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ABSTRACT

A Theoretical Overview of Persistent Homology

Kaan ÇİM

Master of Science in Mathematics

July 11, 2025

This thesis presents a theoretical overview of persistent homology, a key method in topo-

logical data analysis for capturing the evolution of homological features across a filtration.

The theory of persistence modules is developed within a general framework, including the

interleaving and bottleneck distances, along with their fundamental properties. The clas-

sical Nerve Theorem is proved with particular emphasis on its applicability to manifolds.

The persistent homological version of this theorem provides a theoretical justification for

replacing topological spaces with computationally tractable simplicial complexes over a

filtration. Moreover, the stability properties of persistence modules are discussed, and

several results from the literature are reviewed.
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ÖZETÇE

Kalıcı Homolojiye Kuramsal Bir Bakış

Kaan ÇİM

Matematik, Yüksek Lisans

11 Temmuz 2025

Bu tez, kalıcı homolojinin kuramsal bir incelemesini sunmaktadır. Kalıcı homoloji, bir

filtrasyon boyunca homolojik özelliklerin evrimini yakalamaya yarayan, topolojik veri

analizinde temel bir yöntemdir. Kalıcılık modüllerinin kuramı genel bir çerçevede geliştir-

ilmiş; serpiştirme (interleaving) ve darboğaz (bottleneck) uzaklıkları ile bunların özellik-

lerine yer verilmiştir. Klasik Sinir (Nerve) Teoremi kanıtlanmış, özellikle manifoldlar üz-

erindeki uygulanabilirliğine vurgu yapılmıştır. Bu teoremin kalıcı homoloji bağlamındaki

sürümü, bir filtrasyon üzerinde topolojik uzayların hesaplanabilir simpleksel komplek-

slerle değiştirilmesine kuramsal bir gerekçe sunmaktadır. Ayrıca, kalıcılık modüllerinin

kararlılık özellikleri ele alınmış ve yazındaki bazı önermelere yer verilmiştir.
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Chapter 1

INTRODUCTION

Persistent homology has emerged as a powerful tool for capturing topological features

that persist across scales. Rather than focusing on individual snapshots of a topological

space, it encodes how these features evolve. It provides a systematic way to track the

appearance and disappearance of homological structures, such as path-connected com-

ponents, holes, and voids, as one moves through a filtration of a topological space. This

theoretical framework has also found significant applications, particularly in data analysis.

In this thesis, however, we focus on the mathematical foundations of persistent homology,

rather than its applications.

This thesis aims to present the basic theoretical building blocks of persistent homology

and to demonstrate how the persistent version of the classical Nerve Theorem provides

theoretical justification for topological data analysis (TDA) on manifold-like data. The

thesis explains the central concept of persistence modules, which establishes a general

model for persistent homology. Through these modules, important distance measures

such as interleaving and bottleneck distances are defined. The stability properties based

on these distances provide practical assurance for applications.

To make persistent homology practically applicable, we need computationally acces-

sible models of topological spaces. Simplicial complexes serve this purpose by providing

combinatorial representations that retain essential topological features and are suitable for

algorithmic analysis. A key theoretical result that bridges the gap between these combina-

torial models and the underlying topology is the Nerve Theorem, which asserts that under

appropriate conditions, the homotopy type of a space can be recovered from the nerve

simplicial complex associated with the cover.
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Persistent homology is designed to operate on topological spaces, but real-world data

is rarely presented in a topological form. Instead, data is typically given as finite point

clouds sampled from some unknown space. When observed from a distance, these point

clouds often appear to trace out a coherent geometric shape, leading to the common as-

sumption that the underlying space possesses the structure of a manifold. In this thesis,

we give a detailed proof of the classical Nerve Theorem and explain how its persistent

homological version allows us to carry out TDA techniques on data that is assumed to be

sampled from manifolds.

Roadmap. This thesis consists of eight chapters. In Chapter 2, we provide the neces-

sary background, covering basic concepts from topology, analysis, algebra, and category

theory to establish a self-contained foundation. In Chapter 3, we focus on simplicial

complexes, which serve as combinatorial models of topological spaces. In Chapter 4, we

present a proof of the Nerve Theorem, building connections between simplicial complexes

and their underlying topological spaces. This chapter also includes a detailed discussion

of paracompactness, which is a prerequisite for the theorem and a fundamental property

of manifolds. In Chapter 5, we review the basics of singular homology and simplicial

homology. In Chapter 6, we develop the framework of persistence modules, along with

the interleaving and bottleneck distances between them. In Chapter 7, we build on this

structure to study persistent homology and state the persistent nerve theorem. In Chapter

8, we discuss the stability theorems that ensure that small perturbations in the data do not

lead to drastic changes.
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Chapter 2

BACKGROUND

This chapter contains the essential background required to comprehend the subsequent

material presented in this thesis.

2.1 Topology

Since persistent homology fundamentally relies on topological notions, we first outline

the necessary background in topology. This section is based on [21].

Definition 2.1. Let X be a set and T ⊆ P(X). T is called a topology on X and the pair

(X, T ) is called a topological space if T satisfies the following conditions:

1. The empty set ∅ and the entire set X are in T .

2. If {Ui}i∈I is a collection of sets in T , then
⋃
i∈I Ui ∈ T .

3. For all n ∈ N if U1, U2, . . . , Un ∈ T , then
⋂n
k=1 Uk ∈ T .

Elements of T are called open sets and their complements in X are called closed sets.

Definition 2.2. Let (X, TX) and (Y, TY ) be topological spaces and let f : X → Y be

a function. f is called continuous if for every V ∈ TY , the preimage f−1(V ) ∈ TX .

For a bijective function f , if both f and f−1 are continuous, then f (also f−1) is called a

homeomorphism, and in this case, (X, TX) and (Y, TY ) are called homeomorphic. Thus,

a homeomorphism preserves the topological structure and properties.

Definition 2.3. Let X be a set. A collection B ⊆ P(X) is called a basis for a topology on

X (i.e., a basis that generates a topology) if (i) for each x ∈ X , there exists B ∈ B such

that x ∈ B and (ii) for all B1, B2 ∈ B and all x ∈ B1 ∩B2, there exists B3 ∈ B such that

x ∈ B3 ⊆ B1 ∩ B2. The collection of all unions of elements of B defines a topology TB

on X , called the topology generated by B. The elements of B are called basis elements.
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Now let (X, T ) be a topological space. A subcollection B ⊆ T is called a basis for

the topology T if one of the following equivalent conditions holds:

• For every U ∈ T , there exists a subcollection {Bi}i∈I ⊆ B such that U =
⋃
i∈I Bi.

• For every U ∈ T and every x ∈ U , there exists B ∈ B such that x ∈ B ⊆ U .

Definition 2.4. Let (X, T ) be a topological space and x ∈ X . A local basis at x is a

collection of open sets Bx containing x such that for every open set U containing x, there

exists B ∈ Bx such that x ∈ B ⊆ U .

Remark 2.1. Let (X, T ) be a topological space. If {Bx}x∈X is a collection of local bases

then the set B =
⋃
x∈X Bx is a basis for (X, T ).

Definition 2.5. Let (X, T ) be a topological space.

X is called first countable if every point x ∈ X has a countable local basis.

X is called second countable if there exists a countable basis for the topology τ .

Definition 2.6. Let (X, T ) be a topological space and A ⊆ X .

The interior of A, denoted by A◦, is defined as follows:

A◦ := {x ∈ A | ∃U ∈ T such that x ∈ U ⊆ A} =
⋃

U⊆A,U∈T

U

The closure of A, denoted by A, is defined as follows:

A := {x ∈ X | ∀U ∈ T (x ∈ U =⇒ U ∩ A ̸= ∅)} =
⋂

C⊇A,C closed

C

Definition 2.7. A topological space (X, T ) is called a Hausdorff space if for any x, y ∈
X with x ̸= y, there exist U, V ∈ T such that x ∈ U , y ∈ V , and U ∩ V = ∅.

Definition 2.8. Let (X, TX) be a topological space, and let Y ⊆ X be a subset. The

subspace topology on Y is defined as TY := {U ∩ Y | U ∈ TX}.

Definition 2.9. Let (X, TX) be a topological space and let ∼ be an equivalence relation

on X . Define the set of equivalence classes as Y = X/ ∼, and define q : X → Y by

q(x) = [x]. The quotient topology on Y is defined as TY := {U ⊆ Y | q−1(U) ∈ TX}.

Definition 2.10. Let (X, T ) be a topological space. A collection of open sets {Ui}i∈I is

called an open cover of K if K ⊆ ⋃i∈I Ui.
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Definition 2.11. Let (X, T ) be a topological space. A subset K ⊆ X is called compact

if every open cover of K has a finite subcover, i.e., for any open cover {Ui}i∈I of K there

exists a finite subset J ⊆ I such that K ⊆ ⋃j∈J Uj .

Remark 2.2. Some basic properties of compact spaces are worth recalling:

• The continuous image of a compact set is compact.

• Any closed subspace of a compact space is compact.

• In a Hausdorff space, every compact subset is closed.

Definition 2.12. A topological space (X, T ) is called connected if it cannot be written

as the union of two non-empty, disjoint open subsets. A subset A ⊆ X is connected if

(A, TA) is a connected space, where TA is the subspace topology on A.

Remark 2.3. The connected component of a point x ∈ X is the union of all connected

subsets ofX that contain x. This is a connected subset ofX and is the maximal connected

subset containing x. The connected components of X form a partition of X .

Definition 2.13. A topological space (X, T ) is called path-connected if for any two

points x, y ∈ X , there exists a continuous map f : [0, 1] → X such that f(0) = x

and f(1) = y. The path connected component of x ∈ X is a maximal path-connected

subset of X containing x, and it contains y if there exists a continuous path from x to y.

Remark 2.4. The continuous image of a connected (respectively, path-connected) set is

connected (respectively, path-connected). Also, every path-connected space is connected.

Definition 2.14. A homotopy between two continuous functions f, g : X → Y is a

continuous map H : X × [0, 1] → Y such that for all x ∈ X , we have H(x, 0) = f(x)

and H(x, 1) = g(x). In this case, f and g are called homotopic and are denoted by

f ≃ g. A continuous map f : X → Y is called a homotopy equivalence if there exists

a continuous map g : Y → X such that g ◦ f ≃ idX and f ◦ g ≃ idY . In this case, X

and Y are called homotopy equivalent. A topological space X is called contractible if it

is homotopy equivalent to a one-point space. This is equivalent to saying that the identity

map idX is homotopic to a constant map.

Remark 2.5. Homotopy is an equivalence relation on the set of continuous functions from

X to Y . Homotopy equivalence is an equivalence relation on the set of topological spaces.
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2.2 Analysis

Many topological constructions rely on analytical notions. In this section, we briefly

review the analytical background needed to formulate these concepts within a topological

framework. This section covers standard material; see, for example, [21].

Definition 2.15. A metric space (X, d) is a setX together with a function d : X×X → R

called a metric such that for all x, y, z ∈ X

1. d(x, y) ≥ 0 and d(x, y) = 0 if and only if x = y.

2. d(x, y) = d(y, x).

3. d(x, z) ≤ d(x, y) + d(y, z).

The open ball with center x ∈ X and radius r > 0 is the set B(x, r) := {y ∈
X | d(x, y) < r}. The closed ball with center x ∈ X and radius r > 0 is the set

B(x, r) := {y ∈ X | d(x, y) ≤ r}. A subset U ⊆ X is called open if for every x ∈ U ,

there exists an ϵ > 0 such that the open ball Bd(x, ϵ) ⊂ U . The collection of such open

sets defines the metric topology on (X, d).

Let (X, dX) and (Y, dY ) be metric spaces. A function f : X → Y is called an isometry

if for all x1, x2 ∈ X , dY (f(x1), f(x2)) = dX(x1, x2).

Remark 2.6. Metric spaces are Hausdorff and first countable.

Proposition 2.1. Let f : X → Y be a function from a metric space (X, dX) to a metric

Y, (dY ). f is continuous at x ∈ X if and only if for every ϵ > 0, there exists δ > 0 such

that for all y ∈ X , dX(x, y) < δ =⇒ dY (f(x), f(y)) < ϵ.

Definition 2.16. Let f : X → Y be a function between two metric spaces (X, dX) and

(Y, dY ). The function f is uniformly continuous if for every ϵ > 0, there exists a δ > 0

such that for all x1, x2 ∈ X , if dX(x1, x2) < δ, then dY (f(x1), f(x2)) < ϵ.

Proposition 2.2. If f : X → Y is a continuous function from a compact metric space X

to a metric space Y , then f is uniformly continuous.

Definition 2.17. A subset A of a metric space (X, d) is called bounded if there exists a

real number M > 0 and a point x ∈ X such that for all y ∈ A, d(x, y) < M . A metric

space (X, d) is called totally bounded if for every ϵ > 0, there exists a finite cover of X

by open balls with radius ϵ.
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2.3 Algebra

This section reviews related algebraic notions (see, for example, [3]) to prepare for the

algebraic machinery of persistent homology.

Definition 2.18. A ring is a set R equipped with two binary operations + (addition) and

· (multiplication) such that the following properties hold:

1. (R,+) is an abelian group, i.e.,

(a) For all a, b, c ∈ R, (a+ b) + c = a+ (b+ c).

(b) There exists an element 0 ∈ R such that for all a ∈ R, 0 + a = a+ 0 = a.

(c) For each a ∈ R, there exists an element b ∈ R such that a+ b = b+ a = 0.

(d) For all a, b ∈ R, a+ b = b+ a.

2. (R, ·) satisfies (a · b) · c = a · (b · c) for all a, b, c ∈ R.

3. For all a, b, c ∈ R,

(a) a · (b+ c) = a · b+ a · c.
(b) (a+ b) · c = a · c+ b · c.

A ring R is called a commutative ring with unity if also

4. There exists an element 1 ∈ R called unity such that for all a ∈ R, a ·1 = 1 ·a = a.

5. For all a, b ∈ R, a · b = b · a.

Definition 2.19. A field is a commutative ring F with unity such that 1 ̸= 0 and every

non-zero element of F has a multiplicative inverse, i.e., for every a ∈ F with a ̸= 0, there

exists an element a−1 ∈ F such that a · a−1 = a−1 · a = 1.

Definition 2.20. Let R be a commutative ring with unity. An R-module is an abelian

group (M,+M) equipped with a function R ×M → M (called scalar multiplication)

sending (r,m) 7→ rm such that for all r, s ∈ R and m,n ∈M

1. r(m+M n) = rm+M rn.

2. (r +R s)m = rm+M sm.

3. r(sm) = (rs)m.

4. 1Rm = m, where 1R is the multiplicative identity in R.

Remark 2.7. Let R be a field. An R-module is also known as a vector space over R.

R-module is a natural generalization of the concept of vector space from fields to rings.
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Definition 2.21. Let R be a commutative ring with unity and M be an R-module. A

nonempty subset N ⊆ M is called a submodule of M if N is an R-module under the

restriction of addition and scalar multiplication of M on N . Equivalently, for all m,n ∈
N , m+M n ∈ N and for all r ∈ R and n ∈ N , rn ∈ N .

Definition 2.22. Let M be an R-module and N be a submodule of M . Since M is an

abelian group, every subgroup is normal, and in particular N is a normal subgroup of

M . Hence, the set of cosetsM/N is equipped with the well-defined operations (i) addition

(m+N)+(n+N) := (m+n)+N and (ii) scalar multiplication r(m+N) := (rm)+N

for all m,n ∈ M and r ∈ R. With these operations, M/N becomes an R-module and is

called the quotient module.

Definition 2.23. A R-module homomorphism (or R-linear map) is a map φ : M → N

between two R-modules M and N such that for all m,m′ ∈ M and r ∈ R (i) φ(m +M

m′) = φ(m) +N φ(m
′) and (ii) φ(r ·M m) = r ·N φ(m).

The kernel of φ is ker(φ) := {m ∈ M | φ(m) = 0N}, where 0N is the zero element

in N . The image of φ is im(φ) := {φ(m) | m ∈M}.

An R-module isomorphism is an R-module homomorphism φ : M → N that has

an inverse R-module homomorphism φ−1 : N → M such that φ ◦ φ−1 = idN and

φ−1 ◦ φ = idM . This is equivalent to being a bijective R-module homomorphism. If such

a R-module homomorphism exists, M and N are called isomorphic.

Proposition 2.3. Let φ : M → N be an R-module homomorphism. Then the image of φ

is an R-module and M/ ker(φ) ∼= im(φ).

Definition 2.24. Let {Mi}i∈I consist ofR-modules. The direct sum of the family {Mi}i∈I ,
denoted by

⊕
i∈IMi, is the R-module consisting of all tuples (mi)i∈I where mi ∈Mi and

mi = 0 for all but finitely many i ∈ I . The direct product of the family {Mi}i∈I , denoted

by
∏

i∈IMi, is the R-module consisting of all tuples (mi)i∈I where mi ∈ Mi. In both

constructions, addition and scalar multiplication are defined component-wise.

Definition 2.25. Let R be a commutative ring. An R-module M is called a free module

if it is isomorphic to a direct sum of copies of R, i.e., M ∼=
⊕

i∈I R for some index set I .
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Definition 2.26. Let M be an R-module. A set {ei}i∈I ⊆ M is called a basis for M

if every element m ∈ M can be uniquely expressed as a finite linear combination m =
∑

i∈I riei, where ri ∈ R and all but finitely many ri are zero.

