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ABSTRACT

EXACT DISTRIBUTION OF AGE OF INFORMATION
(AOI) AND PEAK AOI IN SINGLE-SOURCE AND
MULTI-SOURCE STATUS UPDATE SYSTEMS

Ozancan Dogan
M.S. in Electrical and Electronics Engineering
Advisor: Nail Akar
July 2021

In this thesis, we first study bufferless and single-buffer single-source queueing
models of a status update system with various accompanying buffer manage-
ment schemes. Next, we study the bufferless multi-source queueing model of a
status-update system with probabilistic preemption. For both single-source and
multi-source queueing models, we obtain the exact distributions of the associ-
ated Age of Information (Aol) and Peak Age of Information (PAol) processes.
For this purpose, we propose a Markov Fluid Queue (MFQ) model for both
scenarios out of which the exact Aol distributions are derived. The numerical so-
lution obtained from the proposed model provides the distributional expressions
in matrix-exponential form out of which one can easily obtain their high order
moments. We validate the accuracy of our proposed algorithm by comparing
our results with simulations and also existing results in the literature in certain
sub-cases. Numerical results are presented to provide engineering insight on how
state update systems need to be configured and operated.

Keywords: Age of Information, Peak Age of Information, Status Update Systems,
Markov Fluid Queues.
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OZET

TEK KAYNAKLI VE COK KAYNAKLI DURUM
GUNCELLEME SISTEMLERINDE BILGI YASI VE
ZIRVE BILGI YASININ KESIN DAGILIMI

Ozancan Dogan
Elektrik Elektronik Miihendisligi, Yiiksek Lisans
Tez Danigmani: Nail Akar
Temmuz 2021

Bu tezde, tek kuyruklu ve kuyruksuz tek kaynakli durum giincellemesi sistemi-
nin kuyruk modelini ¢esitli kuyruk yonetimi yontemleri altinda ¢aligtik. Ayrica,
olasiliksal bogaltmali ve kuyruksuz durum giincellemesi sisteminin ¢oklu kaynakl
kuyruk modelini de ¢alistik. Tekli ve ¢coklu kaynakli kuyruk modellerinin ikisi i¢in
de, Aol ve PAol siireclerinin kesin dagilimlarin elde ettik. Bu amacla, Markov
Akigkan Kuyruklari modelini her iki model i¢in de onerdik ve kesin dagilimlar:
bu model aracihiiyla elde ettik. Onerilen modelle elde edilen sayisal ¢oziim bize
kesin dagilimlar1 matris iistel formda elde etmemizi sagladi ve bu form sayesinde
yiiksek mertebedeki momentleri ve birikimli dagilimlar: kolayca hesaplayabildik.
Onerdigimiz yontemlerin bagarisini cesitli alt durumlar icin simiilasyonlarla ve
literatiirde su ana kadar bulunan sonugclarla dogruladik. Sayisal sonuglart durum
glincellemesi yapan sistemlerin konfigiirasyonu ve operasyonu i¢in miihendislik

iggoriisi saglamak i¢in sunduk.

Anahtar sozcikler: Bilgi Yasi, Zirve Bilgi Yagi, Durum Giincelleme Sistemleri,
Markov Akigkan Kuyruklar:.
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Chapter 1

Introduction

1.1 Age of Information

Consider a real-time status update system that contains an information source,
a server, and a destination (or a monitor). Status updates from the informa-
tion source are sent and received by the server where the received updates are
processed to be sent to the destination. A variety of applications require the
delivery of real-time status updates to a destination from information sources.
Wireless sensor networks for environmental monitoring that has been used for
surveillance and monitoring of agriculture [5] or vehicular ad-hoc networks that
provide communication between nearby vehicles [6] are examples of these applica-
tions. Timeliness of information could prevent collisions or shorten fire response
time in these particular examples. Therefore, keeping the destination with the
latest information is one of the main goals for these systems. To evaluate the
timeliness of status updates at the destination, a new metric called Age of Infor-
mation (Aol) is defined in [7],[8]. The Aol process is a random process defined
as A(t) =t —u(t) where u(t) is the generation time of the latest received update
at the destination. In [9], a related performance metric peak Age of Information
(PAol) is introduced, which is defined as the value of Aol just before the reception

of an information update.



source-1

source-2 \
‘ — remote
—_—
: . monitor
source-/V

‘/

Figure 1.1: N information sources transmit status update packets to a remote
monitor via a server.

For the Aol framework, queueing models are widely used to model commu-
nication systems in the literature. By adjusting network parameters such as
scheduling policy of the server or the generation frequency of status updates,
minimization and optimization of Aol is possible. Therefore, the analysis of Aol
in queueing models to find its distribution and moments received considerable

attention.

The single-server model in Fig. 1.1 has been extensively studied in the liter-
ature. There are many variations of this model that have been studied in the
recent literature depending on the number of sources (single vs multiple), the ex-
istence of transmission errors and retransmission probabilities, the distributions
assumed for inter-arrival and service times, the queue capacity of the system,
the buffer management mechanism, the scheduling discipline, etc. In this thesis,
we are particularly interested in two specific problems whose certain variations
have also been studied in the literature. The first problem is the continuous-time
single-source bufferless queue with probabilistic preemption and single-source sin-
gle buffer queue with probabilistic replacement. As the second problem, we study
the multi-source bufferless queue with probabilistic preemption, under transmis-
sion errors and retransmissions. We also studied a discrete-time queueing model

in [10], however this study is not included to preserve the coherence in this thesis.



1.2 Contributions of the Thesis

The main contributions of the thesis can be expressed as following:

e We model single source and multi-source queues with Markov Fluid Queues
(MFQs). Expressions for Aol and PAol distributions in matrix exponential
form are obtainable by solving the steady-state distribution of the proposed
MFQs with existing stable and efficient numerical algorithms in the liter-
ature. We also show that distributions, moments, and tail probabilities of

Aol and PAol are easily obtainable from these expressions.

e We present a unifying framework for single-source systems allowing proba-
bilistic preemption and replacement. A number of studied queueing models
in the literature could be shown to be subcases of our general bufferless and
single buffer models with certain preemption and replacement probabilities.
We also show that probabilistic preemption with optimum preemption pa-

rameter could outperform existing models in certain scenarios.

e For multi-source systems, we introduce the so-called probabilistic preemp-
tion matrix which makes it possible to define distinct preemption proba-
bilities among sources. It is also shown that existing global-preemption,
no-preemption, and self-preemption policies are sub-cases of our unifying
model. Furthermore, we define distinct error and transmission probabilities
for each source. Again, we show that probabilistic preemption can be shown

to be optimum in certain scenarios.

1.3 List of Publications

Single-source and multi-source queue models presented in Chapter 3 and 4, and

numerical results in Chapter 5 are based on the following publications.



e N. Akar, O. Dogan, and E. U. Atay, “Finding the exact distribution of
(peak) age of information for queues of PH/PH/1/1 and M/PH/1/2 type,”
IEEFE Transactions on Communications, vol. 68, no. 9, pp. 5661-5672, 2020

e O. Dogan and N. Akar, “The multi-source preemptive M/PH/1/1 queue
with packet errors: Exact distribution of the age of information and its
peak,” arXiv preprint arXiw:2007.11656, 2020

1.4 Related Work

Analysis of Aol and PAol in queueing models, and their optimization and mini-
mization have been widely studied in the literature. Analysis of Aol in multi-hop
networks has received considerable attention [13], [14], [15]. In the most of the

literature and this thesis, single-hop networks are studied, as shown in Fig. 1.2.

) 0 —

Information Source Server

Monitor

Figure 1.2: Single-hop queueing model

Single-hop networks are mainly categorized by the number of sources, number
of servers, distributions of arrival and service processes, and scheduling disciplines.
Even though some studies have been done for multi-server case [16],[17], single
server was the main framework for most studies. In [7], first-come first-served
(FCFS) M/M/1 queue is studied. In this study, mean Aol is obtained through
integrating decomposed geometric parts. Preemptive and non-preemptive last-
come first-served (LCFS) M/M/1 queues are studied by [18]. [19] obtains expres-
sions for the average age for two different M/G/1/1 queues, one with preemption
and the other one with blocking. Expressions for the mean Aol and mean PAol

for preemptive and non-preemptive LCFS queues with gamma distributed service
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times are obtained in [20]. Deterministic service times are also approximated
with Erlang distributions in this study. Preemptive scheduling is also referred as
M/M/1/1* or preemption in service and incoming packet is allowed to preempt
the packet in service. Non-preemptive scheduling is also referred as M/M/1/2*
or preemption in waiting and incoming packet is allowed to preempt packet in
the buffer. Multi-source FCFS, preemptive LCFS and non-preemptive LCFS
M/M/1 queues are modelled as stochastic hybrid systems (SHS) and expressions
for mean Aol are obtained by [3]. The average Aol is obtained for M/M/1/m
blocking queue by their revisit to the topic [21] which is also an extension of their
single-source work [19]. SHS technique is also applied to a tandem of preemptive
LCFS queues [22] and a tandem of non-preemptive FCFS queues [23]. Deriva-
tion of exact expressions for the average Aol for multi-source M/M/1 queueing
model, approximate expressions for multi source M/G/1 model are provided by
[24]. Mean Aol and PAol expressions for the M/M/1/1 queue and mean PAol
expression for M/M/1/2* queue are obtained by [9]. To improve the performance,
packet deadlines for the M/M/1/2 queue are introduced by [25] and in this sys-
tem, the packet in the queue is discarded if its wait time exceeds a deadline. The
reference [2| obtains the Laplace transform expressions for Aol in FCFS, pre-
emptive LCFS and non-preemptive LCFS M/GI/1 and GI/M/1 queues where GI
denotes independent and identically distributed general distributions. Retrans-
mission of errored packets is found to increase performance in LCFS systems in
[26]. Furthermore, [17] finds that Last Generated First Served (LGFS) policy
optimizes the age along with throughput and delay for infinite buffer queueing

systems.

