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ABSTRACT

AIR TRAFFIC FLOW MANAGEMENT PROBLEM
WITH STOCHASTIC CAPACITIES

Efe Sertkaya
M.S. in Industrial Engineering
Advisor: Ozlem Cavus Iyigiin
Co-Advisor: Guglielmo Lulli
September 2021

Air traffic systems have substantial effects on transportation, logistics, and eco-
nomics in a global scope. Due to both practical significance and intellectual
challenges, air traffic flow management problems have been extensively studied
for many decades. The aim of air traffic low management problems is to plan the
flow throughout the air traffic network while satisfying capacity constraints. In
this study, we consider the case of stochastic capacities in the air traffic network.
We propose both stochastic multistage integer and stochastic two-stage integer
modeling approaches for the problem. In multistage and two-stage models, we
aim to resolve the demand-capacity imbalances at each element of the air traf-
fic network. To achieve this, we decide on the take-off times and routes of each
flight for a given time horizon. We propose integer L-shaped and partial Benders’
decomposition approaches to solve the two-stage model. Additionally, we ana-
lyze the effect of conditional value-at-risk constraints on delay time distributions.
To incorporate conditional value-at-risk to solution methodologies, we propose a
novel approximation technique. We present a detailed analysis of delay distribu-
tions, demonstrate the effect of the approximation technique on solution quality
and computational performance. For computational experiments, we explicitly
describe data generation procedures to obtain realistic instances. We demon-
strate that the Partial Benders’ modification outperforms the commercial solver
(CPLEX) in almost every instance.

Keywords: Air traffic flow management, Two-stage stochastic programming, In-
teger L-shaped algorithm, partial Benders’ decomposition, Conditional Value at
Risk.
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OZET

STOKASTIK KAPASITELERLE HAVA TRAFIGI AKIS
PROBLEMLERI

Efe Sertkaya
Endiistri Miithendisligi, Yiiksek Lisans
Tez Danigmani: Ozlem Cavus lyigiin
Ikinci Tez Damsmant: Guglielmo Lulli
Eyliil 2021

Hava trafigi sistemleri ulagim, lojistik ve ekonomiye diinya ¢capinda 6nemli katkilar
saglamaktadir. Hem pratikteki onemi hem de sundugu entelektiiel zorluklar ile,
hava trafigi akis problemleri ge¢tigimiz birkag on yilda ¢ok fazla caligilan bir konu
olmustur. Hava trafigi akig problemlerinin amaci, hava trafigi agindaki akig1 kapa-
site kisitlarini goz 6niinde bulundurarak planlamaktir. Bu ¢alismada, hava trafigi
agindaki kapasitelerin stokastik oldugu durum incelenmistir. Problem i¢in hem
stokastik cok asamali tamsay1 hem de stokastik iki agamali tamsayr modelleme
yaklasimlar: onerilmistir. Hem c¢ok agamali hem de iki asamali modellerde, hava
trafik aginin her bir unsurundaki talep-kapasite dengesizliklerinin ¢oziilmesi hede-
flenmektedir. Bunu saglamak icin, belirli bir zaman dilimi igerisinde her ugusun
kalkig zamanlarima ve rotalarma karar verilmektedir. Iki asamali modeli ¢ozmek
icin tamsayili L-gekilli ve kismi Benders ayrigtirma yontemleri onerilmigtir.
Ek olarak, kosullu riske maruz deger kisitlamalarimin rotar stiresi dagilimlari
tizerindeki etkisi analiz edilip, kogullu riske maruz deger kisitlamalarini ¢oziim
metodolojilerine dahil etmek i¢in yeni bir yaklasim teknigi onerilmigtir. Gecikme
dagilimlarimin ayrintili bir analizini sunarak, yaklagim tekniginin ¢oztim kalitesi
ve hesaplama performansi tizerindeki etkisi incelenmistir. Ayni zamanda hesapla-
mali deneylerde gercekci ornekler elde etmek igin, veri olugturma prosediirlerinin
detayli bir agiklamasi sunulmustur. Kismi Benders yaklagimi'nin neredeyse tiim
deneylerde, ticari amach ¢oziicii olan CPLEX’ten daha iyi performans gosterdigi

gozlenmigtir.

Anahtar sézcikler: Hava trafigi akig yonetimi, Stokastik iki agamali programlama,
Tamsayili L-gekilli yontem, Kismi Benders’ ayrigtirma, Kogullu riske maruz deger.
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Chapter 1

Introduction

Air transportation systems include many complex processes that result in large
amount of costs. Unsurprisingly, the air transportation network affects both local
and global economies significantly. Air Transport Action Group [2] reports that
the air transportation industry supported 65.5 million jobs and generated 3.5% of
global GDP in 2017. In 2017, there were around 41.9 million scheduled commer-
cial flights operated by 1,303 commercial airlines. The average number of flights
scheduled per day globally is 120,000, which allowed 12 million passengers to
travel worldwide in one day. With this enormous economic impact, management

of growing air traffic has become increasingly significant over the years.

In both US and Europe, air transportation systems are managed by central-
ized collaborative decision-making authorities. European Union (EU) initiated a
continent-wide project named Single European Sky (SES) in 2004 [3]. The ob-
jective of SES is to transform Air Traffic Management(ATM) from an intergov-
ernmental practice to an EU practice. In Europe, EUROCONTROL [4] provides
assistance to the unified strategic management of aviation operations since 1963

and assists many stakeholders with collaborative strategic decisions.

In the US, Federal Aviation Administration (FAA) manages daily air traffic
consisting of 45,000 flights and 2.9 million airline passengers [5]. FAA acts as



a centralized strategic decision-making authority in National Airspace System
(NAS) which is a network including air navigation facilities, airports and run-
ways, information and services, rules and regulations, procedures and technical

information etc.

With the increasing volume and economic significance of air traffic, ATM has
become a substantial area of research in operations research and management
science. ATM refers to quantitative and managerial studies about a broad col-
lection of operations in aviation including air traffic flow management (ATFM),
scheduling of airport runway operations, planning and control of aircraft trajecto-
ries. In the past few decades, various types of operations in aviation are modeled
and enhanced using operations research techniques. As the demand for air trans-
portation increases, modeling inherent stochasticity in air traffic has become more

and more necessary to avoid congestions and delays.

ATFM considers en-route sectors and airports and aims to manage the flow
of air traffic in a way that takes delays and operation costs into account. One
of the main objectives of ATFM is to resolve demand-capacity imbalances in
the air traffic domain. A demand-capacity imbalance occurs when the demand
exceeds available capacity and it is mandatory to implement some control actions
to equate demand and capacity. Usually, the possibility of modifying the capacity
of the air traffic system is not available for an ATFM problem. Hence, capacities
of airports and en-route sectors are exogenous parameters of the problem; only
some flow control actions related to flights are available. Examples of available

actions can be given as take-off times, routes etc.

Figure 1.1 displays the evolution of the amount of delay attributed to different
causes in the air traffic system. Observe that, a significant portion of delays
is attributed to Air Traffic Controller (ATC) capacity and weather disruptions.
Hence, models concerning flight take-off decisions should consider the effect of

these factors for the sake of practicality.
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This study defines Stochastic ATFM (SATFM) problem on a finite time hori-
zon considering stochastic airport and en-route sector capacities to minimize de-
lay and operation costs. Both of these cost components play a crucial role in Air
Traffic Systems. In Figure 1.2, operation and delay costs of Europe’s air traffic
for years 2014 to 2019 are illustrated and it can be seen that billions of euros
are spent on operating this system. So, any improvement can be translated into

millions of euros easily.

SATFM aims to allocate the capacity reduction effects of flights to correspond-
ing airspace elements such that operation and delay costs are minimized. Since
airspace elements have stochastic capacities, we make decisions on take-off times
and routes for each flight at different realizations of uncertain capacities. So that,
the solution provides a prescription on flight take-off times and routes for each
different scenario. We identify two types of SATFM models as two-stage and
multistage SATFM. Differentiating factor for SATFM models is the structure of

underlying stochasticity.

Practically, the two-stage model represents a system where capacities are
known with certainty up to a point in the future. Hence, the resolution of uncer-
tainty can be interpreted as a weather forecast being realized in a future time.
Whereas the multistage model represents a system where uncertainty is resolved
gradually. In the multistage model, we make decisions and observe the uncer-
tain capacities more than once i.e. some decisions are made at different levels
of uncertainty resolution. In Figure 1.3, we illustrate the relationship between

observations of uncertainty and decisions for both types of SATFM.

(3)

Dec1de Observe Observe Demde

Figure 1.3: Decision making structures of two-stage (a) and multistage (b) models

In this study, we propose both multistage and two-stage formulations for

4



SATFM problem and provide solution methodologies for two-stage SATFM. Both
models aim to find the optimal take-off time and route combination for each flight
using the information given by different stages of capacities. For the two-stage
model, we introduce Conditional Value-at-Risk (CVaR) constraints over delays.
Since CVaR is a risk measure which quantifies the expected cost over a thresh-
old, these constraints allow the control of variation beyond a point. Hence, CVaR

constraints serve as a stable tool for controlling distributions of delays.

To solve the two-stage ATFM problem, we use two different algorithms. Both
of these algorithms are based on the widely known Integer L-shaped method [6].
The first algorithm that we use to solve SATFM, is proposed by Angulo, Ahmed
and Dey [7] and we refer to this algorithm as Improved Integer L-shaped. This
algorithm provides enhancements on the Integer L-shaped method by providing
alternative cut generating procedures. The second algorithm we use, is a combi-
nation of Improved Integer L-shaped and the method proposed by Crainic et al.
[8]. This algorithm uses the partial decomposition approach proposed in [8] and
uses the cut generation procedures from Improved Integer L-shaped. In Chapter
4, we provide two algorithms for the two-stage SATFM in detail and identify
problem-specific structures. We also propose a novel approximation scheme for

the CVaR-constrained two-stage problem using the combined methodology.

The organization of this thesis is as follows. In Chapter 2, we review the litera-
ture on Stochastic ATFM. In Chapter 3, we present multistage stochastic ATFM
formulations and discuss the two-stage model based on them. We also elaborate
on CVaR constraints on delays and discuss practical interpretations. In Chapter
4, we describe two Integer L-shaped method based solution methodologies for
the two-stage problem and explicitly define problem-specific structures required
for presented algorithms. Also, we propose a novel approximation method for
the CVaR-~constrained two-stage problem and present related proofs. In Chap-
ter 5, we thoroughly describe realistic data generation methods and illustrate
generated data. In Chapter 6, we present computational experiments including
Value of Stochastic Solution (VSS) analyses and comparisons of different solution

methodologies for varying parameters of the problem.



Chapter 2

Literature Review

ATFM problems attracted great interest from the scientific community due to
the intellectual challenge posed by this class of problems as well as for the high
potential impact of the research activities in this application domain. So far,
great part of the ATFM related literature focused on deterministic mathematical
models. However, due to the advancement of computational capabilities on both
the hardware and software side, there has been a growing interest and emphasis

in explicitly taking uncertainty into account in more recent time.

ATFM problems are first modeled in pioneering study of Odoni [9] where the
author describes a stochastic, dynamic decision-making environment and deci-
sions are constrained considering available capacity in an air traffic system. In
[10], authors provided a state-of-the-art literature review focusing on determin-
istic and stochastic models and current practices in ATFM. They presented a
classification based on practical purposes of different models. Most recently, [11]
has provided a broad literature review focusing on all stochastic modeling applica-
tions in ATM including queueing, stochastic optimization and stochastic control

practices.

Deterministic ATFM models have evolved to capture many aspects of air traf-

fic systems. We mention few of the many deterministic models as foundations of



almost all the stochastic models in the literature. Bertsimas and Stock Patterson
[12] proposed a strong integer programming (IP) formulation considering rerout-
ing decisions and en-route sector capacities. They showed that in many cases
solution of the linear programming (LP) relaxation of their formulation coincides
with the IP solution. They also analyzed the polyhedral structure of the problem
and show that under some specific assumptions the constraint matrix is totally
unimodular. They define decision variables concerning traffic flows in a distinct

manner incorporating routes implicitly as follows:

; 1 if flight f arrives at sector s by time ¢
Lst =

0 otherwise

Lulli and Odoni [13] proposed a deterministic ATFM model capturing Europe’s
air traffic. They have discovered many important charasteristics of solutions
concerning collaborative decision making and elaborated on the trade-off between
fairness and efficiency. They modeled the flow associated to a flight differently
than Bertsimas and Stock Patterson [12] using take-off and landing times by

defining the following decision variables:

1 if flight f takes off at time ¢

0 otherwise

1 if flight f lands at time ¢

R

0 otherwise

Bertsimas, Lulli and Odoni [14] proposed an IP formulation for large-scale
deterministic ATFM problems and introduced three classes of valid inequalities
utilizing special structures in the air traffic network. They also showed that the
model is practically applicable in US air traffic due to short times experienced in

computations.

