ON THE SOLUTIONS OF SINGULAR
DIFFERENTIAL EQUATIONS

by
fbrahim CELIK

June, 1997
[ZMIR

cSe P



ON THE SOLUTIONS OF SINGULAR
DIFFERENTIAL EQUATIONS

A Thesis Submitted to the
Graduate School of Natural and Applied Sciences of
Dokuz Eyliil University
In Partial Fulfillment of the Requirements for
the Degree of Doctor of Philosophy in .Mathematics Education

by
Ibrahim CELIK

June, 1997
[ZMIR



Ph.D. THESIS EXAMINATION RESULT FORM

We certify that we have read this thesis and that in our opinion it is fully adequate, in
scope and in quality, as a thesis for the degree of Doctor of Philosophy.

7,

Pro%in Gokmen

(Advisor)

20

o/ ~
Prof f..n(‘_?u"t(yi’}'

(Committee Member)

Bellor K
Daf.pﬁB///uf&gmaé ;'Q/cm

(Committee Member)

Approved by the
Graduate School of Natural and Applied Sciences

VR |
y
A

; Zﬁmﬁq

Prof. Dr.Macit Toksoy

Director




ACKNOWLEDGMENTS

I would like to express my deep gratitude to my supervisor Prof. Dr. Giizin Gokmen
whose guidance and encouragement enabled me to accomplish this thesis.

I also wish to thank Prof. Dr. Turgut Ozis for his comments and advises on this work.

Ibrahim CELIK



ii

ABSTRACT

The question of existence and uniqueness of solutions to singular nonlinear two-point
boundary value problems is of fundamental importance. In this thesis existence and
uniqueness of solutions to a mixed problem are established and a nonlinear model is

developed and is solved approximately as an application to the theory.

Existence and uniqueness results are obtained for the mixed boundary value problem

r

ﬁ(p Oy @) + £ (&30, pOY' () =0, 0<i<]
) lim p(£)y'(1) =0, y(1)=0

J}Lrgf(tayapy’) =

with f:[0,1] x (0,00) x (-00,00) —> (0,%0) continuous and peC[0,1]C’(0,1] with p> 0

' dt
on (0,1), p(0)=0 and !%-_—oo

A mathematical model is improved for the temperature distribution in the human
head by assuming that the thermal conductivity k is not a constant but a function of
temperature T. Numerical solutions are obtained for this model by the finite difference

method and are compared with some others results.
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OZET

Dogrusal olmayan tekil iki nokta sinir deger problemlerinin ¢6ziimlerinin Varllél ve
tekligi sorusu oldukg¢a onemlidir. Bu tezde belirli tip karisik sinirdeger probleminin
¢oziimiiniin varlig1 ve tekligi elde edilmis ve kuramsal ¢aligmaya bir uygulama olarak da

dogrusal olmayan bir fiziksel model gelistirilerek sayisal ¢6ziimii yaptlmgtir.

Asagidaki kanisik sinir deger problemlerinin ¢oztimlerinin varlik ve tekligi ile ilgili

sonuglar elde edilmistir.

1
%(P(t)y'(f))' + (60, p()y (1)) =0, 0<t<1

9 1irg{ p)y' () =0, y1)=0
t—

lim f(t,..py") =

f: 10,13 x (0,00) x (-00,00) —> (0,00) siirekli ve peC[0,1]nC'(0,1], (0,1) arahginda p >0,
1

©=0ve ¥ o
P 0

k termal iletkenligi sabit olmayip T sicakliginin bir fonksiyonu olarak kabul
edildiginde insan bagindaki sicaklik dagilimini veren bir matematik model
gelistirilmigtir. Elde edilen dogrusal olmayan diferansiyel denklem sonlu farklar
yontemi ile ¢oziilerek sayisal sonuclar elde edilmis ve daha ©nceki sonuglarla

karsilagtirlnigtir.
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CHAPTER ONE
INTRODUCTION

1.0 Introduction

In this chapter we summarize the works done on singular and nonsingular

boundary value problems which are encountered in applications

Two-point boundary value problems associated with the second order equation

y'=F(t,y,5", a<t<b (1.1)

can be singular in a variety of ways: a and/or b may be infinite, F may be unbounded
near some 1, €[a,b], or F may be unbounded near some particular value of y (or y').

This last possibility does not occur in linear problems.

1.1 Some Singular Problems

Problems on infinite intervals were studied by Granas [25], Erbe and Schmitt [19],
Berestycki, Lions, and Peletier [7], and by Baxley [2]. Problems on finite intervals in
which the singularity is caused by F being unbounded near a particular value of y were
studied by Luning and Perry [32], Nachman and Calleari [34], Taliaferro [48], Gatica,
Oliker, and Waltman [23] and Baxley [3]. Recently, Gatica, Hernandez, and Waltman
[24] considered a finile interval problem which has singularities from F becoming

infinite as t — a and y — 0. We should also note that the problem considered by Erbe

and Schmitt [19] on 0 <t<oo is singularat t=0.



The boundary value problem

2
y”+~;y'=f(t,y), 0<t<l

Y0 =0, ay’()+y(l)=b, a>0

o
can model various physiological processes. For example if f(¢,y) = y_:/}c— then above

equation arises in the study of steady-state oxygen diffusion in a cell with Michaelis

Menten kinetics [30].

If f(t,y)=—-kexp(-By), x,B>0 heat conduction in human brain is modeled
[1,22]. Here f is the heat production rate per unit volume, y is the absolute

temperature and t is the radial distance from the center.

In 1927, L.H. Thomas and E. Fermi independently derived a boundary value problem
for determining the electrical potential in an atom. Their analysis leads to the nonlinear

singular second order equation

~1/2 32

y=t"y
The neutral atom with Bohr radius b is given by
y(0)=1 by'(0) - y(b) =0,
the ionized atom is given by
y=1 yb)=0,
and the isolated neutral atom is given by

yO0)=1  limy()=0.



A problem involving heat and mass transfer in a porous catalyst leads to the problem

,_ Y B(—-y)
y —ocyex;{l_'_B(l_y)}, 0<t<l

y®=0, y1)=0

where o, B,y are positive constants. The apparent singularity at y = 141 / B is not the
case because the solution actually satisfies y(t) <1 on 0 <t < 1. Similar behavior is
encountered in the following problem involving diffusion in a chemical catalytic

converter,

1 2
"y 0<t<l
y y+2(y),

y' (=4, y()=B

where B < A < 2. The apparent singularity at y = - 2 does no real harm because the
solution satisfies B<y(t)<A on 0<t<1. These two examples are discussed by

Baxley [4].

In almost all of the articles referenced above, F('t, y, y') is independent of y’.

Motivation has come from interest in the problem

y'+a()y? =0, 0<x<lI (1.2)

where p>0and a(t) > 0 and are continuous on [0,1] , and the problem

N-1 B
; y'+a(t)y" =0, 0<i<l (1.3)

'+

where again p > 0 and a(t) > 0 on [0,1], which is encountered in the search for radial

solution of elliptic partial differential equations in RN which have the form



more general equation
y'+f(ty)=0, 1.7)

where f:(0,1) x (0,0) - (0,0) is continuous and f (t,y) is nonincreasing iny for

fixed t € (0,1), and they dealt with the more general two point boundary conditions -
ay(0)—ay'(0)=0  by()+by'(1)=0 (1.8)

where a,,a;,b,,b, =20 and a, b, +a, by +a, b, > 0. Assuming that f(t,y) >+ as

y — 0" uniformly on compact subsets of (0,1), and that

[£(6.0 stt))dt <o (1.9)

for each 0> 0, Gatica, Oliker, and Waltman [23] proved existence of positive solution
yeC' [0,1]nC* (0,1) of (1.7) , (1.8). They also provide a uniqueness theorem
generalizing the corresponding statement of Taliaferro. Note that for f(t,y) = a(t)/y®,
(1.9) holds if and only if (1.6) holds.

In contrast to the shooting method used by Taliaferro, Gatica, Oliker, and Waltman
[23] first proved an interesting fixed point theorem for decreasing maps on a Banach

space and then applied it to the boundary value problem.

In [3] , Baxley proved existence and uniqueness of a solution of the nonlinear

boundary value problem

Y
— T+ O0<r<l
32y 8

y'=

y(0)=0, 2y'M+(1+v)y(1)=0



where A > 0, v > 0 are constants. He solved the above boundary value problem

approximately.

