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ABSTRACT

A Theoretical Overview of Persistent Homology
Kaan CIM
Master of Science in Mathematics
July 11, 2025

This thesis presents a theoretical overview of persistent homology, a key method in topo-
logical data analysis for capturing the evolution of homological features across a filtration.
The theory of persistence modules is developed within a general framework, including the
interleaving and bottleneck distances, along with their fundamental properties. The clas-
sical Nerve Theorem is proved with particular emphasis on its applicability to manifolds.
The persistent homological version of this theorem provides a theoretical justification for
replacing topological spaces with computationally tractable simplicial complexes over a
filtration. Moreover, the stability properties of persistence modules are discussed, and

several results from the literature are reviewed.
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OZETCE

Kalic1 Homolojiye Kuramsal Bir Bakis
Kaan CIM
Matematik, Yiiksek Lisans
11 Temmuz 2025

Bu tez, kalici homolojinin kuramsal bir incelemesini sunmaktadir. Kalici homoloji, bir
filtrasyon boyunca homolojik 6zelliklerin evrimini yakalamaya yarayan, topolojik veri
analizinde temel bir yontemdir. Kalicilik modiillerinin kurami genel bir ¢cercevede gelistir-
ilmig; serpistirme (interleaving) ve darbogaz (bottleneck) uzakliklari ile bunlarin 6zellik-
lerine yer verilmistir. Klasik Sinir (Nerve) Teoremi kanitlanmis, 6zellikle manifoldlar tiz-
erindeki uygulanabilirli§ine vurgu yapilmistir. Bu teoremin kalic1 homoloji baglamindaki
stirlimii, bir filtrasyon iizerinde topolojik uzaylarin hesaplanabilir simpleksel komplek-
slerle degistirilmesine kuramsal bir gerek¢e sunmaktadir. Ayrica, kalicilik modiillerinin

kararlilik 6zellikleri ele alinmig ve yazindaki baz1 6nermelere yer verilmistir.
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Chapter 1

INTRODUCTION

Persistent homology has emerged as a powerful tool for capturing topological features
that persist across scales. Rather than focusing on individual snapshots of a topological
space, it encodes how these features evolve. It provides a systematic way to track the
appearance and disappearance of homological structures, such as path-connected com-
ponents, holes, and voids, as one moves through a filtration of a topological space. This
theoretical framework has also found significant applications, particularly in data analysis.
In this thesis, however, we focus on the mathematical foundations of persistent homology,

rather than its applications.

This thesis aims to present the basic theoretical building blocks of persistent homology
and to demonstrate how the persistent version of the classical Nerve Theorem provides
theoretical justification for topological data analysis (TDA) on manifold-like data. The
thesis explains the central concept of persistence modules, which establishes a general
model for persistent homology. Through these modules, important distance measures
such as interleaving and bottleneck distances are defined. The stability properties based

on these distances provide practical assurance for applications.

To make persistent homology practically applicable, we need computationally acces-
sible models of topological spaces. Simplicial complexes serve this purpose by providing
combinatorial representations that retain essential topological features and are suitable for
algorithmic analysis. A key theoretical result that bridges the gap between these combina-
torial models and the underlying topology is the Nerve Theorem, which asserts that under
appropriate conditions, the homotopy type of a space can be recovered from the nerve

simplicial complex associated with the cover.
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Persistent homology is designed to operate on topological spaces, but real-world data
is rarely presented in a topological form. Instead, data is typically given as finite point
clouds sampled from some unknown space. When observed from a distance, these point
clouds often appear to trace out a coherent geometric shape, leading to the common as-
sumption that the underlying space possesses the structure of a manifold. In this thesis,
we give a detailed proof of the classical Nerve Theorem and explain how its persistent
homological version allows us to carry out TDA techniques on data that is assumed to be

sampled from manifolds.

Roadmap. This thesis consists of eight chapters. In Chapter 2, we provide the neces-
sary background, covering basic concepts from topology, analysis, algebra, and category
theory to establish a self-contained foundation. In Chapter 3, we focus on simplicial
complexes, which serve as combinatorial models of topological spaces. In Chapter 4, we
present a proof of the Nerve Theorem, building connections between simplicial complexes
and their underlying topological spaces. This chapter also includes a detailed discussion
of paracompactness, which is a prerequisite for the theorem and a fundamental property
of manifolds. In Chapter 5, we review the basics of singular homology and simplicial
homology. In Chapter 6, we develop the framework of persistence modules, along with
the interleaving and bottleneck distances between them. In Chapter 7, we build on this
structure to study persistent homology and state the persistent nerve theorem. In Chapter
8, we discuss the stability theorems that ensure that small perturbations in the data do not

lead to drastic changes.
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Chapter 2

BACKGROUND

This chapter contains the essential background required to comprehend the subsequent

material presented in this thesis.

2.1 Topology

Since persistent homology fundamentally relies on topological notions, we first outline

the necessary background in topology. This section is based on [21].

Definition 2.1. Ler X be a set and T C P(X). T is called a topology on X and the pair
(X, T) is called a topological space if T satisfies the following conditions:

1. The empty set () and the entire set X are in T.

2. If {Ui}ier is a collection of sets in T, then | J,.; U; € T.

3. Foralln e NifU,,Us, ..., U, € T, then(\,_, Uy € T.

Elements of T are called open sets and their complements in X are called closed sets.

Definition 2.2. Let (X, Tx) and (Y, Ty) be topological spaces and let f : X — Y be
a function. [ is called continuous if for every V. € Ty, the preimage f~'(V) € Tx.
For a bijective function f, if both f and f~! are continuous, then f (also f~) is called a
homeomorphism, and in this case, (X, Tx) and (Y, Ty ) are called homeomorphic. Thus,

a homeomorphism preserves the topological structure and properties.

Definition 2.3. Let X be a set. A collection B C P(X) is called a basis for a topology on
X (i.e., a basis that generates a topology) if (i) for each © € X, there exists B € B such
that x € B and (ii) for all By, By € B and all x € By N B, there exists By € B such that
x € By C By N By. The collection of all unions of elements of B defines a topology T

on X, called the topology generated by 3. The elements of B are called basis elements.



Chapter 2: Background 4

Now let (X, T) be a topological space. A subcollection B C T is called a basis for
the topology T if one of the following equivalent conditions holds:
* For every U € T, there exists a subcollection { B;}ic; € B such that U = | J,.; B;.

» ForeveryU € T and every x € U, there exists B € B such thatx € B C U.

Definition 2.4. Let (X, T) be a topological space and x € X. A local basis at x is a
collection of open sets B, containing x such that for every open set U containing x, there

exists B € B, such thatx € B C U.

Remark 2.1. Let (X, T) be a topological space. If {B, }.cx is a collection of local bases
then the set B = |,y B. is a basis for (X, 7).

Definition 2.5. Ler (X, T) be a topological space.
X is called first countable if every point x € X has a countable local basis.

X is called second countable if there exists a countable basis for the topology T.

Definition 2.6. Let (X, T) be a topological space and A C X.
The interior of A, denoted by A°, is defined as follows:

A ={r€A|WV eTsuchthatz cU CA}= | U

UCA,UeT
The closure of A, denoted by A, is defined as follows:
A={zeX|WeT @xelU = UNA#£0)}= () C
CDA,C closed

Definition 2.7. A topological space (X, T) is called a Hausdorff space if for any x,y €
X with x # v, there exist U,V € T suchthatx € U,y € V,and U NV = ).

Definition 2.8. Ler (X, Tx) be a topological space, and let Y C X be a subset. The
subspace topology on 'Y is defined as Ty -={UNY | U € Tx}.

Definition 2.9. Let (X, Tx) be a topological space and let ~ be an equivalence relation
on X. Define the set of equivalence classes as Y = X/ ~, and define ¢ - X — Y by
q(x) = [x]. The quotient topology on'Y is defined as Ty == {U CY | ¢ (U) € Tx}.

Definition 2.10. Ler (X, 7) be a topological space. A collection of open sets {U; }ic; is
called an open cover of K if K C |, Us.
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Definition 2.11. Ler (X, T) be a topological space. A subset K C X is called compact
if every open cover of K has a finite subcover, i.e., for any open cover {U,};c; of K there

exists a finite subset J C I such that K C |J e U;.

Remark 2.2. Some basic properties of compact spaces are worth recalling:
* The continuous image of a compact set is compact.
* Any closed subspace of a compact space is compact.

* In a Hausdorff space, every compact subset is closed.

Definition 2.12. A ropological space (X, T) is called connected if it cannot be written
as the union of two non-empty, disjoint open subsets. A subset A C X is connected if

(A, Ta) is a connected space, where T is the subspace topology on A.

Remark 2.3. The connected component of a point z € X is the union of all connected
subsets of X that contain x. This is a connected subset of X and is the maximal connected

subset containing x. The connected components of X form a partition of X.

Definition 2.13. A topological space (X,T) is called path-connected if for any two
points z,y € X, there exists a continuous map f : [0,1] — X such that f(0) = x
and f(1) = y. The path connected component of © € X is a maximal path-connected

subset of X containing x, and it contains vy if there exists a continuous path from x to .

Remark 2.4. The continuous image of a connected (respectively, path-connected) set is

connected (respectively, path-connected). Also, every path-connected space is connected.

Definition 2.14. A homotopy between two continuous functions f,g : X — Y is a
continuous map H : X x [0,1] — Y such that for all x € X, we have H(z,0) = f(x)
and H(x,1) = g(x). In this case, f and g are called homotopic and are denoted by
f =~ g. A continuous map f : X — Y is called a homotopy equivalence if there exists
a continuous map g : Y — X such that go f ~ idx and f o g ~ idy. In this case, X
and Y are called homotopy equivalent. A topological space X is called contractible if it
is homotopy equivalent to a one-point space. This is equivalent to saying that the identity

map id x is homotopic to a constant map.

Remark 2.5. Homotopy is an equivalence relation on the set of continuous functions from

X to Y. Homotopy equivalence is an equivalence relation on the set of topological spaces.
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2.2 Analysis

Many topological constructions rely on analytical notions. In this section, we briefly
review the analytical background needed to formulate these concepts within a topological

framework. This section covers standard material; see, for example, [21].

Definition 2.15. A metric space (X, d) is a set X together with a functiond : X x X — R
called a metric such that for all v,y,z € X

1. d(z,y) > 0and d(z,y) = 0 if and only if x = y.

2. d(z,y) = d(y, x).

3. d(z,2) <d(z,y)+d(y, 2).

The open ball with center x € X and radius v > 0 is the set B(z,r) := {y €
X | d(z,y) < r}. The closed ball with center x € X and radius r > 0 is the set
B(x,r) == {y € X | d(z,y) < r}. Asubset U C X is called open if for every x € U,
there exists an € > 0 such that the open ball By(z,€) C U. The collection of such open
sets defines the metric topology on (X, d).

Let (X, dx) and (Y, dy) be metric spaces. A function f : X — Y is called an isometry
if forall x1,x5 € X, dy (f(z1), f(x2)) = dx(x1, 22).

Remark 2.6. Metric spaces are Hausdorff and first countable.

Proposition 2.1. Let f : X — Y be a function from a metric space (X, dx) to a metric
Y, (dy). f is continuous at © € X if and only if for every € > 0, there exists 6 > 0 such
that forally € X, dx(z,y) <6 = dy(f(z), f(y)) <e.

Definition 2.16. Ler f : X — Y be a function between two metric spaces (X, dx) and
(Y, dy). The function f is uniformly continuous if for every ¢ > 0, there exists a 6 > 0
such that for all x1, x5 € X, if dx(x1,x2) < 0, then dy (f(x1), f(x2)) < €.

Proposition 2.2. If f : X — Y is a continuous function from a compact metric space X

to a metric space Y, then f is uniformly continuous.

Definition 2.17. A subset A of a metric space (X, d) is called bounded if there exists a
real number M > 0 and a point x € X such that for all y € A, d(x,y) < M. A metric
space (X, d) is called totally bounded if for every ¢ > 0, there exists a finite cover of X

by open balls with radius e.
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2.3 Algebra

This section reviews related algebraic notions (see, for example, [3]) to prepare for the

algebraic machinery of persistent homology.

Definition 2.18. A ring is a set R equipped with two binary operations + (addition) and
- (multiplication) such that the following properties hold:
1. (R,+) is an abelian group, i.e.,
(a) Forall a,b,c € R, (a+b)+c=a+ (b+c).
(b) There exists an element 0 € R such that foralla € R,0+a=a+0 = a.
(c) Foreach a € R, there exists an element b € R such thata +b =b+ a = 0.
(d) Foralla,be R, a+b=>b+ a.
2. (R,) satisfies (a-b)-c=a- (b-c) forall a,b,c € R.
3. Forall a,b,c € R,
(a) a-(b+c)=a-b+a-c
(b) (a+b)-c=a-c+b-c
A ring R is called a commutative ring with unity if also
4. There exists an element 1 € R called unity such that foralla € R,a-1=1-a = a.
5. Foralla,be R,a-b=">-a.

Definition 2.19. A field is a commutative ring F with unity such that 1 # 0 and every
non-zero element of F' has a multiplicative inverse, i.e., for every a € F with a # 0, there

exists an element a= ' € F suchthata -a ' =a ' -a = 1.

Definition 2.20. Let R be a commutative ring with unity. An R-module is an abelian
group (M, +y) equipped with a function R x M — M (called scalar multiplication)
sending (r,m) — rm such that for all v, s € R and m,n € M

1. r(m 4y n) =rm-+y rn.

2. (r+grs)m=rm-+y sm.

3. r(sm) = (rs)m.

4. 1pm = m, where 1 is the multiplicative identity in R.

Remark 2.7. Let R be a field. An R-module is also known as a vector space over R.

R-module is a natural generalization of the concept of vector space from fields to rings.
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Definition 2.21. Let R be a commutative ring with unity and M be an R-module. A
nonempty subset N C M is called a submodule of M if N is an R-module under the
restriction of addition and scalar multiplication of M on N. Equivalently, for all m,n €

N, m+yne€ Nandforallr € Randn € N, rn € N.

Definition 2.22. Let M be an R-module and N be a submodule of M. Since M is an
abelian group, every subgroup is normal, and in particular N is a normal subgroup of
M. Hence, the set of cosets M /N is equipped with the well-defined operations (i) addition
(m+N)+(n+N) := (m-+n)+ N and (ii) scalar multiplication r(m~+ N) := (rm)+ N
forallm,n € M and r € R. With these operations, M /N becomes an R-module and is

called the quotient module.

Definition 2.23. A R-module homomorphism (or R-linear map) is a map ¢ : M — N
between two R-modules M and N such that for all m,m’ € M andr € R (i) o(m +y
m') = p(m) +n p(m') and (ii) p(r -y m) = 1 -5 ©(m).

The kernel of  is ker(p) := {m € M | ¢(m) = Oy}, where Oy is the zero element
in N. The image of ¢ is im(p) := {p(m) | m € M}.

An R-module isomorphism is an R-module homomorphism ¢ : M — N that has
an inverse R-module homomorphism ¢! : N — M such that o o p=' = idy and
o' o = idyy. This is equivalent to being a bijective R-module homomorphism. If such

a R-module homomorphism exists, M and N are called isomorphic.

Proposition 2.3. Let ¢ : M — N be an R-module homomorphism. Then the image of ¢
is an R-module and M/ ker(p) = im(yp).

