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Consider a field K of characteristic 0 and X,, = {x, ..., X, } as a finite set of
variables. Now let F, be the free metabelian Lie algebra and P, be the free
metabelian Poisson algebra of rank n generated by X, over the field K. In this

dissertation, initially, a set generator of the algebra FE‘,S of constants was given for a
linear nilpotent derivation §:x5 — x, — 0, §:x3 — x, — x; — 0. Secondly,
the algebra Pz‘gn of constants in free metabelian Poisson algebra was determined,
where §:x,; — x5;_1 — 0, 1 < i < n. Finally, the algebra P,f" of invariants of
the symmetric group S,, was determined.
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K karakteristigi sifir olan bir cisim ve X,, = {x4, ..., x,,} degiskenlerin sonlu
bir kiimesi olsun. Ranki n olan, X,, tarafindan iiretilen K cismi iizerindeki £,
serbest metabelyen Lie cebirini ve P, serbest metabelyen Poisson cebirini ele
alalim. Bu tezde ilk olarak, §:x5 — x4, — 0, §:x3 — x, — x; — 0 bir lineer
nilpotent derivasyon olmak {izere FS‘S sabitler cebirinin bir {irete¢ kiimesi
verilmistir. Ikinci olarak, &8:x,; — X,;_; — 0, 1 < i <n olmak iizere, Poisson
cebiri igerisindeki P$, sabitler cebiri belirlenmistir. Son olarak S, simetrik grup
olmak tizere, PnS " invaryant cebiri belirlenmistir.
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EXTENDED ABSTRACT

Let K be a field of characteristic 0 and let X,, = {x4, ..., x,,} be a finite set
of variables. Let K[X,,] be the polynomial algebra over a field K of characteristic 0.
A nonzero locally nilpotent linear derivation § of the polynomial algebra K[X,,] is
called Weitzenbock derivation. The canonical action of the general linear group
GL,(K) on the polynomial algebra K[X,,] defines the set

KX, ={peK[X,]|lg-p=p VgEG}
which is the algebra of invariants of the subgroup G < GL,(K). The fourteenth
Hilbert problem asked if the algebra K[X,,]¢ is finitely generated as an algebra for
any G < GL,(K). Nagata in 1959 constructed a counterexample showing the fact
that the conjecture above is not correct in general. Partial positive results had been
found, as well, until then. One of the most effective results is given in 1916 by
Noether where she confirmed the question affirmatively for finite groups. Another
study by Weitzenbock (1932) states that the algebra
Kerd = K[X,]® = {u € K[X,,] | §(w) = 0}

of constants is finitely generated.

Now we replace the group G by the symmetric group S,,. In this case, the
algebra K[X,,]5» consists of elements called symmetric polynomials. One may
consider the free associative algebra K(X,,) generated by X,, over K. The algebra
K(X,)¢ of invariants of the group G is finitely generated if and only if G is a cyclic
group. The nonassociative concept of this problem arises other approaches. We
compile some of them: The algebra L% cannot be finitely generated for finite
groups G where L,, is the free Lie algebra of rank n over K. On the other hand, ¢
is not finitely generated as a Lie algebra for finite groups G, provided F, is the free
metabelian Lie algebra of rank n. Although not being an infinitely generated Lie

algebra, the ideal (F;)¢ is finitely generated as a K[X,,]¢-module.
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The action of a linear nilpotent operator § on the algebra K[X,] is
specified via its action on vector space K X;, with basis X,,. Up to a linear change of
the basis of KX,, the derivation § is determined by its Jordan normal form
consisting of Jordan cells with zero diagonals. Such linear nilpotent operators are
called Weitzenbock.

Let &, be the Weitzenbock derivation of K[X,,] which corresponds to a
single n X n Jordan block of size n, then,
6n(x1) =0,  Splxz) =x1,  Sulxz) =%, .., p(xp) = xpog
and Weitzenbdck derivations of the form §,, are called basic. If we only have one
Jordan cell, then the derivation §,, is written as

OpiXp — Xp_q — =+ — x; — 0.
By extending the results of Dangovski et al. (2013) we give the explicit set of
6n

4

generators of the algebra of constants of the K [Xn]‘s"—module L"/ I forn=5
n

as a nonbasic Weitzenbock derivation, i.e., cells of size 3 X 2 . As fact this result
is coupled in Theorem 4.1.1 of this thesis where we proved that if d3; is a

nonbasic Weitzenbock derivation in which 8345 @ X3 — x, — x4 — 0 and

83x2
83x2 ¢ X5 — x4 — 0, then K[X5]%3*2-module LIS/L,S, is generated by
[x2,x1],
[x4, x1],
[xs,%1] — [x4, x2],
[x5, x4,

[x2, %1, X5] + [X4, X2, X2] — 2[x4, X1, X3],
[xZI‘xll‘xS] - [x3'x1!x4-]a
[x3,x1, x1] — [x2, %1, %51,

[x5,x1, X5] — [Xs5, X2, X4] — [X4, X2, X5] + 2[x4, X3, X4],
v



[x2, %1, X5, X5] — 2[x3, X1, X4, X5] + 2[X3, X3, X4, X4 ],
[x3, %1, X1, X5] — [X2, X9, X2, X5] — [x3, %1, %3, X4] + 2[x2, X1, X3, %4] and

[x5, X2, X2, X2, Xa] + [X4, X2, X2, X5, X5] + 2[5, X1, X1, X3, Xs5]
/ —[x3, 21, %1, x5, x5] — [x5, %1, X2, X2, x5] + [x2, X1, X5, X5, Xs5] \
—2[x4, X3, X2, X3, X4] + 4[24, X1, X3, X3, X4 ] — 2[5, X1, X3, X4, X4]
—2[xs5, xq, X2, X3, X4] — 2[X4, X1, X2, X3, X5] + 2[x3, X1, X7, X4, X5]

This is considered as the first results of this work.

Let n=2m, m =1, and consider the Weitzenbock derivation &,,, of
K[X,,Y,] where the Jordan form of §,,, has only single Jordan cells of size 2 X 2
and act as it is in Nowicki conjecture (Nowicki, 1994).

Let P, be the free metabelian Poisson algebra generated by X, =
{x1, ..., xp}, and let
Bin = Xp U{[xp, x| 11 > S iz <<y, k22}

Bon = {x; - xj,x; - % - xp | 1 < j < k}

Ban = {[x0 %] - xi | 0>}

By ={[x0 x5, %] x| j<i<Lj<k<l}.

Then the direct sum of KBy, @ KB,, @ KB;,, @ KB,, provides a linear basis
for the free metabelian Poisson algebra P, by (Zhang, Z., et al 2019).

Let P,,, be the free metabelian Poisson algebra generated by X,,, UY,, =
{xX1, ) X V1, -, Ym}. The Weitzenbock derivation of free metabelian Poisson
algebra is defined as §,,, such that

Som (Vi) = xi, Gam(x) =0
As second result of this thesis, we determine the K-basis and finite set of
generators spanned in the algebra Pziznm of free metabelian Poisson algebra P,,,.

Now, let P, be the free metabelian Poisson algebra of rank n generated by

X, over K. Being preserved under the action of each permutation in S,, we can say

that an element in P, is symmetric. It is shown in this thesis that the subspaces

KBjn, j = 1,2,3,4 are Sy-invariant spaces. Hence, the set PnS" of symmetric

\Y%



polynomials is the algebra of invariants of the symmetric group S, in the free

metabelian Poisson algebra P,. Therefore,

Bt = (KByp)S @ (KBzn)S @ (KB3n)™ @ (KByy)n.
Since KB,,, = F,, the free metabelian Lie algebra, then (KB;,,)" is generated by
single linear symmetric polynomial g™ = x; + - + x,, and (F;)"" as a K[X,,]5-
module. The remaining subspace (KB,,)>" @ (KBs,)>" @ (KB,,)5" is of a basis

B, = {p", o5, 05", 05 08V, {7 P, 15 }

Therefore, as third result of this thesis, we proved that the algebra P,f“ of
symmetric polynomials in P, is spanned on the set
P ={9™} U (B)* K [Xa]" U By,

as a K-vector Space.
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1. INTRODUCTION Andre DUSHIMIRIMANA

1. INTRODUCTION

Consider the polynomial algebra K[X,,] over a field K of characteristic 0
freely generated by the set of variables X, = {x4, ..., x,} and that let KX, be a
vector space with basis X,,. A linear operator 6 : K[X,] — K[X,] is a derivation

if
d(uv) = S(w)v + ud(v), for every u,v € K[X,]

The algebraic actions of the additive group (K, +) on affine K-variety X are in one-
to-one correspondence with locally nilpotent derivations of its coordinate ring
K[X,], that is, K-derivation § is called locally nilpotent if V u € K[X,], 3 n=
n(u) € Z*(a non-negative integer n depending on u) such that §™(u) = 0. K[X,]
is equivalent to the increasing union of the kernels Ker 6™ of the iterates of §. In
this case, the derivation § acts as a nonzero nilpotent linear operator of the vector
space KX, with basis X,,, and it is known as a Weitzenbock derivation.

In the structure of commutative algebra and algebraic geometry, locally
nilpotent derivations of polynomial algebra K[X,] has an essential role. In
particular, it is used to determine the action of an additive group (K,+) on K-

algebra R and to investigate whether the map
exp(8) + K[X,] — K[X,]

o 1
u— Z Ec?"(u)
n=0

is an automorphism of K[X,] as K-algebra. Another approach is the Jacobian
conjecture, which states that some special K-derivations of K[X,] = K[x4, ..., x,]

are locally nilpotent and that every 6; is locally nilpotent for a commutative basis
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{61, ..., 8, } of the K-derivation. One can see the book of Nowicki (1994) for further
information.

Rentschler (1968) proved a well-known theorem says that if u is an
element of a polynomial ring in 2 variables K[x, y] over a field of characteristic 0,

f(x) is a polynomial in K[x] and § : K[x,y] — K[x,y] is a locally nilpotent
derivation, then 3 a tame automorphism such that uo§ou™! = f (x)% . Later,

Smith (1989) proved that some K-automorphisms of K[X,,] are stably tame. Recall
that an automorphism which is not tame is called wild.

Let GL, (K) be the general linear group and G be a subgroup of GL,(K). If
GL,(K) is acting canonically on the algebra K[X,,], then the set

K[Xn]® ={p(Xn) € K[Xnl | g - p(Xn) = p(Xn) V g € G}

is the algebra of invariants of G < GL,(K). The fourteenth of twenty-three
unsolved Hilbert problems by Hilbert (1900) asked whether the algebra K[X,]¢ of
invariant is finitely generated for any subgroup G < GL,(K). Since then, the
significant works on linear actions of unipotent algebraic groups have been done
including the famous counter-example of Nagata (1959) which consists of 13
commuting locally nilpotent derivations of a polynomial ring in 32 variables for
which the joint kernel is not finitely generated. Although being incorrect in general,
some constructive concepts on the subject have been made until then. An
outstanding result was given by Noether (1916), who confirmed the case for finite
groups G, and the results of Shephard and Todd (1954) and Chevalley (1955)
proved that if G is generated by reflections, then the algebra K[X,]¢ is generated
by n algebraically independent homogeneous elements. One can see another partial
approach on the problem in the results of Weitzenbock (1932) which states that a

finitely generated algebra of constants of a given linear nilpotent derivation of
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polynomial algebra K[X,,] is equivalent to the algebra of invariants of a certain

group associated with the given derivation and is written in this form:
Kerd = K[X,]° = {u € K[X,,] | §(w) = 0}.

Seshadri (1962) gave an actual proof of the Weitzenbdck theorem and Tyc (1998)
gave the same proof with further minor changes.

The special case on the algebra of invariants is defined by symmetric
polynomials. When the group G is now replaced by symmetric group S,, of degree
n, then the elements of the algebra K[X,,]5" of invariants are known as symmetric
polynomials and its description is generated by algebraically independent

elementary symmetric polynomials
Xy F ot Xy, XX F o F XXy o F X1 Xy, e, Xg 0 X

Let K(X,), n=2, be the free (unitary or nonunitary) associative
polynomial algebra generated by X, over a field K. The concept of algebra
K(X,)5" of invariants was first discussed by Wolf (1936). One can see (Bergeron,
N., et al. 2008) and (Gelfand, L, et al 1995) for more details. The algebra K(X,,)¢ is
finitely generated if and only if G is a cyclic group which acts by scalar
multiplication via (Dicks and Formanek, 1982) and Kharchenko (1978). Koryukin
(1984) considered a nonnatural action for reductive groups G then he showed that
the algebra K(X,,)¢ is finitely generated.

Another approach in noncommutative invariant theory is when the group
acts on relatively free algebras in a variety of associative algebras. In this way,
Domakos (1996) proved that for a nonzero commutator ideal T, K(X,)/T =
K(X,,), the algebra (K(X,,)/T)¢ is relatively free if and only if G is a pseudo-

reflexion group and T contains the polynomial [[xl,xz],xl]. On other hand for T-

3
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ideal whose radical does not contain [[xl,xz], xl] or (T is the ideal of identity of
n X n matrices where n > 2), the algebra (K(X,)/T) is not relatively free
algebra.

Let L,, be the free Lie algebra and F, be free metabelian Lie algebra of
rank n. The action of a nontrivial group G can be uniquely extended to the entire of
the L,, and transform L,, into a KG-module in which every element of G acts as a
Lie algebra automorphism. Bryant (1991) proved that for nontrivial finite groups
G, the algebra LS is never finitely generated. Afterwards, Drensky (1994) proved
that E¢ is never finitely generated for nontrivial finite groups G, where F, is the
free metabelian Lie algebra of rank n. Besides not being finitely generated, the
algebra EC, the commutator ideal F, of F, is finitely generated K[X,]¢-module
under an appropriate action of K[X,] on FE,. One may see the papers (Findik and
Ogiislii, 2019) and (Drensky, V., et al. 2020) for generating sets of Fns ".n =2 and
(Findik and Ozkurt, 2020) for symmetric polynomials of the free metabelian
Leibniz algebras of rank n as a generalization of Lie algebras. Another analogue of
the problem was held for the free algebra E3 of rank 3 generated by X3 in the
variety G of Grassmann algebras. In the recent work (Akdogan and Findik, 2021)
they obtained a finite free generating set for the K[X3]%3-module (E3)%3, where E}
is the commutator ideal of E5.

The action of a linear nilpotent operator § on the algebra K[X,] is
specified via its action on vector space K X,, with basis X,,. Up to a linear change of

the basis of KX,,, the derivation § is determined by its Jordan normal form

J, 0 - 0
@=\7 )
0 0 - J

consisting of Jordan cells with zero diagonals

4
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0 10 0 0
0 0 1 00
0 0 O 00

where { = 1, ..., s. Such linear nilpotent operators are called Weitzenbock. For each
dimension n, there are only finite number of essentially different Weitzenbdck
derivations. Up to a linear change of the coordinates, the Weitzenbock derivations
6 have a one-to-one correspondence with the partition (mq; + 1,m, +
1,....mg + 1) of n, where my =-->mg >0, (im;y +1) + -+ (Mg +1) =n,
and the correspondence is given in terms of the size (m; + 1) X (m; + 1) of the
Jordan cells J; of J(8),i = 1,...,s.

Let &,, be the Weitzenbock derivation of K[X,] = K[x4, ..., x,,] which corresponds
to a single n X n Jordan block of size n, then,

On(x1) =0, On(x2) = x4, On(x3) = x5 , ) O (Xn) = xp_1.
Every Weitzenbock derivation of the form §,, is called basic. If we only have one

Jordan cell, then the derivation § will be denoted by

Op:iXp — Xp_qg — =+ — x; — 0.

Letn =2m, m > 1 and let P,,, be the free metabelian Poisson algebra generated
by X, UY, ={x1, ... Vi, -, ¥m}- The Weitzenbock derivation of free

metabelian Poisson algebra is defined as §,,, such that

62m(yi) =X, 62m(xi) =0

here the Jordan form of &,,, has only single Jordan cells of size 2 X 2. Such

derivations are known as nonbasic Weitzenbock derivations.

5
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Nowicki (1994) in his book conjectured that the algebra K[X,,]%2m is

x2p—1 pr

1< <m.
X2g-1 x2q|’ sp<qs=

generated by X,,, and the determinant U,, =

Since then, many researchers have proven this conjecture with various approaches.
In his Ph.D. thesis Khoury (2001) followed by his paper in (2008), he used the
Grobner basis technique to prove the conjecture. The work of Kuroda (2009),
Bedratyuk (2009) and Derksen's unpublished work show how to prove the Nowicki
conjecture by using the classical invariant theory. Drensky and Makar-Limanov
(2009) found a system of defining equations of the algebra K[X5,,, YZm]‘SZm that
corresponds to the reduced Grdbner basis of a certain ideal associated with this
algebra and a suitable monomial order, then they present explicit basis of
K[Xom, Yam]%2m as a vector space and they confirmed the conjecture in elementary
way without involving any invariant theory.

The free commutative associative algebras are very closely connected to
the free Lie algebras via Poisson algebras. The basics of the Poisson algebra date
back to the beginning of 19™ century. The well-known Mathematician Siméon-
Denis Poisson was studied this algebra as a pioneer linked to the three-body
problem in mechanics. These algebras have also widely been used in geometry
(Vaisman, 1994), quantum groups (Drinfel’d, 1987) and (Chari and Pressley,
1995), and some structural properties of commutative associative algebras
(Gerstenhaber, 1964).

Quantization of Poisson superalgebras were used in order to introduce the
free Poisson algebra by Shestakov (1994). Umirbaev and Shestakov (2002, 2003,
2004a and 2004b) showed that the automorphism group (Nagata, 1972) of the
polynomial ring with three variables is wild as an application of the free Poisson
algebra of rank three. Consider the symmetric algebra S(L) of a Lie algebra L.
Farkas (1998, 1999) proved that L contains an abelian subalgebra of finite
codimension in the case of characteristic zero iff S(L) satisfies a nontrivial Poisson

identity. Afterwards, (Giambruno and Petrogradsky, 2006) obtained the results for
6
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any positive characteristic. Agore and Militaru (2015) and Zhang et al. (2019)
classified the metabelian Poisson algebras of small dimensions and provided linear
bases for the free metabelian Poisson algebra defined over an arbitrary field.
In this dissertation, we handle three different results. First, we calculated
83x2

the generators of the algebra of constants of the K[Xs]%s-module LS/ I for
5

such that §34, is a nonbasic Weitzenbdck derivation, this gives an explicit

63)(2

(infinite) set of generators of the algebra Ls / 7k and this result follows the
5

work of Dangovski et al (2013). Second, we assume that &, is a nonbasic
Weitzenbdck derivation which acts similarly as it is in the book of the Nowicki
(1994), then we find the spanning elements of the algebra Pziflm of free metabelian
Poisson algebras P,,, which is considered as an additional work of (Drensky and
Findik, 2020) and (Centrone and Findik, 2020). Finally, we determine the algebra
P,f ™ of symmetric polynomials in the free metabelian Poisson algebra P, of rank n
as another generalization of the results obtained in the setting of Lie algebras
(Drensky, V., et al. 2020), in a similar direction to the work (Findik and Ozkurt,
2020).
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2. MATERIAL AND METHODS Andre DUSHIMIRIMANA

2. MATERIAL AND METHODS

In this chapter, we are dealing with some basic facts and properties
concerning our work and most of the contents can be found in any textbook

regarding the subjects.

2.1. Definitions
Definition 2.1.1: A field is a set K together with two binary operation addition and

multiplication such that the following conditions holds:

i.  (K,+) is abelian group
ii.  (K\{0},") is abelian group
iii. Distribution low hold V a, b, c € K

a-(b+c)=a-b+a-c;(b+c)-a=b-a+c-a
Definition 2.1.2: Let K be a field. A nonempty set I/ over a field K is called a
vector space if the following conditions holds:
(V,@®) is an abelian group
© : K XV — V with the following conditions

i) aOUVEeEV, Va€eK,veV

i) (@a+B)Ov=>@O0vBPBOV) VaBLEK,vEV
i) (@-B)Ov=a@QPBOV)VaBeEKvEV

iv) aOQudv)=OuwP@Ov) YVaeK,uveVl
V) 1GQv=v

Here W is subspace of vector space V over a field K if W itself is a vector space

over K with the same operation of V.



2. MATERIAL AND METHODS Andre DUSHIMIRIMANA

Definition 2.1.3: If v4, ..., v, € V, then every vector of the form c;v; + -+ + c, v,
with ¢4, ..., ¢, € K is called a linear combination of vy, ..., v,. The set of all linear
combination of subset S of V is called linear span of S and is denoted by (S) or

Span(S) in other word

n

Span(S) = {Z cv; | c; €K,v; €St

i=1

If every vector of V is linear combination of element of S (V = (S)) then V is
spanned or generated by S, so S is called a set of generators or spanning set of V.
Definition 2.1.4: A subset S of V is said to be linearly dependent if there exist
distinct vectors vy, ..., v, € S and scalars ¢4, ...,c, € K not all are zero such that
€1V + -+ ¢, v, = 0. On the other hand, is said to be linearly independent if for
any distinct vectors vy, ..., v, of S, c;v1 + -+ + ¢, v, = 0 and this implies ¢; = 0.
Definition 2.1.5: A basis is a subset S of VV over a field K which is linearly
independent set and Span V while a dimension is the number of elements inside the
basis.

Definition 2.1.6: Let V and W be the vector space with the same scalars. A
function T : V — W is called a linear transformation if the following two

properties holds

1. T(cu)=cT(w) (Homogeneity Property)
2. Tw+v)=Tw) +TWw) (Additivity Property)

for all vectors u, v € V and all scalars c.

Definition 2.1.7 (Rings): A set R with two binary operations (+,-) is called a ring

if the following conditions are satisfied:

10
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i) (R, +) is an abelian group with identity 0
ii) (R,") is an associative with identity 1

iii) V11,75,73 ER

(m4mn) rm=r-1r+rn-1r
rntr)=r -rn+rn
A subset S © R is a subring if S itself is a ring with respect to the same binary
operations on R.
Definition 2.1.8 (Unit): An element r; € R is a unit if there exist an inverse
71 € Rsuchthatry - 771 =771 -7 = 1. A set of all unit in R is denoted as R*.
Definition 2.1.9 (Ring Homomorphism): Let Ry, R, be two rings, then a ring
homomorphism is a map ¢: Ry — R, satisfying the following conditions

) ol +1) =00+ o)

i) @) = e(r)e(r,)
for all 7,7, € Ry. Here ¢ is called isomorphism if ¢ is a 1-1 and onto
homomorphism. If ¢: R{ — R, is a ring homomorphism, then we can define the

kernel of a ring homomorphism as a set

Ker ¢ = {r; € Ry, p(r;) = 0}.

Definition 2.1.10: Let R; be a ring. A pair of (R, f) is called an R,-algebra if R,
is aring and f: Ry — R, is a ring homomorphism.

Definition 2.1.11 (Integral Domain): A nonzero commutative ring R with identity
is said to be integral domain if V 14,7, € R, the condition ry - r, = 0 implies r; = 0
orr, = 0.

Here we can define a field as a nonzero ring R such that each element of R \ {0} is

a unit.

11
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Definition 2.1.12 (Ideal): A subring I € R is an ideal of R if (I,+) is an abelian
group and for everyry €E Rand x € I, yx € [ and xrq € I.

Lemma 2.1.13: If x is any element in a commutative ring R with identity, then the
set (x) = {xry | r; € R} is an ideal and such ideal is called Principal ideal.

Proof: The set (x) is nonempty so, Ox = 0 and 1x = x are in (x). The summation
xry + xr, = x(r; + 1,) and inverse —xr; = x(—7y) also are in (x). Let take an
arbitrary element s; € R, then we obtain s;(xr;) = x(s;77). Therefore, by
definition 2.1.11 we conclude that (x) = {xr; | r; € R} is an ideal.

Definition 2.1.14: Let R be a commutative ring

i) Letp € R, then p is called irreducible if the following condition holds
e p # 0is not invertible and
e p = xy, then either x or y is a unit.
ii) Let P € R be an ideal, then P is called a prime ideal if
e P *Rand
e xy€P,thenx€Pory€Pforall x,y €R.
ii1) Let M be an ideal of R. M is called a maximal ideal of R if I is an ideal of
R suchthat M € | € R, then either] = M or I = R.

iv) Two elements x,y € R is said to be associate if x = uy for some unit u.

Definition 2.1.15: Let R, be a subring of R,, then any element r; € R, is called an
algebraic over R, if there exist a nonzero p € R;[x] such that p(r;) = 0. Otherwise
1y is said to be transcendental over R;. Not that one can say that R, is algebraic
over R, if each element of R, is algebraic over R; and R; is algebraically closed in

R, if each element of R,\R; is transcendental over R;.

12
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2.2. Polynomial Rings
Definition 2.2.1: Let R be a commutative ring, let x be a variable with coefficients
in R. A polynomial over R with variable x is a set of all finite ordered system
ap + a;x + ayx? + -~ + a,x™ such that ay,ay,...,a, €R, a, # 0, n > 0. Here
a, and n are considered as leading coefficient and degree of polynomial over R
respectively.
Remark 2.2.2: i) If a polynomial f(x) = 0, then the polynomial is called zero
polynomial.

ii) If R is a ring with identity and a, = 1, then the polynomial is

called monic polynomial.

iii) If the polynomial consists only a single term a, then is called a
constant polynomial.
A set of all polynomials over a ring R is denoted as R[x]. Now, since the
polynomial over R preserves the properties of addition and multiplication, we can

define two polynomials in R[x]

n
fG) =ap+ ayx + azx® + - + apax™ = Z a; x' and
i=0

m
g(x) = by + byx + byx? + -+ bpypx™ = Z b; x!
i=0

such that their sum and product are
) +g(x) =(ag+ ayx + ax? + -+ a,x™)
+ (bo + byx + byx? + -+ 4 byx™)
= (ag + bg) + (a; + by)x + -+ + (a, + by)x™

max(n,m)
= Z (a; + b)) x*
i=0

Note that if n > m, then b, = --* = b, =0
And

13



2. MATERIAL AND METHODS Andre DUSHIMIRIMANA

f)g(x) = (ag + arx + azx? + -+ apx™)(bg + byx + byx? + -+ + by x™)

= aygby + (aghy + a;by)x + -+ + a,byx™t™

n+m / J
_Z z b i dbk=0,k2m+1
I A R P S 1 |
j=0 \i=0

Theorem 2.2.3: i) If R is a commutative ring with identity then R[x] is too.
ii) If R is an integral domain then R[x] is too.

Proof: i) let f(x) and g(x) be two polynomials in R[x]. The product is

n+m [/ J

_ PO
f)g(x) Z Z“tbj—l x’ and ar =0, k>n+1

j=0 \i=0
Since R is a commutative ring
J
Z a;bj_; = agbj + a1bj_4 + -+ a;b,
i=0
= boaj + biaj_ + -+ + bja,

J
i=0

This means that

f(x)g(x)=n+zm iaib,-_i xf=n+zm ibia,-_i X = g()f ()
j=0 \i=0 j=0 \i=0

Hence, R[x] is commutative.

If 1€R,1€R[x]and 1f(x) = f(x)1 = f(x) V f(x) € R[x]. Therefore, R[x] is
a commutative ring with identity.

ii) let R be an integral domain, we know from i) R[x] is a commutative ring with
identity. The products of two nonzero elements in R[x] has a,b,, as a largest
coefficient. Clearly a,b,, # 0 and this implies that f(x)g(x) # 0. Therefore R[x]

is an integral domain too. If a,b,, = 0, then its degree is zero which means that
14
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both f(x) and g(x) are constant polynomials and their product in R[x] is equal to
their product in R.
Theorem 2.2.4: Let f(x), g(x) be two nonzero polynomials in R[x], then
i) If f(x)+ g(x) # 0, then deg(f(x) + g(x)) < max{deg f (x),deg g(x)}
i) If f(x)g(x) # 0, then deg(f(x)g(x)) < degf(x) + degg(x)
Proof: Let suppose that deg f(x) = nand degg(x) =m
i) It’s known that the sum of two polynomials in R[x] is Z?ix(n'm)(ai +
b;) x* so,
If n = m, then the deg(f (x) + g(x)) = 0.
If n > m, then deg(f (x) + g(x)) = max{deg f(x), deg g(x)}
Therefore, deg(f (x) + g(x)) < max{deg f(x), deg g(x)}.
ii) The product of two polynomials is Z?:gn(zgzo a;bj_;) x’ by Theorem
2.2.1 ii) R[x] has nonzero divisor here f(x)g(x) # 0, this has a, b, as a
highest nonzero coefficient and n + m as the largest degree of the product.

Therefore,
deg(f(x)g(x)) = n+m = degf(x) + deg g(x).
If R[x] has zero divisor then f(x)g(x) = 0, this means that a, b,, = 0 so,
deg(f(x)g(x)) < degf(x) + deg g(x). Therefore,
deg(f()g(x)) < degf(x) + deg g(x).
Now let consider K as a field and K[x4, ..., x,] as a polynomial ring in n variables

over a field K. The formal expression is

a a
K[x1, o, xp] = Cay,an X1 " Xt Suchthatcy, o
(aq,-an)ENT=NX---xXN

n

EK,Vay,.., a, €N,
The polynomial K[xq,...,x,] can be defined in inductive way such that
K[xq, ..., xn] = K[xq, ..., Xn_11[%,]. For the sake of simplicity, we can write that
K[xq,..,x,] = K[X,]. Since K is a ring and n € Z, one can consider the

15
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polynomial ring K[X,,] as a K-algebra with the inclusion homomorphism i: K —
K[X,].
Definition 2.2.5: Let K be aring and S be a K-algebra

an

i) Let p € K[X,] such that p =Y (4,  a)ennCay,. ap xfl---xn and let

(51, -, Sp) € S™ then we define p(sy, ..., S,) € S as
p(s1, -y 5n) = Catyyty ST S
(@100 ENT
ii) Since s = (sq,...,5,) € S™, we define the map
evg : K[X,] — S
p(x1, .., Xp) = p(S1, ., Sn)
And is called the evaluation at s.
The following theorem is known as the universal property of polynomial algebra.
Theorem 2.2.6: Let K be a ring, n € Z, and K[X,,] be the polynomial ring in n
variables over K. If ¢: K — S is a ring homomorphism and s = (s4, ..., S,) € S™,
then there exist a unique K-homomorphism ¥: K[X,,] — S satisfying ¢(x;) = s;

forall i = 1, ...,n and the following diagram commute

-
L)

KX~

Consequently, the following conditions holds
1) P =evg
i) Imy =K[sq,...,Sp] = (51, -, S0) | p € K[X,,]

16
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Proof: The K-homomorphism ¢: K[X,] — S must be the map which sends X; to
s; and acts exactly as ¢ on the coefficients. Here polynomial so + s;x + s,x2 +
-+ 4 5,x™ can be sent to @(sy) + @(51)x + @(53)x% + -+ + @(s,,)x™ therefore,
the rest of the proof is to check whether the given map is a ring homomorphism.
Definition 2.2.7: Let S be an algebra over a ring K. An element s = (54, ..., S,,) €
S™ is called an algebraic dependent over K if there exist p € K[X,,] \ {0} such that
p(s1, -, Sp) = 0. Otherwise, such element is called algebraically independent over
K.

Definition 2.2.8: Let R be a commutative ring with identity, then R is called
Noetherian ring (or satisfies the ascending chain condition (a.c.c)) if there is no
infinite increasing chain of ideals. In other words, if I; € I, € I3 € --- is a chain of
prime ideal then 3 N € N such that [, = Iy V k > N.

Theorem 2.2.9: (Hilbert’s Basis Theorem). If R is Noetherian then R[X] is
Noetherian.

Proof: The proof can be found in Reid (1988).

Theorem 2.2.10: Let R be a ring. Then the following are equivalent.
i) R is Noetherian
ii) Every ideal of R is finitely generated

iii) Any nonempty set of ideals of R has a maximal element.

Proof: i) = ii) Let I be an ideal of R. Suppose that I is not finitely generated. Let
a; €1, let I =a.R ={ay) €1 so, I #1; since I is not finitely generated. Let
a, € I\I;. LetI, = {aq,a,) S I so, I # I, since I is not finitely generated.

ii) = i) Conversely, assume that every ideal of R is finitely generated. Suppose
that I; € I, € I3 C -+ is a chain of ideals. Take I = Upy=q I, then I is an ideal of
R. By our assumption [ is finitely generated then there are elements aq, ..., a,, of R

such that I = {ay, ..., a,,). Fori = 1, ...,m, a; € I there is n; such that a; € Iy, Let

17
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max{ny, ..., Ny} = N. Since n; < N, thena; € I,, S Iy fori =1,...,mso [ S Iy.
Since k = N, then I, © I € Iy € I so, I, = Iy. Therefore, the chain is constant
(stable) and R is Noetherian.

i) = iii) (By contradiction)

Let I be a nonempty set of ideals of R which has no maximal element. Let I; € I.
Since is not maximal element of I, then there is I, € I such that I; & I,. By
induction we construct an infinite increasing chain of ideals of R such that I; &

I, € I3 & -+ s0, R is not Noetherian.

iii) = i)

Letl; € I, € I3 € -+ be an increasing chain of ideals of R. Let I = {I,, : n € N}. If
I is nonempty set of ideals then by our assumption [ has a maximal element, say
Ly,

For k > ny, we have I, S Ij. Since I, is a maximal element of [ and I € I we
cannot have I, & Iy. So, I = I,,. Therefore, the chain become stable (constant)

from ny onward.

2.3. Free Metabelian Lie Algebras

Recall that a Lie algebra L is a vector space over K endowed with a bilinear

map [.,.] : L XL = L, (xq,x;) = [xq1, %], satisfying the following conditions:
L(1): [x1, %] =0

L(2): [[x1, x2), %3] + [[x2, %3], %1 | + [[x3, 1], 5] = 0

where x4, x5, x3 € L. The Lie bracket [x;, x;] is often referred to as the commutator

of x; and x,. Condition (L2) is known as the Jacobi identity. As the Lie bracket

[.,.] is bilinear, we have

0 = [x1 +x3, %1 + x2] = [xq, 1] + [xq, 2] + [x2, %1 ] + [x2, %]

= [x1, x5] + [, %1].

Hence condition (L1) implies

[x1,x,] = —[x5,x;] forall x;,x, € L.
18
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One can rewrite The Jacobi identity as

[[x1, x2), %3] = [x1, [xz, x5]] + [, 231, %2
Definition 2.3.1: For every element x; € L we define the map ad, , called adjoint
action, as follows:

ady 1L — L,x; ¥ [xq, %]
Here the linear map
ad: xq — ady,,
is called the adjoint representation which is one of the well-known examples of Lie
homomorphisms.
Recall that f: L — L is a Lie homomorphism if f([x1,x,]) = [f(x1), f(x3)]. Let
us show that ad is a homomorphism. For all x; € L we have that
lad (x1), ad(x2)1(x3) = [ady,, ady,|(x3) = (ady,ad,, — ady,ad,, )(x3)
= (adxladx2)(x3) - (adXZadxl)(x3)
= ady, (ady, (x5)) ~ ady, (ady, (x3))
= adxl([xz,x3]) - adxz([lexSD = [xl' [Xz'xs]] - [xz' [X1'x3]]
= [[xs, x2], 1| + [[x1, X3, 2] = —[[x2, %11, %3] = [[x1, %2], x5]
= ad[xl,xz](xS) = ad([x1, x2])(x3)

Thus

ad([x1,x;]) = [ad(xy), ad(x;)]
and this implies that ad is a homomorphism.
Definition 2.3.2: For all non-negative integer m, the ideal L™ of L is defined as
LO) = L,
L® =L L] = L' = {[x,x,] : x1,x, € L},
L2 = [L(l),L(l)],

L(n+1) — [L("),L(")]

Hence, we can iterate to define the derived sequence of L as follows:
19



2. MATERIAL AND METHODS Andre DUSHIMIRIMANA

L=LO®o®o..o1M5..

The first derived L™ and second derived L(® can be denoted by L' and L”,
respectively.

Definition 2.3.3: L is solvable if for some n > 1, L™ = 0.

Definition 2.3.4: The Lie algebra L is said to be nilpotent if for some positive
integer n, L™ = 0.

Lemma 2.3.5: Any nilpotent Lie algebra L is solvable.

Proof: Let’s use induction of k to show that L) € [k

Fork=1,LM =L =[L,L] = L*

For k — 1, let’s consider L&D < [*¥=1 = [L, ..., L].

L) = [L(k—l),L(k—l)] c [, L] =Lk,

Forn > 1, we have L™ = {0}, then L™ < L™ = {0}. Hence L™ = {0}. Therefore
L is solvable.

Let L, be the free Lie algebra over the field K of characteristic zero freely
generated by a finite set X, = {xq,...,x,} with n > 2. We assume that the
elements of X, are Lie monomials of length 1. If x; and x, are Lie monomials of
any length, then length of [xq,x,] is the sum of lengths x; and x,. The Lie

monomials has the form of

[x1, %2, %3] = [xq, xz]adx; = [[x1.x2].x3]

for the sake of simplicity. Hence, we may extent this inductively as

[x1,%2, %3, oo, %] = [+ [0, %21, %3], o 0], 0 = 3,

for all xq,x5,...,x, € L,. In this way, every element of L, can be written as a
linear combination of the left normed monomials, which means that, the set of all
left normed Lie monomials spans the whole free Lie algebra L,, on X,,.

