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ABSTRACT

Recent years have seen tremendous progress in developing quantum technologies

that rely on the physical systems’ quantum features, such as quantum coherence and

entanglement. In principle, these quantum systems are not isolated and interact with

the environment, which leads to decoherence in which quantum correlations weaken or

vanish entirely. The mathematical formulation which describes the system’s dynamics

in the environment’s presence generally requires several approximations. One example

is the quantum Markovian master equation based on the perturbative approach in

weak system-bath interaction. Typically, a phenomenological approach is adopted in

deriving the master equation in which inter-system interactions are ignored, which

results in the “local” dissipation terms in the master equation. We show that such an

approach is inconsistent with the laws of thermodynamics in the case of nonlinearly

coupled resonators. Instead, the master equation derived from the first principles is

consistent, usually termed the “global” master equation.

The heat flow put serious restrictions on the miniaturization of quantum-based

technologies. One promising direction can be to power these devices with heat rather

than considering the heat flow as a noise source. Accordingly, it is desirable to have

efficient models of quantum thermal heat managers which can assist in controlling the

heat flow. Following this direction, here, we propose an efficient quantum thermal

diode and transistor model that can provide perfect rectification and very large tun-

able heat amplification, respectively. The dynamics of the system are described by

the global master equation, which assists in uncovering the underlying mechanism in

these thermal devices. In addition, we show that our model of the quantum thermal

transistor, based on two coupled qubits, can also be used as a quantum absorption re-

frigerator, which is in variance with previous proposals of refrigerators that generally
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require three-body interaction.

It is often required to cool finite quantum systems rather than classical reservoirs.

For instance, cooling mechanical resonators to the ground state is a prerequisite for

most applications based on mechanical systems in quantum information and quantum

communication. However, cooling multiple resonators to the ground state is challeng-

ing using typical laser and feedback cooling schemes. To overcome this challenge, we

propose a scheme by which simultaneous cooling of multiple resonators is possible.

Unlike previous proposals, external control or work input is not required; instead,

incoherent thermal drives can cool the resonators. Finally, we investigate the pos-

sibility of generating entanglement between uncoupled mechanical resonators, which

are only driven by incoherent thermal baths. We show that it is possible to generate

significant entanglement between the resonators by judicious choice of thermal baths

spectra. The suppression of undesired dissipation and favoring the desired effective

two-mode squeezing-like interactions generated by the incoherent interaction with the

baths leads to entanglement between the resonators.



ÖZETÇE

Son yıllarda kuantum eş-uyumluluk ve kuantum dolaşıklık gibi özellikleri barındıran

fiziksel sistemlere dayanan çalışmalarda kuantum teknolojilerinde önemli gelişmeler

olduğu görülmektedir. Prensip olarak bu sistemler izole olmayan ve çevresiyle etk-

ileşen sistemlerdir. Çevreyle etkileşim, sistemin kuantum korelasyonlarının zayıflamasına

veya tamamen yok olmasına karşılık gelen eş-uyumluluk kaybına (decoherence) sebep

olmaktadır. Sistemin çevresiyle etkileşiminin dinamiğini tanımlayan matematiksel

formülasyon, beraberinde genel olarak pek çok matematiksel yaklaşım gerektirmek-

tedir. Örneğin, bir ısı banyosuyla zayıf etkileşim gösteren sistemin kuantum Marko-

vian master denklemi pertürbasyon yaklaşıma dayanır. Sistemlerin birbiriyle etk-

ileşiminin ihmal edildiği durumda, fenomenolojik bir yaklaşım ile türetilen Master

denkleminde, “lokal” dağılım (dissipation) terimlerinin ortaya çıktığı görülür. Biz

böyle bir yaklaşımın, aralarında doğrusal olmayan etkileşimler içeren rezonatörler söz

konusu olduğunda, termodinamik yasalarıyla tutarsız olduğunu gösteriyoruz. Buna

karşılık birinci yasadan türetilen Master denklemi tutarlıdır ve genellikle “global”

Master denklemi adını alır.

Kuantum-temelli teknolojilerin minyatürleştirilmesinde, ısı akışının ciddi kısıtlar

getirdiğini biliyoruz. Ancak ısı akışını bir gürültü yapısı olarak düşünmek yerine, bu

cihazlara ısı ile güç sağlamak umut verici olabilir. Buna göre, ısı akışını kontrol etmede

yardımcı olabilecek kuantum termal ısı yöneticilerinin verimli modellerine sahip olmak

gerekir. Bu bağlamda, biz, sırasıyla mükemmel düzeltme ve çok büyük ayarlanabilir

ısı amplifikasyonu sağlayabilen verimli bir kuantum termal diyot ve kuantum tran-

sistör modeli öneriyoruz. Bunlara ek olarak, kuple olmuş iki kübit sisteminden oluşan

kuantum termal transistör modelimizin, literatürde daha çok en az üç-kübitlik sis-

temlerle tasarlanan kuantum soğutucu modellerinin yanında, kuantum absorbsiyon
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soğutucusu olarak da kullanılabileceğini gösterdik.

Bu soğutucular, genellikle klasik rezervuarlar yerine, sonlu kuantum sistemlerini

soğutmak için gereklidir. Örneğin, kuantum bilgi ve kuantum iletişim alanında tasar-

lanan mekanik sistemlere dayanan pek çok uygulama için, mekanik rezonatörlerin

temel enerji durumuna soğutulması ön koşuldur. Ancak, birden çok rezonatörün

temel enerji durumuna soğutulması, tipik lazer ve geri beslemeli soğutma şemalarını

kullanarak zordur. Biz de bu zorluğun üstesinden gelmek için, birden çok rezonatörü

eş zamanlı olarak soğutmanın mümkün olduğu bir şema öneriyoruz. Daha önce

yapılmış çalışmalardan farklı olarak, bir dış kontrol veya iş girdisi gerekmeden, eş-

uyumluluk içermeyen termal sürücüler (incoherent thermal drives) yoluyla birden çok

rezonatörü eş zamanlı soğutmayı yapabiliyoruz. Son olarak, yalnızca eş-uyumluluk

içermeyen ısı banyosu yoluyla sürülen ve birbiriyle kuple olmayan (direk etkileşmeyen)

mekanik resonatörler arasında dolaşıklık oluşmasının mümkün olabileceğini keşfettik.

Isı banyosunun uygun bir spektrumda seçilmesiyle, resonatörlerin arasında kayda

değer bir dolaşıklık oluşumu olabileceğini gösterdik. Eş-uyumluluk içermeyen ısı

banyosu, istenmeyen dağılımın (dissipation) bastırılmasını ve gerekli olan iki-mod

sıkma-tipi etkileşimlerin üretilmesini sağlayarak, rezonatörler arasında dolaşıklık oluşmasını

tetikler.
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5.1 Schematic depiction of a multimode optomechanical system in which
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5.3 (a) Comparison of the steady-state mean phonon number 〈ñ1〉ss as a

function of the hot bath temperature Th obtained by the numerical

solution of the master equation (5.14) and by using approximated an-

alytical results given in Eq. (5.18). The solid and dashed lines indicate

the numerical and approximated analytical results, respectively. (b)

The steady-state average excitation number 〈ñ1〉ss as a function of the
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for T1 = 3 × 10−4, 2 × 10−4 and 1 × 10−4, respectively. The rest of

the system parameters are: ω1 = 1 × 10−7, ωa = 1, κ1 = 1 × 10−12,

κh = κc = 1× 10−8, Tc = 1× 10−5, and g1 = 1× 10−9. All the parame-

ters are scaled with the optical frequency ωa = 2π×1014 Hz. The bath

temperatures in SI units are: T1 ≈ 1.5, 1 and 0.5 K for dot-dashed,

dashed, and solid lines, respectively. The cold bath has a temperate

Tc ≈ 5 mK, and the hot bath temperature is ultra-hot and it’s temper-

ature is approximately 4× 104 . Th . 4× 107 K. . . . . . . . . . . . 79
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5.5 (a) The steady-state average number of phonons 〈ñ1〉ss, and effective

temperature T r
eff as a function of the squeezing parameter r. Blue

dashed and red solid lines are for the effective temperature Teff and

average phonon number 〈ñ1〉ss, respectively. (b) The steady-state mean

phonon number 〈ñ1〉ss as a function of the effective temperature T r
eff

of the squeezed bath. Parameters: ω1 = 2π × 10 MHz, ωa = 2π × 7

GHz, g1 = 2π × 100 kHz, κ̃h = 2π × 1.5 MHz, κ1 = 2π × 32 Hz,
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baths [8]. The microwave resonators designed at frequencies ωa, and

ω− coupled to the white noise source act as thermal bandpass filters

for the cold and hot, respectively [8, 9]. . . . . . . . . . . . . . . . . 86

xxiii



5.7 The steady-state average excitation number 〈ñ1〉ss as a function of the

hot bath temperature Th. The dot-dashed, dashed, and solid lines are

for T1 = 3 × 10−4, 2 × 10−4 and 1 × 10−4, respectively. The rest of

the system parameters are: ω1 = 1 × 10−7, ωa = 1, κ1 = 1 × 10−12,

κh = κc = 1 × 10−8, Tc = 1 × 10−5, and g1 = 1 × 10−9. All the

parameters are scaled with the optical frequency ωa = 2π × 1014 Hz.

The bath temperatures in SI units are: T1 ≈ 1.5, 1 and 0.5 K for

dot-dashed, dashed, and solid lines, respectively. The cold bath has a

temperate Tc ≈ 5 mK, and the hot bath temperature is ultra-hot, and

it’s temperature is approximate 1 . Th . 400 K. . . . . . . . . . . . 88

6.1 (a) Schematic description of the model based on two uncoupled mi-

crowave resonators or mechanical resonators Ri interacting to the same

ancilla system A that can be a two-level system or a harmonic oscil-

lator. We assume an energy-field or optomechanical-like interaction

between the ancilla and mechanical resonators [1]. The ancilla A is

coupled to two thermal baths, and the resonators Ri are unavoidably

interacting with their own environments of temperature T. All the

thermal baths are independent and can attain any non-negative tem-

perature provided Th > Ti > Tc. The dash-dotted oval represents an

effective environment for the resonators, which is obtained after taking

a trace over the ancilla system. This effective common bath can cre-

ate quantum correlations between the mechanical resonators. (b) The

spectrally filtered bath spectra of the hot and cold bath are indicated

by G̃h and G̃c, respectively. . . . . . . . . . . . . . . . . . . . . . . . 95
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6.2 The underlying physical mechanism of entanglement creation. The log-

arithmic negativity EN(ρ) as a function of time ω1t. The solid red line

indicates the entanglement in the case of optical resonators undergoing

dissipative dynamics governed by Eq. (6.9); this scheme was proposed

in [10]. The green dotted line represents logarithmic negativity EN(ρ)

for a hypothetical case of two uncoupled mechanical resonators evolv-

ing under Eq. (6.7). The blue dash-dotted and black solid curves are

associated with the entanglement by keeping first and second-order

correction terms in α given in Eq. (6.7), respectively. The left and

right inset show mean phonon number 〈b̂†1b̂1〉 and logarithmic nega-

tivity EN(ρ), respectively, as a function of scaled time ω1t. In the

transient regime, all these results show an oscillatory behavior with a

a period T ≈ 2π/
∑

i ωi. The resonators are taken in the initialsepara-

ble ground-state; ρ̂(0) = ρ̂1 ⊗ ρ̂2 = |01〉 〈01| ⊗ |02〉 〈02|. We considered

Hilbert space size with ten phonons (photon) states for each mechani-

cal (optical) resonator and verified the results do not change with the

change in the Hilbert space size. . . . . . . . . . . . . . . . . . . . . 101
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6.3 Entanglement in the case of non-degenerate resonators. The entangle-

ment quantified by logarithmic negativity EN(ρ) as a function of scaled

time ωat. The entanglement is quantified by first solving Eq. (6.14) by

numerical integration and then take the inverse tranformation [Eq. (3.10)]

of the density matrix to get transformed ρ̂ in the basis of the res-

onators, followed by computing EN(ρ) by using the definiation of log-

arithmic negativity given in Eq. (6.11). The initial state of the joint

system is considered separable ground state; ρ̂(o) = ρ̂a ⊗ ρ̂1 ⊗ ρ̂2 =

|ga〉 〈ga|⊗|01〉 〈01|⊗|02〉 〈02|, here |ga〉 indicates the ground state of the

two-level ancilla. Parameters: ω1 = 2ω2 = 2π × 5 MHz, ωa = 2π × 10

GHz, γi = 2π × 100 Hz, γh = γc = 2π × 500 KHz, and Tc = 65 mK.

All the parameters are scaled with the ancilla frequency ωa. (a) red

solid, blue dashed, and green dot-dashed curves are for Th = 1, 70, 300

K, respectively. Here, αi = 0.1 and Ti = 0.1 K. (b) Long time en-

tanglement EN(ρ) for Th = 300 K, αi = 0.2 and Ti = 0.05 K. (c)

Red solid, blue dashed, and green dot-dashed lines are associated with

αi = 0.05, 0.1, 0.2, respectively. Ti = 0.1 K, Th = 300 K. (d) Red solid,

blue dashed, and green dot-dashed lines are for Ti = 0.1, 0.15, 0.2 K,

respectively. αi = 0.2 and Th = 300 K. . . . . . . . . . . . . . . . . . 103
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6.4 Entanglement in the case of degenerate resonators. The entanglement

quantified by logarithmic negativity EN(ρ) as a function of scaled time

ωat. The entanglement is quantified by first solving Eq. (6.15) by nu-

merical integration and then take the inverse tranformation [Eq. (3.10)]

of the density matrix to get transformed ρ̂ in the basis of the res-

onators, followed by computing EN(ρ) by using the definiation of log-
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system is considered separable ground state; ρ̂(o) = ρ̂a ⊗ ρ̂1 ⊗ ρ̂2 =

|ga〉 〈ga|⊗|01〉 〈01|⊗|02〉 〈02|, here |ga〉 indicates the ground state of the

two-level ancilla. Parameters: ωa = 2π × 10 GHz, ω1 = ω2 = 2π × 5

MHz, γh = γc = 2π × 500 KHz, γi = 2π × 100 Hz, and Tc = 65

mK. (a) Blue solid, red dashed, and black dot-dashed curves are for

Th = 1, 70, 300 K, respectively. Here, Ti = 0.1 K and αi = 0.1. (b)

Long time entanglement EN(ρ) for αi = 0.2, Th = 300 K and Ti = 0.05

K. (c) Blue solid, red dashed, and black dot-dashed curves are for

αi = 0.05, 0.1, 0.2, respectively. Th = 300 K and Ti = 0.1. (d) Blue

solid, red dashed, and black dot-dashed curves are for Ti = 0.1, 0.15, 0.2

K, respectively. Th = 300 K and αi = 0.2. . . . . . . . . . . . . . . . . 105
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6.5 (a) Entanglement quantified by logarithmic negativity EN(ρ) between

the mechanical resonators for different initial states as a function of

scaled time ωat. The dashed and solid lines indicate the initial ther-

mal state with the mean phonon number n̄i = 1, 2, respectively. The

entanglement is quantified by first solving Eq. (6.14) by numerical in-

tegration and then take the inverse transformation [Eq. (3.10)] of the

density matrix to get transformed ρ̂ in the basis of the resonators,

followed by computing EN(ρ) by using the definition of logarithmic

negativity given in Eq. (6.11). (b), and (c) show the average excita-

tion number 〈b̃†i b̃i〉 for the initial mean phonon number n̄i = 1, 2, as a

function of scaled time ωat, respectively. The dashed and solid curves

are associated with the resonators R1 and R2, respectively. Parame-

ters: ω1 = 2ω2 = 2π × 5 MHz, ωa = 2π × 10 GHz, γh = γc = 2π × 500

KHz, αi = 0.2, Th = 300 K, γi = 2π × 100 Hz, Tc = 65 mK and
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Chapter 1

INTRODUCTION

Despite its abundance, our ability to control and direct heat flow is surprisingly

limited compared to electronic conduction, mainly due to lack of efficient quantum

thermal managers. Nevertheless, there is growing interest and significant research

endeavors to develop methods and tools for controlling heat transfer in mesoscopic

and nanoscale systems. One possible direction to control heat flow is by controlling

the system-environment interaction in quantum systems. Recent years have seen

tremendous efforts in this direction in which desired dissipative dynamics are obtained

by engineering system-bath interaction with external control drives. For instance,

suitable dissipative dynamics of the quantum systems can be engineered to cool them

to the quantum ground-state [11], or prepare a macroscopic coherent superposition

state [12] with the help of external control. In these works, heat is considered a source

of noise that needs to be suppressed.

In an alternative approach, heat is considered a friend rather than a foe. For

example, entanglement can be generated between two optical cavities using system-

environment interaction only [13]. In this thesis, we follow the same direction and

investigate different quantum devices powered by heat, such as quantum absorption

refrigerators, quantum thermal entanglement machines, and quantum heat managers.

The dynamics of these thermal devices are typically described by the Markovian mas-

ter equations [14]. If the system is composed of interacting subsystems, two different

Markovian master equations can be found in the literature to describe the dynamics

of the system, namely, the global and the local master equations [15, 16]. Depending

on the parameters of the system under consideration, the results of these two equa-
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tions may diverge from each other [17, 18]. Here, we first investigate the validity

of the local and global Markovian master equation for the case of two nonlinearly

(optomechanical-like) coupled harmonic oscillators. It is often claimed that the lo-

cal master equation remains valid in the weak-coupling regime; on the contrary, we

show that the local approach is inconsistent with the second law of thermodynamics

even in the weak coupling regime for nonlinearly coupled resonators. The nonlinear

interaction between the systems is optomechanical-like, which is also referred to as

radiation pressure interaction [1]. We show that based on this nonlinear interaction,

we can achieve tasks that are otherwise impossible with the linear interaction between

the systems. For instance, in chapter 2, we show that heat flow asymmetry can be

engineered for resonantly interacting systems, which is in variance with previous pro-

posals on designing heat diodes. Similarly, it has shown that a trilinear interaction

is required between three resonators for a quantum absorption refrigerator. How-

ever, we show that in chapter 4, considering the optomechanical-like interaction, only

two interacting systems are sufficient to design a more efficient quantum absorption

refrigerator. The outline of the thesis is as follows:

1.1 Outline of thesis

1.1.1 Chapter 1 (Fundamentals)

In chapter 1, we present the microscopic derivation of the quantum master equation

and necessary approximations invoked to obtain the Lindblad (standard) form of the

master equation for the case of a damped harmonic oscillator. Secs. 1.2 and 1.3 do

not present the original content. We include these sections to fix the notations and

briefly describe the set of approximations. In Sec. 1.2, we shortly describe the open

quantum system theory. The microscopic derivation of a Markovian master equation

for a damped harmonic oscillator is presented in Sec. 1.3. The content in these sections

closely follows the material presented in [19, 20]. For more detailed discussions about

the invoked approximations and rigorous derivation of the master equation, we refer

to more detailed works on the topic [21, 22].
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1.1.2 Chapter 2 (Local Vs global master equation)

Chapter 2 is based on our work [23], in which we present a comparison of the local,

semi-global, and global master equations for a pair of nonlinearly coupled resonators.

The validity of these approaches is investigated through the lens of the laws of ther-

modynamics. At equilibrium, the global master equation only, accurately describes

the Gibbs state of the joint oscillators system. On the contrary, the system does not

reach the desired Gibbs thermal state under the local and semi-global description. In

the presence of a temperature gradient, both local and semi-global approaches lead to

negative entropy production, thus violating the second law of thermodynamics. The

global approach remains consistent with the laws of thermodynamics in all parameter

regimes, provided the Born-Markov and Secular approximations remain valid.

1.1.3 Chapter 3 (Quantum heat managers)

Chapter 3 discusses the heat flow asymmetry and heat amplification in quantum sys-

tems based on two coupled spins and two harmonic oscillators, respectively. This

chapter is based on our works on quantum heat diode [24, 25] and quantum thermal

transistors [26]. We discuss the essential ingredients which can lead to heat rectifi-

cation in spin-boson systems. It is shown that heat rectification is possible with two

spins coupled via asymmetric interaction in the parameters regime where rectification

is otherwise absent. We explain the underlying mechanism of heat rectification by

the asymmetry of the energy cycles induced by the thermal baths. Further, we pro-

pose a model of a quantum thermal transistor based on a standard optomechanical

system. We show that the presence of higher-order photon processes can assist heat

amplification in quantum systems.

1.1.4 Chapter 4 (Quantum absorption refrigerator)

In chapter 4, based on our work [27], we propose a model of a quantum absorption

refrigerator based on only two coupled qubits. Typically a quantum absorption re-

frigerator requires tri-linear interaction between the working fluid. Further, for such
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refrigerators, there exists an upper bound on the efficiency at maximum power, which

is although not a fundamental limit enforced by the laws of thermodynamics. On

the contrary, we show that our model based on two coupled qubits can surpass this

bound. In addition, we investigate the possible relation between the quantum corre-

lations between the qubits and the refrigerator’s efficiency. Finally, the effect of heat

leaks is discussed in the presence of overlapping bath spectral densities.

1.1.5 Chapter 5 (Cooling mechanical resonators)

Based on the global master equation presented in chapter 2, we proposed a scheme of

simultaneous cooling of multiple resonators using a heat bath in chapter 5. The results

and discussions in this chapter are adopted from [28]. In typical cooling schemes based

on the external coherent drives or feedback control, simultaneous cooling of multiple

resonators of nearby frequencies coupled to the same cooling agent is challenging

because of the dark mode. By relying on quantum reservoir engineering, we show

that it is possible to cool multiple resonators using only incoherent thermal drives.

The underlying cooling mechanism is explained by connecting directly with standard

laser sideband cooling schemes.

1.1.6 Chapter 6 (Engineering entanglement)

Finally, chapter 6 presents a scheme for engineering entanglement between two uncou-

pled mechanical resonators using an effective, shared incoherent bath. This chapter

is based on the results presented in [29]. Our quantum thermal entanglement gen-

eration scheme does not require external control or work input to build quantum

correlations between the uncoupled resonators. Unlike previous proposals on entan-

glement generation via reservoir engineering, we do not require effective, coherent

two-mode squeezing interaction between the resonators. Instead, incoherent thermal

environments assist in generating entanglement between the resonators.
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1.1.7 Chapter 7 (Conclusions)

In the last chapter, we present the summary and review some of the conclusions of

this thesis.

1.2 open quantum systems

If we assume that our system of interest is isolated from its environment, then the

dynamical evolution of the system state vector |ψ(t)〉 is given by the Schrödinger

equation

i~
∂

∂t
|ψ(t)〉 = Ĥ|ψ(t)〉, (1.1)

here Ĥ is the system Hamiltonian, and it is hermitian. There are two possibilities: (i)

if the system Hamiltonian is independent of time, then the solution of the Schrodinger

equation can be given by the formal integration of Eq. (1.1)

|ψ(t)〉 = U(t, t0)|ψ(t0)〉, (1.2)

here

U(t, t0) = e−
iĤ(t−t0)

~ . (1.3)

|ψ(t0)〉 describes the state of the system at t = t0. By using the hermeticity of Ĥ

U †(t, t0) = e
iĤ(t−t0)

~ = U−1(t, t0), (1.4)

which employs that U is a unitary operator. (ii) If the Hamiltonian of the system has

explicit time dependence, then the Schrodinger equation solution has a time-ordered

integral due to the non-commutativity of Ĥ at different times. The unitary operator

in this case changes to

Ut,t0 = T←e
−i

∫ t
to

dt′Ĥ(t′), (1.5)

here T← is time-ordering operator.
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In case the system under investigation is in a mixed state, the density matrix ρ̂

describes the state of the system. The dynamical evolution of the system can be

described by the von Neumann equation

d

dt
ρ̂(t) = − i

~
[Ĥ(t), ρ̂(t)]. (1.6)

In analogy with the Liouville equation, the von Neumann equation can be written as

d

dt
ρ̂(t) = L(t)ρ̂(t), (1.7)

here, the Liouvillian is given by

L(t)Ô = − i

~
[Ĥ(t), Ô], (1.8)

where Ô is a generic operator in the Hilbert space of the system. If the Hamiltonian

Ĥ of the system has no explicit time dependence, the solution of the von Neumann

equation is given by

ρ̂(t) = eLtρ̂(0). (1.9)

Here ρ̂(0) describes the initial state of the system. In the case of explicit time depen-

dence in the system Hamiltonian, the formal solution of the von Neumann equation

is given by

ρ̂(t) = T←e
∫ t
0 dt′L(t′)ρ̂(0). (1.10)

Most of the time, the assumption that a quantum system is well isolated from its

environment is incorrect. The environment interacts with the system unavoidably,

and the question is: how to obtain the system’s dynamics? Let’s assume that the

system+reservoir Hamiltonian is given as

Ĥ = ĤS + ĤR + ĤSR (1.11)

here, system, reservoir and system-reservoir Hamiltonians are described by ĤS, ĤR,

and ĤSR, respectively. We can consider total system and reservoir as closed system
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and still use the von Neumann equation

d

dt
ρ̂SR(t) = − i

~
[Ĥ(t), ρ̂SR(t)], (1.12)

here ρ̂SR(t) represents the joint density matrix of system and reservoir. However,

generally, the reservoir has a very large number of degrees of freedom which makes

the evolution under the von Neumann equation intractable. Most of the time, we

do not have control or influence on the dynamics of the environment, and it causes

irreversibility and decoherence in the system. We are only interested in the system’s

evolution, which is interacting with its surroundings. Specifically, this situation may

be relevant in quantum information processing [30], and in general, applications based

on the quantum systems in the open quantum system settings [31]. A quantum master

equation can be used to model an open quantum system arrangement in which the

central system of interest interacts with its environment. In this approach, the starting

point is the von Neumann equation, and by expanding it to the second order in the

system-environment interaction, a partial trace is taken over the environment. It

may be convenient to derive the master equation in the interaction picture, for this

purpose, we write the von Neumann equation in interaction picture

d

dt
ρ̄SR(t) = − i

~
[H̄(t), ρ̄SR(t)], (1.13)

where we have defined

H̄SR(t) ≡ e
i
~
(ĤS+ĤR)tĤSRe

− i
~
(ĤS+ĤR)t, (1.14)

ρ̄SR(t) ≡ e
i
~
(ĤS+ĤR)tρ̂SRe

− i
~
(ĤS+ĤR)t. (1.15)

The formal integration of Eq. (1.13) results

ρ̄SR(t) = ρ̄SR(0)−
i

~

∫ t

0

dt′
[

H̄SR(t
′), ρ̄SR(t

′)
]

. (1.16)

The substitution of ρ̄(t) in Eq. (1.13) gives

d

dt
ρ̄SR(t) =

1

i~
[H̄SR(t), ρ̄SR(0)]−

1

~2

∫ t

0

dt′
[

H̄SR(t),
[

H̄SR(t
′), ρ̄SR(t

′)
]

. (1.17)
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We note this equation is exact; no approximation is made to obtain this equation. For

the microscopic derivation of the master equation, we need specific interaction between

the system and the environment. In the next section, we present the derivation of the

Markovian master equation for a damped harmonic oscillator. This derivation closely

follows the content presented in [32].

