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ABSTRACT

The first quantized theory of a single photon has been the subject of interest since
the early days of the emergence of quantum mechanics. Despite many successes and
achievements, there is no systematic approach for quantum mechanics of a single
photon. In fact there are still some major controversies and problems in this field in-
cluding: a well-defined wave function in coordinate representation, a positive definite
probability density, a position operator, and localizability of a single photon. In this
dissertation we provide a systematic quantum mechanical treatment of photon fields

and address all of these problems.

We first use dynamical equations of Maxwell fields to establish the physical space
of photon fields. Next we obtain the most general admissible positive-definite in-
ner product on this space. Imposing necessary conditions on this inner product not
only makes it relativistically invariant, but also suggests a three-parameter family of
Lorentz invariant inner products which can be used to introduce a genuine Hilbert
space for the quantum mechanics of photon fields. We can derive the unitary quan-
tum system by determining the generator of time-translation to be Hamiltonian. This
represents a quantum mechanics of a single photon which is not the result of the re-
striction of Hilbert space to the positive-frequency fields. Next we obtain the general-
ized parity (P), generalized time-reversal (T, and generalized charge or chirality (C)
operators for this system and offer a physical interpretation for its PT-, C-, and CPT-
symmetries. We introduce a current density corresponding to relativistically invariant
positive-definite inner product and observe that it is both conserved and manifestly
covariant. We establish the mathematical formalism of observables and wave func-
tions for the photon. We determine the photon wave function and prove that it is a
generalization of both the Landau-Peierls well-known wave function for photon and
the Riemann-Silberstein complex vector. Subsequently we obtain a positive-definite
probability density for the spatial localization of photon fields and examine the conser-
vation of total probability. We construct a photon position operator with commuting
components. This position operator commutes with helicity and chirality operators
and is equal to the position operator of massless Klein-Gordon fields with an addi-

tional term that corresponds to the Berry phase of propagating photon. As far as
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we know, this is the first systematic study of the first-quantized theory of a single

photon.



OZETCE

Tek bir fotona ait birinci kuantizasyon kurami, kuantum mekaniginin ilk or-
taya ciktigi zamanlardan beri her zaman ilgi konusu olmustur. Bir ¢ok bagar1 ve
kazanimlara ragmen tek bir fotonun kuantum mekanigine ait sistematik bir yaklagim
henuz olugturulamamstir. Gergekte ise bu alanda, koordinat gosteriminde iyi tanimh
bir dalga fonksiyonunun olugturulmasi, pozitif tanimh bir olasilik yogunlugunun bu-
lunmasi, bir konum operatoru ve tek bir fotonun localize edilebilirligi dahil olmak
uzere hala baz1 temel tartigmalar ve problemler mevcuttur. Bu tezde, foton alanlarinin

sistematik kuantum mekaniksel bir yaklagimini ele alarak bu problemlere deginecegiz.

Foton alanlarinin fiziksel uzay cozumlerini olusturabilmek i¢in lk unce Maxwell
alanlarinin dinamik denklemlerini kullanacagiz. Daha sonra, foton alanlarina ait uza-
yda Kabul edilebilir en genel pozitif tanimli i¢ccarpimi elde edecegiz. Bu i¢ carpim
uzerinde gerekli kogullarin uygulanmas: sadece relativistic olarak degismez yapmakla
kalmaz aynmi zamanda foton alanlarinin kuantum mekaniginde gercek bir Hilbert uzay:
tanimlamak i¢in kullanilabilecek olan Lorentz degismezi i¢ ¢arpimlarinin ug parame-
treli familyasin1 da ortaya koyar. Uniter kuantum sistemini, zaman oteleme ure-
tecinin Hamiltonian olarak belirlenmesi ile turetebiliriz. Bunun utesinde bu bize
Hilbert uzaymin pozitif frekans alanlarina siirlandirilmasinin sonucu olmayan tek
bir fotona ait kuantum mekanigini gosterir. Daha sonra, bu sistemin genellegtirilmis
eslik (P), genellegtirilmig zaman (T) ve genellestirilmig yuk veya kiralite (C) operator-
lerini elde ederek PT-, C- ve CPT simetrilerinin fiziksel yorumlarin1 sunacagiz. Rel-
ativistik olarak degismez pozitif tanmiml i¢ ¢arpima karsilik gelen bir akim yogunlugu
tanimlayarak bunun hem korundugunu hem de agikca egdegisken oldugunu gozlemleyecegiz.
Foton alanlarimin fiziksel Hilbert uzayina ait gozlenebilirler ve dalga fonksiyonlarinin
matematiksel formalizmini olusturacagiz. Foton dalga fonksiyonunu belirleyerek bunun
hem fotonun iyi bilinen dalga fonksiyonu olan Landau-Peierls’in genellestirilmesine
esit oldugunu hem de Riemann-Silberstein karmasik vektorunu verdigini ispatlay-
acagiz. Sonra foton alanlarimin uzaysal lokalizasyonu igin pozitif tanimlh bir olasilik
yogunlugu elde ederek toplam olasiligin korunumunu inceleyecegiz. Kutleli parcaciklar
i¢in uniter olarak Newton-Wigner-Pryce konum operatorune esit olan komutasyon ya-

pan bilesenlere sahip foton konum operatorunu olusturacagiz. Bu konum operatoru,
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sarmallik ve kiralite operatorleri ile komutasyon yaparlar ve yayilan fotonun Berry
fazina kargilik gelen ek bir terime sahip olan kutlesiz Klein-Gordon alanlarinin konum
operatorunu verirler. Bilindigi kadariyla bu, tek bir fotonun birinci kuantizasyon

kuramna ait ilk sistematik ¢aligmadir.
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Chapter 1

INTRODUCTION

1.1 Introduction

Since early decades of 20th century, many studies have been done on the first quan-
tized theory of a single photon. Yet a systematic quantum mechanical treatment of
a single photon is not fully developed. There are many controversial problems in this
area including difficulties in defining the photon wave function in coordinate repre-
sentation, a positive-definite probability density, the existence of a position operator,

the corresponding localized states, and a genuine Hilbert space for the photon.

Because the photon momentum operator is well-defined, the concept of photon
wave function in momentum representation has been widely accepted [1] and most
researchers who work in quantum electrodynamics agree upon its definition. The
quantum mechanics of a single photon in momentum representation is presented in
some textbooks of quantum electrodynamics [2]. In contrast to the photon wave
function in momentum representation, it is a very challenging problem to define an

appropriate wave function for a single photon in coordinate representation.

The wave function of the photon has never been systematically studied and is
a controversial concept. This difficulty arises from the fact that it does not have
all features of the Schrodinger wave function for nonrelativistic quantum mechanics.
This has led some people to claim that the photon wave function does not exist [1].
However this has not kept physicists doing research to find an appropriate position
wave function for the photon. The first major study in the area of the first quantized
theory of a single photon was carried out by Landau and Peierls [3] who determined
the photon wave function and derived Schrodinger equations for an electromagnetic
field and its interaction with matter in a configuration space. The same wave function
has been rediscovered by Cook [4] and Inagaki [5].

The Landau-Peierls (LP) wave function has some advantages. For example it has
the right dimension [1], and the scalar product and expectation values take simpler

forms when they are expressed in terms of LP function. Nevertheless, it is not widely
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accepted because it is a nonlocal function. In [6] Pauli explained that the LP wave
function has some disadvantages due to having such a nonlocal character; (1) the value
of a nonlocal function at a point depends on the behavior of function in all spatial
points of space and not only on a small neighborhood of the considered point [6, 1].
(2) It does not transform as a tensor field under the Lorentz transformation [6, 1].
(3) One cannot introduce the probability of interaction of a photon with localized
charges by using the probability density of this nonlocal object [6, 1, 7]. According
to Pauli [6], for the photon the wave function in coordinate representation does not

exist.

Despite Pauli’s conclusion many physicists have strong opinions supporting the
existence of the photon wave function as discussed by Bialynicki-Birula [1] and Sipe
[7]. According to these authors, due to the nonlocal nature of the LP function,
it only can be considered as a secondary function which connects to a local wave
function through a nonlocal transformation. Many local wave functions have been
proposed to serve as the photon wave function. All of them are specified through
Maxwell equations [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. The most famous
example is the Riemann-Silberstein wave function E + icB which satisfies a complex
form of the Maxwell equations [8, 9, 10, 11, 12, 13, 16]. The name of the Riemann-
Silberstein for this complex vector stands for the earliest works in the use of the
complex form of Maxwell equations by Reimann [1, 19] and Silberstein [1, 20]. The
Riemann-Silberstein complex vector has been frequently used and advocated as the
photon wave function by many physicists including Good [18], Sipe [7], Moliere [21],
Oppenheimer [22] and Bialynicki-Birula [1, 8, 9, 10]. Despite its convenience and
popularity, the absolute-value square of this wave function provides the local energy

density and cannot be taken as the probability density of a single photon.

The problem of the photon wave function is linked with that of photon’s position
operator. In the formulation of quantum mechanics, the wave function can be identi-
fied by the projection of a state vector on eigenvectors of the corresponding position
operator. Therefore, many people including Pauli [6] have made claims on the nonex-
istence of a position operator. Another challenging concept is the problem of photon’s
localized states which is closely related to a corresponding position operator. This
becomes evident through the work of Newton and Wigner [23] on the localization of
elementary particles in which they established a set of localized states for elementary
particles including massive particles with arbitrary spin and massless particles with
spin<1. For massless particles with higher but finite spin, starting with s=1, they
did not find any localized states. In the context of their work [23], a single photon



Chapter 1: Introduction 3

cannot be localized in a spatial point and its associated position operator does not

exist.

The failure of Newton and Wigner’s method to address the problem of localized
states and the position operator of the photon did not stop people to search for
them. The first attempt for finding a relativistic position operator is due to Pryce
[24] who used several ways to generalize the definition of center of mass and obtained
position operators for elementary particles including electrons and photons. The
Pryce position operator [24] for the photon has not been faced with great interest
because it does not have commuting components. Many other proposals for the
photon position operator have been given that have the same common deficiency
of lacking non-commuting components [25, 26, 27, 28, 29]. Recently Hawton [11]
obtained a position operator for the photon with commuting components by adding
an extra term to the Pryce operator. The main shortcoming of her approach is that

it does not involve building a physical Hilbert space for a single photon.

Similar to the photon wave function and position operator, the localization of
a single photon is a very old and important problem. After Newton and Wigner’s
influential work [23] on localization of elementary particles, Wightman [31] proposed
a reformulated version of their physical ideas. This involved a notion of localizability
in a region whose existence and uniqueness only relies on the transformation law of
the physical system under the Euclidean group. He rederived all previous results of
Newton and Wigner [23] and gave a mathematically rigorous proof of the nonexistence
of localized states for a single photon [30]. In the context of imprimitive language
proposed by Wightman [31] and Mackey [32] for the idea of localizability of elementary
particles, Rosewarne and Sarkar [33] showed that for a single photon the imprimitivity

of the Euclidean group is not consistent with the representation of the Poincare group.

Later, the definition of localizability is generalized in the work of Jauch and Piron
[34] so that it can be applied to cases in which the conventional position operator does
not exist. In their notion of generalized system of imprimitivities, the localizability of
a particle can be restated as weakly localizable. Subsequently, Amrein [35] examined
the consequences of the weak localizability introduced by Jauch and Piron [34] and
showed that massless particles can be treated in an equal footing with massive ones
and a single photon can be localized in arbitrary small volumes. More recently,
the localization problem of the photon has been the subject of interest and several
investigations have been made by different people [10, 12, 16, 25, 36, 37]. The most
recent one is the work of Hawton [30] where she employs her position operator [11]

to obtain localized states of the photon in momentum representation.
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Although we do not have a well-defined quantum mechanical formulation for a
single photon and each approach suffers from not being able to give a compatible
and systematic way of defining wave functions and physical observables, for a long
time experimental physicists have strived to establish a proper wave function for the
photon by which they could verify the results of their experiments; for instance see
[37, 38, 17]. Furthermore, recently a single photon state has become a favorable sub-
ject of research in optics and other related disciplines, and a single photon state has
been detected in numerous experiments [37, 39]. In recent years the first quantized
theory of a single photon has received more attention and many have tried to develop
the concept of physical observables and the position wave function for a single photon.
The most recent ones are related to Hawton [13, 40, 41] where she tries to develop the
wave mechanics of the photon and the position observable by using pseudo-hermitian
quantum mechanics. However like most previous investigations, her works lack a sys-
tematic quantum mechanical treatment by which one should first construct a genuine

Hilbert space and then obtain a unitary quantum system for a first-quantized photon.

In this thesis we approach this problem in a systematic manner and provide a
well-defined first quantized theory of a single photon. Unlike the previous works on
this subject where they identify the solutions of the Maxwell equations (for instance
the Riemann-Silberstein complex vector) as the photon wave function, we view the
solutions of the Maxwell equations as abstract state vectors belonging to a complex
vector space that we identify with the space of photon fields. By defining an appro-
priate inner product and endowing it to this space, we obtain the physical Hilbert
space of a single photon. In this physical Hilbert space we define the position wave
function associated with a single photon in a usual way, as a coefficient of a state
vector in position basis of the physical Hilbert space. In a similar way we construct
the physical observables of the unitary quantum system corresponding to the physical
Hilbert space. In Refs [50, 51, 53], A. Mostafazadeh and F. Zamani employed this
systematic methodology to provide a consistent quantum mechanical treatment of
Klein-Gordon and Proca fields. These works provide both conceptual framework and

motivation for the study of the first quantized theory of a single photon.

Due to a close relationship between Maxwell fields and Proca fields, we examine
the methodology used for Proca fields [51] with some variations. In fact setting mass
to zero in massive vector fields (Proca fields) leads to the Maxwell equations. Thus,
one may attempt to apply the zero mass limit of Proca fields in order to investigate
the quantum mechanics of a single photon. However, this leads to unpleasant conse-

quences because the Hilbert space obtained by taking zero mass limit of Proca fields
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does not represent the Hilbert space of a single photon. Instead of that, from the
beginning we start with Maxwell equations and derive a unitary quantum system for
the photon. In the following we briefly explain our approach in more detail.