In [57], Zhang studied the generalized Emden-Fowler equations
Yy +pO)y*t =0 (1.10)
y©0)=y(1)=0 (1.11)
when p(t)eC[0,1] and A > 0 the problem (1.10), (1.11) being nonsingular. When p(t) is
not continuous at the end points of (0,1) ( including the case that p(t) is unbounded on
(0,1)), or A <0, then problem (1.10), (1.11)is singular, while for the remaining
cases 0 <A <1 and A > 1, the problem being the so-called sublinear and superlinear
problems, respectively. He obtained a necessary and sufficient condition for the

existence of positive solutions of the singular problem (1.10), (1.11) in sublinear case.

In [35], O’Regan studied the problems of the form

y'=¢2f(t,y,y"), 0<t<l

with various boundary conditions and

y'+flt,y,y)=0, 0<t<l

yO) =y (@1)=0

where ¢* > 0 is a constant usually called the Thiele modulus and nonlinear term f may

be singular at y=0,t=0 and/or at t=1.

In [23], Gatica, Hernandez and Waltman developed their fixed point theorem and

applied to the more difficult boundary value problem



y'+ y'+a(®)y " =0, 0<t<l

! (1.12)
Y(©=0 y1)=0.
Replacing a(x)y? with f: [0,1)x(0,00) — (0,0) continuous, they assumed f is
decreasing in y for each t, IJ. f(t,y)dt <o foreach y>0, f(ty) >+ as y—> 0"
0
and f(t,y) > 0 asy — + o both limits being uniform on compact subset of (0,1) and
finally l,[f (t,0(1-t))dt <o for each 6 > 0. They then proved existence of a
0

positive solution yeC' [0,1]nC?(0,1) for (1.12) and provided a uniqueness theorem.
In [5], Baxley studied the boundary value problems of the form
y'+gt,y)+f(1,y)=0 a<r<b (1.13)
2y@-ay@)=A,by®) +by®)=B (1.14)

where a,,a,,b,,b;, A,B2>0 and a, by +a, b, + a, b, > 0. He extended the basic result
of Taliaferro regarding the sufficiency of the condition (1.5) or (1.6) for existence to the
equation (1.13) in which significant nonlinearity is allowed in the term g(t,y"). The
results in [23] is also a special case. He constructed a sequence of problems which
approximate (1.13), (1.14), which are not singular, but which “converge” to the singular
problem. He had applied a previous result [4] to obtain existence of a positive
solution y, of the nth approximating problem and used a priori estimates to justify

application of Ascoli’s theorem.

In [6], Baxley and Gersdorff studied the equation

Y+ ft,y)=02gt,y), a<t<b (1.15)



y(@)=0,By®) +ayb)=A, =0, ,A>0 (1.16)

where ¢*>0 is the ( positive ) Thiele modulus, lir(r)l+ g(t,y) =co. They showed that (1.15),
y—

(1.16) has at least one positive solution under suitable conditions on f and g.

In [18], Dunninger and Kurtz studied singular nonlinear problems of the form

~T)(p(t)u’(t))' S@) 0<t<l

with Dirichlet or mixed boundary conditions.

In [36], O’Regan presented the existence of the kth order nonlinear system of

boundary value problems of the form

© = £y, %), 0<r<l

with different boundary conditions, where nonlinear term f may be singular at t =0

and/or at t=1.

In [38], O’Regan studied the existence of solution to boundary value problems of the

form

RS , Sy
()(p() y'(1)) = ¥0)

yO)=a, ry()-kyb)=h; r*+h*>0

where f:[0,b] x R> R, p:[0,b] > [0, o), and y : [0,b] > [0,0 ) are continuous
with p, w > 0 on (0,b].



In [39], O’Regan studied the existence of solution of the equation

1
()

y()=lim p(1)y'(t)=0 or y(0)=x(1)=0

(p@y' @) =q@®O) f @, y®),p(O)y'()), 0<t<l

where f:[0,1] x R* — R" is continuous and p(t) € C[0,1] n C'(0,1], with q(t) on
(0,1) and p(t)> 0 on (0,1] and q may be singular at t =0 and/or at t=1.

In [40], O’Regan studied the existence of solution of second order differential

equation

;;—)(P(f W' @) =g f @y, p()y'(1), 0<t<l

with y(t) satisfying either the boundary conditions

1
d.
yO) =ry(1)-ky(1)=0; r2+k2>0, r=0 and r;tkp(l)'[}Ti)
0

or

ay @ +By0)=ry(1)-ky(1)=0; *+k*>0, o®>+p2>0,0>0,r>0

where £[0,1]xB*> —B is continuous, qeC(0,1) with q > 0 on (0,1) and p(t)eC[0,1] N
c',1] satisfying p(t) >0 on (0,1] if first condition is satisfied or p(t) > 0 on [0,1] if

second condition is satisfied. B is real Banach space.

In [41], O’Regan studied the existence of solution of second order boundary

value problems of the form

.

() (p(DY'(1)) = q@) f (1, y(0), p(1)y'(1)), 0<t<]l

y() = lim p(£)y'(£) = 0
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where £: [0,1] x R - R is continuous, qeC(0,1), p(heC[0,1]1 N CI(O,l], with p(t) > 0

on 11, pO=0amd [-F =

In the above models singularity appear from independent variable as p(0) =0

In [37], O’Regan studied the existence of solution of nonlinear boundary value

problems of the form

L

() POy’ ) +qO) f(t,y() =0, 0<t<]

(1.17)
y()= tlirg p)y'(t)=0

where p(t)e C[0,1]nC}(0,1], q(tye C(0,1) together with q(t)>0on (0,1) and p(t) >0
on (0,1],

1 u

[Pudgurdu <co and [— [ pls)g(s)isdu <oo
0 0 p(U) 0

and f is continuous on [0,1]x(0,c0 ) with lixg S, y(1)) =+ uniformly on compact
y—>

subset of (0,1). In this problem singularities may come from independent and dependent

variables. He constructed the approximate problem

L

20 POy O) +qO)f(1,y(1)) =0, 0<t<l

(1.18)"
1
lim pO)y' (=0 y)=-

and he gave the following conditions about f
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f is continuous on [0,1] x (0,00) with lirg; f(t,y) =+
y—

uniformly on compact subset of (0,1)

0< f(t,y) < g(y)+h(y) on(0,1)x(0,0), where g >0 is continuous

and nonincreasing on (0,00) and /> 0 is continuous on [0,0)

h/g is nondecreasing on (0,00) and there exists a constant N> 0 such that for z>0

T h(z)}
Yo { 5(2) ojpm I”(”q(”‘)dm’*! ()

implies z <N. Under the assumptions of above conditions, he showed that (1.18)" has
a solution y,eC[0,1] N €'(0,1] N C*(0,1) for each neN" and (1.17) has a solution
yeC'[0,11n CX0,1).

In [43], O’Regan studied the existence of solution of nonlinear boundary value

problems of the form

Tt)(p(t)y () =q(0) f (£, y(), p()y'(1)), 0<t<lI

(1.19)
y0)=a>0, y(1)=0
where nonlinear term f may be singular at y = 0. He assumed that f satisfies
£ > 0 is continuous on [0,1] x (0,00) x (~e0,00) with lirg% f(t,y,v) =40
y->
(1.20)

uniformly on compact subset of [0,1] x (—o0,00), where v = py’



and

[£t,3,v) <[g() + B kW) on [0,1]x (0,00) x (=c0,c0)

1 where g > 0 is continuous and nonincerasing on (0, ) (1.21)

land A >0, k£ > 0 are continous on [0,00).

