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ABSTRACT

Studies on the Interplay between the Network Architecture and the

Dynamical Criticality of the Brain

Kamyar Mohammadzadeh Roudakian

Master of Science in Physics

9 May, 2024

The critical brain hypothesis is a theory in neuroscience that suggests that the

brain operates near a critical point between stability and instability where quanti-

ties like information flow diverge. In this thesis, we explore the brain’s functional

robustness and how its critical behavior relies on the structural components of its

network. We demonstrate that the critical behavior of the brain network is linked

to its Laplacian spectrum. Furthermore, we show that the brain’s architecture can

be reconstructed using Laplacian-based information maximization rewiring steps,

referred to as adaptive rewiring. Through adaptive rewirings, the brain network

undergoes an entropic phase transition, which allows it to maximize its functional

abilities. These findings suggest a profound connection between the brain’s struc-

tural determinants and its operational efficacy at the edge of criticality.”
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ÖZETÇE

Beynin Ağ Mimarisi ve Dinamik Kritikliği Arasındaki Etkileşim Üzerine

Çalışmalarşlığı

Kamyar Mohammadzadeh Roudakian

Fizik, Yüksek Lisans

9 Mayis 2024

K̈ritik beyin hipotezi, nörobilimde bir teoridir ve beynin kararlılık ve kararsızlık

arasındaki kritik noktada işlediğini öne sürer; burada bilgi akışı gibi miktarlar

ayrışır. Bu tezde, beynin işlevsel dayanıklılığını ve kritik davranışının ağının yapısal

bileşenlerine bağlı olduğunu araştırıyoruz. Beyin ağının kritik davranışının, Lapla-

cian spektrumuyla ilişkilendirildiğini gösteriyoruz. Dahası, beyin mimarisinin, Lapla-

cian temelli bilgiyi en fazla artıran yeniden bağlama adı verilen adaptif yeniden

bağlama adımları kullanılarak yeniden oluşturulabileceğini gösteriyoruz. Adaptif

yeniden bağlamalar aracılığıyla, beyin ağı entropik bir faz geçişine girer ve işlevsel

yeteneklerini maksimize etmesine izin verir. Bu bulgular, beynin yapısal belirleyici-

leri ile kritiklik kenarındaki işlevsel etkinliği arasında derin bir bağlantı önermektedir.
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Chapter 1

INTRODUCTION

The applications of statistical physics, which traditionally focused on the inan-

imate matter like gases, have significantly expanded over the past decades, ex-

tending far beyond the traditional domains [Castellano et al., 2007, Helbing et al.,

2007, Garcia-Algarra et al., 2013]. This growth is attributed to the realization that

the principles and methods of statistical physics have proven to be remarkably adapt-

able to a much broader range of systems, spanning from social contexts to biological

systems. Examples range from gene regulatory networks to stock market crashes,

which have effectively been described through the lens of statistical physics.[Nykter

et al., 2008, Diep and Desgranges, 2021] These systems, known as ”Complex sys-

tems” , are often composed of a large number of interconnected elements resulting

in high degrees of freedom, and their collective behavior gives rise to an emergent

complex phenomena. Emergence is the hallmark of complex systems, where higher-

level properties of the system such as phase transitions and criticality emerge from

the collective interactions of simpler elements. These emergent properties are not

predictable just from the understanding of the microscopic levels but arise from the

nature of being more in number; famously stated by Anderson in his seminal paper

[Anderson, 1972]:

”More is different.”

More Interestingly, the macroscopic behaviour of the emergent phenomena in vari-

ous systems often share common properties which able us categorize them in certain

universal classes. The macro-level observable are characterized by distinct features

including criticality and spontaneous order that set them apart from more simple

or linear systems. Criticality as one of the key signatures complex systems can be



Chapter 1: Introduction 2

manifested in two ways: first, when a system unexpectedly transitions from one

state to a very different state, at a point known as a ’Tipping/Critical Point,’ and

second, when a system experiences wild fluctuations and is highly sensitive to small

changes in behaviors, termed as a ’Continuous Critical Transition’. Moreover, criti-

cality in complex systems highlights how small events can trigger larger ones due to

subtle inter-dependencies between elements, resulting in stratified chaos and unpre-

dictable behaviors on different scales. Heterogeneity in complex systems’ structure

has been found to extend criticality, emphasizing that real-world complex systems

are not homogeneous, with different elements changing at varying rates, contributing

to robustness and adaptability, ultimately influencing the system’s critical dynam-

ics[Author, 2024a, Author, 2024b, Author, 2024c, Author, 2024d].

Figure 1.1: Complexity Science in one view. Picture from [lib, ]

The human brain is a quintessential example of a complex system, exhibiting

many of the key characteristics that define such systems. Understanding the brain

as a complex system offers valuable insights into its functioning and the nature of

its intelligence. Consciousness, memory, and cognition are not attributes of single
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neurons but emerge from the dynamical interplay of neural circuits, meaning that

individual processing systems at different functional scales are networked together

, generating rich patterns of synaptic responses[Kaur et al., 2021]. In addition

to emergence, the brain exhibits critical behaviour in its neurophysiological activity

patterns. Brain critical hypothesis implies that the brain operates at a point of tran-

sition between orderly silent phase and chaotic disordered phase[Hesse and Gross,

2014]. A state believed to optimize its computational efficiency and responsiveness

to environmental stimuli and enables the brain to balance stability and flexibility,

while maintaining overall coherence.[Beggs, 2008, Shew and Plenz, 2013] Although

the critical brain hypothesis had been proposed and explored theoretically in the

1990s mainly by Hertz and others [Herz and Hopfield, 1995, Stassinopoulos and

Bak, 1995], the 2003 paper by Beggs and Plenz provided the first convincing ex-

perimental evidence supporting the criticality idea in brain[Beggs and Plenz, 2003].

They observed cascades of synchronized bursting activity that spread across the

brain known as neuronal avalanches. Remarkably, they exhibit an inverse power-

law scale-free distribution both in the spatial and temporal domains and the ex-

ponents of these power-law relationships align well with the theoretical predictions

for a critical branching process. All of which posits that the collective dynamics of

large neuronal networks in the brain operate close to the critical point of a phase

transition[Beggs and Plenz, 2003, Shew et al., 2011, Cocchi et al., 2017].

Brain’s synaptic connectivity rules as a structural basis to distribute the neural activ-

ity across brain regions. A departure from the typical topological arrangement may

indicate a disruption or irregular operation of spatially dispersed brain regions that

typically form a comprehensive network. This phenomenon has been evidenced in

various neurological and psychiatric conditions such as schizophrenia[Moran et al.,

2019] and Alzheimer’s disease[Adriaanse et al., 2014]. Thus understanding brain

connectivity as the centerpiece of brain functioning is crucial question in network’s

neuroscience and has been the matter of thousands of research projects in a diverse

range of disciplines. Technological efforts in mapping brain connections has lead to

advancements in our understanding of structural connections of human brain to get

higher resolution of neural wiring of brain, called ”Connectome”[Sporns, 2012].
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In topological aspects connectome resembles a complex network by its high modu-

larity and small world characteristic. The nested hierarchical structure of the brain

supports the resilience and adaptability in different levels. This hierarchical orga-

nization not only contributes to the robustness and efficiency of the brain but also

facilitates the information flow through neuronal pathways which at the end results

in the emergence of complex cognitive functions.[Sporns, 2005]

The brain, as a real-world complex system, can indeed be effectively modeled

by considering three key components: the static network of neurons representing

structural order, the dynamic interactions within this network reflecting dynamical

order, and the isolated dynamical behavior of individuals. This modeling approach

allows for a comprehensive understanding of the brain’s functioning at different lev-

els of complexity. At the individual level, the brain exhibits isolated dynamical

behavior that contributes to the overall functioning of the system through the dy-

namical interaction they have. These interactions involve the exchange of electrical

and chemical signals between neurons, leading to patterns of activity that underlie

cognitive processes.

In this thesis, the focus is on the interplay between the structural order, pro-

vided by the static neural connections, and the dynamical order, which emerges

from the specific patterns of interaction facilitated by this structure. This inter-

play is crucial for understanding how the brain’s physical architecture supports and

shapes its dynamic processes, leading to its complex functionality. We investigate

how the functionality of the brain is intricately dependent on its network structure,

with properties like scale-free and small-world characteristics, modularity and the

pattern of information flow. The functionality of the brain can be understood in

various ways, reflecting the diverse and complex roles it plays in enabling and regu-

lating numerous aspects of cognitive behavior. From the perspective of a physicist,

especially one interested in complex systems, functionality of the brain might in-

deed be characterized in terms of its state of criticality. Studying the robustness

of the critical state against attacks to neuronal connections sheds light on the the

structure-function relation in brain.

In the course of this thesis, we will explore the question of the interplay between
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network architecture and dynamical criticality in the brain in the following way:

Chapter 2 provides a theoretical framework for studying the structural organi-

zation of brain networks. This chapter lays the groundwork for understanding how

the architecture of neural networks is influenced during rewiring processes.

Chapter 3 offers an overview of network neuroscience and the structure-function

question, presenting a comprehensive picture of the human brain connectome. It

examines the general measures and spectral properties of the human connectome,

as well as its functional properties.

Chapter 4 reviews the concept of criticality, phase transitions, and the brain crit-

icality hypothesis. This chapter includes a literature review on recent developments

in brain criticality and introduces the Greenberg-Hastings cellular automaton, which

serves as the main dynamical model for this thesis.

Chapter 5 investigates the uniqueness of the human brain’s structural organiza-

tion in the context of its criticality and information transfer. By perturbing the orig-

inal network, we search for specific structural characteristics that may be responsible

for the emergence of critical behavior. This chapter introduces a model for informa-

tion diffusion in the brain network and proposes an evolutionary adaptive process,

suggesting that the current human brain may result from this semi-Darwinian pro-

cess. It demonstrates that through specific edge rewiring, brain criticality can be

produced and maintained while preserving network structure.

Chapter 6 provides a comprehensive review of our findings and discusses poten-

tial future work.
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Chapter 2

LAYING THE FOUNDATION: PRELIMINARIES IN

GRAPH THEORY

Graph theory is the mathematical foundation on which the study of complex

networks is developed. Over time, an extensive body of literature has emerged on

complex networks, primarily originating from the physics community. The purpose

of this chapter is to provide preliminary notions of graph theory, providing essen-

tial knowledge to comprehend and analyze complex networks. In this introductory

chapter, the focus is on the undirected graphs as a special case of of directed graphs.

For a more complete introduction see e.g. [Barabási, 2016, Newman, 2010]

2.1 Graphs

Graph is a mathematical structure providing a basis to represent pairwise interac-

tion between objects; a network is a graph G(V,E) consists of a set of N vertices

(nodes) and a set of E of L edges (links) connecting through the adjacency rela-

tion. Two vertices v and u are adjacent if there exists an edge e ∈ E that connects

them. This is often denoted as (u, v) ∈ E or equivalently (v, u) ∈ E for undirected

graphs. A network is called simple if nodes do not have self-interactions. In terms of

graph representation, the adjacency relation can be expressed through an adjacency

matrix.

2.1.1 The Adjacency Matrix

The adjacency matrix is a square matrix that represents a given finite graph. The

elements of the matrix indicate whether pairs of vertices are adjacent or not in the

graph.

In the adjacency matrix A of a graph G, the entry A[i][j] is an attribute of the



Chapter 2: Laying the Foundation: Preliminaries in Graph Theory 7

Figure 2.1: Human Connectome

edge between vertices i and j, which usually shows the strength of the link of two

adjacent nodes, 1 in case of an unweighted, undirected graph. For an unweighted

graph without loops, the diagonal elements of the matrix are all zero.

Aij =











1 if i and j are connected,

0 otherwise.

(2.1)

The adjacency matrix is a powerful tool as it provides a compact representation of

the graph, facilitating the analysis of the graph’s properties.

2.1.2 Degrees

The degree of a vertex v in an undirected graph can be mathematically defined as

follows

deg(v) =
∑

u∈V

A[u][v].

