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ABSTRACT

Recent years have seen tremendous progress in developing quantum technologies
that rely on the physical systems’ quantum features, such as quantum coherence and
entanglement. In principle, these quantum systems are not isolated and interact with
the environment, which leads to decoherence in which quantum correlations weaken or
vanish entirely. The mathematical formulation which describes the system’s dynamics
in the environment’s presence generally requires several approximations. One example
is the quantum Markovian master equation based on the perturbative approach in
weak system-bath interaction. Typically, a phenomenological approach is adopted in
deriving the master equation in which inter-system interactions are ignored, which
results in the “local” dissipation terms in the master equation. We show that such an
approach is inconsistent with the laws of thermodynamics in the case of nonlinearly
coupled resonators. Instead, the master equation derived from the first principles is
consistent, usually termed the “global” master equation.

The heat flow put serious restrictions on the miniaturization of quantum-based
technologies. One promising direction can be to power these devices with heat rather
than considering the heat flow as a noise source. Accordingly, it is desirable to have
efficient models of quantum thermal heat managers which can assist in controlling the
heat flow. Following this direction, here, we propose an efficient quantum thermal
diode and transistor model that can provide perfect rectification and very large tun-
able heat amplification, respectively. The dynamics of the system are described by
the global master equation, which assists in uncovering the underlying mechanism in
these thermal devices. In addition, we show that our model of the quantum thermal
transistor, based on two coupled qubits, can also be used as a quantum absorption re-

frigerator, which is in variance with previous proposals of refrigerators that generally
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require three-body interaction.

It is often required to cool finite quantum systems rather than classical reservoirs.
For instance, cooling mechanical resonators to the ground state is a prerequisite for
most applications based on mechanical systems in quantum information and quantum
communication. However, cooling multiple resonators to the ground state is challeng-
ing using typical laser and feedback cooling schemes. To overcome this challenge, we
propose a scheme by which simultaneous cooling of multiple resonators is possible.
Unlike previous proposals, external control or work input is not required; instead,
incoherent thermal drives can cool the resonators. Finally, we investigate the pos-
sibility of generating entanglement between uncoupled mechanical resonators, which
are only driven by incoherent thermal baths. We show that it is possible to generate
significant entanglement between the resonators by judicious choice of thermal baths
spectra. The suppression of undesired dissipation and favoring the desired effective
two-mode squeezing-like interactions generated by the incoherent interaction with the

baths leads to entanglement between the resonators.



OZETCE

Son yillarda kuantum es-uyumluluk ve kuantum dolagiklik gibi 6zellikleri barindiran
fiziksel sistemlere dayanan caligmalarda kuantum teknolojilerinde 6nemli gelismeler
oldugu goriilmektedir. Prensip olarak bu sistemler izole olmayan ve cevresiyle etk-
ilegen sistemlerdir. Cevreyle etkilesim, sistemin kuantum korelasyonlarinin zayiflamasina
veya tamamen yok olmasima kargilik gelen es-uyumluluk kaybina (decoherence) sebep
olmaktadir. Sistemin c¢evresiyle etkilesiminin dinamigini tanimlayan matematiksel
formiilasyon, beraberinde genel olarak pek ¢ok matematiksel yaklasim gerektirmek-
tedir. Ornegin, bir 151 banyosuyla zayif etkilesim gosteren sistemin kuantum Marko-
vian master denklemi pertiirbasyon yaklagima dayanir. Sistemlerin birbiriyle etk-
ilegsiminin ihmal edildigi durumda, fenomenolojik bir yaklagim ile tiiretilen Master
denkleminde, “lokal” dagilim (dissipation) terimlerinin ortaya ¢iktigi goriiliir. Biz
boyle bir yaklagimin, aralarinda dogrusal olmayan etkilegimler igeren rezonatorler soz
konusu oldugunda, termodinamik yasalariyla tutarsiz oldugunu gosteriyoruz. Buna
karsilik birinci yasadan tiiretilen Master denklemi tutarhdir ve genellikle “global”
Master denklemi adini alir.

Kuantum-temelli teknolojilerin minyatiirlestirilmesinde, 1s1 akiginin ciddi kisitlar
getirdigini biliyoruz. Ancak 1s1 akisin bir giiriiltii yapisi olarak diigiinmek yerine, bu
cihazlara 1s1 ile gii¢ saglamak umut verici olabilir. Buna gore, 1s1 akigin1 kontrol etmede
yardimci olabilecek kuantum termal 1s1 yoneticilerinin verimli modellerine sahip olmak
gerekir. Bu baglamda, biz, sirasiyla mitkemmel diizeltme ve ¢ok biiyiik ayarlanabilir
1s1 amplifikasyonu saglayabilen verimli bir kuantum termal diyot ve kuantum tran-
sistor modeli oneriyoruz. Bunlara ek olarak, kuple olmusg iki kiibit sisteminden olugan
kuantum termal transistor modelimizin, literatiirde daha ¢ok en az tig-kiibitlik sis-

temlerle tasarlanan kuantum sogutucu modellerinin yaninda, kuantum absorbsiyon
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sogutucusu olarak da kullanilabilecegini gosterdik.

Bu sogutucular, genellikle klasik rezervuarlar yerine, sonlu kuantum sistemlerini
sogutmak icin gereklidir. Ornegin, kuantum bilgi ve kuantum iletisim alaninda tasar-
lanan mekanik sistemlere dayanan pek ¢ok uygulama igin, mekanik rezonatorlerin
temel enerji durumuna sogutulmasi 6n kosuldur. Ancak, birden ¢ok rezonatoriin
temel enerji durumuna sogutulmasi, tipik lazer ve geri beslemeli sogutma semalarini
kullanarak zordur. Biz de bu zorlugun iistesinden gelmek i¢in, birden ¢ok rezonatorii
es zamanh olarak sogutmanin miimkiin oldugu bir sema oneriyoruz. Daha once
yapilmig ¢aligmalardan farkli olarak, bir dig kontrol veya isg girdisi gerekmeden, es-
uyumluluk icermeyen termal siiriiciiler (incoherent thermal drives) yoluyla birden gok
rezonatorii es zamanli sogutmay1 yapabiliyoruz. Son olarak, yalnizca es-uyumluluk
icermeyen 1s1 banyosu yoluyla siiriilen ve birbiriyle kuple olmayan (direk etkilesmeyen)
mekanik resonatorler arasinda dolasiklik olugsmasinin miimkiin olabilecegini kesfettik.
Is1 banyosunun uygun bir spektrumda secilmesiyle, resonatorlerin arasinda kayda
deger bir dolagiklik olusumu olabilecegini gosterdik. FEs-uyumluluk igermeyen 1s1
banyosu, istenmeyen dagilimin (dissipation) bastirilmasim ve gerekli olan iki-mod
sikma-tipi etkilegsimlerin tiretilmesini saglayarak, rezonatorler arasinda dolagiklik olugmasini

tetikler.
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2.1

2.2

LIST OF FIGURES

A schematic depiction of a typical optomechanical system. It con-
sists of an optical cavity mode of frequency w, which is coupled to
a mechanical resonator of frequency wy, via the energy-field (optome-
chanical) interaction. This system is representative of a vast class of
systems; for instance, the optomechanical-like coupling can be realized
in circuit QED, cold atoms, electro-mechanical systems, and cavity
QED [1]. The optical and mechanical resonators are coupled to inde-
pendent thermal baths maintained at non-negative temperatures 7,

and Ty, respectively. . . . . ..o o L o

(a-b) The steady-state heat currents J:°, and J;* as a function of the
single-photon optomechanical coupling strength g. There is no temper-
ature bias T, = T, = 0.210 K. Solid, dashed, dot-dashed, and dotted
lines represent the heat currents for the LME, DSME, GME2, and
GMEA4, respectively. Where GME2, and GME4 indicated the global
master equation with two and four phonon sidebands, respectively.
Without a temperature gradient, the heat flow must be zero through
the coupled resonators. However, LME and DSME predict non-zero
heat flow, violating the second law of thermodynamics. Deriving the
master equation (GME) in the energy basis of the system recovers the

second law of thermodynamics. . . . . . . .. ... ... ... ....
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2.3 (a-b) The steady-state entropy production rate £, as a function of the
single-photon optomechanical coupling strength g. (a) For T, = 0.210,
and T, = 0.220 K, and for (b) T, = 0.220, and T, = 0.210 K. Solid,
dashed, dot-dashed, and dotted lines represent the heat currents for
the LME, DSME, GME2, and GME4, respectively. Where GME2,
and GME4 indicated the global master equation with two and four

phonon sidebands, respectively. . . . . . .. .. ... ...

3.1 A schematic depiction of a generic quantum heat diode. A quantum
system S with discrete energy levels is sandwiched between two thermal
baths of temperatures 77, and Ty, indicating the left and right baths,
respectively. In addition, x; and kg are the coupling strengths of the
left and right bath, respectively. (a) In the case of T}, > Tk, the left
bath heat current [J;, is positive, and the right bath heat current Jgr
is negative. (b) Tg > T}, the heat currents change their sign following
the second law of thermodynamics. For the diode operation, the heat
flow should be asymmetric under the temperature gradient change,

represented by the width of the heat current arrows in this figure.
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3.2

3.3

(a) A schematic representation of a heat diode based on two coupled
qubits of different frequencies wy # wg. The interaction between the
qubits is symmetric under the change of L and R labels; for instance,
070%, and 670%. The system-bath couplings s are identical. The
asymmetry of heat flow under the exchange of temperature gradient
originates due to the different frequencies of the qubits. (b) A quan-
tum heat diode based on two coupled qubits via anisotropic exchange
interaction 070f. Both the dissipation rates induced by baths and the
frequencies of the qubits are considered identical. The anisotropic cou-
pling, which is asymmetric under the exchange of L and R labels, leads

to heat current rectification. . . . . . . . . .. ...

Physical mechanism behind heat current rectification in case of reso-
nant qubits. Examples of the dissipative energy cycles induced by heat
baths which lead to heat rectification. (a) and (b) represent heat flow
from left to right and right to left, respectively. The weight of the ar-
rows indicates the coupling rate between two energy levels; for instance,
|2) — |3) transition is the weakest, which is represented by low weight
arrow. A left hot reservoir can induce this weak [2) — |3) transition
(a); however, this transition does not occur if the right cold bath is
coupled to [3) — |2) energy levels (b). Consequently, our system recti-
fies heat from right to left even when the qubits are resonant. We note
heat rectification for resonant qubits is not possible with previously

proposed models of heat diodes. . . . . . . ... ... ... ... ...
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3.4

3.5

The physical mechanism behind heat current rectification in case of
resonant qubits. An example of four-wave mixing cycles induced by
heat baths leads to heat rectification. (a) and (b) represent heat flow
from left to right and right to left, respectively. The weight of the
arrows indicates the coupling rate between two energy levels. For large
values of g, the coupling between |1) <+ |2) and |3) <> |4) is weak
compared to the transition rates |1) <+ |[4) and |2) <> [3). In the case
of the cold right bath (a), the transitions |1) — |2) and |3) — |4) are
inhibited; on the contrary, the hot right bath may be able to induce
these transitions. Consequently, our system rectifies heat from left to
right in the strong coupling regime, which is opposite to the direction

in the weak coupling regime. . . . . . . . ... ...

(a-b) The steady-state rectification factor R as a function of the right
bath temperature Tk, and the coupling strength g, respectively. (a)
The solid, dashed, dot-dashed, and dotted lines are for the coupling
strength ¢ = 0.01,0.05,0.07 and 0.1, respectively. The left bath tem-
perature is 7, = 0.1. (b) The solid, dashed, dot-dashed, and dotted
lines are for the right bath temperature Ty = 2.5,5.5,8.5 and 11.5,
respectively. The right bath temperature is Ty = 0.1. The dissipation
rates kK, = kg = kK = 0.01 and the qubits frequencies wy, = wg = w =1
is same in both panels. All the system parameters are scaled by the
left qubit frequency wy, /27 = 10 GHz. We note that in the limit g — 0,
the rectification vanishes because the heat flow becomes zero, and in

the figures, we have not shown this limit. . . . . . .. ... ... ...
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3.6

3.7

A schematic depiction of a quantum thermal transistor. S being the
quantum system that has an anharmonic energy spectrum. By anal-
ogy with the electronic transistor, the quantum system S is coupled
with the three independent thermal baths of temperatures T, Tg, T¢,
mimicking the base, emitter, and collector terminals of the electronic
transistor, respectively. The base temperature is the control parameter
that acts as a control signal and modulates the heat flow between the
other two terminals of the transistor. The direction and magnitude
of the heat currents Jp, Jg, and Jo depend on the temperature and

other system paramteres. . . . .. ... ... ... ... ... .. ..

(a) A schematic depiction of a quantum thermal transistor based on
the optomechanical system. Here, w,, and wy, are the frequencies of the
optical and mechanical resonator, respectively, and ¢ is the coupling
strength. The optical resonator is coupled with two thermal baths of
temperatures Tr and T¢ and the mechanical mode is coupled with one
control thermal bath of temperature Tz. The small changes in the
temperature of the mechanical bath control the heat flow between the
baths of the optical mode. (b) An example of the processes which
are responsible for the heat transfer between the thermal baths. The
dressed energy levels of the optomechanical system denoted by |n,, my),
where n, = 0,1, 2, ... is the photon number and m,; shows the phonon
number of the mechanical resonator. The dashed, dot-dashed and solid
lines show the transitions induced by the collector, emitter, and base
thermal baths, respectively. The base current is associated with the

smallest energy transition in the system. . . . . . ... ... .. ...
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3.8

3.9

4.1

The heat current J as a function of the control bath base tempera-
ture Ts. The solid, dashed, and dot-dashed lines are for emitter Jz,
base Jpg, and collector J, currents, respectively. The inset shows the
zoomed-in curve of the base heat current J5 as a function of the base
temperature. The minima in the base current at a critical value of T’z
indicates the presence of the negative differential thermal resistance,
which is a sufficient condition for the heat current amplification. Pa-
rameters: w, = 1, wp = 0.01, g = 0.1wy, kg = kg = kg = 0.001,
Tg = 1.4, and Tk = 0.1. All the system parameters are scaled with
we/2r SPIR Gl . . 4. . 4 . Jes. ... ..

The heat amplification factor « as a function of the base temperature
Tg. The dashed and dot-dashed lines are for the amplification factor
ag and apg, respectively. The inset shows the thermal differential re-
sistance R as a function of the base temperature Tz. The dashed and
dot-dashed lines are for Rg, and R¢, respectively. Parameters: w, = 1,
wp = 0.01, g = 0.1wy, kg = ke = kp = 0.001, Ty = 1.4, and T = 0.1.

All the system parameters are scaled with w, /27 =10 GHz. . . . . .

Schematic description of a quantum absorption refrigerator based on
three-body interaction. The working medium consists of three har-
monic oscillators or three qubits; each coupled to an independent ther-
mal bath. The temperatures of the cold, hot and work-like thermal
baths are T, T}, and T,,, respectively. For the refrigeration, the tem-
peratures of the baths are considered in the limit 7, < T}, < T,,. For
the cooling process, the heat current 7. direction must be from the

cold bath to the system; accordingly, from the first and second law of

47
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thermodynamics, the other two heat currents should be 7, > 0, J, < 0. 52
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4.2

4.3

4.4

Schematic illustration of a quantum absorption refrigerator based on
two coupled two-level systems, for example, two qubits. The qubits are
coupled via asymmetric interaction 6%0% of strength g. The work-like
and the hot thermal baths of temperatures T,,, and T},, respectively,
are coupled to the left qubit, and the cold bath of temperature T
is in connection with the right qubit. For the cooling process, the
heat current 7. direction must be from the cold bath to the system;
accordingly, from the first and second law of thermodynamics, the other

two heat currents should be 7, >0, 7, <0. ... ... ... ....

(a) All the possible energy transitions induced by the thermal baths
with filtered spectra. (b) Our model of the quantum absorption re-
frigerator based on two-coupled qubits can be broken into two three-
level refrigerators working simultaneously with a common transition
induced by the work-like reservoir. The solid, dashed, and dot-dashed
lines in both panels indicate the transitions induced by the cold, hot,

and work-like thermal baths. . . . . . . . . ... ...

The possible cycles induced by thermal baths assist the heat trans-
fer. (a) and (c) show the cooling cycles (4324) and (3213), which are
responsible for refrigeration. Panels (b) and (d) show the associated
inverse heating cycles, which, if dominant, lead to the heating process.
If the parameters are selected within the cooling window (Eq. (4.9)),
the cooling cycles are favored, and the heating cycles are forbidden,
following the second law of thermodynamics. The solid, dashed, and
dot-dashed lines indicate the transitions induced by the cold, hot and
dot-dashed thermal baths. . . . . . .. ... ... ...
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4.5

4.6

4.7

4.8

The possible cycles induced by thermal baths assist the heat trans-
fer. (a) and (c) show the cooling cycles (4324) and (3213), which are
responsible for refrigeration. Panels (b) and (d) show the associated
inverse heating cycles, which, if dominant, lead to the heating process.
If the parameters are selected within the cooling window (Eq. (4.9)),
the cooling cycles are favored, and the heating cycles are forbidden,
following the second law of thermodynamics. The solid, dashed, and
dot-dashed lines indicate the transitions induced by the cold, hot and
dot-dashed thermal baths. . . . . ... .. .. ... ... .. .. ...

(a) The cold bath heat current [J. (b) total correlations Z(pag) (c)
quantum correlations D(pap) (d) classical correlations Z(o 45) between
the coupled qubits as a function of the coupling strength g, and the
cold bath qubit frequency w.. System parameters: wy = 1, k. = Ky =

Kk =0.005, T, =2 Ty=3,and To=1.. . . . ..

Parametric plot of cooling power 7, as a function of the normalized co-
efficient of performance € /e, for different values of the coupling strength
g. Dashed, solid, dash-dotted, horizontal dashed and dotted lines are
for g = 0.005,0.01, 0.05,0.09, and 0.11, respectively. The shaded region
shows the €, bound given in Eq. (4.24). . .. ... ... ... ... ..

The parametric plot of normalized coefficient of performance €/e. as a
function of normalized cooling power 7./ 7, for different values of the
coupling strength ¢ in case of overlapping bath spectra of the work-like
and hot thermal baths. Dashed, solid, and dash-dotted curves are for

coupling strength g = 0.005,0.01,0.05, respectively. . . . . .. .. ..
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5.1

5.2

Schematic depiction of a multimode optomechanical system in which
a single optical mode a is coupled with N mechanical modes b; or
independent mechanical resonators. Each mechanical resonator b; is
unavoidably coupled to an independent thermal bath of temperature
T;. In addition, the optical resonator is coupled to two independent
thermal baths of temperatures T},, and T,.. The optical resonator baths
are spectrally filtered to cool the mechanical resonators. All thermal

baths are independent and can attain any non-negative temperature.

The dressed states |n,, m;) of a standard optomechanical system having
a single mechanical mode, and arrows indicate the energy transitions
between the dressed states, which are responsible for energy transfer.
The dashed and solid lines describe the heating and cooling process,
respectively. (a) The heating and cooling processes in case the cav-
ity is driven by an external coherent drive of frequency wy,. In the
cooling process, the lower sideband is resonant with the drive, which
leads to the destruction of a phonon with a blue-shifted photon leaving
the cavity. (b) The underlying energy transitions are involved in the
heat transfer in our scheme. The hot bath induced the transition of
frequency w_ (lower sideband); this leads to the creation of a higher
energy photon (blue-shifted), and this energetic photon is dumped into
the cold bath by the transition of frequency w,. . . . . . ... .. ..

xXx1
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2.3

0.4

(a) Comparison of the steady-state mean phonon number (71)ss as a
function of the hot bath temperature 7}, obtained by the numerical
solution of the master equation (5.14) and by using approximated an-
alytical results given in Eq. (5.18). The solid and dashed lines indicate
the numerical and approximated analytical results, respectively. (b)
The steady-state average excitation number (71;),s as a function of the
hot bath temperature Tj,. The dot-dashed, dashed, and solid lines are
for T} = 3 x 107%,2 x 107% and 1 x 1074, respectively. The rest of
the system parameters are: w; = 1 X 1077, wy = 1, k1 = 1 x 10712,
K =rke=1x10"8 T, =1x107°, and g; = 1 x 107%. All the parame-
ters are scaled with the optical frequency w, = 27 x 104 Hz. The bath
temperatures in SI units are: T} ~ 1.5,1 and 0.5 K for dot-dashed,
dashed, and solid lines, respectively. The cold bath has a temperate
T, ~ 5 mK, and the hot bath temperature is ultra-hot and it’s temper-

ature is approximately 4 x 10* <7, <4 x 10" K. . ... ... .. ..

The steady-state average excitation number (71;)s as a function of the
hot bath temperature Tj,. The blue Solid, and black dashed lines are
associated with the first and second mechanical resonator, respectively.
Parameters: w, =1, w; = 1x1077, T} =T, =2x 1074, k; = 1 x 10712,
T.=1x107° Kk = ke = 1 x 1078, , and ¢g; = 1 x 107°. The system
parameters are scaled with the cavity frequency w, = 27 x 10'* Hz.
(a) g1 = g2, w1 = wa, (b) g1 = g2, we = 0.75 wy, (¢) w1 = wa, go = 0.5
grand (d) wy =wa, Ko =10 K1, g1 =G v+ v v v o e

xxii
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2.5

2.6

(a) The steady-state average number of phonons (71)ss, and effective
temperature 77 as a function of the squeezing parameter r. Blue
dashed and red solid lines are for the effective temperature 7,4 and
average phonon number (717 ), respectively. (b) The steady-state mean
phonon number (1) as a function of the effective temperature 77
of the squeezed bath. Parameters: w; = 27 x 10 MHz, w, = 27 x 7
GHz, ¢ = 27 x 100 kHz, Kk, = 27 x 1.5 MHz, k; = 27 x 32 Hz,
ke = 2m x 1 MHz, and 77 = T, =~ 65 mK. For (71);, all the parameters
are scaled with the microwave resonator frequency w, = 27 x 7 GHz.
The effective temperature 77; of squeezed thermal bath is calculated

in SI units for np, =0. . . . . .. ...

The experimental feasibility of our scheme is based on an electrome-
chanical system analogous to the typical optomechanical system. In
the setup, a qubit [2] or a microwave circuit [3, 4, 5] or supercon-
ducting microwave resonator [6] of frequency w, is interacting with a
mechanical resonator of frequency w; via optomechanical-like coupling.
The dotted black box indicates the isolated system is placed inside a
dilution refrigerator [3, 4]. In this setup, it is possible to consider mul-
tiple mechanical resonators coupled to the same qubit or microwave
resonator [7]. This superconducting microwave resonator is coupled to
spectrally filtered hot and cold sources of white noise. The attenuators
can be used to control the amplitude of these white noise drives. Two
resistive circuits can be used to implement the hot and cold thermal
baths [8]. The microwave resonators designed at frequencies w,, and
w_ coupled to the white noise source act as thermal bandpass filters

for the cold and hot, respectively [8,9]. . ... ... ... ... ...

xx1il
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5.7 The steady-state average excitation number (71;),s as a function of the

6.1

hot bath temperature T},. The dot-dashed, dashed, and solid lines are
for Ty = 3 x 107*,2 x 107* and 1 x 107%, respectively. The rest of
the system parameters are: w; = 1 x 1077, w, = 1, k1 = 1 x 10712,
K = ke = 1 x 1078, T, = 1 x 107, and ¢; = 1 x 107%. All the
parameters are scaled with the optical frequency w, = 27 x 104 Hz.
The bath temperatures in SI units are: 77 ~ 1.5;1 and 0.5 K for
dot-dashed, dashed, and solid lines, respectively. The cold bath has a
temperate T, ~ 5 mK, and the hot bath temperature is ultra-hot, and

it’s temperature is approximate 1 <7), <400 K. . . ... ... ...

(a) Schematic description of the model based on two uncoupled mi-
crowave resonators or mechanical resonators R; interacting to the same
ancilla system A that can be a two-level system or a harmonic oscil-
lator. We assume an energy-field or optomechanical-like interaction
between the ancilla and mechanical resonators [1]. The ancilla A is
coupled to two thermal baths, and the resonators R; are unavoidably
interacting with their own environments of temperature 7. All the
thermal baths are independent and can attain any non-negative tem-
perature provided T}, > T; > T.. The dash-dotted oval represents an
effective environment for the resonators, which is obtained after taking
a trace over the ancilla system. This effective common bath can cre-
ate quantum correlations between the mechanical resonators. (b) The
spectrally filtered bath spectra of the hot and cold bath are indicated

by G, and G, respectively. . . . . ...