Definition 2.24. Let { M };c; consist of R-modules. The direct sum of the family { M, };c;,

denoted by ., M,, is the R-module consisting of all tuples (m;);c; where m; € M; and

iel
m; = 0 for all but finitely many i € I. The direct product of the family { M}, denoted
by [1,c; M;, is the R-module consisting of all tuples (m;);c; where m; € M;. In both

constructions, addition and scalar multiplication are defined component-wise.

Definition 2.25. Let R be a commutative ring. An R-module M is called a free module

if it is isomorphic to a direct sum of copies of R, i.e., M = @._; R for some index set I.

el
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Definition 2.26. Let M be an R-module. A set {e;};c; C M is called a basis for M
if every element m € M can be uniquely expressed as a finite linear combination m =

Y ic1 Ti€i, where v; € R and all but finitely many r; are zero.
Proposition 2.4. An R-module M is free if and only if it has a basis.

Remark 2.8. Every vector space is a free module over its underlying field. Hence, every

vector space has a basis.

Definition 2.27. A vector space V' over a field F' is an F-module. In this case, an F'-
module homomorphism is also known as a linear map. Moreover, all bases of a vector
space V' have the same cardinality. The dimension of V, denoted by dim(V'), is the
cardinality of any basis. The space V' is called finite-dimensional if it has a finite basis,

and infinite-dimensional otherwise.

Remark 29. If T' : V' — W is a linear map between vector spaces and V' is a finite-
dimensional vector space then dim(V) = dim(ker(7")) + dim(im(7")). This result is

known as the rank-nullity theorem.

2.4 Category Theory

A basic familiarity with category theory is useful for developing ideas related to persistent

homology. See, for example, the lecture notes [22] for an introduction.

Definition 2.28. A category C consists of (i) a collection of objects, denoted by Ob(C), (ii)
a collection of morphisms (also called arrows), denoted by Home(X,Y') for each pair of
objects X, Y € Ob(C) (and X is called domain or source and Y is called codomain or
range for those morphisms), such that
1. For each pair of morphisms f : X — Y and g : Y — Z, there exists a morphism
go f: X — Z, called their composition.
2. Forall f: X =Y, 9:Y = Z andh:Z —W,ho(go f)=(hog)o f.
3. For each object Z € Ob(C), there is an identity morphism idy : Z — Z such that
foreach f : X —Y,idyo f= fand foidx = f.



Chapter 2: Background 10

Definition 2.29. An isomorphism in a category C is a morphism f : A — B such that
there exists a morphism g : B — A satisfying go f = idj and f o g = idg. = denotes

isomorphism in the given category.

Example: The category Top has topological spaces as its objects and continuous func-

tions as its morphisms. Category isomorphisms are homeomorphisms.

Definition 2.30. A functor F' from a category C to a category D is a mapping that assigns
(i) each object X € Ob(C) to an object Fx € Ob(D), (ii) each morphism f : X — Y in
C to a morphism Fy : Fx — Fy in D such that

1. Fi4, =idp, for every object X € C.

2. Fyop = F, 0 Fy for all morphisms f : X — Y andg:Y — Z inC.

Definition 2.31. A natural transformation n : F = G between two functors F,G :
C — D is a collection of morphisms {nx : Fx — Gx}xcob(c) of D such that for every

morphism f : X — Y in C, the following diagram commutes:

Fy
FX —_— Fy

A |

Gy —L Gy
2.5 Aauxiliary

Definition 2.32. A poset (partially ordered set) is a set P equipped with a partial order
< satisfying (i) p < pforallp € P, (ii) if p < qand q < p, then p = q, (iii) if p < q and
q < r, then p < r. A totally ordered set is a poset T' in which every pair of elements is

comparable, i.e., forall x,y € T, either x < yory < .

Proposition 2.5 (Zorn’s Lemma). Let P be a poset. Assume that every totally ordered
subset T' C P has an upper bound, i.e., there exists uw € P such thatt < u forallt € T.
Then P contains a maximal element, i.e., an element m € P such that there is nop € P

with m < p.

Remark 2.10. Zorn’s Lemma is equivalent to the axiom of choice.
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Chapter 3

SIMPLICIAL COMPLEXES

A simplicial complex is a combinatorial object constructed from simplices such as
points, edges, triangles, and their higher-dimensional analogues. This section introduces
the formal definition of simplicial complexes and discusses their geometric realization. In

this chapter, we follow the lecture notes [22].

Definition 3.1. Let V' be a nonempty set. An abstract simplicial complex K on 'V is a
collection of nonempty subsets of V' such that (i) each element of K has finite cardinality,
(ii) {v} € K forallv € V, (iii) ifc € K and T C o then T € K. The elements of V are
called vertices. The elements of K are called simplices. A simplex with k + 1 vertices is
called a k-simplex. The dimension of a simplex o € K is |o| — 1, where |o| denotes the
cardinality. So, a k-simplex has dimension k. The dimension of the simplicial complex K
is the maximum dimension of its simplices. The set of all i-simplices in K is denoted by

K. Note that Ky can be taken as V. A face of a simplex o is any nonempty subset of o.

Definition 3.2. Let K and L be abstract simplicial complexes. A simplicial map | :
K — Lisafunction f : Ky — Lo such that for every simplex o € K, the image f (o) is
a simplexin L, i.e., Vo € K, f(o) :={f(v) |[ve€ o} € L.

Definition 3.3. A simplicial isomorphism is a simplicial map f : K — L that has an

inverse simplicialmap g - L. — K, i.e.,, go f = idy and f o g = idy.

Remark 3.1. The category of simplicial complexes, denoted by Simp, has abstract sim-

plicial complexes as objects and simplicial maps as morphisms.

Definition 3.4. Let x1, o, ...,z be points in R™.
* A linear combination of the points x\,xs,...,x; is a sum of the form Zle AT

where \; € R for all 1.



Chapter 3: Simplicial Complexes 12

* An affine combination of the points x1,xs, ..., T is a linear combination where
the coefficients sum to one, i.e., y . Nix; withy - A\ = 1.
* A convex combination of the points x1,xs,...,T; is an affine combination with

non-negative coefficients, i.e., Zle Aix; with Zle \i = land \; > 0 for all i.

Definition 3.5. A set C' C R" is called convex if for any two points x,y € C and any
A € [0, 1], the point A\x + (1 — N)y € C.

Definition 3.6. The convex hull of a set S C R", denoted by conv(S), is the smallest

convex set containing S. This is equivalent to the set of all convex combinations of points

in S, i.e., conv(S) := {Zle Nz | k>1,2,€8 0 >0, 38 N\ = 1}.

Definition 3.7. A set of points {xg, x1,...,xx} C R is called affinely independent if the
set of vectors {x1 — xo, Ty — To, ..., Tx — o} is linearly independent. The convex hull
of any finite set of points in R" is called a geometric simplex. A geometric k-simplex is

the convex hull of a set of affinely independent points {xg, x1, ..., x5} C R™

Definition 3.8. Let K be an abstract simplicial complex. Let ¢ : Ky — R" be a function

that assigns each vertex of K a point in R™.

The geometric realization of K with respect to o, denoted by | K|, is the union of the

geometric simplices spanned by the images of the simplices in K under ¢, i.e.,
K], = | conv(e(0)).
ceK
v Ky — R" is called an affine embedding if p maps vertices of each simplex to
affinely independent points in R". In this case, the geometric realization | K|, is called

the affine geometric realization of K.

Remark 3.2. If K is infinite, we can define the geometric realization of K inside the space
RX as |K| == {(z:)iex, ERF | Y, wi=1,2;>0and {i € Ko | x; >0} € K} .
This sum is well-defined since every simplex in K has finite cardinality.

Remark 3.3. The topology of | K|, is independent of the choice of the affine embedding

. Consequently, we can denote the affine geometric realization of a simplicial complex

Kby |K

, without specifying ¢, and | K| is called the geometric realization.
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Example: The standard (n — 1)-simplex A"~! is defined as the set of all convex combi-

nations of the standard basis vectors ey, es, ..., e, in R", i.e.,

n—1 n—1
A" = {Z Ai€it1 | i > 072)\i = 1}
i=0 i=0
where ¢; is the i-th standard basis vector in R™. A solid (n — 1)-simplex is a simplicial
complex K whose vertex set is V' = {uvp,...,v,—1} and whose simplices are all non-

empty subsets of V. Define an affine embedding ¢ : Ky — R" by mapping each vertex

v; to the standard basis vector ¢, fori = 0,1,...,n — 1. Then |K| = | K|, = A" L.

Proposition 3.1. The geometric realization is a functor | — | : Simp — Top defined as

* On Objects: For a simplicial complex K, the functor assigns its geometric realiza-
tion |K|.

* On Morphisms: For a simplicial map f : K — L between simplicial complexes,

the functor assigns a continuous map |f| : |K| — |L| as follows: Let ¢ : Ky —

RI¥ol and +) : Ly — RI%| be affine embeddings. Then for any point x € |K| =

| K

0, >, ti = 1, we define |f|(x) := > . t; - Y(f(vi)). This map |f| : |K| — |L| is

continuous and is called the geometric realization of f.

d

¢ Which can be uniquely written as x = Y, t; - ¢(v;) with v; € Ko, t; >

e

N2

b

Figure 3.1: The Geometric Realization of The Simplicial Complex K Given Below

84

Example: Figure 3.1 illustrates the geometric realization of the simplicial complex

K= {{a},{b}, {c}, {d},{e}, {a, e}, {a,d},{a, ¢} {c, d}, {a, b}, {b, c}, {a, ¢, d}}.

Definition 3.9. A triangulation of a topological space X is a pair (K, h), where K is
a simplicial complex and h : |K| — X is a homeomorphism. The space X is called

triangulable if such a triangulation exists.
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Definition 3.10. Ler K be a finite simplicial complex. The Euler characteristic x(K) of
K is defined as

where cy, denotes the number of k-simplices in K.

Remark 3.4. The Euler characteristic is a topological invariant, meaning it depends only
on the topological structure of the triangulable space X and not on a particular trian-
gulation. In other words, if K and L are two triangulations of the same topological

space X, then the Euler characteristic of K is equal to the Euler characteristic of L,

ie., x(K) = x(L).

Definition 3.11. The barycentric subdivision of a simplicial complex K, denoted by
SA(K), is a new simplicial complex whose vertices correspond to the simplices of K.

The simplices of SA(K) are given by finite sequences of simplices

0001 S C oy

=

in K, where each o; € K, and C denotes the strict face relation. Each such sequence

corresponds to a k-simplex in Sd(K).

Proposition 3.2. The geometric realizations of a simplicial complex K and its barycentric

subdivision Sd(K) are homeomorphic, i.e., |K| = |Sd(K)|.
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Chapter 4

NERVE THEOREM

One of the conditions of the classical Nerve theorem is paracompactness. As will be
shown in this section, every paracompact Hausdorff space admits a partition of unity, a
crucial instrument in proving the theorem. Since manifolds are known to be paracom-
pact, a property that will be demonstrated, and Hausdorff by definition, the conditions
of the theorem are satisfied in this setting as well. Hence, the Nerve Theorem holds for

manifolds.

4.1 Paracompactness

Definition 4.1. [21] A collection of sets U = {U, }aca in a topological space X is called
locally finite if for every point x € X, there exists an open neighborhood' V- C X of x
such that V intersects only finitely many sets inU, i.e., the set {U, € U : V N U, # D} is
finite.

A cover V of a space X is a refinement of another cover U of X if for every V €V,
there exists U € U such thatV C U.

A topological space X is called paracompact if every open cover of X has an open

locally finite refinement.

Remark 4.1. Separable” metric spaces are paracompact. By assuming the axiom of choice,

all metric spaces are paracompact °.

Definition 4.2. [21] Let p : X — R be a continuous function. Then the support of ¢ is
defined as supp(p) := {x € X | p(z) # 0}.

A set V is a neighborhood of z if there exist an open set U such thatz € U C V.
2 A space is separable if the space has a countable subset whose closure gives the whole space.

3[21], Theorem 41.4.



Chapter 4: Nerve Theorem 16

Definition 4.3. [21] Let X be a topological space. A collection of continuous functions
{@i}icr on X is called a partition of unity if it satisfies the following conditions:

1. Each function @; takes values in [0, 1], i.e., ¢; : X — [0, 1].

2. The collection of supports {supp(y;) }icr is locally finite, i.e., for every point x €
X, there exists an open neighborhood U C X of x such that U intersects only
finitely many of the supports supp(y;).

3. Foreachpointx € X, ), pi(x) = 1.

Let U = {U,}aca be an open cover of X. A partition of unity {p;}ics is called

subordinate to U if for each v € I, the support of ¢, is contained in some U, i.e.,
supp(p;) C U, for some o € A.

Remark 4.2. The sum in (3) is well-defined and continuous because the local finiteness
condition (2) ensures that, at each point x € X, only finitely many terms in the sum are
nonzero. Some authors omit the local finiteness condition in the definition and instead
assume that the sum in (3) is already well-defined and continuous. However, adding
condition (2) is harmless and often technically convenient. Indeed, there is a theorem
stating that for any collection of continuous functions {¢;} on X with values in [0, 1]
such that ). +;(x) = 1 for all =, one can construct a locally finite partition of unity
{¢:} (with the same index set) such that the support of ¢; is contained in the support
of 1;; that is, the collection {supp(ip;)} is a refinement of {supp(¢;)}. Our version of
the definition, which explicitly includes the local finiteness condition, is often preferred

because it simplifies dealing with technical arguments.

Proposition 4.1. Assume that every open cover of a topological space X admits a parti-

tion of unity subordinate to the given cover. Then X is paracompact.

Proof. LetU = {U,}aca be an arbitrary open cover of X. Then there exists a partition

of unity {;}icr such that for each i, the support suppp; = {z € X : ;(x) # 0} is
contained in some member Uy(;) € U. Let V; := {x € X : ¢;(x) > 0}. Then
* Each Vj is open.

* The collection {V;};c; covers X (At each point = € X, at least one ¢;(z) > 0).
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* Since V; C supp(;), and the collection {supp(;) }ic; is locally finite, the collec-
tion {V; };¢; is also locally finite.
* Eachi € I, we have V; C supp(y;) € Uay).
Thus, {V; };e; is a locally finite open refinement of the open cover . Since U is arbitrary,

this shows that X is paracompact. 0

The existence of a partition of unity is central to the proof of the classical nerve theo-

rem. Proposition 4.1 shows the necessity of the paracompactness condition.

Definition 4.4. [21] A topological space X is called normal if for every pair of disjoint

closed sets A, B C X, there exist disjoint open sets U,V such that A C U and B C V.
Proposition 4.2. [21, Theorem 41.1.] Hausdorff paracompact spaces are normal.

Proof. Let X be a paracompact Hausdorff space. We will first prove that X is regular.
Take an arbitrary x € X and an arbitrary closed set A C X not containing =. Regularity
means that we will find disjoint open neighborhoods U, and U4 of = and A, respectively.

Since X is Hausdorff, for each a € A, there exist disjoint open sets O, containing x
and U, containing a. The collection {U, }.c4 is an open cover of A, and together with
X \ A, it forms an open cover of X.

By paracompactness of X, there exists a locally finite open refinement {V,},c4 U
{X \ A} such that V, C U, for each a (Without loss of generality, we may assume that
the refinement has the same index set as the original cover by grouping the elements of
the refinement according to which element of the original cover they are contained in,
and taking their unions.). Define U, := J, 4 V., Which is an open neighborhood of A.
By local finiteness, there exists an open set Y, containing = and a finite subset F* C A
such that Y, intersects only finitely many V,, ie., Y, NV, = 0 for a ¢ F. Define

Uy =Y, N().cp O This is an open set containing x. Also, U, N Us = (). So, X is

cEF
regular.