The quotient algebra
20
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L L

E,="",,= n/

" /Ln [[Ln: Ln]: [Ln: Ln]]

is called the free metabelian Lie algebra of rank n defined by metabelian
identity [[xl,xz], [x3, x4,]] = 0. The second derived ideal of F, is equal to zero. F,
is generated by free generators y; = x; + Ly, ***, y,, = X, + L, and this algebra is

of a basis consisting of yy, ..., y, together with all left normed monomials of the

form:

[io Vigs 0 Vi) = [ [[}’ilj}’iz];}’g]»"'»J’in]’ G > Sz =<iHp=n

Let w € F, and let x;,x, € F, be arbitrary elements. Then as a consequence of
Jacobi identity we have

[w, xq,x5] + [x1, X3, W] + [x3,w,x1] = 0.

Since 0 = [x1,x,,w] € E;" = {0} we get
[W; x1;x2] = _[xZ;W)xl] = [W, xZle]-

Thus, F, is furnished with a natural structure of module of K[y, -, y5,]. For more

information see (Bahturin, 1987).

2.4. Free Metabelian Poisson Algebras
Let K be a field. A Poisson algebra P over a field K is a vector space
equipped with two bilinear operations (P,-,[,]) where (P, -) is a commutative
associative K-algebra, and (P,[,]) is a Lie algebra such that the Leibniz identity
holds; i.e.,
[x1, x5 - x3] = [x0,%2] - x5 + x5 - [x1, %3] = [x1,%2] - X3 + [xq, %3] - x2
for each xq,x,,x3 € P. Hence the commutator can be considered as a K-

derivation. We use the left normed commutators for simplicity:

[[xpxz]:xs] = [x1, X2, x3],
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and extend it inductively to longer commutators. Agore and Militaru (2015) set the
basic definitions in the concept of Poisson algebras. A Poisson algebra is abelian if
the operations are trivial; i.e., X1 - X, = [x1,%,] = 0 for each pair (xq,x;) of
elements, and any extension of an abelian Poisson algebra by another abelian
Poisson algebra is called metabelian. Therefore, the free metabelian Poisson
algebra exists because metabelian Poisson algebra form a variety.

Let us consider the free metabelian Poisson algebra P, of rank n > 2
generated by the set X,, = {xy,...,x,} over a field K of characteristic zero, and

denote the K-vector spaces

P? =Py, Py = K{x; x| x1,%; € P},
Py = [Py, B] = K{[x1, %3] | x1,x, € B,}.

The following lemma can be found in (Zhang, Y et al 2019)
Lemma 2.4.1. Let P, be a Poisson algebra. We have the following equality

PZ-PZ+[PL P21 =0
if and only if P, is metabelian P? is defined as the vector space

B, P, +[P,PB,] =0.
Proof:<) Suppose that 0 > A—- B, - B - 0 is exact sequence of Poisson
algebras, where A and B are abelian. Since B is abelian Poisson algebra, we deduce

that B2 + A = A and thus we obtain B? € A. Since A is also abelian we have

PP+ [P, B]=0
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=) Suppose that our equality P? - P? + [P?,P?] = 0 is true then P? and P,/P?
are abelian. Therefore, there is an obvious exact sequence 0 — P? —» P, -
P,/P? - 0. So, the equality B, - B, + [P, P,] = 0 where, B2 = P, - P, + [Py, By]
becomes
(Bu Pu+ [P P]) - (B Pyt [P Bal) + [P+ Po o+ [Py Pl P P+ [P, B = 0
Let denote that P, - P, = B? and [B,, P,] = P, so, we have
0= (B +P)- (B +F) + [P + By, B + Py
=Pi Pi+ BB+ By B+ Py P+ (BRI + [P Byl + [P, B
+[F, Bl
=P2-P2+P,-P?>+P, P, +[P% P2+ [P, P?] + [P, Pi].
Remark 2.4.2. For two vector space V and W, if the intersection V N W and the
direct sum V @ W are empty then V = W = {0}.
Form the above remark our equality is equivalently to
Pt =[P% P2 =[P, Pl =P, - P2 =P, P, =[P, P] =0
as vector spaces. Therefore [P;, P?] = 0 is considered as Leibniz identity while
[Py, P,] = 0 is free metabelian Lie algebra.
As a results, for all xq, x5, x3,x, € B,, we have
0 =x1 X323 Xq = [X1 - X2, X3 - x4 ] = [[x1, x2], X3 - x4]
= [x1,2x2] - x3 - x4 = [x1,%2] - [x3,%4] = [[xpxz], [x3,x4]].
Remark 2.4.3. Let xq,x,,x3,%x4 €P, from the equality above we have the
following identity holds
(1) Jacobi Identity: [xq, x5, X3] + [X2, X3, %1 ] + [X3, %1, %] = 0,
(2) Skew symmetry: [xq,x5] + [x5,%1] =0,
(3) Leibniz Identity: [xq, x5 - x3] = [x1,X2] - X3 + [xq, %3] - %3
(4) [x1, %2, %3,24] = [x1, %2, x4, %3]
(5) [x1,%2, %3] - x4 = —[x1, %2, %4] - X3
(6) [x1, %2, X4] - x4 = [2x1, x5, %4] + 24 + [x1,%2,24] - x4 = 0
0 = 2[xq, x5, %4] * X4 = [X1,%3,%4] - x4 = 0, since char K # 2.
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(7) [x1,%2,%2] - X3 = [x1, %2, %2] - x5 + [x1, %2, %3] - %, = 0
[x3, %2, 2] - %1 = [x3, %5, %2] - %1 + [x3,%2,%1] - 2, = 0
to show that [xq,x,, %] X3 = [x3,%5,%,] - x; we need to prove that
[x1, %2, %3] - X2 = [x3,%2,%1] - x5 s0,
[x1, %2, %3] = —[x2, %3, 1] — [x3, %1, %2] = [x3, 25, %1] + [x1, x5, x5]
[x1, %2, %3] - X2 = [x3,22,21] - x5 + [x1, %3, %] - X2 = [x3, 22, %1] - x5
Hence,

[x1, %2, %2] - X3 = [x3, %2, %2] - x4

(8) [y, %2, x5] - 3 = [2x1, %2, 2] - %1 + [%4, %2, %1] - x5 = 0
[x1, X, %3] - X1 = —[x1, %5, %1] - x,. Hence,
[x1, %2, %2] - %1 = [x2, 21, %1] - %,
(9) [x1, %9, %3] - x4 = —[x2, %3, %1 ] - X4 — [x3, %1, %2] - x4
= [x3,22,2%1] - x4 + [x1, %3, %] - X4
(10) 2[x1, %2, %3] - x4 = [1, %2, %3] - X4 — [, 22, 4] - x5

= [xq, %3, 2] - x4 — [x2, %3, 1] - X4 — ([x1, %4, X2] - X3 — [, %4, 1] - x3)
= —[xq,x3,x4] - 33 + [x2, %3, 204] - %1 + [201, %4, %3]+ 25 — [%2, 24, %3] - 24
= —[x1,x3,%4] - X2 + [0, %4, %3] - 25 + [X2, %3, X4] - 21 — [2x2, 24, %3] - %1
= —[x4,x3,%1] - x5 + [x4, %3, %2] - 01 = 2[4, %3, %3] - 24
= 2([x4, X5, x3] - X1 — [x3, %2, x4] - 1) since char K # 2 we deduce

[x1, %2, %3] - x4 = [24, %2, %3] - %1 = [x3, %2, %4] - 21

f()er < X1 > Xy, Xo < X3 < Xg.
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3. COMPUTATIONAL FACTS

3.1. Hilbert Series
A vector space V over a field K of characteristic zero is called graded K-vector

space if it has a direct sum

V= ZV(k)

k=0

where V®) is subspace and k > 0. In particular, we define a multigrading on V if

m
V= Z Z Y Kepokm),

i=1k;20

and V v--km) i5 called homogenous component of degree (ky, ..., k).
Since V =@ o V® is a finitely generated graded K-algebra, then we
define the Hilbert function of V as

H(V, k) = dimg (V)

where dimy (V) is the dimension of the vector space V) over K.

Let F, be a relatively free algebra of the variety B of (not necessarily associative or
Lie) algebra, then is graded vector space with finite dimension of homogenous
component of degree k of F,. Hence, we can define formal power series also

known as the Hilbert or Poincaré series

H(E, t) = Z dimy (V) ¢k
k=0
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Since F, is finitely generated for each non-negative integer j, then there are many
finitely monomials of degree j in generators of F,. For multigrated of algebra F,

with a Z¥-grading; the Hilbert series of F, is

H(E,ty,,ty) = Z dimK(V(klw-'.km)) tfl t‘rI:lm'
k=0

where Frfkl""'km) is the multi-homogeneous component of degree (kq, -, k).
Equivalently, for a Weitzenbock derivation § of E,, the algebra of constants F? is

also a graded and eventually its Hilbert series is

H(ES,€) = ) dimg (F)® t*

nz0

3.2. Algebras of Constants in Polynomial Algebras

In the following examples, we use direct computations from Maple in order to get
Hilbert series of the algebra of constants of polynomial algebra which will help us
to get the generators of the algebra of constants of polynomial algebras.

Example 3.2.1: The algebra of constants K[X,]%2 is generated by x;.

Let K[X,] be the polynomial algebra generated by X, = {x,x,}. Then K[X,]% is
the algebras of constants of polynomial algebras where the basic Weitzenbdck
derivations is of the form of &, : x, — x; — 0. From the Maple computation the

Hilbert Series of polynomial algebra is

1
1-—-tz

HGLZ (K[XZ]' tll t2l Z) =

Since the numerator is a constant, this means that there is no relation
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o fi=ax;,a€K
82(f1) = 62(axy) = ady(x1) =0
Example 3.2.2: The algebra of constants K[X3]% is generated by

X1

2
—2x1x3 + x5.

Let K[X;3] be the polynomial algebra generated by X3 = {x, x5, x3}. Then K[X3]%3
is the algebras of constants of polynomial algebras where the basic Weitzenbdck
derivations is of the form of J3:x3 — x, — x; — 0. From the Maple

computation, the Hilbert Series of polynomial algebra is

i
(t2z — 1)(ty1t,z — 1)(tyt,z + 1)
B 1
T (1 —t22)(1 — t2t2z2)

HGLZ (K[X3]' tll tZ'Z) =

This means that we have two generators of bidegree (2,0) with length 1 and
bidegree (2,2) with length 2. The following table summarize the bidegree of x; for
i=1,23.

X; Bidegree

X1 (2,0)
X (1,1)
X3 (0,2)

Let fy=1—t?z=(2,0)1and f, = 1 —t?t2z%2 = (2,2)2
e fi=ax;,a €K
85(f1) = 83(ax;) = ad3(x;) =0

o f,=axx3+ pxs
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63(fz) =0

83(axyx; + Bx3) =0

83(axyxs) + 83(Bx3) = a(83(x1)x3 + x183(x3)) + 2B%,85(x2) = 0
axix; + 2Bx1%, = (@ + 20)x1x, =0

(a+28)=0

a=-20

Let f =1 then a = —2 therefore

fo=—2x1x3 + x5
Example 3.2.3: The algebra of constants K[X,]%4 is generated by

X1
2
—2x1x3 + x5

3x%x, — 3x1%%3 + X3

8
6x1X3X3X, — 2X53x, — 3x2xZ — §x1x§ + x2x3.

Let K[X,] be the polynomial algebras generated by X, = {xq,x,,x3,x,}. Then
K[X,]% is the algebras of constants of polynomial algebras where the basic
Weitzenbock derivations is of the form of &, : x4 — x3 — x;, — x; —0. From

the Maple computation, the Hilbert Series of polynomial algebra is

1—tit,z + titiz2
(1 - t2t,2)(1 — E522)(1 + t3t322)(1 — t32)
(1 —t2ty,z + t1t2z%)(1 + tit,2)
(1 = t2t,2) (1 + t2t,2) (1 — t8t5z4) (1 — t32)
1 —tftz +tit5z% + t{tz — titiz? + t7t32°
(1 -t§2)(A - tft7z2) (1 - t7t52%)
28
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(1+t8t323)(1 — t8t32%)
(- 62)(1 - tt7z) (1 - 6524 (1 - t7t52°)
3 (1 —t1%t525)
(A —t2)(1 - t2z2) (1 — t8t323) (1 — t2t5z*%)

Here we have 4 generator of the form

fi = (1 —t3z) = (3,0)1 which means that f; has bidegree (3,0) and length 1,

fo = (1 — tft2z%) = (4,2)2 which means that f, has bidegree (4,2) and length 2,
f3 = (1 = tt32z3) = (6,3)3 which means that f; has bidegree (6,3) and length 3,
fo = (1 —t8t8z*) = (6,6)4 which means that f, has bidegree (6,6) and length 4.

The following table summarize the bidegree of x; for i = 1,2,3,4.

X Bidegree

X1 (3,0)
X2 (2,1)
o (1,2)
Xy (0,3)

e fi=ax,a €K
84(f1) = 64(axy) = aby(x) =0
o fo=axix3+px}
6,(f2) =0
0 = 84 (ax,x3 + Bx3)
= 8,(ax1x3) + 6,(Bx3) = a(64(x1)x3 + x164(x3)) + 2x,04(x3)
= ax1xy + 2Bx1%, = (@ + 2B)x1%,
(a+28)=0
a=-2fp
Let f =1 then a = —2 therefore
fa = —2x1%5 + x5
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o fy=axfx,+ Pxixyxs +yx3
0=26,(f3) = 54(053512954 + Bx1x,%x3 + )/x23)
= a8, (x£x4) + B4 (x12x5%3) +¥8,(x3)

=« (2x164(x1)x4 + x1254(x4)) +f (64(361):6(223)6:621(2)(’52)953)

+3yx384(x2)
= axixz + xixg + fxyxg + 3yxixf = (a + Pxfxz + (B + 3y)x1x3
(a+B)=0=a=-p
(B+3y)=0 =B =-3y
Lety =1, then f§ = —3 and a = 3 therefore
fs = 3x2x, — 3x1X,x3 + X3
o fi=ax Xx3Xs + Bx3x, + yxZxZ + Ox,x3 + ex2x2
0 = 64(fy) = Sa(axyx,x3x, + Bx3xs + yx2x3 + 0x,x5 + ex2x3)
= a4 (x1X2x3%,) + B84 (x3%4) + Y84 (x7x5) + 08, (x1x3) + 84 (x5 x5)
= a(54(x1)x2x3x4 + 2104 (X2) X34 + X1 X284 (x3)x4 + x1x2x354(x4,))
+B (64(x23)x4 + x§’84(x4)) t+y (84(x12)xf + xf&;(xf))
+0 (8403 + 1:8,(3)) + € (8,13 + 236, (xD)
= a(x2x3%4 + X1 %2324 + x12%,%3) + BBx1x5x4 + X3x3) + 2yx7x3%,4
+30x,x,x3 + 2e(x1x,x5 + 2x3x3)
= (a + 2y)x2x3x, + (@ + 3B)x1x3x4 + (@ + 30 + 2€)x1x,x3
+(B +2&)x3x3 =0
a+2y=0=a=-2y
a+3=0=a=-3p
B+2e=0=>p=-2¢
a+30+2e=0

Let e=1,then f=-2,a=6,y=—-3 and 30 =—a—2¢ = 30=-8 =
8

§=-2,
3
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Therefore,

8
fo = 6x1X%3%, — 2X3%, — 3x2xF — §x1x§ + x2x32

Since the denominator of Hg,_ (K[X,4],tq,t5,2) is not constant its means that we

the relation has bidegree (12,6) with length 6 and the following table show
bidegree and length of f; fori = 1,2,3,4.

fi Bidegree Length

f (3,0) 1
f2 (4.2) 2
fs (6,3) 3
fa (6,6) 4

ri=afffy+pfi+yfi =0
8
0=a <x12 <6x1x2x3x4 — 2x3x, — 3x2x2 — §x1x§’ + x%x%))
+B((3xfxs — x1x2x3 + x3)%) + ¥ ((—x1x3 + x5)%)

8
=a (6x13x2x3x4 — 2xix3x, — 3x{xi — §xfx33 + x%x%x%)

+p Ixtxs — 9x3x,x3%4 + 3x7x3x4 — Ix3x,x3%, + IxEx3x2
—3x,x5%3 + 3xZx3x, — 3x,x5%x3 + x5

+y(x$ — 631 x5 x5 + 12x2x2x2 — 8x3x3)

= (6a — 18B)x3x,x3x4 + (—2a + 68)x2x3x4 + (—3a + 9B)x{x2
+ (—ga - 8y) x3x3 + (a + 9B + 12y)x2x2x3 + (—68 — 6y)x x5 X3
+(B +7)x3

(6a—188)=0 = a =38

(—2a+6F)=0 =>a=3p

(=3a+9B)=0 > a=3p
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8

(—Ea—Sy)—O = a=-3y

(a+9+12y) =0 =

(=68 —6y) =0 =B =~y

B+y)=0 =B=—y

Let f =1, then @ = 3 and y = —1 therefore the relation is
ri=3ffi+f7—f7=0.

Example 3.2.4: The algebra of constants K [X5]% is generated by

X1
—2x1%3 + x2
2X1Xs — 2XpX4 + X3
—12xX3x5 — 6X3X3%4 + 9% X7 + 6x3x5 + 2x3

3x%x, — 3x1X,%3 + X3.

Let K[X5] be the polynomial algebras generated by Xz = {x;, X5, X3, X4, X5 }. Then
K[X 5]55 is the algebras of constants of polynomial algebras where the basic
Weitzenbock derivations is of the form of §5 : x5 — x4 — x3 — x;, — x; —0.
From the Maple computation, the Hilbert Series of polynomial algebra is

1—t3t,z + tPtiz?
HGLZ (K[XS]’ tll tZ’ Z) =

1+ t2¢2
(1 —ti2)(A - t3t,2)(1 — t2t22)2(1 + t?t2z) < ! 22)

+tityz?

(1 -3tz + t2t2z2)(1 + tit,2)

1+ t2t2z
(1 —tiz)(1 —t2t222)(1 — t2t22)2(1 + t?t2z) ( 12 )

+tityz?

1—tdt,z + tPt222 + tdt,z — tPt222% + t]t328

4 6,2 2,2 2,2 2,0 1+ ttZ
A —-t{z2)A —t2t2z2)(A = t{t52) (A + t{t52z)(1 — t{t3z)

+tityz?
(1 +t2t32z%)
(1 - tt2) (A - t§222) (1 — t}t322) (1 — t§1823)
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_ (1+t76323)(1 — t7t323)
(1-tf2)(1 — t9t522) (1 — t1t322) (1 — tit5z®) (1 — tt52%)

3 1—t§8t5z°
T A=t (1 - 26522 (1 - tft3z2) (1~ t1523) (1 — £7t32%)

Here we have 5 generator of the form

fi = (1 — t{z) = (4,0)1 which means that f; has bidegree (4,0) and length 1,

fo = (1 — t8t22z%) = (6,2)2 which means that f, has bidegree (6,2) and length 2,
f3 = (1 — tft3z%) = (4,4)2 which means that f; has bidegree (4,4) and length 2,
fo = (1 —t8t823) = (6,6)3 which means that f, has bidegree (6,6) and length 3,
fs = (1 — t)t32%) = (9,3)3 which means that f; has bidegree (9,3) and length 3,

The following table summarize the bidegree of x; for i = 1,2,3,4,5.

X; Bidegree

X1 (4,0)
Xy (31
X3 (2,2)
X4 (1,3)
X5 (0,4)

e fi=ax;,a €K
85(f1) = 6s(ax;) = ads(x;1) = 0
o fo=ax;xz+fx}
85(f2) =0
0 = 8s(ax;x3 + Bx3)
= 85 (ax;x3) + 65(Bx3) = a(6(x1)x3 + x16(x3)) + 2Bx,6(x3)
= ax1x; + 2Bx1%; = (@ + 2)x1%,
(a+28)=0
a=-2f
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Let f =1 then a = —2 therefore
fo=—2x1x3 + x5
o f3=ax;xs+ Bxyxy +y¥3
0 = 85(f3) = 8s(ax;xs + Brpxs +yx3)
= a(85(x1x5)) + B(85(x2xa)) +¥ (85(x§)) =0
= 3(5(951)955 + x15(x5)) + 3(5(952)954 + x26(x4)) + 2yx36(x3)
= ax x4 + Bxyx4 + Bxyx3 + 2Yx5x5
= (a + B)x1x4 + (B + 2y)x2x3
(a+B)=0 = a=-p
B+2y)=0= B=-2y
Lety =1, then § = —2 and a = 2 therefore
f3 = 2x1X5 — 2x,%4 + X2
o fi = ax;X3Xs + BXyX3X4 + YX1 X7 + Ox5x5 + x5
0 = 65(fy) = 8s(axyx3xs + Bxxzxy + yx X2 + 0x2xs + ex3)

= 0-’(55 (x1x3x5)) + 3(55 (x2x3x4)) tvy (65(x1xf)) + 0 (65(x22x5))

+& (65(x§ )
= (85 (x1)x3x5 + %185 (x3)x5 + %1 %365 (x5))
+ﬁ(55 (x2)x3%4 + X205 (X3)x4 + X2X305 (x4))
+¥ (85 (e)xZ + 2x165(xa)xs) + 0 (28(e2) 25 + x36(x5) )
+3ex26(x3)
= QX XpX5 + QX X3Xy + BX1X3Xs + BXEx, + LXpX3 + 2V X1 X3%,
+20x1x,x5 + Ox5x4 + 3ex,x5
= (@ + 20)x1x,x5 + (@ + B + 2y)x1x3%4 + (B + 0)x,x5
+(B + 3&)x,x3
(@+20)=0 = a=—-20
B+6)=0 = p=-0
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B+3e)=0 = B =-3¢

(a+B+2y)=0 = 2y =—a—-p
Lete =2,then 8 = —6,60 = 6, = —12 and y = 9 therefore

_ .2 3
* fs=axix,+ Bxixx3 +yx;

fo = —12x1x3x5 — 6X,X3%4 + 9% X2 + 6x2x5 + 2x35.

0 = 65(fs) = 65 (axfxy + Bxyxyx3 +yx3)

=a (65 (xfx4)) + B(8s (x12223)) + ¥ (65 (x%))

= a (265Cer )4 + 2 85(xa) )
+B(85(x1)x2x3 + %185 (%) x5 + x1%,85(x3)) + 3yx58(xz)
= ax?x; + Bx?xs + Bx,x3 + 3yx x5
= (@ + B)xixz + (B +3Y)x;x3
(a+B)=0 =a=-p
B+3y)=0=p=-3y

Lety = 1, then § = —3 and a = 3 therefore

fo = 3x%x4 — 3x1x,%5 + X3

Since the denominator of HGL2 (K[Xg],tq,tz,2) is not constant its means that we

the relation has bidegree (18,9)with length 6 and the following table show
bidegree and length of f; fori = 1,2,3,4,5.

fi Bidegree Length

f (4,0) 1
f2 (6,2) 2
fs (4.4) 2
fa (6,6) 3
fs 9,3) 3

ri=af +Bffa+vfifafs +0f5 =0
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0 = a(3x%x, — 3x1x,%5 + x3)?

+pB (x13 (—12x;X3x5 — 6X3X3%4 + 9x1 x5 + 6x5x5 + 2x§))

+y (x12 (—x12x3 + x2) (2%, x5 — 2x,%4 + x%)) + 0(—x1x3 + x3)3
C <9xfxf — 9x3x,x3x, + 3x2x3x, — X3 x,x5x4 + 9x12x§x32>
—3x,x5%3 + 3xZx3x, — 3x,x5%3 + X8
+B(—12x}x3x5 — 6X3x,x3%4 + IxFxZ + 6x3x2x5 + 2x3x3)
+y(—4xtxzxs + 4x3x,x3x4 — 203x3 + 2x3x2 x5 — 2x2x3 x4 + x2x3x3)
+0(x8 — 6x,x5x3 + 12x2x3x3 — 8x3x3)
= (9a + 9B)xfx2 + (—18a — 6 + 4y)x3x,x3x, + (6 — 2y)xix3x,
+(9a +y + 120)x?x2x2 + (—6a — 60)x,x5x3 + (a + 8)x$
+(=12B — 4y)xfx3xs + (68 + 2y)x3x3xs + (28 — 2y — 80)x3x3
Qa+98)=0=a=-p
(—18a— 68 +4y) = 0=> 188 — 68 + 4y = 128 + 4y = 0 = y = —38
(6a—2y)=0 =y =3a
Qa+y+120)=0 =2 12a+120=0 > a=-0
(—6a—60)=0 = a=-0
(a+60)=0 = a=-6
(=128 —-4y) =0 =y =-38
Letf =1,thena = —1,y = —3 and 8 = 1 therefore the relation become
ri=—fE+ffa-3flfafs+fi =0
Example 3.2.5: The algebra of constants K[X 5]53X2 is generated by
X1
—2x1%3 + x2
X1 X2 — 2XpX4 X5 + 2x3%2
X4

X1 X5 — XXy
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Let K[Xs] be the polynomial algebras generated by Xs = {x;, X5, X3, X4, X5 }. Then
K[X5]%*2 is the algebras of constants of polynomial algebras where the basic

Weitzenbock derivations is of the form of

O3x2 1 X3 =™ X3 — X1 —0,x5 > x4 — 0

From the Maple computation, the Hilbert Series of polynomial algebra is

1+ t2t,z?
(1= t22)(1 — t1t22) (1 + t1t,2) (1 — t2t323)(1 — t,2)

HGLZ (K[XS]' tll tZI Z) =

B (1 + t2t,z2)(1 — t?t,2%)
(-2 (1 - 322) (1~ t76523) (1 — t,2)(1 — t7t,22)

b (1 —titiz*)
T (- 8221 - 23221 - 2231 - 1) (A — t,7?)

Here we have 5 generator of the form

fi = (1 — t?z) = (2,0)1 which means that f; has bidegree (2,0) and length 1,

fo = (1 — t?t2z%) = (2,2)2 which means that f, has bidegree (2,2) and length 2,
fz = (1 — t?t22z3) = (2,2)3 which means that f; has bidegree (2,2) and length 3,
fa = (1 —t;2) = (1,0)1 which means that f, has bidegree (1,0) and length 1,

fs = (1 — t?t,z?) = (2,1)1 which means that f5 has bidegree (2,1) and length 1,

The following table summarize the bidegree of x; for i = 1,2,3,4,5.

X; Bidegree

X1 (2,0)
X5 (1,1)
X3 (0,2)
Xy (1,0)
X5 0,1)
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o fi=ax;,a€K
O3x2(f1) = G3xz(axy) = absxz(x1) =0
° fo=ax;x3+px}

0 = 83x2(f2) = Saxz(@x1x3 + Bx3) = F3xz(@x1x3) + 8352 (BX3)
= a(53><2(x1)x3 + x153><2(x3)) + 2Bx363%2(x2)
= ax1x; + 2Bx1%; = (@ + 20)x1%;

(a+2B8)=0

a=-2f8

Let f = 1 then a = —2 therefore

fo = —2x,x3 + x2
o f3=ax;x§ + Broxaxs + yx3x§

0 = 83x2(f3) = O3z (@X1 X2 + Brxoxaxs + yx3x5)
= @832 (X1X3) + B35 (XaX4X5) + Y32 (X3X3)
= 2ax, X, %5 + B(X1X4Xs + Xpx2) + Yx,x32
= 2a + B)x1x4x5 + (B + ¥)x2%%

QRa+p) =0 =p=-2a

B+y)=0=p=~-y

Leta =1, then f = —2 and y = 2 therefore

fz = x1X2 — 2XpX4X5 + 2x3%2
o fi=oax4, €K
83x2(fa) = O3xz(axy) = absxz(x4) =0
* f5s=axxs + Bxyx,

0 = 83x2(f5) = F3xa(ax1xs + Px2xs) = 632 (X1x5) + BO3x2(X2%x4)
= ax1X4 + Bx1x4 = (@ + B)x1x4 =0

(a+B)=0 =a=-

Let a = 1, then f = —1 therefore

fs = X1X5 — XXy
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Since the denominator of HGLZ (K[Xg], ty,ty,2) is not constant its means that we

the relation has bidegree (4,2)with length 4 and the following table show bidegree
and length of f; fori = 1,2,3,4,5.

fi Bidegree Length

f (2,0) 1
f2 (2,2) 2
fs (2,2) 3
fa (1,0) 1
fs (2,1) 2

ri=af +BfHfi +vfifs =0
0 = a(x x5 — X34)2 + B(—2x1%3 + x5)xZ + Y21 (x1X2 — 2x,X4%x5 + 2x3%F)
= ax?x? — 2ax,x,x4x5 + axixi — 2Bx,x3%F + BxZx? + yxix:
—2¥X1 X X4 X5 + 2Y X1 X3X2
(@ +y)x2x2 + (—2a — 2y)x1x3x4x5 + (a + B)x2x2
+(=2B + 2y)x1x3%f

(a+y)=0 >a=-y

(—2a-2y)=0 = a=-y

(a+B)=0 =a=-

(=28+2y)=0 =B =y

Leta =1, theny = —1 and § = —1 therefore
ri=fE—fof —fifs=0

3.3. Algebras of Constants in Free Metabelian Lie Algebras

The examples in this section are based on elementary computation of
8n

generators of the algebra of constants as a K [Xn]‘sn-module L"/ L for n < 4.
n
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Let consider a basic Weitzenbock derivation of free metabelian Lie algebra which

has a single Jordan cell such that &, : x, — x,_1 — = = X3 — X; — x4 —

0. Then by using simple maple computation we found the Hilbert series of the
6n

algebras of constant of free metabelian Lie algebra L"/ L and from there we
n

On

get the generating sets of the algebras of constant K[X,,]%7-module L”/ L for
n

n < 4. Again, we refer Dangovski et al (2013) for theoretical details.
83

!
Example 3.3.1: Let n = 3, then the K[X3]%:-module L3 / % is generated by
3

[x2, %11,

[x3, %1, %1] — [x2, %1, x2].

Let K[X3] be the polynomial algebras generated by X3 = {xy,x,,x3}. Then
K[X3]% is the algebras of constants of polynomial algebras for basic Weitzenbock
derivations such that 83 : x3 — x, — x; — 0 and from Example 3.2.2, the
algebras K[X3]%3 is generated by the algebraically independent polynomials

x, and x3 — 2x;x3.

The Hilbert Series of this polynomial algebra is

1

HGL2 (K[XB]' tl! tZ'Z) = (1 _ t12Z)(1 _ t12t22Z2)

Without loss of generality, the Hilbert series of polynomial algebra can be written

in the form of power series
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1 1
-1 - 26828 (1-2z)(1 - 2)

HGLZ (K[X3],21,2,) =

From the basis of this polynomial algebra
1
(1-2)(1-2)
=1+ tiz+titiz2 +titiz3 + t1z% + -

=142z +2,+ 212, + 22 + -

HGLZ (K[X3),21,27) =

=1+tiz+ (t2t2 +tHz? + -
By the Maple computations we have the Hilbert series of free metabelian Lie

algebra as follow

%2 3 2
A
L3/ Iy , tli t2; 7z | = 2t1 tZZ
Ly (1 —t22)(1 — tyt,2)

HGLZ

this must have same denominator as the Hilbert series of polynomial algebras so,

we have

03
L'3/ . t3t,2%(1 + t,t,2) _ t3t,z% + tft2z3
Ly | (1 —t22)(1 — t2t222) (1 — t22)(1 — t2t222)

HGL2

We need to write this in the form of power series

So, we have
83

Ly

fig) wtan | = @+ etz

1+ (t?+t
Hoy, + (t2 + ty)z >

+(t2t2 + t3 + t1)z% + -

Polynomial algebra of z;,z, should be ignored when you are working on

3
!

generators of L3 / Ly as a module of K[z, z,|

83

LI
He,, 3/L’3’ b,z | = 3t,2% + tft528
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The following table summarized the x;’s with the corresponding bidegree for

n=3.

X; Bidegree

X1 (2,0)
Xy (1,1)
X3 (0,2)

As we see in Hilbert series of algebras of constants of free metabelian Lie algebra,
we have the bidegree (3,1) of length 2 and the bidegree (4,2) with 3 and this
means that there are possibilities of two generator of length 2 and 3.
For a bidegree (3,1)2; the only possibility x; x;
This means we have only one generator ¢, such that
1 = [x2,%4]
For a bidegree (4,2)3 ; we have two possibilities x?x3 ; x;x3 and it’s can be
written in this form
o = ay[x3, %1, %1] + @z[x, %1, 5]
such that a4, a, € K and since c, is generator the derivation under &3 should be
Zero SO,
0 = 63(cz) = 83(aq[x3, 21, %1] + azxz, %1, x2])
= ay[x2, %1, 1] + @z, %1, 1] = (@1 + az)[xz, %1, %]
(¢ +az) =0
Here, a, = —a4 this gives generator ¢, such that

c2 = [x3, %1, x1] — [x2, %1, %3]
&3

This gives that the K[X3]% —module L3/ L has two generators ¢; and ¢, such
3

that
c1 = [x2, %]

¢z = [x3, %1, x1] — [x2, %1, %3]

42



3. COMPUTATIONAL FACTS Andre DUSHIMIRIMANA

84

Example 3.3.2: Let n = 4, then the K[X,]%*-module L4/ L is generated by
4

[x2, 1],
[x4, %1 ] — [x3,%2],
[x3, %1, %1 ] = [x2, %1, %3],
3[x2, %1, x4] — 2[x3, %1, %3] + [x3, %2, x2],

([x3,x2,x2,x2] — 3[x3,x1, X1, X4] + 4[x4, X1, X1, x3] + 3[x2,x1,x2,x4]>
—2[x4, %1, X2, %3] — [x3, %1, X2, %3]

3[x4, X2, X2, X2, X2] — 3[x3, X2, X2, X2, X3] + 6[x3, X1, X, X3, X3]
—4[x3, %1, X3, X3, x3] 4+ 9[X3, X1, X1, X4, X4 ] + 12[x4, X1, %1, X3, X3]
—18[X3,x1,x1, x3; x4] - 12[X4, xl; x2; x2; x3] + 9[x3lxll xZIxZFx‘l-]

—18[xy, X1, X1, X1, X3, X4 ] + 18[x3, X1, X1, X1, X4, X4 ] — 15[x4, X1, X2, X2, X2, X3]
+3[x3, X1, X2, X3, X, Xa ] + 9[X2, X1, X2, X2, X3, %4] + 12[x3, X1, X5, X5, X3, X3]
—10[x5, X1, X5, X3, X3, X3] + 9[X4, X1, X1, X2, X3, X4 | — 18[X5, X1, X1, X2, X4, X4]

+18[xy, X1, X1, X2, X3, X3] — 18[x3, X1, X1, X3, X3, X4 ] + 18[x5, X1, X1, X3, X3, X4]

( 3[x4, X2, X2, X2, X2, X5 ] — 3[x3, X2, X3, X5, X3, X3] — 8[x3, X1, X1, X3, X3, X3] \

Let K[X,] be the polynomial algebras generated by X, = {x;, x5, x3,x,}. Then
K[X,]%+ is the algebras of constants of polynomial algebras for basic Weitzenbock
derivations such that §, : x, — x3 — x, — x; — 0 and from Example 3.2.3,
the algebras K[X,]%4 is generated by the algebraically independent polynomials x;,
x5 — 2x1X3, X5 —3x1X,%3 +3x?x, and x3x% — 2x3x4 — 3xixZ — gxlxg? +
6X1X2X3X, .
The Hilbert Series of this polynomial algebra is
(1 —t1%t32°%)

(-2 - 6220 - 6623)(1 - totsz?)
B (1+ t8t323)

(1 -832)(1 — tft3z2)(1 — t8t5z%)

HGL2 (K[X4]' t1, L2, Z) =
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Without loss of generality, the Hilbert series of polynomial algebra can be written
in the form of power series
1
(1-t{2)(A - tf5z2) (1 - t7t5z*)
_ 1
S (1=z)(A - 2z)(1 - 23)

From the basis of this polynomial algebra

1
(1 -2 = 2)(1 - z3)

=142, +2;+ 23+ 2.2, + 2923 + 27 + -

HGLZ (K[X4), 21,22, 23) =

HGLZ (K[X4]r 21,22, 23) =

=14tz +titiz2 +t0tSz* + t]t523 + tbt5z*
+t7t825 + t6z2 + -
=1+tdz+ (tit2 +t0)z% + -
By the Maple computations we have the Hilbert series of free metabelian Lie

algebra as follow
84
L,4/ . - t3t,22(t? + t2 + tit3z? + t9t523 — t8t5z%)
Ly | v (1 —t32)(1 — t2t,2) (1 — t8t$2%)

HGLZ

this must have same denominator as the Hilbert series of polynomial algebras so,

we have
24 42 4 14442
) 3 tl + tz + tl tzZ 2
' ! tityz* <+t5t623 _ 846,44 (1 + tityz)
H 4'/ " ti1, 6,2 | = 12 12
Gl Ly | v (1 —t32)(1 — t#t222)(1 — t5t5z%)

We need to write this in the form of power series by denoting N as the numerator

of Hilbert series of free metabelian Lie algebra such that
N = t3t,z2(t? + t2 + titdz? + 71523 — t8t5zY) (1 + t?t,2)

So, we have
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84
A
Hg,, L4/L;j gt b,z |=N-1+t3z + (tft2 + t8)z% + -

Polynomial algebra of z;,z,,z3 should be ignored when you are working on
84

!
generators of Ly / | asamodule of K [z, 25, 23]
4

tf +t5 + tit;z?

84
HG L,4/LH ,tl,tz,z =N = tftzzz 5,63 8,64
L2 4 +t1t2Z = tl tzz

> (1 + tftyz)
= (76, + t5t3)2% + (t]t2 + t5t3)2° + t]t32*
+(t8e] + t7t9)z° + (t1°¢8 — t11t7)z® — t{3t] 27

The power of positive sign of t’s in Hilbert series of algebras of constants of free

metabelian Lie algebra represents the bidegree of generators and the power

negative sign represents the relations while the power of z’s represents the length.