Proposition 2.4. An R-module M is free if and only if it has a basis.

Remark 2.8. Every vector space is a free module over its underlying field. Hence, every

vector space has a basis.

Definition 2.27. A vector space V over a field F is an F -module. In this case, an F -

module homomorphism is also known as a linear map. Moreover, all bases of a vector

space V have the same cardinality. The dimension of V , denoted by dim(V ), is the

cardinality of any basis. The space V is called finite-dimensional if it has a finite basis,

and infinite-dimensional otherwise.

Remark 2.9. If T : V → W is a linear map between vector spaces and V is a finite-

dimensional vector space then dim(V ) = dim(ker(T )) + dim(im(T )). This result is

known as the rank-nullity theorem.

2.4 Category Theory

A basic familiarity with category theory is useful for developing ideas related to persistent

homology. See, for example, the lecture notes [22] for an introduction.

Definition 2.28. A category C consists of (i) a collection of objects, denoted by Ob(C), (ii)

a collection of morphisms (also called arrows), denoted by HomC(X, Y ) for each pair of

objects X, Y ∈ Ob(C) (and X is called domain or source and Y is called codomain or

range for those morphisms), such that

1. For each pair of morphisms f : X → Y and g : Y → Z, there exists a morphism

g ◦ f : X → Z, called their composition.

2. For all f : X → Y , g : Y → Z, and h : Z → W , h ◦ (g ◦ f) = (h ◦ g) ◦ f.
3. For each object Z ∈ Ob(C), there is an identity morphism idZ : Z → Z such that

for each f : X → Y , idY ◦ f = f and f ◦ idX = f.
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Definition 2.29. An isomorphism in a category C is a morphism f : A → B such that

there exists a morphism g : B → A satisfying g ◦ f = idA and f ◦ g = idB. ∼= denotes

isomorphism in the given category.

Example: The category Top has topological spaces as its objects and continuous func-

tions as its morphisms. Category isomorphisms are homeomorphisms.

Definition 2.30. A functor F from a category C to a category D is a mapping that assigns

(i) each object X ∈ Ob(C) to an object FX ∈ Ob(D), (ii) each morphism f : X → Y in

C to a morphism Ff : FX → FY in D such that

1. FidX = idFX for every object X ∈ C.

2. Fg◦f = Fg ◦ Ff for all morphisms f : X → Y and g : Y → Z in C.

Definition 2.31. A natural transformation η : F ⇒ G between two functors F,G :

C → D is a collection of morphisms {ηX : FX → GX}X∈Ob(C) of D such that for every

morphism f : X → Y in C, the following diagram commutes:

FX FY

GX GY

Ff

ηX ηY

Gf

2.5 Auxiliary

Definition 2.32. A poset (partially ordered set) is a set P equipped with a partial order

≤ satisfying (i) p ≤ p for all p ∈ P , (ii) if p ≤ q and q ≤ p, then p = q, (iii) if p ≤ q and

q ≤ r, then p ≤ r. A totally ordered set is a poset T in which every pair of elements is

comparable, i.e., for all x, y ∈ T , either x ≤ y or y ≤ x.

Proposition 2.5 (Zorn’s Lemma). Let P be a poset. Assume that every totally ordered

subset T ⊆ P has an upper bound, i.e., there exists u ∈ P such that t ≤ u for all t ∈ T .

Then P contains a maximal element, i.e., an element m ∈ P such that there is no p ∈ P

with m < p.

Remark 2.10. Zorn’s Lemma is equivalent to the axiom of choice.
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Chapter 3

SIMPLICIAL COMPLEXES

A simplicial complex is a combinatorial object constructed from simplices such as

points, edges, triangles, and their higher-dimensional analogues. This section introduces

the formal definition of simplicial complexes and discusses their geometric realization. In

this chapter, we follow the lecture notes [22].

Definition 3.1. Let V be a nonempty set. An abstract simplicial complex K on V is a

collection of nonempty subsets of V such that (i) each element of K has finite cardinality,

(ii) {v} ∈ K for all v ∈ V , (iii) if σ ∈ K and τ ⊆ σ then τ ∈ K. The elements of V are

called vertices. The elements of K are called simplices. A simplex with k + 1 vertices is

called a k-simplex. The dimension of a simplex σ ∈ K is |σ| − 1, where |σ| denotes the

cardinality. So, a k-simplex has dimension k. The dimension of the simplicial complex K

is the maximum dimension of its simplices. The set of all i-simplices in K is denoted by

Ki. Note that K0 can be taken as V . A face of a simplex σ is any nonempty subset of σ.

Definition 3.2. Let K and L be abstract simplicial complexes. A simplicial map f :

K → L is a function f : K0 → L0 such that for every simplex σ ∈ K, the image f(σ) is

a simplex in L, i.e., ∀σ ∈ K, f(σ) := {f(v) | v ∈ σ} ∈ L.

Definition 3.3. A simplicial isomorphism is a simplicial map f : K → L that has an

inverse simplicial map g : L→ K, i.e., g ◦ f = idK and f ◦ g = idL.

Remark 3.1. The category of simplicial complexes, denoted by Simp, has abstract sim-

plicial complexes as objects and simplicial maps as morphisms.

Definition 3.4. Let x1, x2, . . . , xk be points in Rn.

• A linear combination of the points x1, x2, . . . , xk is a sum of the form
∑k

i=1 λixi

where λi ∈ R for all i.
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• An affine combination of the points x1, x2, . . . , xk is a linear combination where

the coefficients sum to one, i.e.,
∑k

i=1 λixi with
∑k

i=1 λi = 1.

• A convex combination of the points x1, x2, . . . , xk is an affine combination with

non-negative coefficients, i.e.,
∑k

i=1 λixi with
∑k

i=1 λi = 1 andλi ≥ 0 for all i.

Definition 3.5. A set C ⊆ Rn is called convex if for any two points x, y ∈ C and any

λ ∈ [0, 1], the point λx+ (1− λ)y ∈ C.

Definition 3.6. The convex hull of a set S ⊆ Rn, denoted by conv(S), is the smallest

convex set containing S. This is equivalent to the set of all convex combinations of points

in S, i.e., conv(S) :=
{∑k

i=1 λixi | k ≥ 1, xi ∈ S, λi ≥ 0,
∑k

i=1 λi = 1
}

.

Definition 3.7. A set of points {x0, x1, . . . , xk} ⊆ Rn is called affinely independent if the

set of vectors {x1 − x0, x2 − x0, . . . , xk − x0} is linearly independent. The convex hull

of any finite set of points in Rn is called a geometric simplex. A geometric k-simplex is

the convex hull of a set of affinely independent points {x0, x1, . . . , xk} ⊆ Rn.

Definition 3.8. Let K be an abstract simplicial complex. Let φ : K0 → Rn be a function

that assigns each vertex of K a point in Rn.

The geometric realization of K with respect to φ, denoted by |K|φ, is the union of the

geometric simplices spanned by the images of the simplices in K under φ, i.e.,

|K|φ :=
⋃

σ∈K

conv(φ(σ)).

φ : K0 → Rn is called an affine embedding if φ maps vertices of each simplex to

affinely independent points in Rn. In this case, the geometric realization |K|φ is called

the affine geometric realization of K.

Remark 3.2. IfK0 is infinite, we can define the geometric realization ofK inside the space

RK0 as |K| :=
{
(xi)i∈K0 ∈ RK0

∣∣ ∑
i∈K0

xi = 1, xi ≥ 0 and {i ∈ K0 | xi > 0} ∈ K
}
.

This sum is well-defined since every simplex in K has finite cardinality.

Remark 3.3. The topology of |K|φ is independent of the choice of the affine embedding

φ. Consequently, we can denote the affine geometric realization of a simplicial complex

K by |K|, without specifying φ, and |K| is called the geometric realization.
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Example: The standard (n− 1)-simplex ∆n−1 is defined as the set of all convex combi-

nations of the standard basis vectors e1, e2, . . . , en in Rn, i.e.,

∆n−1 =

{
n−1∑

i=0

λiei+1 | λi ≥ 0,
n−1∑

i=0

λi = 1

}

where ei is the i-th standard basis vector in Rn. A solid (n − 1)-simplex is a simplicial

complex K whose vertex set is V = {v0, . . . , vn−1} and whose simplices are all non-

empty subsets of V . Define an affine embedding φ : K0 → Rn by mapping each vertex

vi to the standard basis vector ei+1 for i = 0, 1, . . . , n− 1. Then |K| = |K|φ = ∆n−1.

Proposition 3.1. The geometric realization is a functor | − | : Simp → Top defined as

• On Objects: For a simplicial complex K, the functor assigns its geometric realiza-

tion |K|.
• On Morphisms: For a simplicial map f : K → L between simplicial complexes,

the functor assigns a continuous map |f | : |K| → |L| as follows: Let ϕ : K0 →
R|K0| and ψ : L0 → R|L0| be affine embeddings. Then for any point x ∈ |K| =
|K|ϕ, which can be uniquely written as x =

∑
i ti · ϕ(vi) with vi ∈ K0, ti ≥

0,
∑

i ti = 1, we define |f |(x) :=
∑

i ti · ψ(f(vi)). This map |f | : |K| → |L| is

continuous and is called the geometric realization of f .

Figure 3.1: The Geometric Realization of The Simplicial Complex K Given Below

Example: Figure 3.1 illustrates the geometric realization of the simplicial complex

K := {{a}, {b}, {c}, {d}, {e}, {a, e}, {a, d}, {a, c}, {c, d}, {a, b}, {b, c}, {a, c, d}}.

Definition 3.9. A triangulation of a topological space X is a pair (K, h), where K is

a simplicial complex and h : |K| → X is a homeomorphism. The space X is called

triangulable if such a triangulation exists.
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Definition 3.10. Let K be a finite simplicial complex. The Euler characteristic χ(K) of

K is defined as

χ(K) =
dimK∑

k=0

(−1)kck,

where ck denotes the number of k-simplices in K.

Remark 3.4. The Euler characteristic is a topological invariant, meaning it depends only

on the topological structure of the triangulable space X and not on a particular trian-

gulation. In other words, if K and L are two triangulations of the same topological

space X , then the Euler characteristic of K is equal to the Euler characteristic of L,

i.e., χ(K) = χ(L).

Definition 3.11. The barycentric subdivision of a simplicial complex K, denoted by

Sd(K), is a new simplicial complex whose vertices correspond to the simplices of K.

The simplices of Sd(K) are given by finite sequences of simplices

σ0 ⊊ σ1 ⊊ · · · ⊊ σk

in K, where each σi ∈ K, and ⊊ denotes the strict face relation. Each such sequence

corresponds to a k-simplex in Sd(K).

Proposition 3.2. The geometric realizations of a simplicial complexK and its barycentric

subdivision Sd(K) are homeomorphic, i.e., |K| ∼= |Sd(K)|.
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Chapter 4

NERVE THEOREM

One of the conditions of the classical Nerve theorem is paracompactness. As will be

shown in this section, every paracompact Hausdorff space admits a partition of unity, a

crucial instrument in proving the theorem. Since manifolds are known to be paracom-

pact, a property that will be demonstrated, and Hausdorff by definition, the conditions

of the theorem are satisfied in this setting as well. Hence, the Nerve Theorem holds for

manifolds.

4.1 Paracompactness

Definition 4.1. [21] A collection of sets U = {Uα}α∈A in a topological space X is called

locally finite if for every point x ∈ X , there exists an open neighborhood1 V ⊆ X of x

such that V intersects only finitely many sets in U , i.e., the set {Uα ∈ U : V ∩ Uα ̸= ∅} is

finite.

A cover V of a space X is a refinement of another cover U of X if for every V ∈ V ,

there exists U ∈ U such that V ⊆ U .

A topological space X is called paracompact if every open cover of X has an open

locally finite refinement.

Remark 4.1. Separable2 metric spaces are paracompact. By assuming the axiom of choice,

all metric spaces are paracompact 3.

Definition 4.2. [21] Let φ : X → R be a continuous function. Then the support of φ is

defined as supp(φ) := {x ∈ X | φ(x) ̸= 0}.

1A set V is a neighborhood of x if there exist an open set U such that x ∈ U ⊂ V .

2A space is separable if the space has a countable subset whose closure gives the whole space.

3[21], Theorem 41.4.
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Definition 4.3. [21] Let X be a topological space. A collection of continuous functions

{φi}i∈I on X is called a partition of unity if it satisfies the following conditions:

1. Each function φi takes values in [0, 1], i.e., φi : X → [0, 1].

2. The collection of supports {supp(φi)}i∈I is locally finite, i.e., for every point x ∈
X , there exists an open neighborhood U ⊆ X of x such that U intersects only

finitely many of the supports supp(φi).

3. For each point x ∈ X ,
∑

i∈I φi(x) = 1.

Let U = {Uα}α∈A be an open cover of X . A partition of unity {φi}i∈I is called

subordinate to U if for each i ∈ I , the support of φi is contained in some Uα, i.e.,

supp(φi) ⊆ Uα for some α ∈ A.

Remark 4.2. The sum in (3) is well-defined and continuous because the local finiteness

condition (2) ensures that, at each point x ∈ X , only finitely many terms in the sum are

nonzero. Some authors omit the local finiteness condition in the definition and instead

assume that the sum in (3) is already well-defined and continuous. However, adding

condition (2) is harmless and often technically convenient. Indeed, there is a theorem

stating that for any collection of continuous functions {ψi} on X with values in [0, 1]

such that
∑

i ψi(x) = 1 for all x, one can construct a locally finite partition of unity

{φi} (with the same index set) such that the support of φi is contained in the support

of ψi; that is, the collection {supp(φi)} is a refinement of {supp(ψi)}. Our version of

the definition, which explicitly includes the local finiteness condition, is often preferred

because it simplifies dealing with technical arguments.

Proposition 4.1. Assume that every open cover of a topological space X admits a parti-

tion of unity subordinate to the given cover. Then X is paracompact.

Proof. Let U = {Uα}α∈A be an arbitrary open cover of X . Then there exists a partition

of unity {φi}i∈I such that for each i, the support suppφi = {x ∈ X : φi(x) ̸= 0} is

contained in some member Uα(i) ∈ U . Let Vi := {x ∈ X : φi(x) > 0}. Then

• Each Vi is open.

• The collection {Vi}i∈I covers X (At each point x ∈ X , at least one φi(x) > 0).
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• Since Vi ⊆ supp(φi), and the collection {supp(φi)}i∈I is locally finite, the collec-

tion {Vi}i∈I is also locally finite.

• Each i ∈ I , we have Vi ⊆ supp(φi) ⊆ Uα(i).

Thus, {Vi}i∈I is a locally finite open refinement of the open cover U . Since U is arbitrary,

this shows that X is paracompact.

The existence of a partition of unity is central to the proof of the classical nerve theo-

rem. Proposition 4.1 shows the necessity of the paracompactness condition.

Definition 4.4. [21] A topological space X is called normal if for every pair of disjoint

closed sets A,B ⊂ X , there exist disjoint open sets U, V such that A ⊂ U and B ⊂ V .

Proposition 4.2. [21, Theorem 41.1.] Hausdorff paracompact spaces are normal.

Proof. Let X be a paracompact Hausdorff space. We will first prove that X is regular.

Take an arbitrary x ∈ X and an arbitrary closed set A ⊂ X not containing x. Regularity

means that we will find disjoint open neighborhoods Ux and UA of x and A, respectively.

Since X is Hausdorff, for each a ∈ A, there exist disjoint open sets Oa containing x

and Ua containing a. The collection {Ua}a∈A is an open cover of A, and together with

X \ A, it forms an open cover of X .

By paracompactness of X , there exists a locally finite open refinement {Va}a∈A ∪
{X \ A} such that Va ⊂ Ua for each a (Without loss of generality, we may assume that

the refinement has the same index set as the original cover by grouping the elements of

the refinement according to which element of the original cover they are contained in,

and taking their unions.). Define UA :=
⋃
a∈A Va, which is an open neighborhood of A.

By local finiteness, there exists an open set Yx containing x and a finite subset F ⊂ A

such that Yx intersects only finitely many Va, i.e., Yx ∩ Va = ∅ for a /∈ F . Define

Ux := Yx ∩
⋂
c∈F Oc. This is an open set containing x. Also, Ux ∩ UA = ∅. So, X is

regular.

Now we will show that X is normal. Take two disjoint closed subsets A,B ⊂ X . We

will find open neighborhoods UA ⊃ A and UB ⊃ B.

By regularity, for each a ∈ A, there exist disjoint open sets Ua containing a and

UBa containing B. The collection {Ua}a∈A together with X \ A forms an open cover of
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X . Using paracompactness, without loss of generality, there is a locally finite refinement

{Va}a∈A ∪ {X \ A} such that Va ⊂ Ua.

Define UA :=
⋃
a∈A VA, which is an open neighborhood of A. By locally finiteness,

each b ∈ B has an open neighborhood Yb and a finite set Fb ⊂ A such that Yb ∩ Va = ∅
for all a /∈ Fb. Define Ub := Yb ∩

⋂
a∈Fb

UBa . This is open, it contains b, and avoids UA.

Setting UB :=
⋃
b∈B Ub, we get an open set containing B and disjoint from UA. Hence,

X is normal.

