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ABSTRACT

Global monopoles are topological defects predicted by the Grand Unified Theory
throughout the transition phase of the primordial universe. They are formed as a
byproduct of spontaneous global symmetry breaking. Their behavior resembles that
of the elementary particles with their energies concentrated close to the core of the
monopole. They do not have gravitational interactions but they are known to modify
spacetime geometry. It is an interesting topic to study Schrodinger particles in a
Kratzer Molecular potential in the Global Monopole Spacetime background and
under the influence of a Wu-Yang Magnetic Monopole. Some modifications in the
spectroscopic structure of such molecular interactions have been observed and
reported. This study presents the use of the Schrodinger equation to precisely
describe the motion of a particle in the presence of Kratzer potential and a Wu-Yang
magnetic monopole. The radial equation was derived and solved to yield the

eigenfunctions and eigenvalues for the problem.

Keywords: PDM Shrodinger Equation, Point-like Global Monopole, Topological

Defect, Kartzer Potential, Wu-Yang Magnetic Monopole.
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Global monopoller, Biiyiik Birlesik Teori tarafindan erken evrenin gecis fazinda
ongoriilen topolojik kusurlardir.  Bu topolojik kusurlar, spontan global simetri
kilmasinin bir sonucu olarak ortaya ikarlar. Davranslari elementer parcaciklarinkine
benzer; enerjileri monopoliin gekirdegine yakin yogunlasir. Gravitasyonel etkilesim
gostermese de. uzay-zaman geometrisini degistirdikleri bilinir. Global Monopole
uzay-zaman arka planinda ve Wu-Yang Manyetik Monopolden etkilenen Kratzer
molekiiler potansiyel iginde Schrodinger pargaciklarnin incelenmesi ilging bir
konudur Bu molekiiler etkilesimlerin spektroskopik yapisinda bazi ayarlamalar
gozlemlenmis ve belgelenmistir. Bu c¢alisma, Global Monopole uzay-zamaninda,
Kratzer potansiyeli ve Wu-Yang manyetik monopolden etkilenen kosullarda, goreli
olmayan bir kuantum parcaciginin hareketini kesin olarak tanimlamak icin
Schrodinger denklemini kullanir.  Karsilk ge-len radyal denklem, problemin

ozfonksiyonlarn ve 6zdegerlerini belirlemek icin tiiretilmis ve ¢oziilmiistiir.

Anahtar Kelimeler: PDM Shrodinger Denklemi, Nokta Benzeri Kiiresel Tek Kutup,

Topolojik Kusur, Kratzer Molekiiles Potansiyel, Wu-Yang Manyetik Tek Kutup.
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Chapter 1

INTRODUCTION

A classical particle of constant mass m moving on the x-axis can be described by its

location x(¢) and velocity v(¢) = ‘2—’[‘. The remaining dynamical and/or kinematical
features of this system only depend on the variables x and v, such as linear momentum
p = mv, kinetic energy T = %mvz, and total energy £ =T +V, Where V represents
the potential energy. Hence, the net force exerted on such a particle is given by
F= ‘Z—It) = ma. In non-relativistic quantum mechanics, on the other hand, the quantum

particle is described by a wave function y(x,¢) that includes all information about the

particle and is solved through the Schrodinger equation [1,2]:
. d
—— = +VYy=ih—. (1.1)
X

Here i =+/—1 and /i is Planck’s constant.

However, when the mass becomes effectively position-dependent, the dynamics of
both classical and quantum particles dramatically change. In classical mechanics, for
example, Mustafa [3] has stated that the net force under PDM conditions is no longer
represented by the rate of change of linear momentum p with respect to time (i.e.,

F # ‘Z—Il) ). The net force is instead given as:

F= \/m(x) % ( m(x)x) = m(x)X+ %m’(x) K2 (1.2)

Hence, Newton’s second law in the standard one-dimensional format takes the form

m(x)i= F %m’(x)x'z; ol (x) = | (1.3)




The quadratic velocity term works as an internal force introduced by the PDM-particle
itself. It has a pronounced effect on the dynamics of the PDM system. Moreover, since
%2 >0, the system accelerates or decelerates for m’(x) negative or positive, respectively.
A particle’s mass being a coordinate-dependent affects the net force F,,;, which is the

sum of the external force F and an internal force term (—m'(x)x2/2).

