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ABSTRACT

HIGH PRESSURE PROPERTIES OF METALS FROM
FIRST PRINCIPLE CALCULATIONS: GOLD AS AN

EXAMPLE

Rasim Volga Oval�
M.S. in Physics

Supervisor: Assist. Prof. Dr. O§uz Gülseren
September, 2004

Metal Au is used extensively in experimental setups as a calibration standard
due to its chemical inertness and high structural stability. It is well-known that
it has stable fcc structure up to 100 GPa pressure. Furthermore, availability in
pure form and, low strength and rigidity makes Au an important material for
high pressure material science and geophysics.

In this thesis, our purpose is to calculate the high pressure properties of crys-
tal Au from �rst principles calculations. A guidance is presented for performing
ab-initio calculations in the framework of Density Functional Theory (DFT) and
using both Local Density Approximation (LDA) and Generalized Gradient Ap-
proximation (GGA). The static equation of state (EOS) of Au is obtained up to
500 GPa pressure. The zero-pressure properties of gold (i.e equilibrium volume
and total binding energy, bulk modulus, pressure derivative of bulk modulus) is
calculated via EOS using Vinet formalism. The structural phase transformation
(fcc to bcc phase) is observed at ultrahigh pressure regime. The band struc-
tures and density of states belonging to these phases are discussed at zero and
600 GPa pressures. The elastic properties (for example; elastic constants, ag-
gregate constants, sound velocities, aggregate velocities) of Au is calculated and
compared with experimental data and similar theoretical studies. Finally, calcu-
lated phonon spectrum for various hydrostatic pressure values is compared with
experimental data.

Keywords: Equation of state, elastic constants, vibrational spectrum, phonons,
gold, high pressure, �rst-principle calculations.
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ÖZET

TEMEL PRENS�PLER HESABI �LE METALLER�N
YÜKSEK BASINÇ ÖZELL�KLER�: ÖRNEK OLARAK

ALTIN METAL�

Rasim Volga Oval�
Fizik, Yüksek Lisans

Tez Yöneticisi: Yard. Doç. Dr. O§uz Gülseren
Eylül, 2004

Alt�n, yüksek kimyasal ve yap�sal kararl�l�k göstermesi nedeniyle deneysel
düzeneklerde kalibrasyon standard� olarak s�kça kullan�lmaktad�r. Ayr�ca al-
t�n�n 100 GPa bas�nc�na kadar kararl� fcc yap�s�na sahip oldu§u iyi bilinmektedir.
Bunun yan� s�ra kolayl�kla saf halde elde edilebilmesi ve kolay s�k�³t�r�labilir olmas�
malzeme bilimi ve yer bilimi aç�s�ndan alt�n� önemli bir madde haline getirmek-
tedir.

Bu tezde amaç, alt�n metalinin de§i³ik kristal yap�lar�n� temel prensiplere
dayal� kuantum mekaniksel hesaplamalar ile iki farkl� yo§unluk fonksiyonu (LDA
ve GGA) için incelemektir. Tezin ilk bölümü, hesaplamalarda temel olarak kul-
land�§�m�z Yo§unluk Fonksiyoneli Teorisi ve temel prensipler hesab� konular�n�
aç�klamaktad�r. Daha sonraki bölümde, s�f�r s�cakl�kta alt�n�n fcc yap�s� için 500
GPa bas�nc�na kadar bas�nç-hacim e§risi ç�kart�ld�. Hesaplanan bas�nç-hacim
e§risi de§i³ik durum denklemleri ile kar³�la³t�r�larak bulk modülü, bulk modülün
türevi ve denge hacmi hesapland�. Bcc ve hcp yap�lar�da toplam ba§lanma en-
erjileri hesaplanarak yüksek bas�nçta faz de§i³imi olabilece§i görüldü. 0 ve 600
GPa bas�nç de§erlerinde fcc ve bcc fazlar�n�n band yap�lar� ve durum yo§unluk-
lar� hesaplanarak kar³�la³t�r�ld�. Bunun yan� s�ra elastik sabitler ve fonon spek-
trumu, de§i³ik hidrostatik bas�nç de§erleri için hesaplanarak deneysel verilerle
kar³�la³t�r�ld�.

Anahtar sözcükler : Durum denklemi, elastik sabitler, titre³im spektrumu, fonon-
lar, alt�n, yüksek bas�nç, temel prensipler hesab�.
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Chapter 1

INTRODUCTION

With the development of diamond-anvil cell (DAC) and shock-wave measure-
ment techniques, the attainable pressure range is increased dramatically. Using
DAC techniques, pressures of 200-300 GPa can be reached in a laboratory. More
extreme pressures are also on the horizon. The most widely used calibration
standard in these experiments is metal gold because of its chemical inertness,
structural stability, availability in pure form and low strength and rigidity. Thus
the chemical and physical properties of Au has to be known even at extreme
pressures.

The total energy calculations is a powerful method to obtain the physical
properties because nearly all physical properties are related with total energy or
the di�erences between total energies [1]. Studies on total-energy techniques show
that method can be used to predict equilibrium lattice constants, bulk moduli,
phonons, piezoelectric constants, and phase transition pressures and temperatures
accurately. Thus, many computational techniques were developed in order to
calculate the physical properties of materials. The name ab-initio usually refers
to the methods which require only the speci�cation of the ions present [1]. The
most successful of these methods is the total-energy pseudopotential method.

Due to the reasons described in the above paragraphs, purpose of this thesis
is to obtain physical properties of Au at ambient and ultra high pressures using

1



CHAPTER 1. INTRODUCTION 2

�rst principles calculations. The equation of state of Au is calculated up to 500
GPa with two approximation methods, Local Density Approximation (LDA) and
Generalized Gradient Approximation (GGA). The comparison of LDA and GGA
functionals is also presented. Moreover, the data is analyzed in terms of di�erent
EOS forms. The calculations were repeated for di�erent phases for Au (such
that bcc and hcp) and a phase transition was observed at ultrahigh pressure
regime. Furthermore, the total energy calculations were used to calculate the
elastic properties. Three elastic sti�ness constants (c11, c12 and c44), tetragonal
shear modulus, bulk modulus and their pressure dependencies are presented. The
aggregate properties are also included. Band structure and density of states was
calculated for fcc structure at 0 GPa, 200 GPa and 600 GPa and for bcc structure
at 0 GPa and 600 GPa. At the end phonon dispersion relations and pressure
dependencies of zone boundary phonons were calculated.

The thesis is organized as follow. In chapter 2, the theoretical background
and computation method are presented. At the end of the chapter some com-
putational details are also discussed. In Chapter 3, both computational and
experimental studies in the literature are summarized. Chapters 4, 5 and 6 are
the result chapters. The equation of state, related properties and phase tran-
sition at ultrahigh pressures are given in Chapter 4. Chapter 5 is related with
elastic properties of Au. In Chapter 6 phonon dispersion relations are presented.
Finally, Chapter 7 concludes the thesis.



Chapter 2

THEORETICAL BACKGROUND

2.1 Introduction

The physical and chemical properties of matter can be exactly determined by
solving many-body Schrödinger equation. But in many cases this task is di�cult
because too many particles interacting with each other (i.e electrons and ions, and
consider Avogadro number ∼ 1023) and Schrödinger equation cannot be easily
decoupled into a set of independent equations. Additionally a system consists
of di�erent kinds of particles which obey di�erent particular statistics. In the
general form, the Hamiltonian of such a system is:

H = −
P∑

I=1

h̄2

2MI

∇2
I −

N∑
i=1

h̄2

2m
∇2

i +
e2

2

P∑
I=1

P∑
J 6=I

ZIZJ

|RI −RJ |

+
e2

2

N∑
i=1

N∑
j 6=i

1

|ri − rj|
− e2

P∑
I=1

N∑
i=1

ZI

|RI − rj|
(2.1)

= TN + Te + VNN(R) + Vee(r) + VNe(r,R)

where R = {RI}, I = 1...P , is a set of P nuclear coordinates, and r = {ri},
i = 1...N , is a set of N electronic coordinates. Then the following Schrödinger
equation is:

3



CHAPTER 2. THEORETICAL BACKGROUND 4

HΨi(r,R, t) = EiΨi(r,R, t)

[TN + Te + Vee(r) + VNN(R) + VNe(r,R)] Ψi(r,R, t) = EiΨi(r,R, t) (2.2)

The electrons obey the Fermi-Dirac statistics so the electronic wave functions
should be antisymmetric and the nuclei can be fermions, bosons or distinguishable
particles.

To solve the Schrödinger equation some approximations are necessary. The
�rst one is Adiabatic Approximation (Born-Oppenheimer approximation).