Here, V is the set of all vertices in the graph, and A is the adjacency matrix of the

graph. Thus, the sum of the entries in any row or column of the adjacency matrix

gives the degree of the corresponding vertex. For weighted undirected networks this

can be a measure of total strength of interaction.
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2.1.3 Paths and Walks

A path is a sequence of connected non-repeated vertices. Mathematically, a path of

length n from vertex v0 to vn is a sequence P : (v0, v1, . . . , vn) such that (vi, vi+1) ∈ E

for 0 ≤ i < n, and all vi are distinct.

A walk, on the other hand, is a sequence of vertices and edges in a graph such

that each edge’s end vertices are the preceding and following vertices in the sequence.

Unlike a path, a walk can visit the same vertex multiple times.

In an undirected graph, a walk of length n from vertex v0 to vn is a sequence

W : (v0, e1, v1, e2, v2, . . . , en, vn) such that edge ei is incident with vertices vi−1 and

vi for 1 ≤ i ≤ n. The length of the walk is the number of edges it uses, which may

be less than the total number of vertices if some vertices are visited more than once.

2.2 Network measures

Network measures are quantitative measurements that are used to analyze and de-

scribe the structural properties and characteristics of complex networks, including

the brain. In this section we will introduce the most important and relevant met-

rics which will give insights into the organization and behavior of the human brain

networks.

2.2.1 Global Efficiency

The shortest path length Lij is defined as the distance between pairs i and j along

their shortest paths. The diameter of a network is the longest shortest path in the

network. It is a measure of the maximum eccentricity of any node in the network.

The average number of steps along the shortest paths for all possible pairs of network

nodes is called “Average Path Length”. Equivalently, the inverse of path length

Eij =
1

Lij

(2.2)

is known as “Global Efficiency”. The average efficiency of a network is defined as

Eave =
∑

i ̸=j

Eij, (2.3)
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which is in direct relationship with the efficiency of information or mass transport

on a network.

Figure 2.2: Shortest path

2.2.2 Connectivity

A graph is connected if we can find a path that span all vertices of the network, in

another words there are no separate clusters.

2.2.3 Betweenness

The betweenness centrality of a node in a network measures the extent to which

that node lies on the shortest paths between other pairs of nodes in the network. It

quantifies a node’s potential to control the flow of information or resources between

other nodes and can be defined as

CB(i) =
∑

s ̸=i ̸=t

σst(i)

σst

. (2.4)

It calculates the fraction of shortest paths between all pairs of nodes in the network

that pass through node i, and the sums these fractions for all pairs of nodes except

when i is the source or target node.

2.2.4 Clustering Coefficient

The clustering coefficient of a vertex quantifies how close its neighbors are to being

a clique (complete graph). It is a measure of local cohesiveness of a network that
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quantifies the degree to which nodes in a graph tend to cluster together. For a given

vertex, it is defined as follows. Let v be a given vertex, N(v) be the set of neighbors

of v, and E(v) be the set of edges between the vertices in N(v). The clustering

coefficient C(v) for a vertex v can be calculated using the formula

C(v) =
2|E(v)|

|N(v)|(|N(v)| − 1)
. (2.5)

The weighted clustering coefficient, Cw, takes into account the weights of the edges

forming these triplets and is defined as

Cw =
n
∑

i=1

cwi ,

where cwi measures the clustering coefficient for node i and is expressed as

cwi =
1

si(di − 1)

∑

j,h

wij + wih

2
αijαihαjh.

Here, si represents the strength, di is the degree of node i, wij is the weight of the

connection between nodes i and j, and αij is a binary index that equals 1 if wij > 0

and 0 otherwise. Equation (3) also applies to binary networks.

Figure 2.3: Human Connectome

2.2.5 Small-world Regime

A small-world network is type of graph in which most nodes are not directly con-

nected to each other, but the neighbors of any given node are likely to be neighbors

of each other and most nodes can be reached from every other by a small number
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of hops or steps. In essence, a small-world network is characterized by a small aver-

age shortest path length, and a large clustering coefficient. To quantify small work

regime of networks we take the normalized ratio of clustering coefficient to average

shortest path length L.

Figure 2.4: From Regular to Random: The transition from a regular ring network

to a small-world and finally to a random network is shown

Figure 2.5: From Regular to Random: The transition from a regular ring network

to a small-world and finally to a random network is shown.( Picture from []

2.2.6 Modularity

Modularity is a measure that quantifies the strength of division of a network into

modules, also known as communities. Networks with high modularity have dense

connections between the nodes within modules and sparse connections between

nodes in different modules. Modularity is often used in optimization methods for
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detecting community structure in networks.

Q =
1

2m

∑

ij

(

Aij −
kikj
2m

)

δ(ci, cj), (2.6)

where ki and kj are the degrees of node i and j, m is the number of edges in the

network, ci and cj are the communities of node i and j, and δ(ci, cj) is 1 if nodes i

and j are in the same community and 0 otherwise.

2.2.7 Assortativity

Assortativity in networks is a concept that refers to the tendency of nodes in a net-

work to connect with others that are similar in some way. This characteristic is often

seen in social networks where, for instance, individuals tend to form connections with

others of the same age, race, or education level. In the context of network theory,

assortativity usually refers to degree assortativity – a node’s tendency to connect

with others of similar degree.

A network is said to show assortative mixing if its nodes with high degree connect,

on average, to others with high degree. Conversely, if high-degree nodes tend to

connect to low-degree nodes, the network is said to show dis-assortative mixing.

is a number between -1 and 1 that measures the correlation between the degrees of

all pairs of nodes connected by an edge. A positive assortativity coefficient indicates

assortative mixing, while a negative coefficient indicates disassortative mixing.

The assortativity measure r can be calculated using the following formula

r =

∑

ij(Aij − sisj
2m

)didj
∑

ij

(

siδij − sisj
2m

)

didj
. (2.7)

2.2.8 Rich Club Coefficient

The Rich Club Coefficient of a graph is a measure of the tendency of high-degree

nodes to connect with each other more densely than would be expected in a random

network. In other words, it quantifies the extent to which well-connected nodes are

also well-connected among themselves, forming a ”rich club”.

Let Nk be the set of nodes in a graph that have a degree greater than k, and by

Ek the number of edges that connect nodes in Nk. The rich-club coefficient Φ(k) for
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(a) (b)

Figure 2.6: (a) assortative network, (b) disassortative network

degree k is defined as

Φ(k) =
2 · Ek

|Nk| · (|Nk| − 1)
.

Here, |Nk| is the number of nodes in Nk. This coefficient represents the ratio of the

number of edges Ek and the total number of possible edges between nodes in Nk.

2.3 Spectral Properties

In addition to real space characteristics which we discussed in the previous sections,

there exist another group of measures derived from the spectrum of matrices associ-

ated with networks. It has been shown that the spectrum have a close relation with

the many graph characteristics and can provide global measures for some network

properties.

2.3.1 Adjacency Based Measures

spectral radius

The largest or the principal eigenvalue 1 of the adjacency matrix is called the spectral

radius. The spectral radius of a network, often denoted as ρ(A), is an important

measure in graph theory. It is defined as the largest value of the eigenvalues of the
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adjacency matrix. Mathematically, if the eigenvalues of a matrix A are λ1, λ2, . . . , λn,

then the spectral radius ρ(A) is given by:

ρ(A) = max {|λ1| , |λ2| , . . . , |λn|}

The spectral radius is used to analyze the stability and dynamics of networks. In

epidemiology, for example, it can predict the spread of a virus within a network,

where a higher spectral radius might indicate a faster spread. REF [Wang et al.,

2003]

Spectral gap

The difference between the largest and the second largest eigen- values of the adja-

cency matrix, denoted as λ1 − λ2, is called the spectral gap.

Natural connectivity

Natural connectivity is a vital metric in network science, capturing the robustness

and structural integrity of a network. Unlike traditional measures it offers a more

nuanced understanding of a network’s resilience to perturbations. It is defined using

the eigenvalues of the adjacency matrix of the network, which inherently incorporates

both global and local structural properties.

Natural connectivity, denoted as λnat , is mathematically defined as:

λnat = ln

(

1

N

N
∑

i=1

eλi

)

where N is the size of the network, and λi are the eigenvalues of the adjacency matrix

A. This definition leverages the exponential of the eigenvalues, making it sensitive to

both the largest and the smallest eigenvalues, thus providing a more comprehensive

measure of network connectivity. It can be interpreted as the average eigenvalue of

the network’s adjacency matrix in an exponential scale. This interpretation links

it directly to the redundancy and fault tolerance of the network. A higher natural

connectivity indicates a network that is more robust to random failures, as it implies

a denser and more interconnected structure.
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2.3.2 Graph Laplacian

The graph Laplacian, denoted as L, is a matrix derived from the adjacency matrix,

A, of a graph. Mathematically, it is defined as:

L = D − A (2.8)

where D is the diagonal matrix of node degrees, and A is the adjacency matrix.

(a) (b)

Figure 2.7: Laplacian Spectrum

Algebraic connectivity

The second smallest, or the first non-zero, eigenvalue µ2 of the Laplacian is called

the algebraic connectivity. As the multiplicity of Laplacian eigenvalues equal to zero

is related to the number of connected components, algebraic connectivity is equal

to zero for disconnected graphs.

The figure 2.8 demonstrates several key properties of Laplacian spectra in neural

networks. Firstly, it shows that the first eigenvalues are indicative of community

structure within the network, with smaller first eigenvalues suggesting stronger com-

munity structures. Secondly, the figure illustrates how motif manipulations, such as

the addition or duplication of motifs, result in distinct eigenvalues within the spec-

trum. These manipulations, when applied recursively, can produce eigenvalues with

high multiplicities, leading to pronounced peaks in the Laplacian spectrum. Lastly,

the figure highlights that the largest eigenvalue reflects the level of bipartiteness in
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Figure 2.8: Topological properties of network as indicated by the Laplacian spec-

trum. From[de Lange et al., 2014]

the most bipartite subpart of the network, which is closely related to the presence

of odd cyclic motifs. This relationship underscores the intricate interplay between

network structure and the spectral properties of its Laplacian.
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Chapter 3

CONNECTOMICS;

The intricate biological and cognitive processes within the human brain arise

from the complex interplay of neural connections across various organizational levels.

Describing these interactions within network theory framework proves remarkably

fitting. Network neuroscience is a multidisciplinary field that integrates concepts

from network science and neuroscience to study the brain’s organization and function

at various scales. It aims to comprehend connectivity patterns in genes, neurons and

organisms, exploring how these patterns influence behavior.

Connectomics is a burgeoning field within network neuroscience that focuses on

mapping the intricate connections of the brain and nervous system to understand

how individual neurons are interconnected to form functional networks. It involves

analyzing, and mapping the brain’s neuro-physiological recordings using network

models that represent brain areas as nodes and connections between them as edges.

Utilizing tools from graph theory, algorithm development, statistical mechanics,

and systems engineering we are able to shed light on our understanding of complex

functions of brain.The scientific efforts to expand our knowledge of brain connectivity

and enhance technological advancements in this field involve collaborations between

various organizations and research infrastructures. Some examples of these research

infrastructures include the Brain Initiative [of Health, 2014] , the Human Brain

Project [Amunts et al., 2019] and the Human Connectome project [Van Essen et al.,

2012]. In this chapter we will have a review on the concepts of structural and

functional brain network, their difference and the relationship between them, then

we will study the network theoretical and spectral measures of human connectome

as a widely used structural brain network. At the end we will study the effect of

edge perturbations through weight preserving double edge swaps.
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3.1 Structural and functional networks

Structural and functional brain networks are two complementary aspects of how the

brain is organized and operates. Structural networks refer to the physical connec-

tions between different brain regions. These connections are formed by bundles of

nerve fibers known as axons, which transmit electrical impulses between neurons.

Structural networks provide the anatomical framework that underlies brain func-

tion.

The structural connectome is typically generated using diffusion-weighted magnetic

resonance imaging (DW-MRI) and tractography techniques. DW-MRI measures

the diffusion of water molecules in brain tissue, which provides information about

the orientation of the white matter fibers. Tractography algorithms then use this

information to estimate the paths of white matter tracts connecting different brain

regions. The structural connectome can be represented as a graph, where the brain

regions are nodes and the white matter tracts are edges. This graph representation

allows for the application of graph theory techniques to study the organization and

properties of the brain’s connectivity network.