Proposition 4.3. [21, Exercise 36.4.](Shrinking Lemma) Let X be a normal space.

1. Suppose {U,U ′} is an open cover of X . Then there exists an open set V such that

V ⊂ U and V ∪ U ′ = X .

2. Suppose {Uα}∞α=1 is a locally finite open cover of X . Then there exist open sets

{Vα}∞α=1 such that they cover X and Vα ⊂ Uα.

3. Suppose {Uα}α∈A is a locally finite open cover ofX . Assuming the axiom of choice,

there exist open sets {Vα}α∈A such that they cover X and Vα ⊂ Uα.

Proof. The first item will be used for the proofs of the second and the third items.

1. The closed sets U c and (U ′)c are disjoint since U ∪ U ′ = X . By the normality of

X , there exist disjoint open sets V and V ′ such that (U ′)c ⊂ V and U c ⊂ V ′. Then

• V ∪ U ′ = X since every point is either in U ′ or in (U ′)c ⊂ V .

• V ∩ V ′ = ∅ implies V ⊂ (V ′)c.

• (V ′)c is closed, so V ⊂ (V ′)c.

• V ⊂ U , since U c ⊂ V ′ implies (V ′)c ⊂ U .

Hence, V is open set satisfying V ⊂ U and V ∪ U ′ = X .

2. We proceed with the construction of this cover by induction on α ∈ N. Define

U ′
1 :=

⋃
α>1 Uα. Then {U1, U

′
1} is an open cover of X , so by part (1), there exists open

V1 ⊂ X such that V1 ⊂ U1 and V1∪U ′
1 = X. Suppose V1, . . . , Vn−1 have been constructed

satisfying Vk ⊂ Uk for k < n and {V1, . . . , Vn−1, Un, Un+1 · · · } covers X . Let

U ′
n :=

(
⋃

α<n

Vα

)
∪
(
⋃

α>n

Uα

)
.

Then {Un, U ′
n} is an open cover of X , so by part (1), there exists an open set Vn ⊂ X

such that Vn ⊂ Un and Vn ∪ U ′
n = X. This defines the collection {Vα}∞α=1.
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To verify that the collection {Vα}∞α=1 covers X , fix x ∈ X . Note that local finiteness

implies point-finiteness, each point of X lies in only finitely many Uα. Since the original

cover {Uα} is locally finite, there exists β ∈ N such that x /∈ Uα for all α > β. Then, by

construction of Vβ , {V1, . . . , Vβ} ∪ {Uβ+1, Uβ+2 · · · } covers X . Hence, x ∈ ⋃α≤β Vα ⊂
⋃∞
α=1 Vα. Since x ∈ X is arbitrary, this finishes that {Vα} is an open cover of X with

Vα ⊂ Uα.

3. Define P to be the set of pairs (B,W), where B ⊂ A and W = {Wα}α∈A is a

collection of open sets satisfying

(i) Wα ⊂ Uα for all α ∈ B,

(ii) Wα = Uα for all α /∈ B,

(iii) {Wα}α∈A is an open cover of X .

Define a partial order on P by

(B1,W1) ≤ (B2,W2) ⇐⇒ B1 ⊆ B2 and W1,α = W2,α for all α ∈ B1.

Let T ⊂ P be a totally ordered subset. Define

C :=
⋃

(B,W)∈T

B, and set Yα :=




Wα for any (B,W) ∈ T with α ∈ B,

Uα if α /∈ C.

This is well-defined since T is totally ordered. We claim Y := {Yα}α∈A is an open cover

of X . By construction, elements of Y are open. Fix x ∈ X . There are two cases. (i)

x ∈ Uα for some α /∈ C. So, x ∈ Yα. (ii) Since {Uα} is point-finite too, there exists

a neighborhood of x that intersects only finitely many Uα, say for Fx = {α1, . . . , αn}.

Since case (i) doesn’t hold, Fx ⊂ C. Since T is totally ordered, there exists (B′,W ′) ∈ T

such that Fx ⊂ B′. SinceW ′ coversX and x /∈ Uα for α /∈ Fx, it must be x ∈ ⋃α∈Fx
W ′
α.

So, x ∈ ⋃α∈Fx
Y ′
α by definition of Y . In both cases, x ∈ Yα for some α ∈ A.

By Zorn’s Lemma, P has a maximal element (M,V). Suppose M ̸= A, and pick

α0 ∈ A \M . Define

W :=

(
⋃

β∈M

Vβ

)
∪


 ⋃

β∈A\(M∪{α0})

Uβ


 ,

which is open. Then {Uα0 ,W} is an open cover of X , so by part (1), there exists an open

V ′
α0

such that V ′
α0

⊂ Uα0 and V ′
α0

∪W = X.
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Define V ′ by setting

V ′
α :=





Vα if α ∈M,

V ′
α0

if α = α0,

Uα otherwise.

Then (M ∪{α0},V ′) ∈ P , contradicting maximality. HenceM = A, and the correspond-

ing family V = {Vα}α∈A satisfies the desired properties.

Remark 4.3. Also, (3) =⇒ (2) =⇒ (1) =⇒ (being normal space).

Proposition 4.4. [21, Theorem 33.1.] (Urysohn’s Lemma) Let X be a normal space and

A,B ⊂ X be disjoint closed sets. Then there exists a continuous function f : X → [0, 1]

such that f|A = 0 and f|B = 1

Proposition 4.5. In a second-countable topological space, every locally finite open cover

has countably many members.

Proof. Let X be a second-countable topological space, and let U = {Uα}α∈A be a locally

finite open cover of X . Since X is second-countable, it has a countable basis {Bn}n∈N.

For each n ∈ N, define

Un := {U ∈ U : Bn ∩ U ̸= ∅}.

I := {n ∈ N : Un is finite}.

We claim that U =
⋃
n∈I Un. Clearly, for each n ∈ I , Un ⊆ U . Thus,

⋃
n∈I Un ⊆ U .

Let U ∈ U be an arbitrary member of the cover. Take any point x ∈ U . Since the

cover is locally finite, there exists an open neighborhood V of x such that V intersects

only finitely many sets in U .

Since {Bn}n∈N is a basis for X , there exists a basis element Bnx ⊆ V that contains x.

By construction, nx ∈ I because Bnx ⊆ V and V intersects only finitely many sets in the

cover, making Unx finite. Moreover, since x ∈ U ∩ Bnx , we have Bnx ∩ U ̸= ∅, which

means U ∈ Unx . Therefore, U ∈ ⋃n∈I Un.

This shows that U =
⋃
n∈I Un, where I ⊆ N and each Un is finite for n ∈ I . Since I is

a subset of N, it is countable, and thus
⋃
n∈I Un is a countable union of finite sets, making

it countable. Hence, the locally finite cover U has countably many members.
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Proposition 4.6. [21, Theorem 41.7.] Let X be a paracompact Hausdorff space and take

an arbitrary open cover. Then, assuming the axiom of choice, X admits a partition of

unity subordinate to the given cover. If X is second-countable, then this is true without

the axiom of choice.

Proof. Let Y be any open cover of X . Since X is paracompact, there exists a locally

finite open refinement U = {Uα}α∈A of Y such that for each α ∈ A, there is some

Yα ∈ Y satisfying Uα ⊂ Yα.

By proposition 4.2, X is normal, we apply the Shrinking Lemma 4.3 two times (as-

suming the axiom of choice). For each α, there exist open sets Wα, Vα such that

Wα ⊂ Wα ⊂ Vα ⊂ Vα ⊂ Uα.

and {Wα}α∈A and {Vα}α∈A are open covers of X .

By Urysohn’s Lemma 4.4, there exists a continuous function fα : X → [0, 1] such

that fα(x) = 1 for x ∈ Wα and fα(x) = 0 for x ∈ (Vα)
c.

Since {Uα} is locally finite and supp(fα) = {fα ̸= 0} ⊂ Vα ⊂ Uα, the collection

{supp(fα)} is locally finite. Define

F (x) =
∑

α∈A

fα(x).

This sum is well-defined and continuous since at each point only finitely many terms are

nonzero. Moreover, for every x ∈ X , there exists some α such that x ∈ Wα, so fα(x) = 1

and hence F (x) ≥ 1.

Finally, define the functions

φα(x) =
fα(x)

F (x)
.

Each φα is continuous and forms a partition of unity, since for all x,
∑

α∈A

φα(x) =
1

F (x)

∑

α∈A

fα(x) = 1.

Moreover, the support of φα is contained in Vα and hence in Yα, making the partition of

unity subordinate to Y .

Note that if we have a second-countable space, we don’t need to assume the axiom of

choice. By proposition 4.5, every locally finite open cover has countably many members.

So, we can apply the countable case of Shrinking Lemma 4.3.
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4.1.1 Manifolds

Definition 4.5. [19] A topological manifold M of dimension n is a Hausdorff, second

countable topological space such that each point p ∈ M has an open neighbourhood

U ⊆ M and a homeomorphism φ : U → φ(U) ⊆ Rn, where φ(U) is an open subset of

Rn (Note that φ(U) can be taken as Rn). So, M admits an open cover {Uα}α∈A, and for

each α, there exists a homeomorphism φα : Uα → Rn, called a chart. The pair (Uα, φα)

is called a coordinate chart on M .

Definition 4.6. [19] A space X is locally compact if every point x ∈ X has a compact

neighborhood.

Proposition 4.7. [19, Proposition 4.64.] Manifolds are locally compact.

Proof. Let M be a manifold. For all x ∈ Rn, the closed ball B(x, r) is compact by the

Heine–Borel theorem (since it is closed and bounded in Rn). So, B(x, r) is the compact

neighbourhood of x.

Given any point p ∈ M , take a coordinate chart (U, φ) with φ(U) = Rn. Choose

an open ball B(φ(p), r) ⊂ Rn. So, its closure B(φ(p), r) is compact. The preimage

W := φ−1(B(φ(p), r)) is an open neighborhood of p in U . Since U is open in M , W is

open in M . Moreover, since φ−1 is continuous and K := φ−1(B(φ(p), r)) is compact.

Thus, p ∈ W ⊂ K ⊂M . Every point p ∈M has a compact neighborhood.

Definition 4.7. [19] A subset P of a topological space X is called precompact (or rela-

tively compact) if the closure P is compact.

Proposition 4.8. [19, Proposition 4.63.] Let X be a Hausdorff and locally compact topo-

logical space. Then X has a basis of precompact open subsets.

Proof. Take x ∈ X . Then there exists an open set U and a compact set K such that

x ∈ U ⊂ K. Define Bx := {P ∈ TX | x ∈ P ⊂ U}, which is a local basis of x.

K is closed since compact subsets of Hausdorff spaces are closed. Take P ∈ Bx. Then

P ⊂ K and P is compact since closed subsets of compact spaces are compact. Hence, P

is precompact. Also,
⋃
x∈X Bx is a basis and it consists of precompact sets.
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Definition 4.8. [19] A topological space X has an exhaustion by compact sets if there

exists a sequence of compact subsets {Ki}j∈N such that it covers X and Kj ⊂ K◦
j+1 for

all j ∈ N.

Proposition 4.9. [19, Proposition 4.76.] Every second-countable Hausdorff and locally

compact topological space X admits an exhaustion by compact sets.

Proof. Let {Pn}n∈N be a countable basis of X consisting of precompact open sets via

proposition 4.8 and second countability. Inductively define g : N → N such that g(k) > k

and g(k) is the minimal index for which

P1 ∪ · · · ∪ Pk ⊆ P1 ∪ P2 ∪ · · · ∪ Pg(k).

(Note that such a function g exists because {Pn}n∈N is a basis and the union of closures

P1 ∪ · · · ∪ Pk is compact, so it has a finite subcover.) Set

Kj :=
⋃

i≤g(j)(1)

Pi,

where g(j) denotes the j-fold composition of g (i.e., g(j) = g ◦ g ◦ · · · ◦ g j-times). Note

that eachKj is compact because it is a finite union of compact sets. Also, {Kj}j∈N covers

X . By construction, we have Kj ⊆ P1 ∪ · · · ∪Pg(j+1)(1), which implies Kj ⊆ K◦
j+1, since

P1 ∪ · · · ∪Pg(j+1)(1) is open and contained in P1 ∪ · · · ∪Pg(j+1)(1) = Kj+1. Thus, {Kj}j∈N
is an exhaustion of X by compact sets.

Proposition 4.10. [19, Theorem 4.77.] Let X be a second-countable Hausdorff and lo-

cally compact topological space, and U be an open cover of X . Take a basis B for the

topology ofX . Then there exists a countable, locally finite open refinement of U consisting

of elements of B. As a result, X is paracompact.

Proof. Let (Kj)
∞
j=1 be an exhaustion of X by compact sets via proposition 4.9. Denote

K0 = ∅. For every j ∈ N, define

Vj := Kj+1 −K◦
j and Wj := K◦

j+2 −Kj−1.

Note that Vj is compact because it is a closed subset of a compact set. Also, Wj is open

because it is the difference between an open set and a closed set; and compact spaces of
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Hausdorff spaces are closed. By construction and properties of nested compact sets, we

have Vj ⊂ Wj .

For every x ∈ Vj there exists Ux ∈ U . Because B is a basis, there exists Bx ∈ B
such that x ∈ Bx ⊂ Ux ∩ Wj . So, {Bx}x∈Vj is an open cover of Vj . Then, by the

compactness of Vj there exists Bj = {Bxi ∈ B : xi ∈ Vj}nji=1 a finite cover of Vj and the

union of Bj’s elements is contained in Wj . Note that
⋃∞
j=1 Bj is a countable cover of X

and a refinement of U . Also, for every x ∈ X , x s contained in only finitely many Wj by

exhaustion. Hence,
⋃∞
j=1 Bj is a locally finite cover.

Proposition 4.11. Manifolds are paracompact.

Proof. Manifolds are locally compact via proposition 4.7. Since by definition manifolds

are second countable and Hausdorff, we can apply proposition 4.10. So, manifolds are

paracompact.

Remark 4.4. Another approach to proving that manifolds are paracompact is by first show-

ing that every manifold is metrizable; since every metrizable space is paracompact, it

follows that manifolds are paracompact as well.

4.2 Nerve Theorems

Definition 4.9. [5] Let U = {Uα}α∈A be a collection of sets indexed by a setA. The nerve

of U , denoted by Nerve(U), is an abstract simplicial complex where the vertex set isA and

a finite subset σ ⊆ A forms a simplex if and only if the intersection of the corresponding

sets Uα for α ∈ σ is nonempty, i.e.,

σ ∈ Nerve(U) ⇐⇒
⋂

α∈σ

Uα ̸= ∅.

Definition 4.10. [5] Let U = {Uα}α∈A be a cover of a topological space X . If every

nonempty finite intersection of sets in U is contractible, then U is called good cover.

Theorem 4.1. [18, Proposition 4G.1.] (Nerve Theorem) Let U = {Uα}α∈A be a good

open cover of a paracompact Hausdorff space X . Then the geometric realization of

Nerve(U) is homotopy equivalent to X , i.e.,

|Nerve(U)| ≃ X.
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Remark 4.5. As we will see, a part of the proof relies on the existence of a partition of

unity. In the proof, we also follow [5, Theorem 5.9.].

Figure 4.1: Nerve Theorem

Counterexamples: This theorem doesn’t hold if we drop paracompactness or Hausdorff-

ness of the space or the goodness condition of its open cover.

Violation for non-paracompact case: [5] Let ω1 denote the first uncountable ordinal, i.e.,

the set of all countable ordinals. Define the long ray L as follows:

• Consider the set consisting of all pairs (α, t) where α < ω1 and t ∈ [0, 1), ordered

lexicographically, i.e.,

(α, t) < (β, s) ⇐⇒ (α < β) or (α = β and t < s).

• Topologize this set using the order topology.

The following properties are known: L is Hausdorff. However, L is not paracompact and

not contractible. To get a good open cover, for each countable ordinal s < ω1, define

Ls := {t ∈ L | t < s}.

Each such open set is homeomorphic to the half-open interval [0, 1), and finite intersec-

tions of these sets are also homeomorphic to [0, 1). Hence, the family U := {Ls}s∈ω1 is a

good open cover of L. By some advanced machinery and the properties of L, |Nerve(U)|
is contractible. (L is weakly contractible and by results in [5], |Nerve(U)| is weakly

contractible. By Whitehead’s theorem, |Nerve(U)| is contractible.) However, L is not

contractible. Contradiction. Therefore, L and |Nerve(U)| are not homotopy equivalent.
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Violation for non-Hausdorff case: [5] Firstly, we define a simplicial complex. Let K :=

{{v1}, {v2}, {v3}, {v1, v2}, {v2, v3}, {v1, v3}} . It corresponds to the 1-skeleton of a trian-

gle. The geometric realization |K| is homeomorphic to the circle S1.

Define a finite topological space X whose points correspond to the simplices of K.

a := {v1}, b := {v2}, c := {v3},

d := {v1, v2}, e := {v2, v3}, f := {v1, v3}.

Then X = {a, b, c, d, e, f}. We topologize X by assigning a minimal open set around a

simplex σ to the upset (the Alexandrov topology defined by the face poset of K):

Uσ = {τ ∈ K | τ ⊇ σ}.