2.2 Born-Oppenheimer Approximation

Since the time scales of nuclear and electronic motions are di�erent, such that
the velocity of the nucleus is much slower than the electrons due to large mass
di�erence between electrons and nuclei, the nuclei can be treated as in the same
stationary state of the electronic Hamiltonian. Then the full wave function can be
separable into nuclear and electronic wave functions. The nuclear wave function
may vary in time because of the coulombic interactions but the electronic wave
function instantaneously adjust itself to the nuclear wave function because of the
very fast response of electrons to the ionic motion. Then the full wave function
factorizes as:

Ψi(r,R, t) = Θm(R, t)Φm(R, r) (2.3)
where Θm(R, t) and Φm(R, r) are nuclear and electronic wave functions respec-
tively. Then the decoupled adiabatic Schrödinger equations of electrons and nuclei
are:

[Te + Vee(r) + VNe(r,R)]Φm(R, r) = εm(R)Φm(R, r)

[TN + VNN(R) + ε(R)] Θm(R, t) = ih̄
∂

∂t
Θm(R, t) (2.4)
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where m is any electronic eigenstate but in the literature it is taken as ground
state in many applications. If we neglect the quantum e�ects in ionic dynam-
ics, the time-dependent ionic Schrödinger equation can be replaced by classical
Newtonian equation of motion as:

∂2PI(t)

∂t2
= −∇IE0(R)

E0(R) = ε0(R) + VNN(R) (2.5)

Then the force (∇IE0(R)) acting on nucleus contains contributions from ion-
ion interaction and a term from the gradient of the electronic total energy which
is given as the expectation value of gradient of the electronic Hamiltonian in the
ground state from Hellmann-Feynman theorem.

∇Iε(R) =
∂

∂RI

〈Φ0|He(R)|Φ0〉

= 〈∇IΦ0|He(R)|Φ0〉

+ 〈Φ0|∇IHe(R)|Φ0〉 (2.6)
+ 〈Φ0|He(R)|∇IΦ0〉

= 〈Φ0|∇IHe(R)|Φ0〉

First and third terms are vanish due to variational property of the ground
state.

Now we are left with solving the electronic Schrödinger equation. But again
this is not an easy job even numerically and some approximations should be
necessary.

2.3 Hartree and Hartree-Fock Methods

In 1928 Hartree [2] proposed a method for solving many-body electronic
Schrödinger equation. According to that the many-electron wave function can
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be written as a product of one-electron wave functions and each electron sees an
e�ective potential generating by other electrons and ions. Then the ground state
of the many body Hamiltonian can be solved from variational principle. The
Hartree formulation can be summarized as:

Φ(R.r) =
∏
i

ϕ(ri) (2.7)
(
− h̄2

2m
∇2 + V

(i)
eff (R, r)

)
ϕi(r) = εiϕ,(r) (2.8)

The e�ective potential is the sum of the potential of ions at positions R (V (R, r))
and the electrostatic potential generated by the charge distribution ∑N

j 6=i ρj(r) as:

V
(i)
eff (R, r) = V (R, r) +

∫ ∑N
j 6=i ρj(r′)

|r− r′|
dr′ (2.9)

where
ρj(r) = |ϕj(r)|2 (2.10)

Since the e�ective potential depends on the eigenstate, thus the solution, this
becomes Self-Consistent Field (SCF) problem which has to be solved iteratively.
The method works as follow. Starting from a appropriate trial wave function the
electronic density (ρj(r)) can be found from Eq. 2.10 and e�ective potential can
be calculated from Eq. 2.9 After solving Schrödinger equation, the procedure
is repeated several times with new wave functions until the self-consistency is
achieved. The total energy of the system is then:

EH =
N∑

n=1

εn −
1

2

∫ ∫ ρ(r)ρ(r′)
|r− r′|

drdr′ (2.11)

where ρ(r) is the �nal electronic charge density and εn is the eigenvalue corre-
sponding to nth electron. Note that the total electronic energy is not just the
sum of eigenvalues of electrons because the e�ective potential in the formulation
is counted twice.

Since the electrons are fermions, Hartree formulation can be improved by con-
sidering the Pauli exclusion principle such that the many-electron wave function
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is replaced by the antisymmetrized many-electron wave function in the from of
Slater [3] determinant as:

Φ(R, r) =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1(r1, σ1) ϕ1(r2, σ2) ... ϕ1(rN , σN)

ϕ2(r1, σ1) ϕ2(r2, σ2) ... ϕ1(rN , σN)

... ... ... ...

ϕN(r1, σ1) ϕN(r2, σ2) ... ϕN(rN , σN)

∣∣∣∣∣∣∣∣∣∣∣∣
(2.12)

The approximation is called Hartree-Fock [4] and works similar as Hartree
approximation except that the additional coupling term (i.e exchange) appears
in the Schrödinger equation as:

(
− h̄2

2m
∇2 + V (R, r) +

∫ ∑N
σ′,j=1 ρj(r′, σ′)

|r− r′|
dr′
)
ϕi(r, σ)−

−
N∑

j=1

(∑
σ′

∫ ϕ∗
j(r

′, σ′)ϕi(r′, σ′)

|r− r′
dr′
)
ϕj(r, σ) =

N∑
j=1

λijϕj(r, σ) (2.13)

Both methods are simple but have some disadvantages. First, the computa-
tional time increases rapidly with increasing number of electrons. Second, many-
body correlations are neglected in the formulation.

2.4 Density Functional Theory

In 1927-1928 Thomas and Fermi proposed that the electronic charge density is the
fundamental variable of the many-electron problem [5][6] and the Thomas-Fermi
theory is the starting point of the Density Functional Theory (DFT). Today, the
DFT calculations is the common way of total energy calculations in condensed
matter physics.

The main problem in total energy calculations of a system composed of N
interacting electrons in an external �eld is to take the correlations e�ects into
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account. These are due to electron-electron interactions. The total energy can
be written as before:

E = 〈Φ|T̂ + V̂ + V̂ee|Φ〉 = 〈Φ|T̂ |Φ〉+ 〈Φ|V̂ |Φ〉+ 〈Φ|V̂ee|Φ〉 (2.14)

where T is the kinetic energy, V is the energy due to ions or external �eld and Vee

is the electron-electron interaction. We now concentrate on the electron-electron
interaction term which can be written as:

Vee = 〈Φ|V̂ee|Φ〉 =

〈
Φ

∣∣∣∣∣∣12
N∑

i=1

N∑
j 6=

1

|ri − rj|

∣∣∣∣∣∣Φ
〉

=
∫ ρ2(r, r′)
|r− r′|

drdr′ (2.15)

where ρ2(r, r′) is the two-body density matrix and can be de�ned in terms of
annihilation and creation operators (a, a†) for electrons as:

ρ2(r, r
′) =

1

2

∑
σ,σ′
〈Φ|a†σ(r)a†σ′(r′)aσ′(r′)aσ(r)|Φ〉 (2.16)

Now we de�ne the two-body correlation function g(r, r′) as:

ρ2(r, r
′) =

1

2
ρ(r, r)ρ(r′, r′)g(r, r′) (2.17)

where ρ(r, r′) is the one-body density matrix. With the de�nitions:

ρ(r, r′) =
∑
σ

ρσ(r, r′) (2.18)

ρσ(r, r′) = 〈Φ|a†σ(r)aσ(r′)|Φ〉 (2.19)
the electron-electron interaction energy of Eq. 2.15 from equations 2.16, 2.17,
2.18 and 2.19 will be:

Vee =
1

2

∫ ρ(r)ρ(r′)
|r− r′|

drdr′ +
1

2

∫ ρ(r)ρ(r′)
r− r′

[g(r, r′)− 1] drdr′ (2.20)

where the �rst term corresponds to classical electrostatic interaction energy and
second term contains the correlation e�ects. Since the electrons are fermions there
is a spatial separation between the electrons with same spins due to antisymmetric
wave function. This reduces the coulomb energy and this reduction is called
exchange energy. Exchange energy can be included into the calculations via
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Hartree-Fock approximation and the density and density matrix can be calculated
from the Hartree-Fock ground state Slater determinant. Electrons with opposite
spins are also spatially separated due to coulomb interaction. The correlation
energy is the di�erence between the total energy of the system and calculated
Hartree-Fock energy.