He constructed the approximate problems

1
— @Oy O) +9O)f (¢, y0,p()y' ) =0, 0<t<I

p()
(1.22)"
1
y0)=a>0, y)= P
First of all he assumed that
p € C[01]nC'(0,1),q(t) € C(0,)) together
(1.23)
with ¢(¢) > 0 and p(¢) > 0 on (0,1)
| 1
Iﬂ <oo and jp(u)q(u)du <00 (1.24)
o P(1) 0 ‘

and

(

a, Z d
_[g(u)du < oo and that sup, P ()q(t) <. LetI(z) = IZ—(% with
0 0

a, 0, u ) )
19° SUpP g1 () _[[ g(u)+ h(u)]du < _[ T du and ¢ satisfying
0 asupy, ;) p(0) (u)

'J' du |, , ¢]_
Lo p(u)l (d’ SUP(o,i) P (f)Q(l)o[g(u)+h(u)]duJ<a
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hold. Hence he showed that (1.19) has a solution y € C[0,1]nC? (0,1) with additional

Ip(t)q(t)g(f )dt <oo

conditions

and

I
there exist 7 with i“f[o,n] pi)yzt and t _[

o P(8)

>1

Secondly, he assumed (1.20), (1.21), (1.23) and (1.24) hold. In addition he assumed
that

1 1
there exists constant o, f3 > 1’§+ B =1 with I g% (u)du < ©
0

1

: (a+DB :
and J[p(t)] a qB(t)dt < oo, Letting J(z) = Jt;c(u;l with

1 1

a o é I (a+])p B o
¢2{J[g(u)+h(u)] du} {Ip o qﬁdt} <J,:up[[,v,],,(x) ku(u) du

0

1

! a e (1 @
and ¢ satisfying ‘[PCZ) Z{I (u)+h(u) } {Ip o q"dt}ﬁ <a

0

L

he showed that (1.19) has a solution y € C[0,1]nC?(0,1).

To obtain existence results, O’Regan used the Nonlinear Alternative of Leray -

Schauder in all of his papers.

In [56], Zhang studied singular second order differential equations of the form

Lu =?(p(t)u’(f))' S u@®), p(yu'(t)), 0<t<l (1.25)
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and boundary conditions
u(0)=u(1)=0 (1.26)
or
u(t) continuousatt=0, u(l)=0 (1.27)

where f(t,u v)eC([0,1] x R?), p.q € C[0,1] with p,q>0on (0,1] and

p(t) I @ f q(s) p(s)dsdt <

By the transformation of variable
y(x) = (1 - x)u(t)

he transformed the equation (1.19) into the following equivalent equation

p(t (X))q(t (x))

y'(x)=F(x,y,y") = a-

fa(x ) [(1—x)y'+y]) x €[0,1) (1.28)
and transformed the boundary conditions (1.21) into

¥W0)=0, lim iv (x) exists
=l]—x

or equivalently
y(0)=y(1)=0 (1.29)

where
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x=x(f) = 1“(“,jp(s)
1 t=0

and t(x) is the inverse of the function x(t). He showed that (1.28), (1.29) has at least
one solution u(t) € C'0,11 n C?[0,1). By the following lemma he proved that (1.25),
(1.27) has at least one solution u(t) € C[0,1]1 n c'(,1].

Lemma If problem (1.28), (1.29) possesses a solution y(x)e CI[O,I] N C? [0,1) then
problem (1.25), (1.27) possesses a solution u(t) € C[0,1] N c! (0,1] with p(u'(He
C[0,11n C' (0,1].

In this thesis, in chapter three, we will study the existence and uniqueness of

solutions of nonlinear boundary value problems of the form

p—:t)“(P(f)y'(f))' + Ly, p(0)y' (1)) =0, 0<t<l

y(H)= ,lijoz p)y'(t)=0

where f is continuous on [0,1]x(0,0)x(-c0,00) with lirgl+ f(t,y,py") = +oo uniformly on
y—

compact subset of [0,1]x(-c0,0) and p(t)eC[0,1]NC'(0,1], with p(t) > 0 on (0,1],
p(0) =0 and

I ds
@ 5
o P(5)

To show the existence of a solution of the above boundary value problem, we will
extend O’Regan’s ideas in [43] which he used to obtain existence of solutions of the

boundary value problems of the form
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y'+f(t,y)=0
—ay(O)+By(0)=0 o’ +B’>>0
ay()+by'(1) =0 a’+b* >0

o,B,a,620 with a+a>0
where f: [0,1] x (0,00) = (0,00) continuous with lirg f(t,y) =+
a4

To show uniqueness, we will assume that f :[0,1]x(0,00)x(-c0,00)—> (-c0,00) is
continuous and f{t,y,py’) is strictly decreasing in y and y’ for te(0,1), integrable over

t
[0,1] for each fixed y > 0 and limM =0.

0 p'(t)
In chapter four, we will develop a model for the singular boundary value problem of
temperature distribution in the human head and in chapter five we will solve this

problem approximately by the finite difference method.
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CHAPTER TWO
PRELIMINARIES AND EXISTENCE PRINCIPLES

2.0 Introduction

In this chapter we give some definitions and existence theorems for the existence of

solution to two regular and singular boundary value problems

2.1 Preliminaries

We define a set S < R" to be compact if every sequence of elements of S has a point
of accumulation in S. This property is equivalent to the following properties, which
could be taken as alternative definitions:

a) Every infinite subset of S has a point of accumulation in S.

b) Every sequence of elements of S has a convergent subsequence whose limit is in S

Theorem 2.1

A set is compact if and only if it is closed and bounded.

Theorem 2.2

Let S be a compact set and let f be a continuous function of S. Then the image of f is

compact.
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Theorem 2.3

Let S be a compact set, and let f be a continuous function on S. Then f is uniformly
continuous i.e., given € there exists 8 such that whenever z,w € S and |z - w| <3,

then |f(z) - fiw)| <e.
Let X and Y be normed linear space
i) A map F: X - Y is called compact if F(X) is contained in a compact subset of Y

ii) F: X — Y is called completely continuous if the image of each bounded set in X is

contained in a compact subset of Y.

iif) A compact map F: X — Y is called finite dimensional if F(x) is contained in a

finite dimensional linear subset of Y.
Theorem 2.4 (Nonlinear Alternative)

Let C be a convex subset of a normed linear space E and let U be an open subset of
C and U and 8U the closure of U in C and the boundary of U in C respectively. Let
F:U — C be a compact map with p'eU. Then F has at least one of the following two

properties:
i) F has a fixed point
i) there is an xedU with x = AF(x) + (1 - A)p for some re(0,1).

Let -o0 <a<b <oo. A collection of real valued functions A = {f; : [a,b] — R} is said
to be uniformly bounded if there exists a constant M > 0 with |[fi(x)| <M forall f, eA. A
is said to be equicontinuous if for every € > 0 there exists 8 = 8(g) > 0 such that if x,,

x1€[a,b] then |xo-xi| <8 implies |fi(xq) - fi(x1)| <€ for all f; eA.
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Theorem 2.5

Let A be a closed subset of the function space C([a,b],R).If A is uniformly

bounded and equicontinuous then A is compact.
Theorem 2.6 ( Arzela - Ascoli)

Let A be a subset of C([a,b],R). If A is uniformly bounded and equcontinuous then

A is compact.
2.2 Singular Problems in the Independent Variable t

We consider the “mixed” two point boundary value problem

1

—(py)' + f(t,y,py)=0 O<t<l
? @.1)
}ijg} pM)y'(t)=0, y()=d

By a solution, we mean a function ye C[O,l]nC'(O,l]mCz(O,l) with
py' € C[0,1] which satisfies the differential equation on (0,1) and stated boundary

condition in (2.1). Associated with (2.1), we have a family of problems

1
;(py’)'“».f(t,y,py') =0 0<t<]

Q.21
lim p(0)y (=0, y()=d

where 0<A\<1.
Theorem 2.7

Suppose (2.1) holds and assume
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f:[0,1]7xRxR — R is continuous 2.3)

p e C[01]nC'(0,1] together with p> 0 on (0,1)

e g 2.4
p(0)=0 and 0;(‘5=
Ip(t)dt <00 (2.5)
1 1 t
Om!p(s)dsdt < (2.6)

In addition suppose there is a constant M, independent of A, with

Max {ﬁw) : mlpa)y'(r)l} =lyl, <M

Then (2.1) has at least one solution y in C[0,1]nC'(0,1]nC*0,1) with py'e C[0,1].
Proof

By the integration of differential equation (2.2); from 0 to t

Joyryds + . p(s) £, 9(9), p(s)y(5))ds = 0

is obtained and further integration by parts gives

POy 1)+ 1 p(s) £ (5,7(5), p(5)y"(s))ds = 0.



2]

Hence

1 1
yO=-A—s Jp(s)f(s,y(s),p(s')y (5))ds.

If we integrate the last equation from t to 1, we obtain

1 1 u,
Y0 -y0)=-2f Ofp(s)f(s,y(sxp(s)y (s))dsdu.