In recent years Mostafazadeh used his theory of Pseudo-Hermitian Quantum Me-
chanics (PHQM) [47, 48, 62, 63, 64, 65, 68, 69, 70] to address the Hilbert space
problem in quantum cosmology [49, 70] and similarly devised a consistent quantum
mechanical formulation of Klein-Gordon fields [50, 53] and Proca fields [51]. PHQM
[47, 48, 62, 63, 64, 65, 66, 67] is a powerful method developed to provide a mathemat-
ically compatible formulation for PT-symmetric quantum systems [71, 72]. In this
formulation [73] each quantum system is described by a diagonalizable Hamiltonian
H [48] with a real spectrum which acts in a Hilbert space H. Generally speaking,
the Hamiltonian H is not necessarily Hermitian with respect to the inner product of
H that we denote by (-, -). However it becomes Hermitian with respect to a positive-

definite inner product ((-,-)),, defined according to

(D= (o) (1.1)

where 7, is a positive-definite metric operator which is linear, hermitian and invertible
[48, 47]. This in turn suggests the notion of a pseudo-Hermitian operator. A linear

operator H is called n-pseudo-Hermitian if it satisfies [47, 62, 73],
H' == n, Hn". (1.2)

The inner product (1.1) can be used to establish a physical Hilbert space and
observables can be identified with Hermitian operators acting in this space [68].

In the reminder of this section we outline the structure of this thesis. In the second
chapter, we review the literature on the subject of the first-quantized theory of a single
photon and elaborate on the concepts of the wave function, physical observables, the
position operator and localized states. Furthermore, we discuss the difficulties with
the current formulations.

As discussed in Refs [50, 53] PHQM was used to provide a unitary quantum
mechanical formulation with a genuine probabilistic interpretation for Klein-Gordon
fields. Here the author considers massive scalar fields. In the third chapter, we employ
a variation of PHQM method to devise a unitary first-quantized quantum theory for
Klein-Gordon fields where we include the massless KG fields as well as massive ones.
Most of results obtained in this section are identical with those of Refs [50, 53]. We
have added this to help the reader become familiar with the method we use to study

a first-quantized photon. Furthermore, because the dynamical equations satisfied by
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the massless scalar and vector fields are very similar, we expect similar features in

the structure of the inner product, the position operator, and localized states.

In chapter 4, we employ the same method used in the Chapter 3 and formulate a
unitary first-quantized theory for a single photon. We use the solutions of Maxwell
equations to establish the space of photon fields. Next we equip the space of photon
fields with an appropriate inner product which we call the inner product of a single
photon and by Cauchy completing the resulting inner product space we arrive at
the physical Hilbert space of a single photon. If we identify the Hamiltonian to be
the generator of time-translations, it uniquely determines a unitary quantum system
which we use to construct the physical observables and wave functions. Next, we
obtain the position operator of a photon with commuting components and discuss its
connection with the Hawton operator. We obtain the photon position wave function
and show how it relates to the Landau-Peierls and the Riemann-Silberstein wave
functions. We further derive a positive-definite probability density and remark on the

conversation of the probability.

In chapter 5, we examine differences between our approach and previous works

and discuss the advantages of our method.

1.2 Conventions

In this section we state the conventions which we frequently use throughout this
thesis. First we define oy and Ay as 2 x 2 and 3 x 3 identity matrices, respectively.

Let us remember that oy together with the Pauli matrices

0 1 0 —i 10
01:<1 o)’ 02:(¢ 0)’ 03:<0—1>’ (13)

form a basis of the vector space of 2 x 2 complex matrices, and {0y, o3} is a maximal

set of commuting matrices. We denote their common eigenvectors by

1 0
e+::<0>, e_::<1>, (1.4)

where the labels stand for the eigenvalues of 3.
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In a similar way, \g together with

010 0 —i 0 1 0 0 01
AM=1100],2%=]4% 0 0],X3=]10-101],M=1000]1,
000 0 0 0 0 0 0 1 00
00 —2 000 00 O . 10 0
=100 0 s, =100 1 |, A=|00 —i ,)\g—ﬁ 01 0
¢ 0 0 010 0 ¢+ O 00 -2

form a basis for the vector space of 3 x 3 complex matrices, and {Ag, A3, As} is a
maximal set of commuting matrices. Similarly their common eigenvectors are given

as

1 0 0
€1 = 0 y €_1 = 1 y €y - — 0 . (16)
0 0 I|

in which the labels 0 and 41 are the eigenvalues of As.
Let us observe that we can employ the bases {o;} and {\;} to construct a basis
{En} for the vector space of 6 x 6 complex matrices namely,
where m € {0,1,2,---,35}. The matrices Xg, X3, Y12, X155, 232, and Y5 form a
maximal set of commuting operators with common eigenvectors
Ees *= €c @ €, (1-8>

where € € {+,—} and s € {—1,0,+1}.
Next, we use {0;} and {o;} to introduce the basis {3,} for the vector space of

4 x 4 complex matrices that consist of

Yin =0;® 0y, if n:i+4j€{071’27""15} <1'9)

The matrices f]o, f]g, 212 and 5315 form a maximal set of commuting operators with

common eigenvectors
ée,h =e® éha (110)

where € € {+,—} and h € {—1,+1} and

4 — 1 = “— O
S - .

are the eigenvectors of os.

Y

(15



Chapter 2

REVIEW OF THE FIRST QUANTIZED THEORY OF
PHOTON

2.1 Photon Wave function

The position wave function in non-relativistic quantum mechanics can be described
by a projection of a state vector ¥ on eigenstates of a position operator. This is not
the approach taken by quantum optics researchers who have tried to introduce an
appropriate wave function in an attempt to verify their experimental results.
Historically, the first influential research in this subject is due to Landau and
Peierls [3, 1] who obtained the Schrédinger equation for an electromagnetic field

interacting with matter and proposed the position wave function

J () !

(2rlx — x/|)}

[ﬁfl/Qﬂ (x) = 7T/ 7 (2.1)
where [Rf](x) := —iV f(x) for all f € L*(R?). This wave function has been rediscov-
ered by Cook [4] and Inagaki [5].

Landau-Peierls (LP) wave function has some advantages. For instance its use sim-
plifies the computation of scalar products and expectation values for the photon. Also
the modulus squared of the LP wave function has the right dimensionality and it can
be interpreted as the probability density of finding a single photon. Nevertheless, the
LP function does not have many advocates because of its highly nonlocal character.
According to Pauli [6, 1], it behaves non-causally during spontaneous emission by an
excited atom, and the value at a point depends on its behavior in all points of space
and not on a small neighborhood of the considered point. Also it does not transform
under Lorentz transformations as a geometric object. As noted by Pauli, one may
use the LP wave function as a secondary object which is associated to a local wave
function f(x) by a nonlocal transformation (2.1).

In order to define an appropriate position wave function for the photon, many
candidates have been proposed. They are closely identified by the electromagnetic

fields. The most famous candidate for the position wave function of a photon is the
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Reimann-Silberstein (RS) wave function [1]. It is given by
F(x,2°) = E(x,2°) + iB(x, 2°). (2.2)

This is a three-components complex vector that has been frequently used as the
photon wave function by many physicists [8, 9, 10, 11, 12, 13, 16]. Notice that (2.2)
does not have the difficulties of the Landau-Peierls wave function, but one cannot use
it to introduce a well-defined probability density.

Next, let us start with the Maxwell equations

V - E = 4mp, V- -B=0, (2.3)
VxE=-122 V xB=1(4nJ + %) '

Note that here we use Gaussian units. In free space (p = 0 and J = 0), the equation
(2.3) gives

V.E=0, V.B=0,
oB OFE (24)
VXE:—W, VXB:@7
where 2° := ¢t and x := (x,2°). Now, if we write the Maxwell equations (2.4) using

the Reimann-Silberstein wave function, it yields

z’% =V x F(x,2"), (2.5)
V- F(x,2°) = 0. (2.6)

Equation (2.5) is considered as the wave equation for the photon [5].

According to Refs [21, 22], one can use spin-1 matrices,
Sy 1= iy, Sy == —iAs, S, =1\, (2.7)

and the vector identity a x b = —i(a- S)b to rewrite the photon wave equation (2.5)

in the form:

 OF(x,2°) h 0
This is the Schrédinger equation for the photon, and the Hamiltonian is given by
h
i

Equation (2.6) can also be expressed in terms of spin-1 matrices as

(S-V)S;F(x,2°) = V,;F(x,2°), (2.10)
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or equivalently [24]
(S V)*F(x,2°) = AF(x,2°). (2.11)

In non-relativistic quantum mechanics, stationary states have particular impor-
tance, because any solution of the wave equation can be expressed in terms of these.
In the wave equation for the photon (2.8), one can derive the stationary states by
splitting time variable and solving the resulting eigenvalue equation for the photon.
This yields

(S- ?V)F(x) = hwF (x). (2.12)
Here we assume that the photon energy Aw is positive. Changing the sign of i to —¢ in
the RS wave function leads to the negative energy. In order to consider contributions
of both positive and negative energies, we should use both the Riemann-Silberstein

three-components complex vectors F, (x,2°) and F_(x, z%) [1] that are defined by
F.(x,2°) := BE(x,2°) £ iB(x, 2°), (2.13)

and they satisfy the following wave equation,
OF 4 (x, z2°)
0x?

We can combine F, and F_ in the form of a six-components wave equation which

ih =4(S- ;V)Fi(x, 0. (2.14)

includes the information of both positive and negative energy states. This is given by

F(x, %) = ( ?Ei z(); ) . (2.15)

From point of view of relativistic quantum mechanics, solutions of the wave
equation with positive and negative energies are associated with particles and anti-
particles, respectively. As photons are identical with their anti-particles, one may
eliminate the negative energy part because the information of the negative energy
solutions is the same as the information carried out by the positive energy solutions

[1]. Therefore, the positive energy part of the function § is given by

F+(X7‘TO> ) ]

B (x.49) (2.16)

U(x,2°) = Fi(x,2") = <

Note that as we see from (2.9) the Hamiltonian is a Hermitian operator with continu-
ous spectrum. In this approach the wave functions of a photon are constructed from

the positive-energy solutions of the eigenvalue problem for the Hamiltonian

HU(x) = B¥(x). (2.17)
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2.2 Photon Wave Function as Fourier Transform and Interpretation of

Fourier Coefficients

Following [1], we see that the solutions of the wave equation (2.5) for the photon are

the same as the solutions of
(ag - A)F:I:(Xa 1'0) = 07 (218)

where 9y := %. These can be expressed in terms of the superpositions of basic plane

wave solutions according to

F,(x,a%) = VA / (;371;3 (£ (e ion e g 2 )i’ -] (2.19)
F_(x,2°) = Vh / 571; [f_(k)e—WO*ik'x + fj(k)em(’—ik*} : (2.20)

where w = c|k| and the vectors F, and F_ are complex conjugates of each other.
Furthermore, notice that f, (k) and f_(k) are the corresponding complex vectors in

the momentum space and satisfy the following equations,
ik x fy(k) = +|k|fL(k) (2.21)

k- f.(k) = 0. (2.22)

Here we have made use of (2.19)-(2.20) in (2.5) and (2.6). f (k) and f_(k) are given
by

f, (k) =ek 1)f(k1), £ (k) =e(k —1)f(k —1), (2.23)

where f(k,\) is a complex-valued function that describes independent degrees of
freedom of a free electromagnetic field for both A = £1. e(k, \) are the normalized
solutions of (2.21) with plus and minus signs corresponding to positive and negative

helicities, i.e,
ik x e(k, £1) = t|k|e(k, +1), k-e(k,+1) =0. (2.24)
Also e(k, \) satisfies the following algebraic relations

e*(k,\) - e(k, ) = by, (2.25)

D eille ) ek X) = by = 7o (2.26)
A
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For brevity we set e(k) = e(k,+1) and e*(k) = e(k,—1). For A = £1, e(k, \) are
decomposed into two real normalized vectors 1;(k) which together with n(k) = ﬁ

form an orthonormal set:

1 .
E(ll(k) +ily(k)), Li(k) - (k) = d; (2.27)

nk) - Lk)=0, 1Lk xL(k) =n(k). (2.28)

ek, £1) =

The solutions of (2.24) can be specified up to a complex phase factor, thus the
multiplication of a phase factor in e(k) accounts for the rotation of the vectors 1;(k)

around the vector n(k). Now, in view of (2.23), we have

F,(x,2°) = VA / %e(k) [f(k,l)(k)e‘mo“k'er f*(k,—1)eiwr°—ik*] , (2.29)

F_(x,2°) = Vh / ng)ge*(k) [f(k,—n(k)e—iwr”ik-u f*(k,1)eiwr°—ik-x]. (2.30)

In the remainder of this section we offer the physical interpretation of the Fourier
coefficients f(k, A). One may use these coefficients to express the energy, momentum,

angular momentum, and moment of energy of an electromagnetic field according to

4Pk
Z/ |k| “(k,A) f(k,\), (2.31)

—Z/ d3k|k|hkf k) f(k, \), (2.32)
Z/ dgk‘kl (k, \) hk+1Dk+>\h’k| fk, N, (2.33)
N = Z / d3k|k| (k. \)ifwDi f (k, \), (2.34)

where
Dy := Oy + ira(k), (2.35)

and
ak) =iy e'(k,\)Ve(k,\). (2.36)
X

The operation of Dy is a natural covariant derivative on the light cone [56] and (k)
is the analog of the vector potential. It describes Berrys phase [88] of a propagating

photon. The p-space line integral of a(k) over a closed contour yields

1(C) = f{ a-dp = +£Q(C), (2.37)
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where Q(C) is the solid angle subtended by the contour C' as seen from the origin
of momentum space, and the signs depend on the orientation of paths [56]. The
existence of the Berrys phase (2.37) for photons has been verified experimentally [57].

From the relations (2.31) and (2.32), it is clear that f(k, \) expresses field ampli-
tudes with energy hw and momentum k. In view of (2.33), the coefficient functions
f(k,+1) and f(k,—1) can be identified as field amplitudes with positive and negative
helicities.

As discussed in Ref [1], the coefficient function f(k, A) provide dual interpretations.
In classical electrodynamics they illustrate all information of an electromagnetic field.
In the context of the photon wave mechanics they are the components of the wave
function in momentum representation. In order to avoid a possible confusion, we
denote the components of the photon wave function in momentum representation by
o(k, ).