38



6.2 The underlying physical mechanism of entanglement creation. The log-

arithmic negativity Ex(p) as a function of time wyt. The solid red line
indicates the entanglement in the case of optical resonators undergoing
dissipative dynamics governed by Eq. (6.9); this scheme was proposed
in [10]. The green dotted line represents logarithmic negativity En(p)
for a hypothetical case of two uncoupled mechanical resonators evolv-
ing under Eq. (6.7). The blue dash-dotted and black solid curves are
associated with the entanglement by keeping first and second-order
correction terms in « given in Eq. (6.7), respectively. The left and
right inset show mean phonon number (b{b;) and logarithmic nega-
tivity En(p), respectively, as a function of scaled time wit. In the
transient regime, all these results show an oscillatory behavior with a
a period T' ~ 27 /> . w;. The resonators are taken in the initialsepara-
ble ground-state; p(0) = p1 ® pa = [01) (01] @ |02) (03]. We considered
Hilbert space size with ten phonons (photon) states for each mechani-
cal (optical) resonator and verified the results do not change with the

change in the Hilbert space size. . . . . . . ... ... ... .....
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6.3 Entanglement in the case of non-degenerate resonators. The entangle-
ment quantified by logarithmic negativity Ey(p) as a function of scaled
time w,t. The entanglement is quantified by first solving Eq. (6.14) by
numerical integration and then take the inverse tranformation [Eq. (3.10)]
of the density matrix to get transformed p in the basis of the res-
onators, followed by computing Ex(p) by using the definiation of log-
arithmic negativity given in Eq. (6.11). The initial state of the joint
system is considered separable ground state; p(0) = p, ® p1 ® py =
194) (9a]| ®101) (01| ®102) (02|, here |g,) indicates the ground state of the
two-level ancilla. Parameters: w; = 2wy = 27 x 5 MHz, w, = 27 x 10
GHz, ~; = 27 x 100 Hz, v, = 7. = 27 x 500 KHz, and T, = 65 mK.
All the parameters are scaled with the ancilla frequency w,. (a) red
solid, blue dashed, and green dot-dashed curves are for T), = 1,70, 300
K, respectively. Here, o; = 0.1 and T; = 0.1 K. (b) Long time en-
tanglement Fy(p) for T, = 300 K, o; = 0.2 and 7; = 0.05 K. (c)
Red solid, blue dashed, and green dot-dashed lines are associated with
a; = 0.05,0.1, 0.2, respectively. T; = 0.1 K, T, = 300 K. (d) Red solid,
blue dashed, and green dot-dashed lines are for T; = 0.1,0.15,0.2 K,
respectively. a; =02 and T, =300 K. . . .. ... ... ... ....
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6.4 Entanglement in the case of degenerate resonators. The entanglement
quantified by logarithmic negativity Fy(p) as a function of scaled time
wet. The entanglement is quantified by first solving Eq. (6.15) by nu-
merical integration and then take the inverse tranformation [Eq. (3.10)]
of the density matrix to get transformed p in the basis of the res-
onators, followed by computing Ex(p) by using the definiation of log-
arithmic negativity given in Eq. (6.11). The initial state of the joint
system is considered separable ground state; p(o) = p, ® p1 ® py =
190) (9a] ®101) (01| ®102) (02|, here |g,) indicates the ground state of the
two-level ancilla. Parameters: w, = 27 x 10 GHz, w; = wy = 27 X 5
MHz, v, = 7. = 27 x 500 KHz, 7, = 27 x 100 Hz, and T, = 65
mK. (a) Blue solid, red dashed, and black dot-dashed curves are for
Ty, = 1,70,300 K, respectively. Here, T; = 0.1 K and a; = 0.1. (b)
Long time entanglement Ey(p) for a; = 0.2, Tj, = 300 K and 7; = 0.05
K. (c) Blue solid, red dashed, and black dot-dashed curves are for
a; = 0.05,0.1,0.2, respectively. T}, = 300 K and 7; = 0.1. (d) Blue
solid, red dashed, and black dot-dashed curves are for T; = 0.1, 0.15,0.2
K, respectively. T, =300 Kand o; =0.2. . . . . . .. ... ... ... 105
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6.5 (a) Entanglement quantified by logarithmic negativity Fy(p) between
the mechanical resonators for different initial states as a function of
scaled time w,t. The dashed and solid lines indicate the initial ther-
mal state with the mean phonon number n; = 1, 2, respectively. The
entanglement is quantified by first solving Eq. (6.14) by numerical in-
tegration and then take the inverse transformation [Eq. (3.10)] of the
density matrix to get transformed p in the basis of the resonators,
followed by computing Fn(p) by using the definition of logarithmic
negativity given in Eq. (6.11). (b), and (c) show the average excita-
tion number (l;j l;z> for the initial mean phonon number n; = 1,2, as a
function of scaled time w,t, respectively. The dashed and solid curves
are associated with the resonators R; and Rs, respectively. Parame-
ters: wy = 2ws = 2w X 5 MHz, w, = 27 x 10 GHz, v, = 7. = 27 x 500
KHz, o; = 0.2, T}, = 300 K, ~; = 27 x 100 Hz, T. = 65 mK and

XXViil



Chapter 1

INTRODUCTION

Despite its abundance, our ability to control and direct heat flow is surprisingly
limited compared to electronic conduction, mainly due to lack of efficient quantum
thermal managers. Nevertheless, there is growing interest and significant research
endeavors to develop methods and tools for controlling heat transfer in mesoscopic
and nanoscale systems. One possible direction to control heat flow is by controlling
the system-environment interaction in quantum systems. Recent years have seen
tremendous efforts in this direction in which desired dissipative dynamics are obtained
by engineering system-bath interaction with external control drives. For instance,
suitable dissipative dynamics of the quantum systems can be engineered to cool them
to the quantum ground-state [11], or prepare a macroscopic coherent superposition
state [12] with the help of external control. In these works, heat is considered a source

of noise that needs to be suppressed.

In an alternative approach, heat is considered a friend rather than a foe. For
example, entanglement can be generated between two optical cavities using system-
environment interaction only [13]. In this thesis, we follow the same direction and
investigate different quantum devices powered by heat, such as quantum absorption
refrigerators, quantum thermal entanglement machines, and quantum heat managers.
The dynamics of these thermal devices are typically described by the Markovian mas-
ter equations [14]. If the system is composed of interacting subsystems, two different
Markovian master equations can be found in the literature to describe the dynamics
of the system, namely, the global and the local master equations [15, 16]. Depending

on the parameters of the system under consideration, the results of these two equa-
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tions may diverge from each other [17, 18]. Here, we first investigate the validity
of the local and global Markovian master equation for the case of two nonlinearly
(optomechanical-like) coupled harmonic oscillators. It is often claimed that the lo-
cal master equation remains valid in the weak-coupling regime; on the contrary, we
show that the local approach is inconsistent with the second law of thermodynamics
even in the weak coupling regime for nonlinearly coupled resonators. The nonlinear
interaction between the systems is optomechanical-like, which is also referred to as
radiation pressure interaction [1]. We show that based on this nonlinear interaction,
we can achieve tasks that are otherwise impossible with the linear interaction between
the systems. For instance, in chapter 2, we show that heat flow asymmetry can be
engineered for resonantly interacting systems, which is in variance with previous pro-
posals on designing heat diodes. Similarly, it has shown that a trilinear interaction
is required between three resonators for a quantum absorption refrigerator. How-
ever, we show that in chapter 4, considering the optomechanical-like interaction, only
two interacting systems are sufficient to design a more efficient quantum absorption

refrigerator. The outline of the thesis is as follows:

1.1 Outline of thesis

1.1.1 Chapter 1 (Fundamentals)

In chapter 1, we present the microscopic derivation of the quantum master equation
and necessary approximations invoked to obtain the Lindblad (standard) form of the
master equation for the case of a damped harmonic oscillator. Secs. 1.2 and 1.3 do
not present the original content. We include these sections to fix the notations and
briefly describe the set of approximations. In Sec. 1.2, we shortly describe the open
quantum system theory. The microscopic derivation of a Markovian master equation
for a damped harmonic oscillator is presented in Sec. 1.3. The content in these sections
closely follows the material presented in [19, 20]. For more detailed discussions about
the invoked approximations and rigorous derivation of the master equation, we refer

to more detailed works on the topic [21, 22].



Chapter 1: Introduction 3

1.1.2  Chapter 2 (Local Vs global master equation)

Chapter 2 is based on our work [23], in which we present a comparison of the local,
semi-global, and global master equations for a pair of nonlinearly coupled resonators.
The validity of these approaches is investigated through the lens of the laws of ther-
modynamics. At equilibrium, the global master equation only, accurately describes
the Gibbs state of the joint oscillators system. On the contrary, the system does not
reach the desired Gibbs thermal state under the local and semi-global description. In
the presence of a temperature gradient, both local and semi-global approaches lead to
negative entropy production, thus violating the second law of thermodynamics. The
global approach remains consistent with the laws of thermodynamics in all parameter

regimes, provided the Born-Markov and Secular approximations remain valid.

1.1.3 Chapter 3 (Quantum healt managers)

Chapter 3 discusses the heat flow asymmetry and heat amplification in quantum sys-
tems based on two coupled spins and two harmonic oscillators, respectively. This
chapter is based on our works on quantum heat diode [24, 25] and quantum thermal
transistors [26]. We discuss the essential ingredients which can lead to heat rectifi-
cation in spin-boson systems. It is shown that heat rectification is possible with two
spins coupled via asymmetric interaction in the parameters regime where rectification
is otherwise absent. We explain the underlying mechanism of heat rectification by
the asymmetry of the energy cycles induced by the thermal baths. Further, we pro-
pose a model of a quantum thermal transistor based on a standard optomechanical
system. We show that the presence of higher-order photon processes can assist heat

amplification in quantum systems.

1.1.4  Chapter 4 (Quantum absorption refrigerator)

In chapter 4, based on our work [27], we propose a model of a quantum absorption
refrigerator based on only two coupled qubits. Typically a quantum absorption re-

frigerator requires tri-linear interaction between the working fluid. Further, for such



4 Chapter 1: Introduction

refrigerators, there exists an upper bound on the efficiency at maximum power, which
is although not a fundamental limit enforced by the laws of thermodynamics. On
the contrary, we show that our model based on two coupled qubits can surpass this
bound. In addition, we investigate the possible relation between the quantum corre-
lations between the qubits and the refrigerator’s efficiency. Finally, the effect of heat

leaks is discussed in the presence of overlapping bath spectral densities.

1.1.5 Chapter 5 (Cooling mechanical resonators)

Based on the global master equation presented in chapter 2, we proposed a scheme of
simultaneous cooling of multiple resonators using a heat bath in chapter 5. The results
and discussions in this chapter are adopted from [28]. In typical cooling schemes based
on the external coherent drives or feedback control, simultaneous cooling of multiple
resonators of nearby frequencies coupled to the same cooling agent is challenging
because of the dark mode. By relying on quantum reservoir engineering, we show
that it is possible to cool multiple resonators using only incoherent thermal drives.
The underlying cooling mechanism is explained by connecting directly with standard

laser sideband cooling schemes.

1.1.6  Chapter 6 (Engineering entanglement)

Finally, chapter 6 presents a scheme for engineering entanglement between two uncou-
pled mechanical resonators using an effective, shared incoherent bath. This chapter
is based on the results presented in [29]. Our quantum thermal entanglement gen-
eration scheme does not require external control or work input to build quantum
correlations between the uncoupled resonators. Unlike previous proposals on entan-
glement generation via reservoir engineering, we do not require effective, coherent
two-mode squeezing interaction between the resonators. Instead, incoherent thermal

environments assist in generating entanglement between the resonators.
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1.1.7 Chapter 7 (Conclusions)

In the last chapter, we present the summary and review some of the conclusions of

this thesis.

1.2 open quantum systems

If we assume that our system of interest is isolated from its environment, then the
dynamical evolution of the system state vector |¢(t)) is given by the Schrodinger

equation

L, 0 A
i 0(0)) = HIG (1), (1)

here H is the system Hamiltonian, and it is hermitian. There are two possibilities: (i)
if the system Hamiltonian is independent of time, then the solution of the Schrodinger

equation can be given by the formal integration of Eq. (1.1)

[h(t)) = Ut to) (o)), (1.2)
here
Ut to) = e 7 (1.3)

l1h(to)) describes the state of the system at ¢ = t,. By using the hermeticity of H

iH(t—tq)

Ult,t)) =e 7 =U"Y(t 1), (1.4)

which employs that U is a unitary operator. (ii) If the Hamiltonian of the system has
explicit time dependence, then the Schrodinger equation solution has a time-ordered
integral due to the non-commutativity of H at different times. The unitary operator

in this case changes to
Ut,to = (7672' ftto dtlH(tl)’ (15)

here T is time-ordering operator.
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In case the system under investigation is in a mixed state, the density matrix p
describes the state of the system. The dynamical evolution of the system can be

described by the von Neumann equation
©(t) = L[ 1), (1) (1.6
aP\ T T AL '

In analogy with the Liouville equation, the von Neumann equation can be written as

Si(0) = £WA0), (1.7)

here, the Liouvillian is given by
L0 = ——[H(t),0], (1.8)

where O is a generic operator in the Hilbert space of the system. If the Hamiltonian
H of the system has no explicit time dependence, the solution of the von Neumann

equation is given by

p(t) = e p(0). (L9)

Here p(0) describes the initial state of the system. In the case of explicit time depen-
dence in the system Hamiltonian, the formal solution of the von Neumann equation

is given by
p(t) = Teelo £ 5(0). (1.10)

Most of the time, the assumption that a quantum system is well isolated from its
environment is incorrect. The environment interacts with the system unavoidably,
and the question is: how to obtain the system’s dynamics? Let’s assume that the

system+reservoir Hamiltonian is given as
H = Hy + Hg + Hsp (1.11)

here, system, reservoir and system-reservoir Hamiltonians are described by Hg, Hg,

and Hgg, respectively. We can consider total system and reservoir as closed system
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and still use the von Neumann equation

d . (RS .

EPSR@) = _ﬁ[H(t)v psr(t)], (1.12)
here pgr(t) represents the joint density matrix of system and reservoir. However,
generally, the reservoir has a very large number of degrees of freedom which makes
the evolution under the von Neumann equation intractable. Most of the time, we
do not have control or influence on the dynamics of the environment, and it causes
irreversibility and decoherence in the system. We are only interested in the system’s
evolution, which is interacting with its surroundings. Specifically, this situation may
be relevant in quantum information processing [30], and in general, applications based
on the quantum systems in the open quantum system settings [31]. A quantum master
equation can be used to model an open quantum system arrangement in which the
central system of interest interacts with its environment. In this approach, the starting
point is the von Neumann equation, and by expanding it to the second order in the
system-environment interaction, a partial trace is taken over the environment. It
may be convenient to derive the master equation in the interaction picture, for this
purpose, we write the von Neumann equation in interaction picture

d _ i = _

EPSR@) = —E[H(t), psr ()], (1.13)

where we have defined

Hggr(t) = en(AstHR) Fr o5 (Hs+Hp)t (1.14)

psr(t) = eh ISR pop o= (st )t (1.15)
The formal integration of Eq. (1.13) results

psr(t) = psr(0) — %/Ot dt'[Hsr(t'), psr(t)]. (1.16)
The substitution of p(t) in Eq. (1.13) gives

%pSR(t) = %[HSR(WPSR(O)] -1 /Ot dt' [Hsg(t), [Hsr(t), psr(t)]. (1.17)



8 Chapter 1: Introduction

We note this equation is exact; no approximation is made to obtain this equation. For
the microscopic derivation of the master equation, we need specific interaction between
the system and the environment. In the next section, we present the derivation of the
Markovian master equation for a damped harmonic oscillator. This derivation closely

follows the content presented in [32].

1.3 DMaster equation

Here, first, we discuss the major approximations in the derivation of the Markovian
master equation. Afterward, we give a textbook example derivation of the master

equation for a damped harmonic oscillator.

1.3.1 Born approximation

We assume that no correlations are present between the system and reservoir at ¢t = 0,

and the initial joint state of the system and environment is given by

psr(0) = p(0)Xo, (1.18)

here x¢ is the initial state of the reservoir. We are only interested in the evolution of
the system; therefore, taking a partial trace over the reservoir in Eq. (1.17)

d 1 [t _ _

E _(t) = _ﬁ dt/tl"R{ [HSR(t), [HSR(t/), ﬁSR(t/)} } (119)
0

For simplicity, we have ignored the first term in Eq. (1.17), and the assumption behind

this is
trr{ [Hsr(t), pr(0)]} = 0. (1.20)

This simplification is justified if the coupling of the reservoir operator to the system
has zero mean in the state pr, which can always be arranged.

We have assumed that there are no correlations between the system and reservoir;
therefore, the initial joint state of the system and reservoir can be written in a product

state. However, during the evolution of the joint system, correlations may build
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up due to the coupling between the system and the reservoir. If we assume the
coupling between the system and reservoir is very weak, then the assumption of the
uncorrelated state of the system and reservoir show deviation of the order HSR, and

we can write

psr(t) = p(t)xo + O(Hsr), (1.21)

here we have changed the hat sign to the bar sign over the reservoir state, as yg =
Xo- By keeping the second order terms in Her and neglecting higher order terms,
Eq. (1.19) takes the form

o0 =~ [t [Hen (o), [Han?). 5]} (122

This is the first major approximation, namely, the Born approzximation, in which all
terms higher than second order in system reservoir interaction are ignored based on

a weak system-bath coupling assumption.

1.3.2  Markov approximation

The master equation given in Eq. (1.22) is not time local, as the state of the system
p(t) depends on the previous time ¢. Due to the coupling between the system and
reservoir, the state of the system changes, and this interaction also affects the state of
the reservoir. The information of this interaction is imprinted on the reservoir’s state,
and the system’s future evolution depends on the memory of the reservoir. In general,
the environment is very large compared to the system, and the interaction between
the system and the reservoir does not significantly affect the state of the reservoir.
On the contrary, the system’s state changes considerably due to this interaction. In
this case, there exist two different time scales: (i) the reservoir correlation time g
and (ii) the time scale 7y over which the state of the system changes significantly. If

TR < T, then t’ can be replaced by t in Eq. (1.19)

plt) = 35 [ Atun{ [Bn(0). [Fn(®), p)xc]} (1.23)

This is commonly known as Markov approximation.
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We assume a specific interaction between the system and environment of the form

Hsp =h» 3B, (1.24)

here §; and B; are the operators in the Hilbert spaces of the system and reservoir,
respectively. By using this interaction, the master equation (1.22) with Born approx-

imation takes the form

G0 = -% [ dt'{[sxt)sj(t')p(t')—sﬂt')p(t')si(m<Bi<t>éj<t'>>R

here

(Bi(t)B;(t))r = trr{XoBi(t)B;(t)},

(B;(t")Bi(t))rn = tra{XoB;(t)Bi(t)}. (1.26)
The Markovian approximation can only be justified if two distinct time scales exist,
meaning the bath correlations must rapidly vanish on a time scale on which the system

changes significantly. In addition, weak system-bath coupling is also required for the

validity of the Markov approximation. Ideally, the bath correlations should follow
(Bi(t)B;(t')r o< o(t — 1), (1.27)

then we can replace p(t') with p(t) in Eq. (1.25)

= -3 | dt'{[gi(t)gj(t/)ﬁ(t)—§j(t/)ﬁ(t)§i(t)} (BA(t) Bt

+ [p(t)5;(1)5:(t) — 5:()p(t)5;(t)] (B; (t/)Bz’<t)>R}- (1.28)

This is the central equation obtained after the Born-Markov approximation. This will

be our starting point in deriving the master equations in subsequent sections.
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1.4 Master equation for damped harmonic oscillator

We consider a harmonic oscillator of frequency w,, coupled to a reservoir maintained
at thermal equilibrium at temperature 7. The full Hamiltonian of the system and

reservoir is given by

H, = w,a'a, (1.29)
k

Hp = Y ni(ab) + afby). (1.31)
k

Here, @ and a' represent the system annihilation and creation operators, respectively.
The annihilation and creation operators of the k-th mode of the bath are denoted
by b, and lA),TC, respectively. The coupling between the system and k-th mode of the
bath is described by 7;. The index £k in the sum is taken over the infinite number
of bath modes. We assume that the environment is maintained at a thermal state of

temperature 7" and given by
J

kg is the Boltzmann’s constant.

1.4.1 Lindblad master equation

First, we need to identify the jump operators in the Hilbert space of the system, and
then transform these jump operators into the interaction picture and replace these
in the master equation with Born approximation (1.25). The jump operators for

harmonic oscillator coupled to a thermal bath via interaction (1.29) are given by

: (1.33)
(1.34)
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In the interaction picture, these operators take the form

5(t) = a(t) = ae ™, (1.35)
5(t) = a'(t) = ale™ (1.36)
Bi(t) = bl(t) = ble™, (1.37)
By(t) = b;(t) = bye st (1.38)

Note that the sum in Eq. (1.25) now has ¢ = 1,2 and j = 1,2 accordingly there are

sixteen terms in the integrand and Eq. (1.25) evaluate to

%p(t) = - /O dt’ { laap(t') — ap(t')a|e =TI OTT(#))r + hec.

+ [aTalp(t)) — aTp(t)al] e T (T ())r + hoc.

here we have defined
[(t) = ani)ke_iw’“t. (1.40)
k

By using the fact that reservoir is maintained at a thermal state (Eq. (1.32)), only

the terms with following bath correlations survive in Eq. (1.39)

CHOTE ) = Y ImPe™ D n(wy), (1.41)

LT = Y ImlPe™ ) (Awr) + 1), (1.42)

here n(w) is the Bose-Einstein distribution of the excitations in the bath, which is

given by

1

(W) = SholkeT _ 1" (1.43)

n

The nonzero correlation functions of the bath have summation, which we change to

integration by using the density of states g(w) and change of variables 7 =t — ¢’ in
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Eq. (1.39) yields

%p(t} = — /Ot dT{ [aa'p(t — 1) — a'p(t — 7)a]e ™ (TT(¢)[(t — 7))r + h.c.
+ latap(t — ) —ap(t — 7)a' e (COTT(t — 7))r + h.c.}, (1.44)
where
COFE - = [ decg)laPae), (1.45)
(DTt — ) = / " dwe 7 g(w) Iy () + 1). (1.46)

If we assume, there exists two different time scales, 7, and 7z for system evolution
and bath correlations such that 7, is much larger than 7z, then we can invoke the
Markov approximation, which allows us to replace p(t — 7) with p(¢). Consequentally

the master equation (1.44) becomes

d

2 0(t) = én(apa ot —atap) + ¢o(apa’ + a'pa — a'ap — paa'), (1.47)
here
b = / r [ doete gl (1.48)
b = / r [ doe g ) nfage). (1.49)
The integration in Egs. (1.48) are dominated by time scale 7g which is much shorter

than 74, and ¢ is in similar order of 7, therefore, integration upper limit can be changed
from t to co. After performing the integration and rearranging the terms, the master
equation can be written in the Lindblad form in the interaction picture

d

o = —il\ala, p) + 3 (2apa" — alap — pala) +yn(apa’ +alpa — alap — paal),
(1.50)
here
00 2
A = P/ Gl (1.51)
0 wa — W

v = 2mg(wa)lnl’, (1.52)
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where P is the Cauchy principal value. In Eq. (1.50), the density matrix p is in the
interaction picture. The master equation in the Schrodinger picture can be written

after some rearrangements of the terms as

(1.53)

here w!, = w, + A. The master equation (1.53) can be written in a compact form

d
7P = —~iwg[a'a, p] +~(n +1)Dlalp + ynDla'lp, (1.54)

here the Lindblad dissipator operator is given by

1
Dlolp = 5[26,56* —6'6p — po'a). (1.55)



Chapter 2

GLOBAL MASTER EQUATION FOR NONLINEARLY
COUPLED OSCILLATORS

In Sec. 2.1, we present the microscopic model of a typical optomechanical system
in which two harmonic oscillators are nonlinearly coupled via so-called energy-field
interaction. In addition, three different master equations for the system are presented,
and we derive the Lindblad-Gorini-Kossakowski-Sudarshan (LGKS) master equation
for this system in the energy basis of the system. The validity of these master equa-
tions is compared through the lens of thermodynamics in Sec. 2.2. Finally, we present

concluding remarks in Sec. 2.3.

2.1 Master equation of nonlinearly coupled oscillators

This section is based on the published work [23], in which we derive the so-called
the global master equation for two harmonic oscillators interacting via the nonlinear
optomechanical interaction. We compare the thermodynamical consistency of the

derived master equation with widely used local master equation.

