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ABSTRACT

THE METHOD OF INVERSE SCATTERING AND
BACKLUND TRANSFORMATIONS

Litfiye Masur
M.S. in Mathematics
Advisor: Metin Giirses
May 2023

Solving integrable nonlinear partial differential equations by the method of in-
verse scattering and Backlund transformations are very effective. Both of these
methods depend on the existence of Lax pair. The Backlund transformations pro-
vide us some particular solutions of the integrable nonlinear partial differential
equations but the method of inverse scattering solves the initial value problem
of these equations. In this work, we use these methods to solve the Korteweg-de
Vries equation, the Korteweg-de Vries hierarchy and AKNS system.

Keywords: Béacklund transformations, Inverse scattering method, Korteweg de
Vries equation, AKNS system.
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OZET

TERS SACILMA YONTEMI VE
BACKLUND DONUSUMLERI

Litfiye Masur
Matematik, Yiksek Lisans
Tez Danigmani: Metin Giirses
Mayis 2023

Integrallenebilir dogrusal olmayan kismi diferansiyel denklemlerin ¢oziilmesinde
ters sagilma ve Backlund doniigiimii yontemleri cok etkilidir. Bu yontemlerin her
ikisi de Lax ¢iftinin varhigina baghdir. Backlund dontisiimleri bize integrallenebilir
dogrusal olmayan kismi diferansiyel denklemin bazi 6zel ¢oziimlerini saglar, ancak
ters sagilma yontemi ise bu denklemlerin baglangic deger problemlerini ¢ozer.
Bu calismada Korteweg-de Vries denklemini, Korteweg-de Vries hiyerarsisini ve

AKNS sistemini ¢ozmek ic¢in bu yontemleri kullaniyoruz.

Anahtar sozcikler: Backlund doniigiimii, Ters sac¢ilma yontemi, Korteweg de
Vries denklemi, AKNS sistemi.
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Chapter 1

Introduction

Integrable systems of nonlinear partial differential equations (pdes) have been the
center of interest for mathematicians and mathematical physicists. Since nonlin-
ear pdes appear in many different branches of physics e.g., fluid mechanics, plasma
physics, etc. It is also known that the integrable systems of nonlinear partial dif-
ferential equations have various mathematical structures, some of which are the
existence of infinitely many local conservation laws, Lax pairs, the applicability

of inverse scattering method, and Backlund transformations.

The solitary wave (a soliton) was first observed by J. Scott Russell [1] on the
Edinburgh-Glasgow Canal in 1834. After a number of experiments, he observed

the relation between the speed and the amplitude of the wave as
V2= g(h +a), (1.1)

where ¢ is the acceleration of gravity, h is the undisturbed depth of water, v is
the speed of the wave, and « is the amplitude of the wave. Up to that time,
solitons were unknown in the theory of partial differential equations. However,
in 1895, Korteweg and de Vries [2] derived an equation that has a solitary wave
solution, which is known as the Korteweg-de Vries (KdV) equation. The KdV

equation can be written as

Uy — 6UUy + Uppy = 0 (1.2)
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which describes the propagation of waves on shallow water surfaces. The solitary

wave solution can be obtained by seeking a travelling wave solution

u(z,t) = f(x — vt), (1.3)

where f is an arbitrary function and v is the speed of the wave. By inserting
(1.3) into (1.2), we get

f"=(6f+v)f =0, (1.4)
which can be integrated once, then multiply by f’ and integrate once more yield-
ing

1 1
UV =F+5vfP+Af+B, (1.5)

where A and B are integration constants. We assume that the solution u and its
x-derivatives vanish at infinity, then A = B = 0. One more integration, and we
obtain

u(z,t) = —%I/ sech2{%ul/2(x — vt — a:o)}, (1.6)

which is a solitary wave solution where arbitrary x, denotes the location of the
peak at t = 0. Note that the wave moves to the right with a speed v which is
proportional to the amplitude. After this observation, a question arises: what
happens after the collision of two solitary waves? The answer to this question was
given by Zabusky and Kruskal [3] in their study of the Fermi-Pasta-Ulam problem.
They observed that after the collision, waves retained their identities, such as
speed, width, and shape. Since these waves resemble the particles, they were
named as solitons. The numerical discovery of solitons by Kruskal and Zabusky

played a key role in the revival of the modern theory of integrable systems.

Definition 1.0.1. A soliton solution of a nonlinear partial differential equation
or a system is a solution that

i) represents a wave of permanent form

ii) is localized so that it decays or approaches a constant at infinity

iii) can collide with other solitons and retain its identity, i.e., speed and shape.

Besides having a soliton solution, the KdV equation possesses another property,

which is the existence of infinitely many local conservation laws. The equation



in the form
T.+X,=0 (1.7)

is called a conservation law where 7T is the conserved density and X is the flux. In
particular, 7" and X depend on x,t,u, and its z-derivatives, but not ¢-derivatives
of u. If T'= F,, then the conservation law is trivial. The first three conservation

laws for the KdV equation are given as

(u) + (Uge — 3u2)x =0,

(302, + (st = 02—~ 208) =, (18)

where u — 0 as |z| — +o00. Hence, from (1.8), we obtain constants of the motion

(e} (o)
/ wdr = constant, / u? dxr = constant,
y -4 - (1.9)
3 1
(u + §uw) dr = constant,

—00
which are known as the conservation of mass, momentum, and energy, respec-
tively. In addition to these, Miura, Gardner, and Kruskal [4] found six more
conservation laws for the KdV equation and they conjectured that there were

infinitely many. They attempted to find conservation laws for the equation
Uy — 6uPUL + Uper =0, p=1,2,3... (1.10)

and found that only for p = 1, 2 has infinitely many conservation laws. For p =1,
it is the KdV equation, and for p = 2, it is the modified KdV (mKdV) equation.
Miura [5] discovered a transformation from the conserved densities of the mKdV
equation to the conserved densities of the KdV equation which is known as the
Miura transformation. It also transforms the solutions of the mKdV equation to
the solutions of the KdV equation by

u=v*+v, (1.11)

where u satisfies the KdV equation and v satisfies the mKdV equation. By using
the Wentzel-Kramers-Brillouin (WKB) approximation and the Miura transfor-
mation (1.11), Miura, Gardner, and Kruskal proved that the KdV equation and

the mKdV equation have infinitely many conservation laws.
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The Fourier transform can be used to solve the initial value problem for linear
partial differential equations. A generalization of the Fourier transform to the
nonlinear partial differential equation is known as the method of inverse scattering
transform (IST). In 1967, Gardner, Green, Kruskal, and Miura [6] introduced the
method of inverse scattering transform for the KdV equation and solved the initial
value problem of the KdV equation. In 1968, Lax [7] introduced a new method
for solving nonlinear pdes which is known as the Lax pair or Lax representation.
This method can be used to write a nonlinear pde as the integrability condition
of a system of linear equations involving two operators L and M, where L is the
operator of the eigenvalue problem and M is the operator of the time evolution

equation such that

Lip = \ib, (1.12)
Y = M. (1.13)

By taking the t-derivative of (1.12) and, using (1.13) and (1.12), we obtain the
evolution equation as
L,=[M,L] = ML — LM, (1.14)

where \; = 0. The details are provided in Section 2.1, which also includes a
method for finding the KdV hierarchy and the recursion operator for the KdV
equation. The versatility of the Lax pair method in dealing with a broad range
of nonlinear pdes has enabled the extension of the IST to general evolution equa-
tions by IST. In 1972, Zakharov and Shabat [8] solved the nonlinear Schrédinger
equation. In 1973, Wadati [9] applied the same method to the modified KdV
equation. In 1974, Ablowitz, Kaup, Newell, and Segur solved the sine-Gordon
equation [10] and they developed a new method called the AKNS scheme [11],

which was a generalization of the work of Zakharov and Shabat.

The method of Fourier transform consists of three steps. Let us consider the

linear partial differential equation
u(z,t) = —if(—i0y)u(z,t) (1.15)

with the initial value u(z,0) = uo(x) which vanishes asymptotically. Here, f(2)

is an analytic function i.e.,; a polynomial or a rational function. For simplicity,
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we assume that f(z) is a real and odd function, then u(z,t) is real for t > 0
whenever the initial value is real. The Fourier transform is given by

u(k,t) = /_00 u(z, t)e™* da . (1.16)

[e.9]

The Steps are as follows:

I) Determine the Fourier coefficients u(k,0) from the initial value ug(x) (This
step is analogous to the process of determining the scattering data at ¢ = 0 in
the IST).

a(k, 0) = / uo(z)e* dz (1.17)
IT) Find the time evolution of the Fourier coefficient @ (k, t) (This step is analogous
to the process of finding the time evolution of the scattering data in the IST). By
taking the Fourier transform of (1.15) and integrating with respect to ¢ once, we

obtain
w(k,t) = i(k,0)e ", (1.18)

IIT) The last step is to obtain the solution u(x,t) of (1.15) by using the inverse
Fourier transform of (1.18) (This step is analogous to solving the inverse problem
in the IST), then

1 00 0o ' '
u(z,t) = %/ / o (z) @B gy df: (1.19)

Note that the spectrum k which denotes the number of wave is independent of

time [12].

I.Fourier Transform

u(z,0) u(k,0)
PDE IL.Time Evolution
u(z,t) u(k,t)

IIT.Inverse
Fourier Transform

Figure 1.1: Steps of the Method of Fourier Transform
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The number of steps in the IST is one greater than the number of steps in
the method of Fourier transform. The IST consists of four steps: the direct
problem (determining the scattering data at an initial time), the time evolution
of the scattering data (determining the scattering data at any time), solving
the Gelfand-Levitan-Marchenko (GLM) equation, and the inverse problem. In
Section 2.2, the IST is used to solve the initial value problem of the KdV equation,
and details are provided. In Section 2.3, we solved the initial value problem of the
KdV hierarchy by using the IST. In Chapter 3, we first provided the necessary
information about the AKNS scheme and use the IST for this system.

The Backlund transformations were first introduced by the Swedish mathe-
matician B. Bécklund [13] in the late 19th century. These transformations provide
particular solutions to integrable nonlinear partial differential equations. There
are two types of Backlund transformations (BT): one of which relate solutions of
different integrable systems, and the other one relates two solutions of the same
integrable system which is known as the auto-Béacklund transformation. To find
the auto-BT for the KdV equation, Clairin’s method, developed by the French
mathematician Georges Clairin in 1974, is used by Lamb [14]. Wahlquist and
Estabrook used the differential form to derive the same auto-BT [15], [16]. Fur-
thermore, Chen derived the Backlund transformations for the AKNS scheme [17],
[18]. Wadati, Sanuki, and Konno [19] also derived the BT for the same system in-
dependently of Chen’s work. In the same year, Konno and Wadati [20] extended
the previous work by considering the auto-BT of the nonlinear Schrodinger equa-
tion. In Chapter 4, we present several examples of Backlund transformations for
various integrable systems. We then proceed to derive the auto-BT for the KAV
equation by using the Miura transformation. Finally, we derive the BT for the
AKNS scheme, which also includes the KdV hierarchy.



Chapter 2

Inverse Scattering Transform for
the KdV Equation

2.1 Lax Formulation of the KdV Equation

Our aim is to solve the initial value problem for u, where u(x,t) satisfies a non-

linear evolution equation of the form

with the initial value, u(z,0) = f(z). Let £ be an appropriate function space
and we assume that u € & for each t and N : # — % is a nonlinear operator

which depends on x and derivatives with respect x, but is independent of .

We can associate a self-adjoint operator L over a Hilbert space for each function
u in % with the property: if u changes with respect to ¢ according to the equation
(2.1) then the operators L(t) also change with respect to ¢ which are unitarily

equivalent. Then, there is a one parameter family of unitary operators U (t) where
U(t)~ LU (t) = L(to) (2.2)

where tj is a fixed value of t. Take t-derivative, to yield
~U'U,LU + U 'L,U +U'LU, = 0. (2.3)
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We suppose that U(t) satisfies a differential equation
U, = MU (2.4)

where M (t) is a skew-adjoint operator which is acting on %, i.e., MT = —M. By
substituting (2.4) into (2.3), we obtain

~U'MLU+U'LU+U'LMU =0 (2.5)
and then, multiplying by U from the left and by U~! from the right, we get
—ML+ L+ LM =0 (2.6)

or
Ly=ML— LM = [M,L]. (2.7)

Thus, the evolution equation (2.1) is identical to (2.7) where L and M are some
linear operators in x acting on 4 [7]. The shortcoming of this process is that one

must take a correct guess for the operator L to obtain (2.1).

Gardner, Kruskal, and Miura [6] discovered that for the KdV equation
Uy — 6UlUy + Upgy = 0 (2.8)

the operator L is the Schrédinger operator, i.e.,

2

s,
L= 92 +u(x,t) and L; = uy. (2.9)

Now, let Z be a Hilbert space with the inner product (¢,) = / o dx. We

assume L is self-adjoint i.e., L = LT so that

(Lo, v) = (&, L) (2.10)

for all ¢,¢ € #B. We introduce the eigenvalue equation or the Sturm-Liouville

equation
Ly = M\ (2.11)

for t > 0 and = € R where, in general, A = A(t). Take t-derivative of (2.11), we
have

8



Use the equation (2.7) yielding
[M, LIty + (L = Moy = A (2.13)

or

MLy — LM + (L — Ny = A\ (2.14)
We insert the equation (2.11) and obtain

AMp — LMty + (L — Ay, = A\ (2.15)
or equivalently

(L = Ny — Map) = A (2.16)

Now, take inner product with v, to obtain

(¢, (L = X)(thr — Myp)) = Xe(h, 9)). (2.17)
Since L — ) is a self-adjoint operator, we can write

(L =N, (thr = Myp))= No(1h,9)) (2.18)

and, since (L — A)Y = 0 then we find that A does not depend on ¢ (A\; = 0) since
(¢, ) # 0.

From (2.16) and (2.11), we obtain

Y — Mip = o) (2.19)

where « is a constant. Since (2.7) is invariant under the transformation M —

M + al, we can let a = 0, then the time-evolution for v, for ¢t > 0
Ve = M. (2.20)

For the (third order) KdV equation, Lax pair is determined as

82
L=— 2.21
s u(.t) (221)
and 5

where L is a self-adjoint operator and M is a skew-adjoint operator. Then the
Lax equation L; = [M, L] is satisfied if and only if the KdV equation holds.

9



2.1.1 KdV hierarchy

With the help of Lax formulation, we can obtain the hierarchy of KdV equation.
Let L be the Schrodinger operator, which is the same operator in the case of

KdV, but let us choose a different operator M as
M = A+ Bo, (2.23)

where A and B are functions of v and its xz-derivatives. Hence, the eigenvalue

equation and the time-evolution equation are given respectively

and

Yy = Ay + By, (2.25)

The operator M is required to have enough freedom to make the operator L; —

[M, L] of degree zero, i.e. multiplicative operator.

After an elementary calculation, we find that

M, L] = (A4 B8,)(—0? 4+ u) — (=8 + u)(A + BJ,)

(2.26)
= Aye + Bug + (2A, + Buy)0, + 2B, 02
Since L) = \ip where L = —9? + u, then
[M, L] = Ayz + Buy +2(u — N\) By + (2A; + Bax) 0, (2.27)
which is a multiplicative operator if
2A, + B, =0 (2.28)
or
1
A= —5 B, + hit), (2.29)
where h is an arbitrary function of ¢, then A,, = —%Bmx, and it yields
1
Uy = _§Bmz + Buy 4+ 2(u — M) B,. (2.30)

10



Now, assuming B is analytic on A then we can expand it as a power series of A

N
B = ZbN_nA” = b\ 0 AN by

n=0

(2.31)

where b;’s depend on u and its derivatives with respect to z. We insert (2.31)

into (2.30), and obtain

N 1 N
U =Uy Z bN—n)\n - 5 Z bN—n,wxx/\n
n=0 n=0

N N
+2u) bynaA" =2 by naA"T =0

From the coefficient of \°, we have
1
Ut = bNu.Z’ yr §bN,$I.I + QUbN,x

and from the coefficients of A", n > 0, we have

1

u:prfn - _ben,zx:r + 2Uben,x - 2ben+1,x = 0.

2
Let N —n = k, then the equation (2.34) becomes

bet1e = —— (02 — 4ud, — 2u,) by

e N

(85 —4u — 2ux8_1)bk@

x

We define R = 92 — 4u — 2u,0, ' and then

1
bk-l-l,w = —ZRka for k= 0, 1,2, ,N —1

where R is called the recursion operator. The equation (2.33) becomes

1
Uy = —§RbN’Z
where byy1 ., = —%Rbm for k=0,1,...

Let by be constant, the equation (2.36) provides

b
51250’&

11
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and

i1, = _ZRbM = (—1)273251@—135
1. b 1. (2.39)
— (—=\REp, = O (_Z\rRk
then, . ; . .
w=—5Rhye = =7 (=) RNy = bo (=) "R u. (2.40)
We choose bo(—i)N: —1. Hence (2.40) becomes
w +RNu, =0, N=1,2,... . (2.41)

The above equation defines the hierarchy of KdV equation where R = 9% — 4u —

2u,0; ! is the recursion operator of the KdV equation.

All the members of the hierarchy have the same eigenvalue equation or the
operator L, but the time-evolution equation or operator M changes. The first

few members of this hierarchy are obtained as follows:
Take N =1, we obtain the third-order KdV equation
Uy + Ry = Uy — 66Uty + Ugpy = 0, (2.42)
for N = 2, the fifth-order KdV equation is yielded
wy + Ry = 1y + R(Ugpe — 6uug) =0 (2.43)

or
Uy + us — 10UUgze — 20Uptyy + 30u?u, = 0, (2.44)
for N = 3, the seventh-order KdV equation is

uy — 1400 u, + 70U + 280Uty Uy + T0U U gy

(2.45)
— T0U e Upgy — 42uzus — 1duus +ur =0
and, lastly, for N = 4, the ninth-order KdV equation is
uy — 1260uu® — 25200 Uty — 4200t yy, + 1302u,u2,
+ 966u§umw + 12600ty Uypy + TH56UUL Uy + 1260 us
(2.46)

— 252Uppptly — 168Upptis — T2uztg — 28uur + 630u u’
+ ug = 0.

where u,, for m € N denotes the mth order derivative of u with respect to x.