Agustin et al. [15] proposed a deterministic formulation including flight can-
cellation, rerouting using a network structure. They provided significant com-

putational insights about their formulations. They observed that solutions were

7



found without branching in many cases i.e. branch and cut tree consists of only

one node.

Most of the contributions with stochasticity considerations have focused on
the problem of constructing ground delay programs for aircrafts with stochastic
airport capacity, namely, stochastic ground-holding problem. As an important
distinction, ground-holding problems do not consider en-route sector capacities,
they only focus on airports’ arrival and departure capacities. Stochastic ground-

holding problem is analyzed in relatively more detail for the single airport case
(SAGHP).

Andreatta and Romanin-Jacur [16] focused on the single-period static case of
SAGHP, developing a ground holding strategy to minimize the expected total
delay, i.e., the sum of airborne holding and ground holding. The first multi-
stage stochastic integer program with recourse for the SAGHP was proposed by
Richetta and Odoni [17]. To mitigate the complexity of the problem, they de-
veloped an aggregate model whose focus (control actions) is on group of flights
rather than individual flights. A relevant feature of the proposed model is that
it can handle arbitrary cost functions of the ground delay assigned to flights; in-
cluding non-negative, homogeneous and marginally non-decreasing cost functions

that are of practical relevance for ground holding programs.

Under the assumption of linear ground delay costs, Ball et al. [18] provided an
alternative aggregate formulation for the stochastic SAGHP. The very appealing
feature of this formulation is that the constraint matrix enjoys a dual network
structure, which guarantees that problem is polynomially solvable. As evidenced
by Kotnyek and Odoni [19], the Richetta-Odoni model guarantees integer solu-
tions under the following assumptions: i) every flight is considered in one cost
category, and i) the cost function is monotonically increasing with respect to
ground delay. Monotonically increasing objective functions are particularly in-
teresting since they result in prioritization according to flight schedules. This
is in-line with the ration-by-schedule (RBS) allocation, which is commonly used

practice.



A dynamic framework based on Richetta-Odoni model was proposed by
Mukherjee and Hansen [20]. They provided a multi-stage IP formulation for
the SAGHP that allows revisions on ground delay decisions based on updated

capacity information.

There are very few contributions, especially concerning the problem that con-
siders capacitation of both at airports and en-route sectors. Vranas, Bertsimas
and Odoni [21] have proposed a multi-airport version of the stochastic ground-
holding problem. More recently, Andreatta, Dell’Olmo, and Lulli [22] presented
an aggregated stochastic model for the multi-airport capacity allocation problem

to distribute capacities in ATFM.

To the best of our knowledge, the first model for the SATFM as mentioned
before, although limited to only one route for a flight, was proposed by Alonso,
Escudero and Ortuno [23]. The authors extended state-of-the-art Bertsimas-
Stock Patterson [12] model to the stochastic setting and applied the fix-and-relax
heuristic method to solve instances of the problem. They proposed a stochastic
programming formulation where the uncertain parameters of the problem are

represented by a discrete random vector.

Agustin et al. [24] provided a stochastic model that models flight rerouting
to alternative routes in order to control congestion in en-route sectors along the
original routes. Computational results for up to 400 flights were reported by the

authors.

Bertsimas and Gupta [25] proposed the ATFM problem’s first robust and adap-
tive formulation. They handled a stochastic version of the ATFM problem, which
included weather-related uncertainty in airport and sector capacity, as well as
adaptability and robustness. Based on a small number of bad weather occurrences
travelling across different regions of the U.S. National Airspace System (NAS),
the authors provide an uncertainty set for robust optimization. The authors pre-
sented and verified an equivalence relationship between the robust problem and a
new deterministic instance. Based on this relationship, they proposed efficient so-

lution methodologies. Real-world aircraft schedules and simulated weather fronts



were used to demonstrate. In the case of the robust problem, instances take into
account no more than 1,000 flights. The authors noted that the robust problem
exhibits some of the traits of the deterministic problem, and that the cost of

robustness is often low.

Nilim and Ghaoui [26] address the problem of dynamically routing an aircraft
under uncertain weather using a Markov decision process. They model the affect
of weather to capacities as a stationary Markov chain and construct a Markov
decision process to minimize expected delays. Also, Nilim and Ghaoui [27] pro-
posed a methodology, based on a robust dynamic programming algorithm. The
algorithm introduces a relationship between robustness of the solutions and the

transition matrix being stochastic.

Ichoua [28] recently provided an overview of a potential solution methodology
for the ATFM problem with stochastic capacities. The author considered the
stochastic version of Bertsimas, Lulli, and Odoni [14] ATFM model. A distributed
variant of the Sample Average Approximation (SAA) algorithm is described to

solve the problem.

Chang, Solak, Clarke and Johnson [29] proposed a two-stage stochastic pro-
gramming model considering capacity uncertainty induced by weather conditions
and provided a rolling horizon heuristic to solve three-stage extension. They con-
sider only one sector and model the demand-capacity imbalance of whole ATFM

network using that sector.

Corolli et al. [30] proposed a two-stage stochastic programming model and
progressive binary heuristic considering rerouting decisions. More in particular,
all the flights are classified in three possible groups according to the corresponding
level of decision-making flexibility. In the first group are flights whose decisions
are here-and-now, in the second group are flights whose decisions can be revised
and finally in the third group are flights scheduled late in the time horizon and
are included in the model to estimate the downstream effect of the here-and-now
decisions. This heuristic takes advantage of the key observation that the solution

of the deterministic equivalent problem with relaxed second-stage variables is
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binary for most instances.

Balakrishnan and Chandran [31] proposed a path-formulation for a stochastic
integer program of the multistage ATFM. To solve instances of the problem, they
developed a rounding heuristic combined to a column generation approach to
compute the linear relaxations that attain close to optimal solutions. Using the
proposed approach, they solved realistic instances of the US air traffic with 17,500

flights and scenario trees with up to 15 scenarios.

Chen, Chen and Sun [32] proposed a polynomial approximation algorithm
utilizing chance-constrained programming for controlling the probability of viola-
tion on stochastic capacity constraints. In particular, they considered probability
of deficient capacity for both airports and en-route sectors. Proposed solution
methodology is a bisection algorithm which is a variant of supporting hyperplane

method widely used to solve chance-constrained programs.

Solving stochastic optimization models were shown to be beneficial using Value
of Stochastic Solution (VSS) analyses. Chang, Solak, Clarke and Johnson [29]
demonstrated that VSS is between 6% and 30% increasing with the number of
flights. Corolli et al. [30] observed that VSS values change depending on times
of decisions. They argued that with more decisions made in first-stage of the

problem VSS increases valuing up to 14%.

In this study, both multistage and two-stage SATFM formulations considering
en-route sector and airport capacities is proposed. Unlike almost all the models in
SATFM domain, we define our decision variables similarly to Lulli and Odoni [13].
While defining the decision variables, we also consider possible routes and address
related capacity usage implicitly using a similar structure to Corolli et al. [30].
Our model differs from similar models in terms of definitions of decision variables.
We define them in a way that allows the model to select from predetermined routes
at the time of take-off. We also propose a solution methodology for two-stage
SATFM problem. Utilizing two-stage structure, we solve SATFM problem using
a modified version of Integer L-shaped method. In addition, we discuss practical

implications and computational properties of CVaR constraints on delays. To
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the best of our knowledge, constraints involving conditional value-at-risk (CVaR)

were never used in SATFM domain.
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Chapter 3

Mathematical Formulations

Consider an air traffic system, consisting of sectors and airports where sectors
are defined as usable enclosed spaces in the air, see Figure 3.1 for an illustration
of a small air traffic system on a map. Air traffic controllers are responsible for
controlling the traffic in each sector and can handle a limited number of flights
at each time period. Additionally, weather limits the ability to travel as airspace
elements are affected by changing conditions. Hence, due to safety and congestion

concerns, sectors are capacitated for each given time period.

When a flight descends (ascends) to arrive (depart) at (from) an airport, the
arrival (departure) airport must have adequate resources dedicated to handle
this operation. Similar to sectors, handling arrival and departure operations are
also subject to air traffic controller availability and weather condition variations.
Hence, we can model this limitation by specifying arrival /departure capacities for

every airport and for each time period.

Different weather conditions affect each airspace elements’ capacity depending
on the geographical location and time periods in which the weather condition is
active. For each time period, the system evolves according to realized capacities
and flight-related decisions. For a time period ¢, we decide if a flight f takes off
at that time period. If flight f takes off at time period ¢ using route r, then it

13



Figure 3.1: Illustration of an air traffic system on a map with 6 sectors and 2
airports (Routes from airport 1 to airport 2 are marked with green)

uses capacities of sectors included in route r. Route r determines which sectors

flight f will pass through at each time period after the take-off.

In Figure 3.2, we illustrate two different routes for two different flights. For
each flight, green arrows represent the first route available and red arrows rep-
resent the second route available. First flight is departing from airport 1 and
arriving at airport 3. For this flight, first route goes through the sectors 2, 3 and
5 after 1, 2 and 3 time periods after departure time, respectively. Then it arrives
at airport 3. If this flight takes off at time ¢ using the first route, it uses one
unit of capacity from capacities of sectors 2, 3 and 5 at times t + 1, ¢t + 2 and
t+3, respectively. It arrives (departs) at (from) airport 3 (airport 1) at time t 44
(t) and uses one unit of capacity from arrival (departure) capacity of airport 3
(airport 1) at time t+4 (t). Second flight is departing from airport 5 and arriving
at airport 6. For this flight, first route goes through the sector 13 one time period
after the departure time. Then it arrives at airport 6. If this flight takes off at
time ¢ using the first route, it uses one unit of capacity from capacity of sector
13 at time t + 1. It arrives (departs) at (from) airport 5 (airport 6) at time ¢ + 2
(t) and uses one unit of capacity from arrival (departure) capacity of airport 6
(airport 5) at time ¢ + 2 ().

14



Figure 3.2: Examples of routes on an air traffic network with 10 airports (red)
and 22 sectors (blue)
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The Stochastic Air Traffic Flow Management (SATFM) problem is stated as
follows. An airspace system formed by a set of airports and sectors, each subject
to some capacity for every time period t over a set of time periods T'is considered.
Decisions are made with flight schedules. The flights use the airspace in the
considered time horizon and are implicitly assigned with ground and airborne
delays. Moreover, the route to go from origin to destination for any flight is
selected according to the capacity constraints. Flight delays and routes are chosen
with the objective of minimizing the summation of the cost of the resulting total
delay and cost of traveling. The scope of the model is to model some of the
possible flight control decisions. In particular, it makes decisions concerned with
the entrance time of flights (departure time) into the air traffic system and their
route to follow in the system. In this work, we do not consider the possibility
of modifying the capacity of the air traffic system, i.e., the capacities of airports
and en-route sectors are exogenous parameters of the problem, the only decisions
available are those on the air traffic demand. In the planning phase of ATFM,
to modify the demand released into the system, available control options are

departure times or alternative routes to be assigned to flights.

Since capacities of different elements of airspace are not known with certainty
before allocating flights to capacities of different elements, decision making is done
as the uncertainty is resolved gradually. Hence, this problem can be modeled as
a stochastic optimization model. However in practice, decisions can be revised
anytime before the flight’s departure and in some cases even during the execution
of the flight. Therefore, the decision process is continuous rather than discrete.
Therefore, the use of stochastic programming either two-stage or multistage is an

approximation of the real decision process.

Structure of uncertainty is different in multistage and two-stage formulations
which means that the process of realizing uncertain parameters differ, see Figure
1.3. In a two-stage setup, uncertainty is observed only once. This can be inter-
preted as the realization of a weather forecast scenario. Flight decisions related to
first few time periods are considered as first stage decisions. So that, some flights
may take off before the realization of uncertainty. Then, a scenario is realized

and capacities of sectors and airports change accordingly. After the realization
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of capacities, second stage flight decisions are made depending on the scenario.

In a multistage setup, uncertainty is observed more than once. This can be
interpreted as consecutive realizations of weather scenarios. So that, first stage
flight decisions are made before the first realization. After the observation, flight
decisions until the second observation (second stage) are made depending on the
capacities realized. After the second observation, decisions until the next obser-
vation (third stage) are made depending on the whole history of observations,
and the decision and realization sequences follow similarly. Observations of un-
certainty are made at the beginning of some time periods, i.e. some time periods
can be identified as uncertainty resolution times. This implies that stages consist
of multiple time periods. Since flight decisions in previous time periods affect
the usage of capacities in future time periods, decisions of different stages are

connected in terms of capacity usage.