2.1.1 Introduction: The optomechanical system

A typical optomechanical system consists of an optical resonator coupled to a me-
chanical resonator via the energy-field interaction [1]. In the last two decades, exten-
sive theoretical and experimental works have tested the fundamental laws of quan-
tum mechanics using macroscopic optomechanical systems and preparing macroscopic
nonclassical states [1, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. In optome-
chanical systems, the interaction of light with mechanical motion, such as oscillations

of a micromirror, has been used for various applications such as state transfer be-
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Figure 2.1: A schematic depiction of a typical optomechanical system. It consists of
an optical cavity mode of frequency w, which is coupled to a mechanical resonator
of frequency wy, via the energy-field (optomechanical) interaction. This system is
representative of a vast class of systems; for instance, the optomechanical-like coupling
can be realized in circuit QED, cold atoms, electro-mechanical systems, and cavity
QED [1]. The optical and mechanical resonators are coupled to independent thermal

baths maintained at non-negative temperatures 7,, and T}, respectively.

tween the mechanical excitations and optical pulses [47], quantum communication

[48], quantum information processing [49, 50].

Recently, much attention has been paid to developing the thermodynamical ap-
plications of optomechanical systems [51, 52, 53, 54, 55, 56, 57, 58], such as quan-
tum heat engines [59, 60, 61, 62], heat flow through optomechanical arrays [63], and
optomechanical heat managers [26]. Recent years have seen tremendous experimen-
tal progress in the strong light-matter interaction regime [64]. The single-photon
strong optomechanical coupling has been reported in several setups, including circuit
QED [65, 66]. Therefore, it is crucial to have a thermodynamical consistent open
system description of the optomechanical system in both weak and strong coupling
regimes.

We consider a typical optomechanical system that consists of an optical cavity

mode of frequency w, coupled to a mechanical resonator of frequency w, via optome-
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chanical coupling g. In addition, the cavity and mechanical resonators are coupled
to an independent thermal bath maintained at temperatures T, and Ty, respectively.
The Hamiltonian of the isolated optomechanical system excluding thermal baths is

given by (for simplicity, we take A = 1)

Hy = waata + wbtb — gata(b+ bh), (2.1)
here, @ (b) and a! (b!) are the annihilation and creation operators of the optical (me-
chanical) resonator, respectively, and g denotes the single-photon coupling strength
between the optical and mechanical resonators. The Hamiltonian of the two thermal

baths is given by
[A{jB = Zwﬁki)}’ki)j,k; (22)
j.k

here I;j,k and ZA);,f are the annihilation and creation operators of the k-th mode of the
thermal bath, in addition, j = a, b indicates the optical and mechanical resonator’s
bath, respectively. The interaction between the isolated optomechanical system and
the thermal baths has the form

Hop = [gar(@bl ; + a'bax) + gor (0], + b'bys)]. (2.3)

k

The first term describes the interaction between the optical resonator and bath modes,
where g, represents the interaction strength of the bath mode indexed by k. Simi-
larly, the second term is associated with interaction between the mechanical resonator

and thermal bath of temperature T}, where the sum is taken over infinite bath modes

indexed by k.

2.1.2  The local master equation (LME)

A standard method of deriving the Markovian master equation involves Born-Markov
approximations, and to obtain GKLS form; the rotating wave approximation is in-
voked (see Sec. 1.3 for details). In the so-called local approach, the master equation is

derived by ignoring the interaction term between the subsystem, in our case, dropping
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the optomechanical coupling in the derivation. In such a case, the jump operators are
associated only with the individual oscillators; therefore, these are dubbed as local
jump operators, and the master equation is referred to as the local master equation.
The first step in the derivation requires identification of the jump operators, in the

local approach, the jump operators are given by (see Sec. 1.3)

_ oo 7t
ST = a Bl = ba,k’
S = al By = ba,k7
§5 = b  By=1b
3 — 3= Yb ks

§4 = ZA)T B4:(;b,k-

Following the derivation detailed in Sec. 1.3, the local master equation for the op-

tomechanical system has the form

d .

b=+ LOp+ L) (2.8)

where
LYp = Galwa)Dlalp+ Ga(—wa)Da']p, (2.9)
Lyp = Gy(w)Dblp+ Gy(—w,)D[b'p (2.10)

here £ p, and E,()l) p are the Liouville superoperators of the optical and mechanial
resonators, respectively. In the rest of this thesis, we consider Ohmic spectral densities

of the baths unless otherwise mentioned, which is given by

Gi(w) = wri(1+7j(w)), (2.11)

Gi(—w) = wkrjn;(w). (2.12)
Here, k; is the coupling strength between the system and baths.

2.1.8 The dressed-state master equation (DSME)

Unlike the local master equation, in the dressed state master equation, some of the

jump operators are nonlocal. In the first step, the optomechanical Hamiltonian is
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diagonalized using the polaron transformation

~

S = emoafa(i=b) (2.13)
following which the Hamiltonian takes the form

H, = wea'a + wdd — 2 (ata)?. (2.14)
The operators are transformed to
i = ae® and b=0b—adla. (2.15)

Here, the jump operators are different then in the local approach, and the jump

operators are given by

4 = a=a By =10l,, (2.16)
s, = a' =af By = b, (2.17)
43 = b=b—oadala Bs=1,, (2.18)
8 = b=b—aala  By=hy (2.19)

The jump operators §; and Sy are still local because of dropping all o dependent
terms in these operators, here o = g/wj;,. We note that the derivation of dressed state
master equation is presented in [67], in which authors argue to drop a-dependent
terms from cavity transformed operator a by assuming flat spectral density for the
optical bath. However, this approximation leads to an inconsistent master equation,
and alpha-dependent terms can not be ignored for thermodynamic consistency (see
Figs. 2.2 and 2.3). We will discuss this in the next section while deriving the global
master equation. By dropping a-dependent terms, the optical bath can now only
access the optical mode, and on the other hand, the mechanical bath has access to
both mechanical and optical resonators. Accordingly, this derivation can be regarded

as semi-global approach. Following this, the system operators in Eq. (2.3) evaluate to

~

a(t) = ae~™t and  b(t) = be7* + adla. (2.20)



20 Chapter 2: Global master equation for nonlinearly coupled oscillators

labelch2:eq:DSMEint In Ref. [67], a detailed derivation of the DSME is given, which

has the form

d

Th=—ilHe o)+ L0+ L300+ L3, (2.21)
where

L) = Ga(wa) Dlalp + Ga(—wa) Da"]p, (2.22)

LY5 = Gy(wy) Db — afalp + Gy (—ws) DT — aia]p, and (2.23)

L% p = A(kyTh, Jwn)a? DIty p. (2.24)

Here, the first two terms describe the optical and mechanical dissipation, respectively,
and the last term represents the optical resonator’s pure decoherence (dephasing). In
addition, o = g/wy, and n, = a'a. It may be worth noting that this equation reduces

to the LME in the limit g — 0.

2.1.4 The global master equation (GME)

Similar to the derivation of the DSME, in the global approach, first the Hamiltonian

is diagonalized, then the jump operators are obtained in the diagonal basis, which are

of the form
5 = a=ae ™D B =it (2.25)
G = al=ale®D By =, (2.26)
$ = b=b—ad'la By=1j,, (2.27)
35 = b =0 —aala By =by (2.28)

Note in this case, all jump operators are nonlocal. The system operators then trans-

formed into the interaction picture and given by
a(t) = ae” "y " a"(be " — bl )" and  b(t) =be " +adld.  (2.29)
n=0

In Eq. (2.1.4), there are infinite terms in the sum which makes the derivation of the

master equation intractable. In addition, it is sufficient to consider first few terms
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for weak optomechanical coupling o < 1. Here, we drop all terms of order higher
than o?, and follow the standard derivation of the master equation by making the

Born-Markov and Secular approximations. The GME is given as

d ) _ _
P =LEb+ LP 5+ L, (2.30)

where the dissipation and pure decoherence terms are given by

£ = Gu(w){ D[] + 0*D[ab'h]}f + Ge(—wa){ D[a] + o (+D[a'b18]) } 5

+ 3 {a”GC(wa + nuw) D[ab"]p

n=1,2

+ "G o(—wa — nwy) D[ald™]p + a"Ga(ws — nwy,) D]ab™)p

4 0" G —w, + nwb)D[aTén]ﬁ}, (2.31)
L% 5 = Gy(wy) Db — analfp + Gu(—wy) D[ — aia]p, and (2.32)
L7 = Gu(0)a? Dy . (2.33)

Note that in Eq. (2.30) is given in the interaction picture and in the polaron basis.
Upon transformation to the local basis, the jump operators remain nonlocal both for
the optical and mechanical resonators. In addition, in the limit ¢ — 0, this equation
reduces to the local master equation as required. The sum over n in Eq. (2.30)
describes the contributions from the phonon sidebands, for instance, n = 1 indicates

first-order phonon sideband.

2.2 Thermodynamical consistency ananlysis

We will now proceed to the analysis of the thermodynamical consistency of the three
master equations described earlier. In our results, we use system parameters repre-
sentative of a circuit QED optomechanical system [65, 66]. w, = 27 x 10 GHz, as well
as wp = 2m x 600 MHz, k, = 27 x 200 MHz, and k, = 27 x 50 MHz. We have scaled
all system parameters by the frequency w,, and thus all parameters are dimensionless

in the numerical results.
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Figure 2.2: (a-b) The steady-state heat currents J:*, and J*® as a function of the
single-photon optomechanical coupling strength g. There is no temperature bias
T, =T, = 0.210 K. Solid, dashed, dot-dashed, and dotted lines represent the heat
currents for the LME, DSME, GME2, and GME4, respectively. Where GME2, and
GME4 indicated the global master equation with two and four phonon sidebands,
respectively. Without a temperature gradient, the heat flow must be zero through the
coupled resonators. However, LME and DSME predict non-zero heat flow, violating

the second law of thermodynamics. Deriving the master equation (GME) in the

energy basis of the system recovers the second law of thermodynamics.

2.2.1 The first law: Energy conservation

The first law of thermodynamics is about energy conservation, according to which the
energy of an isolated system is conserved and can be broken into work and heat [68]. In
our model, there is no source of work; thus, the first law dictates that at steady-state

the sum of heat flow through the system must be zero

Jot+ T =0 (2.34)
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here, J, and J, represent the heat flow from the optical and mechanical resonator’s

bath, respectively, which is given as [68]
Ji = Tr{(L{p) H}. (2.35)

Here, (EEQ p describes the Liouville superoperators for the LME ({ = [), the DSME
(¢ = d), or the GME (¢ = g). We have adopted the sign convention of heat flowing
out of (into) the negative (positive) system. At steady-state, the heat currents can
be calculated analytically for the cases of the LME and DSME, and it is given in
Appendix .1. The equations in Appendix .2 show that irrespective of the parameters
regime, the first law of thermodynamics is always satisfied by the LME and DSME. For
the GME, due to nonlocal dissipators, the heat flows have to be calculated numerically.
The GME also predicts energy conservation; consequently, all three master equations

are consistent with the first law of thermodynamics.

2.2.2  The second law: Non-negative entropy production

According to the second law of thermodynamics, an isolated system’s entropy pro-
duction remains nonnegative. In the case of a quantum system, the dynamics version

of the second law is given by [68]

_45 I

¢ Yi> . (2.36)

here S being the von Neumann entropy, given by S(p) = —Tr(plogp); the second
term J; describes the heat flow from the j-th thermal bath. We discuss the validity
of the master equations in three different parameters regimes.

(i) Equal temperatures T, = Ty: In the absence of any temperature gradient, the
second law of thermodynamics dictates that no heat should flow through the system,
which means the steady-state heat currents should be zero in our case J;* = J;* = 0.
However, suppose the LME or DSME describes the dynamics of the optomechanical
system. In that case, these predict a nonzero heat flow through the system, as shown

in Fig. 2.2. This violates the second law of thermodynamics, as stated above. We
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Figure 2.3: (a-b) The steady-state entropy production rate &, as a function of the
single-photon optomechanical coupling strength g. (a) For T, = 0.210, and T, =
0.220 K, and for (b) T, = 0.220, and 7, = 0.210 K. Solid, dashed, dot-dashed, and
dotted lines represent the heat currents for the LME, DSME, GME2, and GMEA4,
respectively. Where GME2, and GME4 indicated the global master equation with

two and four phonon sidebands, respectively.

report that these non-physical heat flows becomes zero in the case of GME, and we
recover the second law by adding phonon sidebands in the master equation. Thus the
global approach captures the correct dynamics compared to the local approach in the

absence of any thermal gradient.

(ii) Higher temperature mechanical bath T, < Ty: In the case of the mechanical
bath at a higher temperature than the optical bath, the entropy production rate
becomes negative for the LME and DSME. This violation of the second law can be
explained by analytically calculating the entropy production rate for the LME and
DSME. We solve the rate equations in Appendix .2, and using these find the steady-

state entropy production rate as

2gwp + akpK\ _ 1 1
ss __ N N a ]_ — = =], 237
§ gk <—w§—|—/{2 )n (Ta + )(Tb Ta) (2.37)
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where k = K, + % and 7, := N4(w,). In this equation, all the factor are non-negative
except the last one. Therefore the sign of £ is determined by the relative magnitudes
of the temperatures T, and Tj,. It is clear from this equation that if T, > T, the
entropy production rate remains negative irrespective of the other system parameters,
which is against the second law of thermodynamics. This violation of the second law
of thermodynamics can be removed by consider the GME in which phonon sideband
helps to recover the second law as shown in Fig. 2.3a. In the case of GME, we are
not aware of any exact concise expression for the steady-state entropy production.

(ii) Higher temperature optical bath T, > Tj,: For this case, all three master equa-
tions are consistent with both the first and second law of thermodynamics, this is
confirmed in Fig. 2.3b. However, the heat flows are different both quantitatively and
qualitatively.

2.3 Summary

We have investigated a typical optomechanical system in which the optical and the
mechanical resonators are each coupled to a thermal bath. We focused our analysis
on the thermodynamic consistency of the master equations in the local and global
approaches. At thermal equilibrium, the local and semi-global master equations pre-
dicted nonzero heat current through the system, violating the second law of thermo-
dynamics. Upon describing the system dynamics with the global master equation,
in which the jump operators become nonlocal, the heat currents vanish at thermal
equilibrium, per the laws of thermodynamics. Hence, the global approach predicts
the dynamics accurately compared to the local description of the system. In addition,
in the presence of temperature bias, the local approaches predict heat flow from the
cold to the hot bath, violating the second law of thermodynamics. The addition of
the phonon sideband in the global master equation corrects the direction of heat flow
and recovers the validity of the second law in this regime. Our results show that the
global approach is superior and consistent with the laws of thermodynamics in pre-

dicting the evolution of the optomechanical system in both weak and strong coupling
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regimes.

Our analysis shows that the widely used assumption of the validity of the local
master equation in the weak optomechanical coupling is incorrect. Significant quali-
tative and quantitative differences in the local and global approaches to predicting the
heat current in both weak and strong coupling can facilitate testing our predictions

in the current optomechanical systems.
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QUANTUM HEAT DIODE AND HEAT TRANSISTOR

In the recent past, there have been extensive theoretical and experimental efforts
related to heat management in quantum systems, in particular, rectification and am-
plification of heat flow [69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 24, 80, 81, 82, 83, 84,
85, 8]. The primary motivation behind this upsurge of interest in heat management
is its potential applications in quantum technologies; however, these studies can also
help give insight into the fundamental principles of these devices. The lack of general
principles and fundamental mechanisms has led to a plethora of microscopic models
of quantum heat diodes and transistors. The general principles of heat management
can help optimal designs for thermal rectifiers and transistors. In addition, these prin-
ciples can also give insight into a deeper understanding of quantum thermodynamics.
In this chapter, we discuss the fundamental sources of asymmetry in the heat flow

and minimal design for the quantum heat diode and transistor.

3.1 Intoduction: Quantum heat diode

In analogy to an electronic diode, a heat diode enforces an asymmetrical heat flow
between two thermal baths under the change of temperature gradient. A quantum
heat diode consists of a quantum system sandwiched between two thermal baths
of different temperatures 77, and Txr as shown in Fig. 3.1. Tj, and Tk are the
temperatures of the left and right baths, respectively. An ideal thermal diode allows
the heat flow only in one direction, say, from a heat bath on the right side to the heat
bath on the left side. On reversal of the temperature bias, there should not be any

heat flow from the left to the right bath.
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Figure 3.1: A schematic depiction of a generic quantum heat diode. A quantum
system S with discrete energy levels is sandwiched between two thermal baths of
temperatures 17, and T, indicating the left and right baths, respectively. In addition,
k1, and kg are the coupling strengths of the left and right bath, respectively. (a) In
the case of T, > Tg, the left bath heat current 77, is positive, and the right bath heat
current Jg is negative. (b) Tg > T the heat currents change their sign following
the second law of thermodynamics. For the diode operation, the heat flow should be
asymmetric under the temperature gradient change, represented by the width of the

heat current arrows in this figure.

3.1.1 Rectification figure of merit

A figure of merit is needed for heat rectification to quantify the quality of a heat

diode. For this purpose, we define rectification factor R

_ |Tr(Tw, 11,) + Tr (11, Tr)|
Max(|Tr(Tw, T0)| , | Tr (T, Tr))|

here J;, and Jgi being the left and right bath heat currents, respectively. The heat

(3.1)

currents can be calculated using

A

Ja = Tr[(Lap) Hsl, (3.2)

here aw = L, R, and L,p is the Liouville superoperator which describe the dissipation

process, and H, is the system Hamiltonian. The rectification factor R can take a
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value between zero and one. For an ideal heat diode, R becomes one, and for no

asymmetry in the heat flow, the rectification factor R goes to zero.

3.2 Possible sources of asymmetry in heat flow

This section describes the possible sources of asymmetry present in the quantum
system that may lead to heat rectification. We explain the underlying physical mech-
anism that is model-independent and provides sufficient conditions for designing a

heat diode.

3.2.1 Asymmetric system-bath coupling

The first proposal of a quantum heat diode based on a spin-boson coupled system
was presented by Segal et al. [69]. The system consists of a single two-level system
coupled to two bosonic thermal baths via spin-boson interaction. The schematic of
this system is the same as shown in Fig. 3.1 by replacing system S with a two-level
system. In this system, the right bath heat current is given by [69]

RLKR
s/‘iL(l -+ 277LL) + KJR(l + 2np

Jr=w )(ﬁL — NR), (3.3)

here, wy is the frequency of the two-level system, and &, is the system-bath coupling
strength. In addition 72, = (e¥s/7> —1)~! is the average excitation number of o = L, R
baths. According to the first law of thermodynamics, in this model, at steady-state
the two heat flow through the system must be zero J;, + Jr = 0, which means the
left bath heat current can be obtained by placing a minus sign in Eq. (3.3). Note
that Eq. (3.3) is not symmetric under the exchange of L and R, however, if kK, = kg,
this asymmetry vanishes. This expression of heat current shows that asymmetric

system-bath coupling in a spin-boson model can lead to heat rectification.

3.2.2  Off-resonant coupled qubits

In a spin-boson heat diode consisting of a single two-level system, heat rectifica-

tion is only possible if the system-baths couplings are unequal. If the system-baths
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Figure 3.2: (a) A schematic representation of a heat diode based on two coupled qubits
of different frequencies wy # wg. The interaction between the qubits is symmetric
under the change of L and R labels; for instance, 670%, and 670%. The system-
bath couplings x are identical. The asymmetry of heat flow under the exchange of
temperature gradient originates due to the different frequencies of the qubits. (b) A
quantum heat diode based on two coupled qubits via anisotropic exchange interaction
070%. Both the dissipation rates induced by baths and the frequencies of the qubits
are considered identical. The anisotropic coupling, which is asymmetric under the

exchange of L and R labels, leads to heat current rectification.

interactions are the same, heat rectification is not possible. This condition of asym-
metric bath couplings can be relaxed if a multipartite spin system is considered. For
instance, it has been shown that if two interacting qubits (6767 interaction) of dif-
ferent frequencies are considered, heat rectification becomes possible even for equal

bath dissipation rates [77].

The emergence of heat rectification can be explained by writing the master equa-

tion for a generic quantum system coupled to two different thermal baths

d
S h=Lrp 5 4
70 = LLp+ Lap, (3.4)
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the Liouville superoperators have the form

Lop =Y [Galwr)DIAy] + Ga(—wi) DIAL]] (3.5)

here G, (wy) being the system-bath coupling spectra, the explicit expression depends
on the choice of bath spectrum, and we consider Ohmic spectral densities of the baths
Eq. (2.11). The flwk are the jump operators of the system, and the Lindblad dissipator

is given by
515 = 2196500 — 616p — 561
Diolp = 5[20p0 —0'0p — po'o] (3.6)

It is clear from Eq. (3.5) that under the exchange of temperature bias, the Liouville
superoperators differ only in temperature; hence the respective heat currents are inter-
changeable. Consequently, there is no heat rectification without unequal system-bath
coupling. To have asymmetrical heat flow, we must have asymmetry in the £; and
Lg, irrespective of the temperature bias. One way to make Liouville superoperators
asymmetrical is by considering a multipartite spin system in which the jump operators
are global and assuming the subsystems are off-resonant. The off-resonant qubits lead
to asymmetrical heat flow, reported in many different works by considering different

microscopic models [73, 86, 75, 77].

3.2.8  Asymmetric qubit-qubit interaction

As discussed above, heat rectification in spin-boson system-bath interaction is possible
either by considering unequal baths dissipation rates or by considering more than one
coupled two-level system, for instance, coupled qubits, which should be off-resonant.
For resonantly coupled qubits with identical system-bath coupling, rectification is
impossible in spin-boson-based systems. It is desirable that a good thermal diode
should be able to conduct high heat currents along with rectification close to unity.
However, this is impossible by considering asymmetric bath coupling or off-resonant
qubits. The goal of simultaneous higher rectification and larger heat currents can be

achieved using asymmetric inter-qubit coupling. For example, it is not possible to
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have rectification for resonantly 676% coupled qubits, however, if we consider 675%,
then rectification becomes possible for resonant qubits [24]. In the next section, we

will discuss the case of a heat diode based on asymmetrically coupled qubits.

3.3 Two-atom heat diode

3.83.1 The model

We consider two qubits of transitions frequencies w; and wg as shown in Fig. 3.2.

The Hamiltonian of the isolated system is given by

A WL,,  WR. oy
H= 7Laf + 7R0§ + goi0R, (3.7)

here, d; (j = z,y, z) are the Pauli matrices and g is the coupling strength between
the qubits. Each qubit in the system is coupled to a thermal bath of temperature
T,, with a = L, R indication the left and right qubit baths. To investigate the heat
flow through the system, we first derive the master equation for the setup shown in

Fig. 3.2.

3.3.2 The Master equation

To derive the global master equation, we first diagonalize the system Hamiltonian

using the unitary transformation

[ Y

S = e "2%LR, (3.8)
here 6 is given by
2 w 2
sinf) = —g, cosf = = tan @ = —g, (3.9)
Q Q WR
and 2 = y/wg + 4g%. The system operators are transformed and evaluate to
o = cos 07 + sin 067 63, o1 = cosba{ — sin oy, o =01, (3.10)

and

~r AT : Az Az ~Y Ay ~z __ Az : Az AT
o = cos B0, — sin 06705, Oh = Ophs of = cosOof, —sinbofog.  (3.11)
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The Hamiltonian in Eq. (3.7) is diagonalized with the transformation given in Eq. (3.8)

3 QO
i = %5{; + 5 (3.12)

Eigenstates of the diagonalized Hamiltonian in the indvidual basis of the qubits are

given by

1) =cosé|++) —sinf|[+-), 2) =sin g |++) +cos & [+-), (3.13)

3) =cosf|—4)+sinl|——), [4) = cos & |——) —sin & |—+), (3.14)

and the associated eigenvalues are wi = 1 (wr, +2), wo = 1 (w, —Q), w3 = 3 (—wi, +2),

and wy = %(—wL — ), respectively. Each qubit is coupled to a single thermal bath

maintained at temperature 7, and has the Hamiltonian
HY =620 ghlag +ag)), (3.15)
k

here g is the coupling strength of a qubit with the k-th mode of the bath, and
the corresponding annihilation (creation) operator is indicated by a¢ (a$'). The

Hamiltonian of the baths is given by
Hy = wiap'as. (3.16)
k

To derive the master equation, we transform the system operators into the interaction

picture
6E(t) = cosfop et —gin 5] ore T 4 sin o, Gpe (UL L Hoc
L L LOR LOR -C.
A 1
65(t) = cosfoge ¥ 4 5 sin o7 o + H.c. (3.17)

here the transformed operators are given by

(cosB(61 — i67) + sinfo} (67 + i67)),

N =N =

((cosBof, — sindo76%,) — i6f,). (3.18)
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Figure 3.3: Physical mechanism behind heat current rectification in case of resonant
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qubits. Examples of the dissipative energy cycles induced by heat baths which lead
to heat rectification. (a) and (b) represent heat flow from left to right and right to
left, respectively. The weight of the arrows indicates the coupling rate between two
energy levels; for instance, |2) — |3) transition is the weakest, which is represented by
low weight arrow. A left hot reservoir can induce this weak |2) — |3) transition (a);
however, this transition does not occur if the right cold bath is coupled to |3) — |2)
energy levels (b). Consequently, our system rectifies heat from right to left even when
the qubits are resonant. We note heat rectification for resonant qubits is not possible

with previously proposed models of heat diodes.