From equations 14 and 20 the electronic energy of the system can be written
as:

E = T + V +
1

2

∫ ρ(r)ρ(r′)
r− r′

drdr′ + EXC (2.21)
and the kinetic energy and energy due to external �eld can be expressed as:

T =

〈
Φ

∣∣∣∣∣− h̄2

2m

N∑
i=1

∇2
i

∣∣∣∣∣Φ
〉

= − h̄2

2m

∫ [
∇2
rρ1(r, r

′)
]
r′=r dr

V =
P∑

I=1

〈
Φ

∣∣∣∣∣
N∑

i=1

υ(ri −RI)

∣∣∣∣∣Φ
〉

=
P∑

I=1

∫
ρ(r)υ(r−RI)dr (2.22)

and EXC is the exchange-correlation energy.
EXC =

1

2

∫ ρ(r)ρ(r′)
|r− r′|

[g(r, r′)− 1] drdr′ (2.23)

2.4.1 Thomas-Fermi Theory

For the �rst time in 1927 Thomas and Fermi proposed that the total energy can
be written in terms of the electronic density [7]. The theory is the crude model of
the today's Density Functional Theory such that it did not include the exchange
and correlation e�ects. By neglecting the EXC in Eq. 2.21, the Thomas-Fermi
total energy given as:

ETF [ρ] = Ck

∫
ρ(r)5/3dr+

∫
υ(r)ρ(r)dr+

1

2

∫ ∫ ρ(r)ρ(r′)
|r− r′|

drdr′ (2.24)
where the �rst term represents the kinetic energy and it can be calculated from
the kinetic energy density of homogenous gas. Here Ck is equal to 3(3π2)2/3/10.
Thomas-Fermi total energy is depends only the electronic density and it is a
functional of the density. By considering the constraint ∫ ρ(r)dr = N the total
energy can be calculated from Eq. 2.24 variationally. In terms of functionals:

δ

δρ(r)

[
ETF [ρ]− µ

∫
ρ(r)dr

]
= 0 (2.25)
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and the chemical potential (µ) is:

µ =
5

3
Ckρ(r)

2/3 + υ(r) +
∫ ρ(r′)
|r− r′|

dr (2.26)

This equation can be inverted to obtain the density as a unique function of
the external potential.

2.4.2 Hohenberg-Kohn Theorem

In 1964, Hohenberg and Kohn proved that the total energy is a unique functional
of the electron density [8]. First, they showed that the potential is univocally
determined by the electronic density. Let us assume two di�erent potential can be
generated by same electronic density such that two potentials ν and ν ′ corresponds
to same ρ(r). E0, ψ are the ground state energy and ground state of H, and E ′

0,
ψ′ are the ground state energy and ground state of H ′. According to variational
principle:

E0 < 〈ψ′|H|ψ′〉 = 〈ψ′|H ′|ψ′〉+ 〈ψ′|H −H ′|ψ′〉 = E ′
0 +

∫
ρ(r)(ν(r)− ν ′(r))dr

(2.27)
with same treatment:

E ′
0 < 〈ψ|H ′|ψ〉 = 〈ψ|H|ψ〉+ 〈ψ|H ′−H|ψ〉 = E0−

∫
ρ(r)(ν(r)− ν ′(r))dr (2.28)

Combining equations 2.27 and 2.28 gives E0 + E ′
0 < E ′

0 + E0, so that our as-
sumption is wrong and ν(r) and ν ′(r) should be same except for a trivial additive
constant.

Since ground state wave function is determined by the potential, it is also
functional of the electronic density.

The second theorem of Hohenberg and Kohn is E0 < Eν [ρ̃] where ρ̃(r) is the
electronic density normalized to N . And Eν [ρ̃] is:

Eν [ρ̃] = F [ρ̃] +
∫
ρ̃(r)ν(r)dr (2.29)

where F [ρ̃] is:
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F [ρ̃] = 〈ψ[ρ̃]|T + V |ψ[ρ̃]〉 (2.30)
The proof is simple. Due to variational principle:

〈ψ[ρ̃]|H|ψ[ρ̃]〉 = F [ρ̃] +
∫
ρ̃(r)ν(r)dr = Eν [ρ̃] ≥ Eν [ρ] = E0 = 〈ψ|H|ψ〉 (2.31)

Then;
δ
{
Eν [ρ]− µ

(∫
ρ(r)dr−N

)}
= 0 (2.32)

which implies generalized Thomas-Fermi equation;

µ =
δEν [ρ]

δρ
= ν(r) +

δF [ρ]

δρ
(2.33)

These two theorems are the fundamental theorems of the Density Functional
Theory (DFT). Here F [ρ] is a universal functional of the electronic density.

2.4.3 Kohn-Sham Energy Functional

In 1965 Kohn and Sham showed that the total energy of a system can be calcu-
lated by self-consistent one-electron equations [9]. After successive iterations the
minimum value of the energy gives the ground state energy of the system. The
total energy is:

E [Φi] = 2
∑

i

∫
Φi

[
− h̄2

2m

]
∇2Φidr+

∫
Vextρ(r)dr+

e2

2

∫ ρ(r)ρ(r′)
|r− r′|

drdr′+EXC [ρ(r)]

(2.34)
Electronic density can be calculated by:

ρ(r) = 2
∑

i

|Φi(r)|2 (2.35)

where 2 comes from the sum of the spin states. The minimum of the above
functional gives the ground state energy of the system.
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2.4.4 Kohn-Sham Equations

To calculate the set of wave functions, Φi(r), that minimizes the energy functional
we can use the self-consistent solutions of the Kohn-Sham equations:[

− h̄2

2m
∇2 + Vext(r) + VH(r) + VXC(r)

]
Φi(r) = εiΦi(r) (2.36)

where VH is the Hartree potential and given as:

VH(r) = e2
∫ ρ(r′)
|r− r′|

dr′ (2.37)

and VXC is the exchange-correlation potential given by:

VXC(r) =
δEXC [ρ(r)]

δρ(r)
(2.38)

The importance of the Kohn-Sham equations is they reduces the many-
electron system to non-interacting electrons system in which the electrons are
moving in an e�ective potential due to other electrons. The main di�erence
between Kohn-Sham and Hartree-Fock approaches is e�ective potential in single-
particle Schrödinger equations of Kohn-Sham contains exchange-correlation term.
After creating reasonable charge density the equations can be solved and wave
functions, VH and VXC can be found. Then after calculation of new charge den-
sity the new iteration can be performed. After enough successive iterations the
minimum of the energy functional can be found. The total energy is the sum
of single-particle Kohn-Sham eigenvalues but the double counting terms in the
Hartree energy and exchange-correlation energy have to be subtracted. In fact
the Kohn-Sham eigenvalues are not, strictly speaking the energies of the single-
particle electron states, but rather the derivatives of the total energy with respect
to the occupation numbers of these states. Nevertheless, the highest occupied
eigenvalue in an atomic or molecular calculation is nearly the unrelaxed ioniza-
tion energy for that system [1].
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2.5 Local Density Approximation

Although Hohenberg-Kohn and Kohn-Sham theorems reduce many-particle
Schrödinger equation into single-particle Schrödinger equations and provide that
e�ective potential is a functional of electronic density, the exchange-correlation
part is still problematic. The local density approximation assumes that the
exhange-correlation potential is purely local. That is, the exchange-correlation
energy can be written as the integral of charge density and local potential. Thus;

EXC [ρ(r)] =
∫
ε(r)ρ(r)dr (2.39)

and
δEXC [ρ(r)]
δρ(r)

=
∂[ρ(r)εXC(r)]

∂ρ(r)
(2.40)

Furthermore, the exchange-correlation energy per electron at position r in in-
homogeneous electronic system is equal to the exchange-correlation energy per
electron in homogenous electron gas [1].

εXC = εhom
XC [ρ(r)] (2.41)

Actually exchange-correlation energy is non-local due to nearby inhomogeneities
in the electron density. The exchange-correlation energy density depends on
the presence of other electrons in the surroundings of an electron at r, through
exchange-correlation hole. The local density approximation works so well in many
cases because it gives the correct sum rule for the exchange-correlation hole [1].
Many of the other improvements, which tries to handle the exchange-correlation
energy, do not work well as LDA just because they do not provide the correct
sum rule.

Some important features of LDA are listed below [10]:

1. For homogenous system LDA works better. For systems where large devi-
ations in the electronic density occurs the LDA tends to fail because the
exchange-correlation energy becomes more non-local.

2. LDA gives larger binding energy of molecules and solids than correct value.
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3. LDA predicts chemical trends, e.g. chemical bonds, well.

4. For covalent, ionic and metallic systems bond lengths, bond angles and
phonon frequencies are well predicted by LDA whereas dieectric properties
are overestimated by about an 10 percent error.

5. For weakly bound systems bond lengths are estimated too short.

In some circumstances LDA tends to fail. One of these is due to large de-
viations in electronic density which is given at above list. Moreover, in weak
molecular bonds, the binding energy a�ected by inhomogeneities thus LDA ap-
proach is failed. Similarly, if the binding is due to charge-charge correlations (van
der Waals type binding), the interaction is non-local. In addition, LDA fails to
cancel the self-interaction so that in negatively charged ions LDA fails. Finally,
energy gap in semiconductors calculated very small with LDA [10].