While both two-stage and multistage approaches have a variety of solution
methodologies, two-stage stochastic programming provides a modeling framework
which is computationally much more efficient. As the uncertainty structure gets
more complex, the computational effort to solve stochastic programs drastically
increases. Since both formulations are approximations to the real-life decision

process, we solve two-stage SATFM without loss of reality.

This chapter presents different formulations for SATFM problem including
multistage and two-stage formulations. Although we provide both multistage and
two-stage models, we present a solution methodology for solutions of two-stage
model only. In some extreme weather scenarios, resulting delays tend to distribute
unevenly among scenarios. To control delays against undesired distributions, we
also present an alternative two-stage risk-averse model to control distribution of

delays using CVaR constraints.
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3.1

Multistage Formulation

In this section, we provide a multistage SATFM model. We introduce the follow-

ing notation to formulate the SATFM with multiple stages.

Sets
F : set of flights
A : set of airlines
A, set of flights operated by airline i € A
T : set of time periods
S . set of enroute sectors
A : set of airports
C : set of pair of flights that are connected
R’ . set of feasible routes for flight f € F
T7 . feasible set of take-off times for flight f € Fie. TV :={tcT:t> o'}
2 : set of scenarios
Q' . set of scenarios that have the same history as scenario w € € up to period t € T

Parameters

elt . cost associated with route r € R if flight f € F takes off at time t € T

tfk - flight time for flight f € F to reach its destination k € A along route r € R/

tf, . flight time for flight f € F to reach sector s € S along route r € R’
Aj . capacity of arrival airport k € A at time ¢ € T under scenario w €
Di  : capacity of departure airport k € A at time ¢ € T' under scenario w € €2
C!, : capacity of sector s € S at time ¢ € T under scenario w €

P, : probability of scenario w € €2

o’ : arrival airport of flight f € F

d’ : departure airport of flight f € F

0 : turnaround time
7/ . planned arrival time of flight f € F

18



o/ : scheduled departure time of flight f € F

M : maximum delay allowed for total airline delay

Note that, routes are defined as tuples of sector time pairs which indicate the
time needs to be flown by the aircraft using the route to reach the corresponding
sector. Formally, in (sg,t;), where s is the k' sector flown along the route and
tr is the time of entering sp. Two examples of routes can be given based on the

system illustrated with Figure 3.1,

r1=[(5,4),(3,5), (1,7)],r2 = [(5,1),(4,4),(6,7),(2,9), (1, 10)].

If the aircraft uses the route r; given above and takes off at time 0, the aircraft
will be at sector 5 at time 4, then it will be at sector 3 at time 5 and then it will
be at sector 1 at time 7. If it uses the route r5 given above and takes off at time
0, the aircraft will be at sector 5 at time 1, then it will be at sector 4 at time 4,
then it will be at sector 6 at time 7, then it will be at sector 2 at time 9 and then

it will be at sector 1 at time 10.

We use as criterion of performance the total amount of delays assigned for
an airline which also includes reactionary delays. Reactionary delays are delays
that are caused by the late arrival of aircraft, crew, passengers or loads from a
previous journey. These delays usually spread over the air traffic network due
to the aircraft, crew and passengers connections. Set of pair of flights that are
connected by either aircraft, crew or passenger is denoted as C. Turnaround time
(0) is the time needed for an aircraft to be ready for another flight after arrival.
So that, if two flights are connected the subsequent flight cannot take off before
the preceding flight’s arrival.

Decision Variables

For f € F,t € T/,r € R,w € Q, we define the following:

0 1 if flight f takes off at time t using route r under scenario w

;ET'(/J =
0 otherwise
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Mathematical Program (MSATFM)

mianw (Z Z Z e{ftxjfw(t)> (3.1)

weN fEF reRf teTf

sty Y al(t) =1, VfeFwe (3.2)

reRf teTf

> al -t <AL, VEe AteT,weQ (3.3)
feEF:af=kreRSf

Z Zxrw kwa VkEA,tET,WGQ (34)
feF:df=kreRf
oY wl-t,)<cl, VseSteT,weQ (3.5)

feF reRf:ser

o> A+ > Dl <1 Y f)eCteTweq

rERS >4 tf 0 reRf’ T<t

(3.6)
NSNS+t -], <M VheAweQ (3.7)
feA, reRf teTf
ol (1) =a2! (1), VieFreR teT, weQuw e (3.8)
z! (1) € {0,1}, VfeFrceR teT, weQ (3.9)

In (MSATFEFM), objective function (3.1) minimizes expected total operation cost.
Constraint (3.2) enforces each flight to take off using exactly one route-time com-
bination in any scenario. Constraints (3.3) and (3.4) make sure the arrival and
departure capacities, respectively, of each airport are not exceeded in any sce-
nario. Constraint (3.5) makes sure that the capacity of sectors in the airspace is
not exceeded for all time periods in any scenario. Constraint (3.6) makes sure
that in any scenario and for any connected pair of flights, the latter flight does
not take off before the arrival of the preceding flight plus a turnaround time.
With constraint (3.6), one can effectively model the multiple usage of an aircraft
or a crew for different flights. Constraint (3.7) makes sure that the total delay
for an airline cannot exceed a given amount in any scenario. Constraint (3.8) is
nonanticipativity constraint which imposes that the revealed information cannot
be used in decision making before its time of reveal. Constraint (3.9) is domain

constraint.
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Figure 3.3: Example of a multistage scenario tree considering 8 time periods and

16 scenarios
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In Figure 3.3, we illustrate the structure of uncertainty in (MSATFM) on a
small example. In this example, we consider 16 scenarios where first stage is
up to t = 4 and other stages are in correspondence with time indices. So that,
uncertainty resolutions occur at t = 4,5,6,7. In Table 3.1, we identify some
aforementioned structures used for modeling nonanticipativity. For every time
period, identified parameters associate a set of scenarios with each scenario and

uniquely identify the common history structure implied by the scenario tree.

Parameter Value

921 {wa, w3, Wy, ws, we, wr, we }
le {w2, w3, wa}

ng {w13, Wis, w16}

QZJM {wis}

Table 3.1: Values of some parameters for the example scenario tree in Figure 3.3

3.2 Two-stage Formulations

In this section, we present the formulation of two-stage Stochastic Air Traffic Flow
Management Problem and provide a CVaR-constrained version of the problem.

We also discuss practical interpretations of CVaR constraints on airline delays.

3.2.1 Two-stage ATFM

In a multi-stage decision making environment, uncertainty is gradually resolved
as stages proceed. In a two-stage decision making environment, some decisions
are made before the uncertainty is resolved and some decisions are made after.
The transition from multistage model to two-stage model can be interpreted
as relaxing a subset of nonanticipativity constraints (3.8), i.e. after the first

resolution of uncertainty we consider all the uncertainty is resolved.
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Since many of the conditions in the system are certain for closer times, model-
ing the capacities of first few time periods as deterministic is practically accurate.
This observation allows us to classify first few periods as first stage time periods.
Let t € T, we relax the following nonanticipativity constraints in (MSATFM) to

obtain a two-stage problem:
of )=zl ,),VfeFreR te{teT t>t}hweu e,

This implies that, for the first stage time periods, i.e. t <t and Vf € F,r € Rf,
the following is true:
zl(t) = ! (1), Vw € Q.

r

In Figure 3.4, we illustrate the transition from a multistage environment to
two-stage environment by relaxing nonanticipativity constraints. In the setting
of Figure 3.3, we relax nonanticipativity constraints after ¢ = 4 so that we create
copies of nodes in the scenario tree corresponding to each scenario w € €). In this
example, uncertainty is resolved only once after ¢t = 4 allowing us to model the
problem as a two-stage stochastic optimization problem. To construct a two-stage
model we define the following in addition to the notation in (MSATEFM):

Sets
T; : set of time periods in first stage
T, : set of time periods in second stage
Parameters
Al . capacity of arrival airport k € A at time t € T}
Dj. : capacity of departure airport k € A at time t € T}
C!: capacity of sector s € S at time t € T}
A capacity of arrival airport k € A at time ¢ € T, under scenario w €
Di  : capacity of departure airport k € A at time ¢ € Ty under scenario w € {2

. capacity of sector s € S at time t € T, under scenario w € )

We partition the set of time periods into two sets denoting first and second stage
time periods. Since for t € T capacites of airports and sectors are constant, we

define them independent of scenarios.
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Figure 3.4: Two-stage relaxation of the scenario tree example given in Figure 3.3
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We construct the model as follows:
Decision Variables
First Stage
For f € F,t € T'NT\,r € R, we define the following:

(1) 1 if flight f takes off at time ¢ using route r
xl(t) =
0 otherwise

Second Stage

For fe F,t e T/ NTy,r € RN ,w € Q, we define the following:

o (1) = 1 if flight f takes off at time ¢ using route r under scenario w
0 otherwise

Mathematical Program (2SATFM)

minzz Z e{txf(t)—l—pr ZZ Z eltat (1) (3.10)

fEF reRS teTINTy we fEF reRS teTINTy

Yo > alt-th) <A, VkeAteT (3.11)
feF:af=kreRS

Y > 2l(t)< D, VkeAteT (3.12)
feF:df=kreRrf
Y wl-t)<cl vseStemn (3.13)
feF reRf:ser
> W+ ) ) =1, VfeFuweQ (3.14)
reRf teTiNTy reRf teTINTy

! t
Z Z (3j rk {t tf €T} + :I:‘ (t - trk)l{t7t£k€T2}> Akw

feF:af=kreRf

Vke At e Th,w e ) (3.15)
Y > w2l ()< D, VkeAteThwe (3.16)

feF:df =k reRf

t
> ( T it eny T (t_tfs)l{t—tfsen}) Caw:

feF reRS:scr

VSES,tGTQ,wGQ (317)

Z Z <$7]“u (T)lrer + xz;(T)lreB)

reRF 7>¢— tf e

25



+3 Y (x{’(T)LGTI + x{;(f)hen) <LV, f)eCteT,we

reRf’ T<t

(3.18)

Z Z Z xZ(t) [t + tfaf - Tf} +

feA, reRS teTNTy
+N > A W[t+t, —r], <MVEeAweQ  (3.19)
feA, reRS teTINT,
ol (1) €e{0,1}, VfeFre R tcT/ NThweQ (3.20)
wf(t)€{0,1}, Vfe Fre R teT/nT} (3.21)

In (2SATFM), objective function (3.10) minimizes expected total operation cost.
Constraint (3.14) enforces each flight to take off using exactly one route-time
combination in any scenario. Constraints (3.11) and (3.12) make sure the arrival
and departure capacities, respectively, of each airport are not exceeded at first
stage. Constraints (3.15) and (3.16) make sure the arrival and departure capac-
ities, respectively, of each airport are not exceeded for any scenario at second
stage. Constraints (3.13) and (3.17) make sure that the capacity of sectors in
the airspace is not exceeded at both first and second stage periods for any sce-
nario. Constraint (3.18) implies that in any scenario and for any connected pair
of flights, the latter flight does not take off before the arrival of the preceding
flight plus a turnaround time. With constraint (3.18), one can effectively model
the multiple usage of an aircraft or a crew for different flights. Constraint (3.19)
denotes that the total delay for an airline cannot exceed a given amount in any
scenario. Constraints (3.21) and (3.20) are domain constraints for first and second

stage variables.

3.2.2 Conditional Value-at-Risk (CVaR) Constraints for
Delays

Total delay constraints for each airline (3.19) limit the delay by simply setting an
upper bound for every scenario. Although this approach provides a limitation on
delays, it fails to prevent delays from distributing unevenly among scenarios. Un-

der extreme weather conditions, resulting delays tend to cluster around M when
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maximum delay constraints are used. Using CVaR constraints allows control over

clustered delay points and provides evenly distributed airline delays.

CVaR is a risk measure which quantifies expected loss exceeding a quantile
value. For a random variable X representing loss, Conditional Value-at-Risk at

« 1s defined as follows:

CVaR,(X) = inf {77 +

neR

]E[(X_n)-‘r}}'

l—«

By replacing the constraints (3.19) with risk constraints on total airline delays, it
is possible to achieve less conservative solutions while controlling the delay levels.
To model risk-aversion, we use CVaR as a risk measure which is a coherent
measure of risk capturing various aspects of decision makers’ risk aversion [33],
[34].