Following the standard derivation of the master equation outlined in Sec. 1.3, the

master equation for coupled qubits has the form

d
70 =Lip+ Lrp (3.19)
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here L1,p and Lgp being the Liouville superoperators which describe the energy ex-

change of the qubits with the baths, and have the form

Ly, = Gy(wy)cos? D6y ] + Gr(—wy) cos® §D[51] (3.20)
Gr.(w_)sin® 0D[5; 61] + GL(—w_) sin® D[5] 65
+  GL(wy)sin®0D[6y o] + Gr(—w, ) sin? OD[5; 6111,

Lr = Gr(Q)cos’OD[6g] + Gr(—Q) cos® §D[5]. (3.21)

Here, G, (w) being the spectral densities of the baths, and we consider Ohmic spectral
densities in our results (see Eq. (2.11)). We define the transition frequencies as wy =

~

wp, +Q, in addition, D[A] being the Lindblad dissipators which is given by Eq. (3.6).

3.4 Results and discussion

3.4.1 Physical mechanism behind rectification

The master equation (3.19) describes the dynamics of two uncoupled qubits which
exchange excitations via the global channels of heat transport. In Eq. (3.19) the
first two dissipators in £y, and Lr describe the local exchange of energy between the
qubits with their respective baths. The heat flow between two thermal baths through
the system qubits is described by the last four terms in the £y. From the structure
of these dissipators, the underlying physical mechanism of heat rectification can be
explained in our system. The local dissipators in Eq. (3.19) do not contribute to the
heat flow asymmetry, these only describe the energy exchange between the qubits
and their respective baths. There are different channels for heat transport which are
identified by frequencies wey = w13 = wp, Wy = Wiy = Wy, + 2, Ww_ = woz = wr, — (2, and
w3y = wip = 2. The frequency w_ = wog = wr, — {2 channel is responsible for exchange
of single-excitation, and w; = w4y = wr, + €2 describes a process which transfer the
heat through the qubits via two-quanta process. A sufficiently high temperature of the
baths is required, which can open one or both the global channels of heat transport.

If the temperature of the cold bath is not very high, some of these global channels
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Figure 3.4: The physical mechanism behind heat current rectification in case of res-
onant qubits. An example of four-wave mixing cycles induced by heat baths leads
to heat rectification. (a) and (b) represent heat flow from left to right and right to
left, respectively. The weight of the arrows indicates the coupling rate between two
energy levels. For large values of g, the coupling between [1) <> |2) and |3) <> |4) is
weak compared to the transition rates |1) <+ |4) and |2) <> |3). In the case of the cold
right bath (a), the transitions |1) — |2) and |3) — |4) are inhibited; on the contrary,
the hot right bath may be able to induce these transitions. Consequently, our system
rectifies heat from left to right in the strong coupling regime, which is opposite to the

direction in the weak coupling regime.

of heat transport are entirely or partially inhibited. However, the same channels
can be opened by the sufficiently high-temperature hot bath on the reversal of the
temperature bias. As a result, the heat flow becomes asymmetric, and diode action

can be achieved by controlling the system parameters.

More specifically, the heat rectification in our system can be explained by consid-
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ering the possible energy cycles induced by thermal baths and responsible for trans-
ferring heat through the qubits. The master equation shows that, in general, three
Raman cycles are possible (4234), (3213), (4214), and the inverse of these cycles are
also possible. Here, (4234) describes the |4) — |2) — |3) — |4) transitions. Fur-
ther, in principle, three four-wave mixing cycles (43124), (41234), and (41324) can be
possible along with their inverses. In these four-wave mixing cycles, (41234) is the
cycle that can transfer heat from the cold to the hot bath; the other two cycles do
not describe the heat transfer as they do not change the energies of the baths. The
master equation shows that the transition rates between the energy levels depend
on the angle #. Some of these coupling strengths can become very small compared
to the others depending on the mixing angle 6. The weakest transition in the cycle
may become a bottleneck, and only a sufficiently high-temperature thermal bath can

complete the cycle.

We analyze some examples of the energy cycles induced by thermal baths in the
case of resonant qubits w; = wr = w in Figs. 3.3-3.4. If we consider weakly coupled
qubits ¢ < w (Fig. 3), the 2 <> 3 energy transition becomes the weakest in the
cycle (4234). For the case of the left hot bath (Fig. 3.3(a)), this bottleneck transition
does not obstruct the cycle. However, the right cold bath may not be able to induce
this transition, and the cycle (4234) is completely obstructed (Fig. 3.3(b)). As a
result, our system rectifies heat from left to right in the weak coupling regime. On
the contrary, if the qubits are strongly coupled g ~ wg, the four-wave mixing cycle
(41234) includes |3) <> [4) and |1) <> |2) transitions which are the weakest. The heat
diode based on coupled qubits rectifies heat from right to left in this case (Fig. 3.4).
Our analysis shows that heat rectification is possible in our scheme without the need
for asymmetric system-bath coupling and off-resonant qubits. This is in contrast to
previous proposals of heat diodes, which required either unequal dissipation rates of
the baths or the frequency difference between the coupled system. Our advantageous
scheme of heat diode allows a large heat flow without compromising the rectification

quality of the diode. In the previous models, large heat currents are associated with
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Figure 3.5: (a-b) The steady-state rectification factor R as a function of the right
bath temperature Tg, and the coupling strength g, respectively. (a) The solid, dashed,
dot-dashed, and dotted lines are for the coupling strength g = 0.01,0.05,0.07 and
0.1, respectively. The left bath temperature is 7}, = 0.1. (b) The solid, dashed,
dot-dashed, and dotted lines are for the right bath temperature T = 2.5,5.5,8.5 and
11.5, respectively. The right bath temperature is Tg = 0.1. The dissipation rates
ky, = kr = kK = 0.01 and the qubits frequencies wy, = wr = w = 1 is same in both
panels. All the system parameters are scaled by the left qubit frequency wy, /27 = 10
GHz. We note that in the limit ¢ — 0, the rectification vanishes because the heat

flow becomes zero, and in the figures, we have not shown this limit.

low rectification rates, which are undesirable.

3.4.2  Rectification quality

Heat diode operation with the perfect rectification can be achieved for a wide range
of system parameters in the case of off-resonant qubits. Here we investigate the
asymmetry in heat flow for resonant qubits only, as, in previous models of heat diodes,
the heat flow becomes symmetric for all system parameters [73, 86, 75, 77]. In what

follows, we consider resonat qubits with symmetric dissipation rates of the thermal



Chapter 3: Quantum heat diode and heat transistor 39

baths.

We plot the rectification factor R as a function of the right bath temperature
Tr for different values of the coupling strength ¢ in Fig. 3.5a. For Ty, > Tg, the
heat rectification is smaller compared to the case of reversed temperature gradient.
The rectification vanishes at T}, = Ty because the heat flow becomes zero at equal
temperatures in accordance with the second law of thermodynamics. The larger
rectification factors are associated with a large temperature gradient. The rectification
shows a nonmonotonic behavior as a function of the coupling strength ¢ in Fig. 3.5b.
The rectification is large for a weak coupling regime compared to the strong coupling
regime for the same system parameters. Our diode rectifies heat from left to right in
the weak coupling regime and right to left in the strong coupling regime. The change
in the direction of the heat rectification is explained in Figs. 3.4-3.4 via different energy
cycles induced by the thermal baths. Between the weak and strong coupling regime,
the rectification shows a sharp dip which is associated with the point where the global
channel of the transition frequency w_ vanishes. At this point, due to the value of
coupling strength g, the transition frequency w; — 2 =~ 0. Due to the collapse of
this transition, the energy levels |2) and |3) becomes degenerate, and majority of the
global cycles responsible for heat transfer and rectification disappear. Accordingly,

the heat rectification becomes zero at this particular point.

3.5 Possible implementations of the model

Our proposal for the thermal diode employs asymmetric interaction between the
qubits, i.e., 0f0f, such coupling between the two-level systems can be found in
ferromagnetic systems [87], or magnetic molecules placed in a nuclear spin environ-
ment [88]. In this section, we propose different physical model systems for the possible

realization of asymmetric interaction between the two-level systems.
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3.5.1 Optomechanical coupling based realization

In a typical optomechanical system, an optical cavity mode of frequency w, interacts

with a mechanical resonator of frequency wy via the Hamiltonian [1]

~

H = weita + wyb'b — guweata(b + b1, (3.22)

here g being the single-photon optomechanical coupling strength. The annihilation
(creation) operator of the optical and mechanical modes is identified by @ ('), and b
(l;T), respectively. By applying Holstein Primakoff transformation to convert bosonic
operators to spin operators [89]

4 . i . R 1
dla = Jl+J, 6=——J, &' =J——,
VJ1+ J,

VIL+J,

here J being the total spin and J,, Jy follow the SU(2) algebra. If we assume spins

(3.23)

are weakly excited ((J,) < J), and apply this transformation to bosonic operators,
the asymmetric spin-spin 0j 6% coupling can be obtained from the optomechanical
model. This replacement of bosonic operators with the spin-(1/2) operators is valid
if we assume the bosonic modes are weakly excited a'a < 1. In this limit of low

excitations, the lowest two energy levels of bosonic modes can be accessible [89].

3.5.2  Chircuit QED based realization

We assume a superconducting qubit interacts with a superconducting resonator by

the Hamiltonian [90]
- Q
H = waa'a + 5 T 9(cos b6 +sinf6,)(a+ a’, (3.24)

here, the creation and annihilation operators of the superconducting resonators are
denoted by @, and a', respectively. In addition, w,, and € are the frequencies of the
superconducting resonator and the qubit, respectively. The interaction strength g be-
tween the resonator and the qubit, and 6 depends on the properties of the Josephson-
Junction. The system parameters can be adjusted to # = 0 to obtain the phase-gate
term [91]. In the weak excitation limit of the resonator (afa) < 1, the interaction

. g
reduces to the required coupling 67 6%.
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3.5.8  Trapped ions based realization

Trapped ions can simulate the quantum walk on a circle in which the phase space
is used to describe the steps of the walker. The generator of the single step is given

by [92]
U = e[, (3.25)

here H represents the Hadamard gate operator, and p being the momentum opera-
tor which generates the step depending on the outcome of the coin toss operation.
Raman beam pulses are proposed to implement these steps [92]. If we assume the
weak vibrational excitation limit in which the excitations are much less than 1, the
desired asymmetric spin-spin 07 0% interaction can be obtained from the effective

Hamiltonian.

3.5.4  Coupled Raman model based realization

We asuume a three-level atom is placed in a single mode cavity, the Hamiltonian of
this system is given by

~

H = waa'a+wlr)(r]+wele) (el + wylg) (gl +

+ Aa'(|g){r| + le)(r]) + H.c., (3.26)

here w; (1 = g,e,r) is associated with lower, middle and upper energy levels of the
three-level atom described the states |g), |e), |r), respectively. In addition, the cou-
pling between the atom and cavity mode is denoted by A\. We assume the lower two
energy levels are quasi-degenerate (w, ~ w,), and the detuning A = w, — w, — w,
greater than the coupling strength g, we can eliminate the upper level from the dy-
namics of the system. In this case, the effective Hamiltonian is given by the Raman

coupled model [93]

2
H = weala+ ed, — gzeﬁa&x. (3.27)

Here we define € = w, — w,, and 6, = |e){g| + |g)(e|, 7. = |e)(e| — |g)(g|. Similar to

the previously discussed optomechanical-based realization of the asymmetric spin-spin
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Figure 3.6: A schematic depiction of a quantum thermal transistor. S being the
quantum system that has an anharmonic energy spectrum. By analogy with the
electronic transistor, the quantum system S is coupled with the three independent
thermal baths of temperatures Tg, Tg, T, mimicking the base, emitter, and collector
terminals of the electronic transistor, respectively. The base temperature is the control
parameter that acts as a control signal and modulates the heat flow between the other
two terminals of the transistor. The direction and magnitude of the heat currents

JIB, JE, and Jo depend on the temperature and other system paramteres.

interaction, if we consider the weak excitation limit of the cavity mode in this model,
the bosonic mode of the cavity can be replaced by corresponding spin operators, and

the effective asymmetric spin-spin 67 6% interaction can describe the system dynamics.

3.6 Quantum heat transistor: Introduction

The ability to control signals is of paramount importance in logical computational
devices—for instance, classical integrated circuits based on electronic transistors can
control the electronic current flow depending on the control voltage. In a typical

bipolar junction transistor, the voltage at the base terminal can control the electronic
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current between the emitter and collector terminals. By exploiting this ability to
control the electronic current, the electronic transistor can be used to implement the
switch operation, or the current amplifier can be designed in which a slight change in
the control signal results in a large electronic current at the output terminals.

By analogy to the electronic transistor, a quantum thermal transistor is a device
that, in principle, can control the heat flow between two independent thermal baths.
In a quantum thermal transistor (see Fig. 3.6), a quantum system S is coupled to
three different thermal baths of temperature T, T, and T mimicking the emitter,

collector, and base terminals of a transistor.

3.6.1 Amplification factor

A three terminal device in which a slight change of the temperature on one terminal
results in a large increase in the heat flow through the other two terminals is called
thermal amplifier. With the analogy of typical bipolar junction transistor (BJT) we
consider thermal baths of temperatures T, Tz, and T as emitter, base, and collector,
respectively. For amplification, we assume that emitter bath is hotter than the other
two and the temperature of the base is varied. The amplification factor can be defined
as

o 0Jr.c
EC — 8JM ;

(3.28)

this definition implies that in order to have transistor effect we must have |ag c|>1.
Using the energy conservation relation in our system along with definition of « in
Eq. (3.28) the amplification a can also be written as

N I(JTr) _ Ry
g NTe+TJc) Re+ Rc

(3.29)

Here Rg = (0Jx/ 8‘7]3)};:%“5t and Rc = —(0Jc/ ajB);;:mt are differential thermal
resistances, similar relations can also be written for a. From Eq. (3.29) it is clear
that in order to have amplification |ar, g|>1, one of the differential thermal resistance

needs to be negative; Rg X Rc < 0. Thus we must have a negative differential thermal



44 Chapter 3: Quantum heat diode and heat transistor

The, My}

(.U' ) I (h) . *
I [y + 1,0}
I {‘ ~'s
1.,
| i AN Tk
Tp [ Jo i N
[ j o
I 1 JIB .
I 1 [ty 01}
|
J

Figure 3.7: (a) A schematic depiction of a quantum thermal transistor based on the
optomechanical system. Here, w,, and w;, are the frequencies of the optical and me-
chanical resonator, respectively, and ¢ is the coupling strength. The optical resonator
is coupled with two thermal baths of temperatures Tr and T and the mechanical
mode is coupled with one control thermal bath of temperature Ts. The small changes
in the temperature of the mechanical bath control the heat flow between the baths of
the optical mode. (b) An example of the processes which are responsible for the heat
transfer between the thermal baths. The dressed energy levels of the optomechanical
system denoted by |n,, ms), where n, = 0,1,2, ... is the photon number and m;, shows
the phonon number of the mechanical resonator. The dashed, dot-dashed and solid
lines show the transitions induced by the collector, emitter, and base thermal baths,
respectively. The base current is associated with the smallest energy transition in the

system.

resistance (NDTR). In a two terminal device, if the increase in thermal gradient

results in a decrease of heat flow between the two baths then such behavior is termed

as NDTR [81, 82].

3.7 Microscopic model of the transistor

We consider a standard optomechanical setup containing localized electromagnetic

field mode at frequency w, coupled to a mechanical oscillator at frequency wy. The
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optical resonator is coupled with two independent thermals baths at temperatures Tg
and T¢, while the mechanical resonator is coupled to a third thermal bath kept at
temperature Tg. The Hamiltonian of the isolated optomechanical system consisting

of the cavity and mechanical modes is
Hg = waala + wb'b — gala(b + b7). (3.30)

Here, the first term is the energy of the cavity mode and the second term represents
the energy of the mechanical resonator. The last term in Hamiltonian denotes the
optomechanical interaction with single-photon coupling strength g. The annihilation
(creation) operator for the mechanical mode is represented by b (BT) and of the cavity

mode by @ (a'). The Hamiltonian describing the full system including heat baths is

Hyo, = Hs + Hy + Hsg, (3.31)
where
Hp = ZW)\,dek&A,ka (3.32)
Ak

A = C, B, E represent the collector, base and emitter baths, respectively. The sums
in Eq. (3.32) runs over the infinite number of bath modes, indexed by k for the
optical and mechanical baths. w¢ (wg) being the frequency of the collector (emitter)
optical bath mode and wg is the frequency of mechanical bath mode indexed by k. In
addition, &l,k (@) is the creation (annihilation) operators of the baths modes. The

interaction Hamiltonian between the system and baths is

Hsp = gra(a+a)(aps+a},) + Y gmr(b+ 00 (ans +afy,), (3.33)
k k

f = E,C. The first term represents the interaction between the left and right baths
with the optical resonator, where the interaction with the bath mode indexed by
« is governed by a strength gs,. The second term is analogous to the first one,
but describes the mechanical bath modes and their interaction with the mechanical
resonator. The optical and mechanical baths are assumed to be at thermal equilibrium

at temperatures Tg, T and Ty, respectively.
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3.7.1 The master equation

The Hamiltonian Hs, can be diagonalized using the transformation

A

§ = eoata'-b) (3.34)

with o« = g/wy, and takes the form

~ o 2
Hs = waia + wb'd — L (aa)>. (3.35)
Wy

The eigenstates of the optomechanical system, without baths, can be written as
[, 1) = ), @0y, (3.36)

and the associated eigen energies is given by E,, ,,, = wan + wym + g° Jwpn?.
The dynamics of the reduced system of interest can be described by following
Markovian master equation [26]

d
Ep = LEp+ LOp+ LEp, (3.37)

where the dissipative terms are given by

£0p = GV (w){Dlal + o’ Dlabs]} p + G (~w){Dla'] + o (+D[aD'5]) } 5
+ Y {oc"G 7 (wa + nuwy,) D]ab"|p

n=1,2

+ "G (~w, — nwy) DIalh"]7 + 0" G (w, — nwy) DIab™]p

+ 0" GV (—w, + nwy) D]a’h"] ﬁ}, (3.38)
L = Gy(wp) Db — an,)p + Gp(—wy) Dbt — afta]p. (3.39)

Here, G(w) being the spectral densities of the baths, and we consider Ohmic spec-
tral densities in our results (see Eq. (2.11)). In addition, D[A] being the Lindblad

dissipators and given by Eq. (3.6).

3.8 Results: Heat amplification

In Fig. 3.8 we show all three heat currents associated with three independent thermal

baths in our device as a function of control bath temperature Ty, the inset of the figure
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Figure 3.8: The heat current 7 as a function of the control bath base temperature 1.
The solid, dashed, and dot-dashed lines are for emitter 7, base Jpg, and collector 7.
currents, respectively. The inset shows the zoomed-in curve of the base heat current
Jp as a function of the base temperature. The minima in the base current at a critical
value of Tg indicates the presence of the negative differential thermal resistance,
which is a sufficient condition for the heat current amplification. Parameters: w, = 1,
wp = 0.01, g = 0.1wy, kg = ke = kg = 0.001, Ty = 1.4, and T = 0.1. All the system

parameters are scaled with w, /27 = 10 GHz.

shows the heat current Jg. If the temperature T is non-zero, all three heat currents
are non-zero; this is because we have a non-equilibrium steady state in the presence
of three independent baths held at different temperatures. A small change in the
temperature of the control bath Ty results in a minute change in the associated heat
current Jg, on contrary, the collector and emitter heat currents Jc and Jg increase
dramatically, as shown in Fig. 3.8. To emphasize this we plot amplification factors
ag and ac¢ in Fig. 3.9, and the inset of the figure shows Rg and Rc. A sufficient

condition for amplifying heat current is the system is negative differential thermal
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Figure 3.9: The heat amplification factor o as a function of the base temperature
Tp. The dashed and dot-dashed lines are for the amplification factor ar and ag,
respectively. The inset shows the thermal differential resistance R as a function of
the base temperature Tg. The dashed and dot-dashed lines are for Rg, and R,
respectively. Parameters: w, = 1, w, = 0.01, g = 0.1wy, kg = ke = kg = 0.001,

Tp =14, and Tg = 0.1. All the system parameters are scaled with w, /27 = 10 GHz.

resistance (DTR). As one of the DTR remains negative for all the considered range
of the system parameters in Fig. 3.9, this ensures that we have amplification greater

than one for an extensive range of the base bath temperatures.

At T =~ 0.15, the amplification factors ag and a¢ diverges. This is because the
heat current [Jg has a local minimum at this temperature, shown in the inset of
Fig. 3.8. In addition, this can also be explained from the inset of Fig. 3.9, at this
temperature Tg = 0.15 both DTR becomes zero consequently the denominator in
the Eq. (3.29) becomes zero and the amplification diverges. For small temperatures
Tz < 0.03, we have a plateau in the amplification with ag = ac = 50, this can be

considered as stable region of amplification of our device. For temperatures 0.04 <
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T < 0.16, we have sensitive region of amplification in which a small change in the
Ty results in a very large change in the output heat currents Jg and Jc. This is
the best region for the amplification of the collector and emitter heat currents in our
quantum thermal transistor. For temperatures Tg > 0.16, we again have a flat line
in the amplification, and it is still greater than one; consequently, our device can also
work as an amplifier at higher baths temperatures. We note that the amplification
factors ag and a¢ increase monotonically with the optomechanical coupling g for a
given set of system parameters. We can have higher amplification factors in the stable
amplification regime than the other existing transistor proposals [76]. This can be

achieved in the single-photon ultra-strong coupling regime of optomechanics.

3.9 Summary

We investigated the thermal management between independent thermal baths based
on either two coupled qubits or two nonlinearly coupled harmonic oscillators. In
particular, it was shown that two qubits coupled via asymmetric spin-spin interaction
support the heat flow asymmetry between two thermal baths. In previous proposals,
the heat rectification based on spins required either unequal bath dissipation rates or
frequency difference of the coupled spins. In the case of equal dissipation and resonant
spins, it was not possible to have thermal diode operation in the previous schemes.
We showed that by considering asymmetric spin-spin interaction, a high-quality diode
could be designed with equal dissipation rates with the baths and the same frequencies
of the spins. Our advantageous proposal of the heat diode, contrary to the previous
proposals, showed no trade-off between the heat flow and rectification factor. We
explained the rectification by the preferential direction of the energy cycles induced
by the thermal baths between the dressed states of the qubits. Some of the heat
transport channels between the qubits were obstructed due to the asymmetry of the
coupling strengths between the energy levels under the exchange of the temperature
gradient.

We showed that it is possible to construct a quantum thermal transistor based on
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two nonlinearly coupled harmonic oscillators. The control of the base bath temper-
ature showed the modulation of the heat current between the collector and emitter
baths. It is possible to obtain substantial amplification factors by tuning either the
coupling strength between the resonators or the relative magnitude of the frequencies
of the resonators. The origin of the heat amplification is explained by the negative
differential resistance, which appeared in our system due to the presence of the anhar-
monicity induced by the nonlinear coupling between the resonators. The control base
heat current was associated with the lowest energy transition in the system, and the
output heat currents were associated with the most significant energy transition. Ac-
cordingly, a slight change in the base heat current could control the large magnitudes

of the collector and emitter heat currents.



Chapter 4

TWO-BODY QUANTUM ABSORPTION
REFRIGERATOR

4.1 Intoduction: Qauntum absorption refrigerator (QAR)

In the recent past, much attention has been paid to thermal machines based on
quantum systems; some of the examples are quantum heat engines [94, 95, 60, 61],
quantum thermal refrigerators [96, 97]. In particular, a promising direction can be the
quantum thermal machines which do not require external control or work resource.
Implementing quantum technologies on compact and energetically viable schemes
demands autonomous cooling schemes based on quantum systems. To achieve this
goal of cheap autonomous cooling, many schemes of quantum absorption refrigerators
(QARs) [98, 99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113,
114, 115, 116, 117, 118, 119, 120, 121] have been put forward, and an experimental
demonstration has been reported in a three-ion system [122]. Typically, a quantum
absorption refrigerator requires a three-body interaction between the harmonic oscil-

lators [101] or two-level systems [123].