2.6 Generalized Gradient Approximation

The gradient expansion of the eletronic density, ρ(r), which can be used to rep-
resent the exchange-correlation energy, is widely used non-local extension of the
LDA. The XC energy has gradient expansion as;

EXC [ρ] =
∫
Axc[ρ]ρ(r)

4/3dr+
∫
Cxc[ρ]|∇ρ(r)|2/ρ(r)4/3dr+ ... (2.42)

Thus the XC energy has the form;

EXC =
∫
ρ(r)εXC [ρ(r)]dr+

∫
FXC [ρ(r),∇ρ(r)]dr (2.43)

where FXC shuld satisfy the formal conditions such that sum rules, long range
decay, etc. Otherwise the GGA calculations results badly [10]. There are sev-
eral exchange-correlations functionals developed by Langreth-Mehl [11], Perdew-
Wang '86 [12], Perdew-Wang '91 [13], Becke '88 [14], etc. There are some im-
provements of GGA over LDA depending on the system. Binding energies, atomic
energies, bond lengths and angles might be more accurate by using GGA in gen-
eral. But, at the end, these are approximations, and exact forms are not known.
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Several di�erent functional forms (as given above) are �tted to quantum Monte
Carlo solutions for homogenous electron gas. So, it is worthy to check which is
better, LDA or GGA for real case.

2.7 Computational Details

In the preceeding sections we showed that many-particle Schrödinger equation
can be reduced to single-particle Schrödinger equations in terms Kohn-Sham for-
mulation and every component in the equations are the functionals of electronic
density ρ(r). Moreover we examined two di�erent approaches to handle exchange-
correlation energy. But in a crystal there are in�nite number of ions and in�nite
number of non-interacting electrons moving in a e�ective potential so that in�-
nite number of single-particle Schrödinger equations have to solved. In addition,
every wave function extends over a entire crystal so that in�nite number of basis
set has to be used in computational calculation. To overcome these di�culties
�rst I'll give the Bloch's theorem.

2.7.1 Bloch's Theorem

Bloch's theorem states that each wave electronic wave function in lattice can be
chosen to have the form of a plane wave times a function with the periodicity of
the lattice;

ψ(r) = exp[ik.r]fi(r) (2.44)
The periodic part fi(r) can be expanded in terms of plane wave basis sets such
that;

fi(r) =
∑
G
c
i,Gexp[iG.r] (2.45)

where G are the reciprocal lattice vectors which can be de�ned by G.l = 2πm

where l is a lattice vector and m is a integer. Thus Eq. 2.44 and Eq. 2.45 gives;

ψi(r) =
∑
G
c
i,k+Gexp[i(k+G).r] (2.46)
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2.7.2 Plane-wave basis sets

In order to solve Kohn-Sham equations (Eq. 2.36), we can expand wave function
in terms of some basis set. (e.g. if the basis set is atomic orbital the method is
called Linear Combination of Atomic Orbital (LCAO) or tight binding). Since
the potential is periodic inside crystal, plane waves are very convenient basis set.
Thus, substitution of Bloch's theorem (Eq. 2.46) into Kohn-Sham equations (Eq.
2.36) and integration over r gives:

∑
G'

[
h̄2

2m
|k+G|2δGG' + Vion(G−G') + VH(G−G')

+ VXC(G−G')]c
i,k+G' = εici,k+G (2.47)

where Vion, VH and VXC are the Fourier transforms of the ion-ion, Hartree
and exchange-correlation potentials. Thus, the total energy of the system in
momentum-space (see Ihm et al. [15]) is:

Etotal =
∑

i

εi −
1

2
Ω

∑
G
VH(G)ρ(G) +

1

4

∑
G
µxc(G)ρ(G)

+
1

2

∑
µ,ν,µ 6=ν

2Z2

|Rµ −Rν |
(2.48)

where Ω is the total volume of the solid, ρ(G) is the Fourier transform of the
density and µxc is:

EXC(r) =
∫
µxc(r)dρ(r) (2.49)

As seen from Eq. 2.47, kinetic energy is diagonal and the solution of the
equation can be obtained by diagonalization of the Hamiltonian matrix. At �rst
glance one can think that in�nite number of plane-waves should be used so that
the dimension of the secular equation will be in�nite but plane waves with large
kinetic energy (h̄2/2m)[k+G]2 can be omitted because these high-energetic plane
waves do not contribute signi�cantly to the total energy. So some particular
cuto� energy (Ecutoff ) can be chosen and plane-wave basis set can be truncated
at some particular point during the simulation and thus the dimensions of the
matrix depends on the cuto� energy (h̄/2m)|k+Gc|2. Introduction of an energy
cuto� to the discrete plane wave basis set produces a �nite basis set.
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It is obvious that the truncation of basis set will cause an error in the cal-
culation, but this error can be reduced by choosing higher cuto� energies. In
principle, the appropriate cuto� energy should be at least at the value where the
convergence of total energy is attained. Moreover, the number of basis states
changes discontinuously with cuto� energy. The error at this stage can be re-
duced by choosing denser k point mesh but the problem is still present. It is
possible to add a correction factor which is the di�erence between the number of
basis states with in�nite number of k points and the number of basis states with
k points used in the calculation [1].

2.7.3 Pseudopotential Approximation

Since the Coulomb potential inversely proportional with position (r), the valence
electrons move in a strong ionic potential in the core region so that the wave
functions of the valence electrons oscillate rapidly at that region. Thus very
large number of plane-waves should be used to obtain desired convergence. The
same is true for tightly bound core electrons. These oscillations maintain the
orthogonality between the core wave functions and the valence wave functions.
which is required by the Pauli exclusion principle [1]. The pseudopotential theory
(for theoretical approach see Kaxiras [16]) is used to expand the valance electrons
wave functions at the core regions with small number of plane-wave basis set.

Many of the physical properties depends on the valance electrons. Pseudopo-
tential approximation removes the core electrons and consider the crystal as ions
and valence electrons. It also replaces the strong ionic potential with weaker pseu-
dopotential that acts on a set of pseudo wave functions rather than true wave
functions. The Fig. 2.1 shows the schematic illustration of real and pseusopo-
tentials, and corresponding wave functions. The pseudopotential is constructed,
ideally, so that its scattering properties or phase shifts for the pseudo wave func-
tions are identical to the scattering properties of the ion and the core electrons
for the valence wave functions,but in such a way that the pseudo wave functions
have no radial nodes in the core region. The phase shift produced by the ion
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Figure 2.1: A schematic diagram of core potential, pseudopotential and corresponding wave
functions. Above rc these two potentials are same.

core is di�erent for each angular momentum component of the valence wave func-
tion, and so the scattering from the pseudopotential must be angular momentum
dependent. The general form of the pseudopotential is;

VNL =
∑
lm

|lm〉Vl〈lm| (2.50)

where |lm〉 is the spherical harmonics and Vl is the pseudopotential for the an-
gular momentum l. Acting on the electronic wave function with this operator
decomposes the wave function into spherical harmonics, each of which is then
multiplied by the relevant pseudopotential Vl.

2.7.4 k-point sampling

In total energy calculations k-point integrations are required for all values of the
wave-vector k inside a Brillouin zone. For example, in order to calculate the
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electronic density the following quantities have to calculated.

ρk(r) =
∑

n,ε
(n)
k

<εF

|ψ(n)

k |2

ρ(r) =
∫ dk

(2π)3
ρk(r) (2.51)

The crystal symmetry can be used to decrease the summation over k values in
the Brillouin zone by applying di�erent symmetry operations to map a particular
k-point to number of equivalent points [16]. Thus, with very few number of
k-points the sum in Eq. 2.51 can be calculated.

In total energy calculations the chosen number of k points is an important
parameter such that more dense meshes reduces the computational error but
increases the convergence time and computational time. The appropriate number
of k points can be determined by trying di�erent meshes (See Fig. 4.1).

In the literature di�erent kinds of methods are developed to create special sets
of k points in the Brillouin zone (Chadi and Cohen [17]; Joannopoulos and Cohen
[18]; Monkhorst and Pack [19]; Evarestov and Smirnov [20]). These methods can
be used to calculate electronic states and thus the total energy of an insulator or
semiconductor by using a very small number of k points. For metallic systems
denser k point mesh should be used to obtain desired convergence.



Chapter 3

LITERATURE SURVEY

3.1 Introduction

Crystalline gold widely uses as a calibration standard due to its chemical in-
ertness, large isothermal compressibility and structural phase stability over high
pressures and high temperatures in experimental setups. Moreover gold crys-
tal is available in pure form in nature and it has a simple face-centered cubic
(fcc) structure [21]. That is why complete description of physical and chemical
properties of gold should be known. There are several experimental and compu-
tational e�orts have been made in order to obtain the equation of state (EOS),
the elastic properties, structural phase transitions and the phonon frequencies in
the literature.