Discrete-time Aol models are also studied in te literature but to a lesser extent
than continuous-time models. The discrete-time FIFO G/Ber/1 queue is studied
in [27] where the authors study the average Aol and PAol. In [28], the authors ob-
tain the average Aol from Z-transforms for general FCFS and preemptive LCFS
queue disciplines and they apply these results to Geo/Geo/1/1 queues. Explicit
expressions for the FCFS Ber/G/1 and Ber/G/1 queues with vacations are de-
rived by [29]. The LCFS G/G/o0 is studied as well in this study. The reference



[30] studies the optimization of Aol in wireless networks by combining queue-
ing theory and stochastic geometry. The exact distributions of Aol and PAol
are obtained in matrix-geometric form for Non-Preemptive Bufferless (NPB) ii)
Preemptive Bufferless (PB) iii) Non-Preemptive Single Buffer with Replacement
(NPSBR) queue disciplines where Bernoulli arrivals and general discrete phase-

type service times are assumed [10].

1.5 Thesis Organization

The rest of the thesis is organized as follows. First, we present the preliminaries
on phase-type distributions and Markov fluid queues in Chapter 2. We study the
Aol and PAol processes in single-source and multi-source queues with proposed
models in Chapter 3 and 4, respectively. In Chapter 5, we provide numerical
examples to validate our proposed models’ accuracy and present results obtained

with our proposed models. Finally, we conclude in Chapter 6.



Chapter 2

Preliminaries

Upper case and lower case bold letters denote the real valued matrices and vectors,
respectively. The elements of matrix A is denoted by A, ; for ¢, € 1,2, ...,n. The
vectors Ogxe, Ip,, and 1,, denote matrix of zeros with size k x ¢, identity matrix
with size m and column vector of ones with size n, respectively. For a vector
a, a; denotes the jth element. Kronecker product and diagonal concatenation
of two matrices A € R™" and B € RP*? is denoted by A ® B € R"P*"
and diag{ A, B}, respectively. The concatenation of two row vectors a and (3
is denoted by the notation [a, 3]. The unit step and Dirac delta functions are

denoted by wu(z) and é(x), respectively.

2.1 Phase-type Distributions

Consider a Markov process that has m + 1 states where the first m states are
transient states and the last state is the absorbing state. And the initial proba-
bility vector a describes the initial probability of starting in any of states defined
in state space S. The distribution of the time until the absorption occurs is called
Phase-type (PH-type) distribution. Various probability distributions can be fit to

phase-type distribution via expectation-maximization algorithm [31]. A PH-type



random variable can be represented by the pair (S, «). The generator matrix for

Markov Chain @) is given as:
(2.1)

S is size of m x m and v is size of m x 1. S;; represents the transition rate from
state ¢ to j where both states are transient and v; represents the transition rate
from 7 to absorbing state. Since row sums of generator matrix should be equal to

0, v = —S51. The cdf and pdf of a PH-type random variable are given as:

Fx(z) = (1 — oe”™1)u(x),

fx(z) = —oeS1u(z) + 0pd(z). (2.2)

The more general form of PH-type distributions are called matrix exponential dis-
tributions [32]. Matrix exponential distributed random variable is also described
by the pair (o,.5). Different from PH-type distributions, there is no restrictions
on ¢ and S. The moments of PH-type and ME-type random variables are given
as:

E[ X' =ilo(=S)"1, i=1,2,.... (2.3)

Probability density functions of Erlang and hyperexponential distributions are

given in order as:
)\ml.m—le—)\m
(m —1)!

flz) = Zpi)\ie_)\ix
=1

These two distributions can be easily expressed with PH-type distributions.

Flaim,\) = (2.4)

(2.5)

Fig. 2.1 and 2.2 show the sample diagram for the underlying Markov chain of an
Erlang distribution and hyperexponential distribution, respectively. Generator
matrix and initial probability vector for the Markov chain of Erlang distribution

(@1, 1) and hyperexponential distribution (@2, ) are given as:

S 00 0
0 -\ A 0 0 0
@ ,a; = (1,0,0...,0) (2.6)
0 0 0 -\ A
] 0 0 0 0 —\|




Ial:l IO(ZZO IO[:;:O Iam:o Iam*_l:o

Figure 2.1: Underlying Markov chain for Erlang distribution

- 0 0 -0 0 X\
0 =X A2
Qs = , 0y = (p1,p2---Pm, 0) (2.7)
0 —Am An
] 0 0 0 0 —A |

N

I041=p1 }042=p2 Ia3=p3 Om = Pm

Figure 2.2: Underlying Markov chain for hyperexponential distribution

ME distribution in the form of (2.8) can be written in the form of (2.2) with
given method in [33]. This type of substitution is required in the analysis of
single-buffer single-source queue where the result of General Markov Fluid Queue
(GMFQ) is required to be placed on the generator matrix of another GMFQ.

Fx(@) = ge** hu(z) + 00d(x). (2.8)

9



Lemma 1. Let X be a rv with a pdf fx(x) which has following matriz exponential

form:

fx(z) = ge™hu(z) 4+ ood(z),
E[X'] = (=1)"*tilgA=(tDp, (2.9)

for i=1,2,..., with A having the size n and ffooo fx(x) dz = —gA'h+05 = 1.
We can find a vector o and a matriz S such that X ~ M E(o,S) with the same

order n.

Proof. When h # 0, a nonsingular matrix M exists that satisfies M1 = v where
v = A7'h. Firstly, we notice that A’s eigenvalues are in the open left-half plane
since X has a legitimate pdf. Moreover, v should have at least one non-zero

element since A is nonsingular and h is not vector of zeros.

To construct matrix M satisfying M1 = v and non-singularity, we apply the
following rule. Let k£ be the least index vy # 0, we set My = v, and other
elements on the k’th row to 0. If ¢ # k and ¢, # 0, we set M;; = v; and all
other elements in the selected row to 0. If ¢ # k and ¢; # 0, we set M,;; =1
and all other elements in the selected row to —1. Certainly, the constructed
matrix is nonsingular and satisfies M1 = v. It can be easily shown that fx(z)
can be expressed in form of 2 by choosing o = gM, S = M~'AM so that
X ~ME(o,S).

2.2 Markov Fluid Queues

Fluid queues are special kind of queues where the rate of change in the fluid
level in the buffer is varied with respect to the state of the Markov Chain. A
Markov Fluid Queue is a fluid queue which is described by a joint Markovian
process X (t) = (X(t), Xin(t)) where X¢(t) describes the fluid level in the buffer
(0 < X4(t) < o0) and X,,(t) (underlying process) describes the net rate of the

10



change in the fluid level. X,,(¢) is continuous time markov chain (CTMC) where
X, (t) which has its own state-space and generator matrix Q. Net rate of change
in the fluid level is determined by the phase of the underlying process X, (¢).
When X,,(t) is in phase i, change is described by r; which is also called drift.
Drift matrix R is a diagonal matrix of drifts consists of drifts in all phases such
that R = diag{ry,rs,...,7,}. We are interested with a special kind of MFQ
where buffer capacity is infinite (0 < X () < 00). In our case behavior of the
underlying process depends on the fluid level in the buffer. When X((¢) > 0,
Xn(t) behaves according to the infinitesimal generator Q, and when X(t) = 0
the generator is denoted by . Drift matrix for both cases equals to R. This
type of MFQ is called GMFQ and is characterized by the triple (Q,Q, R). Our
interest is to find steady-state joint density pdf vector (2.10) and probability mass

accumulation vector (pma) at zero (2.11).

f(@) = [fi(@), fol), ..., ful2)], (2.10)
where fi(x) = lim L pPr{X;(t) <z, X,,(t) =i} for z > 0.
c=lc1,co ... C0l, (2.11)
where ¢; = lim Pr{X;(t) = 0, X,n(t) = i}.

Based on the numerical algorithm in [34], the Alg. 1 that explains the pseudo-
code to obtain joint density (2.10) and mass accumulation (2.11) vectors has been
provided by [11].

Apart from joint density and mass accumulation vectors, we also define a quan-
tity expresses the fluid level’s steady-state conditional density before transitioning
from a state that is a member of a particular subset Sy C S to a state j which is
not a member of this subset. Closed-form expression of conditional steady state
density gf”(x) is given in terms of steady-state joint pdf vector of MFQ X (¢) is
provided by the following theorem.

Theorem 1. Let X (t) ~ GMFQ(Q, Q, R) with order n and its steady-state joint
pdf f(x) is given as in (2.13). We choose a set of states So C S such that the

selected states in Sy dont have probability mass at zero. Then, the steady-state
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Algorithm 1 Steady-state Solution of GFMQ(Q,Q, R)

1: function STEADY-STATE((Q, Q,R,n,a, b) > n is the size of these matrices
2: Step 1: Find an orthogonal matrix P that puts the matrix QR ™! into the
following form:

PTQR'P = {Fm.*} ,PT = {*} (2.12)

for an anti-stable matrix F' with an eigenvalue at the origin, stable matrix
A, and * denoting an arbitrary sub-matrix. The ordered real Schur form
(available in Lapack, Matlab, and Octave software packages) is one alternative
means of obtaining (2.12); see [35],[36] and the references therein for the Schur
form and its numerical stability.

3: Step 2: Solve for the 1 x b vector g and 1 X a vector d from the following
linear matrix equation:

[gid} ”””””” 3 ”””””””” :[lenil]a

with Q* denoting the matrix composed of the last a rows of Q.
4: Step 3: Write ¢ = [0, d] and the steady-state joint pdf vector as

f(x) = ge* Hu(x) + cd(2), fi(z) = ge™hu(x) + cid(x), (2.13)

where h; denotes the i** column of H.
5. end function

conditional density gfo(a:) is given in terms of the steady-state density vector f(x)
by
Z fi(@)Qi,
gf” (r) = €5 = g'e™h u(z), (2.14)
J 2 fi(@)Qi da

0 iESo

where h = Hn, n; = Q;; if i € Sy and zero otherwise, and g’ = g/(—gA~'h).