So, the open sets in this topology are generated by the following:

O(a) = {a, d, f}, O(b) = {b, d, e}, O(c) = {c, e, f},

O(d) = {d}, O(e) = {e}, O(f) = {f}.

Note thatX is paracompact since it is finite. ButX is not Hausdorff since we cannot sepa-

rate any pair of {a, b, c} by disjoint open sets. Define a good open cover U = {U1, U2, U3}
of X . For each vertex vi ∈ K, Ui is the following (the star of vi):

U1 := {a, d, f} U2 := {b, d, e} U3 = {c, e, f}

Each Ui is open in X , and the cover U is a good cover since all finite intersections are

either singletons or themselves, which are contractible.

Now compute Nerve(U). The nerve is a simplicial complex whose vertices are the

sets Ui, and whose simplices correspond to nonempty finite intersections.

U1 ∩ U2 = {d} ≠ ∅, U2 ∩ U3 = {e} ≠ ∅, U1 ∩ U3 = {f} ≠ ∅.

Thus, Nerve(U) ∼= K, the original simplicial complex.

Let g : X → S1 be a continuous map. Since U1 is open and connected, the restriction

g|U1 is continuous and it has a connected image. The image of U1 under g is also discrete.

As S1 is Hausdorff, the image is a single point. Therefore, g(a) = g(d) = g(f). Similarly,

using U2 and U3, we obtain g(b) = g(d) = g(e) and g(c) = g(e) = g(f). Combining

these equalities, g is constant on all of X .
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We have shown that every continuous map g : X → S1 is constant. Suppose, for

contradiction, that there is a homotopy equivalence between X and S1, with maps g :

X → S1 and h : S1 → X such that g ◦ h ≃ idS1 . But since every map g is constant,

the composition g ◦ h is also constant, hence null-homotopic. This contradicts the fact

that idS1 is not null-homotopic. Therefore, no such homotopy equivalence exists, and we

conclude X is not homotopy equivalent to |Nerve(U)| ≃ |K| ≃ S1. This example also

shows that the finiteness of cover is not enough to derive the nerve theorem.

Violation for non-good open cover: Let S1 ⊂ R2 be the unit circle. Consider U =

{U1, U2}, where U1 = S1 \ {(−1, 0)} and U2 = S1 \ {(1, 0)}. U1 and U2 are open in

the subspace topology of S1, and their union covers the whole circle. The intersection is

U1 ∩ U2 = S1 \ {(−1, 0), (1, 0)}. This is not connected and not contractible. Therefore,

the cover U is not a good cover. Now, consider Nerve(U):
• There are two open sets, so the nerve has two vertices.

• Their intersection is non-empty, so there is an edge connecting the two vertices.

Hence, the nerve is a 1-simplex (an interval), which is contractible. On the other hand, S1

is not contractible. Hence, S1 and Nerve(U) are not homotopy equivalent.

Remark 4.6. We can view poset P as a category P where

• The objects are the elements of P .

• For each p ≤ q, there is a unique morphism p→ q.

Definition 4.11. [5] Let P be a poset, and let F : P → Top be a functor. The bar

construction of F , denoted by Bar(F ), is defined as the quotient space

Bar(F ) :=


 ⊔

(p0<p1<···<pn)

Fp0 ×∆n


/ ∼,

where the disjoint union runs over all finite non-degenerate chains (p0 < p1 < · · · < pn)

in P , and the equivalence relation ∼ is generated by the following identifications:

For each chain c = (p0 < p1 < · · · < pn) and for each i = 0, 1, . . . , n, let ci :=

(p0 < · · · < p̂i < · · · < pn) be the subchain obtained by omitting the i-th element, and let

ji : ∆
n−1 → ∆n be the i-th face inclusion. Let q0 denote the first element of the subchain

ci. Then for all x ∈ Fp0 and z ∈ ∆n−1, we impose the identification

(x, ji(z)) ∼ (Fp0→q0(x), z) .
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Proposition 4.12. [5, Proposition 2.6.] Let P be a poset and F,G : P → Top be

functors. Assume η : F ⇒ G be a natural transformation such that for all p ∈ P , η(p)

is a homotopy equivalence. Then the induced map Bar(F ) → Bar(G) is a homotopy

equivalence.

Definition 4.12. [5] Let U = {Uα}α∈A be a cover of a topological space X . For each

simplex σ ∈ Nerve(U), define Uσ :=
⋂
α∈σ Uα. The blowup complex associated to the

cover U is defined as the quotient space

Blowup(U) :=


 ⊔

σ∈Nerve(U)

Uσ ×∆|σ|−1



/

∼ .

where ∆|σ|−1 is the standard simplex of dimension |σ| − 1 the equivalence relation ∼ is

generated by the following identifications:

For each σ′ ⊂ σ Let jσ′⊂σ : ∆
|σ′|−1 → ∆|σ|−1 is the canonical face inclusion of

simplices corresponding to the inclusion of vertex sets, and iσ→σ′ : Uσ → Uσ′ be the

canonical inclusion. Then for all x ∈ Uσ and z ∈ ∆|σ′|−1, we impose the identification

(x, jσ′⊂σ(z)) ∼ (iσ→σ′(x), z) = (x, z).

Remark 4.7. [5] Take poset P as Nerve(U) with order ≤ such that σ ≤ τ ⇐⇒ σ ⊇ τ .

Let DU : P → Top be a functor such that σ 7→ Uσ =
⋂
α∈σ Uα and the correspond-

ing morphisms of comparisons are inclusions of topological spaces. We can construct a

homeomorphism Bar(DU)
∼=−→ Blowup(U) by assembling natural local homeomorphisms

indexed by simplices σ ∈ Nrv(U). For each such σ, let |σ| denote the geometric real-

ization of the simplicial complex generated by the finite set σ, and let |Sd(σ)| denote its

barycentric subdivision. Each flag σ = σ0 ⊋ σ1 ⊋ · · · ⊋ σn in the poset PU indexes a

cell Uσ0 × ∆n ⊂ Bar(DU). These cells glue together over all such flags with the same

element σ = σ0, resulting in a subspace

Uσ × |Sd(σ)| ⊂ Bar(DU).

Note that there is a homeomorphism ϕσ : |Sd(σ)|
∼=−→ |σ| which collapses the barycentric

subdivision back to the original simplex. Taking the identity map on Uσ, we obtain

idUσ × ϕσ : Uσ × |Sd(σ)| → Uσ × |σ|,
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which lands inside Blowup(U) by definition. These maps respect the equivalence re-

lations in both Bar(DU) and Blowup(U), and hence assemble to a well-defined global

homeomorphism. Hence, Bar(DU)
∼=−→ Blowup(U).

Now, we have enough tools to prove the nerve theorem 4.1. The strategy of the proof is

to construct a sequence of intermediate topological spaces that serve as bridges between

the original space X and the nerve of its cover. We will then demonstrate that each

of these spaces is homotopy equivalent to the next, ultimately establishing a homotopy

equivalence between X and the geometric realization of the nerve. We will use three key

constructions: a partition of unity, the blowup complex, and the bar construction.

Proof. Define the projection map ρ : Blowup(U) → X by ρ([(x, z)]) := x. This map is

well-defined since all identifications in the blowup complex preserve the first coordinate

x. For any x ∈ X , define Ax := {α ∈ A | x ∈ Uα}. Then

ρ−1(x) =
{
[(x, z)] | σ ⊂ Ax finite, z ∈ ∆|σ|−1

}

=

{
∑

i∈σ

tixi | σ ⊂ Ax finite and xi := x ∈ U{i} ×∆0 ≃ Ui and
∑

i∈σ

ti = 1 and ti ≥ 0

}
.

Since X is paracompact and Hausdorff, there exists a partition of unity {ψα}α∈A sub-

ordinate to U via proposition 4.6 such that supp(ψα) ⊆ Uα. Define for each x ∈ X

σψ(x) := {α ∈ A | ψα(x) ̸= 0}, which is finite by local finiteness. Now define

sψ : X → Blowup(U) by sψ(x) :=
[(
x, (ψα(x))α∈σψ(x)

)]
=
∑

α∈A ψα(x) xα such that
(
x, (ψα(x))α∈σψ(x)

)
∈ Uσψ(x) ×∆|σψ(x)|−1.

Note that (ρ◦sψ)(x) = x. So, ρ◦sψ = idX . We want to show that sψ ◦ρ is homotopic

to idBlowup(U). Define a homotopy H : Blowup(U)× [0, 1] → Blowup(U) by

H(y, t) := [(x, (1− t)z + t · (ψα(x))α∈σ)] ,

where x = ρ(y) and z ∈ ∆|σ|−1 such that σψ(x) ⊆ σ. This is well-defined since the con-

vex combination of points in a standard simplex remains in the simplex, and compatibility

with the equivalence relation is preserved. Also, H(y, 0) = H([(x, z)], 0) = [(x, z)] = y

and H(y, 1) = H([(x, z)], 1) = sψ(x) = (sψ ◦ ρ)(y).
Hence H is a homotopy from idBlowup(U) to sψ ◦ ρ, and p is a homotopy equivalence

with homotopy inverse sψ. Thus, Blowup(U) and X are homotopy equivalent.
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Figure 4.2: Proof Strategy for Nerve Theorem

By remark 4.7, we know that Blowup(U) and Bar(DU) are homeomorphic. Now

define a functor F : P → Top such that Fσ = {∗} for all σ ∈ Nerve(U). Since U is a

good cover, Uσ is contractible, hence there exists a homotopy equivalence ησ : Uσ → {∗}.

Note that η is a natural transformation between DU and F . By proposition 4.12, we get

Bar(DU) ≃ Bar(F ). Also, Bar(F ) is homeomorphic to |Sd(Nerve(U))|. Thus,

Blowup(U) ∼= Bar(DU) ≃ Bar(F ) ∼= |Sd(Nerve(U))| ∼= |Nerve(U)|.

To sum up, since X is a paracompact Hausdorff space and U is an open cover, we

have a homotopy equivalence between X and Blowup(U). Also, since U is a good cover,

Blowup(U) ≃ |Nerve(U)|. Since both conditions are satisfied, X ≃ |Nerve(U)|.
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There are other versions of the nerve theorem depending on the topological space, its

cover, and the index set of the cover. Here, we present two different versions.

Theorem 4.2. [5, Theorem 4.8.] (Nerve Theorem for Simplicial Complexes) Let K =

{Kα}α∈A be a set consisting of subcomplexes ofK such that the union of its elements isK

and the geometric realizations of all non-empty finite intersections are contractible. Then

the geometric realization of Nerve(K) is homotopy equivalent to the geometric realization

of K, i.e.,

|Nerve(K)| ≃ |K|.

Theorem 4.3. [5, Theorem 3.9.] (Nerve Theorem for Closed Convex Finite Covers) Let

C = {Ci}i∈[m] be a finite set consisting of closed convex subsets of Euclidean space Rn.

Then the geometric realization of Nerve(C) is homotopy equivalent to the union of the

sets in C, i.e.,

|Nerve(C)| ≃
⋃

i∈I

Ci.
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Chapter 5

HOMOLOGY

Homology is an algebraic concept defined on chain complexes. Although intuitively

one might describe a topological space by referring to its “holes”, giving a precise math-

ematical formulation of this idea requires the machinery of homology theory. Among the

various approaches, simplicial homology provides a computationally effective method

for spaces that admit a triangulation. On the other hand, singular homology is defined for

all topological spaces. Importantly, for triangulable spaces, simplicial and singular ho-

mology theories are naturally isomorphic, which implies that the simplicial homology is

independent of the specific triangulation chosen. This chapter follows a classic textbook

[18] on algebraic topology.

Definition 5.1. Let R be a commutative ring with identity. A chain complex (C, ∂) is a

sequence of R-modules {Cn}n∈Z together with R-module homomorphisms ∂n : Cn →
Cn−1 such that ∂n−1 ◦ ∂n = 0 for all n ∈ Z. The elements of Cn are called chains

of degree n and ∂n is called the boundary operator for all n ∈ Z. The kernel of ∂n is

denoted by Ker ∂n and is called the cycle module, which lies in Cn, and the image of

∂n+1, which lies in Cn, denoted by Im ∂n+1, is called the boundary module. An element

of the cycle module Ker ∂n is called a cycle of degree n, and an element of the boundary

module Im ∂n+1 is called a boundary of degree n. Since ∂n−1 ◦ ∂n = 0 for all n ∈ Z,

Im ∂n+1 ⊆ Ker ∂n. This means that every boundary of degree n is also a cycle of degree

n. Therefore, the quotient module

Hn(C) := ker ∂n/ im ∂n+1

is well-defined and it is called the homology module of (C, ∂) at degree n. The elements

of Hn are called homology classes. Two cycles that represent the same homology class

are called homologous, meaning that their difference is a boundary.
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Definition 5.2. Let (C, ∂C) and (D, ∂D) be two chain complexes over a commutative ring

R. A chain map f : C → D is a sequence of R-module homomorphisms {fn : Cn →
Dn}n∈Z such that for every n, ∂Dn ◦fn = fn−1 ◦∂Cn , i.e., the following diagram commutes:

Cn
∂Cn−→ Cn−1

↓ fn ↓ fn−1

Dn
∂Dn−→ Dn−1.

Remark 5.1. The chain map f induces a (module) homomorphism on the homology level.

f∗ : Hn(C) → Hn(D), defined by f∗([c]) = [f(c)].

Remark 5.2. The category of chain complexes consists of chain modules as objects and

chain maps as morphisms. Hn is a functor from the category of chain complexes to the

category of R-modules, and it is called homology functor.

Definition 5.3. Let f, g : (C, ∂C) → (D, ∂D) be two chain maps between chain com-

plexes. A chain homotopy between f and g is a sequence of R-module homomorphisms

{Pn : Cn → Dn+1}n∈Z such that for every n,

fn − gn = ∂Dn+1 ◦ Pn + Pn−1 ◦ ∂Cn .

A chain map f : C → D between two chain complexes C and D is called a chain

homotopy equivalence if there exists a chain map g : D → C such that f ◦ g is chain

homotopic to the identity map idD and g ◦ f is chain homotopic to the identity map idC .

Proposition 5.1. If f and g are chain homotopic, then they induce the same homomor-

phism on the homology level, i.e., f∗ = g∗ : Hn(C) → Hn(D). If f : C → D

is a chain homotopy equivalence then f induces isomorphisms on homology level, i.e.,

Hn(C) ∼= Hn(D).

5.1 Singular Homology

Definition 5.4. Let X be a topological space and n ∈ Z≥0. A singular n-simplex in X

is a continuous map σ : ∆n → X where ∆n is the standard n-simplex. The set of all

singular n-simplices in X is denoted by Sn(X).
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Let R be a commutative ring with identity. The singular n-chain module Cn(X;R)

is the free R-module generated by Sn(X). An element of Cn(X;R) is called a singular

n-chain. The boundary operator ∂n+1 : Cn+1(X;R) → Cn(X;R) is an R-module

homomorphism defined on a singular (n+ 1)-simplex σ : ∆n+1 → X by

∂n+1(σ) =
n+1∑

j=0

(−1)jσ ◦ δj,

where δj : ∆n → ∆n+1 is the inclusion of the j-th face of ∆n+1. This definition is

extended linearly to all of Cn+1(X;R).

Theorem 5.1. Let X be a topological space and Cn(X;R) be a singular n-chain module

for a nonnegative integer n. Then the sequence of R-modules and boundary operators of

the singular chain modules

· · · ∂n+1−−−→ Cn(X;R)
∂n−→ Cn−1(X;R)

∂n−1−−−→ · · · ∂1−→ C0(X;R)
∂0=0−−−→ 0

forms a chain complex, i.e., ∂n ◦ ∂n+1 = 0 for all n ∈ Z≥0.

Remark 5.3. Cn is a functor from the category of topological spaces to the category of

chain complexes, and it is called singular functor. The quotient module

Hn(X;R) :=
ker(∂n : Cn(X;R) → Cn−1(X;R))

im(∂n+1 : Cn+1(X;R) → Cn(X;R))
.

is called the nth (singular) homology module of X . Hn(−;R) is a functor from the

category of topological spaces to the category of R-modules, and it is called singular

homology functor.

Remark 5.4. Let X be a topological space, and let {Xα} denote the set of path-connected

components of X . Then for all n ≥ 0, Hn(X;R) ∼=
⊕

αHn(Xα;R). Specifically, for

n = 0 we have H0(X;R) ∼=
⊕

αR.

Proposition 5.2. Let f, g : X → Y be continuous maps that are homotopic. Then

f∗, g∗ are chain homotopic, so f∗ = g∗ as R-module homomorphisms from Hn(X;R)

to Hn(Y ;R). Hence, if X and Y are homotopy equivalent spaces, then their homology

modules are isomorphic.
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Proposition 5.3. LetX be a contractible space. Then for any n ≥ 0 and any commutative

ring R, the n-th homology module of X is given by

Hn(X;R) =




R if n = 0,

0 if n > 0.

5.2 Simplicial Homology

Definition 5.5. Let K be a simplicial complex. The simplicial n-chain module Cn(K;R)

is the freeR-module generated by the n-simplices ofK. An element of Cn(K;R) is called

a simplicial n-chain.