12



2.2 The inverse scattering transform for the

KdV equation

There is a very nice connection between the KdV equation and the Schrodinger
equation in quantum mechanics which is a special case of the Sturm-Liouville
equation in mathematics. By using this equation, we are going to solve the initial

value problem of the KdV equation.

Now, we shall see how the KdV equation is connected to the Schrodinger

equation. The KdV equation is given in the standard form by
Uy — OUUy + Upgy = 0. (2.47)
To show this connection, let us define a function
u=v’+v, (2.48)

which is called the Miura transformation where u satisfies the KdV equation.
Insert (2.48) into (2.47) to yield
(2%—21})1} — 6(v, + ?) (Ve + 200 )—l—(i—i-%)v +6vv, =0  (2.49)
8:17 t x T x a:l' TTT xr .

and rearrange to get

a 2 o
<% + 211) (U + Vggew — 6V ,) = 0. (2.50)

Here, v satisfies the modified KdV (mKdV) equation which is given by
vy — 6020, + Vype = O. (2.51)

We note that the Miura transformation is a restricted transformation. If v is a
solution of the mKdV equation, then u is a solution of the KdV equation, not
vice versa. The reason is that the equation (2.50) contains an additional operator.

There are solutions of (2.50) which are not solutions of the mKdV equation.

Miura
transformation

mKdV KdV

13



The Miura transformation (2.48) is a Riccati equation for v. Let us substitute

S (2.52)

for some differentiable function i (z,t) # 0 to yield

We know that the KAV equation is invariant under the Galilean transformation

U — U— A
T — x + 6t (2.54)
t—t

for arbitrary real \. Under such a transformation, we can replace the equation
(2.53) by

which is the time-independent Schrodinger equation from quantum mechanics
where u is a potential or a solution of the KdV equation, A is the energy level
and v is the wave function. We note that, here in (2.55), t plays the role of a

parameter.

If it is possible to find the wave function ¢ then the potential u(x,t) can be
determined by (2.55). This method is called the Inverse Scattering Transform

(IST). The aim is to solve the initial value problem

Uy — O6UUL + Uggy = 0

(2.56)
u(x,0) = ug(x)

of the KdV equation. It consists of

1) Direct problem: to find the scattering data,

2) Time evolution of the scattering data,

3) Solve the Gelfand-Levitan-Marchenko (GLM) equation,
)

4) Determine u(z,t).

14



1. direct problem

u(z,0) S5(0)
2. time evolution of
4. IST the scattering data
inverse problem
u(x,t) S(t)
3. Gelfand-Levitan-Marchenko
equation

Figure 2.1: Steps of the Inverse Scattering Method

2.2.1 Direct problem

Direct problem is the first step in the method of inverse scattering transform. In
this step we solve the time-independent Schrodinger equation with u(x,0) = ug(z)
as the initial potential. In the scattering problem of the Schrodinger equation,

the initial value uy(x) is required to be integrable, i.e.

/_OO lup(x)| dr < oo (2.57)

o0

and wuy(x) must decay sufficiently rapidly at infinity so that the Faddeev condition
must also be satisfied [21]

[0 i <o 258)

—00

Now, we consider the Sturm-Liouville equation

There are two types of spectrum for A\, one of which is for A\ > 0 and the other is for
A < 0. Note that if ug(x) # 0 for some z, A = 0 cannot occur. Since u(z,t) — 0

as |x| — oo then the Sturm-Liouville equation asymptotically becomes
Ypw + M =0 as |z| — o0 (2.60)
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Likewise, there are two types of eigenfunctions, one of which is a linear combina-
tion of e=V** for all A > 0 (continuous spectrum), and another one is of eV
for all A < 0 (discrete spectrum). However, for discrete spectrum, we consider a

solution that decays at infinity.

Now, let us integrate the Sturm-Liouville equation to observe the nature of
eigenfunctions i.e., continuity, boundedness, and differentiability. Integrate (2.59)

on the interval [a, b] to yield

Wl = /b (=N da (2.61)

When b — a, if [¢,]¢ goes to zero, then v, is continuous. However a problem
arises if u is a delta function i.e, u = d(z — y) where b < y < a. So we need to
be more careful. This time, first integrate (2.59) from ¢ to x, then from b to a to

obtain
[ = (a— b)ule) + /b { / (u= N do}de (2.62)

and for all functions u(z,t), ¢ is continuous everywhere. Hence, we shall consider
eigenfunctions ¢ which are bounded, continuous, and at least once differentiable.
Since the discrete eigenfunctions are bounded and exponentially decay as |z| —

00, then they are absolutely and square integrable i.e.,

/00 || dx < oo and /OO 10)? dx :/Oowzdx < 00 (2.63)

—00

respectively. However, the continuous eigenfunction is not square integrable.

We shall study the discrete spectrum first. Let us define A = —x2 for n =
1,2,..,N and k1 < kg < ... < kKy. The discrete eigenfunction corresponding to

the eigenvalue k,, is given by

ape x>0
P~ (2.64)
Bpefn®,  x <0

Since 1, is continuous, then «,, = f,. The eigenfunction is normalized via the

square-integrability

/ V2dr = 1. (2.65)
16



Substitute (2.64) into (2.65) and we obtain

0 00
Ozi/ e dy +0z721/ e 2T dy =1 (2.66)
0

— 00

yielding o, = /K.

Now, consider two different eigenfunctions corresponding to eigenvalues «,, and

K, With the same potential u

"

P = (K2 +u), and o, = (K2, 4 w)m (2.67)

and then

("{ — K3 )¢n¢m @Z)md);; - T/Jn@b;% = %(%ﬂb; - %ﬂﬁ;n) (268)

We use the Wronskian of ¢, and 9,

(’i — K )¢n¢m - (¢m>¢n) (269)

and integrate over R

(W (s )5, = (2 — #2,) / " e (2.70)

Since v, and 1, are decaying solutions, the left hand side is zero. If K, # K,
then 1, and 1, are orthogonal, but if x,, = k,, then ¥, = a),,, where o = £1.
In other words, discrete eigenfunctions which correspond to different eigenvalues

are orthogonal.

We shall now study the continuous spectrum. Let A = k2, and we can define
the continuous eigenfunction in two ways. First, the incident wave comes from

the right and the continuous eigenfunction is given by

. e~ 4 p(k)ethr, as x — oo
VR ~ , (2.71)
a(k)e e, as T — —00
or, second, the incident wave comes from the left, and the continuous eigenfunc-
tion is given by
a(k)eit as T — 00

bp~q (2.72)
eke 4 (ke * as 1 — —o0
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e (incident)

ae~ ¥ (transmitted)

be™* = (reflected)

.

e™*(incident)

— e (transmitted)

Z‘?ﬁ —ikx (”-ﬂ('(_'tl.‘d)

Figure 2.2: Representation of scattering region: (a) incident wave of unit ampli-
tude from right, (b) incident wave of unit amplitude from left

where the complex constants a, a are called transmission coefficients and the

complex constants b, b are called reflection coefficients.

Since the potential u is the same, both continuous eigenfunctions are valid
for direct problem, and, for inverse problem, they give us the same potential
u(z,t) [22]. Therefore, in our calculations, we shall consider the case in which

the incident wave comes from +oo and let ¢z = 1 [23].

Let us give the interpretation of the eigenfunction 1/;: The incident wave of
unit amplitude is sent from +oo to interact with the potential v and, as a result
of interaction, a function of wave is sent back to +oo (reflected wave), and the
remainder is transmitted to —oo (transmitted wave). Here ¢ and its complex

conjugate z/}* satisfy

P+ (K =) =0,

- ) (2.73)
O+ (K —u)pt =0,
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and the Wronskian, W (¢), 1*) at +oo and —co becomes
W (), 4*) = 2ikaa* = 2ik(1 — bb*) (2.74)

or
la|® + |b]* =1 (2.75)

which is called the conservation of energy in the scattering.

We discussed the continuous spectrum (A = k?) and the discrete spectrum

(A = —k2). Now, let us have some examples.

Example 2.2.1. We choose the initial value as
u(z,0) = —Uyd(z) (2.76)
where Uy is a constant and d(z) is Dirac’s delta function

sy =" 70 (2.77)

oo, = =0.

We should determine the behaviours of the solution at z = 0. The Sturm-Liouville
equation

' 4 Np = —Uyd(2)y) (2.78)

is integrated once on the interval [—¢, ] to yield

/ V' de + /\/ Ydr = —Uy(0). (2.79)

Let € — 0, then
[0 = —Uo(0) (2.80)
where [ ] denotes the change in Y. We notice that ¢ is continuous everywhere,

but its derivative has a jump at x = 0.
For the discrete spectrum (A = —x2), the discrete eigenfunction is given by

ape x>0
UVp = (2.81)

Bpet x < 0.
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Since 1, is continuous, «,, = ,. We have already found that «,, = /K, since

the solution is normalized. From the discontinuity of v,,,

/

W)n] = _Hn<an) - ﬁn(an) = —Upa,. (282)

We find that x, = Up/2. There is only one discrete eigenvalue if Uy > 0. (ay,

must be real, a,, = \/k, = /Up/2)

For the continuous spectrum (A = k?), the continuous eigenfunction is

- e L p(k)e**, x>0
§= ) (2.83)
a(k)e ke, z < 0.

Since 1& is continuous at x = 0, then a = 1+ b. The jump condition for 1& at zero

provides

(] = —ik + bik — (—ika) = —Up(1 + b) (2.84)
or U .

21

b(k) = ————— and a(k) = —. 2.

W)= —goram ™4 W =50 (2.85)
The transmission and reflection coefficients have a pole at k = z% Since k = ik,
then , = 2. We note that the poles of b(k) or a(k) in the upper-half plane

provide us the discrete eigenvalues if k is extended into the complex plane. This

conclusion is quite general.

Example 2.2.2. In this example, let
u(z,0) = —Upysech’z, z €R (2.86)
where Uy is constant, then
Ve + (A + Ugsech? 2)1) = 0 (2.87)

will be solved for eigenfunctions ¢. Let y = tanh z, then (2.87) becomes

(=) {0 =P A+ Ut = ) =0 (288)
%((1—3/2)%)—1-[[]0—0——1_)\?]2}1?:0 (2.89)
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which is the well-known associated Legendre equation. Let us suppose Uy =

N(N + 1) where N is a positive integer, and consider the discrete spectrum

A = —k2 where k, =n, n=1,2,.... N, then
d i, n?
—((1—9? N(N +1) — =0. 2.
o (L= ) [NV 1) = 55 o =0 (2.90)

This equation has N bounded solutions v, (y) = a,, PR (y) which are proportional

to the associated Legendre polynomials, Py (y), where

Pi(y) = (—1)"(1 - y2>“/2j—;PN<y> (2.91)
and L
Py(y) = Wdy_f\’(yz -y, (2.92)

and Py (y) is the Legendre polynomial of order N. For example, if N =1,

Pi(y) =y then Ply)=—(1—¢*)"Y?> = —sechz (2.93)
and, if N =2, P»(y) = 1(3y* — 1), then

P}(y) = —3sechxtanhz and Pj(y) = 3sech’x (2.94)

Since ¢n(y) = on P3'(
(A = —1) and ¢ (y)
that 11 (y) and 15(y) are normalized then the discrete eigenfunctions for N = 2

y), then 1 (y) = —3ay sech z tanh = corresponding to x; = 1

— 3o sech? o corresponding to kg = 2 (\y = —4). We know

are
1/2

3\ 1/2 3 9
P = (5) tanhxsechx and 1 = Tsech x. (2.95)

Now, let us consider the continuous spectrum (A = k?). The equation (2.89)

becomes p " 2
d—y<(1—y2)d—y>+<U0+ 1_y2)w:0 (2.96)
or 2
(1= )" — 20 + (U0 + = y2>w —0. (2.97)
Let z = %(1 + ), the equation (2.97) yields
k’2
21— 2 — (22 — 1)y + (Uo s Z))w —0 (2.98)
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Let (2 k) = a(k)2%z7%/2(1 — 2)~*/2g(z) and substitute into (2.98), then we
clearly see that g(z) satisfies

2(1-2)g +[6—(a+b—1)zg —abg=0 (2.99)
where
_ 1 1 12
a:§—2k+(Uo—|—1) ,
-1 1
b==—ik— (Up+-)"", (2.100)
2 4
¢=1—ik.

The function g(z) = F(a,b, & z) is the hypergeometric function where z = 1+

y). Hence the continuous eigenfunction is

D k) = a(k).2*(sech )7 F (a5, & %(1 ). (2.101)

As z — 0" corresponds to x — —oc and as z — 17 corresponds to z — 400

where z = 3(1 +y). It is easy to show that
Oz k) ~ a(k)e™™ as x — —oo. (2.102)

To find the asymptotic behaviour of zﬂ at 400, use the linear combination [24]

r@ErE—a—=o - _ - 3
F(a,b,¢;2) _F(é— EL)F(Né— B)F(a,b,a—i—b—l— 1—¢1-2)

6]y U At P S

P (1= 2)5 @G —a,c— b1+ bl 2)
(2.103)

then, as x — 0o (z — 17)
oy SBE@LGED=0) iy aE@TC=0-0) e 00
[(a)T'(b) ['(¢e—a)l'(¢c—10)

Comparing these results by (2.71), we obtain that

(2.105)

and, a(k) — 1 and b(k) — 0 as k — oo. The scattering coefficients are deter-

mined.
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We have two important remarks which are derived from (2.105). The first one

is when b(k) = 0. A property of the Gamma function is

F(% a Z>F<% + Z>: cos7(r7rz) (2.106)

F(é—&)f‘(é—l;) = F(% _ <U0_|_ Z11)1/2>F(% N (UO . i>1/2>

_ s (2.107)
COST('(U() + i)lﬂ
and so,
b(k) = a(:)F(é)F(E — = b)cos(Up + i) " (2.108)

1/2
Consequently, b(k) = 0 if <U0 + %) = N + 3 ie, Uy = N(N +1), where N is
a positive integer. This means that reflectionless potentials (b = 0) have only a

discrete spectrum.

For the second remark, we should check the poles of b(k) (or a(k)). These
two coefficients have poles if I'(@) or T'(b) are undefined. For instance, if b =

where m is a positive integer, then

1 1\ 1/2
5 — 1k — (Uo + Z) =—-m (2109)

k:z'{(Uo—l—i)lﬂ—(m%—%)}, (2.110)

1/2
so there exist finite numbers of eigenvalues if (Ug + i) > 0 with Uy > 0. The

giving

total number of eigenvalues is given by

[(Uo + i)m—%]ﬂ (2.111)

where [ | denotes the integral part.

2.2.2 Time evolution of the scattering data

Our purpose now is to solve the initial value problem of the KdV equation
Uy — OUUy + Uyee =0, T E€R, >0 (2.112)
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with u(z,0) = ug(x). By using the Lax pair of the KdV equation, we write the

eigenvalue problem (or Sturm-Liouville equation)
Yoo + (N —u(z, t))p =0 or L=\ (2.113)

where t is a parameter. In the first step, we have found the scattering data at
t=0
S(0) = {An, cn, k, a(k), b(k)} (2.114)

by using (2.113), where ¢, is a normalization constant and, a(k) and b(k) are

transmission and reflection coefficients, respectively.

The second step is to find the scattering data at any time ¢

For this purpose, we need the time evolution equation. Again by using Lax pair,

we write the time evolution of ) as
U + uzt) — 2(u + 20\, = R(x,t) (2.116)

or

Yy — My = R(x,1) (2.117)

where, in general, A\ = A(t). To find R(x,t), take a-derivative of (2.116),
Yz + Upe) + Uy — 2ue — 2(u + 2\)0pe = Ry (2.118)
Insert (2.113) into (2.118)
Uig + Ugg) — Uzphy + 2(u + 20) (N — u)) = R,. (2.119)
Re-arrange the equation to obtain
V1o + [Uge + 4N? — 20% — 20u]t) — ), = R, (2.120)
then, take one more z-derivative and use (2.113) to yield

Vtge + (4X7 — 20 — 20U) 0, + (Upge — DUUE — AUy )Y = Ryp. (2.121)
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Now, take t-derivative of (2.113)
Yozt + (A —w)th + (A —u)ihy =0
and use (2.116) to yield
Yot = (U — M)t + (A — )[R — ugt) + 2(u + 20)1))].

Lastly, insert (2.123) into (2.121) and use the KdV equation to obtain

Vag
(&

“Mp=(A— )R+ Ryy = ——2R+ Ry,

or 5
a2
gy (e = Yo lt) = A",

Integrate (2.125) over all z, we get

Rt — 0 RIS, = — A / T Wds

(2.122)

(2.123)

(2.124)

(2.125)

(2.126)

Left-hand side is zero for both spectrum, and the integral on the right-hand side
does not vanish, then A is independent of ¢ (\; = 0). We find that A is constant

and

Royp — R = g(1)

(2.127)

for an arbitrary function g(¢). Again, the left-hand side vanishes as |z| — oo,

then g(t) is zero function
Razw - l/JxR = 0.

Integrate once more to obtain

R = h(t)y

where h(t) is an arbitrary function. The equation (2.116) becomes

Y+ ug ) — 2(u + 200, = h(t).