An important example of structural brain networks is of C. elegans’ which is the

Figure 3.1: Structural networks extraction through DTI measurment. From[Lynn

and Bassett, 2019]

first and last fully mapped neuronal connectivity which is extracted by electron mi-

croscopy techniques. The C. elegans nervous system consists of 302 neurons, are

organized in a highly stereotypical and reproducible manner makes them an ideal
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model organism for studying fundamental principles of neural function and behavior.

Studying the structural brain network of C. elegans, uncovers fundamental principles

of neural development, function, and plasticity that are applicable to more complex

nervous systems, including those of humans.

Figure 3.2: C.Elegans Structural network From[Cook et al., 2019]

In contrast, functional brain networks capture the patterns of correlated activity

between brain regions, even in the absence of a direct structural connection. These

networks are typically derived from functional neuroimaging data, such as fMRI,

and reveal how different brain areas cooperate and communicate during rest or task

performance.

Functional MRI (fMRI) captures activity within specific regions of the cortical vol-

ume by measuring blood oxygen level-dependent (BOLD) signals, which are closely

linked to neuronal activity . When neuronal activity increases, there is a height-

ened demand for oxygen, prompting an increase in blood flow to areas of heightened

neural activity. Oxygen is transported to neurons by hemoglobin in capillary red

blood cells. Hemoglobin exhibits diamagnetic properties when oxygenated and para-

magnetic properties when deoxygenated. This variance in magnetic characteristics

results in subtle variations in the MR signal of blood based on oxygenation levels. As

blood oxygenation levels fluctuate in response to neural activity, these distinctions

can be utilized to detect brain activity.[Devlin et al., 2021, Bullmore and Sporns,
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2009] While structural and functional networks are related, there is not a one-to-one

Figure 3.3: Steps to obtain structural network through DTI measurment

From[Lynn and Bassett, 2019]

mapping between them. Structural connections provide the anatomical scaffolding

for functional interactions, but functional networks can also emerge through indirect

connections or synchronization of neural activity. Analyzing the coupling between

structural and functional networks can provide insights into the neuro-biological

basis of cognition and behavior.

3.2 Structure-Function Synergy

The brain’s structural architecture and their intricate connectivity patterns, forms

the substrate upon which dynamic functional processes unfold. The synergy be-

tween structure and function in brain networks is fundamental to understanding

how the brain processes information, adapts to changes, and maintains its robust

functionality.

Several important studies have provided substantial evidence on the relationship

between structural and functional connectivity in the brain. Honey et al. (2009)

demonstrated that structural connectivity could predict resting-state functional con-

nectivity with significant accuracy, using diffusion tensor imaging (DTI) and func-

tional MRI (fMRI). Their results indicated that the structural network’s central

hubs and modular organization are closely mirrored in the functional network, pro-

viding a foundational understanding of how anatomical connections influence brain

dynamics[Honey et al., 2009] . Similarly, Hagmann et al. (2008) identified the
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structural core of the human cerebral cortex and revealed that these core regions

exhibit high functional connectivity, underscoring the critical role of structural hubs

in coordinating large-scale brain activity [Hagmann et al., 2008].

Moreover, Goni et al. (2014) extended these findings by showing that analytic mea-

sures of structural network communication could predict resting-brain functional

connectivity. Their work highlights the utility of graph-theoretical approaches in

bridging the gap between structure and function, demonstrating that the efficiency

of information transfer within structural networks is a strong predictor of functional

interactions[Goni et al., 2014].

Studies combining both structural and functional networks in the same subjects

have revealed a direct association between structural and functional connectivity

in the human brain. Central hubs and clustered areas in structural networks are

reflected at the functional level, and structural weights are significantly correlated

with functional weights. However, even the best estimates place the correlation co-

efficient between structural and functional networks at around R2 ≈ 0.5, indicating

that considerable variance in brain functional behavior is unexplained by a direct

one-to-one correspondence with anatomical structure. A plausible explanation for

this discordance between structure and function in the brain is the emergence of

collective, higher-order interactions among neural elements that go beyond the geo-

metric and locally clustered dependencies of graph-modeled structures. Functional

interactions may result from indirect structural connections and are also driven by

common inputs from sensory organs and the entire organism. Thus, brain function-

ing appears to be an emergent property of the human brain, resulting from complex

interactions that cannot be fully captured by examining structural networks alone.

3.3 Human Brain Connectome

The connectome is a structural map of the physical connections within the brain,

often described as its ”wiring diagram.” It describes the patterns of white matter

tracts that connect different regions of the brain and provides insight into how

information is transmitted and processed in the brain.
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The structural connectome can be represented as a graph, where the brain regions

are nodes and the white matter tracts are edges. This graph representation allows for

the application of graph theory techniques to study the organization and properties

of the brain’s connectivity network. [?]

Figure 3.4: Human Connectome

Figure 3.5: Deriving structural brain networks from Diffusion MRI and Functional

brain networks from time series analysis

3.4 Connectome network architecture

In the analysis of the human brain’s connectome, the structural properties outlined

in the provided table offer significant insights into its complex network architecture.

The connectome comprises 998 nodes and 17,865 edges, representing the neurons

or brain regions and the synaptic connections between them, respectively. This
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structure, with a network density of 0.036, reveals a sparse but efficient connectiv-

ity pattern characteristic of complex neural networks. Such sparsity ensures that

the brain maintains a balance between metabolic cost and functional efficiency, es-

sential for its sophisticated operations. The diameter of the network, recorded at

6, along with the existence of 6 separate components—the largest encompassing

898 nodes—underscores a high level of integration within the primary component,

facilitating robust inter-regional communication across the brain’s vast landscape.

The table further highlights an average clustering coefficient of 0.47, indicative of

a moderate propensity for neurons or regions to form tightly-knit clusters. This clus-

tering is crucial for creating functional modules within the brain, enabling special-

ized processing within distinct regions while ensuring cohesive global functionality

through a short average shortest path length of 3.07. Such structural characteristics

underscore the brain’s ’small-world’ nature, optimizing the balance between local

specialization and global integration—a hallmark of neural efficiency. The degree

assortativity value of 0.29 points to a network tendency wherein nodes preferen-

tially attach to others with similar connectivity degrees, enhancing the network’s

resilience to disruptions. Additionally, the weighted mean degree and mean edge

weight detail the network’s connectivity strength, shedding light on the intricate

balance between structural robustness and the nuanced dynamics of neural signal

transmission. Collectively, these network properties not only reflect the underlying

architectural principles guiding the brain’s functional capabilities but also empha-

size the sophisticated balance the brain achieves between complexity and efficiency,

underscoring its remarkable capacity for processing and integrating information.

3.4.1 Degree distribution

The degree distribution P(k) is the probability of a node having k neighbors. The

analysis of degree distribution in the human connectome is a critical aspect of un-

derstanding the complex network of the brain. The degree distribution analysis

sheds light on how these connections are structured, revealing whether the brain

operates as a regular network with a uniform distribution of connections or follows
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Table 3.1: Connectome Network Properties Overview

Network Propperty Value

Nodes 998

Edges 17865

Network Density 0.036

Diameter 6

Number of components 6

Largest Component Size 898

Average Clustering Coefficient 0.47

Average shortest path length 3.07

Global Efficiency 898

Degree Assortativity 0.29

Weighted Mean degree 0.44

Mean Edge Weight 0.00022

a scale-free pattern, where most nodes have few connections while a few hubs have

many. This analysis is pivotal in identifying these hubs, which are integral for effi-

cient information processing and network resilience. Furthermore, deviations in the

typical degree distribution pattern can signal the presence of neurological disorders,

offering a pathway to understanding diseases like Alzheimer’s or Parkinson’s, where

such hubs may be impaired.[Naziroglu et al., 2015]

3.4.2 Edge weight distribution

Edge weight distribution analysis in the human connectome provides another layer

of understanding, focusing on the strength or capacity of connections between brain

regions. This aspect of network analysis is essential for deciphering the functional

dynamics of the brain, revealing the intensity of interaction between different re-

gions. It plays a crucial role in mapping functional connectivity, illustrating how

various brain areas co-activate or co-suppress in response to different cognitive tasks
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Figure 3.6: Degree Distribution

or environmental stimuli. Notably, changes in edge weight distributions can be

indicative of different mental states or cognitive processes. In the context of neu-

rological and psychological disorders, atypical patterns in edge weight distribution

could serve as biomarkers, aiding in the diagnosis and understanding of conditions

like schizophrenia or autism spectrum disorders.[Bullmore and Sporns, 2012, Fornito

et al., 2015, Ecker et al., 2015]

Figure 3.7: Brain Connectome’s Edge weights distribution follow a power-law regime

3.4.3 Spectral Properties

The spectral properties of the brain connectome reveal crucial insights into the struc-

tural and functional integrity of the neural network. By examining the eigenvalues
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weights distribution power-law fit with an exponent α = −2.314

of the adjacency and Laplacian matrices, we can infer significant characteristics

about the brain’s connectivity. The adjacency spectrum measures, including spec-

tral radius, spectral gap, and natural connectivity, offer a window into the network’s

stability, robustness, and overall cohesion. For instance, a spectral radius of 0.671

indicates moderate stability within the network, while a small spectral gap of 0.053

suggests a certain fragility and sensitivity to perturbations. The low natural connec-

tivity value of 0.01 further highlights the sparse and weakly connected components

within the brain, indicating potential vulnerabilities in maintaining cohesive func-

tional dynamics. These metrics collectively paint a picture of a network that, while

moderately stable, is delicately balanced and susceptible to disruptions.

On the other hand, the Laplacian spectrum measures provide a different per-

spective, focusing on the flow and distribution of signals across the network. The

extremely low algebraic connectivity of 0.0008 points to a nearly disconnected net-

work, suggesting that the brain’s ability to integrate information across different

regions may be compromised. This is corroborated by the high effective resistance of

10980, indicating significant challenges for efficient signal transmission and commu-

nication within the network. Moreover, the absence of spanning trees underscores
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the fragmented nature of the connectivity, highlighting the potential for isolated

clusters that hinder unified brain function. Together, these spectral properties un-

derscore the delicate balance of the brain’s structural connectivity, revealing both

its strengths and critical vulnerabilities in supporting complex neural processes.

Table 3.2: Adjacency Spectrum Measures Overview

Network Propperty Value

Spectral radius 0.671

Spectral gap 0.053

Natural Connectivity 0.01

Table 3.3: Laplacian Spectrum Measures Overview

Network Property Value

algebraic connectivity 0.0008

Effective Resistance 10980

spanning trees 0

3.5 Connectome Robustness Analysis

The robustness of networks refers to their ability to maintain functionality in the face

of errors, failures, or attacks. Robustness measures of interest is highly dependent

our definition of graph functioning and the way we perturb the original network.

Here we focus on edge rewiring attacks which one can pres

3.5.1 Degree preserving Edge Rewiring

Degree-preserving edge rewiring serves as a well-defined method in the study of

complex networks, allowing us to dissect the intricate relationships between net-

work topology and dynamic processes. This technique maintains the edge weights
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and degree distribution of nodes constant while altering the network’s topology, en-

abling the exploration of network properties such as clustering, path lengths, and

resilience without the confounding effects of changing degree sequences. This ap-

proach is invaluable for understanding how the arrangement of connections impacts

processes like diffusion, robustness to failures, and synchronization across various

networks, including brain systems. REF The basic procedure for degree-preserving

edge rewiring involves the following steps: say (X,Y) and (W,Z), where X, Y, W,

and Z are nodes in the network. These edges are chosen randomly, with the condi-

tion that they are distinct and do not share a vertex, to avoid self-loops and parallel

edges. We Rewire the edges by swapping their endpoints to create two new edges

(X,Z) and (Y,W), ensuring that these new edges do not already exist in the network

and Repeat the process a sufficient number of times to achieve the desired level of

mixing while constantly checking for and avoiding duplicate edges or self-loops. Al-

Figure 3.8: (a) The two degree-preserving double-edge swaps on a pair of edges (x,

y), (w, z) results in either (x, y), (w, z) → (x, z), (w, y) or (x, y), (w, z) → (x, w),

(y, z) as shown.

though the degree distribution remains unchanged, rewiring can significantly impact

other network properties, such as clustering coefficients, average path length, and

community structure.
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Figure 3.9: Connectivity network measures of brain connectome changes signifi-

cantly in presence of random degree preserving edge rewiring

3.5.2 Monte-Carlo Method for Property Preserved Edge Rewiring

In the study of complex networks, the ability to explore and understand the impact

of structural modifications is crucial. A Monte Carlo double-edge rewiring strat-

egy offers a systematic approach to investigate network dynamics while preserving

certain network measures. This method involves selectively rewiring edges in the

network based on specific criteria, ensuring that key structural properties remain

constant or are optimized. The essence of this approach is to balance the explo-

ration of the network’s configuration space with the preservation or enhancement of

its functional characteristics.
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To guide the decision-making process in this rewiring strategy, the Metropolis

condition can be effectively applied. This condition is based on evaluating the change

( ∆M ) in a relevant network measure resulting from a proposed rewiring operation.