1.3 Master equation

Here, first, we discuss the major approximations in the derivation of the Markovian

master equation. Afterward, we give a textbook example derivation of the master

equation for a damped harmonic oscillator.

1.3.1 Born approximation

We assume that no correlations are present between the system and reservoir at t = 0,

and the initial joint state of the system and environment is given by

ρ̂SR(0) = ρ̂(0)χ̂0, (1.18)

here χ̂0 is the initial state of the reservoir. We are only interested in the evolution of

the system; therefore, taking a partial trace over the reservoir in Eq. (1.17)

d

dt
ρ̄(t) = − 1

~2

∫ t

0

dt′trR
{[

H̄SR(t),
[

H̄SR(t
′), ρ̄SR(t

′)
]}

. (1.19)

For simplicity, we have ignored the first term in Eq. (1.17), and the assumption behind

this is

trR
{

[H̄SR(t), ρ̄R(0)]
}

= 0. (1.20)

This simplification is justified if the coupling of the reservoir operator to the system

has zero mean in the state ρ̄R, which can always be arranged.

We have assumed that there are no correlations between the system and reservoir;

therefore, the initial joint state of the system and reservoir can be written in a product

state. However, during the evolution of the joint system, correlations may build
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up due to the coupling between the system and the reservoir. If we assume the

coupling between the system and reservoir is very weak, then the assumption of the

uncorrelated state of the system and reservoir show deviation of the order ĤSR, and

we can write

ρ̄SR(t) = ρ̄(t)χ0 +O(ĤSR), (1.21)

here we have changed the hat sign to the bar sign over the reservoir state, as χ̂0 =

χ̄0. By keeping the second order terms in ĤSR and neglecting higher order terms,

Eq. (1.19) takes the form

d

dt
ρ̄(t) = − 1

~2

∫ t

0

dt′trR
{[

H̄SR(t),
[

H̄SR(t
′), ρ̄(t′)χ0

]}

. (1.22)

This is the first major approximation, namely, the Born approximation, in which all

terms higher than second order in system reservoir interaction are ignored based on

a weak system-bath coupling assumption.

1.3.2 Markov approximation

The master equation given in Eq. (1.22) is not time local, as the state of the system

ρ̄(t) depends on the previous time t′. Due to the coupling between the system and

reservoir, the state of the system changes, and this interaction also affects the state of

the reservoir. The information of this interaction is imprinted on the reservoir’s state,

and the system’s future evolution depends on the memory of the reservoir. In general,

the environment is very large compared to the system, and the interaction between

the system and the reservoir does not significantly affect the state of the reservoir.

On the contrary, the system’s state changes considerably due to this interaction. In

this case, there exist two different time scales: (i) the reservoir correlation time τR

and (ii) the time scale τs over which the state of the system changes significantly. If

τR ≪ τs, then t
′ can be replaced by t in Eq. (1.19)

ρ̄(t) = − 1

~2

∫ t

0

dt′trR
{[

H̄SR(t),
[

H̄SR(t
′), ρ̄(t)χ0

]}

. (1.23)

This is commonly known as Markov approximation.
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We assume a specific interaction between the system and environment of the form

ĤSR = ~

∑

i

ŝiB̂i, (1.24)

here ŝi and B̂i are the operators in the Hilbert spaces of the system and reservoir,

respectively. By using this interaction, the master equation (1.22) with Born approx-

imation takes the form

d

dt
ρ̄(t) = −

∑

i,j

∫ t

0

dt′
{

[

s̄i(t)s̄j(t
′)ρ̄(t′)− s̄j(t

′)ρ̄(t′)s̄i(t)
]

〈B̄i(t)B̄j(t
′)〉R

+
[

ρ̄(t′)s̄j(t
′)s̄i(t)− s̄i(t)ρ̄(t

′)s̄j(t
′)
]

〈B̄j(t
′)B̄i(t)〉R

}

, (1.25)

here

〈B̄i(t)B̄j(t
′)〉R = trR

{

χ̄0B̄i(t)B̄j(t
′)
}

,

〈B̄j(t
′)B̄i(t)〉R = trR

{

χ̄0B̄j(t
′)B̄i(t)

}

. (1.26)

The Markovian approximation can only be justified if two distinct time scales exist,

meaning the bath correlations must rapidly vanish on a time scale on which the system

changes significantly. In addition, weak system-bath coupling is also required for the

validity of the Markov approximation. Ideally, the bath correlations should follow

〈B̄i(t)B̄j(t
′)〉R ∝ δ(t− t′), (1.27)

then we can replace ρ̄(t′) with ρ̄(t) in Eq. (1.25)

d

dt
ρ̄(t) = −

∑

i,j

∫ t

0

dt′
{

[

s̄i(t)s̄j(t
′)ρ̄(t)− s̄j(t

′)ρ̄(t)s̄i(t)
]

〈B̄i(t)B̄j(t
′)〉R

+
[

ρ̄(t)s̄j(t
′)s̄i(t)− s̄i(t)ρ̄(t)s̄j(t

′)
]

〈B̄j(t
′)B̄i(t)〉R

}

. (1.28)

This is the central equation obtained after the Born-Markov approximation. This will

be our starting point in deriving the master equations in subsequent sections.
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1.4 Master equation for damped harmonic oscillator

We consider a harmonic oscillator of frequency ωa, coupled to a reservoir maintained

at thermal equilibrium at temperature T . The full Hamiltonian of the system and

reservoir is given by

Ĥs = ωaâ
†â, (1.29)

ĤR =
∑

k

ωkb̂
†
kb̂k, (1.30)

ĤsR =
∑

k

ηk(âb̂
†
k + â†b̂k). (1.31)

Here, â and â† represent the system annihilation and creation operators, respectively.

The annihilation and creation operators of the k-th mode of the bath are denoted

by b̂k and b̂†k, respectively. The coupling between the system and k-th mode of the

bath is described by ηk. The index k in the sum is taken over the infinite number

of bath modes. We assume that the environment is maintained at a thermal state of

temperature T and given by

χ̂0 = χ̄0 =
∏

j

e−~ωk b̂
†
k b̂k/kBT (1− e−~ωk/kBT ), (1.32)

kB is the Boltzmann’s constant.

1.4.1 Lindblad master equation

First, we need to identify the jump operators in the Hilbert space of the system, and

then transform these jump operators into the interaction picture and replace these

in the master equation with Born approximation (1.25). The jump operators for

harmonic oscillator coupled to a thermal bath via interaction (1.29) are given by

ŝ1 = â B̂1 = b̂†j, (1.33)

ŝ2 = â† B̂2 = b̂j. (1.34)
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In the interaction picture, these operators take the form

s̄1(t) = ā(t) = âe−iωat, (1.35)

s̄2(t) = ā†(t) = â†eiωat, (1.36)

B̄1(t) = b̄†j(t) = b̂†je
iωjt, (1.37)

B̄2(t) = b̄j(t) = b̂je
−iωjt. (1.38)

Note that the sum in Eq. (1.25) now has i = 1, 2 and j = 1, 2 accordingly there are

sixteen terms in the integrand and Eq. (1.25) evaluate to

d

dt
ρ̄(t) = −

∫ t

0

dt′
{

[

ââρ̄(t′)− âρ̄(t′)â
]

e−iωa(t+t′)〈Γ̄†(t)Γ̄†(t′)〉R + h.c.

+ [â†â†ρ̄(t′)− â†ρ̄(t′)â†
]

eiωa(t+t′)〈Γ̄(t)Γ̄(t′)〉R + h.c.

+ [ââ†ρ̄(t′)− â†ρ̄(t′)â
]

e−iωa(t−t′)〈Γ̄†(t)Γ̄(t′)〉R + h.c.

+ [â†âρ̄(t′)− âρ̄(t′)â†
]

eiωa(t−t′)〈Γ̄(t)Γ̄†(t′)〉R + h.c.

}

, (1.39)

here we have defined

Γ̄(t) ≡
∑

k

ηkb̂ke
−iωkt. (1.40)

By using the fact that reservoir is maintained at a thermal state (Eq. (1.32)), only

the terms with following bath correlations survive in Eq. (1.39)

〈Γ̄†(t)Γ̄(t′)〉R =
∑

k

|ηk|2eiωk(t−t
′)n̄(ωk), (1.41)

〈Γ̄(t)Γ̄†(t′)〉R =
∑

k

|ηk|2e−iωk(t−t
′)
(

n̄(ωk) + 1
)

, (1.42)

here n̄(ω) is the Bose-Einstein distribution of the excitations in the bath, which is

given by

n̄(ω) =
1

e~ω/kBT − 1
. (1.43)

The nonzero correlation functions of the bath have summation, which we change to

integration by using the density of states g(ω) and change of variables τ = t − t′ in
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Eq. (1.39) yields

d

dt
ρ̄(t) = −

∫ t

0

dτ

{

[ââ†ρ̄(t− τ)− â†ρ̄(t− τ)â
]

e−iωaτ 〈Γ̄†(t)Γ̄(t− τ)〉R + h.c.

+ [â†âρ̄(t− τ)− âρ̄(t− τ)â†
]

eiωaτ 〈Γ̄(t)Γ̄†(t− τ)〉R + h.c.

}

, (1.44)

where

〈Γ̄†(t)Γ̄(t− τ)〉R =

∫ ∞

0

dωeiωkτg(ω)|η|2n̄(ωk), (1.45)

〈Γ̄(t)Γ̄†(t− τ)〉R =

∫ ∞

0

dωe−iωkτg(ω)|η|2
(

n̄(ωk) + 1
)

. (1.46)

If we assume, there exists two different time scales, τs and τR for system evolution

and bath correlations such that τs is much larger than τR, then we can invoke the

Markov approximation, which allows us to replace ρ̄(t− τ) with ρ̄(t). Consequentally

the master equation (1.44) becomes

d

dt
ρ̄(t) = φ1(âρ̄â

† − â†âρ̄) + φ2(âρ̄â
† + â†ρ̄â− â†âρ̄− ρ̄ââ†), (1.47)

here

φ1 ≡
∫ t

0

dτ

∫ ∞

0

dωe−i(ω−ωa)τg(ω)|η|2, (1.48)

φ2 ≡
∫ t

0

dτ

∫ ∞

0

dωe−i(ω−ωa)τg(ω)|η|2n̄(ω). (1.49)

The integration in Eqs. (1.48) are dominated by time scale τR which is much shorter

than τs, and t is in similar order of τs, therefore, integration upper limit can be changed

from t to ∞. After performing the integration and rearranging the terms, the master

equation can be written in the Lindblad form in the interaction picture

d

dt
ρ̄ = −i∆[â†â, ρ̄] +

γ

2
(2âρ̄â† − â†âρ̄− ρ̄â†â) + γn̄(âρ̄â† + â†ρ̄â− â†âρ̄− ρ̄ââ†),

(1.50)

here

∆ ≡ P

∫ ∞

0

dω
g(ω)|η|2
ωa − ω

, (1.51)

γ ≡ 2πg(ωa)|η|2, (1.52)
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where P is the Cauchy principal value. In Eq. (1.50), the density matrix ρ̄ is in the

interaction picture. The master equation in the Schrödinger picture can be written

after some rearrangements of the terms as

d

dt
ρ̂ = −iω′a[â†â, ρ̂] +

γ

2
(n̄+ 1)(2âρ̂â† − â†âρ̂− ρ̄â†â) +

γ

2
n̄(2âρ̂â† − ââ†ρ̄− ρ̂ââ†),

(1.53)

here ω′a = ωa +∆. The master equation (1.53) can be written in a compact form

d

dt
ρ̂ = −iω′a[â†â, ρ̂] + γ(n̄+ 1)D[â]ρ̂+ γn̄D[â†]ρ̂, (1.54)

here the Lindblad dissipator operator is given by

D[ô]ρ̂ =
1

2
[2ôρ̂ô† − ô†ôρ̂− ρ̂ô†ô]. (1.55)



Chapter 2

GLOBAL MASTER EQUATION FOR NONLINEARLY

COUPLED OSCILLATORS

In Sec. 2.1, we present the microscopic model of a typical optomechanical system

in which two harmonic oscillators are nonlinearly coupled via so-called energy-field

interaction. In addition, three different master equations for the system are presented,

and we derive the Lindblad-Gorini-Kossakowski-Sudarshan (LGKS) master equation

for this system in the energy basis of the system. The validity of these master equa-

tions is compared through the lens of thermodynamics in Sec. 2.2. Finally, we present

concluding remarks in Sec. 2.3.

2.1 Master equation of nonlinearly coupled oscillators

This section is based on the published work [23], in which we derive the so-called

the global master equation for two harmonic oscillators interacting via the nonlinear

optomechanical interaction. We compare the thermodynamical consistency of the

derived master equation with widely used local master equation.

2.1.1 Introduction: The optomechanical system

A typical optomechanical system consists of an optical resonator coupled to a me-

chanical resonator via the energy-field interaction [1]. In the last two decades, exten-

sive theoretical and experimental works have tested the fundamental laws of quan-

tum mechanics using macroscopic optomechanical systems and preparing macroscopic

nonclassical states [1, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. In optome-

chanical systems, the interaction of light with mechanical motion, such as oscillations

of a micromirror, has been used for various applications such as state transfer be-
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Figure 2.1: A schematic depiction of a typical optomechanical system. It consists of

an optical cavity mode of frequency ωa which is coupled to a mechanical resonator

of frequency ωb via the energy-field (optomechanical) interaction. This system is

representative of a vast class of systems; for instance, the optomechanical-like coupling

can be realized in circuit QED, cold atoms, electro-mechanical systems, and cavity

QED [1]. The optical and mechanical resonators are coupled to independent thermal

baths maintained at non-negative temperatures Ta, and Tb, respectively.

tween the mechanical excitations and optical pulses [47], quantum communication

[48], quantum information processing [49, 50].

Recently, much attention has been paid to developing the thermodynamical ap-

plications of optomechanical systems [51, 52, 53, 54, 55, 56, 57, 58], such as quan-

tum heat engines [59, 60, 61, 62], heat flow through optomechanical arrays [63], and

optomechanical heat managers [26]. Recent years have seen tremendous experimen-

tal progress in the strong light-matter interaction regime [64]. The single-photon

strong optomechanical coupling has been reported in several setups, including circuit

QED [65, 66]. Therefore, it is crucial to have a thermodynamical consistent open

system description of the optomechanical system in both weak and strong coupling

regimes.

We consider a typical optomechanical system that consists of an optical cavity

mode of frequency ωa coupled to a mechanical resonator of frequency ωb via optome-
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chanical coupling g. In addition, the cavity and mechanical resonators are coupled

to an independent thermal bath maintained at temperatures Ta and Tb, respectively.

The Hamiltonian of the isolated optomechanical system excluding thermal baths is

given by (for simplicity, we take ~ = 1)

Ĥs = ωaâ
†â+ ωbb̂

†b̂− gâ†â(b̂+ b̂†), (2.1)

here, â (b̂) and â† (b̂†) are the annihilation and creation operators of the optical (me-

chanical) resonator, respectively, and g denotes the single-photon coupling strength

between the optical and mechanical resonators. The Hamiltonian of the two thermal

baths is given by

ĤjB =
∑

j,k

ωj,kb̂
†
j,kb̂j,k, (2.2)

here b̂j,k and b̂†j,k are the annihilation and creation operators of the k-th mode of the

thermal bath, in addition, j = a, b indicates the optical and mechanical resonator’s

bath, respectively. The interaction between the isolated optomechanical system and

the thermal baths has the form

ĤsB =
∑

k

[

ga,k(âb̂
†
a,k + â†b̂a,k) + gb,k(b̂b̂

†
b,k + b̂†b̂b,k)

]

. (2.3)

The first term describes the interaction between the optical resonator and bath modes,

where ga,k represents the interaction strength of the bath mode indexed by k. Simi-

larly, the second term is associated with interaction between the mechanical resonator

and thermal bath of temperature Tb, where the sum is taken over infinite bath modes

indexed by k.

2.1.2 The local master equation (LME)

A standard method of deriving the Markovian master equation involves Born-Markov

approximations, and to obtain GKLS form; the rotating wave approximation is in-

voked (see Sec. 1.3 for details). In the so-called local approach, the master equation is

derived by ignoring the interaction term between the subsystem, in our case, dropping
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the optomechanical coupling in the derivation. In such a case, the jump operators are

associated only with the individual oscillators; therefore, these are dubbed as local

jump operators, and the master equation is referred to as the local master equation.

The first step in the derivation requires identification of the jump operators, in the

local approach, the jump operators are given by (see Sec. 1.3)

ŝ1 = â B̂1 = b̂†a,k, (2.4)

ŝ2 = â† B̂2 = b̂a,k, (2.5)

ŝ3 = b̂ B̂3 = b̂†b,k, (2.6)

ŝ4 = b̂† B̂4 = b̂b,k. (2.7)

Following the derivation detailed in Sec. 1.3, the local master equation for the op-

tomechanical system has the form

d

dt
ρ̂ = −[Ĥs, ρ̂] + L(l)

a ρ̂+ L(l)
b ρ̂ (2.8)

where

L(l)
a ρ̂ = Ga(ωa)D[â]ρ̂+Ga(−ωa)D[â†]ρ̂, (2.9)

L(l)
b ρ̂ = Gb(ωb)D[b̂]ρ̂+Gb(−ωb)D[b̂†]ρ̂ (2.10)

here L(l)
a ρ̂, and L(l)

b ρ̂ are the Liouville superoperators of the optical and mechanial

resonators, respectively. In the rest of this thesis, we consider Ohmic spectral densities

of the baths unless otherwise mentioned, which is given by

Gj(ω) = ωκj(1 + n̄j(ω)), (2.11)

Gj(−ω) = ωκjn̄j(ω). (2.12)

Here, κj is the coupling strength between the system and baths.

2.1.3 The dressed-state master equation (DSME)

Unlike the local master equation, in the dressed state master equation, some of the

jump operators are nonlocal. In the first step, the optomechanical Hamiltonian is
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diagonalized using the polaron transformation

Ŝ = e−αâ
†â(b̂†−b̂), (2.13)

following which the Hamiltonian takes the form

H̃s = ωaã
†ã+ ωbb̃

†b̃− g2

ωb

(ã†ã)2. (2.14)

The operators are transformed to

ã = âe−α(b̂
†−b̂) and b̃ = b̂− αâ†â. (2.15)

Here, the jump operators are different then in the local approach, and the jump

operators are given by

ŝ1 = ã = â B̂1 = b̂†a,k, (2.16)

ŝ2 = ã† = â† B̂2 = b̂a,k, (2.17)

ŝ3 = b̃ = b̂− αâ†â B̂3 = b̂†b,k, (2.18)

ŝ4 = b̃† = b̂− αâ†â B̂4 = b̂b,k. (2.19)

The jump operators ŝ1 and ŝ2 are still local because of dropping all α dependent

terms in these operators, here α = g/ωb. We note that the derivation of dressed state

master equation is presented in [67], in which authors argue to drop α-dependent

terms from cavity transformed operator ã by assuming flat spectral density for the

optical bath. However, this approximation leads to an inconsistent master equation,

and alpha-dependent terms can not be ignored for thermodynamic consistency (see

Figs. 2.2 and 2.3). We will discuss this in the next section while deriving the global

master equation. By dropping α-dependent terms, the optical bath can now only

access the optical mode, and on the other hand, the mechanical bath has access to

both mechanical and optical resonators. Accordingly, this derivation can be regarded

as semi-global approach. Following this, the system operators in Eq. (2.3) evaluate to

â(t) = ãe−iωat and b̂(t) = b̃e−iωbt + αã†ã. (2.20)



20 Chapter 2: Global master equation for nonlinearly coupled oscillators

labelch2:eq:DSMEint In Ref. [67], a detailed derivation of the DSME is given, which

has the form

d

dt
ρ̂ = −i[Ĥs, ρ̂] + L(d)

a ρ̂+ L(d)
b ρ̂+ L(d)

b,dρ̂, (2.21)

where

L(d)
a ρ̂ = Ga(ωa)D[â]ρ̂+Ga(−ωa)D[â†]ρ̂, (2.22)

L(d)
b ρ̂ = Gb(ωb)D[b̂− αn̂a]ρ̂+Gb(−ωb)D[b̂† − αn̂a]ρ̂, and (2.23)

L(d)
b,dρ̂ = 4(κbTb/ωb)α

2D[n̂a]ρ̂. (2.24)

Here, the first two terms describe the optical and mechanical dissipation, respectively,

and the last term represents the optical resonator’s pure decoherence (dephasing). In

addition, α = g/ωb, and n̂a = â†â. It may be worth noting that this equation reduces

to the LME in the limit g → 0.

2.1.4 The global master equation (GME)

Similar to the derivation of the DSME, in the global approach, first the Hamiltonian

is diagonalized, then the jump operators are obtained in the diagonal basis, which are

of the form

ŝ1 = ã = âe−α(b̂
†−b̂) B̂1 = b̂†a,k, (2.25)

ŝ2 = ã† = â†eα(b̂
†−b̂) B̂2 = b̂a,k, (2.26)

ŝ3 = b̃ = b̂− αâ†â B̂3 = b̂†b,k, (2.27)

ŝ4 = b̃† = b̂† − αâ†â B̂4 = b̂b,k. (2.28)

Note in this case, all jump operators are nonlocal. The system operators then trans-

formed into the interaction picture and given by

â(t) = ãe−iωat

∞
∑

n=0

αn(b̃e−iωbt − b̃†eiωbt)n and b̂(t) = b̃e−iωbt + αã†ã. (2.29)

In Eq. (2.1.4), there are infinite terms in the sum which makes the derivation of the

master equation intractable. In addition, it is sufficient to consider first few terms
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for weak optomechanical coupling α ≪ 1. Here, we drop all terms of order higher

than α2, and follow the standard derivation of the master equation by making the

Born-Markov and Secular approximations. The GME is given as

d

dt
ρ̃ = L(g)

a ρ̃+ L(g)
b ρ̃+ L(g)

b,dρ̃, (2.30)

where the dissipation and pure decoherence terms are given by

L(g)
a ρ̃ = Ga(ωa)

{

D[ã] + α2D[ãb̃†b̃]
}

ρ̃+Gc(−ωa)
{

D[ã†] + α2
(

+D[ã†b̃†b̃]
)}

ρ̃

+
∑

n=1,2

{

αnGc(ωa + nωb)D[ãb̃n]ρ̃

+ αnGa(−ωa − nωb)D[ã†b̃†n]ρ̃+ αnGa(ωa − nωb)D[ãb̃†n]ρ̃

+ αnGa(−ωa + nωb)D[ã†b̃n]ρ̃
}

, (2.31)

L(g)
b ρ̃ = Gb(ωb)D[b̃− αn̂a]ρ̃+Gb(−ωb)D[b̃† − αn̂a]ρ̃, and (2.32)

L(g)
b,dρ̃ = Gb(0)α

2D[n̂a]ρ̃. (2.33)

Note that in Eq. (2.30) is given in the interaction picture and in the polaron basis.

Upon transformation to the local basis, the jump operators remain nonlocal both for

the optical and mechanical resonators. In addition, in the limit g → 0, this equation

reduces to the local master equation as required. The sum over n in Eq. (2.30)

describes the contributions from the phonon sidebands, for instance, n = 1 indicates

first-order phonon sideband.

2.2 Thermodynamical consistency ananlysis

We will now proceed to the analysis of the thermodynamical consistency of the three

master equations described earlier. In our results, we use system parameters repre-

sentative of a circuit QED optomechanical system [65, 66]. ωa = 2π×10GHz, as well

as ωb = 2π × 600MHz, κa = 2π × 200MHz, and κb = 2π × 50MHz. We have scaled

all system parameters by the frequency ωa, and thus all parameters are dimensionless

in the numerical results.
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Figure 2.2: (a-b) The steady-state heat currents J ss
a , and J ss

b as a function of the

single-photon optomechanical coupling strength g. There is no temperature bias

Ta = Tb = 0.210 K. Solid, dashed, dot-dashed, and dotted lines represent the heat

currents for the LME, DSME, GME2, and GME4, respectively. Where GME2, and

GME4 indicated the global master equation with two and four phonon sidebands,

respectively. Without a temperature gradient, the heat flow must be zero through the

coupled resonators. However, LME and DSME predict non-zero heat flow, violating

the second law of thermodynamics. Deriving the master equation (GME) in the

energy basis of the system recovers the second law of thermodynamics.