Now we will show that X is normal. Take two disjoint closed subsets A, B C X. We
will find open neighborhoods Uy D A and U D B.

By regularity, for each a € A, there exist disjoint open sets U, containing a and

Up, containing B. The collection {U, },ca together with X \ A forms an open cover of
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X. Using paracompactness, without loss of generality, there is a locally finite refinement
{Vi}aea U{X \ A} such that V, C U,.

Define U, := |, 4 Va, which is an open neighborhood of A. By locally finiteness,

a€A
each b € B has an open neighborhood Y} and a finite set ;, C A such that Y, NV, = ()

forall a ¢ Fy,. Define U, := Y, N[ Up,. This is open, it contains b, and avoids Uy,.

aEFb
Setting Up := (J,c 5 Us» We get an open set containing 5 and disjoint from U,. Hence,

X is normal. ]

Proposition 4.3. [21, Exercise 36.4.](Shrinking Lemma) Let X be a normal space.
1. Suppose {U,U'} is an open cover of X. Then there exists an open set V such that
VcUandV UU = X.
2. Suppose {U,}2, is a locally finite open cover of X. Then there exist open sets
{V,}22_| such that they cover X and V,, C U,.
3. Suppose {Uy, }aca is alocally finite open cover of X. Assuming the axiom of choice,

there exist open sets {V,, } nca such that they cover X and V, c U,

Proof. The first item will be used for the proofs of the second and the third items.

1. The closed sets U¢ and (U’)¢ are disjoint since U U U’ = X. By the normality of
X, there exist disjoint open sets V' and V"’ such that (U’")* C V and U¢ C V. Then

* V UU’ = X since every point is either in U’ or in (U’)¢ C V.

e VNV =0implies V C (V')

» (V')¢is closed, so V C (V')e.

e V C U, since U C V' implies (V')¢ C U.
Hence, V is open set satisfying V C Uand VU U’ = X.

2. We proceed with the construction of this cover by induction on o« € N. Define
Ul := Ua>1 Ua- Then {U;, U1} is an open cover of X, so by part (1), there exists open
V; C X suchthat V; C U; and V1uU] = X. Suppose V1, ..., V,,_; have been constructed
satisfying V,, C Uy for k < nand {Vi,...,V,_1,U,, Upyy - -+ } covers X. Let

()

Then {U,, U]} is an open cover of X, so by part (1), there exists an open set V,, C X
such that V,, C U, and V,, U U/, = X. This defines the collection {V,,}°,.



Chapter 4: Nerve Theorem 19

To verify that the collection {V,,}5°; covers X, fix x € X. Note that local finiteness
implies point-finiteness, each point of X lies in only finitely many U,,. Since the original
cover {U, } is locally finite, there exists 5 € N such that = ¢ U, for all & > /3. Then, by
construction of Vg, {Vi,...,Vs} U{Ups1,Usya- -+ } covers X. Hence, 7 € J,<5Va C
U.—, V. Since x € X is arbitrary, this finishes that {V,,} is an open cover of X with
Vo C U,.

3. Define P to be the set of pairs (B,V), where B C Aand W = {W,}sca is a
collection of open sets satisfying

(i) Wo C Uy forall o € B,
(i) W, = U, forall o« ¢ B,
(iii) {W4}aea is an open cover of X.

Define a partial order on P by
(Bl, Wl) < (BQ, WQ) <— B; € By and Wl,a = Wg,a forall o € B;.
LetT" C P be a totally ordered subset. Define

W, forany (B,W) e T witha € B,
C = U B, andset Y, :=

(BW)eT U, ifag¢C.

This is well-defined since T is totally ordered. We claim ) := {Y,, },c is an open cover
of X. By construction, elements of ) are open. Fix z € X. There are two cases. (i)
xz € U, for some a ¢ C. So, x € Y,. (ii) Since {U,} is point-finite too, there exists
a neighborhood of z that intersects only finitely many U,,, say for F, = {ay,...,a,}.
Since case (i) doesn’t hold, F), C C'. Since T is totally ordered, there exists (B, W') € T
such that F;, C B'. Since W’ covers X and = ¢ U, fora ¢ F,,itmustbe z € (J ., W/,
So, z € UaeFm Y! by definition of ). In both cases, z € Y, for some a € A.

By Zorn’s Lemma, P has a maximal element (A, V). Suppose M # A, and pick
ag € A\ M. Define

W::(Uv/g)u U v,
BeA\(

peM Mu{ao})
which is open. Then {U,,, W'} is an open cover of X, so by part (1), there exists an open

V! suchthat V C Uy, and V) UW = X.

@Q
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Define V' by setting

(

V, ifaeM,

!
= / 1 —
Vo Vs 1fa=ag,

U, otherwise.
\

Then (M U{}, V') € P, contradicting maximality. Hence M = A, and the correspond-

ing family V = {V, },c4 satisfies the desired properties. O
Remark 4.3. Also, (3) = (2) = (1) = (being normal space).

Proposition 4.4. [21, Theorem 33.1.] (Urysohn’s Lemma) Let X be a normal space and
A, B C X be disjoint closed sets. Then there exists a continuous function f : X — [0, 1]
such that fj4 = 0and fijp =1

Proposition 4.5. In a second-countable topological space, every locally finite open cover

has countably many members.

Proof. Let X be a second-countable topological space, and let i/ = {U, },c4 be a locally
finite open cover of X . Since X is second-countable, it has a countable basis { B, },en-

For each n € N, define
U,:={Uel:B,NU # 0}

I:={n € N: U, is finite}.

We claim that U/ = |, _,U,. Clearly, foreachn € I,U,, CU. Thus, |, ., U, CU.

nel nel

Let U € U be an arbitrary member of the cover. Take any point x € U. Since the
cover is locally finite, there exists an open neighborhood V' of x such that V' intersects
only finitely many sets in /.

Since { B, }nen is a basis for X, there exists a basis element B,,, C V' that contains x.
By construction, n, € I because B,,, C V and V intersects only finitely many sets in the
cover, making U, finite. Moreover, since z € U N B,,,, we have B,, N U # (), which
means U € U,,,. Therefore, U € |J,,.; Up.

This shows thatf = | J, _; U, where I C N and each U, is finite for n € I. Since [ is

nel

a subset of N, it is countable, and thus Un6 ; Uy, 18 a countable union of finite sets, making

it countable. Hence, the locally finite cover U/ has countably many members. U
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Proposition 4.6. [21, Theorem 41.7.] Let X be a paracompact Hausdorff space and take
an arbitrary open cover. Then, assuming the axiom of choice, X admits a partition of
unity subordinate to the given cover. If X is second-countable, then this is true without

the axiom of choice.

Proof. Let ) be any open cover of X. Since X is paracompact, there exists a locally
finite open refinement U = {U,}aca of ) such that for each o € A, there is some
Y, € Y satistying U, C Y,.

By proposition 4.2, X is normal, we apply the Shrinking Lemma 4.3 two times (as-

suming the axiom of choice). For each a, there exist open sets IV, V,, such that
W,cW,cV,cV,cU,.

and {W, }aeca and {V, }ca are open covers of X.

By Urysohn’s Lemma 4.4, there exists a continuous function f, : X — [0, 1] such
that f,(7) = 1 forx € W, and f,(z) = 0 for x € (V,)°.

Since {U,} is locally finite and supp(f,) = {fa # 0} C Vo C U,, the collection
{supp(fa)} is locally finite. Define

F(a) = fula).

acA

This sum is well-defined and continuous since at each point only finitely many terms are
nonzero. Moreover, for every x € X, there exists some « such that x € W,,,so f,(z) =1
and hence F'(z) > 1.

Finally, define the functions

Pa(T) = J;?é::))

Each ¢,, is continuous and forms a partition of unity, since for all z,

1
> 0a(r) = gy 2 fulr) = 1

a€cA acA

Moreover, the support of ¢, is contained in V,, and hence in Y,,, making the partition of
unity subordinate to ).

Note that if we have a second-countable space, we don’t need to assume the axiom of
choice. By proposition 4.5, every locally finite open cover has countably many members.

So, we can apply the countable case of Shrinking Lemma 4.3. 0
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4.1.1 Manifolds

Definition 4.5. [19] A topological manifold M of dimension n is a Hausdorff, second
countable topological space such that each point p € M has an open neighbourhood
U C M and a homeomorphism ¢ : U — o(U) C R", where p(U) is an open subset of
R™ (Note that o(U) can be taken as R™). So, M admits an open cover {U, }nc a, and for
each o, there exists a homeomorphism ¢, : U, — R"| called a chart. The pair (U,, ¢,)

is called a coordinate chart on M.

Definition 4.6. [19] A space X is locally compact if every point v € X has a compact
neighborhood.

Proposition 4.7. [19, Proposition 4.64.] Manifolds are locally compact.

Proof. Let M be a manifold. For all x € R™, the closed ball B(x,r) is compact by the
Heine-Borel theorem (since it is closed and bounded in R"). So, m is the compact
neighbourhood of x.

Given any point p € M, take a coordinate chart (U, ¢) with ¢(U) = R". Choose
an open ball B(¢(p),7) € R”. So, its closure B(p(p),r) is compact. The preimage
W := o Y(B(p(p),r)) is an open neighborhood of p in U. Since U is open in M, W is
open in M. Moreover, since ¢! is continuous and K := w‘l(W) is compact.

Thus,p € W C K C M. Every point p € M has a compact neighborhood. [

Definition 4.7. [19] A subset P of a topological space X is called precompact (or rela-

tively compact) if the closure P is compact.

Proposition 4.8. [19, Proposition 4.63.] Let X be a Hausdorff and locally compact topo-

logical space. Then X has a basis of precompact open subsets.

Proof. Take x € X. Then there exists an open set U and a compact set /' such that
x € U C K. Define B, := {P € Tx | x € P C U}, which is a local basis of z.
K is closed since compact subsets of Hausdorff spaces are closed. Take P € B,. Then
P C K and P is compact since closed subsets of compact spaces are compact. Hence, P

is precompact. Also, | J__ B, is a basis and it consists of precompact sets. 0

zeX
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Definition 4.8. [19] A ropological space X has an exhaustion by compact sets if there

exists a sequence of compact subsets { K;} jen such that it covers X and K; C K3, for

all j € N.

Proposition 4.9. [19, Proposition 4.76.] Every second-countable Hausdorff and locally

compact topological space X admits an exhaustion by compact sets.

Proof. Let {P,},en be a countable basis of X consisting of precompact open sets via
proposition 4.8 and second countability. Inductively define g : N — N such that g(k) > &

and g(k) is the minimal index for which
PU---UP, CPUPU:--UPyy.

(Note that such a function g exists because { P, } ,cn is a basis and the union of closures

P, U---U P, is compact, so it has a finite subcover.) Set

i<g)(1)
where ¢g) denotes the j-fold composition of ¢ (i.e., g¥) = gogo--- o g j-times). Note
that each K; is compact because it is a finite union of compact sets. Also, { K } ey covers
X. By construction, we have K; C P, U---U Pg(j+1)(1), which implies K; C Kg(‘)+1> since
PyU- U P,+1) ) is open and contained in Py U - - U P11 gy = K. Thus, {K}jen

is an exhaustion of X by compact sets. [

Proposition 4.10. [19, Theorem 4.77.] Let X be a second-countable Hausdorff and lo-
cally compact topological space, and U be an open cover of X. Take a basis B for the
topology of X. Then there exists a countable, locally finite open refinement of U consisting

of elements of B. As a result, X is paracompact.

Proof. Let (K j)J‘?‘;l be an exhaustion of X by compact sets via proposition 4.9. Denote

Ky = (). For every j € N, define

‘/j = Kj+1 — Kjo and VV] = ch-)+2 — Kj—l-

Note that V; is compact because it is a closed subset of a compact set. Also, IV is open

because it is the difference between an open set and a closed set; and compact spaces of
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Hausdorff spaces are closed. By construction and properties of nested compact sets, we
have V; C W;.

For every € V; there exists U, € U. Because B is a basis, there exists B, € B
such that x € B, C U, N W;. So, {B.;}scv, is an open cover of V;. Then, by the
compactness of V; there exists B; = {B,, € B : z; € V;},2, a finite cover of V; and the
union of B3;’s elements is contained in ;. Note that [ J;Z, B; is a countable cover of X
and a refinement of U{. Also, for every z € X, x s contained in only finitely many W; by

exhaustion. Hence, U;’;l B; is a locally finite cover. O
Proposition 4.11. Manifolds are paracompact.

Proof. Manifolds are locally compact via proposition 4.7. Since by definition manifolds
are second countable and Hausdorff, we can apply proposition 4.10. So, manifolds are

paracompact. [

Remark 4.4. Another approach to proving that manifolds are paracompact is by first show-
ing that every manifold is metrizable; since every metrizable space is paracompact, it

follows that manifolds are paracompact as well.

4.2 Nerve Theorems

Definition 4.9. [5] Let U = {U, }aca be a collection of sets indexed by a set A. The nerve
of U, denoted by Nerve(U), is an abstract simplicial complex where the vertex set is A and
a finite subset o C A forms a simplex if and only if the intersection of the corresponding
sets U, for a € o is nonempty, i.e.,

o € Nerve(ld) ﬂ U, # 0.

aco

Definition 4.10. [5] Let U = {U,}aca be a cover of a topological space X. If every

nonempty finite intersection of sets in U is contractible, then U is called good cover.

Theorem 4.1. [18, Proposition 4G.1.] (Nerve Theorem) Let Y = {U,}aca be a good
open cover of a paracompact Hausdorff space X. Then the geometric realization of

Nerve(U) is homotopy equivalent to X, i.e.,

|Nerve(U)| ~ X.
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Remark 4.5. As we will see, a part of the proof relies on the existence of a partition of

unity. In the proof, we also follow [5, Theorem 5.9.].

S
®

Figure 4.1: Nerve Theorem

Counterexamples: This theorem doesn’t hold if we drop paracompactness or Hausdorff-
ness of the space or the goodness condition of its open cover.
Violation for non-paracompact case: [5] Let w; denote the first uncountable ordinal, i.e.,
the set of all countable ordinals. Define the long ray L as follows:

* Consider the set consisting of all pairs («, t) where v < wy and ¢ € [0, 1), ordered

lexicographically, i.e.,
(a,t) < (B,s) <= (a<P)or(a=pFandt < s).

» Topologize this set using the order topology.
The following properties are known: L is Hausdorff. However, L is not paracompact and

not contractible. To get a good open cover, for each countable ordinal s < w,, define
Ly:={telL|t<s}.

Each such open set is homeomorphic to the half-open interval [0, 1), and finite intersec-
tions of these sets are also homeomorphic to [0, 1). Hence, the family &/ := {L;}sc., is a
good open cover of L. By some advanced machinery and the properties of L, |Nerve(H)|
is contractible. (L is weakly contractible and by results in [5], |[Nerve(U/)| is weakly

contractible. By Whitehead’s theorem,

Nerve(U)| is contractible.) However, L is not

contractible. Contradiction. Therefore, L and |Nerve(U{)| are not homotopy equivalent.