The boundary operator ∂n : Cn(K;R) → Cn−1(K;R) is an R-module homomor-

phism defined on an n-simplex σ = [v0, v1, . . . , vn] by

∂n([v0, v1, . . . , vn]) =
n∑

i=0

(−1)i[v0, v1, . . . , v̂i, . . . , vn],

where [v0, v1, . . . , v̂i, . . . , vn] is the (n − 1)-simplex obtained by removing the vertex vi.

This definition extends linearly to all of Cn(K;R).

Theorem 5.2. LetK be a simplicial complex and Cn(K;R) be a simplicial n-chain mod-

ule for nonnegative integer n. Then the sequence of R-modules and boundary operators

of the simplicial chain modules

· · · ∂n+1−−−→ Cn(K;R)
∂n−→ Cn−1(K;R)

∂n−1−−−→ · · · ∂1−→ C0(K;R)
∂0=0−−−→ 0

forms a chain complex, i.e., ∂n ◦ ∂n+1 = 0 for all n ∈ Z≥0.

Remark 5.5. Cn is a functor from the category of simplicial complexes to the category of

chain complexes, and it is called simplicial chain functor. The quotient module

H∆
n (K;R) :=

ker(∂n : Cn(K;R) → Cn−1(K;R))

im(∂n+1 : Cn+1(K;R) → Cn(K;R))
.

is called the nth (simplicial) homology module of the simplicial complex K. H∆
n (−;R)

is a functor from the category of simplicial complexes to the category of R-modules, and

it is called simplicial homology functor.
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Theorem 5.3. Let X be a triangulable topological space and let K be a simplicial

complex such that |K| is homeomorphic to X . Then the singular homology modules

Hn(X;R) and the simplicial homology modules H∆
n (K;R) are isomorphic for all n, i.e.,

Hn(X;R) ∼= H∆
n (K;R).

Definition 5.6. Let X be a topological space and F a field. The ith Betti number of X ,

denoted by βi(X;F ), is defined as

βi(X;F ) := dimF Hi(X;F ).

Intuitively, β0 counts the number of path connected components, β1 for loops, β2 for

two-dimensional voids, and so on.

Proposition 5.4. Let X be a triangulable topological space, and let K be a finite simpli-

cial complex such that |K| ∼= X . Then

χ(X) := χ(K) =
∞∑

i=0

(−1)iβi(X;F ).

Remark 5.6. Although the individual Betti numbers may depend on the choice of field

F , the Euler characteristic χ(X) is independent of F (assuming all homology groups are

finite-dimensional and vanish beyond some degree).
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Chapter 6

PERSISTENCE MODULES

Definition 6.1. [10] A product poset is a poset P = T1 × · · · × Tn, where each Ti is a

totally ordered set and its partial order is given for p = (p1, . . . , pn) and q = (q1, . . . , qn),

p ≤ q ⇐⇒ pi ≤ qi for all i = 1, . . . , n.

Definition 6.2. [11] A P -persistence object in a category C is a functor Φ : P → C, i.e.,

(i) a family {cp}p∈P of objects in C and (ii) morphisms ϕp≤q : cp → cq.

Definition 6.3. [11] A morphism between two P -persistence objects (functors from P to

C) is a natural transformation between these functors. More precisely, let Φ = {ap, ϕp≤q}
and Ψ = {bp, ψp≤q} be two P -persistence objects in C; a morphism between them is a

family (of morphisms of C) η := {ηp : ap → bp}p∈P such that for all p ≤ q, ψp≤q ◦ ηp =
ηq ◦ ϕp≤q, i.e., the following diagram commutes:

ap
ϕp≤q−−−→ aq

↓ ηp ↓ ηq
bp

ψp≤q−−−→ bq

A morphism f : Φ → Ψ is called an isomorphism if there exists a morphism g : Ψ → Φ

such that g ◦ f = idΦ and f ◦ g = idΨ, where idΦ and idΨ are the identity morphisms on

Φ and Ψ respectively.

Definition 6.4. [11] The category of P -persistence objects in C, denoted by persP (C),

consists of objects as functors Φ : P → C and morphisms as natural transformations

between such functors.

Remark 6.1. If f : P → Q is a poset map (order-preserving function), it induces a

functor between persistence categories:

f ∗ : persQ(C) → persP (C), f ∗(Ψ) = Ψ ◦ f.
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This means that given a persistence module over Q, we can pull it back along f to get a

persistence module over P .

Definition 6.5. [11] Let R be a commutative ring with unity. A persistence module in-

dexed by P over R is a functor M : P → ModR where ModR denotes the category of

R-modules.

After this point, we consider R as a field F . When C is the category of vector spaces

over a field F , i.e., VectF , a persistence module indexed by P becomes a functor V :

P → VectF ((Vp, φp≤q)p,q∈P where Vp is a vector space and φp≤q is a linear map).

Definition 6.6. [11] A homomorphism of persistence modules from (V, φ) to (W, ψ) is a

natural transformation f , meaning a family of linear maps fp : Vp → Wp satisfying for

all p ≤ q, ψp≤q ◦ fp = fq ◦ φp≤q, i.e., the following diagram commutes

Vp
φp≤q−−−→ Vq

↓ fp ↓ fq
Wp

ψp≤q−−−→ Wq

A homomorphism f : V → W is an isomorphism if there exists a morphism g : W → V

such that g◦f = idV and f ◦g = idW, where idV and idW are the identity morphisms on V

and W respectively. It is equivalent to saying that fp : Vp → Wp is a bijective linear map

for all p ∈ P . We denote Hom(V,W) as the set of homomorphism V → W and End(V)

as the set of homomorphism V → V.

Definition 6.7. [14] Let V and W be two persistence modules with linear maps φV
p≤q :

Vp → Vq and φW
p≤q : Wp → Wq. The direct sum V ⊕ W of V and W is defined as the

persistence module where

(V ⊕W )p := Vp ⊕Wp,

and the linear maps

φV⊕W
p≤q := φV

p≤q ⊕ φW
p≤q,

for all p ≤ q. It can be generalized for
⊕

i∈I Vi.

Remark 6.2. The direct product of persistence modules can be defined similarly.
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Definition 6.8. [14] A persistence module W is indecomposable if it cannot be expressed

as the direct sum of two non-zero persistence modules. In other words, if W = U ⊕ V,

then either U or V must be the zero module.

Definition 6.9. [10] An interval J of a totally ordered set T is its subset such that for

r, s, t ∈ T and r < s < t, if r, t ∈ J then s ∈ J . An interval J of a poset P is its subset

such that it satisfies the above condition, as well as for all r, t ∈ T there exists a finite

sequence r =: s1, s2, ..., sk := t whose consecutive elements are comparable. An interval

module IJ indexed by P defined by

Vt =




F, if t ∈ J

0, if t /∈ J

, φs≤t =




idF , if s, t ∈ J and s ≤ t

0, otherwise

,

which is a persistence module that encodes a feature persisting over the interval J ⊆ P

and vanishing elsewhere.

Proposition 6.1. [14, Proposition 1.1.] Let I be an interval module. Then End(I) = F .

Proof. Let I = IJ and f be an endomorphism on I. Then for every t ∈ J ft : It → It, i.e.,

ft : F → F is a scalar multiplication since it is a linear map. And it is the same scalar

multiplication over the interval by the commutativity of its diagram and the existence of

a finite comparable sequence for each pair.

Proposition 6.2. [9, Proposition 2.2.] Interval modules are indecomposable.

Proof. Let I be an interval module. Assume I = U ⊕ V. We want to show that either U

or V must be the zero module. By decomposition, there exist homomorphisms πU : I →
(U) ⊆ I and πV : I → (V) ⊆ I such that for every p ∈ P , πU and πV are projections

Ip → (Up ⊆)Ip and Ip → (Vp ⊆)Ip respectively. Hence, they satisfy the idempotent

property: πU ◦ πU = πU and πV ◦ πV = πV . By 6.1, End(I) = F . Since the only

idempotent elements in the field (i.e., a ∈ F where a2 = a) are 0 and 1, only idempotent

endomorphisms on an interval module are the zero map or the identity map. If πU = 0,

then U = 0. If πU = 1, then I = U, so V = 0. Therefore, one of the modules in the

decomposition must be the zero module. So, the interval module I is indecomposable.
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Theorem 6.1. [10, Theorem 4.2.] Assume that a persistence module V indexed by a poset

P can be expressed as a direct sum of the indecomposables in the following ways:

V =
⊕

λ∈L

Vλ =
⊕

µ∈M

Vµ.

Then there is a bijection σ : L→M such that Vλ ∼= Vσ(λ) for all λ.

Definition 6.10. [10] Let V be a persistence module indexed by a poset P . V is called

pointwise finite-dimensional persistence module if for each p ∈ P , Vp is finite dimen-

sional vector space.

Theorem 6.2. [10, Theorem 4.2.] Assume that a persistence module indexed by a poset

P is pointwise finite-dimensional. Then there exists a collection of indecomposables

{Vλ}λ∈L such that

V =
⊕

λ∈L

Vλ.

Definition 6.11. [10] A persistence module V indexed by a poset P is called interval

decomposable if it is isomorphic to a direct sum of interval modules, i.e.,

V =
⊕

λ∈L

IJλ .

If such a decomposition exists then it is unique (up to isomorphism and permutation of

summands), and the multiset B(V) := {Jλ : λ ∈ L} is called the barcode of V.

Theorem 6.3. [8, Theorem 1.2.] Assume that a persistence module V indexed by a totally

ordered set T is pointwise finite-dimensional. Then it is interval decomposable, i.e., there

exists a unique multiset consisting of intervals B(V) such that

V =
⊕

J∈B(V)

IJ .

Theorem 6.4. [14, Theorem 1.4.] Let V be the persistence module indexed by a finite

totally ordered set T . Then it is interval decomposable, i.e., there exists a unique multiset

consisting of intervals B(V) such that

V =
⊕

J∈B(V)

IJ .
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Counterexample: [24] For a countable index, V may not be interval decomposable. Con-

sider the following counterexample: We define V indexed by Z≤0 be as follows:

• Let V0 := RN, the space of all real sequences (x1, x2, x3, . . . ).

• For n ≥ 1, let V−n :=
{
(x1, x2, x3, . . . ) ∈ RN | x1 = · · · = xn = 0

}
.

• The structure maps φ−m≤−n : V−m → V−n for m ≥ n as the inclusion maps.

Suppose V admits an interval decomposition. Since each map φ−n−1≤−n is injective, the

only intervals that can occur are of the form [−n, 0] or (−∞, 0]. Also, dim(V−n/V−n−1) =

1 for all n ≥ 0. This implies that V must contain exactly one copy of each interval module

I[−n,0] for n ≥ 0. Since
⋂
n∈N V−n = {0}, no vector persists forever into the past. So the

interval (−∞, 0] cannot appear. Therefore, the decomposition would be

V ∼=
⊕

n≥0

I[−n,0].

Each I[−n,0] contributes one dimension at t = 0, so the direct sum contributes countably

many dimensions at V0. But, V0 = RN has uncountable dimension. Thus, the interval

decomposition cannot reconstruct V0, and the module V is not interval decomposable.

Definition 6.12. [14] Let V be a persistence module indexed by T ⊆ R.

• V is called finite if it can be written as the finite direct sum of interval modules.

• V is called locally finite if it can be written as the direct sum of intervals such that

every t ∈ R has a neighborhood intersecting finitely many of those intervals.

• V is called q-tame for all s, t ∈ T with s < t, rank(φs,t) <∞.

Remark 6.3. Finite persistence modules are locally finite. Locally finite persistence mod-

ules are q-tame. Note that not all q-tame persistence modules are interval decomposable.

Counterexample: [14] The following is an interval decomposable q-tame persistence

module, but it is not locally finite: The direct sum of the interval modules I[0,1/n),

V =
⊕

n∈N

I[0,1/n).

Why? For any p < q ∈ R, only finitely many intervals [0, 1/n) contain both p and q.

Thus, the image of φp≤q lies in the finite direct sum of those summands, so its rank is

finite. Hence, V is q-tame. However, the decomposition has infinitely many intervals

intersecting any neighborhood of t = 0. Thus, V is not locally finite.
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Counterexample: [14] The following is a q-tame persistence module, but it is not interval

decomposable: The direct product of the interval modules I[0,1/n),

V =
∏

n∈N

I[0,1/n).

For a given t ∈ R, we have

Vt =
∏

n∈N

I
[0,1/n)
t

• If t < 0: Then t /∈ [0, 1/n) for any n. Thus, Vt =
∏

n∈N 0 = 0.

• If t = 0: Then 0 ∈ [0, 1/n) for all n. Thus, V0 =
∏

n∈N F , which is an uncountably

infinite-dimensional vector space.

• If t > 0: Let St = {n ∈ N | t ∈ [0, 1/n)}. This set is finite. Therefore, Vt =
∏

n∈St
F ×∏n/∈St

0 ∼= F |St|, which is a finite-dimensional.

Take p < q. Consider the linear map φp≤q : Vp → Vq. One of these real numbers is not 0,

so one of the corresponding vector spaces is finite-dimensional. Hence, the rank of φp≤q

is finite. Thus, V is q-tame because all its structure maps have finite rank.

Assume that V is isomorphic to a direct sum of interval modules

V ∼=
⊕

i∈I

IJi .

Then V0 would be the direct sum of the evaluations at time 0,

V0 =
⊕

i∈I

IJi0 .

Since V0 has uncountable dimension, we must have uncountably many summands IJi such

that 0 ∈ Ji. Moreover, to have contributions only at time 0, one would need many copies

of the interval module I[0,0]. Now, any summand IJi such that Ji = [0, 0] contributes only

to V0 and vanishes for all t > 0. Therefore, if V had any such summands, there would

exist nonzero vectors in V0 that vanish in Vt for all t > 0.

However, this is impossible in V. Take any nonzero element v = (v1, v2, v3, . . . ) ∈ V0.

Since v is nonzero, there exists some n such that vn ̸= 0. But in the interval module

I[0,1/n), vn persists for all t ∈ [0, 1/n). Therefore, v remains nonzero in Vt for all t < 1/n.

This contradicts the presence of any I[0,0] in a decomposition. V cannot be written as a

direct sum of interval modules.
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Proposition 6.3. [14, Proposition 2.21.] Let V be a persistence module indexed by T ⊆
R. Then V is locally finite if and only if each Vt is finite dimensional for all t ∈ T and

there exists locally finite set F ⊆ T such that V is constant on all closed intervals not

intersecting with F .

Proof. (⇒) Suppose V is locally finite. Then there exists a multiset B of intervals in T

such that V ∼=
⊕

J∈B I
J , and for each t ∈ R, there is a neighborhood of t intersecting

only finitely many intervals in B.

Note that for each t ∈ T and for each interval J ∈ B, dim(IJt ) ∈ {0, 1}. Also, only

finitely many intervals contribute a nonzero dimension because of the locally finiteness of

V. Thus, dimVt < ∞ for all t ∈ T . Let F be the set of endpoints of the intervals in B.

Then V is constant on any closed interval not intersecting F , because the only changes in

structure occur at endpoints. Moreover, since every t ∈ R has a neighborhood intersecting

only finitely many intervals, F is locally finite.

(⇐) Assume that each Vt is finite dimensional and that there exists a locally finite

subset F ⊆ T such that V is constant on all closed intervals disjoint from F . Since

F is locally finite, we can extend it to a locally finite set F ′ = {tn}n∈Z ⊆ R, such

that tn < tn+1 for all n ∈ N and F ⊆ {t2n : n ∈ Z}. This ensures that for each n,

every closed interval [a, b] ⊆ (t2n, t2n+2) does not intersect F and hence V is constant on
⋃

[a,b]⊆(t2n,t2n+2)
[a, b] = (t2n, t2n+2).

Consider the restriction V|F ′ , a persistence module indexed by F ′. Since V is point-

wise finite dimensional, so is V|F ′ . By theorem 6.3, V|F ′ decomposes as a direct sum of

interval modules:

V|F ′
∼=
⊕

λ∈B

I
J ′
λ

|F ′ .

We now extend this decomposition to a decomposition of V over all of T ⊆ R. Since

V is constant on each interval (t2n, t2n+2), all structure maps in these intervals are isomor-

phisms. Thanks to the construction of F ′, it ensures that we cannot skip any open interval

module between two consecutive elements. Therefore, each interval module I
J ′
λ

|F ′ in the

decomposition of V|F ′ extends uniquely to an interval module IJλ . Thus, we obtain

V ∼=
⊕

λ∈B

IJλ .
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To verify local finiteness of this decomposition, fix any t ∈ R. Since F ′ is lo-

cally finite, there exists a neighborhood Ut of t intersecting at most two of the intervals

(t2n, t2n+2). Because V is constant on each such interval, and each interval module IJλ

that is non-zero at a point contributes at least a one-dimensional summand to Vt, and

dimVt < ∞ by assumption, it follows that only finitely many interval summands IJλ

can be non-zero over Ut. Hence, only finitely many intervals Jλ intersect Ut, and the

decomposition is locally finite.

Definition 6.13. [12] Let V be a persistence module indexed by a poset P . The rank

invariant of V is the function whose domain set is all comparable pairs (p ≤ q) in P and

ρV(p ≤ q) := rank (φp≤q) = dim im (Vp → Vq) .

Definition 6.14. [12] An invariant of a persistence module is called complete if it deter-

mines the persistence module up to isomorphism. This means that if two modules have

the same invariant, then they are isomorphic.