3.2 Experimental Results for Gold

The idea of using gold (Au) as a primary calibration standard was �rst pro-
posed by Jamieson et al. [21] in 1982. Heinz and Jeanloz [22] provided pressure-
volume data at room temperature up to 70 GPa using x-ray di�raction through

20
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Figure 3.1: Heinz et al. [22] diamond-anvil cell data and Birch-Murnaghan [23][24][25] equa-
tion of state �t for Au.

a diamond-anvil cell and the ruby-�uorescence pressure scale. The bulk mod-
ulus and its derivative was found to be KT = 167 (± 11) GPa and K ′

T = 5.5

(± 0.8) GPa. Fig. 3.1 shows room-temperature static compression data and
its Birch-Murnaghan �t. As seen from the �gure their data were well �tted to
Birch-Murnaghan [23][24][25] equation of state which is;

P = 3K0f(1 + 2f)5/2(1− 2ξf) (3.1)
where

ξ = (3/4)(K ′
0 − 4) (3.2)

and
f = (1/2)

[(
V0

V

)2/3

− 1

]
(3.3)

Moreover they provided the Hugoniot data and derived the thermal equation of
state for gold up to 200 GPa pressure and 3000 K temperature with the error in
pressure about 1-2 percent. Thus gold can be used as a calibration standard in
experiments performing in high pressures and high temperatures.

Golding et al. [26], measured the elastic constants of gold by ultrasonic pulse-
superposition method at room temperature. Hiki et al. [27], and Daniels et al.
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Table 3.1: Golding et al. [26], Hiki et al. [27] and Daniels et al. [28] results of zero-pressure
elastic constants and pressure derivatives of Au. The elastic constants are in units of GPa.

c11 c12 c44 ∂c11/∂P ∂c12/∂P ∂c44/∂P B ref
192.4 163.0 42.0 6.73 5.86 1.84 172.8 [26]
192.9 163.8 41.5 5.71 4.95 1.52 173.5 [27]
192.2 162.8 42.0 7.01 6.14 1.79 172.6 [28]

[28], measured same quantities using ultrasonic interference method and modi�ed
ultrasonic pulse-echo method, respectively. Table 3.1 shows the results of these
papers.

Du�y et al. [30] measured the EOS and elastic properties of gold and rhenium
up to 37 GPa pressure using a technique called energy-dispersive x-ray di�raction
together with the theory describing lattice strains under hydrostatic compression.
Their results will be examined in following chapters.

3.3 Computational Results for Gold

Godwal et al. [31] performed �rst theoretical calculations to obtain equation of
state of gold using �rst-principle calculations. They used linear mu�n-tin orbitals
(LMTO) technique [36] and added approximate corrections coming from lattice
vibrations and electronic excitations to the pressure. Fig. 3.2 shows the 0 K
temperature equation of state of gold and its Vinet et al. [32][33][34], Dodson
[35], and Birch [23] �ts. The experimental data is slightly lower than Godwal
et al. results so as seen from the �gure, the Birch-Murnaghan equation of state
agree most closely to the data. In the same paper the band populations and band
partial pressures were calculated and it has seen that the pressure is dominated
by the d band because in all compressions d band is nearly full (nd ∼ 10) so
that 5d and 6s orbitals can be chosen as valance orbitals. Fig. 3.3 shows the
band populations and band partial pressures of s, p, d, and f bands. Godwal
et al. calculated the equilibrium volume, bulk modulus and pressure derivative
of bulk modulus as V0 = 107.54 a.u, B0 = 165 GPa, and B′

0 = 6.4 with relative
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Figure 3.2: The equation of state of Au at 0 K obtained by Godwal et al. [31] using LMTO
calculations. The heavy solid line is the calculated data, and other lines are the three equations
of state: Vinet et al. [32][33][34], Dodson [35], and Birch [23]. Upper panel shows the pressure
di�erence between these equations of state and LMTO calculations.

Figure 3.3: The �gures show electron populations and partial pressured (in units rydbergs)
for s, p, d, and f bands of gold as a function of relative volume, respectively. The calculations
were based on LMTO method.



CHAPTER 3. LITERATURE SURVEY 24

Table 3.2: Khein et al. [37] results of lattice constant and bulk modulus at equilibrium
position using both LDA and GGA. The numbers inside the parenthesis shows the percentage
error relative to experiment.

LDA GGA
a0(a.u) 7.66(-0.1) 7.86(2.5)
B0(GPa) 198(15.3) 142(-17.3)

Table 3.3: Tsuchiya et al. [40] �ndings of elastic constants and pressure derivatives for Au at
zero-pressure using LDA. The elastic constant are in units of GPa.

c11 c12 c44 ∂c11/∂P ∂c12/∂P ∂c44/∂P Cs B
201.3 176.1 36.9 5.97 5.38 1.43 12.6 184.5

errors 5.7, 0.8, and 17 percent respectively. Moreover they calculated the thermal
equations of state at temperatures such that at 300K, 1000K, 2000K, and 3000K
which were in agreement with experimental data.

Khein et al. [37] tested the accuracy of GGA over LDA for various materials
such that Al, Ta, W, Pt, Cu, Ag, and Au. They used all-electron linearized-
augmented-plane-wave method (LAPW) [38], and Perdew and Wang (PW91)
[39] exchange-correlation functional for GGA. In all cases LDA predicted the
lattice constant lower and bulk modulus larger than experimental value. For
some materials GGA gave better results but for gold LDA predicted both lattice
constant and bulk modulus better than GGA. Thus GGA does not give any
improvement over LDA, The results of Khein et al. for gold are given in table
3.2.

The local density approximation (LDA) was �rst used by Tsuchiya et al. [40]
in order to calculate equation of state and elastic properties of gold up to 100
GPa pressure using full-potential linear mu�n-tin orbital (FP-LMTO) method
[41]. The zero-pressure lattice constant, bulk modulus and pressure derivative,
which were calculated by �tting the data to Birch-Murnaghan equation of state
[23], were a0 = 4.066 (Å), B0 = 176.1 GPa and B′

0 = 6.1 at 0 K temperature.
The calculated elastic constants at zero-pressure are given in table 3.3.
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Figure 3.4: Two types of elastic anisotropy factor, the Zener ratio AZ and acoustic anisotropy
factor Aa. The �gure is taken form Tsuchiya et al. [40]

The calculated elastic constants at higher pressures will be examined in Chap-
ter 5 but here it should be noted that Au has small tetragonal shear constant (cs)
even at high pressures. This is mainly because of the small covalent contribution
in chemical bonding of Au. Moreover the anisotropy of Au by means of two types
of parameters, the Zener ratio and the acoustic anisotropy factor is obtained in
the same paper. These ratios are de�ned as:

AZ = c44/cs

Aa = (2c44 + c12)/c11 (3.4)

Their results at di�erent pressures summarized in Fig. 3.4. As seen from the
�gure, Au has large anisotropy and it increases with pressure. Furthermore,
Tsuchiya calculated the normalized elastic constants with respect to bulk modulus
and saw that these parameters are insensitive to pressure.

Boettger [42] calculated the static-lattice equation of state and structural
phase stability to 1 TPa pressure for both fcc, bcc and hcp structures using
both LDA and GGA, and linear combinations of Gaussian-type-�tting-function
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Table 3.4: Boettger's [42] results of equilibrium volume, bulk modulus and pressure derivative
of bulk modulus. The LCGTO-FF method has been used. The table also shows the results
with spin-orbit-coupling e�ects.

V0 (a.u.) B0 (GPa) B′
0

111.36 1.90 5.1 LDA
110.60 1.92 5.1 LDA+SOC
120.87 1.42 5.5 GGA
119.95 1.45 5.4 GGA+SOC

(LCGTO-FF) method. Boettger observed that LDA model was a better approxi-
mation than GGA while performing zero-pressure calculations of Gold. For cubic
structures calculations were performed with or without spin-orbit coupling (SOC)
e�ects included. They concluded that spin-orbit coupling e�ects were negligible.
Boettger obtained the static-lattice volume, bulk modulus and pressure deriva-
tive of bulk modulus, which are listed in table 3.3, by �tting the data with the
stabilized jellium equation of state (SJEOS) of Alchagirov et al. [43] as;

ε(x) =
a

x3
+

b

x2
+
c

x
+ d (3.5)

where
x =

(
V

V0

)1/3

(3.6)
The terms in Eq. 3.5 corresponds to the energy contributions to the repulsive part
of an electron-ion pseudopotential, the kinetic energy, Madelung and exchange
energies, and correlation energy. Boettger observed that there is phase transition
from fcc structure to hcp structure at 350 GPa and 410 GPa according LDA and
GGA, respectively. There is no bcc stability observed at any pressure. The room-
temperature calculations of Boettger agrees well with the experimental data.