2.2.1 The first law: Energy conservation

The first law of thermodynamics is about energy conservation, according to which the

energy of an isolated system is conserved and can be broken into work and heat [68]. In

our model, there is no source of work; thus, the first law dictates that at steady-state

the sum of heat flow through the system must be zero

Ja + Jb = 0 (2.34)
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here, Ja and Jb represent the heat flow from the optical and mechanical resonator’s

bath, respectively, which is given as [68]

Jj = Tr{(L(ζ)
j ρ̂)Ĥs}. (2.35)

Here, (L(ζ)
j ρ̂ describes the Liouville superoperators for the LME (ζ = l), the DSME

(ζ = d), or the GME (ζ = g). We have adopted the sign convention of heat flowing

out of (into) the negative (positive) system. At steady-state, the heat currents can

be calculated analytically for the cases of the LME and DSME, and it is given in

Appendix .1. The equations in Appendix .2 show that irrespective of the parameters

regime, the first law of thermodynamics is always satisfied by the LME and DSME. For

the GME, due to nonlocal dissipators, the heat flows have to be calculated numerically.

The GME also predicts energy conservation; consequently, all three master equations

are consistent with the first law of thermodynamics.

2.2.2 The second law: Non-negative entropy production

According to the second law of thermodynamics, an isolated system’s entropy pro-

duction remains nonnegative. In the case of a quantum system, the dynamics version

of the second law is given by [68]

ξ :=
dS

dt
−

∑

j

Jj

Tj
≥ 0. (2.36)

here S being the von Neumann entropy, given by S(ρ̂) = −Tr(ρ̂ log ρ̂); the second

term Jj describes the heat flow from the j-th thermal bath. We discuss the validity

of the master equations in three different parameters regimes.

(i) Equal temperatures Ta = Tb: In the absence of any temperature gradient, the

second law of thermodynamics dictates that no heat should flow through the system,

which means the steady-state heat currents should be zero in our case J ss
a = J ss

b = 0.

However, suppose the LME or DSME describes the dynamics of the optomechanical

system. In that case, these predict a nonzero heat flow through the system, as shown

in Fig. 2.2. This violates the second law of thermodynamics, as stated above. We
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Figure 2.3: (a-b) The steady-state entropy production rate ξ, as a function of the

single-photon optomechanical coupling strength g. (a) For Ta = 0.210, and Tb =

0.220 K, and for (b) Ta = 0.220, and Tb = 0.210 K. Solid, dashed, dot-dashed, and

dotted lines represent the heat currents for the LME, DSME, GME2, and GME4,

respectively. Where GME2, and GME4 indicated the global master equation with

two and four phonon sidebands, respectively.

report that these non-physical heat flows becomes zero in the case of GME, and we

recover the second law by adding phonon sidebands in the master equation. Thus the

global approach captures the correct dynamics compared to the local approach in the

absence of any thermal gradient.

(ii) Higher temperature mechanical bath Ta < Tb: In the case of the mechanical

bath at a higher temperature than the optical bath, the entropy production rate

becomes negative for the LME and DSME. This violation of the second law can be

explained by analytically calculating the entropy production rate for the LME and

DSME. We solve the rate equations in Appendix .2, and using these find the steady-

state entropy production rate as

ξss = gκa

(

2gωb + ακbκ

ω2
b + κ2

)

n̄a(n̄a + 1)

(

1

Tb
− 1

Ta

)

, (2.37)
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where κ = κa +
κb

2
and n̄a := n̄a(ωa). In this equation, all the factor are non-negative

except the last one. Therefore the sign of ξss is determined by the relative magnitudes

of the temperatures Ta and Tb. It is clear from this equation that if Tb > Ta, the

entropy production rate remains negative irrespective of the other system parameters,

which is against the second law of thermodynamics. This violation of the second law

of thermodynamics can be removed by consider the GME in which phonon sideband

helps to recover the second law as shown in Fig. 2.3a. In the case of GME, we are

not aware of any exact concise expression for the steady-state entropy production.

(ii) Higher temperature optical bath Ta > Tb: For this case, all three master equa-

tions are consistent with both the first and second law of thermodynamics, this is

confirmed in Fig. 2.3b. However, the heat flows are different both quantitatively and

qualitatively.

2.3 Summary

We have investigated a typical optomechanical system in which the optical and the

mechanical resonators are each coupled to a thermal bath. We focused our analysis

on the thermodynamic consistency of the master equations in the local and global

approaches. At thermal equilibrium, the local and semi-global master equations pre-

dicted nonzero heat current through the system, violating the second law of thermo-

dynamics. Upon describing the system dynamics with the global master equation,

in which the jump operators become nonlocal, the heat currents vanish at thermal

equilibrium, per the laws of thermodynamics. Hence, the global approach predicts

the dynamics accurately compared to the local description of the system. In addition,

in the presence of temperature bias, the local approaches predict heat flow from the

cold to the hot bath, violating the second law of thermodynamics. The addition of

the phonon sideband in the global master equation corrects the direction of heat flow

and recovers the validity of the second law in this regime. Our results show that the

global approach is superior and consistent with the laws of thermodynamics in pre-

dicting the evolution of the optomechanical system in both weak and strong coupling
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regimes.

Our analysis shows that the widely used assumption of the validity of the local

master equation in the weak optomechanical coupling is incorrect. Significant quali-

tative and quantitative differences in the local and global approaches to predicting the

heat current in both weak and strong coupling can facilitate testing our predictions

in the current optomechanical systems.



Chapter 3

QUANTUM HEAT DIODE AND HEAT TRANSISTOR

In the recent past, there have been extensive theoretical and experimental efforts

related to heat management in quantum systems, in particular, rectification and am-

plification of heat flow [69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 24, 80, 81, 82, 83, 84,

85, 8]. The primary motivation behind this upsurge of interest in heat management

is its potential applications in quantum technologies; however, these studies can also

help give insight into the fundamental principles of these devices. The lack of general

principles and fundamental mechanisms has led to a plethora of microscopic models

of quantum heat diodes and transistors. The general principles of heat management

can help optimal designs for thermal rectifiers and transistors. In addition, these prin-

ciples can also give insight into a deeper understanding of quantum thermodynamics.

In this chapter, we discuss the fundamental sources of asymmetry in the heat flow

and minimal design for the quantum heat diode and transistor.

3.1 Intoduction: Quantum heat diode

In analogy to an electronic diode, a heat diode enforces an asymmetrical heat flow

between two thermal baths under the change of temperature gradient. A quantum

heat diode consists of a quantum system sandwiched between two thermal baths

of different temperatures TL, and TR as shown in Fig. 3.1. TL, and TR are the

temperatures of the left and right baths, respectively. An ideal thermal diode allows

the heat flow only in one direction, say, from a heat bath on the right side to the heat

bath on the left side. On reversal of the temperature bias, there should not be any

heat flow from the left to the right bath.
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Figure 3.1: A schematic depiction of a generic quantum heat diode. A quantum

system S with discrete energy levels is sandwiched between two thermal baths of

temperatures TL and TR, indicating the left and right baths, respectively. In addition,

κL and κR are the coupling strengths of the left and right bath, respectively. (a) In

the case of TL > TR, the left bath heat current JL is positive, and the right bath heat

current JR is negative. (b) TR > TL the heat currents change their sign following

the second law of thermodynamics. For the diode operation, the heat flow should be

asymmetric under the temperature gradient change, represented by the width of the

heat current arrows in this figure.

3.1.1 Rectification figure of merit

A figure of merit is needed for heat rectification to quantify the quality of a heat

diode. For this purpose, we define rectification factor R

R =
|JR(TR, TL) + JR(TL, TR)|

Max(|JR(TR, TL)| , |JR(TL, TR))|
, (3.1)

here JL and JR being the left and right bath heat currents, respectively. The heat

currents can be calculated using

Jα = Tr[(Lαρ̂)Ĥs], (3.2)

here α = L,R, and Lαρ̂ is the Liouville superoperator which describe the dissipation

process, and Ĥs is the system Hamiltonian. The rectification factor R can take a
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value between zero and one. For an ideal heat diode, R becomes one, and for no

asymmetry in the heat flow, the rectification factor R goes to zero.

3.2 Possible sources of asymmetry in heat flow

This section describes the possible sources of asymmetry present in the quantum

system that may lead to heat rectification. We explain the underlying physical mech-

anism that is model-independent and provides sufficient conditions for designing a

heat diode.

3.2.1 Asymmetric system-bath coupling

The first proposal of a quantum heat diode based on a spin-boson coupled system

was presented by Segal et al. [69]. The system consists of a single two-level system

coupled to two bosonic thermal baths via spin-boson interaction. The schematic of

this system is the same as shown in Fig. 3.1 by replacing system S with a two-level

system. In this system, the right bath heat current is given by [69]

JR = ωs
κLκR

κL(1 + 2n̄L) + κR(1 + 2n̄R)
(n̄L − n̄R), (3.3)

here, ωs is the frequency of the two-level system, and κα is the system-bath coupling

strength. In addition n̄α = (eωs/Tα−1)−1 is the average excitation number of α = L,R

baths. According to the first law of thermodynamics, in this model, at steady-state

the two heat flow through the system must be zero JL + JR = 0, which means the

left bath heat current can be obtained by placing a minus sign in Eq. (3.3). Note

that Eq. (3.3) is not symmetric under the exchange of L and R, however, if κL = κR,

this asymmetry vanishes. This expression of heat current shows that asymmetric

system-bath coupling in a spin-boson model can lead to heat rectification.

3.2.2 Off-resonant coupled qubits

In a spin-boson heat diode consisting of a single two-level system, heat rectifica-

tion is only possible if the system-baths couplings are unequal. If the system-baths
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Figure 3.2: (a)A schematic representation of a heat diode based on two coupled qubits

of different frequencies ωL 6= ωR. The interaction between the qubits is symmetric

under the change of L and R labels; for instance, σ̂z
Lσ̂

z
R, and σ̂x

Lσ̂
x
R. The system-

bath couplings κ are identical. The asymmetry of heat flow under the exchange of

temperature gradient originates due to the different frequencies of the qubits. (b) A

quantum heat diode based on two coupled qubits via anisotropic exchange interaction

σ̂z
Lσ̂

x
R. Both the dissipation rates induced by baths and the frequencies of the qubits

are considered identical. The anisotropic coupling, which is asymmetric under the

exchange of L and R labels, leads to heat current rectification.

interactions are the same, heat rectification is not possible. This condition of asym-

metric bath couplings can be relaxed if a multipartite spin system is considered. For

instance, it has been shown that if two interacting qubits (σ̂z
Lσ̂

z
R interaction) of dif-

ferent frequencies are considered, heat rectification becomes possible even for equal

bath dissipation rates [77].

The emergence of heat rectification can be explained by writing the master equa-

tion for a generic quantum system coupled to two different thermal baths

d

dt
ρ̂ = LLρ̂+ LRρ̂, (3.4)
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the Liouville superoperators have the form

Lαρ̂ =
∑

k

[Gα(ωk)D[Âωk
] +Gα(−ωk)D[Â†ωk

]] (3.5)

here Gα(ωk) being the system-bath coupling spectra, the explicit expression depends

on the choice of bath spectrum, and we consider Ohmic spectral densities of the baths

Eq. (2.11). The Âωk
are the jump operators of the system, and the Lindblad dissipator

is given by

D[ô]ρ̂ =
1

2
[2ôρ̂ô† − ô†ôρ̂− ρ̂ô†ô] (3.6)

It is clear from Eq. (3.5) that under the exchange of temperature bias, the Liouville

superoperators differ only in temperature; hence the respective heat currents are inter-

changeable. Consequently, there is no heat rectification without unequal system-bath

coupling. To have asymmetrical heat flow, we must have asymmetry in the LL and

LR, irrespective of the temperature bias. One way to make Liouville superoperators

asymmetrical is by considering a multipartite spin system in which the jump operators

are global and assuming the subsystems are off-resonant. The off-resonant qubits lead

to asymmetrical heat flow, reported in many different works by considering different

microscopic models [73, 86, 75, 77].

3.2.3 Asymmetric qubit-qubit interaction

As discussed above, heat rectification in spin-boson system-bath interaction is possible

either by considering unequal baths dissipation rates or by considering more than one

coupled two-level system, for instance, coupled qubits, which should be off-resonant.

For resonantly coupled qubits with identical system-bath coupling, rectification is

impossible in spin-boson-based systems. It is desirable that a good thermal diode

should be able to conduct high heat currents along with rectification close to unity.

However, this is impossible by considering asymmetric bath coupling or off-resonant

qubits. The goal of simultaneous higher rectification and larger heat currents can be

achieved using asymmetric inter-qubit coupling. For example, it is not possible to
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have rectification for resonantly σ̂x
Lσ̂

x
R coupled qubits, however, if we consider σ̂z

Lσ̂
x
R,

then rectification becomes possible for resonant qubits [24]. In the next section, we

will discuss the case of a heat diode based on asymmetrically coupled qubits.

3.3 Two-atom heat diode

3.3.1 The model

We consider two qubits of transitions frequencies ωL and ωR as shown in Fig. 3.2.

The Hamiltonian of the isolated system is given by

Ĥ =
ωL

2
σ̂z
L +

ωR

2
σ̂z
R + gσ̂z

Lσ̂
x
R, (3.7)

here, σ̂j (j = x, y, z) are the Pauli matrices and g is the coupling strength between

the qubits. Each qubit in the system is coupled to a thermal bath of temperature

Tα, with α = L,R indication the left and right qubit baths. To investigate the heat

flow through the system, we first derive the master equation for the setup shown in

Fig. 3.2.

3.3.2 The Master equation

To derive the global master equation, we first diagonalize the system Hamiltonian

using the unitary transformation

S = e−i
θ
2
σ̂z
Lσ̂

y
R , (3.8)

here θ is given by

sin θ =
2g

Ω
, cos θ =

ωR

Ω
, tan θ =

2g

ωR

, (3.9)

and Ω =
√

ω2
R + 4g2. The system operators are transformed and evaluate to

σ̃x
L = cos θσ̂x

L + sin θσ̂y
Lσ̂

y
R, σ̃y

L = cos θσ̂y
L − sin θσ̂x

Lσ̂
y
R, σ̃z

L = σ̂z
L, (3.10)

and

σ̃x
R = cos θσ̂x

R − sin θσ̂z
Lσ̂

z
R, σ̃y

R = σ̂y
R, σ̃z

R = cos θσ̂z
R − sin θσ̂z

Lσ̂
x
R. (3.11)
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The Hamiltonian in Eq. (3.7) is diagonalized with the transformation given in Eq. (3.8)

H̃ =
ωL

2
σ̃z
L +

Ω

2
σ̃z
R. (3.12)

Eigenstates of the diagonalized Hamiltonian in the indvidual basis of the qubits are

given by

|1〉 = cos θ
2
|++〉 − sin θ

2
|+−〉 , |2〉 = sin θ

2
|++〉+ cos θ

2
|+−〉 , (3.13)

|3〉 = cos θ
2
|−+〉+ sin θ

2
|−−〉 , |4〉 = cos θ

2
|−−〉 − sin θ

2
|−+〉 , (3.14)

and the associated eigenvalues are ω1 =
1
2
(ωL+Ω), ω2 =

1
2
(ωL−Ω), ω3 =

1
2
(−ωL+Ω),

and ω4 = 1
2
(−ωL − Ω), respectively. Each qubit is coupled to a single thermal bath

maintained at temperature Tα and has the Hamiltonian

Ĥαj
SB = σ̂x

α ⊗
∑

k

gαk (â
α
k + âα†k ), (3.15)

here gαk is the coupling strength of α qubit with the k-th mode of the bath, and

the corresponding annihilation (creation) operator is indicated by âαk (âα†k ). The

Hamiltonian of the baths is given by

Ĥα =
∑

k

ωkâ
α†
k â

α
k . (3.16)

To derive the master equation, we transform the system operators into the interaction

picture

σ̂x
L(t) = cos θσ̃−L e

−iωLt − sin θσ̃+
L σ̃
−
Re
−i(Ω−ωL)t + sin θσ̃−L σ̃

−
Re
−i(Ω+ωL)t +H.c.

σ̂x
R(t) = cos θσ̃−Re

−iΩt +
1

2
sin θσ̃z

Lσ̃
z
R +H.c. (3.17)

here the transformed operators are given by

σ̃−L =
1

2

(

cosθ(σ̂x
L − iσ̂y

L) + sinθσ̂y
R(σ̂

y
L + iσ̂x

L)
)

,

σ̃−R =
1

2

(

(cosθσ̂x
R − sinθσ̂z

Lσ̂
z
R)− iσ̂y

R

)

. (3.18)
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Figure 3.3: Physical mechanism behind heat current rectification in case of resonant

qubits. Examples of the dissipative energy cycles induced by heat baths which lead

to heat rectification. (a) and (b) represent heat flow from left to right and right to

left, respectively. The weight of the arrows indicates the coupling rate between two

energy levels; for instance, |2〉 → |3〉 transition is the weakest, which is represented by

low weight arrow. A left hot reservoir can induce this weak |2〉 → |3〉 transition (a);

however, this transition does not occur if the right cold bath is coupled to |3〉 → |2〉
energy levels (b). Consequently, our system rectifies heat from right to left even when

the qubits are resonant. We note heat rectification for resonant qubits is not possible

with previously proposed models of heat diodes.

Following the standard derivation of the master equation outlined in Sec. 1.3, the

master equation for coupled qubits has the form

d

dt
ρ̃ = LLρ̃+ LRρ̃, (3.19)
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here LLρ̃ and LRρ̃ being the Liouville superoperators which describe the energy ex-

change of the qubits with the baths, and have the form

LL = GL(ωL) cos
2 θD[σ̃−L ] +GL(−ωL) cos

2 θD[σ̃+
L ] (3.20)

+ GL(ω−) sin
2 θD[σ̃−L σ̃

+
R ] +GL(−ω−) sin2 θD[σ̃+

L σ̃
−
R ]

+ GL(ω+) sin
2 θD[σ̃−L σ̃

−
R ] +GL(−ω+) sin

2 θD[σ̃+
L σ̃

+
R ],

LR = GR(Ω) cos
2 θD[σ̃−R ] +GR(−Ω) cos2 θD[σ̃+

R ]. (3.21)

Here, Gα(ω) being the spectral densities of the baths, and we consider Ohmic spectral

densities in our results (see Eq. (2.11)). We define the transition frequencies as ω± =

ωL ±Ω, in addition, D[Â] being the Lindblad dissipators which is given by Eq. (3.6).

3.4 Results and discussion

3.4.1 Physical mechanism behind rectification

The master equation (3.19) describes the dynamics of two uncoupled qubits which

exchange excitations via the global channels of heat transport. In Eq. (3.19) the

first two dissipators in LL and LR describe the local exchange of energy between the

qubits with their respective baths. The heat flow between two thermal baths through

the system qubits is described by the last four terms in the LL. From the structure

of these dissipators, the underlying physical mechanism of heat rectification can be

explained in our system. The local dissipators in Eq. (3.19) do not contribute to the

heat flow asymmetry, these only describe the energy exchange between the qubits

and their respective baths. There are different channels for heat transport which are

identified by frequencies ω24 = ω13 = ωL, ω+ = ω14 = ωL+Ω, ω− = ω23 = ωL−Ω, and

ω34 = ω12 = Ω. The frequency ω− = ω23 = ωL−Ω channel is responsible for exchange

of single-excitation, and ω+ = ω14 = ωL + Ω describes a process which transfer the

heat through the qubits via two-quanta process. A sufficiently high temperature of the

baths is required, which can open one or both the global channels of heat transport.

If the temperature of the cold bath is not very high, some of these global channels
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Figure 3.4: The physical mechanism behind heat current rectification in case of res-

onant qubits. An example of four-wave mixing cycles induced by heat baths leads

to heat rectification. (a) and (b) represent heat flow from left to right and right to

left, respectively. The weight of the arrows indicates the coupling rate between two

energy levels. For large values of g, the coupling between |1〉 ↔ |2〉 and |3〉 ↔ |4〉 is
weak compared to the transition rates |1〉 ↔ |4〉 and |2〉 ↔ |3〉. In the case of the cold

right bath (a), the transitions |1〉 → |2〉 and |3〉 → |4〉 are inhibited; on the contrary,

the hot right bath may be able to induce these transitions. Consequently, our system

rectifies heat from left to right in the strong coupling regime, which is opposite to the

direction in the weak coupling regime.

of heat transport are entirely or partially inhibited. However, the same channels

can be opened by the sufficiently high-temperature hot bath on the reversal of the

temperature bias. As a result, the heat flow becomes asymmetric, and diode action

can be achieved by controlling the system parameters.

More specifically, the heat rectification in our system can be explained by consid-
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ering the possible energy cycles induced by thermal baths and responsible for trans-

ferring heat through the qubits. The master equation shows that, in general, three

Raman cycles are possible (4234), (3213), (4214), and the inverse of these cycles are

also possible. Here, (4234) describes the |4〉 → |2〉 → |3〉 → |4〉 transitions. Fur-

ther, in principle, three four-wave mixing cycles (43124), (41234), and (41324) can be

possible along with their inverses. In these four-wave mixing cycles, (41234) is the

cycle that can transfer heat from the cold to the hot bath; the other two cycles do

not describe the heat transfer as they do not change the energies of the baths. The

master equation shows that the transition rates between the energy levels depend

on the angle θ. Some of these coupling strengths can become very small compared

to the others depending on the mixing angle θ. The weakest transition in the cycle

may become a bottleneck, and only a sufficiently high-temperature thermal bath can

complete the cycle.

We analyze some examples of the energy cycles induced by thermal baths in the

case of resonant qubits ωL = ωR = ω in Figs. 3.3-3.4. If we consider weakly coupled

qubits g ≪ ω (Fig. 3), the 2 ↔ 3 energy transition becomes the weakest in the

cycle (4234). For the case of the left hot bath (Fig. 3.3(a)), this bottleneck transition

does not obstruct the cycle. However, the right cold bath may not be able to induce

this transition, and the cycle (4234) is completely obstructed (Fig. 3.3(b)). As a

result, our system rectifies heat from left to right in the weak coupling regime. On

the contrary, if the qubits are strongly coupled g ∼ ωR, the four-wave mixing cycle

(41234) includes |3〉 ↔ |4〉 and |1〉 ↔ |2〉 transitions which are the weakest. The heat

diode based on coupled qubits rectifies heat from right to left in this case (Fig. 3.4).

Our analysis shows that heat rectification is possible in our scheme without the need

for asymmetric system-bath coupling and off-resonant qubits. This is in contrast to

previous proposals of heat diodes, which required either unequal dissipation rates of

the baths or the frequency difference between the coupled system. Our advantageous

scheme of heat diode allows a large heat flow without compromising the rectification

quality of the diode. In the previous models, large heat currents are associated with
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Figure 3.5: (a-b) The steady-state rectification factor R as a function of the right

bath temperature TR, and the coupling strength g, respectively. (a) The solid, dashed,

dot-dashed, and dotted lines are for the coupling strength g = 0.01, 0.05, 0.07 and

0.1, respectively. The left bath temperature is TL = 0.1. (b) The solid, dashed,

dot-dashed, and dotted lines are for the right bath temperature TR = 2.5, 5.5, 8.5 and

11.5, respectively. The right bath temperature is TR = 0.1. The dissipation rates

κL = κR = κ = 0.01 and the qubits frequencies ωL = ωR = ω = 1 is same in both

panels. All the system parameters are scaled by the left qubit frequency ωL/2π = 10

GHz. We note that in the limit g → 0, the rectification vanishes because the heat

flow becomes zero, and in the figures, we have not shown this limit.

low rectification rates, which are undesirable.

3.4.2 Rectification quality

Heat diode operation with the perfect rectification can be achieved for a wide range

of system parameters in the case of off-resonant qubits. Here we investigate the

asymmetry in heat flow for resonant qubits only, as, in previous models of heat diodes,

the heat flow becomes symmetric for all system parameters [73, 86, 75, 77]. In what

follows, we consider resonat qubits with symmetric dissipation rates of the thermal
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baths.

We plot the rectification factor R as a function of the right bath temperature

TR for different values of the coupling strength g in Fig. 3.5a. For TL > TR, the

heat rectification is smaller compared to the case of reversed temperature gradient.

The rectification vanishes at TL = TR because the heat flow becomes zero at equal

temperatures in accordance with the second law of thermodynamics. The larger

rectification factors are associated with a large temperature gradient. The rectification

shows a nonmonotonic behavior as a function of the coupling strength g in Fig. 3.5b.

The rectification is large for a weak coupling regime compared to the strong coupling

regime for the same system parameters. Our diode rectifies heat from left to right in

the weak coupling regime and right to left in the strong coupling regime. The change

in the direction of the heat rectification is explained in Figs. 3.4-3.4 via different energy

cycles induced by the thermal baths. Between the weak and strong coupling regime,

the rectification shows a sharp dip which is associated with the point where the global

channel of the transition frequency ω− vanishes. At this point, due to the value of

coupling strength g, the transition frequency ωL − Ω ≈ 0. Due to the collapse of

this transition, the energy levels |2〉 and |3〉 becomes degenerate, and majority of the

global cycles responsible for heat transfer and rectification disappear. Accordingly,

the heat rectification becomes zero at this particular point.