Proposition 6.4. [12, Theorem 12.] The barcode and the rank invariant are complete in-

variants for pointwise finite-dimensional persistence modules indexed by a totally ordered

set T ⊆ R.

A multiparameter case refers to the variables of the product poset. The rank invariant

is particularly useful for multiparameter persistence modules when a barcode decomposi-

tion does not exist. While it serves as an invariant, so different values of the rank invariant

imply non-isomorphic persistence modules, it is not a complete invariant in the multipa-

rameter setting. Distinct modules can share the same rank invariant.

6.1 Interleaving Distance

Definition 6.15. An extended metric on a set X is a function d : X × X → [0,∞]

satisfying the same properties as a metric, except that the distance between some pairs of

points may be infinite. A pseudometric on a set X is a function d : X×X → R satisfying

all the properties of a metric except that d(x, y) = 0 does not necessarily imply x = y.
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Definition 6.16. [14, 10] Let (U, φ) and (V, ψ) be persistence modules indexed by the

product poset Rn, and let v ∈ [0,∞)n. A v−shifted homomorphism is a collection of

linear maps f = fp : Up → Vp+v for all p ∈ Rn, such that the diagram

Up Uq

Vp+v Vq+v

φp≤q

fp fq

ψp+v≤q+v

commutes whenever p ≤ q. We denote

Homv(U,V) := {v − shifted homomorphisms U → V},

Endv(V) := {v − shifted homomorphisms V → V}.

Remark 6.4. We have Homv2(V,W) × Homv1(U,V) → Homv1+v2(U,W). Also, for

δ ≥ 0, let δ∗ := (δ, δ, . . . , δ) ∈ [0,∞)n. We define the shift map 1δ
∗

V as the δ∗-shifted

endomorphism on V given by the family of structure maps

{(1δ∗V )p := φp≤p+δ∗ : Vp → Vp+δ∗}p∈Rn .

Definition 6.17. [14, 10] Let δ ≥ 0 and U,V be two persistence modules indexed by Rn.

Let δ∗ := δ × (1, 1, ..., 1). Assume there are maps

f ∈ Homδ∗(U,V), g ∈ Homδ∗(V,U)

such that

gf = 12δ∗

U , fg = 12δ∗

V .

Then U and V are called δ-interleaved persistence modules. Expansively, the following

diagrams commute for all p ≤ q:

Up Uq

Vp+δ∗ Vq+δ∗

ϕp≤q

fp

fq

ψp+δ∗≤q+δ∗

Up−δ∗ Up+δ∗

Vp

ϕp−δ∗≤p+δ∗

fp−δ∗

gp

Vp Vq

Up+δ∗ Uq+δ∗

ψp≤q

gp

gq

ϕp+δ∗≤q+δ∗

Vp−δ∗ Vp+δ∗

Up

ψp−δ∗≤p+δ∗

gp−δ∗

fp
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Definition 6.18. [10] Let U,V be persistence modules indexed by Rn. The interleaving

distance di(U,V) is defined by

di(U,V) := inf{δ ≥ 0 | U and V are δ-interleaved}.

Remark 6.5. Note that if U and V are δ-interleaved persistence modules then also U and

V are δ + ϵ-interleaved for all ϵ > 0. Also, di is an extended pseudometric.

Proposition 6.5. [14, Theorem 4.5.] Let U,V be persistence modules indexed by R.

Assume U =
⊕

λ∈LUλ and V =
⊕

λ∈LVλ. Then di(U,V) ≤ sup(di(Uλ,Vλ) : λ ∈ L).

Proof. Let δ > 0. Assume for all λ ∈ L, Uλ and Vλ are δ-interleaved. Then there are

fλ ∈ Homδ(Uλ,Vλ) and gλ ∈ Homδ(Vλ,Uλ) such that gλfλ = 12δ
Uλ

and fλgλ = 12δ
Vλ

.Then

the direct sum of maps f := ⊕λ∈Lfλ ∈ Homδ(U,V) and g := ⊕λ∈Lgλ ∈ Homδ(V,U)

satisfy gf = 12δ
U and fg = 12δ

V . Hence, di(U,V) ≤ δ. By taking the infimum over such λ,

we get the desired inequality.

Proposition 6.6. [14, Theorem 4.19.] Let V be a persistence module indexed by R. Then,

V is q-tame if and only if for every ϵ > 0 there exists a locally finite persistence module

W such that di(V,W) < ϵ.

6.2 Bottleneck Distance

Definition 6.19. A multiset M is a pair (S,m), where:

• S is the underlying set of distinct elements, called the support of the multiset.

• m : S → N ∪ {∞} is a multiplicity function, where m(x) gives the number of

occurrences of x in the multiset.

Definition 6.20. [14] LetA andB be multisets. A partial matching betweenA andB is a

subset M ⊆ A×B such that for every x ∈ A there is at most one y ∈ B with (x, y) ∈M ,

and for every y ∈ B there is at most one x ∈ A with (x, y) ∈ M . Note that unmatched

elements are allowed.

Definition 6.21. [14] The extended upper half plane is defined as H = { (b, d) ∈
({−∞} ∪ R ∪ {+∞})2 : b ≤ d }.
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Definition 6.22. [14] Let A,B ⊂ H be multisets. A δ-matching between A and B is a

partial matching satisfying:

1. For every (p, q) ∈M , ∥p− q∥∞ ≤ δ (∥(b, d)∥∞ := max{|b|, |d|}).

2. For every unmatched point p ∈ A (and for q ∈ B), we assign it to the diagonal

∆ = {(x, x) : x ∈ R}, so that d∞(p,∆) ≤ δ. (d∞
(
(b, d),∆

)
= d−b

2
.)

For multisets A,B ⊂ H , the bottleneck distance is defined as

db(A,B) := inf
{
δ ≥ 0 : there exists a δ-matching between A and B

}
.

Equivalently, the bottleneck distance can be defined by

db(A,B) = inf
ϕ
sup
x∈A

∥x− ϕ(x)∥∞,

where ϕ ranges over all bijections between A and B (allowing points to be matched to

the diagonal).

Remark 6.6. The bottleneck distance is an extended pseudometric. But for locally finite

multisets, it becomes an extended metric because db(A,B) = 0 if and only if A and

B coincide as multisets. If A and B are locally finite (i.e., every bounded subset of H

contains only finitely many points), then the infimum is attained as a minimum 1.

Definition 6.23. [14] Let V be an interval decomposable persistence module indexed by

T ⊆ R. Write M ∼=
⊕

λ∈B(V) I
Jλ , where B(V) is its barcode. The persistence diagram

dgm(V) is the representation of V recording each interval of B(V) by the pair (b, d) ∈ R2.

Then we define bottleneck distance for interval decomposable persistence modules V,W,

db(B(V),B(W)) := db(dgm(V), dgm(W)).

When the indexing set T ⊆ R is locally finite, we use a representation using half-open

intervals of the form [b, d) for finite intervals. In this framework, one can define:

• Birth: The left endpoint b (or −∞ if the feature is present from the beginning).

• Death: The right endpoint d (or +∞ if the feature never dies).

• Persistence: The duration d− b (which may be infinite).

1[14, Theorem 4.10.]
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We can generalize the bottleneck distance to the multiparameter case.

Definition 6.24. [10] Let B1 and B2 be barcodes of two interval decomposable multipa-

rameter persistence modules indexed by the product poset Rn. A δ-matching M between

B1 and B2 is a partial matching satisfying:

1. For every interval module (I, J) ∈M , di(I, J) ≤ δ.

2. For every unmatched interval module I ∈ B1 (and for J ∈ B2), di(I, 0) ≤ δ.

The bottleneck distance between B1 and B2 is defined as

db(B1,B2) := inf
{
δ ≥ 0 : there exists a δ-matching between B1 and B2

}
.

Equivalently, the bottleneck distance can be defined by

db(B1,B2) = inf
ϕ

sup
I∈B1

di(I, ϕ(I)),

where ϕ ranges over all bijections between B1 and B2 (allowing points to be matched to

the 0 persistence module).

Note that this definition coincides with the one-parameter case by propositions 6.7 and

6.8. Let U and V be interval decomposable persistence modules indexed by T ⊆ R. It

is enough to show that there exists δ-matching between their persistence diagrams if and

only if there exists δ-matching between their barcodes.

1. From point-matchings to module-matchings: Suppose we are given a partial match-

ing of points Mpts ⊆ dgm(U) × dgm(V) such that every matched pair (pi, qi) ↔ (rj, sj)

satisfies ∥(pi, qi)−(rj, sj)∥∞ ≤ δ, and every unmatched point lies within δ distance of the

diagonal. By proposition 6.7, this ensures that the corresponding interval modules satisfy

di(I
Ji , IKj) ≤ ∥(pi, qi) − (rj, sj)∥∞ ≤ δ. Likewise by proposition 6.8, each unmatched

point (pi, qi) corresponds to the interval IJi , and di(IJi , 0) =
qi−pi

2
= d∞((pi, qi),∆) ≤ δ,

ensuring that unmatched intervals are δ-close to the zero persistence module. Hence, we

obtain a valid partial δ-matching Mmdl ⊆ B(U) × B(V) of barcodes by setting (IJi , IKj)

for each matched pair (pi, qi) ↔ (rj, sj).

2. From module-matchings to point-matchings: Conversely, suppose we are given a

partial matching Mmdl ⊆ B(U) × B(V) such that every matched pair (IJi , IKj) satisfies

di(I
Ji , IKj) ≤ δ, and each unmatched interval satisfies di(IJi , 0) ≤ δ (and di(IKj , 0) ≤ δ).
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We may first refine this matching to ensure that for every matched pair (IJi , IKj), the

midpoint of Ji lies in the closure of Kj , and vice versa. If this condition fails, we remove

the pair from the matching and instead send both intervals to the zero module. Since the

original interleaving distance was at most δ, this refinement is still a valid δ-matching of

modules because δ ≥ di(I
Ji , IKj) = max( qi−pi

2
,
sj−rj

2
) = max(di(I

Ji , 0), di(I
Kj , 0)) by

propositions 6.7 and 6.8. Now that the midpoint condition holds, we apply proposition

6.7, which ensures that for matched modules ∥(pi, qi) − (rj, sj)∥∞ = di(I
Ji , IKj) ≤ δ.

And for unmatched modules, by proposition 6.8, d∞((pi, qi),∆) = di(I
Ji , 0) = qi−pi

2
≤ δ,

so each unmatched point lies within δ distance of the diagonal. Thus, we define a valid

partial δ-matching between the persistence diagrams Mpts ⊆ dgm(U) × dgm(V), by

setting (pi, qi) ↔ (rj, sj) for each updated matched pair (IJi , IKj).

Proposition 6.7. [14, Proposition 4.6.] Let I1 = IJ1 , I2 = IJ2 be two interval modules

such that J1 is one of (p, q), [p, q), (p, q], [p, q] and J2 is one of (r, s), [r, s), (r, s], [r, s]

(endpoints are allowed to be infinite). Then di(I1, I2) ≤ ∥(p, q) − (r, s)∥∞. The equality

holds if and only if p+q
2

∈ [r, s] and r+s
2

∈ [p, q]. If the midpoint condition doesn’t hold

then di(I1, I2) = max( q−p
2
, s−r

2
).

Proof. Let δ > 0. Suppose I1 and I2 are δ-interleaved. Then there exist morphisms

f ∈ Homδ(I1, I2) and g ∈ Homδ(I2, I1) such that gf = 12δ
I1
, fg = 12δ

I2
. This means that

for all t, the composition I1,(t)
ft−→ I2,(t+δ)

gt+δ−−→ I1,(t+2δ) must equal the structure map

φI1
t,t+2δ (and the other is likewise). For δ > max(|p− r|, |q− s|) = ∥(p− r, q− s)∥∞, take

ft = idF if both domain and codomain are F ; otherwise take ft = 0. Similarly, define gt

for all t. These functions satisfy the desired conditions.

Now, assume the midpoint condition holds. Take δ < max(|p − r|, |q − s|). Then,

regardless of choices of f and g, for some t, which is close to one of the endpoints, we

have the following diagram, which cannot commute:

F F

0(= It)

Hence, combining with above, we get di(I1, I2) = ∥(p, q)− (r, s)∥∞.
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Now, suppose the midpoint condition doesn’t hold. Let δ > max( q−p
2
, s−r

2
). Take

ft = idF if both domain and codomain are F ; otherwise take ft = 0. Similarly, define

gt for all t. These functions satisfy the desired conditions. If δ < max( q−p
2
, s−r

2
), then

regardless of choices of f and g, for the midpoint, which breaks the condition, we have

the following diagram, which cannot commute:

F F

0(= Imidpoint)

Hence, by taking the infimum over possible δ, we have di(I1, I2) = max
(
q−p
2
, s−r

2

)
.

Proposition 6.8. [14, Proposition 4.7.] Let I = IJ be an interval module indexed by R

such that J is one of (p, q), [p, q), (p, q], [p, q] (endpoints are allowed to be infinite). Then

di(I, 0) =
q−p
2

where 0 is the zero persistence module.

Proof. Let δ > 0. Assume I and 0 are δ-interleaved. Then there are f ∈ Homδ(I, 0) and

g ∈ Homδ(0, I) such that gf = 12δI , fg = 12δ0 . Note that g = 0 and 12δ0 = 0. So, the

second condition is satisfied, and the first condition tells us 12δI = 0 independent of all f .

So, it is enough to find δ such that 12δI = 0.

This means that the linear maps φI
t,t+2δ : It → It+2δ must be zero for all t. For

the interval module IJ , this is satisfied when the interval J has length less than 2δ, or

equivalently, 2δ > q − p and this cannot happen when 2δ < q − p. Hence, di(I, 0) is the

infimum over all possible δ, i.e., di(I, 0) =
q−p
2

.
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Chapter 7

PERSISTENT HOMOLOGY

Definition 7.1. [10] Let (P,≤) be a poset. A filtration indexed by P is a functor

F : P → Top,

where we require that for each p ≤ q in P , the map Fp≤q : Fp →֒ Fq is inclusion. An

n-parameter filtration is a filtration indexed by a product poset P = T1 × · · · × Tn.

Note that we can see Simp as a subcategory of Top by taking geometric realization.

Example: [10] Given a set of points Y in a metric space (X, d), the offset filtration is the

functor O(Y ) : (0,∞) → Top such that at scale ϵ it is given by

O(Y )ϵ =
⋃

x∈Y

B(x, ϵ).

Example: [10] Given a set of points Y in a metric space (X, d), the Čech filtration is the

functor Č(Y ) : (0,∞) → Simp such that at scale ϵ it gives an abstract simplicial complex

where a subset σ ⊆ Y is a simplex if and only if the open ϵ-balls around the points in σ

intersect non-trivially, i.e.,

σ ∈ Č(Y )ϵ ⇐⇒
⋂

v∈σ

B(v, ϵ) ̸= ∅.

Example: [10] Given a set of points Y in a metric space (X, d), the Vietoris-Rips fil-

tration is the functor VR(Y ) : (0,∞) → Simp such that at scale ϵ it gives an abstract

simplicial complex where a subset σ ⊆ Y is a simplex if and only if the distance between

any pair of points in σ is smaller than 2ϵ, i.e.,

σ ∈ VR(Y )ϵ ⇐⇒ d(vi, vj) < 2ϵ ∀vi, vj ∈ σ.

While constructing the Čech complex requires examining all (n+1)-tuples of points to

determine n-simplices, the Vietoris–Rips complex only requires pairwise distance com-

parisons. Therefore, the Rips complex is computationally more efficient to construct;

however, it may not fully capture the underlying topology.



Chapter 7: Persistent Homology 52

Figure 7.1: The Difference Between a Čech Complex and a Vietoris-Rips Complex

Proposition 7.1. [23, Page 62] Let Y be a set of points in a metric space Rn and r > 0.

Then VR(Y )
r
√

n+1
2n

⊆ Č(Y )r ⊆ VR(Y )r.

Proof. (Left Inclusion:) Let σ = {y0, . . . , yk} ⊂ Y be a simplex in the Vietoris–Rips

complex VR(Y )ρ, where ρ = r
√

n+1
2n

. Then, by definition, the pairwise distances satisfy

∥yi − yj∥ < 2ρ for all i, j. Hence, the diameter of σ is less than 2ρ. By Jung’s Theorem,

there exists a closed ball of radius at most

R =

√
n

2(n+ 1)
· diam(σ) <

√
n

2(n+ 1)
· 2ρ = r

that contains all the points y0, . . . , yk. Therefore, the open ball with the same center and

radius r contains all the points, and in particular, the intersection
⋂
iB(yi, r) of the open

balls is non-empty. Thus, σ ∈ Č(Y )r, and we have VR(Y )
r
√

n+1
2n

⊆ Č(Y )r.

(Right Inclusion:) Now suppose σ = {y0, . . . , yk} ∈ Č(Y )r. Then, by definition, the

intersection
⋂
iB(yi, r) is non-empty. Let x ∈ ⋂iB(yi, r). Then for all i, j,

∥yi − yj∥ ≤ ∥yi − x∥+ ∥x− yj∥ < r + r = 2r.

Thus, the pairwise distances between the points in σ are all less than 2r, so σ ∈ VR(Y )r.

Therefore, Č(Y )r ⊆ VR(Y )r.