The following table summarized the x;’s with the corresponding bidegree for

n = 4.

X Bidegree

Xy (3,0)
X7 (2,1)
X3 (1,2)
Xy (0,3)

As we see in Hilbert series of algebras of constants of free metabelian Lie algebra,
we have the bidegree (5,1), (3,3) of length 2, the bidegree (7,2), (5,4)of 3, (7,5)
of length 4, (8,7), (9,6) of length 5 and (10,8) of 6.

The Let us start with the bidegrees of length 2.
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e For a bidegree (5,1)2; the only possibility x; x,
This means we have only one generator c¢;such that
c1 = [x2,%1]
e For a bidegree (3,3)2 ; we have two possibilities x;x, ; X,X3 and it’s can
be written in this form
¢z = ay[x4, x1] + az[x3,x5]
such that a4, a, € K and since c, is generator the derivation under &, should be
Zero SO,
0 = 84(c2) = 84y x4, x1] + azlx3, x2])
= ay[x3, %] + ag[x3, %1] = (a1 + az)[x3, %]
(¢ +az) =0
Here, a, = —a4 this gives generator ¢, such that

¢z = [x4, %1] — [x3, %]
84

I
This gives that the K[X,]% —module L4/ Ly has two generators ¢, and c, of

length 2.

The next step is to found generators of length 3 with the following bidegrees (7,2)
and (5,4). Therefore, we expect two generators of length three but before that we
need to verify if this bidegree has new generators by comparing to the previous
generators of algebra of constant of free metabelian Lie algebra we already have
and the algebra of constants of polynomial algebra.

So, by comparing the bidegree of 2 previous generators of length 2 with f; :
(3,0)1, we found if the new bidegree of length 3 has possible new generator. Let
start with

For a bidegree (7,2) 3;

(7,2)3—-(3,001 = (4,2)2
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We don’t have any match from the previous bidegree of length 2 this means that
(7,2)3 has new generator and let be denoted by c5.
The possibilities of this bidegree are x2x3; x;x2 and c3 can be written as linear
combinations of all commutators in bidegree (7,2)3, so,
c3 = aq[x3, %1, %1] + @z[xz, %1, x5]

such that a4, @, € K and since c3 is generator the derivation under &, should be
Zero so,
0 = 84(c3) = 84(ay [x3, %1, %1] + @z[x2, %1, 2])

= ay[x2, %1, 1] + @z, %1, %1] = (@1 + az)[xz, %1, %4 ]
(a1 +a) =0
Here, a, = —a; this gives generator c; such that

c3 = [x3,x1, 1] — [x2, %1, X2].

e For a bidegree (5,4) 3;
(54)3-(3,01=(24)2
We don’t have any match from the previous bidegree of length 2 this means that
(5,4)3 has new generator and let be denoted by c,.
The possibilities of this bidegree are x;x,x, ; X1 X3 ; x2x5 and ¢, can be written as
linear combinations of all commutators in bidegree (5,4)3, so,
Ca = aq[x2, %1, X4 ] + @z x4, %1, %51 + @3lx3, %1, X3] + @ulx3, %2, 5]
such that a4, a,,a3,a4 € K and since c, is generator the derivation under &,
should be zero so,
0 = 84(ca) = 84y [x2, 1, x4] + @z [x4, 1, X2] + @3x3, %1, X3] + @ulx3, %2, X2])
= a104[%2, %1, X4 ] + 2644, %1, X2] + @384 [x3, %1, X3] + @464[x3, x5, x5]
= ay[x2, %1, X3] + @z ([x3, %1, x5] + [24, %1, %1]) + @z ([x2, 1, x3] + [x3, %1, %2])
+a,(2[x3, x1,x5] = [x2, %1, %3])
=(a1 + ag — ay)[xz, %1, %3] + (az + az + 2a4)[x3, %1, %3] + @z [x4, %1, %1]
(a3 +az—a,) =0
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(a; +az;+2a4)=0
a, =0
So, @, = 0 and let @4 = 1 then, @; = 3 and a3 = —2, this gives generator c, such
that
cq = 3[xz, %1, x4] — 2[x3, %1, x3] + [x3, %2, x5].
84

This gives that the K[X,]%* —module Ly / L has two generators c3 and ¢4 of
4

length 3.

The next, we need to found generators of length 4. We have only one
bidegree (7,5) of length 4 so, we expect one generator of length four but before
that we need to verify if this bidegree has new generators by comparing to the
previous generators of algebra of constant of free metabelian Lie algebra we
already have and the algebra of constants of polynomial algebra.

So, by comparing the bidegree of 4 previous the generator of length 3 with
f1 : (3,0)1 and generators of length 2 with f2: (6,0)2, f, : (4,2)2, we found if the
new bidegree of length 4 has possible new generator.

e For a bidegree (7,5)4;
(7,5)4 - (3,001 = (4,5)3
(7,5)4 - (6,002 =(1,5)2
(7,5)4 — (4,2)2 = (3,3)2
We don’t have any match from the previous bidegree of length 2 and length 3 this
means that (7,5)4 has new generator and let be denoted by cs.
The possibilities of this bidegree are x53x3 ; x2x3x4 ; X2x1X4 ; X3x,X, and cs can
be written as linear combinations of all commutators in bidegree (7,5)4, so,
Cs = a1 [x3, X2, X2, X2] + @2 [x3, %1, 01, X4 ] + @zlxs, %1, %1, X3] + @y lx2, %1, %2, %4]

+a5 [X4, X1, xZJXZ] + a6[x3l X1, xZJx3] + a7[xZ,X1,X3,X3]
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such that aq, a,, a3, a4, as,aq, a7 € K and since cg is generator the derivation
under 6, should be zero so,

aq[x3, X2, X2, X5] + az[x3, X1, X1, Xa] + @3[x4, X1, X1, X3]
0 = 84(cs) = 84| +aulxz, x1, %2, x4] + as[xg, X1, X2, X2 + ag[x3, %1, %2, X3]
+ay[xy, X1, X3, %3]

= a1 64[x3, %2, X2, X5] + @z 64lx3, %1, X1, X4] + A384[x4, 21, 21, x5]
484022, X1, X2, X4] + 5644, %1, X2, %2] + @6 84x3, X1, X2, %3]
+a;84[xz, %1, x3, %3]

= ay (3[x3, %1, X2, X2] — 2[x2, 21, %2, x3]) + @z ([xxz, %1, %1, 4] + [x3, %1, %1, x3])
+as([xs, 21,01, x3] + [x4, %1, %1, %2]) + @a([x2, %1, %1, X4] + [x2, %1, %2, x3])
+as([x3, %1, %2, %21 + 2[x4, %1, %1, %2]) + ag([x2, %1, X2, X3] + [x3, 201, %1, 3]
+[x3, %1, X2, %2]) + 2a7[x7, %1, X2, %3]

= (Bay + ag + ag)lxs, xq1, x5, %3] + (201 + a4 + ag + 2a5)[x2, X1, X2, X3]
+(az + ag)lxy, x1, %1, %4] + (a2 + az + a6)[x3, %1, %1, 3]
+(az + 2as)[xy, x1, 21, X2]

Ba;+as+ag) =0
(—2a1 +ay+ ag + 2a;) =0

(az+ay) =0
(az+az+ag)=0
(az+2as5)=0
So,
Leta; =0andag = —1then,a; =1;a, =—-3;a3=4;a,=3; a5 =-2
Therefore,

Cs = [x3, X7, X3, %3] — 3[x3, %1, X1, Xa] + 4[x4, X1, X1, x3] + 3[x2, X1, X2, X4]

_Z[X4, X1,X2, xZ] - [x3l X1,X2, x3]

84
!

This gives that the K[X,]%* —module L4’/ L has a generator c5 of length 4.
4
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The next, we need to found generators of length 5. We have only one bidegree
(8,7)of length 5 so, we expect one generator of length five but before that we need
to verify if this bidegree has new generators by comparing to the previous
generators of algebra of constant of free metabelian Lie algebra we already have
and the algebra of constants of polynomial algebra.
So, by comparing the bidegree of 5 previous the generator of length 4 with
f1: (3,0)1, generators of length 3 with f2:(6,0)2 , f, : (4,2)2 and generator of
length 2 with f2: (9,0)3, fif> : (7,2)3 and f5 : (6,3)3. Then we found if the new
bidegree of length 5 has possible new generator.
e For a bidegree (8,7)5;

(87)5=(3,001=(57)4
(8,7)5 - (6,002 =(2,7)3
(87)5-(4,2)2 =(4,5)3
(8,7)5-(9,003 = (—1,7)2
(87)5-(7,2)3 =(1,5)2
(8,7)5-(6,3)3 =(2,4)2
We don’t have any match from the previous bidegree of length 2,3 and length 4
this means that (8,7)5 has new generator and let be denoted by c.
The possibilities of this bidegree are x3x, ; X3x5 ; x5x1X, 5 x2x,%x2 3 x2x5x, ;
x2x,x3x, and cg can be written as linear combinations of all commutators in
bidegree (8,7)5, so,
Co = Q1[X4, X2, X2, X2, %3] + @3 [X3, %5, %5, %3, X3] + @3[x3, %1, %3, X3, 5]

Fauxy, %1, %3, %3, %3] + @5[x4, X1, X1, X2, x4] + @6[x2, X1, %1, X4, 4]

ay[xq, x1, %1, %3, %3] + aglxz, X1, %1, X3, %4] + @olx4, %1, %2, X2, 5]

Fagolxz, x1, %2, %2, X4 ] + @11[22, 21, X2, X3, 4]
such that a4, ..., 211 € K and since ¢g is generator the derivation under &, should

be zero so,
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= 64(ce)

a1 [X4, X3, X2, X2, X3 ] + 03[ X3, X3, X2, X5, X3] + a3[X3, X1, X3, X3, X3]

+aylxy, xq, %3, X3, x3] + @5[X4, X1, %1, %2, X4 ] + Ag[x2, X1, X1, X4, X4]

+a;[xy, x1, %1, X3, X3] + ag[x3, X1, X1, X3, X4 ] + Ag[X4, X1, X5, X2, X3]
+ar10[x3, X1, X2, X2, X4 ] + 11[X2, X1, X2, X3, X4]

4

= 18404, X2, X2, X2, X2 ] + @2 84[X3, X3, X2, X2, X3] + @304[x3, X1, X2, X3, X3]
g 84[x2, %1, %3, %3, %3] + @504[%x4, %1, X1, X2, X4] + 684X, %1, %1, X4, X4]
+a784[x4, %1, %1, %3, %3] + @g4lx3, 21, X1, X3, X4 ] + @904[x4, 21, X2, X2, 3]
+a1004[x3, X1, X2, X2, X4] + @1104[x2, X1, X2, X3, X4]
= a1 ([x3, %2, X2, X2, %3] + 4[4, %1, %2, X2, X2] = 3[x2, %1, X5, X2, X4])
+a,(3[x3,x1, X2, X2, x3] — 2[x2, X1, X5, X3, x3] + [x3, X2, X3, X2, X3])
+az([xz, 1, %5, %3, X3] + [x3, %1, %1, X3, %3] + 2[x3, 21, X3, %3, X3])

X3, X1, %1, X2, X4] + [x4,x1,x1,x1,x4])

[
+3a4[x2; X1,%X2, X3,X3] + s ( +[x4 X1, X1, X3 x3]
y AL A ’

+2ag[x, %1, %1, X3, X4] + a7 ([x3, 201, %1, X3, X3] + 2[x4, X1, X1, X2, X3])
tag([xg,x1, %1, %3, X4] + [x3, %1, X1, X2, x4] + [x3, 21, %1, X3, %3])
+ag([x3, 21, x5, %3, X3] + 2[x4, %1, %1, X2, x3] + [24, %1, X5, %2, X2])
Faio([x3, X1, %2, x5, x4 ] + 2[x3, %1, %1, X2, X4] + [x3, %1, %2, x5, x3])
a1 ([x2, 21, %1, x3, x4] + [x2, %1, X2, X2, X4] + [%2, X1, X2, %3, %3])

= (a1 + az)[x3, %2, X2, %2, x5] + (4ay + ag)[x4, X1, %2, X2, X5]
+(=3ay + ayo + ay1)[xz, %1, %3, X2, X4]
+Bay + 2as + ag + ay0)[x3, X1, X2, X2, X3]
+(—2a, + az + 3a, + ay1)[x2, X1, X2, X3, X3]
+(as + a; + ag)[xz, x1, %1, X3, 3]
+(as + ag + 2a10)[x3, %1, X1, X3, X4]
tag[xa, x1, %1, %1, X4]
+(as + 2a; + 2aq)[x4, X1, X1, X2, X3]

+Q2ag + ag + ay1)[xz, x1, %1, X3, X4]
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a;+a; =0,4a; +ag =0,-3a; + a9+ a1 = 0,30, +2az3 +ag+ a1 =0
—20,+az+3a,t+a1=0,a3+a;,+tag=0,as +ag+2a,0=0,a5 =0
as +2a; +2a9 =0, 2a5 + ag + a1 =0, (a3 + 2a5) =0
So,
Letas =0, a;1 =0 and ;g =9 then,a; =3 ;a,=-3 ;a3 =6;a, =—4;
ag=9;a;, =12;
ag =—18; a9 = —12
Therefore
Ce = 3x4, X2, %2, X2, X2] — 3[x3, %2, X2, X2, x3] + 6[x3, X1, X2, X3, X3]
—4[x5, x1, X3, X3, X3] + 9[x2, X1, X1, X4, X4 ] + 12[x4, X1, X1, X3, X3]
—18[x3,x1, %1, X3, X4] — 12[x4, X1, X3, X3, X3] + 9[X3, X1, X2, X2, X4]
84

This gives that the K[X. 4]‘54 —module L4/ i has a generator cg of length 5.
4

Lastly, we need to found generators of length 6. We have only one
bidegree (10,8)of length 6 so, we expect one generator of length six but before that
we need to verify if this bidegree has new generators by comparing to the previous
generators of algebra of constant of free metabelian Lie algebra we already have
and the algebra of constants of polynomial algebra.

So, by comparing the bidegree of 6 previous the generator of length 5 with
f1 : (3,0)1, generators of length 3 with f2: (6,0)2, f5 : (4,2)2, generator of length
3 with f3:(9,0)3, fif2 : (7,2)3 and f5 : (6,3)3 and generator of length 2 with
fi(12,0)4, f2f, : (10,2)4, £ : (8,4)4, fifs : (9,3)4 and f, : (6,6)4. Then we
found if the new bidegree of length 5 has possible new generator.

e For a bidegree(10,8)6;
(10,8)6 — (3,0)1 = (7,8)5
(10,8)6 — (6,0)2 = (4,8)4
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(10,8)6 — (4,2)2 = (6,6)4
(10,8)6 — (9,0)3 = (1,8)3
(10,8)6 — (7,2)3 = (3,6)3
(10,8)6 — (6,3)3 = (4,5)3
(10,8)6 — (12,0)4 = (—2,8)2
(10,8)6 — (10,2)4 = (0,6)2
(10,8)6 — (8,4)4 = (2,4)2
(10,8)6 — (9,3)4 = (1,5)2
(10,8)6 — (6,6)4 = (4,2)2
We don’t have any match from the previous bidegree of length 2,3,4 and length 5
this means that (10,8)6 has new generator and let be denoted by c-.
The possibilities of this bidegree are x3x4 ; x5x2 ; x2x5 ; x3x3x2 ; x;x3%3%, ;
xyx2x3 5 x2x2x? ; x?x,x3x, and ¢, can be written as linear combinations of all
commutators in bidegree (10,8)6, so,
C7 = ay[X4, X3, X2, X3, X3, %3] + @3 [x3, x5, %3, X2, X2, X5]
+aslxs, xq, %1, X3, X3, X3] + a4lx4, X1, %1, %1, X3, %4]

+as[xz, X1, X1, X1, X4, X4 ] + Ag[X4, X1, X3, X3, X3, %3]

[ ]

taz[xs, x1, %2, %2, %2, X4] + aglxz, x1, %2, x5, X3, x4]
+ag[xs, X1, X2, X2, X3, X3] + @10lx2, X1, X2, X3, X3, %3]
Fay1[xa, X1, %1, %2, X2, x4] + 1222, %1, %1, X2, X4, X4]
tay3[xq, %1, X1, X2, X3, X3] + @14[x3, X1, X1, X2, X3, X4]
tays[xz, X1, X1, X3, X3, X4]

such that a4, ..., 215 € K and since ¢, is generator the derivation under &, should

be zero so,
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0 =084(c7) =64

aq [x4, X2, X2, X2, X2, X3 ] + @3 [X3, X2, X2, X7, X2, X3]
+az[xs, xq, x1, %3, X3, X3] + @4xg, X1, %1, X1, X3, X4]
tas[xs, xq, %1, %1, X4, X4] + @[x4, X1, X2, X2, X2, X3]
+tag[xs, X1, X2, X2, X2, X4 ] + ag[x2, X1, X7, X2, X3, X4]
+ag[xz, X1, X3, X2, X3, X3] + @10[x2, X1, X2, X3, X3, X3]
tagg[xg, x1, X1, X2, X2, X4 ] + @12 x5, %1, X1, X2, X4, X4]
+agsxa, X1, X1, X2, X3, X3] + aq4[x3, %1, X1, X7, X3, X4]
+ays[xz, %1, X1, X3, X3, X4]

= a1 04[x4, X3, X3, X2, X2, X2 ] + A284[X3, X3, X3, X2, X, X3]

+as8,[x3, %1, X1, X3, X3, 3] + @464[x4, %1, X1, X1, X3, X4]
+a564 [x xlixlixlix4»' x4] + a654-[x xlfoJ xZIxZIx3]
] [

+a;68,[X3, X1, X0, X9, X2, X4 ] + Ag04[ X2, X1, X, X2, X3, X4 ]
+agalxs, X1, X2, X2, X3, %3] + @1004[x2, X1, X2, X3, %3, x5]
11044, X1, X1, X2, X2, X4] + A1204[X2, X1, X1, X3, X4, X4]
+ai304[x4, %1, X1, X5, X3, %3] + @1464[X3, %1, X1, X3, X3, X4]
+a1504[x, X1, X1, X3, X3, X4]
= a1 ([x3, X2, X2, X3, X3, X2 + 5[x4, X1, X2, X3, X3, X2 ] — 4[x2, X1, X2, X3, X2, X4])
+ay(4[x3, X1, X2, X2, X2, X3] — 3[x2, X1, X2, X2, X3, X3] + [x3, X2, X3, X2, X2, X3])
+az([xz, %1, x1, X3, X3, x3] + 3[x3, X1, X1, X3, X3, X3])

+ay ([x3, X1, X1, X1, X3, X4] + [Xg, X1, X1, X1, X2, X4 ] + [X4, X1, X1, X9, X3, X3])

[x4, X1, X2, X9, X3, X3])

+0(5([X3,x1,x1,x1,x4, x4] + 2[x3l X1,X1,X1,X3, X4 )
+a6([‘x3l‘xll‘x2I‘x2I‘x2l 3]
1+

[X4, X1,X1,X2,X2,X3
3[

+a;([x2, X1, X2, X2, X3, X4 [x3, X1, X2, X2, X2, X3])

X2, X1,X2,X2,X2,Xy

+a8 (2 ['XZI xll xll le .X3, x4]

]
x3] +

X3, X1, X1, X2, X2, X4] +
x4] + [x2, %1, %2, X2, X3, %3])
]+

+ag([xz, X1, X3, X2, X3, X3] + 2[X3, X1, X1, X2, X3, X3] + 2[X3, X1, X3, X3, X, X3])

+a10([x2' X1,X1,X3,X3,X3

[

2[

B[z, x1, X3, X2, X3, x3])
a1 ([xs, %1, %1, %2, %5, X4] + 2
2

1+ ]
[ x4] + 2[4, %1, %1, %1, X2, Xa] + [X4, X1, X1, X2, X5, X3])
+az([x2, %1, X1, X1, X4, X4] + 2[5, 21, 21, X3, %3, X4])
[ 1+

+aq3([x3, X1, %1, X2, X3, X3] + [x4, X1, X1, X1, X3, X3] + 2[4, X1, X1, X2, X2, X3])

54



3. COMPUTATIONAL FACTS Andre DUSHIMIRIMANA

x25x11x11x2!x3Jx4] + [x3Jx1Jx1Jx11 x3,x4] + [x3,x1,x1,x2,xZ,X4])
+[x3, 21, %1, x5, X3, %3]

+aq4 <[
+ays(2[xz, X1, %1, X2, X3, x4] + [x2, %1, %1, X3, %3, X3])
= (a1 + az)[x3, %2, X2, X2, X2, X2 ]

+(5ay + ag) x4, x4, %2, X3, %32, X2]

+(—day + a; + ag)[xy, xq, X2, X5, X5, X4]

+(4a, + ag + a; + 2aq)[x3, X1, X3, X2, X2, X3]

+(—3a, + ag + ag + 3a1)[x2, X1, X5, X5, X3, X3]

+(az + azo + ays)[xa, %1, %1, X3, X3, X3]

+Bag + 2a9 + ;3 + aq4)[x3, X1, X1, Xo, X3, X3]

+(ay + 2as5 + agq)[xs, x4, %1, %1, X3, %4]

+(ay + 2a11) [x4, X1, X1, X1, X2, 4]

+(ay + a13)[x4, %1, X1, X1, X3, 5]

+(as + a12)[x2, %1, X1, X1, X4, x4]

+Bag + ayq + 2a43) [x4, X1, X1, X2, X5, X3]

+Baz + ayg + a14)[x3, %1, X1, X2, X2, X4]

+ag + 215 + a4 + 2a45)[x2, X1, X1, X, X3, X4]
a;+a,=0,5a; +ag=0,—4a; +a; +ag=0,4a, + ag + a; + 2a9 =0
—3a,tagtag+3a5=0,a3+ag+ a5 =0,3a3 +2a9g+ a3 +a;4, =0
as+2a5+a14=0,a3+2011 =0, a4 +a13=0,a5+a;, =0
3ag+ a1 +2a13 = 0,3a; + a1 + a4 =0, 2ag + 2a4; + @14 + 205 =0
(a3 +2a5) =0
So, let ay5 =18 then, @y =3 ; @, =—-3 ; a3 =-8 ; a, =—18 ; a5 =18 ;
ag=—-15;a;, =3;
ag=9;a9=12; 019 =—-10;a11 =9; a1, = —18; a3 =18 ; a1, = —18
Therefore
c7 = 3[4, x5, %2, X2, X2, x5] — 3[23, x5, X3, X2, X2, x5]

—8[x3, %1, X1, X3, X3, X3] — 18[x4, X1, X1, X1, X3, X4]
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+18[x3,x1, X1, X1, X4, X4 ] — 15[x4, X1, X3, X5, X5, X3]
+3[x3, %1, X5, X0, X5, Xa | + 9[X5, X1, X5, X, X3, X4]
+12[x3, %1, X5, X5, X3, X3] — 10[x5, X1, X2, X3, X3, X3]
+9[x4, X1, X1, X2, X2, X4 ] — 18[x2, X1, X1, X3, X4, X4]
+18[x4, X1, X1, X5, X3, x3] — 18[x3, X1, X1, X2, X3, X4 ]

+18[x25 X1,%X1,X3, X3, x4]

3.4. Symmetric Polynomials in Free Metabelian Lie Algebras
Let F, be the free metabelian Lie algebra of rank n. An element p € F, is

called a symmetric polynomial if

(X1, ey Xp) =T xP(X, o, Xp) = p(xn(l), ...,xn(n))

under the action ” * ” of each w € §,,.

Symmetric polynomials expressed as linear combinations of longer commutators
are in the commutator ideal F,, of F,, and they form the Lie algebra (F,)S» which
has a right K[X,]*-module structure as follows. Let p(xy, ..., x,) € (E;)>» and

q(xy, ..., xp) € K[X,,]5". Then for module multiplication ” * ”, we have

p(le ""xn) * q(le ""xn) = p(xlf ""xn)q(yli ""yn)

where y; : F;, — F,, 1 < i <n, is the adjoint operator; i.e., py; = [p, x;] for all
p EF,.

due to Shmel’kin (1973) the free metabelian Lie algebra F, can be embedded by &
to an abelian wreath product W(U,). The image of each element in the

commutator ideal F, via this embedding is as follows:
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$: Z[xb xi] pij (V) — Z(uixj —wjx;) pij (Xp) € W(Uy).

i>k i>k

See e.g. the paper by Drensky et al. (2020) for details. Recall that the algebra
K[X,]5" is generated by the algebraically independent elementary symmetric

polynomials

n .
e]-(): Z xil.“xij’]:]‘""’n'

iy <<

We compute the inverse image of hg-l)(Un,Xn) , 1 <i<j<n,in order to obtain

the generating set G,, of (E;)" as a K[X,]°» = K [el(n), . e,(ln)]—module.

The proofs of the following theorem and corollary were given in Drensky et al.
(2020).
Theorem 3.4.1: The K[X,]5"-module (F;)" is generated by the set

£ (R WU X)) 1A Wn X = ™ W, X e ()

Gn = —ie™ (Up, Xp)e{P(X,),  1<i<j<n

of polynomials, such that

n
séﬁ)l(Un,Xn) = Zuinjl X 1<ji<-<jg<n, i#].
i=1

and

el(n) =x; + ...+xn

ez(n) =X1Xp t ot XXt XoX3 o+ X1 Xy
eT(Ln) =X, Xy
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Corollary 3.4.2: The Lie algebra Fns " is generated by:
g1(Xn) = &1(Un, Xp) = X1+ + xp
(expressed as an element of F,;) and
hg'l)(Uann)egz(Xn) "'er(:n(Xn)r Az, ey @y 20

(expressed as an element in the image of F, in (KU, )wr(KT,)).
Example 3.4.3: We determine the expression of hg?)(Un,Xn) for n <5 and We
give the computations for the generator &1 (hg-l)(Un,Xn)> € (E))5" as an
illustration. Here all computations are straightforward according to Theorem 3.6.1.
Case n = 2. An element of F, with image in wreath product (KU,)wr(KT,) is
generated by hgzz)(Uz,X ») where
h3 WU, Xp) = 2617 Uy, Xp)es? (X,) — 7 (U, Xp)e(™ (X,)

Here 51(2)(U2,X2) = Uy + Uy, 552)(U2,X2) = UpXy + Uy Xo, 61(2)(X2) =Xt X
and eéZ) (Xz) = X1Xy
We obtain that
hgzz)(Ulez) = 2(ug + u)xy % — (Uaxy + uyx) (%1 + x3)

= 2U X1 Xy + 2UpX1 Xy — UpX1Xq] — UpX1 Xy — U1 X1 Xy — Ui XXy

= Uq1X1X;y + Uy X1 Xy — UpX1X1 — U1 XXy

= Upx1 (0 — x1) + ugxy (g — x2)

= Upxq (X2 — X1) — Upxp (X5 — Xq)

= (uzx1 — upxz)(xz — x1)
In the wreath product W (U,). Therefore, the inverse of h%)(Uz,X ,) as a K[X,]%2-

module (F,)%2 in the algebra (F;)52 is equal to polynomial gg)(Xz) =

&t (hgzz)(Uz;Xz)) =[x, %1, %, — ;] € (F3)*2.
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Casen=3.Wehave 1 <i<j<3. Ifi=1—j=2o0or3andifi=2—j=3.
Then, the elements of F; with their images in wreath product (KU3)wr(KT3) is
generated by hg)(U3,X3), hg)(U3,X3) and h§33)(U3,X3) where
h$3 Us, X3) = 26%) (Us, X3)es” (Xs) — &7 (Us, X5)ef” (Xs)
hiy (Us, Xs) = 3% (Us, X3)e§” (X3) — 57 (Us, X3)e;” (X3)
h$y (Us, Xs) = 3% (Us, X3)e5” (X3) — 2657 (Us, X3)ef™ (X3)
Here
81(3)(U3,X3) =uy + uy + us,
853)(U3,X3) = UyXq + Uy Xy + UsXq + UX3 + UzXy + UpXs,
s§3)(U3,X3) = U XpX3 + UpX X3 + UzXqXg,
e1(3)(X3) =X + Xy + X3, 62(3)(X3) = XX + x1x3 + x,Xx3 and
€§3)(X3) = X1X2X3
In the wreath product W (U3), we obtain that
h§32)(U3,X3) = 2(uqg + uy + uz) (e xy + x1x3 + X5%3)
—(uyxy + ugxy + uzxg + ugxg + usxy + uyxz) (X + x5 + x3)
= U X Xy + U X X3 + UpX Xy + UpXpXg + UgX X3 + UzXyX3
—UyX1X] — U XXy — UzXq X — U X3X3 — U3XaXy — UpX3X3
= Upxq (X2 — X1) + Upxp (X1 — X2) + uzxy (X3 — %)
Fuix3 () — x3) + uzxa (X3 — x2) + upx3(x; — x3)
= Upxq (X2 — X1) — U Xz (x5 — X)) + uzxy (X3 — %)
—uyx3(x3 — X1) + uzx; (X3 — X2) — uUpx3(xX3 — X2)
= (Uzxy — Uy x2) (X — x1) + (uzxy — uyxg)(x3 — x1)
+(uszx; — uzx3)(x3 — x3)
By similarly computations we have
hg)(U3»X3) = (uzx1 — upx2) (o — x1)x3 + (Uzxy — ugx3) (X3 — x1)x

+(uzxy — upx3)(x3 — x3)x;
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h§33)(U3.X3) = (UzXy — Uy X2) (X — x1)X3x3 + (Ugxy — Usxz) (X3 — X1) X33
+(uzxz — Upx3) (X3 — X2)x1%

Therefore, the inverse of hgi)(U3,X3), h§33)(U3,X3) and hg33)(U3,X3) as a K[X5]53-

module (F3)3 in the algebra (F3)53 are equal to polynomials gg) (X3), gg) (X3)

and gg? (X3) respectively such that

gﬁi)(Xa) =[xz, %1, %0 — x1] + [x3, %1, X3 — x1] + [x3, %2, %3 — x2],

gﬁ)(Xa) = [x2, %1, %, — x1,x3] + [X3, X1, X3 — X9, X5] + [x3, X2, X3 — X3, %1],

3
ggg)(X3) = [xp, %1, %, — x1, X3, x3] + [X3, X1, X3 — X9, X2, X;]

+[x3, %5, X3 — x5, %9, %1].

Casen = 4. We have 1 < i <j < 4. This means that
If=1—j=2,30r4;

i=2—j=3or4;and

[ =3—>j=4.
Then, the elements of F, with their images in wreath product (KU,)wr(KT,) is
generated by hY (U, X,), h'¥ (U, X,), K (U, X,). B2 (U, X,). B2 (U, X,
and hgi)(U4,X4)where
D (U, Xy) = 26 Uy, X)es? (Xy) — 5 (U, Xa)e® (Xy)
h§43)(U4;X4) = 35£4)(U4; X4)e§4)(X4) - 5354)(U4'X4)31(4) (X4)
hﬁ)(UszL) = 45£4)(U4; X4)ei4)(X4) - 5£4)(U4'X4)31(4) (X4)
h§43)(U4;X4) = 3554)(114; X4)e§4)(X4) - 2£§4)(U4,X4)e§4)(X4)
héi)(U4,X4) = 4554)(114; X4)ei4)(X4) - 2554)(U4,X4)e§4)(X4)
hSS Uy, Xp) = 465 (Ua, X)eP (X)) — 367 (U, X)es? (X,)
Here,
81(4)(U4,X4) = Uy + Uy + Uz + Uy,
554)(U4,X4) = UpXy + UgXy + UzXy + UpX3 + UgXy + Uy Xy + UzXy + UpXg
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FULXy + UpXy + UyX3 + UzXy,
53(,4)(U4,X4) = UgXpX3 + U XXy + U X3 Xy + UpX X3 + Up XXy + U X3Xy
Fuszx1X, + UzX Xy + Uz XXy + UgX1 Xy + UyX X3 + UyXp X3,
554)(U4,X4) = U XpX3X4 + UpX X3Xy + U3X XXy + UgX1 X X3,
e1(4)(X4) =1+ X, + x3 + x4,

e2(4)(X4) = X1Xy + X1 X3 + X1X4 + XXz + XX, + X3Xy,

4

e3( )(X4) = X1XpX3 + X1XX4 + X1X3X4 + X3X3X, and
C)) -

ey (X4) = x1Xx5X3%,4

In the wreath product W (U,), we obtain that

Uy Xy + U Xy + UzXy + Uz + UyXq + U Xy

20010 )
hay (Us Xa) = 4 Uz, + UpXg + Ughy + Upky + UgXz + Uzx,) F12N3Ha

UgXpX3Xy + UpX1X3Xy \ (X1X + X1X3 + X1X4 + XpX3
B (+u3x1x2x4 + u4x1x2x3) ( +x,%4 + X3%4 )

= AUy X1 X1 X3X3X4 + AU X1 X2X3X3X4 + 4U3X1X1X2X3Xy
F4U X1 X X3X3X 4 + AU4X1 X1 X X3X 4 + UL X1 X2 X3X X4
F4U3X1X2X3X3X4 + AU X1 X3X3X3X4 T 4ULX{ XX X3Xy
FAUL X1 X9 X3X4 X4 + AULX X3 X3X3X4 + AU X1 X3 X3X 4 Xy
—2U1X1X9X9X3Xs — 2UpX1X1X3X3Xg — 2U3X1X1X2X2Xy
—2UyX1X1X3XX3 — 2U X1 X3X3X3Xy — 2UpX1X1X3X3Xy
—2U3X1X1XX3Xs — 2UsX1X1X2X3X3 — 2U1X1X2X3X4 X4
—2UpX1X1X3X4X4 — 2U3X1 X1 XXX — 2UX1X1X2X3Xy
—2Uq XX X3X3Xy — 2UpX1X3X3X3Xs — 2U3X1XpX9X3X,
—2UyX1X2X3X3X3 — 2U1X3X3X3X4Xq — 2UX1X3X3X4Xy
—2U3X1X3X3X4Xg — 2UgX1X3X2X3Xq — 2U1X2X3X3X4Xy
—2UpX1X3X3X4Xg — 2U3X1X3X3X4Xq — 2UsX1X3X3X3X,

= 2UpX1X1X2X3X4 + 2U X1 X2X2X3X4 + 2U3X1X1X2X3Xy
F2U X1 X3 X3X3X s + 2UsX1 X1 X3 X3X s + 2U X1 X3 X3 XXy
F2U3X1X2X5X3X4 + 2U3X1X3X3X3X4 + 2U X1 X2 X2 X3Xy
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F2Up X1 XpX3X4Xq + 2UsX1X2X3X3X4 + 2U3X1X3X3X4 Xy
—2U3X1X1X2X2Xg — 2UgX1X1X2X2X3 — 2U3X1X1X3X3X4
—2UX1X1X2X3X3 — 2U3X1 X1 X3X4Xg — 2U3X1X1X2X4X4
—2U XX X3X3X4 — 2UgX1X3X3X3X3 — 2U1 X2 X2 X3X4Xy
—2U3X1X2X7X4Xg4 — 2U 1 X9X3X3X4Xs — 2U3X1X3X3X4X4
= UpX1X3X3%4 (X2 — X1) + U XpX3%x3%4 (X1 — X2)
FUzx1x3%4%4 (X2 — X1) + Uy X X3X4 %4 (X1 — X3)
FU3x1 X2 X2X4 (X3 — X1) + Uy X3X525204 (X1 — X3)
+uUzXy XX %4 (X3 — X1) + U X3X X X4 (X1 — X3)
FULx1X52523 (4 = X1) + Uy XXX X3(Xg — X4)
Fuy Xy X x3%3 (X4 — X1) + U X4 X X3%3 (X1 — X4)
FU3X5X1 X1 X4(X3 — X3) + Uz X321 21204 (X7 — X3)
FU3 XX X424 (X3 — X3) + UpX321 204204 (X — X3)
Fuy X% X1 X3 (X4 — X3) + U420 X1 X3 (X5 — X4)
FUyxpx1 X323 (X4 — X2) + UpXgx1X3%3(X; — X4)
FuUy X33 X1 %5 (X4 — X3) + UgXg X X1 X5 (X3 — X4)
FULx3x1 X525 (X4 — X3) + UzXgX1 X525 (X3 — X4)
= (uzx; — Uy xz) (3 — X1)X3X3X,
+(uzxy — upxy) (X2 — X1)X3X4%4
+(uzx; — uyx3) (X3 — X1) XXXy
+(uzxy — uyx3) (X3 — X1)x22x4%4
F(ugxy — upxy) (X4 — X1)x2X2X3
+(ugxy — Upxy) (X4 — X1)X2X3%3
+(uzxz — Uzx3) (X3 — X2)X1 X1 Xy
+(uzxz — Uzx3) (X3 — X2)X1X4 X4
+(ugxz — Uzxs) (X4 — X2)x1%1 X3
+(ugxz — Upxs) (X4 — X2)X1X3X3