In quantum mechanics, however, the one-dimensional kinetic energy operator is

replaced by the so-called von-Roos PDM Kkinetic energy operator [5] :

T= —Z[m(x)faxm(x)gaxm(x)h + m(x)"9em(x)8 dem(x)”] (1.4)

where (d, = %) and x is the spatial coordinate. Position-dependent mass, in quantum
mechanics, has significant consequences across a broad spectrum of physical systems.
For instance, in semiconductor physics, variations in the effective mass of charge
carriers can occur spatially, often due to impurities or heterostructures, resulting in
intricate quantum transport phenomena. Similarly, in the realm of atomic and
molecular physics, fluctuations in mass within distinct regions of molecules or
nanoscale structures can markedly influence their electronic and vibrational
characteristics. Moreover, position-dependent mass is essential for investigation
unusual phenomena such as localization effects in disordered media, quantum
tunneling in spatially variable potentials, and the formation of topological phases in
manufactured materials [4-7]. Physicists can learn more about the behavior of
quantum systems and open up new possibilities for scientific and technological
advancement by including position-dependent mass in theoretical models and

numerical simulations.

The Schrodinger equation with position-dependent mass, introduced by von Roos [5],



offers a theoretical basis for characterizing quantum systems where the particle’s mass

changes depending on its position.

The PDM von-Roos kinetic energy operator [5]; the PDM can rewrite m(x) = mq f(x),
where myg is the usual constant mass of the Schrodinger particle. The ordering
ambiguity parameters f,g, and h align with the von-Roos restriction that
f+g+h=—1[5], yet the continuity conditions at heterojunctions imply that f = h.
In this regard, Mustafa-Mazharimousavi’s ordering [7-9] (i.e., f = —1/4 = h and

g = —1/2) satisfies such conditions.

In the current thesis proposal, we shall present a transformation in the radial
coordinate of the global monopole spacetime and prove that the associated
Schrodinger equation becomes a one-dimensional PDM von Roos Schrodinger
equation. In so doing, we are motivated by Tymchyshyn’s and Khlevniuk [10]
observation that a point mass in motion within the curved space transforms to a PDM
in Euclidean Space. By employing Mustafa Mazharimousavi’s ordering, the PDM

kinetic energy operator collapses into [7]:

Tyt = — —[m(x) ™ dgm(x) 2 em(x) 4] (1.5)

The organization of this thesis as follows: In Chapter 2, we introduce global
monopole spacetime and demonstrate that a deformation or transformation in the
radial coordinate of the global monopole spacetime would produce an efficacious
PDM Schrodinger equation. Specifically, we show that a point canonical
transformation of the radial coordinate of the PGM yields what is called in the
literature Mustafa-Mazharimousavi’s kinetic energy operator Ty (1.5). We begin

with the Schrodinger equation in the background of transformed global monopole
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spacetime. We then combine our results with the PDM von Roos Schrodinger
equation to obtain Mustafa-Mazharimousavi’s kinetic energy operator (1.5). Next, in
Chapter 3. we consider the PDM Schrodinger equation with a Kratzer potential in
global monopole spacetime. in Chapter 4, We discuss the consequences of such a
PDM Schrédinger equation (with Tjz) using the krartzer potential in global
monopole spacetime and a Wu-Yang magnetic monopole [12]. Our conclusion is

given in Chapter 5.



Chapter 2

SCHRODINGER PARTICLES IN A PGM-SPACETIME

BACKGROUND

2.1 Global Monopole Spacetime

One of the intriguing phenomena that plays a significant role in current physics is
the global monopole, which arises from the breaking of global O(3) symmetry [20].
Other examples of such phenomena include cosmic strings and domain walls [4, 13—
15]. Generally, a global monopole is a topological defect that can form due to the
phase changes in the early universe [20]. This topic has been the subject of several
notable investigations. Harari and Loust’o discovered that the gravitational potential

of topological defects is negative [21].

Einstein’s equations can be exactly solved to obtain the PGM spacetime. The metric
for PGM spacetime emerges as a fascinating synthesis of gravitational curvature and
topological properties [22], capturing the subtle interplay between geometry and
topology on cosmic scales. = The metric for global monopole spacetime is
characterized by features that reflect the gravitational and topological effects caused
by these cosmic relics. The presence of a global monopole, in particular, induces
anisotropic curved and non-trivial topological structures, which manifest as

deviations from the typical flat Minkowski spacetime metric [23].