To define CVaR constraints on airline delays for every airline £ € A, we

define the following random variable depending on first and second stage variables

(xqu(t))weﬂ,feF,reRf,teTl and (557];:(t))weﬂ,feF,reRf,teTz :

V)=, 3 > wl®+ )0 > Y wl®t+, -]
fEAL reRF teT NIy fEAL reRF teTINT

Using Y} : 2 — R, we introduce the following constraint for each airline k € A:
CVaR, (i) < 6. (3.22)

For random variables defined on a finite probability space, CVaR constraints can

be conveniently put in a linear form.

Theorem 3.2.1 (Linearization of CVaR). Let (2, F,P) be a finite probability
space and X : Q@ — R be a random variable on (Q, F,P). Then,

1
X) < — <
CVaR,(X) < f <:>n+1_a2pwww_ﬁ

we
w, > X(w) —n,Vw € Q
w,, > 0,YVw € Q

neR
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Proof. We refer to Rockafellar and Ursayev [33] for the proof of this theorem. [

To use the linear form of CVaR, we introduce the following decision variables
and use the notation from (2SATFM).

w” : auxillary variable for scenario w €  and airline k € A

n* . auxillary variable for airline k € A

Using Theorem 3.2.1 we can rewrite (3.22) as follows:

CVaR, (Vi) < 8 <1 +1—%pr <B

wizzz Z zl ()] t—l—tmf f]+

feA, reRS teT/ NIy

+> >, >, O+t -], —nf e

fEA, reRf teTINTy
wfj > 0,YVw € Q
n" € R
Extensive formulation of CVaR constrained two-stage stochastic air traffic flow

management problem is given by: (R2SATFM)

min(3.10)
5.t.(3.11) — (3.18), (3.20) — (3.21)
n* + ﬁ D powh < B, V€A (3.23)
we

‘IZZZZ Z t+tmf f]+

fEAL reRS teTNTy

+3 5N Wt -, i vweQke A (3.24)

fEAL rERF teT Ny
w® >0, Vwe ke A (3.25)
n" € R, Vk e A (3.26)
n (R2SATFM), maximum delay constraints given by (3.19) are replaced with
constraints (3.23)-(3.26) which are making sure that the Conditional Value-at-

Risk on total delay for an airline cannot exceed a given value 5. All other con-
straints are exactly the same with (2SATFM).
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Chapter 4

Solution Methodology

In practice, flight control actions are rather continuous than discrete, i.e. real-time
decisions can be made on flight take-off times and routes. However, uncertainty
structures in air traffic systems can be more efficiently utilized using discrete
settings, i.e. uncertain capacity observations can be efficiently approximated with
discrete values. Hence, multistage and two-stage models provided in Chapter 3,
are both approximations of real-life decision making process. Furthermore, since
these models practically used to assist the current decisions considering the future,
two-stage model provides a less restrictive structure on uncertainty compared to
the multistage model. Thereby, it can usually be more applicable in real-life
decision making for air traffic systems. In this chapter, we only focus on solution

methodologies for the two-stage model.

Two-stage stochastic programs are inherently difficult to solve since problem
sizes get exponentially larger with number of scenarios. Hence, methodological
studies about stochastic programming have inherited many algorithms from large-
scale optimization. Introducing binary and integer decision variables to stochastic
programming problems,; increases the computational difficulty. Integer program-
ming (IP) problems are already hard to solve and stochasticity amplitudes the

hardship by increasing the problem size.
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There are many algorithms designated for solving two-stage stochastic pro-
gramming problems based on the idea of Benders’ Decomposition [35]. The idea
to use this approach for two-stage stochastic linear programming problems by de-
composing the problem with respect to scenarios, so called L-shaped algorithm, is
proposed by Van Slyke and Wets [36]. L-shaped algorithm utilizes the structure
induced by scenario dependency of the problem and applies Benders’ Decompo-
sition by considering scenario dependent variables in different subproblems and
considering first stage variables in the master problem. Multi-cut L-shaped al-
gorithm by Birge and Louveaux [37] is a variant of L-shaped algorithm using
multiple optimality cuts in one major iteration, as opposed to a single optimality
cut in one iteration of L-shaped algorithm. Authors demonstrate that multi-cut

approach may lead to faster convergence to optimality in some cases.

For stochastic integer programs, the Integer L-shaped method proposed by
Laporte and Louveaux [6] introduces a novel branch and cut procedure for solv-
ing two-stage stochastic integer programs by introducing an additional class of

optimality cuts called Integer L-shaped cuts.

A significant portion of methodological studies in two-stage stochastic pro-
gramming literature focused on algorithms that can be considered as variants of
aforementioned methods. More recently, Angulo, Ahmed and Dey [7] proposed
an enhancement procedure for the Integer L-shaped method by proposing two
alternative cut adding procedures, which we describe in detail in Section 4.2 and
we refer to this algorithm as Improved Integer L-shaped. Crainic et al. [8] de-
scribed a Partial Benders’ Decomposition approach and proposed a methodology
to select existing scenarios or create artificial scenarios based on existing ones
to include in the master problem to reduce the number of necessary iterations.
To solve (2SATFM) problem defined in Section 4.4, we present a combination
of Improved Integer L-shaped and Partial Benders’. In particular, we utilize
an alternative cut generation method from Improved L-shaped and the scenario

selection method from Partial Benders’ to construct an efficient solution method-

ology for (2SATFM).

In this chapter, we first describe the L-shaped algorithm for linear two-stage
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stochastic programs to serve as a basis in Section 4.1. After building a basis,
we describe the Improved Integer L-shaped in detail in Section 4.2. After a de-
tailed description of Improved Integer L-shaped, we describe the scenario selection
method from Partial Benders’ to modify the Improved Integer L-shaped. We also
provide details of problem specific structures to use in algorithms for (2SATFM)
problem. Lastly, in Section 4.5, we present a novel approximation scheme for
(R2SATFM) problem using the combined methodology.

4.1 L-shaped Algorithm

In this section, we briefly describe the multi-cut L-shaped Algorithm proposed
by Birge and Louveaux [37]. Since this method serves as a building block for
subsequent methods provided, we use a common notation to describe all the

algorithms.

The multi-cut L-shaped Algorithm is designed to solve optimization problems

which have the following structure:

(2SLP) : min ¢’z + prew

we)
st.Ax < b

Q(r,w) < 0,,Yw € N
x>0

where Q(z,w) = min{q’y, s.t. Woy, = h, — Tuz,y, > 0}. Note that, ¢, h, T
are random parameters of appropriate size. In (2SLP), = denotes the first stage
decision vector and y,, is the second stage decision vector associated with scenario

w.

To solve (2SLP), one can solve the equivalent extensive formulation (EF) for

(2SLP), which is given as follows:

(EF) : min ¢’z + prqz;yw

we
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st.Ax <b
To,x+ Woy, = hy,,Vw € Q)
x>0, y,>0, Vwed
However, solving (EF) directly is computationally challenging even with state-
of-the-art solvers available. To overcome this challenge, multi-cut L-shaped Al-

gorithm takes advantage of the structure of (2SLP). Using the notation in (EF),

we define some associated structures for the multi-cut L-shaped Algorithm as

follows:
(MPypp) : min ¢’z + préw
wen
st.Ax < b
Dg;l‘ >dy,, m=1,...,p
Gr 240, > gnw ,w € Qn=1,..,1,
z>0
(SPpp(w,z)) : ming’y.,
st.T,x 4+ Wy, = hy
Yo =0
Step O: Initialize l=p=mn; =... =n)g =0

Step 1: Set [ = [ + 1 and solve Master Problem (M Ppp) to get solutions for !
and (6),ecq. Go to Step 2.

Step 2: Check feasibility for each subproblem (SPpp(w,z!)) with the first stage
solution z!, when an infeasible subproblem is found add a feasibility cut (set
p=p+1) and go back to Step 1. If there are no infeasible subproblems proceed
to Step 3.

Step 3: For every scenario, solve the subproblem associated and get the dual
solution 7’ . For every scenario, check if (h, —T,2')Tn! > ' then add optimality
cut (set n, = n,+1). Whenever (h, —T,z")Trl, < 6. for every scenario, conclude

the incumbent solution as optimal. If optimality is not concluded, go to Step 1.

As mentioned in description, multi-cut L-shaped algorithm uses two types of

cuts for iterative construction of the feasible region for (2SLP).
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Feasibility Cuts: Flow of these cuts are marked with red in Figure 4.1. In Step 2 of
the algorithm, infeasibility in a subproblem leads to a feasibility cut. Whenever a
subproblem is infeasible, its dual must be unbounded. Hence, we can find a ray in
the dual feasible region. To find this ray, let o be the dual solution corresponding

to the optimal basis of the following problem:

min el wt + efw™
st.Wy, +wh —w™ = h, — T,

Yo = 0,w" = 0,w" 2 0.
Then, feasibility cut for infeasible subproblem reads as follows:

D'z > d, where D =T o and d = hlo.

Optimality Cuts: Flow of these cuts are marked with green in Figure 4.1. For
a subproblem, if the current solution satisfies (h,, — T,z')Tnl, > 60l then the

optimality cut reads as follows:

G'z + 6, > g, where G =T 7! and g = hl7l.

In Figure 4.1, we illustrate the flow of information between problems used in
L-shaped algorithm. At every iteration, we solve MP and get a solution for first
stage variables. Then, this solution is sent to SPs and each SP is solved using
this solution. If there are any SPs that is infeasible with the current first stage
solution, a feasibility cut is sent to the MP and it is solved again. If all SPs are
feasible, then we check the feasibility of 6, for each scenario. If 4, is infeasible for
a scenario, then an optimality cut is sent to MP. Iterations continue until optimal

solutions for first and second stages are found.

4.2 Improved Integer L-Shaped

In this section, we present the Improved Integer L-shaped which is an algorithm

for solving two-stage stochastic integer programming problems with binary first
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min ' + ZweQ pwew
s.t. Ax <b
DIz >d,, , m =1, .., p(feasibility cuts)
GT v +0,> gn, , w€Qn=1,.. t,(optimality cuts)

T
nw

x>0
Master Problem (MP)

Q(z*,w) = min ¢ly,

s.t. Wy, = h, — T,x*

Yo >0

Figure 4.1: Tlustration of the multi-cut L-shaped algorithm [37]. Note that the
arrows represent the information flow between problems. Feasibility cuts are
marked with red and optimality cuts are marked with green.
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stage variables. This method can also be extended for mixed-integer first stage
variables, see [7] for details. In this section, both Integer L-shaped method and
Improved Integer L-shaped are described and differences are highlighted. Unlike
the original description of Improved Integer L-shaped, we provide the multi-cut

version of the algorithm.

To provide the algorithm statement and necessary methods for Improved In-
teger L-shaped, we use a similar notation for two-stage stochastic IP problems
from [7]. Assuming finite probability space, suppose that the original two-stage

stochastic integer programming problem is given by:

(2SIP) : min ¢’z + pré’w

we

Ax <b
Qr,w) < 0,,Vw € Q
x e {0,1}".

In (2SIP), Q(z,w) = min{qly, : Woyo = hw — Tx,y., € V}. Note that,
q, W, h, T are random parameters of appropriate size and ) is a mixed-integer
domain. In (2SIP), = denotes the first stage decision vector and y,, is the second
stage decision vector. In each iteration of Integer L-shaped, Q(x,w) is approx-
imated by generating cuts which are known to be underestimators of Q(z,w).
Improved Integer L-shaped proposes an alternative cut generation method for
this approximation procedure. Since Improved Integer L-shaped is based on the
Integer L-shaped method, we first describe the standard Integer L.-Shaped method
in Algorithm 1. First of all, we define the objects needed to state the algorithm

as follows:

Initialize the master problem (MP):

(MP) : min ¢’z + prew

we

Az <b
0, > L,Yw e Q
xz e {0,1}™
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In the initial (MP), we relax all the constraints of type Q(x,w) < 6, and introduce
an appropriate lower bound L for 6,. Note that, L can be calculated differently
for different types of problem. An example of trivial L, can be given as zero
for subproblems with positive cost coefficients. Observe that, this initial (MP)
corresponds to considering only first stage decision variables of the problem. In
the further steps of the algorithm, relaxed constraints are partially reconstructed

iteratively.

To use in intermediate steps of the algorithm, we define Q1 p(z,w) as the linear
programming relaxation of (x,w) defined above. For a given first stage solution
x* and a scenario w, we use the dual solution of Qpp(z*,w), m,, to generate

subgradient cuts of the following form:
G'x+0,> g, where G =T r, and g = hlm,. (4.1)

Given Q(z*,w), both Improved Integer L-shaped and standard Integer L-shaped

method have integer optimality cuts in the following form:

O, > Q" w) = L)( > wi— > x-S + Q" w) (4.2)
ieS(z*) i S(a*)

Note that, S(z) is the support of the vector z i.e. elements which are non-zero
are in S(z). Observe that, we provide the multi-cut version of integer optimality
cuts. Proof of validity for this class of cuts is the same as single-cut version, which
is provided in [6]. Also note that, we set Q(z*,w) to a sufficiently large number
when a subproblem is infeasible. Since constraints of type (4.2) only cut-off the
evaluated solution, computation times of standard Integer L-shaped can be very

high. Integer L-shaped method is described as follows:

Step 0: Initialize V =) and [ = 0.