Ahuja et al. [44] observed the fcc to hcp phase transition of gold using FP-
LMTO method. 5s, 5p bands were treated as pseudocore and 6s, 6p, 5d, and 5f
bands were treated as valence bands in the calculation. The transition pressures
are 241 GPa for LDA and around 200 GPa for GGA. The hcp structure c/a
ratio was optimized and found as c/a=1.63. Furthermore, Ahuja et al. tried to
explain the reason of this transition and thus they calculated the density of states
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Figure 3.5: The �gures shows the calculated density of states for fcc and hcp phases at two
di�erent volumes, V/V0 = 1.0 and V/V0 = 0.5. The �gures are taken from Ahuja et al. [44]

(DOS) of gold for both fcc and hcp structures and for volumes V/V0 = 1.0 and
V/V0 = 0.5. Fig. 3.5 shows the calculated DOS of gold for these volumes.

The DOS per eV at V/V0=1.0 are 0.14 for fcc and 0.17 for hcp, and 0.08 and
0.09 for fcc and hcp at V/V0=0.5, respectively. So Ahuja et al. concluded that
the stability of hcp increasing over fcc with decreasing volume.

Söderlind [45] repeated the Ahuja et al. calculations for fcc, bcc, and hcp
structures with considering the 5p-5d hybridization and found that bcc phase is
more stable than hcp phase at high-pressures. Fig 3.6 shows the energy di�erences
between hcp and bcc phases with respect to fcc phase. At 400 GPa there is phase
transition from fcc to bcc.
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Figure 3.6: Söderlind [45] calculations is shown in order to demonstrate fcc-hcp-bcc structural
phase transitions of Au.



Chapter 4

EQUATION OF STATE OF GOLD

4.1 Introduction

Gold in an important material such that it is used in high-pressure experiments
as a calibration standard extensively. Thus equation of state and other physical
properties of gold have particular importance. There are number of experimental
studies were performed but these are limited to pressure ranges about 100 GPa.
The EOS standard should be increased to higher pressures.

Although the accuracy of DFT electronic structure calculations is limited and
cannot supply desired accuracy for EOS standard, such calculations do provide
valuable qualitative guidance [42]. Firstly, the two most common approxima-
tions, local density approximation (LDA) and generalized gradient approximation
(GGA), gives the upper and lower boundaries of the EOS. Moreover it is known
that these two bounds converge to the correct value at ultrahigh pressure limit.
Additionally the structural phases can be predicted well with both two models.

In this chapter, the results obtained from DFT electronic structure calcula-
tions for gold crystal is given. In sec 4.2 computational details are presented. In
sec 4.3 EOS for gold with in LDA and GGA is investigated. In last section the
structural phase transition of gold at ultrahigh pressures is discussed.

29
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4.2 Computational Details

The calculations was performed using Vienna Ab-initio Simulation Package
(VASP). Pseudopotential plane wave method [47] was used in DFT electronic
structure calculations. Local density approximation and generalized gradient ap-
proximation (Perdew-Wang 91 type [39]) were used in order to express exchange-
correlation potentials. The ultrasoft Vanderbilt pseudopotentials [48] were used
in the calculations. 5d and 6s bands are treated as valence bands. Fig. 4.1 shows
the energy cuto� test for plane waves at equilibrium lattice constant. So that the
energy cuto� for plane waves is chosen to be 400 eV. The k-point sampling in the
Brillouin zone (BZ) was modelled using Monkhorst-Pack [19] scheme. For the fcc
and bcc phases 23x23x23 BZ mesh for all lattice dimensions was used. As seen
from Fig. 4.2, which shows a typical k-point test, 23x23x23 mesh is appropriate
for calculations. A comparable BZ meshes, which produce the same accuracy,
were used for hcp structure depending on c/a ratio. Throughout calculations c/a
ratios were optimized for every lattice constant. In order to treat the partial
occupancy around the Fermi level of metallic system, the Fermi smearing of 0.08
eV is used in the calculations. The energy was converged within 10−4 eV/atom.

4.3 Results for Gold Crystal

The static-lattice DFT calculations were performed for gold crystal for various
lattice parameters using LDA and GGA for fcc phase. The lattice parameter
dependency of cohesive energy per atom is given in Fig. 4.3. The LDA approx-
imation overestimated the cohesive energies as expected. The minimum of the
energy curves in Fig. 4.3 determines the equilibrium volume (V0) and cohesive
energy (Ec). The discussion of results of this part is postponed to latter parts for
conventional purposes.

Additionally, all calculations were carried out for fcc phase with spin polar-
ization (SP) included. The results with SP e�ects were similar with previous
calculations (without SP). The order of magnitude of energy di�erences between
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Figure 4.1: The test to determine the energy cuto� for plane waves.

Figure 4.2: An example of k-point test.
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Figure 4.3: The variation of cohesive energy per atom with lattice constant a0. Both LDA
and GGA results are shown.
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these calculations were in computational error range. Thus, spin-unpolarized
calculations can be used. The main reason of this situation is there is no spin
polarization at any direction because 5d orbital is fully occupied for gold atom.
Moreover, it is shown that spin-orbit coupling e�ects are negligible by Boettger
[42].

Fig. 4.4 shows the obtained equation of state of gold. Vinet [34] type of EOS
based on both LDA and GGA results, and Heinz et al. [22] and Du�y et al. [30]
experimental data are also shown in the �gure. The EOS by using LDA is in
agreement with experiment. The small discrepancy is mainly due to variation in
equilibrium volumes, that is GGA and LDA are over and under estimating the
zero-pressure volumes, respectively. At this point, it is useful to �gure out the
variation of pressure with respect to relative volume (see Fig. 4.5). As seen from
the �gure, LDA and GGA approximations predict upper and lower boundaries
of the experimental data. Thus DFT calculations are capable of predicting the
equation of state at ultra-high pressure regime.

After calculating the total energies at various volumes, the E -V data were
analyzed in terms of di�erent equations of states. Firstly energy expression (e.g.
Eq. 4.1 and Eq. 4.2) was �tted and relevant parameters (such that equilibrium
energy, volume and bulk modulus) were obtained, then by using these equation
of state is calculated. The most common of these EOS's are Birch-Murnaghan
(BM) [24] and Vinet [34] types. The BM formulation is;

E(V, T ) = E0(T ) +
9B0(T )V0(T )

8

{
1 +

κ

2
(x−2 − 1)

}
(x−2 − 1)

P (V, T ) =
3

2
B0(T ){x−7 − x−5}

{
1 +

3

4
κ(x−2 − 1)

}
(4.1)

where κ and x are;

κ = B′
0(T )− 4

x = (V/V0)
1/3 (4.2)

Here B′
0 is the pressure derivative of bulk modulus at zero-pressure. The Vinet

type of EOS is;
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Table 4.1: Equilibrium primitive cell volume, cohesive energy, bulk modulus and its pressure
derivative are given for LDA and GGA approximations and two experimental data. The num-
bers in the parenthesis are the errors relative to Heinz-Jeanloz experimental data. Note that
the values of last line calculated by analyzing the experimental data with BM EOS.

V0 (Å3) E0 (eV) B (GPa) ∂B/∂P ref
18.29 (7.8) -3.19 (16) 134.16 (19.5) 5.97 (8.5) GGA
16.82 (0.8) -4.39 (15.6) 186.76 (12.1) 5.73 (4.18) LDA

16.96 -3.796 166.65 5.5 Heinz-Jeanloz
16.95 ... 170.65 4.72 Du�y

E(V, T ) = E0(T ) +
9B0(T )V0(T )

ξ2
{1 + {ξ(1− x)− 1} exp{ξ(1− x)}}

P (V, T ) =

{
3B0(T )(1− x)

x2

}
exp{ξ(1− x)} (4.3)

where x is given in Eq. 4.2 and ξ is;

ξ =
3

2
(B′

0 − 1) (4.4)

The energy residues of these two types of EOS's from data is given in Fig. 4.6.
As seen from the �gure Vinet EOS is more preferable than BM EOS. This result
is in contradiction with previous studies [31].

The zero-pressure primitive cell volume (V0), cohesive energy (Ec), bulk mod-
ulus (B0) and pressure derivative of bulk modulus (∂B/∂P ) were obtained from
the Vinet type EOS �t. Table 4.1 shows these obtained parameters and exper-
imental data. From the table, it is seen that LDA overestimates higher bulk
modulus and cohesive energy, and underestimates lattice parameter as expected.

To conclude the calculations with LDA results better than GGA. This is in
agreement with previous computational studies [37][42].
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Figure 4.4: Equation of state of Au. Open symbols are the current results. Filled symbols
are the experimental data of Heinz and Jeanloz [22] and Du�y et al. [30]. The output data are
also shown for LDA and GGA. The small �gure zooms to the 0-125 GPa pressure range.