If the change leads to an improvement or no impact on the targeted measure ( ∆M ≤
0 ), the rewiring is accepted. Conversely, if the change is detrimental (∆M > 0),

the rewiring can still be accepted, but with a probability P = exp(−∆M/T ), where

T is a temperature-like parameter that controls the acceptance rate of less favorable

changes. This probabilistic acceptance allows for a degree of exploration, enabling

the network to escape local optima and potentially discover more advantageous

configurations over time.

The implementation of this criterion requires generating a random number r

within the range [0, 1] and comparing it to P . If r < P , the rewiring is accepted;

otherwise, it is rejected. This process not only ensures that the network can evolve

towards optimizing specific measures but also introduces a controlled randomness

that reflects real-world network dynamics. By adjusting the temperature parameter

T , researchers can fine-tune the exploration-versus-optimization balance, facilitat-

ing a deeper understanding of how network structure influences its function and

robustness.

————————————————————————————–
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Chapter 4

FROM NEURONS TO NETWORKS: COMPLEXITY IN

THE BRAIN”

In this chapter, we bridge the gap between complex systems and neuroscience by

approaching the brain as a complex system using tools and concepts from systems

neuroscience. We examine the criticality hypothesis of the brain, which has strong

foundations in the field of complex systems. Empirical evidence supporting this

hypothesis will be highlighted, covering various aspects such as scaling properties

and the phenomenon of neural avalanches. Several significant models, including the

Ising Model, oscillatory models, and Integrate and Fire dynamics, will be introduced.

Each model offers unique insights into the critical nature of complex systems and

aids in understanding the underlying principles of such systems, including the human

brain. A brief overview of each model will be provided, followed by an exploration

of their potential connections. We then introduce the Greenberg-Hastings cellular

automaton, which serves as the main framework of this thesis. Its potential impact

on the structure-function relationship and the emergence of criticality in the human

brain will be discussed.

4.1 Brain as a complex system

The human brain, an organ of extraordinary complexity, serves as the epicenter of

thought, emotion, and behavior. It is often likened to a highly sophisticated com-

puter, but its complexity far exceeds any man-made machine. It consists of approxi-

mately 86 billion neurons, each intricately connected to thousands of others, forming

a complex network. This network is the foundation of all cognitive functions, from

basic sensory processing to higher-order capabilities like reasoning, creativity, and

consciousness.[Sporns, 2010] The brain’s complexity is marked by several key char-
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acteristics that distinguish it as a sophisticated system. One of these is non-linearity,

where small inputs can lead to disproportionately large outputs, exemplified by how

minor sensory inputs can trigger significant cognitive responses.[Steriade, 2001] This

non-linearity is closely related to the concept of emergence, where complex behav-

iors and cognitive functions arise from the interactions of simpler neural processes.

such as consciousness, memory, and decision-making, which are not confined to a

single area but result from the dynamic interplay of various neural circuits.[Tononi

and Edelman, 1998]

Understanding the brain as a complex system involves looking beyond the indi-

vidual functions of neurons and considering the collective behavior and interactions

of these elements. The emergent properties of the brain are key to this perspec-

tive. For instance, consciousness and self-awareness are not properties of individual

neurons but rather arise from the complex interactions and organization of neu-

ronal networks. The distinctiveness of the brain as a complex system lies not only

in its large number of components. Rather, it is characterized by its adaptability,

self-organization, and the criticality it exhibits. Self-organization is where patterns

of neural activity and connectivity emerge from local interactions among neurons

without a external controller, leading to organized behavior and cognition.[Kelso,

1995]

Adaptability and plasticity refers to the brain’s remarkable ability to rewire itself

in response to experiences and learning, a capability known as neuroplasticity. This

adaptability is crucial for recovery from injuries, the acquisition of new skills, and

adjustment to changing environments. [Pascual-Leone et al., 2005]These features

collectively contribute to its complexity and functionality, setting it apart from sim-

pler systems.

Each neuron, the fundamental working unit of the brain, operates through electrical

and chemical signals. These neurons communicate via synapses, where neurotrans-

mitters are released, allowing signals to pass from one neuron to another, creating

a highly interconnected web of neural pathways. The dynamical activity patterns

of neurons are indeed intricately linked with the dynamics of neural pathways, al-
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though they operate on different time scales.[Buzsáki, 2006]

Examining the physiology of node dynamics (neuronal activity) and link dynamics

(synaptic and network changes) in the brain is crucial for understanding how the

brain processes information, learns, and adapts.

4.2 Neuronal Activity (Node Dynamics)

The action potential is a critical mechanism through which neurons communicate,

characterized by rapid, transient changes in the neuron’s membrane potential. This

process is divided into three main phases: the quiescent phase, the excited phase

(comprising depolarization and repolarization), and the refractory phases (absolute

and relative). Each phase plays a specific role in the generation and propagation of

the action potential.[Kandel et al., 2013]

4.2.1 Quiescent Phase (Resting State)

In the quiescent phase, the neuron is at rest with a stable membrane potential,

typically around -70 mV. This resting membrane potential is maintained by the

sodium-potassium pump, which actively transports sodium ions (Na) out of the cell

and potassium ions (K) into the cell. This results in a negative charge inside the cell

relative to the outside. During this phase, the membrane is more permeable to K

ions than Na ions, and the voltage-gated sodium (Na) and potassium (K) channels

are closed, keeping the neuron in a state of readiness for activation.[Bear et al., 2020]

4.2.2 Excited Phase

The excited phase, where the action potential occurs, involves significant changes in

membrane potential and can be further divided into depolarization and repolariza-

tion sub-phases.

Depolarization:

A stimulus triggers depolarization, causing the membrane potential to become less
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negative and approach zero. If this depolarization reaches a threshold (around -55

mV), voltage-gated Na channels open, allowing Na ions to rush into the cell due to

the electrochemical gradient. This influx of Na causes the membrane potential to

rise sharply, often peaking around +30 mV. This rapid rise in membrane potential

constitutes the depolarization phase of the action potential.[Hodgkin and Huxley,

1952]

Repolarization:

Following the peak of depolarization, Na channels begin to inactivate, stopping

further Na influx. Simultaneously, voltage-gated K channels open, allowing K ions

to flow out of the cell. The efflux of K drives the membrane potential back toward

the resting potential, making it more negative again. This phase of returning to a

negative membrane potential is known as repolarization and is essential for resetting

the neuron’s membrane potential.[Hodgkin and Huxley, 1952]

4.2.3 Refractory Phase

The refractory periods ensure unidirectional propagation of the action potential and

allow the neuron time to recover before firing again.

During the absolute refractory period, the neuron cannot initiate another action

potential, regardless of the strength of the stimulus. This period overlaps with the

depolarization and part of the repolarization phases when the Na channels are in-

activated and incapable of reopening. Following the absolute refractory period, the

neuron enters the relative refractory period. During this phase, a stronger-than-

normal stimulus is required to elicit another action potential. This period coincides

with the latter part of repolarization and extends into the hyperpolarization phase,

where the membrane potential briefly becomes more negative than the resting po-

tential due to continued K efflux. [Johnston and Wu, 1995]
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Figure 4.1: Diagram showing the phases of an action potential in relation to the

membrane voltage over time. [From Wikipedia]

4.3 Synaptic and Network Changes (Link Dynamics)

The brain’s remarkable ability to adapt and reorganize its neural connections in

response to experiences and environmental changes is known as synaptic plastic-

ity. Synaptic plasticity involves changes in the strength or efficacy of synapses, the

connections between neurons, and is essential for learning, memory, and overall cog-

nitive function. Four key mechanisms of synaptic plasticity are Hebbian dynamics,

anti-Hebbian dynamics, spike timing-dependent plasticity (STDP), and homeostatic

plasticity.

4.3.1 Hebbian - Anti-Hebbian Dynamics

Hebbian dynamics is the principle famously summarized by Donald Hebb in 1949:

”Cells that fire together, wire together.” According to Hebb, the synaptic connection

between two neurons is strengthened when they are activated simultaneously.This
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strengthening, known as long-term potentiation (LTP), enhances signal transmission

between neurons, supporting learning and memory. LTP as a long-lasting increase in

synaptic strength occurs when a presynaptic neuron repeatedly stimulates a postsy-

naptic neuron. This repeated stimulation leads to a sustained enhancement of signal

transmission between the neurons, making the postsynaptic neuron more likely to

fire in response to future stimuli.[Malenka and Bear, 2004]

Contrasting Hebbian dynamics, anti-Hebbian dynamics operate on the principle that

”cells that fire apart, wire apart.” This means that the synaptic connection between

two neurons is weakened if one neuron is active while the other is not. This weak-

ening, known as long-term depression (LTD), reduces synaptic efficacy and helps

prune unnecessary connections, optimizing neural circuits.[Bear, 1995]

4.3.2 Homeostatic Plasticity

Homeostatic plasticity serves as a regulatory mechanism to maintain overall sta-

bility in the brain’s activity levels. Unlike Hebbian and anti-Hebbian plasticity,

which respond to specific patterns of activity, homeostatic plasticity adjusts the

strength of all synapses in a neuron to stabilize its overall excitability. This type of

plasticity ensures that neurons remain responsive to new inputs and prevents run-

away excitation or inhibition that could disrupt neural network function[Turrigiano,

2012]. Homeostatic plasticity employs some mechanisms that ensure neurons op-

erate within optimal ranges. Synaptic scaling adjusts the strength of all synapses

on a neuron up or down to stabilize its firing rate. If a neuron becomes too active,

synaptic scaling decreases the strength of its synapses, reducing excitability. Con-

versely, if a neuron becomes less active, synaptic scaling increases synaptic strength,

enhancing excitability. This dynamic adjustment helps maintain a balance in neural

activity, preventing runaway excitation or inhibition that could disrupt cognitive

functions[Turrigiano and Nelson, 2004]. Complementing synaptic scaling, homeo-

static intrinsic plasticity involves the regulation of voltage- and calcium-gated ion

channels to fine-tune neuron excitability. By modulating the gain and firing thresh-
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Figure 4.2: a)Basal state: Synapses use AMPARs(kind of acid receptors) to process

stimuli, leading to a defined firing rate. b) Hebbian plasticity (LTP): Increased

AMPAR insertion strengthens synapses, enhancing firing rate. c) Synaptic Scaling:

Reduced AMPAR levels adjust synaptic strength to maintain optimal firing.From

[Natascha Schaefer, 2017]

old of individual neurons, this process ensures that neurons can respond appropri-

ately to varying levels of input, maintaining their activity within an optimal range.

This intrinsic regulation is crucial for sustaining overall network stability and pre-

venting the neurons[Marder and Prinz, 2003].

4.4 Self-Organized Criticality and Emergence

Phase transitions and critical phenomena are central themes in statistical physics.

Materials, under varying conditions, undergo different phases. The universal nature

of different classes of critical phenomena—highlighted by the fact that critical be-
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haviors are largely independent of the microscopic features of a system—facilitates

the application of criticality concepts, such as scaling laws, critical exponents, and

percolation, beyond physical systems to include social and neural networks.