It is possible to achieve Carnot bound at the cost of vanishing cooling power in
the ideal quantum absorption refrigerators [123]. However, efficiency at maximum
cooling power can be more practical bound for the quantum absorption refrigerators.
In the QARs, which have three-level masers as the building blocks, the efficiency at
maximum cooling power has an upper bound in these models. The existing proposals
on QARs obey this bound, which is much smaller than the Carnot bound. Here we
consider a quantum absorption refrigerator based on coupled qubits with an asym-

metric interaction. We show that our QAR based on only two qubits can surpass
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Je

Figure 4.1: Schematic description of a quantum absorption refrigerator based on
three-body interaction. The working medium consists of three harmonic oscillators
or three qubits; each coupled to an independent thermal bath. The temperatures of
the cold, hot and work-like thermal baths are T, T},, and T,,, respectively. For the
refrigeration, the temperatures of the baths are considered in the limit T, < T}, < T,,.
For the cooling process, the heat current 7. direction must be from the cold bath to
the system; accordingly, from the first and second law of thermodynamics, the other

two heat currents should be 7, > 0, J, < 0.

the established bound on the efficiency at maximum cooling power. In the strong
coupling regime of the qubits, the efficiency at maximum power reaches close to the
Carnot limit at the cost of vanishing cooling power as required by the second law of
thermodynamics. In addition, we investigate the effect of the size of the Hilbert space
and correlations between the working medium on the cooling power and efficiency of
the QAR. In the non-ideal case where heat leaks are present—one transition between
the dressed states of the system may be induced by more than one thermal bath—is

also discussed.
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4.2 Ideal quantum absorption refrigerator

4.2.1 Tree-body quantum absorption refrigerator

The minimal model of a typical quantum absorption refrigerator is based on three
body-interaction working mediums, which can be three harmonic oscillators or three
qubits [123]. Each of which is coupled to an independent thermal bath as shown in
Fig. 4.1. The interaction between the harmonic oscillators of the working medium is

given by [100]
Hint = g(AhAZAIU - ALACAZU)7 (41)

here, A, and Al (a = h, ¢, w) is the annihilation and creation operator of the harmonic
oscillator coupled to the hot, cold, and work-like baths, respectively. In addition, w,
is the frequency of the a-th harmonic oscillator. We assume the constraint on the

frequencies of the resonators the so-called resonance condition
Wy = Wh, — We, (4.2)

this enables the heat transfer between the thermal baths via working medium. The
interaction given in Eq. (4.1), enforces the annihilation of one quantum of energy
from the cold bath and dumps it into the hot bath by spending quanta of energy
from the work-like bath. We note that the interaction between the resonators is a
three-body interaction, which is non-quadratic, and it has shown that a tri-linear
interaction is required to realize a quantum absorption refrigerator [124]. In the limit
of the temperatures T, < T, < T,,, and appropriate system parameters, the cold bath

heat current 7. can become positive, resulting in the refrigeration process.

4.2.2  The cooling window

We analyze the quantum absorption refrigerator at steady-state, and the heat currents

from the a-th bath is given by

To = Tr[LopH] (4.3)
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here El(,l) p being the Liouville superoperator and H is the system Hamiltonian. We
adopt the convention that heat flow is positive from the thermal bath to the system.
The first and second laws of thermodynamics in the absence of any external control

(see Fig. 4.1) is given by

> Tu =0, (4.4)

d o
o= 150~ 2 > 0 (4.5)

T,
here S(p) = —Tr[plnp|] being the von Neumann entropy, and o is the total entropy

production of the system and the baths.

The efficiency of a quantum absorption refrigerator is obtained by taking a ratio
of the heat removed from the cold bath to heat pumped by the work-like reservoir.
As a result, the efficiency, which is termed the coefficient of performance (COP) for

a refrigerator is defined as

Je

T (4.6)

€

Unlike the efficiency of a heat engine, the COP of the quantum absorption refrigerator
can be greater than one. For the cooling process to occur, the work, cold, and hot
heat currents must satisfy 7, > 0, J. > 0, and J, < 0, respectively. From the first
and second law of thermodynamics, we have

o i (Tw - Th>Tc —
A = (Th—To)Tw )

€
here, €. is the Carnot efficiency for the heat-driven quantum absorption refrigerator
for three independent thermal baths, and it gives an upper bound on the COP of a
quantum absorption refrigerator.

For the trilinear interaction between the quantum systems of a working-medium,

if the resonance condition given in Eq. (4.2) holds, the ratio of heat currents satisfy

the relation

Ja _ Wa (4.8)
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Using this and Eq. (4.7), we can write
— (Tw — Th)Tc

We < wc,max -

< e W 4.9

(Th - Tc)Tw “ ( )
which is the “cooling window”. The quantum absorption refrigerator achieves max-
imum COP if w, — we max, at this point, the entropy production o — 0 as required

by the second law of the thermodynamics.

4.3 QAR based on two qubits

4.3.1 Microscopic model

We propose a model of a quantum absorption refrigerator based on only two qubits, as
shown in the figure. The two qubits are coupled via asymmetric spin-spin interaction.
In addition, the qubit A is coupled to two independent thermal baths of temperatures
Ty, and T,, which plays the role of the hot and work-like reservoir in our scheme.
The qubit B is placed in a cold thermal bath of temperature 7,.. All three thermal
baths are independent and can attain any non-negative temperature within the limit
T, <T, <T,.
The Hamiltonian of the coupled qubits (A + B) is given by [24]

' WA ., WB ., Az AT
H = 7A0A+7BUR+QUAJB, (4.10)

g being the coupling strength between the qubits, w4 and wp are the frequencies of
the left and right qubits, respectively.
The Hamiltonian of the independent thermal baths is given by

Hpo =Y Wyl by, (4.11)
w,o

the annihilation and creation operators of the bath modes are represented by a,, o, and

Al
TR

by u, and k = w, h. The interaction of the qubits with the baths are defined as

respectively, and the sum is taken over infinite number of bath modes, indexed

Hsp =) grubh @ (ary +a),) + Y Gopdh @ (Gey +af ). (4.12)
3 I3



56 Chapter 4: Two-body quantum absorption refrigerator

Tw

| |2
Th, ‘H')£7 ‘E’ T
=7 3

Figure 4.2: Schematic illustration of a quantum absorption refrigerator based on
two coupled two-level systems, for example, two qubits. The qubits are coupled via
asymmetric interaction 6365 of strength g. The work-like and the hot thermal baths
of temperatures T,,, and T},, respectively, are coupled to the left qubit, and the cold
bath of temperature T, is in connection with the right qubit. For the cooling process,
the heat current 7. direction must be from the cold bath to the system; accordingly,
from the first and second law of thermodynamics, the other two heat currents should

be J, >0, J, < 0.

4.3.2  The master equation

Following the standard derivation of the master equation outlined in Sec. 1.3, the

master equation for coupled qubits is given by

P = Lo+ Lup+ Lo, (4.13)

here L,,p, Lyp, and L, p being the Liouville superoperators of the work-like, hot and
cold baths, respectively, which describe the energy exchange of the qubits with the
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baths, and have the form

Ly = Gi(wa)cos?OD[G5] + Gr(—wa) cos® §D[5]] (4.14)
+ Gi(w_)sin?0D[6y 67] + Gr(—w_)sin*0D[5 5]
+ Grlwy)sin? 0D[6,55] + Gi(—wy) sin® 0D (5151 ],

L. = G.(Q)cos?OD[65] + G.(—9) cos® §D[57]. (4.15)

Here, G,(w) being the spectral densities of the baths, and we consider Ohmic spectral
densities in our results (see Eq. (2.11)). We define the transition frequencies as wi =
wa £, and Q = \/m. In addition, D[A] being the Lindblad dissipators and
given by Eq. (3.6).

4.4 Cooling mechanism

This section investigates the cooling mechanism in our proposed quantum absorption
refrigerator. First, we describe the critical step toward our cooling scheme. To this
end, we employ the quantum reservoir engineering scheme, namely, bath spectrum

filtering.

4.4.1 Bath spectrum filtering

The critical step to obtaining the refrigeration process in the quantum systems re-
quires selective energy transport [125]. Various methods can be used to implement
selective energy transport; here, we are interested in the quantum reservoir engineer-
ing schemes. In particular, we employ so-called bath spectrum filtering in which
undesired channels of heat transport are removed or suppressed by using thermal
band-pass filters [126]. Kurizki and co-workers pioneer bath spectrum filtering [126],
and it has been shown to implement different thermal functions such as heat manage-
ment [26], autonomous cooling of the mechanical resonators [28], and antibunching of
the phonon field [127].

In bath spectrum filtering, additional harmonic oscillators are coupled with the

left qubit. In this approach, the resonators coupled between the left qubit and thermal
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baths are included in the environment. The left qubit sees a structured environment
composed of a thermal bath and an additional resonator. As a result, the effective
spectral density of the hot and cold thermal bath is given by [126, 128§]

) = (nGulu)?

/ , 416
T |w— (w,f + Ak(w)) | + (7Gr(w))? (4.16)

here Gy (w) being the unfiltered coupling spectrum, and

Ap(w) = P[/OOO ' Gk(“/)} , (4.17)

w—w
where P is the principal value. We employ bath spectrum filtering to suppress the
unwanted transitions induced by the thermal baths and avoid overlapping the hot and
cold baths. The overlapping spectra of the thermal baths in the quantum absorption
refrigerator decrease performance due to the direct energy transfer between the baths

referred to as “heat leaks”, and the details of which are given in Sec. 4.5.4.

4.4.2  Cooling cycles

We assume the work-like and hot thermal baths spectra are filtered and follow G, (w_) >
Gp(w-), Gy(wy) € Gp(wy), and Gp(wa) = Gy(wp) ~ 0. These spectral functions
can be obtained by selecting the resonance frequencies of the work-like and thermal
baths filtered as w) = w_ and w}: = wy, respectively, in Eq. (4.16). We note that the
cold bath spectrum is unchanged. The selection of nonoverlapping filtered spectra
of the baths guarantees the absence of direct energy transfer between the thermal
baths; consequently, the ideal refrigeration at the Carnot limit becomes possible in
our model.

The selection of filtered bath spectra suppresses the unwanted overlapped energy
transitions between the dressed states of the coupled qubits. The master equation for

the filtered bath spectra is given by
L, = Gu(we)sin?0D[6;a5] + Gr(—w,)sin® 0D[655)
Ly, = Ghlwp)sin?0D[5y65] + Gr(—wy)sin? D[ L55],

L. = G.(w:)cos?0D[65] + Go(—w,) cos> OD[54], (4.18)
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Figure 4.3: (a) All the possible energy transitions induced by the thermal baths with
filtered spectra. (b) Our model of the quantum absorption refrigerator based on two-
coupled qubits can be broken into two three-level refrigerators working simultaneously
with a common transition induced by the work-like reservoir. The solid, dashed, and
dot-dashed lines in both panels indicate the transitions induced by the cold, hot, and

work-like thermal baths.

here we have defined w,, = w_, wp, = w,, and w, = (2.

The possible transitions induced by the thermal baths under bath filtering are
shown in Fig. 4.3, which shows that our model of QAR based on two coupled qubits
can be broken down into two three-level subsystems. As a result, our QAR model
can be understood as two three-level refrigerators working simultaneously by sharing
a common transition induced by the work-like reservoir. There are no overlapping
energy transitions due to bath spectrum filtering; in addition, we assume the reso-
nance condition (see Eq. (4.2)), therefore the ratio of the heat currents is given by
the ratio of the associated energy transition frequencies as given in Eq. (4.8). The
steady-state heat current can be calculated numerically by solving the master equa-

tion (4.18). However, in the high temperature limit of the work-like reservoir, the
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Figure 4.4: The possible cycles induced by thermal baths assist the heat transfer.
(a) and (c) show the cooling cycles (4324) and (3213), which are responsible for
refrigeration. Panels (b) and (d) show the associated inverse heating cycles, which,
if dominant, lead to the heating process. If the parameters are selected within the
cooling window (Eq. (4.9)), the cooling cycles are favored, and the heating cycles are
forbidden, following the second law of thermodynamics. The solid, dashed, and dot-
dashed lines indicate the transitions induced by the cold, hot and dot-dashed thermal
baths.

analytical expressions for the heat currents is given by (see Appendix for details)

Jo = Cwg. (4.19)
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For the filtered spectra of the work-like and hot baths, there are only two possible
Raman cycles [(4324) and (3213)] and their inverses that can transfer the heat between
the thermal baths, shown in Fig. 4.4. Here the cycle (4324) indicates the sequence of
the energy transitions |4) — |3) — |2) — |4). If the Raman cycles shown in Figs. 4.4a
and 4.4c are completed, these lead to the refrigeration process, and we termed these
cycles “cooling cycles”. However, if the inverse of these cycles is more favorable, then
the heat is dumped into the cold bath, and we refer to these cycles as “heating cycles”.
To determine which of these cycles are allowed by the second law of thermodynamics,
we need to calculate the entropy production. For instance, according to the second
law of thermodynamics, the entropy production for the cooling cycle (4324) is given

by
o= aw-c &y (4.20)

If the system parameters are selected within the cooling window, the entropy pro-
duction of this Raman cycle remains positive. On the contrary, for the same set of
parameters, the entropy production of the heating cycles shown in Figs. 4.4b and 4.4d
becomes negative, thus not allowed by the second law of thermodynamics. As a result,
the cooling cycles dominate the heat transfer, and the refrigeration process occurs.
If the system parameters lie outside the cooling window, the heating cycles become
more favorable and obstruct the cooling process.

The choice to couple qubit A with work-like and hot thermal baths and qubit B
with cold baths is motivated by resonance condition given in Eq. (4.2). To explain
this, we recall w, = wa — Q, wp, = wa + Q, and w, = Q (Fig. 4.3). By looking
at different possible allowed transitions, it can be seen that to follow the resonance
condition (Eq. (4.2)), one possibility is to couple the work-like and hot bath with
2 <» 3 and 2 <> 4 (1 «+ 3) transitions, respectively, and the remaining possible
transitions 1 <> 2 (3 <> 4) are coupled with the cold bath. These transitions indicate
that one possible arrangement to make a refrigerator based on our system is that the
work-like and hot baths couple to qubit A and the cold bath to qubit B. However, this

is not the only possible arrangement of the three baths in our model. For example,
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the other possibility can be to couple the hot and cold baths with qubit A and the
work-like bath with qubit B. In this arrangement, we need to design bath filters such
that hot and cold baths induce ws + 2 (2 <> 4, 1 <> 3) and wy (2 <> 3) transitions,
respectively; and the work-like reservoir needs to be coupled with Q (1 <> 2, 3 <> 4)
transitions to satisfy the resonance condition. Accordingly, the choice to couple the

hot and work-like reservoir with qubit A and the cold bath with qubit B is not unique.

4.5 Results

4.5.1 Cooling power

Figs. 4.5(a) and 4.5(b) show the cooling power and scaled efficiency as a function
of the right qubit frequency w,. for different values of the coupling strength g. The
efficiency curves for different values of coupling strength are not very distinct because
the efficiency is given by the ratio of the frequencies of the cold to work bath induced
transitions € = w./w,. As a result, the performance coefficient can be arbitrarily
close to the Carnot bound by tuning the effective frequency of the right qubit w..
At the Carnot limit € — €., the entropy production approaches to zero ¢ — 0,
consequently, the cooling power 7. of QAR vanishes as shown in Figs. 4.5. For both
we = 0 and W, = We maq, the cooling power vanishes J, = 0, therefore, for given system
parameters, the cooling power is maximum for an optimum value of w.. The existence
of an optimum w, can be explained by the cooling cycles shown in Fig. 4.4. For the
optimal cooling, two conditions must be satisfied (i) the work-like reservoir must be
hot enough (7, > wy — @.) to induce |3) — |2) transition, (ii) the cold bath must
able to induce w, energy transition 7, > w.. For a given set of system parameters
with small values of w,, condition (i) may not hold, and for the higher values of w,,
(ii) may not be satisfied. Accordingly, the optimal value of w. can satisfy both of

these conditions simultaneously, resulting in optimal cooling.
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Figure 4.5: The possible cycles induced by thermal baths assist the heat transfer.
(a) and (c) show the cooling cycles (4324) and (3213), which are responsible for
refrigeration. Panels (b) and (d) show the associated inverse heating cycles, which,
if dominant, lead to the heating process. If the parameters are selected within the
cooling window (Eq. (4.9)), the cooling cycles are favored, and the heating cycles are
forbidden, following the second law of thermodynamics. The solid, dashed, and dot-
dashed lines indicate the transitions induced by the cold, hot and dot-dashed thermal
baths.

4.5.2  Quantum correlations and cooling power

Here we investigate the possible relation between the performance of our proposed
quantum absorption refrigerator and the quantum correlations. For the considered
system parameters, we observe no entanglement between the coupled qubits of the

system. The absence of the entanglement between the qubits can be explained by
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Figure 4.6: (a) The cold bath heat current 7. (b) total correlations Z(pap) (c) quan-
tum correlations D(pap) (d) classical correlations Z(o45) between the coupled qubits
as a function of the coupling strength g, and the cold bath qubit frequency w.. System

parameters: w, =1, k. = Ky = kK = 0.005, T, =2, T, =3, and T, = 1.

writing the density matrix of the coupled qubits in the local basis of the qubits as

ri1 ¢z O 0

R Ci12 T929 0 0
pAB = . (4.21)

0 0 33 C34

0 0 c3a T
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The least eigenvalue of the of the partial-transpose of the density matrix pap is
positive for the considered system parameters; ri; + 799 — ((r1; — 792)% + 4c2,)Y/? >
0. According to the positivity-of-the-partial-transpose separability criterion [129],
the two qubits are not entangled in our system. To go beyond the entanglement-
separability criterion and quantify the quantum correlations between the coupled

qubits, we employ quantum discord, which is given by [130, 131]
D(pap) =Z(pap) — Z(oan). (4.22)

here, Z(pap) being the quantum mutual information which describes the total corre-

lations between the qubits, and it is given by
Z(paB) = Spa + Sps — Span- (4.23)

S;, = —Tr[p;logp;| denotes the von Neumann entropy of the density matrix p; of the
subsystem ¢. The classical correlations between the qubits are described by Z(o45) in
Eq. (4.22), here 0 45 denotes the state obtained by the minimally disturbing projective
measurement on qubit B [130, 131]. We look for the possible connection between the
cooling power and quantum correlations by plotting the total correlations Z(pag),
classical correlations Z(o4p), quantum correlations D(pap) and the cooling power
J. in Fig. 4.6. The results show that the classical correlations are much stronger
than the quantum correlations, and we find no overlap between the maximum cooling
power and correlations between the qubits. As a result, in our model, the quantum or
classical correlations between the working fluid qubits play no role in the refrigerator’s

performance.

4.5.3  Efficiency at maximum cooling power

Following the second law of thermodynamics, at the Carnot limit, a quantum absorp-
tion refrigerator’s efficiency becomes unity and becomes an ideal refrigerator at the
cost of vanishing cooling power. Consequently, a more relevant bound for practical

absorption refrigerators can be the efficiency at maximum cooling power €,. It has
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Figure 4.7:  Parametric plot of cooling power J. as a function of the normal-
ized coefficient of performance €/e. for different values of the coupling strength
g. Dashed, solid, dash-dotted, horizontal dashed and dotted lines are for g =
0.005,0.01,0.05,0.09, and 0.11, respectively. The shaded region shows the ¢, bound
given in Eq. (4.24).

been shown that for an ideal quantum absorption refrigerator based on an elemen-
tary three-level system, the efficiency at maximum cooling power has an upper bound

given by [132]

de
de+1

€x < €c, (4.24)

here d. being the dimensionality of the cold bath. Contrary to the previous pro-
posal [132, 123], we show that our proposed refrigerator based on coupled qubits can
surpass this established bound.

Fig. 4.7 shows the normalized coefficient of performance (efficiency) as a function
of the cooling power for several values of the coupling strength ¢g. The shaded region

in the figure denotes the efficiency at maximum power bound e€,. The €, shows a
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monotonic increase with the increase in the coupling strength g, and for larger values
of the coupling strength, the established bound (Eq. (4.24)) for previously proposed
models of QARs can be surpassed. Remarkably, the efficiency at maximum cooling
power can approach the Carnot limit ¢, — ¢.. However, the cooling power vanishes
at this limit as enforced by the second law of thermodynamics.

The breakdown of the bound €, can be explained by noting that it depends on
the cold bath’s spatial dimensionality; if we increase the dimensions of the cold bath,
the e, becomes larger. For d-dimensional cold bath, the power spectrum has the
form G(w.) < w?. In our model, due to the asymmetric coupling between the qubits,
¢ = wp/w. dependent terms in the master equation (4.18) effectively increase the
dimensionality of the cold bath. We note that if the coupling strength between the
qubits is ¢ = Nw,. with N being a real number, the coefficient ¢ in the master equation
(4.18) becomes independent of w,. In this case, it is impossible to surpass the bound

given in Eq. (4.24) for any value of coupling strength g.

4.5.4  Non ideal QAR: Heat leaks

Typically thermal operations are characterized by the power versus efficiency curves.
In the case of an ideal quantum absorption refrigerator, these curves are open as
shown in Fig. 4.5, which describes that in the Carnot limit, the QAR achieves unit
efficiency at the cost of vanishing power. On the contrary, more practical models
of QARs schemes should incorporate the internal dissipation and heat leak in the
efficiency and power quantification [133]. For these non-ideal models of QARs, the
efficiency versus power curves are closed.

Here we consider a case of a non-ideal quantum absorption refrigerator in our
model by allowing more than one thermal bath to induce the same energy transition.
The overlapping spectral of the thermal baths results in the direct energy transfer
between the thermal baths and is referred to as “heat leaks,” which affect the perfor-
mance of the QAR. If the filtered bath spectra are not spectrally separated, these can

result in heat leaks. For instance, if the work-like and the hot bath induce the same



68 Chapter 4: Two-body quantum absorption refrigerator

0 S R B R R BTSSR S RS B S EE R
6).00 0.25 050 0.75 1.00 125 1.50 1.75

-5
JC x10

Figure 4.8: The parametric plot of normalized coefficient of performance €/e. as
a function of normalized cooling power J./J for different values of the coupling
strength g in case of overlapping bath spectra of the work-like and hot thermal baths.
Dashed, solid, and dash-dotted curves are for coupling strength ¢ = 0.005,0.01, 0.05,

respectively.

energy transition, say |2) <> |3) in Fig. 4.4, this can result in the direct energy transfer
between the hot and work-like baths and decreases the efficiency of the QAR. Fig. 4.8
confirms this analysis where we plot efficiency versus cooling power for different values
of coupling strength g. We obtain close curves of efficiency versus cooling power, and
the irreversibility increases with the increase in the coupling strength. The overlap
of the work-like and hot bath is parasitic, which produces irreversibility due to the

introduction of heat leaks in the model.

4.6 Summary

We have proposed a quantum absorption refrigerator based on two-coupled qubits

contrary to widely employed three-body interaction schemes. We considered an asym-
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metric interaction between the qubits and investigated the heat transfer through the
qubits by employing a global master equation consistent with the laws of thermo-
dynamics. The mechanism behind the cooling process was explained by considering
energy cycles consisting of transitions between the dressed states of the qubits, which
are induced by the thermal baths.We showed that heat could be removed from the
cold by employing the bath spectrum filtering and selecting the system parameters
within the cooling window.

The reservoir engineering helped to attain the Carnot limit by not allowing the
overlapping bath spectra; however, the cooling power at the Carnot limit vanishes
as required by the second law of thermodynamics. In addition, we investigated a
more practical bound, namely efficiency at maximum cooling power. In the strong
coupling regime of the coupled qubits, we showed that our model could surpass the
bound established on the efficiency at cooling power for previous QAR schemes. Fi-
nally, we allowed overlapping bath spectra, which results in the direct energy transfer
between the thermal baths, and deteriorates the efficiency of the quantum absorption
refrigerator.

We note that our proposal of the quantum absorption refrigerator can be realized
using versatile experimental platforms; for instance, circuit QED can be used for its
implementation, for coupled qubits [24], for the optomechanical system [1], for the
atom-cavity model as working medium [128]. Unlike previously proposed models of
the quantum absorption refrigerators in bosonic systems, which require a trilinear in-
teraction between the harmonic oscillators [124], our model can be implemented using
only two harmonic oscillator. In our model, by employing bath spectrum filtering,
both the efficiency and efficiency at maximum power can be made very close to the

Carnot limit, which is impossible in the previous two-body QARs proposals [123].