Example: [6] Given a metric measure space (X, d, µ), the measure bifiltration is the

functor MB(X,µ) : (0,∞)op × (0,∞) → Top such that at scale k, ϵ it gives

MB(X,µ)k,ϵ = {x ∈ X : µ(B(x, ϵ)) ≥ k}.
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Example: [6] Given a simplicial complex K, the subdivision filtration is the functor

SF(K) : Nop → Simp such that at scale k it gives maximal subcomplex of Sd(K)

whose vertex set is simplicies of K whose dimension is at least k − 1. Given a set of

points Y in a metric space (X, d), the subdivision-Rips filtration is the functor SR(Y ) :

Nop × (0,∞) → Simp such that at scale (k, ϵ) it gives

SR(Y )k,ϵ = SF(VR(Y )ϵ)k.

Definition 7.2. [7] Fix a field of coefficients F . Given a filtration F : P → Top, the

persistent homology module in degree k is the functor

Hk(F ;F ) : P → VectF .

Explicitly, for each p ∈ P , we set Hk(F ;F )p := Hk(Fp;F ), and for each p ≤ q, the

inclusion Fp →֒ Fq induces the linear map

Hk(F ;F )p≤q := Hk(Fp;F ) → Hk(Fq;F ).

The persistent Betti number between parameters p ≤ q is defined as the rank of this

induced map, i.e.,

βp≤qk := rank (Hk(F ;F )p≤q) .

It counts the number of k-dimensional homological features that are born at or before p

and persist for at least q.

Example: Consider (the geometric realization of a simplicial) filtration as shown in 7.2

and 7.3. K1 ⊆ K2 ⊆ K3 ⊆ K4. Apply the k-th homology functor with coefficients in a

field R: Hk(F ;R) : {1, 2, 3, 4} → VectR.

In degree 0, we track path-connected components. Initially, each component is iso-

lated. As edges are added, components merge. When two components merge, the older

one (i.e., the one that was born earlier) survives. This is called the elder rule. In degree

1, we track 1-dimensional holes (loops). A loop is born when a cycle of edges is formed,

and it dies when a 2-simplex fills it in.

In the barcode representations of these persistent homology modules shown in 7.2 and

7.3, each horizontal arrow represents a homological feature. For example, a blue bar from
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Figure 7.2: Persistent Homology Module of A Filtration in Degree 0

Figure 7.3: Persistent Homology Module of A Filtration in Degree 1

1 to ∞ in 7.2 indicates a path connected component that is born atK1 and persists forever;

and a purple bar from 2 to 3 in 7.3 indicates a loop that is born at K2 and dies at K3 when

a 2-simplex fills it. Also, figure 7.4 gives a table for this filtration.

Figure 7.4: Left: 0th and Right: 1st Persistent Betti Numbers of Above Filtration
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In the construction of barcodes for persistent homology indexed by a totally ordered

set, the elder rule is used to decide which topological feature survives when two features

merge. According to this rule, the feature that appears earlier in the filtration — the "el-

der" — is considered more persistent and therefore survives, while the newer one dies.

This choice is necessary because there is no intrinsic labeling of homology class repre-

sentatives, so we require a consistent convention to assign birth–death pairs. Without the

elder rule, the barcode would not be well-defined. For persistent homology indexed by a

general poset, there may exist incomparable indices. In such cases, the notions of "birth"

and "death" become ill-defined. As a result, persistence diagrams, which rely on assigning

a unique birth and death time to each feature, cannot be constructed.

Note that the persistent Betti numbers in degree k coincide with the rank invariant of

the k-th persistent homology module, i.e., βp≤qk = ρHk(p ≤ q) for all p ≤ q ∈ P . Thus,

for pointwise-finite dimensional persistence homology modules indexed by P = T ⊆ R,

the collection of all persistent Betti numbers {βp≤qk }p≤q is complete invariant too. For

example, if the k-th persistent homology module is indexed by a locally finite T ⊂ R,

then we can calculate the multiplicity of (b, d) in its persistence diagram. Let a < b

and c < d be the greatest elements in T . Then the multiplicity of (b, d) is equal to

βa≤dk − βb≤dk + βb≤ck − βa≤ck .

Definition 7.3 ([13]). Let X be a topological space and let f : X → Rn be a continuous

function. For each p ∈ Rn, define the sublevel set as Xp = f−1 ({x ∈ Rn | f(x) ≤ p}) .
Since for p ≤ q (coordinate-wise) we have Xp ⊆ Xq, the collection {Xp}p∈Rn forms

a filtration, called the sublevel set filtration of (X, f). Applying the homology functor

Hk(−;F ) with coefficients in a field F to each sublevel setXp, we define Vp = Hk(Xp;F )

for a fixed k ≥ 0. For p ≤ q, the inclusion Xp →֒ Xq induces a linear map φp≤q :=

(Hk)∗(Xp →֒ Xq) : Vp → Vq. Thus, the collection Hk−sub(X, f) = {Vp, φp≤q}p∈Rn forms

the sublevel set persistent homology module.

Proposition 7.2. [14, Theorem 2.22.] Let X be a triangulable space such that it is a

geometric realization of a finite simplicial complex, and f : X → R be a continuous

function. Then Hk−sub(X, f) is q-tame, i.e., its persistent Betti numbers βp≤qk are finite for

all p < q.
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Proof. Let p < q. Since X is a finite realization, it is compact. Since f is continuous

on a compact space, f is uniformly continuous on X . To get a distance function, we can

embed X into an Euclidean space. Hence, for ε = q − p > 0 there exists δ > 0 such that

whenever d(x, y) < δ for x, y ∈ X we have |f(x)− f(y)| < q − p.

By repeatedly applying barycentric subdivision to K, we obtain a new triangulation

K ′ of X in which the diameter of every simplex is less than δ. Consequently, for every

simplex σ in K ′, the oscillation of f on |σ| is less than q − p, that is,

sup
x,y∈|σ|

|f(x)− f(y)| < q − p.

This implies that no simplex σ in K ′ can intersect both Xp and Xq. Otherwise, there were

points x, y ∈ |σ| with f(x) ≤ p and f(y) ≥ q, then |f(x)−f(y)| ≥ q−p, a contradiction.

Define the subcomplex Y of K ′ by

Y =
⋃

{σ ∈ K ′ | |σ| ∩ f−1((−∞, p]) ̸= ∅}.

Note that Y is a finite simplicial complex and Y ⊂ f−1((−∞, q)). So, the inclusion

ip≤q : Xp →֒ Xq factors as Xp →֒ Y →֒ Xq. Since the homology groups H∗(Y ; f) of

a finite simplicial complex are finite-dimensional and homology is functorial, the induce

map i(p≤q)∗ : H∗(Xp;F ) → H∗(Xq; f) has finite rank. Thus, Hsub(X, f) is q-tame.

It is possible to generalize this result to a more powerful situation.

Proposition 7.3. [13, Theorem 2.3.] Let X be a triangulable space and f : X → Rn be

a continuous function. Then the persistent Betti numbers βp≤qk of Hk−sub(X, f) are finite

for all p < q.

Proposition 7.4. [15, Proposition 5.1.] Let (X, d) be a metric space. Assume it is totally

bounded. Then Hk(Č(X)) and Hk(VR(X)) are q-tame.

LetX ⊂ Rn be a bounded subset. Since Rn is a complete metric space, every bounded

subset of Rn is totally bounded. Therefore, the persistence modules arising from the Čech

and Vietoris–Rips filtrations on bounded subsets of Rn are q-tame. Moreover, when the

filtration is built on a finite set of points, the resulting persistence modules are always

pointwise-finite dimensional, and hence also q-tame.
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7.1 Persistent Nerve Theorems

The Nerve Theorem can be naturally extended to the context of persistent homology

through the Persistent Nerve Theorem. It asserts that if at every stage of a filtration the

topological space is covered by a good open cover with compatible inclusions, then the

persistent homology of the filtration is isomorphic to the persistent homology of the asso-

ciated filtration of nerve complexes. This result is significant because it allows one to re-

place complicated geometric filtrations by combinatorial objects without losing topologi-

cal information at the level of persistent homology. Since nerves are simplicial complexes

built from the combinatorics of the covers, they enable efficient and reliable algorithmic

computation and analysis.

Theorem 7.1. [20, Corollary 4.3.1] (Persistent Nerve Theorem) Let X ⊆ X ′ be two

paracompact Hausdorff spaces. Let U = {Uα}α∈A and U ′ = {U ′
α}α∈A be good open

covers of X and X ′ respectively such that Uα ⊆ U ′
α for all α ∈ A. Then there exist

homotopy equivalences

f : |Nerve(U)| → X, g : |Nerve(U ′)| → X ′

such that the following diagram commutes:

Hk(|Nerve(U)|) Hk(|Nerve(U ′)|)

Hk(X) Hk(X
′)

f∗ g∗

Here, the horizontal maps are induced by the inclusions X →֒ X ′ and |Nerve(U)| →֒
|Nerve(U ′)|, the latter arising from the simplicial inclusion Nerve(U) →֒ Nerve(U ′)

induced by the inclusions Uα ⊆ U ′
α. The vertical maps are induced by the homotopy

equivalences f and g. (Note that the vertical maps are isomorphisms since homotopy

equivalence maps induce isomorphisms at the homology level.)

This result can be generalized to filtered spaces. Let P be a poset and let F : P →
Top be a filtration assigning each p ∈ P a paracompact Hausdorff space Xp =: Fp.

1Theorem 4.2 is a generalized version where one can compare two paracompact Hausdorff spaces

X,X ′ via a continuous map f : X → X ′ satisfying f(Ua) ⊆ U ′

a
. Since our focus is on filtration, we are

using the corollary version.
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Suppose that for each p ∈ P , we are given a good open cover Up = {Up,α}α∈A of Xp such

that for all p ≤ q ∈ P , we have Up,α ⊆ Uq,α for all α ∈ A. Then the nerve construction

defines a new filtration

N : P → Top, Np := |Nerve(Up)|,

where the structure map Np≤q : Np → Nq is the geometric realization of the simplicial

inclusion Nerve(Up) →֒ Nerve(Uq), induced by the inclusions Up,α ⊆ Uq,α. Then for each

k ≥ 0, the persistent homology modules are isomorphic, i.e.,

Hk(F) ∼= Hk(N ).

Remark 7.1. The filtration N is well defined because the inclusions Up,α ⊆ Uq,α for

p ≤ q directly induce a simplicial map Nerve(Up) → Nerve(Uq). If {α0, . . . , αk} forms

a simplex in Nerve(Up) (meaning
⋂
j Up,αj ̸= ∅), then

⋂
j Uq,αj is also nonempty (since

it contains
⋂
j Up,αj ). Thus, {α0, . . . , αk} also forms a simplex in Nerve(Uq), confirming

the simplicial inclusion.

Remark 7.2. The following diagram may fail to commute as a diagram of continuous

maps at the topological level

|Nerve(U)| |Nerve(U ′)|

X X ′

f g

However, the compositions along both paths in the square are homotopic. Since homo-

topic maps induce the same homomorphisms in homology, the diagram does commute at

the homology level.

Example: The persistent homology of offset filtrations of point clouds can be computed

via the Čech complex, which is the nerve of the cover by balls. Observe that for each scale

ϵ > 0, the collection of open balls Uϵ := {B(x, ϵ) | x ∈ Y } forms an open cover of the

offset space O(Y )ϵ =
⋃
x∈Y B(x, ϵ). Since each ball is convex and any finite intersection

of convex open balls is either empty or convex, which is contractible, the cover Uϵ is good.

Moreover, if 0 < ϵ ≤ δ, then B(x, ϵ) ⊆ B(x, δ) for all x ∈ Y . Therefore, the Persistence

Nerve Theorem applies and yields an isomorphism of persistent homology modules, i.e.,

Hk(O(Y )) ∼= Hk(Č(Y ))
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Figure 7.5: Persistent Nerve Theorem-The compositions along both paths are homotopic.

for all homological degrees k ≥ 0. This means the persistent homology of the geometric

offset filtration is completely captured by the combinatorial Čech filtration.

Theorem 7.2. [16, Theorem 26] (Persistent Nerve Theorem for Simplicial Complexes)

Let K = {Ki}i∈[n] and K′ = {K ′
i}i∈[n] be finite collections of subcomplexes of topological

spaces K and K ′, respectively, such that:

•
⋃
i∈[n]Ki = K, and

⋃
i∈[n]K

′
i = K ′,

• For each i ∈ [n], we have Ki ⊆ K ′
i,

• {|Ki|}i∈[n] is a good cover of |K| and {|K ′
i|}i∈[n] is a good cover of |K ′|.

Then there exist homotopy equivalences

f : |Nerve(K)| → |K|, g : |Nerve(K′)| → |K ′|

such that the following diagram commutes:

Hk(|Nerve(K)|) Hk(|Nerve(K′)|)

Hk(|K|) Hk(|K ′|)
f∗ g∗
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Here, the horizontal maps are induced by the inclusions K →֒ K ′ and |Nerve(K)| →֒
|Nerve(K′)|, the latter arising from the simplicial inclusion Nerve(K) →֒ Nerve(K′)

induced by the inclusions Ki ⊆ K ′
i. The vertical maps are induced by the homotopy

equivalences f and g. (Note that the vertical maps are isomorphisms since homotopy

equivalence maps induce isomorphisms at the homology level.)

This result can be generalized to filtered spaces. Let P be a poset and let F : P →
Top be a filtration assigning each p ∈ P a geometric realization |Kp| =: Fp of a simpli-

cal complex Kp. Suppose that for each p ∈ P , we are given a cover Kp = {Kp,i}i∈[n] of

Kp consisting of subcomplexes such that for all p ≤ q ∈ P , we have Kp,i ⊆ Kq,i for all

i ∈ [n]. Then the nerve construction defines a new filtration

N : P → Top, Np := |Nerve(Kp)|,

where the structure map Np≤q : Np → Nq is the geometric realization of the simplicial

inclusion Nerve(Kp) →֒ Nerve(Kq), induced by the inclusions Kp,i ⊆ Kq,i. Then for

each k ≥ 0, the persistent homology modules are isomorphic:

Hk(F) ∼= Hk(N ).

When treated as geometric objects, data can be viewed as lying in a high-dimensional

ambient space Rn. However, in practice, the search for patterns often leads us to ignore

many of the ambient variables and instead look for a lower-dimensional underlying struc-

ture. A manifold locally resembles Rm, and it is commonly assumed that the data is

sampled from or near such a manifold for some m << n, reflecting the idea that only a

small number of intrinsic variables govern the local behavior of the data.

As previously discussed, all manifolds are paracompact and Hausdorff. Also, it is

known that all manifolds whose dimension is at most 3 are triangulable. This makes

them suitable for combinatorial approaches to topological inference. Both the persistent

Nerve Theorem and its variant for simplicial complexes can be applied in the manifold

setting. This is particularly relevant when analyzing data arising from physical imaging

processes, where the underlying structures exhibit manifold-like behavior, typically of

low dimension (e.g., ≤ 3). The following version is helpful too.
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Theorem 7.3. [7, Theorem 4.11.] (Persistent Nerve Theorem for Closed Convex Finite

Covers) Let C = {Ci}i∈[m] and C ′ = {C ′
i}i∈[m] be two finite sets consisting of closed

convex subsets of Euclidean space Rn such that for each i ∈ [m] we have Ci ⊆ C ′
i.

Denote C :=
⋃
i∈I Ci and C ′ =

⋃
i∈I C

′
i. Then there exist homotopy equivalences

f : |Nerve(C)| → C, g : |Nerve(C ′)| → C ′

such that the following diagram commutes:

Hk(|Nerve(C)|) Hk(|Nerve)(C ′)|)

Hk(C) Hk(C
′)

f∗ g∗

Here, the horizontal maps are induced by the inclusions C →֒ C ′ and |Nerve(C)| →֒
|Nerve(C ′)|, the latter arising from the simplicial inclusion Nerve(C) →֒ Nerve(C ′) in-

duced by the inclusions Ci ⊆ C ′
i. The vertical maps are induced by the homotopy equiv-

alences f and g. (Note that the vertical maps are isomorphisms since homotopy equiva-

lence maps induce isomorphisms at the homology level.)

This result can be generalized to filtered spaces. Let P be a poset and let F : P →
Top be a filtration assigning each p ∈ P a set Cp := Fp in Rn. Suppose that for each

r ∈ P , we are given a cover Cp = {Cp,i}i∈[m] of Cp consisting of closed convex subsets of

Rn for all p ≤ q ∈ P , we have Cp,i ⊆ Cq,i for all i ∈ [m]. Then the nerve construction

defines a new filtration

N : P → Top, Np := |Nerve(Cp)|,

where the structure map Np≤q : Np → Nq is the geometric realization of the simplicial

inclusion Nerve(Cp) →֒ Nerve(Cq), induced by the inclusions Cp,i ⊆ Cq,i. Then for each

k ≥ 0, the persistent homology modules are isomorphic

Hk(F) ∼= Hk(N ).
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Chapter 8

STABILITY THEOREMS

Proposition 8.1. [14, Example 3.2.] Let X be a topological space and f, g : X → R be

functions. Then di(Hk−sub(X, f),Hk−sub(X, g)) ≤ ||f − g||∞.