3.5 Possible implementations of the model

Our proposal for the thermal diode employs asymmetric interaction between the

qubits, i.e., σ̂z
Lσ̂

x
R, such coupling between the two-level systems can be found in

ferromagnetic systems [87], or magnetic molecules placed in a nuclear spin environ-

ment [88]. In this section, we propose different physical model systems for the possible

realization of asymmetric interaction between the two-level systems.
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3.5.1 Optomechanical coupling based realization

In a typical optomechanical system, an optical cavity mode of frequency ωa interacts

with a mechanical resonator of frequency ωb via the Hamiltonian [1]

Ĥ = ωaâ
†â+ ωbb̂

†b̂− gωaâ
†â(b̂+ b̂†), (3.22)

here g being the single-photon optomechanical coupling strength. The annihilation

(creation) operator of the optical and mechanical modes is identified by â (â†), and b̂

(b̂†), respectively. By applying Holstein Primakoff transformation to convert bosonic

operators to spin operators [89]

â†â = Ĵ1+ Ĵz, â =
1

√

Ĵ1+ Ĵz
Ĵ−, â† = Ĵ+

1
√

Ĵ1+ Ĵz
, (3.23)

here Ĵ being the total spin and Ĵz, Ĵ± follow the SU(2) algebra. If we assume spins

are weakly excited (〈Ĵx〉 ≪ Ĵ), and apply this transformation to bosonic operators,

the asymmetric spin-spin σ̂z
Lσ̂

x
R coupling can be obtained from the optomechanical

model. This replacement of bosonic operators with the spin-(1/2) operators is valid

if we assume the bosonic modes are weakly excited â†â ≪ 1. In this limit of low

excitations, the lowest two energy levels of bosonic modes can be accessible [89].

3.5.2 Circuit QED based realization

We assume a superconducting qubit interacts with a superconducting resonator by

the Hamiltonian [90]

Ĥ = ωaâ
†â+

Ω

2
+ g(cos θσ̂z + sin θσ̂x)(â+ â†), (3.24)

here, the creation and annihilation operators of the superconducting resonators are

denoted by â, and â†, respectively. In addition, ωa, and Ω are the frequencies of the

superconducting resonator and the qubit, respectively. The interaction strength g be-

tween the resonator and the qubit, and θ depends on the properties of the Josephson-

Junction. The system parameters can be adjusted to θ = 0 to obtain the phase-gate

term [91]. In the weak excitation limit of the resonator 〈â†â〉 ≪ 1, the interaction

reduces to the required coupling σ̂z
Lσ̂

x
R.
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3.5.3 Trapped ions based realization

Trapped ions can simulate the quantum walk on a circle in which the phase space

is used to describe the steps of the walker. The generator of the single step is given

by [92]

Û = eip̂σ̂zH, (3.25)

here H represents the Hadamard gate operator, and p̂ being the momentum opera-

tor which generates the step depending on the outcome of the coin toss operation.

Raman beam pulses are proposed to implement these steps [92]. If we assume the

weak vibrational excitation limit in which the excitations are much less than 1, the

desired asymmetric spin-spin σ̂z
Lσ̂

x
R interaction can be obtained from the effective

Hamiltonian.

3.5.4 Coupled Raman model based realization

We asuume a three-level atom is placed in a single mode cavity, the Hamiltonian of

this system is given by

Ĥ = ωaâ
†â+ ωr|r〉〈r|+ ωe|e〉〈e|+ ωg|g〉〈g|+

+ λ(â†(|g〉〈r|+ |e〉〈r|) + H.c., (3.26)

here ωi (i = g, e, r) is associated with lower, middle and upper energy levels of the

three-level atom described the states |g〉, |e〉, |r〉, respectively. In addition, the cou-

pling between the atom and cavity mode is denoted by λ. We assume the lower two

energy levels are quasi-degenerate (ωg ≈ ωe), and the detuning ∆ = ωr − ωa − ωe

greater than the coupling strength g, we can eliminate the upper level from the dy-

namics of the system. In this case, the effective Hamiltonian is given by the Raman

coupled model [93]

Ĥ = ωaa
†a+ ǫσ̂z −

g2

∆
â†âσ̂x. (3.27)

Here we define ǫ = ωe − ωg, and σ̂x = |e〉〈g| + |g〉〈e|, σ̂z = |e〉〈e| − |g〉〈g|. Similar to

the previously discussed optomechanical-based realization of the asymmetric spin-spin
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Figure 3.6: A schematic depiction of a quantum thermal transistor. S being the

quantum system that has an anharmonic energy spectrum. By analogy with the

electronic transistor, the quantum system S is coupled with the three independent

thermal baths of temperatures TB, TE, TC , mimicking the base, emitter, and collector

terminals of the electronic transistor, respectively. The base temperature is the control

parameter that acts as a control signal and modulates the heat flow between the other

two terminals of the transistor. The direction and magnitude of the heat currents

JB,JE, and JC depend on the temperature and other system paramteres.

interaction, if we consider the weak excitation limit of the cavity mode in this model,

the bosonic mode of the cavity can be replaced by corresponding spin operators, and

the effective asymmetric spin-spin σ̂z
Lσ̂

x
R interaction can describe the system dynamics.

3.6 Quantum heat transistor: Introduction

The ability to control signals is of paramount importance in logical computational

devices—for instance, classical integrated circuits based on electronic transistors can

control the electronic current flow depending on the control voltage. In a typical

bipolar junction transistor, the voltage at the base terminal can control the electronic
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current between the emitter and collector terminals. By exploiting this ability to

control the electronic current, the electronic transistor can be used to implement the

switch operation, or the current amplifier can be designed in which a slight change in

the control signal results in a large electronic current at the output terminals.

By analogy to the electronic transistor, a quantum thermal transistor is a device

that, in principle, can control the heat flow between two independent thermal baths.

In a quantum thermal transistor (see Fig. 3.6), a quantum system S is coupled to

three different thermal baths of temperature TE, TC , and TB mimicking the emitter,

collector, and base terminals of a transistor.

3.6.1 Amplification factor

A three terminal device in which a slight change of the temperature on one terminal

results in a large increase in the heat flow through the other two terminals is called

thermal amplifier. With the analogy of typical bipolar junction transistor (BJT) we

consider thermal baths of temperatures TE, TB, and TC as emitter, base, and collector,

respectively. For amplification, we assume that emitter bath is hotter than the other

two and the temperature of the base is varied. The amplification factor can be defined

as

αE,C =
∂JE,C

∂JM

, (3.28)

this definition implies that in order to have transistor effect we must have |αE,C|>1.
Using the energy conservation relation in our system along with definition of α in

Eq. (3.28) the amplification α can also be written as

αE =
∂(JE)

∂(JE + JC)
=

RE

RE +RC

. (3.29)

Here RE = (∂JE/∂JB)
−1
TE=const

and RC = −(∂JC/∂JB)
−1
TC=const

are differential thermal

resistances, similar relations can also be written for αC. From Eq. (3.29) it is clear

that in order to have amplification |αL,R|>1, one of the differential thermal resistance

needs to be negative; RE×RC < 0. Thus we must have a negative differential thermal
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Figure 3.7: (a) A schematic depiction of a quantum thermal transistor based on the

optomechanical system. Here, ωa, and ωb are the frequencies of the optical and me-

chanical resonator, respectively, and g is the coupling strength. The optical resonator

is coupled with two thermal baths of temperatures TE and TC and the mechanical

mode is coupled with one control thermal bath of temperature TB. The small changes

in the temperature of the mechanical bath control the heat flow between the baths of

the optical mode. (b) An example of the processes which are responsible for the heat

transfer between the thermal baths. The dressed energy levels of the optomechanical

system denoted by |na,mb〉, where na = 0, 1, 2, ... is the photon number and mb shows

the phonon number of the mechanical resonator. The dashed, dot-dashed and solid

lines show the transitions induced by the collector, emitter, and base thermal baths,

respectively. The base current is associated with the smallest energy transition in the

system.

resistance (NDTR). In a two terminal device, if the increase in thermal gradient

results in a decrease of heat flow between the two baths then such behavior is termed

as NDTR [81, 82].

3.7 Microscopic model of the transistor

We consider a standard optomechanical setup containing localized electromagnetic

field mode at frequency ωa coupled to a mechanical oscillator at frequency ωb. The
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optical resonator is coupled with two independent thermals baths at temperatures TE

and TC, while the mechanical resonator is coupled to a third thermal bath kept at

temperature TB. The Hamiltonian of the isolated optomechanical system consisting

of the cavity and mechanical modes is

ĤS = ωaâ
†â+ ωbb̂

†b̂− gâ†â(b̂+ b̂†). (3.30)

Here, the first term is the energy of the cavity mode and the second term represents

the energy of the mechanical resonator. The last term in Hamiltonian denotes the

optomechanical interaction with single-photon coupling strength g. The annihilation

(creation) operator for the mechanical mode is represented by b̂ (b̂†) and of the cavity

mode by â (â†). The Hamiltonian describing the full system including heat baths is

Ĥtot = ĤS + ĤB + ĤSB, (3.31)

where

ĤB =
∑

λ,k

ωλ,kâ
†
λ,kâλ,k, (3.32)

λ = C,B,E represent the collector, base and emitter baths, respectively. The sums

in Eq. (3.32) runs over the infinite number of bath modes, indexed by k for the

optical and mechanical baths. ωC (ωE) being the frequency of the collector (emitter)

optical bath mode and ωB is the frequency of mechanical bath mode indexed by k. In

addition, â†λ,k (âλ,k) is the creation (annihilation) operators of the baths modes. The

interaction Hamiltonian between the system and baths is

ĤSB =
∑

k

gf,k(â+ â†)(âf,k + â†f,k) +
∑

k

gm,k(b̂+ b̂†)(âB,k + â†B,k), (3.33)

f = E,C. The first term represents the interaction between the left and right baths

with the optical resonator, where the interaction with the bath mode indexed by

α is governed by a strength gf,k. The second term is analogous to the first one,

but describes the mechanical bath modes and their interaction with the mechanical

resonator. The optical and mechanical baths are assumed to be at thermal equilibrium

at temperatures TE, TC and TB, respectively.
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3.7.1 The master equation

The Hamiltonian ĤS, can be diagonalized using the transformation

Ŝ = e−αâ
†â(b̂†−b̂), (3.34)

with α = g/ωb, and takes the form

H̃S = ωaã
†ã+ ωbb̃

†b̃− g2

ωb

(ã†ã)2. (3.35)

The eigenstates of the optomechanical system, without baths, can be written as

|n, ln〉 = |n〉a enα(b̂
†−b̂) |l〉b , (3.36)

and the associated eigen energies is given by En,m = ωan+ ωbm+ g2/ωbn
2.

The dynamics of the reduced system of interest can be described by following

Markovian master equation [26]

d

dt
ρ̃ = LE

a ρ̃+ LC
a ρ̃+ LB

b ρ̃, (3.37)

where the dissipative terms are given by

L(f)
a ρ̃ = G(f)

a (ωa)
{

D[ã] + α2D[ãb̃†b̃]
}

ρ̃+G(f)
a (−ωa)

{

D[ã†] + α2
(

+D[ã†b̃†b̃]
)}

ρ̃

+
∑

n=1,2

{

αnG(f)
a (ωa + nωb)D[ãb̃n]ρ̃

+ αnG(f)
a (−ωa − nωb)D[ã†b̃†n]ρ̃+ αnG(f)

a (ωa − nωb)D[ãb̃†n]ρ̃

+ αnG(f)
a (−ωa + nωb)D[ã†b̃n]ρ̃

}

, (3.38)

Lbρ̃ = Gb(ωb)D[b̃− αña]ρ̃+Gb(−ωb)D[b̃† − αña]ρ̃. (3.39)

Here, G(ω) being the spectral densities of the baths, and we consider Ohmic spec-

tral densities in our results (see Eq. (2.11)). In addition, D[Â] being the Lindblad

dissipators and given by Eq. (3.6).

3.8 Results: Heat amplification

In Fig. 3.8 we show all three heat currents associated with three independent thermal

baths in our device as a function of control bath temperature TB, the inset of the figure
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Figure 3.8: The heat current J as a function of the control bath base temperature TB.

The solid, dashed, and dot-dashed lines are for emitter JE, base JB, and collector Jc

currents, respectively. The inset shows the zoomed-in curve of the base heat current

JB as a function of the base temperature. The minima in the base current at a critical

value of TB indicates the presence of the negative differential thermal resistance,

which is a sufficient condition for the heat current amplification. Parameters: ωa = 1,

ωb = 0.01, g = 0.1ωb, κE = κC = κB = 0.001, TE = 1.4, and TR = 0.1. All the system

parameters are scaled with ωa/2π = 10 GHz.

shows the heat current JB. If the temperature TB is non-zero, all three heat currents

are non-zero; this is because we have a non-equilibrium steady state in the presence

of three independent baths held at different temperatures. A small change in the

temperature of the control bath TB results in a minute change in the associated heat

current JB, on contrary, the collector and emitter heat currents JC and JE increase

dramatically, as shown in Fig. 3.8. To emphasize this we plot amplification factors

αE and αC in Fig. 3.9, and the inset of the figure shows RE and RC. A sufficient

condition for amplifying heat current is the system is negative differential thermal
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Figure 3.9: The heat amplification factor α as a function of the base temperature

TB. The dashed and dot-dashed lines are for the amplification factor αE and αR,

respectively. The inset shows the thermal differential resistance R as a function of

the base temperature TB. The dashed and dot-dashed lines are for RE, and RC ,

respectively. Parameters: ωa = 1, ωb = 0.01, g = 0.1ωb, κE = κC = κB = 0.001,

TE = 1.4, and TR = 0.1. All the system parameters are scaled with ωa/2π = 10 GHz.

resistance (DTR). As one of the DTR remains negative for all the considered range

of the system parameters in Fig. 3.9, this ensures that we have amplification greater

than one for an extensive range of the base bath temperatures.

At TB ≈ 0.15, the amplification factors αE and αC diverges. This is because the

heat current JB has a local minimum at this temperature, shown in the inset of

Fig. 3.8. In addition, this can also be explained from the inset of Fig. 3.9, at this

temperature TB ≈ 0.15 both DTR becomes zero consequently the denominator in

the Eq. (3.29) becomes zero and the amplification diverges. For small temperatures

TB < 0.03, we have a plateau in the amplification with αE = αC ≈ 50, this can be

considered as stable region of amplification of our device. For temperatures 0.04 <
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TB < 0.16, we have sensitive region of amplification in which a small change in the

TB results in a very large change in the output heat currents JE and JC. This is

the best region for the amplification of the collector and emitter heat currents in our

quantum thermal transistor. For temperatures TB > 0.16, we again have a flat line

in the amplification, and it is still greater than one; consequently, our device can also

work as an amplifier at higher baths temperatures. We note that the amplification

factors αE and αC increase monotonically with the optomechanical coupling g for a

given set of system parameters. We can have higher amplification factors in the stable

amplification regime than the other existing transistor proposals [76]. This can be

achieved in the single-photon ultra-strong coupling regime of optomechanics.

3.9 Summary

We investigated the thermal management between independent thermal baths based

on either two coupled qubits or two nonlinearly coupled harmonic oscillators. In

particular, it was shown that two qubits coupled via asymmetric spin-spin interaction

support the heat flow asymmetry between two thermal baths. In previous proposals,

the heat rectification based on spins required either unequal bath dissipation rates or

frequency difference of the coupled spins. In the case of equal dissipation and resonant

spins, it was not possible to have thermal diode operation in the previous schemes.

We showed that by considering asymmetric spin-spin interaction, a high-quality diode

could be designed with equal dissipation rates with the baths and the same frequencies

of the spins. Our advantageous proposal of the heat diode, contrary to the previous

proposals, showed no trade-off between the heat flow and rectification factor. We

explained the rectification by the preferential direction of the energy cycles induced

by the thermal baths between the dressed states of the qubits. Some of the heat

transport channels between the qubits were obstructed due to the asymmetry of the

coupling strengths between the energy levels under the exchange of the temperature

gradient.

We showed that it is possible to construct a quantum thermal transistor based on
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two nonlinearly coupled harmonic oscillators. The control of the base bath temper-

ature showed the modulation of the heat current between the collector and emitter

baths. It is possible to obtain substantial amplification factors by tuning either the

coupling strength between the resonators or the relative magnitude of the frequencies

of the resonators. The origin of the heat amplification is explained by the negative

differential resistance, which appeared in our system due to the presence of the anhar-

monicity induced by the nonlinear coupling between the resonators. The control base

heat current was associated with the lowest energy transition in the system, and the

output heat currents were associated with the most significant energy transition. Ac-

cordingly, a slight change in the base heat current could control the large magnitudes

of the collector and emitter heat currents.
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TWO-BODY QUANTUM ABSORPTION

REFRIGERATOR

4.1 Intoduction: Qauntum absorption refrigerator (QAR)

In the recent past, much attention has been paid to thermal machines based on

quantum systems; some of the examples are quantum heat engines [94, 95, 60, 61],

quantum thermal refrigerators [96, 97]. In particular, a promising direction can be the

quantum thermal machines which do not require external control or work resource.

Implementing quantum technologies on compact and energetically viable schemes

demands autonomous cooling schemes based on quantum systems. To achieve this

goal of cheap autonomous cooling, many schemes of quantum absorption refrigerators

(QARs) [98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113,

114, 115, 116, 117, 118, 119, 120, 121] have been put forward, and an experimental

demonstration has been reported in a three-ion system [122]. Typically, a quantum

absorption refrigerator requires a three-body interaction between the harmonic oscil-

lators [101] or two-level systems [123].

It is possible to achieve Carnot bound at the cost of vanishing cooling power in

the ideal quantum absorption refrigerators [123]. However, efficiency at maximum

cooling power can be more practical bound for the quantum absorption refrigerators.

In the QARs, which have three-level masers as the building blocks, the efficiency at

maximum cooling power has an upper bound in these models. The existing proposals

on QARs obey this bound, which is much smaller than the Carnot bound. Here we

consider a quantum absorption refrigerator based on coupled qubits with an asym-

metric interaction. We show that our QAR based on only two qubits can surpass
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Figure 4.1: Schematic description of a quantum absorption refrigerator based on

three-body interaction. The working medium consists of three harmonic oscillators

or three qubits; each coupled to an independent thermal bath. The temperatures of

the cold, hot and work-like thermal baths are Tc, Th, and Tw, respectively. For the

refrigeration, the temperatures of the baths are considered in the limit Tc < Th ≪ Tw.

For the cooling process, the heat current Jc direction must be from the cold bath to

the system; accordingly, from the first and second law of thermodynamics, the other

two heat currents should be Jw > 0, Jh < 0.

the established bound on the efficiency at maximum cooling power. In the strong

coupling regime of the qubits, the efficiency at maximum power reaches close to the

Carnot limit at the cost of vanishing cooling power as required by the second law of

thermodynamics. In addition, we investigate the effect of the size of the Hilbert space

and correlations between the working medium on the cooling power and efficiency of

the QAR. In the non-ideal case where heat leaks are present—one transition between

the dressed states of the system may be induced by more than one thermal bath—is

also discussed.
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4.2 Ideal quantum absorption refrigerator

4.2.1 Tree-body quantum absorption refrigerator

The minimal model of a typical quantum absorption refrigerator is based on three

body-interaction working mediums, which can be three harmonic oscillators or three

qubits [123]. Each of which is coupled to an independent thermal bath as shown in

Fig. 4.1. The interaction between the harmonic oscillators of the working medium is

given by [100]

Ĥint = g(ÂhÂ
†
cÂ
†
w + Â†hÂcÂw), (4.1)

here, Aα and A†α(α = h, c, w) is the annihilation and creation operator of the harmonic

oscillator coupled to the hot, cold, and work-like baths, respectively. In addition, ωα

is the frequency of the α-th harmonic oscillator. We assume the constraint on the

frequencies of the resonators the so-called resonance condition

ωw = ωh − ωc, (4.2)

this enables the heat transfer between the thermal baths via working medium. The

interaction given in Eq. (4.1), enforces the annihilation of one quantum of energy

from the cold bath and dumps it into the hot bath by spending quanta of energy

from the work-like bath. We note that the interaction between the resonators is a

three-body interaction, which is non-quadratic, and it has shown that a tri-linear

interaction is required to realize a quantum absorption refrigerator [124]. In the limit

of the temperatures Tc < Th ≪ Tw, and appropriate system parameters, the cold bath

heat current Jc can become positive, resulting in the refrigeration process.

4.2.2 The cooling window

We analyze the quantum absorption refrigerator at steady-state, and the heat currents

from the α-th bath is given by

Jα = Tr[Lαρ̃H̃] (4.3)
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here L(l)
b ρ̂ being the Liouville superoperator and H̃ is the system Hamiltonian. We

adopt the convention that heat flow is positive from the thermal bath to the system.

The first and second laws of thermodynamics in the absence of any external control

(see Fig. 4.1) is given by

∑

α

Jα = 0, (4.4)

σ =
d

dt
S(ρ̃)−

∑

α

Jα

Tα
≥ 0, (4.5)

here S(ρ̃) = −Tr[ρ̃lnρ̃] being the von Neumann entropy, and σ is the total entropy

production of the system and the baths.

The efficiency of a quantum absorption refrigerator is obtained by taking a ratio

of the heat removed from the cold bath to heat pumped by the work-like reservoir.

As a result, the efficiency, which is termed the coefficient of performance (COP) for

a refrigerator is defined as

ǫ ≡ Jc

Jw

. (4.6)

Unlike the efficiency of a heat engine, the COP of the quantum absorption refrigerator

can be greater than one. For the cooling process to occur, the work, cold, and hot

heat currents must satisfy Jw > 0, Jc > 0, and Jh < 0, respectively. From the first

and second law of thermodynamics, we have

ǫ =
Jc

Jw

≤ (Tw − Th)Tc
(Th − Tc)Tw

≡ ǫc, (4.7)

here, ǫc is the Carnot efficiency for the heat-driven quantum absorption refrigerator

for three independent thermal baths, and it gives an upper bound on the COP of a

quantum absorption refrigerator.

For the trilinear interaction between the quantum systems of a working-medium,

if the resonance condition given in Eq. (4.2) holds, the ratio of heat currents satisfy

the relation

Jα

Jβ

=
ωα

ωβ

. (4.8)
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Using this and Eq. (4.7), we can write

ωc ≤ ωc,max ≡
(Tw − Th)Tc
(Th − Tc)Tw

ωw, (4.9)

which is the “cooling window”. The quantum absorption refrigerator achieves max-

imum COP if ωc → ωc,max, at this point, the entropy production σ → 0 as required

by the second law of the thermodynamics.

4.3 QAR based on two qubits

4.3.1 Microscopic model

We propose a model of a quantum absorption refrigerator based on only two qubits, as

shown in the figure. The two qubits are coupled via asymmetric spin-spin interaction.

In addition, the qubit A is coupled to two independent thermal baths of temperatures

Th, and Tw which plays the role of the hot and work-like reservoir in our scheme.

The qubit B is placed in a cold thermal bath of temperature Tc. All three thermal

baths are independent and can attain any non-negative temperature within the limit

Tc < Th ≪ Tw.

The Hamiltonian of the coupled qubits (A + B) is given by [24]

Ĥ =
ωA

2
σ̂z
A +

ωB

2
σ̂z
R + gσ̂z

Aσ̂
x
B, (4.10)

g being the coupling strength between the qubits, ωA and ωB are the frequencies of

the left and right qubits, respectively.

The Hamiltonian of the independent thermal baths is given by

ĤBα =
∑

µ,α

ωµâ
†
µ,αâµ,α, (4.11)

the annihilation and creation operators of the bath modes are represented by âµ,α, and

â†µ,α, respectively, and the sum is taken over infinite number of bath modes, indexed

by µ, and k = w, h. The interaction of the qubits with the baths are defined as

ĤSB =
∑

µ

gk,µσ̂
x
A ⊗ (âk,µ + â†k,µ) +

∑

µ

gc,µσ̂
x
B ⊗ (âc,µ + â†c,µ). (4.12)
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Figure 4.2: Schematic illustration of a quantum absorption refrigerator based on

two coupled two-level systems, for example, two qubits. The qubits are coupled via

asymmetric interaction σ̂z
Aσ̂

x
B of strength g. The work-like and the hot thermal baths

of temperatures Tw, and Th, respectively, are coupled to the left qubit, and the cold

bath of temperature Tc is in connection with the right qubit. For the cooling process,

the heat current Jc direction must be from the cold bath to the system; accordingly,

from the first and second law of thermodynamics, the other two heat currents should

be Jw > 0, Jh < 0.

4.3.2 The master equation

Following the standard derivation of the master equation outlined in Sec. 1.3, the

master equation for coupled qubits is given by

d

dt
ρ̃ = Lwρ̃+ Lhρ̃+ Lcρ̃, (4.13)

here Lwρ̃, Lhρ̃, and Lwρ̃ being the Liouville superoperators of the work-like, hot and

cold baths, respectively, which describe the energy exchange of the qubits with the



Chapter 4: Two-body quantum absorption refrigerator 57

baths, and have the form

Lk = Gk(ωA) cos
2 θD[σ̃−A ] +Gk(−ωA) cos

2 θD[σ̃+
A ] (4.14)

+ Gk(ω−) sin
2 θD[σ̃−L σ̃

+
R ] +Gk(−ω−) sin2 θD[σ̃+

A σ̃
−
B ]

+ Gk(ω+) sin
2 θD[σ̃−A σ̃

−
B ] +Gk(−ω+) sin

2 θD[σ̃+
A σ̃

+
B ],

Lc = Gc(Ω) cos
2 θD[σ̃−B ] +Gc(−Ω) cos2 θD[σ̃+

B ]. (4.15)

Here, Gα(ω) being the spectral densities of the baths, and we consider Ohmic spectral

densities in our results (see Eq. (2.11)). We define the transition frequencies as ω± =

ωA ± Ω, and Ω =
√

ω2
B + 4g2. In addition, D[Â] being the Lindblad dissipators and

given by Eq. (3.6).

4.4 Cooling mechanism

This section investigates the cooling mechanism in our proposed quantum absorption

refrigerator. First, we describe the critical step toward our cooling scheme. To this

end, we employ the quantum reservoir engineering scheme, namely, bath spectrum

filtering.