Multiply by ¥ and we get

1

SR+ = 2w+ 200, = h{)u?

or
S+ [ = 202 — 107, = (1)
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(2.129)

(2.130)

(2.131)
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Integrate (2.132) over all z, we get
5 dt / »? da: Hup® — 292 — AMp?]> / Y*d . (2.133)

For discrete spectrum, the eigenfunction decays at infinity then, the second term

on the left-hand side vanishes. Hence, we obtain

2dt/ @Z)dx / W dz (2.134)

Since the discrete eigenfunctions are normalized and [*°_¢? dx is constant, then

h(t) = 0 for A = —k2(< 0). For continuous spectrum, h(t) must be evaluated.

Now, we are going to use the system of equations

Vpw + (A —u(z,t)) =0

(2.135)
Vi + ugth — 2(u + 2X\)h, = h(t)y

to find the time evolution of the scattering data. Here h(t) = 0 for the discrete

spectrum.

For the discrete spectrum, we can find the time evolution of the normalization

constant. Since u and wu, vanish at infinity, we obtain
Un(x,t) ~cp(t)e™ & — oo (2.136)

from the eigenvalue equation, and use the time evolution of ¢ when A(t) = 0. We

have
e+ ugth = 2(u — 27 )1, = 0 (2.137)

then
Ve +4K2, =0 1 — o0 (2.138)

since u and u, vanish at infinity. Insert (2.136), we get

%cn(t)e_"‘” —4r3 e e, (1) = 0 (2.139)
or p
acn(t) — 4K, (t) = 0. (2.140)
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We find
ea(t) = ca(0)e™t  and  Ku(t) = Ky, (2.141)

since A\; = 0 and ¢,(0) is the normalization constant at ¢ = 0.

For continuous spectrum (A = k?), recall that the continuous eigenfunction is

. e~ % 1 bk, t)ek* 1 — oo
b(a,t) = | (2.142)
a(k,t)e T — —00

and the time evolution for zZAJ becomes
Uy — Ak, = h()Y  as  |z| — oo. (2.143)

Insert (2.142) and calculate the equation at +o0o and —oo, separately. As x — oo,
(2.143) becomes
d

abei’“ — 4K (—ike™ ™ 4 ikbe'* ™) = h(e”™*T 4 bettT) (2.144)
and, then comparing the coefficients of e?** and e~**, we obtain
%b — 4ik°b = hb and h = 4ik>. (2.145)
We evaluate the time evolution of the reflection coefficient
b(k,t) = b(k,0)e¥*"t ¢ >0 (2.146)
where b(k,0) is the reflection coefficient at ¢t = 0. As x — —o0, (2.143) becomes
%aeikw — 4k*(—ikae™**) = hae™™**. (2.147)

Since h = 4ik®, then 4a =0 or
alk,t) = a(k,0), t>0 (2.148)

where a(k,0) is the transmission coefficient at ¢ = 0.

Therefore, the scattering data at any time ¢ is given by
S(t) = {kn, ca(t) = ca(0)e™ !k, a(k,t) = a(k,0), b(k, t) = b(k,0)e¥**} (2.149)

where

S(0) = {#n, cn(0), k, a(k, 0), b(k, 0)} (2.150)

is evaluated from the eigenvalue equation ., + (A — u(z,0))1) = 0 where u(z,0)
is the initial value of the KdV equation [6].
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2.2.3 Gelfand-Levitan-Marchenko (GLM) equation

The third step in the method of inverse scattering transform is to solve the
Gelfand-Levitan-Marchenko (GLM) equation. First, we shall derive the GLM

equation. We start with the eigenvalue equation
Ve + (k2 —u)p =0 (2.151)

where A\ = k2. In this case, let us ignore the time (variable t) and let v = u(x) and
1 = (z, k). For the equation (2.151), we seek a solution ¢ such that ¢ ~ e

as £ — +o0o. We can assume the solution as
Yy (z, k) = ™ —|—/ K(z,2)e*dz as z — +o0 (2.152)

where K(z,z) is the kernel such that K(z,z) # 0 for z > z. Now, we shall find
the conditions which the kernel K (z,z) must satisfy. First, take z-derivative of

(2.152) twice. We get

‘ d 0o ‘
iar = (< = LK (n,) = i (2,2) = Kol0))+ [ Kool 2)e ds
v x
(2.153)
where % is a total derivative i.e., %K(x,x) = K,(z,2) + K.(x,z). Using inte-

gration by parts twice in (2.152), we get

1 » Kz 9 1 > 3
vy (x, k) = e’kz<1 + %K(x, x) — %)—ﬁ/ K..e™ dz (2.154)

provided that K(z,z) and K.(x,z) vanish as z — oo, for fixed x. Inserting
(2.153) and (2.154) into the Sturm-Liouville equation, we get
ke (—u — iK(m x) — Kp(z,z) — K,(z,x) — iK(yc x)u+ iKz(yc x)u)
d,j(; Y ? Y k’ Y ]{;2 ?

Y K.)evdz =o0.

(2.155)

For the term % f;o K..e"** dz | using integration by parts twice, we obtain

—%eisz(m, x)+ %e“‘”K(w,w) — / ue™ K dz (2.156)
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again, provided that K, (z,z) and K(x,z) vanish as z — oo. Consequently, the

Sturm-Liouville equation reduces to

. d o0 .
—ctke (u + 2d—K(x, x))+/ (Kuw — Koo —u(z)K)e™ dz =0 (2.157)
X X
which is satisfied if
Ky — K., —u(x)K =0 (2.158)

and

u = —%K(z,x) (2.159)

with the conditions K(z,z) — 0 and K,(z,z) — 0 as z — oo. We found
that if the kernel K (x,z) is known, then the potential u(z) (or u(z,t)) can be

determined.

We are one step closer to deriving the GLM equation. The continuous eigen-

function can be written as
b =1+ bk)y (2.160)

which gives the correct behaviour as x — 400 since 1, ~ e** as ¥ — +00. Using

(2.152), we get

Dz, k) = e”™* 4 p(k)e* + / K(z,2)e ™ dz + b(k) / K(z,2)e™ dz
- - (2.161)

where K (z,z) # 0 for z > x. Rearranging this equation, we obtain
/ K(z,2)e ™ dz = — e ™ — p(k)e™ — b(k‘)/ K(z,2)e** dz . (2.162)

Take the inverse Fourier transform of both sides. On the left hand side, we obtain

1 o0

2 ) o

{/ K(z,y)e”* dy }eikz dk (2.163)

and, then interchange the order of integration to yield

/Z K(x,y){% /Z k=) g1 }dy = /Z K(z,y)d(z —y)dz (2.164)
= K(x,z2).
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Hence, the equation (2.162) becomes

K(x,z) = %/ {zﬂ — ek _p(k)e*™ — b(k) /_Z K(z,y)e™ dy }eikz dk .

—0o0

o0

(2.165)
At this point, let us define a function
1 [ A
F(X) = > / b(k)e™ dk (2.166)
T — 00
and insert this function into (2.165) and interchange the order of integration to
yield
1 o } ] 00
K(z,z) = 2—/ (p—e~**)eh= dk —F(x—i—z)—/ K(z,y)F(y+=2)dy . (2.167)
T J -0 —00

We need to evaluate the first integral on the right-hand side. There are two
cases; one of which is that b(k) (or a(k)) does not have poles or any discrete
eigenvalues, other case is that there are some discrete eigenvalues. Note that all

discrete eigenvalues are placed in the upper-half plane of the complex k-plane.

Let us consider the first case. We introduce contour C, in the upper-half of
the complex k-plane, which consists of the arc Cr and the real line [—R, R, see

Figure 2.3.

Im(k)

Re(k)

-R 0 R

Figure 2.3: The contour C' in the complex k-plane

Then, by using the contour integral, we have

R
]{CP(x,k) dk :/RP(m,k) dk —|—/CR P(z, k) dk (2.168)

where P(x,k) = (¢ — e~**)et*=. Here, 1he’** has no pole since at the beginning

we assume there is no discrete spectrum. Then

f{ Pz, k)dk =0 (2.169)
C
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and, also

/ Pz, k)dk = [ {ge* —1}e* =2 dk -0 as R— oo (2.170)
Cr Cr

for z > x. The reason is that b(k) — 0 as |k| — oo, then |[e®*| — 1 as |k| — co.
Consequently, we show that

/Oo (1 — e~ * )ik qf =0 (2.171)

o0

then, the equation (2.167) becomes
K(z,z)+ F(z + 2) +/ K(z,y)F(y+2)dy =0, z>x>—-00 (2.172)

which is the famous Gelfand-Levitan-Marchenko equation for the kernel K(z, 2)
where the function is given by

F(X) ! / 4 b(k)e™ dk . (2.173)

= % .

For the second case, where there is a discrete spectrum, the result of the
first integral will change. We suppose that the contour C' covers all the discrete
eigenvalues and, since there are poles in the upper half of the complex k-plane,
then

7{ P(x,k)dk =2mi)_res.P(x, k) (2.174)
c ceC

where P(z,k) = (1) — e **)ei** Since e*>=2) for z > x has no poles then as

R — o

e N
/ (1 — e7*)eh= dk = 2mi Z R, (2.175)
- n=1

[e.e]

where R,, is the residue of @Z;eikz at k = ik,. To evaluate R,,, we shall define a

new solution with an appropriate kernel L(x, z) as

x

V_(z,k) = e " +/ L(x,z)e ™% dz (2.176)

where L(x,z) # 0 for z < x. If we insert this solution into the Sturm-Liouville

equation, we get
. d v ;
e_m{—u + 2d—L(x,x)}+/ {an: — L.+ u(ﬁ)L}e_mz dz =0 (2.177)
x —00

31



which is satisfied if

Lyw(x,2) — Loy(2,2) +u(x)L(z,2) =0, z<ux (2.178)
and
d
u(z) = 2%L(x,x) (2.179)

with the conditions L(z,z) — 0 and L.(x,z) — 0 as z — —oo then L(z,x) =
—K(x,z). We note that if the incident wave comes from —oo, we write the GLM

equation for the kernel L(z, 2).

Hence, 1_(x,k) ~ e~ as & — —oo. The continuous eigenfunction can be

written as
U = a(k)_ (2.180)
which gives the correct behaviour as x — —oo. By comparing it with (2.160), we
get
a(k)b =+ bk), (2.181)
Likewise, the discrete eigenfunction can be written as (k = ik,,)
Un () = cphy (T,iKky) = dptv_(x,iKy,) (2.182)

since ¥4 (z;ik,) ~ e ¥ as ¥ — +o0o, and Y_(z;ik,) ~ " as x — —oo. Here
¢, is a normalization constant and d, is a real constant. The constants a(k) and
b(k) have only simple poles in the upper half plane of the complex k-plane and,
la(k)| <1 and |b(k)| <1 for all k£ [25]. Now, evaluate the Wronskian W (¢_, 1)

a(k)W (-, ¥y) = W(a(k)v—, i) = WL +b(k)Yy, ¥y ). (2.183)

As x — +00
W(p_, 9, ) = 2ika™! (2.184)

and if k = ir,, W(_,1,) = 0 since a~! has zeros at k = ix,,. Take derivative of

(2.184) with respect to k to yield

/

W (o, ty) + W (W, byy) = 2ia™" — 22‘1@(%) (2.185)
where ¢ = Z—i. We, again, write the Sturm-Liouville equation
Vow + (K* —u)h =0 (2.186)
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where A\ = k?, take k-derivative of (2.186)

Vrar, + 2k + (K2 — u)ipy, = 0 (2.187)
and multiply (2.186) by v,

Urthea + (K — w)ihipy = 0. (2.188)
Combine the above equations to yield

and integrate it

or

/ x(zzwm — Vi) dv =2k / q Y dw (2.190)

W (g, ) = Zk/ 2 dr . (2.191)
If we let ¢ = ¢, and set k = ik, (2.191) becomes

W (s 3) = W (o) = 2k, [ 02 da (2.192)

on the interval from —oo to +00. Use ¢, (x) = ¢4 (x;iky,) since v, is normal-
ized, we get

_ 1
W+<w+k, w+> - W ('l/}+k, er) = 2Z/ﬁ}nc_2. (2193)
Now, set k = ik, and (2.185) becomes

Wi os) + W (o, ) = 200 (5

(2.194)
where (

)n denotes evaluation at k = ik, since a(k) has poles. Use ¢,¢ = d,9)—
at k = ik,, then we get

dn — n — /
oW <wk,w)+§—nw (Vs 0s0) = 260 (55) (2.195)

as ¢ — —oo. Using (2.193) and (2.195), eliminating the term W~ (¢4, 1¥1x), we
get

d2 . " dn /
W (i 04) — W () = o= 2 (0

2
c Cn

(2.196)
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Since W (typ,11) — 0 as x — +oo, and W (¢_g,¥_) — 0 as  — —oo, right-

hand side of the equation is zero. Then

ik,  2d, (a )
= —[{n _

(). o
a?/n  cpd,

Now, we can evaluate the residue of e at k = ix,,. We write

or

,Jjeikz — a(k)w_(a:, k)ezkz il %a¢+eikz

then, the residue at k = ik, is

R, = 2—"w+(x,mn)e’“"‘z X res;., a(k)

(2.197)

(2.198)

(2.199)

(2.200)

since only a(k) has poles and they are simple poles, the residue of a(k) at k = ik,

is
2

res;,, a(k) = — (a_/)n

a

Therefore, we get

KnZ

R, =icih, (z,ikn,)e”

We can determine the integral

[e.e]

00 N
/ (Y — e ek dy = —27 Z apy (wyiky,)e
- n=1

that is

o0

Now, let us define a new function

1 o

2r J o

N
F(X)=) ce™+ b(k)e*X dk .
n=1
Then, (2.167) becomes
K(z2)+ Fa+2)+ [ K@yPly+2)dy =0
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(2.201)

(2.202)

(2.203)

o0 N o
/ (Y — e *)ei*2 dy = 27 Z cie‘”"z{e_”"x + / K(z,y)e ™Y dy }
- n=1 z

(2.204)

(2.205)

(2.206)



which is the GLM equation for K(z,y). Lastly, we shall write this equation for
the kernel K(x,z;t) at any time ¢t by using the time evolution of the scattering

data

S(t) = {kn, cn(t) = ca(0)e* k, a(k,t) = a(k,0), b(k, t) = b(k,0)e¥*"}. (2.207)

The GLM equation for K (z,y;t) is

K(a;,z;t)+F(:c+z;t)+/ K(z,y;t)F(y + z;t)dy =0 (2.208)
where
N 1 oo
F(X:t) =Y E(0)ednt—rmX b e, 0) B HHRX ) 2.209
(X5t = 320 o [ btk 0 S 220
and the potential is 5
u(z,t) = —2—K(x,x;t). (2.210)

ox

The existence and uniqueness of the solution of (2.208) have been proved in [26].

If b(k,0) = 0 (reflectionless potential), then F(z + z;t) is a separable function

F(z+zt) =Y Xu(2,1)Z,(2) (2.211)

n=1
where N is a natural number, then K (z,y;t) is also separable

K(z,y;t) =Y Lo(x,t) Zy(2). (2.212)

n=1

Hence the Marchenko equation becomes

N 00
Lo, t) + X, 1) + 3 Lol 1) / I Xy t)dy =0 (2.213)
m=1 x
which are N algebraic equations for N unknowns, L, (z,t).

We can replace this integral system with an algebraic system. Beforehand, let
F(z + 2t) Zc eSrnt=rn(@+2) - (p(k 0) = 0) (2.214)
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and

K(z,zt) =Y Ly(x,t)e ™ (2.215)

N o
Ly(@,t)+c2(0)e¥nt 50 42 (0)e¥nt Y ™ L, (x,1) / e~ tRm)y gy — (). (2.216)

m=1

Evaluating the integral, we get

.1', t)e_("in‘i‘ﬁm)ln

N
Ly,
Lu(i,t) + (0)eme 4 ()i Y Lo

—0. (2217
m=1 Rn - Km
Now, we can replace (2.217) with the algebraic system
AL+ B =0 (2.218)

where L and B are column vectors with elements L, and B, = CEL(O)eS“it_”"J”,

respectively. A is a N x N matrix with elements

2
0
Ay = b 4~ O st (onen)e (2.219)
Km + Kn

where 9,,, is the Kronecker delta. The solution for L is
L=-A"'B (2.220)

and, let
K(z,z;t) = E'L (2.221)

where E is the column vector with the elements F,, = e ""*. Note that

d

d_Amn — _C?n(o>€8/€§nt—(:‘€m+ﬁn)x _ _BmEn (2222)
i

where B,, is mth element of B vector and E,, is nth element of E vector.

_ d
_ _ -1 _ A1 (%
Ko = EpLm = —En(A-LB,) Amn< dxAmn> (2.223)
and, the kernel K (z,z;t) is the trace of K matrix
N dA\ 1 dlA] 9
K(z,z;t) =tr(K)=tr(A™'=— )= ——— = —log|A 2.224
(1) = r(B) = (AT )= o = g toglal, - (2229)
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then the potential is [27]

u(z) = —Q%K(x,:v;t) = —288—;2 log | Al. (2.225)
However if b(k) # 0, then the GLM equation may not be solved for the kernel
K(z,z;t) due to the integral part of the function F'(X;t¢). We need to use nu-
merical analysis. The case in which the reflection coefficient is a rational function

has studied by Kay [28].

2.2.4 Inverse problem

Now, we are ready to solve the initial value problem of the KdV equation and

determine the potential u(z,t) which satisfies the KdV equation.

If the scattering data S(0) is known for the KdV equation, we solve the GLM
equation [29]; [30]

K(x,z;t)+ F(x + 2z;t) + / K(z,y;t)F(y + z;t)dy =0 (2.226)

for the kernel K (z, z;t), where the function F(X,t) is given by

N 1 oo
F(Xit) =Y c2(0)ernt—mnX 4 — / bk, 0)e¥ kX g 2.227
B e G S e
then the solution of the KdV equation is determined by
0

u(zx,t) = —Q%K(x, z;t). (2.228)

Now, let us look at some examples.

