergence
implies almost sure convergence which implies convergence in distribution (which is true

for subsequences)
X™ — X in distirbution as np — 00.

By (3.4.19), we know that Y™ ~ X" . The uniqueness of limits leads us Y* ~ X.

Therefore, we can write Equation (3.1.3) with Y*
1 dt = Lan (v 4.2
{rp=oydt = g dt;(Y"). (3.4.28)

Hence, by Equations (3.4.27)+(3.4.28), (Y*, W*) satisfies system of one-sided sticky
Brownian motion (3.1.2)4(3.1.3).
U

Theorem 3.4.1. The stochastic differential equation/system for one-sided sticky Brow-

nian motion (the SDE) has no strong solution.

Proof. We will use the method of contradiction. Assume that the SDE has a strong
solution (X, B). By the definition of a strong solution, X is a function of B. Then,

there exists a measurable function f : S — S such that
f(B) = X.

By (3.1.2), we have dX; — 1d(9(X) = 1{x,>0ydB;. Then, there exists a measurable
function g : S — S such that

g(B) = X — %EO(X).
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We like to state the auxiliary equation (3.4.1) with strong solutions (2", B") as
1
dZ! = 0,(Z")dBP + §d€?(Z") (3.4.29)

where Z) = z € R and B} = f(f sgn(x + ETsn)d,Bs. Since the auxiliary equation has a
strong solution (Lemma 3.4.2), Z" is a measurable function of B", which is a measurable

function of B. There exists a measurable function f, : S — S such that
fn(B)=2Z".
Also, there exists a measurable function g, : S — S such that
n 1 0(r7n
gn(B) =Z" = ggt(Z )

By Lemma 3.4.2, we can construct strong solutions {(Z", B);n > 1} and by Lemma
3.4.3, (zn - id(zm) — z)n>1 does not converge in probability.

Equation (3.4.29) is jointly unique-in-law by [Cherny, 2001, Thm.3.1] and similarly
the auxiliary Equation (3.4.1) is. Then, (Z”,KO(Z”),B”) ~ (X”,KO(X”)7 W”) for each
n > 1. By (3.4.19) + (3.4.20), (X™, O(X™), W) ~ (Y™, (0(Y™), W™) which
converges to (Y*,EO(Y*),W*) almost surely as np — oo. Almost sure convergence
implies convergence in probability which implies converges in distribution. Therefore, we
can say (Y”k,EO(Y"k), W”k) converges to (Y*,EO(Y*), W*) in distribution as nj — 0o.

We can say

(Z™, 00(Zm), B ~ (X 00X ™), W) ~ (Y™, 0(Y ™), W) and,

(2™, 0°(Z™), B™) — (Y*,00(Y™), W*) in distribution as nj — o0o.

By Remark 3.3.4, the jointly uniqueness-in-law holds for the System (3.1.2) +(3.1.3) ,
(X, 0°(X), B) ~ (Y*,£0(Y*), W*). All in all, we get

(2™, °(Z™), B™) — (X, £°(X), B) in distribution as nj, — oo and

1 1
Gn, (B) = Z™ — iﬁg(Z”k) —g(B)=X — §£0(X) in distribution as ny — 0.
We can write

(gn,(B),B) = (9(B), B) in distribution as ny — oo.
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By [Engelbert and Peskir, 2012, Lemma 2], we have

gn,, (B) = g(B) in probability as ny — oo.
It is a contradiction by Lemma 3.4.3 because it means
n 1 0 n 1 0 . .
Z™ — ift (Z™) - X — 56 (X) in probability as ny — oo.
Hence, assumption fails and the SDE has no strong solution. ]

Remark 3.4.5. Weak solution of the SDE is not path-wise unique because of Theorem
2.8.2 ( similar to Tanaka’s equation 2.3.10). In Theorem 3.2.1, we prove that the SDE
has a weak solution. In Proposition 3.3.3, we proved weak solution is unique in law. In
Theorem 3.4.1, we proved the SDE has no strong solution. Applying Theorem 2.5.2, we

can say for the SDE path-wise uniqueness does not hold.

Remark 3.4.6. If one can find two path-wise different weak solutions to the SDE, the
non-existence of strong solution Theorem 3.4.1 will be already proven from Theorem 2.3.2
because we showed that the SDE has weak solution which is unique-in-law. However,

constructing two path-wise different solutions is not easy.
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