Proof. We firstly write cumulative distribution as:

lim Pr{X;(t) <z | X,u(t) € So, Xpn(t + At) = j} =
ALY
lim Pr{X;(t) < 2, X, (t) € So, X (t + At) = j}

At Tim Pr{X,,(f) € S, Xon(t + A1) = j} (219)
—00

12



Since At approaches 0, we can write the denominator of (2.15) as:

— }E?oz Pr{X,(t + At) = j | Xpu(t) = i} - %(2),

1€S0
= Z Qi,jAt . /fl<l’/)d$/ = At/ Z fl‘(l’,)Qi’jd.ﬁ/.
i€So 0 0 i€So

where ;(t) = Pr{X,,(t) = i}. At the same time, as At approaches 0, the numer-

ator of (2.15) can be written as:

= lim Y Pr{X;(t) <z, Xpn(t + At) = j | Xpu(t) = i} - 7(t),

t—o00

1€S0

= lim » Pr{X/(t) <z | Xn(t) = i} - Pr{Xn(t + At) = j | Xou(t) = i} - %(0),
i€Sp

= Jim 30 PSR =t P, (14 A1) = | Xal0) = )30,
1€S0 mn

= tlggoz Pr{X(t) <z, Xn(t) =i} - Pr{X,n(t + At) = j | Xin(t) =i},
1€So

=At Y Qi [ fila")da'.
)

Derivative of the expression (2.15) gives the left-hand side of (2.14). Numerator
of the first expression equals to geh u(z) and the denominator equals to nor-
malization constant —gA~'h so that expression has a legitimate pdf. With the
choice of g’ = g/(—gA~'h), we can finally express g}go (x) as the right-hand side
of (2.14).
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Chapter 3

Single-Source System

3.1 The General Model

To model the single-source update system, we consider a system model containing

a single source, a server, and a monitor as shown in Fig. 3.1.

Information

Server | ——»
Source %

Monitor

Figure 3.1: An information source sending status update messages through a

queue to a remote monitor

The information source send its status updates to a server where the processing
of these update takes place. When the service time of an update is over, it
is displayed on the monitor. Successful and unsuccessful packets with arriving
order j are denoted by the notation ¢; and ¢}, respectively. The interarrival
time between packets are denoted by A;. Interarrival times are assumed to be

independent and identically distributed with probability density function(pdf)
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Figure 3.2: An illustration of the sample path of Aol and PAol processes for
single source and single buffer system.

fa(+), cumulative distribution function(cdf) Fy(-). Mean and variance of A are
1/X and 03, respectively and squared coefficient of variation (scov) is defined as
ci = o3 A% Service time of a packet j is denoted by ©; and it is i.i.d. with pdf
fo(+), cdf Fg(-) mean 1/u and scov ¢ = ogu?. System time is the sum of queue
wait time I¥/; and service time of a jth successful packet and denoted by D;. Let
0, denotes the reception time of jth packet then, D; = §; — t;. For multi-source
case, the same notation applies with an additional superscript which denotes the

source of the packet.

Fig. 3.2 shows a sample path of Aol and PAol processes denoted by A(t)
and ®;, respectively in a single-buffer and single-source system. In this example,
A(0) = 0, and it increases linearly until service of packet 1 is over at ¢ = 6, then
&, = 7 and D, = 4 which is equal to the service time of the first successful packet.
The second arriving packet is preempted by the second successful packet at t =9
and the third successful packet is taken to buffer at ¢t = 9. When the service of
the second successful packet is over at ¢t = 12, &3 = 10 and D, = 4 which is the
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service time of the the second successful packet. When the service time of the
third packet is over at ¢t = 16, &3 = 9 and D3 = 7. In this case, system time (Dj3)
is the sum of queue wait time and service time of the third packet. And finally,
at t = 21 service of the fourth successful packet is over, then &, = 10 and Dy = 2

which is the service time of fourth successful packet.

For each cycle, the process A(t) increases linearly until a packet reception
occurs where the process equals to peak value ®; and it is simply a sample of
PAol process and it drops to D; which is the system time of last successful packet
for both examples. Our main motivation is to find cdfs of Aol and PAol processes
given by Eq. 3.1 for single-source system with employing the theory of Markov
Fluid Queues (MFQ) [37], [38], [39].

Fa(z) = lim Pr{A(t) < z}, Fo(z) = lim Pr{®; < z}, (3.1)

t—o00 j—0o0

3.2 Bufferless Queues

In this subsection, we are interested in finding the exact distributions of Aol and
PAol processes in the PH/PH/1/1/P(p) queue, where the maximum number of
packets allowed in the system is 1. In this queueing model, the information packet
in service is preempted with probability p by a new arrival. When p = 0, queueing
system turns to be FCFS PH/PH/1/1 queue, and when p = 1, queueing system
turns to be preemptive LCFS queue. For this queueing model, the interarrival
time A ~ PH(7r,T) with order k with k = —T1,7p = 1 — 71 = 0, and the
service time © ~ PH(o,S) with order £ and v = —S1,00 =1 —01 = 0. To
be able to obtain the exact distributions of Aol and PAol, we need to construct
a GMFQ process X (t) which consists of infinitely many cycles and these cycles
begin with the arrival of the first successful packet into the system and ends with

the successful reception of the second packet.
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Figure 3.3: Sample path of the fluid level process X;(t) where Pj denotes phase
Goi=1,... .4

Fig. 3.3 describes the sample path for the fluid level process of X((t). Each
cycle consists of four phases. The first phase (solid red curve) is used to construct
the system time which is the service time of the last successful packet. Since we
aim to obtain system time of successful packets, unsuccessful packets are ignored
by the system’s design. The second phase (dashed blue curve) is used to construct
the interarrival time after successful reception of the previous packet. The third
phase (dotted green curve) represents the time of service process of the current
packet which could be interrupted many times. In the sample path given in Figure
3.3, first two packets are preempted so they will not be taken into consideration
since they are not successful. If a packet is interrupted before its service is
completed, a transition from phase 1 to 4 (dashed black curve) occurs. After a
successful reception, transition from phase 1 to 2 occurs. In phase 2, the system
is waiting for the arrival of a new packet. This phase lasts until the arrival of a
new packet. Phase 3 takes place until service time of the packet is over where
many preemptions could take place. If any preemption occurs, the arrival and
service processes are restarted. When the service is over, the system transitions
into phase 4 where the fluid level is brought to level 0 with a drift rate —1. When
fluid level becomes 0, it stays at the 0 fluid level with arbitrary time since masses

at 0 are not included in the calculation.

Each phase consists of several states that we call this set of states as S,,,n =

1,...,4. The state-space S of the modulating process X,,(t) can be written as
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S = Uizlé‘n. Where S,,’s are given as the following;:

S = {6, N} A =1,k =1
82 = {1(2)}7 2(2) = 17 AR k? (32)

for m = 1,3 and S, = {0}. For phases 1 and 3, i"™ and j™ keep track of
the state of interarrival and service times, respectively. Characterizing matrices
(Q,Q, R) of the GMFQ process X (t) are presented as;

Qu Loy, | " AR pr®L | |0 ¢ 0,0:0
0= 0 T kKR ((T®o) 0 " 0:0
0 0 Q33 1, v | 0 ‘00 0 |
0 0 0 0 TRo 1 0:0: -1
R = diag{Loke+k, —1}, (3.3)
where

Qu=LiS+TLi+(1—-p)(k®T)® I,
Qs =Qu +pr® (1, ® (T ®0)). (3.4)

Detailed description of each term in matrices (Q, Q) is given in Table 3.1.
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Table 3.1: A detailed explanation of each term in Q and Q for PH/PH/1/1

queue.

Term Description

T®I, State of the interarrival time changes from ¢; to iy

and system transitions from state (igm), j£m)) to state

(i, 5™ with transition rate T, ) oy for m =1,3.
Y ot

(
I, ®S State of the service time changes from jim) to jém)

and system transitions from state (i, ™) to state

(i, j§™) with transition rate S o, for m = 1,3,
1 3J2

(1-p)(k®7)®I, | The new arrival does not preempt the packet in the ser-

vice with probability 1 — p and arrival time is restarted.

I, ®v The service is completed and the system transitions from

state (igl),j(l)) to state i§2) with transition rate v;q).

PR @ 1y The packet in the service is preempted and the system
transitions from state (i), 7(!)) to state 0 with transition

rate K;).

T State of the interarrival time changes and the system

transitions from state ng) to iéQ) with transition rate

T(igz) A2y

K®(TRo) A new arrival occurs, service and arrival process is

restarted and we transition from state if) to state
(1‘53),]'(3)) with transition rate K o) Ty 053

pk ® (1, ® (T ® o)) | The packet in the service is preempted by the new arrival

and service and arrival process is restarted.

1, ®v The service process is completed and the system transi-
tions from state (i3, j®) to state 0 with transition rate

I/j(3) .

TROoO Service and arrival time restart and the system tran-

sitions from state 0 to state (i), j1)) with probability

T, 0 ;).

The fluid level X(¢) at the beginning of phase 2 represents the D; and the
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fluid level just at the beginning of phase 4 represents the ®;,;. Therefore, the
fluid level in the concatenation of phases 2 and 3 represents the sample cycle of
Aol process and the value of the fluid level X¢(¢) just at the beginning of phase 4
represents a sample value of PAol process. Since we can obtain the steady-state
solution of X (t), we can also obtain the exact distributions of the Aol and PAol

with the following theorem.