The metric characterizing global monopole spacetime can be represented as:



ds® = gupdx"dx? = —dt* + B(r)dr* + r*dQ* (2.1)

where g, is the metric tensor, r is the radial separation from the PGM’s center, and
dQ? represents the solid angle. The function B(r) represents the gravitational and
topological effects caused by the global monopole, showing the divergence from
spherical symmetry and the presence of a deficit angle, which is a characteristic of
topological defects. Moreover, the function B(r) exhibits different behaviors in the
vicinity of and away from the global monopole center, representing the transition
from asymptotically flat spacetime to localized gravitational effects. The metric
shows a notable deviation from the Minkowski metric [20, 24] in the central region,
indicating robust topological and gravitational effects due to the global monopole. As
one moves away from the center, the metric approximates the asymptotically flat form

typical of locations far from large objects [25,26].

Vilenkin and Barriola [20] have found that:

1

B(r)=+1—¢ =73 SAGI? (2.2)

where G is the Newton’s gravitational constant and ( is a constant represents the
energy scale [24,25]. We can rewrite the metric as:
1
ds? = —dt* + zdrz +r*(d6? +s5in*0 d¢?) (2.3)
Here 1 > a> = 1—8xGu? >0, o is called the global monopole parameter [24].

Then, the metric tensor g, can be written as

L0 0
gab: O }"2 O 5 a,b:r, 9>¢7
0 0 rZsin6

and it’s inverse is



Essentially, the metric characterizing global monopole spacetime captures the
complex interaction between topological defects and gravitational curvature,
providing insights into the significant impacts of global monopoles on the evolution
of the universe [21,23]. We can better comprehend the gravitational and topological
features that constitute the cosmic environment by clarifying the mathematical
formalism and physical consequences associated with this metric [27].

2.2 Schrodinger Particle in a Deformed or Transformed PGM
Spacetime

Let’s consider Schrodinger particles interact with a PGM spacetime metric as in (2.3)

and subjected to a point canonical transformation (PCT) in the form of:

r= [ V7p)ap = Valp)p (2.4)

where f(p) and g(p) are two non-zero positive valued functions that are correlated

through

1+Mp].
q

To show this correlation, we just take the derivative for both sides of the integral that

is given in (2.4). According to this transformation, the PGM metric becomes:

f(p)

as* = —ar + L ap? 1 4(p)p? (a6 + 5in’0 d?) @3)



Then, the transformed metric tensor of the global monopole spacetime takes the form:

=
o
)

b= | 0 p2q(p) 0 ; a,b=p,0,9 (2.6)

The determinant of which is:
8= |8ab|= 7Q(P)2P4Sin29

The inverse metric tensor is :

(04
f(p) 0 0
ab — 1 2.7
8 0 p*q(p) 0 @7)
1
0 0 q(p)p?sin®6

The general form of the Schrédinger equation in any spacetime can be written as:

o1 b .
K‘ﬁ\T PN 8b)+V(p)]‘P(P797¢J)—lﬁaz‘P(Pa@,%f) (2.8)

Here, V(p) is the potential energy, and ¥(p, 6, ¢,1) is the wave function of the particle,

which depends on the spacetime coordinates. Equation (2.8) can be extended to give:

mo
[_%7 (ap\/—gppap+39\/—g6939+a¢\/—g¢¢3¢>+V(p)]‘{’:iﬁ oY

By substituting the elements of the metric tensor of the transformed PGM spacetime

in the Schrodinger equation above we get

2 2 2
[_ h ( o (P) —|— —1 89Sin989

2my p)P2/f 1/ sin@p2q(p)

1 .
" Waé) + V<p>] ¥=ih oW



Using separation of variable, we use ¥(p,0,¢,1) = w(p,0,¢)f(t) to get:

n? o> o plalp), 1
— + —————0dpsinbo
[ 2mo (q(mpr ’ V() PV sin6pZq(p) """ 0V

1

" q(p)psin?0

851//) + V(Mf]
Note that the R.H.S. of this equation is a function of 7 only, and the L.H.S. is a function
of p, 6 and ¢ only. Thus, the two sides must be equal to the same constant, which we

will call E. Then we have:

/ —E iEt
f) =S = f)=eT 2.9)
and
52 (X2 2 p)
_ ¥
[ 2mo <q<p)p2\/f %f () *
1 ) 1 2 B
+ W&gﬂne%w—i— de l[/) +V(p)l[/:| = El[/ (210)

Next, for equation (2.10) we assume that y(p,0,¢) = y(p)Y(6,¢), to obtain:

& o’ pq(p)
_ 0 0
[ 2my (pzq(P)\/f(p)w(p) P i) VP

1

+ W89s1n989Y+ ( p2s1n29Ya Y) +V :| = (211)

2
Multiplying by _2’”‘;1_% , from the left, we get:

1 [ @, P2y ) 2m0a(P)P?