Hence solving (2.2)y is equivalent to finding a yeC[0,1]nC'(0,1] which satisfies

1 1 u
WO)=d+ xfﬁ)— Jo(9) 7 (5, (5), () y(s)) disds. @.7)

Let K'[0,1] = { yedol, pyedo] with |y, <oo} which is the Banach space and

K [01] = {y e K'[01]: lirg} p)y'()=0, y) = 0}'

We define the operator M": K, [0,1] — K [0,1] by

. 1 1 u
O R LOUCY OV OO

Consequently (2.2), is equivalent to the fixed point problem
y=0=0)d +AM p(0) +d) = (1-A)d + ANp(z).

Now M’ is continuous and also completely continuous by the Arzela-Ascoli theorem.

To see this let Qc Kj [0,]] be bounded. The boundedness of M'Q is trivial



22

and the equicontinuity on [0,1] follows from assumptions (2.5) and (2.6) and

following inequalities (here yeQ and 0 <s<t<1);

. R { 1 u
M’ y() - M"y(s)| < I-p(—u)— [0\ 1 (232, p(2)y(2))|dzdu

and

(M) (1)~ p(IM’ YY) < [ p@)|f (2. 9(2), p(2)y ().

K;ﬂ [0,1] is a closed subset of K'[0,1]. Consequently the Arzela-Ascoli theorem

implies that M": Ky, [0,1] — K, [0,1] is completely continuous. Let

K01 - {y ¢ K0 im p()y0) =0, 30 =d
and set
U={ye ki b, <M+1}, C=Ki[0,1] and E= K'[0,1]

Then theorem ( Nonlinear Alternative ) applies with p = d, but by choosing U as above
possibility ii) of theorem is ruled out and so we deduce that N has a fixed point,
that is (2.1) has a solution yeC[0,1] with py'eC[0,1]. The fact that yeC*(0,1)
follows from (2.7) with A = 1.

Corollary 2.8

Suppose the conditions of Theorem 2.7 are satisfied. Assume p(0) = 0 and

lim (p(t)/p’(t)) exists. Then (2.1) has at least one solution in Cl[O,l]mCZ(O,l).

t—0*

If in addition p(0) = 0 and Ilim (p(t)/p'(t)) = O then y'(0) =0 for any solution
t—0*

ye C'[0,1] NC*0,1) of (2.1).
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Proof

L’Hospital’s rule implies

. ¥(8) ~ y(0)
m-———

0"

, 1r 1" ,
= }gg}{—; OJ @) oj P() f (s, y(5), p(8)y (s))dsdu}

. p(®)
= £(0,y(0),0) lim 22 = 310
1.0 limE = y©)
it fim 2% 20 then y(0) = 0 is obtained.
10" p'(1)

2.3 Singular Problems in the Dependent and Independent variables t andy

Many mathematical models give rise to singular boundary value problems of the

form

1
;(py')'HD(t)y"’ =0 0<r<l

}_igz p@y'®)=0, y1)=0

with @e C[0,1], ®=0 on [0,1], p € C[0,1]nC*(0,1] with p> 0 on [0,1] and y> 0.

In this thesis we present existence results for the general second order boundary value

problems of the form;

B
};(py')'+f ¢Gy,py)=0 0<t<l

Vlim p(H)y'(H=0,  y(1)=0 (2.8)

lmlf(t»y,P)") =00
Ly—)O
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with £ : [0,1] x(0,00) x (-00,00) —>(0,00) continuous and peC[0,1]NC'(0,1] with p> 0

on (0,1), p(0)=0 and I—-a)——oo

Here we give two theorems following [43] that will be used in the following chapter

for proving theorems concerning the existence of solutions of (2.8).

Theorem 2.9

Suppose (2.4) and (2.6 ) are satisfied . Then

bI” <[y Ip(t) ?dt 2.9)

for all functions yeD={ weC(C[0,1]: w and pw' are absolutely continuous on [0,1]

and %(pw')’ eL? [01] with lim p(t)w'(t) =0, w(1)=0}
t—

where "yll2 = jpyzdt and "y'"2 = jp(y')zdt

Proof

It is clear that

o)< Iy slds = Ve ) \/%

By using Holder’s integral inequality we obtain,

| (ras V[ TR
o) SU” b '(s)|ds] Usts)] S[Jp@)ly'(nlds] [I%] |

t

Thus for t € (0,1)
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2 ! 't ds
Pl < Jpobolamo S

and so
| 1 | 1 d
PONGIE Up(t)\y’(t)l2 dt} [o
0 0 0 ! p(S)
Consequently
2 ! 'r ds
bl <l 0Lv(z‘) I e dt

is obtained

Theorem 2.10

Let n € N'={ 1,2,... } and suppose lirgg p)y'®)=0, y() =1/n and (2.4) and

(2.5) are satisfied.

i) Let y(t)>1/n for te (0,1) and o<y<I; then
X 1 1 d 1 1

I <l fece I;(Z—)dtﬂjply(t)ldw fp(tydt. (2.10)
0 t 0 0

ji) Let y(t)>1/n for te(0,1) and y >1; then

bl. < (lt%)z-llyllr !p(t) ,j}%)dt +(+1) ojp(t)y’ (n)dt . @.11)
Here
bl = [py7de and |y, = [p" )t
Proof

1
i) Let w(f)= y(t)—; SO tlirg p(H)w'(t) =0. Now theorem 2.9 implies



Ip(t)(y(t)——) dr <y’ || Ip(t) f—(jdt

Hence we have,

_[*—(—)dt.

1 , 2 1 1 l 5 i
Ipry @ Tpyyoac+ — Ipwar <)y

The estimate
2 2! ' d ! !
IvI” <ly'l [pco IIZ)dH?IpIy(t)ldH [p(tydt

is obtained.

¥+l -l

1) 2 1 1) 2
ii) W(l‘)=(y(t)—;) » 80 W'(t)=%(y(t)—;) y'(®), lim p()w'(t) =0

w(l)=0 and 0<Ly(t)-1/n<y(t) on [0,1]. Hence

y-1

, y+1 1)z +1 !
W<f>=7(y<f>“;) Oy

Now theorem 2.9 implies

1 1 v+t 1 +1
fo(yo-1) ars Lv(t)[Y

T 0y (z)) dt Ip(t) I—Udt

el Ip(r)y* OO ds Jp(t) I—O—dt

26
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In addition, since (1-x)"™" >1-(y+Dx for |x/ <1, we have that

ijn ( IJYH 1
— =yi——=| =y'1- 1)—
(y y y ( (v + )ny)

1
P2yt —(y+ Dyt

So the previous inequality becomes,

I (0~ 1 + Dy (i < L ) Jp(z)y*" OO 0) di Ip(r) I—(—;dr

therefore implying,

1 1 21 1 1 d 1
[y o< L2 [ ey a oo | as g [y oa

Hence

1?2 1 1 1
<&y, [p) j%dr+@ +D [pey e

and so (2.11) is obtained.
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CHAPTER THREE
EXISTENCE AND UNIQUENESS THEOREMS

3.0 Introduction

It will be shown that (2.8) has a C[0,1]NC"(0,1]1nC?(0,1) solution. To do this the

following “approximate” problems will be first established;

1
;(py’)'+ f(t,y,py)=0 0<t<l
G.1"

1
lirgl p)y'(H)=0, y()= L ne N*
t—0*

Then to show that (2.8) has a solution, we let n — co; the key idea in this step is the

Arzela - Ascoli theorem.
3.1 Existence of Solution

In this part we give two theorems for the existence of the solution of a two point
boundary value problem which has singularities which appear both from independent

and dependent variables.