Theorem 2. Consider the GMFQ(Q,Q, R) with the characterizing matrices
as defined in (3.3) with fi(x),s € S being the steady-state joint pdf for the
GMFQ(Q,Q,R) and can be found using Alg. 1 stemming from the structure
of Q and R. Then, the Aol and PAol processes are ME-distributed and their
pdfs, denoted by fa(x) and fo(x), respectively, for the PH/PH/1/1/P(p) queue,

are given in terms of fs(x) as follows:

> fi(z)

fA(_Qj> r - sES2 USg ’
f Z fs(@) da’
0 sESs USg
k ¢
> 2 fuw jon (2)y;

15=1

fa(r) = (3.5)

g |
> 2 fuw jen (@ )y da’

i=17=1

Proof. The proof follows sample path arguments. The expression for fa(z) stems
from the observation that the restriction of the GMFQ(Q,Q, R) to the states in
S, and 83, as indicated by the blue-dashed and green-dotted parts of the curve
in Fig. 3.3, comprises the cycles of the actual Aol process. On the other hand,
fo(x) amounts to the pdf of the fluid level just at the epoch of transitions to
state 0 from the states in S3 and is therefore given by the expression in (3.5)
using Theorem 1. The ME-distributed nature of the stationary Aol and PAol is

an immediate result of Step 3 of Alg. 1 as well as Theorem 1. n
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3.3 Single Buffer Queues

In this subsection, we are interested in finding the exact distributions of Aol and
PAol processes in the M/PH/1/2/R(r) queue where the maximum number of
packets allowed in the system is two, one in the buffer and one in the service. In
this model, the information packet joins the queue if the buffer is empty otherwise
this new arrival replaces the packet in the buffer with probability ». When r = 0
queueing system turns out to be FCFS M/PH/1/2 queue and when r = 1 the
system turns out to be non-preemptive LCFS queue. In this queueing model,
interarrival time is exponentially distributed with parameter A and the service
time © ~ PH(o,S) with order ¢ and v = —S1,090 = 1 — o1 = 0. Since the
system has buffer, system time(D;) consists of queue wait and service time of the
last successful packet. To be able to obtain pdf of queue wait time W, we need

to construct a GMFQ process Y (t) which is related to residual service time.

Yy (t)
AN @ @
¢ > —>
P
S : :
4 .
VA : Ve
s : LA
l' : ! . l’ |
4 | - 4 .
L | A AN
—_— T ,t
P1 P2 P3

Figure 3.4: Sample path of the fluid level process Y(t) corresponding to the

residual service time. Pj denotes phase 7, 7 =1,...,3.

Fig. 3.4 describes the sample path for fluid level process Y;(¢). The first phase
(shown by the dashed blue curve) is used to construct the service time of the last
successful packet. When the fluid level reaches equal to the service time, system
transitions from phase 1 to phase 2 (shown by the dotted green curve) where the

drift rate is minus one, in other words the fluid level is decreasing with a unit rate.
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If any arrival occurs during phase 2, transition from phase 2 to phase 3 (shown
by the solid red curve) occurs. When the fluid level becomes zero, the system is
either in phase 2 or phase 3. If the system is in phase 2 (no arrival occurred), a
new arrival is waited to make a transition to phase 1. If the system is in phase
3, the system waits exponentially distributed time with unit parameter to make

a transition to phase 1.

Each phase consists of several states that we call this set of states as S,,,n =
1,2,3. The state-space S of the modulating process Y, (t) can be written as
S= UizlSn. Where §,,’s are given as the following:

S ={1W . /WY S, = {0} and S5 = {1}. (3.6)

Characterizing matrices (Q, Q, R) of the GMFQ process Z (t) is presented as;

Sivio 0:0 0

Q=0 xx|, 0= x0i-Ai0 |, (3.7)
0.0 :0 o0 -1

R = diag{I), I} (3.8)

Since the buffer is not empty in phase 3, mass at zero for the state in phase
3 does not represent the residual service time. Then, the fluid level in phase 2
when Y(t) > 0 and in phase 3 when Y;(t) > 0 represents the residual service

time. Steady-state joint pdf for states 0 and 1 can be written as,
fi(x) = ge*hu(z) + ¢;d(x), i = 0,1, (3.9)

for a row vector g of size £, a square matrix A of size ¢, a column vector h; of size
¢, and two scalars ¢y and ¢; corresponding to the probability masses at states 0
and 1, respectively. Then the pdf of queue wait time fy (z) can be obtained with

the following theorem.

Theorem 3. The pdf of the queue wait time fy(z) for the M/PH/1/2/R(r)

queue is giwen in terms of the matriz parameters of (3.9) as follows:
fw(x)=m (ge(A_MIZ)x(ho + rhy)u(z) + cd(z)) (3.10)
where n = 1/ (—g(A — r\I,) " (hg + rhy) + co).
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Proof. Let ﬁ(m), t = 0,1 denote the joint pdf of the residual service time and
there are 7 information packets in the queue. We censor out the states in S; and
the probability mass at zero for state 1 from the original GMFQ to obtain the

following expression for f;(z):

fo(z) =n (geAxhou(x) + coé(x)) ,
fl(x) = ngeAxhlu(x), x>0,

where

n=1/(—gA  (ho+ h1) + o) .

For the M/PH/1/2/R(r) queue, a successful packet arrival occurs when the
following conditions hold: (i) there are no information packets in the queue or
existing packet is replaced with this new arrival, and (ii) this packet arriving
when the residual service time equals z > 0, will not be replaced with another
packet which occurs with probability e "**. Therefore, for the M/PH/1/2/R(r)

queue,

efr)\:v

fw(z)

(fola) +rfi@)) . >0,

where 7, = [*°_(fo(x) + rfi(z))e"*dx is the success probability which conse-

quently yields the expression (3.10) completing the proof. O

Remark. The scalar term e~ ™7

i the above proof arising when arrivals are
Poisson, commutes with the matriz e giving rise to the simple expression in
Theorem 3. This is the main reason that hindered us from using more general
PH-type interarrivals for single-buffer systems in which case such commutativity

would not hold.

As we have done in bufferless queues, we need to construct GMFQ process Z(t)
which consists of infinitely many cycles and again they begin with the arrival of
the first successful packet into the system and ends with the successful reception

of the second packet.
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Figure 3.5: Sample path of the fluid level process Z;(t) where Pj denotes phase
j,ji=1,....6.

Fig. 3.5 describes the sample path for the fluid level process of Z;(t). Each
cycle consists of six phases. The first phase (solid blue curve) is used to construct
the queue wait time of the last successful packet. The second (shown by dashed
red curve) and third (solid black curve) phase represents the service time of the
last successful packet, where the first one represents the case the buffer is empty
and the latter one represents the buffer is full. The combination of the first three
phases is used to construct the system time (D;) of the last successful packet.
Phase 4 (dotted green curve) represents the time interval where the system is
waiting for the arrival of the new packet before transition to phase 5 (solid brown
curve). Phase 5 represents the service time of the second packet. From the
beginning of phase 1 to the beginning of phase 6, the fluid level Z;(¢) increases
with drift rate 1. In the sample path given in Fig. 3.5 there are two example
cycles. In both cycles, the system is waiting for the completion of the queue wait
time. When the queue wait time is over, the system transitions from phase 1
to 2. In the first cycle one arrival occurs during the service of the first packet
therefore the system transitions from phase 2 to phase 3. When the service is
completed in phase 3, the system transitions from phase 3 to 5 since the packet
in the buffer is taken to the service directly. In the second cycle, no arrival occurs
during phase 2. When the service of the first packet is completed in phase 2, the
system transitions from phase 2 to 4. In phase 4, the system is waiting for the

arrival of a new packet. When the arrival occurs, the system transitions from
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phase 4 to phase 5. When the service of the second packet is over, the system
transitions to phase 6 where the fluid level Z(¢) is brought to level 0 with drift

rate —1.

Each phase consists of several states that we call this set of states as S,,,n =
1,...,6. The state-space S of the modulating process Z,,(t) can be written as
S = UﬁzlSn. Where S,’s are given as the following;:

Sy ={i™}, i™ =1,...,0, m=1,2,3,5, (3.11)
Sy = {1},Ss = {0}. (3.12)
For phase 1 , i"™ keeps track of the state of queue wait time and for phases

2,3 and 5 , 1™ keeps track of the state of service time. Characterizing matrices
(Q,Q, R) of the GMFQ process Z(t) is presented as:

Bi$®e 00! 0 |0 0. 00000
0IS-M A\ v 0 0 0.0 0000
0o 0o 50 wvesi0| . |0 00000
0T 0 e T e 0| YT e 0 000
0. 0 0i0 S v 0.0 0000
(0. 0 0i0 0 [0] | 816000000 |
(3.13)
R =diag{I,.1,—1} (3.14)
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Table 3.2: Detailed explanation of each term in Q and Q for M /PH/1/2 queue.

Term Description

B State of the waiting time changes from i; to i, and the system

transitions from state igl) to state iél) with transition rate B (D i)
1 "2
P ® o | Waiting time is over and the system transitions from state igl) to

(2 . ..
state zé ) with transition rate 1/)1.(1)0'1.(2).
1 2

S — M, | State of the service time changes from ¢; to 73 and the system

transitions from state i§2) to state igz). Transition rate is .S (2 i)~
1 %2

d(i1,42)A if i1 = iy otherwise it is S(i@) e
1 72
S State of the service time changes from i\™ to i™ and the sys-

tem transitions from state igm) to state igm) with transition rate

S (m) .(m) for m = 3, 5.
(G iy )
Y A new packet has arrived and this packet is taken to the buffer and
the system transitions from state if) to state ¢§3) with transition
rate .
v Service time is over. If the system is in phase 2, the system tran-

sitions from state i® to state 1 with transition rate vye. If the
system is in phase 5, the system transitions from state i®) to state

0 with transition rate ves).

Vo The service of the packet is over, the service of the packet in the

buffer starts. The system transitions from state @'53) to state ig@

with a transition rate V30 ).
1 2

Ao A new packet arrived and this packet is taken to the service and
the system transitions from state 1 to state i> with transition rate

)\o'i(S) .

B Waiting time starts and the system transitions from state 0 to state

i) with transition rate B .