P
VIP) PVTp) " >

(V(p) ~ E)

1
Y

sm@
The term in the first square brackets depends on p only. but the remainder depends on

0 and ¢ only. Thus, each must be constant. we will write the separation constant in

the form /(/ 4 1), so we have:



! |:—aQSll’l989Y—|— 34, ] = —(I+1) (2.12)

Y |sin@

and

(V(p)—E)| =1(I+1) (2.13)

1 o> . p3q(p) 2moq(p)p*
[¢ﬂm%¢ﬂm%wm_ P

Equation (2.12) represents the dependence of W(r,0,¢) on 6 and ¢ , and multiplying

it from the left by % , it becomes:

e { 2y] R+ 1)y (2.14)

sin@
The given equation is the angular momentum equation, which may be expressed as
L%Y,,(6,¢) =H*1(1+ 1)Y;,,(6,9). Where L is the angular momentum operator in
spherical coordinates. The spherical harmonics, denoted as Y;,,(0,¢), represent a set
of functions used in the study of spherical symmetry. The angular momentum

quantum number is represented by /.

According to our PCT (2.4) we have dp = (j—;) o = ( f(p)) d,, and r? = g(p)p>,

so equation (2.13) in terms of r is now given by:

2mgr?
ﬁ2

2023 ((p) — 2 (V(r(p)  E) W (p))| = 1(1+1) wir(p)

If we multiply by %, we obtain

B2 I(1+1)
2m0 o2 r?

2
e 9P W)+ (V- E ()| = e

2mo r2

This can be written in the form:
i? 1. 5 1(1+1) 1 1
— <_,,_28rr ar‘I/JrWlI/ +@V(r)‘l/:?EVf

(l+l

Now, by substituting £ 2 =¢and =B (B +1), last equation becomes:

2
ﬁ— (— 1 arrzarll/_i_w

1
- -l 1//) + ﬁv(r) yv=&vy (215

10



This can be simplified using y(r) = Y 1o obtain :

r

BB+1) !

ﬁZ
" (_ 2 e+ LB U(r)) F VU =6 U0) 216)

2m0

To express f in terms of / and ¢, we use the definition l((lx—tl) =B (B+1)

aZ+41 (I+1)

1
p==3t 20

This equation calculates the value of the regular angular momentum quantum number /
for flat Minkowski spacetime when o = 1. Furthermore, the two quantum mechanical
systems described in equations (2.13) and (2.15) have the same spectrum and remain
unchanged. In other words, if you know the solution to one of them, you can quickly

determine the solution to the other. However, they both possess identical energy.

It should be noted that the angular component of the wave function Y (6, ¢), remains
constant for all spherically symmetric potentials. The specific form of the potential,
V(r), only influences the radial component of the wave function, y(p), which is
determined by Equation 2.15, Thus w(r,0,¢,1) = w(r) Y;,,(6,¢) e E1/1.

2.3 Position-Dependent Mass in the Radially Transformed PGM
Spacetime Metric

When dealing with situations in which the particle’s mass changes depending on its
position, it is necessary to adjust the kinetic energy operator in (1.4) to accommodate
this variability. In Chapter 1, it has been shown that by choosing MM-ordering, f =
h = —% and g = —%, the PDM von-Roos kinetic energy operator takes the form of

Mustafa-Mazharimousavi’s PDM one, Ty given in (1.5) [8,9].

We begin with recalling the radial equation in (2.16):

BB+1)
2

r

U(r)) + %V(I’) U(r)=&U(r)

11

h2

Y
- ( P U(r) +



and substituting:
U(r)=U(r(p))=f(p)"* ¢(p) (2.17)
Moreover, our PCT r = [/ f(p)dp allows us to write d,U (r) as

o) = (B) 0= 1(6) 3 (1004 010)

dr
and
*U(r) = 9, (9,U)
= 0. [1(p) 2 9 (£(P)+ 6(p)]
=P 3y [0 3 (7o) 00)]
= f(p)2 (ap [f(p)‘% % (f(P)_% ¢(P)>]>,
to obtain

I 1 1 2 B(B+1) 1 1
<—2—mof<p) dp f(P)"2 Jp T2 (0] p? —|—?V(r)> £(p)"% ¢(p)

=& f(p)"* 6(p) (2.18)
Next, we multiply this equation, from the left, by f (p)zli and get:
12 | | 1
(_ g P) "+ 9 f(p) 72 9p Flp) +Veff(P)) o(p)=&0(p)  (2.19)

Where the effective potential V, s is now given by:

BB Ly

2my q(p) p*  a?