Example 2.2.3. Choose the initial value as
u(z,0) = —2sech®x (2.229)

where Uy = N(N + 1) = 2 corresponding to N = 1. Then, for the discrete
spectrum, there is only one eigenvalue \; = —1 (A\; = —k? with k; = 1). By

using associated Legendre polynomials, we found that

1
i (z) = E sech (2.230)
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so that [*°_¢?dz = 1. The asymptotic behaviour of the solution provides

Ui(z) = V2 as x— o0

(2.231)

so that ¢;(0) = v/2, and then ¢, (t) = v/2e*. If Uy = 2, then for this initial value,

the reflection coefficient is zero (b(k) = 0). Hence the function
F(X,t) =2e% %
is separable. Inserting this into the GLM equation, we obtain
K(x,z;t) 4 2653 (@F2) 4 9¢8t=2 /OO K(z,y;t)edy =0
and this implies that K (z, z;t) is also separable. Let
K(x,z;t) = L(x,t)e>.
The Marchenko equation (2.233) becomes
e*L(z,t) 4 265 @+2) | 9e8t—2 /00 L(z,t)e ®dy =0

and we find

2€8t7z
L(z,t) = =
Hence, the kernel K(z, z;t)
26815—3[:—2

Since u(z,t) = —Qa%K(x,x;t), then

a 26875—29[:
ulz,t) =25 (1 + eSHI)
86293—815

(1 + e2x78t)2
— —2sech®(z — 4t)

(2.232)

(2.233)

(2.234)

(2.235)

(2.236)

(2.237)

(2.238)

which is the solitary wave solution (one-soliton solution) of the KdV equation

that propagates to the right with amplitude 2 and speed 4. As shown in Figure

2.4, the wave is observed to maintain its identity while traveling.
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(a) t=—1.25 (b) t=1.25
Figure 2.4: The one-soliton solution with u(z,0) = —2sech®z
Example 2.2.4. Let the initial value be
u(z,0) = —6sech?® (2.239)

which corresponds to N = 2, then there are two discrete eigenvalues and the

reflection coefficient b(k) = 0. We found that

P (x) = (;) 1/Qtanhycsechx and  o(z) = ? sech? x (2.240)
which are normalized. The asymptotic behaviour of these solutions yield
P1(z) ~ V6e™ and  o(z) ~2V3e®  as 1 — +00 (2.241)
so that ¢;(0) = v/6 and ¢»(0) = 2v/3. We write the function
F(X;t) = 63X 4 12e0472X (2.242)
then the GLM equation becomes

K(CL‘7 2 t) + 668t—(ﬂﬁ+z) + 12664t—2($+z)

0 (2.243)
+ / K(z,y;t) [668t_<y+z) + 12e8472042) ) 4y =0
and this implies that K is separable. Let
K(z,2;t) = Li(x,t)e”* + Ly(x,t)e™* (2.244)

39



where Ly, Lo are unknowns. Insert this into the Marchenko equation to get
Li(z,t) + 6e¥ % 4 6> [Ll(x, t) / e dy + Ly(z,t) / 6*3ydy} =0,

Ly(z,t) + 1284727 4 1204 [Ll(m, t)/ e Wdy + Ly(z,t) / 6_4ydy] =0.

(2.245)
After the calculation of integrals, we find unknowns as
6 72t—bx __ 8t—x
Ll (I’,t) = (e D . )
12(664t72x + 672t74x) (2246)
L2 (.T, t) — D
where D = 1 + 3e872% 4 3e04—42 1 ¢™=62  Hence the solution
4 cosh(2x — 8t h(4x — 64t
u(x,t):—123+ cosh(2z — 8t) + cosh(4x — 6 2) (2.247)

[3 cosh(z — 28t) + cosh(3z — 36t)]
which is the two-soliton solution of the KdV equation and both solitons travel to
the right.

Let us look at the asymptotic behaviour of the solution. Let & = x — 16t
(€ = x — 4Kk3t with Ky = 2), then (2.247) becomes

3 + 4 cosh(2¢ + 24t) + cosh(4¢)

u(z,t) = —12 5 (2.248)
{3 cosh(§ — 12t) + cosh(3¢ + 12t) }
for fixed €. We find that
u(z,t) = —8sech?(2¢ — 1/21og(3)) as t— +oo (2.249)

travels with speed 16 (= 4x2) and amplitude 8 (= 2x3). Let n = x — 4t (n =
r — 4r3t with ky = 1), then (2.247) becomes

3 + 4 cosh(2n) + cosh(4n — 48t)

u(z,t) = —12 5 (2.250)
{3 cosh(n — 24t) + cosh(3n — 24t) }
for fixed n and we find that
u(z,t) = —2sech’(n+ 1/2log(3)) as t— oo (2.251)
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(2) t = —0.5 (b) t = —0.1
(c)t=0
(d) ¢t =0.1 () t=0.5
Figure 2.5: The two-soliton solution with u(z,0) = —6sech? z.

41



travels with speed 4 (= 4x?) and amplitude 2 (= 2x7). We find that the taller
wave moves forward by the amount of 1/2log(3) and, the shorter one moves

backward by the amount of log(3). Hence the asymptotic form of the solution is
[31]

u(z,t) = —8sech?(26—1/21og(3)) —2sech’(n+1/2log(3)) as t — oco. (2.252)

Figure 2.5 shows that initially, the taller wave is positioned to the left of the
shorter wave. Since the taller wave travels faster, the taller one catches the
shorter one and the collision occurs at ¢ = 0, then the taller one moves away
from the shorter one. After the interaction, both waves retain their identities i.e.,
speed and shape. However, we observe phase shift for both waves. The taller

wave moves forward and the shorter one moves backward after interaction.

Example 2.2.5. Let us find N-soliton solution of the KdV equation, so choose

the initial value as
u(z,0) = =N(N + 1)sech®z, N =1,2,... (2.253)

so that there are N discrete eigenvalues A\ = —k2 (k, = n and n = 1,2,..., N)
and the reflection b(k) = 0. The eigenfunctions are proportional to the associated

Legendre polynomials
n(x) < Py (tanh x) (2.254)

and, find the normalization constant ¢, (0)
Up(x) ~ c,(0)e™ "™ as x — +o0. (2.255)

Then the function F' is

F(X;t) =) (0)e* X, (2.256)

n=1

We have already studied this case, see calculations after the equation (2.214). If

we set k,, = n, we can write the solution as

2
u(z,t) = —2% log | A (2.257)
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where A is N x N matrix with elements

2 ,
A, =6, + 0O smitmine (2.258)
m-+n

If we choose &, = z — 4kt = x —4n?t, and for fixed &,, the asymptotic behaviour

of u(x,t) is

u(z,t) ~ —2nsech®{n(x — 4n’t) —z,} as t— +oo. (2.259)
It travels to the right with the speed 4n? and amplitude 2n?, where z,, is the
phase. Then the solution u(z,t) is

N
u(z,t) = =2 Zn2 sech’*{n(z — 4n’t) — z,} as t— +oo (2.260)
n=1

which is the N-soliton solution of the KdV equation. All solitons interact at ¢ = 0
and move away from each other without changing their identities. We note that

phase shift happens for all solitons after the interaction.

Now, we shall look at some examples and observe what happens if the reflection
coefficient b(k) # 0.

Example 2.2.6. Let the initial value be
u(z,0) = —4sech®x (2.261)

and Uy = 4. There is no positive integer N such that 4 = N(NN +1). To find the

total number of discrete eigenvalues, we use

1y12 1
Up+ )" =3]+1 2.262
[(Wo+7)""=5]+ (2.262)
where | ] denotes the integral part, then when Uy = 4, there are two discrete

eigenvalues which provide two different solitons. However, the solution is not
pure-soliton, but includes a dispersive wave (or tail) which travels to the left. In

general, the upper bound for the number of solitons, N, is [32]

1 [e.e]
N <1+ 5/ |z|{1 + sgnu(z,0) }u(z,0) dz . (2.263)
Hence in this case, we can write the solution u(z,t) as
N
u(z,t) = up +us = u, —2 Z n’sech’®{n(z—4n’t)—z,} as t— +oo (2.264)
n=1

where u,, denotes non-soliton solution and u, denotes soliton solutions.
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Example 2.2.7. Choose the initial value as
u(z,0) = sech® x (2.265)

since Uy = —1 (< 0), the initial pulse will collapse and it will give rise to only a
dispersive wave. The solution of the KdV equation with the initial value sech® &

is related to the Airy function [24].

2.3 The inverse scattering transform for the

KdV hierarchy

Our aim is to solve the initial value problem of the KdV hierarchy which is given
by
u+RMu, =0, N=1,2,.. (2.266)

with u(z,0) = f(z), where R = 8% — 4u — 2u, 0, " is the recursion operator of
the KdV equation. When N = 1, the initial value problem is for the third-order
KdV equation and we have already studied this case. The Lax pair for the KdV
hierarchy is given by

L= -0+ u(z,t) (2.267)
and
M = A+ Bo,. (2.268)
Here A = —1B, + h(t) and
N
B =Y by n\" =bpAY + b AV 4 (2.269)
n=0
with ; ;
_bor INE _ Y
bk—i—l,x = 9 <—4) R Uy, bl = B u(x,t) (2270)
where by(—1/4)Y = —1. The eigenvalue equation and the time-evolution equation
for ¢, for t > 0, are given by
Ly = M\ (2.271)
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and
Y= My (2.272)

respectively. The scattering problem for the KdV hierarchy is given by the Sturm-
Liouville equation [33], [34]

Yow + (A —u(z,1)) =0 (2.273)

since the operator L remains the same and we have already evaluated the scat-

tering data at t =0 as
S(0) = {/@n,cn(O),k,a(k,O),b(k,O)}. (2.274)

However, the scattering data at any time ¢ must be evaluated, since the time-
evolution equation for ¢ (or the operator M) changes. Now, we shall find the

scattering data S(t) at any time ¢. The evolution equation for 9 is
Yy = Ay + By, (2.275)
where
1
A=—=B,+h(t)
2 (2.276)
B =boAYN + by AN T 4 b AV L

We know that u(z,t) and its z-derivatives vanish as |z| — oo, then b; — 0 as

|z| — oo for i =1,2,..., N. Hence, we get
Y = h(t)Y + b\, as x| = oo (2.277)
and substitute by = —(—4)" to yield

Y = h(t)Y — (4" ANV, as  |z| — oo (2.278)

For discrete spectrum (A = —x? < 0), we calculated that h(t) = 0 and the

discrete eigenfunction corresponding to the eigenvalue A = —k2 is given by
P~ cpe” ™ as x— 400. (2.279)

Inserting this into (2.278), we get

d
%cn(t)e_“"x = (=" A\V Kk, cn (t)e " (2.280)
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that is

d
acn(t) = 4N 2N e (1) (2.281)
since A = —k2. Then, we obtain the normalization constant at any time ¢ as
4NKELN+1t

cn(t) = cn(0)e (2.282)

where ¢,(0) is the normalization constant at ¢ = 0.

For continuous spectrum (A = k? > 0), h(t) must be calculated and the
continuous eigenfunction is given by

. e~ 4 b(k,t)ek® as x — +o0
i ~ (2.283)

a(k,t)e"ik as T — —00

We calculate the time evolution equation for zﬁ as r — +o00o, then we obtain

Ly, et h(t){e‘“” +b(k, t)e“m}—(—4)N/<;2N{—zk;e—ik$ + ikb(k, t)eikx}

dt
(2.284)
and comparing the coefficients of e** and e ** we find that h(t) =

—ik?NTH(—4)N. Then the reflection coefficient at any time ¢ is
bk, t) = b(k,0)e 2" T (=" (2.285)

where b(k,0) is the reflection coefficient at ¢ = 0. Now, we calculate the time

evolution equation for ¢ as x* — —o0, then we obtain

d , 4 ,
%a(k, tye " = —ik?N T (=) N {a(k, t)e "} — (=) VKN —ika(k, t)e" "}
(2.286)
or
Lokt =0 (2.987)
a7 ‘
and we find that the transmission coefficient does not depend on t.
We have the scattering data S(t) at any time
S(t) = {/{n, n(0)e™ T K a(k, 0), b, O)e—%’f"’N“<—4>Nt} (2.288)

where S(0) has been found from the scattering problem with initial value u(z, 0).
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If S(0) is given and we solve the GLM equation for the kernel K(z, z;t)
K(z,z;t) + F(z + z;t) + / K(z,y;t)F(y + 2;t)dy =0 (2.289)

where F'is given by

N
1 o0 ) )
F(X;t) =) 2 (0)ers 4T mmnX oo | bk 0)e*X 2R EONE g (9.990)
n=1 -0

then the potential is i
u(z,t) = —28—1:[((51;,3:; t) (2.291)

which is the solution of the KdV hierarchy.

Example 2.3.1. Let us choose the initial value as
u(z,0) = —2sech® z. (2.292)

We have already studied that this initial value corresponds to only one discrete
eigenvalue, A = —1(k; = 1), and the potential is reflectionless, b(k,t) = 0. The

discrete eigenvalue is

1
P (z;0) = 7 sechz = V2e™ as & — o0 (2.293)

where the normalization constant at ¢ = 0 is ¢;(0) = /2. Then we write the

function
F(X;t) = 227X, (2.294)

Then the GLM equation becomes
K(z,2t) 4 26207 -(+2) 4 9 /°° K (z,y; )XW= gy =0 (2.295)
then, this implies that the kernel K (x,y;t) is
K(x,z;t) = L(x,t)e”® (2.296)
which is a separable function. Substitute it to yield

L(z,t) + 26" 4 2L (z, t)e2(4)Nt/ e dy =0 (2.297)

xT
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then, we get

262(4)Nt—a:
Hence the kernel K is
262(4)Nt—2x
then the potential is
4 2(4)Nt—2x
u(z,t) = ¢

-2
{1 4 e2@Me-20) (2.300)
= —2sech*{(4)Vt — z}

which is a solitary (one-soliton) solution of the KdV hierarchy with the speed (4)™
and the amplitude 2. Hence, we can make this conclusion: Let us say that the
solution of Mth order KdV equation and Nth order KdV equation correspond to
the same discrete eigenvalue. If M > N > 0, then the soliton solution of the Mth
order KdV equation travels faster that the one of the Nth order KdV equation,

but their amplitude are the same.
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Chapter 3

The AKNS Scheme

The inverse scattering transform was, first, developed for the Korteweg-de Vries
equation by Gardner, Greene, Kruskal, and Miura [6] [31]. It was not clear
whether this method can be applied to any nonlinear evolution equations. Za-
kharov and Shabat [8] showed that the inverse scattering transform can be applied

to the nonlinear Schrodinger equation

ou  d*u )
4 = f 1
zat+ax2+n\u|u 0 for >0 (3.1)

where u(z,t) decreases sufficiently rapidly as |z| — oo. At about the same time,

Wadati [9] also proved that this method is applicable to the evolution equation

which is known as the modified KdV (mKdV) equation. Later, Ablowitz, Kaup,
Newell, and Segur [10] found the inverse scattering transform for the sine-Gordon
equation

Uz = Sinu. (3.3)

After that, Ablowitz, Kaup, Newell, and Segur developed the AKNS scheme
from which the nonlinear evolution equation can be derived, and the initial value

problem of these equations can be solved by IST [11].
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3.1 Zero curvature formalism for AKNS

Let us introduce a linear 2 x 2 eigenvalue problem

Viz = —1CU1 + qUo

(3.4)
Vg = 1€y + TV1
and the time evolution equation of v; and v,
Vit = AUl g BUQ
(3.5)

Vo = CUl + DUQ
where q(z,t) and r(x,t) are potentials and ( is the eigenvalue and, A, B, C, D are
scalar functions which depend on the potentials ¢ and r and their z-derivatives,

and x,t,(, but are independent of v; and ve. (3.4) and (3.5) are known as the
AKNS scheme.

For the choice r = —1, (3.4) can be reduced to the Sturm-Liouville equation
for v,
Vop = 1CUy — U1 (3.6)
or
v1 = iCvy — Voix. (3.7)

Substitute it to the first equation, we obtain
Vaze + (P 4+ q)v2 =0 (3.8)

where A = (% and u = —¢. Note that ¢ is independent of ¢.

Now, we shall find the conditions which A, B,C, D must satisfy. We write
(3.4) and (3.5) as

(-CEa) = (- e

v v
It is required that ( 1) = ( 1) , then take t-derivative of (3.4) and a-
xt tr

V2 (%)
derivative of (3.5) to yield

C)-Ca)-Coae) e
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and

(o), (& ) ()@ o) 6
- + . (3.11)
Vo . Cx Da: (%) C D (%] -

We find that
—i A B —i A B
o) (), ) (3.12)
r ¢ . C D N r ¢ C D
must be satisfied which is known as zero-curvature conditions. Here, [ | denotes

the commutator of two matrices. Hence we have the following conditions
A, =qC—1rB
B,+2i(B=q,—(A—D)q
C,—2iCC=ri+(A—D)r
—-D,=qC —1rB

(3.13)

We found that —A, = D,, then D = —A + h(t) for arbitrary h(t). Without loss
of generality, we choose h(t) =0, (D = —A), then (3.13) reduces to
A, =qC—1rB
B, +2iCB = q, — 24q (3.14)
C, —2i(C =1, +2Ar
for A(z,t,(), B(z,t,(), and C(x,t,(). By using the equations (3.14), we obtain

the nonlinear evolution equation. Since the eigenvalue ( is a free parameter, we

can set N N N
A=>"a,(", B=) b(", C=> cl™ (3.15)
n=0 n=0 n=0

Inserting them into (3.14), we get the following conditions for a;, b;, and ¢;’s

bnz + 2iby—1 +2qa, =0 for 1<n<N (3.16a)

box=q —2qap and by =0 (3.16b)
and

Cng — 20Cp_y —2ra, =0 for 1<n<N (3.17a)

Cop =Tt +2rap and cy =0 (3.17b)
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and

Qpy =qcn —rb, for 0<n<N-—-1 (3.18a)
ay = constant. (3.18b)

We found the evolution equations from (3.16b)
qs = b()’z + 2(]@0 (319)
and from (3.17b)
Tt = Cop — 2rap. (3.20)
For N = 3, we have

A = ayC* + a1 + ag
B = by¢* + b1 + by (3.21)
C =+ e+ co.