Theorem 3.1

Suppose (2.4), (2.5) and (2.6) are satisfied and f :[0,1]x(0,00)x(-0,00)—(0,%0) is

continuous with lirg f(t,y,py") =+ on compact subset of [0,1]x(-c0,00). Suppose
y

further that;
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0< £, ¥(0), p()y' (1)) < Ay + h(y) + By™ + g(»,y") on (0,1) x (0,0) x (~o0,).
Here A>0B=>0, y >0 are constants withh >0 on (0,), g>0 (3.2)

on (0,1) x (0,00) x (—0,00) and sup(p(¢)) = 1 on [0,1],
and

{there exists constants C>0, D>0, E>0,F>0, 0<t <1 with
(3.3)

Y'h(y) <Cy™ + D and yg(y,y") < E(y")* +Hy'| for y>0,

hold. Then a C[O,l]mCl(O,l]r\CZ(O,l) solution of (3.1)" exists for each n € N' in

each of the following cases;

i) 0<y<1 with

I-y T+l

! ‘o ds B ' ds |2
E+AJp(t>I—(—)dt<1 J”(’)UEGJ di <, Jp(t)(!;zggj dt <oo,
1 ) 0
Fatrol ) e Ligloolls) e
ii) y>1 with
(Y“) I (t)f~—dt<y, Ip(t)[j—(—)]’”d,@ Ip(t)[fd—s]”ldmoo,
0 ,P(S)
f—@fp( )(, }“ldsdm I . Ip() ’”ds il <o

Proof

Consider the family of problems
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-:;(py')’“»f*(t,y,py'):o 0<t<l,0<r<1
(34)"
. 1
lim p(1)y' (1) =0, y()=—
t—0 n

where f > 0 is any continuous extension of f from y = 1/n. Let y be a solution to

(34);. Itisclaimed y = 1/n on [0,1].
Since
(py'Y' ==Apf (t,y,py") <0,

py' is nonincreasing. Hence y' is nonincreasing. Since lim p(#)y'(¢f) =0 we have that
1—0*

y'(t) <0 on [0,1] and so y is nonincreasing. Because y(1) = 1/n, we obtain y(1) = 1/n

< y@® < y(0)

Thus y(t) = 1/n on [0,1] and so every solution of (3.4)7 is also a solution of

1
;(Py')'+x.f(t,y)=0, O<f<l, 0<r<l

1 (335"
}_ig} p)yy'(t)=0, yD= ot

Now, it will be shown that there exists a constant M,, independent of A, (and in

fact n) with
1
- <y(t) £M,, te[0,1] (3.6)

for each solution y e C[O,l]mCl(O,l]mCZ(O,l) of (34). Consider the cases 0 <y <1

and y > 1 separately.



i) 0sy<1;
Assumptions (3.2) and (3.3) imply
~(py')'y < (B+D)py"™ +Cpy™' + Apy* + Ep(y")* + Fply/.

Integrating from 0 to 1 yields

;[p|y'|2dt <(B+ D);jp|y1 e ool e A [ ol
; ;
+E]p(y'|2dt+FJp|yrpt+y—'(~2ﬂll |
;

Because y'(1)<0 on te [0,1], y'(1) < 0. Hence

1 1 I~y i 1 1 1

0fply'lzart <(B+ D)Ofplyl dt + C!ply‘mdt + Aofp|y|2dz + Eofply'lzdt + Fofplyrldt.
Thus

b <+ D) (')Ip|y|"’ i+ c;fp|y|“' d+ p;Ip|yr|dt BT + A

and so

(- Byl <B+D) fplyl dt + ij'y “dt+ F Ip\ v+ A 67

Putting (2.10) into (3.7) we obtain,

1+Idt

1 1 d , 1 Iy 1
(1—E~Afp(t)f;—(f's—)dt)lly'll <B+D)Jph| dr+clply

] : | (3.8)
+F _[ply'ldt +24 Ip‘yldt + A Ip(t)dt

31



Also since

1 1! ]
- ! d - - 4! d
(1) n+!( y'(s))ds n*J\/P(S)( y'(s)) o) s

by using Hoélder’s inequality,

posbof j—‘{—-}

is obtained for t €(0,1). Thus we get

Iply(t)| Tt < Ip[1+||y IIL p(s)JEJ dr .

Because (a+b)°< 2°(a’+b%) for c>0;ab20

Iz

l 1-y _ 1 1_71 1 )
[l ars2 fooarr2 b1 oo |25 a

T+l

r+l] ! dS 2
frof 1) 4

.

1 1
[y ™ de <2 [p(eyde +27! |y
0 0

[Pl < [peyar +y | p(t)( j"—))

hold and,

t €(0,1)

(3.9)

(3.10)

(3.11)

(3.12)

32
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ot = 5ok Tt T b} 9

is satisfied. Substituting (3.10), (3.11), (3.12) and (3.13) into (3.8),

-y

(-5~ AIp(t)I——dt)llyH <2‘*(B+D)Ipdt+2"(B+D)|Iyll Ipw(f (S)j

1+

ol o]

]
+2%C det +27 C|| %
0

+24y Ip(l)( I~(—)] dt+24 Ipdt

is obtained. Hencethe estimate

(1-E- Afp(r)f——dt)llyu <ol +oll™ +allro, G14

holds, where
-7

0 =27 (B+D)| p(t)( | dTJ
0 t

T+]

—ZHICIP(I‘)(J.—OZ—)

! 1
[ e ds 2 1 5
Q= 2AJp(t)U;(;)—] dt + FUp(t)dt)

0, = (27 (B+D)+2"C+34) | p(t)dt
0
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Notealsoif L 20, 0< k<2, 0<m <l are given constants, then there exists a

constant N > 0 such that

Lx* sg}—xz +N  for all x=>0.

Thus the estimates

11
o™ <53-E- Ajp(f)f—‘df)NYH + N,

T+ 1 1 2
‘ <o 30-E- AIp(t)I—dz)\ly'll +N,

o, Ily’

o< S0-E- AIp(t)I Sanll +,

hold. Then from (3.14),

Sk~ AIp(t) I—dt)lly I <o
is deduced, where O, =N, + N, + N, +(Q,.
Consequently there exists a constant M, independent of A, with "y’" < M,.
The differential equation and assumptions (3.2) and (3.3) imply

~(py')'y < (B+D)py"™ +Cpy™' + Apy* + Ep(y")* + Fply/|.

Integrating this last inequality from 0 to t yields



35

t t 1-y { t
- pyy' + Iply’lzds <(B+D) Ip!yl ds+ C’J.ply‘T+1 ds+ A Jplylzds
0 0 0 0

! t
+ E Iply'lzds+ F_[p|y'lds.
0 0

Hence
f 2 ! o ¢ T+l
o+ (=B [plyl ds< B+D) o] ds+Clpbf ™ as
0 0 0
! 1
+A4 J‘pIyI2 ds+ F J.ply’lds
0 0
holds. Because (1 - E) > 0 then we have that

‘ 1-y ! 1 4
—pyy' <(B+ D) Ip'yl ds+ C,[p|y|m ds+ A Ip|y|2 ds+ F J.ply'lds.
0 0 0 0

Thus

T+l

1 t 1~y 1 ! 1 ! 1 !
< B+ D)~ [l ds+ - phf ™ ds+ a— ol as+ F— [yas
Po Po Py Py

is obtained. In this last inequality

1-y

Jelys] " ds <2+ [poyas+ 2] fp(s{ Iﬁ) Cds
0 0 0 « P(2)

T+l

'r+|l : dz 2
Al (S)Up(@] “

[yl as <2 ]p(s)ds+ 2!
0 0

I 2 ! ) s, 1 d
Tobtof a2 pona s 2 oo 125 s
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and

1 1

ks Lo T (s -b{J]

are satisfied. Hence we have,

-y

t t 1 2
—yy <@"T(B+D)+2™'C+ 24y~ [pds+ 2 B+ D)y 1 Ip(s)(j &z ] ds
Po Py s p(2)

T+l

w1 't dz |2 21! 't d 1{! 2
] L ij(s)[ J;é) w2 L ij(s{ I;é—st+Fl|y’";( ofp(s)dsJ

Again integrating the lastly obtained inequality from 0 to 1, we get ,

1
i 1 t 2
dsdt + Flly JE){Jp(s)dsJ dt

- ]IL ljp(s)UjE—)T dsds + 2.4y lj—l— ]p(S{:j—dz')def

o (1) 4 s p(2) o P(8) g p(2)

S S N I L AT
=27+ D" ] p(,)ofp(s)(sfp(z))

+ 21:+1 C"y,

tooq
+ (2H (B+ D)+ 2% C+ 24) j——— j‘p(s)dsdt+ 1< M,
o P(1) g

Consequently
1
—<y<M,  te[o1].
n
ii) y>1;

Assumptions (3.2) and (3.3) imply
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+7 + 1! 2 - - [4
—(py")'y" < (B+D)p+Cpy™*" + Apy™ + Eply| y*™ + Fpy'|y].