Chapter 4: Nerve Theorem 26

Violation for non-Hausdorff case: [5] Firstly, we define a simplicial complex. Let K :=
{{v1}, {2}, {vs}, {v1, v2}, {va, v3}, {v1,v3}} . It corresponds to the 1-skeleton of a trian-
gle. The geometric realization | K| is homeomorphic to the circle S*.

Define a finite topological space X whose points correspond to the simplices of K.

a:={vi}, b:= {2}, ¢ = {vs},
d = {v,v9}, e := {vg,v3}, f=A{v1,vs}.
Then X = {a,b,c,d, e, f}. We topologize X by assigning a minimal open set around a

simplex o to the upset (the Alexandrov topology defined by the face poset of K):
U,={reK|T20}.

So, the open sets in this topology are generated by the following:

O(a) = {a,d, f}, O@) ={b.d,e}, O(c) = {c,e, [},

O(d) = {d}, O(e) = {e}, of) = {r}-
Note that X is paracompact since it is finite. But X is not Hausdorff since we cannot sepa-
rate any pair of {a, b, ¢} by disjoint open sets. Define a good open cover U = {Uy, U, Us}

of X . For each vertex v; € K, U, is the following (the star of v;):
Ul = {a7d7f} U2 = {bvdve} U3 = {C,@,f}

Each U; is open in X, and the cover U is a good cover since all finite intersections are
either singletons or themselves, which are contractible.
Now compute Nerve(U/). The nerve is a simplicial complex whose vertices are the

sets U;, and whose simplices correspond to nonempty finite intersections.

Ulﬂng{d}#@, UQﬂUgZ{e}#w, UlﬂUdz{f}#@

Thus, Nerve(U) = K, the original simplicial complex.

Let g : X — S be a continuous map. Since U; is open and connected, the restriction
gju, 18 continuous and it has a connected image. The image of U; under g is also discrete.
As S' is Hausdorff, the image is a single point. Therefore, g(a) = g(d) = g(f). Similarly,
using Uy and Us, we obtain g(b) = g(d) = g(e) and g(c¢) = g(e) = g(f). Combining

these equalities, g is constant on all of X.
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We have shown that every continuous map g : X — S! is constant. Suppose, for

contradiction, that there is a homotopy equivalence between X and S', with maps ¢ :
X — Stand h : S* — X such that g o h ~ idg1. But since every map g is constant,
the composition g o h is also constant, hence null-homotopic. This contradicts the fact
that idg: is not null-homotopic. Therefore, no such homotopy equivalence exists, and we
conclude X is not homotopy equivalent to [Nerve(U)| ~ |K| ~ S!. This example also
shows that the finiteness of cover is not enough to derive the nerve theorem.
Violation for non-good open cover: Let S' C R? be the unit circle. Consider U =
{U1,Us}, where Uy = ST\ {(—1,0)} and U, = S'\ {(1,0)}. U; and U, are open in
the subspace topology of S*, and their union covers the whole circle. The intersection is
U NUy, = 8"\ {(-1,0),(1,0)}. This is not connected and not contractible. Therefore,
the cover U is not a good cover. Now, consider Nerve(lf):

* There are two open sets, so the nerve has two vertices.

* Their intersection is non-empty, so there is an edge connecting the two vertices.
Hence, the nerve is a 1-simplex (an interval), which is contractible. On the other hand, .S 1

is not contractible. Hence, S* and Nerve(U/) are not homotopy equivalent.

Remark 4.6. We can view poset P as a category P where
* The objects are the elements of P.

* For each p < g, there is a unique morphism p — q.

Definition 4.11. [5] Let P be a poset, and let F: P — Top be a functor. The bar

construction of F, denoted by Bar(F), is defined as the quotient space

Bar(F) := |_| Fpy x A™ | [ ~,
(Po<p1<-<pn)

where the disjoint union runs over all finite non-degenerate chains (py < p1 < +-- < py)
in P, and the equivalence relation ~ is generated by the following identifications:

For each chain ¢ = (py < p1 < -++ < p,) and for each i = 0,1,...,n, let ¢; :=
(po < -++ < pi < -+ < pp) be the subchain obtained by omitting the i-th element, and let
ji: A"t — A" be the i-th face inclusion. Let q denote the first element of the subchain

¢;. Then for all x € F,, and z € A", we impose the identification

(,5i(2)) ~ (Fpoq0 (), 2) -
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Proposition 4.12. [5, Proposition 2.6.] Let P be a poset and F,G : P — Top be
functors. Assume 1 : F' = G be a natural transformation such that for all p € P, n(p)
is a homotopy equivalence. Then the induced map Bar(F') — Bar(G) is a homotopy

equivalence.

Definition 4.12. [5] Let U = {U,}aca be a cover of a topological space X. For each
simplex o € Nerve(U), define U, := ()., Ua. The blowup complex associated to the

cover U is defined as the quotient space

Blowup(U) := |_| U, x AlvI=1 / ~

o€Nerve(U)

where Al°I=1 is the standard simplex of dimension |o| — 1 the equivalence relation ~ is
generated by the following identifications:

For each o' C o Let jycn,: Al7171 — All=1 s the canonical face inclusion of
simplices corresponding to the inclusion of vertex sets, and i, o+ : U, — U, be the

canonical inclusion. Then for all x € U, and z € Al°'1=1, we impose the identification

(%, Jorco(2)) ~ (oo (2), 2) = (2, 2).

Remark 4.7. [5] Take poset P as Nerve(U/) with order < suchthato <7 <= o D 7.
Let Dy : P — Top be a functor such that o — U, = (,., U, and the correspond-
ing morphisms of comparisons are inclusions of topological spaces. We can construct a
homeomorphism Bar(Dy,) — Blowup(l{) by assembling natural local homeomorphisms
indexed by simplices o € Nrv(U). For each such o, let |o| denote the geometric real-
ization of the simplicial complex generated by the finite set o, and let |Sd(o)| denote its
barycentric subdivision. Each flag 0 = 0y 2 01 2 -+ 2 o, in the poset F, indexes a
cell U,, x A" C Bar(Dy). These cells glue together over all such flags with the same

element o = 0, resulting in a subspace
U, x |Sd(o)| C Bar(Dy).

Note that there is a homeomorphism ¢, : [Sd(c)| = || which collapses the barycentric

subdivision back to the original simplex. Taking the identity map on U,,, we obtain

idy, X ¢o: U, x |Sd(0)| = U, X |o|,



Chapter 4: Nerve Theorem 29

which lands inside Blowup(i/) by definition. These maps respect the equivalence re-
lations in both Bar(D,,) and Blowup(i/), and hence assemble to a well-defined global

homeomorphism. Hence, Bar(Dy) — Blowup(i).

Now, we have enough tools to prove the nerve theorem 4.1. The strategy of the proof is
to construct a sequence of intermediate topological spaces that serve as bridges between
the original space X and the nerve of its cover. We will then demonstrate that each
of these spaces is homotopy equivalent to the next, ultimately establishing a homotopy
equivalence between X and the geometric realization of the nerve. We will use three key

constructions: a partition of unity, the blowup complex, and the bar construction.

Proof. Define the projection map p : Blowup(U/) — X by p([(x, z)]) := 2. This map is
well-defined since all identifications in the blowup complex preserve the first coordinate

x. Forany z € X, define A, .= {a € A |z € U,}. Then

p () ={[(z,2)] | ¢ C A, finite, z € Al"‘_l}

= {thxz | o0 C A, finite and z; := x € Uy X A% ~ U, and Zti =landt; > O} .
1€0o i€o

Since X is paracompact and Hausdorff, there exists a partition of unity {t, }aca sub-
ordinate to U via proposition 4.6 such that supp(v,) C U,. Define for each z € X
op(x) == {a € A | ¥.(x) # 0}, which is finite by local finiteness. Now define
sy © X — Blowup(U) by sy(z) = [(#, (¥a(2))acoy@))] = Daca Yal(@) Zq such that
(2, (Va(®))acoy @) € Usy@) x Al7w@=1,

Note that (posy)(z) = x. So, po s, = idx. We want to show that s, 0 p is homotopic

t0 idBiowup(u)- Define a homotopy H : Blowup(U/) x [0, 1] — Blowup(i/) by

H(y,t) == [(z, (1 =)z + t - (Ya(®))aco)]

where x = p(y) and z € Al°I=! such that o,(z) C 0. This is well-defined since the con-
vex combination of points in a standard simplex remains in the simplex, and compatibility
with the equivalence relation is preserved. Also, H(y,0) = H([(z,2)],0) = [(z,2)] =y
and H(y, 1) = H([(z,2)], 1) = s,(x) = (35,0 p) ().

Hence H is a homotopy from idpjowup() 10 sy © p, and p is a homotopy equivalence

with homotopy inverse s,,. Thus, Blowup(&/) and X are homotopy equivalent.
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Figure 4.2: Proof Strategy for Nerve Theorem

By remark 4.7, we know that Blowup(&/) and Bar(D,,) are homeomorphic. Now
define a functor F' : P — Top such that F,, = {x} for all o € Nerve(U/). Since U is a
good cover, U, is contractible, hence there exists a homotopy equivalence 7, : U, — {x}.
Note that 7 is a natural transformation between D;; and F'. By proposition 4.12, we get

Bar(Dy) ~ Bar(F'). Also, Bar(F') is homeomorphic to |Sd(Nerve(l{))|. Thus,
Blowup(U) = Bar(Dy) ~ Bar(F') = |Sd(Nerve(U))| = |Nerve(U)].

To sum up, since X is a paracompact Hausdorff space and I/ is an open cover, we
have a homotopy equivalence between X and Blowup(/). Also, since U is a good cover,

Blowup(U) ~ |Nerve(U)|. Since both conditions are satisfied, X ~ |Nerve(U)|. O
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There are other versions of the nerve theorem depending on the topological space, its

cover, and the index set of the cover. Here, we present two different versions.

Theorem 4.2. [5, Theorem 4.8.] (Nerve Theorem for Simplicial Complexes) Let K =
{K,}aea be a set consisting of subcomplexes of K such that the union of its elements is K
and the geometric realizations of all non-empty finite intersections are contractible. Then
the geometric realization of Nerve(KC) is homotopy equivalent to the geometric realization
of K, ie.,

|Nerve(K)| ~ |K]|.

Theorem 4.3. [5, Theorem 3.9.] (Nerve Theorem for Closed Convex Finite Covers) Let
C = {Ci}icpm) be a finite set consisting of closed convex subsets of Euclidean space R".
Then the geometric realization of Nerve(C) is homotopy equivalent to the union of the
setsinC, i.e.,

|Nerve(C)| ~ U C;.

el
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Chapter 5

HOMOLOGY

Homology is an algebraic concept defined on chain complexes. Although intuitively
one might describe a topological space by referring to its “holes”, giving a precise math-
ematical formulation of this idea requires the machinery of homology theory. Among the
various approaches, simplicial homology provides a computationally effective method
for spaces that admit a triangulation. On the other hand, singular homology is defined for
all topological spaces. Importantly, for triangulable spaces, simplicial and singular ho-
mology theories are naturally isomorphic, which implies that the simplicial homology is
independent of the specific triangulation chosen. This chapter follows a classic textbook

[18] on algebraic topology.

Definition 5.1. Let R be a commutative ring with identity. A chain complex (C,0) is a
sequence of R-modules {C),},c7 together with R-module homomorphisms 0, : C,, —
Cpn_1 such that 0,,_1 0 0, = 0 for all n € 7Z. The elements of C,, are called chains
of degree n and 0, is called the boundary operator for all n € 7Z. The kernel of 0, is
denoted by Ker 0,, and is called the cycle module, which lies in C,, and the image of
On1, which lies in C,,, denoted by Im 0,, 1, is called the boundary module. An element
of the cycle module Ker 0, is called a cycle of degree n, and an element of the boundary
module 1m 0,1 is called a boundary of degree n. Since 0,,_1 0 0, = 0 foralln € Z,
Im 0,11 C Ker 0,,. This means that every boundary of degree n is also a cycle of degree

n. Therefore, the quotient module
H,(C) :=ker0,/im 01

is well-defined and it is called the homology module of (C,0) at degree n. The elements
of H,, are called homology classes. Two cycles that represent the same homology class

are called homologous, meaning that their difference is a boundary.
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Definition 5.2. Let (C,9°) and (D, 0P) be two chain complexes over a commutative ring
R. A chain map f : C — D is a sequence of R-module homomorphisms {f, : C, —

Dy bnez such that for everyn, P o f,, = f,,_100C i.e., the following diagram commutes:

C, — Cupa
b fn Ay

8D
D, — D,,.

Remark 5.1. The chain map f induces a (module) homomorphism on the homology level.

fe i Ho(C) = Hy(D), defined by f.([c]) = [f(c)].

Remark 5.2. The category of chain complexes consists of chain modules as objects and
chain maps as morphisms. H,, is a functor from the category of chain complexes to the

category of R-modules, and it is called homology functor.

Definition 5.3. Let f,g : (C,0%) — (D,0") be two chain maps between chain com-
plexes. A chain homotopy between f and g is a sequence of R-module homomorphisms

{P, : C,, = Dy11}nez such that for every n,
fo—gn=02 0P, + P, 1005.

A chain map f : C — D between two chain complexes C' and D is called a chain
homotopy equivalence if there exists a chain map g : D — C such that f o g is chain

homotopic to the identity map idp and g o f is chain homotopic to the identity map idc.

Proposition 5.1. If f and g are chain homotopic, then they induce the same homomor-
phism on the homology level, i.e., f. = g. : H,(C) — H,(D). If f : C — D
is a chain homotopy equivalence then [ induces isomorphisms on homology level, i.e.,

H,(C) = H,(D).

5.1 Singular Homology

Definition 5.4. Let X be a topological space and n € Z>,. A singular n-simplex in X
is a continuous map o : A" — X where A" is the standard n-simplex. The set of all

singular n-simplices in X is denoted by S,,(X).
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Let R be a commutative ring with identity. The singular n-chain module C,(X; R)
is the free R-module generated by S, (X). An element of C,,(X; R) is called a singular
n-chain. The boundary operator 0, : C,1(X;R) — C,(X;R) is an R-module
homomorphism defined on a singular (n + 1)-simplex o : A" — X by

n+1

Oni1(0) = Z(—l)ja 0 d;,

=0
where §; : A" — A"l s the inclusion of the j-th face of A"™*'. This definition is

extended linearly to all of C,, 11 (X; R).

Theorem 5.1. Let X be a topological space and C,,(X; R) be a singular n-chain module
for a nonnegative integer n. Then the sequence of R-modules and boundary operators of

the singular chain modules
2 O (X R) D O (X R) 2 B Gy(X R) 25 0
forms a chain complex, i.e., 0,, 0 0,,,1 = 0 for all n € Z>,.

Remark 5.3. C, is a functor from the category of topological spaces to the category of
chain complexes, and it is called singular functor. The quotient module

ker(9, : C,(X;R) — C,—1(X; R))

H,(X;R) = .
n(X; R) im(Opy1 0 Croy1 (X5 R) = Co(X; R))

is called the n'" (singular) homology module of X. H,(—; R) is a functor from the
category of topological spaces to the category of R-modules, and it is called singular

homology functor.

Remark 5.4. Let X be a topological space, and let { X, } denote the set of path-connected
components of X. Then for all n > 0, H,(X; R) = @, H,(Xq; R). Specifically, for
n = 0 we have Hy(X; R) = P, R.