Next, we introduce the photon position wave function in terms of plane waves
according to

0y _ 4’k e(k)o(k, 1) —iwrO4ik-x
U(x,z") = \/7_1/ 2n)? ( e (k)6 (k. —1) ) e , (2.38)

One can perform the Fourier transformation to obtain the wave functions in momen-

tum representation ¢(k, A) in terms of the wave functions in position representation
U(x,t) according to

6k, 1) = %e*(k) . / dPxe— X (x, 20). (2.39)

2.3 Scalar Product and probabilistic Density

Following Ref [1], we can give an explicit expression for the number of photons con-
tained in an electromagnetic field. To do this, we divide the energy of an electro-
magnetic field defined in (2.31) by hw i.e, the energy of each photon. This leads
to

d3k )
N:;/m\f(k, N2, (2.40)

For a single photon, N = 1. Thus the normalized wave function in momentum

representation ¢(k, \) meets the following condition

Z/ Qj k‘k’ ok, \)|? = 1. (2.41)
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This in turn implies that the probability density for a single photon in momentum

representation should be

|6k, \)[?
= 2.42
’= enpik 242
Furthermore, the norm relation (2.41) suggests the existence of the corresponding
inner product. For any two state vectors W, and Wy, one can define the corresponding

inner product according to
d3k

This is defined in terms of photon wave functions in momentum space. One can
employ (2.39) to further express the inner product (2.43) in terms of position wave

functions,

1 1
U, 0, = d? Px U (x)—— Wy (% 2.44
0 = g [ [ w0 i), (2.44)

and the corresponding norm for the inner product (2.44) takes the form,

= | (x)||? = 27r2h/ d*x /RS d*x' Wi (x /’2\11()(/). (2.45)

By pursuing different approaches, many people have explored the same expressions
for the inner product (2.44) and its corresponding norm (2.45). The norm relation
(2.45) was obtained by Zeldovich to present the number of photons as an invariant
of the classical electromagnetic field [58]. Lately, the norm relation (2.45) has played
an important role in the formulation of wavelet electrodynamics by Kaiser [59]. Fur-
thermore, Gross found that the inner product and norm are invariant under both the
Poincaré and conformal transformations [60].

Defining the inner product (2.44) is essential to provide a probabilistic interpre-
tation of a single photon, i.e. the probability of finding a single photon is defined to
be the modulus square of the inner product (2.44). For instance, we determine the
probability of measuring a single photon in the state ¥y when the photon is in the
state ¥, according to ||(Wy, Uq) |2

2.4 Expectation Values, Physical Observables, and Conservation of Prob-
ability

As discussed before, due to the lack of a concrete and well-defined formulation of

the first-quantized theory of a single photon, one cannot determine the physical ob-
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servables of this quantum system in a consistent way. However, some people have
attempted to determine physical observables by identifying quantum mechanical ex-
pectation values with classical counterparts. This can be done by replacing the nor-
malized photon wave functions ¢(k, \) with classical amplitudes f(k, A). In view of
this notion, the classical observables are related to the quantum mechanical expecta-

tion values according to
(E) = (V[H[W), (P) = (V[P[¥), (2.46)
(M) = (¥|J|¥), (N) = (V[K|¥), (2.47)
where £/, P, M and N represent the energy, momentum, angular momentum and mo-
ment of energy of a classical electromagnetic field, respectively. In view of (2.31)-(2.34)

and (2.46)-(2.47), the quantum mechanical observables in momentum representation
take the form

H = hw, (2.48)
P — ik, (2.49)
h k
J=kx-D Ah— 2.50
X g Kk T ‘k’ ) ( )
h
K = hw' Dy (2.51)
(3

These operators are Hermitian with respect to the inner product (2.43). Also we
observe that in the momentum representation, relations (2.48)-(2.51) are consistent
with the interpretation of ¢(k, A) as the probability amplitude.

In a similar attempt, Good [18] offered a new inner product by comparing the
energy of a classical electromagnetic field with quantum mechanical expectation value
of the Hamiltonian, (F) = (V|H|¥). The resulting inner product takes the form

(0, [0y = /R x w{(x)%%(x). (2.52)

In the context of Good’s work [18], it was taken into account that wave functions are
constructed only from the positive energy states which in turn assures the positive

definiteness of the corresponding norm
1
e :/ s U (30) - 0 (). (2.53)
R3 H

In light of (2.52) and (2.53), the quantum mechanical expectation values of the

Hamiltonian, momentum, angular momentum and boost operators take the form:

(E) = /R Bx VT (x)H(S - EV)\P(X), (2.54)

]
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(P) = / dx Ui(x)H ™ ?V\I/(x), (2.55)
(M) = / dx U (x)H ™ (x x ?V| + hS)¥(x), (2.56)
(N) = / d*x Ul (x) H " Hx W (x). (2.57)

Similarly, the operators H, P, J, and K in coordinate representation are given by

H=S. ?V, (2.58)

P_ %v, (2.59)
h

K — Hx. (2.61)

These operators maintain the divergence condition (2.6) and are Hermitian with re-
spect to the inner product (2.52). One advantage of this formalism is that in co-
ordinate representation the momentum and angular momentum operators adopt the
same expressions as in standard quantum mechanics.

In the remaining part of this section, we discuss the continuity relation for the
photon’s current density and the probability density. According to (2.45), the number
of photons is given by a double integral which implies that the probability density in
coordinate representation is a nonlocal object, although the expression for the energy
has the form of a single integral over ||, In order to circumvent this difficulty, some
physicists have presented the concept of “average photon energy in a region of space”
to describe the probabilistic interpretation of the photon wave function [7, 8]. The

“average photon energy in a region of space” is given by

Jo @x U (x)U(x)
(E)

Pr(Q) = (2.62)
This can be interpreted as the probability of finding the energy of a localized photon
in the region €. In fact Pg(Q2) describes the portion of the average total energy
pertaining to the region ). After normalizing (2.45), we can introduce the probability
density of finding the energy of a photon localized at point x according to

Ul (x, 20)W(x, 2%)

pe(x,z") = B . (2.63)
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This quantity satisfies the continuity relation,

Opp(x,x°)

oo+ V -je(x,2°%) =0. (2.64)

where jg is the normalized average energy flux that is given by

Ul(x,2°)03SW¥(x, 2%)
(E)

je(x,2°%) = (2.65)
We interpret this as the probability current density. As noted by Mandel and Wolf
[61], the name “the energy wave function” stands for the explicit relationship between
the wave function ¥(x,z°) and the average energy density. As photons do not have
charge and rest mass, the localization of photons can be directly related to their

energy.

2.5 Position Operator

By reviewing the literature on this subject, we encounter the problem of defining a
proper position operator for the photon. In fact, this has been a long-lasting quest
with no generally accepted solution. Here we review the known results on the position
operator of a single photon and discuss drawbacks and difficulties of various proposals
for it.

In the framework of non-relativistic quantum mechanics, the position wave func-
tion v (x) is determined by the projection of a state vector ¢ on the eigenvector of

the position operator,

P(x) = (x[). (2.66)

Consequently, the problem of the nonexistence of the position operator for a single
photon is closely related with the problem of defining a proper position wave func-
tion in coordinate representation [6]. Researchers have employed various methods to
obtain a position operator with desirable properties such as having commuting com-
ponents. Many candidates for the position operator of a photon have been proposed
[24, 25, 27, 28, 29]. The first position operator for the photon is credited to Pryce
who used a variety of definitions for the center of mass in the context of field theories
in order to obtain the photon’s position operator. In momentum representation, the

Pryce operator is given by

, . P p xS
XPryce = Zth - Zh2_pQ + h p2

: (2.67)
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where S is the spin operator for the photon whose components are three dimensional
generators of the SO(3) group.

In [25], Mourad shows that there is only one operator with certain minimal prop-
erties that enable it to be considered as the photon position operator. This operator
turns out to be the Pryce position operator. This operator does not meet all the de-
sired conditions that one expect of a position operator, in particular its components
do not commute with each other. In addition to the Pryce operator, all other propos-
als presented in [24, 25, 27, 28, 29] fail to satisfy the condition of having commuting
components.

In recent years Hawton [11] constructed a position operator for the photon with

commuting components. This is given by

3
. p
Xij = ih 5iij = 0451']'2—])2 — Z(Vpep,\i)ew s (268)
A=1
where x;; are the entries of the position operator x and « is an arbitrary constant.
epi, ep2 and ep3 = ﬁ are transverse and longitudinal unit vectors, respectively. In
spherical polar coordinates (ep1 = 6, and eps = ¢p,), the Hawton position operator x

takes the following form,

p xS
2

. S o) h
x =1hV, — 1ha2—pz +h ~ cot Ppep2Sps. (2.69)
According to Hawton, by setting o = 1/2, the first three terms of (2.69) coincide with
Pryce’s position operator for a photon (2.67). The last term in (2.69) is resulted from
the contribution of the last part of (2.68) for A = 1,2 and is given by
: h
Z(Vpep,\i)ew = — cot Ppep2Sp3; (2.70)
A=1 p
which describes a Berry’s Phase [11, 56] associated with the propagation of the pho-
ton. More recently, Hawton and Baylis have reexamined this position operator and
extended the procedure for the construction of the photon position operators with
commuting components to body rotations described by three Euler angles [30]. It
should be noted that Hawton has obtained (2.69) by adding the extra term (2.70) to

the Pryce operator to ensure that the resulting operator has commuting components.

It does not involve the construction of a physical Hilbert space for a single photon.



Chapter 3

QUANTUM MECHANICS OF RELATIVISTIC SCALAR
FIELDS

3.1 Hermiticity and Relativistic Scalar Fields

Following Ref [50], we start our discussion with the covariant form of relativistic scalar

fields. For any time 2° € R, the scalar equation is given by
[0,0* = m*|y (2, x) =0, (3.1)

where m = %< and ¢(2°, x) is a square integrable function in L*(R?). Let us define for
all z° € R, the function ¥ (z°) : L?(R3) — C by 9(2°)(x) := ¥(2°, x) and introduce a
Hermitian operator D : L*(R?) — L*(R?) according to

[Dy(z))](x) := [-V? +m?w(2%,x), V2" €eR, ¥x R

Then we can write (3.1) as the following dynamical equation
05 + Diy(a°) = 0. (3.2)

We can specify every scalar field with a solution of this equation, ¥(z°) : R — L(RR?),

and define a space of all scalar fields with the complex vector space:
V= {0) R = LR?) | d(°) + D(a®) =0 }. (3.3)

As shown in [74, 75, 52, 76, 77], Eq. (3.2) can be written as iAW (2°) = HW(z0),

where the two component Schrodinger equation for all 2° € R,

20) — w(xo) + ¢C($O)
W) ( D) — ela?) ) / 34

D1/2 0
H:zh( 0 —Dl/2>’ (3.5)

e(2°) = iD (") =: Cop(a?). (3.6)
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Equation (3.5) gives precisely the Foldy Hamiltonian [52, 75], and C' denotes a chirality
operator for relativistic scalar field ¢ [53]. The Hamiltonian H acts in the Hilbert
space H' := L*(R?) & L*(R?®) and ¥(z°) belongs to H'.

Note that the Hamiltonian H is Hermitian. This shows that the approach dis-
cussed in [50, 53] can be simplified.

Solving the eigenvalue problem for the Hamiltonian H yields

1/(1
E.1 = ehwy, U (k) = 5 ( ) te ) ¢, ee{-11}, (3.7)
—€
where € is the sign of energy, w, = VA? + m?, and for all x € R?, ¢, _(x) := (x|k) =
oA

The eigenvectors ¥ (k) form an orthonormal basis for the Hilbert space H’, i.e,
(U (k), Vo (K)) = 6.0 0°(k — k), Z/ Pk |V (k) (V. (k)| =1, (3.8)
e=+ R3

where (-, -) stands for the inner product of #'. We can write H in terms of its spectral

resolution:

=3 / K B U (0) (U ()] (3.9)

1 1
Next, for all £ := ( gg ) and ¢ := ( ¢ ) € H', we define an inner product

2

(€¢) =) (£,¢).

i=1

and thus after simplification we have

(€.0) 1= 2 [{En. o) + (e ). (3.10)

where &4 1= &M+ €2 (4 =+ (2 € LA(R3).
We further define a one-to-one mapping Uyo : V — H' for all 2° € R according to

Usoth = %xyw), Vi € V. (3.11)

Because H' is endowed with the inner product (£, ¢), the map U,o induces a new inner

product on V as

(1,162) == (U, Ussihn) = (01 (2°), W(a). (3.12)
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By making use of (3.4) and (3.10), one can simplify (¢1,15). This yields

(1,2) = 5 [ 1)) + (a2 D ()] (313)

where D! can be obtained by the spectral resolution of D. For all u € R, we define

its powers as
D" :_/ d’k (k* + m?)* k) (k.
R3

Because D! is a positive-definite operator, the inner product (3.13) is manifestly
positive-definite. It is also dynamically invariant; one can use (3.2) to show that the
derivative of the right-hand side of (3.13) vanishes identically. The only drawback of
this inner product is that it is not relativistically invariant. Therefore, we search for
another inner product which is relativistically invariant. In order to achieve this goal,
we construct the most general positive-definite inner product on V and impose the

constraint of relativistic invariance.

3.2 The Most General Admissible Inner Product and Conserved Cur-

rent Density

Here we pursue the procedure of Ref [51] with some variations in order to obtain
the most general admissible inner product for relativistic scalar fields. According to
Refs [51, 70], the most general positive-definite inner product 7, corresponds to the
most general orthonormal basis consisting of the eigenvectors of H. Because H is
Hermitian, this is given by 77, := AA, where we consider A to be an invertible linear

operator which commutes with H. We can express A as
A=Z/fm$W$mww, (3.14)
e==+ R3

where a.(k) are arbitrary nonzero complex numbers. Using 7, := AfA and (3.14),

we obtain

M = (Ly + Lo)ny + (Ly — L-)os, (3.15)
where

Lo =5 [ @l k) (| (3.16)
This in turn implies that the inner product (-, ), = (-,74+-) takes the following

form, for all £, € H/,
(& Nay =2 [, LeCH) + (€%, L-C%)] . (3.17)
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By viewing ‘H' as a complex vector space and equipping it with this inner product, we
can introduce a new inner product space whose Cauchy completion yields a Hilbert
space .