We already found that b3 = 0, c3 = 0. Let a3 = 3 where €3 is a constant. From

(3.16a) and (3.17a), we have

2sz + ZQCLQ =0

(3.22)

21co + 2rag = 0.

We find that by = ie3q, co = iezr. From (3.18a)
ag e = qC2 — rby = Q(i€37”) - T(i53Q) =0, (3-23)

we find that ay = €5, where e is a constant. Again, (3.16a), (3.17a) provide
by = igaq — %egqx and ¢; = igor + %837’w and, (3.18a) provides a; = %83(]7” + £1.
Finally, (3.16a), (3.17a) give by, ¢y and, (3.18a) gives ay.

1 1 1
A=e3C34+e0% + (—ggqr + 51>C + (—agqr — —&3 (qm — qz’f’) +80)

2 2 4
e 1 , i o, 1 i
B =ie3qC” + <z€2q - 553%«)C + <Z€1q + 54T~ 580 4_163%”) (3.24)
e 1 , i, 1 i
C =iesr(” + <@62r + 5537})C + (@517“ + E3ar + 5627 — 1537"3;1,)

52



and the evolution equations (3.19) and (3.20) become

) 1
qr = 153 (GQTQm - qx$$)+_62 (2927" - Qmm)+181Q$ + 2€0q

4 2 (3.25)
1 1 9 .
T = 153 (6qr7"x — rmx)—§52 (qu — rm)—l—zelm — 2¢eqr

where ¢;’s are constants. We list some special cases below:

(i) e0 = €1 = 9 = 0, €3 = —4i (for N = 3), the evolution equations are

qr = 6qTQm — Qrax

(3.26)
ry = 6(]7'7”:;: — Tzzx
(a) r = £1, we obtain the KdV equation
(b) r = ¢, we have the modified KdV equation
(i) eg = 61 = e3 =0, g9 = —2i (for N = 2), the evolution equations are
G = —124°" + iqys
: (3.29)
Ty = i2qr2 — Ty
(a) = £¢*, we obtain the nonlinear Schrodinger equation

where * denotes the complex conjugate. We found the evolution equations corre-
sponding to the expansions of A, B, C' in positive powers of (. We can also find

different evolution equations for the expansion in inverse power of (. We set

A 1,0 =0 g =MD o= M @
¢ ¢ G
The equation (3.14) reduces to
b, = —2qa, 2ib=q
Ccy =2ra, —2ic=ry (3.32)

a=qgc—rb= %(qr)t

93



and we find

Gut = 2ib, = 2i(—2qa) = —4qa

(3.33)
Te = —2ic, = —2i(2ra) = —4ira.
We list some special cases below:
(i) a = Lcosu, b=c= isinu, then r = —¢ = %. Since r, = —2ic we get the
sine-Gordon equation
Uy = Sin . (3.34)
(i) @ = £ coshu, —b = ¢ = Lsinhu, then r = ¢ = %. Since r, = —2ic we get
the sinh-Gordon equation
Uy = sinh . (3.35)

From the AKNS scheme, we obtain the evolution equations which can be solved

by the inverse scattering method [35].

3.2 Inverse scattering transform for AKNS

3.2.1 Direct problem

Now, let us introduce 2 x 2 eigenvalue problem

by = (‘f i) " (3.36)

or
0/0x  —q
= — 3.37
- -
1 . . .
where 1) = , the bounded functions ¢(z), r(z) are potentials and ( is the
2

eigenvalue (¢; = 0). Here, it is required that ¢, r decay sufficiently rapidly so that
q,r are absolutely integrable (i.e, ¢, € L1)

/OO lg(z)|dx < oo and /OO Ir(z)|dx < oo (3.38)
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and, for convenience, we assume

[

for all n. We will see later why we make such an assumption. We also note that

q(z)
r(x)

} dr < oo (3.39)

t plays the role of a parameter and, here, we shall solve the direct problem for
fixed tie., t =0.

We define four eigenfunctions

0

Ui (2;0) ~ e (;) P (230) ~ € <1> as x oo (3.40)

and

—1

Y_(2;¢) ~ e %" (é) - (2;€) ~ €T < ! ) as x — —00 (3.41)

which are the solution of (3.36) at a fixed time. The Wronskian of 1, @EJF and
the Wronskian of v_, 1&_ are

Wy, e) =1 and W(y_,g_) =1 (3.42)

in which the Wronskian is defined as W (u,v) = ujvy — ugvy. Since the solution

¥, and 1% are linearly independent, then we can write

Yo = a(C)y +b(()vy (3.43)

Then,
: N (a©) b(Q)
(o= d-) = (vs o) <b<<> —a<c>> (3.44)

~

and by using W (¢_,1¢_) = —1 and (3.44), we find

a(¢)a(¢) + b(¢)b(¢) = 1. (3.45)

As long as (3.38) is satisfied, e®%¢)_ and e_iszE+ are analytic in the upper half

plane and, e=%*¢)_ and ¥/, are analytic in the lower half plane.
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Hence, we have

W (¥, vy) = Wavy + by, ¥y) = a(() (3.46)

where a(() is analytic in the upper half plane and

W (-, vs) = Wby — aty, vy) = —a(C) (3.47)

a(¢) is analytic in the lower half plane. In general,

~ ~

W () =b(C) and W(¥,v) =b(() (3.48)

are not required to be analytic. We find that ¢, r decay sufficiently rapidly then
a(¢) and a(¢) are analytic functions. We also assume that, for convenience, (3.39)
is satisfied. If (3.39) holds, this assures us that a(¢) and a(() are also analytic
functions on the real axis. Then a(¢) and a(¢) have finitely many zeros in the
upper half plane and in the lower half plane, respectively i.e., a({) is analytic and
a(¢) — 1 as |(] = 400, then all the zeros of a(() are isolated and lie in the lower
half plane. The same is valid for a((), since a(¢) — 1 as || — +o0, except, this

time, all zeros lie in the upper half plane.

Now, we can rewrite (3.44) as
U_=0.S (3.49)

where U_ = <1/;_ @/}_), U, = (¢+ 1ﬁ+) and S(() is a scattering matrix

S(Q) = <a(g) _i%) (3.50)

for fixed ¢t (say t = 0). The solution ¥, can be expressed by an appropriate

kernel, then we can write

Uy wi0) = ol )+ [ Kl Uolus ) dy (3.51)

where K (z,y) is a 2 x 2 kernel matrix and

e
\Ifo(x;C)=< 0 62&) (3.52)
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which describes the asymptotic behaviour of W (z;() since ¥, (z;() — Wo(x; ()
as r — +00. We note that the kernel matrix does not depend on the eigenvalue
(. Insert (3.51) into (3.37), on the right hand side, we obtain

~ih =i (V@0 + [ KapWOdr).  653)

On left hand side, from the first term Wy (z; (), we obtain

0, —q e~ Cfe7T 0 0 —q\ (e 0
. = —iC w . -
r  —0; 0 e 0 e r 0 0 e<®

(3.54)
Then
Oy .
r —8
iy —
where Q(x) = a() .
r(z) 0
On the left hand side, from the second term fxoo KV¥,dy , we obtain
Oz —q h K11 Ko e 0
| dy =
r —(996 . Kgl K22 €Z<y
Ki(z,x) Kpolx,z)\ fe7 ™ 0
K21 (x,2) Koz, x) 0 e®
‘ (3.56)

then

(993 - b ~ “ o0 00
( ;)/ KU, dy :[K(:c,a:)\lfo—f/ K,V dy +Q/ KU, dy
T —0g T T T
(3.57)

. -1 0 0 —¢q = : : :
where [ = 01 and Q = 0 ) We note that 1° = I (identity matrix).
r
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After combining all the terms, we obtain

—z'g(\lfo + / KW, dy ): — iU+ QW + TK (,2)W,
z N i (3.58)
—1/ K, Uy dy +Q/ KU, dy

that is

_i<<\Ifo+/:oK\I'ody>=— (ZU_[AK(I’C’@)\DO_[A/:OKI%@ (3.59)
+Q<%+/x°"mody). |

Here, K(z,y) =0 for y < z.

Now, we shall find the condition which K (x,y) must satisfy. If K(z,y) — 0

as y — oo, then use integration by parts once to find

—iC/ KW dy Z—[K(x,y)‘lfo(y;()f‘y_ —/ Ky\lfofdy}
z A (3.60)
= K(z,x)Uy(x; g)i+/ K, Vol dy .

Substitute it into (3.59), we obtain
K (2, 2)Wo(x; ¢) — K (2, 2)Po (x5 )T + QU (w;€)
= [ {0 Wl €) + K ) (0 ) — Qo) K ()i ) f dy =0
(3.61)

where Wyl = [U,. The equation (3.61) is satisfied if the kernel K (z,y) satisfies

the followings:
[K,(x,y) + Ky(z,9)] — Qx)K(x,y) =0, y>uzx (3.62)

and
IK(2,x) — K(2z,2)] + Q(z) = 0 (3.63)

and provided that K(z,y) — 0 as y — oo. From (3.62), we obtain
-1 0 Kllz Kle 4+ Klly K12y -1 0
0 1 K21.’,E K22m KQly K22y 0 1
_ 0 q(z) Kn K\ 0
T(l‘) O K21 K22

o8
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ie.,

— K — Ky + qKo1 =Ko, + Ky + qKo _ 0 (3.65)
Koy — Koy — 7K1y Kooy + Kooy — 1Ko
From (3.63), we obtain
—1 0 KH(J],[L’) Klg([)’},l') KH(ZE,J]) K12<$,[E) —1 0
0 1 Kgl(l‘,$) K22($,ZE) Kgl(l’,l‘) Kgg(l‘,$) 0 1 (366)
0o -
N @) _,
r(z) 0
that is
0 9K yy(z, 7)) —
2Ky (z,x) + r(x) 0
We can find the potentials from the kernel K (x,y) which are given by
q(x) = —2Ks(x,x
(#) = ~2Kip(a,2) .

r(z) = —2Ky(x,x)

for fixed ¢.

3.2.2 Matrix Gelfand-Levitan-Marchenko equation

We have seen that if the potentials ¢(z) = ¢(z,0) and r(z) = r(z,0) are given,
we can solve the scattering problem (direct problem). This time, we shall solve
the inverse scattering problem which is to find the potentials for given scattering
data. In direct problem, we found that a, b, d,l; are entire functions if r, ¢ decay
sufficiently rapidly. Hence, here, we also assume that scattering data satisfy (3.38)
and (3.39). Let us rewrite (3.44) as

- . L b(Q)/a(g)
_/a _/a = vy Yy . 3.69
(v-/a(0) d-fa(Q)) = (v M(b(c)/a(o . ) (3.69)
Let U_ = <¢,/a zﬂ,/&) then (3.69) becomes
U_=0,T (3.70)
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1 b/a
b/a —1
into (3.70) to yield

where 7' = ( ) which is known as a transmission matrix. Insert (3.51)

V(50 = (W) + [ K@ BsOd )TEQ. 61

In order to derive K(x,y), we multiply both sides with %\Iio(z; —() for z > x
and then integrate along an appropriate contour C' in the complex (-plane from
—0o0 + 40 to 400 + 0.

1

3 - @OW(=0 & = 5= [ W@ TRl ) de

(3.72)
_|_ - / K(z,y)%(y,() dy } (O)Wo(z;—¢)dC .

We note that contour C' represents two contours Cy and C_, on the upper half
plane and on the lower half plane, respectively. We will use a suitable one for
integral. On the right hand side, change the order of integration of the second

term, then we obtain

1 o
| Kewn{ [ wmor@ue-odcy. @
Insert this into (3.72) to get
% U_(2;0)Wo(z; — / (O)Wo(z; —(¢) dC
c (3.74)
+—/ K{ [ 00TVl =06 Jay.
Now, we find that
—iCz 0 1 ZA) A iCz 0
ol T (W0l ~0) = ( O c) (b o _/1> (eo <)
(3.75)

B eig(z—x) ge—ig(z—l-x)
o geig(erm) _e—iz—a) |

We define the following functions

F(X) = 217T b((?) e“Xd¢  and f(X):% / Zigeicxdg (3.76)
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where a(() has zeros on the upper half plane and a(¢) has zeros on the lower half
plane. We also know that
1

il i¢(z—x) - _
5 Ce d¢ =9d(z — x). (3.77)

If we integrate (3.75) along the contour C, we obtain

L [0z —x) fla+ 2)
3 ], Volm T (C)Wo(z —¢) dC = (f(HZ) _5(x_z)> , (3.78)
therefore, (3.74) becomes
1 < §(z—x) flz+2)
o= [ V(2 QWo(z —0)d¢ = ( )
2m r+z) —d(r—=z
c fle+2) —b(r—2) (3.79)

e 0(z — Fly+ 2
+/ K(x’y)< (z=y) fly )) p
z fly+2z) oy —=2)
For z > z, §(z —x) = 0, due to the definition of Dirac’s delta function and letting
. 0

F(X)= (f(X) (O )> (3.79) reduces to

o [ @O0l = Ptz - K )i+ T K(ay)F(y+2)dy

2T C
(3.80)
Now, we shall show that left hand side is zero
N [€F 0 v v i
V(25 ()Wo(2;—C) = (w,/a w,/a) N (7’6@ 7’6_242> (3.81)
e
then

% C\i/_(x; QO ¥o(z;—C)d¢ = (% f0+ 1%—614,2 i fc, %eficz dc )

- (1 ).

Since €*7)_ is an analytic function on the upper half plane for z > x, then I; = 0

(3.82)

and, since e’“z@@_ is an analytic function on the lower half plane for z > x, then
I, = 0. Hence, (3.80) reduces to

Floz+2)— K(x,2)] + /OO K(z,y)F(y+2)dy =0 (3.83)
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which is known as the Marchenko equation for the kernel K(z,z). For conve-
nience, we can write (3.83) again. We multiply (3.83) by —I (note that 12 = 1I)

K(z,2) — F(z+2)I / K(z,y)F(y+2)Idy =0 (3.84)
and let —F(X)I = F.
Hence, the matrix GLM equation for K(z, z) is
K(x,z)—{—F(a:—i—z)—i—/ooK(x,y)F(y—i-z)dy =0 (3.85)

where

([0 —fX)
F(X)_<f(X) 1 ) (3.86)

and the functions f(X) and f(X) are given.

If a(¢) has N simple zeros at ( = (,, (n = 1,2,..., N), on the upper half plane
then, the function f is

fX) = /_ N 222 X d¢ — chn in X (3.87)

where ¢, = % at ¢ = (,, and ¢,’s are the normalization constants and %

is the reflection coefficient.

If a(¢) has M simple zeros at ( = (,,, (m = 1,2, ..., M), on the lower half-plane

then the function f is

M

\ < () |

X e X d b X 3.88

F)= g0 [ G+ e (3.5%)

where ¢, = % at ¢ = (,n, and &,,’s are the normalization constants and %

is the reflection coeflicient.

Note that we obtain f(X) and f(X) by integrating (3.76) along the appropriate

contour.

62



If we solve the equation (3.85) for the kernel K(z,z), then we can find the
potentials
q(z) = —2K3(xz,z) and r(x) = —2Ky(z,x) (3.89)

at a fixed time [36].

3.2.3 Time evolution of the scattering data

Until now, the potentials ¢, and the solution of the eigenvalue problem, ¢/, were
dependent of z for fixed ¢ (say t = 0). We shall, now, find the potentials for all
t. Beforehand, we need to find the scattering data for all . Let ¢» = v (z,t) and

it satisfies

[ —i¢ q(z,t) o (A B
wx—(r(x’t) . )w d m-(c _A)w (3.90)

where A, B, C satisfy the following
A, =qC —1rB
B, +2i(B = q. — 2Aq (3.91)
Cx — QZCC =7+ 2Ar

It is required that A — «(¢), B — 0 and C' — 0 as |z| — oo since ¢q(z,t) — 0

and r(z,t) — 0 as |x| — oco. The time evolution equation becomes

0
Py ~ <a ) Y oas x| — o0 (3.92)
0 —«
and the asymptotic behaviour of v is
et 0
P~ f(z) as |z|— o0 (3.93)
0 e—at

where f(z) is an arbitrary column vector with two elements. Let us write &,
defined as ¥, and ®_ defined as ¥_

—ilT 0
O, ~ (e m) as T — +00 (3.94)
0 e
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and

e~ iw 0
O~ . as T — —o0 (3.95)
0 —eicw
and, they are connected via the scattering matrix S
o =0,5 (3.96)
b

a
as V_ = U, S where S = (b A). Hence we can write two time-dependent
—a

eigenfunctions as

1 =0, F and Y= _F (3.97)
at
where F = (e() t). Insert 15 into the time evolution equation for v in
e—a
(3.90), we obtain
A B
q),tE + (I)fEt = q),E (398)
C —-A
We find that
ae™ 0 -1 0\ [e* 0
Et = = —
0 —ae ™ 0 1 0 e (3.99)
= —alE

. -1 0
where [ = ( 1). Insert this into (3.98) to yield

0
. A B
o F+ P (—alk) = o_F (3.100)
Cc —-A
or
d_E = { ( ) f}E (3.101)
then we obtain
o, = ( ) d_+ad_I. (3.102)
Now, take t-derivative of (3.96) to yield
q),t == <I>+t5 + (I)+St (3103)
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and substitute (3.102), we get
A B .
C A q)_ + O{(D_I = ¢)+tS —|— ¢+St' (3104)

Use (3.96) to change ®_ to &,

A B .

and let x — +00, then we obtain

a 0 e~ a b e~ a b -1 0
. + )
0 —« 0 eiée b —a 0 eiée b —a 0 1
i e‘icx 0 Q¢ ZA)t
Lo e ) \b, —a
0

a 0 e~
where &, — 0 as * — +o00. Since and , commute,
0 —« 0 e

(3.106)

7

—a 0 b
e I (3.107)
0 (0% bt _&t

0 2ab b
I (3.108)
—2ab 0 bt —dt

then the scattering data a((,t), b(¢,t), a(¢,t), l;(C,t) become
a(¢,t)
b(¢, 1)

where a(¢,0) = ao((), a(¢,0) = ao(¢), b(¢,0) = bp(¢), and I;(C,O) = (SO(O are
scattering data at ¢t = 0.