4.4.1 Bath spectrum filtering

The critical step to obtaining the refrigeration process in the quantum systems re-

quires selective energy transport [125]. Various methods can be used to implement

selective energy transport; here, we are interested in the quantum reservoir engineer-

ing schemes. In particular, we employ so-called bath spectrum filtering in which

undesired channels of heat transport are removed or suppressed by using thermal

band-pass filters [126]. Kurizki and co-workers pioneer bath spectrum filtering [126],

and it has been shown to implement different thermal functions such as heat manage-

ment [26], autonomous cooling of the mechanical resonators [28], and antibunching of

the phonon field [127].

In bath spectrum filtering, additional harmonic oscillators are coupled with the

left qubit. In this approach, the resonators coupled between the left qubit and thermal
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baths are included in the environment. The left qubit sees a structured environment

composed of a thermal bath and an additional resonator. As a result, the effective

spectral density of the hot and cold thermal bath is given by [126, 128]

Gf
k(ω) =

κf
π

(πGk(ω))
2

[ω −
(

ωf
k +∆k(ω)

)2
] + (πGk(ω))2

, (4.16)

here Gk(ω) being the unfiltered coupling spectrum, and

∆k(ω) = P

[ ∫ ∞

o

dω
′Gk(ω

′

)

ω − ω′

]

, (4.17)

where P is the principal value. We employ bath spectrum filtering to suppress the

unwanted transitions induced by the thermal baths and avoid overlapping the hot and

cold baths. The overlapping spectra of the thermal baths in the quantum absorption

refrigerator decrease performance due to the direct energy transfer between the baths

referred to as “heat leaks”, and the details of which are given in Sec. 4.5.4.

4.4.2 Cooling cycles

We assume the work-like and hot thermal baths spectra are filtered and followGw(ω−) ≫
Gh(ω−), Gw(ω+) ≪ Gh(ω+), and Gh(ωA) ≈ Gw(ωB) ≈ 0. These spectral functions

can be obtained by selecting the resonance frequencies of the work-like and thermal

baths filtered as ωf
w = ω− and ωf

h = ω+, respectively, in Eq. (4.16). We note that the

cold bath spectrum is unchanged. The selection of nonoverlapping filtered spectra

of the baths guarantees the absence of direct energy transfer between the thermal

baths; consequently, the ideal refrigeration at the Carnot limit becomes possible in

our model.

The selection of filtered bath spectra suppresses the unwanted overlapped energy

transitions between the dressed states of the coupled qubits. The master equation for

the filtered bath spectra is given by

Lw = G̃w(ωw) sin
2 θD[σ̃−L σ̃

+
R ] + G̃h(−ωw) sin

2 θD[σ̃+
A σ̃
−
B ]

Lh = G̃h(ωh) sin
2 θD[σ̃−A σ̃

−
B ] + G̃h(−ωh) sin

2 θD[σ̃+
A σ̃

+
B ],

Lc = Gc(ωc) cos
2 θD[σ̃−B ] +Gc(−ωc) cos

2 θD[σ̃+
B ], (4.18)
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Figure 4.3: (a) All the possible energy transitions induced by the thermal baths with

filtered spectra. (b) Our model of the quantum absorption refrigerator based on two-

coupled qubits can be broken into two three-level refrigerators working simultaneously

with a common transition induced by the work-like reservoir. The solid, dashed, and

dot-dashed lines in both panels indicate the transitions induced by the cold, hot, and

work-like thermal baths.

here we have defined ωw = ω−, ωh = ω+, and ωc = Ω.

The possible transitions induced by the thermal baths under bath filtering are

shown in Fig. 4.3, which shows that our model of QAR based on two coupled qubits

can be broken down into two three-level subsystems. As a result, our QAR model

can be understood as two three-level refrigerators working simultaneously by sharing

a common transition induced by the work-like reservoir. There are no overlapping

energy transitions due to bath spectrum filtering; in addition, we assume the reso-

nance condition (see Eq. (4.2)), therefore the ratio of the heat currents is given by

the ratio of the associated energy transition frequencies as given in Eq. (4.8). The

steady-state heat current can be calculated numerically by solving the master equa-

tion (4.18). However, in the high temperature limit of the work-like reservoir, the
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Figure 4.4: The possible cycles induced by thermal baths assist the heat transfer.

(a) and (c) show the cooling cycles (4324) and (3213), which are responsible for

refrigeration. Panels (b) and (d) show the associated inverse heating cycles, which,

if dominant, lead to the heating process. If the parameters are selected within the

cooling window (Eq. (4.9)), the cooling cycles are favored, and the heating cycles are

forbidden, following the second law of thermodynamics. The solid, dashed, and dot-

dashed lines indicate the transitions induced by the cold, hot and dot-dashed thermal

baths.

analytical expressions for the heat currents is given by (see Appendix for details)

Jα = Cωα. (4.19)
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For the filtered spectra of the work-like and hot baths, there are only two possible

Raman cycles [(4324) and (3213)] and their inverses that can transfer the heat between

the thermal baths, shown in Fig. 4.4. Here the cycle (4324) indicates the sequence of

the energy transitions |4〉 → |3〉 → |2〉 → |4〉. If the Raman cycles shown in Figs. 4.4a

and 4.4c are completed, these lead to the refrigeration process, and we termed these

cycles “cooling cycles”. However, if the inverse of these cycles is more favorable, then

the heat is dumped into the cold bath, and we refer to these cycles as “heating cycles”.

To determine which of these cycles are allowed by the second law of thermodynamics,

we need to calculate the entropy production. For instance, according to the second

law of thermodynamics, the entropy production for the cooling cycle (4324) is given

by

σ =
ωh

Th
− ωc

Tc
− ωw

Tw
. (4.20)

If the system parameters are selected within the cooling window, the entropy pro-

duction of this Raman cycle remains positive. On the contrary, for the same set of

parameters, the entropy production of the heating cycles shown in Figs. 4.4b and 4.4d

becomes negative, thus not allowed by the second law of thermodynamics. As a result,

the cooling cycles dominate the heat transfer, and the refrigeration process occurs.

If the system parameters lie outside the cooling window, the heating cycles become

more favorable and obstruct the cooling process.

The choice to couple qubit A with work-like and hot thermal baths and qubit B

with cold baths is motivated by resonance condition given in Eq. (4.2). To explain

this, we recall ωw = ωA − Ω, ωh = ωA + Ω, and ωc = Ω (Fig. 4.3). By looking

at different possible allowed transitions, it can be seen that to follow the resonance

condition (Eq. (4.2)), one possibility is to couple the work-like and hot bath with

2 ↔ 3 and 2 ↔ 4 (1 ↔ 3) transitions, respectively, and the remaining possible

transitions 1 ↔ 2 (3 ↔ 4) are coupled with the cold bath. These transitions indicate

that one possible arrangement to make a refrigerator based on our system is that the

work-like and hot baths couple to qubit A and the cold bath to qubit B. However, this

is not the only possible arrangement of the three baths in our model. For example,
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the other possibility can be to couple the hot and cold baths with qubit A and the

work-like bath with qubit B. In this arrangement, we need to design bath filters such

that hot and cold baths induce ωA + Ω (2 ↔ 4, 1 ↔ 3) and ωA (2 ↔ 3) transitions,

respectively; and the work-like reservoir needs to be coupled with Ω (1 ↔ 2, 3 ↔ 4)

transitions to satisfy the resonance condition. Accordingly, the choice to couple the

hot and work-like reservoir with qubit A and the cold bath with qubit B is not unique.

4.5 Results

4.5.1 Cooling power

Figs. 4.5(a) and 4.5(b) show the cooling power and scaled efficiency as a function

of the right qubit frequency ωc for different values of the coupling strength g. The

efficiency curves for different values of coupling strength are not very distinct because

the efficiency is given by the ratio of the frequencies of the cold to work bath induced

transitions ǫ = ωc/ωw. As a result, the performance coefficient can be arbitrarily

close to the Carnot bound by tuning the effective frequency of the right qubit ωc.

At the Carnot limit ǫ → ǫc, the entropy production approaches to zero σ → 0,

consequently, the cooling power Jc of QAR vanishes as shown in Figs. 4.5. For both

ωc = 0 and ωc = ωc,max, the cooling power vanishes Jc = 0, therefore, for given system

parameters, the cooling power is maximum for an optimum value of ωc. The existence

of an optimum ωc can be explained by the cooling cycles shown in Fig. 4.4. For the

optimal cooling, two conditions must be satisfied (i) the work-like reservoir must be

hot enough (Tw ≫ ωh − ω̃c) to induce |3〉 → |2〉 transition, (ii) the cold bath must

able to induce ωc energy transition Tc > ωc. For a given set of system parameters

with small values of ωc, condition (i) may not hold, and for the higher values of ωc,

(ii) may not be satisfied. Accordingly, the optimal value of ωc can satisfy both of

these conditions simultaneously, resulting in optimal cooling.
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Figure 4.5: The possible cycles induced by thermal baths assist the heat transfer.

(a) and (c) show the cooling cycles (4324) and (3213), which are responsible for

refrigeration. Panels (b) and (d) show the associated inverse heating cycles, which,

if dominant, lead to the heating process. If the parameters are selected within the

cooling window (Eq. (4.9)), the cooling cycles are favored, and the heating cycles are

forbidden, following the second law of thermodynamics. The solid, dashed, and dot-

dashed lines indicate the transitions induced by the cold, hot and dot-dashed thermal

baths.

4.5.2 Quantum correlations and cooling power

Here we investigate the possible relation between the performance of our proposed

quantum absorption refrigerator and the quantum correlations. For the considered

system parameters, we observe no entanglement between the coupled qubits of the

system. The absence of the entanglement between the qubits can be explained by
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Figure 4.6: (a) The cold bath heat current Jc (b) total correlations I(ρ̂AB) (c) quan-

tum correlations D(ρ̂AB) (d) classical correlations I(σAB) between the coupled qubits

as a function of the coupling strength g, and the cold bath qubit frequency ωc. System

parameters: ωh = 1, κc = κw = κh = 0.005, Th = 2, Tw = 3, and Tc = 1.

writing the density matrix of the coupled qubits in the local basis of the qubits as

ρ̂AB =

















r11 c12 0 0

c12 r22 0 0

0 0 r33 c34

0 0 c34 r44

















. (4.21)
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The least eigenvalue of the of the partial-transpose of the density matrix ρ̃AB is

positive for the considered system parameters; r11 + r22 − ((r11 − r22)
2 + 4c212)

1/2 >

0. According to the positivity-of-the-partial-transpose separability criterion [129],

the two qubits are not entangled in our system. To go beyond the entanglement-

separability criterion and quantify the quantum correlations between the coupled

qubits, we employ quantum discord, which is given by [130, 131]

D(ρ̂AB) = I(ρ̂AB)− I(σAB). (4.22)

here, I(ρAB) being the quantum mutual information which describes the total corre-

lations between the qubits, and it is given by

I(ρ̂AB) = Sρ̂A + Sρ̂B − Sρ̂AB
. (4.23)

Sρ̂i = −Tr[ρilogρi] denotes the von Neumann entropy of the density matrix ρ̂i of the

subsystem i. The classical correlations between the qubits are described by I(σAB) in

Eq. (4.22), here σAB denotes the state obtained by the minimally disturbing projective

measurement on qubit B [130, 131]. We look for the possible connection between the

cooling power and quantum correlations by plotting the total correlations I(ρ̂AB),

classical correlations I(σAB), quantum correlations D(ρAB) and the cooling power

Jc in Fig. 4.6. The results show that the classical correlations are much stronger

than the quantum correlations, and we find no overlap between the maximum cooling

power and correlations between the qubits. As a result, in our model, the quantum or

classical correlations between the working fluid qubits play no role in the refrigerator’s

performance.

4.5.3 Efficiency at maximum cooling power

Following the second law of thermodynamics, at the Carnot limit, a quantum absorp-

tion refrigerator’s efficiency becomes unity and becomes an ideal refrigerator at the

cost of vanishing cooling power. Consequently, a more relevant bound for practical

absorption refrigerators can be the efficiency at maximum cooling power ǫ∗. It has
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Figure 4.7: Parametric plot of cooling power Jc as a function of the normal-

ized coefficient of performance ǫ/ǫc for different values of the coupling strength

g. Dashed, solid, dash-dotted, horizontal dashed and dotted lines are for g =

0.005, 0.01, 0.05, 0.09, and 0.11, respectively. The shaded region shows the ǫ∗ bound

given in Eq. (4.24).

been shown that for an ideal quantum absorption refrigerator based on an elemen-

tary three-level system, the efficiency at maximum cooling power has an upper bound

given by [132]

ǫ∗ ≤
dc

dc + 1
ǫc, (4.24)

here dc being the dimensionality of the cold bath. Contrary to the previous pro-

posal [132, 123], we show that our proposed refrigerator based on coupled qubits can

surpass this established bound.

Fig. 4.7 shows the normalized coefficient of performance (efficiency) as a function

of the cooling power for several values of the coupling strength g. The shaded region

in the figure denotes the efficiency at maximum power bound ǫ∗. The ǫ∗ shows a
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monotonic increase with the increase in the coupling strength g, and for larger values

of the coupling strength, the established bound (Eq. (4.24)) for previously proposed

models of QARs can be surpassed. Remarkably, the efficiency at maximum cooling

power can approach the Carnot limit ǫ∗ → ǫc. However, the cooling power vanishes

at this limit as enforced by the second law of thermodynamics.

The breakdown of the bound ǫ∗ can be explained by noting that it depends on

the cold bath’s spatial dimensionality; if we increase the dimensions of the cold bath,

the ǫ∗ becomes larger. For d-dimensional cold bath, the power spectrum has the

form G(ωc) ∝ ωd
c . In our model, due to the asymmetric coupling between the qubits,

c = ωB/ωc dependent terms in the master equation (4.18) effectively increase the

dimensionality of the cold bath. We note that if the coupling strength between the

qubits is g = Nωc with N being a real number, the coefficient c in the master equation

(4.18) becomes independent of ωc. In this case, it is impossible to surpass the bound

given in Eq. (4.24) for any value of coupling strength g.

4.5.4 Non ideal QAR: Heat leaks

Typically thermal operations are characterized by the power versus efficiency curves.

In the case of an ideal quantum absorption refrigerator, these curves are open as

shown in Fig. 4.5, which describes that in the Carnot limit, the QAR achieves unit

efficiency at the cost of vanishing power. On the contrary, more practical models

of QARs schemes should incorporate the internal dissipation and heat leak in the

efficiency and power quantification [133]. For these non-ideal models of QARs, the

efficiency versus power curves are closed.

Here we consider a case of a non-ideal quantum absorption refrigerator in our

model by allowing more than one thermal bath to induce the same energy transition.

The overlapping spectral of the thermal baths results in the direct energy transfer

between the thermal baths and is referred to as “heat leaks,” which affect the perfor-

mance of the QAR. If the filtered bath spectra are not spectrally separated, these can

result in heat leaks. For instance, if the work-like and the hot bath induce the same
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Figure 4.8: The parametric plot of normalized coefficient of performance ǫ/ǫc as

a function of normalized cooling power Jc/J0 for different values of the coupling

strength g in case of overlapping bath spectra of the work-like and hot thermal baths.

Dashed, solid, and dash-dotted curves are for coupling strength g = 0.005, 0.01, 0.05,

respectively.

energy transition, say |2〉 ↔ |3〉 in Fig. 4.4, this can result in the direct energy transfer

between the hot and work-like baths and decreases the efficiency of the QAR. Fig. 4.8

confirms this analysis where we plot efficiency versus cooling power for different values

of coupling strength g. We obtain close curves of efficiency versus cooling power, and

the irreversibility increases with the increase in the coupling strength. The overlap

of the work-like and hot bath is parasitic, which produces irreversibility due to the

introduction of heat leaks in the model.

4.6 Summary

We have proposed a quantum absorption refrigerator based on two-coupled qubits

contrary to widely employed three-body interaction schemes. We considered an asym-
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metric interaction between the qubits and investigated the heat transfer through the

qubits by employing a global master equation consistent with the laws of thermo-

dynamics. The mechanism behind the cooling process was explained by considering

energy cycles consisting of transitions between the dressed states of the qubits, which

are induced by the thermal baths.We showed that heat could be removed from the

cold by employing the bath spectrum filtering and selecting the system parameters

within the cooling window.

The reservoir engineering helped to attain the Carnot limit by not allowing the

overlapping bath spectra; however, the cooling power at the Carnot limit vanishes

as required by the second law of thermodynamics. In addition, we investigated a

more practical bound, namely efficiency at maximum cooling power. In the strong

coupling regime of the coupled qubits, we showed that our model could surpass the

bound established on the efficiency at cooling power for previous QAR schemes. Fi-

nally, we allowed overlapping bath spectra, which results in the direct energy transfer

between the thermal baths, and deteriorates the efficiency of the quantum absorption

refrigerator.

We note that our proposal of the quantum absorption refrigerator can be realized

using versatile experimental platforms; for instance, circuit QED can be used for its

implementation, for coupled qubits [24], for the optomechanical system [1], for the

atom-cavity model as working medium [128]. Unlike previously proposed models of

the quantum absorption refrigerators in bosonic systems, which require a trilinear in-

teraction between the harmonic oscillators [124], our model can be implemented using

only two harmonic oscillator. In our model, by employing bath spectrum filtering,

both the efficiency and efficiency at maximum power can be made very close to the

Carnot limit, which is impossible in the previous two-body QARs proposals [123].
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SIMULTANEOUS COOLING OF RESONATORS BY

THERMAL RESERVOIR

5.1 Introduction: Ground-state cooling of resonators

One of the crucial steps toward quantum technologies based on the mechanical res-

onators is effective and energy-efficient cooling of the mechanical resonators to their

ground-states. For example, cooling the mechanical resonators is an essential pre-

requisite in ultrasensitive precision measurement [134] and gravitational wave detec-

tion [135]. In addition, the ground-state cooling of mechanical resonators is also re-

quired for the experiments designed for the investigation of fundamentals of quantum

physics at macroscopic scale [42]. The applications are based on the optomechanical

systems in the field of quantum computation and quantum information processing; the

ground-state cooling of the resonators plays a vital role [1]. Over the last two decades,

extensive efforts have been made to achieve ground-state cooling of the resonators;

some of these include feedback-assisted cooling [136, 2, 137, 138, 139, 140, 141], and

laser sideband cooling [142, 143, 144, 145, 146, 147, 148, 3, 7, 149, 150].

In recent years, systems with multiple mechanical resonators have caught much

attention [151, 152, 153, 154, 155]. For example, in Ref. [63, 156] heat modulation is

proposed based on multiple mechanical resonators coupled to a single cavity mode; in

addition, entanglement between distant mechanical resonators has been demonstrated

recently [157]. In the case of multiple resonators of similar frequencies, the ground-

state cooling becomes impossible due to the dark mode, which is not involved in the

system’s dynamics, hence decoupled from the common cooling agent. The existence of

dark mode obstructs the cooling process unless the mechanical resonators of distinct
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frequencies are not considered [158, 159, 160]. There are few recent attempts to

overcome this challenge; for example, a dark mode breaking scheme is proposed, which

is based on a phase-dependent coupling between the mechanical resonators [161, 162].

The other possibility can be using cold-damping feedbkack [140, 141]; however, for

the identical mechanical resonators, this scheme fails to cool the resonators to the

ground-state.

A complementary approach removes thermal energy from the mechanical res-

onators by driving the cooling agent with a very hot thermal bath [163, 164]. This

scheme requires no external control drive or work source to cool the mechanical res-

onator. It is proposed in a multimode optomechanical system, in which two cavity

modes are coupled to a single mechanical resonator. A tri-linear interaction between

the two-cavity modes and the mechanical resonator is required [163]. The cooling

scheme is valid in a very weak-optomechanical coupling regime, and the investigation

involved a mean-field approach; as a result, the correlations between the cooling agent

and the mechanical resonators are entirely ignored. In the weak-coupling regime, it

may not be possible to cool the mechanical resonator to its ground state consider-

ing realistic experimental system parameters. Here we propose a scheme of cooling

multiple mechanical resonators of the same or different frequencies using a thermal

environment. We show that the mechanical resonators can be cooled to their ground

states using realistic system parameters. The bath spectrum filtering plays a vital role

in the realization of our scheme. Finally, we propose several setups for the possible

experimental realization of the proposed cooling scheme.

5.2 The microscopic model and master equation

Our scheme is based on a typical optomechanical system in which a single optical

resonator of frequency ωa is coupled to N independent mechanical resonators of fre-

quency ωi (i = 1, 2...N), as shown in Fig. 5.1. The Hamiltonian of this system is
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Figure 5.1: Schematic depiction of a multimode optomechanical system in which a sin-

gle optical mode a is coupled with N mechanical modes bi or independent mechanical

resonators. Each mechanical resonator bi is unavoidably coupled to an independent

thermal bath of temperature Ti. In addition, the optical resonator is coupled to

two independent thermal baths of temperatures Th, and Tc. The optical resonator

baths are spectrally filtered to cool the mechanical resonators. All thermal baths are

independent and can attain any non-negative temperature.

given by

Ĥs = ωaâ
†â+

N
∑

i=1

[

ωib̂
†
i b̂i − giâ

†â(b̂i + b̂†i )
]

, (5.1)

here g being the single-photon optomechanical coupling strength. In addition, the cre-

ation (annihilation) bosonic operators of the mechanical and optical resonators are

given by b̂i (b̂
†
i ), and â (â†), respectively. Each mechanical resonator is unavoidably

coupled to an independent thermal bath of temperature Ti, and the optical resonator

is coupled to two thermal baths of temperatures Th and Tc. The optomechanical

system with multiple mechanical resonators can be implemented using a circuit elec-

tromechanical system [165, 7] or photonic crystal optomechanical system [166].
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5.2.1 The master equation

The Hamiltonian of the thermal baths is given by

ĤBx =
∑

k,x

ωk,xâ
†
k,xâk,x, (5.2)

here, x = c, h, i represents the cold, hot, and baths coupled to mechanical resonators,

respectively. The sum is taken over the infinite number of bath modes indicated by

k. In our cooling scheme, we require two baths to couple with the optical resonator;

the hot bath assists in removing the thermal energy from the mechanical resonator’s

baths and dump into the cold bath. Following the second law of thermodynamics, it

is impossible to cool the mechanical resonators to the ground state using only a single

bath attached to the optical resonator. The interaction between the thermal baths

and the optomechanical system is given by

ĤSB =
∑

k

gk,j(â+ â†)⊗ (âk,j + â†k,j) +
∑

k,i

gk,i(b̂i + b̂†i )⊗ (âk,i + â†k,i), (5.3)

here, j = h, c indicates the hot and cold baths, respectively. The first term in

Eq. (5.3) gives the interaction of the hot and cold baths with the optical resonator,

and the second term in the Hamiltonian describes the interaction between the me-

chanical resonator i with its bath maintained at temperature Ti. The eigenenergies

of the optomechanical system is given by

Ena,mi
= naωa +miωi − n2

a

g2i
ωi

, (5.4)

here na and mi indicates the number of photons and phonons in the optical and

mechanical resonator, respectively.

We follow the derivation of the master equation given for a standard optomechan-

ical system in Sec. 3.7.1, and the derived master equation has the form

d

dt
ρ̃ = Lh + Lc + Li, (5.5)

here, the Liouville superoperators of the optical and mechanial resonators are given
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by

Lj = Gj(ωa)D[ã] +Gj(−ωa)D[ã†] (5.6)

+
∑

i

α2
i

[

Gj(ω−)D[ãb̃†i ] +Gα(−ω−)D[ã†b̃i] +Gj(ω+)D[ãb̃i] +Gj(−ω+)D[ã†b̃†i ]

]

,

Li = Gi(ωi)D[b̃i] +Gi(−ωi)D[b̃†i ], (5.7)

here, ω± = ωa−ωi, αi = g/ωi and Gα(ω) being the spectral densities of the baths, and

we consider Ohmic spectral densities in our results (see Eq. (2.11)). The transformed

operators have the form

ã = âe−α
∑

i(b̂
†
i−b̂i) and b̃i = b̂i − αâ†â. (5.8)

In addition, D[Â] being the Lindblad dissipators and given by Eq. (3.6). We remark

that, in the derivation of the master equation, the weak optomechanical coupling

regime is considered [56],

α2
i 〈b̃†i b̃i〉 ≪ 1, (5.9)

and we have neglected all higher order terms O(α3).

5.3 Results and discussion

For the analytical and numerical results, the system parameters representative of a

typical optomechanical system is considered [1]: gi = 2π×100 kHz, ωi = 2π×10 MHz,

κh = κc = 2π×1 MHz, κi = 2π×100 Hz. The temperature of the mechanical resonator

is Ti ∼ 1.5 K, and the associated average phonon number is n̄i(0) ∼ 2× 103. The hot

bath temperature is larger by many orders of magnitude, i.e., 4× 104 . Th . 4× 107

K. In all the results, the system parameters are scaled with the optical frequency ωa.

5.3.1 Cooling mechanism

First, we consider a case in which a single mechanical resonator is coupled to the opti-

cal cavity to explain the underlying physical mechanism of cooling. This simple model
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based on a single mechanical resonator helps us to establish a direct link between the

typical laser cooling schemes and “cooling by heating” in an optomechanical system.

The index i is dropped in the master equation (5.5) for the case of a single mechanical

resonator. The dynamics of the mechanical resonator can be obtained by taking a

trace over the optical resonator in the master equation (5.5), and the reduced master

equation for the mechanical resonator has the form

dρ̃

dt
= (Γ− + Γ−th)D[b̃1] + (Γ+ + Γ+

th)D[b̃†1], (5.10)

here the upward transition rate Γ+ (Γ+
th), and the downward transition rate Γ− (Γ−th)

for the mechanical resonator are induced by the optical (mechanical) thermal baths.