Proof. Let δ := ||f − g||∞. We will show that Hk−sub(X, f) and Hk−sub(X, g) are δ-

interleaved. By the definition of δ, we have f(x) ≤ t ⇒ g(x) ≤ t + δ and g(x) ≤
t ⇒ f(x) ≤ t + δ, for all x ∈ X . This gives us (X, f)t ⊆ (X, g)t+δ and (X, g)t ⊆
(X, f)t+δ, for all t. These inclusions induce natural maps on homology Hk((X, f)t) →
Hk((X, g)t+δ) and Hk((X, g)t) → Hk((X, f)t+δ) which form δ-shifted homomorphisms

h1 ∈ Homδ(Hk−sub(X, f),Hk−sub(X, g)) and h2 ∈ Homδ(Hk−sub(X, g),Hk−sub(X, f)).

Note that h2h1 = 12δ
Hk−sub(X,f)

and h1h2 = 12δ
Hk−sub(X,g)

since the left hand sides are com-

position of inclusions and the right hand sides are coming from the persistence module

structures and they are inclusions by construction. Hence, Hk−sub(X, f) and Hk−sub(X, g)

are δ-interleaved. This gives us the desired inequality.

Proposition 8.2. [14, Theorem 4.9.] Assume U,V be interval decomposable persistence

modules indexed by T ⊆ R. Then, di(U,V) ≤ db(B(U),B(V)).

Proof. Let δ > 0. Write U =
⊕

λ∈B(U) Iλ and V =
⊕

λ∈B(V) Jλ. Assume there exists

δ-matching M between B(U) and B(V). Then for every interval module (I, J) ∈ M ,

di(I, J) ≤ δ; and for every unmatched interval module I ∈ B(U) (and similarly for

J ∈ B(V)), di(I, 0) ≤ δ.

Let L be the multiset indexing all interval modules after matching, with unmatched

intervals paired with 0. Then we may write U =
⊕

λ∈L Iλ and V =
⊕

λ∈L Jλ. By propo-

sition 6.5, we have di(U,V) ≤ supλ∈L di(Iλ, Jλ) ≤ δ.

Since this holds for arbitrary δ > db(dgm(U), dgm(V)), taking the infimum over all

such δ yields di(U,V) ≤ db(dgm(U), dgm(V)).
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Theorem 8.1. [14, Theorem 4.11.] (The Isometry Theorem) Let U,V be pointwise finite

dimensional persistence modules indexed by T ⊆ R. Then,

di(U,V) = db(B(U),B(V)).

Remark 8.1. db(B(U),B(V)) ≤ di(U,V) is known as algebraic stability theorem.

Converse algebraic stability 8.2 is also true in the multiparameter case.

Proposition 8.3. [9, Proposition 2.12] Let U,V be interval decomposable persistence

modules indexed by Rn. Then di(U,V) ≤ db(B(U),B(V)).

In the multiparameter setting, we have a result similar to the algebraic stability theo-

rem for nice modules.

Proposition 8.4. [4, Theorem 4.3.] Let U,V be interval decomposable persistence mod-

ules indexed by Rn. Assume they are rectangle decomposable, i.e., the intervals are in the

form of rectangles in Rn. Then db(B(U),B(V)) ≤ (2n− 1)di(U,V).

Definition 8.1. [6] Let (X, d) be a metric space and K,L ⊆ X be non-empty. The

Hausdorff distance between K and L is defined as

dH(K,L) := inf

{
ε ≥ 0

∣∣∣∣∣ K ⊆ Lε :=
⋃

x∈L

B(x, ε) and L ⊆ Kε :=
⋃

x∈K

B(x, ε)

}
.

Let (X, dX) and (Y, dY ) be metric spaces. The Gromov-Hausdorff distance between

X and Y is defined as

dGH(X, Y ) := inf
Z

inf
φ,ψ

dZH(φ(X), ψ(Y )),

where the infimum is taken over all metric spaces Z and all isometric embeddings φ :

X → Z, ψ : Y → Z, and dZH is the Hausdorff distance in Z.

Remark 8.2. dH is an extended pseudometric. For bounded sets, dH is a pseudometric.

Also, dH(K1, K2) = 0 ⇐⇒ K1 = K2. If we take closed bounded subsets of X , then

dH becomes a metric on this space.

Remark 8.3. If X and Y are compact then dGH(X, Y ) = 0 if and only if X and Y are

isomorphic. Hence, dGH becomes a distance on the set of equivalence classes of compact

metric spaces up to isometry.
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Proposition 8.5. [6, Theorem 1.1.] (i) Let K,L ⊂ Rn be finite subsets and k ≥ 0. Then

db
(
B(Hk(Č(K))), B(Hk(Č(L)))

)
≤ dH(K,L).

(ii) Let X and Y be finite metric spaces and k ≥ 0. Then

db (B(Hk(VR(X))), B(Hk(VR(Y )))) ≤ dGH(X, Y ).

Čech and Rips filtrations are sensitive to outliers, as data points that lie far from the

main structure, often due to sampling noise, can significantly distort the resulting persis-

tent homology, potentially obscuring the genuine topological features of the data. Multi-

parameter filtrations can mitigate this effect, providing a more robust analysis that is less

vulnerable to such noise.

To explain the related stability theorem for bifiltration examples, we need measure

theory [17]. Let X be a topological metric space. The Borel σ-algebra on X , denoted by

B(X), is the smallest σ-algebra containing all open subsets of X . A Borel measure is a

measure on (X,B(X)).

Let (X,F , µ) be a measure space, and let f : X → Y be a function. Construct a

measure space on Y using f and µ. Define a collection G ⊆ P(Y ) by G := {B ⊆
Y | f−1(B) ∈ F}. Then G is a σ-algebra on Y with respect to f . With this choice, the

function f : (X,F) → (Y,G) becomes measurable and define the pushforward measure

f∗µ : G → [0,∞] by f∗µ(B) := µ(f−1(B)) for all B ∈ G.

Definition 8.2. [6] Let (X, d) be a metric space, and µ, ν be Borel measures on X . The

Prohorov distance between µ and ν is defined as

dPr(µ, ν) := inf {ε > 0 | µ(A) ≤ ν(Aε) + ε& ν(A) ≤ µ(Aε) + ε ∀ Borel set A} ,

where Aε := {x ∈ X | d(x,A) < ε} is the open ε-neighborhood of the set A ⊂ X .

Let (X, dX , µX) and (Y, dY , µY ) be two metric spaces equipped with Borel measures.

The Gromov–Prohorov distance between µX and µY is defined by

dGPr(µX , µY ) := inf
Z

inf
φ,ψ

dZPr (φ∗µX , ψ∗µY ) ,

where the infimum is taken over all metric spaces Z and all isometric embeddings φ :

X →֒ Z, ψ : Y →֒ Z, and dZPr denotes the Prohorov distance between pushforward

measures on Z.
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Remark 8.4. For a fixed metric space X , dPr is an extended metric on the set of all Borel

measures on X . For finite Borel measures, it becomes a metric. And, dGPr distance is a

pseudometric on the class of separable complete metric probability measure spaces.

Proposition 8.6. [6, Theorem 1.6.] (i) Let X, Y ⊂ Rn be finite subsets, and let k ≥ 0.

Denote by µS the counting measure on Rn for S ⊆ Rn. Then

di(B(Hk(MB(X,µX))),B(Hk(MB(Y, µY )))) ≤ dPr(µX , µY ).

(ii) Let X, Y be finite metric spaces and let k ≥ 0. Denote by νZ the counting measure on

the metric space Z. Then

di(B(Hk(SR(X))),B(Hk(SR(Y )))) ≤ dGPr(νX , νY ).

Identifying which topological features in a filtration are meaningful (i.e., persist long-

er) and which may be attributed to noise can be effective for their analysis. Information-

theoretic tools provide an assessment of the significance of features captured by the persis-

tence diagram of the filtration. Persistent entropy provides a global summary via the dis-

tribution of interval lengths. However, reducing a persistence diagram to a single number

may be too coarse, as it lacks sensitivity to local appearance. To overcome this, the per-

sistent entropy summary function encodes entropy over time, offering a more expressive

alternative. Supported by stability theorems, these summaries can serve as discriminative

tools, especially when classification is required rather than precise feature selection.

Definition 8.3. [2] Given a persistence diagram D = {(bi, di)}ni=1, define the lifetime of

the ith feature as ℓi := di − bi, and the total lifetime L =
∑n

i=1 ℓi. The persistent entropy

is then given by

Hpers(D) = −
n∑

i=1

ℓi
L
log

ℓi
L
.

The persistent entropy summary function is defined as a function from R to R≥0

HD
pers(x) := −

n∑

i=1

ωi(x)
ℓi
L
log

ℓi
L
,

where

ωi(x) =




1, if bi ≤ x < di,

0, otherwise.
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Persistent entropy does not track the positions of the intervals in the barcode, whereas

the persistent entropy summary function considers this information by assigning weights.

Proposition 8.7. [1, Proposition 1.] Let D and D′ be finite persistence diagrams. Then,

for every ϵ > 0 there exists δ > 0 such that

db(D,D
′) < δ =⇒ |Hpers(D)−Hpers(D

′)| < ϵ.

Proof. Let ϵ > 0 be given. Since both persistence diagrams are finite, we extend them by

adding the diagonal points so that there exists a bijection

ϕ : Dext → D′
ext,

satisfying

db(D,D
′) = max

x∈Dext

∥x− ϕ(x)∥∞.

Label the points in Dext as x1, x2, . . . , xn and xi = (bi, di) and ϕ(xi) = (b′i, d
′
i).

Define the function h(p) = −p log p for p > 0 and h(0) = 0. Since h is uniformly

continuous on [0, 1], there exists δ′ > 0 such that for any p, p′ ∈ [0, 1],

|p− p′| < δ′ =⇒ |h(p)− h(p′)| < ϵ

n
.

For each i, let ℓi = di − bi and ℓ′i = d′i − b′i, and define L =
∑n

i=1 ℓi, L
′ =

∑n
i=1 ℓ

′
i.

Without loss of generality, assume that L ≥ L′. Choose

δ =
L′δ′

2n+ 2
.

Assume that dB(D,D′) < δ. Then for each i, we have

∥xi − ϕ(xi)∥∞ = max{|bi − b′i|, |di − d′i|} < δ.

Hence, |ℓi − ℓ′i| = |(di − bi)− (d′i − b′i)| ≤ |di − d′i|+ |bi − b′i| < 2δ. It follows that

|L− L′| ≤
n∑

i=1

|ℓi − ℓ′i| < 2nδ.

Define the normalized lifetimes by pi =
ℓi
L

and p′i =
ℓ′i
L′ . Then,

|pi − p′i| =
∣∣∣∣
ℓi
L

− ℓ′i
L′

∣∣∣∣ =
∣∣ℓiL′ − ℓ′iL

∣∣
LL′

.
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We have
∣∣ℓiL′ − ℓ′iL

∣∣ ≤ |ℓi(L′ − L)| + |(ℓi − ℓ′i)L|. Since ℓi ≤ L and |L− L′| < 2nδ, it

follows that

|ℓi(L′ − L)| ≤ L · 2nδ = 2nδL & |(ℓi − ℓ′i)L| < 2δ L.

Thus,
∣∣ℓiL′ − ℓ′iL

∣∣ < (2n+ 2)δL. Dividing by LL′ yields

|pi − p′i| <
(2n+ 2)δ

L′
.

By our choice of δ = L′δ′

2n+2
, we have |pi − p′i| < δ′. Then, by the uniform continuity of h,

|h(pi)− h(p′i)| <
ϵ

n
.

Hence, the difference in persistent entropy satisfies

∣∣Hpers(Dext)−Hpers(D
′
ext)
∣∣ =

∣∣∣∣∣

n∑

i=1

[
h(pi)− h(p′i)

]∣∣∣∣∣

≤
n∑

i=1

|h(pi)− h(p′i)| < n · ϵ
n
= ϵ.

Finally, since the diagonal points do not contribute to the entropy, we have

Hpers(D) = Hpers(Dext) and Hpers(D
′) = Hpers(D

′
ext).

Thus, |Hpers(D)−Hpers(D
′)| < ϵ.

Proposition 8.8. [2, Theorem 4.2.] Let D and D′ be finite persistence diagrams. Then,

for every ϵ > 0 there exists δ > 0 such that if

db(D,D
′) < δ =⇒

∫

R

∣∣∣HD
pers(x)−HD′

pers(x)
∣∣∣ dx < ϵ.

Proof. Let ϵ > 0 be given. Since D and D′ are finite, we extend them by including the

diagonal so that there exists a bijection

ϕ : Dext → D′
ext,

satisfying

db(D,D
′) = max

x∈Dext

∥x− ϕ(x)∥∞.
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Label the corresponding bars as (bi, di) in D and (b′i, d
′
i) in D′ for i = 1, . . . , n. Then,

|bi − b′i| < δ and |di − d′i| < δ,

where we set dB(D,D′) < δ. Later, we will put conditions for δ.

For each i, define the lifetimes ℓi = di − bi, ℓ
′
i = d′i − b′i, and the totals L =

∑n
i=1 ℓi, L

′ =
∑n

i=1 ℓ
′
i. Define the normalized lifetimes by pi =

ℓi
L

and p′i =
ℓ′i
L′ .

Define the function h(p) = −p log p, h(0) = 0. Since h is uniformly continuous on

[0, 1], ∃δ′ > 0 such that for any p, p′ ∈ [0, 1],

|p− p′| < δ′ =⇒ |h(p)− h(p′)| < ϵ

2nL0

,

where L0 is an upper bound on the bar lengths (i.e., di − bi ≤ L0 for all i). We require

that the perturbations in the normalized lifetimes are small; from the proof of the above

proposition, this can be done by choosing

δ ≤ min{L,L′}δ′
2n+ 2

,

we have |pi − p′i| < δ′ for all i.

For each bar i, define the interval

Ii = [bi, di) and I ′i = [b′i, d
′
i).

Let

I∗i = Ii ∩ I ′i and I∆i = (Ii ∪ I ′i) \ I∗i .

Define

Fi(x) = −ωi(x) pi log pi, F ′
i (x) = −ω′

i(x) p
′
i log p

′
i,

so that

[Hpers(D)](x) =
n∑

i=1

Fi(x), [Hpers(D
′)](x) =

n∑

i=1

F ′
i (x).

For a fixed index i, the error of the ith term is

Ei =

∫

R

|Fi(x)− F ′
i (x)| dx =

∫

I∗i

|Fi(x)− F ′
i (x)| dx+

∫

I∆i

|Fi(x)− F ′
i (x)| dx.
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• (On I∗i :) For x ∈ I∗i , ωi(x) = ω′
i(x) = 1, so

|Fi(x)− F ′
i (x)| =

∣∣pi log pi − p′i log p
′
i

∣∣ = |h(pi)− h(p′i)|.

Thus, ∫

I∗i

|Fi(x)− F ′
i (x)| dx = |h(pi)− h(p′i)|µ(I∗i ),

where µ(I∗i ) ≤ ℓi ≤ L0. By the choice of δ′,

|h(pi)− h(p′i)| <
ϵ

2nL0

,

so that ∫

I∗i

|Fi(x)− F ′
i (x)| dx <

ϵ

2nL0

L0 =
ϵ

2n
.

• (On I∆i :) Since |bi − b′i| < δ and |di − d′i| < δ, the measure of the symmetric

difference satisfies µ(I∆i ) < 2δ. Moreover, note that for all x,

|Fi(x)| ≤M, |F ′
i (x)| ≤M, with M = max

p∈[0,1]
|h(p)|.

because the image of compact set is compact and compact sets in R are bounded.

And for all x ∈ I∆i either Fi(x) = 0 or F ′
i (x) = 0, we have

∫

I∆i

|Fi(x)− F ′
i (x)| dx ≤

∫

I∆i

Mdx =Mµ(I∆i ) < 2Mδ.

Combining the two parts, we have

Ei <
ϵ

2n
+ 2Mδ.

Summing over all i = 1, . . . , n,
∫

R

∣∣∣HD
pers(x)−HD′

pers(x)
∣∣∣dx ≤

n∑

i=1

Ei < n
( ϵ

2n
+ 2Mδ

)
=
ϵ

2
+ 2nMδ.

To ensure the total error is less than ϵ, we require δ > 0 so that

2nMδ ≤ ϵ

2
=⇒ δ ≤ ϵ

4nM
.

Thus, to secure
∫

R

∣∣∣HD
pers(x)−HD′

pers(x)
∣∣∣dx < ϵ

2
+ 2nMδ ≤ ϵ

2
+
ϵ

2
= ϵ.

we set δ = min
{

ϵ
4nM

, min{L,L
′}δ′

2n+2

}
,
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These results can be combined with proposition 8.5. Let X, Y ⊂ Rn be finite sets.

Let DX and DY denote the truncated persistence diagrams of the Čech or Vietoris–Rips

filtrations built on X and Y and indexed by a finite set of R, respectively. Then, for every

ϵ > 0, there exist δ1, δ2 > 0 such that if dH(X, Y ) < δ1 then |Hpers(DX)−Hpers(DY )| <
ϵ, and if dH(X, Y ) < δ2 then

∫
R

∣∣∣HDX
pers(x) − HDY

pers(x)
∣∣∣dx < ϵ. Truncation here refers to

replacing infinite endpoints with a fixed finite value so that entropy is well-defined.
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