Chapter 5

SIMULTANEOUS COOLING OF RESONATORS BY
THERMAL RESERVOIR

5.1 Introduction: Ground-state cooling of resonators

One of the crucial steps toward quantum technologies based on the mechanical res-
onators is effective and energy-efficient cooling of the mechanical resonators to their
ground-states. For example, cooling the mechanical resonators is an essential pre-
requisite in ultrasensitive precision measurement [134] and gravitational wave detec-
tion [135]. In addition, the ground-state cooling of mechanical resonators is also re-
quired for the experiments designed for the investigation of fundamentals of quantum
physics at macroscopic scale [42]. The applications are based on the optomechanical
systems in the field of quantum computation and quantum information processing; the
ground-state cooling of the resonators plays a vital role [1]. Over the last two decades,
extensive efforts have been made to achieve ground-state cooling of the resonators;
some of these include feedback-assisted cooling [136, 2, 137, 138, 139, 140, 141], and
laser sideband cooling [142, 143, 144, 145, 146, 147, 148, 3, 7, 149, 150].

In recent years, systems with multiple mechanical resonators have caught much
attention [151, 152, 153, 154, 155]. For example, in Ref. [63, 156] heat modulation is
proposed based on multiple mechanical resonators coupled to a single cavity mode; in
addition, entanglement between distant mechanical resonators has been demonstrated
recently [157]. In the case of multiple resonators of similar frequencies, the ground-
state cooling becomes impossible due to the dark mode, which is not involved in the
system’s dynamics, hence decoupled from the common cooling agent. The existence of

dark mode obstructs the cooling process unless the mechanical resonators of distinct



Chapter 5: Simultaneous cooling of resonators by thermal reservoir 71

frequencies are not considered [158, 159, 160]. There are few recent attempts to
overcome this challenge; for example, a dark mode breaking scheme is proposed, which
is based on a phase-dependent coupling between the mechanical resonators [161, 162].
The other possibility can be using cold-damping feedbkack [140, 141]; however, for
the identical mechanical resonators, this scheme fails to cool the resonators to the

ground-state.

A complementary approach removes thermal energy from the mechanical res-
onators by driving the cooling agent with a very hot thermal bath [163, 164]. This
scheme requires no external control drive or work source to cool the mechanical res-
onator. It is proposed in a multimode optomechanical system, in which two cavity
modes are coupled to a single mechanical resonator. A tri-linear interaction between
the two-cavity modes and the mechanical resonator is required [163]. The cooling
scheme is valid in a very weak-optomechanical coupling regime, and the investigation
involved a mean-field approach; as a result, the correlations between the cooling agent
and the mechanical resonators are entirely ignored. In the weak-coupling regime, it
may not be possible to cool the mechanical resonator to its ground state consider-
ing realistic experimental system parameters. Here we propose a scheme of cooling
multiple mechanical resonators of the same or different frequencies using a thermal
environment. We show that the mechanical resonators can be cooled to their ground
states using realistic system parameters. The bath spectrum filtering plays a vital role
in the realization of our scheme. Finally, we propose several setups for the possible

experimental realization of the proposed cooling scheme.

5.2 The microscopic model and master equation

Our scheme is based on a typical optomechanical system in which a single optical
resonator of frequency w, is coupled to N independent mechanical resonators of fre-

quency w; (i = 1,2...N), as shown in Fig. 5.1. The Hamiltonian of this system is
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Figure 5.1: Schematic depiction of a multimode optomechanical system in which a sin-
gle optical mode a is coupled with N mechanical modes b; or independent mechanical
resonators. Each mechanical resonator b; is unavoidably coupled to an independent
thermal bath of temperature 7;. In addition, the optical resonator is coupled to
two independent thermal baths of temperatures T}, and 7T,.. The optical resonator
baths are spectrally filtered to cool the mechanical resonators. All thermal baths are

independent and can attain any non-negative temperature.

given by
N
H, = weala+ Y [wiblb; — giaa(b; +0])], (5.1)
1=1

here g being the single-photon optomechanical coupling strength. In addition, the cre-
ation (annihilation) bosonic operators of the mechanical and optical resonators are
given by b; (b!), and @ ('), respectively. Each mechanical resonator is unavoidably
coupled to an independent thermal bath of temperature 7T;, and the optical resonator
is coupled to two thermal baths of temperatures 7), and 7.. The optomechanical
system with multiple mechanical resonators can be implemented using a circuit elec-

tromechanical system [165, 7] or photonic crystal optomechanical system [166].
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5.2.1 The master equation

The Hamiltonian of the thermal baths is given by
F[Bac - Zwk,x&;zdk,za (52)
k,x

here, x = ¢, h, 1 represents the cold, hot, and baths coupled to mechanical resonators,
respectively. The sum is taken over the infinite number of bath modes indicated by
k. In our cooling scheme, we require two baths to couple with the optical resonator;
the hot bath assists in removing the thermal energy from the mechanical resonator’s
baths and dump into the cold bath. Following the second law of thermodynamics, it
is impossible to cool the mechanical resonators to the ground state using only a single
bath attached to the optical resonator. The interaction between the thermal baths

and the optomechanical system is given by

Hsp =Y grj(a+a") @ (an; +a )+ gralbi + b)) ® (ar +a},), (5.3)
k ki

here, 7 = h,c indicates the hot and cold baths, respectively. The first term in
Eq. (5.3) gives the interaction of the hot and cold baths with the optical resonator,
and the second term in the Hamiltonian describes the interaction between the me-
chanical resonator ¢ with its bath maintained at temperature 7;. The eigenenergies
of the optomechanical system is given by
Enym, = NalWq + Miw; — nig—;, (5.4)
here n, and m; indicates the number of photons and phonons in the optical and
mechanical resonator, respectively.
We follow the derivation of the master equation given for a standard optomechan-

ical system in Sec. 3.7.1, and the derived master equation has the form

d
pr =L,+ L.+ L, (5.5)

here, the Liouville superoperators of the optical and mechanial resonators are given
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by

L; = Gj(wa)Dla] + G;(—w,)DIa'] (5.6)
+ Y o [Gg-@)D[@BI] + Go(~w_)Dlatb;] + G;(w, ) Dlab;]) + G;(—w,)D[a'd]]],

Li = Gy(w;)D[bi] + Gi(—w;)D[b]], (5.7)

here, wy = w, —wj, a; = g/w; and G4 (w) being the spectral densities of the baths, and
we consider Ohmic spectral densities in our results (see Eq. (2.11)). The transformed

operators have the form

i =ae°Zibi=b) and b =b; — adla. (5.8)

~

In addition, D[A] being the Lindblad dissipators and given by Eq. (3.6). We remark
that, in the derivation of the master equation, the weak optomechanical coupling

regime is considered [56],
a2(blb;) < 1, (5.9)

and we have neglected all higher order terms O(a?).

5.3 Results and discussion

For the analytical and numerical results, the system parameters representative of a
typical optomechanical system is considered [1]: g; = 27 x 100 kHz, w; = 27 x 10 MHz,
Kkp = ke = 2mx1 MHz, k; = 2nx100 Hz. The temperature of the mechanical resonator
is T; ~ 1.5 K, and the associated average phonon number is 7;(0) ~ 2 x 103. The hot
bath temperature is larger by many orders of magnitude, i.e., 4 x 10* < Tj, < 4 x 107

K. In all the results, the system parameters are scaled with the optical frequency wj,.

5.3.1 Cooling mechanism

First, we consider a case in which a single mechanical resonator is coupled to the opti-

cal cavity to explain the underlying physical mechanism of cooling. This simple model
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based on a single mechanical resonator helps us to establish a direct link between the
typical laser cooling schemes and “cooling by heating” in an optomechanical system.
The index 7 is dropped in the master equation (5.5) for the case of a single mechanical
resonator. The dynamics of the mechanical resonator can be obtained by taking a
trace over the optical resonator in the master equation (5.5), and the reduced master

equation for the mechanical resonator has the form

% — (" +T) D[] + (T + T3) DB, (5.10)

here the upward transition rate I'* (T'{}), and the downward transition rate I'~ (T'y;,)
for the mechanical resonator are induced by the optical (mechanical) thermal baths.

These rates are given by

I~ = Oé% Z (Gj(bd+)<7~1a> + Gj(_w—)<ﬁa + 1>)7
j=h,c
It o= o Z (G(w-) (i) + Gj(—wy ) (it + 1)),
T, = Gl(wl’), Tt =G (—w). (5.11)

In what follows, we only assume the Ohmic spectral densities of the thermal baths
(see Eq. (2.11)). The filtered nonoverlapping spectra of the hot and cold optical baths

are considered, which can be obtained using [26]

é. _ l 7TG]'<(.U)
1 2 o= @+ 172) + 8,@) + (1G5 (@)7)

(5.12)

here A,(w) being the Lamb-shift due to the thermal bath.

In the case of the laser sideband cooling scheme in a standard optomechanical
system, the input coherent drive of frequency wy is made resonant with the lower
sideband wy, = w_ = w, — wy [3], which leads to the cooling of the mechanical
resonator. As a result, the anti-Stokes (cooling) process becomes more favorable than
the Stokes (heating) process, as shown in Fig. 5.2(a). The mechanical resonator can
be cool to the ground state by the input laser drive if the upper sideband w, = w,+w;

remains far off-resonant. On the contrary, in our model, the input coherent drive is
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not present; instead, the cold and hot thermal baths incoherently drive the cavity.
We aim to design a cooling scheme based on only system-environment interaction
without needing external control drives. Accordingly, we drive the optical mode with
incoherent thermal baths, due to which the cavity mode reaches to a thermal state
(see Eq. (5.15)). In the case of laser-driven cavity mode, coherence assists in removing
energy from the mechanical resonators. In our scheme, we replace laser drives with
thermal baths and show that it is still possible to cool the mechanical resonators.
Similar to the laser-driven cavity, we obtain both upper and lower phonon sidebands
in the case of the incoherently driven cavity. For the cooling process in our model,
making an analogy with the laser sideband cooling, we may want to suppress the
upper sideband and incoherently drive the cavity at the lower sideband. The upper
sideband can be suppressed by employing bath spectrum filtering [128].

For the cooling process, the hot thermal bath only drives the lower sideband of
transition frequency w_, and all other energy transfer channels are suppressed for the
hot thermal bath. Similarly, the cold bath only induces the transition of frequency
wy, and other heat transfer channels are filtered out for the cold bath. The hot and
cold baths spectra that can fulfill these conditions on the energy transitions should

be non-overlapping and must satisfy

Go(wa) > Gh(wa), and Golw_) < Gplw_). (5.13)

The underlying cooling mechanism in our scheme can be understood by directly
connecting with the widely employed laser sideband cooling scheme, as shown in
Fig. 5.2. The increase in the temperature of the hot bath results in the increase in
the number of hot photons in the cavity with “correct frequency” these photons trig-
ger the energy transition of frequency w_ (lower sideband); as a result, cooling process
dominates. The photons follow Plank’s distribution, and an increase in the tempera-
ture of the hot bath increases the number of photons with the correct frequency in the
considered range of system parameters. In a complete refrigeration cycle (Fig. 5.2),

the hot bath at temperature 7}, completes the transition of frequency w_ with the
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Figure 5.2: The dressed states |n,,m1) of a standard optomechanical system having
a single mechanical mode, and arrows indicate the energy transitions between the
dressed states, which are responsible for energy transfer. The dashed and solid lines
describe the heating and cooling process, respectively. (a) The heating and cooling
processes in case the cavity is driven by an external coherent drive of frequency wry..
In the cooling process, the lower sideband is resonant with the drive, which leads to
the destruction of a phonon with a blue-shifted photon leaving the cavity. (b) The
underlying energy transitions are involved in the heat transfer in our scheme. The
hot bath induced the transition of frequency w_ (lower sideband); this leads to the
creation of a higher energy photon (blue-shifted), and this energetic photon is dumped
into the cold bath by the transition of frequency w,.

destruction of single phonon. This blue-shifted (energetic) photon is dumped into
the cold bath at temperature 7. to complete the cooling cycle. We note that the
analogy with the sideband cooling is only valid if the hot and cold bath spectra are

non-overlapping; in the case of the unfiltered baths, the cooling process is obstructed.
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5.8.2  Single resonator cooling
In the case of the filtered hot and cold baths, the master equation (5.5) reduces to
Lo = Ge(wa)Dld] + Ge(—wa)Da'],
Ly, = o}(Gu(w_)Dlabl] + Gu(—w_)D[ay)),
Ly = Gi(w)D[b] + Gi(—w)D[b]], (5.14)
As a result of the dynamical evolution governed by this master equation the cavity
mode becomes an almost thermal steady-state with other terms of the order O(a?) [56,

167, 168]. The mean number of photons in cavity is given by

_ ?C(—wa) + é}(—wl) 4
(Golwa) + Go(—wa)) + (Gr(w1) + Gi(—w1))’

here higher order terms in « are ignored. We have ignored the contribution from the

(Ma)ss (5.15)

hot bath in the steady-state mean photon number of the cavity mode because the hot
bath is only couple to the transition frequency of w_ = w, —w; (lower sideband). The
hot bath spectrum is assumed to obey G} (w,) & 0; accordingly, the contribution from
the hot bath in mean photon number can be ignored for o < 1. To check the validity
of this approximation, we plot the mean phonon number of the mechanical resonator
by considering the approximated photon number in the cavity and compare the results
with the numerical solutions obtained by solving the master equation (5.14). From
this master equation, we can evaluate the average phonon number in the mechanical

resonator

d(fy)

o = (L Ta) (i + 1) = (T 4 Ty ) (). (5.16)

where the downward (upward) transition rate induced by cavity filtered baths is given

by

I'D = a?Gh(—w_)(n, + 1), I = a2Gh(w_)(R,). (5.17)

C

The average number of excitations in the mechanical resonator at steady-state eval-

uate to

F++f€17_l1
iy e = o1 5.18
(i) = =10 (.19
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Figure 5.3: (a) Comparison of the steady-state mean phonon number (71;)ss as
a function of the hot bath temperature 7j, obtained by the numerical solution of
the master equation (5.14) and by using approximated analytical results given in
Eq. (5.18). The solid and dashed lines indicate the numerical and approximated
analytical results, respectively. (b) The steady-state average excitation number ()
as a function of the hot bath temperature T},. The dot-dashed, dashed, and solid lines
are for Ty = 3 x 107%,2 x 107 and 1 x 107%, respectively. The rest of the system
parameters are: w; = 1 x 1077, w, = 1, k1 = 1 x 1072, k), = k. = 1 x 1078,
T.=1x107% and ¢g; = 1 x 107?. All the parameters are scaled with the optical
frequency w, = 27 x 10* Hz. The bath temperatures in SI units are: T} ~ 1.5,1
and 0.5 K for dot-dashed, dashed, and solid lines, respectively. The cold bath has a
temperate T, ~ 5 mK, and the hot bath temperature is ultra-hot and it’s temperature

is approximately 4 x 10* <Tj, <4 x 107 K.

here we define the net damping rate due to optical baths as I, = I'; — I'Y'. The
steady-state phonon number equation is very similar to the phonon number equation
in the case of laser sideband cooling in a typical optomechanical system [1], which
has the form (ny)ss = (I't 4+ k171)/(Fopt + K1). The total optomechanical damping
rate is given by I,y = ' — I'". In addition, I'” and I'* indicate the cooling (anti-
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Stokes) and heating (Stokes) scattering process, respectively. We note that the mean
phonon number (n;)s of the mechanical resonator depends on the 7y, representing
the number of excitations associated with the mechanical thermal bath T7. It should
be the case because for the same system parameters; the final mean phonon number
(n1)gs should be greater for the higher temperatures mechanical bath T} compared to
a mechanical bath of a lower temperature. In equation (5.18), I, represents the net

damping rate of both hot and the cold baths (see Eq. 5.17).

In the case of laser, sideband resolved cooling, the following conditions should be
fulfilled to achieve ground-state cooling of the mechanical resonator; (i) the Stokes
scattering should be largely or entirely suppressed, (ii) the mechanical dissipation 4
due to its environment must be much smaller than the net optical damping I'o in
the system, (iii) The quality factor of the mechanical resonator must be very large
compared to the initial mean phonon number 7; < w;/k; [148]. The ground-state
cooling in our scheme can be possible with similar conditions given for laser sideband
cooling; (i) the hot bath spectrum is filtered so that it can not induce the transition
at frequency w, (upper sideband), so the heating (Stokes) process is suppressed,
(ii) The optical dissipation rate induced by the optical baths must be larger than
the mechanical dissipation rate T'. > &, (iii) The quality factor of the mechanical
resonator is much larger than the initial mean phonon number n; < wi/k1. These
conditions are satisfied for the filtered non-overlapping hot and cold bath spectra
and in the temperature limit 7}, > T > T.. To analyze the performance of our
cooling scheme, we plot the steady-state mean phonon number (7;),s as a function
of the hot bath temperature T} in Fig. 5.3. The results show that it is possible to
cool the mechanical resonator to its ground state in the case of very high hot bath
temperatures. We note that the mechanical resonator is not coupled to the ultra-
hot bath; it is directly coupled to the optical resonator, which reaches a thermal

steady-state at a much lower temperature.
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5.3.8  Multiple resonator cooling

Here we investigate the simultaneous cooling of two mechanical resonators of identical
and different frequencies which are coupled to the same optical resonator. Extending
these results to an arbitrary number of N mechanical resonators is straightforward.
In the case of two mechanical resonators and filtered spectra of the hot and cold bath,
the reduced master equation for the mechanical resonators is given by
dp _ i - \pii + T APl
% = (Fi + Fth,i)D[bi] + (Fi + Fth,i)D[bz’]v (5-19)

here the optical bath transition rates are defined as

I = 2Gh(~w_;) (R + 1), Tf = alGh(w_;){fia), (5.20)

)

and w_; = w, — w;. The steady-state mean phonon number in indvidual resonator is
given by

Jr —

fli ss 5.21
(R = = (5.21)

here I; = T'; — I/, The mean phonon number of each resonator depends on the
dissipation rates of other resonators with the thermal baths.

It is possible to cool the degenerate or non-degenerate mechanical resonators to
their ground state, provided the dissipation rates are sufficiently low. On the con-
trary, in the laser sideband cooling in a standard optomechanical system, the dark
mode hinders the cooling process for the degenerate mechanical resonators [140, 141].
Further, for the mechanical resonators of nearby frequencies, it may not be possi-
ble to cool any of these resonators [159]. Compared to the standard laser cooling
scheme, our advantageous cooling scheme allows simultaneous cooling of the degen-
erate or non-degenerate mechanical resonators. In Fig. 5.4, we plot the steady-state
mean phonon number as a function of the hot bath temperature, which confirms the
prediction of simultaneous cooling of multiple mechanical resonators in our scheme.

In the case of identical resonators of the same frequency and dissipation rates

and coupled to baths of the same temperature, the mean phonon number curves are
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Figure 5.4: The steady-state average excitation number (n;),s as a function of the
hot bath temperature 7j,. The blue Solid, and black dashed lines are associated
with the first and second mechanical resonator, respectively. Parameters: w, = 1,
W =1x107", T =T, =2x107% k1 =1x 1072, T, = 1x107%, k), = ke = 1 x 1078,
,and g = 1 x 107 The system parameters are scaled with the cavity frequency
We = 2m x 10" Hz. (a) g1 = go, w1 = wa, (b) g1 = g2, wo = 0.75 wy, (c) wy = wy,
g2 = 0.5 g1 and (d) wy = wy, k2 = 10 K1, g1 = ga.

identical, as shown in Fig. 5.4(a). The cooling rates are not identical for different
mechanical resonators, and the mean phonon number curves are different for both
resonators, as shown in Fig. 5.4(b). Here, the more significant cooling in the first
resonator is because the hot bath spectrum is filtered with a peak at w, — wy, which
means the first resonator has a larger cooling rate than the second resonator. The
optomechanical coupling strength effect on the cooling of the mechanical resonator
is shown in Fig. 5.4(c), the strongly coupled mechanical resonator with the optical
cavity has a more significant optical dissipation rate (fg < fl), which leads to more

cooling of the strongly coupled mechanical resonator. Finally, we show that the
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mechanical resonator with more considerable coupling strength with the mechanical
thermal bath has lesser cooling (Fig. 5.4(d)). Extending our cooling scheme to an
arbitrary number of mechanical resonators coupled to the same optical resonator is
straightforward. This is because Eqgs. (5.19) and (5.21) has the same mathematical

structure for any number of mechanical resonators.

5.8.4  Cooling by a non-thermal bath

In the optomechanical system driven by an external coherent drive, the heating
(Stokes) and cooling (anti-Stokes) processes compete with each other. In the cool-
ing process, the anti-Stokes process dominates the Stokes scattering, which results
in the cooling of the mechanical resonator. However, it is impossible to completely
suppress the Stokes scattering process with the coherent drive due to vacuum fluctu-
ations. Consequently, a limit exists on the cooling of the mechanical resonator, which
prevents us from cooling the resonator to its true ground state [144]. This limit is re-
ferred to as the “quantum back-action limit”, which can be saturated for the optimal
system parameters [144]. We note that unlike limits set by the basic physical laws,
this is not a fundamental limit. Several strategies have been proposed to go beyond
this limit on cooling the resonator [169, 170, 171]. One promising direction is cooling
the mechanical resonator with the squeezed light, which can remove this limit [172],
and experimental demonstration of this proposal showed a significant enhancement
in the cooling beyond the quantum back-action limit [173]. Similarly, in the quantum
absorption refrigerators, squeezed thermal baths show significant enhancement in per-

formance by increasing both the cooling power and efficiency simultaneously [132].

In the previous section, we showed that it is possible to cool the mechanical
resonator to its ground state using an ultra-high temperature thermal bath. However,
it can be experimentally challenging to realize such a bath with this high temperature.
Here we propose to use the squeezed thermal bath to cool the mechanical resonator to

overcome the challenge of achieving an ultra-high temperature of the thermal bath.
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Figure 5.5: (a) The steady-state average number of phonons (), and effective
temperature 17 as a function of the squeezing parameter r. Blue dashed and red
solid lines are for the effective temperature T,z and average phonon number (n;)s,
respectively. (b) The steady-state mean phonon number (71;)ss as a function of the
effective temperature T7; of the squeezed bath. Parameters: w; = 27 x 10 MHz,
we = 21 x 7 GHz, g1 = 27 x 100 kHz, R, = 27 x 1.5 MHz, k1 = 27 x 32 Hz,
ke = 21 x 1 MHz, and Ty = T, ~ 65 mK. For (n;)s, all the parameters are scaled
with the microwave resonator frequency w, = 27 x 7 GHz. The effective temperature

T7% of squeezed thermal bath is calculated in SI units for n, = 0.

For the demonstration, we consider an electro-mechanical system [3, 6, 4] having one
mechanical resonator because of the constraints on numerical computation for very
large Hilbert space sizes. The master equation with the squeezed thermal bath is

given by

L, = Fpai((N+1)Dw)+ ND[@']) — RraiM D[, @) — fy(G M D@, o',

(5.22)

here @ = ab', D[A, B] := 24pB — BAj — ABpj, and &, is the effective system-bath

coupling [8]. Note that the mechanical and cold baths dissipative terms remain the
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same as given in Eq. (5.14); we only consider squeezed hot bath to enhance cooling.
In the master equation with the squeezed thermal bath, we assume that the squeeze
bath can only induce the transition of frequency +w_, and the bath spectrum filtering
process suppresses all other transition frequencies. The mechanical and cold bath
dissipators do not change in this case. The coefficients N and M, which depend on

the squeezing parameter r are given by
N := fy(cosh®r 4 sinh®r) +sinh®s, M := —sinhr coshr (27, + 1), (5.23)

here we consider real squeezing parameter r. The dissipators in Eq. (5.22) can al-
ways be transformed into the standard Lindbald form by an appropriate unitary
transformation. The Lindbald form ensures that the the reduced state of the sys-
tem remains trace-perserving and completely positive in the presence of a squeezed
thermal drive [174].