Integrating from O to 1 yields

i 1 1 1
¥ J‘py’"l Iy'lzdt <(B+D) Ipdt + C.[py“‘dt + 4 !py“*dt
0 0 0

y-1 ¥- 1 Y (l)p(l)
+Ejpy Iyldt+Fjpy ]a’t+ o

Because y'(t) <0 on te[0,1], y'(1)£0, and we have,
1 1 1 1
v [y de < (B+ D) [ pat +C [ py e + 4 py™
0 0 4] 0
1 1
+E J‘py"l |y'|2 dt+F _‘-py"l ly'lar .
0 0

Thus
1 1 1
y WA, <8+ D) [pdr+ € lpyrears dp], + B+ F [y |yl
0 0 0
holds, implying
1 i 1
- By, <(B+D) [parvclpras )« Flprlar. @as)
0 0 0
Inserting (2.11) into (3.15) we obtain;

O RYLALR Lo(r)f-;dt)llyllrs<B+D)Ipdt+pry’”dt

l 1 (3.16)
+F f " ylde + A(y +1) Ipy”dt
0 0

Also since it is true that,

V5 (17 DS e

v+l sy
1+ WpO ey @y Lo feOD
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holds, by using Holder’s inequality, we obtain

1

2 1
DT h2) v 2 ds )?
y > (]p(s)y ly'| ds} (tp(S)J :

Thus we arrive at the estimates;

l/\

2
yr <2 050 [
n 2y ds Yi

y! <2 +(V+1)’+l(y” )M[ p(S))
| . <22(:+:) Artr) il [ ds % o

wca e ™ () (R&S]

2r-1) 2r-h T ds :—:i

<2 ()

By using Holder’s inequality and (a+b)°< 2°(a’+ b®) for ¢>0;ab=0(3.17)gives

rise to;

1

;Lvy”‘ [ylde < (||y||y)%[:)Lvy*“a'l‘)2

i )“' It )U—ds—}ﬁ—ldt

(s)
\ (3.18)

I py()dt < 21*‘ I p(ndt +(y+1) : (

‘/+T

ds v+l

p(s)

1 1 %

2 By-1) Y 1
“py’ ‘dt] <22“*”Up(t)dt} +22(y+1)“' y|| 2"”[ }
N

2(y+1) 1 2(Y+T) ey

Ipy(t)*"dt<2 Ip(t)dt+(v+1) () Ip(




Substituting (3.18) into (3.16),

¥+t

(y-E- 402 ) fp(t)I dt)||y|| <o) + e, )’” Q3(||y||,)%+Q4

is obtained, where

2ptr) 1 ! ds 7;:]’
0 =C(y+1) ™ Jp(r)( j—(~j

(T R LN
0.~ a0 fref [t e oo o )

U

3r-1 (1 2
Q=r 22(’”{[}?(061’1)
0

2(y+r)

Q,=(B+D+2 ™ C+2’+‘ A)Ip(t)dt

Thus there exists a constant Qs with

S4-E- AT Ip(t)I——dt)l!yll <0,.

Hence there exists a constant M, independent of A ,with

1
b, = [y ae < v,
0

The differential equation and assumptions (3.2) and (3.3) imply

+7 + ’ 2 - 1.,
~(py')'y” <(B+D)p+Cpy"™ + Apy™ + Eply| y*™ + Fpy” ™|y

which is integrated from 0to t in order to yields;

39



t t t t
-py'y +y Ipy’”'|y'|2ds <(B+ D) _[pds+ CIpy’”ds + A4 J.py'”a's
0 0 0 0

t 1
+E J‘py"'1 |y'|2ds + Fjpy’“"y'lds.
0 0

Hence

) H {
"y + (v~ E) | py |y [ ds < (B+ D) [ s+ ¢ [ pyras
0 0 0
{ {
+ A4 ,[py'”ds +F Ipy”' ]y’lds
0 0

is deduced. Because (y - E) > 0 we have that

ds.

t ! . .
-py'y'<(B+D) ,[pds+ CIpy”‘ds+ A Ipy‘+7d5+ F Ipy"‘ Iy’
0 0 0 0

Thus

1! 1 1! 1!
-y'y'<(B+ D)— ,[pds +C— J.py“'ds + A— J.py'”ds ++F— J’py"I |y'|ds
P Dy Do Py
In this last inequality the following are satisfied;

t { { 1 d
[pye™ds <2 pyds + r+ 7). | p(s)[ I—Z]ds
0 0 Yo s p(z)

Y+t

2(y+1) ¢ 2(y+7) dZ

I T+ | vl
<ojpy(S)’”dSS2 " ojp s+ (r+) 7 (], )" (,Ip (s)[sjp_(zi] E

1 y-1
Gr-1 2 vl

t Gr-1 1 1 -l v | 1 -
| pr’“‘ |yls 322”"”(“ﬂl,){!p(s)ds)z +22(y+1) 7*‘(Hy”7)(r+l)[ ofp(s)[ [ % )

Hence it follows that

W |

40
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2(y+0) (3y-1)

~y'y' < ((B+D)+24+2 ™ 0] fp(s)ds+22“+” F( vl ) (Ip(s)ds]

Y+t
¥+1

2(y+7) '-;ﬁ
(Y ) " ” .[ ()(_[ ( ))dS+C('y+1) v+ ("yu )M_Ip( )(JPCZZZ)J s

1
= )2

(Y+1) s
)0 fp(s)( e )) ds

holds. Again integrating the above inequality from 0 to 1, we arrive at

v-1

oSN el

2(y+t) 1 Gr-) 1)
y*0)<(B+D)+24+2 ™ ©) I— Ip(s)dsdt 221D || y|| I{ Ip(s)dsJ

T+

2 1.4 ¢ 1 2(y+1) L ™
AQ_J;L”J’HY O%JP(S)[J% sdt +C(y+1) " ("y” )W '[_Ip(s)(I dz)) Idet

p(z

J

2
J’“ (’“) I‘[IP(S) yHds dt +1< M,

+F22 (y+ 1)Y+l

Thus
lSy(t) < M,, te[0,1].
n

Consequently in all case there exists a constant My independent of A with

Layns M, te[0,1]
n

Now, let -py’ > sup(p(t))M,, then -y>M, Integration form 0 to 1 we have
y(0)-y(1) >M,, Hence y(0)>M,.This is a contradiction. Consequently - py’ < sup(p(t))M,.
Hence there exists a constant M, independent of A and also independent of n such that

|py'| < M,. Thus



42

sup|py’| < M, (3.19)
(o]

holds.

Now (3.6), (3.19) and Theorem 2.1 imply that (34)] has a solution y
for each n € N'. In addition since y = 1/n on [0,1], (35)] has a solution

y € C[0,11nC'(0,1]1nC?*(0,1) for each n e N".
Theorem 3.2

Supposé conditions of Theorem 3.1 are satisfied and lim (p(t)/p'(t)) exists.
t—>0"

In addition suppose

for each constant M > 0 and H > 0 there exists a function ¥
continuous on [0,1] and positive on (0,1) with (3.20)
£(t,y,py") 2 W) on (0,1)x (0,M]x[-H, H].

Then a C'[0,1]nC?(0,1) solution of (2.8) exists.
Proof

Theorem 3.1 implies that (3.1)" has a solution y, for each nand there exists

constants Mg and M; independent of n such that

Y

<M, , for te[O,l]

and by p(t) being positive for t €(0,1],
(O, (1) = POy, ()| < My, for t(0,]]

hold. Hence from Corollary 2.8 we obtain
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n (0| M, for t €[0]

where M; is constant independent of n. It follows that {y,} is uniformly bounded and

for t,se[0,1],

(=3, < 1= [y @z -1+ [y (e

< Iy;,(z)dz <M,lt-s{<M8=¢

Hence {yn} is equicontinuous on [0,1]. So Arzela Ascoli theorem guarantees the

existence of a subsequence { yn.} converging uniformly on [0,1] to some yeC[0,1].

Now y(1)=0 with y>0 on [0,1] but in fact (3.20) implies y>0 on[0,1); tosee
this note that since My is independent of n’ there exists ¥(t) ( independent of n')

such that

’

~pyy) = p¥

and consequently

11
V(1) 2=+ |—— | p(s)¥(s)dsdu
n me!
holds. Letting n'— oo yields the result . Also y,, satisfies the integral equation

1 1 u
P(O)= 9, (0)+ I;@ [P0 7 (5,7, (5), D)y, (s)) i

Forte[0,1) and se{[0,t], we have

(8,9, (8), ()5 (8)) = f(5,¥(5), p(5)y'(5))
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uniformly since f is uniformly continuous on compact subset of [0,1]x(0,Mg]x[-Ma,M,].