Next we substitute W (k) in (3.14) and obtain the explicit expressions of .4 and

A~ according to

- <1
A= < ar 0 ) L AT = ( & fil ) , (3.18)
0 a_ 0 a_

where ay = [ ko (k) |k)(k| and a7 = [, kol (k) |k)(k|. Let us observe
that the operator A mapping K onto H' is a unitary operator, i.e, for all £, € H’,

(A AQ) = (€, ATAC) = (€, Oy (3.19)

where we have used the definition of 7, in the second equality in (3.19). We also

define a new linear operator according to
Ugay = AUL0. (3.20)

By using (3.18), (3.4) and (3.11) in (3.20), we compute the Foldy transformation Uqy
[52],

1 (el +i D7 ()
A= ( o [9(e]) — i D72 (af) ) | 320

In addition to (3.21), we might attempt to compute the explicit form of L{{_c& =
Uw_ol.A’l. For any two-component vector £ € H/, Z/I{_C&S is a relativistic scalar field
0

which satisfies the following initial conditions:

P(ad) =aite +alle?, P(ad) = —i (a7 DV —aZl DY) (3.22)
and for all 2° € R we have

¢(I0) _ oi(2®—af)D'/? ajrl £+ pila®—ag) D!/ ate, (3.23)
B(ag) = —i e mRD g 1 PRl i aDY o 21 iz 2] (3.24)

Next we use the unitary operator Uy : V — H' to define a new inner product in

v

(0, ¥ ) ey = (Uag®, Ung¥ iy » Vi, " € Hiay. (3.25)
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If we use (3.20) in (3.25), we obtain

(¢, ) gy = (Upgth, ATAU9) = Uy, Upay '), (3.26)

which means that the Foldy transformation U, is a unitary transformation. Also if
we endow the space of V of the solutions of the Klein-Gordon equation (3.1) with the

positive-definite inner product (3.25), we have

(.02} = 5 {100, (L LJala®) + (a(e), (L + LD (%)
+Z |:<¢1(JIO>, (L+ - L—)D%%(IO» - <¢1(«T0)7 (L+ - L_)D%lwg(l‘o»] }(327)

This is the most general positive-definite inner product that is dynamically invariant,
but not necessarily Lorentz invariant. Therefore, in the following we impose the
constraint that this inner product be Lorentz invariant.

Similar to Refs [51, 70], first let us compute the inner product of the basic (free

. . r . . -8 0 .
ek — Ve g k-
particle) solutions of relativistic scalar fields ¥ x = Nexe *“** ¢. It yields

(we,kv ¢e’,k’){a} = |Ne,k‘2 Qe 56,6’ 53(k - k,)v (328)

where Ny are normalization constants and a. := |ac(k)|*>. As we can see a. are
positive real numbers, and the right hand side of (3.28) does not depend on z° which
shows the dynamical invariance and positive definiteness of the inner product (-, -)q}.

Having computed the inner product (3.28), we can also obtain the inner product

for any two solutions v and 1’
0= [ dka®. (3.29)
e==% R3
according to

)y =3 / Pk [N (K ¢ (k) . (k), (3.30)
e==+ R3

where c¢.(k) and ¢, (k) are complex coefficients. Above we made use of (3.28), (3.29),
and the fact that the inner product (3.27) is a Hermitian sesquilinear form. Because
d®k /wy is a relativistically invariant measure [43, 85] and the solutions ¥ and 1)’
are scalar fields imply that c.(k) must transform similarly to w, ' [70]. This in turn
implies that in order for the inner product (3.30) to be a scalar, a. must also transform

similarly to wy. Therefore,

de = Qe Wy, (3.31)
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where ay are dimensionless positive real numbers. By substituting (3.31) into (3.16),

we obtain

1
Ly = oy D'2, (3.32)

Under this condition, (+,-) is not only an invariant and positive-definite inner product,
but also relativistically invariant. Thus the most general form of the inner product

(3.27) which is relativistically invariant can be given as

(1, 2)uir = 1 { (@4 +a0) [ @OND (e + (a(a) D2 ()
Filay = ao) [(Ua@)a(a) = (W (@")la(2) | } (3.33)

Note that since both a. are positive numbers, a, 4+ a_ is a positive number as well.
Therefore, we can absorb a, + a_ into the definition of the field by introducing

ay +a_ :=2and a; —a_ := 2a. Thus the inner product (3.33) becomes

V1, 02)air = 5 { (Wr(@®)D"2(a)) + (@) D24 (a))
ia | (U1 (@)a() = (W (@)} (334)

where a € (—1,1) and ¢ are arbitrary real numbers. Note that g has the dimension
of length which is added to make the inner product (3.34) dimensionless.

The inner product (3.34) is the most general Lorentz-invariant and positive-
definite inner product on V that is originally obtained in Ref [53]. If we endow V
with this inner product and make the Cauchy completion of the resulting inner prod-
uct space, we arrive at the physical Hilbert space of relativistic scalar fields which we
denoted it by H,.

Equation (3.34) gives a one parameter family of Lorentz-Invariant positive-definite
inner products. The associated conserved four-vector current density J! takes the

following form [53]

20 = 4 {uta) 8 D72 (0) — (o) vt} (3.39

<~
where £0H( := 0" — (0"&)(. By making use of the chirality operator (3.6), we can
simplify J¥ according to

) = = [ty 6 )] (336)

where 1, = 1. + a1.
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It is easy to check that the current density J# is a conserved quantity. Moreover,

it is manifestly covariant and satisfies the continuity equation,

8T = 0. (3.37)

a

If we use (3.31) in the definition of d. and &, ', we obtain

Qe = \/1—|—eaD1/4,

1
at = Ve D=4, (3.38)

Using (3.38) in (3.18) leads to

— 1 —1/4
A:\/g 1+CLD1/4 0 ’ A—IZL 1+aD 0 7
0 V1—aD'V* NG 0 L_ p-1/4

:

1—a

(3.39)

and the Foldy transformation (3.21) takes the following form [53]

o= s (VIFGU )\ VG (VI D () + D)
2 VI—ayp=(af) ) 2 \ vI=alDY*9u(af) —iD™V*4(af)] )
(3.40)

where ¢ := (¢ £ ).
Also it is remarkable to observe that the field ¢¢ in (3.40) satisfies the Foldy
equation [52, 75]

100t (2°,x) = eDY2 (2, x). (3.41)

It is straightforward to see that U, '€ is a relativistic scalar field 1) € H,, which satisfies

the following initial conditions for any & € H’

0= L o ¢! £ oy —toia & &
¥(xg) \/§D [\/1—|—a+\/1—a]’ ¥(zg) \/§D [\/1+a \/1_a]- (3.42)

These in turn implies that for all 2° € R,

1 . 1/2 1 : 1/2 2
7\p(xO) — ﬁDl/‘l |:el($018)D / % + el(xofxg)D / f—_a:| , (343)

() = 7; D/ {e_mo—zgwl/? 15+ - - pila0=ag) D'/ 15_ a} , (3.44)
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By using (3.43) and the fact that ¢ (z°) = U, ¢, we obtain

1 (D—1/4€—i(a:0—x8)D1/2 D—1/46i(x0—x8)D1/2)

' =7 Vita N (345)

a \/g
According to (3.26), U, : H, — H' is a unitary transformation. Therefore, it can
be used to define

h:=Uu,'Hu,, (3.46)

which is a Hermitian Hamiltonian acting in H, [50]. By using (3.40) in (3.46), we
can easily check that the action of h on any field ¥ € H, is defined by

he) = k). (3.47)

Let us note that one must not confuse (3.47) with the time-independent Schrédinger
equation giving the z°-dependence of ¥ [50]. In fact h maps each solution v of (3.2)
to another solution 1b, and generates time-evolution in H, through the Schrodinger
equation ih-%51p,0 = hip0. According to Ref [50], time-evolution generated by h
coincides with time translation in the space H,. As h is a Hermitian Hamiltonian,
time-translations correspond to unitary transformations of the physical Hilbert space
He.

As noted in Refs [50, 51] the representations of the relativistic scalar field, (H', H)
and (H,,h), are unitary equivalent. Therefore, we can formulate a first-quantized
theory of relativistic scalar fields using either of (H', H) and (H,,h).

3.3 Physical Observables and Position Wave Functions for Relativistic
Scalar Fields

In section 3.2, we give two equivalent representations of the quantum mechanics of
a relativistic scalar field, (H,,h) and (H', H'). We can employ any of these repre-
sentations to examine the physical observables of this quantum system. Because the
Foldy representation (H’, H') is easy to manipulate, we first construct observables,
the position wave function and localized states in this representation and then use
the unitary map U, : H, — H’ to derive their expressions in (H,,h).

We begin by introducing the set of basic observables in Foldy representation [50],

X, =X, o0y, P,:=p,®o0,, S, =1®o0,, (3.48)

in which, x,,, p, = IR, and 1 are the position, momentum, and identity operators
acting in L2(R?), u € {0,1,2,3}. Also fori € {0,1,2,3}, 0; are Pauli matrices defined
by (1.3).
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Since X and S3 form a maximal commuting set of observables, we can write the

corresponding basis of H’ that consist of their common eigenvectors, i.e,

&= x) ®e, (3.49)
1 1+e€ . .
where e = 3 ) for both € € {£}, and |x) are the d-function normalized
—€

position kets satisfying
x|x) = x|x), (x|x') = 6*(x — x), /R3 d*x |x) (x| = 1. (3.50)
Clearly, X &L= x &5, and o3 L= €&L. Moreover,
o) =0t 3 [ exieel =1 (3.51)
Similarly to Ref [50], we introduce the operators
Xpfay i= Uy X, U, Pufay = U ' P U, Sufa) = Uy "o Uy, (3.52)
that are acting in H,, and define localized scalar fields according to

Ve =Us &5 (3.53)

which form a complete orthonormal basis of Hq):
(wf[a}x7 wf[/a} x’)a = 5676/53()( - Xl)’ Z /R3 dSX ‘wza} x)(wf[a} x” = 80' (354)
e=+

Next we define the position wave function as

fle,x) := (&, 0'), (3.55)

where ¥’ is any two-component vector in H’. Every relativistic scalar field ¢ € H,

can be expressed in the basis {W{a}x} according to

w = Z/ dSX f(67 X) wza})v (356)
e=%+ R3
Furthermore,

(@Z)Ea}x’ 77Z))(1 = <ua¢ia}x7ua¢> = < )6(7 \IJ/> = f(E,X). (357)
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The physical observables o,y : H, — H, can be uniquely determined in terms of

their representation in the basis {¢{,,,} as
ot = / i d*x[O f (€, )]t . VY € H, (3.58)
e=+ /R

where O f(e,x) ==Y ,_, Jos &X' f(€,X) (€5, O'ES).

This furnishes the representation of observables in terms of linear operators acting
on the square-integrable wave functions f.

Next, we evaluate the inner product of a pair of relativistic scalar fields ¢, ¢’ € H,

(the transition amplitudes between two states). The result is given by
=3 /R @ flex) (e %) (3.59)
For every observable og : Ha — H,, we have
ot =3 [ %6 Or'ex) = 3 [ x [0S s (). (360)

According to the above discussion, we may consider the wave functions f as the
elements of H', defining observables with Hermitian operators O acting on the wave
functions, and describe the quantum mechanics of relativistic scalar fields in terms of
these wave functions. Note that applying Xo(.}, Po{a}, and ssqqy on f agrees with the

action of the operators Xo(a}, Po{a}, and 8343 on f, that is,

Xo{a) f(6,%) == xf(6,X),  Dofayf(6,X) == —ihV f(e,%), 33101 f(€,%) 1= €f(€,%).
(3.61)

This shows that f(e,x) are the position wave functions with definite chirality e [53].

3.4 Position and Momentum Operators

In this section we derive explicit forms of the position x;, momentum pg, and angular
momentum L operators for relativistic scalar fields. We present a concise explanation
of the procedure and derive related results for xy, pg, and L. These results are
identical with those obtained in Refs [50, 53].

We define xq as a position operator of a relativistic scalar field acting on ¢ € H,
and introduce the three-component field: x := xg. This is determined uniquely in
terms of initial data (x(z9), x(z3)) for some z) € R, and its components satisfy the

Klein-Gordon equation (3.2).
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After doing the necessary algebra, we obtain

X)) = Biu(ad), x(@) = (X~ TP)aY) (3.62)
where
o 1hp
Xi=x+ o (3.63)

It is not difficult to observe that for all z° € R the position operator of relativistic

scalar fields takes the form
h
Xg = X —i(a" — xg)—pao. (3.64)

This is not only a Hermitian operator acting in the physical Hilbert space H,, but
also has some very remarkable properties. It has commuting components by construc-
tion. It respects the charge superselection rule [54] and commutes with the chirality
operator C = s3.

Similarly, in order to evaluate the momentum operator we should examine the
action of pg on 9. In view of (3.52) and (3.40), we have

[poy)(2°) = ppo(a?), Vi’ e R. (3.65)

Because for every differentiable element ¢ of L*(R?) the action of [%]¢ is along po,

the angular momentum operator L := xy X pg acts on 1 according to
[Ly](2°) = x x py(2°), Va®eR. (3.66)

Unlike the position operator xgp, the momentum py and angular momentum L oper-

ators have the same expressions as their non-relativistic counterparts [53].

3.5 Position Wave Functions, Localized States and Probability Density

In a close analogy with [53], here we give the explicit form of position wave functions
and localized relativistic scalar fields. In view of (3.43), (3.43), (3.49) and (3.53), the
localized scalar fields with a definite helicity 17 , take the following form,

1 (1 + 6)671'(107938)D1/2 (1 . 6)61'(9007:1:8)D1/2

(@0 = —D7/ - x), 3.67
Uonle) = 5D ). (36)
and similarly its derivative has
) s 1 —i(z0—28)D1/? 1 — i(2—ag) D/?
¢ () = 1€ puallEe)e g A=9e™ ™7 . (3.68)

a,X +
' 2\/§ V1+a vV1—a
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We use localized scalar fields 5 , to define localized states of relativistic scalar

fields at a space-time point (2%, x) as

Y (a”, x) = (x[y)f (7))

By using (3.67), we can compute the value of localized states of relativistic scalar

fields. For massive case it is given by

€ (2 ksin(zk) {ﬂ+fk”wtﬁhﬁiﬁgﬁl_Odutﬁwﬁﬁﬁ}
", X) 7
a,y 271. Z\/_ /{:2 +m2>1/4 \/14-—(1 T

(3.69)

and for massless case

0 0

1 (9) . (1 4 €>e—i(x —xg)k (1 _ €>6i(x0—x8)k

€ 0 . - dk k1/2 k

o030 = e [ s (e Oy,
(3.70)

where 2z := |x —y|. For massive scalar fields we can take g = % which is equal to the
Compton wavelength.

For 2° € R, integrals in (3.50) and (3.51) cannot be evaluated. But for 2 = x{,
they result in
m

1
o [23/47T3/2F(Z)]—1( — )%K% (m|x —yl|), Massive
¢ (2% x) = w x| (3.71)
, 7 : Massless
(27|x — y])2

where v := \}[E}% + \(/1%] Note that we have provided details of calculation of
massless scalar fields in Appendix A. By making use of Foldy equation (3.61) for ¢,

we can obtain the localized states of relativistic scalar fields for all z° € R as

Ly (20, %) = TP e (30 %), (3.72)

Let us observe that the expression for the massive case is identified to the result
obtained by Newton and Wigner [23]. Taking m — 0, we can show that ¢y, 0 —
@y [29]. Furthermore, if we first set m = 0 (the massless case), the resulting
localized state is ¥,,ass1ess =
z— 0.