Fig. 5.5a shows the steady-state average excitation in the mechanical resonator as
a function of the squeezed bath temperature. The average phonon number is obtained
using numerical solution of Eq. (5.14) by replacing £, with the squeezed dissipators
given in Eq. (5.22). We consider Hilbert space with four hundred phonon and four-
photon states in the numerical results, and the robustness of the solutions against
change in Hilbert space size is confirmed. The effective temperature of a squeezed
thermal bath which depends on squeezing parameters, is given by [175]

w_—

T
eff = lo [tanh2r+ew7/Th ] = T (524)
S) 1+tanh2re?—/Th

In Fig. 5.5b we plot the steady-state mean phonon number as a function of the
effective temperature 17 of the squeezed bath. The mean phonon number shows
similar behavior as in the case of the hot thermal bath shown in Fig. 5.3b. Fig. 5.5
results show that it is possible to cool the mechanical resonator to its ground state
by considering reasonable hot bath temperature and other system parameters which
are experimentally realizable, which include squeezing parameter r ~ 1.2 [176]. In
addition, if required, a very large squeezing parameter can be obtained by employing

a non-thermal coherent atomic reservoir [177].
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Figure 5.6: The experimental feasibility of our scheme is based on an electromechani-
cal system analogous to the typical optomechanical system. In the setup, a qubit [2] or
a microwave circuit [3, 4, 5] or superconducting microwave resonator [6] of frequency
w, is interacting with a mechanical resonator of frequency w; via optomechanical-like
coupling. The dotted black box indicates the isolated system is placed inside a dilu-
tion refrigerator [3, 4]. In this setup, it is possible to consider multiple mechanical
resonators coupled to the same qubit or microwave resonator [7]. This superconduct-
ing microwave resonator is coupled to spectrally filtered hot and cold sources of white
noise. The attenuators can be used to control the amplitude of these white noise
drives. Two resistive circuits can be used to implement the hot and cold thermal
baths [8]. The microwave resonators designed at frequencies w,, and w_ coupled to
the white noise source act as thermal bandpass filters for the cold and hot, respectively

8, 9].

5.4 Experimental feasibility

Our scheme of cooling multiple mechanical resonators to the ground state is enabled by
quantum reservoir engineering and based on the cooling by heating mechanism. The
proposal can be realized by various experimental setups based on optomechanical-like

interaction between the cooling mode and mechanical resonators.
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5.4.1 FElectromechanical system

In Sec. 5.3, we showed that it is possible to cool multiple mechanical resonators si-
multaneously to the ground state by employing bath spectrum filtering. However,
the cooling of resonators requires very high temperatures of the hot bath, and it can
be challenging to realize ultra-high temperatures in the experimental setups. Here
we suggest an alternative setup for the realization of our proposal, which requires
an electro-mechanical system [3, 4, 5] as shown in Fig. 5.6. A superconducting mi-
crowave resonator designed at frequency w, is coupled to a mechanical resonator
of frequency w; via an optomechanical-like coupling [1]. The superconducting mi-
crowave resonators are driven by the spectrally filtered cold and hot leads, and the
whole setup, excluding thermal baths, is placed inside a dilution refrigerator. In
addition, two microwave resonators of frequencies w_, and w, are coupled to the su-
perconducting resonator for the purpose of bandpass filters. Each of these microwave
resonators interacts with the resistive circuit, which plays the role of thermal baths
in this scheme [8]. This model of a single mechanical resonator can also be extended
to multiple mechanical resonators coupled to the same superconducting microwave

resonator, which is the cooling agent in the setup [7].

For this electro-mechanical system and heat baths, the master equation (5.14) can
be used for the dynamics of the system and the steady-state average phonon number is
given by Eq. (5.21). Fig. 5.7 shows that for experimentally realizable system param-
eters, the mean phonon number of the mechanical resonator can reach the ground
state of the resonator without requiring an ultra-high temperature of the thermal
baths. In the case of the ground state cooling of the mechanical resonator initially, at
a higher temperature, single-photon strong optomechanical coupling strength is re-
quired. Recently, the single-photon strong coupling can be realized by a flux-mediated
interaction between the mechanical resonator and superconducting microwave res-

onator [178].

If initially the mechanical resonator is at room temperature, an ultra-high tem-

perature hot bath Tj, ~ 10° — 10! K along with single-photon strong coupling
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Figure 5.7: The steady-state average excitation number (1) as a function of the hot
bath temperature T},. The dot-dashed, dashed, and solid lines are for T} = 3x 1074, 2x
10~* and 1 x 107%, respectively. The rest of the system parameters are: w; = 1x 1077,
We=1,k =1x10712 Ky =k, =1x 1078 T.=1x 107" and g; = 1 x 1072, All
the parameters are scaled with the optical frequency w, = 27 x 10'* Hz. The bath
temperatures in SI units are: 7} ~ 1.5,1 and 0.5 K for dot-dashed, dashed, and solid
lines, respectively. The cold bath has a temperate 7. ~ 5 mK, and the hot bath

temperature is ultra-hot, and it’s temperature is approximate 1 < 7}, < 400 K.

g ~ (w1, k) [179] may lead to the ground state cooling in our scheme. It is challeng-
ing to achieve both the ultra-high temperature of a thermal bath and a single-photon
strong coupling regime; however, it is possible to significantly reduce the effective tem-
perature of the mechanical resonator by considering experimentally realizable system
parameters. We note that it is possible to consider a hot bath with a very high
temperature in the electromechanical system, as the superconducting microwave res-
onator does not reach a thermal state with an effective temperature near to hot bath

temperature. Instead, the cold bath is resonantly coupled with the superconducting
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resonator; as a result, it reaches a steady state with a much lower temperature than
that of a hot bath. In addition, it is possible to design a significantly hot bath with

a very high temperature 7}, ~ 9500 K in the superconducting circuits [180].

5.4.2  Qubit-resonator coupling

Our advantageous scheme of cooling multiple resonators can be implemented based
on a qubit coupled to mechanical resonators via energy-field interaction [2, 181]. In
this case, two microwave resonators designed at frequencies w,, and w_ couple to the
qubit for the realization of bath spectral filtering of the cold and hot bath, respectively.
The filtered spectra of the baths have Lorentzian form [9], whose width and center
can be controlled by the microwave resonator frequencies. In this setup, the master
equation (5.14) remains the same with a difference that the optical resonator bosonic

operators are replaced by the respective Pauli operators [27].

5.4.3  Optomechanical system

Our cooling scheme can be implemented in the optical regime using a toroid optical mi-
croresonator coupled to the mechanical resonators via optomechanical interaction [1].
In this case, the electromagnetic vacuum coupled to the optical mode acts as the cold
bath and has a Lorentzian bath spectrum which can be tuned with the optical cavity
linewidth [56]. A state-dependent quantum heat engine was proposed based on the
same setup [56]. The ground state cooling of multiple resonators may be challeng-
ing in the optical regime, as it requires an ultra-high temperature of the hot bath.
However, the mechanical resonators can be significantly cool by using experimentally
realizable system parameters. Alternatively, this setup can employ spectrally filtered

squeezed hot thermal bath with significant squeezing to attain ground state cooling.

5.4.4 Cooling with squeezed-thermal bath

An appealing possibility of realizing our scheme of cooling based on a squeezed thermal

reservoir in the optical regime can be a merger of the micromaser heating scheme [182]
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with the standard optomechanical system. In this case, an electromagnetic vacuum
can serve as a cold bath which typically has Lorentzian spectrum [1], and the width of
this spectrum can be controlled by the cavity linewidth [56]. The squeezed thermal hot
bath can be conceived by preparing atoms in a quantum coherent superposition and
letting them interact with the optical resonator by the Tavis-Cummings model [177].
In this setup, it is possible to realize a very large squeezing parameter r ~ 3.5 [177].
This scheme based on the micromaser can also be extended to more practical on-chip
systems, where the interaction between the resonator and two-level system can be
turned on and off [183]. This also allows for more efficient non-thermal baths for the
thermalizing effect by preparing the atoms in different initial coherent superposition
states [177]. It is also possible to have a similar thermalizing effect from non-thermal
baths by periodically driving the optical resonator and applying the Floquet method

to analyze the evolution of the system [101].

5.5 Summary

We have proposed a simultaneous ground state cooling scheme of multiple degener-
ate or non-degenerate resonators in an optomechanical system. Unlike typical cooling
schemes, which rely on an external coherent drive or work input for cooling, we employ
only thermal baths to cool the mechanical resonators. In our scheme, bath spectrum
filtering allowed us to cool identical multiple resonators simultaneously, which is not
possible with typical cooling schemes due to dark mode obstructing the cooling pro-
cess. We showed that an ultra-high temperature of the hot bath is required to cool
the resonators to the quantum ground state. However, realizing such a bath with a
very high temperature may be challenging. To overcome this challenge, we suggested
an electromechanical system-based realization of our proposal in which it is possible
to achieve ground state cooling with the experimentally realizable system parame-
ters. Alternatively, we proposed to employ a spectrally filtered hot squeezed thermal
bath with significant squeezing to cool the mechanical resonators. Our advantageous

scheme of cooling enabled by bath spectrum filtering can be realized using various
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setups based on the optomechanical-like interaction between the cooling agent and

the mechanical resonators.



Chapter 6

ENGINEERING ENTANGLEMENT BETWEEN
RESONATORS VIA HOT ENVIRONMENT

Entanglement generation and its protection is a crucial step toward building quan-
tum technologies; in particular, it is vital in quantum communication and quantum
information processing [184]. However, the generally unavoidable and uncontrolled in-
teraction between the environment and the quantum systems degrades or completely
destroys the entanglement between the quantum systems. Many efforts have been
devoted in the past few decades to overcome the challenge of environment-caused
decoherence in quantum systems [185, 186, 187, 188]. One of the promising directions
is based on exploiting the non-unitary dynamics itself caused by system-environment
interaction for the generation of entanglement [187, 188]. This led to so-called “reser-
voir engineering” protocols in which the desired dynamics of the system are engineered
by work inputs classical external control drives [189, 190, 191, 10, 192, 193, 194, 12].
The quantum system evolves under the engineered dissipative dynamics, and deter-
ministic entanglement is achieved at a steady state. The entanglement generation
between different quantum systems based on reservoir engineering protocol has been
proposed using several physical systems [189, 190, 191, 10, 192, 193, 194, 12], and it
has experimentally demonstrated in atomic systems [195, 196, 197, 198]. The idea of
steady-state entanglement generation by controlling the dissipative dynamics of the
system has been extended to the multimode optomechanical system in which entan-

glement is created between two mechanical or optical resonators [152, 154, 199, 200].

Entanglement between the interacting systems can also be created by investigat-
ing them at thermal equilibrium, and cooling these systems close to the ground state

may result in an entangled state of the system [201, 202]. In the presence of a tem-
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perature gradient, the heat or particle flow between the environments can generate
entanglement between the systems [203, 13, 204, 205, 206, 207, 208, 209, 210, 211, 212,
213, 214, 215, 216, 217, 218]. It has been shown that a critical heat flow through the
coupled qubits sandwiched between two thermal baths is required for the entangle-
ment generation [215]. In entanglement generation schemes based on heat or particle,
flow requires additional feedback or filtering operation for signification entanglement
creation [212, 215], with some exceptions in qubits-based models [219]. Alternatively,
a hot non-thermal bath with an effective negative temperature can boost the en-
tanglement generation [220]. These proposals on entanglement generation are based
on two-level systems with few exceptions on atomic and optical resonators [13, 221].
This chapter discusses the entanglement generation between two distant mechan-
ical resonators interacting to a common two-level system or optical resonator via
optomechanical-like coupling. We show that it is possible to create significantly large

entanglement with the need for filtering or additional feedback control.

6.1 Introduction: Environment assisted entanglement

Here we set out to ask these questions: Is it possible to engineer an entanglement
generation protocol based on reservoir engineering but does not require work output
or external control? If yes, can we apply this protocol to generate significantly large
entanglement between distant mechanical resonators without the need for filtering
operation or feedback control? Our answer is yes; such a scheme can be engineered
by employing the bath spectrum filtering method, which allows us to suppress un-
wanted dissipative interaction between the quantum systems. Our scheme combine
the advantages of reservoir engineering with autonomous quantum thermal machines.

We consider two distant microwave or mechanical resonators interacting to a
common two-level system or a harmonic oscillator via optomechanical-like interac-
tion [1, 222, 66]. We employ bath spectrum filtering, which suppresses the unwanted
incoherent interactions and leads to desired dissipative evolution of the joint sys-

tem that results in the entangled state of the mechanical resonators. In the typical
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reservoir engineering schemes, work input or external coherent control drives are re-
quired [212, 215]; on the contrary, bath spectrum filtering does not rely on external
control or work input, hence can be considered an autonomous scheme for entangle-
ment generation. Bath spectrum filtering has been previously proposed for boosting
various thermal tasks such as power output [167], efficiency at maximum power [27],
heat amplification [26], cooling of the mechanical resonators [28], and quantum state

preparation of a phonon field [127].

Our advantageous scheme of entanglement creation has several key features which
are different from previous proposals; (i) We employ a simple autonomous thermal
bath filtering scheme to engineer desired dissipative dynamics of the mechanical
resonators. A two-mode squeezing interaction between the mechanical resonators
guarantees entanglement between them, provided these are kept at sufficiently low
temeprature [200]. Our scheme of entanglement creation is completely different com-
pared to coherent two-mode squeezing interaction-based schemes [152; 154, 200],
which are based on work input or coherent control drives to engineer an effective
two-mode interaction. Instead, we rely only on thermal baths and an ancilla system
to engineer an effective two-mode squeezing-like coupling between distant uncou-
pled mechanical resonators. (ii) The entanglement between the distant resonators
increases monotonically with the thermal gradient increase, allowing us to have non-
zero entanglement at high environment temperatures. (iii) Our autonomous thermal
entanglement generation machine can create significantly large entanglement between
the resonators without the filtering or feedback control [212]. In out-of-equilibrium
entanglement generation studies, typically, entanglement is very weak [212]. The en-
tanglement can be enhanced via non-thermal baths [220], feedback, or filtering opera-
tion [13, 212]. Here the filtering operation refers to the system’s projection onto a sub-
space of total Hilbert space [223]. For instance, it is shown that a (d+ 1)-dimensional
system can be driven to an entangled state using thermal baths alone, which is then
projected onto a d-dimensional system to enhance the entanglement [223]. However,

this local filtering operation is not deterministic. On the contrary, our scheme does
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Figure 6.1: (a) Schematic description of the model based on two uncoupled microwave
resonators or mechanical resonators R; interacting to the same ancilla system A that
can be a two-level system or a harmonic oscillator. We assume an energy-field or
optomechanical-like interaction between the ancilla and mechanical resonators [1].
The ancilla A is coupled to two thermal baths, and the resonators R; are unavoidably
interacting with their own environments of temperature 7. All the thermal baths are
independent and can attain any non-negative temperature provided 7 > T; > T..
The dash-dotted oval represents an effective environment for the resonators, which is
obtained after taking a trace over the ancilla system. This effective common bath can
create quantum correlations between the mechanical resonators. (b) The spectrally

filtered bath spectra of the hot and cold bath are indicated by Gy, and G, respectively.

not rely on such filtering of the entangled state of the resonators. Our filtering oper-
ation refers to suppressing unwanted bath-induced transitions, which can be realized

by simple band-pass filters. (iv) Remarkably, entanglement creation and cooling of
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the mechanical resonators can occur with the same system parameters, which is im-

possible with previous proposals.

6.2 The model and master equation

6.2.1 The microscopic model

Our autonomous entanglement generation quantum thermal machine is based on two
microwave resonators or mechanical resonators R and R, interacting with a common
two-level system or a harmonic oscillator via optomechanical-like interaction , as
shown in Fig. 6.1. The Hamiltonian of this isolated system is given by [1]

Hg = waitq + Z wiblb; + Z gifia(b; + ), (6.1)

i=1,2 i=1,2

here w; (w,) being the frequency of the resonator R; (subsystem A), and g; is the
optomechanical-like coupling stregth between the resonators R; and ancilla system
A. The creation (destruction) bsonic operator of the resonator R; is indicated by b;
(b!). The number operator of the resonator A is represented by 7, = aa, with a! and
a; being creation and annihilation operators, respectively. In the case of a two-level
system, the number operator n, is replaced by respective Pauli spin matrix ., and
w, is divided by 2 in Eq. (6.1).

In addition to the coupling with mechanical resonators, the ancilla system A is
coupled to two thermal baths maintained at temperature 7}, and 7,.. The resonators
R; are unavoidably coupled to a thermal environment of temperature 7;. All the
thermal baths are independent and can attain any non-negative temperature, and
in this work, we assume T, < T; < Tj,. We assume that the initial state of the
mechanical resonators is the ground state; this requires simultaneous cooling of the
resonators. Two thermal baths of different temperatures coupled to the ancilla assists
this cooling process at the start of the entanglement generation protocol. The cooling
of the resonators needs a very hot bath which can remove energy from the resonators
and dump it into another bath at a much lower temperature [28]. In addition, we

employ bath spectrum filtering, which results in the non-overlapping spectra of the
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hot and cold baths [Fig. 6.1(b)]; this imposes a condition that more than one bath
can not induce a single energy transition. Accordingly, the heat transfer between the

baths can only be possible if the ancilla A is coupled with more than one thermal

baths [28].

The self Hamiltonian of the thermal baths in the system is given by

]:IB = Zwk,BéLBék,Ba (6-2)
k,B

here B = h,c¢,i, and wy p being the frequency of kth mode and é;B (¢k.p) is cor-
responding bosonic creation (annihilation) operator. The coupling of the isolated

system with the thermal baths is given by

Hs p= > gra(a+a") (e +el,) +> gealbi + b)) (s + éf,), (6.3)

kl=h,c ki

here gx; (gr:) being the interaction strength between the resonators R; (A) with the
kth mode of the thermal bath. In the case of a two-level ancilla system, the bosonic

operators a' and @ are exchanged with 6, and 6_ spin matrices.

6.2.2 The master eqution

We follow the microscopic derivation of the master equation given in Sec. 1.3, and

the resulting master equation has the form [29]

dp _ -
L 5. 4
I Lip+ % Lip (6.4)
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Here the Liouville super-operators for the resonators R; and the ancilla system A are

described by £; and £, respectively. These are given by

Lip = Giwa){Da] + ZD [ab! b))} + Gi(—wa){D]al +Za3D a5/}

+ Z "G (w, — nw;) D[abl"] + Gi(—wq + nwi)D[aTbﬂ + Gi(wa + nw;) D{ab]]

i,n=1,2

+ Gi(—ws —nw;) D Tan } +a {Gl sz abTbT |+ Gi(—w, + Zw, [atD1b)
+ Giw, + sz ab162 |+ Gi(— Zwl TbIbQ] + Gi(wg — w1 + wg)D[abIbg]
Gi(—wa + w1 — w2) D[a01b] + Gi(wa + wi — wy) Dby bl
Gi(—wg — w1 + wQ)D[dTBJ{Bg]},
Lip = Gi(w) D]+ Gs(—w;) D[b]]. (6.5)

Here a; = g/w;, and we have ignored all higher-order terms O(a?) in the derivation
of the master equation, and without the loss of generality assume a = «;. The

transformed operators are given by

i = ae o Zibl=b) apd b; = b; — aata. (6.6)

IS

6.3 Physical mechanism of entanglement generation

In what follows, we consider a two-level ancilla system A to demonstrate our proposed
scheme of entanglement generation between uncoupled mechanical resonators. In the
case of a energy-field interaction between ancilla and a harmonic oscillator, sideband
transitions of the order n can be induced by a coherent drive of frequency w. =
|w, £ nw;|. For example, a coherent external drive of frequency w, = |w, — w;| leads
to anti-Stokes scattering processes, which results in the cooling of the mechanical
resonators [3]. Similarly, if the lower second-order sideband is resonant with the
external coherent drive, it can lead to two-photon (phonon) processes which may yield
antibunching of the photo (phonon) field [224, 225]. In a complementary approach,
if a spectrally filtered hot thermal is coupled to the ancilla A and its spectrum peaks
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at the lower first-order sideband, this results in the cooling of the resonators, referred
to as “cooling by heating”. The dissipative dynamics of the system is dominated by
Dl[a'h;] in this case [28]. In both cases of coherent and incoherent drives, the equation
for steady-state mean phonon number is similar [28].

The preceeding analysis may lead to the direction that if we consider incoherent in-
teraction couterpart of the two-mode squeezing interaction , i.c., D[ablbl] (D[atbibs]),
it may leads to entanglement between the uncoupled resonators I;. However, our goal
is to entagle the modes b; and not the diagnolized modes b;. Accordingly, for entan-
glement analysis in the local basis, we transform D[ab,b,] into the local basis of the

resonators and by taking trace over the ancilla system
Dene = Tralaf D[atbyby)d] = (7 + 1) D[t (d — &)], (6.7)

here

¢ = Oé(i?l + ?)2), and CZ = 8162 -+ 062. (68)

It was shown in a previous study that a nonclassical state of two optical cavity
modes can be engineered by a repeated interaction scheme [10]. The initial states
of three-level atoms carefully prepared with the help of coherent control drives are
allowed to interact randomly with the cavity fields, which results in the dissipative

dynamics governed by the Liouville super-operator [10]
Legp = keD[é_] + rgD[d_]. (6.9)

Here, the effective dissipation rates of the cavity modes are given by k.4, and d_ and

¢_ are the global jump operators for the cavity fields and given by [10]

. 1 -~ - . 1.~

c_. = ﬁ(bl — bz), and d_ = §b1b2 - /82, (610)
here (8 is the complex amplitude of cavities’ coherent states. We note that Eq. (6.9)
reflects that it may be possible to create an entangled state of the resonators R;

under the dynamics governed by Dg,. However, additional terms are present in

Dey as compared with Eq. (6.9). To analyze the effect of additional terms on the
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creation and stabilization of entanglement, we assume a hypothetical case in which
two uncoupled resonator dynamics are investigated under the influence of only Dey.
We compare the results of entanglement generation of this hypothetical case with
that of Eq. (6.9).

The resonators are considered in a separable ground-state, p(0) = p; ® py =
|01) (01| ® |02) (02] initially. We consider other initial state of the resonators as well,
such as thermal state at different temperatures, and note that the entanglement is
maximum in case of initial ground state of the resonators. We employ logarithmic

negativity to quntify the entanglement between the resonators R; [226]

En(p) = logllp™*|- (6.11)

Here, ||.|| indicates the trace norm of p'2, and the partial transpose operation of the
density matrix is described by prz.

Fig. 6.2 shows a comparison of entanglement generation between the resonators
which are evolved under the dynamics governed by Eq. (6.7) and Eq. (6.9). For a
fair comparison, we assume identical system parameters, including the dissipation
rates. In the numerical simulations, we considered a Hilbert space with ten photon
states for each resonator and checked the robustness of the results against the change
in the Hilbert space size. The results in Fig. 6.2 shows that entanglement do not
vanish instead becomes significant in the case of De,. The populations (BJ{Z;l) and
entanglement Ey(p) show identical oscillatory behavior with a period T' = 27/ . w;
in the transient regime, and these oscillations disappear in the steady-state. As a
result, the mean photon number governs the dynamics of the entanglement between
the resonators. The maxima and minima of both entanglement and mean photon
number co-occur in these results. A previous study of coupled resonators undergoing
nonlinear dissipation [227] reported similar oscillatory behavior of entanglement and
mean photon number.

Now we show that D, is the dominant source of dissipation in our model given
in Eq. (6.1). To this end, we consider bath spectrum filtering, which can suppress

the unwanted incoherent interaction that may destroy the entanglement between the
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Figure 6.2: The underlying physical mechanism of entanglement creation. The loga-
rithmic negativity En(p) as a function of time wyt. The solid red line indicates the
entanglement in the case of optical resonators undergoing dissipative dynamics gov-
erned by Eq. (6.9); this scheme was proposed in [10]. The green dotted line represents
logarithmic negativity Ex(p) for a hypothetical case of two uncoupled mechanical res-
onators evolving under Eq. (6.7). The blue dash-dotted and black solid curves are
associated with the entanglement by keeping first and second-order correction terms
in « given in Eq. (6.7), respectively. The left and right inset show mean phonon
number <5§IA)1> and logarithmic negativity En(p), respectively, as a function of scaled
time wyt. In the transient regime, all these results show an oscillatory behavior with
a a period T~ 27/ w;. The resonators are taken in the initialseparable ground-
state; p(0) = p1 @ p2 = [01) (01] ® |02) (02]. We considered Hilbert space size with
ten phonons (photon) states for each mechanical (optical) resonator and verified the

results do not change with the change in the Hilbert space size.

resonators. We assume the filtered spectra of the hot and cold bath, which is given
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by [126, 128]

~ R (mGy(w))?
Gilw) =7 (W= (w] + Ayw))? + (7Gi(w))*

(6.12)

Here x; being the interaction strength between the ancilla A and the bath filter, and
wj is the resonance frequency. The Lamb shift induced by the environement is given

by

A(w) =P / . G‘(“’/),, (6.13)

W —w

here P being the principal value. The bath modes which are closer to the resonance

frequency w; are coupled more strongly to the ancilla.