Verr =

that includes the central repulsive term. The particle is often pushed far from the
origin, similar to the repulsive force seen in classical mechanics. Thus, the resulting
operator for the effective PDM Kkinetic energy is:

N K2 1 |
Tyum = — 20 f(p) % dp f(p) 20p flp)~

Bl

(2.20)

Which is known as Mustafa-Mazharimousavi’s (MM) PDM-kinetic- energy

operator [8] Then, the two systems, identified in (2.16) and (2.19), exhibit
12



isospectrality, meaning they possess identical energy levels and remain unchanged

under certain transformations.
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Chapter 3

PDM SCHRODINGER PARTICLE IN A KRATZER

POTENTIAL IN A PGM SPACETIME

3.1 Kratzer Potential

Molecular potentials are used to describe the interactions between atoms or
molecules. They provide a foundation for studying the behaviour and properties of
matter on a molecular scale. They are essential in the field of physics, allowing us to
explore the intricacies of molecular behaviour and acquire crucial knowledge about
the fundamental forces that control matter. Some examples of various molecular
potentials and their usage also include Yukawa potential [35-38, 40], Morse
potential [44—49], Hulthén potential [43,50-54], and Poschl-Teller potential [S5-60].
The Kratzer potential [41], which we are going to study, demonstrates a distinctive
property of tending towards infinity as the distance between nuclei collapses to
zero [61,62]. This behaviour is a result of the repulsive interactions that exist between

the individual molecules within the potential.

The Kratzer potential is defined as [41, 63]:

2
Vk(r) = —2D (i‘—A—) 3.1)

where D is the energy required to separate two atoms in a diatomic molecule, when
they are at an equilibrium inter-nuclear distance A. Both A and D are positive values.
The potential under consideration is a combination of the attractive Coulomb-like term
potential at long distances and a repulsive centrifugal like barrier (the second term)

14



at small distances. Their combination of which introduces an effective potential well,
which functions as a model for studying the molecular structure, molecular energy
spectra, chemical interactions, and inter-nuclear vibration of diatomic molecules.

3.2 PDM Schrodinger Particle with Kratzer Potential and in a PGM
Spacetime Background

We have shown, in the previous chapter, that the radial the Schrodinger equation takes

the form of (2.16). If we substitute the Kratzer potential in (2.16) we obtain:

Eﬁﬁiily@?>_2D (A A?

> 5
R (R LA
( P U+ r2 a2 \r 212

Jron )U@:gUm (3.2)

We aim to find the solution for U (r), and determine the allowed energies. To simplify

this equation we will use/i = 2mg = 1 it becomes:

Lﬂf+ﬁgi2—gD<é—£g]UM=£U0) (3.3)

r2 a2 \r 212
We can rewrite it as:

r2 r

(—¥+£&iﬁ—9)ungym (3.4)

where @ = 2DA/? and

2 2
ML+D:ﬁ(ﬁ+U+22:JU+2;DA‘

Thus:

L=—-
S+

1 ¢1 I(I+ 1)+ DA?
_|_—
4 o?

Next, we define a new variable z = v/—&r so that:

<¥—£E;2—9—1)U:O (3.5)

Next, we will study the asymptotic behavior. As z goes to infinity the constant term

dominates, so:

15



ZU=U (3.6)

The general solution is: U = Aj e “ 4 Bj e* but €* is unbounded as z goes to infinity, so

B must be zero. Thus, for large z we have:
U=A e *

On the other hand, as z goes to zero the second term in equation 3.5 dominates, then:

L(L+1
an——(;r>
Z

U=0 3.7)
The general solution is
U=CF'+D*
But U blows up as z goes to zero , so D = 0, Thus, for small z:
U=CzH!
Finally, we can write U (z) as:
Uiz)= 2 e F(2)
In the hope that the new function F(z) will simplify the equation.
RU=7"e*[(L+1—2)F+z0.F)
and
U= z7es [(—2L—2+z+ @) F+2(L+1—2) 0, F+7zd> F
Then the radial equation in terms of F(z) becomes:
Z2O2F+2(L+1—2) O,F +[@—2(L+1)] F=0 (3.8)