These rates are given by

Γ− := α2
1

∑

j=h,c

(Gj(ω+)〈ña〉+Gj(−ω−)〈ña + 1〉),

Γ+ := α2
1

∑

j=h,c

(

Gj(ω−)〈ña〉+Gj(−ω+)〈ña + 1〉
)

,

Γ−th := G1(ω1), Γ+
th := G1(−ω1). (5.11)

In what follows, we only assume the Ohmic spectral densities of the thermal baths

(see Eq. (2.11)). The filtered nonoverlapping spectra of the hot and cold optical baths

are considered, which can be obtained using [26]

G̃j :=
1

π

πGj(ω)

[(ω − (ω(n+ 1/2) + ∆j(ω))2 + (πGj(ω))2]
,

(5.12)

here ∆α(ω) being the Lamb-shift due to the thermal bath.

In the case of the laser sideband cooling scheme in a standard optomechanical

system, the input coherent drive of frequency ωL is made resonant with the lower

sideband ωL = ω− = ωa − ω1 [3], which leads to the cooling of the mechanical

resonator. As a result, the anti-Stokes (cooling) process becomes more favorable than

the Stokes (heating) process, as shown in Fig. 5.2(a). The mechanical resonator can

be cool to the ground state by the input laser drive if the upper sideband ω+ = ωa+ω1

remains far off-resonant. On the contrary, in our model, the input coherent drive is
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not present; instead, the cold and hot thermal baths incoherently drive the cavity.

We aim to design a cooling scheme based on only system-environment interaction

without needing external control drives. Accordingly, we drive the optical mode with

incoherent thermal baths, due to which the cavity mode reaches to a thermal state

(see Eq. (5.15)). In the case of laser-driven cavity mode, coherence assists in removing

energy from the mechanical resonators. In our scheme, we replace laser drives with

thermal baths and show that it is still possible to cool the mechanical resonators.

Similar to the laser-driven cavity, we obtain both upper and lower phonon sidebands

in the case of the incoherently driven cavity. For the cooling process in our model,

making an analogy with the laser sideband cooling, we may want to suppress the

upper sideband and incoherently drive the cavity at the lower sideband. The upper

sideband can be suppressed by employing bath spectrum filtering [128].

For the cooling process, the hot thermal bath only drives the lower sideband of

transition frequency ω−, and all other energy transfer channels are suppressed for the

hot thermal bath. Similarly, the cold bath only induces the transition of frequency

ωa, and other heat transfer channels are filtered out for the cold bath. The hot and

cold baths spectra that can fulfill these conditions on the energy transitions should

be non-overlapping and must satisfy

G̃c(ωa) ≫ G̃h(ωa), and G̃c(ω−) ≪ G̃h(ω−). (5.13)

The underlying cooling mechanism in our scheme can be understood by directly

connecting with the widely employed laser sideband cooling scheme, as shown in

Fig. 5.2. The increase in the temperature of the hot bath results in the increase in

the number of hot photons in the cavity with “correct frequency” these photons trig-

ger the energy transition of frequency ω− (lower sideband); as a result, cooling process

dominates. The photons follow Plank’s distribution, and an increase in the tempera-

ture of the hot bath increases the number of photons with the correct frequency in the

considered range of system parameters. In a complete refrigeration cycle (Fig. 5.2),

the hot bath at temperature Th completes the transition of frequency ω− with the
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Figure 5.2: The dressed states |na,m1〉 of a standard optomechanical system having

a single mechanical mode, and arrows indicate the energy transitions between the

dressed states, which are responsible for energy transfer. The dashed and solid lines

describe the heating and cooling process, respectively. (a) The heating and cooling

processes in case the cavity is driven by an external coherent drive of frequency ωL.

In the cooling process, the lower sideband is resonant with the drive, which leads to

the destruction of a phonon with a blue-shifted photon leaving the cavity. (b) The

underlying energy transitions are involved in the heat transfer in our scheme. The

hot bath induced the transition of frequency ω− (lower sideband); this leads to the

creation of a higher energy photon (blue-shifted), and this energetic photon is dumped

into the cold bath by the transition of frequency ωa.

destruction of single phonon. This blue-shifted (energetic) photon is dumped into

the cold bath at temperature Tc to complete the cooling cycle. We note that the

analogy with the sideband cooling is only valid if the hot and cold bath spectra are

non-overlapping; in the case of the unfiltered baths, the cooling process is obstructed.
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5.3.2 Single resonator cooling

In the case of the filtered hot and cold baths, the master equation (5.5) reduces to

Lc = G̃c(ωa)D[ã] + G̃c(−ωa)D[ã†],

Lh = α2
1

(

G̃H(ω−)D[ãb̃†1] + G̃h(−ω−)D[ã†b̃1]
)

,

L1 = G1(ω1)D[b̃1] +G1(−ω1)D[b̃†1], (5.14)

As a result of the dynamical evolution governed by this master equation the cavity

mode becomes an almost thermal steady-state with other terms of the orderO(α2) [56,

167, 168]. The mean number of photons in cavity is given by

〈ña〉ss ≈
G̃c(−ωa) + G̃1(−ω1)

(

G̃c(ωa) + G̃c(−ωa)
)

+
(

G̃1(ω1) + G̃1(−ω1)
) , (5.15)

here higher order terms in α are ignored. We have ignored the contribution from the

hot bath in the steady-state mean photon number of the cavity mode because the hot

bath is only couple to the transition frequency of ω− = ωa−ω1 (lower sideband). The

hot bath spectrum is assumed to obey Gh(ωa) ≈ 0; accordingly, the contribution from

the hot bath in mean photon number can be ignored for α2 ≪ 1. To check the validity

of this approximation, we plot the mean phonon number of the mechanical resonator

by considering the approximated photon number in the cavity and compare the results

with the numerical solutions obtained by solving the master equation (5.14). From

this master equation, we can evaluate the average phonon number in the mechanical

resonator

d〈ñ1〉
dt

= (Γ+
c + Γ+

th)〈ñ1 + 1〉 − (Γ−c + Γ−th)〈ñ1〉, (5.16)

where the downward (upward) transition rate induced by cavity filtered baths is given

by

Γ−c := α2
1G̃h(−ω−)〈ña + 1〉, Γ+

c := α2
1G̃h(ω−)〈ña〉. (5.17)

The average number of excitations in the mechanical resonator at steady-state eval-

uate to

〈ñ1〉ss =
Γ+
c + κ1n̄1

Γ̃c + κ1
, (5.18)
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Figure 5.3: (a) Comparison of the steady-state mean phonon number 〈ñ1〉ss as

a function of the hot bath temperature Th obtained by the numerical solution of

the master equation (5.14) and by using approximated analytical results given in

Eq. (5.18). The solid and dashed lines indicate the numerical and approximated

analytical results, respectively. (b) The steady-state average excitation number 〈ñ1〉ss
as a function of the hot bath temperature Th. The dot-dashed, dashed, and solid lines

are for T1 = 3 × 10−4, 2 × 10−4 and 1 × 10−4, respectively. The rest of the system

parameters are: ω1 = 1 × 10−7, ωa = 1, κ1 = 1 × 10−12, κh = κc = 1 × 10−8,

Tc = 1 × 10−5, and g1 = 1 × 10−9. All the parameters are scaled with the optical

frequency ωa = 2π × 1014 Hz. The bath temperatures in SI units are: T1 ≈ 1.5, 1

and 0.5 K for dot-dashed, dashed, and solid lines, respectively. The cold bath has a

temperate Tc ≈ 5 mK, and the hot bath temperature is ultra-hot and it’s temperature

is approximately 4× 104 . Th . 4× 107 K.

here we define the net damping rate due to optical baths as Γ̃c = Γ−c − Γ+
c . The

steady-state phonon number equation is very similar to the phonon number equation

in the case of laser sideband cooling in a typical optomechanical system [1], which

has the form 〈n1〉ss = (Γ+ + κ1n̄1)/(Γopt + κ1). The total optomechanical damping

rate is given by Γopt = Γ− − Γ+. In addition, Γ− and Γ+ indicate the cooling (anti-
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Stokes) and heating (Stokes) scattering process, respectively. We note that the mean

phonon number 〈ñ1〉ss of the mechanical resonator depends on the n̄1, representing

the number of excitations associated with the mechanical thermal bath T1. It should

be the case because for the same system parameters; the final mean phonon number

〈ñ1〉ss should be greater for the higher temperatures mechanical bath T1 compared to

a mechanical bath of a lower temperature. In equation (5.18), Γc represents the net

damping rate of both hot and the cold baths (see Eq. 5.17).

In the case of laser, sideband resolved cooling, the following conditions should be

fulfilled to achieve ground-state cooling of the mechanical resonator; (i) the Stokes

scattering should be largely or entirely suppressed, (ii) the mechanical dissipation κ1

due to its environment must be much smaller than the net optical damping Γopt in

the system, (iii) The quality factor of the mechanical resonator must be very large

compared to the initial mean phonon number n̄1 ≪ ω1/κ1 [148]. The ground-state

cooling in our scheme can be possible with similar conditions given for laser sideband

cooling; (i) the hot bath spectrum is filtered so that it can not induce the transition

at frequency ω+ (upper sideband), so the heating (Stokes) process is suppressed,

(ii) The optical dissipation rate induced by the optical baths must be larger than

the mechanical dissipation rate Γ̃c ≫ κ1, (iii) The quality factor of the mechanical

resonator is much larger than the initial mean phonon number n̄1 ≪ ω1/κ1. These

conditions are satisfied for the filtered non-overlapping hot and cold bath spectra

and in the temperature limit Th ≫ T1 > Tc. To analyze the performance of our

cooling scheme, we plot the steady-state mean phonon number 〈ñ1〉ss as a function

of the hot bath temperature Th in Fig. 5.3. The results show that it is possible to

cool the mechanical resonator to its ground state in the case of very high hot bath

temperatures. We note that the mechanical resonator is not coupled to the ultra-

hot bath; it is directly coupled to the optical resonator, which reaches a thermal

steady-state at a much lower temperature.
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5.3.3 Multiple resonator cooling

Here we investigate the simultaneous cooling of two mechanical resonators of identical

and different frequencies which are coupled to the same optical resonator. Extending

these results to an arbitrary number of N mechanical resonators is straightforward.

In the case of two mechanical resonators and filtered spectra of the hot and cold bath,

the reduced master equation for the mechanical resonators is given by

dρ̃

dt
= (Γ−i + Γ−th,i)D[b̃i] + (Γ+

i + Γ+
th,i)D[b̃†i ], (5.19)

here the optical bath transition rates are defined as

Γ−i := α2
i G̃h(−ω−,i)〈ña + 1〉, Γ+

i := α2
i G̃h(ω−,i)〈ña〉, (5.20)

and ω−,i = ωa − ωi. The steady-state mean phonon number in indvidual resonator is

given by

〈ñi〉ss =
Γ+
i + κin̄i

Γ̃i + κi
, (5.21)

here Γ̃i = Γ−i − Γ+
i . The mean phonon number of each resonator depends on the

dissipation rates of other resonators with the thermal baths.

It is possible to cool the degenerate or non-degenerate mechanical resonators to

their ground state, provided the dissipation rates are sufficiently low. On the con-

trary, in the laser sideband cooling in a standard optomechanical system, the dark

mode hinders the cooling process for the degenerate mechanical resonators [140, 141].

Further, for the mechanical resonators of nearby frequencies, it may not be possi-

ble to cool any of these resonators [159]. Compared to the standard laser cooling

scheme, our advantageous cooling scheme allows simultaneous cooling of the degen-

erate or non-degenerate mechanical resonators. In Fig. 5.4, we plot the steady-state

mean phonon number as a function of the hot bath temperature, which confirms the

prediction of simultaneous cooling of multiple mechanical resonators in our scheme.

In the case of identical resonators of the same frequency and dissipation rates

and coupled to baths of the same temperature, the mean phonon number curves are
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Figure 5.4: The steady-state average excitation number 〈ñi〉ss as a function of the

hot bath temperature Th. The blue Solid, and black dashed lines are associated

with the first and second mechanical resonator, respectively. Parameters: ωa = 1,

ω1 = 1×10−7, T1 = T2 = 2×10−4, κ1 = 1×10−12, Tc = 1×10−5, κh = κc = 1×10−8,

, and g1 = 1 × 10−9. The system parameters are scaled with the cavity frequency

ωa = 2π × 1014 Hz. (a) g1 = g2, ω1 = ω2, (b) g1 = g2, ω2 = 0.75 ω1, (c) ω1 = ω2,

g2 = 0.5 g1 and (d) ω1 = ω2, κ2 = 10 κ1, g1 = g2.

identical, as shown in Fig. 5.4(a). The cooling rates are not identical for different

mechanical resonators, and the mean phonon number curves are different for both

resonators, as shown in Fig. 5.4(b). Here, the more significant cooling in the first

resonator is because the hot bath spectrum is filtered with a peak at ωa − ω1, which

means the first resonator has a larger cooling rate than the second resonator. The

optomechanical coupling strength effect on the cooling of the mechanical resonator

is shown in Fig. 5.4(c), the strongly coupled mechanical resonator with the optical

cavity has a more significant optical dissipation rate (Γ̃2 < Γ̃1), which leads to more

cooling of the strongly coupled mechanical resonator. Finally, we show that the
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mechanical resonator with more considerable coupling strength with the mechanical

thermal bath has lesser cooling (Fig. 5.4(d)). Extending our cooling scheme to an

arbitrary number of mechanical resonators coupled to the same optical resonator is

straightforward. This is because Eqs. (5.19) and (5.21) has the same mathematical

structure for any number of mechanical resonators.

5.3.4 Cooling by a non-thermal bath

In the optomechanical system driven by an external coherent drive, the heating

(Stokes) and cooling (anti-Stokes) processes compete with each other. In the cool-

ing process, the anti-Stokes process dominates the Stokes scattering, which results

in the cooling of the mechanical resonator. However, it is impossible to completely

suppress the Stokes scattering process with the coherent drive due to vacuum fluctu-

ations. Consequently, a limit exists on the cooling of the mechanical resonator, which

prevents us from cooling the resonator to its true ground state [144]. This limit is re-

ferred to as the “quantum back-action limit”, which can be saturated for the optimal

system parameters [144]. We note that unlike limits set by the basic physical laws,

this is not a fundamental limit. Several strategies have been proposed to go beyond

this limit on cooling the resonator [169, 170, 171]. One promising direction is cooling

the mechanical resonator with the squeezed light, which can remove this limit [172],

and experimental demonstration of this proposal showed a significant enhancement

in the cooling beyond the quantum back-action limit [173]. Similarly, in the quantum

absorption refrigerators, squeezed thermal baths show significant enhancement in per-

formance by increasing both the cooling power and efficiency simultaneously [132].

In the previous section, we showed that it is possible to cool the mechanical

resonator to its ground state using an ultra-high temperature thermal bath. However,

it can be experimentally challenging to realize such a bath with this high temperature.

Here we propose to use the squeezed thermal bath to cool the mechanical resonator to

overcome the challenge of achieving an ultra-high temperature of the thermal bath.



84 Chapter 5: Simultaneous cooling of resonators by thermal reservoir

0.0 0.5 1.0 1.5 2.0
r

0

20

40

60

80

100

120

⟨
̃ n 1
⟩ ss

0

100

200

300

400

Tr ef
f

a

0 1 2 3 4
Tr
eff

×102

0

20

40

60

80

100

120

⟨
̃ n 1
⟩ ss

b

Figure 5.5: (a) The steady-state average number of phonons 〈ñ1〉ss, and effective

temperature T r
eff as a function of the squeezing parameter r. Blue dashed and red

solid lines are for the effective temperature Teff and average phonon number 〈ñ1〉ss,
respectively. (b) The steady-state mean phonon number 〈ñ1〉ss as a function of the

effective temperature T r
eff of the squeezed bath. Parameters: ω1 = 2π × 10 MHz,

ωa = 2π × 7 GHz, g1 = 2π × 100 kHz, κ̃h = 2π × 1.5 MHz, κ1 = 2π × 32 Hz,

κc = 2π × 1 MHz, and T1 = Tc ≈ 65 mK. For 〈ñ1〉ss, all the parameters are scaled

with the microwave resonator frequency ωa = 2π× 7 GHz. The effective temperature

T r
eff of squeezed thermal bath is calculated in SI units for n̄h = 0.

For the demonstration, we consider an electro-mechanical system [3, 6, 4] having one

mechanical resonator because of the constraints on numerical computation for very

large Hilbert space sizes. The master equation with the squeezed thermal bath is

given by

Lr
h = κ̃hα

2
1

(

(N + 1)D[w̃] +ND[w̃†]
)

− κ̃hα
2
1MD[w̃, w̃]− κ̃hζ

2
1MD[w̃†, w̃†],

(5.22)

here w̃ = ãb̃†, D[A,B] := 2Aρ̃B − BAρ̃ − ABρ̃, and κ̃h is the effective system-bath

coupling [8]. Note that the mechanical and cold baths dissipative terms remain the
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same as given in Eq. (5.14); we only consider squeezed hot bath to enhance cooling.

In the master equation with the squeezed thermal bath, we assume that the squeeze

bath can only induce the transition of frequency ±ω−, and the bath spectrum filtering

process suppresses all other transition frequencies. The mechanical and cold bath

dissipators do not change in this case. The coefficients N and M , which depend on

the squeezing parameter r are given by

N := n̄h(cosh
2r + sinh2r) + sinh2r, M := −sinh r cosh r (2n̄h + 1), (5.23)

here we consider real squeezing parameter r. The dissipators in Eq. (5.22) can al-

ways be transformed into the standard Lindbald form by an appropriate unitary

transformation. The Lindbald form ensures that the the reduced state of the sys-

tem remains trace-perserving and completely positive in the presence of a squeezed

thermal drive [174].

Fig. 5.5a shows the steady-state average excitation in the mechanical resonator as

a function of the squeezed bath temperature. The average phonon number is obtained

using numerical solution of Eq. (5.14) by replacing Lh with the squeezed dissipators

given in Eq. (5.22). We consider Hilbert space with four hundred phonon and four-

photon states in the numerical results, and the robustness of the solutions against

change in Hilbert space size is confirmed. The effective temperature of a squeezed

thermal bath which depends on squeezing parameters, is given by [175]

T r
eff =

ω−

log[ tanh2r+eω−/Th

1+tanh2reω−/Th
]
≥ Th. (5.24)

In Fig. 5.5b we plot the steady-state mean phonon number as a function of the

effective temperature T r
eff of the squeezed bath. The mean phonon number shows

similar behavior as in the case of the hot thermal bath shown in Fig. 5.3b. Fig. 5.5

results show that it is possible to cool the mechanical resonator to its ground state

by considering reasonable hot bath temperature and other system parameters which

are experimentally realizable, which include squeezing parameter r ∼ 1.2 [176]. In

addition, if required, a very large squeezing parameter can be obtained by employing

a non-thermal coherent atomic reservoir [177].
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Figure 5.6: The experimental feasibility of our scheme is based on an electromechani-

cal system analogous to the typical optomechanical system. In the setup, a qubit [2] or

a microwave circuit [3, 4, 5] or superconducting microwave resonator [6] of frequency

ωa is interacting with a mechanical resonator of frequency ω1 via optomechanical-like

coupling. The dotted black box indicates the isolated system is placed inside a dilu-

tion refrigerator [3, 4]. In this setup, it is possible to consider multiple mechanical

resonators coupled to the same qubit or microwave resonator [7]. This superconduct-

ing microwave resonator is coupled to spectrally filtered hot and cold sources of white

noise. The attenuators can be used to control the amplitude of these white noise

drives. Two resistive circuits can be used to implement the hot and cold thermal

baths [8]. The microwave resonators designed at frequencies ωa, and ω− coupled to

the white noise source act as thermal bandpass filters for the cold and hot, respectively

[8, 9].

5.4 Experimental feasibility

Our scheme of cooling multiple mechanical resonators to the ground state is enabled by

quantum reservoir engineering and based on the cooling by heating mechanism. The

proposal can be realized by various experimental setups based on optomechanical-like

interaction between the cooling mode and mechanical resonators.
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5.4.1 Electromechanical system

In Sec. 5.3, we showed that it is possible to cool multiple mechanical resonators si-

multaneously to the ground state by employing bath spectrum filtering. However,

the cooling of resonators requires very high temperatures of the hot bath, and it can

be challenging to realize ultra-high temperatures in the experimental setups. Here

we suggest an alternative setup for the realization of our proposal, which requires

an electro-mechanical system [3, 4, 5] as shown in Fig. 5.6. A superconducting mi-

crowave resonator designed at frequency ωa is coupled to a mechanical resonator

of frequency ω1 via an optomechanical-like coupling [1]. The superconducting mi-

crowave resonators are driven by the spectrally filtered cold and hot leads, and the

whole setup, excluding thermal baths, is placed inside a dilution refrigerator. In

addition, two microwave resonators of frequencies ω−, and ωa are coupled to the su-

perconducting resonator for the purpose of bandpass filters. Each of these microwave

resonators interacts with the resistive circuit, which plays the role of thermal baths

in this scheme [8]. This model of a single mechanical resonator can also be extended

to multiple mechanical resonators coupled to the same superconducting microwave

resonator, which is the cooling agent in the setup [7].

For this electro-mechanical system and heat baths, the master equation (5.14) can

be used for the dynamics of the system and the steady-state average phonon number is

given by Eq. (5.21). Fig. 5.7 shows that for experimentally realizable system param-

eters, the mean phonon number of the mechanical resonator can reach the ground

state of the resonator without requiring an ultra-high temperature of the thermal

baths. In the case of the ground state cooling of the mechanical resonator initially, at

a higher temperature, single-photon strong optomechanical coupling strength is re-

quired. Recently, the single-photon strong coupling can be realized by a flux-mediated

interaction between the mechanical resonator and superconducting microwave res-

onator [178].

If initially the mechanical resonator is at room temperature, an ultra-high tem-

perature hot bath Th ∼ 109 − 1010 K along with single-photon strong coupling
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Figure 5.7: The steady-state average excitation number 〈ñ1〉ss as a function of the hot

bath temperature Th. The dot-dashed, dashed, and solid lines are for T1 = 3×10−4, 2×
10−4 and 1×10−4, respectively. The rest of the system parameters are: ω1 = 1×10−7,

ωa = 1, κ1 = 1 × 10−12, κh = κc = 1 × 10−8, Tc = 1 × 10−5, and g1 = 1 × 10−9. All

the parameters are scaled with the optical frequency ωa = 2π × 1014 Hz. The bath

temperatures in SI units are: T1 ≈ 1.5, 1 and 0.5 K for dot-dashed, dashed, and solid

lines, respectively. The cold bath has a temperate Tc ≈ 5 mK, and the hot bath

temperature is ultra-hot, and it’s temperature is approximate 1 . Th . 400 K.

g ∼ (ω1, κx) [179] may lead to the ground state cooling in our scheme. It is challeng-

ing to achieve both the ultra-high temperature of a thermal bath and a single-photon

strong coupling regime; however, it is possible to significantly reduce the effective tem-

perature of the mechanical resonator by considering experimentally realizable system

parameters. We note that it is possible to consider a hot bath with a very high

temperature in the electromechanical system, as the superconducting microwave res-

onator does not reach a thermal state with an effective temperature near to hot bath

temperature. Instead, the cold bath is resonantly coupled with the superconducting
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resonator; as a result, it reaches a steady state with a much lower temperature than

that of a hot bath. In addition, it is possible to design a significantly hot bath with

a very high temperature Th ∼ 9500 K in the superconducting circuits [180].

5.4.2 Qubit-resonator coupling

Our advantageous scheme of cooling multiple resonators can be implemented based

on a qubit coupled to mechanical resonators via energy-field interaction [2, 181]. In

this case, two microwave resonators designed at frequencies ωa, and ω− couple to the

qubit for the realization of bath spectral filtering of the cold and hot bath, respectively.

The filtered spectra of the baths have Lorentzian form [9], whose width and center

can be controlled by the microwave resonator frequencies. In this setup, the master

equation (5.14) remains the same with a difference that the optical resonator bosonic

operators are replaced by the respective Pauli operators [27].

5.4.3 Optomechanical system

Our cooling scheme can be implemented in the optical regime using a toroid optical mi-

croresonator coupled to the mechanical resonators via optomechanical interaction [1].

In this case, the electromagnetic vacuum coupled to the optical mode acts as the cold

bath and has a Lorentzian bath spectrum which can be tuned with the optical cavity

linewidth [56]. A state-dependent quantum heat engine was proposed based on the

same setup [56]. The ground state cooling of multiple resonators may be challeng-

ing in the optical regime, as it requires an ultra-high temperature of the hot bath.

However, the mechanical resonators can be significantly cool by using experimentally

realizable system parameters. Alternatively, this setup can employ spectrally filtered

squeezed hot thermal bath with significant squeezing to attain ground state cooling.

5.4.4 Cooling with squeezed-thermal bath

An appealing possibility of realizing our scheme of cooling based on a squeezed thermal

reservoir in the optical regime can be a merger of the micromaser heating scheme [182]
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with the standard optomechanical system. In this case, an electromagnetic vacuum

can serve as a cold bath which typically has Lorentzian spectrum [1], and the width of

this spectrum can be controlled by the cavity linewidth [56]. The squeezed thermal hot

bath can be conceived by preparing atoms in a quantum coherent superposition and

letting them interact with the optical resonator by the Tavis-Cummings model [177].

In this setup, it is possible to realize a very large squeezing parameter r ∼ 3.5 [177].