6.4 Results

Here, we shall analyze the entanglement generation between the uncoupled mechan-
ical resonators in our scheme shown in Fig. 6.1. For the numerical simulations, we
assume the system parameters of an electro-mechanical system [2, 7], unless otherwise
mentioned: w; = 27 x 10 MHz, w, = 27 x 10 GHz, v; = 27 x 100 Hz, v, = 7. = 27 x5
MHz, and g; = 27 x 500 KHz.

6.4.1 Non-degenerate resonators

First, we investigate the case in which we assume two mechanical resonators with
different frequencies but the same dissipation rates and the thermal baths of the same
temperatures. If we assume the cold and hot bath resonance frequencies w! = w,,
and wj = w, — Y, w; in Eq. (6.12), respectively, the Liouville super-operators of the
cold and hot baths take the form

Lip = Ge(wa){D[al +o*>  Dlablbi]} + Go(—w,){Dlal +Za D[ab!b,]}

L£lp = o*{Gp(w)D[abid] + Gy(—w_)Dla'biby) },
Lip = Gi(w;)D[b;] + Gi(—w;)DIb]], (6.14)
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Figure 6.3: Entanglement in the case of non-degenerate resonators. The entanglement
quantified by logarithmic negativity En(p) as a function of scaled time w,t. The en-
tanglement is quantified by first solving Eq. (6.14) by numerical integration and then
take the inverse tranformation [Eq. (3.10)] of the density matrix to get transformed p
in the basis of the resonators, followed by computing Ex(p) by using the definiation of
logarithmic negativity given in Eq. (6.11). The initial state of the joint system is con-
sidered separable ground state; p(0) = pa® p1® p2 = |ga) (ga| ©|01) (01|®]02) (02], here
|ga) indicates the ground state of the two-level ancilla. Parameters: w; = 2wy = 27 X5
MHz, w, = 27 x 10 GHz, v; = 27 x 100 Hz, v, = 7. = 27 x 500 KHz, and T, = 65
mK. All the parameters are scaled with the ancilla frequency w,. (a) red solid, blue
dashed, and green dot-dashed curves are for T), = 1,70,300 K, respectively. Here,
a; = 0.1 and T; = 0.1 K. (b) Long time entanglement Ey(p) for T}, = 300 K, a; = 0.2
and 7; = 0.05 K. (c) Red solid, blue dashed, and green dot-dashed lines are associated
with a; = 0.05,0.1,0.2, respectively. T; = 0.1 K, T}, = 300 K. (d) Red solid, blue
dashed, and green dot-dashed lines are for T7; = 0.1,0.15, 0.2 K, respectively. a; = 0.2
and T, = 300 K.
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here £; Liouville super-operators of the mechanical resonators remain unchanged and
we define w_ = w,—) _, w; and. We consider y;n; < ozgfh(w_) and Ty, > T; > T, which
makes D¢ the dominant over other dissipation channels in the system. According to
our analysis in Sec. 6.3, the evolution of the mechanical resonators with Dgy as the
dominant source may lead to entanglement between the resonators. Here we assume
that the mechanical resonators are prepared in their ground states, and the initial
state of the joint system is a separable ground state. The initial ground state of the
resonators can be prepared in our scheme without the need for external control or
work input by tuning the resonance frequencies of the hot and cold bath to the first
lower sideband, which leads to simultaneous cooling of the mechanical resonators[see

Eq. (6.12)] [28].

Fig. 6.3 shows the logarithmic negativity Fy(p) as a function of the scaled time.
For the case T, ~ T; > T., we observe no entanglement between the mechanical
resonators because the mechanical dissipation rates dominate in this range of tem-
peratures which destroys the quantum correlations between the resonators. However,
for T, < T; < Tj, the entanglement between the mechanical resonators becomes
non-zero and it increases significantly with the increase in the hot bath temperature
Ty, as shown in Fig. 6.3(a). The long-time limit entanglement Ey(p) quantified by
logarithmic negativity is shown in Fig. 6.3(b). In comparision with Fig. 6.2, entan-
glement does not show periodicity in time for the case considered in Fig. 6.3. This
is due to the fact that in Fig. 6.3 we consider two different resonators, which yield
non-synchronized dynamical evolution of the mean phonon number n; = (lA)ZTlA)) In
addition, Fig. 6.2 results indiacate that the mean phonon number n; governs the dy-
namics of Ex(p), as a result, non-synchronized dynamics of n; results in the aperiodic
behavior of entanglement Ey(p). The entanglement increases monotonically with the
increase in the coupling strength between the two-level ancilla and mechanical res-
onators, as shown in Fig. 6.3(c). Finally, we analyze the robustness of entanglement
between the resonators against thermal dissipation induced by the mechanical baths

in Fig. 6.3(d).
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wat x103 wat x103

Figure 6.4: Entanglement in the case of degenerate resonators. The entanglement
quantified by logarithmic negativity Fn(p) as a function of scaled time w,t. The en-
tanglement is quantified by first solving Eq. (6.15) by numerical integration and then
take the inverse tranformation [Eq. (3.10)] of the density matrix to get transformed p
in the basis of the resonators, followed by computing En(p) by using the definiation
of logarithmic negativity given in Eq. (6.11). The initial state of the joint system is
considered separable ground state; p(0) = P, ® p1 ® p2 = |ga) (9| ©101) (01| ®1]02) (02,
here |g,) indicates the ground state of the two-level ancilla. Parameters: w, = 27 x 10
GHz, w; = wy = 27 x5 MHz, v, = 7. = 27 x 500 KHz, v; = 27 x 100 Hz, and T, = 65
mK. (a) Blue solid, red dashed, and black dot-dashed curves are for 7}, = 1,70, 300
K, respectively. Here, T; = 0.1 K and «; = 0.1. (b) Long time entanglement Ey(p)
for ; = 0.2, T, = 300 K and T; = 0.05 K. (c) Blue solid, red dashed, and black
dot-dashed curves are for o; = 0.05,0.1,0.2, respectively. T), = 300 K and 7; = 0.1.
(d) Blue solid, red dashed, and black dot-dashed curves are for 7; = 0.1,0.15,0.2 K,
respectively. T, = 300 K and «; = 0.2.
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6.4.2 Degenerate resonators

In the case of identical resonators w; = wy = 2, if we assume the resonance frequencies
of the cold and hot bath as w] = w, and w; = w, — 2€), respectively, then the master

equation (5.6) reduces to

Lsp = L5+ aGo(wa)D[ablbs] + D[abibi]} + o*Go(—w,){D[ahbl] + D[albibs]},
Lip = Lip+a*{Ghlwa —29) ) D[ab*] + G(—wa +20) Y D[a'b}]},

Lip = Gi(Q)D[b]+ Gi(—Q)Db!]. (6.15)

We note that as compared to Eq. (6.14), there are some additional terms in Eq. (6.15).
The effect of additional terms in ﬁf;ﬁ on entanglement is not significant because we
consider T, < 1 K in our results. However, the second and third terms of Ljp
dissipation rates depends on T}, consequently, have non-negligible negative effect on
the entanglement. The results in Fig. 6.4 confirms the decrease in the entanglement

for the degenerate resonators due to the presence of additional terms in Eq. (6.15).

6.5 Simultaneous entanglement and cooling of the resonators

In a typical optomechanical system, simultaneous entanglement and cooling of the
resonators are not possible. The reason is that cooling of the resonators requires
beam splitter interaction, and entanglement generation between the resonators is
possible with two-mode squeezing interaction. Depending on the input laser drive
frequency choice, one of these two interactions can be made resonant. Accordingly,
entanglement and cooling occur in two separate sets of system parameters [1]. On
the contrary, in our scheme, both entanglement and cooling of the resonators can co-
occur. This is one of the key features of our scheme, and to the best of our knowledge,
it is not reported in the bosonic out-of-equilibrium entanglement generation schemes
too.

To investigate the entanglement and cooling of the resonators, after tracing the

ancilla system A, Eq. (6.14) is given by
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Figure 6.5: (a) Entanglement quantified by logarithmic negativity Fy(p) between the
mechanical resonators for different initial states as a function of scaled time w,t. The
dashed and solid lines indicate the initial thermal state with the mean phonon number
n; = 1,2, respectively. The entanglement is quantified by first solving Eq. (6.14)
by numerical integration and then take the inverse transformation [Eq. (3.10)] of
the density matrix to get transformed p in the basis of the resonators, followed by
computing En(p) by using the definition of logarithmic negativity given in Eq. (6.11).
(b), and (c) show the average excitation number (b'd;) for the initial mean phonon
number n; = 1,2, as a function of scaled time w,t, respectively. The dashed and
solid curves are associated with the resonators R; and R,, respectively. Parameters:
w; = 2ws = 2w x 5 MHz, w, = 27 x 10 GHz, v, = 7. = 27 x 500 KHz, «; = 0.2,
T, = 300 K, v = 27 x 100 Hz, T, = 65 mK and T; = 0.05 K.

d~ 7 T 717 ~ > ~p~
d_/t) = > (3 Dbi] + 74 D] + vaD[bbi]) + Ty D[biby] + T+ D[b]BY], (6.16)

7
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here, we define

Yig = Gi(wi), Vi = Gi(—ws),
I, = oG(—w_)(fi, + 1), It = G (w_) (fia),

Ya = ¥ (G(wa)(fa) + G(—wa) (i +1)). (6.17)

For sufficiently low excitations n; in the resonators and T, > T; > T., the simulta-
neous cooling rate Iy becomes larger than the simultaneous I'y and the individual
heating rates ;4 of the resonators [28]. Accordingly, the cooling of the mechanical
resonators is accompanied by entanglement generation (see Sec. 6.4.1). This analy-
sis is confirmed by the numerical results presented in Fig. 6.5, which show that the
cooling and entanglement co-occur in our scheme. Due to the different frequencies
of the resonators, cooling rates are different [159, 28]. For the optimal performance
of our scheme, the resonators should be considered in their ground states. However,
this is not a requirement, as Fig. 6.5 shows that the thermal state with sufficiently

low excitations n; can also lead to entanglement between the resonators.

6.6 Summary

We proposed and analyzed an autonomous quantum thermal machine to generate
transient and steady-state entanglement of two uncoupled macroscopic mechanical
resonators. Unlike previous proposals on reservoir engineering, our quantum entan-
glement engine does not rely on external control or work input to generate entangle-
ment between uncoupled macroscopic mechanical resonators. Entanglement between
two uncoupled resonators is created by coupling them to a common incoherently
driven two-level system or a harmonic oscillator. We proposed bath spectrum fil-
tering to engineer desirable incoherent interaction with the thermal baths to create
entanglement, which is a critical step in our scheme. Our numerical results showed a
significantly large amount of entanglement established between the resonators in the
absence of thermal equilibrium and even in the presence of the local dissipation of the

resonators. In addition, the amount of early time entanglement showed a monotonic
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increase with the increase in a temperature gradient. To the best of our knowledge,
there are no reported results of steady-state entanglement generation between uncou-
pled mechanical resonators using temperature gradient. If we consider circuit QED
implementation of our scheme, then entanglement generation may be compared with
Ref. [13] in which entanglement between two optical cavities is investigated in a sim-
ilar setting. In our system, entanglement is almost two orders of magnitude larger
than reported in Ref. [13].

The periodic oscillations in the entanglement are reported for the resonators of
the same frequency. For the non-degenerate case, the periodicity breaks down due to
the non-synchronized dynamics of the resonators. For the experimental realizations,
several physical systems are conceivable such as optomechanical system [1], circuit

QED [66, 228], and electro-mechanical systems [2].
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CONCLUSIONS

In Ch. 2 we have investigated a typical optomechanical system in which the optical
and the mechanical resonators are each coupled to a thermal bath. We focused our
analysis on the thermodynamic consistency of the master equations in the local and
global approaches. At thermal equilibrium, the local and semi-global master equa-
tions predicted nonzero heat current through the system, violating the second law
of thermodynamics. Upon describing the system dynamics with the global master
equation, in which the jump operators become nonlocal, the heat currents vanish at
thermal equilibrium. Hence, the global approach predicts the dynamics accurately
compared to the local description of the system. In addition, in the presence of
temperature bias, the local approaches predict the wrong direction of the heat flow,
violating the second law of thermodynamics again. The addition of the phonon side-
band in the global master equation recovers the validity of the second law in this
regime. Our results show that the global approach is superior and consistent with
the laws of thermodynamics in predicting the evolution of the optomechanical system
in both weak and strong coupling regimes. Our analysis shows that the widely used
assumption of the validity of the local master equation in the weak optomechanical
coupling is incorrect. Significant qualitative and quantitative differences in the local
and global approaches to predicting the heat current in both weak and strong coupling

can facilitate testing our predictions in the current optomechanical systems.

We presented the discussion of heat management based on a two-qubit and typical
optomechanical system in Ch. 3. We investigated the thermal management between
independent thermal baths based on either two coupled qubits or two nonlinearly

coupled harmonic oscillators. In particular, it was shown that two qubits coupled
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via asymmetric spin-spin interaction support the heat flow asymmetry between two
thermal baths. In previous proposals, the heat rectification based on spins required
either unequal bath dissipation rates or frequency difference of the coupled spins. In
the case of equal dissipation and resonant spins, it was not possible to have thermal
diode operation in the previous schemes. We showed that by considering asymmetric
spin-spin interaction, a high-quality diode could be designed with equal dissipation
rates with the baths and the same frequencies of the spins. Our advantageous proposal
of the heat diode, contrary to the previous proposals, showed no trade-off between the
heat flow and rectification factor. We explained the rectification by the preferential
direction of the energy cycles induced by the thermal baths between the dressed states
of the qubits. Some of the heat transport channels between the qubits were obstructed
due to the asymmetry of the coupling strengths between the energy levels under the

exchange of the temperature gradient.

We showed that it is possible to construct a quantum thermal transistor based on
two nonlinearly coupled harmonic oscillators. The control of the base bath temper-
ature showed the modulation of the heat current between the collector and emitter
baths. It is possible to obtain substantial amplification factors by tuning either the
coupling strength between the resonators or the relative magnitude of the frequencies
of the resonators. The origin of the heat amplification is explained by the negative
differential resistance, which appeared in our system due to the presence of the anhar-
monicity induced by the nonlinear coupling between the resonators. The control base
heat current was associated with the lowest energy transition in the system, and the
output heat currents were associated with the most significant energy transition. Ac-
cordingly, a slight change in the base heat current could control the large magnitudes

of the collector and emitter heat currents.

In Ch. 4, we have proposed a quantum absorption refrigerator based on two-
coupled qubits contrary to widely employed three-body interaction schemes. We
considered an asymmetric interaction between the qubits and investigated the heat

transfer through the qubits by employing a global master equation consistent with the



112 Chapter 7: Conclusions

laws of thermodynamics. The mechanism behind the cooling process was explained
by considering energy cycles consisting of transitions between the dressed states of the
qubits, which are induced by the thermal baths.We showed that heat could be removed
from the cold by employing the bath spectrum filtering and selecting the system
parameters within the cooling window. The reservoir engineering helped to attain
the Carnot limit by not allowing the overlapping bath spectra; however, the cooling
power at the Carnot limit vanishes as required by the second law of thermodynamics.
In addition, we investigated a more practical bound, namely efficiency at maximum
cooling power. In the strong coupling regime of the coupled qubits, we showed that
our model could surpass the bound established on the efficiency at cooling power for
previous QAR schemes. Finally, we allowed overlapping bath spectra, which results in
the direct energy transfer between the thermal baths, and deteriorates the efficiency

of the quantum absorption refrigerator.

We discussed the possibility of cooling multiple resonators via incoherent thermal
baths in Ch. 5. We have proposed a simultaneous ground state cooling scheme of
multiple degenerate or non-degenerate resonators in an optomechanical system. Un-
like typical cooling schemes, which rely on an external coherent drive or work input
for cooling, we employ only thermal baths to cool the mechanical resonators. In our
scheme, bath spectrum filtering allowed us to cool identical multiple resonators si-
multaneously, which is not possible with typical cooling schemes due to dark mode
obstructing the cooling process. We showed that an ultra-high temperature of the
hot bath is required to cool the resonators to the quantum ground state. However,
realizing such a bath with a very high temperature may be challenging. To overcome
this challenge, we suggested an electromechanical system-based realization of our pro-
posal in which it is possible to achieve ground state cooling with the experimentally
realizable system parameters. Alternatively, we proposed to employ a spectrally fil-
tered hot squeezed thermal bath with significant squeezing to cool the mechanical
resonators. Our advantageous scheme of cooling enabled by bath spectrum filter-

ing can be realized using various setups based on the optomechanical-like interaction
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between the cooling agent and the mechanical resonators.

Finally, Ch. 6 presents a scheme to engineer entanglement between two uncoupled
resonators using a common ancilla driven by spectrally filtered hot and a cold bath.
We showed that by suppressing unwanted energy transitions induced by the ther-
mal bath, a significantly large entanglement between distant mechanical resonators
becomes possible. A critical step towards realizing this scheme is bath spectrum
filtering, which leads to effective two-mode squeezing-like interaction between the
resonators. In addition, in our quantum thermal entanglement machine, both en-
tanglement and cooling can co-occur, which is in variance with existing proposals on

entanglement generation via reservoir engineering.

Quantum thermodynamics is a happy union between quantum mechanics and clas-
sical thermodynamics. Quantum mechanics introduces dynamics to classical thermo-
dynamics. Following conventional learning by example approach of classical thermo-
dynamics, the relationship between heat, work, and entropy production is investigated
using thermal machines in quantum thermodynamics. Now the field has grown to the
stage where proof-of-principal experiments have become possible such as the realiza-
tion of a single-atom heat engine [229], superradiant quantum heat engine [230, 231],
quantum absorption refrigerator [122], quantum heat valve [79], and quantum thermal
diode [8] are some examples among many. Following this, the bulk of this thesis is de-
voted to investigating and designing efficient models for more practical self-contained
quantum thermal machines. Often we restrict ourselves to linear interaction between
quantum systems in these thermal machines. Here, we focus our efforts on nonlinear
(optomechanical) interaction and show that introducing nonlinearity can improve a
thermal machine’s performance and allow it to perform thermal tasks in the param-

eters regime, which is otherwise impossible.

Most of the studies in quantum thermodynamics assume a linear system-environment
interaction; moving forward, it would be interesting to consider nonlinear system-
environment interaction in the designs of quantum thermal machines. Based on our

current analysis, going beyond linear interaction can be fruitful. It would also be in-
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teresting to use non-thermal baths for the purpose of heat management. For instance,

revisiting the model of the quantum thermal transistor by replacing the control bath

with a squeezed thermal bath may enhance heat amplification.

Another possible

direction can be considering the nonlinear optomechanical system as a quantum ther-

mometer. Our analysis shows that in the case of optomechanical coupling, sidebands

appear in the master equation, and the generation of these sidebands may enhance

the thermometer’s sensitivity [232].

.1 Appendix A: System dynamics governed by LME or the DSME

The rate equations for the relevant dynamical observables of the optomechanical

system considered in Fig. 2.1 determined from the DSME, Eq. (2.21), are given by

£(P) = —wn(@) — 2 (D) + 29(Na),
2{q) = wo (D) — (@) + mpa (i),
%((Aﬁa)Q = Kafla + (2KaMa + Ka){(Na) — 262 ((AR,)?),
) ) +29((An,)?),
%<ﬁaaq = —K ﬁan (j> + wb<ﬁa7ﬁ> + Hba<(Aﬁa)2>a

S

RS
I
N
o
3

—k{Rap) — wWp(Rad) + 29(R2) + Kafia (D),
= —k(Raq) + arp(ig) 4 Kalla(q) + wb(Rap), and

a — 2K (N2) + Ka(47, + 1)(R,),

here § = b+bt, p = i(@—?ﬁ), and kK = k,+kp/2. The correlation functions between any

two operators 01 and 69 are denoted by (61, 69) :

(0109) — (01)(09). In the long time
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limit, the steady-state solutions of the dynamical equations are obtained as follows:

<ﬁa>ss = Na,
. 8gwn + 20K .\
ss ss
. 4gky, — dawpky \ .
)™ = ( 4w + K? ()",
<(Aﬂa)2>ss = Na(fa + 1),
29K
Aa A\SS a AAaQSs’
(7, 2)™ = (A0
A A\SS 2g(JJb + akpk A \2\sS
(ha, )™ = (W) ((Afa) %),

()™ = 1w, + ,{%(@a,@“ + (7)™ 5)) + 5 (R, @)% + ()™ (0)),

N}

(N.G)* = A |:l<637_la(/i<q>ss + wr(p)®) + (kaky, + Zgwb)mi)“} ,

mmWZAPﬂ&Wﬁ“ﬂM@ﬂ+@@-@%%W@Lam
(A2 = N, (20, + 1),

a

where A = 1/(k?* + w?2) and 7, := fi,(wa). By setting @ = 0, the corresponding
equations can be found for the LME.

.2 Appendix B: Heat currents using the LME or the DSME

The heat currents from the optical and the mechanical resonator baths are given by

A

ja = /{a(wa - g<Q>)(ﬁa - <ﬁc>) + g/{a<ﬁa> d)a and

To = wosin (i — () + g (i, §) + (1) () — gorn (((Ah)?) + (1))
At steady-state, the heat currents evaluate to

T = gra(Na, @) and

Ty = —gha(ita, ).

For the case of the LME, the heat flows can be obtained by setting oo = 0.
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.3 Appendix C: The steady-state heat currents

The steady-state heat currents can be evaluated by writing the equations of motion

for the relevant dynamical observables from the master equation (4.13), and given by

C61) = oG (~w) (A) — Gulwn)(B)] (1)
5 sin? 0[G(w_)(AD) — Gr(~w_)(BE) + Gr(~.)(AC) — G () (BD)]
C67) = cos6lCa(~2)(C) ~ Gr(@)(D) @

45 5% 6~ ) (AD) + Gi(~w_){BC) + Gr(~w,){AC) — G (w,)(BD)]
G (5157) = cosBlGL(~wn)(AFR) — Gr(wn)(BFR) + Gr(~Q)(D7) — Gr(R)(CF)
3)
here we have defined A = (I — %), B = (1 + &%), C = (1 — &3), and D = (1 + 63).
Accordingly, the heat currents are given by
T = g cosBGr(~wn)(A) — Grlwr)(B) @
+ }l in? 0l G (—w1 ) (BC) — oy G (wr ) (AD)
— w2Giw2) (BD) + wnG (—w2) (AT,
T = 59205 01G(~0)(C) ~ Gr(2){D)]. 5)

The analytical expressions for the heat currents are too cumbersome to report here.

.4 Appendix D: Heat Currents for coupled qubits

In case of filtered bath spectra, the steady-state heat currents can be determined by

calculating the rate equations from the master equation (4.18), and given by

d _wn _en
—(E453) = —CTa(l+e T )(5567) + ATpe n
+ s Tu((0405) — (04024)), (6)
d wWe we
T(0h0p) = —CTo(l+e 7 )(G305) + e T

+ $Tu((0404) — (650E)), (7)
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here we have considered T, — 0o. As aresult, the higher order correlations (615 ,6,55)

become zero. In addition, s = sinf, ¢ = cosf and
Ly = Wakaf(wy), (8)
In the high temperature limint of the work-like bath, the heat currents are given by
Jo = Cwa, (9)

and

.5 Appendix E: Dynamics of the system

If we consider the spectrally filtered bath spectra of the hot and cold baths coupled to
the optical mode of the optomechanical system, then the master equation governing

the dynamics is given by

L. = 7Dl +e P Dlaf]), (11)
Lr = el (Db + e Dla'h]), (12)
i = (D] + e D). (13)

Here 7., v, and v are the relaxation rates, which depend on the choice of the spectral
density of the bath. In addition, S, 8y, and £, indicates the inverse temperatures of
the mechanical, hot and cold baths, respectively. In the limit, 7}, — oo, the rate

equations for the average excitation number read

E<ﬁa>: - '70(1_6 6cwa)< a>+706_56wa

+ () — (7)), (14)
D)= — (=) ) + e

+ l(a) — (1)), (15)
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and the steady-state average excitation number of mechanical resonator evaluate to

ryce*ﬁcwa + 71671810-71
—Yee e — e Fren oy oy

<ﬁ1>ss -

(16)

In the case of the Ohmic spectral densities of the thermal baths, Eq. (16) takes the

form

N WaKelle + WK1
<n1>SS: a'vc'vc 1 ]. ].7 (17)
Wake T W1K1

this equation shows that it is possible to cool the mechanical resonator to its ground

state by considering appropriate system parameters.
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