+(ugx3 — u3x) (X4 — X3)X1X1 X5
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+(Ugx3 — Uzxg) (Xg — X3)X1 XX
= (uzxy — uyx2) (o — 1) (X3 + X4)X3%4
+(uzxy —ugx3) (X3 — x1) (X2 + X4) %24
F(Ugxy — ugxy) (X — x1) (X2 + X3) %23
+(uzxy — Upx3) (X3 — x2) (X1 + X4) X1 Xy
+(Uaxy — Upxy) (g — x2) (1 + x3) X123
+(Ugxs — uzxy) (x4 — x3) (1 + x2) X1,
with similarly computations we have
he3 (Ua Xa) = (upxy — w12) (e = x1) + (uss — wrx3) (83 — x1)
+(Ugxy — Urxg) (Xg — 1) + (Uzxz — Upx3) (X3 — X3)
+(Uaxy — UpX) (Xg — X3) + (UsXs — UzXy) (X4 — X3)
hE3 (Ua Xa) = (upxy = 1%5) (e = 1) (%3 + X4
+(uUzxy — ugx3)(x3 — x1) (%2 + x4)
+(ugxy — Upxy) (x4 — 1) (X3 + X3)
+(uUzxy — upx3) (3 — x2) (%1 + x4)
+(Uaxy — Upxy) (x4 — x2) (X1 + x3)
+(Ugxs — uzxy) (x4 — x3) (X1 + x3)
hﬁ)(Uszx) = (uzxy — uyx2) (g — x1)x324 + (Uzxy — Uyx3) (X3 — X1) X2 Xy
+(Ugxy — Upxg) (g — X1)X2x3 + (UzXy — Upx3) (X3 — X2)X1 Xy
+(Uaxy — UpXg) (Xg — X2)X1X3 + (UsXz — UzXg) (X — X3)X1X)
hé?(U@XA;) = (Uzxy — Uy X2) (X — 1) (X3 + x4) (3 + x4)
—(uzx; — upxz) (X2 — x1)X3%,
+(uzxy — ugx3) (X3 — 1) (2 + x4) (x2 + x4)
—(uzxy —ugx3) (X3 — X1 )x2%4
F(ugxy — ugxa) (x4 — x1) (2 + 23) (xz + x3)
—(ugxy — upxs) (X4 — X1) %23

+(uzx; — uzx3)(x3 — x2) (g + x4) (%1 + x4)
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—(u3zxz — Upx3) (X3 — X2)X1 X4
F(ugxy — upxg) (g — x2) (g + x3) (%1 + X3)
—(ugxy — Upx4) (x4 — X3)X1 X3
+(ugxz — uzxy) (x4 — x3) (1 + x2) (%1 + x3)
—(ugxz — Uzxy) (X4 — X3)X1;
(4)(U4:X4) = (uzx1 — Usx2) (o — X1)X3X3X4%4
F(uzxy — Usxz) (X3 — X1)X2X2X4 %4
F(Ugxy — Usxy) (Xg — X1)X2X2X3%3
+(Usxy — Upx3) (X3 — X3) X1 X1 X4 Xy
F(Uaxy — Upxy) (X4 — X3) X121 X3%3
+(UgX3 — Uzxg) (X4 — X3)X1 X1 X2 X7
Therefore, the inverse of hlz)(U4,X4) h (U4,X4,) h(4)(U4,,X4) h(4)(U4,X4)
(4)(U4,X4) and h(4)(U4,X4) as a K[X,]5*-module (F;)S+ in the algebra (F;)5
are equal to polynomials g;3 (Xa), 913 (Xa). g5 (Xa), 955 (Xa), g5¢ (Xs) and
931 (X,) respectively such that
912)(X4) =[x, 201, %2 — 1] + [x3, %1, x5 — x1] + [x4, 21, X4 — 1]
+[x3,%2, x5 — X2 + [x4, %2, x4 — 2] + [x4, 23,4 — %3],
913)(X4) = [xg, %1, %3 — X1, X3 + X4] + [x3, %1, X3 — X1, %3 + x4]
+[x4, X1, X4 — X1, X5 + X3] + [X3, X0, X3 — X3, X1 + X4]
x4, %2, %4 — X2, 21 + x3] + [x4, %3, %4 — X3, %1 + x3],
914)(X4) = [x2, 21, %2 — %1, X3, %4] + [x3, %1, X3 — X1, %2, X4]
+[x4, X1, x4 — X1, %2, X3] + [X3, 202, X3 — X2, 21, x4]
+[x4, X2, X4 — X2, %1, X3] + [X4, X3, %4 — X3, %1, %3],
923)(X4) = [xg, %1, %3 — X1, X3 + X4, X3 + X4] — [x2, %1, %5 — X1, %3, X4]
+[x3, %1, 03 — X1, %5 + x4, %5 + x4] — [x3, 21, %3 — X1, %2, 24]

+xg, %1, X4 — X1, X5 + X3, X + X3] = [X4, X1, X4 — X1, X2, X3]
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+[x3, %2, x5 — X2, %1 + X4, X1 + x4] — [x3, %2, X3 — X3, %1, X4]

x4, X2, X4 — X2, %1 + X3,%1 + x3] — [X4, X2, X4 — X3, %1, X3]

x4, x3, %4 — X3, %1 + X2, %1 + x3] — [x4, X3, %4 — X3, %1, %3],
gé?(X;;) = [xg, %1, %3 — X1, X3 + X4, X3, %4] + [x3,2%1, X3 — X1, X5 + X4, X2, X4]

+[x4, X1, X4 — X1, X3 + X3, X, X3] + [X3, X2, X3 — X3, X1 + X4, X1, X4]

x4, %2, X4 — X2, %1 + X3,2%1, X3] + [X4, %3, X4 — X3, 201 + X3, %1, X2],

4
g§4)(X4) = [x2, %1, %2 — X1, X3, X3, X4, X4] + [X3, X1, X3 — X1, X7, X, X4, X4]

+x4, X1, X4 — X1, X2, X2, X3, X3] + [X3, X2, X3 — X3, X1, X1, X4, X4]
+[x4, %2, x4 — X3, 21, 21, X3, x3] + [24, X3, X4 — X3, %1, X1, X3, X2 -
Casen = 5. We have 1 < i < j < 5. This means that
If=1—>j=2,3,40r5;
i=2—>j=3,40r5;
i=3—j=4or5and
i=4—>j=5
Then, the elements of Fy with their images in wreath product (KUs)wr(KTs) is
generated by A(y (Us, Xs), h$3 (Us, Xs), h$3 (Us, Xs). 3 (Us, Xs) hS3 (Us, Xs).
hgi)(US'XS)’ hg?(U&Xs), hgi)(U5,X5), h§55)(U5,X5) and hg?(US,XS) where
hg)(Us:Xs) = 25%5)(U5,X5)e§5)(X5) - 555)(U5'X5)e1(5)(xs),
h$3 (Us, Xs) = 36(°) (Us, Xs)es™ (Xs) — 5% (Us, Xs)ef™ (Xs),
hiy Us, Xs) = 4&(®) (Us, Xs)es™ (Xs) — %) (Us, Xs)ef™ (Xs),
hi3 (Us, Xs) = 56{°) (Us, Xs)ec> (Xs) — e (Us, Xs)ef™ (Xs),
hg53)(U5’X5) = 3555)(U5,X5)e?(,5)(X5) - 2£§5)(U5,X5)e§5)(X5),
hgi)(UsJXS) = 4555)(U5,X5)ei5)(X5) - 25&5)(U5,X5)e§5)(X5),
h$3 (Us, Xs) = 5¢5” (Us, Xs)et” (Xs) — 2657 (Us, Xs)es™ (Xs),
h$D) (Us, Xs) = 468 (Us, X5)el™ (Xs) — 3687 (Us, X5)el™ (Xs),

D (Us, X5) = 56 (Us, X5)el® (Xs) — 3685 (Us, X5)e$> (Xs),
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h§2 (Us, Xs) = 5&5° (Us, Xs)e® (Xs) — 4e¢> (Us, Xs)es® (Xs).
With similarly computations as we did in the case n = 2,3 or 4 we obtain
hfé)(Us.Xs) = (Uzxy — Uy x2) (xz — x1) + (ugxy — uyxg)(x3 — x1)
+(ugxy — upxg) (x4 — 1) + (Usxy — UsXs) (X5 — X4)
+(Uzxy — upx3) (X3 — x3) + (UgXy — UpXy) (Xg — X2)
+(uUsxy — Upxs) (X5 — x3) + (UgXs — UzXy) (Xg — X3)
+(Usxz — Uzxs) (X5 — x3) + (UsXy — UsXs) (X5 — Xg).
RS (Us, Xs) = (upxs — 1) (= x1) (x5 + %4 + %5)
+(uzxy — ugx3) (03 — x1) (X2 + X4 + X5)
+(ugxy — upxg) (x4 — x1) (X2 + X3 + x5)
+(usxy — ugxs) (s — x1) (X2 + X3 + x4)
+(uszxz — Upx3) (X3 — x2) (%1 + x4 + Xs5)
+(ugxy — Upxs) (g — 22) (31 + x3 + X5)
+(Usxy — upxs) (X5 — x2) (1 + x3 + x4)
+(Ugx3 — Uzxg) (g — x3) (X + X3 + Xs5)
+(uUsxs — uzxs) (x5 — x3) (1 + Xz + X4)
+(Us Xy — UgXs) (X5 — X4) (X1 + Xz + X3)
hii)(Us;Xs) = (uzxy — upxz) (g — x1) (X34 + X3x5 + X4 Xs5)
+(uzx; — ugx3) (X3 — 1) (X224 + X2X5 + X4X5)
F(ugxy — ugxa) (x4 — 1) (X223 + X2X5 + X3X5)
F(usxy — upx5) (X5 — 1) (X223 + X2X4 + X3%4)
+(uzxz — Upx3) (X3 — X2) (X1 X4 + X1 X5 + X4Xs)
F(ugxy — upxs) (x4 — x2) (X1 X3 + X1 X5 + X3%5)
+(usxz — UpXs) (x5 — x2) (X1 X3 + X124 + X3X4)
+(ugx3 — uzxy) (x4 — X3) (X1 X2 + X1X5 + X2Xs)
+(usx3 — u3xs) (x5 — x3) (X1 X2 + X124 + X2X4)

+(usxy — Ugxs) (x5 — x4) (XX + X1 X3 + XpX3)
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hﬁ;)(Usrxs) = (Uzxy — Uy X2) (X3 — X1)X3X4Xs5
+(uzxy — ugx3) (X3 — X1)X2X4 X5
+(uaxy — uyxy) (g — X1)X2X3%5
+(usxy — ugxs) (X5 — X1 )x2X3%
+(uzxy — Upx3) (X3 — X2)X1X4Xs5
+(Uaxy — Upxy) (X4 — X3)X1X3Xs5
+(usxz — uzxs) (x5 — X2) X1 X3%4
+(UgX3 — Uzxg) (X4 — X3)X1 X2 X5
+(Usxz — UzXs) (X5 — X3)X1XpX4
+(Usxy — UsX5) (X5 — X4)X1X2X3

hg?(Us;Xs) = (uzx1 — usx2) (o — x1) (%3 + x4 + x5)(x3 + x4 + Xs5)
—(uax1 — ugx2) (X2 — %1) (X3%4 + X3Xs5 + X4 Xs)
+(ugx; — usxg)(x3 — x1) (xz + x4 + x5) (X2 + x4 + x5)
—(uzxy —ugx3) (x3 — 1) (X2 %4 + X2 X5 + X4 Xs)
+(uaxs — ugxg) (X — x1) (2 + X3 + x5) (%2 + X3 + X5)
—(ugxy — upxy) (x4 — x1) (X223 + X35 + x3x5)
+(usxy — ugxs) (x5 — x1) (%2 + X3 + x4) (22 + X3 + X4)
—(usxy — Uy x5) (X5 — 1) (X223 + X2X4 + X3X4)
+(uszx; — uzx3) (x5 — x2) (%1 + x4 + x5) (%1 + x4 + x5)
—(uzx; — ux3) (x5 — x2) (X1 X4 + X1 X5 + X4Xs5)
F(Ugxz — Upxy) (g — x2) (X1 + X3 + X5) (X1 + X3 + x5)
—(ugxz — Uxy) (x4 — X2) (X1 X3 + X1 X5 + X3X5)
+(usxy — upxs) (x5 — x2) (g + x3 + x4) (%1 + X3 + x4)
—(usx; — uxs) (x5 — x2) (X1 X3 + X124 + X3X4)
+(ugx3 — u3xy) (g — x3) (01 + X2 + x5) (%1 + x5 + x5)
—(ugx3 — u3xy) (x4 — x3) (X1 X2 + X1X5 + X2X5)
+(usxs — uzxs) (x5 — x3) (X + x2 + x4) (%1 + X2 + x4)

—(usxz — uzxs)(xs — x3) (1% + X124 + XpX4)
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+(Usxy — UsXs) (x5 — x4) (1 + x5 + x3) (X1 + X2 + X3)
—(usxy — ugXs) (x5 — x4) (X1 X2 + X1X3 + X3X3).

hgi)(Ules) = (upxg — upxz) (%2 — 1) (x3 + x4 + X5) (X3X4 + X4Xs)
+(uzx1 — ugxz) (2 — x1) (X3 + X5)x3%5
+(ugx; — usxz)(x3 — x1) (xz + x4 + x5) (X2%4 + X4Xs5)
+(uzxy — ugx3) (3 — x1) (X2 + X5)x2%5
F(uaxy — uyxg) (x4 — 21) (2 + X3 + x5) (23 + X3%5)
+(ugxy — upxy) (x4 — x1) (xz + x5)%%5
+(usxy — ugxs) (x5 — x1) (2 + X3 + x4) (X223 + X3%4)
F(usx; — usxs)(xs — x1) (g + x4) 2524
+(uzxy — upx3) (3 — x2) (1 + x4 + X5) (X1 %4 + X4X5)
+(uzxy — upx3) (63 — x2) (%1 + x5) %1 X5
+(ugxz — Upxg) (g — x2) (% + X3 + X5) (X1X3 + X3%X5)
F(Uaxy — Upxy) (g — 2x2) (X1 + X5) 21 X5
+(usxz — upxs) (s — x2) (% + x3 + x4) (123 + X324)
+(usx; — uxs) (x5 — x2) (%1 + X4)x1%4
+(uaxz — uzxy) (x4 — x3) (1 + X3 + x5) (X% + X25)
+(ugxs — uzxy) (g — x3) (%1 + X5)x1 X5
+(usx3 — u3zxs) (x5 — x3) (01 + xz + 24) (X125 + X2%4)
+(usx3 — u3xs) (x5 — x3) (X1 + X4)x1%4
+(usxs — ugXs) (x5 — x4) (61 + Xz + 23) (X125 + X2%3)
+(usxs — UusXs) (x5 — x4) (61 + x3) 21 X3.

hg?(Uijs) = (uzxy — uyx2) (xz — x1) (%3 + x4 + X5)X3X4 X5
+(uzxy — uyx3) (3 — x1) (X2 + X4 + X5)X2X4 X5
+(ugxy — upxy) (x4 — x1) (63 + X3 + X5)x,%3%5
+(usxy — upxs) (x5 — 1) (X7 + X3 + X4)x5%3%4
+(uzxy — uzx3) (X3 — x2) (X1 + x4 + Xx5) %124 %5

+(ugxy — Upxy)(xg — x2) (X1 + X3 + X5) X1 X3X5
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+(usxz — Uzxs) (x5 — x2) (X1 + X3 + X4)X1 X324
+(ugxz — uzxy) (4 — x3) (%1 + Xz + X5)X1 X5 X5
+(usxz — uzxs) (x5 — x3) (X1 + Xz + X4)X1X2%4
+(usxy — ugxs) (x5 — x4) (X1 + X3 + x3)x125%3

hgi)(Us,Xs) = (uzxy — upx2) (g — x1) (X3 + x4 + X5)X3X4 X5
+(uzxq — Uy X2) (X2 — X1) (X3X3X424 + X3X3X5X5 + X4 X4X5Xs5)
+(uzxy — usxg)(x3 — x1) (xz + x4 + Xx5) X324 X5
+(uzxy — uyxg) (X3 — x1) (X224 + XX X5X5 + X4 X4 X5X5)
+(uaxy — ugx4) (g — x1) (X2 + X3 + X5)X2X3Xs5
+(ugxy — upxg) (g4 — 1) (X2x5X3%3 + X2 X2 X5X5 + X3X3X5%X5)
+(usxy — uyxs) (x5 — x1) (62 + X3 + X4)X2X3%
+(usxy — upxs) (x5 — 1) (X2X5X3%3 + X X2X4%X4 + X3X3X4%4)
+(uzxz — upx3) (3 — x2) (%1 + x4 + X5) X1 X4 X5
+(uzxy — upx3) (X3 — 22) (X X1 X4 X4 + X101 X5X5 + X424 X5X5)
+(ugxz — uzxs) (x4 — x2) (%1 + X3 + X5) %1 X3X5
F(ugxy — Uzxs) (g — 22) (X X1 X3%3 + X101 X5X5 + X3X3X5X5)
+(usxz — uzxs) (x5 — x2) (01 + X3 + X4)X1 X324
+(usxy — upxs) (x5 — x2) (X X1 X3%3 + X121 X424 + X3X3%X4%4)
+(ugxz — uzxy) (g — x3) (% + X3 + X5)%1X5X5
+(ugxs — uzxs) (x4 — x3) (X1 X1 X2%5 + X101 X5X5 + XX X5X5)
+(usxz — uzxs)(xs — x3) (X1 + Xz + 24)X1 X34
+(usxs — uzxs) (x5 — x3) (X X1 X2%7 + X121 X4%4 + X3X5X4%4)
+(Usxy — UgXs) (X5 — X4) (%1 + Xz + X3)X1X5%3
+(usxy — Usxs) (x5 — 24) (X X1 X2X7 + X1X1X3X3 + X3X5X3X3).

hg?(Us'Xs) = (UzXy — Uy X2) (X — 1) (X3X4 + X3X5 + X4X5)X3X4Xs5
+(uszx; — uyx3) (X3 — x1) (X2%4 + X2X5 + X4 X5)X5X4Xs5
+(uaxy — upxy) (g — x1) (X33 + X2X5 + X3X5)X2X3Xs5

+(usx; — Uy x5) (x5 — x1) (XaX3 + XX + X3X4)X3X3X,
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+(ugxy — upx3) (X3 — x2) (X X4 + X1 X5 + X4X5)X1 X4 X5

F(ugxy — uzxs) (g — 2x2) (X X3 + X1X5 + X3X5) X1 X3X5

+(usxy — uzxs) (x5 — x2) (X1 X3 + X1 X4 + X3X4)X1X3%4

F(ugxs — uzxy) (g — x3) (X X2 + X1X5 + X3X5) X1 X5 X5

+(usxz — uzxs) (X5 — x3) (X1 + X1X4 + X3X4)X1 XXy

+(Usxy — UsXs) (X5 — x4) (X122 + X1 X3 + X3X3)X1 X X3.
hz(;?(Us'Xs) = (upxy — U1x2) (X — X1)X3X3X4 X4 X5 X5

+(uzxy — ugx3) (X3 — X1 )X X2 X4 X4 X5Xs5

+(Ugxy — Uy xy) (Xg — X1 )X X2 X3X3X5Xs5

+(Usxy — Usxs) (X5 — X1)X2X2X3X3X4 %

+(Uzxy — UpX3) (X3 — X2)X1X1 X4 X4 X5Xs5

+(ugxy — Upxs) (X4 — X2) X X X3X3X5Xs5

+(Usxy — UpXs) (X5 — X3)X1 X1 X3X3X4%4

+(Ugxs — UzXy) (Xg — X3)X1X1 X2 X5 X5 X5

+(Usxs — UzXs) (X5 — X3)X1X1 X2 X2 X4 %4

+(Usxy — UyXs) (X5 — X4) X1 X1 X2 X5 X3X3.
Therefore, the inverse of hg)(US,XS), h£53)(U5,X5), hgi)(Ug,,Xs), hg?(Us,XS)

h$Y) (Us, Xs), S (Us, Xs), hg‘?(US,X5), h$3 (Us, Xs), hgss)(Us'Xs) and

hfé)(Us,X_.:,) as a K[Xs]%s-module (F2)%s in the algebra (Fi)%s are equal to

polynomials {3 (X5), 3 (Xs), 93 (Xs). 92 (Xs), 953 (Xs), 953 (Xs). 952 (Xs),

ggi) (Xs), g(s) (Xs) and gis) (Xs) respectively such that

912)(X5) =[x, 201, %2 — x1] + [x3, %01, x5 — x1] + [x4, 21, X4 — 1]
+[xs, %1, x5 — x1] + [x3, 22, %3 — x5] + [x4, %2, %4 — x5]
+[xs, %2, x5 — xX2] + [x4, X3, %4 — x3] + [X5, X3, %5 — x3]
+[xs, x4, X5 — x4],

913)(X5) = [xg, %1, %3 — X1, %3 + X4 + x5] + [x3, %1, X3 — 29, X5 + X4 + x5]

+x4, X1, X4 — X9, %3 + X3 + x5] + [X5, %1, X5 — X1, X5 + X3 + X4]
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+[x3, %5, X3 — X3, X1 + X4 + x5] + [x4, %5, X4 — X3, %1 + X3 + X5]
+[xs, x5, X5 — Xp, X1 + X3 + X4 + [X4, X3, X4 — X3, %1 + X5 + X5 ]
+[xs, x3, X5 — X3, %1 + Xo + X4 + [Xs5, X4, X5 — X4, X1 + X5 + X3],

914)(X5) = [x2, %1, %3 — X1, X3X4 + X3X5 + X4 Xs5]

X4, X1, Xg
X5, X1, X5

X3,X2,X3

Xs5,X2, X5

X4, X3, X4

+ + + + + + + + +

[
[
[
[
[x4, %2, x4
[
[
[
[

]
]
]
]
— Xy, X1X3 + X1 X5 + X3X5]
]
|
]
|

X3, X1, X3 = X1, X2X4 T XpX5 + X4 X5
— Xq1,XX3 + X3X5 + X3X5
— X1, XpX3 + XoX4 + X3X4

— Xp,X1X4 + X1 X5 + Xy X5

— Xy, X1X3 + X1X4 + X3X4
— X3,X1Xp + X1 X5 + Xy X5
X5, X3, X5 — X3,X1X>y a3 X1X4 + XoXy

X5, X4, X5 — X4, X1 X T X1 X3 + XpX3],

915)(X5) = [x2, %1, %2 — X1, X3, %4, X5] + [X3, X1, X3 — X1, X3, X4, X5]

+[x4, %1, X4 — X1, X2, X3, X5] + [x5, %1, X5 — X1, X2, X3, X4]
+[x3, %2, X3 — X2, %1, X4, X5] + [x4, X2, X4 — X3, %1, X3, X5]
+[xs, %2, X5 — X2, %1, X3, X4] + [X4, X3, X4 — X3, %1, X2, X5]
+[xs, X3, X5 — X3, X1, X2, X4 ] + [X5, X4, X5 — X4, X1, X2, X3],

923)(X5) = [x2, %1, X3 — X1, X3 + X4 + X5, X3 + X4 + X5]

X9, X1, Xy — Xq,X3X4 + X3X5 + X4 X5|

+1x3,xq, X3

X3, X1, X3

—+

X4, X1, X4

—+

Xs5,X1, X5
Xs5,X1, X5

+1x3,%x5, X3

il
[
il
[
—[x4, %1, %4
[
-
[
-

— X1, X9X4 + X3X5 + X4Xs]

— X1, X2X3 + X3X5 + X3Xs]

— X1, X2X3 + X3X4 + X3X4]

X3,X2,X3 — X2, X1 X4 + X1 X5 + X4Xs]
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— X1, X + X4 + X5, X5 + X4 + X5]

— X1,Xy + X3 + X5, X5 + X3 + X5]

— X1, X + X3 + X4, X5 + X3 + X4]

— X, X1 + X4 + X5, X1 + X4 + Xs]
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+[x4, X5, X4 — X5, X1 + X3 + X5, %1 + X3 + X5

—[x4, %2, X4 — X2, X1 X3 + X1 X5 + X3X5]
+[xs, x5, X5 — Xp, X1 + X3 + X4, X1 + X3 + X4]
—[xs, %2, x5 — X2, %1 %3 + X124 + X3%4]
+[x4, X3, X4 — X3, %1 + Xo + X5, X1 + Xp + Xs]
—[x4, %3, x4 — X3, %1% + X1 X5 + Xp%5]
+[xs, x3, X5 — X3, %1 + Xo + X4, X1 + Xp + X4]
—[xs,x3, X5 — X3, 0105 + X124 + X324]
+[xs5, x4, X5 — X4, X1 + Xo + X3, X1 + Xp + X3]
—[xs, x4, X5 — X4, X125 + X1 X3 + X2X3],

5
9%4)()(5) = [x2, X1, X3 — X1, X3 + X4 + X5, X3X4 + X4 X5]

X9, X1, Xy — X1, X3 + X5, X3, Xs5]
X3,X1,X3 — X1, X3 + X4 + X5, X3X, + X4Xs5]
X3,X1,X3 — X1, X3 + X5, X2, Xs5]
X4, X1, X4 — X1, X3 + X3 + X5, X3X5 + X3X5]
X4, X1,Xq — X1, Xy + X5, X9, X5 ]
X5, X1, X5 — X1, Xy + X3 + X4, XoX3 + X3X4]
X5, X1, X5 — X1, X3 + X4, X2, X4]
X3,X5, X3 — X, X1 + X4 + Xg, X1 X4 + X4X5]
X4, X5, X4 — X, X1 + X3 + Xg, X1 X3 + X3X5]
X4, X5, X4 — X, X1 + X5, X1, Xs]
X5, X9, X5 — Xg, X1 + X3 + X4, X1 X3 + X3X4]
X5, X5, X — Xo, X1 + X4, X1, X4]
X4, X3, X4 — X3,X1 + Xo + X5, X1 X5 + XXs5]
X4, X3, X4 — X3,X1 + X5, X1, Xs]

Xs, X3, X5 — X3, X1 + Xo + X4, X1 X5 + X3X4]

+ + + + + + 4+ + + + + + + + + + +

[
[x3
[x3
[x4
[x4
[x5
[x5
[x3
[x3, %2, %3 — %2, %1 + X5, %1, X5]
[x4
[x4
[x5
[x5
[x4
[x4
[x5
[

Xs5, X3, X5 — X3, X1 + X4, X1, X4]
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+[xs, x4, X5

+ [xS' X4, X5

— X4, X1+ Xp + X3, X1X5 + XpX3]

— X4, X1 + X3,X1, x3],

gzs)(Xs) = [X2, X1, X2 — X1, X3 + X4 + X5, X3, X4, X5

(5)
934

(5)
935

X5) =

+[x3, %1, %3 —
+[x4, %1, X4
+[x5, x4, X5
+[x3, x5, X3
+[x4, x5, X4
+[xs, x5, X5
+[x4, X3, X4
+[xs5, x3, X5 —
+[xs, x4, x5 —

[xZI X1,X2

+ [X3,X1,X3

+ :x4,x1,x4
:x5,x1,x5
:x3,x2,x3
:x4,x2,x4
:X5, X2,Xs
:x4,x3,x4,
n :x5,x3,x5

+ -‘x5’ X4, x5

+[x3,x1, %3

+ [X4, X1,X4

]
Xs]
X4]
Xs]
— X3, X1 + X3 + X5, X1, X3, X5]
X4]
Xs]
|
]

— X1, Xy + X4 + X5, XXX X4 + XpX3X5 X5 + X4 X4 X5X5,]

— X1, Xy + X3+ Xy, X3X3X3X3 + XpXpX4 Xy + X3X3X4X4,]

— Xp, X1 + X4 + X5, X1X1X4X4 + X1 X1 X5X5 + X4 X4 X5X5,]
— X3, X1 + X3+ X4, X1X1X3X3 + X1 X1 X4 X4 + X3X3X4X4,]

— X3,X1 + Xy + Xy, X1 XXX + X1 X1 X4 X4 + X3 XX 4X4,]

— X4,X1 + Xg + X3, X1 X1 XXy + X1X1X3X3 + X3X3X3X3,]

X1,X3 + X4 + X5, X5, X4, X5

— X1, X2 + X3 + Xs5,X2,X3,X5
— X1,Xp + X3 + X4,X3,X3,X4

—X2,X1 + X4 + X5, X1, X4, X5

— X2,X1 + X3 +x4,x1,X3, 4

— X3,X1 + Xy + X5, X1, X5, X5

X3,Xq + Xy P Xg,X1,X2, Xy

X4, X1 T Xp + X3, X1, X2, X3,

— X1,X3 T X4 + X5, X3X3X4X4 + X3X3X5X5 + x4x4x5x5,]

X3,X4,Xs5

X2,X4,Xs5
X1,Xp + X3 + X5, X2X2X3X3 + X2X2X5X5 + X3X3XSXS,
X2,X3, X5

X2, X3, X4 |
X1, X4, X5

X5, X1 + X3 + X5, X1 X1X3X3 + X1 X1 X5X5 + x3x3x5x5,
X1,X3, X5

X1,X3, Xy
X3,X1 + Xy + X5, X1X1X2X5 + X1 X1 X5X5 + x2x2x5x5,

X1, X2, Xsg

X1,X2,X4

X1,X2,X3

(Xs5) = [x2,x1, X3 — X1, X3X4 + X3X5 + X4X5, X3, X4, X5]
— X1, XpX4 + XoXe + X4 X5, Xo, X4, X5 |

— X1, X2X3 + XpX5 + X3Xs5, X3, X3, X5]
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X5, X1, X5 — X1, X3X3 + XoX4 + X3X4, X, X3, X4
X3,X2,X3 — X9, X1Xq + X1 X5 + X4Xs5, X1, X4, X5

X4, X2, X4 — Xg,X1X3 + X1 X5 + X3X5, X1, X3, X5

X4,X3,Xq — X3,X1X3 + X1 X5 + X3X5, X1, X2, X5

X5, X3, X5 — X3,X1X3 + X1 X4 + X3X4,X1, X2, X4

+ + + + + + +

[ ]
[ Xs]
[ Xs]
[xs5, X2, X5 — X3, X1 X3 + X1 X4 + X3Xy, Xq, X3, X4]
[ Xs]
[ X4]
[ ]

X5, X4, X5 — X4, X1Xp + X1 X3 + XpX3,X1,X3,X3],

(s) _
9az (Xs) = [x2,x1, X5 — X1, X3, X3, X4, X4, X5, X5]

X3,X1,X3 — X1,X2,X2,X4,X4, X5, X5
X4, X1, Xg — Xq1,X3,X2,X3,X3, X5, X5
X5, X1, X5 — X1, X2, X2, X3, X3, X4, X4

X3,X2,X3 — X3, X1,X1,X4, X4, X5, X5

X5, X2, X5 — X2, X1, X1, X3, X3, X4, X4
X4, X3, X4 — X3,X1,X1, X2, X2, X5, X5

X5, X3, X5 — X3, X1, X1, X2, X2, X4, X4

+ + + + + + + + +

[ ]
[ Xs]
[ X4]
[ Xs]
[x4, %2, %4 — X3, %1, %1, X3, X3, X5, X5]
[ X4]
[ Xs]
[ X4]
[ |

X5, X4, X5 — Xg, X1, X1, X2, X2, X3,X3].
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4. MAIN RESULTS

4.1 Generators of Constants in the Free Metabelian Lie Algebras of rank 5
Theorem 4.1.1: Let 634, be the Weitzenbock derivation which has two cells of
size 3 X 3 and 2 X 2 respectively, i.e, 03xz ¢ X3 — X; — x; — 0 and 834, :
xs — x4 — 0. Then (F,_;)%x2 is a K[X,_;]%2-module generated by
{c1, ..., €11}, Where
c1 = [x2, %],
Cz = [x4,%41],
cs = [xs5,%1] = [x4, x2],
cs = [x5,x4],
cs = [x2, 21, x5] + [x4, %2, %3] — 2[x4, %1, %3]
e = [x2, 21, x5] — [x3, 201, x4],
¢z = [x3,21,%1] = [x2, %1, x2],
cg = [x5, 21, x5] — [x5, %3, X4] = [x4, X2, x5] + 2[4, X3, %4],
Co = [x2, 21, x5, x5] — 2[x3, %1, X4, X5] + 2[x3, 22, X4, X4],
c10 = [x3, %1, %1, X5] — [%2, %1, %2, x5] — [x3, %1, X, Xa] + 2[x2, %1, X3, x4],
c11 = [Xs5, %2, X2, %3, X4 ] + [x4, X2, X2, X2, x5] + 2[x5, %1, X1, X3, Xs5]
—[x3, %1, 1, x5, x5] — [X5, X1, X2, X2, X5] + [, %1, X2, X5, X5]
—2[x4, X5, Xg, X3, X4 ] + 4[4, X1, X3, X3, X4] — 2[X3, X1, X3, X4, X4]
—2[xs, %1, X3, X3, X4] — 2[x4, X1, %2, X3, X5] + 2[x3, 21, X2, X4, X5].
Proof: Let K[Xs5] be the polynomial algebras generated by Xz =
{X1,X5,X3,%4,xs}. Then K[X5]%>2 is the algebras of constants of polynomial
algebras for nonbasic Weitzenbock derivations such that 634, @ x3 — x, —
x; — 0 and x5 — x4 — 0 and from Example 3.2.5, the algebras K[XS]‘%X2 is

generated by the algebraically independent polynomials
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fi=xy, fo=%5 —2x1%3, f3 = X1X5 — 2XpX4X5 + 2x3%5, fo =%, and f5=
X1 X5 — XpXg.
With single relation
f&=Ffft+fifs
The Hilbert Series of this polynomial algebra is
(1-t't3z")
(A —t22)(1 — t2t222)(1 — t2t223)(1 — t12)(1 — tit,22)

HGLZ (K[XS]I tll tZI Z) =

3 1+ t2t,z?
T (I -ti) (1 - 322 (1 - t7t523) (1 — t,2)

by write this Hilbert series in the form of power series, we know that
. a a a a
Ho,, (KIXs, 71,23, 73,24) = ) dim K[X5] 02 - 20 707 . 583 - 1

So, let take on part of this Hilbert Series to facilitate to be written as power series
1
(-2 - 820 - 230 - 67)
1
T (mz)(-z)(1-2)(1-2)

From the basis of this polynomial algebra

HGLZ (K[XS]' Z1,23,23, Z4) =

1
1-2z)A—2z)(1 — 23)(1 — z4)

=142y +2, +23+ 24+ 212y + 2123 + 2124 + Z3Z3

HGLZ (K[XS]I 21,232,273, Z4-) =

427524 + 2324 + 27 + -
=1+ t{z +t{t3z% + t{t52° + tyz + t{t52°
+titsz* + t2z% + -
=1+ (tZ +ty)z+ (t7t2 + 3 +tH)z% + -
By the Maple computations we have the Hilbert series of free metabelian Lie

algebra as follow
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(t3t, + 3 + t2t, + tity)z? + (E3t2 — tfty)z3
Savs +(t3t2 + t3t3)z* + (—tft; — t7t2 — t7t3)z°

L. +t8t32°
H 5/ " ) t ,t , Z =
GL Lg vre (1 —t22)(1 — tyt,2) (1 — t2t223)(1 — t,2)

this must have same denominator as the Hilbert series of polynomial algebras so,

we have

+(E3ez+6363) 24+ (—t1e5 —e7 2 - t5t3) 25

53><2 <
14 6+3,6
HG L5 ., , tl,tz,Z — +tityz
Ly Ly (1-t22)(1-t?2t222)(1-t?t223)(1-t,2)

(Ba+t3+tit,+t1t,)22+(t3t5-t1t,) 23
(1+t1t2)

We need to write this in the form of power series by denoting N as the numerator
of Hilbert series of free metabelian Lie algebra such that

B (E3t, + 3 + t2t, + tity)z2 + (E5t2 — tit,)z3
A\ + )zt + (et — 712 — £563)25 + ¢052°

)(1 + t1t,2)

So, we have

63)(2

i
Hg,, LS/Lg Stz | =N-1+ (62 +t)z+ (tt2 +t3 +tH)z? + -

Remark 4.1.2: ¢; € (L)% c I
< ¢; >c (L")%x2 where c; is a generator.

Polynomial algebra of 2z, 2z,, 23, z, should be ignored when you are working on

63><2

li
generators of Ls / L as a module of K[z, 2y, Z3, 24].

83x2

Ls _
HGLZ L’5, ,tl,tz,z —N
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(t3t, + 63 + tht, + 1)z + (Et2 — t1t,) 23
+(365 + )zt + (—tftd —tt2 — 763)2° | (1 + t1t,2)
+t5t32°

t3t2 —tit, + tit2 + tit, + tftzz)z3

(E3t, + 3 + t2t, + tyty)z2 + oy
+t2t2

—tHt3 — 262 — t3¢3 + t#e3
+(t13t%+tft§+tft§—t{’t22)z4+< tr2 M2 c1R2 T2 ) 5

+tity

+(ef63 — 7t — eft3 — t83)2° + ] t327.
The power of positive sign of t’s in Hilbert series of algebras of constants of free
metabelian Lie algebra represents the bidegree of generators and the power
negative sign represents the relations while the power of z’s represents the length.

The following table summarized the x;’s with the corresponding bidegree

forn = 5.
X; Bidegree
X1 (2,0)
Xy (1,1)
X3 0,2)
X4 (1,0)
X5 (0,1)

The Let us start with the bidegrees of length 2.
As we see in Hilbert series of algebras of constants of free metabelian Lie algebra
the length 2 has four bidegrees which are (3,1)2; (3,0)2; (2,1)2 and (2,2)2 and each
one corresponds to the generators ¢4, C5, c3 and ¢, respectively.

e For a bidegree (3,1)2; the only possibility x; x,
This means we have only one generator c;such that

c1 = [x2, %]
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e For a bidegree (3,0)2; the only possibility x;x,
we have generator c,such that
C2 = [x4,%1]
e For a bidegree (2,1)2; we have two possibilities x; X5, X,x, and it’s can be
written in this form
c3 = aq[xs,x1] + az[x4, x5].
such that a4, a, € K and since c3 is generator the derivation under 83, should
be zero so,
83x2(C3) = S3xz(@1[xs,x1] + az[x4, x2])
= ay x4, 1] + a4, %1] = (@1 + @3)[x4,%,] = 0
Here, @, = —a4 this gives generator c3 such that
c3 = [xs,21] = [x4, x2].
e For a bidegree (1,1)2; the only possibility x,xs, then we have a generator
¢4 such that
cs = [x5,X4].
83x2

I
K [X5]53xz —module Ls / Ly has four generators ¢, ¢, c3 and ¢4 of length 2.