Step 1: Solve LP relaxation of the problem with multi-cut L-shaped method.
Keep feasibility and optimality cuts.

Step 2: Make first stage variables binary in Master Problem (MP).

Step 3: Set [ = [+1. Solve Master Problem and get solutions for ! and (%),,cq.
Step 4: If first stage solution ! is visited before (z € V), then declare the current

solution as optimal and terminate. If ! is not visited before, solve all linear
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subproblems, Qpp(z!,w), and add associated subgradient cuts (4.1) to (MP).
Proceed to Step 5.

Step 5: Set V = V U {z!}. Solve all integer subproblems, Q(z!,w), if any of
them is infeasible then cut-off the current solution by adding (4.2) to (MP). If all
integer subproblems are feasible and if 8!, < Q(z!,w), add integer optimality cut
(4.2) to (MP). If there are any cuts added in this step, go back to Step 3. If no

cuts are added in this step, then declare 2! as optimal and terminate.

In Algorithm 1, we provide a pseudo-code for Integer L-shaped method. In
the pseudo-code, we use Standard Cut Generation function (Algorithm 2) which
includes steps 4 and 5. Note that, this function describes how optimality cuts
are added to (MP) and how optimality is concluded. Improved Integer L-shaped
modifies steps 4 and 5 to enhance this algorithm by providing an alternative for

this procedure.

Algorithm 1: Integer L-Shaped Method
Input : A b,Q,QLp
Output: optimal solution (m*, (Qw)weg) to (2SIP) and optimal value

1 Compute a lower bound L of Q(z,w)

2 Solve LP relaxation of (2SIP) with multi-cut L-shaped Method, see
Section 4.1 for details. Keep resulting feasibility and optimality cuts in
(MP)

Declare first stage variables as binary in (MP)

while Solved=false do

Set [ =1+1
Solve (MP) and get solutions (', (6},)ueq)

7 Set Solved = Standard Cut Generation((ml, (0)wen), Q. Qrp, V),

o kW

see Algorithm 2 for details.
8 end

9 return x* and optimal value

In Integer L-shaped method, V' is defined as the set of visited nodes, which
means that if z € V' then Q(z,w) is already known for every scenario and neces-

sary optimality cuts for x are already generated before.

As mentioned earlier, Algorithms 1 and 2 describe the necessary procedures

for standard Integer L-shaped method. Algorithm 4 describes the alternative cut
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Algorithm 2: Standard Cut Generation

[ R T e T e e e T S ™ S = S~
© © W N O O ks~ W NN+ O

IHPUt : (xla (eclu)weﬁ) ) Q? QLPa V
Output: true: if 2! is feasible, false: otherwise
if 2! € V then

© 00 N oo ok W N =

‘ return true
end
for w € 2 do
Compute Qpp(r!,w), i.e. solve linear subproblems
Add subgradient cut (4.1) to (MP)
end
V=V Uu{as}
for w € Q2 do
Compute Q(z!,w), i.e. solve integer subproblems
if 0! < Q(z!,w) then
Add integer optimality cut (4.2) to (MP)
Set cut_added = true
end
end
if cut_added=true then

‘ return false
else
‘ return true
end
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generation strategy proposed by Improved Integer L-shaped. For describing the
alternative strategy, we define Vpp as the set of first stage solutions for which
the Qrp is already calculated. The important idea of alternating cut strategies
is to use Qrp values to check the feasibility of a candidate first stage solution.
This alternative eliminates the necessity to compute ) for feasibility check at
each iteration. Improved Integer L-shaped can be explicitly described as follows:
Step 0: Initialize V =V;p =0 and [ = 0.

Step 1: Solve LP relaxation of the problem with multi-cut L-shaped method.
Keep feasibility and optimality cuts.

Step 2: Make first stage variables binary in Master Problem (MP).

Step 3: Set [ = [+1. Solve Master Problem and get solutions for z! and (!),cq-

l

Step 4: If integer recourse value for first stage solution z* is calculated before

(z' € V), then declare the current solution as optimal and terminate. If this is

lis calculated

not the case, check if linear recourse value for first stage solution z
before (2! € Vp). If it is calculated, then go to Step 5. If it is not calculated,
set Vip = Vip U {2'} and solve all linear subproblems, Qpp(z!,w), and if #,, <
Qrp(z!,w) then add associated subgradient cut (4.1) to (MP). If there are any
subgradient cuts are added, go back to Step 3.

Step 5: Set V = V U {z!}. Solve all integer subproblems, Q(z!,w), if any of
them is infeasible then cut-off the current solution by adding (4.2) to (MP). If all
integer subproblems are feasible and if !, < Q(2!,w), then add integer optimality
cut (4.2) to (MP). If any cuts added in this step, go back to Step 3. If no cuts

l

are added in this step, then declare x* as optimal and terminate.

Observe that, Improved Integer L-shaped utilizes the fact that linear recourse
value is always less than or equal to integer recourse value and eliminates the

need for solving integer subproblems at every iteration.

In Algorithm 3, we provide a pseudo-code for Improved Integer L-shaped.
In the pseudo-code, we use Alternating Cut Generation function (Algorithm 4)
which includes steps 4 and 5. Observe that, this modification provided by Algo-
rithm 4, distinguishes Improved Integer L-shaped from standard Integer L-shaped
method.
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Algorithm 3: Improved Integer L-Shaped Method

Input : A b,Q,QrLp
Output: optimal solution (:1:*, (Hw)weg) to (2SIP) and optimal value

1 Compute a lower bound L of Q(x,w)

2 Solve LP relaxation of (2SIP) with multi-cut L-shaped Method, see
Section 4.1 for details. Keep resulting feasibility and optimality cuts in
(MP)

3 Declare first stage variables as binary in (MP)

4 while Solved=false do

5 Set [ =1+1

6 Solve (MP) and get solutions (', (6.,)ueq)

7 Set Solved =

Alternating Cut Generation((a:l, (0))wen), Q. Qrp, V, VLP), see
Algorithm 4 for details.

8 end

9 return x* and optimal value
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Algorithm 4: Alternating Cut Generation

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

Input : (2!, (0))uen). @, QLp, V. Vip
Output: true: if 2! is feasible, false: otherwise
if 2! € V then
‘ return true
end
if 7' ¢ V. p then
Vip = VipU{a'}
for w € Q2 do

if Qi) < QLP<J]Z,CO) then
Add subgradient cut (4.1) to (MP)
Ip_cut_added = true

end

end

if Ip_cut_added = true then
‘ return false

end

end
V=V u{z}
for w € 2 do
Compute Q(z!,w), i.e. solve integer subproblems
if 6!, < Q(!,w) then
Add integer optimality cut (4.2) to (MP)
Set cut_added = true

end

end

if cut_added=true then
‘ return false

else

‘ return true

end
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4.3 Decomposition of 2SATFM

In this section, we construct the objects needed for solving (2SATFM) using Im-
proved Integer L-shaped. We explicitly define subproblems and initial Master
Problem for (2SATFM). While constructing these objects, we use the same no-
tation as Chapter 3. We use first stage time periods and associated variables
to construct the master problem. As for subproblems, we define an associated
subproblem for any scenario representing the recourse function at that specific

scenario.

Explicit Description of Subproblems: If first stage decision vector x is
given by {z/(t): f € F,r € R/t € T, NT'}, then Q(x,w) is defined as:

mlnzz Z eltzd ( (4.3)

feEF reRS teT/NT,

sty > wlM+Y Y al(t)=1 VfeF (4.4)

reRf teTfNTy reRrf teTfmT2

f
Z Z ( o {t tf emy +x{w(t_trk)1{t—t£keT2}> < A};wa

feEF:af=kreRSf

Vke At e Ty (4.5)
> D al ()< D, VkeAteT (4.6)

feF:df =k reRf

t
S S (=t geny L~ eny) S Ol

feF reRf:ser

Vse S,teT (4.7)

Z Z (le (T)lrer, + Iq}f;(T)lreTg)

S - tf 9

+3 3 (xZ’(T)LeTI + x{;(T)LeTZ) <LY(f fleCteT  (4.8)

reRf’ 7<t

> 2 X dlt+t, -,

feAL reRf teTfNT

+ 3> > AW+t 7], <M Vke A (4.9)

fEAk reRf teTINTy

zl (1) €{0,1}, Vfe F,re R teT/NnT, (4.10)

42



To obtain Qpp(z,w), use the linear relaxations of constraints defined by (4.10),
ie. xf () €]0,1].

Constructing the Master Problem: For first stage decision variables
{xl(t) : f € F;r € Rt € Ty N T/}, the Master Problem for (2SATFM) is
given by:

minY 0> > eflal(t)+ ) pub. (4.11)

fEF reRS teTINT wEN

Y Y e —th) <AL VEeAteT (4.12)
fEF:af=kreRf

> Y 2l(t)<Di, VkeAteT (4.13)
feF:df =k reRS
) #l-tl)<Cl VseSten (4.14)
feF reRS:ser
zf(t)e{0,1}, Vfe Fre R teT/NTy (4.15)

Observe that, flight connectivity (3.14) and maximum delay constraints (3.19) are
not present in the master problem explicitly. Since (3.14) and (3.19) cannot be
written without the second stage variables, they are removed while constructing
the master problem. Note that, even though (3.14) and (3.19) are removed from

master problem, we consider these constraints in their respective subproblems.

4.4 Partial Benders’ Approach

This section provides a description of Partial Benders’ approach proposed by
Crainic et al. [8]. We define scenario selection strategies and their correspondence

to (2SATFM) problem. Some necessary modifications for the master problem of
(2SATFM) are specified and explicitly described.

Scenario selection strategy in Partial Benders’ approach, proposes to include
a subset of subproblems to master problem. By including a subset of scenarios
to master problem, this method eliminates a significant portion of feasibility and

optimality cuts. However, including subproblems to master problem enlarges the
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master problem and each iteration becomes computationally more demanding.
Hence, effective selection of subproblems are essential for advantageous utilization
of this approach. To describe the algorithm and scenario selection strategies, we

define the following:

For scenario selection: We define the set of selected scenarios as Q C Q.
This set represents the scenarios to be included in the Master Problem. To
select scenarios and construct the set 2, we define the ”covering” relation using
associated subproblems. For two scenarios w and @, we say that w covers w if
the feasibility of the subproblem associated with w implies the feasibility of the

subproblem associated with @.

Modified version of the Master Problem for using Partial Ben-
ders’: Given a subset of scenarios, (2, to include in the Master Problem, we
define the initial master problem for Partial Benders’ as follows:

(M P,artiar) - min e+ Z Db

wef
Az <b
0y = ¢y Vw e Q
Woyw = hy — Tox,Yw € Q
Yo € V,Vw € Q
r e {0,1}".

Observe that, the resulting first stage solution must be feasible for every scenario
in . This observation and above definition of ”covering” relation, leads to the
main idea of the Partial Benders’ approach. Since this approach defines cover-
ing across scenarios using feasibility implications, the number of feasibility cuts

needed is expected to decrease drastically.

After defining the required concepts, we elaborate on a strategy for selecting
scenarios for Q. For selecting the scenarios to include in the set 2, we use the
covering formulation technique proposed in [8]. The main idea of this technique is
to "cover” a larger number of scenarios with smallest possible Q. To achieve this,

we formulate a simple optimization problem. We define the decision variables
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and parameters for this problem as follows: Sets:

C, : Set of scenarios ”covering” the scenario w

Parameters:

v : Cost associated to including a scenario to master problem

Decision Variables:

1 if w is covered
Yo =
0 otherwise

1 if w is included in MP
T, =
0 otherwise

(SSP) max Z Yo — Z i

weN we
s.t. Z T = Yo, Vw € £,
w'eCy,

Ty, Y. binary ,Vw € Q

Scenario selection problem (SSP) constructs the smallest possible by covering

largest possible number of scenarios in €2. Note that, v is positive.

In the case of (2SATFM) problem, there are fixed recourse and technology, i.e.
T and W matrices do not vary across scenarios. Hence, any subproblem can be

distinctly defined with h,, as follows:

Q(z,w) = min{q¢"y, s.t. Wy, = hy, — Tz,y, € V}.

Hence, definition of ”covering” reduces to w covers w' if h,, < h,. This implies
that C, requires trivial effort to calculate for (2SATFM) problem.