[Bak and Paczuski, 1995] Experimental evidence suggests that as systems approach

a critical point, they begin to exhibit collective behaviors not present in their in-

dividual components. These emergent behaviors, from the alignment of spins in a

ferromagnetic material to the cascading of neuronal avalanches, underscore the es-

tablishment of long-range spatio-temporal correlations among the system’s compo-

nents. Real-world examples of such emergence are plentiful, including the conscious

awareness that emerges from neural networks in the brain and the flocking behavior

observed in birds, demonstrating the broad applicability of criticality across differ-

ent domains.

In many cases, reaching a system’s critical point requires adjusting an external pa-

rameter, as exemplified by the Ising model, where temperature must be tuned to

observe a phase transition. However, many systems achieve criticality without any

external manipulation. The principle of self-organized criticality (SOC) is pivotal

in understanding this aspect, positing that complex systems inherently progress to-

ward a critical state without the necessity for external parameter adjustments. This

concept is illustrated by well known phenomena the avalanches observed in a sand-

pile model, where the system naturally evolves to a critical state. In such a state,

minor disturbances can trigger widespread, cascading effects. Self-organization de-

scribes the mechanism through which a system spontaneously increases its internal

complexity, absent of direction from external forces.[Neumann, 1966]

4.5 Brain Critical Hypothesis

Critical phenomena in physics refer to the behavior of systems at or near critical

points, where phase transitions occur, such as the transition in magnetic materials.

At these points, systems exhibit scale invariance, meaning their properties more or

less behave similar at all scales, and fluctuations occur over all possible sizes. Critical

phenomena are characterized by power-law distributions and diverging correlation
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lengths, highlighting the universal behavior across different physical systems[Stanley,

1971].

The hypothesis that the brain operates near a critical point originates from theo-

retical considerations and was further supported by early models of neural networks

that employed systems such as spin glasses and cellular automata. The resemblance

between the behaviors of these models and neural networks hinted at the potential

for phase transitions within neural systems. At the phase transition points, networks

display critical dynamics, balancing between chaotic and orderly states. Achieving

and maintaining this delicate equilibrium in complex systems typically requires pre-

cise tuning, casting doubt on the brain’s ability to naturally operate in such a state

due to the improbability of such fine-tuning and a lack of empirical evidence. This

skepticism persisted until the introduction of self-organized criticality (SOC) and

pivotal experiments by Beggs and Plenz, which shifted the perspective.[Beggs and

Plenz, 2003]

4.6 Some theoretical models of criticality

In this section, we will discuss three prominent theoretical models that elucidate the

concept of criticality in brain dynamics. First, we will explore the Integrate and Fire

model, which illustrates how neurons integrate signals and generate action poten-

tials. Next, we will delve into the Ising model, adapted from statistical mechanics

to study phase transitions and collective behavior in neural networks. Finally, we

will examine the Oscillatory Kumamoto model, focusing on the role of oscillatory

activity in maintaining critical states in the brain.

4.6.1 Integrate and Fire Model

he Integrate-and-Fire model offers a simplified framework for understanding neu-

ronal dynamics. This model conceptualizes the neuron as an electrical circuit, in-

tegrating incoming synaptic potentials until a threshold is reached, upon which an

action potential, or ”spike”, is generated, followed by a reset of the membrane poten-
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tial. The elegance of this model lies in its abstraction of complex neuronal processes

into a manageable mathematical formulation. Neuronal avalanches coming out of IF

model are characterized by spontaneous bursts of activity that follow a power-law

distribution, are indicative of critical dynamic in the brain.

[Gerstner et al., 2014] The mathematical formulation of the Integrate-and-Fire

model is described by the following differential equation:

dV

dt
=

Iinput − V
Rm

Cm

Here, dV
dt

represents the rate of change of the membrane potential V over time t,

Iinput is the input current, Rm denotes the membrane resistance, and Cm is the mem-

brane capacitance. When V reaches a predetermined threshold value, the neuron

fires an action potential, and V is subsequently reset to a baseline level, simulating

the refractory period of actual neurons.

4.6.2 Oscillatory Dynamics

The Kuramoto model, developed in the late 1970s by Yoshiki Kuramoto, is a concep-

tual framework used to describe synchronization phenomena in systems of coupled

oscillators. The model starts with a simple assumption: each oscillator in the sys-

tem is characterized by its phase, and it interacts with other oscillators through

a coupling that depends on the difference in their phases. By modeling neurons

as oscillators with varying natural frequencies that interact with each other, the

Kuramoto model captures the essence of neuronal synchronization, illustrating how

collective neural dynamics emerge from the interactions within the brain’s intricate

networks. [Kuramoto and Kuramoto, 1984]

dθi
dt

= ωi +
K

N

N
∑

j=1

sin (θj − θi) (4.1)

Where θi represents the phase of ith oscillator and ωiis its natural frequency, K is

the coupling strength between the oscillators, and the summation term accounts for

the sine of the phase differences, modeling the interaction between oscillators.

The Kuramoto model elegantly captures the transition from incoherence to syn-

chronization as the coupling strength increases. At low coupling strengths, oscilla-



Chapter 4: From Neurons to Networks: Complexity in the Brain” 41

Figure 4.3: Time-averaged value of the order parameter for the noisy Kuramoto

dynamics running upon the Human Connectome- Graph from [Villegas et al., 2014]

tors tend to oscillate independently according to their natural frequencies. As K

increases, a critical threshold is reached where a significant fraction of oscillators

starts to synchronize, exhibiting collective oscillations. (Figure 4.2 )

4.6.3 Ising Model

The Ising model is a fundamental model in statistical physics and critical phe-

nomena, introduced by Ernst Ising in 1925. It is originally conceived to describe

ferromagnetism, has found intriguing applicability in the realm of neuroscience, par-

ticularly in modeling the complex dynamics of the brain. By simplifying the brain’s

network of neurons into a system of binary units—akin to the spins in the Ising

model—this approach provides a powerful framework for exploring how individual

neuronal interactions contribute to the emergent properties of brain activity. Each

neuron is represented as being in one of two states, active or inactive, analogous

to the spin-up or spin-down states in the Ising model, with the synaptic strengths

between neurons mirroring the interaction terms between adjacent spins. This sim-

plification allows to use the model to investigate the collective behavior of neurons,

which explains how local synaptic interactions can give rise to global patterns of
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neural activity, much as spins contribute to magnetic phenomena in physics. The

Hamiltonian for the Ising model in the context of brain dynamics can be written as:

H = −
∑

⟨i,j⟩

Jijsisj −
∑

i

hisi, (4.2)

where si represents the spin at site i, J is the interaction strength between neigh-

boring spins comes from the adjacency matrix where, ⟨i, j⟩ indicates that the sum

is over nearest neighbors only, and hi is an external magnetic field applied to the

system. At low temperatures, spins tend to align due to the interaction term, lead-

ing to a ferromagnetic phase. As the temperature increases, thermal fluctuations

disrupt this alignment, leading to a paramagnetic phase. The transition between

these two phases, characterized by a critical temperature Tc, is a second-order phase

transition, which has been extensively studied in the context of the Ising model.

[Amit et al., 1985]

4.7 Experimental evidence supporting brain criticality

Eguiluz et al. utilized fMRI data to map connections between different brain regions

based on the strongest correlations observed through BOLD signals. Their findings

revealed characteristics indicative of small-world and scale-free networks: a scale-

independent distribution of connections and link probability relative to distance, a

small characteristic path length similar to that of an equivalent random network,

and a significantly higher clustering coefficient compared to equivalent random net-

works.[Tkačik et al., 2015]

Similarly, Fraiman’s investigations into the dynamics of brain fluctuations at

rest—without specific inputs or outputs—employed fMRI to compare correlation

networks to simulations of the 2D Ising model at varying temperatures. The statis-

tical properties at the critical temperature Tc made the two networks nearly indis-

tinguishable, supporting the theory of criticality in brain function.

This section will further explore brain dynamics through the analysis of nLFP

measurements by Beggs and Plenz. The observed avalanche shapes and branching
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parameters are in line with predictions by Zapperi, indicating that at a critical

branching probabilitypc, avalanches exhibit power-law behaviors. Such observations

are consistent with the phenomena of neuronal avalanches. The discussion will

extend to examining the distribution of avalanche sizes and lifetimes, as well as

the branching parameter, drawing on data from both nLFP and MEG studies, to

underscore the brain’s critical dynamics. [Chialvo, 2004, Levina et al., 2007, Zapperi

et al., 1995, Levina et al., 2007]

Figure 4.4: distribution of avalanches from nLFp experiments

4.7.1 Avalanche criticality

The cerebral cortex is predominantly made up of pyramidal neurons. These neurons

are capable of receiving input signals through a complex web of dendrites from other

neurons and, via their own axons, have the ability to excite neighboring neurons.

Generally, the connections facilitated by these neurons are relatively weak, resulting

in minimal stimulation for neuron activation. Thus, for a neuron to become acti-

vated, it requires stimulation from a collective of surrounding neurons. This implies

that neurons need to operate in sync within an adequate and sensible time frame

to prevent the network’s activity from diminishing and to achieve synchronous neu-

ronal firing. Synchronous activity within the brain has been observed as neuronal
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oscillations and cascading activities within the cortex. In the following section will

explore the concept of neuronal avalanches, examining the distribution of their sizes

and duration, as well as the branching parameter, through the analysis of nLFP and

MEG data. [Zare and Grigolini, 2013] [Stewart and Plenz, 2008][Beggs and Plenz,

2003][Gerstner et al., 2014] Experimental works done by Beggs[Beggs and Plenz,

2003] and colleagues marked a significant starting point for further experimental

and theoretical cognitive neuroscience research that provides evidence of a critical

brain state. I will further explore brain dynamics through the analysis of nLFP

measurements by Beggs and Plenz.

nLFP The local field potentials are electrical signals that occur in the extracel-

lular space surrounding neurons: These signals represent the synchronous activity

of groups of neurons, which are measured using electrodes with high impedance.

However, due to interference and potential decay over distance, their measurement

capability is limited in scale.

Neuronal avalanches refers to the cascading sequence of neural activations within

the brain,quantified through the graphical representation of neural activity over

time. This phenomena is depicted by plotting the extent of neuronal activity as a

function of time, where each avalanche represents a distinct episode of widespread

neuronal firing. The ’lifetime’ or duration of these avalanches is defined from the

moment an avalanche is triggered to the point at which neural activity returns to

baseline levels.

nLFP Experiment

The study sample will consist of organotypic cultures from somatosensory coronal

slices of mice. The configuration of the electrode array can be seen in Figure [3].

By crossing a negative threshold the signals received from the micro electrodes,

the synchronous activity of a group of neurons near the electrodes is identified (see

Figure 4). Let’s define the average branching parameter, denoted as σ, as follows.)
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Figure 4.5: distribution of avalanches from nLFp experiments

Figure 4.6: detecting nLFp’s by thresholding

σ =
nmax
∑

d=·

d× p(d) (4.3)

where d is the number of electrode descendants, p(d) is the probability of observing

d descendants, and nmax is the maximal number of active electrodes. Although

σ is defined as the branching parameter for a neuron (according to the branching

parameter definition), in this case, it is equivalent to the number of descendants

generated from a single neuron. We can define it for multiple neurons.

d = round

(

nd

na

)

(4.4)
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Figure 4.7: Definition of a neuronal avalanche

Where na is the number of active electrodes observed in the first time interval from

the onset of the cascade, and similarly, nd equals the number of active electrodes

in the second time interval from the onset. Likewise, the probability of observing d

descendants is approximated by

p(d) =
∑

avalanches

(

nΣa|d

nΣa

)(

nmax − 1

nmax − na

)

(4.5)

where nΣa|d was the total number of electrode ancestors in all avalanches when nd

descendants were observed, nΣa was the total number of ancestors observed in all
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avalanches, and
(

nmax − 1

nmax − na

)

(4.6)

was a factor that provided an approximate correction for the reduced number of

electrodes available in the next time bin because of refractoriness. By definition, we

Figure 4.8: statistics of avalanches for different time differences

consider the size of avalanches to be equal to the number of electrodes that have

crossed the threshold. As we can observe, the slope of the avalanche statistics is

dependent on the chosen time interval. Choosing slope α = 1.5 as a suitable slope

can be justified by several observations: Firstly, the slope 1.5 is the point where

differences emerge between various threshold ranges in the collected data. Secondly,

because neuronal activity propagates at a limited speed, the time between calcu-

lating the activity of electrodes increases with the distance between the electrodes,

while we know that the true slope of the power law must remain independent of such

scaling. To address this issue, let’s remove some internal electrodes with increasing

time intervals, while keeping the array’s dimensions constant. As can be seen from

figure 5, In the constant ratio ∆d
∆t

where ∆d is the distance between electrodes and

∆t is the time difference of event recording, a slope of 1.5 occurs. In general, this

ratio can provide an approximate measure of the speed of neuronal activity propa-

gation. Thirdly, the number of electrodes in which the resulting graph becomes cut
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Figure 4.9: statistics of avalanches for different time differences

should be considered, taking into account the limited size of the electrodes and the

constraints imposed in measurement. In the slope of 1.5, by halving the consecutive

number of electrodes , it’s observed that the cutoff point is independent of the mea-

surement constraint imposed. Eventually, by increasing the distance between arrays

according to Equation , we can observe the scale-free behavior following the power

law. Additionally, the lifespan of avalanches (denoted as τ) can also serve as an

Figure 4.10: The cutoff determined by the number of electrodes

effective parameter in the dynamics of the system, providing valuable information.