Figure 4.5: Pressure as a function of relative volume. Vinet EOS �ts of LDA and GGA
results are represented with open symbols. Two experimental data (Heinz-Jeanloz and Du�y)
are also shown. The small �gure shows the similar data at 0-100 Gpa pressure range.



CHAPTER 4. EQUATION OF STATE OF GOLD 36

Figure 4.6: Variation of energy residues of Vinet and Birch-Murnaghan types of equation of
states with respect to lattice volume.

4.4 Structural Phase Transition of Gold

The total energy DFT calculations were also performed for hcp and bcc structures
of gold up to ultrahigh pressures. The accuracy of fcc and bcc structures were
same since same k-point meshes were used at each lattice constant. The accuracy
of hcp structure was obtained by choosing appropriate k-point mesh along z-
direction consistent with c/a ratio. The c/a ratios was not taken as ideal but
optimized at each volume. The energy di�erences of hcp and bcc phases relative
to fcc phase with respect to volume is given in Fig. 4.4. The fcc phase is stable at
zero-pressure and at low pressures. There is a phase transition from fcc phase to
bcc phase at about 60% of the equilibrium volume. The transition pressures are
455 GPa (fcc to bcc) and 457 GPa (fcc to hcp) using LDA, 534 GPa (fcc to bcc)
and 590 GPa (fcc to hcp) using GGA. Thus hcp phase stability was not observed.
Transition volume is in agreement with previous studies [44] [42], but transition
pressure is about 50% larger than previous study [42] (Furthermore, they claimed
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Figure 4.7: Energy di�erence between the bcc, hcp and the fcc structures. The fcc structure
is used as the zero-energy reference level. The x-axis is the relative volume.

the fcc phase to hcp phase transition. This study is in better agreement with
Söderlind's calculations [45]. The main reason of this discrepancy is, the pressure
calculations at ultrahigh pressures results di�erently. Fig. 4.5 shows energy
di�erences of hcp and bcc structures relative to fcc phase with respect to pressure
for both LDA and GGA models.
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Figure 4.8: Energy di�erences between the bcc, hcp and the fcc structures for gold as a
function of pressure. The fcc phase is used as the zero-energy reference level.



Chapter 5

ELASTIC PROPERTIES OF

GOLD

The elastic constants of gold were calculated using DFT total energy calculations
at 0-500 GPa pressure range. For cubic crystals there are only three independent
sti�ness constants due to high symmetry. In order to obtain c11, c12 and c44 we
applied three di�erent deformations to fcc lattice. The bulk modulus at various
pressures were obtained from EOS by applying the homogenous strain as in Eq.
5.1.

ε =


δ/3 0 0

0 δ/3 0

0 0 δ/3

 (5.1)

where δ is the deformation.

The tetragonal shear modulus (cs) were calculated using the following strain,
which is given at Eq. 5.2. Then the volume of the unit cell remains same but the
unit cell becomes tetragonal.

ε =


δ 0 0

0 δ 0

0 0 (1 + δ)−2 − 1

 (5.2)

39
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The energy of the tetragonal cell for small deformations (δ) will be;

E(δ) = E(0) + 6csV δ
2 +O(δ3) (5.3)

where E(0) is the total energy of the fcc phase, V is the volume of the unit cell.

The bulk modulus (B) and tetragonal shear modulus (cs) are related with c11
and c12 such that;

B = (c11 + 2c12)/3

cs = (c11 − c12)/2 (5.4)

The third independent elastic sti�ness constant (c44) of a cubic crystal can be
calculated from the strain as in Eq. 5.5. Again the volume of the unit cell
remains same but it becomes orthorhombic.

ε =


0 δ 0

δ 0 0

0 0 δ2/(1− δ2)

 (5.5)

Then the energy of the orthorhombic cell is;

E(δ) = E(0) + 2c44V δ
2 +O(δ4) (5.6)

where the meanings of E(0) and V are similar to Eq. 5.3.

The zero-pressure elastic properties of gold crystal is given in table 5.1. Both
LDA and GGA results are shown in the table and the references with asterisk are
experimental results. The zero-pressure elastic constants using LDA are in better
agreement with experimental results than GGA. Moreover, the LDA results tends
to agree better with low temperature experimental data than ambient tempera-
ture data. The small discrepancies can be reduced by performing the calculations
at experimental equilibrium lattice constant. The last line of the table shows the
results at a0 = 4.06 Å.

The pressure dependence of three elastic sti�ness constants (c11, c12 and c44)
is given in Fig. 5.1. The results of two computational work [46][40] and a ex-
perimental work [30] are also shown in the �gure. Here our calculations were
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Table 5.1: Elastic constants and pressure derivatives of three sti�ness constants of Au at
zero-pressure. LDA and GGA results and various experimental and computational data are
given. The references with asterisk are the experimental studies. The units of elastic constants
are GPa. The last line shows the LDA results at experimental equilibrium lattice constant.

ref B Cs c11 c12 c44 ∂c11/∂P ∂c12/∂P ∂c44/∂P

LDA 186.8 15.2 207.0 176.6 39.9 6.30 5.41 1.81
GGA 135.5 11.3 150.6 127.9 26.9 6.47 5.74 1.86

Daniels* 172.6 14.7 192.2 162.8 42.0 7.01 6.14 1.79
Hiki* 173.5 14.6 192.9 163.8 41.5 5.71 4.95 1.52

Golding* 172.8 14.7 192.4 163.0 42.0 6.73 5.86 1.84
Tsuchiya 184.5 12.6 201.3 176.1 36.9 5.97 5.38 1.43
Gree� 172.0 13.8 190.4 162.8 27.4 ... ... ...
Du�y* 168.5 14.5 187.8 158.8 33.5 6.0 4.3 0.9

Biswas(79K)* 179.8 15.5 200.4 169.5 44.5 6.49 5.66 1.79
Biswas(298K)* 173.0 14.4 192.2 163.4 41.8 6.71 5.85 1.83
Anderson(0K) 180.3 16.0 201.6 169.7 45.4 ... ... ...
Anderson(298K) 172.9 14.6 192.3 163.1 42.0 ... ... ...
LDA @ exp 178.0 14.5 197.2 168.3 37.1 ... ... ...

performed using LDA because equation of state calculations in chapter 4 and
zero-pressure elastic constants calculations shows that LDA gives more accurate
results. The current results are in agreement with computational results but
slightly higher than experiment due to thermal e�ects which were not taken into
consideration during the calculations. However, the thermal energy may soften
the elastic constant and as a result improving the accuracy of calculations [40].

Fig. 5.2 and Fig. 5.3 shows the pressure dependence of tetragonal shear
modulus and bulk modulus, respectively. Tetragonal shear modulus is in better
agreement with experiment than previous studies and moreover it seems to give
more accurate results at higher pressures. The tetragonal shear modulus cS is
small relative to c11 and c12. This characteristic feature of gold crystal was ex-
plained by Söderlind et al. [53] such that the energy di�erence between fcc and
bcc phases determines the cS.

The e�ective bulk modulus Beff and shear modulus Geff can be determined
from Voigt [49] and Reuss [50] approaches. Voigt assumed that the strain is
uniform throughout the sample and Reuss assumed a uniform stress in the sample
[51]. For both approaches the bulk modulus is same and given as;

Beff = BV = BR = (c11 + 2c12)/3 (5.7)
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Figure 5.1: Static elastic constants of Au as a function of pressure. Filled squares are the
calculated values, �lled circles are the x-ray di�raction data of Du�y et al. [30], and �lled
triangles are the DFT calculations of Gree� [46] and Tsuchiya [40]. The �gure inside shows the
same physical quantities at 10-40 GPa pressure range.

Voigt averaged GV and Reuss averaged GR shear modulus are given as;

GV = (c11 − c12 + 3c44)/5

GR = 5(c11 − c12)c44/[4c44 + 3(c11 − c12)] (5.8)

Voigt and Reuss approaches are the lower and upper bounds to B and G for any
crystal structure [52]. Thus;

BR ≤ Beff ≤ BV

GR ≤ Geff ≤ GV (5.9)

The zero-pressure averaged shear modulus are given in table 5.2. GV RH is
(GV +GR)/2. The results are in perfect agreement with experimental data.