Combining Partial Benders’ approach with Improved Integer L-shaped, only
modifies the set of subproblems used in cut generation procedures. Which implies
that, each iteration requires the computation of less number of subproblems.
This modification also results in a less number of cuts. So that, growth of Master
Problem size is slower compared to both Improved Integer L-shaped and standard

Integer L-shaped method.
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The modified algorithm can be explicitly described as follows:

Step 0: Initialize V =Vrp =0 and [ = 0.

Step 1: Solve LP relaxation of the problem with L-shaped method by using the
master problem M P,,,1iq. Keep feasibility and optimality cuts.

Step 2: Make necessary variables binary in Master Problem (M P,qrtiar)-

Step 3: Set [ =1+ 1. Solve (M P,4ia) and get solutions for z! and (6',),cq.

l

Step 4: If integer recourse value for first stage solution z* is calculated before

(z! € V), then declare the current solution as optimal and terminate. If this is

lis calculated

not the case, check if linear recourse value for first stage solution z
before (2! € Vp). If it is calculated, then go to Step 5. If it is not calculated,
set Vip=VipU {xl} and solve linear subproblems associated to scenarios in the
set Q\Q, and if ¢\, < Qpp(z!,w) then add associated subgradient cut (4.1) to
(M Ppartiar)- If there are any subgradient cuts added, go back to Step 3.

Step 5: Set V = V U {z'}. Solve integer subproblems associated to scenarios
in the set Q\Q, if any of them is infeasible then cut-off the current solution by
adding (4.2) to (M P,utiar)- If considered integer subproblems are feasible and if
6!, < Q(z',w), then add integer optimality cut (4.2) to (M Ppariia). If there are
any cuts added in this step, go back to Step 3. If no cuts are added in this step,

then declare 2! as optimal and terminate.

Note that, the combination of Partial Benders’” approach with Improved Integer
L-shaped, includes changes in multi-cut L-shaped method in Step 1 as well. In
Algorithm 5, we provide a pseudo-code for the modified Improved Integer L-
shaped using the cut generation function described in Algorithm 6. Observe
that, Algorithms 5 and 6 are modified versions of Algorithms 3 and 4, using
Partial Benders’ approach.
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Algorithm 5: Improved Integer L-Shaped Method with Partial Benders’

Input : A b,Q,QrLp
Output: optimal solution (:1:*, (Hw)weg) to (2SIP) and optimal value

1 Compute a lower bound L of Q(x,w)

2 Solve LP relaxation of (2SIP) with multi-cut L-shaped Method by using
(M P,qrtia) as the master problem, see Section 4.1 for details. Keep
resulting feasibility and optimality cuts in (M Pparial)

3 Declare first stage variables as binary in (M P,artiar)

4 while Solved=false do

5 Set [l =1+1

6 Solve (M P,qriiar) and get solutions ($l, (QL)WEQ)

7 Set Solved =

Alternating Cut Generation 2((xl, (0,)wen), Q. Qrp, V, VLP) , see
Algorithm 4 for details.

8 end

9 return x* and optimal value
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Algorithm 6: Alternating Cut Generation 2 (with Partial Benders’)

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

Input : (ﬂfla (%)weﬁ% Q,Qrp,V,Vip
Output: true: if 2! is feasible, false: otherwise
if 2/ € V then
‘ return true
end
if 7' ¢ V. p then
Vip = Vip U {2'}
for w € Q\Q do
Compute Qpp(2',w), i.e. solve linear subproblems
if 6!, < Qrp(2',w) then
Add subgradient cut (4.1) to (MP)
Ip_cut_added = true

end

end

if Ip_cut_added = true then
‘ return false

end

end
V=V U}
for w € O\Q do
Compute Q(z!,w), i.e. solve integer subproblems
if 0 < Q(2',w) then
Add integer optimality cut (4.2) to (MP)
Set cut_added = true

end

end

if cut_added=true then
‘ return false

else

‘ return true

end
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4.5 Approximation for CVaR-constrained Prob-

lem

When we introduce CVaR, constraints in linear form to (2SATFM) problem, de-
composable structure of (2SATFM) is lost due to the constraint given by (3.23).
Since (3.23) contains decision variables from every scenario, we cannot use Im-
proved Integer L-shaped and Partial Benders’ methods to obtain an exact solution
to the CVaR-constrained problem. In this section, we propose an approximation
scheme for CVaR-constrained problem using Partial Benders’ approach and spe-
cific structures observed in (2SATFM).

Recall that, we define © to be the set of scenarios included in the master
problem for Partial Benders’ described in Section 4.4. We assume that for any
scenario w € €, there exists @ € Q such that @ ”covers” w. Which means that,

for any scenario w € €2, there exists a scenario w € Q such that hg < hyg,.

We adjust the probabilities of each @ € Q tracing to Q as follows:

= L P
ZWGQ Puw

Then we define a random variable on ) representing total delay for an airline

k € A as follows:

Xpw) =Y > alw[t+tl T 4> > > a7,

feA, reRS teT/NTy feA, reRS teTINTy
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Theorem 4.5.1. For w € Q\Q define,

U(w) = arg min {Xk(dj) : Xi(w) > Yk(w)}

weN

P:pr

we

Assume that, U(w) exists for each w € Q\Q and the following holds for every

Puw P

— > =

S Z 1 S
weQ\ Q¥ (0)=w

w e N:

Then,
CVaR,(Xy) > CVaR,(Yx)

Proof. We analyze systems of 1, (w,,)weq, corresponding to CVaR,(Xy) < 8
and CVaR,(Y;) < 8. Then, derive the conditions for CVaR,(X;) > CVaR,(Y%)
relation to hold. We first assume that there exists 7, (w,), cq, © satisfying the

following system:

1 _
U+m2pwww§5

we

Z Z Zm{(t)[t+tfaf —Tf]+—77§ww,‘v’w cQ

feA, reRS teT

0 < w,,Vw € Q

neR

For w € Q\§, we define the (W) pea\a as follows:

wy = (Ye(w) = 1)+

For w € Q\Q, defined (Wo)yea\q trivially satisfies the following:

Z Z fo(t)[tjttfaf —Tfh—ngww,VweQ\Q

feA, reRf teTf

0 <w,,Vw € Q\Q
Since we know that,

1 _
U+m2pwwu}§5

we

20



_ 1 _
P RN ww<P
Nt 1D puts < PP

1
we
1
For n + T—a prww < S to hold,
- wes
_ 1 _
(1= P+ — > pow, < (1-P)B
weN\Q
1 Pu
_w, < 8 —
o 2 o pue SO
weN\Q
We want the following to hold:
1 Pu 1 Po
1 o Fww<6_n:>1T 1_—ww§ﬁ_lr]
weQ we\Q
1 Pu 1 Po
w > T w
e P T 2 TPV
wed) weM\Q

For any & € Q\(, by definition of ¥(&), the following inequality is satisfied
Wy(z) = We-
So for any non-included scenario, we have an included scenario in Q. Then for

any scenario w € () included, we have the set of scenarios

Uw) = {0 e N\Q: T(Q) =w}

(Y o)z (X gopm)

weQ  weU(w) weQl  DeU(w)

For the desired condition to hold, we need the following:

sy (S B

weQ weQ)  e\Q:T (D) =w

By the condition of this theorem, the following is true.

Y X i7p)

weQ weQt  eO\Q:T (@) =w
S S S
<« P~ T~ 4 1—-P
we we) e\ (D)=w
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Condition of Theorem 4.5.1 implies that, if scenarios associated with smaller
valued delays cover a larger portion of the scenarios compared to larger valued
delays, then this approximation provides a valid upper bound for (R2SATFM)
problem. To get an approximate solution for CVaR-constrained problem using
Theorem 4.5.1, we include the following constraints to Partial Benders’ Master
Problem.

1
k 5 ok <
n +1_a2pwww_5,VkeA

wefl

wh > Z Z Z xfi[thtfaf—TfLr,‘v’wEQ,‘v’k:GA

fEA, reRf ieN:€P(w)
wk > 0,Ywe O, Vke A
" eR, Vk e A

When these constraints are included in the Master Problem, the optimal solution
obtained from the Algorithm 5 described in Section 4.4, is proved to provide a
feasible approximation for (R2SATFM) problem.
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Chapter 5

Realistic Data Generation

This chapter presents detailed descriptions of realistic data generation for
(2SATFM) problem and illustrations of generated data. We describe the gen-
eration procedure for each parameter of the problem in an orderly manner. In
particular, since we generate some of the parameters using other parameters,
we describe the procedures in a specific order. In Section 5.1, we elaborate on
the generation of different elements in the air traffic system. In Section 5.2, we

describe the construction of weather induced uncertainty for (2SATFM) problem.

5.1 Airspace Elements, Flights and Routes

Similar to most of transportation systems, air traffic systems are intrinsically
associated to an underlying graph structure. Although (2SATFM) model does
not explicitly require a graph, capacities of different airspace elements and routes

must be generated using a graph for accurate representations of real-life systems.

Since connections between neighboring airspace elements can be conveniently
modeled using a grid structure, we generate a two-dimensional grid graph, defined
by G = (V, E), consisting of |A| + |S]| vertices, where each vertex represents

an airspace element of consideration. After generating the underlying graph,
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we randomly label |A| vertices as airports then label the remaining vertices as
sectors. Since any route between two airports should contain at least one sector,
we manually remove edges between any two vertices labeled as airports. See

Figure 5.1 for illustrations of randomly generated air traffic networks.

Creation of flights are performed by randomly generating origin-destination
pairs in the form of (a1, as) € A X A : a; # ay. After creating the set of flights F,
we construct the set R/ by finding five shortest paths available for each f € F
using the underlying graph G. To construct the routes as sequences of sector-
time pairs defined in Chapter 3, we assume that each arc takes one time period

to travel.

5.2 Stochastic Capacities

While generating stochastic capacities for different airspace elements, correspon-
dence with observed data is essential. According to EUROCONTROL [38], non-
planned capacity reductions in European Air Traffic System are almost always
caused by weather conditions. To incorporate the weather condition causality
in the instances, we use the weather-induced uncertainty structure proposed by
Bertsimas and Gupta [25]. Authors use step functions to model time-indexed
capacity changes and propose a quantitative framework capturing geographical
and time-dependent structure of stochastic capacities of airspace elements. To
generate a weather-induced uncertainty structure on capacity levels of airspace

elements, we describe a similar procedure.

When there are no disruptions of weather events, airspace elements operate
under a constant planned capacity. This constant capacity is called nominal
capacity. In particular, consider an initial capacity vector C = (C,...,C) € R/l
where C' is the nominal capacity. To take weather into account, define W as the
set of possible weather events. A weather event ¢ € W is identified by a specific

origin node s; € V, a starting time 77 a duration 7; and a reduction factor

start»

a;. We assume that, a weather event ¢ € W only affects the neighboring nodes
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Figure 5.1: Examples of generated air traffic networks consisting of airports (red)
and en-route sectors (blue) where arcs represent if there is a connection between
elements
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of s;, therefore we identify the airports and sectors affected by the weather event
using the underlying graph G. If a € A (or s € 5) is affected by the weather
event ¢ € W, the capacity change of that element can be described as follows:

C  ift<T:

start

S t S Tsitart + E

C..,=2aC ifT

start

AT <t <|T|

c T

star

After defining preliminary structures, we provide a pseudo-code for weather

event generation in Algorithm 7.

Algorithm 7: Weather Event Generation
1 Input: G,W, A, S

2 Output: (ai)i€W7 (Tsim,«t)iew, (3i>ieW7 (Tz’)iEW
s forie W

4 Randomly select a node in V' and label it as s;

5 Label neighbor nodes of s; as affected

6 Construct A; (airports affected) and S; (sectors affected) from neigbors
7 Generate a; from Uniform(0,1)

8 Generate T?, . from discrete uniform over 2"? stage time periods

start

9 Generate T; from discrete uniform over 0 to |T'| — T%,,,

10 end for

Weather events construct capacity profiles for each airspace element using
aforementioned parameters while considering geographical factors and time-
dependency. See Figure 5.2 for illustrations of effects of different weather events
on different capacity profiles. In this figure, we illustrate examples of A'C, vec-
tors for an arbitrary sector s and a weather event i. We graph the effect of a

weather event on different sectors with respect to time.

Weather events are associated with scenarios by being randomly included in
weather event sets of scenarios. To consider weathers with scenarios, we define
S, € P(W) as the set of weather events associated with scenario w, i.e. for

each scenario we have a subset of |IW] different weather events. Also, for each
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Figure 5.2: Examples of capacity profiles under different weather events
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scenario, we combine the effects of the weather events in an additive manner,

i.e. we sum all reductions in an airspace element’s capacity profile over different

weather events.