The next step is to found generators of length 3 with the following bidegrees
(3,2); (3,2); (4,2); (4,1)and (2,2). Here this double bidegree means we have two
possible bidegrees. Therefore, we expect four generators of length three but before
that we need to verify if this bidegree has new generators by comparing to the
previous generators of algebra of constant of free metabelian Lie algebra we
already have and the algebra of constants of polynomial algebra.

So, by comparing the bidegree of 4 previous generators of length 2 with f; : (2,0)1
and f; : (1,0)1 we found if the new bidegree of length 3 has possible new
generator.

e Let start with bidegree (3,2)3;
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(3,2)3-(2,001 =(1,2)2
(3,2)3-(1,0)01 = (2,2)2
We don’t have any match from the previous bidegree of length 2 this means that
(3,2)3 has new generator and since the coefficient of this bidegree in the Hilbert
series is 2 this bidegree generates two different generators and let be denoted by cg
and ¢4 respectively.

The possibilities of this bidegree are x;x,xs; x5x, and x;X3x, and cs can
be written as linear combinations of all commutators in bidegree (3,2)3, so,

s = aqlxs, X1, X2] + axxg, 1, x5] + azlxy, x2, %51 + a4lx4, %1, 5]

+ag[x3, X1, X4 ]

For all aq,a,, a3, a4,as € K. Since cs is generator the derivation under &3y

should be zero so,

s -5 aq[xs, x1, %3] + az[x5, X1, x5] + a3[xy, x3, %]
3x2(C5) = 032
+ay x4, x1, X3] + as[x3, %1, 4]

= a1 ([x4, %1, %2] + [x5, 21, %1]) + @z [x2, %1, %4]
Fas(2[xq, x1,%2] = [x2, 21, %4]) + aqlx4, %1, %21 + @s[x2, %1, x4]
= (a1 + 2az + ay)[x4, %1, x2] + @1[x5, 21, %4 ]
+(az — az + as)[xz, x1, x4]
=0
a1 +2a3+a,=0,a; =0anda, —az; +as =0.
By Gaussian elimination we have
a, =0,a, = _710(4 —Qas, a3 = _710(4, a, = a4 and a5 = as,
We know that a; = 0, so,leta, = —2and ag = 0,thena, =1landaz =1
cs = [x2, 1, x5] + [x4, %3, %2] — 2[x4, %1, %3]
As we have two new generators; the next generator come out for a; =0, a, = 0
and a5 = —1,thena, =land az =0
e = [x2, %1, x5] — [x3, %1, 4],

e For a bidegree (4,2)3;
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(4,2)3 - (2,001 = (2,2)2
(4,2)3 —-(1,0)1 = (3,2)2
We don’t have any match from the previous generators of length 2 this means that
(4,2)3 has new generator and let be denoted by c;.
The possibilities of this bidegree are x?x5 and x;x2 and ¢, can be written as linear
combination of all possible commutator in bidegree (4,2)3. Hence,
c7 = ay[x3, %1, 1] + az[x2, 24, x5]

For a4, a, € K. Since c; is generator, the derivations under 83, should be zero so,
83x2(€7) = Ozxa(@y[x3, %1, 1] + @z[x2, %1, X51)

= ay[x2, %1, 1] + g, %1, 1] = (@1 + az)[xz, %1, %4 ]

=0
a, = —aq

c7 = [x3, %1, 1] — [x2, %1, %5
e For a bidegree (4,1)3;
(4,1)3 = (2,0)1 = (2,1)2 match with c5 f;
(4,1)3 — (1,0)1 = (3,1)2 match with ¢, f,
Since we have match from the previous generators of length 2 this means that
probably (4,1)3 has no new generator but we need to verify by denoting this by c;.
The possibilities of this bidegree are x?xs and x;x,x, and ¢; can be written in this
form such that a4, a5, a3 € K
i = aq[xs,x1,%1] + az[x4, %1, x2] + az[xz, %1, 4]
O3x2(Ci) = O3xz(aq[xs, 21, %] + @glx4, x1, 2] + a3[x2, %1, x4])
= ay[x4, %1, %] + a4, %1, %1] + @30
=0

a, = —aq
ci = [xs, %1, %] — [x4, %1, %2] = [%5, 200, 21] = [%4, 22, %1] = [x2, 21, x4]

=c3fi —cifa
Therefore, the bidegree (4,1)3 has no new generators.
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e For a bidegree (2,2)3;
(2,2)3-(2,0)1 =(0,2)2
(2,2)3-(1,001 = (1,2)2
We don’t have any match from the previous generators of length 2 this means that
(2,2)3 has new generator and let be denoted by cg.
The possibilities of this bidegree are x;x2; x,x4Xs and x3x2. Let cg be the
generator and is linear combination of all commutators of bidegree (2,2)3 such
that
cg = a1[xs, X1, X5] + az[xs, X2, X4 ] + @3[x4, X2, X5] + @4 [x4, X3, %4]
For all a;, a;,a,, a3,a4 € K. Since cg is generator the derivation under &3y
should be zero so,
83x2(c) = 3wz (@1[Xs5, %1, X5] + @z [x5, %2, Xa] + az[x4, X2, 5] + @4 x4, %3, %4])
= ay ([x4, %1, X5] + [x5, %1, X4]) + 2 ([x4, 22, x4] + [x5, %1, %4])
+ag([xy, x1, x5] + [x4, %3, X4]) + @424, x5, %4]
= (a1 + az)[x4, %1, x5] + (@ + a2)[xs5, 21, 24]

+(ay + az + ag)[xy, X2, 4]

=0
a; = —Qa3,a; = —Qy, a3 = Ay and ay = —20(2
Leta, = —1,thena; = 1; a3 = —land oy = 2

cg = [xs5, %1, x5] = [x5, %2, X4] — [x4, X2, X5] + 2[4, X3, 4]
83x2

!
K [X5]63xz —module Ls / LY has four generators cs, ¢g, 7 and cg of length 3.

The following step is to found generators of length 4 with the bidegree (3,2); (3,3)
and (4,3). Here we need to verify if each bidegrees has new generators by
comparing to the previous generators of algebra of constant of free metabelian Lie
algebra we already have and the algebra of constants of polynomial algebra. So, we

have to compare the bidegree of generators of length 3 with f; : (2,0)1 and
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f1 : (1,0)1 while we compare the bidegree of generators of length 2 with f :
(4,0)2; f2:(2,0)2; fifa: (3,0)2; f5:(2,2)2 and fs: (2,1)2. Let’s start with
bidegree

e (32)4

3,2)4- (2,001 =(1,2)3

(3,2)4 — (1,0)1 = (2,2)3 yes, we have match of cgfy

(3,2)4 - (4,0)2 = (—1,2)2

(3,2)4 - (2,002 =(1,2)2

(3,2)4—-(3,0)02=(0,2)2

(3,2)4 - (2,2)2 =(1,0)2

(3,2)4 — (2,1)2 = (1,1)2 yes, by c4fs
Since we have match from the previous generators of length 2 and length 3 this
means that the bidegree (3,2)4 has no new generator but we need to verify by
denoting this by ¢;.
The possibilities are x3x3; xZx,xs and xZx;x,. ¢; can be written as linear
combination of all commutator in bidegree such that a4, a1, a,, a3, a4, a5 € K
Cj = q[x4, X3, %4, Xa4] + a3[x5, X3, X4, X4] + @3x4, X2, X4, x5] + @4 [xs5, %1, X4, 5]

+ as[xy, X1, X5, Xs]

The condition 63X2(cj) = ( gives that

a1[X4, X3, X4, X4] + Q[ X5, X5, X4, X4] + @3[x4, X2, X4, xs])
+0(4,[x5,x1,x4, xS] + aS [X4_, xl' x5' x5]

O3x2 (Cj) = O3x2 (
= ay[x4, X2, x4, X4] + A2 ([x4, X2, x4, x4] + [x5, %1, X4, X4])
taz([x4, %2, X4, X5] + [x4, 22, X4, X5])
Fay([x4, %1, X4, 5] + [x5, 21, %4, X4]) + 205[x4, X1, %4, X5]
= (a1 + az + as)[x4, %2, x4, 4] + (a2 + ay)[xs, %1, x4, %4]
+(az + ay + 2as)[x4, X1, X4, Xs5]
=0

Ay = —Qy, A3 = —0y — 205, A1 = 204 + 205, a4 = a4 and a5 = as.
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Leta, =1and as = 0,thena; = 2; 0, = —1 and az = 2
Cj = 2[x4, X3, X4, Xg] — [X5, X2, X4, X4 ] + 2[4, X3, X4, X5] + [xX5, X1, X4, X5] = C5fa
And,
Leta, =1land as = —1,thena; = 0;a, = —landaz =1
¢j = —[xs, %2, x4, x4] + [X4, X2, X4, X5] + [X5, X1, X4, X5] — [X4, %1, X5, X5] = Cafs
Therefore, the bidegree (3,2)4 has no new generators.
e For a bidegree (3,3)4;
(33)4-(2,001=(1,3)3
(3,3)4 - (1,001 = (2,3)3
(33)4 —(4,0)2 = (—1,3)2
(3,3)4-(2,0)2 =(1,3)2
(3,3)4—(3,0)2 = (0,3)2
(3,3)4 —(2,2)2 = (1,1)2 yes, by ¢4 f»
(33)4—-(2,1)2=(1,2)2
Since we have only one match from the previous generators of length 2 this means
that we have new generator from the bidegree (3,3)4 and will be denoted by cq.
The possibilities are x;X,X2; X;X3XsXs; X,X3x2 and x3x,xs. Here cq can be
written as linear combination of all possible commutators in bidegree (3,3)4. So,
Co = ay[xs, %1, %2, Xs5] + azlxz, %1, X5, X5] + aslxs, x1, %3, X4] + @ulx4, %1, %3, X5]
tas(xs, x1, X4, Xs] + aglxa, X2, X3, %4] + a7[x3, %2, %4, x4]
taglxs, Xz, X2, x4] + @o[x4, %2, X2, x5]
For all a;, a; € K,i = 1, ...,9 and the condition 854, (cg) = 0 gives that

al [xSP‘xll‘xZI‘xS] + aZ [xZ'xl' x5' x5] + Q:3 [x5' xl' x3'x4]
83x2(C9) = O3z | +aalxs, X1, X3, X5] + as[x3, X1, X4, X5] + @6 [X4, X3, X3, X4]
+aylxs3, X3, X4, X4] + agxs, X2, X3, X4] + Ag[x4, X2, X5, X5]

= al([x4' X1,X2, xS] + [‘xSI xltxlfo] + [x5' X1, xZ'x4-])
+2a;[x2, x1, %4, X5] + az([x4, x1, X3, X4] + [x5, %1, X2, x4])

+ay([xq, xq, X2, x5] + [x4, %1, %3, %4])
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+as([x2, %1, %4, x5] + [x3, 21, X4, 24])
+ag([x4, x1, %3, %4] + [x4, %2, X2, x4]) + @7[x3, %1, X4, X4]
+ag([x4, x5, %2, X4] + 2[x5, %1, X2, x4] — [22, %1, %4, x5])
+ag(2[xy, 21, x5, x5] — [2x2, %1, X4, X5] + [X4, 22, %3, X4])

= (a1 + @y + 2a9)[x4, X1, %2, X5] + @1 [Xs5, %1, X1, X5]
+(a; + as + 2ag)[xs, x4, X5, x4]
+Qaz + as — ag — ag)[xz, X1, X4, x5]
+(az + ay + ae)xs, x1,x3,x4] + (@5 + a7) [x3, %1, X4, X4]
+(as + ag + ag)[xy, X2, %2, x4]

=0

By the Gaussian elimination we have;

a; =0, a, = 1/2 a,, a3 =2a9, 0,=—20y9, QAs=—0a;, =0, a;=a,,
ag = —«Uo, and ag = Ug.
Let’s suppose that @y = 0; g = 0; a7 = 0 and ag = —1 then, a, = 0; a3 = —2;

a, =2;a5 =0and ag = 1 so,
Co = —2[xs5,x1, X3, %4 ] + 2[x4, X1, X3, X5] + [x5, X2, X2, 4] — [X4, X2, X3, X5]

= Gfy
Hence, this does not give new generator. Let’s assume that @ = 0; ag = 0;
a; =2 and ag = 0 then, a, = 1; a3 = 0; a4, = 0; a5 = —2 and ag = 0 hence,

Co = [x2, 21, x5, x5] — 2[x3, %1, X4, X5] + 2[x3, X3, x4, X4]
Therefore, the bidegree (3,3)4 has new generator which is cq.
e (43)4

(4,3)4 - (2,001 =(2,3)3

(4,3)4- (1,001 =(3,3)3

(4,3)4 - (4,0)2 = (0,3)2

(4,3)4 - (2,0)2 = (2,3)2

(4,3)4 - (3,0)02 =(1,3)2
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(4,3)4 - (2,2)2 = (2,1)2 yes, by c3f>

(4,3)4—(2,1)2 =(2,2)2
Since we have only one match from the previous generators of length 2 this means
that we have new generator from the bidegree (4,3)4 and will be denoted by ¢,.
The possibilities are x2x3xs; X1 X5Xs; X1 X,X3X, and x5x,. Here ¢; can be written

as linear combination of all possible commutators in bidegree (4,3)4. So,

10 = x5, x1, %1, X3] + @z [x3, 01, %1, X5] + @z[x5, %1, %3, %]
tay[xz,x1, %2, X5] + as[x4, %1, X2, x3] + @g[x3, %1, X2, X4]
taz[xy, %1, X3, %4] + aglxa, x2, %2, x5]

For all @y, a; € K,i = 1, ...,8 and the condition §3x,(c19) = 0 gives that

aq [xs, %1, %1, x3] + az[x3, %1, %1, X5] + a5[xs5, %1, %2, 5]
83x2(C10) = O3z | Taalxz, X1, X3, X5] + as[xa, X1, %2, x3] + @g[x3, %1, X2, X4]
a7 (x5, X1, X3, X4] + ag[x4, X3, X7, X5 ]
= al([x4,x1,x1,X3] + [XSleJx]_P xZ])
+ay ([x2, %1, X1, X5 ] + [x3, %1, %1, %4])
+as([xg, x1, X2, X2] + 2[x5, %1, %1, %2])
+ay([x2,x1, %1, X5] + [X2, X1, X2, X4])
[ X X4, x1,xz,x2])

X3,%1, X1, Xg]) + taz[xy, %1, %7, %4]

2
+as([xy, X1, %1, X3

]
]+
1+1
+ag([xg,x1, x5, x4] + [
+ag(3[xy, x1, %2, %3] — 2[x, %1, X2, X4])
= (a1 + as)[x4, 1, %1, x3] + (@1 + 2a3)[x5, 21, 21, x5]
+(az + ag)lxg, xq1, %1, x5] + (az + a6)[x3, X1, X1, X4]
+(as + as + 3ag)[xy, X1, X5, X5]
+(ay + ag + a; — 2ag)[x3, X1, X2, X4]
=0

By the Gaussian elimination we have;
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a, = 2ag, ap = 1/2 a; —ag, A3 =—qg, Ay =— 1/2 a; +ag, as=—2ag,
a =—1/ a; +ag, a; = ay;and ag =a

6 2a7 8> @7 7 8 8
Since we suppose that a; = —2 and ag = —1 then, a; =—-2; a, =0; a3 =1;

a,=0;as=2andag =0
ClO = _z[xSleJ‘xll‘x?)] + ['xSlelele] + Z[X4, xl! lex3] - z[lexll X3,X4]
— [x4, %2, X2, X2] = Cuf>
Hence, this does not give new generator and let ¢; = 2 and ag = 0 then, a; = 0;
a, =1;a3=0;a4 =—1;a5s =0and g = —1
10 = [x3, 21, %1, X5] = [x2, 21, %2, x5] — [x3, %1, %2, X4 ] + 2[2, 21, %3, %4]
Therefore, the bidegree (4,3)4 has new generator which is ¢y .
83x2

!
K [X5]53xz —module LS/ L has two generators cq and c; of length 4.
5

Continuing in the same way we found another the bidegree (4,4)5 has new
generator and is denoted as ¢;4 so,
83x2

I
K [X5]53xz —module LS/ L has two generators ¢4 of length 5 such that
5

c11 = [Xs5, X2, X2, %3, X4 ] + [x4, X2, X2, X2, x5] + 2[x5, %1, %1, X3, X5]
—[x3, %1, %1, x5, x5] — [x5, %1, X3, X2, X5] + [%2, %1, X2, x5, X5]
—2([x4, %2, x5, X3, X4] + 4[x4, X1, X3, X3, x4] — 2[x3, %1, X3, X4, X4]
—2[xs, %1, %2, X3, X4] — 2[4, %1, %2, X3, X5] + 2[x3, 21, X5, X4, X5]-

Since the bidegree (4,3) of length 5, bidegree (6,3) of length 6 and bidegree (7,4)

of length 7 have the correspondent with the previous generators, the we conclude

that this bidegrees does not generate the new generators.
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4.2. The Nowicki Conjecture for Free Metabelian Poisson Algebras
In this section we give spanning elements of the algebra of constants of a
special Weitzenbock derivation, called the Nowicki derivation, of the free
metabelian Poisson algebra of rank 2m. Let P,,, be the free metabelian Poisson
algebra generated by x; < x; < - < X <Yy <Yy < -+ < Yy, and let
Zym = Xm UV = {x1, o, X, V1, o, Y} = {21, ) Zom -

The Nowicki derivation of the free metabelian Poisson algebra is defined as &,,,

such that
Som:yi — x; — 0.
Let
Bim =Zm U {21, 0,z | |1 > Sig <<y, k=2}

Bom ={Zi-zj,zi'zj-zk|iSjSk}
Bam = {[2,2] - 21 | © > j}
Buim = {[zi,zj,zk] Z | J<i<Lj<k< l}.
Then the union KBy, U KB,,,, U KB3,,, U KBy, forms a linear basis for the free
metabelian Poisson algebra P,,, by (Zhang, Z., et al 2019) that is Py,,;, = KB;,,, P
KBy D KB3;y D KBy,
Lemma 4.2.1: The subspaces(KB;,)%2m, i = 1,2,3,4, are invariant spaces.
Proof: We need to show that (KBi,)%m € KBy, (KByn)%m S KBy,
(KB3,)%m S KBs,, and (KByy,)%2m S KBy,y,.
Let start with (KBy,,)%2m € KBy,,. Let p € KBy, then p is of the form of
p= Z a, [Zi,Zj] cadZy | zi € Xy UYy =Z,,adZf,
i>j<j1=<jom

a a
=adz; ' adz '™, ag = Qq,, q

Jam '’ 2m

@ = ) wloml)zgladzit ) au[z6m(y)]

I>j<jis<jom i>j<jis<jom

-adZ
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+ z a, [Zi, Zj] caddym (Z;il) . adzji2 eadz ™ +

Jam
i>j<jisSjom
+ z a, [Zi, Zj] . adzﬁ1 adzjifn’ﬁl adb,m, (Z;;fnm)
i>j<jisSjom
This implies that 85, (p) € KBy, hence (KB )%2m € KBy .
For (KByp)%2m € KBy, let p € KBy, then p is of the form of

p:zaijzi'zj‘l' z Bijk zi - zj - z

iz izj=k
O2m(0) = z aj (52m(Zi) "Zjt+ 2z 52m(Zj))
iz
+ Z Bijk (52m(zi) "ZjZp t Zi 5zm(zj) "Zy t 2z zZj 5zm(Zk))
izj=k

This implies that 85, (p) € KBy, hence (KByy,)%2n € KBy .

For (KB3,,,)%m S KBs,, let p € KBsy,,then p is of the form of

p= Z Aijk [ZiJZj] *Zk

j<iisksm

_ [62m(zi):zj] "zt [Zi'62m(zj)] "2k
) = j<i,1§<5m aijk ( +[21.2j] - 62m (i) )

This implies that 8,,, (p) € KBz, hence (KBszp,)%2n S KBayy,.

Lastly, (KByn)%m S KBy, let p € KBy, then p is of the form of

p= Z Xijki [ZinjJZk] " Z]
i>jsk<lzi
[62m(zl-),zj, Zk] -z + [zi,62m(zj),zk] -7
Aijki

o) =
2m (D) +[Zi' ij62m(zk)] -z + [Zi,Zj,Zk] “82m(2))

i>j<k<lzi
Here the element §,,,(p) must be rearranged as linear sum of basis element in
KBamm, hence 85y, (p) € KBy, and (KB )?2m S KBy,
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Therefore, from above Lemma 4.2.1 we have
S2m _
P = (KBim) ™ @ (KBzin) ™ @ (KBayn) ™ @ (KByyn) 2
Thus, the action of Weitzenbock derivation &,,, in the subspaces KB, i =

1,2, 3,4 is sufficient to give the full description of the algebra Pzﬁflm. Let F,,, be

the free metabelian Lie algebra and let B, be the basis for the free metabelian Lie

algebra, then inflm = (KBy,,)%2m has generators as K[X,,,]2m-module see e.g.,
in (Dangovski, R., et al 2013) and (Drensky and Findik, 2020).

Let us consider that
K[Zn] =K[Xn U] =W, @ W, O W, @ W3 D -

where the subvector spaces of homogenous degrees are as follows:
Wy, =Kf{c-1 |c€K}=Sp{1}
w, = {clxl + ot Cpxm tdiyr ot dp Y | ¢ dj € K} = Sp{X,, UY,}
W, = {aijzizj | z;,Zj EK} = Sp{ z,Zj € Xp U Yn}
Ws; = {aijkzizjzk | z;,2j, 7 € K} = Sp{ Z,Zj, Z) € Xp U Yn}
By the Lemma 4.2.1, it is known that Wiazm C W; this means that

K[Zy]%2m =@ wem

Therefore, we have

Wy =0,

W162m =Sp{Xn} ={c1xg + -+ cpxm | ¢; €K},

W262m =Sp{uyg | 1<p<qg<m}= {ZapqEKupq |1<p<g< m},
me = Sp{xiupg | XUk — XU + XU},

Xp Yp

KIZn)oom = K Xt | ttpg = [

| = XpYq — qup,R] where R is relation

such that
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.{xiujk_xjuik-l'xkuijzo 1<i<j<k<m

ugiugg —ugeup tugupp =00 1<i<j<k<lism

We conclude from here that (K BZm)52m = WZ‘Slm [ W352m,

Let KBs,, = KA, @ KA, © KA; © KA, @D KAs @© KAg such that
A1={[xi,xj]-xk c1<j<i<m 1<k<ml

A ={lysyj] v : 1<j<i<m 1<k<m},
As={[xox] v+ 1< j<i<m 1<k<m)

Ay ={lyoy] 2 1<j<i<m 1<k <m},

As = {[yox] -y : 1< ijik <m},

As ={lyx] -2+ 1< ik <m}.

Theorem 4.2.2: The vector space (KBs,,)%2m is spanned on the elements of the
form
[xi,xj]-xk:1£j<igm, 1<k<m
i, xil x + 1<i,k<m

[xi,xj]-yk+[yj,xl-]-xk:1Sj<i§m, 1<k<m

[yi,xj]-xk+[yj,xl-]-xk:1Sj<i£m, 1<k<m
Proof: Let p € KBs,,, then there exist P; € KA; i = 1,...,6 such that p = p; +
D2 + D3 + Pa + D5 + pe. If p € (KB3p,)%2m and 8,,y, is linear on element, then
0 = 62m(P) = S2m(p1 + -+ Pe) = Sam(P1) + - + S2m(Pe)

Observation:
Clearly, 8,,,(p1) = 0, where p; € KA;.
Since p, € KA, then p, is of the form

Py, = Z Ak [yl-,yj] - yx for some a;;; € K.Then

1< j<ism
1<sksm
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[62m ), ¥5] - vk + [vir B2 (3))] -yk>
82m = ij
zm(P2) z ajk( +[yi,v;] - Sam )

1< j<ism
1<ksm

= z Qjjk (_[Yj:xi] Vit [Yi;xj] Vi t+ [)’p)’j] 'xk)
1< j<ism
1<ksm

= Gm(p2) € KA, @ KAs.
For p; € KAs, then p; is of the form

p3 = Z Ak [xl-,xj] - Yx for some a;;; € K.Then

1< j<ism
1<ksm
Som(p3) = Z Aijk [xi'xj] “Oom (k) = Z Aijk [xirxj] * Xk
1< j<ism 1< j<ism
1<ksm 1<ksm

= 8m(p3) € KA;.
For p, € KAy, then p, is of the form

Dy = Z @iji [vi-y;] - xi for some a;j; € K. Then

1< j<ism
1<sksm
Som@D = ) iy ((8am@D, )] 3+ [y Sm(3))] - )
1< j<ism
1<ksm
= Z QAijk (_[Yj'xi] “Xp Tt [Yi'xj] 'xk)
1< j<ism
1<ksm

= 6m(pa) € KA.
For ps € KAs, then ps is of the form

ps = Z Aijk [yl-,xj] - ¥i for some a;j, € K.Then

1<i,j,ksm

82m(ps) = Z @jk ([52m(yi)' x| -y + [y %] - 5zm(}’k))

1<i,j,ksm

=Y e (o] i+ o] )

1<i,j ksm
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- 62m(p5) (S KA3 @ KA6
For pg € KA, then pg is of the form

Dg = Z Aijk [yi,x]-] - Xj for some a;;; € K.Then

1<i,j,ksm

82m(Pe) = Z Wijic [62m ), %] - xp = Z aijic [0 %] - %
1<i,j,ksm 1<i,j,ksm

= 0,m(ps) € KA;.
Since 8, (P1) =0, 82m(p2) € KAy @ KAs, 82 (p3) € KA1, 82im(ps) € KA,
82m(ps) € KAz @ KA and 6y (ps) € KAy, then 83p(p) = Som(py + +p2 +
P3 +Pa + D5 + Pe) = Sam(P1) + 82n(2) + 82 (P3 + P6) + 82m (P4 + ps). This
means that 65, (p) = 0 = 821 (P1) = 62m(P2) = S2m(P3 + P6) = S2m (P4 + Ps).
From the observation we have the following fact (KA;)%m = {0}, (KA,)%m ¢
KA, ® KAs, (KA; @ KAg)%2m € KA, and (KA, @ KAs)%2m € KA; @ KA.
Therefore, since 85, (p;) = 0, then KA; S (KBs,,,)%m, i.e., elements of the form

Oijk [xi;xj] - X}, are constants.

1< j<ism
1<ksm

For

O2m(02) =0 = Oz Z aiji [ vi] - vi

Qijk (—[}’j,xi] Vit [)’i»xj] “Yr t+ [}’i»Yj] 'xk)
1<j<ism
1<ks=m

Qjjk (_[Yj'xi] Vi T [Yi'xj] Vi) + Z Qjjk [Yi’Yj] " Xk
1< j<ism 1< j<ism
1<sksm 1<sksm

=0
By Remark 2.10.2 if a4+ b =0 such that a €V, b € W and V N W = {0}, then

a = b = 0. Hence,
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z aiji [y vi] - xe =0

1< j<ism
1<ksm

Since [yl-, yj] - X 1s a basis element in A, it cannot be zero hence a;j;, = 0.

Therefore,

p2 = Z aiji [y vi] -y =0
1< j<ism
1<ksm

and this means that (KA4,)%m = {0}.
Let

ps +Ps = Z ijic %0 %] - yic + Z Bijic [vi xj] - xi
1< j<ism 1<i,j ksm
1<ksm

= Z aijic [x0 %] - vie + Z Biir [yir xi] - x

1< j<ism 1< j=ism
1<k<m 1<ksm

+ Z Bijk [Yi,xj]'xk

1< j<ism
1<ksm

+ Z Bjik [Yj»xi] “ X
1<j<ism

1<ksm

82m(p3 +pe) =0

aiji [x0 %] - vie + Z Biik [y xi] - xic
1< j<ism 1< j=ism
1sksm 1<sksm

+ Z Bijk [)’i»xj]'xk+ Z Bjik [}’j'xi]'xk

1< j<ism 1< j<ism
1<ksm 1<ksm

= 02m

_ aijic [xi, %] - 2 + Z Biir [xi, x;] - xp
1< j<ism 1< j=ism
1<ksm 1<ksm
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+ Z Bijk [xi; xj] “ Xk — z Bijix [xi'xj] "Xk

1< j<ism 1<j<ism
1<ksm 1<sksm
= Z (aijk + Bijk — ﬁjik) [xirxj] “ X+ z Biix [xi, x;]
1< j<ism 1< j=ism
1<ksm 1<sksm
. xk
=0

[x;, ;] - X}, = O this mean By, can be any. Since [x;, x;] - x is a basis element in

Aj, then it cannot be zero hence, a;jx + Bijk — Bjik = 0. S0, Bjix = @iji + Bijk-

Therefore,
Pz +De = Z Qjjk [xivxj] Vi Z Bijk [Yirxj] “ Xy
1< j<ism 1< j<ism
1<ksm 1<k=m
+ Z (aijk + ﬁ’ijk) [Yj; xi] "X+ Z Bii [y xi] - xi
1< j<ism 1< j=ism
1<ksm 1sksm
& Z aijie ([xo] - yie + [yp 2] - i)
1<j<ism
1<ksm
+ z Bijk ([}’i,xj] "X+ [}’j;xi] 'xk) + Z Biir [y, xi] - x
1< j<ism 1< j=ism
1<sksm 1<sksm

This proved that all element here are constant in KA; @ KAg. Therefore, (KA; @
KAg)®%2m is spanned on the elements of the form
i, xil x + 1<i,k<m
[xi, %] -y + [y xi] xe s 1< j<i<m,  1<k<m
[yi,xj]-xk+[yj,xl-]-xk:1Sj<i£m, 1<k<m
Finally, we have to show that (KA, @ KAs)%2m = {0}. Let
[ Z i [voyj] - X + Z Biji [vir ;] - vk

1< j<ism 1<i,j,ksm
1<ks=m
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= z Qjjk [Yi;yj'] "X+ Z Biik [vi» xi] - vk

1< j<ism 1< j=ism
1<ksm 1<k<sm

+ z Bijk [Yi'xj] “ Yk
1< j<ism
1<sksm

+ Z Bjik [y, xi] - v
1< <ism
1<ksn

82m(Pa+ps) =0

1< j<ism 1< j=ism
1<ksm 1<ks<m

r Z Bijk [Yi»xj]'}’k'*' Z Bjik [}’j»xi]'}’k

1< j<ism 1< j<ism
1<ksm 1<sksm

( z aiji [vo v - % + Z Biir [yi xi] - yie \

= 02m

= Z Qjjk (_[yj'xi] Xkt [Yi'xj] 'xk)
1< j<ism
1<ksm

+ Z Biir [yi» xi] - xx
1< j=ism

1<ksm

+ Z Bijk ([xivxj] Y+ [Yi'xj] 'xk)
1< j<ism
1<ksm

+ Z Bjik (_[xivxj] "Yr t+ [Yj'xi] . xk)

1< j<ism
1<ksm

= Z (—aijic + Bjue) [y 2] - i

1< j<ism
1<ks=m

+ z (aijic + Bijie) [vir x7] - xie

1< j<ism
1<sksm
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+ Z (ﬁijk _Bjik)[xi:xj] Vi T z Biir i, xi] - xi

1< j<ism 1< j=ism
1<ksm 1sksm

=0
Since [yj,xi] Xk [yi,xj] - xx, and [y;, x;] - xyare the basis element in A4 and
[xi, xj] - Y 1s a basis element in basis A3, then they cannot be zero hence,
(—aijie + Bjix) = (@ijic + Biji) = (Biji — Bjix) = Biix = 0. This means that for
@ijk = Bijk = Bjixk = Bizx =0
Therefore, p, + ps = 0 and this means that (KA, @ KAg)%m = {0}.
Theorem 4.2.3: The vector space (KBy,,)%2m is spanned on the elements of the
form
[xi,xj,xk]-xl,wherelsj<iSlSm, 1<j<k<l<m,
[xi, % %5] -
[xi'xjvxi] *Yi»
[xi x5, %] vy + [ x5, 5] - v,
where 1 <j<i<m,
[xi»xj;xk] Yk
[xkvxjvxi] “Yis
[xi x5, 2] - v + [0, %5, %] - e
[k, x5, ;] - 5 + [xl-,xj,xi] “ Vs
—[x, xj, %] - vy + [0 %, %] - 5,
[0, %5, %] - v + [0 25, 3] -
[, %5, %] - v + [0 x5, %] - 9
— (%0, X0, 2] - ¥ + [0, %1, x| - i,
[xk'xj'xi] Vit [xk'xj'xk] Vi,
wherel1 <j<i<k<m,

[xi, x5, 2] - v + [0, %5, 0] - e
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[k 21, x2) - v+ [ %5, 20] - o
[k 5, 2] -y + [ x, %01 - 7,
(i x5, x| - 0+ [ x5 ] - yie = [ x5, -
— [ x5, 2] - yo + e xix] - w5 + o005, 2] - v
=i 2 2] - v+ [ 2] - v+ [ x5, ] - v
where 1 <j<i<k<l<m,

and
[vi, xi, xi] - yi, where 1 < i < m,
[y, %5, %] - i
YVirXj, Xi| Vi T [ Vi Xip Xi| - Yi»
[ |-y +] ]
[y x5, %] - 91 + [, %5, %] -
=2[xi %, 9] - vi + [y x %] - vi + [y x %] - vy
where 1 <j<i<m,
YirXj Xk | * Yk VirXi, Xk | * Vi
[ 1w+ ]
[y x5 %] - v + [, %5, %] - v
[xk'xj':Vi] Vit [xk'xi'yj] Yk — [yk'xj'xi] Yk — [yj'xk'xk] “Yis
[0, 9] i + [0 %5, v] - vi = o %, 5] v = [y e ] - 9
[xi,xj'yi] Vit [Yi»xj,xk] "yi t [xk!xi'yj] "yt [Yj'xi:xi] Vi
X Xp Vil Ve T Vi Xoo Xk " Yi — Xk X0, Vi - Yi T Vi Xjp Xi| * Yk
[ 1w+ ] [ |- vi+] ]
where 1 <j<i<k<m,
[xi;xj:J’k] "yt [xl'kayj] "y t+ [Yj»xi:xk] "yt [}’i:xj»xz] Yk
<[xk' xi'Yj] "yt [xl»xj»Yi] “Vk — [Yj'xi'xk] Vi — [Yi:xj'xl] '}’k>
_[xl'xi' }’j] “Vk — [xerjr}’i] N ’
[yi:xj,xk] "yt [}’j;xi»xl] Vit [Yj»xi:xk] "yt [}’i:xj»xz] Yk

—[xuxuyi] - v+ i %o 2] - vi = % x5 v v+ [ x5, %] - ws
where 1<j<i<k<l<m.
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Proof: Let us define

Alz{[xi,xj,xk]-xl 11<j<i<l<m, 1Sj§k<l£m},

Ay ={lyeyjyi] - m+ 1<j<i<l<m, 1<j<k<l<m}

As = {[xi,xj,xk] ypr 1<i>j<k< m},

A4:{[xi,xj,yk]-yl : 1<j<is<m, 1Sk<l£m},
A5:{[yi,xj,xk]-yl 1 1<j<k<m, 1Si§l£m},
A6:{[yi,xj,yk]-yl t1<k<l<m, 1Si£l£m}.

Then KB,,, = KA ® KA, @ KA; S KA, P KA; P KA.

Let p € KB,,,, then it is of the form p = p; + p, + p3 + p4 + Ps + pg, for some
P, €KA;,i=1,..,6.I1f p € (KByy,)®2m and 8y, is linear on element, then
0 = 62m(P) = S2m(p1 + -+ + Pe) = Sam(P1) + - + S2m (Pe)
Observation:

Clearly, 85, (p1) = 0, (which implies that KA; € (KBy,,)%2m).

Since p, € KA,, then p, is of the form

D2 = Z &ijki [Vio ¥ vi| - y1 for some g4, € K. Then

1<j<islsm
1<j<k<lsm

P = v < [82m . v vie] - v+ [ye S2m (1), vic] - 30 )
T Giem L\ 8om @] v+ [Yo v v - Som )
1<jsk<lsm
= £ ( [xiijJYk] Yt [yi,xj,yk] Y, )
1sj<islsm v +Hyo vy i) v+ oy vl - x
1sjsk<lsm
) 8” <_[yj'xi’yk] v+ Yo vie] v = [ o0 v 'yz>
weibtian D \Hyoxey] = oxe vl v+ il i

1sjsk<lsm
Clearly one can see 05, (p2) € KA.
For p; € K A5, then p5 is of the form
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p3 = z Eijki [xl-,xj, xk] -y, for some ¢;j;; € K. Then
1<i>j<ksm
_ [62m(xi); xj:xk] "yt [xir62m(xj)rxk] "V
8om(p3) = Z Eijkl
+[xi'xj; 52m(xk)] i+ [xirxjvxk] “Som (V1)

1=i>j<ksm
= Z Eijkl [xi; xj:xk] " X1
1=i>j<ksm
= 8m(p3) € KA;.
For p, € KAy, then py is of the form

= Z &ijki [0 %), Yie] - yi for some &;j,; € K. Then

1<j<ism
1<sk<lsm

[82m (), %5, vie| - vi + [0 82m (%7), yie| - 1 )

82m(Pa) = Z ‘S"kl(
" 1<j<ism Y +[‘xil xj; 52m(yk)] Vi + [xi) le Yk] ' 62m(yl)

1<k<lsm
= Z Eijkl ([xi;xj'xk] "yt [xi; xj'Yk] 'xl)

1<j<ism
1<sk<lsm

= Z Eijkl ([xi; xj'xk] Vi [xi’xj'xl] 'Yk)

1<j<ism
1<sk<lsm

= 6m(pa) € KA3.
For ps € KAs, then ps is of the form

ps = Z &kt [Vir xj, x| - v for some &;j; € K. Then

1<j<sksm
1<i<lsm

[62m ), x5, %1 ] - Vi + [Vir Sam (1), xic] - 31 >

82m(ps) = Eijkl <
" 1< 5R<m PN+ %7, Bam Cad)] - v+ [y X5 %] - Sam )

1<i<lsm

= Z Eijkl ([Xi' xjvxk] it [Yi'xj'xk] ) xl)
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_ Z ¢ <[xl'; xj, xk] Vi + [xl,xj,xk] . yl)
- ijkl

1<j=k<m 7 _[xk'xj'xl] Vi

1<i<lsm

= 8;m(ps) € KA.