Proposition 5.2. Let f,g : X — Y be continuous maps that are homotopic. Then
f«, g« are chain homotopic, so f., = g. as R-module homomorphisms from H,(X; R)
to H,(Y; R). Hence, if X and Y are homotopy equivalent spaces, then their homology

modules are isomorphic.
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Proposition 5.3. Let X be a contractible space. Then for any n > 0 and any commutative
ring R, the n-th homology module of X is given by

R ifn=0,
H,(X;R) =

0 ifn>0.

5.2 Simplicial Homology

Definition 5.5. Let K be a simplicial complex. The simplicial n-chain module C,(K; R)
is the free R-module generated by the n-simplices of K. An element of C,,(K; R) is called
a simplicial n-chain.

The boundary operator 0, : C,(K;R) — C,_1(K; R) is an R-module homomor-
phism defined on an n-simplex o = [vg, v1, . .., U] by

n

On([vo, v1,- -, va]) = Y (=) [vo, 01, -, i, - 0,

i=0
where [vg, V1, ..., 0, ..., 0,] is the (n — 1)-simplex obtained by removing the vertex v;.

This definition extends linearly to all of C,,(K; R).

Theorem 5.2. Let K be a simplicial complex and C,, (K ; R) be a simplicial n-chain mod-
ule for nonnegative integer n. Then the sequence of R-modules and boundary operators

of the simplicial chain modules
2 CU(KGR) 25 €y (K R) 27 - 2 Co(K R) 225 0
forms a chain complex, i.e., 0, 0 0,11 = 0 for all n € Z>,.

Remark 5.5. C,, is a functor from the category of simplicial complexes to the category of
chain complexes, and it is called simplicial chain functor. The quotient module

ker(0, : Cp,(K; R) — C,_1(K; R))

A . L
Ha (K’ R) o im(an-H : Cn+1(K§ R) — On(K; R))

is called the n'* (simplicial) homology module of the simplicial complex K. H~(—; R)
is a functor from the category of simplicial complexes to the category of [2-modules, and

it is called simplicial homology functor.
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Theorem 5.3. Let X be a triangulable topological space and let K be a simplicial
complex such that |K| is homeomorphic to X. Then the singular homology modules

H,(X; R) and the simplicial homology modules H- (K ; R) are isomorphic for all n, i.e.,
H,(X;R) = Hp(K; R).

Definition 5.6. Let X be a topological space and F a field. The i"" Betti number of X,
denoted by 5;(X; F), is defined as

Bi(X; F) :=dimp H;(X; F).

Intuitively, 5y counts the number of path connected components, 3, for loops, (3 for

two-dimensional voids, and so on.

Proposition 5.4. Let X be a triangulable topological space, and let K be a finite simpli-

cial complex such that | K| = X. Then

(e}

V(X) = X(K) = 3 (~1)B,(X; F).

i=0
Remark 5.6. Although the individual Betti numbers may depend on the choice of field
F, the Euler characteristic y(.X) is independent of F (assuming all homology groups are

finite-dimensional and vanish beyond some degree).
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Chapter 6

PERSISTENCE MODULES

Definition 6.1. [10] A product poset is a poset P = Ty x --- x T,,, where each T is a
totally ordered set and its partial order is given forp = (p1,...,pn) and q = (q1, - - -, qn),

p<q <= p;Zqiforali=1,... n.

Definition 6.2. [11] A P-persistence object in a category C is a functor ® : P — C, i.e.,

(i) a family {c, },ep of objects in C and (ii) morphisms ¢,<, : ¢, — ¢,

Definition 6.3. [11] A morphism between two P-persistence objects (functors from P to
C) is a natural transformation between these functors. More precisely, let ® = {a,, pp<,}
and VU = {b,,p<,} be two P-persistence objects in C; a morphism between them is a
family (of morphisms of C) n = {n, : a, — b,},ep such that for all p < q, P,<, 01, =
Mg © Pp<q» 1.€., the following diagram commutes:

¢p§q
Qp > Qg

$p g
b

. Yp<q bq
A morphism f : ® — WV is called an isomorphism if there exists a morphism g : ¥ — ®
such that g o f = ide and f o g = idy, where ide and idy are the identity morphisms on

D and WV respectively.

Definition 6.4. [11] The category of P-persistence objects in C, denoted by pers ,(C),
consists of objects as functors ® : P — C and morphisms as natural transformations

between such functors.

Remark 6.1. If f : P — Q is a poset map (order-preserving function), it induces a

functor between persistence categories:

f* o persg(C) — persp(C),  f*(¥)=Wof.
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This means that given a persistence module over (), we can pull it back along f to get a

persistence module over P.

Definition 6.5. [11] Let R be a commutative ring with unity. A persistence module in-
dexed by P over R is a functor Ml : P — Modgr where Mody denotes the category of

R-modules.

After this point, we consider R as a field F'. When C is the category of vector spaces
over a field F, i.e., Vecty, a persistence module indexed by P becomes a functor V :

P — Vecty (V,, 0p<q)pqep Where V,, is a vector space and ¢, <, is a linear map).

Definition 6.6. [11] A homomorphism of persistence modules from (V, o) to (W, 1) is a
natural transformation f, meaning a family of linear maps f, : V,, — W), satisfying for
allp < q, Yp<q 0 fp = fq 0 Pp<q i€, the following diagram commutes

¥p<q
Vo — Vg

h i

¥
W, —=% W,

A homomorphism f : V — W is an isomorphism if there exists a morphism g : W — V
such that go f = idy and f o g = idw, where idy and idw are the identity morphisms on 'V
and W respectively. It is equivalent to saying that f, : V,, — W, is a bijective linear map
forall p € P. We denote Hom(V, W) as the set of homomorphism V. — W and End(V)

as the set of homomorphismV — V.

Definition 6.7. [14] Let V and W be two persistence modules with linear maps gp}ofgq :
V, = Vg and o)L, : W, — W,. The direct sum V & W of V and W is defined as the
persistence module where

VeW),:=V,eW,

and the linear maps

Vew .V \"
Pp<qg = Pp<q © Pp<qr

for all p < q. It can be generalized for @, ; V.

Remark 6.2. The direct product of persistence modules can be defined similarly.
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Definition 6.8. [14] A persistence module W is indecomposable if it cannot be expressed
as the direct sum of two non-zero persistence modules. In other words, if W = U @ V,

then either U or V must be the zero module.

Definition 6.9. [10] An interval J of a totally ordered set T is its subset such that for
r,s,t € T'andr < s <t ifr,t € Jthens € J. Aninterval J of a poset P is its subset
such that it satisfies the above condition, as well as for all r,t € T there exists a finite
sequence r =: Sy, S, ..., Sy, := t whose consecutive elements are comparable. An interval
module 17 indexed by P defined by

F, iftedJ idp, ifs,teJands <t

V;f = ; Ps<t = )

0, ifteJ 0, otherwise

which is a persistence module that encodes a feature persisting over the interval J C P

and vanishing elsewhere.
Proposition 6.1. [14, Proposition 1.1.] Let I be an interval module. Then End(I) = F.

Proof. Letl =1’ and f be an endomorphism on I. Then foreveryt € J f, : I, — I, i.e.,
ft + F — F'is a scalar multiplication since it is a linear map. And it is the same scalar
multiplication over the interval by the commutativity of its diagram and the existence of

a finite comparable sequence for each pair. 0
Proposition 6.2. [9, Proposition 2.2.] Interval modules are indecomposable.

Proof. Let I be an interval module. Assume [ = U & V. We want to show that either U
or V must be the zero module. By decomposition, there exist homomorphisms 7y : [ —
(U) CTand my : I — (V) C I such that for every p € P, my and 7y are projections
I, — (U, 9)L, and I, — (V, C)L, respectively. Hence, they satisfy the idempotent
property: my o my = wy and my o my = wy. By 6.1, End(I) = F. Since the only
idempotent elements in the field (i.e., a € F' where a® = a) are 0 and 1, only idempotent
endomorphisms on an interval module are the zero map or the identity map. If 7y = 0,
then U = 0. If 7y = 1, then I = U, so V = 0. Therefore, one of the modules in the

decomposition must be the zero module. So, the interval module I is indecomposable. [
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Theorem 6.1. [10, Theorem 4.2.] Assume that a persistence module V indexed by a poset
P can be expressed as a direct sum of the indecomposables in the following ways:

V=Pv= v

AEL neM

Then there is a bijection o : L — M such that V> =2 VX for all ).

Definition 6.10. [10] Let V be a persistence module indexed by a poset P. V is called
pointwise finite-dimensional persistence module if for each p € P, V,, is finite dimen-

sional vector space.

Theorem 6.2. [10, Theorem 4.2.] Assume that a persistence module indexed by a poset

P is pointwise finite-dimensional. Then there exists a collection of indecomposables

{V*}\eL such that

V:@VA.

AeL
Definition 6.11. [10] A persistence module V indexed by a poset P is called interval
decomposable if it is isomorphic to a direct sum of interval modules, i.e.,
V=1
AeL
If such a decomposition exists then it is unique (up to isomorphism and permutation of

summands), and the multiset B(V) := {J\ : X\ € L} is called the barcode of V.

Theorem 6.3. [8, Theorem 1.2.] Assume that a persistence module V indexed by a totally
ordered set T’ is pointwise finite-dimensional. Then it is interval decomposable, i.e., there
exists a unique multiset consisting of intervals B(V) such that
v= P 1.
JeB(V)

Theorem 6.4. [14, Theorem 1.4.] Let V be the persistence module indexed by a finite
totally ordered set T'. Then it is interval decomposable, i.e., there exists a unique multiset
consisting of intervals B(V) such that

V= @ .

JEBV)
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Counterexample: [24] For a countable index, V may not be interval decomposable. Con-
sider the following counterexample: We define V indexed by Z<( be as follows:

e Let Vy := RY, the space of all real sequences (1, T3, 3, . .. ).

« Forn>1,letV_, := {(21,22,25,...) ERY |2y =--- =2, = 0}.

* The structure maps ¢_,,,<_, : V_,,, = V_,, for m > n as the inclusion maps.
Suppose V admits an interval decomposition. Since each map ¢_,,_;<_,, is injective, the
only intervals that can occur are of the form [—n, 0] or (—o0, 0]. Also, dim(V_,,/V_,,_1) =
1 for all n > 0. This implies that V must contain exactly one copy of each interval module
I="9 for n > 0. Since (,,cy Von = {0}, no vector persists forever into the past. So the
interval (—oo, 0] cannot appear. Therefore, the decomposition would be

~ [=n,0]

V = %}0 =0,
Each Tl="% contributes one dimension at ¢ = 0, so the direct sum contributes countably
many dimensions at ;. But, 1, = RY has uncountable dimension. Thus, the interval

decomposition cannot reconstruct (), and the module V is not interval decomposable.

Definition 6.12. [14] Let V be a persistence module indexed by T' C R.
* V is called finite if it can be written as the finite direct sum of interval modules.
* V is called locally finite if it can be written as the direct sum of intervals such that
every t € R has a neighborhood intersecting finitely many of those intervals.

» Vis called q-tame for all s,t € T with s < t, rank(p,;) < oo.

Remark 6.3. Finite persistence modules are locally finite. Locally finite persistence mod-

ules are g-tame. Note that not all g-tame persistence modules are interval decomposable.

Counterexample: [14] The following is an interval decomposable ¢-tame persistence
module, but it is not locally finite: The direct sum of the interval modules 1l0:1/n)
V=@,
neN
Why? For any p < ¢ € R, only finitely many intervals [0, 1/n) contain both p and g¢.
Thus, the image of ¢,<, lies in the finite direct sum of those summands, so its rank is
finite. Hence, V is ¢g-tame. However, the decomposition has infinitely many intervals

intersecting any neighborhood of ¢ = 0. Thus, V is not locally finite.



Chapter 6: Persistence Modules 42

Counterexample: [14] The following is a g-tame persistence module, but it is not interval
decomposable: The direct product of the interval modules 1(%1/7),
v = [0,
neN

For a given t € R, we have
V= H H]EO,l/n)

neN

* Ift <0: Thent ¢ [0,1/n) for any n. Thus, V; = [],.50 = 0.

* Ift = 0: Then 0 € [0, 1/n) for all n. Thus, V; = [[, . £, which is an uncountably

infinite-dimensional vector space.

e Ift > 0: LetS; = {n € N |t € [0,1/n)}. This set is finite. Therefore, V; =

[Thes, ' x [Lgs, 0= F 15t which is a finite-dimensional.
Take p < q. Consider the linear map ¢,<, : V, — V;. One of these real numbers is not 0,
so one of the corresponding vector spaces is finite-dimensional. Hence, the rank of ¢,<,
is finite. Thus, V is ¢-tame because all its structure maps have finite rank.

Assume that V is isomorphic to a direct sum of interval modules

V= Pr.
iel
Then V, would be the direct sum of the evaluations at time 0,
Vo =PI
iel
Since V has uncountable dimension, we must have uncountably many summands I such
that O € J;. Moreover, to have contributions only at time 0, one would need many copies
of the interval module 1%, Now, any summand I such that J; = [0, 0] contributes only
to Vy and vanishes for all ¢ > 0. Therefore, if V had any such summands, there would
exist nonzero vectors in V{ that vanish in V; for all ¢ > 0.

However, this is impossible in V. Take any nonzero element v = (vy, va,v3,...) € Vj.
Since v is nonzero, there exists some 7 such that v,, # 0. But in the interval module
10:1/7) v, persists for all t € [0, 1/n). Therefore, v remains nonzero in V; for all ¢ < 1/n.
This contradicts the presence of any 1% in a decomposition. V cannot be written as a

direct sum of interval modules.
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Proposition 6.3. [14, Proposition 2.21.] Let V be a persistence module indexed by T" C
R. Then V is locally finite if and only if each V; is finite dimensional for all t € T and
there exists locally finite set F' C T' such that V is constant on all closed intervals not

intersecting with F.

Proof. (=) Suppose V is locally finite. Then there exists a multiset 3 of intervals in T’
such that V = @, _, 7, and for each ¢t € R, there is a neighborhood of ¢ intersecting
only finitely many intervals in B.

Note that for each ¢ € T and for each interval J € B, dim(I}) € {0,1}. Also, only
finitely many intervals contribute a nonzero dimension because of the locally finiteness of
V. Thus, dimV; < oo forall ¢t € T. Let F' be the set of endpoints of the intervals in B.
Then V is constant on any closed interval not intersecting F’, because the only changes in
structure occur at endpoints. Moreover, since every ¢ € R has a neighborhood intersecting
only finitely many intervals, F' is locally finite.

(«=) Assume that each V; is finite dimensional and that there exists a locally finite
subset /' C T’ such that V is constant on all closed intervals disjoint from /. Since
F' is locally finite, we can extend it to a locally finite set /” = {t,},cz C R, such
that ¢, < t,4q foralln € Nand F' C {ty, : n € Z}. This ensures that for each n,
every closed interval [a, b] C (ta,, t2,+2) does not intersect F and hence V is constant on
Ulntic(anton [0 Bl = (tn; tan2)-

Consider the restriction V|z, a persistence module indexed by F”. Since V is point-
wise finite dimensional, so is V| . By theorem 6.3, V| decomposes as a direct sum of

interval modules:

V‘F/ = @Hé’

AeB
We now extend this decomposition to a decomposition of V over all of 7" C R. Since

V is constant on each interval (s, 2,1 2), all structure maps in these intervals are isomor-
phisms. Thanks to the construction of F”, it ensures that we cannot skip any open interval
module between two consecutive elements. Therefore, each interval module ]Iié, in the
decomposition of Vs extends uniquely to an interval module I/>. Thus, we obtain

Vg@w.