Recall that, C? is the capacity of the sector s at the time ¢ under scenario w
and Al /D! represents the arrival/departure capacity of airport & at the time ¢
under scenario w. Let C'4/Cyg be the nominal capacity value for airports/sectors.
To calculate capacity profiles of different sectors under different scenarios, we first
calculate capacity decrease vector A'C, € RI7! for each weather event i € W and

for each airspace element e € AU S as follows.

For sector s € S, time t € T and weather event i € W,

ift <T¢

start

A 1—a;)Cs ifTY,, <t<T, ,+T; and s € S;

(
0
(
0 if T;tart S t S Tsitart + T; and s € S%
kO if T;'ta'rt + T’l <t S |T|

For airport a € A, time t € T and weather event 1 € W,

ift <T?

start

At 1—a)Ca fTE,,, <t<T,, +T; and a € A4

: 4
lf Tstar

)

0

(

0 if Tsitart S t S Tsitart + T; and a ¢ Az
L0 i+ T <t <|T|

Then for every airspace element e € AU S and every weather event ¢ € W,

we have the capacity change vector A'C, = (A'C!),cr € Rl Calculating
individual contributions of weather events to capacity profiles as vectors allows
us to represent scenario-dependent capacities in a compact sense. For w € € and

e € AU S, we represent the capacity profile C.(w) € RI”! of airspace element e

under scenario w as follows:

Co(w)=C— Z A'C,,  where C = (Cy,...,C4) or (Cs,...,Cs).

€8, |T'| time periods |T'| time periods
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See Figure 5.3 for illustrations of different capacity profiles under different
scenarios. In this figure, we illustrate arbitrary examples of Cs(w), i.e. for a

given scenario we graph the capacity with respect to time.
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Figure 5.3: Examples of capacity profiles of different sectors under different sce-
narios
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Chapter 6

Computational Experiments

In this chapter, we conduct computational experiments on different sizes of the
problem and demonstrate the performances of algorithms discussed in Chapter 4.
In all computational experiments, we use instances reflecting real-world properties

of the air traffic system generated using techniques described in Chapter 5.

All computations are performed on a Windows PC with a 3.70 GHz Intel
Core 15 Processor having six physical and six virtual cores and 16GB of RAM.
We generate our data using Python 3.7 and use CPLEX 12.10 Python API for
solving subproblems and master problems inside the algorithms. Also note that,

all solution times are reported in terms of wall-clock times.

6.1 Description of Instances

Throughout this chapter, we use the following notation to identify generated

instances used, to analyze computational aspects of this problem:

Notation

F: number of flights
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: number of time periods

: number of enroute sectors

= N

: number of airports
r : cost of unit travel
d : cost of unit delay
VSS : Value of Stochastic Solution (as percentage)
C4 : nominal capacity for airports
Cs : nominal capacity for sectors
IC| : number of pair of flights that are connected
M : maximum delay allowed for total airline delay
cr: maximum ratio of decrease in capacity for a weather event (between 0 and 1)
NW : number of weather events
Q| : number of scenarios included in master problem
~ : input parameter for scenario selection
F'S : number of time periods in first stage

Cov : total number of scenarios covered by scenarios in {2

We name instances of air traffic systems after the parameters that we use while

generating them, as follows:

Instance Name : F' T _|Q] S _A_FS _cr _NW

6.2 Value of Stochastic Solution (VSS)

In this section, we demonstrate the advantages of using a stochastic environ-
ment instead of a deterministic one. While analyzing the behavior of VSS for
the two-stage problem, we vary relevant parameters which may affect the vari-
ation of decisions across scenarios. We use smaller instances, 100-200 flights
and 16 scenarios, to present the relationship between VSS and different param-

eters. Generated parameters are adjusted for the scalability of smaller instances
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to achieve realistic systems. For each parameter of the environment, we generate

multiple problem data and analyze the general behavior.

We observe in Figure 6.1 that, as delay cost to route cost ratio increases, VSS
increases. This result is expected since stochastic capacities invoke the possibility
for more delays, and costlier delays are avoided when the stochastic problem is
solved. Additionally, when delays become more and more costly, the value of

avoiding them tends to be higher.

In some cases, even with similar flight control decisions, changes in delay costs
can lead to changes in VSS. Since higher delay costs lead to higher second stage
costs, even minor changes in flight control decisions may affect second stage costs

significantly.

In Figure 6.2, we analyze the effect of different 5 ratio values on VSS with
more capacity limitations in the generated air traffic system. We observe that
the behavior of VSS is very similar to larger capacity systems demonstrated
in Figure 6.1. Therefore, we observe that having smaller capacities does not
noticeably affect changes in VSS for these instances. However, when capacity is

decreased more, VSS cannot be calculated due to infeasible subproblems.

We generate a;’s of weather events using Uniform(0,1 — c_r), and c_r repre-
sents the maximum level that capacity levels can be affected by a weather event.
We also analyze the change of VSS with respect to the maximum level that a

weather event can affect capacity levels.

In Figure 6.3, we compare cr and VSS and observe that, VSS is not signif-
icantly affected by c_r. This result is expected since capacities are generated
more than adequate. In this setting, smaller c_r values lead to greater variation
among scenarios, and this leads to infeasibilities in subproblems when the Ex-
pected Value Problem’s first stage solution is used. Infeasibilites in subproblems
correspond to flight cancellations and very large delay values in the air traffic
system. As expected, these situations are very undesirable in real-life systems.

Hence, solving stochastic model also has the advantage of providing the ability to
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Figure 6.1: VSS for different values of route cost (r) to delay cost (d) ratio (more
capacity). (a) 100 flights, (b) 200 flights
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avoid such situations. Details for VSS computations can be found in Appendix
Al

6.3 Performance Comparison of Modified Par-
tial Benders’ and Improved Integer L-

shaped

In this section, we compare performances of methodologies described in Sections
4.2 and 4.4 in terms of solution times and number of cuts added. We also discuss

the implications of different parameters values on algorithm performances.

We report computational performances for different settings characterized by
variation of connectivity level % and unit delay cost. In the analysis, we re-
fer Improved Integer L-shaped method as ILS and its combination with Partial
Benders’ as PBD.

In Table 6.1, we analyze different instances generated using I—g' = 10% and
d = 0.25. In this setting, we observe that as the number of flights gets larger,
solution times of PBD (Partial Benders’) outperform CPLEX without exception.
In Figure 6.4, we illustrate computational advantages of using decomposition
methods in larger problems since both ILS and PBD perform much better than
CPLEX after 800 flights. Also, as expected with d = 0.25, VSS’s are observed
to be low when they are computable. When delay costs increase, VSS increases.

However, it does not affect computational performance.
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In Table 6.1, we mark some VSS values as NA, meaning that one or more sub-
problems are infeasible using the first stage solution obtained from the Expected
Value Problem. Practically, this would imply that there will be flight cancella-
tions in those scenarios. This is caused by deficient capacities observed in some
scenarios since NA values appear when |Q| is small and Cov is large. This implies
that there is a small number of scenarios having less capacity than many scenarios
in all airspace elements. Although these cases are computationally advantageous

for PBD, they are practically undesired in an air traffic system.

PBD also outperforms ILS in almost any case due to number of feasibility cuts
reducing drastically. This is an expected result since this method is constructed
specifically to achieve this property. In Figure 6.5, we analyze the percentage
reduction in the number of feasibility cuts (denoted by #F in Table 6.1) with
respect to number of scenarios covered by included scenarios (Cov). We observe
that, as the number of covered scenarios increase, all of the feasibility cuts used

in ILS are eliminated by Partial Benders’.

In Table 6.2, we analyze the computational performance with the number of
scenarios. In this setting, we use six time periods in the first stage of the problem.
As we increase the number of time periods in first stage, we observe that per-
formance of PBD moves similarly to CPLEX. This can be attributed to Master
Problem getting larger but not more informative as opposed to previous setting.
We observe that, as the number of scenarios gets larger, CPLEX’s performance
is relatively better compared to the previous setting. Even though number of
scenarios gets larger, the number of cuts generated by PBD does not move ac-
cordingly. This demonstrates that the cut reducing effect of PBD is not affected

from number of scenarios.
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Figure 6.6: Solution times of problems with different number of scenarios in the
setting of Table 6.2

In Figure 6.6, we observe that ILS is performing worse than CPLEX for any
number of scenarios. This is due to the excessive number of subproblem evalu-
ations. Also, since there are many subproblems, the master problem gets larger

more quickly.

6.4 Experiments on CVaR-constrained Problem

In this section, we perform experiments on the accuracy and computational per-
formance of the proposed solution methodology for the CVaR-constrained prob-
lem. We also analyze the change in the distribution of airline delays. As stated
in Theorem 4.5.1, the approximation method for CVaR-constrained problem is
a valid approximation, only when all the scenarios are covered, i.e., Cov = |Q].
This can be achieved by choosing v € (0,1) in the scenario selection problem.
However, constructing € with such ~ often results in computational difficulties
since Master Problem gets much larger. Hence, we provide analyses addressing
the issue both computationally and qualitatively. We elaborate on the trade-
off between solution quality and computational performance using medium-sized

instances, 500-600 flights, and 64 scenarios.
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6.4.1 Analyses on Delay Distributions

In this section, we compare delay distributions for each airline and varying pa-
rameters of the problem. For each instance, we analyze resulting delays when
different parameters are used. First, we analyze the case where selected scenarios
"cover” all the scenarios in (2. For illustrating the change in delay distributions,
we solve the following versions of the (2SATFM) and (R2SATFM) problems for

every instance generated:

(2SATFM) without any delay restrictions, i.e. relaxing the constraint
(3.19),

(2SATFM) with maximum delay restrictions where M = 15 and M = 10,

(R2SATFM) with following (e, ) values: (0.95,20), (0,95, 15),

e Approximation of (R2SATFM) with the method described in Section 4.5,

for previous («, ) values.

500 Flights and 64 Scenarios: We generate an instance consisting of
500 flights, 30 sectors and 15 airports, and the resulting air traffic network is
illustrated in Figure 6.7. We solve the aforementioned versions of (2SATFM)
and (R2SATFM) problems and illustrate distributions of airline delays for this

generated system.

P
o' o O .'"’"t
o;_-_.___'_____.... . —e O o e
. ' . . ..'
=

Figure 6.7: Air traffic network of generated instance
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In Figure 6.8, we illustrate the distributions of total delay for each airline using
histograms. In Figure 6.8c, histograms are provided when there is no restriction
on delays. As expected, delays corresponding to some airlines are much higher
compared to others. The underlying reason for this behavior may be that those
airlines operate flights that can be used as compensators. Some flights that have
more average scheduled departure times are more frequently operated by those
airlines. When we check scheduled departure times for each airline, we see that
the mean and standard deviation values of scheduled departure times for airlines
1,4, and 5 indicate less uncertainty. They have 3 ”"best” combinations of mean

and standard deviation values.

In Figures 6.8a and 6.8b, delay distributions of (2SATFM) problem with two
different maximum delay levels are provided. When the maximum allowed total
airline delay, M, is 10, we observe that for airlines 1,4, and 5, delays tend to
cluster around the maximum delay level allowed. Since constraint (3.19) controls
total airline delays by simply setting an upper bound, this is an expected result.

In Figure 6.8b, we can observe a similar but milder cluster pattern, when M = 15.

To avoid the cluster pattern as much as possible, we introduce CVaR con-
straints on total airline delays for each airline. In Figures 6.8d and 6.8e, we
provide histograms of resulting delay distributions when CVaR constraints are
used to control delays. In Figure 6.8d, we use a = 0.95, 5 = 20 for CVaR. Which
enforces that, the expectation of delays exceeding the 95% quantile cannot be
larger than 20. As expected, we observe that cluster patterns are avoided when
CVaR constraints are used. As observed in Figure 6.8e, the change in the behavior

of delay clusters are very similar when § = 15 is used.

In Figure 6.9, we illustrate resulting total airline delays using box and whisker
plots for different versions of (2SATFM) and (R2SATFM) problems. In addi-
tion to the observations from Figure 6.8, box and whiskers plots provide more

informative pictures regarding the deviation and skewness of delay distributions.
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Figure 6.8: Histograms of total airline delays for 500 flights
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Figure 6.9: Box and whisker plots of total airline delays for 500 flights

.

W Avine 1 [ Aiine 2

1
W Avine 1 [ Aitine 2 [ Airine 3 [ Airine 4 I Airine's [ Aiine &

(a) M =10 (b) M =15

5
20

5

m i i

5 ﬁ
o

1
W Avine 1 I Arine2 [ Airine 3 [ Airine 4 I Airine's I Aiine &

(c¢) No restriction on delays

.
-
.