Boo Waiting time is 0 and packet is taken to the service and the system

transitions from state 0 to state () with transition rate Boo;).

The fluid level Z¢(t) at the beginning of phase 4 or 5 (depends on the buffer is
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empty or not) represents the D; and the fluid level just at the beginning of phase
6 represents the ®;,,. Therefore, the fluid level in the concatenation of phases
4 and 5 represents the sample cycle of Aol process and the value of fluid level
Z(t) just at the beginning of phase 6 represents a sample value of PAol process.
Since we can obtain steady-state solution of Z(t), we can also obtain the exact

distributions of the Aol and PAol with the following theorem.

Theorem 4. Let the fluid level process Z(t) ~ GMFQ(Q,Q, R), where char-
acterizing matrices are defined in (3.14). Furthermore, fi(x),s € S denotes the
state joint pdf of the associated phase. Then, the pdfs of steady-state Aol(fa(z))
and PAol( fo(x)) for the M/PH/1/2/R(r) queue, can be expressed as a function

of fs(x) in matriz exponential form by,

M-~

PINRAC) > fio (@)

fale) = =05 falz) = = (3.15)
f Z fs(x/)d$/ f ij(5)(37/)l/jd$l
0 SaUSs 0 j=1
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Chapter 4

Multi-Source System

4.1 The General Model

To model the multi-source information update system, we consider a system
model containing a number of information sources, a server, and a monitor as

shown in Fig. 4.1.

}’))) — "

Source 1

(2)
h) L (e —

Monitor

Source 2

oM

)

Source N

Figure 4.1: N information sources sending status update messages through a

bufferless server to a remote monitor.

Similar to single-source model, information sources send their status updates
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Figure 4.2: An illustration for the sample path of Aol and PAol processes for two
source and bufferless system.

to a server where the processing of these updates takes place. When the service
time of an update is over, it is displayed on the monitor. In this model, a new
arrival can preempt the packet in the service or errors can occur at the end of

service time.

Fig. 4.2 shows a sample path of Aol and PAol processes of two sources for
bufferless, two source system. In this example, arriving packets are denoted with
notation (na),# where n indicates the packet’s source, a denotes the first arriving
packet and continues with b, ¢, d, ... and 0 is the service time requirement of this
packet. In this example, AN (¢) = 0 and it increases linearly until packet la
successfully received at t = 6 and A(M(¢) drops to the service time of this packet,
then q>§1> =6 and Dgl) = 4. At t = 12, packet 1b preempts packet 2a, and this
packet is retransmitted at ¢ = 15 since it is errored. At t = 18, packet completes
the service and AW (¢) drops to system time of this packet, then <1>§1) = 18 and
Dél) = 6. Packet 1lc is discarded when service of 2c continues, and when the

service of 2c is over A®)(t) drops to system time of this packet, then <I>§2) = 30
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and Df) = 4. At t = 40, the service of retransmitted source-2 packet is over,
then <I>§2) =19 and DgQ) = 7. And the same pattern repeats for the remaining

events.

Similar to single-source model, we aim to find cdfs of Aol and PAol processes

given by Eq. 4.1 for multi-source system.

Fam(z) = tlgono Pr {A(")(t) < x} x>0, Fyo)(z) = ]ll}rgo Pr {CI);T”) < :v} , x>0
(4.1)

4.2 Bufferless Queues

In this subsection, we are interested in finding exact distributions of Aol and PAol
processes in the multi-source preemptive bufferless M/PH/1/1 queueing system.
This queueing model can be described by Fig. 4.1 , there are N information
sources, bufferless server and a remote monitor. Arrivals of information packets
for each source-n,n = 1,2,...,N are determined by the Poisson process with
intensity \,. And total arrival intensity is defined as A\ = Zf:[:l A;. Service time is

distinct for each information source and phase-type distributed such that service

time of source n is O™ ~ PH(o™, 8™) with order £,, v™ = —8™1, and
E[OM)] = /%n Total order is [ = S I,. Furthermore, we define preemption
probability matrix P, where P, ,, describes the probability that a new packet
arrival from source m can preempt the packet in the service from source n. Three
sub-cases of the preemption matrix P have been studied in the literature which

are:

e P = 0 refers to a non-preemptive system [40],
o P =117 case is referred to as global preemption in [3],

e P =T case is referred to as self-preemption in [4].

For each source n, the packet in the service can be preempted with intensity of

traffic \,, = Zan:1 AmPnm. At the end of the service time, a transmission error
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can occur with probability e,, for each source-n packet. Moreover, we define suc-
cessful transmission probability for source-n packet as ¢,, = 1—e,,. If transmission
error occurs this packet can be retransmitted or discarded with probabilities 7,

and d, =1 —r, , respectively.

We need to construct a GMFQ process X (t) which consists of infinitely many
cycles and these cycles begin with the arrival of first source-1 successful packet
into the system and ends with successful reception of second source-1 packet.
Fig. 4.3(b) describes the sample path for the fluid level process of X((t). Each
cycle consists of four phases. The first phase is constructed for the service time of
the last successful packet. In this phase, packet in the service can be preempted
or transmission error can occur at the end of its service time. In either case (if
the packet is unsuccessful), a transition from phase 1 to phase 4 occurs. After
successful completion of the service of the last packet, the system transitions
from phase 1 to phase 2. In phase 2, the system is waiting for the arrival of a
new packet. When the new arrival occurs, the system transitions to phase 3. If
the new arrival is from source-1, successful completion of service time leads to
a transition to phase 4. Otherwise (arrival is from source-n,n = 2,..., N), after
successful completion of service time system transitions from phase 3 to phase 2,
where we are waiting for a new arrival again. In phase 4, the fluid level is brought
to level 0 with drift rate —1. When the fluid level becomes 0, the system wait

arbitrary time until a new cycle starts.

Each phase consists of several states that we call this set of states as S,,,n =
1,...,4. The state space S of the modulating process X,,(t) can be written as
S = UizlSn. Where §,,’s are given as the following:

Sy ={i}, i=1,...6, S=1{1}
Ss={(,k)}, j=1,....N, k=1,...,(;, (4.2)

and S, = {0}. For phase 3, j and k keep track of the source of the packet in the
service and state of service time, respectively. Characterizing matrices(Q, Q, R)

of the GMFQ process X (t) is presented as;
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(4.3)
where
) — ,,0) (4) () — (4)
VW =vV eV FY=10c", (4.4)

and Q is matrix of 0’s except south-west block of the matrix (location is denoted
by Qu in the definition of Q) is equal to oy and south-east value (location is
denoted by Q44 in the definition of @) is equal to —1. And the diagonal matrix
of drifts is defined as R = diag{I,;¢,+1, —1}. Detailed description of each term
in matrices (@, Q) is given in Table 4.1.

32



Table 4.1: A detailed explanation of each term in Q and Q for multi-source
preemptive M/PH/1/1 queue.

Term Description

S — X\, I | If the system is in phase 1(n = 1), state of service time changes
from 7 to j and system transitions from state ¢ to j with transi-
tion rate Si(;) —M10(i, 7). If the system is in phase 3, state of ser-
vice time changes from state ¢ to j and the system transitions

from state (n,i) to (n,j) with transition rate Si(;i) — Xn(i, 5).

entn V™ If the system is in phase 1 (n = 1), the service of the source-
1 packet is over, there is an error and it is retransmitted

then system transitions from state ¢ to 5 with transition rate

elrll/i(l)aj(-l). If the system is in phase 3, service of the packet

from source-n is over, there is an error and it is retransmitted

then system transitions from state (n,7) to (n,j) with transi-

tion rate enrnyf”)aﬁn).

g™ If the system is in phase 1 (n = 1), service of the source-1
packet is over and it is successful and system transitions from
state ¢ to 1 with transition rate ¢, 1/2-(1). If the system is in phase
3, service of the packet from source-n is over and it is successful
and system transitions from state (n,4) to 0 if n =1 and (n, 1)

to 1if n = (2,..., V) with transition rate qnui(n).

end,v™ If the system is in phase 1 (n = 1), service of the source-1
packet is over, it is errored and discarded and system tran-
sitions from state ¢ to 0 with transition rate €1d11/i(1). If the
system is in phase 3, service of the packet from source-n is over,
it is errored and discarded and system transitions from state

(n,4) to 0 with transition rate endnvi(n).

A\, o(™) A new packet arrival from source-n occurs and system transi-

tion from state 1 to (n,7) with transition rate )\na'gn).

)\mPn,mF(m) Source-n packet in the service is preempted by a new packet ar-
rival from source-m and service is restarted for the new packet,

system transitions from state (n,i) to (m,j) with transition

m)

rate )\manmO'j
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Figure 4.3: (a) Sample path of the fluid level process X¢(t) (b) Sample path of
the Aol process A(¢). The first two cycles of X;(t) are unsuccessful cycles.
Part of the successful cycle-3 spent in states of Sy and S3 overlaps with one cycle

of the Aol process.

Fig. 4.3 represents the sample cycle of Aol (A(M) process and fluid level process
X¢(t), respectively. After a successful reception of the first packet, fluid level
reaches the value of D™ which is defined as system time before. The fluid level
rises until the system makes a transition to phase 4. The highest level the fluid
level reaches before transition to phase 4 coincides with the PAol value ®). In
the Fig. 4.3 sample cycles of Aol process and fluid level process coincides starting
from DM to &M The fluid level during phases 2 and 3 coincides with sample
cycle of Aol. Based on those observations, the exact distributions of the Aol and

PAol can be obtained with the following theorem.
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Theorem 5. Let the fluid level process X (t) ~ MFQ(Q), Q, R) with order {r +
0y + 2, where characterizing matrices are defined in (4.3) and (4.2). Then the
following closed-form expressions in the form of (2.13) describe the pdf of Aol,
faw (z), and PAol, fsu)(x), processes.

faw(z) = gacThy uw(z), ha=H

0£1+1X1 1

fow(z) = gpe**hp u(z), hp = H ar® P 9P T T ARy (4.6)

Oer—e14+1x1

Furthermore, by using the Lemma 1, the associated non-central moments of the

Aol and PAol processes can be obtained as the following.