AeB
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To verify local finiteness of this decomposition, fix any ¢ € R. Since F’ is lo-
cally finite, there exists a neighborhood U, of ¢ intersecting at most two of the intervals
(ton, tan+2). Because V is constant on each such interval, and each interval module I/»
that is non-zero at a point contributes at least a one-dimensional summand to V;, and
dimV; < oo by assumption, it follows that only finitely many interval summands I/
can be non-zero over U;. Hence, only finitely many intervals J, intersect U;, and the

decomposition is locally finite. [

Definition 6.13. [12] Let V be a persistence module indexed by a poset P. The rank

invariant of V is the function whose domain set is all comparable pairs (p < q) in P and
pv(p < q) = rank (pp<y) = dimim (V, = V;).

Definition 6.14. [12] An invariant of a persistence module is called complete if it deter-
mines the persistence module up to isomorphism. This means that if two modules have

the same invariant, then they are isomorphic.

Proposition 6.4. [12, Theorem 12.] The barcode and the rank invariant are complete in-
variants for pointwise finite-dimensional persistence modules indexed by a totally ordered

setT C R.

A multiparameter case refers to the variables of the product poset. The rank invariant
is particularly useful for multiparameter persistence modules when a barcode decomposi-
tion does not exist. While it serves as an invariant, so different values of the rank invariant
imply non-isomorphic persistence modules, it is not a complete invariant in the multipa-

rameter setting. Distinct modules can share the same rank invariant.

6.1 Interleaving Distance

Definition 6.15. An extended metric on a set X is a function d : X x X — [0, 0]
satisfying the same properties as a metric, except that the distance between some pairs of
points may be infinite. A pseudometric on a set X is a function d : X x X — R satisfying

all the properties of a metric except that d(x,y) = 0 does not necessarily imply x = .
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Definition 6.16. [14, 10] Letr (U, ¢) and (V, 1)) be persistence modules indexed by the
product poset R™, and let v € [0,00)". A v—shifted homomorphism is a collection of

linear maps f = f, : U, — V4, for all p € R, such that the diagram

¥p<q

U, —— U,

b

‘/erv Yptv<qto V—q+v
commutes whenever p < q. We denote
Hom"(U,V) := {v — shifted homomorphisms U — V},
End’ (V) := {v — shifted homomorphisms V — V}.
Remark 6.4. We have Hom"(V, W) x Hom"(U,V) — Hom"*">(U, W). Also, for
§ > 0,let 6 := (5,5,...,6) € [0,00)". We define the shift map 1%, as the §*-shifted
endomorphism on V given by the family of structure maps
{(1V* )p = Pp<pror : Vp = Viprgr bpern.

Definition 6.17. [14, 10] Let 6 > 0 and U,V be two persistence modules indexed by R".

Let 6* := 0 x (1,1, ..., 1). Assume there are maps
f € Hom® (U,V), g € Hom’ (V,U)

such that

gf =1%" fg=1%".

Then U and V are called )-interleaved persistence modules. Expansively, the following

diagrams commute for all p < q:

¢p§q ¢p—5*§p+5*
Up 7 Uq Up—d* 7 p+§*
\ fq 9p
fp 8%
wp+5*Sq+6* . j; 0
Vp+sr > Vator Vp
Yp<q Yp—5* <p+6*
v, Y, Vose  Vpsos
9q Ip
gP (z) gp—(s*
p+6* <q+d* .
Up+§* 7 Ug+o* Up
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Definition 6.18. [10] Let U,V be persistence modules indexed by R". The interleaving
distance d;(U,V) is defined by

d;(U,V) :=1inf{0 > 0 | U and V are é-interleaved}.

Remark 6.5. Note that if U and V are d-interleaved persistence modules then also U and

V are ¢ + e-interleaved for all € > 0. Also, d; is an extended pseudometric.

Proposition 6.5. [14, Theorem 4.5.] Let U,V be persistence modules indexed by R.
Assume U =@, , UnandV = @, ; V. Then d;(U,V) < sup(d;(Uy, Vy) : X € L).

Proof. Let 6 > 0. Assume for all A € L, U, and V), are d-interleaved. Then there are
fy € Hom®(Uy, V,) and gy € Hom’(V,, U,) such that g,f, = 1% and f\g, = 13 .Then
the direct sum of maps f := @, fy € Hom’(U,V) and g := ®ycrgy € Hom?(V,U)
satisfy gf = 1 and fg = 12°. Hence, d;(U, V) < §. By taking the infimum over such ),

we get the desired inequality. [

Proposition 6.6. [ 14, Theorem 4.19.] Let V be a persistence module indexed by R. Then,
V is g-tame if and only if for every € > ( there exists a locally finite persistence module

W such that d;(V,W) < e.

6.2 Bottleneck Distance

Definition 6.19. A multiset M is a pair (S, m), where:
* S is the underlying set of distinct elements, called the support of the multiset.
em : S — NU{oo} is a multiplicity function, where m(x) gives the number of

occurrences of x in the multiset.

Definition 6.20. [14] Let A and B be multisets. A partial matching between A and B is a
subset M C A X B such that for every x € A there is at most oney € B with (x,y) € M,
and for every y € B there is at most one x € A with (x,y) € M. Note that unmatched

elements are allowed.

Definition 6.21. [14] The extended upper half plane is defined as H = {(b,d) €
({—oc} URU {+0})?:b<d}.
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Definition 6.22. [14] Let A, B C H be multisets. A 5-matching between A and B is a
partial matching satisfying:

1. Forevery (p,q) € M,

P = dlloc <0 ([[(b, d)]|oc := max{]b], |d[}).
2. For every unmatched point p € A (and for ¢ € B), we assign it to the diagonal
A = {(z,z) : x € R}, s0 that dos(p, A) < 6. (dos ((b,d), A) = &2

For multisets A, B C H, the bottleneck distance is defined as
dy(A, B) := inf {(5 > 0 : there exists a -matching between A and B}.
Equivalently, the bottleneck distance can be defined by
d5(4, B) = infsup |z — (z)]|-.,

where ¢ ranges over all bijections between A and B (allowing points to be matched to

the diagonal).

Remark 6.6. The bottleneck distance is an extended pseudometric. But for locally finite
multisets, it becomes an extended metric because d,(A, B) = 0 if and only if A and
B coincide as multisets. If A and B are locally finite (i.e., every bounded subset of H

contains only finitely many points), then the infimum is attained as a minimum '.

Definition 6.23. [14] Let V be an interval decomposable persistence module indexed by
T C R Write M = @, 5 /%, where B(V) is its barcode. The persistence diagram
dgm(V) is the representation of V recording each interval of B(V) by the pair (b, d) € R2

Then we define bottleneck distance for interval decomposable persistence modules V, W,
dp(B(V), B(W)) := dy(dgm(V), dgm(W)).

When the indexing set T' C R is locally finite, we use a representation using half-open
intervals of the form [b, d) for finite intervals. In this framework, one can define:

* Birth: The left endpoint b (or —oc if the feature is present from the beginning).

* Death: The right endpoint d (or 400 if the feature never dies).

e Persistence: The duration d — b (which may be infinite).

[14, Theorem 4.10.]
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We can generalize the bottleneck distance to the multiparameter case.

Definition 6.24. [10] Let B, and By be barcodes of two interval decomposable multipa-
rameter persistence modules indexed by the product poset R". A 6-matching M between
By and By is a partial matching satisfying:

1. For every interval module (I,J]) € M, d;(I,J) < 0.

2. For every unmatched interval module 1 € B, (and for J € By), d;(1,0) < é.

The bottleneck distance between B, and Bs is defined as
dy(By, By) := inf {6 > 0 : there exists a 6-matching between By and Bg}.
Equivalently, the bottleneck distance can be defined by
dy(By, Bs) = inf sup d;(I, ¢(I)),
b 1eB;

where ¢ ranges over all bijections between BB, and B, (allowing points to be matched to

the 0 persistence module).

Note that this definition coincides with the one-parameter case by propositions 6.7 and
6.8. Let U and V be interval decomposable persistence modules indexed by 7" C R. It
is enough to show that there exists d-matching between their persistence diagrams if and
only if there exists J-matching between their barcodes.

1. From point-matchings to module-matchings: Suppose we are given a partial match-
ing of points My, € dgm(U) x dgm(V) such that every matched pair (p;, ¢;) <> (7, S;)
satisfies ||(p;, ¢i) — (7}, 5;)|l < ¢, and every unmatched point lies within 0 distance of the
diagonal. By proposition 6.7, this ensures that the corresponding interval modules satisfy
d; (17, 153y < ||(pi, @) — (74, 5i) |l < 6. Likewise by proposition 6.8, each unmatched
point (p;, ¢;) corresponds to the interval I, and d; (I, 0) = %52 = do((pi, ¢:), A) < 6,
ensuring that unmatched intervals are d-close to the zero persistence module. Hence, we
obtain a valid partial §-matching Mg C B(U) x B(V) of barcodes by setting (11, 1%7)
for each matched pair (p;, ¢;) <> (75, S;)-

2. From module-matchings to point-matchings: Conversely, suppose we are given a
partial matching M,y C B(U) x B(V) such that every matched pair (17, T%7) satisfies

d;(I':,1%5) < 6, and each unmatched interval satisfies d;(I”:,0) < § (and d;(1%7,0) < 6).
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We may first refine this matching to ensure that for every matched pair (I/i,1%7), the
midpoint of J; lies in the closure of K, and vice versa. If this condition fails, we remove
the pair from the matching and instead send both intervals to the zero module. Since the
original interleaving distance was at most 4, this refinement is still a valid §-matching of
modules because § > d;(I7,1%) = max (%52, 22) = max(d;(17,0), d;(I"7,0)) by
propositions 6.7 and 6.8. Now that the midpoint condition holds, we apply proposition
6.7, which ensures that for matched modules ||(pi, ¢;) — (7}, 8;)||0 = di(I7,157) < 6.
And for unmatched modules, by proposition 6.8, doo ((p;, ¢:), A) = d;(177,0) = 455 < 4,
so each unmatched point lies within § distance of the diagonal. Thus, we define a valid

partial §-matching between the persistence diagrams My, C dgm(U) x dgm(V), by

setting (p;, ;) <> (r;, s;) for each updated matched pair (I':, I%7).

Proposition 6.7. [14, Proposition 4.6.] Let I, = 171, 1, = 1’2 be two interval modules
such that Jy is one of (p,q), [p,q), (p,ql,[p,q| and Jy is one of (r,s),[r,s),(r,s],[r, s]
(endpoints are allowed to be infinite). Then d;(I,,12) < ||(p,q) — (7, $)||c- The equality
holds if and only if ’% € [r,s] and 52 € [p,q]. If the midpoint condition doesn’t hold
then d;(I1,I) = max(%52, 57).
Proof. Let 6 > 0. Suppose I; and I, are d-interleaved. Then there exist morphisms
f € Hom’(I;,1,) and g € Hom’(I,,I;) such that gf = 1%, fg = 12°. This means that
for all ¢, the composition I; ;) £> I (145 EIALN Il (4+25) must equal the structure map
@E}H% (and the other is likewise). For 0 > max(|p—r|,|¢—s|) = ||[(p—7, ¢ — 5)||~, take
+ = idp if both domain and codomain are [; otherwise take f; = 0. Similarly, define g,
for all ¢. These functions satisfy the desired conditions.
Now, assume the midpoint condition holds. Take 6 < max(|p — r|, |¢ — s|). Then,

regardless of choices of f and g, for some ¢, which is close to one of the endpoints, we

have the following diagram, which cannot commute:

F s F

~ 7

0(= 1)

Hence, combining with above, we get d;(I1,13) = ||(p, q¢) — (7, $)||co-
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Now, suppose the midpoint condition doesn’t hold. Let § > max (%2, 5*). Take

f+ = idp if both domain and codomain are F'; otherwise take f; = 0. Similarly, define

g; for all t. These functions satisfy the desired conditions. If § < max(%2, 5), then

regardless of choices of f and g, for the midpoint, which breaks the condition, we have

the following diagram, which cannot commute:

F > I

~

0 ( - Hmidpoint)

Hence, by taking the infimum over possible d, we have d;(I;, L) = max (52, 5%) . O

Proposition 6.8. [14, Proposition 4.7.] Let I = 17 be an interval module indexed by R

such that J is one of (p,q), [p, q), (p, 4], [p, q] (endpoints are allowed to be infinite). Then

d;(I,0) = 2 where 0 is the zero persistence module.

Proof. Let § > 0. Assume I and 0 are d-interleaved. Then there are f € Hom’(I, 0) and
g € Hom’(0,1) such that gf = 1%, fg = 12°. Note that g = 0 and 12’ = 0. So, the
second condition is satisfied, and the first condition tells us 1]%5 = 0 independent of all f.
So, it is enough to find ¢ such that 1%5 =0.

This means that the linear maps gp]t{t 405 It — Ij495 must be zero for all ¢. For
the interval module I”, this is satisfied when the interval J has length less than 25, or
equivalently, 20 > ¢ — p and this cannot happen when 2§ < ¢ — p. Hence, d;(I,0) is the

infimum over all possible 6, i.e., d;(I, 0) = 452, O
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Chapter 7

PERSISTENT HOMOLOGY

Definition 7.1. [10] Let (P, <) be a poset. A filtration indexed by P is a functor
F : P — Top,

where we require that for each p < q in P, the map F,<, : F, — F, is inclusion. An

n-parameter filtration is a filtration indexed by a product poset P = T1 x --- X T,.

Note that we can see Simp as a subcategory of Top by taking geometric realization.
Example: [10] Given a set of points Y in a metric space (X, d), the offset filtration is the
functor O(Y) : (0,00) — Top such that at scale € it is given by

o). = B(x.e).

€Y
Example: [10] Given a set of points Y in a metric space (X, d), the Cech filtration is the
functor C(Y) : (0, 00) — Simp such that at scale ¢ it gives an abstract simplicial complex
where a subset 0 C Y is a simplex if and only if the open e-balls around the points in o

intersect non-trivially, i.e.,

g eC(Y) < [)Bv,e) #0.

veo

Example: [10] Given a set of points Y in a metric space (X, d), the Vietoris-Rips fil-
tration is the functor VR(Y') : (0,00) — Simp such that at scale ¢ it gives an abstract
simplicial complex where a subset 0 C Y is a simplex if and only if the distance between

any pair of points in o is smaller than 2¢, i.e.,
g € VR(Y), <= d(v;,vj) <2e Vv;,v; € 0.

While constructing the Cech complex requires examining all (n+1)-tuples of points to
determine n-simplices, the Vietoris—Rips complex only requires pairwise distance com-
parisons. Therefore, the Rips complex is computationally more efficient to construct;

however, it may not fully capture the underlying topology.
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3

Figure 7.1: The Difference Between a Cech Complex and a Vietoris-Rips Complex

Proposition 7.1. [23, Page 62] Let Y be a set of points in a metric space R™ and r > (.
Then VR(Y), T € C(Y), CVR(Y),.