(3.106) reduces to

or

ao(¢), a(¢,t) = ao(¢

—2at 7 _ 2at (3109)
bo(C)e 2, b((,t) = bo(Q)e*™, Vit >0

Now, we have all the information to solve the initial value problem for

—iC Q<I7 t)

o 3.110
v (r(x, t) iC ) v ( )
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on the interval —oo < & < oo with the initial values ¢(z,0) and r(x,0). First, we
solve the direct problem and obtain the scattering data at ¢ = 0. Then we solve

the Marchenko equation

K(z,z;t) + F(x + z;t) + / K(z,y;t)F(y + z;t)dy =0 (3.111)
F(X; t) . .
for K(z, z;t) where F(X f . The function f is given by
[e's) N
FXGt) = — / bO( X2t qe — ch(O)eiC"X_go‘t (3.112)
where ¢,(0) = daf)"gg; 7z at ¢ = G, and the function f is given by
o 7 M
f(X:t) = L / f“)(—oe—i““at ¢+ (0)e X H2et (3.113)
where ¢,(0) = d&f‘()% at ( = (n. Here, a is determined from A — «(() as
|z| — +00.
Hence the potentials are
q(z,t) = —2Ko(x,x;t) and r(x,t) = —2Ky.(z, z;t). (3.114)

The class of evolution equations g and r is described by a relation between ¢(z, t)

and r(x,t) e.g., r = —q or r = ¢* [36].

3.2.4 An example : r(z,t) = —q(z,t), q(x,0) = Asech \x

We choose r(x,t) = —q(x,t) to which the modified KdV and the sine-Gordon

equation correspond. We choose the initial value as
q(z,0) = Asech \x (3.115)

where A is a positive constant. We, first, find the scattering data for fixed ¢

(t = 0). Therefore we need to solve

(a’” > Y = —i(y. (3.116)
—q -0
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For convenience, write the solution as either ¢ = ¢%“*¢ or ¥ = e~%*¢ where ¢ is

a column vector with two elements.

b1

2

0 —a\ (o) __,. (&
D) e

b1

If £ = ¢%% then insert 1) = e%® ( ) into (3.116) and (3.116) reduces to

and, if E = =% then insert 1) = e "% ( > into (3.116) and (3.116) reduces to

2

= —2i . 3.118
(G 2)(0)-<() o1

When E = e* we suppose that ¢; = pusech Az where u is an arbitrary

constant. From (3.117), we have
—q(z)¢1(x) = g2 (x) = 0 (3.119)
where ¢(x) and ¢, (z) are given, then we get
¢o(z) = —ptanh Az +n (3.120)
where 7 is an integration constant. Again, from (3.117), we have
P12 — qP2 = —2iCP (3.121)
then 1 = 2iCu/A. Therefore, by using
¢1 = psech Ax  and ¢y = —ptanh Az + 2iCu/\ (3.122)

we find the solution

b= el (O] Zgica [ pseche . (3.123)
o)) QLAC,u — ptanh Az

We must choose an appropriate constant p so that the asymptotic behaviour of
1) must be

, 0
either 1) ~ " <1> as x — +00
(3.124)
, 0
or ¢N624m< 1) as T — —00
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(see the eigenfunctions in (3.40) and (3.41)). Therefore, we obtain two solutions

i Asech A . (0
c ( SR AT ) ~ " ( > as x — +00 (3.125)

~

U= 5 \2i - A tanhAe 1
and
A el Asech \z . 0
= —— ~ T as T — —o0. 3.126
v 2iC+ A (2@( — Atanh Ax) (-1) (3:126)

Now, for the case F = e %% we suppose that ¢» = psech Az where p is an

arbitrary constant. From (3.118), by following the previous steps, we find

o1 = ptanh Az + 2iCu/A  as  ¢o = pusech \x (3.127)

and we write the solution as
. N tanh \
= emite [ P1) = mita 3 HFptan AT (3.128)
2 i sech \x
The asymptotic behaviour of 1 is
: _ice [ 1
either 1) ~ e %% (O) as & — +00
(3.129)

A 1
or i~ e (0) as T — —oo.

We choose an appropriate constant 4 and find two solutions

e~ [2i¢ + Atanh \x , 1
= — ~ e kT as T — 400 3.130
T ( Asech Az ) <o> (3:130)

and

e~ [2i¢ + Atanh \x 1
= — ~ e K as T — —oo. 3.131
v 210 — A ( Asech Az ) (0) ( )

We already know that these four solutions are related via the scattering matrix

S(¢). Use ¥_ = atb; + bib,, then we obtain

e~%®  [2i¢ + Atanh A\x e~ [2i¢ + Atanh \x
- = a—
20 — A Asech \x 210 + A Asech \x

; el Asech \x
2i¢ — A\ 2i¢ — Mtanh Az )
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If a # 0 then b = 0 and we find

20+ A

1= 5 —x

If a =0 (when ¢ = 1i)), let b(3i\)= by, then it yields

1o —A+ Atanh Az b o—bor Asech Az
[ = e
Asech Az ' —A— Atanh Az

which is satisfied if by = —1. Therefore, we have
-1, ¢ =35I\
b(¢) = ’
0, otherwise.

Now, use ﬁ, = l;w+ — &QL, then we obtain

el Asech A\ 4 e~%*  [(2i¢ + Atanh \x
2iC + A \ 2i¢ — Mtanh Mz 2iC+ A Asech A\x

e Asech \z
— G— .
2iC — A \ 2i¢ — Mtanh Az

If & # 0 then b = 0 and we find

2 — A
2010+ N\

We observed that a(¢) = a*(¢) (conjugate of a(()).

a =

If a(¢) = 0 (when ¢ = —1i)), let I;(—%M): by, then it yields

1 Asech \x 1 A+ Atanh Az
_ez)m — bQ@ AT
A — Atanh Az Asech \x

which is satisfied if b = —1. Therefore, we have
. —1, (= -1\
b(¢) = ’
0, otherwise.

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)

(3.138)

(3.139)

We obtained all the scattering data [37]. Now we can find ¢(x,t) at any time by
solving the inverse problem. We shall use (3.111), (3.112), (3.113), (3.114).
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Let us write the scattering data at t = 0, again

2i¢ + A . o 20C—A
=55 and a0 =a'(0) = 5055
Iy Ny (3.140)
o =4" T =" 7T
-1, (= %z/\ -1, (= —%1)\

for A > 0. By using ¢1(0) = 728 at ¢ = Lid and &,(0) = 729 at ¢ = — i,

we find
c1(0) = —iA and ¢(0) =i, (3.141)
Since b(¢) and b(¢) are equal to zero except for the discrete eigenvalues, then we
find
f(X, t) — —>\6_%)\m6_2a(%»\)t,

3.142
f(X,t) i _)\ef%Ax‘gQa(f%i)\)t' ( )

Here, « is determined from
A—=al() as |z| — +o0. (3.143)

Hence, we need to know which expansion procedure we used for A, B, C'. Let us

choose the expansion in inverse power of ¢ as

t b(x,t t
A@u@—“?% Bmuo—(?ﬁ Cmuo—d?W (3.144)
We have already studied this case. Since r = —¢, it will lead to the sine-Gordon
equation and »
Az, t,¢) = 4LC cosu(z,t). (3.145)
Since u(z,t) — 0 as |x| — +o0, then
Al t,Q) = a(Q) = ¢ (3.146)
yielding
FXit) = f(Xit) = —Ae 2Me it (3.147)

0
equation for K(z,z;t) in (3.111) as

( K11+f;OK12fd’y Klz—f—fxooan(ﬁ/) —0

0 —f 0 —
Then F = (f f) = ( Of> is antisymmetric. We can write the Marchenko

A J (3.148)
Kot + f+ [7 Koo f dy Koy — [ Ko f dy
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Here, K11 = K9y and Ko = — K79, the latter one leads to r = —¢, then we have

two equations

Ku + / Kiafdy =0,

. (3.149)
K12—f—/ Kufdy =0.
Substitute the function to yield
K1 (z, 2z;t) — )\eiteé’\z/ Ku(x,y;t)e*%’\y dy =0, (3.150)

Kz, z;t) + Ae 2MEtR) Rt 4 )\e_ite_é)‘z/ K (z,y; t)e_%)‘y dy = 0.

(3.151)
The equation (3.150) implies that
Ky (x, z;t) = L(x,t)e’%’\z (3.152)
and insert it into (3.150), then we get
L(z,t) = )\eit/ Ku(x,y;t)e’%’\y dy . (3.153)
Now insert (3.153) into (3.151) to yield
Kia(z, z;t) = —de A3t /\eiteéAzL(x,t)/ e dy
. (3.154)
= {—)\e’%m — L(:c,t)e”\x}e’%)‘ze’§t.
The equality (3.153) can be rewritten as
L(zx,t) = )\e_%te_%t{—)\e_%’\x - L(x,t)e_’\x}/ e dy
z (3.155)

= e_%te_m{—)\e_%m — L(z, t)e_m}.

Then we find that
e~ 23t
L(z,t) = ——~. (3.156)
1+ e~ 2Mzem 5t
Since we know L(x,t), we can find Kjs(z, z;t) from (3.154). Insert L(z,t) into

(3.154), then we get

1 1 1
_)\efiz\xefikzefxt

Kio(z, z;t) = (3.157)

2
1+ e Peemit
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and, then

_)\e—kxefit
Klg(iﬁ, X, t) = T . _2;
1 + e~ 2ee=xt
I S (3.158)
eMext 4 et
A 1
=-3 sech <)\x + Xt)
then the potential is
1
q(z,t) = —2K15(x, x;t) = )\sech()\x + Xt> (3.159)
For the sine-Gordon equation
—Ugx 7t
g(z,t) = ——=00 éx ) (3.160)
then we have
1
uz(x,t) = —2Asech </\m + Xt) (3.161)
We integrate it with respect to x, then we obtain
1
u(z,t) = —4 arctan{exp ()\93 + Xt> } (3.162)
which is the solution of the sine-Gordon equation
Uz = sinu(x, t). (3.163)

A B
Lastly, Ablowitz and Segur proved that the matrix (C ) exists only if

q(z,t) and r(x,t) satisfy the following via orthogonality condition

{—f% + Qa(iz)} (2) —0 (3.164)

where A — a(() as |z| — oo, and the operator .Z is given by

. 0 [ _
Ny / de [T 77 (3.165)
2 Ox 0 q) Ja q —r
A —1
and [ = ( 0) 36].
0 1
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Chapter 4

Backlund Trasformations

Bécklund transformations were introduced by Béacklund around 1875, and the first
known evolution equation that owns these transformations was the sine-Gordon

equation [13].

Definition 4.0.1. Suppose that we have two partial differential equations for the

functions u and v depending on the variables x and ¢. These equations are given

as

Plu] = P(u,uy, ut,...) =0 and Qv] = Q(v,vy,vt,...) =0 (4.1)
where P and ) are, in general, nonlinear operators. Let R; = 0 be a set of
relations,

Ri(u, v, Uy, Uy, g, vy, .5, t) =0, i=1,2 (4.2)

between the two functions v and v. Then R; = 0 are called Backlund transfor-
mations (BT) between P and Q, if the followings hold:

(i) R;’s are integrable for w if and only if Q[v] =0

(ii) R;’s are integrable for v if and only if Plu] =0

(iii) When Q[v] = 0, then w is a solution of Pu] =0

(iv) When P[u] = 0, then v is a solution of Q[v] = 0.

(Note that u, = f(z,t) and u; = g(z,t) are integrable for w, if and only if they

are compatible i.e., Uy = uyy.)
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If these two operators are equal i.e., P = (), then the pair of the relations
R; = 0 are called auto-Backlund transformations and they are unique. Let the
order of Plu| is m, and the order of Q[v] is n, then the order of R; for i = 1,2
must be smaller than the minimum of m and n; otherwise, there is no use for

Backlund transformations.

4.1 Examples of Backlund transformations for

some partial differential equations

Example 4.1.1. Let u and v satisfy Laplace’s equation
P[u] = Ugy + uyy = 07 Q[U] = Uz + Uyy = 0 (43)

Consider the pair of first order equations which are known as the Cauchy-Riemann
equations
Ri(ug,vy) =uy — v, =0, Ro(uy,vy) =uy, +v, =0 (4.4)

and cross-differentiate them to verify the integrability of R; and Ry then, we yield
Ugy — Vyy =0 and  wy, + vy = 0. (4.5)

By subtracting, we obtain Q[v] = 0. Again, cross-differentiate in another way to
yield
Upy — Vyp = 0 and  uyy + vy = 0. (4.6)

By adding, we obtain Plu] = 0. The pair Ry = 0 and Ry = 0 are the auto-

Backlund transformations for Laplace’s equation.

By using the auto-Backlund transformations, we can produce a new solution
from the know one of the same system. For illustration, if v(x,y) = xy is a

solution of Laplace’s equation, the BT are reduced to

and we obtain another solution to Laplace’s equation
1

ula,y) = 5 =), (18)
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Example 4.1.2. Liouville’s equation and the wave equation are given by
Plul =uy —€e"=0, Q] =v,=0 (4.9)
respectively. Consider the pair of first-order equations
Ry =ty +v, —V2e®™2 =0 and Ry =uy — v, — V22 =0 (4.10)

and cross-differentiate them to verify the integrability of R; and R, then, we find

1
Ugt + Vgt = Ee(“_”)ﬂ(ut — ) =€ (4.11)
and
1
Uy — Vig = —=e T2 (y, 4 4) = e, (4.12)

V2

By adding, we get Liouville’s equation and by subtracting, we get the wave
equation. Thus, the given pair of relations R; = 0 and Ry = 0 are Backlund trans-
formations between Liouville’s equation and the wave equation. These Backlund
transformations can be derived from Clairin’s method which was introduced by
Clairin around 1900 [38].

By using BT, we can find the most general solution to Liouville’s equation
from the known general solution of the wave equation. For illustration, the most

general solution of the wave equation is
v(z,t) = f(x) +g(t) (4.13)
where f and g are arbitrary differentiable functions. By using BT, we obtain
Uy + fo = V262~ UF9)/2 (4.14)

and
Uy — g = V2" 2TF9/2, (4.15)

Let us suppose that the function u is given as
w=—21n(p) - f(z) + g(¢) (4.16)
and so, BT are reduced to

eI® (4.17)



Integrate these equations to yield

pz,t) = ——/ —/(@) f/ eI (4.18)

Therefore we obtain

u(e,t) = ~2nf ) g — —/ ) d\f(@) +glt)  (4.19)
\/_
which is the general solution of the Liouville’s equation.
Example 4.1.3. Now, let us consider the sine-Gordon equation
Uz = sin(u). (4.20)

The auto-Backlund transformations are given as

1 LU=
Ry —§(u+v)m—asm< 5 >—0 (4.21)
and . .
o /u+v
Rg—é(u—v)t—a&n( 5 )—O (4.22)

where a (# 0) is an arbitrary constant. The integrability of BT can be verified

by cross-differentiating, then we get

%(u + V) = g(u — ) cos(u ; U)z sin(u—gv>cos<u ; U) (4.23)
and
%(u—v)m 21a(u+v) cos(ugv):sin(ugv)cos<ugv). (4.24)

By adding and subtracting, we clearly see that u and v satisfy the sine-Gordon
equation. Hence, R; = 0 and Ry = 0 are the auto-Backlund transformations for

the sine-Gordon equation.

Now, we shall generate a new solution from the trivial one v(x,y) = 0 which

is a solution of the sine-Gordon equation. Let v = 0, then the BT become
2asi (“) d 2 (“) £0 (4.25)
Uy, = 2asin|{ —) and wu;=—sin(=), a :
2 a2
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We integrate both equations to yield

2ax = /u sm?ﬁ = 2log|tan (%) |+ (t) (4.26)
and
% = / Sin‘(jﬁ = 2log|tan (7 ) [+9() (4.27)

where f and g are two arbitrary functions, respectively. By differentiating (4.26)

with respect to ¢ and using u, in (4.25), we obtain
2
fO)=-"t+a (4.28)
a
and, by differentiating (4.27) with respect to x and using u, in (4.25), we get
g(x) = —2az + (4.29)
where « and 8 are arbitrary constants. Then we get from (4.26) or (4.27)
t
tan (%) = Cexp (ax + a) (4.30)

or

u(z,t) = 4arctan{0 exp <ax + 2)} (4.31)

where C' is an arbitrary constant. Here, we obtained the solitary (one-soliton)
wave solution of the sine-Gordon equation which is a wave that preserves its speed

and shape as it propagates.