E[(AD)] = (=1)"" il gaA~ VR, i=1,2,..., (4.7)
E[(@W)] = (1) il gpA~TVhp i=1,2,..., (4.8)
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Chapter 5

Numerical Results

5.1 Single-Source System

5.1.1 Validation with Simulations

In this subsection, we will validate our proposed models with simulations for
single-source system with three examples. In the first example, arrivals are deter-
mined with Poisson process with rate A and service times are PH-type distributed
with mean p/\ with a predetermined system load p and scov of the service time
takes the value of ¢Z. To generate a PH-type distributed service time with a

given ¢, following procedure is used:

o If ¢ = 1/j < 1 for a positive integer j, we use a Erlang distribution with

mean p~! and order j which is denoted as E(u™!, 7).

e If 2 =1/j <1 and jis not an integer, we use a mixture of two appropriate

Erlang distributions [41].

e If ¢ = 1/j > 1, we use hyper-exponential distribution with balanced means

which fits first two moments [41].
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Fa(z) Analytical 4 Fa(z) Simulation —— Fg(z) Analytical o Fg(z) Simulation

¢ =025, p=0.75 cZ=4,p=075 =025, p=125 cZ=4,p=125

Figure 5.1: The comparison of the cdfs of the Aol and PAol processes obtained
by the proposed model and simulations for the various combination of load (p €
{0.75,1.25}) and scov of service time (cZ € {0.25,4}) values for (a) M/PH/1/1
(b) M/PH/1/1* (¢) M/PH/1/2 (d) M/PH/1/2* queueing models.

PH/PH/1/1/P(p)and M/PH/1/1/R(r) queue with Poisson arrivals and for two
different values of p = (0,1) and r = (0,1) are named M/PH/1/1, M/PH/1/1*,
M/PH/1/2 and M/PH/1/2* queue respectively. For four different pairs of scov

of service time and system loads (3, p) and four different type of queues, the cdfs
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of the Aol and PAol processes obtained with the proposed model and simulations

are plotted in Fig. 5.1.

For the second example, interarrival and service times are both PH-type dis-
tributed, scov of the service time is fixed to ¢ = 0.2. For four different pairs of
scov of interarrival time and system loads (¢, p) and two different type of queue-
ing models PH/PH/1/1 and PH/PH/1/1 the cdfs of the Aol and PAol processes

obtained with the proposed model and simulations are plotted in Fig. 5.2.

‘ Fa(z) Analytical 4 Fa(z) Simulation —— Fg(z) Analytical o Fg(z) Simulation ‘

2 =025, p=0.75 & =4,p=0.75 2 =025, p=125 A =4,p=125

Figure 5.2: The comparison of the cdfs of the Aol and PAol processes obtained
by the proposed model and simulations for the various combination of load (p €
{0.75,1.25}) and scov of arrival time(c} € {0.25,4}) values for (a) PH/PH/1/1
(b) PH/PH/1/1* queueing models.

As a final example, the mean Aol (E[A]) obtained with the proposed model
and simulations with respect to packet preemption probability p and replacement
probability r for M/PH/1/1/P(p) and M/PH/1/2/R(r) queues respectively is
plotted in Fig. 5.3 for six different pairs of scov of the service time and system load
(c,p). From this example, it can be inferred that optimal packet preemption

probability p* minimizing the mean Aol changes with the pair (p, c3). For lower
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values of ¢ and higher values of p (e,g., (p,c}) = (0.7,2)), increasing the packet
preemption probability to 1 results in an increase in E[A]. For the contrary case
(e,g., (p, c?) = (0.1,1)) , increasing the preemption probability results in better
performance. In M/PH/1/2 queueing model, E[A] is inversely proportional to
packet replacement probability r for all pairs of p and ©? we studied. Therefore

r = 1 results in the minimum E[A].

(a) M/PH/1/1/P(p) (b) M/PH/1/1/P(p) (¢) M/PH/1/2/R(r) (d) M/PH/1/2/R(r)
(=1 (r=2) (=1 (r=2)
T T 2.6 : : T : T T 2.6
2.6 || g =01 g =03 3 =03
Sme-ee3 =03 24 H-=---¢2 =05 2.6 “eee 2 =05
25H cg =05 - cg =0.7 cg =0.7 2.4 ..
—_ . Simulation 2.2 H 4 Simulation — ¥ * Simulation
< N . .

2.2

= .
m 241 y"j 2:}—'/ oo 24 ., T | .
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Figure 5.3: The mean Aol with respect to the packet preemption probability for
the M/PH/1/1/P(p) queue and with respect to packet replacement probability
for the M/PH/1/2/R(r) queue for three values of ¢ and two values of the p.

5.1.2 Validation with Existing Results

In this subsection, we validate the numerical accuracy of our proposed models

with existing results in the literature for single-source system with two examples.

For the first example, closed-form expressions of E[A] and E[A?] for preemp-
tive LCFS M/G/1/1* and GI/M/1/1* queues and another closed-form expres-
sion of E[A] for M/G/1/2* are provided in [2]. Result pairs obtained with the
proposed model and closed-form expressions in Ref. [2] are tabulated for three
different queueing models and various cases in Table 1. The results in pairs per-
fectly match with each other up to 4 digits for all the scenarios studied. For the

second example, the age violation probability is defined as:

Ga(x)=1—Fa(x).z >0 (5.1)
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Table 5.1: The performance metrics F[A] and E[A?] obtained with the closed-
[2] and the proposed method for various queueing

form expressions in Ref.
models and their parameters.

E[A]
Queueing Model Ref. [2] Proposed Method
M/PH/1/1© A=05, ©~E(1,2) 3.1250 3.1250
N=05, O~ E(L,4) 3.2036 3.2036
N=15, O~ E(1,2) 2.0417 2.0417
A=15 0~ F(1,4) 23830 2.3830
PH/M/1/T* =05, A~E(1,2) 27500 27500
w=15 A~ E(1,2) 1.4167 1.4167
=05, A~E(L4) 26250 2.6250
n=15 A~E(1,4) 12017 1.2917
M/PH/1/2 A=05, O~ E(1,2) 3.1089 3.1089
A=05 6~ FE(1,4) 3.0786 3.0786
A=15, O~ E(L2) 2.0996 2.0996
A=15 6~ FE(1,4) 2.0226 2.0226
E[A?]
Queueing Model Ref. [2] Proposed Method
M/PH/1/1* A=05, ©~E(1,2) 145312 145312
A=0.5, ©~ FE(1,4) 14.8310 14.8310
A=15, ©6~E(,2) 6.0035 6.0035
A=15 0~ F(1,4) 7.8910 7.8910
PH/M/1/T° =05, A~ E(1,2) 12.0000 12.0000
=15, A~E(1,2) 2.8389 2.8339
uw=05 A~ E(1,4) 11.1250 11.1250
pw=15 A~ E(1,4) 23472 2.3472

For PH/D/1/1 queue, where arrivals are determined with Erlang distribution,
A ~ E(A712) and the service time is deterministic with u = 1, the upper
bound for Ga(x) is provided by [14].

the deterministic service time is approximated by Erlang distributions E (1!, 7)

To model this queue with our model,

with different order parameters j = 10,100. With an increased value of j, we
better approximate the deterministic service time since the variance of Erlang
distribution j/u? decreases. In Fig 9, we compared the results obtained with
the proposed model, simulation, and the upper bound provided by [20]. In Fig.
5.4.(a)-(b), we plotted Ga(5) with respect to A when u = 1 and Ga(z) with
respect to « when A = 0.45 and p = 1, respectively. According to results in Fig.
5.4 , the proposed model with approximation of service time with E (1,100) is
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very close to simulation results and the upper bound is significantly loose for this

example.
(a) (b)
10° \ E
10-1 P | - .
. B 1 107t E
D 1 1 & f ]
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Figure 5.4: The comparison of age violation probability Ga(x) obtained by the
proposed model, simulations and the upper bound from the proposed method by
[1], as a function of arrival rate A and the age limit x when = = 5, 1 = 1 and

A =0.45, p =1, respectively.

5.1.3 Analytical Results

In this subsection, we provide the results obtained with our proposed models for

single-source system with three examples.

For the first example, for four different queueing models and various load
parameter, the mean Aol and PAol with respect to scov of the service time (c3)

is plotted in Fig. 5.5, and the following observations were made
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Figure 5.5: The mean Aol and the mean PAol with respect to the scov of the
service time for the four studied queueing models for various values of load (p €
{0.5,1,1.5.})

e If there is a small variation (smaller ¢ values) in service time, interrupting
the ongoing service of the packet with a new arrival with a similar service
time will results in poor performance. For larger values of ¢3, variations
in the service time is high, preemption of packets with larger service times
by the ones with shorter times is favorable. Therefore, for larger values of
¢, M/PH/1/1* is the optimal queueing model that gives the minimum
E[A] and E[O], however for smaller values of ¢4 M/PH/1/1* is the worst

performing model.

e While E[®] is insensitive to changes in ¢, F[A] is directly proportional to
¢ when E[0O)] is fixed for M/PH/1/1 queue. Since ¢ = ou?, only the
second moment increases with an increase in ¢ with fixed E[0]. E[A] for

M /G /1/1 with blocking, equivalent of our M /PH/1/1 queue, given by [19];

E[A] = E[6] (ﬁ (6 +1)+ %) (5.2)

When p and E[©] is constant, F[A] increases with the increase in second
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moment of the service time. On the other hand, PAol for M/PH/1/1
system is the sum of three components which are the service time of the
previous packet, time past between the completion of service of the previous
packet, and the new arrival and service time of the second packet. Since no
preemption is possible and arrivals are memoryless, E[®] can be expressed

as the following;
E[®] =2F[A] + E[A] (5.3)

Therefore, E[®] is only dependent on the first moment of the service time

and insensitive to changes in ¢ when E[O)] is fixed.

e E[®] and E[A] increases with increase in ¢ for two single buffer

queues M/PH/1/2* and M/PH/1/2. If these two models are compared,
M/PH/1/2* queue always performs better than M/PH/1/2, since the
packet in the buffer is preempted by a fresh arrival.