Proof. (Left Inclusion:) Let 0 = {yo,...,yx} C Y be a simplex in the Vietoris—Rips
complex VR(Y),, where p = ry/ L. Then, by definition, the pairwise distances satisfy
lyi — y;ll < 2p for all 4, j. Hence, the diameter of o is less than 2p. By Jung’s Theorem,

there exists a closed ball of radius at most

R:‘/ﬁ-diam(0)< ‘/ﬁ-Qp:r

that contains all the points g, . . ., yx. Therefore, the open ball with the same center and
radius r contains all the points, and in particular, the intersection (), B(y;, r) of the open
balls is non-empty. Thus, o € C(Y'),, and we have VR(Y)T\/% CC(Y),.

(Right Inclusion:) Now suppose o = {yo, ..., yx} € C(Y),. Then, by definition, the
intersection (), B(y;, r) is non-empty. Let x € (), B(y;, r). Then for all 4, j,

1y = will <l =2l + llo = y;ll <7 +r=2r

Thus, the pairwise distances between the points in o are all less than 2r, so 0 € VR(Y),..

Therefore, C(Y), C VR(Y),. O

Example: [6] Given a metric measure space (X, d, i), the measure bifiltration is the

functor MB(X, u) : (0,00)° x (0,00) — Top such that at scale k, € it gives

MB(X’ M)k,s = {ZL‘ €X: M(B(ZE,E)) > k}
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Example: [6] Given a simplicial complex /K, the subdivision filtration is the functor
SF(K) : N — Simp such that at scale & it gives maximal subcomplex of Sd(K)
whose vertex set is simplicies of /' whose dimension is at least £ — 1. Given a set of
points Y in a metric space (X, d), the subdivision-Rips filtration is the functor SR(Y) :

N x (0,00) — Simp such that at scale (k, ¢) it gives
SR(Y)pe =SFVRY )e)k.

Definition 7.2. [7] Fix a field of coefficients F'. Given a filtration F : P — Top, the

persistent homology module in degree k is the functor
Hk(f, F) P — Vectp.

Explicitly, for each p € P, we set Hy(F; F), := Hy(F,; F), and for each p < q, the

inclusion F,, — F, induces the linear map
Hy(F; F)p<q := Hp(Fp; F) — Hi(Fy; F).

The persistent Betti number between parameters p < q is defined as the rank of this

induced map, i.e.,

ﬁiéq = rank (H(F; F)p<q) -

It counts the number of k-dimensional homological features that are born at or before p

and persist for at least q.

Example: Consider (the geometric realization of a simplicial) filtration as shown in 7.2
and 7.3. K1 C Ky C K3 C K,. Apply the k-th homology functor with coefficients in a
field R: Hy(F;R) : {1,2,3,4} — Vectg.

In degree 0, we track path-connected components. Initially, each component is iso-
lated. As edges are added, components merge. When two components merge, the older
one (i.e., the one that was born earlier) survives. This is called the elder rule. In degree
1, we track 1-dimensional holes (loops). A loop is born when a cycle of edges is formed,
and it dies when a 2-simplex fills it in.

In the barcode representations of these persistent homology modules shown in 7.2 and

7.3, each horizontal arrow represents a homological feature. For example, a blue bar from
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|K1| Ky |K3| |Ky

V|¢

[1,00)

[1,4)

Figure 7.2: Persistent Homology Module of A Filtration in Degree 0

|K1| \Kzl K| Ky

Ve

|23

Figure 7.3: Persistent Homology Module of A Filtration in Degree 1

1 to coin 7.2 indicates a path connected component that is born at K; and persists forever;
and a purple bar from 2 to 3 in 7.3 indicates a loop that is born at K, and dies at K3 when

a 2-simplex fills it. Also, figure 7.4 gives a table for this filtration.

1 2 3 4 1 2 3 4
1 2 1 0
2 3 2 1 2 1 0 0
3 2 1 3 2 1
4 1 4 1

Figure 7.4: Left: 0™ and Right: 1% Persistent Betti Numbers of Above Filtration
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In the construction of barcodes for persistent homology indexed by a totally ordered
set, the elder rule is used to decide which topological feature survives when two features
merge. According to this rule, the feature that appears earlier in the filtration — the "el-
der" — is considered more persistent and therefore survives, while the newer one dies.
This choice is necessary because there is no intrinsic labeling of homology class repre-
sentatives, so we require a consistent convention to assign birth—death pairs. Without the
elder rule, the barcode would not be well-defined. For persistent homology indexed by a
general poset, there may exist incomparable indices. In such cases, the notions of "birth"
and "death" become ill-defined. As a result, persistence diagrams, which rely on assigning
a unique birth and death time to each feature, cannot be constructed.

Note that the persistent Betti numbers in degree k coincide with the rank invariant of
the k-th persistent homology module, i.e., ﬁ,’;gq = pu, (p < q) forall p < ¢ € P. Thus,
for pointwise-finite dimensional persistence homology modules indexed by P = T' C R,
the collection of all persistent Betti numbers {3~’},<, is complete invariant too. For
example, if the k-th persistent homology module is indexed by a locally finite 7' C R,
then we can calculate the multiplicity of (b, d) in its persistence diagram. Let a < b

and ¢ < d be the greatest elements in 7. Then the multiplicity of (b, d) is equal to

a<d b<d b<c a<c
ko B B =B

Definition 7.3 ([13]). Let X be a topological space and let f : X — R" be a continuous
function. For each p € R", define the sublevel set as X, = [~ ({x e R" | f(x) < p}).
Since for p < q (coordinate-wise) we have X, C X, the collection {X,},crn forms
a filtration, called the sublevel set filtration of (X, f). Applying the homology functor
Hy.(—; F) with coefficients in a field F' to each sublevel set X,,, we define V,, = Hy(X,; F)
for a fixed k > 0. For p < q, the inclusion X, — X, induces a linear map @,<, =
(Hg)«(Xp — Xy) 1 'V, = V,. Thus, the collection Hy_ou, (X, f) = { Vb, Pp<q tpern forms

the sublevel set persistent homology module.

Proposition 7.2. [14, Theorem 2.22.] Let X be a triangulable space such that it is a
geometric realization of a finite simplicial complex, and f : X — R be a continuous
function. Then Hy_4,(X, f) is g-tame, i.e., its persistent Betti numbers 5Z§q are finite for

all p < q.
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Proof. Let p < g. Since X is a finite realization, it is compact. Since f is continuous
on a compact space, f is uniformly continuous on X. To get a distance function, we can
embed X into an Euclidean space. Hence, for ¢ = ¢ — p > 0 there exists 6 > 0 such that
whenever d(z,y) < 0 for z,y € X we have |f(x) — f(y)| < ¢ — p.

By repeatedly applying barycentric subdivision to /', we obtain a new triangulation
K’ of X in which the diameter of every simplex is less than . Consequently, for every
simplex o in K’, the oscillation of f on |o| is less than ¢ — p, that is,

Sup [f(z) = f(y)l <q—p.

This implies that no simplex o in K can intersect both X, and X,. Otherwise, there were
points z,y € |o| with f(z) < pand f(y) > ¢, then |f(z) — f(y)| > ¢—p, a contradiction.

Define the subcomplex Y of K’ by

Y =o€ K' [ |o] N 7 (=00, p]) # 0}.

Note that Y is a finite simplicial complex and Y C f~!((—o0,q)). So, the inclusion
ip<q © Xp — X, factors as X, — Y < X,. Since the homology groups H.(Y’; f) of
a finite simplicial complex are finite-dimensional and homology is functorial, the induce

map i(y<q)« : Hi(Xp; F) = H,(X; f) has finite rank. Thus, H,, (X, f) is g-tame. [
It is possible to generalize this result to a more powerful situation.

Proposition 7.3. [13, Theorem 2.3.] Let X be a triangulable space and f : X — R" be
a continuous function. Then the persistent Betti numbers 5591 of Hx_sup(X, f) are finite
forall p < q.

Proposition 7.4. [15, Proposition 5.1.] Let (X, d) be a metric space. Assume it is totally

bounded. Then Hy,(C(X)) and Hy,(VR(X)) are g-tame.

Let X C R" be a bounded subset. Since R" is a complete metric space, every bounded
subset of R" is totally bounded. Therefore, the persistence modules arising from the Cech
and Vietoris—Rips filtrations on bounded subsets of R™ are g-tame. Moreover, when the
filtration is built on a finite set of points, the resulting persistence modules are always

pointwise-finite dimensional, and hence also g-tame.
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7.1 Persistent Nerve Theorems

The Nerve Theorem can be naturally extended to the context of persistent homology
through the Persistent Nerve Theorem. It asserts that if at every stage of a filtration the
topological space is covered by a good open cover with compatible inclusions, then the
persistent homology of the filtration is isomorphic to the persistent homology of the asso-
ciated filtration of nerve complexes. This result is significant because it allows one to re-
place complicated geometric filtrations by combinatorial objects without losing topologi-
cal information at the level of persistent homology. Since nerves are simplicial complexes
built from the combinatorics of the covers, they enable efficient and reliable algorithmic

computation and analysis.

Theorem 7.1. [20, Corollary 4.3.!] (Persistent Nerve Theorem) Let X C X' be two
paracompact Hausdorff spaces. Let U = {Uy}taea and U = {U.}oca be good open
covers of X and X' respectively such that U, C Ul for all o« € A. Then there exist

homotopy equivalences
f:|Nerve(U)| = X, g :|Nerve(d')| — X'

such that the following diagram commutes:

Hy(|Nerve(Ud)|) —— Hy(|Nerve(Ud")])
i J»
Hp(X) ———— Hp(X)

Here, the horizontal maps are induced by the inclusions X — X' and |Nerve(U)| —
|Nerve(U")|, the latter arising from the simplicial inclusion Nerve(Ud) — Nerve(U')
induced by the inclusions U, C U!. The vertical maps are induced by the homotopy
equivalences f and g. (Note that the vertical maps are isomorphisms since homotopy
equivalence maps induce isomorphisms at the homology level.)

This result can be generalized to filtered spaces. Let P be a poset and let F : P —

Top be a filtration assigning each p € P a paracompact Hausdorff space X, =: F,.

'Theorem 4.2 is a generalized version where one can compare two paracompact Hausdorff spaces
X, X' via a continuous map f : X — X’ satisfying f(U,) C U.. Since our focus is on filtration, we are

using the corollary version.
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Suppose that for each p € P, we are given a good open cover U, = {Uy, o }aca of X, such
that for allp < q € P, we have U, , C U, , for all « € A. Then the nerve construction

defines a new filtration
N :P — Top, N, :=|Nerve(ld,)],

where the structure map Ny<, : N, — N is the geometric realization of the simplicial
inclusion Nerve(U,)) — Nerve(U,), induced by the inclusions U, , C U, .. Then for each

k > 0, the persistent homology modules are isomorphic, i.e.,
H (F) = H(N).

Remark 7.1. The filtration A is well defined because the inclusions Upoa € Uyq for
p < g directly induce a simplicial map Nerve(l,) — Nerve(U,). If {ay, ..., a;} forms
a simplex in Nerve(l,) (meaning (); Up,a; # 0), then [); Uy, is also nonempty (since
it contains (); Uyq;). Thus, {ao, . .., a;} also forms a simplex in Nerve(l,), confirming

the simplicial inclusion.

Remark 7.2. The following diagram may fail to commute as a diagram of continuous

maps at the topological level
|Nerve(Ud)| —— |Nerve(U')]
] b
X ——m X’
However, the compositions along both paths in the square are homotopic. Since homo-
topic maps induce the same homomorphisms in homology, the diagram does commute at

the homology level.

Example: The persistent homology of offset filtrations of point clouds can be computed
via the Cech complex, which is the nerve of the cover by balls. Observe that for each scale
¢ > 0, the collection of open balls U, := {B(x,¢) | € Y} forms an open cover of the

offset space O(Y). = |,y B(z, €). Since each ball is convex and any finite intersection

z€eY
of convex open balls is either empty or convex, which is contractible, the cover U, is good.
Moreover, if 0 < € < §, then B(z,¢) C B(x,0) for all x € Y. Therefore, the Persistence

Nerve Theorem applies and yields an isomorphism of persistent homology modules, i.e.,

H(O(Y)) = Hy(C(Y))
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Figure 7.5: Persistent Nerve Theorem-The compositions along both paths are homotopic.

for all homological degrees & > 0. This means the persistent homology of the geometric

offset filtration is completely captured by the combinatorial Cech filtration.

Theorem 7.2. [16, Theorem 26] (Persistent Nerve Theorem for Simplicial Complexes)
Let K = {K; }icin) and K' = { K }icjn) be finite collections of subcomplexes of topological
spaces K and K', respectively, such that:

. Uie[n] K; = K, and Uie[n] K=K/

* Foreachi € [n], we have K; C K],

* {|Kil}icm) is a good cover of | K| and {| K||}icjn) is a good cover of | K'|.

Then there exist homotopy equivalences
f:|Nerve(K)| — | K|, g:|Nerve(K')| — |K'|

such that the following diagram commutes:

Hi(|Nerve(K)|) —— Hj(|Nerve(K')]|)

| I

Hy(|K|) ————— Hi(|K7])
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Here, the horizontal maps are induced by the inclusions K — K' and |Nerve(K)| —
|Nerve(K')

, the latter arising from the simplicial inclusion Nerve(K) — Nerve(K')
induced by the inclusions K; C K. The vertical maps are induced by the homotopy
equivalences f and g. (Note that the vertical maps are isomorphisms since homotopy
equivalence maps induce isomorphisms at the homology level.)

This result can be generalized to filtered spaces. Let P be a poset and let F : P —
Top be a filtration assigning each p € P a geometric realization |K,| =: F, of a simpli-
cal complex K,,. Suppose that for each p € P, we are given a cover K, = {K);}icpn) of
K, consisting of subcomplexes such that for allp < q € P, we have K,,; C K, ; for all

i € [n]. Then the nerve construction defines a new filtration
N :P — Top, N, :=|Nerve(K,)|,

where the structure map Ny,<, : N, — N is the geometric realization of the simplicial
inclusion Nerve(KC,) — Nerve(K,), induced by the inclusions K,; C K,;. Then for

each k > 0, the persistent homology modules are isomorphic:
Hy.(F) = Hy(N).

When treated as geometric objects, data can be viewed as lying in a high-dimensional
ambient space R"”. However, in practice, the search for patterns often leads us to ignore
many of the ambient variables and instead look for a lower-dimensional underlying struc-
ture. A manifold locally resembles R, and it is commonly assumed that the data is
sampled from or near such a manifold for some m << n, reflecting the idea that only a
small number of intrinsic variables govern the local behavior of the data.

As previously discussed, all manifolds are paracompact and Hausdorff. Also, it is
known that all manifolds whose dimension is at most 3 are triangulable. This makes
them suitable for combinatorial approaches to topological inference. Both the persistent
Nerve Theorem and its variant for simplicial complexes can be applied in the manifold
setting. This is particularly relevant when analyzing data arising from physical imaging
processes, where the underlying structures exhibit manifold-like behavior, typically of

low dimension (e.g., < 3). The following version is helpful too.
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Theorem 7.3. [7, Theorem 4.11.] (Persistent Nerve Theorem for Closed Convex Finite
Covers) Let C = {C;}icjm) and C' = {C]}icpm) be two finite sets consisting of closed
convex subsets of Euclidean space R™ such that for each i € [m] we have C; C C..