W which is the same as the case when m — 0 or

Next, we substitute (3.67) into (3.57) and carry out the necessary calculations to

obtain the position wave function of relativistic scalar fields. This gives
fulerx) = YL VT a0 (DA (a0 ) + 1D (2, 0)
(1 — VI —ae @D DUy (10 x) — § D14 (20, x)]} (3.73)
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We can use the relation:

Vo = %(wa £ iD7H )

to further simplify Eq. (3.73):

fale,x) = \/7%”4 {1+ VT Hae D0 gt (a0 x)
+(1 — e)VT — ae i@ 20D @b_(xo,x)} : (3.74)

For 2° = 23, we can reduce (3.73) to

fale,x) = g {[(1 +e)vVita+ (1—e)v1— a]Dle(a:O,x)

(1 +VIta—(1— e vI—aD Y4, x)} . (375)

Ref [53] explains all steps to obtain the expression for the probability density of
the spatial localization of a relativistic scalar field. We only need to give the results

of the probability density at initial time x{,
en(a3) = 1o
= 2{ID (@) + | D)
tia |(DY*(2))' D74 (@) — (DY) (D ()| }
= 2{ID (@) + | D4y ()]
ia [(DV14(@))" DY () — (DY (@) (DM 4u(@))'] }. (3.76)

This result is identical to the one given in Ref [53]. Note that the coincidence of
our approach and that of Rosentein and Horwitz [82] has the following important
consequence [53]. “The first-quantized theory formulated by an explicit construction
of the Hilbert space and a position observable reproduces a result obtained from the
second-quantized theory” .

As seen in [53], in order to derive the explicit form of the four-vector current
density JH, we first identify J° with g,. Next, we perform an infinitesimal Lorentz

boost transformation,
0
2 =2 =2 - B x, x = x =x— Ba°,
where 3 := v/c. The corresponding transformation rule for 79 is

TNx) = To(a) = TNz) = B+ T'u(2). (3.77)
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This is computed in Ref [53], and the result is given by

J,a(m) = -

*

T

LLD V(@) T DT () — DY)V (D7)
HDV () VD) — DY (@) V(D (@)
+a [(DY4(@) VD4 (w) — DY)V (D ()
(D15 (2)) VD () = DV ()W (D5 (2))7] }.(3.78)

)*
)

This relation suggests the following expression for J*

*

(@) = =L (D (@) D) — DV Ap()0 (D ()
(DY ()" D4 () — DY ()0 (D™ ()
+a [(DY*(2))* 0" D~ 4 (a) — DV ()0 (D™ ()"

)
H(DY () 0D (@) = DY (@)D ()] },(3.79)

4

*

which can be written in a concise form as

(@) = S3{(DV 4 (2)) 0D ) — (DY () 0D 1 (2)"
@ (D)) 0D 4o (2) — (D4 (1) DD ()] }.(3.80)

Here & stands for the imaginary part of its argument.
In view of (3.35), (3.59) and (3.76)

/d3xga(a:0,x):/ d*x JO(2°, %), (3.81)
R3 RS

and since J! is conserved and covariant, the total probability density, i.e,

P, 3:/ d3X@a(x0’X) :/ d3XJ3(JIO,X), (382)
R3 R3

is a frame-independent conserved quantity.

Note that, o, is not the zero-component of the four-vector current density J#
which is a conserved quantity, but in view of (3.82) we observe that the integration of
0, over the whole space yields the total probability which is conserved. Moreover, this
global conservation law is caused by the local conservation law through the continuity

equation for a four-vector current density J# [53].
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QUANTUM MECHANICS OF A SINGLE PHOTON

4.1 Hermiticity and Photon Fields

4.1.1  Mazwell fields

We begin our discussion with a free source Maxwell equation by using the second

rank antisymmetric tensor F*” in terms of E and B fields,
Fi = g9k By F% =: E". (4.1)

The Maxwell equation can be expressed as

B=V xA, A=—-E—-VA°, (42)
V-E=0, E =V x B. '
Let us denote A* := (A° A) as a four-vector Maxwell field, and consider a gauge

transformation A* —s A* = A* 4+ 9°f where 0* = (0°,V). The time-like and

space-like components of a Maxwell field transforms as

A—A=A+Vf A" — A"=A"_7F (4.3)
If we assume VA? = 0 for all x € R, we get

VA =0, = A"=A%."), = A°0) =f+ A%, (4.4)
and solving (4.4) leads to

f= /A“dt + F(2") + h(x), (4.5)

where F(2°) and h(x) are functions of time and space, respectively.

By using (4.3) and (4.4) we can write Maxwell equations (4.2) as
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One can easily check that f which satisfies the wave equation f = V2f. Substituting
(4.4) and (4.5) in this equation yields

V2h(x) = —A°(2%). (4.7)

The left-hand side of this equation has a dependence on spatial coordinates while the

right side has only a dependence on time. Therefore,
V2h(x) = —A°(2°) = —co,

where ¢ is a constant. It gives A%(x°) = coa® + ¢;, where ¢, is also a constant. Now,

we set both ¢y and ¢; to zero and use (4.4). This yields
2% = A% — f =0, (45)

and equivalently we have

f(x,2°%) = /: A°(x, s)ds + f(x,xg).

By evaluation the divergence of both sides of (4.3) and making use of (4.8) and Lorentz
gauge condition V - A(x, 2°) + A°(x, 2°) = 0, we obtain

V- A(x,20) = V2f(x,20) — A%(x, 22). (4.9)

If we apply the Lorentz gauge condition A°(x,z9) + V - A(x,20) = 0 at time 20 =

on the right hand side of (4.9), we get

V- A(x,2°) =V -A(x,2)) =0, (4.10)
and using (4.8) and (4.10) leads to

A’z%) =0, and V- A(x,2°) =0. (4.11)

This is called the Lorentz-Coulomb gauge condition.

4.1.2  Covariant Dynamical Field Equation and Helicity States

In this section we first give a covariant dynamical form of Maxwell equations and
examine the physical polarizations and helicity states of Maxwell fields. In order to

achieve this goal, we start with

9,0 Ar = 0, (4.12)
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where for all 2° € R and p € {0,1,2,3}, [5s d°x |A#(2°,x)[2 < co. We express (4.12)
as a dynamical equation in the Hilbert space L*(R?) & L?(R?) & L*(R?) & L*(R?),

A(®) + DA() = 0, (4.13)

where a dot denotes a x°-derivative. Also for all u € {0,1,2,3} and z° € R, we
define functions A#(z°) : R* — C by A*(2°)(x) := A*(2°,x) for all x € R?, and let
D : L*(R3) — L?(R3) be the Hermitian operator,

[Df](x) = [V f(x),  VfeLR%), (4.14)
such that for all 4 € {0,1,2,3} and 2° € R, A#(2°) belongs to L*(R®). D is a
positive-definite operator with eigenvalues wi := k? and corresponding eigenvectors
Pr(x) = (2m) 732 x = (x|k),

where k € R?, k := |k|, and (|-} denotes the inner product of L?*(R?).
Now, let us consider the space-like components of plane wave solutions of (4.13).

These have the form
Ak, 0:7) = Negac(k, o) e gy (x), (4.15)

where € € {£}, N.x are normalization constants, and a.(k, o) are normalized polar-

ization vectors fulfilling,
aci(k,0)al(k,o") = 6540, kia'(k,o) =0 i€ {1,2,3}. (4.16)

From (4.15) and (4.16) we observe that the photon field has two polarization states
corresponding to a.(k,o) with o € {1,2}. These are called transverse polarization

vectors because they are perpendicular to k. Together with longitudinal vector k, i.e,

_k
=

they form an orthonormal basis [42, 43]. It is not difficult to show that the transverse

a.(k,3) (4.17)

polarization vectors satisfy the completeness relation,

& i j ij k'K
> di(k,0)al(k,0) =6 - (4.18)

o=1

Now we introduce circular polarization vectors [42, 43]:

ue,il (k) =

1 . .
=7 ac(k,1) £ia.(k,2)], u.o(k) :=ac(k,3). (4.19)
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These are the eigenvectors of the helicity operator

(0 R R
=25 _ss- | g o0 -g (4.20)
I T E '
R K0

where & =: (81, R, R3) is given by

[8f](x) = =iV f(x), VfeL*R?), (4.21)
and

Spi=Ar,  Spi=—Xs,  S3i=As, (4.22)

they are generators of the rotation group in its spin-one representations [44].
In general the eigenvectors (4.19) of the helicity operator (4.20) with nonzero

eigenvalues have the form

_ k x (m x k) +ih|k|(k x m)
V2[k[[m x k]

uh(k)

where h € {£1} and m =: (my, ma, m3) is an arbitrary vector. If we take m = 1, the

unit vector in direction of x-axis, we obtain the explicit form of u, (k) according to

k2 + k2
—kyky + ihks| k|

1
uh‘(k) - / 2 2

In view of (4.21), we can rewrite Lorentz-Coulomb gauge condition and V-E (%) =
—V - A(2°) = 0 according to

iR-A(x) =0 iR -A(2")=0. (4.23)

where -7 is the usual dot product. Next, we use (4.13) and (4.23) to define the

complex vector space (V) of solutions of the Maxwell equations
V= {A = (0,A) | V2° € R, [92 + D]A* (") = 0,
and 30 € R, &-A(%) = 8- A(z°) = o} . (4.24)

We call this vector space the space of photon fields. By using (4.23) and (4.24),
we observe that in the space V, h? = b and h? is the identity operator, 1y,.
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The solution of (4.13) can be expressed in terms of (A (z9), A(asg)) [49, 78] accord-
ing to
A (%) = cos[(2° — 20) DY A*(29) + sin[(z° — x8)D1/2]D_1/2A“(x8). (4.25)
Here we use the spectral resolution of D to denote its powers, D* := [o, d°k(k?)[k) (K|
for all a € R.

Finally, we can build the basic (plane wave) solutions of (4.24) with a definite
helicity. These are given by

Al (k2% x) = N, (k) u?, (k) e 5" gy (x), e=+, s=-1,1, (4.26)

where N, (k) are normalization constants.

4.2 Six-Component Formulation and Quantum Mechanics of Photon
Fields

By using the identity V x (V x A) = V(V - A) — V2A in Maxwell equations (4.6)
and making use of the Lorentz-Coulomb gauge condition (4.11), we get

B=VxA, A= —F,

. - 4.27
V.E:O7 E:—VzA. ( )

Let us define H := {Y : R® — C?| [, ®x Y (x)* - Y(x) <oo} as the Hilbert space of
vector fields. For every arbitrary Y € H, we can use (4.20) and (4.21) to prove the

following identities

RY)x) = ~V2Y(x),  [(R-S)Y](x) = V x Y(x),

(4.28)
R-[(R-S)Y] =0, R [(R-S)2Y] =0.

In view of (4.28), (4.21) and the Lorentz-Coulomb gauge condition (4.11), we can
simplify V x (V x A) = V(V - A) — V2A and obtain the following relation
/2 = |R]| 727, VA €V, (4.29)

where we identify h? with the identity operator V. By employing (4.29), we can

present (4.27) as a set of dynamical equations
A(z") = ~E("), E(2") = DA(2") = [8]*p*A(2"), (4.30)

in the Hilbert space H. Further we can express the set of dynamical equations (4.30)

as the Schrédinger equation [45, 46],

ihW(2°) = HU(z0), (4.31)
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where for all 2° € R, we define the state vector ¥ and the Hamiltonian H according

to
A 0y __ 'D*1/2E 0
p(at) = [ A~ (@) (4.32)
A(2°) +iD7V2E(z?)
H = hD"?54 @ b2, (4.33)
respectively. We note that H is a Hermitian operator, and we can use E(2°) = —A(xo)

to determine the six-component state vector ¥ in terms of A and A.
Next, we define the helicity operator in the six-component representation of the

photon fields according to
A:=03®b. (4.34)

This generates a symmetry of the Hamiltonian H. The simultaneous eigenvectors of
H and A take the form

V() = 5 ( & ) w4 ()6, (4.35)

where € € {—1,1}, n € {—1,+1}, k := |k|, E.(k) := €hk, and ¢, are eigenvectors of
D corresponding to the eigenvalues |k].

They satisfy
HVY, (k) = E.(k)V, k), AV (k) = h U (k). (4.36)

Note that the eigenvectors ¥, (k) form an orthonormal basis for the Hilbert space
H,

(Ten(k), T (K)) = 0cer S P(k—K), > > / k[T () (T p (k)| = 1y

e=+ h=+1
(4.37)

Here (-, ) is the inner product of H', and for &, ¢ € H', |£)((] is the operator defined
by 1£){C|x = ((, x)&, for all x € H'. Furthermore, we can easily check that H and A

have the following spectral resolutions

H = ZZ/d3kE Wen (k) (Ten(k), A= ZZ/d?’kh!weh N {(Ten (k).

e=+ h==+1 e=+ h==+1
(4.38)
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Next, we pay attention to the fact that the six-components vector ¥(z°) defined
by (4.32) belongs to the complex vector space C* @ #H. We endow this space with the

L?-inner product:

2

(€0 =) =<€.¢ (4.39)

i=1

1 1 R
where £ = ( EQ ), (= < 22 ) € C2@H. After simplification, equation (4.39) takes

the form

(€,¢) =5 [RE€,Com + <€, ¢ -], (4.40)

DO | —

where £, = e+ &2 Cy = CtECteH. Endowing C? ® #H with the inner product
(4.40) yields a new inner product space whose Cauchy completion is a Hilbert space.
We denote it by H’' := H @ H. Thus, by this observation we can view ¥(z°) as a
state vector in ‘H' and the Hamiltonian H as a linear operator acting in H’.

We further define U,o : V — H’ for all 2° € R according to

1
Upd = 5 U(2), VAe. (4.41)

By reviewing the definition of V, we find that U,e does not cover all of H' = H & H,
because every A € V must also satisfy the condition (4.23). Clearly we see that Uy
is a one-to-one mapping but not onto; that is, Uy : ¥V — H’ is not a bijective map.