Theory and simulations have predicted that the distribution of lifetimes exhibits

power-law behavior. We can observe scale-free behavior following the power law

with exponent α = −2. In conclusion, experiments done by Beggs et.al, showed

that the distribution of neural avalanches, when analyzed in terms of their dura-

tion and the spatial extent of involved neural tissue, typically exhibits a power-law
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Figure 4.11: Increasing the distance between electrodes according to δt

Figure 4.12: Increasing the distance between electrodes according to δt

distribution. This pattern of distribution is indicative of critical state dynamics

supporting earlier theoretical works on brain’s dynamical state.

4.7.2 Theromodynamic Criticality

Empirical studies have provided compelling evidence that the brain operates near

critical points, a concept derived from statistical mechanics. One notable study

by Tkacik et al. (2015) applied a thermodynamic framework to the activity of

retinal ganglion cells. By defining a Boltzmann-like distribution for neural states, the

researchers derived thermodynamic quantities such as heat capacity and observed
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that it peaked near critical points. This peak indicates a divergence, suggesting that

the neural network is highly sensitive and capable of large-scale reconfigurations

in response to minimal external inputs. Such findings imply that the brain can

dynamically adjust its functional connectivity, optimizing information processing

and adaptability to environmental changes. The applicability of this framework to

real biological systems highlights its potential for understanding the brain’s complex

dynamics [Tkačik et al., 2015].

Further supporting this notion, studies using functional MRI (fMRI) and mag-

netoencephalography (MEG) have observed power-law scaling in brain activity, in-

dicative of critical dynamics. Kitzbichler et al. (2009) demonstrated that large-

scale brain dynamics exhibit long-range temporal correlations consistent with critical

states. By analyzing the temporal dynamics of functional connectivity, they found

that the brain’s susceptibility—its responsiveness to external perturbations—peaks

near critical points. This peak in susceptibility aligns with theoretical predictions

and suggests that the brain operates in a critical regime to balance stability and flex-

ibility, essential for complex cognitive functions and adaptive behavior [Kitzbichler

et al., 2009].

4.7.3 Criticality in Cortical Oscillations

Cortical oscillations exhibit critical behavior, characterized by power-law distribu-

tions in their power spectra. Freeman et.al analyzed electrocorticogram (ECoG)

recordings and identified scale-free dynamics indicative of critical states. They ob-

served that these oscillations, across various frequencies, display long-range temporal

correlations and fractal-like patterns. This suggests that the brain operates near a

critical point, facilitating efficient information integration and coordination of neural

activity across different brain regions[Freeman et al., 2000].

4.7.4 bifurcation criticality

When a dynamical system transitions from one regime to another, such as from

order to chaos, it undergoes a bifurcation. The point of transition is known as
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the critical point. Bifurcations, including the transition from asynchronous to syn-

chronous states, are crucial for understanding brain dynamics and computation.

These critical transitions can co-occur with avalanche criticality during continuous

phase transitions. However, Kanders et al. (2020) proposed that these two types of

criticality might not always co-occur and should be considered distinct phenomena

[Cocchi et al., 2017, Muñoz, 2018]\[Izhikevich2007 Kanders2020].

Research on epilepsy provides compelling evidence for bifurcation criticality. During

seizures, the brain transitions from a normal state to a highly synchronized state.

Studies using EEG recordings have shown that these transitions can be described by

bifurcation theory, where the critical point corresponds to the onset of the seizure

\[Jirsa2014]. Also research on the auditory cortex of gerbils have demonstrated

bifurcation-like transitions in response to varying sound stimuli. By gradually in-

creasing the amplitude of the auditory input, researchers observed a transition from

a non-synchronized to a synchronized firing state among neurons, consistent with

bifurcation criticality[Hahn2010] .

4.8 Greenberg-Hastings Dynamics

Among various brain models, the Greenberg-Hastings (GH) cellular automaton

stands out as a particularly insightful tool for dissecting the dynamics of criticality

in the brain. Initially developed to model excitable media, and later on introduced

by Haimovici and collaborators to model neural activity. GH model’s simplicity,

coupled with its ability to produce rich dynamical behaviors, makes it an ideal

candidate for exploring the principles of criticality.

The G-H model operates on a network where each cell can exist in one of three

states: quiescent, excited, or refractory. The transition between these states is gov-

erned by straightforward rules that mimic the firing and recovery phases of neurons.
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Figure 4.13: Correlation networks constructed by simulating Ising model have the

most similarty with connectome’s degree distribution at critical point Tc - Graph

from [Fraiman et al., 2009]
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Q → E if
∑

j Wijsj(t) > T

E → R with probability 1

R → Q with probability r2

(4.7)

By tuning the threshold, we observe a transition from sub-critical (where activ-

ity quickly dies out) to supercritical (where activity spreads uncontrollably) behav-

ior. This critical behaviour fall into percolation universality class where the second

largest cluster shows a pick at the transition point. In percolation theory, the size

of the second-largest cluster in a network reflects its ability to transmit information

effectively, particularly when facing random failures or disruptions. A larger second-

largest cluster signifies higher network resilience and redundancy, which is crucial
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Figure 4.14: Transition circle of a neuron in GH model

for maintaining connectivity and information flow in real-world networks(Fig 6). At

the critical point, there is a balance where activity spreads but doesn’t take over

the entire system, leading to the emergence of scale-invariant patterns. [Haimovici

et al., 2013]

Figure 4.15: Criticality of G-H on Connectome
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4.9 Empirical validations of GH dynamics

The GH model significantly simplifies the intricate degrees of freedom inherent in

neurophysiological processes. Despite this simplification, its attractiveness lies in its

ability to mimic certain experimental results observed in human fMRI data when it

is precisely tuned to its critical point. This comparison can be approached from two

different angles: either by transforming fMRI experimental time series data into bi-

nary states similar to states or by converting simulated data to produce BOLD-like

signals.[Haimovici et al., 2013] The extraction of Blood Oxygen Level Dependent

(BOLD) signals from fMRI experiments enables us to analyze the behavior of rest-

ing state networks (RSNs) within the human brain. By capturing fluctuations in

oxygen levels associated with neural activity, BOLD signals provide a window into

the functional connectivity and dynamics of RSNs.

Using these BOLD signals, it is possible to compare the behavior of RSNs in hu-

mans with those generated by computational models, such as the GH model. In

particular, the GH model can be evaluated for its ability to replicate the spatial

and temporal characteristics of RSNs observed in empirical fMRI data in different

thresholds. For example, the model can be assessed for its accuracy in reproducing

the spatial distribution of RSNs. Figure 4.16 shows the comparison of correlation

length calculations between functional networks coming from GH model and those

of experimental ones. When the model is tuned to Tc, the correlation function

for each RSN shows a significant correlation with the experimental. Additionally,

the spatial distribution of excited regions aligns well with the experimental data at

critical point of model(Figure4.17).

4.9.1 Neural Avalanches of the Greenberg-Hasting model

As discussed in section 4.7.1 avalanches are defined based on the network’s activity

crossing a set threshold. In Greenberg-Hastings model, the threshold is set to the

median of network activity to distinguish significant events from the continuously

active network. This thresholding process, although somewhat artificial, is necessary

when dealing with empirical data to identify local binary events.The simulations over



Chapter 4: From Neurons to Networks: Complexity in the Brain” 55

Figure 4.16: Correlation lengths computed for GH model at critical point matches

the experimental data

the human connectome show that avalanche sizes follow a nearly linear trend in a log-

log scale for small sizes, ending in an exponential truncation for larger sizes. The

steepness of the power-law trend is directly related to the threshold, with higher

thresholds making it harder for the system to sustain extensive and long-lasting

avalanches. These results, however, show a divergence from the expected power-law

exponents, making avalanches less relevant for investigating criticality in the GH

model compared to other indicators.

To address the limitations of traditional avalanche definitions, the concept of

causal avalanches is introduced in [Barzon, 2021]. This approach identifies each

spontaneous activation as the start of a new avalanche, which then expands by

inducing activation in neighboring nodes.

This method does not require an artificial threshold to mark the end of an event.

It can also be defined as the avalanches of single starting nodes in absences of

stochasticity. The resulting distributions of avalanche lifetimes and sizes follow a

power-law trend, which is robust across different control parameters and closer to

experimental observation.
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Figure 4.17: The brain’s RSN (left column) spontaneously emerges in the model

when it is tuned to critical Tc From[Haimovici et al., 2013].

4.9.2 Mean field approach to the model

The mean-field approximation is a foundational analytical method used to simplify

complex problems characterized by discrete dynamics. By re-parameterizing the

problem, we can express the transition rules as follows:

Ui(0 → 1) = µ1 + αΘ

(

N
∑

j=1

wijϵjδ(xj(t), 1)− T

)

,

Ui(1 → 2) = µ3,

Ui(2 → 0) = µ2.

(4.8)
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Figure 4.18: Avalanche Analysis of GH Model at critical point

Figure 4.19: Causal Avalanche’s Power-law Fit- Exponents agree with experiments

In the mean-field approach, we assume the underlying graph is fully connected

with normalized constant weights:
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Figure 4.20: Causal Avalanche’s exponent behaviour in a range of thresholds

Wij =
1

N
, ∀i, j.

This assumption allows us to reduce the problem’s complexity by introducing

the densities of excited, refractory, and quiescent states, denoted as nE, nR, and nQ,

respectively. Utilizing the local transition probabilities from the main text), we can

compute the transition probabilities for the populations −→n = (nq, ne, nr):

U ({nq, ne} → {nq − 1, ne + 1}) =
∑

q state

(µ1 + αΘ) ≈ nq (µ1 + α⟨Θ⟩) ,

U ({ne, nr} → {ne − 1, nr + 1}) =
∑

e state

µ3 = neµ3,

U ({nr, nq} → {nr − 1, nq + 1}) =
∑

r state

µ2 = nrµ2.

(4.9)

Here, ⟨Θ⟩ is defined as:

⟨Θ⟩ ≡
〈

Θ

(

N
∑

j=1

wijδ(xj(t), 1)− T

)〉

. (4.10)

The approximation made in the first equation, Θ → ⟨Θ⟩, is generally valid for

a mean-field system. This simplification allows us to handle the dynamics more

tractably, providing valuable insights into the behavior of GH dynamics.
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4.9.3 Generalization of the mean field approach

The model follows a parallel dynamics in a discrete time t, where the transition

probabilities for the i-th site are given by

Pi(0 → 1) = 1− (1− r1)A ({xj})

Pi(1 → 2) = 1

Pi(2 → 0) = r2.