This scheme based on the micromaser can also be extended to more practical on-chip

systems, where the interaction between the resonator and two-level system can be

turned on and off [183]. This also allows for more efficient non-thermal baths for the

thermalizing effect by preparing the atoms in different initial coherent superposition

states [177]. It is also possible to have a similar thermalizing effect from non-thermal

baths by periodically driving the optical resonator and applying the Floquet method

to analyze the evolution of the system [101].

5.5 Summary

We have proposed a simultaneous ground state cooling scheme of multiple degener-

ate or non-degenerate resonators in an optomechanical system. Unlike typical cooling

schemes, which rely on an external coherent drive or work input for cooling, we employ

only thermal baths to cool the mechanical resonators. In our scheme, bath spectrum

filtering allowed us to cool identical multiple resonators simultaneously, which is not

possible with typical cooling schemes due to dark mode obstructing the cooling pro-

cess. We showed that an ultra-high temperature of the hot bath is required to cool

the resonators to the quantum ground state. However, realizing such a bath with a

very high temperature may be challenging. To overcome this challenge, we suggested

an electromechanical system-based realization of our proposal in which it is possible

to achieve ground state cooling with the experimentally realizable system parame-

ters. Alternatively, we proposed to employ a spectrally filtered hot squeezed thermal

bath with significant squeezing to cool the mechanical resonators. Our advantageous

scheme of cooling enabled by bath spectrum filtering can be realized using various
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setups based on the optomechanical-like interaction between the cooling agent and

the mechanical resonators.



Chapter 6

ENGINEERING ENTANGLEMENT BETWEEN

RESONATORS VIA HOT ENVIRONMENT

Entanglement generation and its protection is a crucial step toward building quan-

tum technologies; in particular, it is vital in quantum communication and quantum

information processing [184]. However, the generally unavoidable and uncontrolled in-

teraction between the environment and the quantum systems degrades or completely

destroys the entanglement between the quantum systems. Many efforts have been

devoted in the past few decades to overcome the challenge of environment-caused

decoherence in quantum systems [185, 186, 187, 188]. One of the promising directions

is based on exploiting the non-unitary dynamics itself caused by system-environment

interaction for the generation of entanglement [187, 188]. This led to so-called “reser-

voir engineering” protocols in which the desired dynamics of the system are engineered

by work inputs classical external control drives [189, 190, 191, 10, 192, 193, 194, 12].

The quantum system evolves under the engineered dissipative dynamics, and deter-

ministic entanglement is achieved at a steady state. The entanglement generation

between different quantum systems based on reservoir engineering protocol has been

proposed using several physical systems [189, 190, 191, 10, 192, 193, 194, 12], and it

has experimentally demonstrated in atomic systems [195, 196, 197, 198]. The idea of

steady-state entanglement generation by controlling the dissipative dynamics of the

system has been extended to the multimode optomechanical system in which entan-

glement is created between two mechanical or optical resonators [152, 154, 199, 200].

Entanglement between the interacting systems can also be created by investigat-

ing them at thermal equilibrium, and cooling these systems close to the ground state

may result in an entangled state of the system [201, 202]. In the presence of a tem-
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perature gradient, the heat or particle flow between the environments can generate

entanglement between the systems [203, 13, 204, 205, 206, 207, 208, 209, 210, 211, 212,

213, 214, 215, 216, 217, 218]. It has been shown that a critical heat flow through the

coupled qubits sandwiched between two thermal baths is required for the entangle-

ment generation [215]. In entanglement generation schemes based on heat or particle,

flow requires additional feedback or filtering operation for signification entanglement

creation [212, 215], with some exceptions in qubits-based models [219]. Alternatively,

a hot non-thermal bath with an effective negative temperature can boost the en-

tanglement generation [220]. These proposals on entanglement generation are based

on two-level systems with few exceptions on atomic and optical resonators [13, 221].

This chapter discusses the entanglement generation between two distant mechan-

ical resonators interacting to a common two-level system or optical resonator via

optomechanical-like coupling. We show that it is possible to create significantly large

entanglement with the need for filtering or additional feedback control.

6.1 Introduction: Environment assisted entanglement

Here we set out to ask these questions: Is it possible to engineer an entanglement

generation protocol based on reservoir engineering but does not require work output

or external control? If yes, can we apply this protocol to generate significantly large

entanglement between distant mechanical resonators without the need for filtering

operation or feedback control? Our answer is yes; such a scheme can be engineered

by employing the bath spectrum filtering method, which allows us to suppress un-

wanted dissipative interaction between the quantum systems. Our scheme combine

the advantages of reservoir engineering with autonomous quantum thermal machines.

We consider two distant microwave or mechanical resonators interacting to a

common two-level system or a harmonic oscillator via optomechanical-like interac-

tion [1, 222, 66]. We employ bath spectrum filtering, which suppresses the unwanted

incoherent interactions and leads to desired dissipative evolution of the joint sys-

tem that results in the entangled state of the mechanical resonators. In the typical
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reservoir engineering schemes, work input or external coherent control drives are re-

quired [212, 215]; on the contrary, bath spectrum filtering does not rely on external

control or work input, hence can be considered an autonomous scheme for entangle-

ment generation. Bath spectrum filtering has been previously proposed for boosting

various thermal tasks such as power output [167], efficiency at maximum power [27],

heat amplification [26], cooling of the mechanical resonators [28], and quantum state

preparation of a phonon field [127].

Our advantageous scheme of entanglement creation has several key features which

are different from previous proposals; (i) We employ a simple autonomous thermal

bath filtering scheme to engineer desired dissipative dynamics of the mechanical

resonators. A two-mode squeezing interaction between the mechanical resonators

guarantees entanglement between them, provided these are kept at sufficiently low

temeprature [200]. Our scheme of entanglement creation is completely different com-

pared to coherent two-mode squeezing interaction-based schemes [152, 154, 200],

which are based on work input or coherent control drives to engineer an effective

two-mode interaction. Instead, we rely only on thermal baths and an ancilla system

to engineer an effective two-mode squeezing-like coupling between distant uncou-

pled mechanical resonators. (ii) The entanglement between the distant resonators

increases monotonically with the thermal gradient increase, allowing us to have non-

zero entanglement at high environment temperatures. (iii) Our autonomous thermal

entanglement generation machine can create significantly large entanglement between

the resonators without the filtering or feedback control [212]. In out-of-equilibrium

entanglement generation studies, typically, entanglement is very weak [212]. The en-

tanglement can be enhanced via non-thermal baths [220], feedback, or filtering opera-

tion [13, 212]. Here the filtering operation refers to the system’s projection onto a sub-

space of total Hilbert space [223]. For instance, it is shown that a (d+1)-dimensional

system can be driven to an entangled state using thermal baths alone, which is then

projected onto a d-dimensional system to enhance the entanglement [223]. However,

this local filtering operation is not deterministic. On the contrary, our scheme does
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Figure 6.1: (a) Schematic description of the model based on two uncoupled microwave

resonators or mechanical resonators Ri interacting to the same ancilla system A that

can be a two-level system or a harmonic oscillator. We assume an energy-field or

optomechanical-like interaction between the ancilla and mechanical resonators [1].

The ancilla A is coupled to two thermal baths, and the resonators Ri are unavoidably

interacting with their own environments of temperature T. All the thermal baths are

independent and can attain any non-negative temperature provided Th > Ti > Tc.

The dash-dotted oval represents an effective environment for the resonators, which is

obtained after taking a trace over the ancilla system. This effective common bath can

create quantum correlations between the mechanical resonators. (b) The spectrally

filtered bath spectra of the hot and cold bath are indicated by G̃h and G̃c, respectively.

not rely on such filtering of the entangled state of the resonators. Our filtering oper-

ation refers to suppressing unwanted bath-induced transitions, which can be realized

by simple band-pass filters. (iv) Remarkably, entanglement creation and cooling of
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the mechanical resonators can occur with the same system parameters, which is im-

possible with previous proposals.

6.2 The model and master equation

6.2.1 The microscopic model

Our autonomous entanglement generation quantum thermal machine is based on two

microwave resonators or mechanical resonators R1 and R2 interacting with a common

two-level system or a harmonic oscillator via optomechanical-like interaction , as

shown in Fig. 6.1. The Hamiltonian of this isolated system is given by [1]

ĤS = ωan̂a +
∑

i=1,2

ωib̂
†
i b̂i +

∑

i=1,2

gin̂a(b̂i + b̂†i ), (6.1)

here ωi (ωa) being the frequency of the resonator Ri (subsystem A), and gi is the

optomechanical-like coupling stregth between the resonators Ri and ancilla system

A. The creation (destruction) bsonic operator of the resonator Ri is indicated by b̂i

(b̂†i ). The number operator of the resonator A is represented by n̂a = â†â, with â†i and

âi being creation and annihilation operators, respectively. In the case of a two-level

system, the number operator n̂a is replaced by respective Pauli spin matrix σ̂z, and

ωa is divided by 2 in Eq. (6.1).

In addition to the coupling with mechanical resonators, the ancilla system A is

coupled to two thermal baths maintained at temperature Th, and Tc. The resonators

Ri are unavoidably coupled to a thermal environment of temperature Ti. All the

thermal baths are independent and can attain any non-negative temperature, and

in this work, we assume Tc < Ti ≪ Th. We assume that the initial state of the

mechanical resonators is the ground state; this requires simultaneous cooling of the

resonators. Two thermal baths of different temperatures coupled to the ancilla assists

this cooling process at the start of the entanglement generation protocol. The cooling

of the resonators needs a very hot bath which can remove energy from the resonators

and dump it into another bath at a much lower temperature [28]. In addition, we

employ bath spectrum filtering, which results in the non-overlapping spectra of the



Chapter 6: Engineering entanglement between resonators via hot environment 97

hot and cold baths [Fig. 6.1(b)]; this imposes a condition that more than one bath

can not induce a single energy transition. Accordingly, the heat transfer between the

baths can only be possible if the ancilla A is coupled with more than one thermal

baths [28].

The self Hamiltonian of the thermal baths in the system is given by

ĤB =
∑

k,B

ωk,B ĉ
†
k,B ĉk,B, (6.2)

here B = h, c, i, and ωk,B being the frequency of kth mode and ĉ†k,B (ĉk,B) is cor-

responding bosonic creation (annihilation) operator. The coupling of the isolated

system with the thermal baths is given by

ĤS−B =
∑

k,l=h,c

gk,l(â+ â†)(ĉk,l + ĉ†k,l) +
∑

k,i

gk,i(b̂i + b̂†i )(ĉk,i + ĉ†k,i), (6.3)

here gk,i (gk,l) being the interaction strength between the resonators Ri (A) with the

kth mode of the thermal bath. In the case of a two-level ancilla system, the bosonic

operators â† and â are exchanged with σ̂+ and σ̂− spin matrices.

6.2.2 The master eqution

We follow the microscopic derivation of the master equation given in Sec. 1.3, and

the resulting master equation has the form [29]

dρ̃

dt
= Llρ̃+

∑

i

Liρ̃. (6.4)
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Here the Liouville super-operators for the resonators Ri and the ancilla system A are

described by L̃i and L̃l, respectively. These are given by

Llρ̃ = Gl(ωa){D[ã] + α3
∑

i

D[ãb̃†i b̃i]}+Gl(−ωa){D[ã†] +
∑

i

α3D[ã†b̃†i b̃i]}

+
∑

i,n=1,2

αn+1
{

Gl(ωa − nωi)D[ãb̃†ni ] +Gl(−ωa + nωi)D[ã†b̃ni ] +Gl(ωa + nωi)D[ãb̃ni ]

+ Gl(−ωa − nωi)D[ã†b̃†ni ]
}

,+α3

{

Gl(ωa −
∑

i

ωi)D[ãb̃†1b̃
†
2] +Gl(−ωa +

∑

i

ωi)D[ã†b̃1b̃2]

+ Gl(ωa +
∑

i

ωi)D[ãb̃1b̃2] +Gl(−ωa −
∑

i

ωi)D[ã†b̃†1b̃
†
2] +Gl(ωa − ω1 + ω2)D[ãb̃†1b̃2]

+ Gl(−ωa + ω1 − ω2)D[ã†b̃1b̃
†
2] +Gl(ωa + ω1 − ω2)D[ãb̃1b̃

†
2]

+ Gl(−ωa − ω1 + ω2)D[ã†b̃†1b̃2]

}

,

Liρ̃ = Gi(ωi)D[b̃i] +Gi(−ωi)D[b̃†i ]. (6.5)

Here αi = g/ωi, and we have ignored all higher-order terms O(α4) in the derivation

of the master equation, and without the loss of generality assume α = αi. The

transformed operators are given by

ã = âe−α
∑

i(b̂
†
i−b̂i) and b̃i = b̂i − αâ†â. (6.6)

6.3 Physical mechanism of entanglement generation

In what follows, we consider a two-level ancilla system A to demonstrate our proposed

scheme of entanglement generation between uncoupled mechanical resonators. In the

case of a energy-field interaction between ancilla and a harmonic oscillator, sideband

transitions of the order n can be induced by a coherent drive of frequency ωc =

|ωa ± nωi|. For example, a coherent external drive of frequency ωc = |ωa − ωi| leads
to anti-Stokes scattering processes, which results in the cooling of the mechanical

resonators [3]. Similarly, if the lower second-order sideband is resonant with the

external coherent drive, it can lead to two-photon (phonon) processes which may yield

antibunching of the photo (phonon) field [224, 225]. In a complementary approach,

if a spectrally filtered hot thermal is coupled to the ancilla A and its spectrum peaks
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at the lower first-order sideband, this results in the cooling of the resonators, referred

to as “cooling by heating”. The dissipative dynamics of the system is dominated by

D[ã†b̃i] in this case [28]. In both cases of coherent and incoherent drives, the equation

for steady-state mean phonon number is similar [28].

The preceeding analysis may lead to the direction that if we consider incoherent in-

teraction couterpart of the two-mode squeezing interaction , i.e., D[ãb̃†1b̃
†
2] (D[ã†b̃1b̃2]),

it may leads to entanglement between the uncoupled resonators Ri. However, our goal

is to entagle the modes b̂i and not the diagnolized modes b̃i. Accordingly, for entan-

glement analysis in the local basis, we transform D[ã†b̃1b̃2] into the local basis of the

resonators and by taking trace over the ancilla system

Dent = TrA[û
†D[ã†b̃1b̃2]û] = 〈n̂a + 1〉D[eĉ−ĉ

†

(d̂− ĉ)], (6.7)

here

ĉ = α(b̂1 + b̂2), and d̂ = b̂1b̂2 + α2. (6.8)

It was shown in a previous study that a nonclassical state of two optical cavity

modes can be engineered by a repeated interaction scheme [10]. The initial states

of three-level atoms carefully prepared with the help of coherent control drives are

allowed to interact randomly with the cavity fields, which results in the dissipative

dynamics governed by the Liouville super-operator [10]

Leffρ̂ = κcD[ĉ−] + κdD[d̂−]. (6.9)

Here, the effective dissipation rates of the cavity modes are given by κc,d, and d̂− and

ĉ− are the global jump operators for the cavity fields and given by [10]

ĉ− =
1√
2
(b̂1 − b̂2), and d̂− =

1

2
b̂1b̂2 − β2, (6.10)

here β is the complex amplitude of cavities’ coherent states. We note that Eq. (6.9)

reflects that it may be possible to create an entangled state of the resonators Ri

under the dynamics governed by Dent. However, additional terms are present in

Dent as compared with Eq. (6.9). To analyze the effect of additional terms on the
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creation and stabilization of entanglement, we assume a hypothetical case in which

two uncoupled resonator dynamics are investigated under the influence of only Dent.

We compare the results of entanglement generation of this hypothetical case with

that of Eq. (6.9).

The resonators are considered in a separable ground-state, ρ̂(0) = ρ̂1 ⊗ ρ̂2 =

|01〉 〈01| ⊗ |02〉 〈02| initially. We consider other initial state of the resonators as well,

such as thermal state at different temperatures, and note that the entanglement is

maximum in case of initial ground state of the resonators. We employ logarithmic

negativity to quntify the entanglement between the resonators Ri [226]

EN(ρ̂) = log2‖ρ̂Γ2‖. (6.11)

Here, ‖.‖ indicates the trace norm of ρ̂Γ2 , and the partial transpose operation of the

density matrix is described by ρ̂Γ2 .

Fig. 6.2 shows a comparison of entanglement generation between the resonators

which are evolved under the dynamics governed by Eq. (6.7) and Eq. (6.9). For a

fair comparison, we assume identical system parameters, including the dissipation

rates. In the numerical simulations, we considered a Hilbert space with ten photon

states for each resonator and checked the robustness of the results against the change

in the Hilbert space size. The results in Fig. 6.2 shows that entanglement do not

vanish instead becomes significant in the case of Dent. The populations 〈b̂†1b̂1〉 and

entanglement EN(ρ̂) show identical oscillatory behavior with a period T = 2π/
∑

i ωi

in the transient regime, and these oscillations disappear in the steady-state. As a

result, the mean photon number governs the dynamics of the entanglement between

the resonators. The maxima and minima of both entanglement and mean photon

number co-occur in these results. A previous study of coupled resonators undergoing

nonlinear dissipation [227] reported similar oscillatory behavior of entanglement and

mean photon number.

Now we show that Dent is the dominant source of dissipation in our model given

in Eq. (6.1). To this end, we consider bath spectrum filtering, which can suppress

the unwanted incoherent interaction that may destroy the entanglement between the
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Figure 6.2: The underlying physical mechanism of entanglement creation. The loga-

rithmic negativity EN(ρ) as a function of time ω1t. The solid red line indicates the

entanglement in the case of optical resonators undergoing dissipative dynamics gov-

erned by Eq. (6.9); this scheme was proposed in [10]. The green dotted line represents

logarithmic negativity EN(ρ) for a hypothetical case of two uncoupled mechanical res-

onators evolving under Eq. (6.7). The blue dash-dotted and black solid curves are

associated with the entanglement by keeping first and second-order correction terms

in α given in Eq. (6.7), respectively. The left and right inset show mean phonon

number 〈b̂†1b̂1〉 and logarithmic negativity EN(ρ), respectively, as a function of scaled

time ω1t. In the transient regime, all these results show an oscillatory behavior with

a a period T ≈ 2π/
∑

i ωi. The resonators are taken in the initialseparable ground-

state; ρ̂(0) = ρ̂1 ⊗ ρ̂2 = |01〉 〈01| ⊗ |02〉 〈02|. We considered Hilbert space size with

ten phonons (photon) states for each mechanical (optical) resonator and verified the

results do not change with the change in the Hilbert space size.

resonators. We assume the filtered spectra of the hot and cold bath, which is given
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by [126, 128]

G̃l(ω) =
κl
π

(πGl(ω))
2

(ω − (ωr
l +∆l(ω))2 + (πGl(ω))2

. (6.12)

Here κl being the interaction strength between the ancilla A and the bath filter, and

ωr
l is the resonance frequency. The Lamb shift induced by the environement is given

by

∆l(ω) = P

∫ ∞

o

dω
′Gl(ω

′

)

ω − ω′ , (6.13)

here P being the principal value. The bath modes which are closer to the resonance

frequency ωr
l are coupled more strongly to the ancilla.

6.4 Results

Here, we shall analyze the entanglement generation between the uncoupled mechan-

ical resonators in our scheme shown in Fig. 6.1. For the numerical simulations, we

assume the system parameters of an electro-mechanical system [2, 7], unless otherwise

mentioned: ωi = 2π×10 MHz, ωa = 2π×10 GHz, γi = 2π×100 Hz, γh = γc = 2π×5

MHz, and gi = 2π × 500 KHz.

6.4.1 Non-degenerate resonators

First, we investigate the case in which we assume two mechanical resonators with

different frequencies but the same dissipation rates and the thermal baths of the same

temperatures. If we assume the cold and hot bath resonance frequencies ωr
c = ωa,

and ωr
h = ωa −

∑

i ωi in Eq. (6.12), respectively, the Liouville super-operators of the

cold and hot baths take the form

Ld
c ρ̃ = G̃c(ωa){D[ã] + α3

∑

i

D[ãb̃†i b̃i]}+ G̃c(−ωa){D[ã†] +
∑

i

α3D[ã†b̃†i b̃i]},

Ld
hρ̃ = α3

{

G̃h(ω−)D[ãb̃†1b̃
†
2] + G̃h(−ω−)D[ã†b̃1b̃2]

}

,

Liρ̃ = Gi(ωi)D[b̃i] +Gi(−ωi)D[b̃†i ], (6.14)
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Figure 6.3: Entanglement in the case of non-degenerate resonators. The entanglement

quantified by logarithmic negativity EN(ρ) as a function of scaled time ωat. The en-

tanglement is quantified by first solving Eq. (6.14) by numerical integration and then

take the inverse tranformation [Eq. (3.10)] of the density matrix to get transformed ρ̂

in the basis of the resonators, followed by computing EN(ρ) by using the definiation of

logarithmic negativity given in Eq. (6.11). The initial state of the joint system is con-

sidered separable ground state; ρ̂(o) = ρ̂a⊗ρ̂1⊗ρ̂2 = |ga〉 〈ga|⊗|01〉 〈01|⊗|02〉 〈02|, here
|ga〉 indicates the ground state of the two-level ancilla. Parameters: ω1 = 2ω2 = 2π×5

MHz, ωa = 2π × 10 GHz, γi = 2π × 100 Hz, γh = γc = 2π × 500 KHz, and Tc = 65

mK. All the parameters are scaled with the ancilla frequency ωa. (a) red solid, blue

dashed, and green dot-dashed curves are for Th = 1, 70, 300 K, respectively. Here,

αi = 0.1 and Ti = 0.1 K. (b) Long time entanglement EN(ρ) for Th = 300 K, αi = 0.2

and Ti = 0.05 K. (c) Red solid, blue dashed, and green dot-dashed lines are associated

with αi = 0.05, 0.1, 0.2, respectively. Ti = 0.1 K, Th = 300 K. (d) Red solid, blue

dashed, and green dot-dashed lines are for Ti = 0.1, 0.15, 0.2 K, respectively. αi = 0.2

and Th = 300 K.
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here Li Liouville super-operators of the mechanical resonators remain unchanged and

we define ω− = ωa−
∑

i ωi and. We consider γin̄i ≪ α3f̃h(ω−) and Th ≫ Ti > Tc which

makes Dent the dominant over other dissipation channels in the system. According to

our analysis in Sec. 6.3, the evolution of the mechanical resonators with Dent as the

dominant source may lead to entanglement between the resonators. Here we assume

that the mechanical resonators are prepared in their ground states, and the initial

state of the joint system is a separable ground state. The initial ground state of the

resonators can be prepared in our scheme without the need for external control or

work input by tuning the resonance frequencies of the hot and cold bath to the first

lower sideband, which leads to simultaneous cooling of the mechanical resonators[see

Eq. (6.12)] [28].

Fig. 6.3 shows the logarithmic negativity EN(ρ̂) as a function of the scaled time.

For the case Th ∼ Ti > Tc, we observe no entanglement between the mechanical

resonators because the mechanical dissipation rates dominate in this range of tem-

peratures which destroys the quantum correlations between the resonators. However,

for Tc < Ti ≪ Th, the entanglement between the mechanical resonators becomes

non-zero and it increases significantly with the increase in the hot bath temperature

Th, as shown in Fig. 6.3(a). The long-time limit entanglement EN(ρ̂) quantified by

logarithmic negativity is shown in Fig. 6.3(b). In comparision with Fig. 6.2, entan-

glement does not show periodicity in time for the case considered in Fig. 6.3. This

is due to the fact that in Fig. 6.3 we consider two different resonators, which yield

non-synchronized dynamical evolution of the mean phonon number n̂i = 〈b̂†i b̂i〉. In

addition, Fig. 6.2 results indiacate that the mean phonon number n̂i governs the dy-

namics of EN(ρ̂), as a result, non-synchronized dynamics of n̂i results in the aperiodic

behavior of entanglement EN(ρ̂). The entanglement increases monotonically with the

increase in the coupling strength between the two-level ancilla and mechanical res-

onators, as shown in Fig. 6.3(c). Finally, we analyze the robustness of entanglement

between the resonators against thermal dissipation induced by the mechanical baths

in Fig. 6.3(d).
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Figure 6.4: Entanglement in the case of degenerate resonators. The entanglement

quantified by logarithmic negativity EN(ρ) as a function of scaled time ωat. The en-

tanglement is quantified by first solving Eq. (6.15) by numerical integration and then

take the inverse tranformation [Eq. (3.10)] of the density matrix to get transformed ρ̂

in the basis of the resonators, followed by computing EN(ρ) by using the definiation

of logarithmic negativity given in Eq. (6.11). The initial state of the joint system is

considered separable ground state; ρ̂(o) = ρ̂a⊗ ρ̂1⊗ ρ̂2 = |ga〉 〈ga|⊗ |01〉 〈01|⊗ |02〉 〈02|,
here |ga〉 indicates the ground state of the two-level ancilla. Parameters: ωa = 2π×10

GHz, ω1 = ω2 = 2π×5 MHz, γh = γc = 2π×500 KHz, γi = 2π×100 Hz, and Tc = 65

mK. (a) Blue solid, red dashed, and black dot-dashed curves are for Th = 1, 70, 300

K, respectively. Here, Ti = 0.1 K and αi = 0.1. (b) Long time entanglement EN(ρ)

for αi = 0.2, Th = 300 K and Ti = 0.05 K. (c) Blue solid, red dashed, and black

dot-dashed curves are for αi = 0.05, 0.1, 0.2, respectively. Th = 300 K and Ti = 0.1.