In an effort to make it a bijective map, we define a new Hilbert space

1
;,h;:{<§2) | €16 cH, ﬁ-glzﬁ-§2=o}. (4.42)
As H,;, C H', by restricting the range of Uy,o to H,,,, we observe that Uy : V — H,,
turns to be an invertible operator. Now we use U,o to obtain a corresponding positive-

definite inner product on the complex vector space V according to

- S

(A, A") == (Up A, UpA") = Z(QJ(:UO), W' (2%)). (4.43)
The inner product (-, -)) stays invariant under the dynamics generated by H [48]; that
is to say, the right-hand side of (4.43) is z%-independent. In view of (4.43) and (4.32),

we obtain

[<A("), A(@") - + <E(2), DB/ (2°) - (4.44)
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This renders a dynamically invariant inner product on V because one can easily show
that (4.44) vanishes identically by taking the x%-derivative of the right-hand side. We
can obtain a separable Hilbert space H by equipping the inner product (4.44) to V
and making Cauchy completion of the resulting space. We call this separable Hilbert
space the physical Hilbert space of the relativistic quantum mechanics of the photon

fields. Next we examine some remarkable properties of the inner product (4.44):

1. This inner product is manifestly positive-definite, but it is not relativistically

mvariant.

2. If we restrict this inner product to the subspace of positive-frequency photon
fields, it coincides with the restriction of the indefinite Maxwell inner product

to this subspace.

In the remaining part of this section, we obtain the explicit forms of the generalized
parity (P), time reversal (7), and charge grading or chirality (C) operators for a free
photon field. Comparing to Refs [50, 51] here we give the definitions of (P), (T), and
(C) operators of a photon field according to

P S [ ke |0a) a0, (1.15)

e=%4 h=+1
Ti= S0 % [ kel vaai) « (v a(k), (445
e=+ h=+1
C=2 Y [ e (47
e=4 h=+1

By using (4.32) in (4.45)-(4.47), we arrive at

P = C = 23, T = 23 *, PT = *. (448)
Clearly we observe that the Hamiltonian H is a PT-symmetric operator. By using
(4.33), we can write the operator C as

H
VIE

The chirality operator C is a Zs-grading operator for the Hilbert space and divides

C=h"'D'?H =

(4.49)

the Hilbert space H into the spans of the eigenvectors of H with positive and negative

eigenvalues.
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Next, we employ the unitary operator U,o : H — H,,, to examine the generalized
parity, time-reversal, and chirality operators for the photon fields A € H. We define

P, T, and C operators according to

P:=U,'"PUyp, T:=UyTUp, C:=U,CU,. (4.50)

One may attempt to obtain explicit expressions for P, T. Here we only give the

explicit expressions for PT and C. For all A € 4 and 2° € R, we have

[PTA)(z°) = (071&(—?0)*)7 (4.51)
[cA] (@°) = iD7V2A(2") =: A.(z°). (4.52)

These relations show that PT is an ordinary time-reversal operator, and the chirality
operator C acting in H is a Lorentz scalar [53]. One can use the chirality operator
to divide V into the subspaces of positive and negative energies of the photon fields

according to
Vi = {AL € V|CAL = +A,}

where A, := %(121 4+ CA) € V. for every A € V. Therefore any A € V can be
written as A = fLr + A_ and in a similar way the corresponding Hilbert space can be
decomposed to V=V, @ V_.

4.3 The Most General Admissible Inner Product on the Space of Pho-
ton Fields

In this section we closely follow the procedure of section 3.2 for scalar fields. Let us
note that the most general admissible positive-definite and invariant inner product
of photon fields can be identified by the most general orthonormal basis {U,,(k)}
consisting of simultaneous eigenvectors of H and A. Because H and A are Hermitian
operators and share common eigenvectors, they are among the physical observables

of the system. We define the most general inner product according to

i, = BB (4.53)
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and B is an invertible and linear operator which commutes with H and A. We define

B according to
B=Y" 3 [ a0t () (0. (), (454)
e=+ h=+1" R

where f (k) are arbitrary nonzero complex numbers. Using the definition of B and

B' in 7, and carrying out necessary algebra leads to

ﬁJr = [LiO'O + Lia'g] bz + [LIO'O + L:O'g] h, (455)

where
L5 = 7 [ @K [13ea0OP] + e8P 18- 1) £ el (0] )
(4.56)

Next, for all §, ¢ € H,,;, we employ 7], to compute the inner product (-, )z, = (-, 7+").
This yields

(& Ny =<€4,04¢ =+ <€_,0,¢_ =+ <€,,0 ¢+ <€_,0.(, =, (4.57)
where O, : 7—~lph — 7—~[ph is given by
O, :=LIh>+ L b. (4.58)

Viewing H;h as a complex vector space and endowing it with this inner product, we
obtain a new inner product space whose Cauchy completion yields a Hilbert space
which we denote by K.

Next we employ ¥, (k) to obtain the explicit forms of B and B,

5 < Zip2+ 7t 0 > g1 _ ( 702+ 7ty 0 )

0 ZH+2Z°h 0 7792+ Z7%
(4.59)
where
1.~ . 5 1. N
Zy = 5[56,1 + fe—1],  ZL:= 5[6;11 + 6141, (4.60)
Beq == / &’k By (k) [k)(k|, Bt = / &’k 8.1, (k) [k) (k|- (4.61)
R3 R3

/

The operator B mapping K onto H,,, is unitary, i.e, for all §,¢ € H ),

(BE. BG) = (€, B'BC) = (& i - (4.62)
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We also define a new linear operator Uy, : Hypy — ’H;h according to
U{b} =B ng (4.63)

We employ (4.63), (4.59), (4.41) and (4.32) to compute the action of the Foldy trans-
formation U,y on an arbitrary Ae Hey. This gives

o1 U [A@D) —iD V2 E()]
U A = 3 < U_[A(20) 4+ iD V2 E(2)] ) ’ .

where the operators $l, : H — #, are given by
U =ZH° + Z0. (4.65)
In order to keep the discussion short, we would not compute the explicit expression
for Z/l{_bi = Ux_gll’;’*l. By considering £ = ( z; > € H,,, as a six-component vector, we
can show that U {_bif is a photon field A € Hey satisfying
A(20) = U+ utle?, E(x)) =i DY [uile —ut'e?], (4.66)
where {4~ is the inverse of 4, given by
U= Z5h7 + 24, (4.67)
We can use (4.25) to show that for all 2 € R
Ao(xo) _ e—i(xo—xg)D1/2ﬂJ—r1€1 + ei(xo—acg)Dl/Qu:1£27 (4.68)
E(z°) = iDY/?2 efi(xofa:g)Dl/?u;lél _ ei(:rofxg)Dl/?u:1€2i| _ (4.69)

Because Uy : V — H, is a unitary transformation, we can obtain a new inner

product in V according to

(A, Aoy = (Uno A, Upo AV, VA, A" € Hiyy. (4.70)
Using (4.70) and (4.62), we further obtain

(A, Aoy = (Ung A, B BUg A') = (Upoy A, Ugy A'). (4.71)

This clearly shows that the Foldy transformation Uy is a unitary transformation.
Having defined (A, A’ ) ey by (4.70), we equip the space of V of the solutions of a
single photon with the positive-definite inner product according to
(A, Ay = <A(2"),0,A'(2") = + <E(2"),0, D'E'(2°) =
+i |<E(2),0_D 3 A/(2") = — <A(z"),0_D P E(2°) >] (4.72)
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This defines the most general positive-definite inner product on the space of photon
fields which is also dynamically invariant. But it is not generally relativistically in-
variant. Similarly to the case of relativistic scalar fields, we can obtain an appropriate
choice for Ly so that the resulting inner product becomes relativistically invariant.

This is shown in Appendix B. Here we provide the result,
(A, fl’)){b} =< A(z9), S DV2A'(2°) = + <E(z?), o, D™Y2E (20) -
i [< E(2°),0 A/(z%) = — <A(20),0 E/(z°)>|  (4.73)

where O, : H — H is defined by

- 2 -
), = L;th? +L b, (4.74)
1
L,:E = Z [b—i—,l + €b+,—1 + b_71 + Eb_7_1] s (475)

be s, are real positive numbers, and so is L}". We can absorb L’ into the definition of
the field. Therefore, the inner product (4.73) involves three nontrivial free parame-
ters. Endowing V with this inner product and making the Cauchy completion of the
resulting inner product space yields a separable Hilbert space which we denote by
Hey-

Let us consider a specific choice where b, = 1 for all ¢ = {£} and h = {£1}.
This choice sets ©, =1 and ©" = 0 and subsequently the inner product (4.73) takes

the form

(A, A),s = k[<A(2"), DA (2°) = + <E(2°), D"'?E'(a%) =],  (4.76)
where « is an arbitrary real parameter having the dimension of length. This has been
introduced to make (4.76) dimensionless. Note that this inner product is very similar
to (4.44), but unlike (4.44) it is relativistically invariant. We will use it to obtain the
position wave function of the photon, localized states, and physical observables.

In relation (4.76) if we use B(z°) = |&]hA(2°), we can further simplify the inner
product (4.76) according to

(A, AY),; = K[=<B(z°), D7?B/(2°) = + <E(z°), D-2E/(2°)=].  (4.77)

It is remarkable to observe that the inner product(4.77) only depends on E and B.
As shown in Appendix B, by fixing b. 5, = 1 for all e = {£} and h = {£1}, we can
express the unitary operator Uy given by (4.64)

R ( DV A(a) — iD B} >

Ui A=-"— N 4.78
' DY* A(z0) + D~V E(x)) (4.78)

2
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For each § € H ,,, U, € is the photon field AeH (H is the Hilbert space correspond-

ing to a specific choice b, 5, = 1) which satisfies the following initial conditions:

A ==

This in turn imply that for all 2° € R,

DVAE 4 €, B(Y) = =DV (el - €Y, (4.79)

7

- 1 _ _ 1/2 _ 1/2
A0 = Lp 1/4[ i —a DV g1y cia®—af)D g} (4.80)
NG ’
E(l’o) _ L\/._Dl/4 [ —i(x0—x )D1/2€ o ez(x —z )D1/2€ :| 7 (481)
K

where we have made use of (4.25) and (4.79).
In view of (4.71), we see that the operator Uy : Hy — H,, is a unitary transfor-
mation. Therefore, similar to the relativistic scalar fields, this can be used to obtain

the Hamiltonian acting H; according to
hyey := Upyy HlUyy (4.82)

This is a Hermitian operator. Using (4.78) in (4.82), we observe that the action of
hyyy on any field A € H; has the form

hy A = ihA. (4.83)

Similarly to relativistic scalar fields, we should not confuse (4.83) with the time-
independent Schrodinger equation that gives the 2°-dependence of A [50]. h{b} gener-
ates time-evolution in H; through the Schrédinger equatlon zh Axo = h{b}Axo and
maps each solution A of (4.13) to another solution A, e, if AO = Axg is the initial

value for the one-parameter family of elements Ao of V , we have
Ax()(xo’) - [e—i(xo—xS)/hAO] <$0’) _ Ao(xo' +a® — 29),

for all 20, 2% € R.
Because B commutes with the Hamiltonian, we have hy,, = h. Thus, the pairs
(Hsy,h) and (H,,,, H) are unitarily equivalent and represent the same quantum sys-

tem.

4.4 Conserved Current Density

Following [51], we can use the relativistically invariant inner product to introduce a

conserved four-vector current density J7, (o} Here we first provide an explicit expression
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for a conserved four-vector density corresponding to the relativistically invariant inner
product, then we compute Jfb} for the case b.;, = 1 which we denoted by J*. We also
obtain a manifestly covariant expression for J*.

If we rewrite the inner product (4.73) in an integral form, we obtain the following
expression:

(A Ay = ;/Rgigx {A(xﬂ,x)*-(@;D—l/QE(xO,x)> — E(2, x)* -<@’+D—1/2A(x0,x))

—1 [A(mo,x)* (0_E(2",x)) — E(z°, x)* -(@’_A(xo,x))} }(4.84)

Where A € V is arbitrary. In analogy with non-relativistic quantum mechanics, we
define the 0-component of the current density J fb} associated with A as the integrand
in (4.73), i.e.,

() = % [A@y - (6,07 B(x)) ~ Ba)' - (6, D?A())
~i |A(2) - (6.E(x) - E(2)" - (0_A(0))] }. (4.85)

By setting a., =1 for all € € {+, —} and h € {—1,+1}, this yields

R

So@) =2 {A(x)* . D"VE(z) — B(z)* - D—l/%&(x)} . (4.86)

In an attempt to obtain spatial components of J#, we make an infinitesimal Lorentz
boost transformation so that it changes the reference frame to the one which moves
with a velocity v, namely 2° — 2/° = 20 — 8- x, x = X' = x — B2° where 8 := v/c.

Under this transformation, the four-vector A = (0, A) transforms as

0— A°() = -8 A(x), A(z) = A'(z)) = A(x), (4.87)
and similarly E transforms as follows

E(z) — E'(z') = E(z) + 8 x (V x A(x)). (4.88)

Now, let us expand the four-vector field J* in powers of B and omit quadratic and

higher order terms. This gives
Joz) = ) = J(z) — B - I(). (4.89)

Next, we employ (4.86) to get

K

10/ 1\ .
JU (") 5

{A/(CL’/)* . D/_I/ZE/(J?/) . E/(CL’/)* . D/_1/2A/<I’)} ’ (4.90)
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where 2/ = (2/°,x), D' = =V, E/(2') = —A’(a:/), and A’(a:’) = OA'(2)/0z"°. We
can employ (4.87) and (4.88) in (4.90) and make use of (4.89) to determine spatial

components of J#. This yields
Ji(z) = g{fl*(x)-(?iD_l/le(x) [ A(x)] - DV A(z)—
[A*(x) - 9| D2 Ai(w) + [D V2 A(x) - a]fv‘(x)*} . (4.91)

Here we have also made use of the fact that the chirality operator C = iD~/29; is
Lorentz-invariant [53], D'~'/29), = D~/20,. Note that in (4.91), 9 := (8°, V), and for
any two four-vectors v; and vg, v1 - vg := VY Vo

Equation (4.91) suggests that
J(z) = g{A*(x).aﬂpfl/%i(x) _[9"A(x)"] - D"V2A(z)—
[A*(z) - 9| D~V A" (z) + [D~V2A(x) - a],fw(x)*} o (4.92)

Using (4.92) and Maxwell equations, we can obtain the expression for J° which coin-
cides with (4.86).

Next we use (4.52) to simplify (4.92) as
K

J@) = 5 {A ey Fer(@) - P (@) Aufa) | (4.93)
where FI* := 9" A¥ — 9” A*. The current density J* is generally complex-valued and

has the following remarkable properties:

1. The expression (4.93) for J* is manifestly covariant; since A and A, are four-

vector fields, so is J*.