For pg € KA, then pg is of the form

Pe = z &ijkl [vi. xj;y'k] -y for some g, € K. Then
1<sk<lsm

1<i<lsm
_ [62m(Yi)ij'YR] "yt [yi»5zm(xj)»YR] Vi
8om(Ps) = Z Eijkl
N +[yi %), Sam i) - vi + [vi X vie] * Sam 1)
1<islsm

~ Z Eijkl ([xi» xjd’k] i+ [Yirxj’xk] "+ [Yi:xerk] - x1)
1<k<lsm
1<i<lsm

= Z Eijkl ([xi» xj'Yk] i+ [Yi:xj’xk] Vi — [}’i:xjrxl] : }’k)
1sk<llsm
1<i<lsm

= 0m(ps) € KA, @ KAs.
Therefore, 0 = 821, (p1) + 62m(P2) + 82m(P3) + 82m (P4 + P5) + 821 (P6)- This
means  that 821, (p) = 0 = 821 (P1) = S2m(P2) = S2m(P3) = Gam(Pa + ps5) =
82m (P6)-
If 8,,,(p1) = 0, then KA; S (KByyy,)%2m, ie., elements of the form

[xl-,xj, xk] - X1,
isaconstant where 1 < j<i<l<m,1<j<k<l<m.

For p,. Let

P2 = Z Eijkl [Yi»Yj»YR] Wi

1<j<i=lsm
1sj<k<lsm
= Z Eijkl [}’iij'Yk] "yt z Eijkl [Yi'Yj'}’k] Y
15j<izk<lsm 15j<k<i<lsm
+ Z Eijki [YiJYjJYk] "y t+ Z Eijji [yiryjryj] Vi
1<j<k<i=lsm 1sj<i=k<lsm
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+ z Eijji [yi'yj;yj] Vi

1<j=k<i=lsm

= z Eijkl [Yi.}’j;Yk] "y t+ Z Exjil [yk!yj!yi] Y

1Sj<i$k<l$m 1Sj<i<k<lSm
+ Z Ejik [Vio Vi Vi) - Vi + Z &ijj o vy yil -
1<j<i<ksm 1<j<i<lsm
+ Z eijji o vyl - vi
1<j<ism
= Z Eijkl [}’i,}’j»J’k] it Z Ekjil [}’k»}’j»}’i] N
1sj<i<k<lsm 1<j<i<k<lsm
+ Z Eijil [}’i,}’j'%] "yt Z Exjik [YRJerYi] Vi
1Sj<i<lSm 15j<i<k5m
+ Z Eijjt [}’i,}’j;y]'] Yyt Z Eijji [)’z:)’p)’j] Vi
1Sj<i<lSm 15j<i$m

SO, P2 = P21 + P22 + D23 such that

P21 = Z Eijki [Yi; }’j'YR] "yt Z Exjil [Yk:yj:Yi] Vi
1sj<i<k<lsm 1sj<i<k<lsm

P22 = Z Eijil [Yi»Yj,}’i] "y t+ Z Eljil [}’b}’j»}’i] N
1sj<i<lsm 1sj<i<lsm

+ Z Eijjt [YiJYijj]'YIv

1sj<i<lsm

D23 = Z Eijji [yinj'yj] Vi

1sj<ism

Then
Oom(P2) = 0 = 6;m (P21 + D22 + P23) = Som(P21) + Sam (P22) + G2 (P23)-

Let V,, be the subspace of KA, containing monomials with exactly 4 indices, V5,
be the subspace of KA, containing monomials with exactly 3 indices and /5, be

the subspace of KA, containing monomials with exactly 2 indices then V5 N
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Vaa ={0} = Voy N Va3 = Vy; N Vo3. Then 81 (P21) € Va1, 82m (P22) € Vaa,
82m(P23) € Va3

Therefore, 85 (P21) = 0 = 82 (P22) = G2 (P23)-

0 = 82m(P21)

= 52m( Z &kt Vo vy vie] - v + Z exjit [Vio vj vi] '}’z>
1<j<i<k<lsm

1<j<i<k<lsm

= 52m( Z Eijkl [YiijJYk] '}’1)
1sj<i<k<lsm

+8m < Z exjit [Vieo ¥ vi] - 3’1)
1<j<i<k<lsm

- ( [62m(%’)'ijy}<] "yt [Yi'62m(yj)'yk] "Y1 )
15j<i<R<izm e +[vi, ¥ Som )] w1 + [V v vi] - Sam )

.\ [62m ), v, vi] - v + i Sam (), 7] - W >

W
i etaem i Sam D] v+ [y vi] - Sz ()

[x0 5 vk |- v + [vo x5 vie] - v+ [vo v x| - i
ijkl oy el x
1<j<i<k<lsm Yir Vj» Vi l

[xkajJYi] "yt [yk'xj'yi] Yt [yk'yj'xi] Y
+

Kjil <
1gj<i<k<l=m +[yk'yj'yi] " Xy

. <_[YjvxiJYk] Yyt [Yi'xj'yk] "y~ [}’j'xkai] '}’l)
1<j<i<k<lsm VK +[yi'xk’yf] Vi [yi'xl'yi] Vit [yj'xl'yi] Yk

N . <_[Yjvxk'3’i] v+ Yo%, i) - v = [ %0 i -w)
kjil
1sj<i<k<lsm g e xo vl v = [y 2w ] v
= Z (—fijkz - Ekjiz) [Yj»xi' }’k] Vi
1sj<i<k<lsm
+ Z Eijkl [Yi»xj' }’k] Vi
1<j<i<k<lsm

103



4. MAIN RESULTS Andre DUSHIMIRIMANA

+ z (_Eijkl - Ekjil) [yj!xk;yi] Vi
1<j<i<k<lsm

+ z Eijkl [Yi' xk;yj] gy
1<j<i<k<lsm

+ Z (_gijkl - gkjil) [}’ivxlej] Yk

1<j<i<k<lsm

+ Z Eijkl [}’j: x, i - Vi

1<j<i<k<lsm
+ Z Exjil [}’k»xj,}’i] "y t+ Z Exjil [kaxi':)’j] Y
1sj<i<k<lsm 1sj<i<k<lsm
=0.
Clearly, since there is no coincidence, we have &;j; = &y = 0,1 <j <i<k <
|l < m. Hence,
P21 = Z &k [Yo v vie] -y + Z exju [Vio Vi yi] -y =0
1sj<i<k<lsm 1<j<i<k<lsm

For p,,, let
0 = 83m(P22)

Z Eijil [Yi'Yj'Yi] it Z Eljit [3’1.}’1'.3’1'] "V

-5 1=j<i<lism 1=j<i<ism
— U2m

+ Z ‘Sijjl[Yi'yj'Yj]'YI

1=j<i<ism

= 52m< Z &ijil [}’i»)’j»%'] ')’l) + 52m< Z Eljit [YI'Yj':Vi] '}’l>
1<j 1sj<i<lsm

<j<i<lsm

+52m< z €ijji [yi,yj,yj]-yl)
1<j<i<lsm

. ( [62m(Yi)JYjJYi] "yt [}’i» 52m(}’j)»3’i] "V >
15/ 521=m vt +[yi ¥, S2m D] - v+ [y v, vi] - Sam )
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+ z & i ( [52m(yl);yj;yi] Y + [yl"SZm(Yj):yi] Y )
ot +[yl'3"j'52m(3’i)] -y + [yl'yj'yi] . 62m(yl)

1gj<i<lsm

N [62m V), ¥, vi) - vi + [yi 62m (¥)), ¥i] - 1 )

g. P
1j521sm . <+[3’i'yj' Sam (V)] v+ [y vy - S2m )

[xiv}’j::)’i] Y+ [yi'xj'yi] "yt [}’i,ypxi] Vi
B i vy, v - x
1gj<i<lsm YiYj Vi l
N . ([xz;yj;yi] v+ vex v v+ vyl -yl>
Ljil
1=j<i<lsm g +[yl'yj'3’i] X
n g ([xi,yj,yj] v+ Yoyl v+ ey %] '}’1>
he o
1<j<i<ism 7 +[yi'yj'yj] " Xy
— " (_Z[ijxiin] Nt [Yi»xj:}’i] it [Yi'xiJYj] ‘}’z>
= ijil
1<j<i<lsm Ul _[yi'xl'yj] Vi
<_[ijleYi] it [YI»xj:}’i] it [YI'xir}’j] '}’z)
+ it
1sj<i<lsm _[yi'xl'yj] Vi

N z - <_[Yj'xi;}’j] it 2y, ] v = [y, %, 9] -yz>
1<j<i<ism _[yj'xl'yj] Vi

This gives that

[yi,xj,yi] -y, with 1 < j < i <[ < m does not appear in another sum; i.e.,

&ji = 0. [yl,xj,yi] -y, with 1 <j <i <l < m does not appear in another sum;

ie., g = 0. [yj,xi, yj] -y, with 1 £ j < i < < m does not appear in another

sum; i.e., &;;; = 0. Hence if ;5 = &j; = &3 = 0for 1 < j <i <l <m,then

P22 = Z &ijil [yi'ijyi] "yt Z Eljit [}’l:}’j»}’i] N

1sj<i<lsm 1sj<i<lsm
+ Z Eijil [YiJYiji] gy
1<j<i<lsm
=0

For p,3, let
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0 = 62m(p23) = 52m< &ijiji o v vi 'Yi>

1<j<ism
= g( [52"1(3’1')'3’1"3’1] Yit [yi,f?zm(y,-),y,-] Vi )
1<j<ism TN+ vy am ()] vi + [0 v, 5] - S2m 1)

_ £ ([xi’yi'yf] Vi + oxp v v + ey x) ‘%)
15j<ism o +[yl"y1"y1'] "X

= Z eijji (=2[yp X0y v+ 2]y 9] - i)
1<j<ism

2¢ei55i ([yo . 9] - vi = [y %0 wi] - i)

1sj<ism
= Z 2¢e555 [y %, 5] - v — z 2¢45i [y %0 vi] - v
1<j<ism 1<j<ism

Since [yi, Xj, yj] - y; and [yj,xl-, yj] - y; does not coincide then
Z 2eji [yi %, 5] - vi = Z 2e5i [yj, %0 35] -y = 0
1<j<ism 1<j<ism
So &;jj; = 0,1 <j <i<m.This implies that
P23 = Z &iji [vo v vi] - vi = 0.
1sj<ism

Therefore, since p, = P21 + P2z + P23 and Py = P2, = Po3 = 0 we can conclude
that
P2 = Z ekt [V vy k] v =10

1<j<i=lsm

1<jsk<lsm

This means that (KA,)%m = {0}.

For

p3 = Z Eijkl [xi:xj'xk] N
1<i>j<ksm
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We have the condition that 1 < i > j < k < m here [ can be anywhere in this
position

j i=k
This gives 5 conditions whichare j <i=k <l j<i=k=1j<I<i=k,
j=l<i=kandl<j<i=k.
For the position j i k we have 7 different positions which
are
j<i<k<lj<i<k=lj<i<l<kj<i=Il<kj<l<i<k,
j=El<i<kandl<j<i<k
For the position j k i we obtain 7 different positions which
are
j<k<i<lj<k<i=lj<k<lI<ijj<k=Il<ij<l<k<i,
jEl<k<iandl<j<k<Ii
For last the position we have j=k i with 5 different position
which are
J=k<i<lj=k<i=lLj=k<I<i,j=k=Il<iandl<j=k<i.

Now p3; become

p3 = Z Eijil [x:, xj'xi] Yt Z Eijii [xi'xj'xi] Vi

1<j<i=k<lsm 1gj<i=k=lsm

+ Z Egjire %o X, xi] -y + Z &jij [x0 %5, xi] - yj
1<j<I<i=ksm 1sj=l<i=ksm

+ Z Eijil [xi»xj' xi] "yt Z Eijkl [xi'xj'xk] Y
1sl<j<i=ksm 1sj<i<k<lsm

+ Z Eijkk [xi' xj'xk] Vi T Z Eijkl [xi’xj'xk] "V
1gj<i<k=lsm 15j<i<l<ksm

+ Z Eijki [xi»xj;xk] "yi t Z Eijkl [xi'xj'xk] Y
1sj<i=l<ksm 1sj<li<i<ksm

+ Z Eijkj [xirxj»xk] "yjt+ Z Eijkl [xi:xjrxk] Y
1sj=Ili<ksm 1sj<i<k<lsm
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+ z Eijki [xi; xj;xk] Yt z Eijki [xi’xj’xk] Vi

1<j<k<i<lsm 1<j<k<i=lsm
+ Z Eijkl [xivxjvxk] Y+ Z Eijkk [xi:xjvxk] Vi
1<j<k<I<ism 1<j<k=I<ism
+ z Eijkl [xi; xj;xk] Yt Z Eijkj [xirxjvxk] " Yj
1<j<i<k<ism 1<j=l<k<ism
+ z Eijki [xl-, xj,xk] -y + Z Eijkl [xi,Xj;xj] Vi
1Sl<j<k<i$m 1Sj=k<i<l$m
+ Z Eijkl [xi,xj»xj] "yt Z Eijkl [xirxjvxj] "V
1sj=k<i=lsm 1<j=k<lI<ism
+ Z Eijiat [x0 %5, %] - yj + Z Eijiat [%0 %5, %] - v
1gj=k=l<ism 1sl<j=k<ism
= Z €ijil [xi; xj'xi] N+ Z Eijii [xi:xj'xi] Vi
1<j<i<lsm 1<j<ism
+ Z evjui X0 %5, ] - yi + Z &jij [x0 %5, xi] - yj
1sj<i<lsm 1sj<ism
+ Z ey [xn xox] - yj + z Eijkl [xi:xj’xk] Vi
1<j<i<lsm 1<j<i<k<lsm
+ Z Eijkk [xi' xjvxk] "V T z Eijik [xi'xj'xl] Vi
15j<i<ksm 15j<i<k<lsm
+ Z Eijki [xi»xj;xk] "y + Z Exjli [xk'xj'xl] Vi
1sj<i<ksm 1sj<i<k<lism
+ Z eijj X0 x5, %] -y + Z ety [Xr, %0 %0] - yj
1sj<i<ksm 1sj<i<k<lsm
+ Z Exjil [xk' Xj, Xi] "+ Z Ekjik [xk'xj'xi] Vi
15j<i<k<lsm 1sj<i<ksm
+ Z Eljik [xz,xj»xi] Y+ Z Exjii [xkvxjvxi] Vi
1sj<i<k<lsm 1sj<i<ksm
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+ z Eljki [xl;xj; xk] Yt z Ekjij [xkvxiji] *Yj
1sj<i<k<lsm 1<j<i<ksm
+ Euikj [ X %] -y + Z &ijj [x0 x5, %] - w1
1<j<i<k<lsm 1<j<i<ism
+ Z &ijji X0 %5, %] - i + z ejji [ %0 x5, %5 - yi
1sj<ism 1sj<i<lsm
+ Z eijjj [%o0 X, %] - v + z & e xp, %] -
1sj<ism 1sj<i<lsm
_ Z <€iﬁi [xi x5, %] yi + e[ 2, %] - vy + 3% x5, %] 'Yi)
1<j<ism +eijgilxn . %] - v
Eijik [xi; xj'xi] Vi T gkjki[xk; xjrxk] Vi
+epinj[xr X0 Xie] - Vi + €ijrk [xirxj; xk] Vi
+ +egjui X %5, X ] - vi + e[ %5 %] - v
1jSikem +Exjik [xk»xj,xi] “ Vi T Ekjii [xerjrxi] Vi
tereij e x5, %] - vy + gl x5, 2] - e
+€kjji[xk;xj; xj] Vi + xiijlxn xi %] - yj
/ &k %i xj X0 ) - v+ €jue %0 x5, %] - Ve \
+ +5kjli[xk,xj,xl] Vi + erijlx xio %] - y;
1sj<iTR<ism +€kjil[xk'xj'xi] it gljik[xl'xj'xi] Vi
+51jki[xl»xj;xk] Vi + Englxn xi, xi ] - y;

So, p3 = (p3)2 + (P3)3 + (P3)4 such that

gl]lk [xl'x]'x ] Yk + gk]kl[xk'x]'xk] Vi

egjii[xo x5, %] -y +
(p3)2 = z <
1sj<ism
/+5kikj[xk:xi'xk]
_ | +eijulxe 2]
(p3)3 = |
1<sj<i<ksm +£kﬁk[xk’xj’xi]
+eijij [0 x5, 1]
+eji[ i x5, %]

+eijjilx0 x5, %] - y;

Eijij [xi'xj'xi] "yt fijji[xi'xj'xj] Vi

)

YJ + Stjkk[xux]'xk] Yk
Vit Eijij [xl,xj,xk] Yij
Yk + gkjll[xk'xj’xl] Vi
"yt swk[xl,xj,xj] Yk

Vit Egiijlxr xi, %]

)

|
3
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Eijkl [xivxjvxk] "Vt Eijik [xi'xjrxl] Vi
+5kjli[xk; Xj, xz] Vi + erijlx xox] - y;
+Ekjir [xk:xj:xi] Vit ik [xlrxjrxi] Yk

+Sljki[xl:xj; xk] Vi + eikjlxn xi, xi] - y;

(P3)a =

1<j<i<k<lsm

Then

82m(P3) = 0 = 821 ((P3)2 + (P3)3 + (P3)4) = G2m((P3)2) + S2im((P3)3) +
O2m((p3)4). Let V3, be the subspace of KA5 containing monomials with exactly 2
indices, V33 be the subspace of K A5 containing monomials with exactly 3 indices
and V3, be the subspace of K A5 containing monomials with exactly 4 indices then
Vg N V33 = {0} = V3 N V4 = V33 N V34 Then 851, ((P3)2) € Va2, 2m((p3)3) €
V33, 6am((P3)a) € Va4

Therefore, 8,1, ((P3)2) = 0 = 821 ((P3)3) = S2m((P3)4)-

for

0 = 8,m((p3)2)

s ( Eijii [xi; xj'xi] Vi t Eijij [xi,xj,xi] Vi >
— Y2m

1< hem \TEiji [xi x5, %] vi + &3 lxe x.2] -

_ < Eijii [xi»xj;xi] “Oom (i) + Eijij [xi'xjvxi] : 52m(}’j) )
+eijjilxn x5, 5] - Sam ) + &1 [%0 X5, %] - S2m (1)

1sj<ism

<8ijii [Xl', xj,xi] * X + gijl'j [Xl', xj,xi] . Xj + el-jji[xl-,xj,xj] . xi>
1<j<ism TEijjj [xi' xj'xj] " Xj

We rearrange the basis by using the condition in Remark 2.10.3, we get that
0= z <5iﬁi (i, x5, ] - i = e[ x5, 5] - + &g x %] 'xi>

1<em +eijji[x0 %5, %] - %

_ Z <5ijii[xi'xj'xi]'xi+(£ijﬁ_gijij)[xi'xj'xj]'xi>

1< f<tem +eijji[x0 %5, %] - x;
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Since [xi,xj, xl-] -x; =0 and [xl-,xj, xj] -xj = 0, by the condition in Remark
2.10.3, then this mean ¢&;;; and &;;; can be any. Since [xi,x]-,xj] - x; 18 a basis
element in K A3, then it cannot be zero hence, Eijji — Eijij = 0. So, Eijji = Eijij-
Therefore,

_ egjie|Xo x5 %i| - v + il X %] - vy + e [xe %% v
(p3)2 - + [ ] .

1< em E1jjj X0 %, %] - Vj
_ ijii [0 %7, 3] - yi + &g ([0 2, 2] - 35 + [0, %5, %5 'Yi)>

1<j<ism TEijjj [xi' xj'xj] Vi

Therefore,
[xi 2. %] -
[xi'xj; xi] Vi
[xi, x5 2i] - 3y + [ 25,5 ] - 31,
are constant elements in KAz where 1 < j <i <m.

For

0 = 621, ((P3)3)
Eijik [xi' xj'xi] "V T gkjki[xk'xj'xk] Vi
+egirj[xr, xXi X ] - Vi + €ijrk [xi'xj’xk] Vi
Z e[ X %5, X ] - vi + e[ x5 %] - v
1sj<i<ksm +erjine i X xi] - Vi + e[ %, %] - i
+ewjijloe X ] vy X 2, ] - i

+€kjji[xk'xj' xj] Vi + riijlx X %]  y

= 02m

/Suzk[xuxpxz] 82m Vi) + €jiei [ % %7, Xk ] - 52m()’1 \
| +Epeinj [Xpe X1y Xi ] - 52m()’]) +€Ukk[xuxpxk] 82m (Vi) |
_ | +£Ukl[xux1'xk] 52m(yl)+£uk1[xux1'xk] 52m(y1 |
1sj<i<ksm L +Exjik [xk'x]»xz] “Oom (Vi) + gkjll[xk'xj'xl] 8om (Vi) )l

+£k]l] [xk'x]'xl] ' 52m(3’1) + glj]k [xux]'x]] 52m(yk)

+gk]jl[xk' x]: xj] 62m(3’1) + Eku] [xeru 62m(y]
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Eijik [xi; xj:xi] "X+ Ekjki[xk’xj’xk] " X
+epinjxr Xi Xie] - x5 + e [xirxj’xk] Xk
_ +£i]-ki[xl~,xj,xk] * X + sijkj[xi,xj,xk] . Xj
12j&T<kem +gkjik [xk,x]-,xi] * Xk + ek]-ii[xk,x]-,xi] * X

+5kﬁj[xk,xj,xi] " Xj t Eijjk [xi,xj,x]-] "Xk

+€kjji[xk: Xj, x]] -x; + Ekiij[xk,xi,xi] - Xj

By using the condition in Remark 2.10.3, we rearrange the basis to obtain that
Sijik[xi,xj»xi] “ Xk — gkjki[xk'xjvxi] * Xk
_gkikj[xkvxjvxi] “ X t+ Eijkk [xi'xjvxk] * Xk

— ey [0 x5, %] - 0 — € 2, 2] - e

+8k]-l-k [xk, X, xi] “Xg + skjl-i[xk, xj,xi] <X

—ejij[xe x5, 2] - 20 + e[ x5, %] - 20

+gkjji[xbxj'xj] Xk~ Ekiij [Xi'xj,xi] * X

1<j<i<ksm

(Eijik — Eijki — Skiij)[xi» xjrxi] "Xk
+(—€kjki — Ekikj T gkjik)[xerjrxi] " Xk
= e [0 %), %] - Xk
=
Lej<icksm | (=g — ejij + i+ o) [xo x5, %] - X
+egejir[x X7 %] - %
Since [xi, xj,xk] X =0 and [xk,xj, xl-] -x; = 0, from the condition in Remark
2.10.3, then this mean &, and &; can be any. Since [xi,xj,xi] * X
[xk,xj,xi] - X3, and [xi,xj,xj] - X}, are the basis element in KA, then it cannot be
Z€10 hence, gi]'ik - gijki - gkiij = 0, _gkjkl' - gkikj + gkjik =0 and _Sijkj -
gkjij + gijjk + gkjji = 0. SO,
Eijik = Eijki t Ekiij
Exjki = —Ekikj T Ekjik

Eijij = ~Ekjij T Eijjk T Ekjji
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Therefore,

(Sijki + Skiij)[xivxj:xi] Vi
+(—€kikj + gkjik)[xk;xj’xk] Vi
+epinj[Xn Xi Xie] - Vi + €ijrk [Xi’xj,xk] “Vk

_ +5ijki[xivxj:xk] Vi
(p3)3 = Z
v e | T (5B T i+ e X % xe] -
+€kjik[xk»xj,xi] Vi t gkjii[xkvxjvxi] Vi
+Ekjij[xk; Xj, xi] "yj+ Eijjk[xirxj;xj] " Vi

+£kjji[xk» xj'xj] Yt Skiij[xk’xi;xi] " Yj

Eijki([xi» xj;xi] "Vt [xi'xjrxk] '}’i)
+£kiij([xi; xj'xi] Vi + X0, x40 %] '}’j)
+5kikj(—[xk,xj»xk] Vi + (X %, xi] '}’j)
+5kjik([xkvxjvxk] "yt [xkvxjvxi] '}’k)

= Z +&ijkk [xi'xj’xk] Vi
< +£kjij(_[xi'xj'xk] "yt [xk'xj’ xi] '3’1')
e ([ x5, x| - 5 + [x0 %5, %] - vie)
tereji([xi x5, %] - vy + 2 %5, %] - vi)

+€kjii[xk;xj' xi] Vi

Hence,
[0, %5, %] - Vies
[k, %, xi] - i,
[ i, %5, ;) - vie + [0 x5, %k ] - i,
[x:, xj'xi] i+ [ x, ] vy
~ [ x5, 2] - yi + [, X020 - 9
[k x5, ] - v + (000,27, 23] - e
—[xi x5, xi] - i + [xws x5 %] - 5,
[xi, %5, x| - v + [0 %5, %7] - Ve,
[xl-,xj,xk] "yt [xk:xj:xj] *Vis

are constant elements in KA; where 1 < j <i <k <m.
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For

0 = 82m((p3)a)
Sijkl[xi:xjvxk] i+ gijlk[xirxjvxl] Vi
+5kjli[xk:xj; xz] Vi + erijlx xix] - yj
1<j<iSR<ism +Ekjir [xk:xj:xi] Vit Eik [xlvxj’xi] Vi
+gljki[xl'xj'xk] Vi + ekjlxn xi xi] - yj

= 82m

Eijkl [xi; xj:xk] “Som(y) + gijlk[xi:xj:xl] “Som (Vi)
_ e i X x5 1| - Sam Vi) + €r[x X0 %11 - Sam ()
15j<i<h<ism +5kjil[xk;xj»xi] Oom(y) + gljik[xl:xj;xi] “ Oom (V)
+Eljki[xljxj'xk] () + e lxn xi, xi ] - 52m()’j)
‘Sijkl[xi'xj; xk] “Xp+ gijlk[xi'xj'xl] " Xk
+5kjli[xk,xj,xl] X+ gl xix] - x;
1<j<t<r<ism | TEkiil [ 25, 3:] - 20 + egjune [0 x5, 2] -
+gljki[xlvxjvxk] X+ el X0, xp ] - x;

By using the condition in Remark 2.10.3, we rearrange the basis to obtain that
Eijkl[xi;xj»xk] CXp— gijlk[xi'xjvxk] T Xy
—egju([xi x5, %] - x1)
+skilj([xl-, xj,xk] X — [xk,xj,xi] -xl)

0= +€kjil [xk,xj,xi] * X
1<j<i<k<lsm +£ljik([xk’xj’xi] cX; — [xi’xj’xk] . xl)
+£ljki(—[xk,xj,xl-] X+ [xl-,xj,xk] : xl)

—Elikj [Xk'xj' Xi] "X

(gijkl — Eijik T Ekitj — Ejik + Eljki)[xi'xj'xk] Xy
= —Ekjii — Ekitj t Ekju T Eijik [t x5, 2%.] - %
1sj<i<k<lsm —Ejki — Elikj ko jr 2] T A
Since [xi,xj,xk] -x; and [xk,xj,xi] -x; are the basis element in KAz, then it
cannot be zero hence, gijkl - gijlk + gkilj - gljik + Sljki =0 and _Skjli — gkilj +

Ekjit + ELjik — ELjki — €ukj = 0 So,

Eijkl = Eijik — €kitj T Ejik — Eijki
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Ekjit = €kjui T Ekitj — Eijik T Ejki T Elikj

Therefore,
(gijlk — Ekitj T ELjik — fljki)[xi.xj,xk] "V
+5ijlk[xi; xj:xl] Vi T gkjli[xkvxj’xl] Vi
+epirj o X x1] - y;
(P3)a =

1<j<iTR<ism +(&rjui + Ekitj — €jic + Ejri glikj)[xerj;xi] Vi
+ejue %0 %5, %1 | - Vie + €[ X0 X5, 0] - i
+eung o xi xi ] - y;
gijlk([xi'xj;xk] "yt [xi'xjrxl] '}’k)
<_[xi; xj'xk] v+ [, x4, ] '}’j>
+Ekitj
+[xk,xj,xl-] Vi
([xivxj'xk] Vi~ [xkvxjvxi] '}’l>
+&jik
+[xl,xj, xl-] Yk
1<j<i<k<lsm (_[xi'xj’xk] cy + [xk;xj; xi] . 3’l>
tEjki
+[xl,xj,xk] Vi
+5kjli([xkvxjrxl] "yt [xkvxjvxi] '}’1)
+glikj([xk;xj’xi] v+ [, x, x ] - }’j)

Hence,
[xi, x5, x| - 0+ [0 x5, 0] - Ve
[, x5, 21| - i + [0 %5, %] - 91,
[0 25, %3] - v+ D i, 3] -
—[x0 2 20] - 1+ Do xi 2] -y + [ 2, ] - s
[xi x5, 0] - ve = [0, 27, 23] - v+ [ 7, 3] - e
—[x 25 20] - i+ [ x5, 3] - v+ [ g ] - i
are constant elements in KA; where 1 < j < i < k < | < m. Therefore, this prove

that the vector space (KA3)%2m is spanned on the elements of the form

[xi» xj,x,-] “Yjs

115



4. MAIN RESULTS Andre DUSHIMIRIMANA

[xi:xj; xi] Vi
[xi,x]-,xi] "yt [xi;xj:xj] *Vis
where1 <j<i<m,
[ x5, %}, %) - Ve,
[xk:xj:xi] *Vis
i, x5, %] - v + [0 25 ] - i
20, x5, %:] - yie + [ %0 %1 - 7,
_[xk'xj'xk] Vi + [ X0 Xk ] - )
[ x5, 2] vi + 200, %7, 2] D
—[xi %, xi] - i + [k x5 %] - 5,
[xi, x5, x| - v + [0 %5, %7] - Ve,
[xi,xj, xk] "yt [xk:xj:xj] *Vis
where1<j<i<k<m,
and
[xi x5, x| - 0+ [0 x5, x0] - e
[xies x5, 30] - i + [0, 27, 23] -
[0 25, %3] - v+ D X, %] -
—[x0 25 2] - 1+ D, xi 2] -y + [ 25, x] - v
[xi x5, x| - 70 = [ x5, 23] - v+ [ 3, 3] - e
—[xs x5, x| - v+ [x x5 x:] - y1 + [ x5 %] - s
wherel<j<i<k<l<m.

For p, + ps. Let

Py = Z Eijkl [xi»xj'Yk]'}’l
1sj<ism
1<sk<lsm

We have the condition that 1 <j <i<m and 1 <k <l <m according to this

condition we have [ in different position.
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Let start with j i@ Kk [, this gives 1 condition which is j <i < k < [. For the
position j &=k [ and this gives 1 condition which is j <i =k < l. For the
position j k | i=1 lwehave j<k<i<l j<k<i=landj<k<
[ <i.Forthe position j=k | i=1 lweobtainj=k<i<lj=k<i=lI
and j =k <l <i. For the position k | j=1 1 i=1 1| we 5 different
conditions k<j<i<l, k<j<i=l, k<j<I<i, k<j=Il<i and
k<l<j<i.

Now p, become

Ps = z Eijkl [xi'xj; }’k] "+ Z Eijil [xirxj'}’i] Vi

1j<i<k<lsm 1<j<i=k<l<m

+ Z Eijkl [xivijYR] it Z Eijki [xi»xj:)’k] Vi

1sj<k<i<lsm 1Sj<k<i=l =m

+ Z Eijkl [xi;xj»J’k] "yt Z Eijjt [xirxijj] "V
1< j<k<i<ism 1<sj=k<i<lsm

+ Z eijji [x0 %, y;] - vi + Z eijji [x0 %5, 95] - 01
1gj=k<i=lsm 1sj=k<l<ism

+ Z Eijkl [xi; xj'}’k] i+ Z Eijki [xi:xj’}’k] Vi
1sk<j<i<lsm 1sk<j<i=lsm

+ Z &kt [X0 % Vie] - v + Z ey X0 %, i - vj
1sk<j<l<ism 1sk<j=l<ism

+ Z Eijkl [xi' xjv)’k] Vi
1<k<i<j<ism

= Z Eijkl [xi' xijk] i+ Z Eijil [xl"xj'yi] Vi

15j<i<k<lsm 15j<i<lsm

+ Z Exjil [xk'xj'yi] i+ Z Exjik [xk'xj'yi] Vi
1sj<i<k<lsm 1sj<i<k sm

+ Z Eljik [xl»xj»Yi] "V T Z Eijji [xi'xj:}’j] "V
1sj<i<k<lsm 1sj<i<lsm
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+ Z Eijji [xi!xj;yj] "yt Z E1jji [xl:xj:)’j] Vi

1Sj<i$m 1Sj<i<lSm

+ Z Ekiji [xkvxiij] Y+ Z Ekijk [xkvxiij] Vi
1<j<i<k<lsm 1<j<i<ksm

+ z Elijk [xl'xi'yj] Vi T Z Ekiji [xeriryj] Vi
1Sj<i<k<l$m 1Sj<i<kSm

+ z 1k ji [xl'xk'yj] Vi
1<j<i<k<lsm

- Z €ijji [xi’ x,-,y,-] Vi

1sj<ism
Eijik [xi; xj'}’i] Vi T gkjik[xk:xj'}’i] Vi
+ Z el %, Yi] - Vi + il x5, v5] - v
vsj<i<iesm \ ey i [0 X0 vi] - i+ i 20 %0 v5] - v
Eijkl [xivxj'yk] "yt Skjil[xk»xj»yl'] Vi
+ z +€ljik[xl'xj'3’i] Vi T Skijl[xk:xi'Yj] Vi
vsj<ickst=m \ tey i [x0, %0 ¥;] - i+ ewgi[X0 200 35] - i
and
Ps = Z Yijki [Yi'xjvxk] Vi

1<sj<ksm
1<i<lsm

We have the condition that 1 < j <k <mand 1 <i <[ < m and this can be split
in4 different part which are 1 <j<k<m, <j=k<m,1<i<l<m and
< i =1 < m. From this condition we have [ in the following different positions.

If we have 1<j<k<m and 1<i<[lI<m then the first position is
J k i [, this gives 1 condition which is j < k <i <[. For the position
J i=k [ and this gives 1 condition which is j <i = k < [. For the position
J i Il k=1 lIwehave j<i<k<l,j<i<k=landj<i<lIl<k. For
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the position i=j | k=1 [ we obtain i=j<k<l, i=j<k=1 and
i=j<l<k For the position i [ j=1 | k=1 1| we 5 different
conditions i<j<k<l, i<j<k=l i<j<l<k, i<j=Il<k and
i<I<j<k.

If 1<j<k<mandl<i=Il<mthenwehave j<k<i=I[lj<k=i=]|,
j<i=l<k,j=i=l<kandi=Il<j<k.

Ifwehave 1<j=k<mand1<i<lI<mthenj=k<i<l, j=k=1i<]|,
i<j=k<lii<j=k=landi<I<j=k.

Lastly,forl1 <j=k<mandl1<i=1l<mwehavej=k<i=lj=k=i=
landi=I1l<j=k.

Now ps become

Ps = Z Yijkt [}’i;xj»xk] Yyt Z Yijit [Yivxjrxi] Vi

15j<k<i<l$m 1Sj<i=k<lSm

+ z Yijki [Yi;xj'xk] "yt Z Yijkk [Yi:xj’xk] Vi
15j<i<k<lsm 1gj<i<k=lsm

+ Z Yijkt [Yi»xj,xk] "yt Z Yiikr [V Xio Xk ] - 31
1Sj<i<l<k5m 1si=j<k<lsm

+ Z Yiikk Vi Xio Xie] - yie + Z Yiike i xi xi] - v
1<i=j<k=lsm 1<si=j<i<ksm

+ Z Yijki [Yi'xj»xk] "yt Z Yijkk [Yi'xjrxk] Vi
1gi<j<k<lsm 1gi<j<k=lsm

+ Z Yijkt [Yi»xj,xk] "yt Z Yijkj [Yivxj'xk] " Yj
1si<j<l<ks=m 1si<j=l<ksm

+ Z Yijkl [Yi»xj,xk] "yt Z Yijki [Yivxj'xk] Vi
1si<i<j<ks=m 1sj<k<i=lsm

+ Z YVijii [Yi'xj»xi] "yi t+ Z YVijki [Yi'xjrxk] Vi

1gj<k=i=lsm 1=j<i=i<ksm

+ Z Yiiki Vi i X ] - yi + Z Yijki [yi'xj'xk] Vi
1<j=i=l<ksm 1<i=l<j<ksm
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+

+

+

+

2

1<j=k<i<lsm

Yijji [}’i; xj;xj] it

Yijji [}’ivxjvxj] "yt

1gi<j=k<lsm

2.