(d) Blue solid, red dashed, and black dot-dashed curves are for Ti = 0.1, 0.15, 0.2 K,

respectively. Th = 300 K and αi = 0.2.
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6.4.2 Degenerate resonators

In the case of identical resonators ω1 = ω2 = Ω, if we assume the resonance frequencies

of the cold and hot bath as ωr
c = ωa and ωr

h = ωa − 2Ω, respectively, then the master

equation (5.6) reduces to

Ls
cρ̃ = Ld

c ρ̃+ α3G̃c(ωa)D[ãb̃†1b̃2] +D[ãb̃1b̃
†
2]}+ α3G̃c(−ωa){D[ã†b̃1b̃

†
2] +D[ã†b̃†1b̃2]},

Ls
hρ̃ = Ld

hρ̃+ α3{G̃h(ωa − 2Ω)
∑

i

D[ãb̃†2i ] + G̃h(−ωa + 2Ω)
∑

i

D[ã†b̃2i ]},

L̃iρ̃ = Gi(Ω)D[b̃i] +Gi(−Ω)D[b̃†i ]. (6.15)

We note that as compared to Eq. (6.14), there are some additional terms in Eq. (6.15).

The effect of additional terms in L̃s
cρ̃ on entanglement is not significant because we

consider Tc ≪ 1 K in our results. However, the second and third terms of L̃s
hρ̃

dissipation rates depends on Th, consequently, have non-negligible negative effect on

the entanglement. The results in Fig. 6.4 confirms the decrease in the entanglement

for the degenerate resonators due to the presence of additional terms in Eq. (6.15).

6.5 Simultaneous entanglement and cooling of the resonators

In a typical optomechanical system, simultaneous entanglement and cooling of the

resonators are not possible. The reason is that cooling of the resonators requires

beam splitter interaction, and entanglement generation between the resonators is

possible with two-mode squeezing interaction. Depending on the input laser drive

frequency choice, one of these two interactions can be made resonant. Accordingly,

entanglement and cooling occur in two separate sets of system parameters [1]. On

the contrary, in our scheme, both entanglement and cooling of the resonators can co-

occur. This is one of the key features of our scheme, and to the best of our knowledge,

it is not reported in the bosonic out-of-equilibrium entanglement generation schemes

too.

To investigate the entanglement and cooling of the resonators, after tracing the

ancilla system A, Eq. (6.14) is given by
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Figure 6.5: (a) Entanglement quantified by logarithmic negativity EN(ρ) between the

mechanical resonators for different initial states as a function of scaled time ωat. The

dashed and solid lines indicate the initial thermal state with the mean phonon number

n̄i = 1, 2, respectively. The entanglement is quantified by first solving Eq. (6.14)

by numerical integration and then take the inverse transformation [Eq. (3.10)] of

the density matrix to get transformed ρ̂ in the basis of the resonators, followed by

computing EN(ρ) by using the definition of logarithmic negativity given in Eq. (6.11).

(b), and (c) show the average excitation number 〈b̃†i b̃i〉 for the initial mean phonon

number n̄i = 1, 2, as a function of scaled time ωat, respectively. The dashed and

solid curves are associated with the resonators R1 and R2, respectively. Parameters:

ω1 = 2ω2 = 2π × 5 MHz, ωa = 2π × 10 GHz, γh = γc = 2π × 500 KHz, αi = 0.2,

Th = 300 K, γi = 2π × 100 Hz, Tc = 65 mK and Ti = 0.05 K.

dρ̃

dt
=

∑

i

(γi,↓D[b̃i] + γi,↑D[b̃†i ] + γdD[b̃†i b̃i]) + Γ↓D[b̃1b̃2] + Γ↑D[b̃†1b̃
†
2], (6.16)
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here, we define

γi,↓ = Gi(ωi), γi,↑ = Gi(−ωi),

Γ↓ = α3G̃(−ω−)〈ña + 1〉, Γ↑ = α3G̃(ω−)〈ña〉,

γd = α3(G̃(ωa)〈ña〉+ G̃(−ωa)〈ña + 1〉). (6.17)

For sufficiently low excitations n̄i in the resonators and Th ≫ Ti > Tc, the simulta-

neous cooling rate Γ↓ becomes larger than the simultaneous Γ↑ and the individual

heating rates γi,↑ of the resonators [28]. Accordingly, the cooling of the mechanical

resonators is accompanied by entanglement generation (see Sec. 6.4.1). This analy-

sis is confirmed by the numerical results presented in Fig. 6.5, which show that the

cooling and entanglement co-occur in our scheme. Due to the different frequencies

of the resonators, cooling rates are different [159, 28]. For the optimal performance

of our scheme, the resonators should be considered in their ground states. However,

this is not a requirement, as Fig. 6.5 shows that the thermal state with sufficiently

low excitations n̄i can also lead to entanglement between the resonators.

6.6 Summary

We proposed and analyzed an autonomous quantum thermal machine to generate

transient and steady-state entanglement of two uncoupled macroscopic mechanical

resonators. Unlike previous proposals on reservoir engineering, our quantum entan-

glement engine does not rely on external control or work input to generate entangle-

ment between uncoupled macroscopic mechanical resonators. Entanglement between

two uncoupled resonators is created by coupling them to a common incoherently

driven two-level system or a harmonic oscillator. We proposed bath spectrum fil-

tering to engineer desirable incoherent interaction with the thermal baths to create

entanglement, which is a critical step in our scheme. Our numerical results showed a

significantly large amount of entanglement established between the resonators in the

absence of thermal equilibrium and even in the presence of the local dissipation of the

resonators. In addition, the amount of early time entanglement showed a monotonic
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increase with the increase in a temperature gradient. To the best of our knowledge,

there are no reported results of steady-state entanglement generation between uncou-

pled mechanical resonators using temperature gradient. If we consider circuit QED

implementation of our scheme, then entanglement generation may be compared with

Ref. [13] in which entanglement between two optical cavities is investigated in a sim-

ilar setting. In our system, entanglement is almost two orders of magnitude larger

than reported in Ref. [13].

The periodic oscillations in the entanglement are reported for the resonators of

the same frequency. For the non-degenerate case, the periodicity breaks down due to

the non-synchronized dynamics of the resonators. For the experimental realizations,

several physical systems are conceivable such as optomechanical system [1], circuit

QED [66, 228], and electro-mechanical systems [2].



Chapter 7

CONCLUSIONS

In Ch. 2 we have investigated a typical optomechanical system in which the optical

and the mechanical resonators are each coupled to a thermal bath. We focused our

analysis on the thermodynamic consistency of the master equations in the local and

global approaches. At thermal equilibrium, the local and semi-global master equa-

tions predicted nonzero heat current through the system, violating the second law

of thermodynamics. Upon describing the system dynamics with the global master

equation, in which the jump operators become nonlocal, the heat currents vanish at

thermal equilibrium. Hence, the global approach predicts the dynamics accurately

compared to the local description of the system. In addition, in the presence of

temperature bias, the local approaches predict the wrong direction of the heat flow,

violating the second law of thermodynamics again. The addition of the phonon side-

band in the global master equation recovers the validity of the second law in this

regime. Our results show that the global approach is superior and consistent with

the laws of thermodynamics in predicting the evolution of the optomechanical system

in both weak and strong coupling regimes. Our analysis shows that the widely used

assumption of the validity of the local master equation in the weak optomechanical

coupling is incorrect. Significant qualitative and quantitative differences in the local

and global approaches to predicting the heat current in both weak and strong coupling

can facilitate testing our predictions in the current optomechanical systems.

We presented the discussion of heat management based on a two-qubit and typical

optomechanical system in Ch. 3. We investigated the thermal management between

independent thermal baths based on either two coupled qubits or two nonlinearly

coupled harmonic oscillators. In particular, it was shown that two qubits coupled
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via asymmetric spin-spin interaction support the heat flow asymmetry between two

thermal baths. In previous proposals, the heat rectification based on spins required

either unequal bath dissipation rates or frequency difference of the coupled spins. In

the case of equal dissipation and resonant spins, it was not possible to have thermal

diode operation in the previous schemes. We showed that by considering asymmetric

spin-spin interaction, a high-quality diode could be designed with equal dissipation

rates with the baths and the same frequencies of the spins. Our advantageous proposal

of the heat diode, contrary to the previous proposals, showed no trade-off between the

heat flow and rectification factor. We explained the rectification by the preferential

direction of the energy cycles induced by the thermal baths between the dressed states

of the qubits. Some of the heat transport channels between the qubits were obstructed

due to the asymmetry of the coupling strengths between the energy levels under the

exchange of the temperature gradient.

We showed that it is possible to construct a quantum thermal transistor based on

two nonlinearly coupled harmonic oscillators. The control of the base bath temper-

ature showed the modulation of the heat current between the collector and emitter

baths. It is possible to obtain substantial amplification factors by tuning either the

coupling strength between the resonators or the relative magnitude of the frequencies

of the resonators. The origin of the heat amplification is explained by the negative

differential resistance, which appeared in our system due to the presence of the anhar-

monicity induced by the nonlinear coupling between the resonators. The control base

heat current was associated with the lowest energy transition in the system, and the

output heat currents were associated with the most significant energy transition. Ac-

cordingly, a slight change in the base heat current could control the large magnitudes

of the collector and emitter heat currents.

In Ch. 4, we have proposed a quantum absorption refrigerator based on two-

coupled qubits contrary to widely employed three-body interaction schemes. We

considered an asymmetric interaction between the qubits and investigated the heat

transfer through the qubits by employing a global master equation consistent with the
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laws of thermodynamics. The mechanism behind the cooling process was explained

by considering energy cycles consisting of transitions between the dressed states of the

qubits, which are induced by the thermal baths.We showed that heat could be removed

from the cold by employing the bath spectrum filtering and selecting the system

parameters within the cooling window. The reservoir engineering helped to attain

the Carnot limit by not allowing the overlapping bath spectra; however, the cooling

power at the Carnot limit vanishes as required by the second law of thermodynamics.

In addition, we investigated a more practical bound, namely efficiency at maximum

cooling power. In the strong coupling regime of the coupled qubits, we showed that

our model could surpass the bound established on the efficiency at cooling power for

previous QAR schemes. Finally, we allowed overlapping bath spectra, which results in

the direct energy transfer between the thermal baths, and deteriorates the efficiency

of the quantum absorption refrigerator.

We discussed the possibility of cooling multiple resonators via incoherent thermal

baths in Ch. 5. We have proposed a simultaneous ground state cooling scheme of

multiple degenerate or non-degenerate resonators in an optomechanical system. Un-

like typical cooling schemes, which rely on an external coherent drive or work input

for cooling, we employ only thermal baths to cool the mechanical resonators. In our

scheme, bath spectrum filtering allowed us to cool identical multiple resonators si-

multaneously, which is not possible with typical cooling schemes due to dark mode

obstructing the cooling process. We showed that an ultra-high temperature of the

hot bath is required to cool the resonators to the quantum ground state. However,

realizing such a bath with a very high temperature may be challenging. To overcome

this challenge, we suggested an electromechanical system-based realization of our pro-

posal in which it is possible to achieve ground state cooling with the experimentally

realizable system parameters. Alternatively, we proposed to employ a spectrally fil-

tered hot squeezed thermal bath with significant squeezing to cool the mechanical

resonators. Our advantageous scheme of cooling enabled by bath spectrum filter-

ing can be realized using various setups based on the optomechanical-like interaction
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between the cooling agent and the mechanical resonators.

Finally, Ch. 6 presents a scheme to engineer entanglement between two uncoupled

resonators using a common ancilla driven by spectrally filtered hot and a cold bath.

We showed that by suppressing unwanted energy transitions induced by the ther-

mal bath, a significantly large entanglement between distant mechanical resonators

becomes possible. A critical step towards realizing this scheme is bath spectrum

filtering, which leads to effective two-mode squeezing-like interaction between the

resonators. In addition, in our quantum thermal entanglement machine, both en-

tanglement and cooling can co-occur, which is in variance with existing proposals on

entanglement generation via reservoir engineering.

Quantum thermodynamics is a happy union between quantum mechanics and clas-

sical thermodynamics. Quantum mechanics introduces dynamics to classical thermo-

dynamics. Following conventional learning by example approach of classical thermo-

dynamics, the relationship between heat, work, and entropy production is investigated

using thermal machines in quantum thermodynamics. Now the field has grown to the

stage where proof-of-principal experiments have become possible such as the realiza-

tion of a single-atom heat engine [229], superradiant quantum heat engine [230, 231],

quantum absorption refrigerator [122], quantum heat valve [79], and quantum thermal

diode [8] are some examples among many. Following this, the bulk of this thesis is de-

voted to investigating and designing efficient models for more practical self-contained

quantum thermal machines. Often we restrict ourselves to linear interaction between

quantum systems in these thermal machines. Here, we focus our efforts on nonlinear

(optomechanical) interaction and show that introducing nonlinearity can improve a

thermal machine’s performance and allow it to perform thermal tasks in the param-

eters regime, which is otherwise impossible.

Most of the studies in quantum thermodynamics assume a linear system-environment

interaction; moving forward, it would be interesting to consider nonlinear system-

environment interaction in the designs of quantum thermal machines. Based on our

current analysis, going beyond linear interaction can be fruitful. It would also be in-
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teresting to use non-thermal baths for the purpose of heat management. For instance,

revisiting the model of the quantum thermal transistor by replacing the control bath

with a squeezed thermal bath may enhance heat amplification. Another possible

direction can be considering the nonlinear optomechanical system as a quantum ther-

mometer. Our analysis shows that in the case of optomechanical coupling, sidebands

appear in the master equation, and the generation of these sidebands may enhance

the thermometer’s sensitivity [232].

.1 Appendix A: System dynamics governed by LME or the DSME

The rate equations for the relevant dynamical observables of the optomechanical

system considered in Fig. 2.1 determined from the DSME, Eq. (2.21), are given by

d
dt
〈n̂a〉 = κa(n̄a − 〈n̂a〉),
d
dt
〈p̂〉 = −ωb〈q̂〉 − κb

2
〈p̂〉+ 2g〈n̂a〉,

d
dt
〈q̂〉 = ωb〈p̂〉 − κb

2
〈q̂〉+ κbα〈n̂a〉,

d
dt
〈(∆n̂a)

2〉 = κan̄a + (2κan̄a + κa)〈n̂a〉 − 2κa〈(∆n̂a)
2〉,

d
dt
〈n̂a, p̂〉 = −κ〈n̂a, p̂〉 − ωb〈n̂a, q̂〉+ 2g〈(∆n̂a)

2〉,
d
dt
〈n̂a, q̂〉 = −κ〈n̂a, q̂〉+ ωb〈n̂a, p̂〉+ κbα〈(∆n̂a)

2〉,
d
dt
〈n̂b〉 = −κb(〈n̂b〉 − n̄b) + g(〈n̂a, p̂〉+ 〈n̂a〉〈p̂〉) + κb

2
α(〈n̂a, q̂〉+ 〈n̂a〉〈q̂〉),

d
dt
〈n̂ap̂〉 = −κ〈n̂ap̂〉 − ωb〈n̂aq̂〉+ 2g〈n̂2

a〉+ κan̄a〈p̂〉,
d
dt
〈n̂aq̂〉 = −κ〈n̂aq〉+ ακb〈n̂2

a〉+ κan̄a〈q〉+ ωb〈n̂ap̂〉, and
d
dt
〈n̂2

a〉 = κan̄a − 2κa〈n̂2
a〉+ κa(4n̄a + 1)〈n̂a〉,

here q̂ = b̂+b̂†, p̂ = i(b̂−b̂†), and κ = κa+κb/2. The correlation functions between any

two operators ô1 and ô2 are denoted by 〈ô1, ô2〉 := 〈ô1ô2〉 − 〈ô1〉〈ô2〉. In the long time
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limit, the steady-state solutions of the dynamical equations are obtained as follows:

〈n̂a〉ss = n̄a,

〈q̂〉ss =
(

8gωb + 2ακ2b
4ω2

b + κ2b

)

〈n̂a〉ss,

〈p̂〉ss =
(

4gκb − 4αωbκb
4ω2

b + κ2b

)

〈n̂a〉ss,

〈(∆n̂a)
2〉ss = n̄a(n̄a + 1),

〈n̂a, p̂〉ss =
2gκa
ω2
b + κ2

〈(∆n̂a)
2〉ss,

〈n̂a, q̂〉ss =
(

2gωb + ακbκ

ω2
b + κ2

)

〈(∆n̂a)
2〉ss,

〈n̂b〉ss = n̄b +
g

κb
(〈n̂a, p̂〉ss + 〈n̂a〉ss〈p̂〉ss) +

α

2
(〈n̂a, q̂〉ss + 〈n̂a〉ss〈q̂〉ss),

〈n̂aq̂〉ss = A

[

κan̄a(κ〈q〉ss + ωb〈p〉ss) + (κακb + 2gωb)〈n̂2
a〉ss

]

,

〈n̂ap̂〉ss = A

[

κan̄a(κ〈p〉ss − ωb〈q〉ss) + (2κg − ακbωb)〈n̂2
a〉
]

, and

〈n̂2
a〉ss = n̄a(2n̄a + 1),

where A = 1
/(

κ2 + ω2
m

)

and n̄a := n̄a(ωa). By setting α = 0, the corresponding

equations can be found for the LME.

.2 Appendix B: Heat currents using the LME or the DSME

The heat currents from the optical and the mechanical resonator baths are given by

Ja = κa(ωa − g〈q̂〉)(n̄a − 〈n̂c〉) + gκa〈n̂a, q̂〉, and

Jb = ωbκb(n̄b − 〈n̂b〉) + gκb(〈n̂b, q̂〉+ 〈n̂a〉〈q̂〉)− gακb(〈(∆n̂a)
2〉+ 〈n̂a〉2).

At steady-state, the heat currents evaluate to

J ss
a = gκa〈n̂a, q̂〉ss and

J ss
b = −gκa〈n̂a, q̂〉ss.

For the case of the LME, the heat flows can be obtained by setting α = 0.
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.3 Appendix C: The steady-state heat currents

The steady-state heat currents can be evaluated by writing the equations of motion

for the relevant dynamical observables from the master equation (4.13), and given by

d

dt
〈σ̃z

L〉 = cos2 θ[GL(−ωL)〈A〉 −GL(ωL)〈B〉] (1)

+
1

2
sin2 θ[GL(ω−)〈AD〉 −GL(−ω−)〈BC〉+GL(−ω+)〈AC〉 −GL(ω+)〈BD〉]

d

dt
〈ˆ̃σz

R〉 = cos2 θ[GR(−Ω)〈C〉 −GR(Ω)〈D〉] (2)

+
1

2
sin2 θ[−GL(ω−)〈AD〉+GL(−ω−)〈BC〉+GL(−ω+)〈AC〉 −GL(ω+)〈BD〉]

d

dt
〈σ̃z

Lσ̃
z
R〉 = cos2 θ[GL(−ωL)〈Aσ̃z

R〉 −GL(ωL)〈Bσ̃z
R〉+GR(−Ω)〈Dσ̃z

L〉 −GR(Ω)〈Cσ̃z
L〉]

(3)

here we have defined A = (1− σ̃z
L), B = (1+ σ̃z

L), C = (1− σ̃z
R), and D = (1+ σ̃z

R).

Accordingly, the heat currents are given by

JL =
1

2
ωL cos

2 θ[GL(−ωL)〈A〉 −GL(ωL)〈B〉] (4)

+
1

4
sin2 θ[ω1GL(−ω1)〈BC〉 − ω1GL(ω1)〈AD〉

− ω2GL(ω2)〈BD〉+ ω2GL(−ω2)〈AC〉],

JR =
1

2
Ω cos2 θ[GR(−Ω)〈C〉 −GR(Ω)〈D〉]. (5)

The analytical expressions for the heat currents are too cumbersome to report here.

.4 Appendix D: Heat Currents for coupled qubits

In case of filtered bath spectra, the steady-state heat currents can be determined by

calculating the rate equations from the master equation (4.18), and given by

d

dt
〈σ̃+

A σ̃
−
A〉 = −c2Γh(1 + e

−
ωh
Th )〈σ̃+

A σ̃
−
A〉+ c2Γhe

−
ωh
Th

+ s2Γw(〈σ̃+
B σ̃
−
B〉 − 〈σ̃+

A σ̃
−
A〉), (6)

d

dt
〈σ̃+

B σ̃
−
B〉 = −c2Γc(1 + e−

ωc
Tc )〈σ̃+

B σ̃
−
B〉+ c2Γce

−ωc
Tc

+ s2Γw(〈σ̃+
A σ̃
−
A〉 − 〈σ̃+

B σ̃
−
B〉), (7)
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here we have considered Tw → ∞. As a result, the higher order correlations 〈σ̃+
A σ̃
−
A σ̃

+
B σ̃
−
B〉

become zero. In addition, s = sinθ, c = cosθ and

Γα = ωακαn̄(ωα), (8)

In the high temperature limint of the work-like bath, the heat currents are given by

Jα = Cωα, (9)

and

C =
c2s2ΓwΓhΓc(e

ωc
Tc − e

ωc
Th )

c2ΓwΓc(1 + e
ωc
Tc )(1 + e

ωh
Th ) + s2Γw[e

ωh
Th Γc + e

ωc
Tc (Γw + e

ωh
Th (Γw + Γc))]

. (10)

.5 Appendix E: Dynamics of the system

If we consider the spectrally filtered bath spectra of the hot and cold baths coupled to

the optical mode of the optomechanical system, then the master equation governing

the dynamics is given by

Lc = γc(D[ã] + e−βcωaD[ã†]), (11)

Lh = γhα
2
1

(

D[ãb̃†1] + e−βhω+D[ã†b̃1]
)

, (12)

L1 = γ1(D[b̃1] + e−β1ω1D[b̃†1]). (13)

Here γc, γh, and γ1 are the relaxation rates, which depend on the choice of the spectral

density of the bath. In addition, β1, βh, and βc indicates the inverse temperatures of

the mechanical, hot and cold baths, respectively. In the limit, Th → ∞, the rate

equations for the average excitation number read

d

dt
〈ña〉 = − γc(1− e−βcωa)〈ña〉+ γce

−βcωa

+ γh(〈ñ1〉 − 〈ña〉), (14)

d

dt
〈ñ1〉 = − γ1(1− e−β1ω1)〈ñ1〉+ γ1e

−β1ω1

+ γh(〈ña〉 − 〈ñ1〉), (15)
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and the steady-state average excitation number of mechanical resonator evaluate to

〈ñ1〉ss =
γce
−βcωa + γ1e

−β1ω1

−γce−βcωa − γ1e−β1ω1 + γc + γ1
.

(16)

In the case of the Ohmic spectral densities of the thermal baths, Eq. (16) takes the

form

〈ñ1〉ss =
ωaκcn̄c + ω1κ1n̄1

ωaκc + ω1κ1
, (17)

this equation shows that it is possible to cool the mechanical resonator to its ground

state by considering appropriate system parameters.
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Quantum heat engine with coupled superconducting resonators. Phys. Rev. E,

96:062120, Dec 2017.
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[74] Maria José Mart́ınez-Pérez, Antonio Fornieri, and Francesco Giazotto. Rectifi-

cation of electronic heat current by a hybrid thermal diode. Nat. Nanotechnol.,

10(4):303–307, Apr 2015.

[75] Zhong-Xiao Man, Nguyen Ba An, and Yun-Jie Xia. Controlling heat flows

among three reservoirs asymmetrically coupled to two two-level systems. Phys.

Rev. E, 94:042135, Oct 2016.

[76] Karl Joulain, Jérémie Drevillon, Younès Ezzahri, and Jose Ordonez-Miranda.

Quantum thermal transistor. Phys. Rev. Lett., 116:200601, May 2016.

[77] Jose Ordonez-Miranda, Younès Ezzahri, and Karl Joulain. Quantum thermal

diode based on two interacting spinlike systems under different excitations.

Phys. Rev. E, 95:022128, Feb 2017.

[78] B Karimi, J P Pekola, M Campisi, and R Fazio. Coupled qubits as a quantum

heat switch. Quantum Sci. Technol., 2(4):044007, aug 2017.

[79] Alberto Ronzani, Bayan Karimi, Jorden Senior, Yu-Cheng Chang, Joonas T.

Peltonen, ChiiDong Chen, and Jukka P. Pekola. Tunable photonic heat trans-

port in a quantum heat valve. Nature Physics, 14(10):991–995, Oct 2018.

[80] Yanchao Zhang, Zhimin Yang, Xin Zhang, Bihong Lin, Guoxing Lin, and Jincan

Chen. Coulomb-coupled quantum-dot thermal transistors. Europhys. Lett.,

122(1):17002, apr 2018.



Bibliography 128

[81] Chen Wang, Xu-Min Chen, Ke-Wei Sun, and Jie Ren. Heat amplification and

negative differential thermal conductance in a strongly coupled nonequilibrium

spin-boson system. Phys. Rev. A, 97:052112, May 2018.

[82] Huan Liu, Chen Wang, Lu-Qing Wang, and Jie Ren. Strong system-bath cou-

pling induces negative differential thermal conductance and heat amplification

in nonequilibrium two-qubit systems. Phys. Rev. E, 99:032114, Mar 2019.

[83] Chen Wang, Dazhi Xu, Huan Liu, and Xianlong Gao. Thermal rectification and

heat amplification in a nonequilibrium v-type three-level system. Phys. Rev. E,

99:042102, Apr 2019.

[84] Jianying Du, Wei Shen, Shanhe Su, and Jincan Chen. Quantum thermal man-

agement devices based on strong coupling qubits. Phys. Rev. E, 99:062123, Jun

2019.

[85] T Motz, M Wiedmann, J T Stockburger, and J Ankerhold. Rectification of heat

currents across nonlinear quantum chains: a versatile approach beyond weak

thermal contact. New J. Phys., 20(11):113020, nov 2018.

[86] T. Werlang and D. Valente. Heat transport between two pure-dephasing reser-

voirs. Phys. Rev. E, 91:012143, Jan 2015.
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