Equation (3.8) is a confluent hypergeometric differential equation with the confluent

hypergeometric function/series solution | Fi(a,b,x):

@
F(2) = Cy 1Fy (L—5+1, 2+2L,2z) (3.9)

16



If this solution is to be a physically acceptable one, it should be finite and square
integrable. This would once again necessitate that the confluent hypergeometric series

be terminated to a polynomial of degree n =0,1,2,3... so that:

L-— +1= -n (3.10)

We can easily solve it to get the value of &

2 o’
& = —<T> = —— - 3.11
@ 4(1+L+n)? G-11)
which implies the energy levels:
2.2
() 04
E = ——— 3.12
T T4+ L+n)? (3-12)
Then the solution is written as:
0]
Vu(2) =Cy 2 e 1R (L—5+1, 2+2L,2z) (3.13)

Obviously, equation (3.12) suggests that the energies tend to converge to E,, ; ~ —Da?
as the coupling constant A — 0. This would indicate that all energy levels cluster at
the value E, ; ~ —Da? as A — oo, Such a tendency is observed in Figures 3.1(a) and

3.1(b), where the energies E, ; ~ —1/4 for the parametric values used therein.
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Figure 3.1: The energy levels for (n,/)-states against the coupling constant A for / =0,1,2,3
so that Fig. 3.1(a) for n =0, and Fig. 3.1(b) for n=5.
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In Figure 3.2, we show the energies |E, ;| against different values of the monopole
parameter and within the range 0 < a < 1. The comparison between Figures 3.2(a),
(b), and (c) suggests that the energies |E, ;| decrease as the radial quantum number
increases. Indicating a general tendency of the energy levels towards the value E, ; —
—1/n? for n>> 1. This trend can be clearly observed in Fig. 3.2 (d). Moreover, the

spacing between the energy levels narrows as the radial quantum number increases.
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Figure 3.2: The energy levels for (n,l)-states against the monopole parameter o for [ =
0,1,2,3 so that Fig. 3.2(a) for n = 0, Fig. 3.2(b) for n=1, Fig. 3.2(c) for n=4, and Fig. 3.2(d)
forl=1andn=0,2,5,10.
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Chapter 4

PDM SCHRODINGER PARTICLES WITH KRATZER
POTENTIAL IN A PGM SPACETIME AND A WU-YANG

MAGNETIC MONOPOLE

4.1 Wu- Yang Magnetic Monopole

The choice of the vector potential A = (0,0,A ) around a global monopole necessarily
involves singularities. This situation is analogous to selecting a coordinate system on
the surface of a sphere, such as longitude and latitude. Even though the sphere itself is
free of intrinsic singularities, any coordinate system will have some singularities. To
avoid introducing singularities, one can divide the sphere into overlapping regions and

define a coordinate system without singularities in each region [64—66].

Following this strategy, Wu and Yang divided the space outside a magnetic monopole
into two regions, R4 and Rp.They defined a vector potential A4 in R4 and a vector
potential Ap in Rp, covering the entire space exterior to the magnetic monopole.

These regions overlap in R4p with the monopole at the origin as they have chosen [64]

2
Ri:0<9< =T >0, 0<¢<27m
T 21
Rp: <0<m ,r>0, 0<¢<2m
T—2 T+2
Rap 2"<9§ J;” >0, 0<¢<2m

Where 0 < n < 7. The vector potential components are chosen to be:
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Ar,A :AQ7 A= 0 y A¢7A = g (1 —COSQ) (41)

A.p=Ag =0, App= —8 (1+cos0) 4.2)

where g is the strength of the Wu-Yang magnetic monopole. To simplify the notation
and make it quite handy, we use the form Ay = sg — g cos6, such that s = 1 for Ay 4
and s = —1 for Ay .