(4.11)

r1 is the probability of spontaneous activation, r2 is related to the average refractory

period (with an average duration of 1/r2 ), and the activation function A({xj})is
given by Where

A =

[

1−Θ

(

∑

j∈Ωi

Wijϵjδ (xj, 1)− T

)]

(4.12)

where Θ is the Heaviside function and δ(x, y) is the Kroenecker delta function. Wij

is a symmetric synaptic matrix, Ωi is the set of nearest neighbours of the node i and

T is the activation threshold, uniform applied on all neurons. The non-null synaptic

weights (given by the adjacency matrix of a Watts-Strogatz network) were quenched

random variables with an exponential distribution

P (Wij = w) = λe−λwij

Assuming that the Heaviside argument behaves as a Gaussian variable we can

calculate the average

⟨Θ⟩ = 1

σ
√
2π

∫ ∞

−∞

Θ(vi) e
−
(vi−µ)2

2σ2 dvi

=
1

2

[

1 + erf

(

µ√
2σ

)]

≡ η(µ/σ)

where σ2 = Var (vi) and

µ = ⟨vi⟩ =
〈

N
∑

j=1

wijδ (xj(t), 1)− T

〉

≈ ω

N

〈

Nexc
∑

j∈ exc

δ (xj(t), 1)

〉

− T

≈ ωρe − T
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where

ω ≡ ⟨Wij⟩ .

From Eq.(3), wc get ω = 1/β. We have also assumed that

⟨wijδ (xj(t), 1)⟩ ≈ ⟨wij⟩ ⟨δ (xj(t), 1)⟩

in a better approximation we can take into account the structure by :

µi = ωiρe − T (4.13)

Where wi is weighted degree of node i. Thus we can write the activation function

specifically for node i :

⟨Θ⟩i =
1

σ
√
2π

∫ ∞

−∞

Θ(vi) e
−
(vi−µ)2

2σ2 dvi

=
1

2

[

1 + erf

(

µi√
2σ

)]

≡ η(µi/σ)

Where η by the simplified form

η(x) =
e2x

1 + e2x
(4.14)

4.9.4 Analytical appraoch to correlations in GH model

ξij = ⟨ΘiΘj⟩+ ⟨Θ⟩i⟨Θ⟩j = αη(µi/σ)η(µj/σ) + β

4.9.5 Langevin Equation of GH Model

The transition rates can be expressed in form of a master equation

∂

∂t
P (−→n , t) = µ3 (ne + 1)P (nq, ne + 1, nr − 1, t)

+ µ2 (nr + 1)P (nq − 1, ne, nr + 1, t)

+ (µ1 + α⟨Θ⟩) (nq + 1)P (nq + 1, ne − 1, nr, t)

−
(

µ3ne + µ2nr + (µ1 + α⟨Θ⟩)nqP (−→n , t)
)

.

(4.15)

By taking the continuum limit of the master equation and an approximation of

infinite system(N → ∞), we can calculate Taylor expansions up to second order
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and ignore higher orders, we can find Kramers-Moyal coefficients of GH model and

write the Fokker-Planck equation for the densities −→ρ = −→
n/N can be derived as

∂

∂t
P (−→ρ , t) = −

∑

i

∂

∂ρi

[

aiP (−→ρ , t)
]

+
1

2

∑

ij

∂2

∂ρi∂ρj

[

bijP (−→ρ , t)
]

(4.16)

Averging over noise we obtain :

ρ̇q = µ2ρr − (µ1 + α⟨Θ⟩) ρq

ρ̇e = (µ1 + α⟨Θ⟩) ρq − µ3ρe

ρ̇r = µ3ρe − µ2ρr

(4.17)

Considering the fact that all densities add up to one, we can remove Quiescent

state’s from the system expression.

ρ̇e = (1− f − ρe − ρr) (µ1 + α⟨Θ⟩)− µ3ρe

ρ̇r = µ3ρe − µ2ρr

(4.18)

Stationary Solutions:

Equations are restricted to the interval
(

ρmin
e , ρmax

e

)

, where the limiting values

are determined by η(.) = 0 and η(.) = 1, respectively. These limiting values are

given by:

ρmin
e =

µ1µ2

S

and

ρmax
e =

µ2 (1 + µ1)

S + µ2 + µ3

,

where S = µ1µ2 + µ2µ3 + µ3µ1. These values are notably independent of σ.

To delve deeper into the behavior of the system, we assume r1 ≪ 1. Under this

assumption, we can approximate the minimum density of excited states as:
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ρmin
e =

r1r2
r1 + r2 + r1r2

≈ r1r2
r1 + r2

≈ r1r2
r2

= r1.

This approximation indicates that the minimum activity level corresponds pri-

marily to spontaneous activation events.

Similarly, we can derive the maximum density of excited states as follows:

ρmax
e =

r2
2r2 + 1

=

(

2 +
1

r2

)−1

.

This expression shows that the maximum activity level is influenced by the pa-

rameter r2.

In summary, the interval
(

ρmin
e , ρmax

e

)

defines the bounds within which the sys-

tem’s activity levels fluctuate. The minimum activity level is largely driven by

spontaneous activation (r1), while the maximum level is determined by the system’s

intrinsic parameters and their interactions. This analytical framework provides a

clear understanding of the stationary solutions in terms of the system’s parameters,

offering valuable insights into the behavior of complex dynamical systems. Numer-

ical solutions of this approach are presented in [Almeira et al., 2023, Barzon, 2021].

As shown in Figure [FIG], the power spectrum of the model exhibits a peak at the

critical threshold Tc.

Figure 4.21: Stationary solutions of GH model for different values of T, starting

from left, blue line is T=0
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Chapter 5

STRUCTURE-FUNCTION INTERPLAY; INSIGHT

FROM INFORMATION DIFFUSION

This chapter delves into the intricate relationship between the structural archi-

tecture and functional dynamics of complex networks, with a particular focus on the

human brain. By exploring the paradigm of information diffusion, we aim to un-

ravel how structural connectivity influences the emergent behaviors and operational

efficacy of neural systems. Information diffusion, serving as a proxy for functional

interactions, provides a unique lens through which the subtle interdependencies be-

tween network topology and dynamic functionality can be examined. Through a

combination of theoretical models and empirical data, this analysis seeks to eluci-

date the critical mechanisms by which structural configurations govern the flow and

processing of information, ultimately shaping the cognitive capabilities and resilience

of the brain.

5.1 Functional Robustness in Face of Neural Disruptions

5.1.1 criticality under degree preserving edge rewiring

In Chapter One, the process of degree-preserving edge rewiring and its impact on the

main characteristics of neural networks were examined. This method was utilized to

explore how small-world properties of brain networks deteriorate under randomized

perturbations. Specifically, metrics such as clustering coefficient and path length

were tracked, revealing a gradual erosion of these key small-world features.

Subsequent simulations implementing Greenberg-Hastings dynamics on an ensem-

ble of perturbed Connectomes highlighted a significant shift in the brain’s critical

behaviour. The graph in Figure X illustrates the impact of degree-preserving edge

rewiring on the critical behavior of neural networks. As indicated, the brain network



Chapter 5: Structure-Function Interplay; Insight from information diffusion 64

exhibits distinct critical behavior compared to its randomized counterparts, which is

quantified through the size of the second largest cluster size. The curves demonstrate

(a) (b)

Figure 5.1: Critical behaviour of randomized brain networks; Each curve represents

a different level of randomization: 500, 1000, 2000, and 5000 random rewirings (RR),

compared to the original brain network (a) Largest cluster size, (b) second largest

cluster size

that as the degree of rewiring increases, the network’s peroclation-like critical behav-

ior deviates more noticeably from that of the original brain structure, particularly

beyond the 1000 RR threshold. This supports our hypothesis that the small-world

nature of brain networks is crucial for maintaining certain functional capabilities,

which are compromised when these structural properties are disrupted. The results

suggest that even minimal perturbations can lead to significant alterations in net-

work dynamics, underscoring the brain’s sensitivity to structural changes. There is

a marked decrease in the average size of the second largest connected component of

the excited subgraph. In contrast, the size of the largest cluster, which acts as the

order parameter in our model, remains relatively unchanged. Furthermore, there is

a slight increase in the transition point of the model. This shift could signify an

adaptation response within the network’s dynamics to maintain functionality amidst

structural perturbations.

Although the perturbation of 5-10% of the edges might initially appear minimal,

It is crucial to note, , that our analysis is based on a coarse-grained, large-scale
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map of the brain comprising only 1,000 nodes (representing voxels). Consequently,

a perturbation affecting 10% of these nodes represents a substantial alteration in

the context of a real brain, with approximately 86 billion neurons.

The random edge swaps implemented in our degree-preserving rewiring protocol

Figure 5.2: Critical behaviour of randomized brain networks

may critically affect the integrity of brain hubs—central nodes that play pivotal roles

in neural communication and functional integration. The disruption of these hubs

can lead to the degradation of the brain’s efficient information processing capabili-

ties, which is explored in next sections employing information theory.

5.1.2 criticality under edge weights shuffling

This randomization technique involves randomly redistributing the weights assigned

to the edges in the network while keeping the network topology constant. This anal-

ysis helps us in understanding the significance of the role of weight distribution in

determining the network’s dynamics and functionality. The weights of the edges

are randomly reassigned among the edges. This shuffling is done uniformly, where

each edge weight is equally likely to be assigned to any edge to maintain the weight

distribution. Running G-H dynamics on edge weight randomized connectome seri-

ously affects the critical behaviour of the model and depicts an absorption of second

largest cluster size at the critical point.
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Figure 5.3: Critical behaviour of randomized brain networks

5.1.3 criticality of non-weighted connectome

The critical behavior of a binarized connectome loses the impact of weight distri-

bution, leading to a discontinuous first-order transition into the synchronous phase.

This transition point is significantly influenced by the binary cutoff threshold we

choose.

Figure 5.4: Critical behaviour of non weighted human connectome

5.2 Information Theory and Neural Systems

In the seminal 1948 paper [4], Claude Shannon presented a mathematical theory on

the concept of information, focusing on its transmission and communication. This
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paper introduced a metric capable of measuring a device’s information capacity.

Expressed in logarithm base 2 units, or bits, this metric indicates the average binary

code string length needed to describe a random variable. This concept was named

’Shannon entropy’ in his honor.

Shannon’s theory, due to its universality and wide applicability, has been influen-

tial in various fields related to information transmission and message communication

through signals, irrespective of the communication device used.

It’s recognized that neurons, serving as transmitters of neural messages, utilize

accumulation and release mechanisms as electrical signals. The information capac-

ity of a neuron is assessed based on observed spikes during an experimental time

interval, regardless of the potential form. However, the variety of possible states for

message transmission from a source and the presence of noise, influenced by various

factors like excitement, concentration, or disturbance, complicate the calculation of

the information transmission rate. To date, most studies on neuronal information

capacity have focused on specific sensory neurons. This is because, unlike brain

neurons, sensory neurons receive well-defined input signals, allowing for easier inter-

pretation of each signal emitted by the neuron. An example is the study of a visual

sensory neuron responding to a stimulus [5], such as the angular velocity of a wheel

generated by a computer.” [Shannon, 1948]

5.3 information flow and transfer

Information flow is the transmission of information from one brain region to an-

other. It can be measured using a variety of techniques, including fMRI and EEG.

[Shew et al., 2011][Shew et al., 2009] Transfer entropy is a measure of the directed

information flow between two time series and is defined as:

TEY→X =
∑

xt+1,xt,yt

p(xt+1, xt, yt) log2

(

p(xt+1|xt, yt)

p(xt+1|xt)

)

(5.1)

where:

• TEY→X = Transfer entropy from Y to X
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• xt and yt = the values of time series X and Y at time t

• p(xt+1, xt, yt) = the joint probability of X and Y at times t+1, t, and t-1

• p(xt+1|xt, yt) = the conditional probability of X at time t+1 given the values

of X and Y at times t and t-1

• p(xt+1|xt) = the conditional probability of X at time t+1 given the value of X

at time t.

In our analysis, we have quantified information flow based on the time series analysis

of GH dynamics in the brain connectome. Mutual information reveals a peak at the

critical point, and its behavior closely mirrors that of the second largest cluster. This

suggests a direct relationship between the second largest cluster and the information

flow within the brain system.