----- PH/PH/1/1*

c%=4 cg =38

Figure 5.6: Mean Aol as a function of varying ¢i for the PH/PH/1/1 and
PH/PH/1/1* queues for various values of scov of the service time(cd €
{0.25,1,4,8}) and the same load (p = 1).

In the second example, for four different values of ¢ and two queueing models
M/PH/1/1 and M/PH/1/1*, the mean Aol with respect to scov of the inter-
arrival time (c3) is plotted in Fig. 5.6. It is observed that, E[A] increases with
increased values of ¢ for both of the queues and M/PH/1/1 queue performs

worse when ¢ > 1.
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As a final example, the queueing model (out of four) which gives rise to the
minimum mean Aol is depicted in Fig. 5.7(a) as a function of the system load p
and scov of the service time ¢. For larger values of ¢, the best system is the
M/PH/1/1* model irrespective of the system load. However, for smaller values
of ¢, the M/PH/1/1 model gives the best performance for larger values of the
system load, whereas it is taken down by the M/PH/1/2* model for lower values
of the system load. In some cases, preemption may not be possible since the
information packet in service may not be under the control of the server once
the service begins. Consequently, we depict the best queueing model out of three
models only (when the preemptive M/PH/1/1* model is excluded) in Fig. 5.7(b)
which shows that the boundary between the queueing models M/PH/1/2* and
M/PH/1/1 turn out to depend on the particular value of ¢ when ¢ > 1. The
M/PH/1/2 model does not give rise to the best mean Aol figure in any of these
plots since it is always outperformed by M/PH/1/2*.

o M/PH/1/1 e M/PH/1/1* - M/PH/1/2 o M/PH/1/2*

(a) (b)
10}

101

101 101
10~ 100 101 1071 100 10!

p p

Figure 5.7: The queueing model which minimizes the mean Aol as a function of
the system load p and scov of the service time ¢ (a) out of all four queueing
models (b) out of three queueing models when M/PH/1/1* is excluded.
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5.2 Multi-Source System

5.2.1 Validation with Simulations

In this subsection, we will validate our proposed models with simulations for
multi-source system with two examples. We define intensity vector A and it is A =
[1,2, 3] for both examples. Apart from global preemption and self preemption, we
also include prioritized preemption. With prioritized preemption policy, source-
m packet is allowed to preempt the source-n packet in service if only if m < n,
therefore source-1(3) has the highest(lowest) priority. Preemption matrix P for
this policy is a lower triangular matrix where all entries below and at the main
diagonal are 1. The cdfs of the Aol and PAol processes of all sources obtained
with the proposed model and simulations are plotted in Fig. 5.8 and Fig. 5.9
for ¢4 = 0.25 and ¢ = 0.5 respectively. From these examples, we observe that
cdf curves of all sources in Fig. 5.8 are steepier than in Fig. 5.9. It implies that
preemption is favorable in terms of Aol with increased values of ¢ as in the
single-source case. Furthermore, the cdf curves of Aol and PAol of all the three
sources are very close to each other with prioritized preemption compared to other
policies since the highest priority is given to source with the lowest intensity and

vice versa while sources have no priority with the other two preemption policies.

45



a) Global Preemption b) Self Preemption ¢) Prioritized Preemption

St Sevss SR IV ioorses SR
; X * o R
08 £ 08| ie e 1 08 ¢F .
£i2 R P
06| ;7 X 1 06| fg 4 1 06| ¢ .
0 A i $
e i |3 A i | i
04| 3 £ 042, 0417
i #
0.2 |44 0.2 {4
A #
0 : ] [ -
0 2 4 6 8 10 0 2
A geere SRR NI b
* 2 45
0.8 ?e'do‘@ AAAAA -1 0.8Fh * ’;a’e AAAAA F
; S ERCREN
06 ¢ 4 1 06 4 # .
B AA 5 K
0.4 % 4 104 i/ |
i PA
.(f)A F (z) o F ()
M) (1) i (1)
0.2 7GR EEeE Fz(Q) @ [ 0.2 e FZ(Q)(w) M
...... Fo(3) @) § ceees F(g) (@)
0 | I I i 0 ! | T T ol
0 2 4 6 8 10 0 2 4 6 8 10
X X A

Figure 5.8: The comparison of the cdfs of the Aol and PAol processes of a 3
source system obtained by the proposed model and simulations for three different
preemption policies (a) global preemption, (b) self preemption, (c) prioritized
preemption, when A = [1,2,3], p=2/3, ¢4 =1/4andr; =1,e; =0.1, i = 1,2, 3.
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a) Global Preemption b) Self Preemption ¢) Prioritized Preemption

Figure 5.9: The comparison of the cdfs of the Aol and PAol processes of a 3
source system obtained by the proposed model and simulations for three different
preemption policies (a) global preemption, (b) self preemption, (c) prioritized
preemption, when A = [1,2,3], p=2/3, ¢4 =1/2andr; = 1,¢; =0.1, i = 1,2, 3.

5.2.2 Validation with Existing Results

In this subsection, we validate the numerical accuracy of our proposed models

with existing results in the literature for multi-source system with two examples.

For the first example of multi-source case, closed-form expression for mean Aol
for M/M/1 LCFS queue with global preemption, memoryless homogenous service
time for each source and no transmission error is derived by [3]. Results pair for
mean Aol obtained with the proposed model and closed-form expressions in Ref.
[3] are tabulated for various values of the load parameter and two different traffic

intensity vectors in Table 5.2. The results in pairs match perfectly up to 4 digits
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for all scenarios studied.

Table 5.2: Mean Aol for each of the three sources obtained with the closed-form

expressions in Ref. [3] and the proposed method for various values of the load
parameter p. Case A: A =[1,2,3], Case B: A =[1,4,16].

E[AW]

E[A®)]

E[A®)]

Case p

3]

Prop.

3]

Prop.

3]

Prop.

A 050

1.5000

1.5000

0.7500

0.7500

0.5000

0.5000

0.75

1.7500

1.7500

0.8750

0.8750

0.5833

0.5833

1.00

2.0000

2.0000

1.0000

1.0000

0.6667

0.6667

1.25

2.2500

2.2500

1.1250

1.1250

0.7500

0.7500

1.50

2.5000

2.5000

1.2500

1.2500

0.8333

0.8333

B 0.50

1.5000

1.5000

0.3750

0.3750

0.0938

0.0938

0.75

1.7500

1.7500

0.4375

0.4375

0.1094

0.1094

1.00

2.0000

2.0000

0.5000

0.5000

0.1250

0.1250

1.25

2.2500

2.2500

0.5625

0.5625

0.1406

0.1406

1.50

2.5000

2.5000

0.6250

0.6250

0.1563

0.1563

Furthermore, a closed-form expression for mean Aol for M/M/1 LCFS queue

with self preemption, memoryless homogeneous service time each source with

transmission error is derived by [4]. Results pair for mean Aol obtained with the

proposed model and closed-form expressions in Ref.[4] are tabulated for various

values of the load p and transmission error parameter and two different traffic

intensity vectors in Table 5.3. Obtained results match with each other up to 4

digits with the exception of one pair where results match up to 3 digits.
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Table 5.3: Mean Aol for each of the three sources obtained with the closed-form
expressions in Ref. [4] and the proposed method for various values of the load p
and the error parameter e. Case A: A = [1,2, 3], Case B: A =[1,4, 16].
E[AW] E[A®)] E[A®)]

Case p e [4] Prop. 4] Prop. 4] Prop.

A 05 0.04 1.5839 1.5839 0.7971 0.7971 0.5319 0.5319

0.10 1.6880 1.6880 0.8492 0.8492 0.5667 0.5667

0.25 2.0214 2.0214 1.0159 1.0159 0.6778 0.6778

1.0 0.04 2.1429 2.1429 1.0833 1.0833 0.7222 0.7222

0.10 2.2817 2.2817 1.1528 1.1528 0.7685 0.7685

0.25 27262 2.7262 1.3750 1.3750 0.9167 0.9167

1.5 0.04 27042 2.7042 1.3688 1.3687 0.9109 0.9109

0.10 2.8778 2.8778 1.4556 1.4556 0.9688 0.9688

0.25 3.4333 3.4333 1.7333 1.7333 1.1540 1.1540

B 05 004 1.5699 1.5699 0.3965 0.3965 0.0990 0.0990

0.10 1.6740 1.6740 0.4225 0.4225 0.1055 0.1055

0.25 2.0074 2.0074 0.5059 0.5059 0.1264 0.1264

1.0 0.04 2.1050 2.1050 0.5370 0.5370 0.1334 0.1334

0.10 2.2439 2.2439 0.5717 0.5717 0.1421 0.1421

0.25 2.6883 2.6883 0.6829 0.6829 0.1699 0.1699

1.5 0.04 2.6423 2.6423 0.6780 0.6780 0.1675 0.1675

0.10 2.8159 2.8159 0.7214 0.7214 0.1784 0.1784

0.25 3.3714 3.3714 0.8603 0.8603 0.2131 0.2131

5.2.3 Analytical Results

In this subsection, we provide the results obtained with our proposed models for

multi-source system with four examples.