Each time using a different Backlund parameter, we can derive a different

solution of the sine-Gordon equation by using one parameter family of Backlund

@ o o

Figure 4.1: Diagram of BT for sine-Gordon with one parameter

transformations.

In this process, we can avoid integration since we know that the BT admits
a theorem of permutability. Bianchi [39] first recognized that this theorem holds

for the sine-Gordon equation.
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Theorem 4.1.4 (Theorem of permutability [40]). Let S(u,v;a) = 0 be a
Backlund transformation where u and v are solutions of a nonlinear partial
differential equation and a is a parameter. If the Backlund transformation
is applied to the solution wug with two different parameters a;, and ao, i.e.,
S(ug,ur;a1) = 0 and S(ug, uz;az) = 0, then fourth solution uz can be obtained

by either S(uqi,us;az) =0 or S(ug,us;a;) =0.

a o ]

Figure 4.2: Diagram of the theorem of permutability

Now, we shall find the nonlinear superposition for the sine-Gordon equation.
Let u; and wuy be solutions of the sine-Gordon equation derived from a solution

uo with parameters a; and ag, respectively by using (4.21)

1 _
5w+ o), = a sin<“1 > “O) (4.32)
1 _
—(ug 4+ up)y = ao sin<u2 u0> (4.33)
2 2

and by using (4.22)
1 1
3 — ) = —sin (1 2) (4.34)
1 1
—(ug —ug)y = — sin(u2 i u0>‘ (4.35)
2 asg

Let u3 be a solution obtained from wu; with parameter as
1 _
(s + ). = azsin () (4.36)
1 1
—(uz —uy)y = — sin<u3 il ul) (4.37)
2 a9

and obtained from uy with the parameter a,
1 _
5 (s + u2)e = ay Sin(u?’ 5 u2> (4.38)
1 1
§(U3 - U2)t = CL_1 Siﬂ(ug ;— U2)- (4-39)



Subtracting (4.36) from (4.38), and subtracting (4.32) from (4.33), we obtain

a; sin(ug ; u2)—a2 Siﬂ(u?’ ; u1>: as sim(u2 ; Uo)_al Sin(ul ; uO). (4.40)

Subtracting (4.39) from (4.37), and subtracting (4.34) from (4.35), we obtain

1 rus+uy 1 ruzs+us I . sus+wug I . fur+
—sm( )——sm( )z—sm( )——sm( ) (4.41)
(05} 2 aq 2 (05} 2 aq 2

or

. fus+uq . (U3t U2 . [ U2+ Ug . (Ut Ug
a181n< 3 )—@sm( ) )zalsm( 5 >—agsm( i ) (4.42)

We add (4.40) and (4.42) to yield

a {sin<u3_u2)+sin(u1 _uo)—sin<u2+u0>+sin<u3+u1)}

! 2 2 2 2
=a {sin<u2 _u0>+sin<u3 _u1>+sin<u3+u2>—sm<ul —|—u0>}
- 2 2 2 2 '

(4.43)
By using sin(z + y) = sinz cosy %+ siny cos x, we get
sin(%)—sin(“—;) sin(“2—2>— sin(%)
- (‘“ i a2> . (4.44)
u U a1 — a U u
cos(§>+cos<70> 1 2 cos<72>+ cos<71>
Substitute %@ = “otus 4 vo-us  us _ uotus _ wo-us gpqd W wdue owous
u2 _ ultu Ul —U :
= s — 222 then we obtain
Uz — Ug ai + as Uo — U7
tan( >: ( )tan( ) (4.45)
4 ap — as 4
or
ai + as Uy — U
us = ug + 4 arctan( tan( )) (4.46)
a; — as 4

which is the nonlinear superposition for the sine-Gordon equation and illustrates
the relation among four solutions. Lamb [41] showed that (4.46) can be used to

provide N-soliton solution of the sine-Gordon equation.
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4.1.1 A list of BT for some evolution equations

1) A Bécklund transformations for the KdV equation
Plu] = uy + 6uty + tppy =0 (4.47)

and the (A-dependent) modified Korteweg-de Vries equation

Q[U] = Ut + Vggq — 6()\ + UQ)'U;L« =0 (448)
are given by
Ve = A+ u+v? (4.49)
and
Vy = —Ugp — 20% 4 2 u + 4X? — 2u,v + VP (4N — 2u). (4.50)

Here, Ry = v, — A — u — v? = 0 is a Backlund transformation from the mKdV

equation to the KdV equation.

2)The auto-BT for the potential KdV (pKdV) equation

P =Q=w + Weas + 3(w;)? =0 (4.51)
are given by
1
Up + Wy = =2\ — §(w —)? (4.52)

and
v+ wp = —2(wy)? — 4dw, — 8N + 2wap(w — v) + (W, — 20) (w —v)% (4.53)

Here, Ry = v, + w, + 2X\ + 3(w — v)? = 0 is the auto-Backlund transformation

for the pKdV equation.

3) The auto-BT for the potential mKdV (pmKdV) equation

are given by
vy — w,; = Asinh (v + w) (4.55)
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and
vy — w; = —2 2w, — 2 W,y cosh (v + w) + )\<2(ng)2 - )\2>Sinh (v+w). (4.56)

Here, Ry = v, — w, — Asinh (v +w) = 0 is the auto-Bécklund for the pmKdV

equation.

4) The auto-BT for the sinh-Gordon equation

P=Q =wy —sinhw =0 (4.57)
are given by
%(vx +w,) = Asinh (%) (4.58)
and
%(vt —w) = %sinh (U“;w). (4.59)

Here, R, = %(vx + w,) — Asinh <”_2“’> = 0 is the auto-Backlund for the sinh-
Gordon equation. [42]

4.2 Backlund transformations for the KdV

equation

The Korteweg-de Vries equation, that describes the propagation of waves on

shallow water surfaces, is given in the standard form by
Uy — 6UUy + Uppy = 0. (4.60)

To find the Béacklund transformations for the KdV equation, one can use the
method of Clairin as in the paper [14] and, one can as well use differential forms

as in the paper [15]. However, in this paper, we consider the Miura transformation
u = v+ v, (4.61)

where u satisfies the KdV equation and v satisfies the modified KdV (mKdV)
equation
vy — 6020, + Vype = 0 (4.62)
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and, (4.61) is a transformation from the mKdV equation to the KdV equation.
We have already mentioned that the Miura transformation is a restricted trans-

formation.

It is easy to show that the KAV equation is invariant under the Galilean

transformation that is
t—t, x—>x+6A, u—>u—\ (4.63)
thus, the Miura transformation takes the form
u=A+v>+v, (4.64)
where ) is a real parameter, and the mKdV equation becomes
vy — 6(V* 4+ A\)Ug + Vpge = 0 (4.65)
which is known as the Gardner equation. The Gardner equation with (4.64)
implies the KdV equation.
v — 6(0% + N)vg + Vgge = 0

u=\+v*+v,

U — 6UU, + Upgy = 0

There is a discrete symmetry of (4.65), if the function v is a solution of the
equation (4.65), then —v is also a solution. Thus, when we write the Miura
equation (4.64) for v and —v, we get u; and uy as the solutions of the KdV
equation

U =N+ 40, us=A+0%— 0, (4.66)

for given v and parameter \ and, we obtain from these equations

up —up =20, and up +uy = 2(\ +v?). (4.67)
Let us introduce 5
w; .
;= =1,2 4.68
w="% (i=1,2) (1.65)
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which corresponds to the potential KAV (pKdV) equation
Wy — 3w + Wy = 0 (4.69)
so that the equations (4.67) become
Wy — Wy = 2v (4.70)

and '
(w1 i ’wz)x =2\ + 5(71)1 - w2)2 (471)

where w; and wsy are solutions to the pKdV equation. Then, we can write
(w1 + wy)y — 3(wi, +w3,) + (w1 + Wy)ee = 0. (4.72)
Inserting (4.71) to yield
(w1 + ws); — 2(wi, + Wizwoe +w3,) + (w1 — W) (wWy — Wa)ee = 0. (4.73)

Hence, the auto-Backlund transformations for the potential KdV equation are
given by

1
(w1 + wz)x =2\ + 5(’(1}1 - w2)2 (474)
(w1 + w2>t = 2(11)%96 + Wi Wor + ng) — (w1 — wg)(wl — wg)m (475)

which are also the auto-BT for the KdV equation through the equation u; =
Ow;/0x, where (4.74) describes the x-part and (4.75) describes the ¢-part or time
evolution part. The equations (4.74) and (4.75) are compatible and integrable.

Now, we shall verify the integrability of the BT. First, we differentiate the
equation (4.74) with respect to x twice to yield

(w1 + Wa)gze = (W1 — wz)i + (w1 — w2) (w1 — Wa) s (4.76)
and by adding the equation (4.75), we obtain
(wir — Wiy + Wiges) + (War — 3W3, + Wages) = 0. (4.77)
Secondly, we take t-derivative of (4.74)

(w1 4+ wa) g = (w1 — wa)(wy — wa): (4.78)
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and take z-derivative of the equation (4.75)

(wl + w2)xt :2(2w1xwlmx + W1z Wy + W1z Woza + 2w2xw2xw)

(4.79)

— (w1 — wa)z (W1 — W2)ez — (W1 — W2) (W1 — Wa) 0z
and, subtract (4.78) from (4.79) to yield
3(wr + wa)a (w1 + W) 4w — (w1 — wo) [(wW1 — Wa)agw + (w1 — wa)]=0, (4.80)
and by using the z-derivative of (4.74)
(w1 + Wa)ze = (w1 — w2) (w1 — wa)s, (4.81)

we get

(w1 — 3w, + Wiges) — (War — W3, + Woges) = 0. (4.82)

By subtracting and adding the equations (4.77) and (4.82), we find that w;, and
wsy satisfy the potential KdV equation and, also satisfy the KdV equation through

the relation u; = dw; /0.

Now, we shall show that (4.74) is suitable for all hierarchies of the KdV equa-

tion. Substitute v = 3(w; — ws) into (4.74), we get
Vg + Wy = X+ v2 (4.83)
and let u = wy, since it is a solution of the KdV equation, then
Vg +u=A+v? (4.84)
and the substitution of v = —% where 1 # 0 provides
Yoo + (A=) =0 (4.85)

which is the Schrodinger equation. Since this equation is the eigenvalue equation
for all hierarchies of KdV, (4.74) is the BT for the KdV hierarchy. However, the
t-part of the BT changes [36].
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4.2.1 Soliton solutions

Now, we shall derive pure soliton solutions of the KdV equation by using the
Backlund transformations. Note that not all choices of solution and parameters
lead to a pure soliton solution. Let us consider the trivial solution ws = 0, then

the equation (4.74) becomes

1
zmx=2A+§wi (4.86)
Let A = —x?*(< 0), by integrating once when |w;|< 2x, we get a regular solution
which is
wi(z,t) = =2k tanh{kz + f(t)} (4.87)

where f is an arbitrary function. The t-part of the BT becomes
wy; — 2wi, + Wiwiee = 0. (4.88)
By inserting (4.86) into (4.88), we get
wi; + 4k%wy, = 0 (4.89)
where it has a general solution which is
wy(w,t) = g(a — 4k%t) (4.90)
for the arbitrary function g. For consistency, we choose
f(t) = —4r’t — Ko (4.91)

where x4 is an arbitrary constant. Thus, we get a new solution of the potential
KdV equation
wi (z,t) = =2k tanh{x(z — xo — 4k7t)} (4.92)

and so, we obtain the regular (bounded) solitary-wave solution, or one-soliton

solution of the KdV equation
uy(x,t) = —2x%sech®{k(z — 2o — 4x7t)} (4.93)

by using u; = dw; /0.
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If |wq|> 2k, from (4.86) we obtain a singular solution
w(x,t) = =2k coth{k(x — g — 4K°t)} (4.94)

where the singular (unbounded) solitary wave solution is
uy(x,t) = 2k? cosech*{k(x — mo — 4Kk%t)} (4.95)

which satisfies the KdV equation. Even though this solution is not of physical

interest, it will help us to obtain a pure-soliton solution.

Example 4.2.1. If we choose A = —1 (or k = 1) and xy = 0, (4.93) provides

one-soliton solution with u(z,0) = —2sech® z in Figure 2.4.

We know that the Bécklund transformation admits the Bianchi permutability
theorem. By using this theorem, we shall find a nonlinear superposition formula

for the KAV equation, and then, use it to derive a two-soliton solution.

Figure 4.3: Bianchi diagram for constructing two-soliton solution

The auto-Backlund transformations for the KdV equation are given by

1
(w1 + ’lUQ)$ =2\ + 5(101 - w2)2 (496)

and

(w1 + wy)y = 2(wfx + Wi, Way + ng) — (wy — wo) (w1 — W)z (4.97)

where A is a parameter. Let wy be a solution of the KdV equation (seed solution).

To find another solution w; of the KdV equation, we use the BT (4.96) and obtain
1
(’LUl + IUQ)I = 2)\1 + 5(11]1 — U)o)2 (498)
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when A = A;. Let ws be another solution when A = A5 i.e.,

1
(U}Q -+ U}O);r = 2/\2 + §(w2 - w0)2. (499)

Now, we derive two more solutions, one is wio from w; with Ay, and another is

wyy from wy with A, by using (4.96), then

1
(w12 + w1>x = 2)\2 + 5('11}12 — w1)2 (4100)
and
1
(w21 + U)g)z = 2/\1 + 5(71)21 - w2)2 (4101)

where we take wio = wqy. We, first, subtract (4.99) from (4.98) to yield

(wy —wo)? (4.102)

1
Wip — Wor = 2()\1 — )\2) + 5(11]1 2 ’LU())2 — §

then, we take wjy = wy; and subtract (4.101) from (4.100) to yield
1 o 1 2
Wie — Wor = 2()\2 - )\1) + 5(11)12 - wl) — 5(11}12 — ’LUQ) . (4103)
By subtracting (4.102) from (4.103), we obtain
0= 4()\2 - /\1) - ('lU1 - wg)(wlg - 'LU()) (4104)
o Ag — A
W12 = Wy — 4L (4105)
Wo — W1

which is known as a nonlinear superposition for the solution of the KdV equation.

Now, we shall find a two-soliton solution. Only way to obtain a regular two-
soliton solution is to choose a singular (unbounded) solution corresponding to s
and a regular (bounded) solution corresponding to A;, where Ay < A; and the
initial solution is the vacuum solution wy = 0. The regular two-soliton solution

can be obtained by the nonlinear superposition (4.105)

Ao — A
wip = —4——= (4.106)
Wo — W1

where bar denotes the singular (unbounded) solution. By choosing singular solu-

tion w9, we avoid the denominator to vanish at some points [16].
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Example 4.2.2. We take wy = 0 and a regular solution wy = —2tanh(z — 4t)
corresponding to A\; = —1 (or k = 1), and a singular solution wy = —4 coth(2z —

32t) corresponding to Ay = —4 (or k£ = 2),thus we obtain

—6
o 4.1
wiz(, 1) = 5 coth(2z — 32t) — tanh(z — 4t) e

which is a solution of the potential KdV equation. We use the equation uys, =
Owy2/0x, to yield

3 + 4 cosh(2x — 8t) + cosh(4x — 64t)
{3 cosh(z — 28t) + cosh(3x — 36t)}?

which is known as the two-soliton solution of the KdV equation. This is the same
solution in (2.247) derived from IST when u(z,0) = —6sech® z and the figure is
given by Figure 2.5.

Figure 4.4: Bianchi diagram for constructing three-soliton solution

By using the equation (4.105) and Figure 4.4, we can write the third-order
transformed solution N
Wigg = wy — 4——— "2 (4.109)
Wiz — W12

and, again by using (4.105) for the denominator, we get

)\111)1 (w2 — U)3) + )\271)2(’(1)3 — wl) + >\3w3(w1 — w2)
)\1(11}2 — ’LU3) + )\2(11)3 — wl) + )\3(1[)1 — U}2>

w193 — (4110)

which is a three parameter nonlinear superposition for the solution of the KdV

equation.
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Example 4.2.3. We choose \;y = —1, Ay = —4 and A3 = —9, then derive a
regular solution wy, a singular solution w, and a regular solution ws from the
equation (4.86) with a trivial solution wy = 0, respectively, to yield the regular

three-soliton solution of the KdV equation

(4.111)
where

F(z,t) =1512 + 600 cosh(2z — 8t) + 12 cosh(10x — 280t) + 360 cosh(6z — 216t)
+ 180 cosh (6 — 72t) + 960 cosh(4x — 64t) + 120 cosh(8x — 224¢)

+ 1620 cosh (22 — 56t) 4 300 cosh(2z — 152t) + 480 cosh(4x — 208t)
(4.112)

and

G(z,t) = {cosh(6x —144t)+6 cosh(4x — 136t) + 10 cosh(72t) + 15 cosh (2 — 80t) }2.

(4.113)
The same result is found by IST when u(z,0) = —12sech? . Since the derivation
of three-soliton solution from IST is tedious, the calculations are not included

here.

When we applied the transformation recursively, we obtain a new soliton so-
lution from the previous one. After n-applications, we generate the m-soliton

solution of the KdV equation. Hence the nth step is expressed as

Ao — A
Win) = Wip_g) — 4—" : (4.114)
Win-1y — Wn-1)

where (n — 1) denotes the set of n — 1 parameters {1,2,...,n — 1} and (n — 1)’
denotes the set of n — 1 parameters {1,2,...,n — 2,n} [16].