1<i<i<j=ksm

2.

1sj=k=i=lsm

2,

Yijjt [}’i; xj;xj] it
Yiiii [Vi X0 %] - yi +

Ykjil [YRijvxi] "yt

2.

<j=k=i<lsm

2,

1<i<j=k=l

2

1sj=k<i=lsm

2

1<i=l<j=ksm

Z Yijit [Yivxjrxi] Vi

Yiia [Yio xi xi1 - m
1

Yijjj [yi' x]"xj] Vi
=m

Yijji [yi! xj:xj] Vi

Yijji [)’i, Xj, xj] Vi

1Sj<i<k<lSm 1Sj<i<lSm

+ Z Yijki [Yi;xj'xk] "yt Z Yijkk [}’i» xj:xk] Vi
1<j<i<k<lsm 1<j<i<ksm

+ Yijik [Yi;xj'xl] Vi T Yiikt [Vio X, k] - 71
1sj<i<k<lsm 1<i<k<lsm

+ Z Yiikk [Yir Xi Xie] - yie + Z Yiik o xi xi] - v

+

+

+

+

1<i<ksm

1<i<k<lsm

Z Yjikl [Yj'xi; xk] "+ z Yiikk [Yj'xi’xk] Vi
1gj<i<k<lsm 1<j<i<ksm
Z Yjitk [Yj»xi' xl] Vi T z YVjiki [Yj'xi'xk] Vi
1sj<i<k<lsm 1<j<i<ksm
Z Yikii [}’j;xk»xl] "y t+ Z Ykjik [yk'xj'xi] Yk
1sj<i<k<lsm 1sj<i<ksm
Yijii [Yi»xj' xi] "yt Yijki [Yi'xj'xk] Vi

1<j<ism

1<j<i<ksm

+ Z Yiiki Vo o xi] - yi + z Vjikj[}’jrxi'xk]'yj

1<i<ksm

1<j<i<ksm

+ Z Yijji [yi'ijxj] Yyt Z Yiiir [Vio X0 i - 7

1sj<i<lsm

1<i<lsm
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+ z Yijiit [Yj:xi; xi] Yt Z Yijjj [Yirxjrxj] " Yj
1<j<i<lsm 1<i<jsm

+ Yiui [}’j,xl»xz] Y+ Z Yijji [Yi'xjrxj] Vi
1<j<i<lsm 1<j<ism

+ Z Yiii o xoxi] - yi + Z Yijji [Yi’xj’xj] Vi
1<ism 1<i<jsm

= Z Yiai i xo %] - i
1<ism

ijii[}’j; xj'xi] Vi T Vijii [Yi; Xj, xi] Vi T Vjjij [Yj:xj:xi] " Yj
+yj5[yp ] - v+ viaaly o 2] - v+ viglve %, 5] -

+
+Yjiij [yj'xivxi] Vi

1<j<ism
Vijik[Yi'xj'xi] Vi T Vijkk [}’i» xjrxk] " Vk

+ijik[}’j» xj'xi] " Yk t Vjjki [erxj; xk] Vi

+ Z tYjikk [yj'xivxk] “Yr t+ Vjiki[Yjvxirxk] Vi

+ijik[ykvxjvxi] Vit Vijki[:)’i'xjvxk] Vi

1<j<i<k=m
+yjikj[ijxi'xk] "yt Vijjk[Yivxj'xj] Yk
+Vjiik [Yj'xi'xi] Vi T ijki[erxk'xk] Vi
Ykji [}’k»xj»xi] "Y1 tVijr [Yi'xjvxk] N
+ +Vijlk[3’i' xj'xl] "V T Vjikt [Yj'xi'xk] Vi

vsj<i<ie<tsm \ by [y x%0] - yic+ Viely o ] - vi

Now,

Py +Ps5 = Z Yiaii i X %] - i

1<ism
€ijji [xivijYj] “Yi T Vjjii [Yjvxj'xi] Vi
+ Z +ygialye X, %] - v + vilyn 6] -y
1< +Yjjji [y]';xj' xj] “Yi t Vjiii [}’j’xi'xi] Vi
+yigjilve % %) - vi + Vi [y o %] - v
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egjie[ %0 X5, Vi) - Vie + €xcjire[ %0 %5, Vi] - i
tejjiclxo %, 7] vie + el x5, v - v
+Ekijk [xkvxi::)’j] Vit gkiji[xerir:)’j] Vi
Vijik[Yi:xjvxi] “Yi T Vijkk [Yivxjrxk] Vi
+ Z +ijik[3’j; xj:xi] Vi T Vjjki [)’j:xj’xk] Vi

1sj<i<ksm | 4y [y o xie] - v+ Via|vy xo %] - v
+ijik[3’kvxjvxi] Vit Vijki[Yi:xjvxk] Vi
+Vjikj[3’jvxi:xk] "yjt+ Vijjk[Yi'xjrxj] Vi
+Vjiik [Yj'xi; xi] Vi T ijki[erxk'xk] Vi

‘Sijkl[xi'xj'YR] Vit €k [xk:xj'Yi] Vi

+&jik [xl;xj; }’i] “ Vi T Ekijt [xk’xi'}’j] "V
+€lijk[xlvxi'yj] “Yr t+ glkji[xl'xkryj] Vi
ijil[Yvaiji] it Vijkl[yirxjvxk] N
+Vijlk[yivxjvxl] Vit Vjikt [Yj'xi'xk] "V

+Yjik [Yj'xi; xl] Vi T ijli[}’j» xerz] Vi

S0,ps +ps = (P4 +Ps)1 + (Pa + Ps)2 + (P4 + Ps)3 + (P4 + Ps)4 such that
(Ps)1 = Z Yiiii i xi %] - yi

1<ism

+

1sj<i<k<lsm

Eijji [xi' xj'J’j] Yt ijii[}’j'xj’xi] Vi \
(Da + ps), = z +Vijii[Yivijxi] "y t+ yjjij[)’j'xjvxi] Vi ’
1< Tem k'{'yjjji i x5, %3] - i + vjuulyjo xi %] 'Yi)
+yyjilve %] - v + viu[yp 2o x] - v
Sijik[xinj'Yi] “Yr t Ekjik[xk'xj'yi] Yk
el 4, ;] - vie + &l x5, 5] - i
+£kijk[xkvxiv3’j] “ Vi T Ekiji [xk'xi'}’j] Vi
+Vijik [Yi' xj'xi] "Vt yijkk[yi'xj'xk] Vi
(P4 + ps)3 = Z +ijik[Yijj'xi] Vi tVjjki [yj'xjvxk] Vi |
tsj<i<ksm | +ypo [vi %o x| - v+ Vi vy o 2] - v
+Vkjik [Yk' xj'xi] Vi T Vijki[}’i'xj'xk] Vi
+Vjikj[3’jrxi:xk] Vi T Vijjk [Yi:xj:xj] Vi

+Yjiik [Yj:xi:xi] “Yr t ijki[yjrxerk] Vi
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Sijkl[xi.xj.Yk] Vit Ekju [xklleyi] Vi
+&jik [xl;xj; Yi] " Vi T Ekijt [xkvxi’yj] Vi

+ejie|xn x0 v v+ il xn X vi] - vi

(Pa +Ds5)s =
P 1<j<i<R<izm i [Vio %5, %] - o+ Vigra [y x5, ] - v
Hyiuelye x5 %] - vie + Vioalyy %o xi] - v
+Yjiuk [yj'xi; xz] “Yr t yjkli[)’j;xerl] Vi
Then

Oom(Ps +Ps) = 0 = 82 ((Ps)1 + (P4 + Ps)2 + (Pa + Ps)3 + (Pa +Ds5)a) =
82m((Ps)1) + S2m (P4 + P5)2) + 62m (D4 + Ps)3) + S2m (P4 + Ps)a). Let V(5)1

be the subspace of KA5 containing monomials with exactly 1 indice, V44 5, be the
subspace of KA, @ KAs containing monomials withexactly 2 indices, V(4+5)3 be

the subspace of KA, @ KAs containing monomials with exactly 3 indices and

V(4+5)4 be the subspace of KA, @ KAs containing monomials with exactly 4
indices then Vis), NViasrs), = {0} = Vis), NViars), = Visy, NViass), =
Viars), N Viars)y = Viassy, N Viars), = Viasy, N Viass) -

Then &, ((ps)1) € Visy,» O2m((Ps +ps5)2) € Via+s),» O2m((ps +ps5)3) €
Via+5),5 8om((Da + Ds)4) € Via+s),-

Therefore, 621 ((P5)1) = 0 = 621 (D4 + P5)2) = Sam((Ps + ps5)3) =
82m (D4 + Ds)a)-
0 = 8m((Ps)1)

= 52m< z Yiiii [Vir Xi %] 'Yi>

1<ism

= Z Viiii ([82m i), %0 x:] - yi + i %0, %] - 82m (V1))
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By using the conditions in Remark 2.10.3, [x;, x;, x;] - y; = 0 and [y;, x;, x;] - x; =

0, so, this mean ¥;;;; can be any. Hence,

and
[y, xi, %1 - yi

is a constant element in KAs where 1 < i < m.
For
0 = 62m((Ps + Ps)2)

Eijji [xi; xj'Yj] yit ijii[}’j'xj;xi] Vi
z +ygalyo %, 2] - vi + vy ] - v

+yjjiilyi %] - vi + vy o 2] - v
+yyjilve %] v + via [y 2o x] - v
Eijji ([xi; xj, Sam ()] - ¥ + [x0. %7, 9] - 52m(}’i))
+Yjjii ([52m(3’j) x5, %] - vi + [y, %5, %] - Sam ) )

0:82m

1sj<ism

+Vi]u ([52m(y1) x]'xl "yt [Yiij'xi] ' 62m(3’t )
_ Z TYjjij ([62m(y1) %, %] - v + [vi, %5, %] - 62m ()

1<j<ism | TVjjji (82 (31), 25, 5] - i + [y3, % 25] - B2 () )

+Vjul [52m(y]) Xi) xl “Yi + [Yj'xi'xi] 52m(3’l )
+Vij]l ([52m(y1) x] x]] Vi + [Yi'xj'xj] 52m(3’l )
+yju] ([62m(y]) Xi, xl Yy + [yj'xi'xi] : 52m(y]
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gijji([x0 %5, %] - yi + [x0 25, 73] - xi)
+yjgii ([, 25, %] - yi + [y, 25, %] - xi)
+ygga([xo x5 ] - v + [y xp %] - x0)
_ Z +jjii ([, %5, %] - vy + [vp, %5, 3] - %)

e | TV (025 %] - vi + [y x5,] - x)

+Vjiii([xjvxivxi] Y+ [Yj:xivxi] - X;)
+yigji([xo % 2] - vi + [yo . 2] - x1)
+jiij ([, %0 %] - vy + [y 00 21] - %)

We rearrange by using the condition in Remark 2.10.3 in other to get the basis, we

obtain that
eajji ([0 27, %] - i = [xa x5, %] - ;) +7u(0)
+yijii([xi'xj; xi] '}’i)
0= Z 75 (=[x %5, %] - 1) + vz (% %5, %3] - )
1sj<tsm +¥jiii (= [0 %5, %] - vi)
i 2% %, x5] - v1) + vy (=2[x0 25, 2] - )
- Z <(£ijji + 2j51) %0, %3] - vi + (=&ige = 2v57) [0 %5 %] -y,-)
1< Tem +(Vijii - inii)[xi» xj'xi] "y t (—ijij + ijji)[xi'xj'xi] Vi
Since [xj,xj,xi] -y; =0 and [yj,xj,xi] -x; =0, by the condition in Remark
2.10.3, then this mean yj; can be any. Since [xl-,xj,xj] Vi [xi,xj,xi] Vi,
[xi, xj,xi] -y; and [xl-, xj,xl-] -y; are the basis elements in KA, @ KAs, then it
cannot be zero hence, gijji + 2)/1]]1 = 0, _gijji - 2]/]”] = O, Yijii — )/jiii =0 and

~Yijij +Yjjji = 0.

So,
Eijji = ~2Vijji = —2Vjiij-
Yijii = Vjiii
Yjjij = Yijji
Therefore,
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—2Yijji [xivxj::)’j] Vi tVjjii [Yj'xjrxi] Vi
Hyijilyve X %] - vi + vy % i) - y;
+yjjsilvi X %) - vi + vijulyi %o %] - vi
+yigiilye %, %] - v+ vl xo %] -y
/ <_2[xi' % Y] - yi + [ %5, %] 'Yt)\

Vit +yp xi %] -y
= z +yjjiilvi %5 %] - vi

1Sj<ism\ i ([yo x5, %] - e + vy %0 %] - vi)

+¥5e ([, %5, %] - v + [y %5, 5] - )

(Ps +ps)2 =

1<j<ism

Therefore,
[y, %, ] v,
[yio % %] - vi + [y, 20 %] - i
[y, %] - v + [, %5 %] - i
=2[x x5 35] - vi + o x ] - v+ [y 2] -
are constant elements in KA, @ KAs where 1 < j < i < m.

For

0 = 62m((ps + Ps)3)

Sijik[xinj'Yi] Vit Ekjik[xk'xj'yi] Yk

el 5, ;] - vie + &l x5 5] - i
+Ekijk [xkvxiij] Vi T gkiji[xk'xi'}’j] Vi
+Vijik[3’i'xjvxi] " Vi T Vijkk [Yi’xj'xk] " Vi
0=204m Z +ijik[Yj»xj»xi] Vi tVjjki [}’j'xj'xk] Vi
1sj<i<ksm| oy lyi %] - vie + Via|y %o x| - vi
+Vkjik [Yk' Xj, xi] Vi T Vijki[Yi'xj'xk] Vi
+Vjikj[3’j' xivxk] Vi tVijjk [Yi’xj'xj] “Vk
+Yjiik [}’j;xi,xi] “Yr t ijki[yj'xk'xk] Vi
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Eijik ([xivxj: Sam D] - vie + [xi x5, vi] - 52m(}’k))
+€kjik( Xi» Xj, 52m(}’i)] Vi t+ [xklxj!yi] : 52m(3’k))
Feugjie ([xi0%, S2m )] v + %033, 31] - S2m i)
Fewgji ([0 Sam ()] 3+ [0, 37] - Som @)
+Exijk ([xk i, Sam (Vi) - v + [x00 %0, 5] - 52m(Yk))
+Exiji ( Xp, Xi) 52m(y])] y; + [xk,xi,yj] . 62m(yl-))
+Vijik ([52m(}’z) xj, %i| - vie + [vi x5, %] - 52m(}’k))
+Yijkk ([52m(}’z) xj, x| - v + [vio xj x| - 52m(}’k))

Z +Yjjix ([52m(3’j)»xj»xi] “Yr t+ [erxjrxi] : 52m(3’k))
1 5Rem| i ([82m () 3] - i + [ %1021 - S2m )
+Yjikk ([62m(3’j); xi x| - vie + [y %0 x| - 52m(}’k))
+Yjiki ([62m(3’j); xi xie| - vi + [y, %0 x| - 52m(}’i))
+Ykjik ([52m(}’k); X, xi] - e + [y xj, %] - 52m(}’k))
tYijki ([62m(yi)'xj'xk] "yt [Yi'xjvxk] Oom (Vi) )
jies ([82m () %0 26] - 35 + [y %0 - Som (37))
+Vijjk ([52m(yi)' xj, %] - vie + [0 x5, %] - 52m(3’k))
+Vjiik ([52m(}’j) xi ;| - vie + [y %0 %] - 5zm(}’k))
+Vjkki ([52m(}’]) Xi xk] yi t+ [yj Xk xk] 52m()’1))

127



4. MAIN RESULTS Andre DUSHIMIRIMANA

gijik([xi; xj'xi] Ykt [xi,xj,yi] ) xk)
+5kjik([xk:xj;xi] Vi t+ [xk’xj!yi] 'xk)
e ([0 %5, %] - vie + [xi, %, v - x)
tegji ([0 %, %] - vi + [ x5, 9] - x:)
+5kijk([xk; X, xj] Vi T [xk’xiryj] 'xk)
tewiji([xi %0 %] vi + [0 %0 3] - xi)
+yijie([x0 %5 %] - vie + [vio %5 %] - i)
+Vijkk([xi»xj,xk] Vit [Yi:xjvxk] - X)
_ +yjjine ([, %5, %] yie + [y, 2] - 2

veiem | im0 - v+ [y 25,2 ] - x)
+yjier ([, X0 xie| - e + [y X0 x0e] - x00)
+Vjiki([xjvxi'xk] "yt [yjjxi'xk] 'xi)
+ijik([xkvxjvxi] Vi T [%oxj:xi] - Xy
+yijii (%0 %5 x| - vi + [vo x5, x| - x:)
+jir ([, %0 %] - vy + [y, 20 2] - x7)
+igiie([xe x5, %] vie + [vi x5, 2] - 1)
+Vjiik([xjvxi'xi] “Yr t+ [}’j;xi»xi] 'xk)
+ijki([xj» Xieo Xpe| - vi + [Yj;xerk] - x;)

We rearrange the basis by using the conditions in Remark 2.10.3, we get that

128



4. MAIN RESULTS Andre DUSHIMIRIMANA

Eijik([xi; xj:xi] “Vk — [xivxjrxk] 'Yi)
+5kjik([xkr Xj, xi] Vi — [xk’xj’xk] : Yi)
e ([xo %% ] - yie = [x0 2,2 - )
tereji([xe %5, %] - vi = [ x5, %] - ;)

e <_[xi; xj'xk] Vi t+ [xkvxj’xi] ')’k)
=[x, x1, %] - v
i _[xi:xj;xk] Yt [xkvxj’xi] Vi
Sklﬂ( —[xp, x5, x;] - i )
ko X Xi] * Yj
([xi» xj;xi] "Vt [xk'xj’xi] '}’i>
+Vijik
—[xi,xj»xk] Vi
0= Z tYijkk [xi,xj»xk] * Yk
1sj<i<iesm | ;[0 x5, %] - vie =[x %5, x] - ;)
([0 x5, 2] - vy = [ x5, %] - )
_yjikk[xi; xj'xk] “Vk
+inki(—[xi»xj,xk] Vi =[x %0, %] '}’j)
+¥jie 2, x5, %] - vie =[x %5, x| - vie)
+yijii (2% %5, %) - vi =[x x5, %3] - i)
+yjie (=i x5, 2] - v = [0, 27, %] - ;)
i (e x5, %] vie + [x0025, 5] - i)
+Vjiik(_[xivxjvxi] Vi + Xk X %] '}’j)

+ijki(_[xkvxjvxk] Vi — [xp, x4, ] '}’j)
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(Sijik"'yijik - Vjiik)[xivxj:xi] Vi
+(—€ijik — &kiji — Vijik — Vjiki T Zyijki)[xirxjvxk] Vi
+(exjire + Erijic + Vijik T 2Vijin) [Xie x5 %] - Vi
+(—€kjik - ijki)[xkvxjvxk] Vi
(&g + Vg X x5, %] - v
_ z (=i = Vijire + Vijii = Vi) [ %o %5 X ] - v
1<j<i<ksm +(ergji + Vigin) [0 %7, %] - v
+(=&wjji = Vijri = Yiie ) [0 x5, %] -
+(—€kijk + Vijkk — Vjikk — ykjik)[xivxj'xk] Vi
+(—€kijk F yjkki)[xeri'xk] " Yj
+(€kiji+)/ijik = Vijki)[xerj:xi] Vi
+(—&kiji — Vjiri T Vi) [Xi X0, x:] -

So, we have
Eijik tVijik — Viik = 0
—&ijik — Ekiji — Vijik — Vjiki T 2Vijki = 0
EkijitVijik = Vijki = 0
—&kiji — Vjiki T Vjiik =0
Ekjik T Ekijk t Vjjik T 2Vkjik =0
—&kjik — Vikki = 0
—&kiji t Yijek — Vjikk — Ykjik
—&kijk — Vikki = 0
Eijjic T Vijjk = 0
Eijjk — Vjjik T Vjjki = Vjikj = 0
€kjji t Vijjk = 0

—&kjji = Vjjki — Vjikj = 0

After computation we have

€ijik = Vijki — Vjiki = €kiji> Yijik = Yjiki> Vjiik = Vijki
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€kjik = Ekijk = ~VYjkki = ~VYkjik> Yijkk = Vjikk
€ijjk = Exjji = “Vijjk = ~Vjikj> Vjjik = Vjjki
Therefore,

(Yijki - inki)[xi: xj;}’i] " Vi T Ekjik [xerjr:)’i] “Vk
el 6, 5] - vie+ g 1 5] - i
+Ekjik [xk:xi:Yj] Vit (Vijki - yjiki)[xeriij] Vi
+yjiki[3’i'xjr xi] Yk T Vijkk [)’i’xj:xk] Vi

(Ps +ps)3 = Z +ijik[J/j,xj»xi] Vi T Vjjki [}’j:xj»xk] Vi
1sj<i<ksm HYijie[ Vi %o %] - Ve + Vi [y %o %] - v
—&jik [Vio %50 Xi) - Vi + Vijie[Vo %50 %] - vi
—ejjicl v xi x| - ¥y = €l vi x5, %] - v
+Yijki[J’j»xi»xi] * Yk — Ekjik [:Vj'xkvxk] Vi
i ([xi'xj; il - vic + [%0 %0 y5] - vi + [y x5, 2] - 3’i>
iV X0 Xi] - i

yi _<_[xbxj'3’i] Yk — [xkvxi':)’j] Yt [Yivxjrxi] '}’k>
- +yj, % x| - v
_ te < xk'xj'}’i] Vet [xk'xirYj] Yk — [}’k’xj:xi] 'yk)
= ik
1gj<i<ksm . _[yj'xk'xk] Vi
+Vijkk([yi' xj»xk] Vit [yj'xi'xk] Vi)
te ([xi'xj’yi] “Yie + [0 %5, 5] - vi = [y, %0 %] '}’j>
I —[yi x5 2] - vk
+ijik([yj' xj'xi] Vit [yj'xj’xk] Vi)
Therefore,

[yi %, 2] - vie + [y 20 2] - s
[y 2 2] - vie + [y, x5, 2] - i
[xi, 2, 5] - e + [ 23 5] v = [y o 2] - v = [V x5 2] - v
[0 %, vi] - v + [0 %0 93] - vie = [vio x5, 2] v = [0 ] - v
[xi x5, vil - vie + [ 2 vi] - i+ o x4 Vi xo 2] - v
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[xi:xj' Yi] Vi — [xk:xi:Yj] “yi t+ [Yi:xj’xi] Vit [Yjvxirxk] Vi,
are constant elements in KA, @ KAs where 1 <j <i<k <m.

For

0 =8, ((Ps + Ps)a)
Sijkl[xi:xijIc] "Vt Ekji [xerj'yi] Vi
+Ejik [xlvxj::)’i] Vit Skijl[xk'xi'Yj] Vi
+Slijk[xl:xi:3’j] Vit glkji[xlrxkryj] Vi
1<j<iTR<ism | TYkil Vi x5, %] - 1+ Vijra [ 220 ] - 1
+Vijlk[}’i'xj; xl] Vi T Vjikl[}’j'xi:xk] Vi
+Vjilk[yj'xivxl] “Yr t ijli[ijxk'xl] Vi

= 82m

Eijkl ([xi Xj, 52m(3’k)] "yt [xi Xj, }’k] : 52m()’1))
tEkjil ([xk Xj, 52m(3’z)] Y+ [xk Xj, 3’1] 52m(}’1))
+Ejik ([xl»xp52m(}’z)] Vi + [xl'x]'yl] 52m(}’k))
+Ekiji ([xk; xu52m(yj)] i+ [xk'xl'y]] 52m(}’z))
+euijk ([xl'xv 52m(y1)] Yt [xl’xl’yj] 52m(3’k))

z +Eji ([ 2 Xies 52m(3’j)] "yt [xl Xk }’j] “Som (Vi) )
1sj<i<k<ism | TVkjit ([‘SZm(yk) Xj» xl] i+ [yk Xj» xl] 52m(yl))
([52m(yl) xj, x| - v+ [y xg, ] - 52m(}’1))

+Vijik ([52m(}’z) X, xl] Yi + [yl Xj, xl] 52m(}’k))
( )

( )

( )

+yl]kl

+y]lkl [52m(YJ) Xi) xk] i + [YJ Xis xk] 52m(yl)
+y]llk [62m(3’]) Xy xl] Yk + [)’] X xl] 62m(3’k)
+y]kll [SZm(YJ) Xk» xl] Vi + [yj Xk» xl] 62m(3’t
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Sijkl([xivxj:xk] "yt [xivxjr:)’k] - x;)
+Ekjil([xk; Xj, xi] Yt [xk’xj!yi] 'xl)
+Eljik([xl:xj:xi] "Vt [xl:xj:)’i] 'xk)
+erij (%0 0 x5 - v + %00 %0 v5] - 1)
+Slijk([xlvxivxj] Vit [xlrxi'yj] - Xp)
+glkji([xl;xk;xj] "y + [xl’xk’yj] 'xi)
1sj<i<k<lsm iy ([%0 25, %] - v+ [vie x5, 2] - x0)
+Vijkl([xi'xj; xk] i+ [Yirxjvxk] : xz)
+yijuc([xo %5 2] - yie + [y x5, ] - %)
+inkl([xj;xi»xk] Yt [ijxirxk] 'xl)
+Vjilk([xj'xi;xl] "Vt [erxirxl] : xk)
+yjkli([xj'xk'xl] Yt [Yj'xk:xl] 'xi)

We rearrange the basis by using the condition in Remark 2.10.3, we obtain that

Eijkl([xi'xj; xk] Y1 — [xirxj'xl] '}’k)
+5kjil([xk'xjjxi] "y — [xerj'xl] : }’i)
+€ljik([xl»xj»xi] Vi — [xlvxjvxk] yl)

+gkijl(_[xi'xj; xk] "+ [xk'xj’xi] Y1 — [xpe x4, 1] yj)
+glijk(_[xi'xj; xl] Vi T [xlrxj'xi] Vi — [ x5, ] yj)
e <—[xk,xj,xl] yi + 2 x5, %] - v+ ek, i, %] >
—[xw, %, xp] -
tsj<i<k<ism |ty ([ x5, %] - v+ [0 x5, 0] - yie = [0 x5, 0] - wie)
Y ([0 x5 2] - v+ [0 x5 0] v = [0 5, x1] - i)
Hyiue([xo %5, 1) - vie = [x0 %5 %] - v + [0 5, x1] - i)
Hyjia (= [0 x5 2] - v+ D xp %] - vy = e x,x - y5)
+yjine (=[x %7, 0] - e = Dew xi, x] - vy + [ xi,x0] - y5)
i (= [200 2%5, 2] - vi = Pew 2, 201 - )

0=
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(Sijkl — Ekiji T Vijri — Vjikl)[xivxjrxk] Vi
+(—5ijkz — &lijk — Yrjie T Yijik — Vjilk)[xirxjvxl] Vi
+(€kjiz + Epiji + ijil)[xerjrxi] "V
_ +(—€kjiz — &kji — Vijkt T Vijik — yjkli)[xerjrxl] Vi

15j<i<h<ism +(egjin + g + Vijio) [¥0 %5, x:] - v
+(—51jik + Ekji T Vijkr — Vijlk)[xlvxjv x| - i
+(—€kijz + Ekji — Vjire t Vjilk)[xerivxl] " Yj
+(—€&uji — Eji + Vi — Vika) [xXu xp xi] - yj

Now we have
Eijkt — Ekiji T Vijie — Vjikt = 0
—&ijkt — Eiijk — Yrji T Vijue — Vjik = 0
Ekjit T Ekiji T Viju = 0
Ekjit — Eukji — Vijkt T Yijik — Vjkti = 0
ik + Eijie ¥ Viju = 0
—&jik T Ewji T Vijla — Yijue = 0
—&kiji T Ekji — Vjikt + Vjik = 0
—&ijk — Ekji T Vjikt — Vjki = 0
After computation we have
Eijkl = €ikjis €kiji = Eijiks Yijkl = Vjitks Vjikt = Vjik t €kji — €jik = Yijik»
€lijk = ~Vjkii — €1jik = €kjil> Vkjit = Vjkii
Hence,
'Slkji[xivxj' }’k] Y+ (—ijzi - gljik)[xk'xj'Yi] Vi
+£ljik[xbxj'3’i] “Yr t+ Sljik[xk»xi»}’j] "V
+(—ijzi - Eljik)[xbxi»yj'] Yk
+‘Slkji[xlvxk'}’j] "y t ijli[}’k'xj’xi] Vi
1sj<i<k<lsm +yj”k [yi’xj'xk] L
+Vjik + €wji — i) o x5, x| - v
+(Vjilk + Eji — Eljik)[Yj'xi'xk] "V
+Vjilk[3’j: xi:xz] Vit ijli[yjrxk'xl] Vi
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Ezkji< [xi; ij’k] "yt [xllxklyj] Vi )
+[Yi; xj;xl] Vit [)’j:xi:xk] Vi
T <_[xk:ijYi] Vi~ [xlrxiij] ‘Yk>
+[}’kvxjvxi] "yt [Yj:xkvxl] Vi
= Z _[xk'xj'yi] Y+ [xl:xj:)’i] Vi
Lsj<i<k<tsm | g0+ [ x5 v - v — 20 %095 - vi
_[Yivxjvxl] “Vk — [Yjvxirxk] Wi
[Yi:xjvxk] "yt [Yi'xjrxl] Vi )
+[Yj; xi'xk] "yt [}’jrxi'xl] Vi

+Vjik <

Therefore,
[xi'xerR] "yt [xlvkaYj] "yt [Yi,xj»xl] “Yr t [}’j»xi»xk] Vi,
—[xk: xj'Yi] Y= [xl'xi'yj] Y+ [ykvxj'xi] "yt [Yjvxk'xl] Vi,
[Yi'xj:xk] "yt [}’i;xj'xl] "Vt [Yj'xi; xk] "yt [}’j'xi;xl] " Vs
<_[xk' xj:}’i] "yt [xl;xj'Yi] "Vt [xk:xi’}’j] Vi — [xl'xi'Yj] '}’k>
_[Yi'xj; xl] Yk — [Yj'xi’xk] N
are constant elements in KA, @ KAs where 1 <j <i<k<l<m.

Therefore, this shows that the vector space (KA, @ KAs)%2m is spanned on the

elements of the form
[yi, xi, x:] - yi
where 1 <i <m,
[y, %5, %] - i
[Yi'xjvxi] "y t+ [Yj' xi'xi] Vi
[y, % 2] - v + 3% 35] - v
=2[xp, x5 5] - vi + o xp ] - v+ [ypoxo xa] - vy
where 1 < j <i<m,
[Yi'xj' x| - yie + [y,-, xi, %] * Vi
[y x5, 2] - e + [ 2] - i
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i3, v5] - e + Do 3, 93] - 3 = [y 2] - v = [ve 3, ] - v
[xk:ijJ’i] Vit [xk:xi::)’j] 4 [Yonjrxi] “Vk — [erxkvxk] *Vis
[, xp)’i] Vit [xkvxiij] Y+ [Yivxjrxk] "yt Vijki[erxivxi] Vi
[0, x5, ] - vie = [0 %0 v3] - v + [vio % 2] - i + [y, %0 %] - v,

where 1 < j <i <k <m,and

[x:, xjv)’k] Vit [xbxkv:)’j] "yt [}’ivxj:xl] Vit [Yj:xirxk] Vi
_[xk' Xj, )’i] Vi — [xl;xi; Yj] "Vt [YR;xj'xi] "y t+ [Yj'xk:xl] Vi
[yi:xj' xk] Vi + [Yi'xj; xl] Vi T [Yj; xi'xk] "yt [Yj:xi:xl] Vi

_[xk' Xj, J’i] "+ [xl;xj; }’i] Vi T [xk'xi'yj] Vi
<_[xl'xi:yj] “Yr — [Yi'xj; xl] Yk — [Yj; xi'xk] '}’1>
wherel<j<i<k<lI<m.
For pe. Let
Pe = Z €ijkl [Yi;xj;}’k] Vi

Tsisigm

We have two conditions 1 <k <I<mand 1 <i<![<m so, we can split the
lastoneintol <i<l<mand<i=[<m.
If wehave 1 <k <l<mand1<i<!l<m then the following are 19 different
conditions k<i<I<j, k<i<l=j, k<i<j<lL k<i=j<l, k<j<
i<Lk=j<i<lj<k<i<li=k<I<j,i=k<l=j,i=k<j<l|,
i=k=j<l, j<i=k<j, i<k<Il<j, i<k<l=j, i<k<j<l|,
i<k=j<lii<j<k<lii=j<k<landj<i<k<lL
If 1<k<l<mand1l<i=1[<mthen we have 5 different conditions which
arek <i=Il<jk<i=l=jk<j<i=lLk=j<i=landj<k<i=lL
So, pg become

Ps = Z Eijkl [Yivxj')’k] Yyt z Eijkj [yirxj'yk] Vi

1sk<i<l<jsm 1sk<i<l=jsm
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+

+

+

+

+

+

+

+

+

+

+

1<k<i<j<lsm

1sk<j<i<lsm

2

1<j<k<i<lsm

2

1si=k<l=jsm

2,

1<i=k=j<lsm

2,

1<i<k<l<jsm

1<i<k<j<lsm

2.

1<i<j<k<lsm

2.

1< j<i<k<lsm

1< k<i=l=j<m

2.

1< k=j<i=lsm

2,

1sj<i<k<lsm

+

+

2,

1<j<i<k<lsm

2,

1sj<i<k<lsm

Eijki [yi:xj; YR] Y+
Eijkl [}’i:xijIc] Y+
Eijki [yi:xj; YR] Y+

Eijij [Yi:xj' Yi] Yt

it Vi X0 Vil - m

1<k<i=j<lsm

Eijkl [yirxj'yj] Wi

1gk=j<i<lsm

2

1<i=k<I<jsm

2.

€ijil [yi! leyi] Wi

€ijil [yilxjvyi] i

1<i=k<j<lsm

i [V xpyil -y +

2,

&ijil [}’i» xj':)’i] Wi

1<j<i=k<jsm

Eijkl [Yi'xj; }’k] Y+
Eijkl [Yi'xj; }’k] Y+
Eijkl [}’i;xj»J’k] "yt
Eijkl [Yi;xj'YR] "yt
Eiikei [YVir X0 Vil - vi +

Eijji [Yi,xj,}’j] “yi t

Z Eijkj [}’i» xj'}’k] *Yj

1<i<k<l=j<m

€ijji [}’i' xj:Yj] N

1<i<k=j<l<m

2.

1< i=j<k<lsm

2,

1< k<i=Il<jsm

2

1sk<j<i=lsm

2.