The elastic anisotropy of Au was investigated in terms of Zener ratio [27]
which is given as;

AZ = 2c44/(c11 − c12) = c44/cS (5.10)
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Table 5.2: Zero-pressure Voigt [49] (assumes uniform strain) and Reuss [50] (assumes uniform
stress) assumptions of averaged shear modulus. GV RH=(GV +GR)/2. All shear modulus have
the units of GPa. The references with asterisk are the experimental works. The last line shows
the LDA calculation at experimental equilibrium lattice constant.

ref GV GR GV RH

LDA 30.0 24.2 27.1
GGA 20.8 17.6 19.1

Daniels* 31.1 24.1 27.6
Hiki* 30.7 23.8 27.3

Golding* 31.1 24.1 27.6
Tsuchiya 27.2 20.8 24.0
Gree� 22.0 19.7 20.8
Du�y* 25.9 21.9 23.9

Biswas(79K)* 32.9 25.4 29.1
Biswas(298K)* 30.8 23.7 27.3
Anderson(0K) 33.6 26.1 29.9
Anderson(298K) 31.0 24.0 27.5
LDA @ exp 28.1 22.9 25.5

The pressure dependence of anisotropy of Au is given in Fig. 5.4. At zero
pressure the anisotropy is 2.62 and increases slightly with pressure. This re-
sult is expected since pressure dependence of elastic constant c44 is higher than
tetragonal shear modulus cS.

The sound velocities can be determined by solving the Christo�el equation
[54]:

(cijklnjnk − ρν2δij)ui = 0 (5.11)
where cijkl is the elastic constants tensor, −→n is the propagation direction, −→u is
the polarization vector, ρ is the mass density and ν is the velocity. For cubic
crystals, the solution of the secular equation (Eq. 5.) is simple and for [110]
direction the longitudinal mode is

ρν2 = (c11 + c12 + 2c44)/2 (5.12)
and two transverse modes are

ρν2 = c44

ρν2 = (c11 − c12)/2 (5.13)
polarized along [001] and [110] directions. The compressional, shear and bulk
sound velocities are related with bulk modulus and GV RH such that

νP = [(B + 4/3G)/ρ]1/2
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Figure 5.2: Variation of tetragonal shear modulus, cS , with pressure. Filled squares are the
current results. Filled circles are the experimental data of Du�y et al. [30], �lled triangles are
the computational data of Gree� [46] and Tsuchiya [40].

Figure 5.3: Pressure dependence of bulk modulus. The small �gure shows the same quantities
at 200-450 GPa pressure range. An experimental data (Du�y et al. [30] and two computational
data (Gree� [46], Tsuchiya [40])are also shown in �gure.
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Figure 5.4: Pressure dependence of elastic anisotropy, AZ .

νS = (GV RH/ρ)
1/2 (5.14)

νB = (B/ρ)1/2

The sound velocities calculated from elastic constants are shown in Fig. 5.5.

The band structures and density of states of fcc phase at 0, 200 and 600 GPa
pressures are shown in �gures 5.6, 5.7 and 5.8, respectively. Figures 5.9 and 5.9
shows the band structures (with density of states) of bcc Au at zero and 600 GPa
pressures. The d-bands are almost full and s-bands cross the fermi levels. The
partially full s-bands are responsible for the conductivity of gold.
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Figure 5.5: Sound velocities of Au as a function of pressure. Solid lines are two transverse
and one longitudinal sound velocities along [110] direction. Brackets indicates the polarization
directions. Dotted lines are the isotropic aggregate velocities, νP , νS , and νB .
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Figure 5.6: Scalar relativistic LDA electronic band structure and density of states for fcc Au
at zero pressure. The energies are given relative to the Fermi level, the dotted line.
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Figure 5.7: Scalar relativistic LDA electronic band structure and density of states for fcc Au
at 200 GPa pressure. The energies are given relative to the Fermi level, the dotted line.
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Figure 5.8: Scalar relativistic LDA electronic band structure and density of states for fcc Au
at 600 GPa pressure. The energies are given relative to the Fermi level, the dotted line.
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Figure 5.9: Scalar relativistic LDA electronic band structure and density of states for bcc Au
at zero pressure. The energies are given relative to the Fermi level, the dotted line.
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Figure 5.10: Scalar relativistic LDA electronic band structure and density of states for bcc
Au at 600 GPa pressure. The energies are given relative to the Fermi level, the dotted line.



Chapter 6

PHONON DISPERSION

RELATIONS

In order to calculate the phonon dispersion, probably harmonic approximation is
the most convenient one. The starting point of the approximation is the potential
energy (Eq. 6.1) [55] is expanded in forms of Taylor theorem and the terms higher
than quadratic one are truncated.

U =
1

2

∑
RR′

φ(R−R′ + u(R)− u(R)− u(R')) (6.1)

where u(R) is the displacement vector, U is the total potential energy and φ(r)

is the energy contribution of two separated atoms by r. After Taylor expansion
Eq. 6.1 becomes

U =
N

2

∑
φ(R) +

1

2

∑
RR′

(u(R)− u(R′)).∇φ(R−R′)

+
1

4

∑
RR′

[(u(R)− u(R′)).∇]
2
φ(R−R′) (6.2)

Second term in Eq. 6.2 is vanish and �rst term equals to the equilibrium potential
energy and a constant. Thus it can be omitted and only the quadratic term
retains. The harmonic term can be written as a di�erent form such that

Uharm =
1

2

∑
RR′,µν

uµ(R)Dµν(R−R′)uν(R
′) (6.3)
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where
Dµν(R−R′) = δR,R′

∑
R′′

φµν(R−R′)− φµν(R−R′) (6.4)

Eq. 6.3 can be written as the vector product of u(R) with the vector obtained
by operating on the vector u(R') with the matrix D(R-R') [55]. By considering
the crystal symmetries we have the following 3N equations of motion as

Mµ(R) = −∂U
harm

∂uµ(R)
= −

∑
R′

ν

Dµν(R−R′)uν(R
′) (6.5)

or, in matrix notation
M(R) = −

∑
R′
D(R−R′)u(R′) (6.6)

If we assume the solutions to the equations of motion in the form of plane waves,
Eq. 6.5 becomes

Mω2ε = D(k)ε (6.7)
where ε is an eigenvector and D(k) is given

D(k) =
∑
R
D(R)exp(−ik.R) (6.8)

D(k) is known as the dynamical matrix and three solutions of Eq. 6.7 gives the
3N normal modes.

The phonon frequencies of Au is obtained by calculating dynamical matrix
at various volumes and symmetry directions. The supercell method and small-
displacement method were used in the calculations. Fig. 6.1 shows the results and
experimental data is also given in the �gure. Our calculated phonon frequencies
are in perfect agreement with experiment. As seen from the �gure between Γ−X
and Γ−L directions one transverse modes are degenerate and maximum frequency
occurs at high symmetry L point. The Fig. 6.2 shows the phonon dispersion
relations at 67 GPa. The form of the Fig. 6.2 is similar with Fig. 6.1. Thus,
it seems that at all points frequencies shift by same amount. To understand the
relation we calculated phonon frequencies at high symmetry points X, K and L
and their pressure dependence is shown in Fig. 6.2. As seen from the �gure after
100 GPa pressure the phonon frequencies increases linearly. Finally, the phonon
density of states at various pressures (shown in Fig. 6.4) were calculated.
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Figure 6.1: Phonon dispersion relation for fcc Au at zero pressure. The �lled circles are
the experimental data of Lynn et al. [29]. The high symmetry points and transverse and
longitudinal branches are marked in the �gure.
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Figure 6.2: Phonon dispersion relation for fcc Au at 67 GPa pressure.
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Figure 6.3: The variation of zone boundary phonons as a function of pressure.



CHAPTER 6. PHONON DISPERSION RELATIONS 57

Figure 6.4: The phonon density of states at 0, 67, 147 and 283 GPa pressures.



Chapter 7

CONCLUSION

In this thesis the high pressure properties of Au is calculated from �rst principle
calculations. The static equation of state is obtained up to 500 GPa pressure for
two di�erent approximations. Calculations on both GGA and LDA functionals
show that LDA is better predicting the physical properties of metal Au. Moreover,
it was seen that the Vinet type of EOS generates the equation of state of Au in
the 0-500 GPa pressure regime. Furthermore, there is a phase transition from
fcc to bcc phases at about 500 GPa. Below this pressure fcc phase stability is
observed. The elastic properties of Au was calculated by applying three distinct
deformations on fcc cell. The calculated elastic constants (i.e., three sti�ness
constants, tetragonal shear modulus and bulk modulus) are in agreement with
previous theoretical and experimental studies. The pressure dependency of c44
is higher than cS, thus the anisotropy pressure dependency is high. Moreover,
the aggregate elastic properties and sound velocities were calculated via ab-initio
calculation for Au. Band structure and density of states were calculated for fcc
phase at 3 di�erent pressures and bcc phase for 2 di�erent pressure. At chapter
6, phonon dispersion relations for gold in the principal symmetry directions is
calculated and observed that the calculated values are in perfect agreement with
experiment. Furthermore, the pressure dependency of zone boundary phonon
frequencies is obtained and have seen the linear relation after 100 GPa.

At this point our pressure dependent calculations are almost completed and
58
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thermal e�ects should be included. The thermal equation of state can be calcu-
lated via Helmholtz free energy. These calculations will be performed in the near
future.
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