We work on a system with two sources and homogeneous service times for the
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first example. We firstly define system cost function C'(«) as:
Cla) = E[AD] + aE[AP] 0 < a <1, (5.4)

In this function, « represents the relative importance of mean Aol of source-2 to
source-1. When a = 1 two sources are equally important and for the opposite
case (v = 0) the mean age of source-2 is insignificant. For the following two
examples, we will optimize the entries of preemption probability matrix P. We

define P such as:
Py Py

Py Py

P = (5.5)

Using our proposed method, we perform brute force optimization on Py, Py 1, P2
to find their optimal values to obtain minimum value of C'(«). The resolution
of parameters for optimization is chosen as 0.02. For various values of traffic
intensity vector, ¢, and « values, optimal values of entries are tabulated in

Table 5.4. The following observations were made;

e The entry represents the self preemption probability P; depends only on

the value of ¢3. It is always 1, when ¢ = 1, and 0 otherwise.

e For increasing values of «, importance of mean Aol of source-2 increases.

As a result, the value of P o increases and P» 1* decreases.
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Table 5.4: Optimum preemption parameters Py, Py, and P;;, which minimize
C(a) for various values of the traffic intensity vector A, ¢, and o when p = 1
and r;, = 0.9, ¢, =0.1, 1 =1,2

A
2« 1,2] [1,1] 2,1]

Pj Pi P, Pj Py P, Pi Py P

1/16 .25 0 1 0 0 .68 0 0 0 0
S0 0 1 0 0 .28 0 0 0 .26

75 00 .90 0 0 .08 0 0 0 .50

1 0 .68 0 0 0 0 0 0 .68

1/4 25 0 1 0 0 .72 0 0 0 0
S0 0 1 0 0 32 0 0 0 .30

75 0 .96 0 0 .10 0 0 0 .54

1 0 .74 0 0 0 0 0 0 .74

1 25 1 1 0 1 1 12 it 1 1
S0 1 1 0 1 1 54 1 .58 1
751 1 .04 1 1 .86 1 .32 1

1 1 1 A8 1 1 1 1 18 1

As a second example, for three different values of a and two different pair
of traffic intensities (p1, p2), cost function C(«) is plotted with respect to load
parameter for four preemption policies which are global preemption, self preemp-
tion, no preemption and optimum preemption in Fig. 5.10. For optimum pre-
emption policy, entries of preemption probability matrix P are optimized with
brute force optimization. For this example, ¢4 = 1 since service time is exponen-
tially distributed. We observe that optimum preemption outperforms all other
policies except one instance (a« = 1 and p; = py) where it performs the same with
global preemption. If traffic intensities and importance of sources are uneven,
improvement from optimum preemption increases. We also observe that global

preemption outperforms self and no preemption policies in our example.
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Figure 5.10: The cost function C'(«) as a function of the p for four preemption
policies and various values of the relative importance(aw € {0.1,0.5,1}) when
pw=17r=009and e = 0.1. For the first three examples (a)-(c), arrival rates
of sources is the same (p2 = 2p;), and the arrival rate of the second source is as

twice as the first source (ps = 2p;) for the other examples (d)-(f).

For this example, we study a two-source M/M/1/1 system with homogeneous
service requirements. Particularly, we set u, = p =1, n = 1,2. The packet error
probability, retransmission probability, and the traffic intensity are also assumed

to be independent of the source index, i.e., e, = e, 7, =1, A\, = A\,n =1,2. We
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depict in Fig. 5.11 the mean system Aol E[A] which is defined as the arithmetic
average of the mean Aol values of the two sources, as a function of the error
parameter e, for three values of the parameter r, and for two choices of the load
parameter p when NP and GP are deployed at the server. We observe that
the mean system Aol increases with increased error probability as expected for
both NP and GP policies. With GP, for a given error probability e, the mean
system Aol appears to be larger for smaller retransmission probability r. For GP,
we conclude that the best system Aol performance is achieved with the choice
of r = 1 with this observation being more apparent for smaller loads and for
moderately lossy communications channels. The impact of r is more obscured
with NP at relatively higher loads since a packet which is errored is already
stale since it has been generated at least one service time back. If this packet
is retransmitted, it may block a potential fresh information packet arrival within
its service time (more likely in high load scenarios). However, if discarded, in the
case of lack of a fresh information packet arrival for an extended time (more likely
in low load scenarios), the age of the source would increase. We tend to believe
that the choice of » = 1 would give rise to acceptable performance for relatively
low loads for NP but at higher loads, further work needs to be done to derive the

optimal retransmission probabilities.
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Figure 5.11: The mean system Aol E[A] as a function of the error probability e
for three values of r (a) NP (p =0.25) (b) NP (p=1) (¢) GP (p =0.25) (d) GP

(p=1)

In this example, we study the same homogeneous system as in the previous
example but with PH-distributed service time requirements and for general N >
2. In particular, we set the homogeneous error and retransmission probabilities
as e = 0.1, = 1. For service times, we employ a PH-type distribution with mean
1/p and squared coefficient of variation (scov) ¢ = o u? where 02 denotes the
variance of the service time. We also fix A = /N so as to achieve a unit system
load. For service times, we employ a PH-type distribution with mean 1/u and
squared coefficient of variation (scov) ¢ = ogu® where o denotes the variance
of the service time. For the purpose of constructing the PH-type distribution
with given mean and scov, we used the same procedure presented in single-source
section. The mean residual service time of the positive random variable © is
denoted by m,(z) = E[© —x | © > z] [42]. The Erlang distribution with
cZ < 1 satisfies m,.(z) < m,(0) = E[O] whereas the Hy distribution with ¢ > 1
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ensures m,.(z) > E[O] [42]. For the exponential distribution, it is clear that
m,(x) = E[O] for all z due to the memoryless property. Therefore, when ¢ > 1
in our numerical examples, a fresh packet is not only more timely than the packet
in service but it also does not have a longer residual service time in expectation,
favoring preemption in this regime. Similarly, when ¢ < 1 in our numerical
examples, a fresh packet is more timely than the packet in service but it has a
relatively longer residual service time in expectation which gives rise to a trade-off
in this regime. To study the effect of ¢ in more detail, we fix g = 1, and depict
the mean system Aol F[A] as a function of ¢ using three different preemption
policies NP, GP, and SP, for three values of N € {2, 4,8} in Fig. 5.12 which reveals
that the mean system Aol for GP and SP decreases whereas the performance of
NP substantially deteriorates with increased c¢&. Moreover, there appears to be
a threshold value for ¢g above which GP outperforms NP with this threshold
slightly increasing with increased N but always staying below unity. Similar
thresholds appear to exist above which SP outperforms NP or GP outperforms

SP and all these threshold values are not necessarily identical but quite close to

each other.
(a) (b) ()
1 B W MR A N B 1 R B R M R ] R R R MR
30 [|— GP |
----- NP !
----- SP
7 20 .
R
10 |- B
N Y B A M 11 T I Y Y O A 1 107 N Y I MW E
-t 100 10t 10 10~ 100 10t 102 10-t 10 10t 102
C2 C2 (22
© © ©

Figure 5.12: The mean system Aol E[A] as a function of the scov parameter ¢
(a) N=2(b) N=4(c) N=8

Finally, we study the optimum choice of traffic intensities for a two-source
M/M/1/1 system deploying an a-priori given preemption policy with homo-
geneous service times. We seek to minimize the total packet generation rate

Ar = A1 + X\ that is indicative of the power needed for sensing while satisfying
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the following PAol violation probabilities:
Pr{d® > D} <&, Pr{®® > D} <ea™, e<a <1, (5.6)

for a violation threshold parameter D, violation tolerance parameter ¢ and «
being a parameter representing the relative importance of the second source with
respect to the first; when o — ¢, we do not have a violation constraint at all for
source-2 whereas when a = 1, source-2 violation constraint is as strict as that of
source-1. As an example, we set = 1, D = 10, e = 1072 and for a given value of
a, we use the analytical model and exhaustive search to find the optimum source-
n traffic intensities denoted by A;,n = 1,2 which are depicted in Fig. 5.13 as a
function of the parameter oo. As we relax the violation constraint for source-2, it
is possible to substantially reduce the individual traffic intensities. Moreover, as

expected, the ratio Aj/A} increases with decreased «.

Figure 5.13: The optimum source-n traffic intensities A\, n = 1,2 with respect to

the parameter « € [0.05, 1].
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Chapter 6

Conclusions

In this thesis, we focus on the Aol and PAol distributions for several well-known
queueing models to study the effects of probabilistic preemption and probabilistic
replacement among packets, and also distributions of service and interarrival
times on the Aol performance. We obtained the probability density function of
Aol and PAol in matrix exponential form for general queueing systems. After
deriving analytical expressions via numerical methods, we have validated our

results with simulations and also with existing results in the literature.

For the single-source model, the optimum preemption probability is found to
be dependent on the traffic intensity mix as well as the squared coefficient of
variation (scov) of service times. For lower values of scov, increasing packet pre-
emption probability resulted in worse performance, i.e., higher average Aol. For
the contrary case where scov is higher, increasing the probability of preemption
is found to be useful for Aol-related performance. We observed that, in some
cases, probabilistic preemption with a preemption probability choice being be-
tween 0 and 1, performs better than the choice of probabilities at the boundary
(p = 0 (no-preemption) and p = 1 (always preempt)). Furthermore, for deter-
ministic distribution of service times, the upper bound from existing results is
shown to be very loose compared to simulations. We also identified regions in the

parameter space where the best buffer-management scheme is shown.
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For the multi-source case, similarly, we have shown that preemption is also
effective when scov is high. For the two-source system, we were able to show
that probabilistic preemption essentially outperforms no-preemption or global-
preemption. Moreover, the performance gain from optimization of preemption
probabilities significantly increases when imparity in traffic intensities and relative

importance of sources become more apparent.

Finding optimum preemption probabilities for the multi-source case with more
than two classes by means of machine learning is left for future work. Also, the
analysis of Aol in the multi-source M/PH/1/2 queueing model can be done by
means of Markov fluid queues, where not only the effects of preemption but the
replacement probabilities among classes are also crucial for performance. More-
over, with more detailed analysis, a more powerful buffer-management scheme
that is adaptive to the changes in scov, the relative importance of sources, and

distributions of service times could be proposed.
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