4.2 PDM Schrodinger Equation with Kratzer Potential and Wu-Yang
Magnetic Monopole

The Schrodinger equation with potential V(r), in a vector potential A = (0,0,Ay) is

given by:

_ L —ie Wb (), — ie r v =i v
[( \/g(&a Aa) /88" (9 Ab)) +V( )1 Y(r,0,¢,t) =id,¥(r,0,¢,t) (4.3)

Equation (4.3) can be simplified :

{—% (0 —ieA) VaE" 0 — icAr) + (3 —ieA)Vas® (g — iedo)

+ (8¢ —ieA¢) \/§g¢¢ (8¢ — ieA¢) ) +V(r)] Y (r,0,¢,t) =i d ¥ (r,0,9,r)

By substituting the elements of the metric tensor of global monopole spacetime and

the Wu-Yang vector potential the Schrodinger equation becomes:

2
PRI G ! oA,
[ 2 0,(r°ay) 2 <sin9 dgsin6dy + o [0y —ieAy] )

+V(r) [¥(r,6,0,0) =i o ¥(r,6,9,1) (4.4)

Where r is given by (2.4). We will use the separation of variables and assume that
¥(r,0,.t) = y(r) Y. (0,9) e "£' where g = eg > 0 and § = sq. Then, the time-

independent Schrodinger equation becomes:

in

1 . 1 . 2
— (s' 0 dgsin@dg + 20 [a(p —zeA(p} >chlm(97¢) =0
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The terms in the first square brackets depends only on r, whereas the remainder

depends on 0 and ¢. Hence, we may take:

(L dgsin@dy + ! [0 —ieA(p}z) Ym(0,9) = — A Yam(6,¢) (4.5

sin@ sin’0

and

2
{_ & 0070+ % + V(r)] w(r)= Ey(r) (4.6)

r
Now, we have to find the values of A by using the substitution

Yim(0,9) = ¢l (mtd) ¢ %,1m(0) into Equation (4.6) to obtain:

[m + C[COSO]Z) gqlm<9) = —A %lm(e) “4.7)

1 1
—— OJpsin0dg —
( ng 07V T Gng

sin
The above equation is independent of the values of s, thus the solution for ¢,;,,,(0) are

the same in the two regions A and B. This means
[gqlm(e)]A = gqlm(9> = [gqlm(e)]B'

To solve Equation 4.7 we are going to use the substitution x = cos 0, it becomes:

[1—x2}82—2x8—M &, = —
X X qlm(x) — A gqlm(x) (48)

1 —x2
This differential equation has singularities at x = 1 and x = —1. We define now
Gaim(x) = (140" (1=2)"" Py (x) (4.9)

where a = (|m|—q) and b= (|m|+q).

By using the substitution (4.9) Equation (4.8) becomes:

U /

(x> =1) Pypy(x) + 2[g+ (m+1)x] Py, (x) + (m+m* =24 —q°) Py =0 (4.10)

The solution of the above equation is the hypergeometric functions/series:
11 5 1
Pym= C1 Fy |m|+§ + E\/47L +4q¢°+1, Im|l—q+1, 5(1 +x) 4.11)

For the sake of having a finite and square integrable wave functions, the power series
of the hypergeometric function must be terminated, thus:
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1 1
—ii = |m!+§i§\/4q2+4l—l—l; i=0,1,23..
We solve this equation to get A:
A= (jml4+ia+1)(|m|+i) —q* = (1+1)— ¢ (4.12)

Where [ = |m|+7 = 0,1,2,3.... is the angular momentum quantum number. That is,
when ¢ = 0 (this means no Wu-Yang magnetic monopole) then A = /(I + 1) represents
the regular eigenvalues for the textbook spherical harmonics. Now, we can write the

solution Y, as:

(0.9) (14cos8)2(1—cosh) qulm (cos 0)e!"+9)9  in region A
Yym(0,¢) = (4.13)
(14c0s0)3(1—cos0) qulm(cos 0)e!m=9)? in region B

Wu and Yang have called Y, as the monopole harmonics.

Now, we are going to write the radial equation 4.6, with the Kratzer potential Vk (r) =

—2D (‘% — ﬁ) and A = [(I+ 1) — ¢*. Then the radial equation becomes:

2r2
a? I(1+1)—¢* A A?
{— ) 9,(r*d,) + —a —2D (? — ﬁ)} y(r)= Ey(r) (4.14)
We may rewrite it as:
-z a0+ S5 22y = svo @.15)

2 2
where & = % , 0= ZO%A and (£ +1) = Z(HI);—%W. If we solve it for { we can

easily get

1 1 AZD+ [(I+1)—¢?
¢= 5t \/Z + p" (4.16)

Furthermore, the solution to Equation (4.15) would read:

w(p(r) = Curte V5 \[R(1+( - . ®  242e2v=En 4.17)