Thus letting n’ — o yields

{ 1 H,
(1) = 5(0) - I@ 1 p(8) 7 (5,(5), p(5)y'(s)) il

From this integral equation, we see that
1 .
yeC'T0,1]nC*(0,1), ;(py')’+f (¢t,y,py") =0, and y(1) =}gg} p®)y'(t)=0

and hence the proof is completed.
3.2 Uniqueness of solution

In this part we give a theorem on uniqueness of a positive solution for the problem

(2.8).
Theorem 3.3

If £:[0,1)x(0,00)x(-00,00) — (0,%0) is continuous and f(t,y,py’) is strictly decreasing in
y and y for t € (0,1), and integrable over [0,1] for each fixed y >0 and

t
limﬁ(-l =0 then (2.8) has a unique positive solution.

10" p'(1)
Proof

Suppose that there are at least two distinct solutions ¢;, ¢,. From the boundary
conditions ¢}(0) =¢5(0)=0 and ¢1(1) = ¢2(1) = 0. There exists a,be [0,1], a <b,
such that one of the solutions, say ¢, is strictly greater than the other solution, ¢y,

over [a,b]. Define w:[0,1]] >R by
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w(t) = $i1(t) - g2(D).

It is the case that w(t) >0 if t e [a,b]; the claim is that w(t) >0 for t € [0,1].

Otherwise w must have a point of minimum in [0,1], say to, with w(t;) <O.

Since w(1)=0, it must bet, € [0,1); if t, € (0,1) then w(t,) <0, w'(t,)=0and
w'(t,)=0. But

w"(to) = f{to, ¢2(to), P(to)$"2(t0)) - f{to, $1(to), P(to)¢"1(to)) <O

which is a contradiction. Thus the minimum must occur at t=0 so w(0) <0,

w(0)=1(0)—¢,(0) =0 and w’(0) 2 0. But
w"(0) = £(0, $2(0), 0) - {0, $:1(0), 0) <0

which is a contradicts the fact that minimum of w occurs at t = 0. Hence w(t) = 0 for

te [0,1]

From the boundary condition w'(0) = 0 and w(t) 2 0 for te [0,1] and also w(0) > 0.
Hence ¢1(0) 2 ¢2(0), ¢,(0)=¢,(0)=0 and

w''(0) = (0, $2(0), 0) - f(0, $:(0),0) =0
so there exist £ > 0 such that if t e [0, €), then W'(t) is nondecreasing. Hence w'(t) > 0

and ¢/(t) > ¢, (t) for te [0, €). Also for te [0, €) w(t) is nondecreasing and w(t) >0
that is, ¢i(t) > ¢o(t) for te [0, €). But for te [0, €)

1 1 u,
o, ()= ;[% (;[p(s)f(s,d)l(s),p(s)¢,(s))dsdu

1 1 u
< [ Il a0, oy ) s = 4,0
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This is a contradiction. Hence ¢,(t) = ¢2(t) and w(t) = 0 for te [0, €). Because w(0) =0
and w(1)=0, from the Rolle’s theorem there must be t, € (0,1) such that w'(t;) =
0. So w(to) = i(to) - ¢2(te) 2 0 and w'(ts) = ¢7(t,) — 95 (t,) = 0.

W(tg) = f{to, 2(to ), P(to )2t )) - ke, D1(to ), Plto)d'1(t)) = 0

So there exist € >0 such that if te(t,, t,+€) then w'(t) is nondecreasing. Hence
w'(t) 20 and ¢} (t) 2 ¢5(t) for te(ty,, t,+€). Also for te(ty, t,+€), w(t) 20 that is
d1(t) 2 go(t). But for te(ty, to+€)

1 1 [
0,(1) = I% Jp(s)f(s,d»l (), P(s)0) () dsc

1 1 u,
< Iﬁ ()Ip(s)f(s,%(s),p(s)d»z (5))dsdu =, (1)

This is a contradiction. Hence ¢;(t) = ¢2(t) and w(t) =0 fort e [0,1].
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CHAPTER FOUR
APPLICATION TO THE THEORY - A

NONLINEAR MODEL OF HEAT CONDUCTION
IN THE HUMAN HEAD

4.0 Introduction

The skin is an organ which covers the entire human body. This organ has many
functions and one of them is to maintain the deep-body temperature at a constant level
for a wide range of environmental conditions and metabolic rates. But there are certain
difficulties in making measurements of skin temperature. It is also very difficult to

measure heat flux at positions below the surface of the skin.

The distribution of the temperature in the human head in relation to several
environment temperaturés was measured and calculated by Thron [49] (1956). This
mathematical model for temperature distribution in the human head can be represented
by the following boundary value problem which is formulated by the differential

equation of heat conduction

d2T+zd—T+g—0 4.1
ar® rdr k @.1)

and boundary conditions
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where T = T(r) is the temperature distribution in the head, r is the radial distance from
the origin, E is environment cooling constant, T4 is environment temperature, Ty is
periphery temperature, Q is the heat production per unit volume, k is the thermal
conductivity inside the head. In this model Q and k are assumed to be positive constants.

R is the radius of the head.

In this model, there is no singularity and the differential equation can be solved

easily. So Thron obtained the solution of the above boundary value problem as

=T, + B 14 2 (1)2 4.2
O=Ta " 1" ER "R (4.2)

He also calculated the distribution of the temperature assuming additional heat
sources while the blood cools at the periphery by the differential equation (4.1)
with

Q=Qo+ Qs 4.3)

where Qp = Vs(T, - T), Qo is the heat production of tissue, V is volume of the flow of
blood in unit volume and unit time, T, is the deep temperature of the human head

cal
'"Cem®

and s=09 Hence differential equation (4.1) becomes

T 2dI Vs Qy+VsT,

+—— T =

ar® rdr k= k

and Thorn also used the boundary conditions
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The numerical results of these two models are shown in the following figure
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Figure 4.1 Temperature distribution given by Thron [49]. ------- obtained by (4.2)
and next graphicsobtained by the solution of (4.1) with (4.3).

In the following figure we also give the experimental measurement results of Thron [49]
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Figure 4.2 The distribution of the temperature in relation to several environment

temperature was measured in the human head by Thron [49]
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In figure (4.2), + is the temperature of the middle of forehead, A is the temperature
of the outside of cheek, o is the temperature of the inside of cheek and e is the
temperature of the sublingual. In the environmental temperature under the 28 °C, Thron
presented the interpolation polynomial of the periphery temperatures of forehead, inside

of cheek and outside of cheek.

For forehead Ty=33.03 +0.14( T, -10)
For inside of cheek Ty =35.5+0.064( T, -16.75)

For outside of cheek Ty, =30.1 +0.42( T, -15.22)

Richardson and Whitelaw (1968) [44] calculated and measured the temperature, the
heat conduction on a model and on human skin as a function of the surface temperature
of the skin. They investigated whether the heat conduction is independent of the surface

temperature of skin or not.

Colin, Boutelier and Houndas (1966) [16] discovered that the heat conduction is
related to the temperature of the environment. They set out from the assumption,

however, that the heat is only produced in the center of the body.

Flesch (1975) [22] calculated the temperature distribution by the differential equation
(4.1) assuming a heat generation rate which was an explicit function of the radial
distance from the center and an implicit function of the environment temperature. For
the calculation of the temperature distribution in the human head for temperature of the
environment of 26 °C, he assumed Q = q;r* where q, is positive constant and r is radial

coordinate of the sphere. The solution of differential equation (4.1) is

1 1
T(r) = const, + const, ?—v%%r"

For the condition r=0 T is only finite if const,= 0. It follows:



51

1 q, ,
T(r)—const—20 K r

For the calculation of the temperature distribution in the human head for the temperature
of the environment of 20 and 10 °C one sets Q = qor° where qa is positive constant. The

solution of differential equation is

14 s
T(r)—const—BO K r

Gray (1980) [28] calculated the temperature distribution by the differential equation
(4.1) with boundary conditions

T(0) is finite, - k(i—rf) =B(T-T,)

r=R

where [ is heat exchange coefficient from the head to the surrounding medium and T, is

the environment temperature.