Denote C' := | J,.; C; and C" = |J,.; C}. Then there exist homotopy equivalences

icl
f :|Nerve(C)| = C, g:|Nerve(C")| — C’

such that the following diagram commutes:

Hi(|Nerve(C)|) —— Hj(|Nerve)(C")])

| o

Here, the horizontal maps are induced by the inclusions C — C" and |Nerve(C)| —
|Nerve(C')|, the latter arising from the simplicial inclusion Nerve(C) — Nerve(C') in-
duced by the inclusions C; C C!. The vertical maps are induced by the homotopy equiv-
alences f and g. (Note that the vertical maps are isomorphisms since homotopy equiva-
lence maps induce isomorphisms at the homology level.)

This result can be generalized to filtered spaces. Let P be a poset and let F : P —
Top be a filtration assigning each p € P a set C, := F, in R". Suppose that for each
r € P, we are given a cover C, = {C),; }icim] of Cy consisting of closed convex subsets of
R” forall p < q € P, we have C,; C C,; for all i € [m]. Then the nerve construction

defines a new filtration
N :P — Top, N, :=|Nerve(C,)],

where the structure map Ny<, : N, — N is the geometric realization of the simplicial
inclusion Nerve(C,) — Nerve(C,), induced by the inclusions C,; C C, ;. Then for each

k > 0, the persistent homology modules are isomorphic

H, (F) = H(N).
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Chapter 8

STABILITY THEOREMS

Proposition 8.1. [14, Example 3.2.] Let X be a topological space and f,g : X — R be
functions. Then d;(Hy._ (X, ), Hi—sut(X, 9)) < ||f — 9||oo-

Proof. Let 0 := ||f — g|oo. We will show that Hj,_ ., (X, f) and Hy_s(X, g) are J-
interleaved. By the definition of J, we have f(z) < t = g(x) < t 4 ¢ and g(x) <
t = f(x) < t+, forall z € X. This gives us (X, f); C (X, g)is and (X, g); C

(X, f)ivs, for all . These inclusions induce natural maps on homology Hy((X, f);) —

Hi((X, 9)i4s) and He((X, 9)1) = Hp((X, f)i+s) which form §-shifted homomorphisms
hl € Homé(Hk—sub(Xa f)a Hk—sub(Xa g)) and h2 € H0m5<Hk—sub(X7 g)a Hk—sub(X7 f))

Note that hoh; = 1]%&,5@()( f)

position of inclusions and the right hand sides are coming from the persistence module

and h;hy, = 1%‘;5@ (X.0) since the left hand sides are com-

structures and they are inclusions by construction. Hence, Hj,_ 4, (X, f) and Hy_s0(X, g)

are d-interleaved. This gives us the desired inequality. O

Proposition 8.2. [14, Theorem 4.9.] Assume U,V be interval decomposable persistence

modules indexed by T C R. Then, d;(U,V) < d,(B(U), B(V)).

Proof. Let § > 0. Write U = @, pq) In and V = B, 5y Jr. Assume there exists
d-matching M between B(U) and B(V). Then for every interval module (I,J) € M,
d;(I,J) < §; and for every unmatched interval module I € B(U) (and similarly for
J e B(V)), d;(L,0) < 4.

Let L be the multiset indexing all interval modules after matching, with unmatched
intervals paired with 0. Then we may write U = @, ., I, and V = @, Jx. By propo-
sition 6.5, we have d;(U, V) < sup,; di(I,Jy) <.

Since this holds for arbitrary 6 > d(dgm(U), dgm(V)), taking the infimum over all
such ¢ yields d;(U, V) < d,(dgm(U), dgm(V)). O
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Theorem 8.1. [14, Theorem 4.11.] (The Isometry Theorem) Let U,V be pointwise finite

dimensional persistence modules indexed by T' C R. Then,
Remark 8.1. d,(B(U), B(V)) < d;(U, V) is known as algebraic stability theorem.
Converse algebraic stability 8.2 is also true in the multiparameter case.

Proposition 8.3. [9, Proposition 2.12] Let U,V be interval decomposable persistence

modules indexed by R"™. Then d;(U,V) < d,(B(U), B(V)).

In the multiparameter setting, we have a result similar to the algebraic stability theo-

rem for nice modules.

Proposition 8.4. [4, Theorem 4.3.] Let U,V be interval decomposable persistence mod-
ules indexed by R"™. Assume they are rectangle decomposable, i.e., the intervals are in the

form of rectangles in R™. Then d,(B(U), B(V)) < (2n — 1)d;(U, V).

Definition 8.1. [0] Let (X, d) be a metric space and K,L C X be non-empty. The
Hausdorff distance between K and L is defined as

dy (K, L) := inf {5 >0

KCLf:=|)B(xeand L CK*:= | B(x,e)}.

€L zeK
Let (X, dx) and (Y, dy ) be metric spaces. The Gromov-Hausdorff distance between
X and Y is defined as

Z

where the infimum is taken over all metric spaces Z and all isometric embeddings ¢ :

X—=>ZY:Y — Z, and dIZ{ is the Hausdorff distance in Z.

Remark 8.2. dp is an extended pseudometric. For bounded sets, dy is a pseudometric.
Also, dy (K1, Ky) = 0 <= K, = K,. If we take closed bounded subsets of X, then

dy becomes a metric on this space.

Remark 8.3. If X and Y are compact then dgy(X,Y) = 0 if and only if X and Y are
isomorphic. Hence, d;; becomes a distance on the set of equivalence classes of compact

metric spaces up to isometry.
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Proposition 8.5. [6, Theorem 1.1.] (i) Let K, L C R" be finite subsets and k > 0. Then
dy (B(H(C(K))), B(HL(C(L)))) < du(K, L).
(ii) Let X and 'Y be finite metric spaces and k > 0. Then
dy (BHL(VR(X))), BHL(VR(Y)))) < den (X, Y).

Cech and Rips filtrations are sensitive to outliers, as data points that lie far from the
main structure, often due to sampling noise, can significantly distort the resulting persis-
tent homology, potentially obscuring the genuine topological features of the data. Multi-
parameter filtrations can mitigate this effect, providing a more robust analysis that is less
vulnerable to such noise.

To explain the related stability theorem for bifiltration examples, we need measure
theory [17]. Let X be a topological metric space. The Borel o-algebra on X, denoted by
B(X), is the smallest o-algebra containing all open subsets of X. A Borel measure is a
measure on (X, B(X)).

Let (X, F, ;) be a measure space, and let f : X — Y be a function. Construct a
measure space on Y using f and p. Define a collection G C P(Y) by G := {B C
Y | f7Y(B) € F}. Then G is a o-algebra on Y with respect to f. With this choice, the
function f : (X, F) — (Y, G) becomes measurable and define the pushforward measure

fett : G — [0,00] by fuu(B) := p(f~1(B)) forall B € G.
Definition 8.2. [6] Let (X, d) be a metric space, and i, v be Borel measures on X. The
Prohorov distance between |1 and v is defined as

dpr(p,v) :==inf {e > 0| u(A) < v(A°) +e&v(A) < u(A%) + ¢ V Borel set A},

where A® .= {x € X | d(z, A) < €} is the open c-neighborhood of the set A C X.
Let (X,dx, px) and (Y, dy, iy ) be two metric spaces equipped with Borel measures.

The Gromov-Prohorov distance between i x and iy is defined by

depre(px, py) := igf Lni A%, (Quttx, Vuty ),

where the infimum is taken over all metric spaces Z and all isometric embeddings ¢ :
X — Z, ¢ : Y < Z, and d%, denotes the Prohorov distance between pushforward

measures on Z.
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Remark 8.4. For a fixed metric space X, dp, is an extended metric on the set of all Borel
measures on X . For finite Borel measures, it becomes a metric. And, dgp, distance is a

pseudometric on the class of separable complete metric probability measure spaces.

Proposition 8.6. [6, Theorem 1.6.] (i) Let X,Y C R" be finite subsets, and let k > 0.

Denote by g the counting measure on R™ for S C R™. Then
di(B(Hk(MB(X, pix))), BHR(MB(Y, py)))) < dpr(px, pry )-

(ii) Let X, Y be finite metric spaces and let k > 0. Denote by vy the counting measure on

the metric space Z. Then
d;(B(Hy(SR(X))), B(Hk(SR(Y)))) < dapr(vx, vy).

Identifying which topological features in a filtration are meaningful (i.e., persist long-
er) and which may be attributed to noise can be effective for their analysis. Information-
theoretic tools provide an assessment of the significance of features captured by the persis-
tence diagram of the filtration. Persistent entropy provides a global summary via the dis-
tribution of interval lengths. However, reducing a persistence diagram to a single number
may be too coarse, as it lacks sensitivity to local appearance. To overcome this, the per-
sistent entropy summary function encodes entropy over time, offering a more expressive
alternative. Supported by stability theorems, these summaries can serve as discriminative

tools, especially when classification is required rather than precise feature selection.

Definition 8.3. [2] Given a persistence diagram D = {(b;, d;)}"_,, define the lifetime of
the i'" feature as {; := d; — b;, and the total lifetime L = ., {;. The persistent entropy

is then given by

iy l;
Hpers(D) = — Z z log Z

=1
The persistent entropy summary function is defined as a function from R to R>¢

pers Z Wl lOg

where
17 l.fbl S T < di7
wi(z) =
0, otherwise.
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Persistent entropy does not track the positions of the intervals in the barcode, whereas

the persistent entropy summary function considers this information by assigning weights.

Proposition 8.7. [1, Proposition 1.] Let D and D' be finite persistence diagrams. Then,

for every € > ( there exists 6 > 0 such that
dpy(D,D") < = |Hpes(D) — Hpes(D')| < €.

Proof. Let e > 0 be given. Since both persistence diagrams are finite, we extend them by

adding the diagonal points so that there exists a bijection

¢: Doxy — D!

ext?

satisfying

Label the points in Dey; as 1, o, . . ., x, and z; = (b;, d;) and ¢(x;) = (b}, d}).

Define the function h(p) = —plogp for p > 0 and ~(0) = 0. Since A is uniformly

continuous on [0, 1], there exists ' > 0 such that for any p, p’ € [0, 1],
€
p =9 <8 = [h(p) = ()] < —.

For each i, let {; = d; — b; and ¢} = d} — b}, and define L = > ", (;, L' => " (.
Without loss of generality, assume that I > L’. Choose
L'
T2 42

Assume that dg(D, D') < 4. Then for each i, we have
i — 6o = mac{lby — b, |d; — ]} <
Hence, |(; — 0| = |(d; — b;) — (d} — b))| < |d; — d}| + |b; — b};| < 20. It follows that
IL—- L' < i% — 0| < 2nd.
i=1
Define the normalized lifetimes by p; = % and p} = i—/, Then,

G0

| 4L
L L| '

R
|])z p’L’ LL/
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We have |(;L' — (}L| < |¢;(L' — L)| +|(¢; — ¢)L|. Since {; < L and |L — L'| < 2nd, it

follows that

|6:(L' = L)| < L-2nd =2n0L & |(6; —¥,)L| <25 L.

Thus, — (L] < (2n 4 2)4L. Dividing by L L’ yields
2n +2)0
lpi — pji| < %
By our choice of 6 = %, we have |p; — p}| < ¢’. Then, by the uniform continuity of A,

[hp) = b)) < .

Hence, the difference in persistent entropy satisfies

Z[ )

=1

‘ Hpers (Dext ) pers ext | =

€
<Z|hpl h(pl)| < n - S=€
Finally, since the diagonal points do not contribute to the entropy, we have

Hpers(D) - Hpers(Dext) and Hpers(D,) - Hpers(Déxt>

pers(D) - Hpers(D/)| < E. ]

Proposition 8.8. [2, Theorem 4.2.] Let D and D’ be finite persistence diagrams. Then,

for every € > 0 there exists § > 0 such that if

pers

d(DD)<5:>/‘ D () — HY ()] do < e

Proof. Let e > 0 be given. Since D and D’ are finite, we extend them by including the

diagonal so that there exists a bijection

¢ Dext%D

ext?

satisfying
N — —_
dy(D, D) = max [|lz — ¢(z)]|oc.
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Label the corresponding bars as (b;, d;) in D and (b}, d;) in D’ fori = 1, ..., n. Then,

where we set dp(D, D’) < §. Later, we will put conditions for 9.

For each i, define the lifetimes ¢; = d; — b;, ¢, = d, — U}, and the totals L =
Soiy b, L' =7 £ Define the normalized lifetimes by p; = % and p} = &

Define the function h(p) = —plogp, h(0) = 0. Since A is uniformly continuous on

[0, 1], 30" > 0 such that for any p, p’ € [0, 1],

€

p—p|<d = Ih(p)—h(p)!<m,

where L is an upper bound on the bar lengths (i.e., d; — b; < L for all 7). We require
that the perturbations in the normalized lifetimes are small; from the proof of the above
proposition, this can be done by choosing

. / /
[ min{L, L'}
- 2n + 2

bl

we have |p; — pi| < ¢’ for all .

For each bar i, define the interval

I;=[bi,d;) and I =[b,d).

17 7

Let
I'=LNI and I*=(LUI)\I;.
Define
Fi(z) = —w;(x) pilogp;, Fi(x) = —wi(x) p}log p;,
so that

[Hpers( Z Fi(z), [Hpers(D")] Z Fl(x

For a fixed index ¢, the error of the ith term is

Ei=4|m<x>—ﬂ’<x>|dx=/I;\Fi(x) |d:c+/ IFi(x) — Fl(2)| do.
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* OnIf) Forz € If, w(z) = wi(z) =1, so

|Fi(z) — F(z)| = |p;log p; — p};log pl| = |h(p:) — h(p})].

Thus,
i |Fi(z) — Fi(x)|dz = |h(p:) — h(p;)| p(I),
where p (1)) < ¢; < L. By the choice of &',

€
h(p;) — h(p))] < ——
|h(pi) — h(p;)| onLe’

so that

€

€
o =
onLy ' 2n

|Fi(z) — Fi(z)| dz <
I

 (On I2:) Since |b; — | < dand|d; — d}| < 0§, the measure of the symmetric

difference satisfies y(/2) < 2. Moreover, note that for all ,

|Fi(z)] < M, |F(z)] < M, with M = max |h(p)|.

p€(0,1]

because the image of compact set is compact and compact sets in R are bounded.

And for all z € I2 either Fj(x) = 0 or F/(z) = 0, we have
|Fy(x) — Fl(z)|de < | Mdx = Mu(I®) < 2M5.
s I
Combining the two parts, we have

€

E; <
2n

+ 2M.

Summing overall: = 1,...,n,

D Dl " 6 o 6
/R ‘Hpers(x) - Hpers(x)‘d:c < ; Ei <n (% + 2M6) — <+ 2005,

To ensure the total error is less than €, we require 6 > 0 so that

2nMo < — <

— AnM’

N ™

Thus, to secure

D D’ € € €
/R‘HPGTS(m) - }Ipers(x)‘daj < § + 2nM o S 5 —+ 5 = €.

€ min{L,L'}¢ }
)

we setézmln{4nM, T
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These results can be combined with proposition 8.5. Let X, Y C R" be finite sets.
Let Dy and Dy denote the truncated persistence diagrams of the Cech or Vietoris—Rips
filtrations built on X and Y and indexed by a finite set of R, respectively. Then, for every
e > 0, there exist 01, 0y > 0 such that if d (X,Y") < d; then | Hpers(Dx) — Hpers(Dy)| <
¢, and if dy(X,Y) < 4, then fR‘Hriﬁ,(x) — H.(z)|dz < e. Truncation here refers to

replacing infinite endpoints with a fixed finite value so that entropy is well-defined.
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