Hence we try to find a more general representation of nth step solution of the
KdV equation by matrices. Let us consider two cases for even and odd integer

numbers.
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Firstly, we can write the equations (4.105) starting from a trivial solution as

division of determinant of two matrices
Wy = — (4.115)

where

(4.116)

1 )\2 w2'

For n = 4, nonlinear superposition can also be found, and it is represented by

Uy
= — 4.117
Wy ‘/4 ( )
where
1 w1 )\1 )\% 1 W1 )\1 )\1'11}1
1 DYDY 1 Ay A
U= Y22 el g oy YRt etz (4.118)
1 W3 )\3 /\g 1 W3 )\3 )\3w3
1 Wy )\4 )\?1 1 Wy )\4 )\4w4
By looking previous result, we can write the 2nth step as follows:
Usy,
Wop = —2 forn=1,2,3,... (4.119)
Van
where
ILowy A o A2 APEOAR
1 Aoy .. A2 DYV
Un=| > R (4.120)
1 Wan )\Qn X;,;ngn /\3771 )\gn
and
Low A . A2 AT NPTy
1 Ao .. A2 PYEEEED Vo
V= | 07 2 2 2 (4.121)
1 Wan )\2n )\377211)2” /\ggl )\gn_lwgn
Secondly, for n = 3, from the equation (4.110), we find that
Us
= — 4.122
w3 Vs ( )
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where

1 w1 )\111)1 1 w1 )\1
U3 =11 Wa )\2w2 and ‘/3 =11 Wo )\2 . (4123)
1 W3 )\311)3 1 w3 )\3

We consider the equation (4.114) for 2nth step

Aon — Aop
Wan) = Wian—z) — 4—— 2= (4.124)
W(2n-1) — W(2n-1)

and, we see w(ay) is derived from wo,—1y and wz,—1). Therefore, Uy, _; resembles

Vo, and V5,1 resembles Us,,. Hence we conclude that

w%_l:[éz:_ll forn=1,2,3, ... (4.125)
where
1 w1 A Xf’z )\’f’le 71“111)1
Uy s — L Wy Ao .l )\372 )\3721,02 /\gflwg (4.126)
1 Wono1 Aonc1 oo A2 A g, 1 At wa,
and
1 W A )\71‘_2 /\711_2101 /\711_1
R L PR P A2 Am2y Aol 177)
L owgnn Aoncr o ALZ Apwana Ao

To obtain a pure multi-soliton, choose the starting solution as a vacuum solu-
tion wg = 0 and let eigenvalues be well-ordered such that ... < —k2 < —k2_; <
< —hE < —KP e, Ky < Kp < .. < Ky < .. for k; = 0,1,2,... If we use
the singular (unbounded) soliton solution corresponding to kg,, and the regular
(bounded) soliton solution corresponding to kg, 1 for all n, then we can derive a

pure N-soliton solution by using either (4.119) or (4.125) [16].
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(a) t = 025 (b) t = 015

(d) t = —0.05 (e) t = —0.025

(g) t = 0.025 (h) t = 0.05
(i)t =0.1 () t = 0.15 (k) t = 0.25
Figure 4.5: The three-soliton solution with u(x,0) = —12sech®x for different

t-values (motion of three-soliton)
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4.3 Derivation of BT from the AKNS scheme

Our aim is now to derive Backlund transformations from the Riccati form of
the equations in the inverse scattering method. We shall consider the eigenvalue

problem

wlz - 77¢1 = Q(xa t)w2

(4.128)
7702:1: + 77?/)2 = ’f‘(l‘, t),lvbl
and the time evolution of ¥, and s
= A(x,t, + B(x,t,
Ui = Alz, t,n)r + Bz, t,n)s (4.129)

Yoy = C(x,t, 01 — Az, t,n)is.

These equations (4.128) and (4.129) are the AKNS scheme in (3.4) and (3.5)
when n = —i(, and 7 is independent of t. (4.128) and (4.129) are compatible if
A, B, C satisfy

A, =qC —1rB
B, —2nB = q; — 2Aq (4.130)
Cp+2nC =ry + 2Ar.

Different choices in A, B, and C'lead the equations (4.130) to the various nonlinear

evolution equations. We have already given the list of the evolution equations.
This time by using (3.24), we shall evaluate A, B, and C.

(a) the Korteweg-de Vries equation

qt+6q(.7x+qzxx:07 r=-—1
A= —d’ —2nq — ¢,

(4.131)
B = —4n*q — 2nq; — 2¢° — s

C=4n*+ 2
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(b) the sine-Gordon equation

. Uy
Uy = Sinu, r:—q:7
A 1
= — Ccosu
4 (4.132)
1
B=C=—sinu
4n

(c) the modified Korteweg-de Vries equation

qr + 6q2qm + Grzx = 07 r=—-—q
A= —d’ — 2n¢?

(4.133)
B = —41°q — 20¢x — 2¢° — Gas
C = 40°q — 20¢z + 2¢° + Gua
(d) the nonlinear Schrédinger equation
@ — 2i°¢ —iea =0, r=—¢"
A =2 +i|q|?
4 (4.134)

B = 2inq + iq,
C = —=2ing" +iq;

Derivation of Béacklund transformation from the AKNS scheme was studied by
Chen [17], and in that paper, gauge-like transformation that leaves the evolution
equation invariant was considered. Since the relation between this transformation
and Backlund transformation is ambiguous physically and mathematically, we are
going to use the method of Wadati, Sanuki and Konno [19]. They showed that
the Backlund transformation is used to add one more soliton to the solution of
the same evolution equation by using a property of associated Sturm-Liouville

equations in the paper by Crum [43]. Tt states that

_wmm + 7]21/} - Q<x’ t)w (4135)

is related to
iy + 1Y = ¢ (1) (4.136)
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via the transformation
2

/ d /

where ¢ = 1/1. Now, we shall introduce a function

_ 0
r= (4.138)
From (4.128), we get
V2 (V1o — b1 — qib2) = 1 (ae + 2 — rih1) (4.139)

and dividing by (1)2)? and using (4.138), we obtain that (4.128) reduces to
[, =2nl +q— T2 (4.140)
From (4.129), we get
V2 (1 — Ay — Biby) = 1 (or + Athy — Ctfy) (4.141)
and by dividing by (¢2)* and using (4.138), (4.129) reduces to
I, = B+2A0l — CT?. (4.142)

We use the Riccati forms (4.140) and (4.142) to derive BT. We shall consider
three classes of AKNS.

Class I : (r=-1)
When r = —1, (4.128) reduces to the Sturm-Liouville equation

~ 200 + 17702 = q(,1))s. (4.143)

Let 14, also satisfy the Sturm-Liouville equation with ¢'(x, ), and by using (4.137)

we get
(1) = gl 1) — 29 1o (1) (4.144)
q ) - q ) dl‘2 g 1/12 . .
Let w, = ¢ and w, = ¢/, then
w —w = wlz””. (4.145)



Since 1oy + nihy = —1q, then I' = —% — 1. We obtain that
w —w=-2(n+T) (4.146)

or

1
['=-n+ E(w —w'). (4.147)

Insert (4.147) into (4.140) with r = —1 to yield

1
w, +wl, = 2n* — §(w —w')? (4.148)
and insert (4.147) into (4.142) to yield
/ ]' / 1 / 2
wy —wy = —2B + 4A<77 + §(w — w)>+2C’('r] o= §(w — w)) : (4.149)

The equations (4.148) and (4.149) are the Bécklund transformations for this class.
By using (4.131), we can obtain the BT for the KdV equation

@t + 694 + Graz = 0. (4.150)
Insert (4.131) into (4.149), we obtain

w, — wy =(w — w)(—2Wgy) + (W — w)*(20* + w,)

(4.151)
— 8174 + 4w§ + 4772wx 4 2Wygs -
By using (4.148) and (4.150), we obtain
w, +wy = —4n*w! — 2w — 2w, (W — w) + we(w — w)? (4.152)
where w and w’ satisfy the potential KAV equation
Wy + 3W2 + Wege = 0. (4.153)

The equations (4.148) and (4.152) are the Bécklund transformations for the KAV
equation (4.150), and they are also found by Wahlquist and Estabrook [16].

Class II : (r = —q)
When r = —¢q, we insert —qi; into the first equation in (4.128) to yield

Uoaw — 02 = —Gath1 — ¢ (4.154)

96



and, insert g1, into the second equation in (4.128) to yield

¢1$m - 77277Z}1 = qaprQ - q2¢1-

By using (4.154) and (4.155), we can write

— (1 + i02) e + 7P (Y1 + ithe) = (ige + ¢°) (1 + i)
— (V1 — i) ae + 02 (11 — ith2) = (—igs + @) (101 — it)a).

(4.155)

(4.156)

Let us define ¢, = 91 + i1y and ¢p = 1 — i)y and U = iq, +¢?, and its conjugate

U* = —iq, + ¢*. Hence, the system (4.128) reduces to

— (¢1)ex + 17 (¢1) = U
e (¢2)xm + 772(¢2) = U*¢2

This can be mapped to the second system
— (8))ae + 17 (¢)) = U,
— (Ph)ae + 772(¢,2) = Uy
under the transformation, derived from (4.137)

d? 1
U =U-2——logd/ h = —
72 og¢; where ¢ .

and
2

1
Ur=U"- 2d—loggb'2 where ¢y = —.

dx? 02

Subtracting (4.160) from (4.159), we get

Let ¢ = w!, and ¢ = w,, and integrate (4.161) twice to yield

w’ :w—ilog<%>.

We use the property

log <%> = 2¢ arctan (%)

where ¢1 = ¢y + by and g = b1 — it)s, (P2 = ¢7), then (4.162) becomes

w=w-+2 arctan(ﬁ)
(23
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or

1, , _ (2
§(w —w) = arctan(E) (4.165)

Since we define the function I' as vy /15, then
= Cot{%(w’ — w)} (4.166)
Now, insert (4.166) into (4.140) with r = —q to yield
wy + wh, = 2nsin(w — w') (4.167)
and insert (4.166) into (4.142) to get
wy — w, = 2Asin(w’ — w) — (B + C) cos(w’ — w) + B — C. (4.168)

Therefore, (4.167) and (4.168) are the BT for this class. Let us use (4.132) to
find the BT for the sine-Gordon equation. By inserting (4.132) into (4.167) and
(4.168), we obtain

1 , /1 ,

§(ux +u,) =2n 51n(§(u —u )) (4.169)
and . . .

é(ut —uy) = % 51n<§(u +u )) (4.170)

respectively. These auto-BT for the sine-Gordon equation are equal to (4.21) and
(4.22) when a = 2n.

To find the BT for the modified Korteweg-de Vries equation, we use (4.133).
We insert (4.133) into (4.168) and, obtain
wy + wy, = 8n*w, + 4n(2n* + wl)sin(w — w') — 4w, cos(w’ —w)  (4.171)
where w and w’ satisfy the potential mKdV equation
Wy + 2w + Wage = 0. (4.172)
Hence, (4.167) and (4.171) are the auto-BT for the mKdV equation that is given

in (4.133).

We can consider that » = ¢ belongs to this class. However, this time we do
not have to find the transformations that keep the equations in (4.128) invariant.

If we let u — tu, then the sine-Gordon equation u,; = sin u becomes
Uz = sinhu (4.173)
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which is the sinh-Gordon equation. The BT (4.169) and (4.170) become

1 , /1 ,
§(u$ +u,) = 2n smh<§(u —u )) (4.174)
and ' . .
é(ut —uy) = %smh<§(u+u)) (4.175)

which are equal to the auto-BT of the sinh-Gordon equation in (4.58) and (4.59)
when A = 2n. If we let ¢ — iq, then the mKdV equation corresponding to r = —¢q
becomes

G — 64z + Quoz = 0 (4.176)

which corresponds to r = ¢q. The BT (4.167) and (4.171) become
w! — w, = —2nsinh(w + w’) (4.177)
and
wy — w, = 8n*w, + 4n(w’ — 2n*)sinh(w 4+ w') — 4nw,, cosh(w + w')  (4.178)
where w and w’ satisfy the potential mKdV equation
Wy — 2w + Weye = 0. (4.179)

(4.177) and (4.178) are equal to the auto-BT for the mKdV in (4.55) and (4.56)
when A\ = —2n through ¢ = w,.

The nonlinear evolution equations that belong to the same class have the same
nonlinear superposition formula. Since the sine-Gordon equation and the mKdV
equation corresponding to r = —q are in the same class, then the solutions of the
mKdV equation

@t + 60°Ge + Grax = 0 (4.180)

satisfy the following nonlinear superposition

1 m + 12 1
¢ {— - }: i {— - } 4.181
an 2(wg wWp) — anq (wg — wy) ( )
If a; = 2n; and w; = —wu;/2, then (4.181) provides us the nonlinear superposition

for the sine-Gordon equation in (4.46) [18].
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Class III : (r = —¢*)
When r = —¢*, the Riccati form of 2x2 eigenvalue problem, (4.140) becomes

I, =29l + ¢+ ¢'T% (4.182)
We define a second system
I =2 + ¢ + ¢* ()% (4.183)

Konno and Wadati [20] found that (4.182) can be mapped to (4.183) under the

transformations

r’rs=—r
' = Q_y 4.184
¢ =+ (4.184)
or v
! M 4.185
and .
M=o (4.186)

If we insert (4.185) and (4.186) into (4.183), we obtain (4.182). Therefore, these
transformations keep the Riccati equation (4.182) invariant. We find the function
I' as

2nE AP — ¢ +q?
(7" +q7) '
It is easy to show that (4.187) satisfies the equation (4.185). Since the function I'

I = (4.187)

in (4.187) with either plus or minus sign provides us the same BT, then we shall

use
2 4 2 / 2
o 20t VAT et al (4.188)
(¢ + q*)
By inserting (4.188) into (4.182), we yield
(" + ¢)o{dnVAn® — ¢ + q> + 87° — |¢' + ¢} +(¢" + ¢*)*(d + q)a
:4 q*_ql* 2 42_q/+q2+42_q/+q2
n( ){2nv/4n? — | 2 4+ 4n* — | *} (4.189)

—ld' +al*(¢" — a*)V4P — ¢ + q?
+(d" +¢)a— )V = |d +qf?

then, from (4.189), we find the z-part of the BT as
@+ ¢, = (¢ — )V =g+ d|* (4.190)
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By inserting (4.188) into (4.142), we yield

(" +a")*(d + @) + {40/ 40* = |q' + > +80° = |¢' +al}(¢" + q"):
=20/ — |¢' + g {20 + VA2 — ¢ + qPH{2A(¢" +¢") —4nC}  (4.191)
+2y/40% = ¢+ ql(¢" + ¢ ){Bl@" +¢") + Cd' +q)}
which is the t-part of the BT and, if A, B, C are given, it can be simplified further.
Therefore, (4.190) and (4.191) are the auto-BT for this class (r = —¢*).

We consider that r = ¢* belongs to this class and the transformations for this

case are found as
1

= — 4.192
< (1192)
and
" Hp——-. 4.193
¢ =a+dn (4.193)
By solving (4.193), we find the function I' as
M + /AP 1 | — qP

(q/* _ q*)
and, by inserting (4.194) into (4.140) and (4.142) with r = ¢*, we can obtain the
auto-BT for this class (r = ¢%).

Now, let us use (4.134) and (4.191) to derive the BT for the nonlinear
Schrodinger equation (NLSE)

G — 2i4°q" — ique = 0. (4.195)
By inserting A, B, C' in (4.134) into (4.191), we get
G+ ) =i — &)V A? — g + ¢
%(q +d)(la+ 4 +lg—d1%).
Therefore, (4.190) and (4.196) are the auto-BT for the NLSE in (4.195). By using

the transformations

(4.196)
_|_

v —x—2kt, t—t, q— exp(ikz —ik*t)q (4.197)
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which keep the nonlinear Schrodinger equation invariant, we can reduce (4.190)
and (4.196) to the Bécklund transformation found by Lamb [14].

By following the same procedure in the derivation of the nonlinear superposi-
tion for the KdV equation, we can find the nonlinear superposition for the NLSE
by using (4.190). Therefore, the solutions of (4.195) must satisfy

(90 — ql)\/477% = lao + a* — (a0 — Qz)\/4n§ — lgo + @2

+ (g2 — Q3)\/477% — |2+ a2 — (@1 — Q3)\/477% — |l +g¢2=0

(4.198)

where ¢; and ¢y are generated by (4.190) from ¢y with 7, and n, respectively, and

q3 are derived either from ¢; with 7, or from ¢, with n; [44] .

We shall remark that class II is a special case of class I1I since the potentials

are real.
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Chapter 5

Conclusion

In this thesis, we have studied the method of inverse scattering and Béacklund
transformations to solve integrable nonlinear partial differential equations. The
method of inverse scattering is used to solve the initial value problem of inte-
grable evolution equations. We have found the Lax pairs of the KdV equation
and the KAV hierarchy. Then we have solved the initial value problem of the
KdV equation by the method of inverse scattering. We have derived one- and
two-soliton solutions of the KdV equation by using the inverse scattering trans-
form. Moreover, we have solved the initial value problem for the KdV hierarchy
and observed that the speed of a soliton also depends on the order of the KdV
hierarchy. We have applied the same method to the AKNS scheme which includes
the KdV equation, the mKdV equation, the nonlinear Schrodinger equation, the
sine-Gordon equation, and the sinh-Gordon equation. We have derived a solitary

solution for the sine-Gordon equation.

We have studied the Backlund transformations which provide a particular solu-
tion of an integrable system. We have listed Backlund transformations for some
known evolution equations. Then, we have derived the auto-Backlund trans-
formations for the KdV equation and constructed one-, two-, and three-soliton
solutions of the KdV equation by using the nonlinear superposition of that equa-

tion. Additionally, we have examined the technique for determining the N-soliton
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(pure soliton) solution of the KdV equation. We have derived the auto-Bécklund
transformations for the AKNS scheme which also includes the KdV hierarchy.
We have found the nonlinear superposition formula for the KdV equation, the
nonlinear Schrodinger equation and the sine-Gordon equation, which is the same

as that for the mKdV equation.
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