(d) CVaR constraints o = 0.95, 8 = 20 (e) CVaR constraints o = 0.95, 8 = 15

When Figures 6.9a and 6.9b are compared to Figures 6.9d and 6.9e, we can
observe that CVaR constraints make delay distributions right skewed. Since max-

imum delay constraints result in clusters around boundaries, avoiding such cases
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implies a more right skewed distribution. We can also observe that, variances of

total airline delays get significantly smaller when CVaR constraints are used.

Note that, in Figures 6.8d, 6.8e, 6.9d and 6.9e, we use the exact solutions
to get resulting delays. That is, we solve the extensive formulation as given
in (R2SATFM). We also provide an analysis of total airline delay distributions,

when the approximation method in Section 4.5 is used.

e
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(a) CVaR with o = 0.95, 5 = 20 (Exact (b) CVaR with @ = 0.95,8 = 20 (Ap-

Solution) proximate Solution)

Figure 6.10: Comparison of Approximate and Exact CVaR solutions for 500
flights (8 = 20)

In Figure 6.10, we compare delay distributions resulting from exact and ap-
proximate solutions when § = 20. When the approximation method is used,
delay distributions tend to have more variance than delays from the exact solu-
tion. This is an expected result since included scenarios provide an upper bound
to non-included scenarios, and this upper bound is tight at the optimal solutions
of subproblems. Hence, some scenarios result in more delays compared to the ex-
act solution. This can also be interpreted as clusters of delays occurring around

included scenario delays instead of boundaries.
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Figure 6.11: Comparison of Approximate and Exact CVaR solutions for 500
flights (8 = 15)

In Figure 6.11, we observe a similar behavior. However, since [ is smaller,

some distributions change less significantly than the previous setting.

600 Flights and 64 Scenarios: We generate an instance consisting of
600 flights, 30 sectors, and 15 airports, and the resulting air traffic network is
illustrated in Figure 6.12. We solve the aforementioned versions of (2SATFM)
and (R2SATFM) problems and illustrate distributions of airline delays for this

generated system.

Figure 6.12: Air traffic network of generated instance
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Figure 6.13: Histograms of total airline delays for 600 flights
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In Figure 6.13, we illustrate the distributions of total delay for each airline
using histograms. In Figure 6.13c, histograms are provided when there is no re-
striction on delays. For this instance, there is no significant difference among total
delays of different airlines. Similar to the 500 flight case, introducing maximum
delay constraints cause delays to cluster around M values. This behavior can be
observed in Figures 6.13a and 6.13a. As opposed to the previous example, delays
resulting from maximum delay restrictions tend to cluster around non-boundary
points, especially when M = 15. Since similar clusters are also observed in no

restrictions case, this is expected when the value of M is larger.

In Figures 6.13d and 6.13e, we provide histograms of resulting delay distri-
butions when CVaR constraints are used to control delays. As intended with
CVaR, clusters around extremes tend to get smaller. However, when § = 20, we
observe that CVaR constraints are not tight enough to prevent inherent clusters,

i.e., clusters from no restriction case.

In Figure 6.14, we illustrate resulting total airline delays using box and whisker
plots for different versions of (2SATFM) and (R2SATFM) problems. In addition
to the observations from Figure 6.13, box and whiskers plots provide more infor-

mative pictures regarding the deviation and skewness of delay distributions.

Figures 6.14d and 6.14e present more right-skewed distributions of total airline
delays, similarly to 500 flight case. However, when § = 20, total delays resulting
from CVaR-constrained solution, fail to have smaller variances. This behavior
can be attributed to inherent clusters of delays, since it is observed only when
£ = 20.

Note that, in Figures 6.13d, 6.13e, 6.14d and 6.14e, we use the exact solutions
to get resulting delays. That is, we solve the extensive formulation as given
in (R2SATFM). We also provide an analysis of total airline delay distributions,

when the approximation method in Section 4.5 is used.
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Figure 6.14: Box and whisker plots of total airline delays for 600 flights
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In Figure 6.15, we compare delay distributions resulting from exact and ap-
proximate solutions when 5 = 20. When the approximation method is used, de-

lay distributions tend to have more variance than delays from the exact solution,
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similar to the 500 flights example. The underlying reason for this approximation

error is also due to delay clusters around included scenario delays.
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Figure 6.15: Comparison of Approximate and Exact CVaR solutions for 500
flights (8 = 20)

In Figure 6.16, we observe a similar behavior. However, since [ is smaller,

some distributions change less significantly than the previous setting.
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Figure 6.16: Comparison of Approximate and Exact CVaR solutions for 500
flights (8 = 15)
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Note that, the approximation method used in Figures 6.15b and 6.16b, requires
that, included scenarios must ”cover” the whole sample space. This property
enables us to control scenario delays for every scenario, using included delays.
However, covering the whole space requires a large set of included scenarios,
leading to more demanding computations. Hence, we use this example of 600

flights to demonstrate the effect of using a less than adequate number of scenarios.
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Figure 6.17: Comparison of Approximate CVaR solutions for 600 flights with full

and partial coverage of scenarios (8 = 15)
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Figure 6.18: Comparison of Approximate CVaR solutions for 600 flights with full

and partial coverage of scenarios (8 = 15)
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In Figure 6.17, one can observe that some scenarios that are not covered result
in delays similar to not restricted version of the problem. This causes the right
tails of delay distributions to get wider. However, as observed in Figure 6.18,

the first and second quartiles remain similar in both fully and partially covered

problems.
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Figure 6.19: Comparison of Approximate CVaR solutions for 600 flights with full
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Figure 6.20: Comparison of Approximate CVaR solutions for 600 flights with full

and partial coverage of scenarios (8 = 20)
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Similar behavior for approximation with partial coverage is also observed when

B = 20, see Figures 6.19 and 6.20.

Note that, in this example, we include 43 scenarios in € to cover the sample

space fully. However, for partially covering the sample space, we include only 4

scenarios to 2. Although partially covering the sample space leads to more error

in approximations, it is observed to be computationally much more advantageous,

see Table 6.3.

Problem Version

Solution Time

M =15 93.63
M =10 65.65
No restriction 72.71
CVaR Exact § = 20 268.83
CVaR Exact f =15 257.36
CVaR Apx. = 20 Full Coverage 100.41
CVaR Apx. = 15 Full Coverage 131.86
CVaR Apx. 8 = 20 Partial Coverage | 74.56
CVaR Apx. 8 = 15 Partial Coverage | 75.49

Table 6.3: Solution times for different delay configurations for 600 flights

Note that, to solve for M = 15, M = 10 and ”No restriction” versions of the
(2SATFM) problem, we use PBD with v = 2, corresponding to || = 4 for this

instance.
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Chapter 7

Conclusions and Future Work

In this thesis, we provide mathematical programming models for the SATFM
problem and propose different solution methodologies. We also provide a detailed
description for generating realistic SATFM data using the effects of weather con-
ditions. We focus on the version of SATFM problem where decisions can be
made on take-off times and routes. This allows the control of demand-capacity
imbalances in the air traffic network. As the underlying stochasticity is due to
the capacities of airspace elements, resolving demand-capacity imbalances in this

framework is crucial for practical purposes.

Proposed solution methodologies focus on two-stage stochastic programming
formulation of SATFM problem, i.e. (2SATFM). To solve this problem, we com-
bine two existing decomposition schemes: Improved Integer L-shaped and Partial
Benders’. We provide extensive computational experiments to demonstrate the
performance of the proposed method. We demonstrate that this method signifi-
cantly outperforms state-of-the-art solver CPLEX up to a large number of flights,
1500. Moreover, we discover that this method can solve (2SATFM) problem at
the point that CPLEX cannot, which is 1500 flights and 64 scenarios. Also,
the performance of this method gets significantly better than CPLEX when the

number of scenarios are increased up to 128.
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Additionally, we consider Conditional Value-at-Risk (CVaR) constraints on
total airline delays. To the best of our knowledge, CVaR constraints were never
used in the ATFM domain. We also provide a novel approximation scheme for
the CVaR-constrained version of (2SATFM) problem, i.e. (R2SATFM). Then,
we discuss observed changes in total airline delay distributions when CVaR con-
straints are used. We demonstrate that using CVaR constraints to control delays
leads to less restricted distributions of delays compared to using simple bounds

on delays.

As for future research directions, one can consider the following:

e Generalizing and improving the approximation scheme for a wider class of

problems,

e For (R2SATFM), modifying the approximation scheme by dynamically up-
dating upper bounds on delays, using the ”covering” relation defined across

scenarios,

e Solving the multistage version of the two-stage problem by combining the

proposed method and a rolling horizon heuristic.
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Appendix A

Details of Computational

Experiments

A.1 Details of VSS Computations
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r|d|Cs|Cs||C]|M|cr|VSS | Avg. VSS

35.99
29.5
117120 |15 |10 | 20| 0.7 |29.7 | 31.37
28.7
33.4

39.59
35.55
11620 [15 |10 |20 | 0.7 | 28.86 | 34.534
34.38
34.29

23.57
21.95
115120 |15 |10 |20 | 0.7 | 30.94 | 25.46
21.56
29.28

22.41
25.27
114120 |15 |10 |20 | 0.7 | 23.51 | 24.158
23.88
25.72

16.76
18.73
113120 |15 |10 |20 | 0.7 | 20.31 | 19.312
20.98
19.78

14.12
11.19
112120 |15 |10 | 20| 0.7 | 10.68 | 13.4
16.38
14.63

9.2
8.34
111120 |15 |10 | 20| 0.7 | 7.66 | 8.224
7.27
8.65

Table A.1: Value of Stochastic Solution for F=100 A= 15 S= 30 NW=40 T=16
C=10 M=20 each parameter is tested for 5 different data randomly generated
and high capacities are generated
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r|d|{Cs|Cs||C]|M|crx|VSS | Avg. VSS
25.85
28.9
116|108 [ 10|20 0.7]2845| 31.676
38.7
36.48
31.57
29.75
11510 8 |10 [ 20| 0.7 | 24.07 29.528
29.16
33.09
27.85
27.82
114]10 | 8 [10 |20 0.7]25.77 27.038
29.23
24.52
19.58
24.76
113110 8 |10 |20 ]0.7]| 24.45 21.422
15.95
22.37
18.03
15.68
11210 8 |10 |20 0.7 15.64 15.59
14.63
13.97
8.97
8.47
11110 8 |10 ]20]0.7|8.81 8.772
7.99
9.62

Table A.2: Value of Stochastic Solution for F=100 A= 15 S= 30 NW=40 T=16
C=10 M=20 each parameter is tested for 5 different data randomly generated
and medium capacities are generated
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r|d|{Cs|Cs||C]|M|crxr|VSS | Avg. VSS

22.47
118120 | 15|40 |20 |0.7| 2239 | 23.58333
25.89

17.8
17120 |15 |40 |20]0.7|24.52 | 21.11333
21.02

12.66
1161]20 |15 |40 |20 |0.7]2533 | 20.56667
23.71

16.41
115120 |15 |40 |20 0.7 1521 | 16.12333
16.75

11.94
114120 15|40 |20 ]0.7]16.43 | 14.52333
15.2

10.36
113]20 |15 |40 |20 ]0.7] 1283 | 11.30667
10.73

5.58
112120 |15 |40 |20 0.7 10.24 | 8.703333
10.29

4.55
111120 |15 |40 |20 0.7 |4.64 4.16
3.29

Table A.3: Value of Stochastic Solution for F=200 A= 15 S= 30 NW=40 T=16
C=10 M=20 each parameter is tested for 3 different data randomly generated
and high capacities are generated
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r|d|{Cs|Cs||C]|M|crxr|VSS | Avg. VSS

24.85
118 15| 10|40 | 20| 0.7 | 19.82 | 24.64667
29.27

22.9
1]7] 15 |10 |40 | 20| 0.7 |27.08 | 23.51667
20.57

15.81
11615 |10 |40 | 20 | 0.7 | 22.16 19.7
21.13

19.63
11515 |10 |40 |20 |0.7|19.94 18.83
16.92

12.57
114 15|10 |40 20 |0.7 | 11.92 12.41
12.74

13.5
113] 15|10 |40 |20 ]0.7]10.72 | 11.26667
9.58

8.09
11215 |10 |40 |20 |0.7 | 7.48 8.66
10.41

5.82
11115 |10 |40 |20 0.7 499 5.423333
5.46

Table A.4: Value of Stochastic Solution for F=200 A= 15 S= 30 NW=40 T=16
C=10 M=20 each parameter is tested for 3 different data randomly generated
and medium capacities are generated
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