Figure 5.5: Information flow displays a pick at critical point

5.4 Review on brain wiring principles

In the past decades there has been numerous studies on the wiring principles of

complex networks [Raj and Chen, 2011, Ying and Wu, 2008, Hagberg and Schult,

2008]. When it comes to brain connectivity, studies often employ simplified models
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Figure 5.6: Mutual Information flow at critical point decreases rapidly by random

rewirings

to uncover fundamental principles. One of the pioneering concepts in this field is the

small-world network, introduced by Watts and Strogatz (1998) as discussed in chap-

ter one. They demonstrated that many real-world networks, including neural net-

works, exhibit properties of both regular and random networks, facilitating efficient

information transfer and integration across different brain regions. This small-world

organization is optimal for balancing specialized processing and global integration,

essential for complex cognitive functions [Watts and Strogatz, 1998]. Building on

this foundational work, Gong and van Leeuwen (2004) explored how chaotic neural

units evolve into small-world networks through activity-dependent rewiring. They

showed that nodes with similar activities form connections while those with differing

activities disconnect, resulting in a network structure that is both locally clustered

and globally efficient[Gong and van Leeuwen, 2004]. This model underscores the

importance of dynamic rewiring in achieving efficient network organization.

Bullmore and Sporns (2009) further extended these concepts by examining the

structural and functional dynamics of brain networks. They emphasized the role of

modularity, where clusters of highly interconnected nodes (modules) interact with

other clusters through a few long-range connections. This modular architecture

supports both segregated and integrated processing, crucial for brain function. The

brain’s ability to adapt these modules through plastic changes in connectivity reflects

its capacity for reorganization in response to learning and experience [Bullmore and
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Sporns, 2009].

Jarman et al. (2017) employed a heat diffusion model to adaptively rewire a ran-

dom network, driving it to form small-world structures. They found that increased

flow between nodes led to new connections, while decreased flow resulted in discon-

nections. As the heat kernel’s time parameter increased, the network transitioned

from modular to more centralized structures, suggesting a critical balance between

modularity and centrality [Jarman et al., 2017].

Rubinov et al. (2009) demonstrated how the brain’s structural connectivity

dynamically changes in response to functional demands through adaptive rewiring

mechanisms. Driven by Hebbian plasticity, connections between co-active neurons

are strengthened, while those between less active neurons are weakened. This adap-

tive rewiring ensures the brain maintains efficient information processing capabilities

while remaining flexible for new learning experiences [Rubinov et al., 2009].

Graph Laplacian-based methods have also provided significant insights into brain

network reorganization. The Laplacian matrix, which measures the difference be-

tween a node’s value and the average of its neighbors, is used to study diffusion

processes in networks. Coifman and Lafon (2006) demonstrated how heat kernel

techniques could adaptively rewire networks, promoting efficient and structured con-

nectivity patterns. This approach has been instrumental in understanding how the

brain maintains complex connectivity despite continuous dynamic changes [?]. In

the next sections, we will approach the study of brain architecture through these

foundational principles, integrating insights from small-world networks, modular

organization, adaptive rewiring, and graph Laplacian methods to uncover the com-

plexity of brain connectivity.

5.5 Information Maximization Rewiring

So far, our observations indicate a strong relationship between information flow

within the system and criticality, with both quantities peaking at the critical point.

This implies that investigating the brain’s structure through the lens of informa-
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tion flow among edges could lead to insights into how it achieves high efficiency in

entropy transfer across different system levels. A fundamental approach to mod-

eling information diffusion in complex networks is to start with the assumption of

linear information diffusion across the graph, analogous to heat diffusion in basic

physics. The linear heat diffusion process on a network is essentially about the flow

of heat (or information) between connected nodes, influenced by the difference in

heat levels between them. For a given node, the heat flow into or out of it depends

on its connections (edges to neighbors) and the difference in heat between it and its

neighbors.

Liihi −
∑

j∈N(i)

Aijhj =
∑

j∈N(i)

(hi − hj) (5.2)

The term
∑

j∈N(i) (hi − hj) in the discrete setting corresponds to the Laplace opera-

tor ∆f in continuous domains, where it represents the divergence of the gradient of

a function f , indicating how much f at a point is higher or lower than the average of

f around that point. For networks, this concept translates into the change in heat

(or information) at a node being proportional to the difference between the heat at

that node and the average heat of its neighbors, which is exactly what the graph

Laplacian computes when applied to the heat vector h(t).

∂h (t)

∂t
= −Lh(t) (5.3)

the solution to the equation above is :

h(t) = e−tL (5.4)

which can be written in the eigen basis of Laplacian operator.

h(t) = V e−tΛV T =
n−1
∑

i=0

e−λitviv
T
i (5.5)

The manner in which diffusion propagates through the graph is governed by the

eigenvalue/eigenvector pairs of the Laplacian matrix. The influence of each pair on
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the overall diffusion process varies and is contingent upon the size of the eigenvalue.

In a connected graph, as t approaches zero, the diffusion behavior can be approxi-

mated by h(t)ILt, and under these conditions, diffusion is primarily influenced by

local connections within the graph.

At 2020, Rentzeperis et al introduced adaptive rewiring based at each step where

each node is trying to eliminate the edge with lowest heat(in the context of brain

information) transfer and connect to a node with highest transfer. The heats come

from eigenvalues of linear graph Laplacian. [Rentzeperis and van Leeuwen, 2020]

[Meisel and Gross, 2009]

Information Maximization Algorithm:

The algorithm incorporates a probabilistic component where, with a probability p,

rewiring operations are performed at random[Rentzeperis and van Leeuwen, 2020].

Diffusion Rewiring Steps:

1. Initialize by randomized network containing .

2. Randomly select a node, denoted as k, ensuring that k is neither isolated (i.e., it

has at least one connection) nor fully connected (i.e., not connected to every other

node) with uniform probability.

3. Identify j1 among all nodes not connected to k as the node with the highest level

of heat transfer to k.

4. Determine j2 among all nodes connected to k as the one with the lowest heat

transfer with k.

5. Remove the edge connecting k to j2 and establish a new edge between k and j1.

The rate of rewiring, denoted by τ , dictates the duration of the diffusion pro-

cess before finalizing any rewiring decision. This rate remains fixed throughout the

process.
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Figure 5.7: adaptive rewiring evolution on randomized brain networks results in

brain networks real-space charchtersitcs after approximately 10k rewirings.

Figure 5.8: Brain-like networks is achieved through information maximization

rewirings. Each snapshot is after 5000 adaptive rewires starting from a random-

ized network.
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Figure 5.9: Brain-like networks can also be achieved through information maximiza-

tion rewirings starting from regular graph.(Non-Weighted network)

5.6 Criticality of adaptively rewired networks

After fine optimization of the information maximization algorithm and conducting

several experiments, we successfully reconstructed brain networks from randomized

brain networks that had lost their critical behavior. By setting the parameter τ =

3 and after approximately 10,000 subsequent rewirings, we achieved the critical

state of the brain connectome. Continuing this process led to enhanced criticality,

characterized by higher peaks for the second largest cluster, and a reduction in the

transition points, as can be seen in Figure 5.9.
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(a) (b)

Figure 5.10: (a) Largest cluster size through adaptive rewirings, (b) second largest

cluster size through adaptive rewirings.

(a) (b)

Figure 5.11: (a) Largest cluster size through adaptive rewirings, (b) second largest

cluster size through adaptive rewirings.

5.6.1 How avalanche exponanets change during adaptive rewiring?

5.7 Entropic phase transition of random and adaptively rewired net-

works

We observe that the Laplacian matrix significantly influences the progression of

information from an initial network state, represented as s(0). This state evolves
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Figure 5.12: Spectral properties of adaptively rewired brain networks .

Figure 5.13: Comparison of Laplacian spectrum of 5k adaptively rewired brain con-

nectome and brain connectome. As it can be seen the spectrum remains approxi-

mately unchanged.

over time according to the equation:

s(τ) = e−τL̂s(0),

dictating the dynamics of information flow throughout the network. Villegas et al.

defined the network propagator as:

ρ(τ) =
K̂

Tr(K̂)
=

e−τL̂

Tr
(

e−τL̂

) (5.6)
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The eigenvalues of this propagator are given by:

µi(τ) =
e−λiτ

∑

j e
−λjτ

(5.7)

nsequently, we can define the Shannon entropy for a network as:

S[ρ(τ)] = − 1

log(N)

N
∑

i=1

µi(τ) log µi(τ) (5.8)

Defining the Shannon entropy allows us to consider it as a potential order parameter

for the study of entropic phase transitions (or information propagation transitions,

i.e., diffusion) over the network. Here phase transition refers to the changes in

the entropy of a system that signal a transition from one phase to another, often

characterized by a change in the structural order of the system.

Networks undergo a second order phase transition by tuning diffusion time as the

tuning parameter τ . [Villegas et al., 2022, Villegas et al., 2023]

(a) (b)

Figure 5.14: Entropic phase transition of (a)random Erdos rEnyi network (b)human

connectome.From[?]

Adaptive rewiring modifies the network’s structure, leading to alterations in

its Laplacian eigenvalues, which in turn cause a notable increase in Shannon en-

tropy. Below, the relationship between Shannon entropy and the number of adap-

tive rewiring (AR) events is calculated. It is observed that a phase transition occurs
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around the 10k mark, which coincides with the operational level of the brain con-

nectome. Considering the observation that adaptively rewired networks tend to

Figure 5.15: adaptive rewiring on random ER network displays an entropic transition

converge to a fixed point in the information maximization procedure, regardless of

whether we start from a random network or a regular graph, they become brain-like,

modular, and exhibit small-world properties. This suggests that the brain’s architec-

ture, characterized by a balance between segregation and integration of structures,

is inherently tied to a fixed point in an evolutionary process where feedback loop is

entangled with the diffusion of information between neurons.
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Figure 5.16: structural order determines the functional complexity of brain network-

Schematic graph from [Sporns, 2010]
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Chapter 6

CONCLUSION

In this thesis, we have explored the profound interconnections between the net-

work architecture and dynamical criticality of the brain, shedding light on how the

brain’s functional robustness is intricately linked to the structural determinants of

its network. Through numerical studies, we have demonstrated that the critical be-

havior of the brain’s network is fundamentally connected to its Laplacian spectrum,

unveiling a novel perspective on brain functionality. Our findings suggest that the

brain’s architectural design is optimized for maximal functional capabilities at the

edge of criticality, a state that balances between stability and adaptability.

By employing adaptive rewiring, we reconstructed the brain’s architecture, re-

vealing that through entropic phase transitions, the brain network is capable of

maximizing its functional abilities. This adaptive process, mimicking evolutionary

mechanisms, underscores the brain’s remarkable ability to self-organize and adapt

to its environment, ensuring efficient information flow and processing.

Furthermore, our analysis has unveiled that the brain operates in a state of

self-organized criticality, optimizing information transfer and processing efficiency.

This critical state allows the brain to achieve a high level of computational power

and adaptability, necessary for its complex functions. The insights gained from the

Laplacian spectrum and adaptive rewiring offer a new understanding of the brain’s

structural and functional coherence, highlighting the intricate balance between the

network’s architecture and its dynamical states.

Our work contributes to the broader understanding of complex systems, pro-

viding a framework for studying other complex networks in nature. By unraveling

the interplay between structure and dynamics in the brain, we offer new avenues

for research in neuroscience, with potential applications in developing more efficient

artificial neural networks in addition to enhancing our understanding of neurologi-
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cal disorders. Laplacian-based structural measures may be useful in diagnosing the

health and pathology of brains due to their ability to capture essential properties

of network connectivity and organization. In conclusion, this thesis underscores the

significance of network architecture in determining the brain’s functional robust-

ness and critical behavior. The adaptive rewiring and entropic phase transitions

observed in the brain network not only highlight the evolutionary advantages of

such configurations but also provide a basis for further exploration of criticality in

complex systems. As we continue to unravel the mysteries of the brain, the insights

gained from this work will contribute to the advancement of neuroscience, offering

new perspectives on the fundamental principles governing brain functionality and

its remarkable computational abilities.
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