His main assumption is Q = a - N T(r). Where o and N are constants such that N is

large subject to Q > 0. Then the differential equation becomes

d’T 2dT o— NT
dr? rdr k

=0 0<r<R

which is easily solved to give the general solution

T(r) = —e\/h)r _Fr + 2

N

From the boundary condition B = - A and
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Bla—NT,)

A=
NR

X B [Nr -2k
2N(R2~R sinh l(R—2 N~k cosh

k
R

Anderson and Arthurs (1981) [1] calculated the temperature distribution by the

NT
nonlinear boundary value problem assuming Q = ae © . Then differential equation

(4.1) takes the following form

NT
d2T+g£+ae~ - =0 0<r<R
dr® rdr ko f
. . dT
T(0) is finite, = k(:l?) =B(T-T,)

r=R

where f is heat exchange coefficient from the head to the surrounding medium, T, is

the environment temperature and o, N > 0 constant. They obtained numerical results

of this model [1].
4.1 A Nonlinear Model of Heat Conduction in the Human Head

In the previous works done on mathematical modeling of heat conduction in the
human head we have encountered with linear or nonlinear differential equations which
have singularities in the independent variable and the solutions of these second order
regular or singular differential equations could be obtained without any difficulties. In
all these models thermal conductivity k were assumed to be constant. But it is
well known that if k depends on the temperature distribution, the model will be

more realistic and it can be considered as a function of T.So in this study, we
1
assume k = k(T)= ko(T—Ty)3. Under this assumption we develop a mathematical

model of the heat conduction in the Human head as follow.



4.2 The Model of Heat Conduction in the Human Head

In application of the conservation law, we first need to identify the control volume, a

region of space bounded by a control surface through which energy and matter may pass

Qx

Qy

Figure 4.3 Differential Control Volume, dxdydz, for Heat Conduction Analysis

From the conservation law
Ein-Eou+Eg=E
where  Ej, = qxdydz + qudxdz + g,dxdy, Eou = qu+axdydz + qy+aydxdz + qprgdxdy

oT
Eg=qdxdydz E=pc dedydz, p is density and c is specific heat of the tissue.

oT
Per dxdydz = q,dydz+q dxdz+q,dxdy
~ (4 e dydz+q,,q dxdz+q,,, ,dxdy) + qdxdydz

Hence

oT : 0
pc 2t dxdydz = q,dydz + q dxdz+q,dxdy - q,,,dydz - qu"— dxdydz

aq)' 6qz
~(q.4dxdz - —a—y— dxdydz-q,dxdy - Fs dxdydz + qdxdydz
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and we obtain

oT oT
where from the Fourier’s law of heat conduction q,=-k—, q,=-k_—

a)(’ 6y9

oT
= —ka—, k is thermal conductivity ( 107), T is the temperature (°C) and
Z

a
cm sec °C

Q is the heat production ( 107).

SeC

1
If we take k= ko(T—Ty)3 then

a Zar Ta2r
ds (T Tn) 3 o~k Ty) —
By
ay H y 0 H ay

oq, —23-6T 3 62T

5 (T Ty) ~ko(T TH) —~—

where Ty is the temperature of periphery and k, is a positive constant. Hence we

obtain

oT V&1 o1 8T | 291 or or
pca—-ko(T TH)3(6x2+ay2 az)+ ko(T=Typ) 3(—~+5;+5—) 0

which is the usual equation of the heat conduction.

In the steady state heat conduction case,

62T+62T 62T1 L _or or or, Q0 _
x? oyt Y T)(6x dy ) 1=
ko(T=Ty)?
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From the radial symmetry, above equation becomes

dar

dr? T ar +§(T—TH)

d*T 2dl 1 1 (dT)z o __,
o=

ko(T—Ty)3

Since heat generation is a function of temperature as Q = Q(T), we take Q =q,(37-T)

where q, is a positive constant, then

°T 24T 11 (E’Z)ZJF qB7-7) _
=

a2 rdr 3(T-Tp\dr =0
ko(T'—Ty)?
Boundary conditions are given as
dT
— =0, TR)=T
dr| , ~ (R)=Tu

where R is radial radius, then we obtain the following singular boundary value problem

(@®T 247 1 1 (dT)? -
Q(7-1)
b el AT o0 0<r<
dr2+rdr+3(T—TH)(dr) * ] r<R
ko(T—Ty)3
<
dr
| al "0 TR

This is the boundary value problem of the heat conduction which human head is

assumed as a sphere. R is radius of the sphere.

By transformation y=T - Ty,

dT dy d’T d?%y

dr dr’ dr?



we obtain

(a2 2dy 11(d\° ¢GT-y-T,
dr= rdr 3y\dr -
koy3
P
dy _
=0 Y=

By t=r1/R then r=Rt, 0<t<1and

dy dydt 1dy d’y 1 d%
dr dtdr R dt’ dr?> ~ R? dt?

we have dimensionless form of the equation (4.4)

[ 42 p 4
y 2dy 11(dy)" qB7-y-Ty)R
@ rat \a) 1y R
koy?
<
dy _
L drl,_, = 0, y()=0

In (2.8) if we take p(t)=t*and

11(dy\? 37—y —T,)R?
f(t,y,py')=g-—(~y-) LAy )

y\dt -
k0y3
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4.4

(4.5)

then all properties of p(t) and f( t, y, py’) in the theorems in chapter 3 are satisfied for

(4.5). Hence the solution of the above singular boundary value problem exists and it is

unique. Since we know that the solution exists and it is unique, a finite difference

solution can be obtained. In chapter 5 finite difference solution is obtained and the

numerical results have been compared with some previous results.
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CHAPTER FIVE
NUMERICAL COMPUTATION

5.0 Inéroduction

In chapter four we developed a nonlinear mathematical model for the heat conduction
in the human head which is given by (4.5). In this chapter this model will be solved

numerically.

5.1 Finite Difference Formulation of the Problem

We will solve the singular boundary value problem, distribution of the temperature in

the human head,

r
d’y 2dy 1(dy\ qB7-y-Ty)R
EF*?E*S}(E{ + =0 Ol
< koy? (5.1)
| y©0)y=y1)=0
or
1 1 ("2 37—y- 2
7(t2y')’+§(y) +‘I1( y ITH)R _0 o0<t<l
< k0y3
| y'(0)=y(1)=0

by the method of finite difference.
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If we divided the interval (0,1) into subinterval n with h = 1/n then by the central

differences

Vi —2¥; +Yigy
h2

Yin =Yy
2h

and vy’

n

y' =

Then equation (5.1) reduces to

2 2
Yirt =2Yi+ Yiet | 2 Vie1 = Yici +_1_(J’i+1 ~Yi-1) +‘11(37—J’i—TH)R B
2 2 1 =
koy;

0

where t;=ih. From the boundary condition

Yi-Y.
y(0)="—2""=0 then y, =y,

Hence fori=0

, BT=1 =Ty R°Kq,
1 1

2y ~2y,=0

koyg

and for i= 1,2,3,..,n-1

Qir1=3-)® | 373, - Ty)RPHg,
12y; :

1 1
(1 +;)y,~+1 + -2y;+(1 —;)y,-_l =0

kOyi3

0.00009T,,

1
(B7-T,)>

where q; = 0.000002Tf4 , for forehead Ty=33.03 +0.14(T,-10), k.=

n=100 and T, is environmental temperature.

This is a nonlinear system of equations. We can use Newton Raphson’s method to
solve the nonlinear system of equations. If we solve this system numerically then we
obtain the following temperature distribution in forehead of human head in the various

environment temperature.
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5.2 Numerical Results and Graphs
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Figure 5.1 Temperature distribution in the tissue of human head relative to radial

distance from the origin for several environmental temperature.
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Figure 5.2 Heat generation of tissue of the human head relative to radial distance

from the origin for several environmental temperature.
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Figure 5.3 Thermal conductivity of tissue of the human head relative to radial

distance from the origin for several environmental temperature.
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CONCLUSIONS

In this study existence and uniqueness results have been established for non-negative
solutions to singular nonlinear two-point boundary value problems formulated by (2.8).
We have followed the idea suggested in [43] to prove the existence theorem and have

followed the way given in [21] for uniqueness of the solution.

As an application to this nonlinear problem we have developed a mathematical
model for the heat conduction in the human head. Temperature distribution in the
human head have been considered by some authors [1, 22, 28, 49]. In their models
thermal conductivity k is assumed to be a constant. But experiments have shown that k
is not a constant but depends on temperature T. So to be more realistic we have
considered k as a function of T and developed a nonlinear singular differential equation

with suitable boundary conditions of the type (2.8)

Numerical solutions have been obtained by the finite difference method and are

represented graphically.

These results have been well in agreement with experience. It has been found that the
generation of head is greater in the periphery of the human head then in the center and
the generation of heat increases if the environment temperature decreases. Experiments
have also shown that the temperature at the center of the head is not effected by the

environment temperature. Our numerical solutions have given the same results.
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