2. Using the fact that both A and A, satisfy the Maxwell equation, we can easily

check that J* satisfies the continuity equation
o,J" = 0. (4.94)
Hence it is a conserved current density.

Finally, we use (4.93) to obtain a manifestly covariant expression for the inner
product (4.76):

(AA) =5 [ dota) nu(o) {Afa) Fv(a) - Pray A@)}, (099
where ‘o is an arbitrary spacelike (Cauchy) hypersurface of the Minkowski space with
volume element do and unit (future) timelike normal four-vector n*” [51]. In order
to obtain (4.95) we have used the fact that any inner product is uniquely determined

by its associated norm [55].
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4.5 Four-Component Representation of the Photon Fields

We should note that working in ’H;h is not as easy as it seems. This is because the
identity operator in this space is 1y, = h? and the basis given by (1.6) cannot be used
as the basis of H ;. Therefore, here we introduce a four-component representation
for the photon physical Hilbert space which will be used to construct the physical
observables in next section.

Now let us define a Hilbert space H, 1= {V : R® — C?| [, d*x V(x)*- V(x) < o0},
and we introduce H’. := H, ® H,. Further we define IT : Hy — Hy and II71 - HY —

H.,,;, according to
Mi=0y®m (4.96)

N!'=o@r! (4.97)

where 7 and 7! are defined by

Ti= ) / Pk lén) (up(k)], 7= ) / APk [u, (K)) (En).- (4.98)
h=t1Y R h=t1" R
Here |é,) = énlk), |un(k)) = un(k)|k), and u,(k) and ép, are given by (1.11) and
(4.19), respectively. It is straightforward to establish the following identities

! = oy, il =p2 (4.99)

Next, we employ II, IT"! and (4.87) to introduce the Hamiltonian acting in H... The

result is give by
H' :=HII = hDY?0, ® o3 (4.100)

This Hamiltonian together with H! describe the same quantum system as (H e}, h)
and (H,;,, H). Therefore, we can use any of these representations to characterize the

observables of the system.

4.6 Physical Observables and Wave Functions for Photon Fields

Because the representations (H ey, h), (H,,, H), and (H}, H') are unitarily equivalent,
they define the same quantum system. This means that we are free to use any of these
representations in order to determine the observables of this quantum system. Based
on our experience with KG and Proca fields [50, 51], we see that working in the

Foldy representation (H., H') is far more convenient than the others. Therefore, we
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initially define observables in the Foldy representation (., H'), and further use the
unitary maps II : H ;, — H, and Uy : Hey — H' to obtain their explicit form in
the standard representation (He,h).

In H!., we introduce the following set of basic observables

X =x®%,, PLi=p®%, S,=13%, (4.101)
where m € {0,1,2,---,15}, Xy are given in (1.9), and x, p := i, and 1 are
respectively the position, momentum, and identity operators acting in L?*(R?). Note
also that for brevity we drop ‘1®’ and identify S;, with S

The operators Xg, 23, Y19 and Y5 form a maximal commuting set of observables
acting in H/.. We can employ their common eigenvectors as a basis of H/.. The basis

elements are given by

CloM = |x) ® ecp, x €R? ee{—,+}, he{-1,+1}, (4.102)

X

where e, := e.®¢, is defined in (1.10), and |x) are the o-function normalized position
kets which satisfy x|x) = x[x), (x|x) = §*(x —x'), and [, &°x [x) (x| = 1. It is easy
to see that

Xo (M =xgM, o Sg=ecM, S M =hoM. (4.103)

Let us also observe that C,(f’h) form an orthnormal basis

(M, M) = bl (x—x). YN / dx|CEM) (M| = S, (4.104)
R3

e=+ s==1

Here we have used (4.102) and the properties of |x).

Now, we define the basic observables according to

Xfo) = Uy T X MUy, Pfey 7= Uy TP TTUy,  Smpey 7= Upy T 0 Ty,

(4.105)
which act in Hy, and introduce,
T(e,h A (e,h — — €
Al = (0, A1) = U T ¢lem, (4.106)

Using (4.104) and (4.106) in (4.70), we can show that flﬁ?) form an orthonormal

X

basis of H ey

~(eh < (e b T(e,h 1(e,h
(Ao A = oot (x=x), 373" /H@ x| A (Al = sopy.
e=+ h==+1
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(4.107)

where A{b} are the localized state vectors, and for all A, A’ € Hey, the operator
|A)(A'| is defined by |A)(A'|A" := (A", A")) {0y A for any A” € Hyy, and sogey identifies
the identity operator for H ;.

Next, we express an arbitrary six-component vector ® € H’ in the basis {(,(f’h)}

according to
=3y / d*x f(e, h,x) LM, (4.108)
e=+ h==+1
where f: {—,+} x {=1,+1} x R® — C is the position wave function associated with
® and defined in the following way:
Fleshyx) = (G, @), (4.109)

In view of (4.70), (4.106) and (4.109) it is straightforward to see

(Al Ay = Uy Ay Uy A) = (M, ) = f(e, h, x). (4.110)

This implies that every photon field A € H{py can be written in terms of the basis
{A{b}) } according to

A=) / d*x f(e h,x) A} (4.111)

e=+ h=+41

Note that since the wave functions f do not depend on the choice of the parameter
b.rn, we avoid labeling them with the subscript {b}. The proof of this claim is given
in Ref [53] for the Klein-Gordon fields.

In the remainder of this section, we examine the action of the physical observable
O : 'H' — H. on the state vector ® € H_, i.e

0P = ZZ/ BP*x [Of (e, h,x)] ¢\, (4.112)
e=+ h=+1

where

(e.hx) =Y Z / B f(e B, x) (M oc My, (4.113)

/ j:hl

This yields the representation of observables in terms of the linear operators acting

on the square-integrable wave functions f.
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In a close analogy with relativistic scalar fields, we can uniquely determine the
physical observables o) : Hypy — Hpy for all Ae H{ey in terms of their representa-
tions in the basis {flﬁjf 3{} according to

omA=>"Y" / x[Of (e, h,x)| Ay (4.114)

e=+ h==+1

where Of (e, b, x) is given by (4.113). This follows directly from ((fl?b?l, o{b}ﬁg}”i) Doy =
(G0,
Subsequently, we can employ the position wave functions to determine transition

amplitudes of two photon fields

{b}—ZZ/dSXfEhX *f'(e, h,x). (4.115)

e=% h=+41

Here we have made use of (4.110) and (4.111). Furthermore, we can express the
expectation value of any observable oy : Hsy — Hyp) in a state vector A according
to

(A, 01y A) {b}—ZZ/ d*x f(e,h,x)* Of'(e, h,x)

e=+ h==+1

=2 / d*x [Of (e, h,x)]" f'(€, h, X). (4.116)

e=* h=+41

Similarly to the case of relativistic scalar fields, we can consider wave functions f as
elements of ' and observables as the Hermitian operators O acting on these wave
functions.

Next, we define the action of Xo(e}, Pofe}, S3f6), and si2(6y on f according to

Xogoyf (6, h,x) == xf(e, h,x), Pogey f (€, b, X) 1= —ihV f(e, h,x)(4.117)
S3001f (e, h,x) = €ef(e, h,x), 5126} f (€, h,X) := sf(e, h,x). (4.118)

These relations illustrate that f(e, h,x) are the position wave functions with definite
chirality € and helicity h. Also let us observe that the operation of xo(s}, Pote}, S3¢6},
and sy24p) On A is equivalent to the action of the operators Xogs), Pofe}, 536}, and
S12{6y o1 f.

Similarly the action of the Hamiltonian h on A can be specified with the action
of the operator h = 5316} f’?){b} on the associated position wave function f in the

following form:

hf(e h,x) = ehv/—V2f(e, h,x). (4.119)



Chapter 4: Quantum Mechanics of a Single Photon 52

This together with the Schrodinger equation for h, which we derived in section 4.3,
characterize the dynamics of an evolving photon field A,o in terms of the wave func-

tions f(€, h,x;2°) = ((flﬁ)?i, Ao ){e} in the following manner:

ihOo f (€, h,x;2°) = e/ —V2 f(e, h,x; 2°). (4.120)

4.7 Position Operator

4.7.1 FExplicit Form of the Photon’s Position Operator

In this section we employ the unitary map U,.; and its inverse constructed in section
4.3 to derive an explicit expression for the position operator xo : H — H. Let A =
(0, A) € H, and x := xgA to be the three-component field whose components satisfy
(4.13) and (4.23). x is uniquely identified in terms of the initial data (x(z), x(z{))
for some z) € R. If we use (4.105), (4.78), and the identities:

[h%, 7 'xrr] =0, [, 7 x7] =0, (4.121)

and [F(R),x] = —iVgF(R), where F is a differentiable function, we obtain

x(27) = X A(xp), (4.122)
o iR\ 5,
X(zg) = | X — W> A(xy), (4.123)
where
Xmxt -2 iy (7 1(R))7(R) (4.124)
2| %2 " ’ '

and we define x := iV 4. We take X as the photon position operator at z). Now, we
use (4.25) to express x(x°) in terms of (4.122) and (4.123). For all 2° € R, we have

x(2°) = {% — (2 — xg)%ﬁo} A(2). (4.125)

This shows that xg = X — i(2? — xg)%ag. Xg is a Hermitian operator acting in the

physical Hilbert space H. It has the following notable properties:

1. x¢ has commuting components, because it is obtained by a similarity transfor-

mation (4.105) from Xj, which according to (4.101) has commuting components.



Chapter 4: Quantum Mechanics of a Single Photon 53

2. It respects the charge superselection rule [54]. It commutes with the chirality
operator C = s3 = T ~ 0y and helicity operators [h, 7~ 'x7] = 0. This can be easily
seen by noting that xg, s3, and s are obtained via similarity transformation
(4.105) from X}, X5, and 15 where [X},¥5] = 0 and [X}, X15] = 0 according

0 (4.101) .

3. Its 2%-derivative, i.e, the velocity operator; i.e.,satisfies

vie B0 ) — e X T = P
dZL‘O p%

This means that the physical momentum is py C. This is similar to the position
operator for the Kelin-Gordon and Proca fields [53, 51].

More interestingly if we use the definition of 7(f) and 7~ () in equation (4.124), we

obtain

X=x+

i [Vl u0)) (s, (1.126)

2
Q\ﬁl =

where |uy(k)) := u,(k)|k) and uy(k) are circular polarization vectors. Furthermore,

using the relation (4.19), we can prove the following identity,

> [ Vo)) ®) =Y [ Pk Vidate D)@k )] (4120
R3 = JRe

h=%1

This shows that the form of the position operator for the photon (4.126) is independent

of the choice of the polarization (circular or linear) vectors.

4.7.2  The Action of the Position Operator on Electric and Magnetic Fields

If we introduce xg := X0 E and xg := —X, we can rewrite (4.123) as
0 iR 0 0
XE() = (.’f - W) E(z;) = Xg E(x) (4.128)
where we take Xg as the position operator associated with the electric field. It is
given by
1R 1
Xg =X W a(m(R)7(R)

SALEE D Ol 0 S A SHI ST CRED)
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Now, if we employ (4.25) to express xg(2°) in terms of (4.122) and (4.123), we

obtain
0 ﬁ 0
Therefore, the position operator associated with the electric field for all 2° € R is
given by
R
XoE = Xp — (x0_$0)|§|2

In order to compare (4.129) with Hawton’s position operator [12], i.e, (2.68). In

our notation Hawton’s operator takes the form:
_ 3
Xttowton — iV s — 2lﬁl2 _ ZZ/ Pk Vi (Ja(k, 1)) (a(k, ). (4.131)

Comparing (4.129) and (4.131), we observe that the longitudinal vector a(k,3) does
appear in (4.129). This means that Hawton’s position operator for the photon does
not act on elements of V, because its eigenvectors do not belong to the photon physical
Hilbert space V. Furthermore, we should emphasize that Hawton’s position operator
was constructed only for a fixed time z° = x] [12], whereas (4.130) works for all
2 e R.

In analogy with the electric field, we can obtain the explicit form of the position
operator associated with the magnetic field xo . This can be determined by acting
the position operator on the magnetic field of a photon field. To this end, we define
Xg =: X0.8 B where B = V X A and Xg ‘= V x x. Similarly to x, xg is a three-
component field whose components satisfy similar equations to (4.13) and (4.23).
Therefore, it is uniquely determined in terms of the initial data (xg(z)), xg(x9)) for

some xJ € R. These are given by

xs (7)) = XB B(x)), (4.132)
. 0\ __ . ﬁ . xU
i(ad) = (%n - 5 ) BsD) (4.133)
where
Xp = x4 2|3§2Vﬁ(7r_1(ﬁ))7r(§)
_ zVﬁ+22|ﬁ|2 iy / PRV () (un(k).  (4.134)

h=%1
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This determines the action of the position operator on the magnetic field at x3. Tt is
not difficult to extend this to all z° € R:

, R
xg(7°) = {%B — (2 — xg)Wao} B(a"). (4.135)
Therefore, the position operator corresponding to the magnetic field for all 2° € R is
given by
, R
xop = Xp —i(z° — mg)wﬁo.