V=&
Hereby, the condition that the wavefunction be finite and square integrable would

necessitate that the confluent hypergeometric series be terminated to a polynomial of
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degree n > 0 to obtain:
14— ——= = —n (4.18)

We can easily solve it to get the value of &

>
E= ———— 4.19
4(14+ & +n)? (+19)
Which implies the energy levels:
22
(001
E,j,= ———7F7—— 4.20

At this point, one should notice that such energy levels collapse into those without the
Wu-Yang magnetic monopole (i.e., ¢ = 0) given in Eq.(3.12). In Figures 4.1(a) and
(b), we show the energies |E,;,| at & = 0.5 for different values of the strengths g of
the Wu-Yang magnetic monopole. The values of g are chosen so that the square root
in Eq. (4.16) is a real value. We observe that the Wu-Yang magnetic monopole yields
non-equally spaced energy levels. Additionally, the spacing between the energy levels
increases as the strength of the Wu-Yang magnetic monopole increases. Moreover, the
spacing between the energy levels decreases as the radial quantum number increases.
Furthermore, in Figures 4.1 (c) and (d) we plot the energy levels against the coupling
parameter A for &« = 0.5 and o = 0.1, respectively at g = 1. It is clear that as the value
of the coupling parameter A increases, the energy values increase until reaching their
maximum. This maximum energy value depends on the value of ¢. This tendency
is evident from equation (4.20), which suggests that the energies tend to converge to

E,;— —Da? as the coupling constant A — oo
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Figure 4.1: The energy levels for (n,l)-states against the WY-magnetic monopole parameter
q for D =1 = A so that Fig. 4.1(a) for n =0 and ¢ = 0.5, Fig. 4.1(b) forn =2 and o = 0.5,
and the energy levels against the coupling parameter A for ¢ = 1 = D so that Fig. 4.1(c) for
n=2,a=0.5,and Fig. 4.1(d) forn =2, ® = 0.1
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Chapter 5

CONCLUSION

This work demonstrates that a particular transformation (2.4) of a global monopole
spacetime yields a von Roos position-dependent mass Schrodinger equation (2.19).
Additionally, we have solved the Schrodinger equation with Kratzer potential, a
significant molecular potential describing the vibration-rotation spectra of diatomic
molecules in global monopole spacetime, to obtain the energy levels spectrum. Here,
the radial wave equation is derived in terms of the confluent hypergeometric function

1F1(a,b,x), and the angular part is expressed in terms of spherical harmonics.

Subsequently, we examined the Shrodinger equation with the Kratzer potential and
Wu-Yang magnetic monopole in global monopole spacetime. Here, the radial wave
function is still given in terms of the confluent hypergeometric function, but the angular

part is expressed in terms of the Wu-Yang monopole harmonics.

Regarding the energy levels, when we plot the energy levels resulting from solving
the radial part of the Shrodinger equation with the Kratzer potential equation (3.3)
against the global monopole parameter o for all allowed values of & (i.e 1 > a > 0),
we observe that the energies |E, ;| decrease as the radial quantum number increases
(documented in Figures 3.2(a), and (b)). Moreover, in Figure 3.2(d), we notice that the

spacing between the energy levels narrows as the radial quantum number n increases.

Next, we plot the energy levels resulting by solving the radial part of the Shrodinger

25



equation with Kratzer potential and Wu-Yang magnetic (equation 4.15) against the
strength ¢ of the Wu-Yang magnetic at @ = 0.5. We observe that the energy levels
are not equally spaced. Additionally, the gap between the energy levels widens as the
strength of the Wu-Yang magnetic monopole increases. Furthermore, the gap between
the energy levels narrows as the radial quantum number grows as shown in Figure

4.1(a) and (b).

When we plot the energies against the parameter A as shown in Figure 4.1 (c) and (d)
for ¢ = 0.5 and @ = 0.1, respectively, at a constant q (we set qg=1). We observe that
as the coupling parameter A increases, the energies also increase until they reach their
maximum value. Additionally, the highest possible value of the energy depends on
the value of «. This trend is evident from equation (4.20), indicating that the energies

approach convergence towards E, ; — —Da? as the coupling constant A — oo,

Overall, this study improves our comprehension of the substantial impacts on the
movement of charged particles subjected to topological defects and interacting via the
Kratzer potential, with or without Wu-Yang magnetic monopole, specifically within

the framework of a point-like global monopole.
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