1< j<k<i=lsm

ik [Vir X0 Yicl - w1
Eijki [Yi'xj:Yk] Vi
Eijki [Yi'xjr}’k] Vi

Eijki [Yi'xj':)’k] Vi

Ciljk [yinlJyj] Vi T Z Eikjk [Yi'xkv:)’j] *Vk

1sj<i<ksm

Eikjl [Yi»xk'Yj] "yt

Ekiji [Yi:xj'YR] "yt

Z exkit Vo X0 Vil - 7

1<i<k<lsm

Z Eijjt [}’i'xijj] Wi

1sj<i<lsm
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+ z Ekjil [Yk;xj'yi] "yt Z Ejlji [Yj'xl'yj] Vi

1Sj<i<k<l$m 1Sj<i<lSm

+ Z ejij Yo % vi] -y + Z g [vj %o yil -
1<i<jsm 1<j<i<lsm

+ Z & [Vio X0 Yil -y + Z Eijil [yi’xj!yi] "V
1<i<lism 1Sj<i<lSm

+ z Ejlik [Yj'xl'Yi] Vit z Eijkj [yirxijR] Vi
1Sj<i<k<l$m 1Si<k<j$m

+ Z ikl [ijkaYi] Yyt Z &jiil [yj'xi'yi] gy
1Sj<i<k<lSm 1Sj<i<lSm

+ Z Ejikl [Yj;xi'YR] "yt Z i Vo X0 Yl - W1
1sj<i<k<lsm 1 i<k<lsm

+ Z Eijkl [Yi;xj'YR] "yt Z Eikji [Yi'xk:}’j] Vi
1< j<i<k<lsm 1< j<i<ksm

+ Z Eiiki [Vir Xi il - yi + Z Exkijk [}’k»xi:}’j] Yk
1< k<i<m 1Sj<i<k5m

+ Z Eijji [Yi; xj'}’j] "y + z Ejik [Yk'xj’Yi] “Vk
1< j<ism 1< j<i<ksm

_ Z <5jiji [}’j,xi;}’j] "yt fjjji[Yj»xj»Yj] “Yi Tt Eiiji [}’i'xiij] '}’i)
+eilye %, vi] - v

1<j<ism

/ e [Vo X0 ¥i] - vie + €y xo vi] - i \

+ej[vo %5, ¥5] - vic + il vy 2 vi] - v |

+ Z [ +£jijk[3’j' xi'Yj] Vi T gijik[)’i'xj'yi] Ve |

1Sj<i<ksm| +ejir [V %00 il - Vi + [V %0 vi] - i l

+£jjik[3’j' Xj, }’i] Vi T gikji[Yi'xk’Yj] Vi )
tEkijk [ykai'yj] “Yr t gkjik[yk'xj'Yi] Vi
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giljk[YinlJYj] Vit Sikjl[Yirxk'yj] Vi

+Ekiji [Yi; ij’k] i+ gkjil[YRIxj’Yi] gy

+Ejlik[Yj; xz;}’i] Vi t+ gjkil[Yj’xkryi] "W

+5jikl[3’j:xi:yk] "yt Sijkl[Yirxj’YR] Vi

So, ps = (Ps)2 + (P6)3 + (Ps)4 such that

(D), = z <gjiji[Yj'xi; Yj] Vi T Ejjji [}’j’xj:y]'] “YVi T Eigji [yi’xi!yj] ')’i>’
+eijilvi x5, v5] - vi

+
1<j<i<k<lsm

1<j<ism
Eikjk [Yi; xk'}’j] Vi T Eiijk [Yi'xi'}’j] Yk
+egi|vo x5 ¥5) - vie + il vy 2 vi] - v
+&jijk [yj'xiij] Vit Eijik [}’i»xj»%] Vi
+5jkik[3’j;xk»}’i] Vi T ik [}’j:xi»)’i] Ve |
+ejjinc [V x5 vil - i + gwgilyo o vi] - v
+€kijk[}’k» xi'Yj] "V T Ekjik [Yk»xj’}’i] Vi

(Pe)3 =

1sj<i<ksm

Eiljk [Yi; xb)’j] "V T Eikjt [yi’xk'}’j] "V
+€kijl[3’i,xj»J’k] "Vt Egjit [}’k»xj:}’i] "V
+5jlik[yj'leYi] Vi T+ Ejkil [Yj'xkv:)’i] "V
t&jikt [}’j;xi»J’k] "Y1t Eijri [Yivxj':)’k] gy

(P6)a =

1sj<i<k<lsm

Then,

82m(@6) = 0 = 82 ((P6)2 + (P6)3 + (P6)4)
= 82m((P6)2) + 02m((D6)3) + 62m ((P6)4)-

Let Vg, be the subspace of KAy containing monomials with exactly 2 indices, Vg3
be the subspace of KA containing monomials with exactly 3 indices and Vg, be
the subspace of KAg containing monomials with exactly 4 indices then Vg, N
Vo3 = {0} = Vg, N Vs = Vg3 N Vigy. Then,

82m((P6)2) € Vezs 62m((P6)3) € Vs, Gam((P6)a) € Ve

Therefore,

O2m((P6)2) = 0 = 621 ((P6)3) = F2m((P6)4)-

For,
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0 = 621 ((D6)2)

= Om Z ( gijil Vi %o vil v+ g5l 1] i )
1 \FEwiilye o yi] v+ ey %, v v
P ([52m(3’j), X, y,-] sy + [yj'xi'52m(Yj)] 'Yi>
jiji v 20 y5] - Sam )

tEjji (Bzm(yj),xj,yj] Y1+ [, Sam ()] yi)
+[yj, x5, 9] - S2m )

1 <tmm | ey, <[52m(yi)' %0, 5] - vi + [yo %o S2m (37)] -yi>

. v xov5] - G2m )

+e&ijji ([Szm(yi)’xj,yj] Yt o2y, 0am ()] )'i>

[y %, 95] - S2m )

giji ([0 v vi + [y %o 5] - vi + [y 20 5] - %)
_ Z +ej50([% 2, 33] - v + [y 255 ] - i+ [y 2, 5] - 1)
+Siiji([xi»xi»3’j] "y t+ [J’i»xi;xj] "yt [Yi'xi':)’j] 'xi)
eyl . 5] - vi + [vo 2. 25] - v + [y %, 35] - %)
By using the condition in Remark 2.10.3, we rearrange the basis and we obtain that
/‘Sjiji(_z[xi' 5, - vi + [vp 2] 31 - [y],xl,xl] 3’1)\
0= z +&i55e([vp 23, ] - i = [ 25,5 - ;)
k +£iiji([Yinjvxi] “Yi— [}’j'xivxi] '}’l) /
+eyi (2% x5 v] - vi + [vo x5 2] - i = [y, %3] - i)

1<j<ism

1sj<ism

(—2¢&3ji + 2e450) [0, 2. 77] - i
_ Z +(&eji — i + €uji — &0 [v) x5, %] - vi
1< Tem k+(—€jiﬁ = &) [y xo 1] - vy + gy x5, %] - v /
_giiji[Yjvxi'xi] Vi
Hence,
—2¢gjiji + 2€i55; = 0, ji — &jji + Eiiji — €ijji = 0, —&ji — €iiji = 0, g5 =
&iiji = 0.
So, we have

0 = &jji = €uji = &iji = Eijji
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This implies that

(P6)2 =10
For

0 = 82m((Ps)3)
e[ Yo %5 Vi) - ¥j + € [yo xo vi] - vi
+eijieyo %, vi] - vie + gy 2o yi] - vi
=5, Z +€jijk[yj'; xi:)’j] Vi T Eijik[)’i’xjryi] Vi
1<j 5 Tk<m +Ejkik [Yj; xk.Yi] Vi T gjiik[erxi’Yi] Yk
+8jjik[}’j; xj'Yi] "Vt Sikji[}’irxk'yj] Vi
+5kijk[}’k»xi»y]'] " Vit Ekjik [yk!xjryi] Vi
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<[52m(3’i):xk;yj] “Yie + (Vi X 82m (¥7) ] -yk>
Eikjk
+yi 2, ¥ - G2m (i)
([62m(yl) X0 Vil vie+ [ %o Sam (35)] - yk>
+[yi %, v5] - Sam )
([52m(yl) %, Y] vie+ [V %5, 62m (97)] - yk>
+yi x5, v5] - Sam )
3 ([‘SZm(yj) » Xk y]] yi+ [3’1 Xk 62m(3’1)] yl)
+y %0 ¥;] - Sam )
([52m(y1) xl,y]] Ve t [yj'xv52m(y1)] Yk>
+yi 2055 - G2m i)
([SZm(yl) X5 Yi| - Ve + [y %) Gam (V)] - yk)
+[yl'x]'yl] 52m(yk)

1o 5eem <[62m(y,) X Vi) Vit [, X Sam )] - yk>
+[y]'xk'yl] 52m(yk)
([62m(y]) X0 Vil Ve + [ %0 62m ()] - yk>
+yi %0 9] - S2m i)
([52m(3’1) XY v+ [V %5 6om (0] - yk)
+[y]'x];YL] 52m(3’k)
([62m(yl) o Yi] v+ i X S2m ()] - yl>
+yi % Y] - Gam )
<[52m(}’k)»xi»}’j] Vi + Ve xi, Sam ()] - }’k>
i X0, ¥5] - S2m (Vi)
<[52m(yk) X5 Vi Ve + [Vie % Sam )] - yk>
i %5, 1] - Sam )
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gikjk([xivxkaj] Vit [Yivxerj] Vit [Yivxkv:)’j] - Xp)
+Eiijk([xi; xi:)’j] Vi T [Yivxirxj] Vi T [Yi’inYj] 'xk)
e ([ 2, 35] - i+ [y x,] - vie + [ %3, 95] - xe)
tejieji (%7, %0 5] - vi + [vp 200 15] - vi + [y 20,9 - 20)
+ejii ([, %0 v;] - vie + [vp 20 5] - vie + [y %0 93] - x)
_ z +5ijik([xi:xj; Yi] Vit [Yivxjrxi] “Yr t [yi’leyi] 'xk)
B 155 2k<m +5jkik([xj; xk;}’i] Vit [erxeri] Vit [)’j:xk’)’i] 'xk)
+Ejiik([xj; xi:)’i] "Vt [erxirxi] Vi T [yj’xi!yi] 'xk)
+éjin ([, 55, vi] - vie + [ 25,5 ] - vie + [y 25 74] - )
+5ikji([xi»xk,yj'] "y + [Yi»xk:xj] “yi t [}’i»xk:}’j] 'xi)
+‘Skijk([xk'xi'3’j] Vi T [}’eri'xj] "Vt [Yk;xi'Yj] 'xk)
+8kjik([xk; Xj, }’i] Vi T [Yerj;xi] "V T [YR»xeri] - Xy

We rearrange by using the condition in Remark 2.10.3 in other to get the basis
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. <_[xk'xir Yj] Ve — [xklleyi] ')’k)
ek +yi x5 x| - vie = [ %00 ] - i
+e; (‘[xv %, yi] - vie + [yo x5, x1] 'yk>
e —[yp x5 %] vi + [0 %5, 93] - 9
& ( [0 20, 93] - vie + [vi %5, %3] - v )
LIk _[Yj'xj'xk] "yt [xk;xj;y]'] Vi
tgo —2[x %5, 95] - vi + [yj 2] - v

T —[yj %0 xi] - v
+e; (_Z[Xi’xj’yf] Vi + [, %% '3’k>
jijk _[y]’ x;, xk] . y]
Yo <[xi'xj'3’i] Vi + [vi %, xi] '}’k>
s —[}’i»xj»xk] Vi
1<j<i<ksm . <_[xk’xj’yi] . yk — [xk, xl., y]] R yk>
v +[Yj: xi'xk] Yk — [}’j’xk'xk] Vi
ten <—[xi'xj'yi] Vi + [y 20 %] 'yk>
2 —[Yj»xi;xk] Vi
+ejju ([, %5, xi] - vie = [vj %5, %] - 1)
Seo <—[xk, X, yi] v+ [y %, 2] '}’i>
et _[Yj; xi'xk] Vi
+egi 2[xe, %0, v5] - vie + [yie 27, %] '3’k>
ke —[}’j»xi;xk] “Vk
2%k %5, yi] - yie + [Vie %, 4] '3’k>
_[Yi»xj' xk] *Vk

+Ekjik <
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(—&ijic — Erire + 2€xijic) [Xr0 %0 ¥5] - Vi
+(—€imjic — Eikik + 2&xjin) X0 X5 Vi) - Vi
+(€ikjk - gkjik)[}’ivxjrxk] Vi
+(—€ikjk - gjkik)[Yj’xk’xk] Vi
+(—€iijk + Ejjik — gjiik)[xirijYi] Vi
+(€iijk + gijik)[)’i:xjvxi] Vi
+(=eujie = eijjic + geji = &) [V, x5, %] - vi
= Z +(&iiji + €3k — 2€50) [0 X5 ¥5] - vi
tsj<ickesm |+ (e — 2&0) [0 %7, ¥;] - vic + egjjiel vio 47, %] - v
+(=&jmji — i) vy, xo 2] - 5
+(giujie + &) [y %% ] - v
(=i + €i) [V %5, %] - vi
+H(&ikie — i) [V X %) - Vi + g vy %0 %] - yi
(=g — €uji) [V X0 %] - i
—&ieji| X X0 Vi) - Vi + Erijie + Exjiad [V X %] - i

So,
—&iijk T Eijik — ik = 0, Eiijie T Eijie = 0, —&ijik + Eikji = 0, &g = 0, — i —
gikji = 0 and Eikji =0 giVCS

0 = €ikji = itk = Eijik = Eiijko
—&iijk — €ijjk T Ekji — Ejik = 05 Eiijre T Eijjk — 2&kji = 0, &ijjk — 2¢jiji = 0,
gijjk = 0, _gjkji - gjijk = 0, gjijk + gjjik =0 give that

0= &ijji = &ijie = Ejkji = &jiks
—&ikjk — Ejkik T 2&kijk = 0, —Eijk — Eikik T 2&kjik =0, Eikjk — Ekjik = 0,
—&ikjk — Ejkik = 0, Ekik — Ekijk = 0, Ekijk T+ Ekjik = 0 gives that

0 = gjkik = Ekijk = Eikjk = Ekjik-

This implies that
(Pe)3 =0

For
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0 = 82m((P6)4)

= 0m

1sj<i<k<lsm

1<j<i<k<lsm

1<j<i<k<lsm

Siljk[Yi'xl'Yj] Vit gikjl[)’i’xkryj] Y
+5kijl[}’ivxjv3/k] "Y1t Ekji [yk'xj'yi] Vi
+Ejuik [yj'xl'yi] Vi T Ejkit [Yj:xkv:)’i] Vi
+5jikl[3/jvxi:3’k] "yt gijkl[yvxjryk] "V

<[52m(3’i):xl:3’j] Ve + [yi 21, 82m ()] -yk>
iljk

+yi 20 y5] - Sam )
[62m Vi), X1 ] - v1 + [ir X0 S2m ()] - W1
+yi %10 ¥5] - S2m 1)
[62m s %5, V] - 1+ [Vi %3, Gam )] -
+[yivxj'3’k] Som (V1)

([62m(yk)'xj:yi] "yt [}’k»xj» 52m(3’i)] "V

lk]l
t& kl]l

+8k il
s +[yk;xj; }’i] “Som (1)

[82m (), 0 9i] - i + [y, %0 Sam V)] - vk
+[yj, 20 vi] + S2m i)
[52m(}’j)»xk,3’i] "yt [Yj'xk'SZm(Yi)] "V
+[J’j»xk»}’i] Som (V1)

[82m () %0 yic] - vi + [V %0 Sam )] - w0
+[yj, X0, Yie] - Sam 1)

([62m(Yi)'ijYk] it [}’i'xj'SZm(}’k)] Vi
+Eijki
+[Yivxj'3’k] “Som (V1)

]llk

+€]kll

]lkl

)
)
)
)
)
)

'Siljk([xi' Xz'}’j] Vi T [J’i'xl'xj] Vi T [yl"xl’yj] - Xk)

+€ikjl([xi'kaYj] it [Yivxk'xj] "yt [yi'xk'yj] :
'xl)
'xl)
'xk)
'xl)
'xl)

)

+5kijl([xi»xj'YR] Y+ [Yivxj'xk] "yt [Yivxj':)’k]
+£kjil([xk' Xj, }’i] "yt [Yk'xj'xi] Y+ [}’k'xj'}’i]
+£jlik([xj' xl'Yi] "V T [Yj'xl'xi] Vi T [}’j'xl'}’i]
+£jkil([xj' xkv)’i] "yt [Yj'xk'xi] "yt [yj'xk'yi]
+5jikl([xjvxiJYk] Yt [Yj'xi'xk] "yt [yj'xi'yk]
+£ijkl([xi:xj'YR] i+ [Yivxj'xk] "yt [Yivxj':)’k]

Now we use the conditions in Remark 2.10.3, and get that
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. <_[xl'xi)yj] Vi — [xl’leyi] Vi t+ [Yi’xj’xl] '}’k>
ke _[yj’xerl] “Yi
e <_[xkvxiv3’j] Vi — [xerj'yi] "yt [Yi:xjvxk] '3’1)
et —[}’j»xk,xz] "y t+ [xz:xk'}’j] Vi
+Ekijl([xi; xj:yk] Yyt [yirxj;xk] Y= [Yirxjrxl] : )’k)
<[xk'xj'yi] "yt [yk’xj’xi] Vi — [)’i,xj,xz] ')’k>
+Ekjir
+[x1, %5, vi] - v
1=]<i<k<lsm ten <_[xl'xj'3/i] Vi =[x yi] - vie + [y x0 2] ')’k>
Jhk +[xl'xk'yj] “Yi— [yj'xk'xl] Vi
<_[xk'xj'3’i] v = %0 %0 y5] - v+ [y X ] '3’1)
tE&jkil
_[Yjvxk'xl] Vi
+ejia (=[x %, ve] - v+ i xo ] - v = [y %o 2] - vie)
ey (X0 %, vie] - v+ [voxpxa] - v = [vox 3] - vi)

0=

(—Siljk - gjlik)[xlvxi':)’j] Yk
+(—€iljk + Egji — Ejlik)[xl'xjryi] " Vi
+(€iljk — Eiji — €kjit — gijkl)[}’i’xjrxl] Yk
+(—€iljk — &ikji — ik — gjkil)[:)’j'xkvxl] *Yi
+(—5ikj1 - Ejkil)[xk»xi»yj'] "V
+(—€ika + Ekji — gjkil)[xk’xj’Yi] Vi
+(€ikj1 + Egiji T gijkl)[Yi'xj'xk] Vi
+(€ikj1 + gjlik)[xlvxk'}’j] Vi
+(€kijl = &g T gijkl)[xi'xj'Yk] Y
tEkjil [}’k,xj»xi] "V
+(€jzik - Ejikl)[Yjvxi’xl] Vi
+(€jki1 + gjikl)[Yjvxi'xk] "V

1=j<i<k<lsm

So, —¢&ujk — &k = 0, —€ijie + Exji — ik = 05 Eijr — Ekiji — Exkjit — Eijrr = 0,
—Eiljk — €ikjt ~ ik ~ kit = 05 —E€ikji — kit = 0, —Eikji T Exjir — ki = 0,
Eikji T &kiji t Eijkt = 0, ki + &k = 0, Exiji — ik T Eijit = 0, &kju = 0,
Ejtik — Ejike = 0 and gy + Ejjg = 0

0 = exjit = &kt = Eikji = ikl = Ejlik = Eijk = Ekiji = Eijkl
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This implies that
(Pe)a =0

Therefore, that the vector space

(KAg)?2m = {0},

4.3. Symmetric Polynomials in Free Metabelian Poisson Algebras

This section contains the spanning elements of the algebra of symmetric
polynomials in the free metabelian Poisson algebra P,f ™. Recall that the algebra P,f "
is a direct sum of (KB;,,)%", (KBy,,)", (KBs,,)5" and (KBy,,) " as a vector space.
A set of generators G, for the symmetric polynomials (KB;,)" = F,f " as
K[X,]°»-module has been given in Theorem 3.4.1.
Now consider the K-basis elements of length < 3 of the algebra K[X,,]°" as

1, g™ = x4+ X, X2+ o+ X2, XX + o+ X Xy + o Xy X,
X34 X3, XXXy o XX X+ XXXt
X1X2X3 + * + Xp_pXp_1Xp.

Therefore, (KB,,,)5" = K {pin), p™, p™, p™, pén)}, where

pf”)= z X; - X;, p§”)= Z X - %;, pén)= Z X; X Xj,

1<isn 1<i#js<n 1<isn

Pin)= Z Xi* Xi* Xj, Pén)= Z Xi* Xj X

1<i#jsn 1<i<j<ksn
Note that p,((n) ~pl(n) = [p,(cn),pl(n)] =0,V1<k,l<5andn=>2.
The following theorem gives that (KBs,,)> is a one-dimensional vector space.

Theorem 4.3.1: The K-vector space (KBs,)" is spanned on the symmetric

polynomial

pV = Z [xi, %] - (2 — %)

1<j<isn
that is (KB3n)" = K {p{"}.
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Proof: Let us start by defining the multi-homogeneous subspaces
(KBsn)a,1,) = K{lxox] x| 1<j<i<mn, k #1i,j}
(KBsn) 21y = K{[xi %] %, [xp, %] - % | 1<j<i<n}
of KBsy = (KBsp)w11) ® (KBsp)z1). Then  clearly (1(233n)f;1,1) c

(KBsn)(1,1,1) and (KB3n)f£1) C (KB3n)(2,1)- As a results, it is enough to
determine symmetric polynomials in these subspaces in order to obtain the
description of (KBj, ). Let p(Xy) € (KBsy) {2y ) of the form
p(Xp) = Z @iji (%0 %] - X
j<ik#ij

for some a;j, € K. Because the polynomial p(X,) is symmetric, then T; i *
p(Xy) = p(Xy,), for any transposition 7;; = (ij) € S, 1 < j <i < n. We may fix
({0, jo) and consider 7;_; € Sy.

Then p(Xy,) = 7;,j, * p(Xn) gives

p(Xn) = Tigjo * Z @igjok [Xig Xjo ]+ Xk + Z @ijr [ %5] - X
k;tio,j() (irj)i(iOrjO)

T Z @iy joke [Xigr Xj] + Xic + Z ijic Xy 00 Frigjo (D] Xrigjo 00
k#ig,jo (@.))#(lo.Jo)

It is obvious that basis elements [x;, X; ] - xx € B3y, does not appear in the second
sum for any k. Hence, as consequence from the equation we have
Z 2ai ok [xio,xjo] -x, =0,
k+ig,Jjo
and that a; j , = 0, for every k # iy, jo. By continuing the same procedure for
different pairs (i, ) proves that a;; = 0 for all (i, ], k). As a result, if p(X,) =0,

then the vector space (KB3z)(1,1,1) does not have nonzero symmetric polynomials.

Next, let q(X,,) € (K Bgn)‘gg 1 has element of the form
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q(Xn) = Z agjj [xi %] - % + Z agji [x0, %] - x;

i>j i>j
for some a;;j, a;j; € K. Considering 7; ;, * q(X,) = q(Xy) for a fixed pair (i, jo),
same calculations give that
Tiofo * Q(Xn) = aiofofo [xfo’xio] ) xio + aioioio [xjo’xio] ) xjo

+ @ijj Xz o @ Xrig jo (D]~ Xy 13 ()
@.N=#Uo.do)

+ @iji [xTiojo(i)'xTiojo(j)] IRAINNG)
@)= (o, o)
and hence
iy jojo [xio’xjo] " Xjo T+ Qigjodg [xio’ xjo] 8
= T ®igjojo [xio’ xjo] " Xig — igjoig [xio’xfo] "X
which 1rnphes that aiojojo +ai0j0i0 =0. We get al-jj = —aiji for any pair
(i,)),j <, by applying the similar method. Consequently, the polynomial q(X;,)
can be expressed as follows.
q(Xn) = Z —ayj [, %] - % + Z agji [xi, %] - % = Z agji [xi %] - (e — x7)
i>j i>j i>j
The remaining part of the proof will be focused to prove that a; j ;. = @;, j,i, for
arbitrary fixed (iy, jo) # (i1,j1). Since T € S,, is a permutation such that w(iy) =
il’ 7T(]0) = jl‘ Then
7% q(Xn) = digjoig [Xiy %, ] - Ceiy = %i,) + @iy jy iy [Xmy) Xl mciy) = Xy
* Z iji (o) Xn ()] - (Kn) = Xn(i)) = 4(Kn)
(i:j):‘(io'jo):(iph)
Keep in mind that ((0), w(j)) # (i1, /1), U1, i1) when (i,j) # (io, jo)- Hence,
Xy, Xm(p] -+ Xmqiy # X0 25,1 - %1, and Py, Xn (] - Xey # Elxiy, %] %,
for (i,j) # (ip,jo)- Now, one may consider the coefficient of the basis element
[xi,,%j,] - x;, in the equation 7 * q(X,,) — q(X,) = 0, it is simple to conclude that

@i j, i, — Xigjeip = 0- Therefore, q(Xy,) = aq(X,) for some a € K, such that
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q(Xn) = Z[xi;xj] - (x; — %) € (KB3p)n.

i>j
In the following theorem, we determine the vector space (KB,,)" of symmetric
polynomials in KBy,,.

Theorem 4.3.2: If s(X,,) is a symmetric polynomial in the vector space (KB,,)>".

Then s(X,) = alpgn) + azpén) for some ay, a, € K, where

s(X3) = aq[xz,x1,x1] - X2, pg”) = z [xi,xj,xj] * X,
1<j<isn
pén) = Z (=[x x, xi] - X0 + [0, x5, %] - x5, + [x0, %5, %3] - ), = 3.
1<j<i<ksn

Proof: For n = 2, the only basis element in By, is [X3,X1,X1] - X, which is
symmetric:

Typ * [, 20, 0] - % = [, %0, %5] - % = = [xq, x5, %1] - %2 = [x2, %1, 1] - x,
by the identities satisfied in P,. Therefore, (KB,,)%2 = KB,,.
For n = 3, let us define the multi-homogeneous subspaces of KBy, as follows:

(KBan) 2y = K{[xi %, ] - % | j < i},
(KBan)(1,1,1,1) = K{[xi:xj:xk] - X, [xk;xj;xi] x|l ji<k< l},

(KBan) 21,1y = K{[x0 x5 0] - 20, [%0 23, %] - i, 200, 27,50 ] - 20 | J <0 <k}

The above subspaces are S,,-invariant, and it is obvious that
KBun = (KBzm)(z,z) @b (KB4n)(1,1,1,1) @D (KB4n)(2,1,1)

this implies that the descriptions of the subspaces (K B4n)‘(gf 11,1)° (K B4n)f;2) and
(K B4n)f; 1,1y are enough.

Let us start by proving that the subspace (KBsn)(1,1,1,1) contains no nonzero

symmetric polynomials. Let

p(Xy) = Z (etijia|xi x5, xic| - %1 + Brjuxi, xj, x:] - ;)

j<i<k<l
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for some a;jy;, Biju € K. We may fix (i, jo, ko, o), and consider 7; ;, * p(X,) =
p(Xn), Tk, j, * P(Xn) = p(Xy), for transpositionst; ; and T ; . Because
Tigjo * (@iy ool [ Xigr Xig» Xo | * X1 + Brojoiole | Xicor Xjor Xio | = X1,)
= g jokolo | Kior Xio» Xito) * ¥to T Bkojoiolo [Xkor Xigr Xjo ] * X1
=~ Qg jokolo | Xior Xjo» Xko| * Xto = Bkojoiole [Xio» Xior Xko ] T [Xjor Xkor Xio]) * X1
= (= @ipjokolo — Brojoiolo) [Xio» Xior Xko] = X0 + Biojoiote Xke Xio» Xio] * ¥,
the coefficients of [xio,xjo,xko] - %, and [xko,xjo, xio] * X, in the equation
Tigjo * PXn) = Tigjo * (@igjokoto [Xior Xior Xko | * X1o + Bieo joioto [ Xico Xjor Xio ] * X1,)
+ Z Tigjo * (@ijiet [0 %), Xic] - %1 + Brejur[%re %, %] - %)
(i,j, kD)% o, jokolo)
implies that
20 jikoly T Brojoiole = 0- ey
On the other hand,
Tigjo * (@igjokoto [Xior Xior Xko | * X1 F Bieo joiolo [ Xieor Xjo» Xio| * X1y
= ®igjokolo [xiojxkojxjo] X1, F Brgjoiolo [onyxkoyxio] " X1,
= _aiojokolo([xkovxjojxio] + [xjovxiojxko]) “ X1y = Brojoiolo [xkorxjovxio] " X1,
= iy jokolo [xio»xjo'xko] "Xy, T (_aiojokolo - 3k0j0i010)[xk0»xj0:xi0] " X1y
and hence,
Uiy jokole T 2Brojoioly = 0- (2)
by 7, *p(Xn) = p(Xn). The equations (1) and (2) show that a; j r,1, =

Bkojoiol, = 0. Similarly, a;jx; = By ju = 0 for all (i, j, k, ) implying that p(X;,) =

0. Therefore, (KBan )}y 1 1) = {0}-

The following step of the proof is to prove that (KBzm)f;,z) is spanned on the
single element
[xl-,xj,x]-] * X,
1<j<isn
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Let p(X,) € (K B4n)(2,2)5" be any symmetric polynomial of the form
p(Xp) = Z aijji X0 x5, %] - x;
1<j<isn
for some a;;;; € K, and fix (i, o), (i1,/1). Now consider a permutation 7 € S, in
which (iy) = i1, T(jy) = j1- Then
7% P(Xn) = Cigjojoio X1 X500 %1, ]+ X1y + gy [ Xnr, ) Xm)] - *mcin)
+ Z ijji [ X0y Xy X ()| + X
(@)= o,jo).(i1.1)

and hence a;j, j.i, Correspondingly, all coefficients a;;j; are equal.

= ai1f1f1i1'
Therefore,
p(Xn) = az:[xi, X, x| - x;
j<i
for some a € K. Let p(X,,) € (K Bzm)f;"l'l) be an arbitrary symmetric polynomial
of the form
p(Xy) = Z Caijir[xi x5, xi] - xx + aijjuc[xi X, %] - X + Apejise [ X X5, %]
1sj<i<ksn
* Xj)
for some a;jik, @ijjk, Akjik € K. One may fix (ig,jo,ko) and consider the

transposition ;_ ;. Then, we obtain

Tigjo * Figjoioko [xio’xjo’xio] Xy T Xig jojoko [xio’xfo'xfo] " Xko
T Ay joioko [xko’ Xjor xio] "Xk

= Qigjoigko [xjo’xio’ on] Xy T Xigjojok [xjo’xio’xio] " Xko

T joioko [xko’ Xigs on] "Xk
= T®igjoigko [xio’ Xjo» xjo] " Xko T Xigjojoko [xio’xjo’xio] "Xk

~ kg joioko [xio’ Xjor xko] "Xkg T Xkoioloko [xfo’ Xk xio] "Xk
= TQ®igjoigko [xio’xjo’xjo] " Xko T Figjgjoko [xio'xjo'xio] "Xk

Ty joigko [xko’ Xjor xio] "Xk
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and hence 7; ; * p(X,) = p(Xy,) shows that @; j ik, = —Riyjojoko
Accordingly, we get from 7; . * p(X,) = p(X;,) that
Tioko * aiojoioko [xio’xfo' xio] ) xko + aiofojoko [xio’xjo'xjo] ) xko
+ akojoioko [xko’xfo' xio] ) xko
= iy jigk [xko’xjo’xko] “Xip T Aig ook [xko’xfo’xfo] "Xy
F iy joioko [xio’ Xjor xko] " Xy
= Ty jgigke [xko’xfo’xio] " Xko
+ai0jojoko([xio’ Xjor xjo] "Xko T [xjo’ Xjor xioz| ’ xko)
Xk joioko [xio'xjo’xio] " Xko
= TQiyjoioko [xko’xjo'xio] “Xko F Aigjg joko [xio’ xjo'xfo] " Xko
kg joioko [xio’ Xjor xio] " Xko
and that @; j ik, = —Qk,jeioke- LNUS, similar computations show that
Qijik = —Qijjk = —Akjik
for every j < i < k, and p(X,,) is of the form
p(Xp) = Z Qijik Tijk
j<i<k
for some @;ji; € K, where
Tijk = Tijk(Xn) = =[x, x5, %] - x5 + [x0, x5, %3] - X0 + [0, %5, %] - x5
Since (iy, j1, k1) is another triple and 7 € S, is a permutation such that (i) = i;,
(jo) = j1, (ko) = kq. Then
1 xp(Xn) = 10 % (@igjoiohoTigoko + iy rinkeaThrjrkey)
+ Z Qijik (7T * Tijk)
(@j,)# o, jo ko) (i1,J1,k1)
= QigjoiokoTinjiks T Xiyjyizks Tm(in)m(jn)m(ky)

+ Aijik Tr(i)mn(j)n (k)
(@, k)# (g, jo ko), (i1, j1,k1)

154



4. MAIN RESULTS Andre DUSHIMIRIMANA

So, wxp(X,) =p(X,) gives that a; j ik, = Xi,j,ik,- This implies that all
coefficients a;j; are equivalent. Therefore, p(X,) = ar(X;,) where
r(Xp) =a Z Tijk (Xn)
j<i<k
for some a € K. Eventually, it is trivial to verify that p§2), p§”), pén), n = 3, are

symmetric, which completes the proof.

Corollary 4.3.3: The subspace (KB,,,)5" @ (KBs,)>" @ (KB,,)>" is of a basis

B, = {08, 05", pg, 08V, 8, 8, 0",

where péz) = péz) = 0, and the algebra Pns " of symmetric polynomials in the free

metabelian Poisson algebra P, is spanned on the set
P ={g™} U Gn * K[X,]" U B,
as a K-vector space.

In the following example, the explicit generators G,, = gi(}l) =&t (hg-l)(Un,Xn)>

are given in Example 3.4.3 of the set B,, which spans the vector space P,f ™ for
n = 2,3,4,5 is determined.
Example 4.3.4: Here we give the explicit expression which spans the vector basis

B, = {p{"”,p{", 08" 0, ™, (" 05, pg}

where péz) = péz) = 0.

For n = 2. The vector space B, is spanned on

2 2 2 2 2 2
Pp2.02,0P. 02, 0?07}

Such that
2 2 2
Pi)=x1.x1+x2-x2,P§)=x1-x2,P_o(,)=x1'x1'x1+xz'xz'x2

pz(LZ) = X1 X1 X+ X1 X2 Xp, péZ) = [x2,%] - (x2 —x;) and

P§2) = [x3, %1, %1] - X5.
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For n = 3. The vector space B3 is spanned on

3 3 3 3 3 3 3 3
P2 2,002,080 0,087}

Such that

3) _ 3) _
Py =X Xy Xy Xp X3 X3, Py =X Xy +Xg X3+ Xyt X3,

p§3) = X1t X X1+ Xp Xyt Xp + X3 X3 X3,

pz(}3) =X1 X1 XpF X X1 X3+ X1 Xp Xy + X X3 X3+ Xp 0 Xp t X3
+x, - X3 X3,

Pég) = X1 X2 X3,

Pé3) = [x2, ] (2 — x1) + [x3, 1] - (x3 — x1) + [x3,%2] - (%3 — x3),

p§3) = [xg, %1, %1] - %5 + [x3, %1, %1] - x5 + [x3, %3, %] - x5 and

pég) = [xp, 21, %1] - X3 — [x2, %1, %2] - X3 + [x3, %1, %3] - x3.

For n = 4. The vector space B, is spanned on

4 (4 (4 (4 4 (4 (4  (4)
{pl yP2 »P3 +Ps »Ps5 »Pe P77 ", Pg }

Such that
(4) _ . . . .
P17 =X X1+ Xg Xyt X3 X3+ Xy Xy,
@ _, . ) . . . .
Py =X1 Xog+ X X3+ X7 X4+ Xy X3+ Xp 0 Xg + X3 Xy,
@) _ e VI Cx
D3 " =X1 X1 X1+ X Xp X+ X3 X3 X3+ Xg° Xy * Xy,
) _ e e s s
Py =X1° X1 Xp+Xg X1 X3+ X1 X7 X4+ X1 Xp X+ X X3 X3

+x1'X4~X4+x2'XZ'X3+x2'x2'X4+x2'X3'X3+x2'X4'X4
+X3'X3'X4+X3'X4'x4,
(4)

Ps* =X1°X3 X3 + XXy Xy X X3 Xy F Xy X3t Xy,
4
PP = [y 201+ Gty — 1) + 3,311+ (3 — x1) + [y 1] - (g — 1)
+[x3, %] - (23 — %) + [x4,%2] - (x4 — x2) + [x4, 23] - (x4 — x3),
4
Pg ) = [x2, 1, %1] - x5 + [x3, %1, %1] - %3 + [x4, %1, X1] - X4 + [X3, X2, X2] - X3
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+[x4, %2, X5] - x4 + [x4,%3,X3] - X4 ,
4
Ps(; )= [x2, %1, %1 ] - X3 = [x2, %1, X2] - X3 + [X3, %1, X2] - X3 + [X2, %1, %1 ] - x4
—[x2, %1, %3] - x4 + [X4, %1, X2] - X4 + [X3, %1, %1] - X4 — [x3, %1, x3] - x4

[
+[x4, %1, x3] - x4 + [x3, %2, X2] - x4 — [23, %5, %3] * 24 + [x4, %2, %3] - x4
For n = 5. The vector space Bs is spanned on

5 5 5 5 5 5 5 5
P 02,0802, 0808 01, 07}

Such that
p§5)=x1'xl+x2'X2+X3'X3+X4'X4,+XS'.X5,
pgs)=x1-x2+x1-x3+x1-x4+x1-x5+x2-x3+x2-x4+x2-x5

+x3 x4 + X3 X5+ Xy * X5,
(5)

p3 :xl'xl'xl‘l'xZ'xz'x2+x3'X3'X3+X4,'X4'X4+X5'X5'X5,
5
pi)=x1'x1'x2+x1'x1'X3+x1'X1'x4+x1'x1'x5+x1'x2'x2

Fx1 X3 X3+ XXy Xy F X X5 Xg + Xy Xy X3+ Xy Xg Xy

+x5 Xy X+ Xy X3 X3+ Xy Xy Xyt Xy Xg X5+ X3 X3 Xy

FX3 X3 Xs + X3 X4 Xg+ X3 X5 Xs + Xy Xg° X5+ Xy X5 X5,
pés)=x1-x2~x3+x1-xz-x4+x1-x2-x5+x1-x3-x4+x1-x3-x5

Fx1Xg X5+ Xy X3 XqF Xy X3 X5+ Xy Xg X5+ X3 Xy Xs,
(5) _

pe” = [x2,x1] - (2 —x1) + [x3,21] - (x3 — x1) + [x4,21] - (x4 — x1)
+[xs, %] - (x5 — x1) + [x3,x5] - (3 — x2) + [x4, 2] - (x4 — x2)
+[xs, x2] - (x5 — x2) + [x4, 3]+ (x4 — x3) + [x5,x3] - (x5 — x3)
+[xs, x4] - (x5 — x4),

p§5) = [xg,x1,%1] - %2 + [x3, %1, %1 ] - x5 + [x4, 201, %1] - x4 + [x5, %1, %1 ] - x5
+[x3, %2, x5] - X3 + [x4, X2, x2] - x4 + [x5, %2, X2] - x5 + [24, %3, %3] - x4
+[xs, %3, x3] - X5 + [x5, %4, X4] - X5,

pés) = [x, %1, %4]

]

X3 — [X2, X1, X2] - X3 + [X3, %1, %] - X3 + [x2, X1, %1] - x4
]

T Xy + [xZlelxl] * X5 — [xz,xl, xZ] " Xsg
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+[xs5, %1, X5 - x5 + [x3, 01, X1] - x4 — [x3, %1, X3] - x4 + [x4, %1, %3] - X4

+x3, %9, 21] - x5 — [x3, %1, %3] - X5 + [X5, X1, X3] - X5 + [%X4, %1, %1] - X5

—[x4, %1, %4] - X5 + [X5, X1, X4] - X5 + [X3, X2, X2] - x4 — [x3, %2, %3] - X4

+[x4, %2, X3] - x4 + [X3,%2, %2] - X5 — [X3, X2, %3] - X5 + [X5, X2, X3] - X5

+[x4, %2, %3] - X5 — [X4, X2, X4] - X5 + [X5, X2, X4] - X5 + [x4, X3, %3] - X5

_[x4l x31x4] " Xsg + [XS,X3,x4] " Xs.
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