4.8 Localized States of Photon and their Electric and Magnetic Fields
of Photon Fields

4.8.1 Localized States of a Photon

In a search for determining the explicit form of localized states, we use (4.78), (4.102)
and (4.106) to derive

X (e 1 1 e(a%—20 —
A;,h)(xO) 4 ﬁ|ﬁ| 2 o e =R 1-11y) @ ¢y, (4.136)

The localized photon fields A§€ h) at a space-time point (z],x) have the form

AN (40 x) = <X’A§f7h) (z°)). (4.137)

y

Substituting (4.136) in (4.137) and performing necessary algebra, we obtain

~ ]. 1 ; 0 0 ;
(e,h) (,.0 _ 3 —5 —te(a’—zd)k ik (x—y)
A (27, x) = @i Jae d’k k™ 2e oe Yy, (k), (4.138)
where uy, (k) are transverse polarization vectors of the photon
k3 + k3
—k1ko + ihks|k| (4.139)

1
W2+ R\ g b — ik

The integral on the right-hand side of (4.138) turn out to be extremely difficult and

we were not able to evaluate them. However we can determine their dependence on

llh(k)

|x — y|. The result is

1

A(e,h) (ﬂfg,X) X m

y

(4.140)

This relation is identical with the one obtained in section 3.5 for the massless scalar
fields.
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4.8.2  Electric and Magnetic Fields components for the Localized States of a Photon

By making use of (4.136), (4.30) and B(z°) = |R|hA(z"), we obtain electric and

magnetic fields of a photon localized at a point in space:

E{(M(a) = %ﬁlé e I T y) @ e, (4.141)
(e,h) (.0 h L —ie(x®—xd)|R] 1
By (2") = ﬁ|ﬁ\2 e T Hy) ® ep. (4.142)

The value of their fields at a space-time point (z,x) has the form:

€,h 0 o €,h 0 €,h 0 o €,h 0
Eg, )(29,%x) := <X|E§, )(20)), Bg, (2%, %) == <X|B§, )(2°)). (4.143)

Substituting (4.141) and (4.142) in (4.143) yields

(e,h) (.0 - i€ 31, 1.2 —ie(x0—20)k ik (x—y)

E;" (27, x) = @ S d’k k2e 0/fe Yy, (k), (4.144)
(e,h) (.0 h 3 L _ie(@®—2d)k ik-(x—y)

By (2", x) = -5+ | d’kkze 0% uy(k), (4.145)

(27T)3\/E R3
where uy, (k) are transverse polarization vectors of the photon.
The integral expressions in (4.144) and (4.145) are extremely complicated. We

have not been able to evaluate them, but can show that

1

(e:h) (.0
E; ™ (7g,x) o Xy (4.146)
1
(e,h) (.0

4.9 The Photon’s Wave Function

We can use (4.136) and (4.40) to compute the right hand side of (4.110). This gives
for the position wave function of a single photon:
fle, h,x) = ?ﬁﬂﬁﬁ.&(x, 20) — ie| & ZE(x, 20)}. (4.148)

where

7o /R Pk (k) [K) (k.
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Next, we simplify (4.148) to show that

—ie/K
2

fle,h,x) = E{B(x, 23) 4+ ieB(x, 20)}, (4.149)

where
foo= / Pk 2uy, (k) k) (k|- (4.150)
R3

This is a very useful representation of the position wave function of a single photon,

because it shows its relation to the Riemann-Silberstein wave function
Fro(x, ") := E(x,2°) + ieB(x, 2°). (4.151)

Next, we recall that the Landau-Peierls wave function (2.1) can be writhen in

terms of the Riemann-Silberstein complex vector [3, 1] according to

\IILP(.TB),X) =R 2FR5(5L’8,X) = W/3 d3X/ m (4152)

This implies

Fle,h,x) = “‘F F(R) W p (a2, %). (4.153)

4.10 Probability Density for Spatial Localization of a Field

We can follow the approach of Refs [53, 51] to compute the probability density for

the spatial localization of a photon field. The results is

Q:U07 : ZZ‘fﬁhx

e=*x h=+41

= 3 SURIF - AGeaf)? + /77 - Blx, () )

h::l:l
K
= 3 SUF - Bxaf)? + [KP[R" - Ak af)
h==+1
K ~ % ~ %
= 3 SIR Bl ad) + |7 Blx,2f) 2. (4.154)
h=+1

From section 4.2 we recall that for specific choice of a., = 1 for all e € {4, —} and

h € {—1,+1}, the positive-definite Lorentz-invariant inner product takes the form

(A, A) = /R @ {SAG@) - D) - By - DA ) (4.155)
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in which the integrand is the zero component of a conserved four-vector current den-
sity, J9(2%, x).
Furthermore, by using (4.154) and (4.115) we observe that

(A, A :/ d*x o(2°,x). (4.156)
R3
This together with (4.155) and (4.154) gives
P = | dxo(z° x) = / d*x J(2°,x) = (A4, A)). (4.157)
R3 R3

This means that the probability density o is not the zero-component of a conserved
four-vector current density J*, but its integral over the whole space gives the total

probability which is frame-independent and conserved.
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CONCLUSION AND DISCUSSION

In chapter 2 we presented a review of the previous research in the area of the first-
quantized theory of a photon including the wave function in coordinate representation,
the position operator, a probabilistic interpretation of the wave function and quantum
mechanical expectation values of physical observables.

In chapter 3 we studied a relativistic scalar field (both with mass and without
mass) and provided a well-defined quantum mechanical treatment of the system.
We obtained the most general Lorentz-invariant positive-definite inner product on
the space of the relativistic scalar fields and derived the position wave function and
localized states for this system. We further showed that the localized states of a
massless scalar field can be obtained as the zero-mass limit of that of the massive
scalar fields. Similarly to the localized states of a photon, the localized states of a

massless scalar field has the dependency as —X= where |x — y| is the distance from
—yl*/

the center of localization. Furthermore, We‘);xamined the position, momentum, and
angular momentum operators for the relativistic scalar fields and derived a positive-
definite probability density for a measurement of the position observable.

In chapter 4, we provided a consistent description of a first-quantized photon. Un-
like previous studies of this subject where the solution of the Maxwell equation was
used as a primary definition of the position wave function (for instance the Riemann-
Silberstein complex vector), we viewed the solutions of Maxwell equations as abstract
state vectors in a complex vector space, and equipped this space with a Lorenz-
invariant positive-definite inner product to obtain a genuine Hilbert space. We iden-
tified the Hamiltonian as the generator of time-translations and derived the chirality
and helicity operators. We obtained the position operator for a photon with com-
muting components which also commutes with helicity and chirality operators. This
position operator is the same as the position operator of a massless scalar field plus
an additional term which corresponds to the Berry phase of a propagating photon.
Similarly, we found the position operator associated with the electric and magnetic
fields. The position operator associated with electric fields turned out to be very sim-
ilar to the one which was obtained by Hawton; however, unlike the Hawton operator

it does not involve the longitudinal component. Unlike the preceding studies, in our
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formulation the derivation of the physical observables (e.g. the position operator)
relies on the construction of the physical Hilbert space of the photon.

We obtained the localized states of the photon photon, and characterized the
photon wave functions as the projection of state vectors on the position basis (local-
ized states) of this physical Hilbert space. Subsequently, we identified the physical
observables of this quantum system in a usual sense (similar to the non-relativistic
quantum mechanics). Our position wave function is not only a square-integrable
function, but only involves both the Landau-Peierls wave function and the Riemann-
Silberstein complex vector. In the framework of the photon wave mechanics, usually
the negative-frequency solutions are discarded. In our approach they are maintained.
Another fundamental and important issue that we have resolved is the difficulty of
finding an appropriate positive-definite inner product and a positive-definite proba-
bility density.
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APPENDICES

Appendix A: Computation of ¢ (z°,x)

Here we compute

e P .
Uiy 2) = 5 /0 de kM sin(zk) (6.1)
where z := |x —y|. This requires the use of the spherical Bessel function of the first

kind that we can express as

(o) = (-1 (L) 2 (62)

xdx T

Setting n = 0 and = = kz, this yields

sin kz

Jo(kz) = s (6.3)
In view of (6.1) and (6.3),

olabox) = 5 [ db k(). (6.4
Next we use the identity [87]

ju(kz) = i%%(/{;z) (6.5)

where J, +%(kz) is the Bessel function of the first kind. Using (6.5) and (6.4), we

obtain

W (20, x) = dk k3 (k). (6.6)

27r\/ 2Tz /
In order to evaluate the right-hand side of (6.6), we use the following integral identity
oo dm+1 / 2 2 _ v
/ dx l‘m+1 €_axjy<6(l}) — (_1>m+1 6—1/ - ( a” + 6 Oé)
0 dam+ /a2 + 32

>0, Rv>-m-—2]. (6.7)
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Setting z =k, S =2, a=0,m=0and v =1/2 in (6.7), we obtain

0 d |(Va?+22—a); 1
dk kJi(2k) = —2"2— 2 = _— .
/0 J%(Z ) ® Vda [ a? + 22 . 222 (6:8)
Using this in (6.6) gives
€(,.0 m
x) = _ 6.9
5 =1 (69)

Appendix B: Most general relativistically invariant positive-definite inner
product

Recall that the inner product (4.72) is given by
(A, Aoy = =< A(2"),0,A'(2°) = + <E(2°),0, D'E'(2°) >~
+i |<E(2°),0_D 2A/(2°) = — <A(z"),0_D 2E/(2°) >] (6.10)
In order to make this inner product Lorentz-invariant, we find appropriate values for
O under which the resulting inner product turn to a relativistically invariant inner

product. In order to accomplish our goal, we identify a basic solution of Maxwell

fields according to

A, (ks 20, %) = Nep(k) ), (k) e |K), vj € {1,2,3} (6.11)
The inner product of any two basic solutions flﬁh(k) and flegh/, is given as

((/Lﬁ(k), A6/7hl(k,))){b} = (27r)3|]\767h(k)|2 ben 83 (k — K)o Onpr, (6.12)

where we introduce by, := |Bc4|?, and N, (k) are normalization constants. Because
b, are positive real numbers and the right-hand side of (6.12) is independent of
2%, the relation (6.12) presents the invariance and positive definiteness of the inner
product (6.11).

As we have obtained the inner product of two basic solutions of the Maxwell
fields in (6.12), now we are in the position to compute the inner product for any two

solutions A and A’ having the general form of
A= > / d*k cep(k) Acn(K), (6.13)
e=+ h=+1"/R®

where ¢, (k) are complex coefficients. By employing (6.12) and (6.13) and also the

fact that the inner product (6.11) is a Hermitian sesquilinear form, we get

(AAY o =3 3 [ b N0 ¢4 (R) 10, (6.14)

e=+ h==+1
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Because d°k/k is a relativistically invariant measure [43] and A and A, (k) are four-
vectors, we conclude that ¢ (k) should transform similarly to k~!. This clearly shows
that in order for the inner product (6.14) to be a scalar, b.;, must also transform

similarly to k. Therefore,
bep =0benk (6.15)

where b, j, are dimensionless positive real numbers. In light of (6.15) and (4.55), we

obtain
1
L;::Z[bhl+ebﬁ,1i:biliebﬁ,ﬂl)u2::Lil)”{ (6.16)
where we denote L' := § [by 1 + €by _y +b_; £ eb—, —1]. Next we define a new op-

erator ©, acting in H by
O = L'h*+ Lh. (6.17)
Using (6.17) and (4.58), we can show that
0, =0, D2
This relation together with (6.10) gives
(A, Ay ==<A(2°),0, DV2A'(2°) = + <E(2°),0", D~'2E/(2°) -
+i <E@ﬂL@LA%ﬂU>——<Aﬁﬂ%@LE%ﬂ)>l (6.18)

It is straightforward to see that L’ is a positive number, and we can absorb it in
the definition of the field. This in turn implies that relation (6.18) defines a three-
parameter family of relativistically invariant inner products.

Next, we consider the simplest choice where b., = 1 for all e = {£} and h = {£1}.
This leads to

o =1, 0 =0 (6.19)

and the inner product (6.18) becomes

(A, AY),; ==<A(2"), DY2A'(2°) = + <E(z°), D~'/?E/(2°) > . (6.20)
In the remainder of this section we try to derive the Foldy transformation asso-

ciated with the most general relativistically invariant inner product (6.18) and the

inner product (6.20). We begin our discussion by computing the values of f, 5 and Be_,i
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for b, = b5 k which we have imposed to derive the most general Lorentz-invariant
inner product (6.18). Using this condition, we obtain S and B;} in the following
forms,

1

Bs,h =V be,h D1/47 ) B;f} = TD_1/4- (621)
e,h

In view of (6.18), we obtain the explicit expressions for B and B~! according to
5 7502 + 7 0 51 7392 + 7 0
0 20+ 270 ) 0 702+ Z2h )7
(6.22)

where
1. 1

1 ~ 1
Z/ie = 5[\/[)6’1:*:\/1)67,1], Z; o= 5[\/b_lj: \/b_l]

The unitary operator U{(;‘}i) (Foldy transformation) corresponding to the Lorentz-

(6.23)

invariant inner product (6.18) is given by

L 1{ & [DY*A(29) — iD-YAE(£°
L{g'}l)A - L : (zg) — @ (20)] ’ (6.24)
2\ W [DYVAA(2}) +iDVAE(x)))]
where the operators 4l : H — H take the form
UL = Z'h® + Z". (6.25)

U {(Z'}i)_lﬁ is the photon field Ae H ey which satisfies the following initial conditions:

A(xd) = D7VATE 4 01g?), B(al) =i DV [ — w0l (6.26)
Here /7! is the inverse of I, that is given by
U= 2%+ 2. (6.27)
We can also determine
Ao(xo) — DA [e—i(xo—xS)Dl/2u/+—1£1 _i_ei(xo—:cg)Dl/?u/_—lsz} ’ (6.28)
E(z°) = D4 [efi(mof:rg)Dl/QulJ:lgl _ ei(xo—xg)Dl/Qﬂljlgﬂ ’ (6.29)

for all ) € R. For the choice, b.j, = 1 for all e = {£} and h = {£1}, Z =1, Z° =0,

ij =1 and Z" = 0, and we have

W =5h?=1y. (6.30)



Chapter 6: Appendices 65

We also compute the corresponding expressions for B and B~!. The result is
B=B"'=0,®b%. (6.31)

A similar reasoning gives the following expression for the Foldy transformation U, ;

N 1 D1/4A 0y _ ;D VAE(20
U i=t( P Alr)=iD” FE() ) (6.32)
2\ DY*A(28) +iD VA E(x))

Notice that ¢ is a six-component vector with components &' and &€2. Thus in view
of (6.32), we can show that U'¢ is a photon field Ae Hey satisfying the initial

conditions:
A(wg) = D7 +€7),  E(ap) =iD' (€' - €7). (6.33)
This in turn implies that for all 2° € R,
A(z%) = DA [e—i(xo—xg)Dl/zsl +ei(x0—x8)D1/2£2} 7 (6.34)
E(z°) = iDYA [efi(xof:pg)Dl/Qé-l _ ei(xofxg)D1/2£2] . (6.35)

Next, we provide an alternative form of the Foldy transformation. Using the

chirality operator, we can express Uy and U {(Z}Z) according to

i M+A+(x8)
Un A = ~ . 6.36
{b} ( L[_A_(l%) ( )
- " A (29
Uy’ A= Dt A (zo) (6.37)
A ()
For the case that 8., =1 for all e € {+,—} and » € {—1,+1}, we obtain
A 0
U4 pyv [ Al (6.38)
' A )

where A is -energy component of a photon field. These equations show that $( A,
(and similarly §. D4 A, and D'/* A,) satisfies the Foldy equation [46, 52]

iOU A, := D24 A.,. (6.39)
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