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ABSTRACT

In this thesis, we tried to explain the properties of Thompson’s T group and its rela-
tionship with the tree we created with the group effect on the upper-half plane through

continued fractions.

Thompson’s T group is a finitely generated simple infinite group. We can achieve
this group with the help of fractional linear transformations obtained by applying the
movement we define as flip movement on the tree we created with continued fractions.
In this study, continued fractions and fractional linear transformations were discussed.
Thompson’s T group was tried to be obtained with the help of the Modular group
using the group effect.

This thesis is composed of three chapters. In the first chapter, Thompson’s T group
is introduced, and its relationship with the modular group is examined. In the second
chapter, group cohomology was examined by introducing the concepts of homology
and cohomology. In the last chapter, it is given how the group cohomology, which is
introduced in the second chapter, is obtained with the help of group extensions, and

we proposed a conjecture concerning the second cohomology of Thompson’s group T.

Keywords : modular group, Thomson’s group T, continued fractions



OZET

Bu tezde, Thompsonin T grubunun ozellikleri ve stirekli kesirler iizerinden {ist-yari
diizlem iizerinde grup etkisi ile olusturdugumuz agag ile olan iligkisi agiklanmaya gali-

silmigtar.

Thompson’in T grubu sonlu olarak iiretilmis basit sonsuz elemanl gruptur.Bu grubu,
siirekli kesirler ile olusturudugumuz agag iizerinde ¢evirme hareketi olarak tanimladi-
g1imiz hareketi uygulayarak elde ettigimiz kesirli dontigiimler yardimiyla inga edebiliriz.
Bu c¢alismada, siirekli kesirler ve kesirli lineer doniigtimler ele alinmisg, grup etkisi kul-

lanarak Modiiler grup yardimiyla Thompson’in T grubu elde edilmeye ¢aligilmigtir.

Bu tez ii¢ boliimden olugur. Birinci boliimde Thompson’in T grubu tanitilmis ve modii-
ler grupla olan iligkisi incelenmistir. Tkinci boliimde, homoloji ve kohomoloji kavramlar
tanitilarak grup kohomolojisi incelenmigtir. Son boliimde ise, ikinci béliimde tanitilan
grup kohomolojisinin grup geniglemeleri yardimiyla nasil elde edildigi verilmistir ve

Thompson’in T grubunun ikinci kohomolojisini ilgilendiren bir sani1 énerdik.

Anahtar Kelimeler : modiiler grup, Thompson'in T grubu, siirekli kesirler



1 INTRODUCTION

In this chapter, we will first define continued fractions and give examples. We will
explain the relationship between continued fractions and the modular group. At the

end of the chapter, we define Thompson’s groups F and T.

1.1 Continued Fractions

For a real number z, |z| is defined as the greatest integer less than x, that is, |z| <
z < |z] + 1 and decimal part of z is defined as {z} = x — |z]|. The decimal part lies in
the interval [0,1). Notice that for any = € R satisfies z = |z| + {z}, and x € Z if and
only if {z} =0

If {x} # 0, we may rewrite the above equation as:

x=[xJ+£

{z}

Since —- is a real number, we write - as a sum of greatest integer and decimal part.

We repeat this process for cach non-integer decimal part of a real number. At the end

of this process, we obtain a sequence of integers.

Definition 1.1. Let x € R. The continued fraction associated to x is the sequence of
integers obtained as a result of the above process. Such a continued fraction is also

written in an abbreviated form [ag;ay, ..., apy,...].

A few remarks are in order. Firstly, ag € Z and a; € Z, for all i = 1. The sequence:

ap = ag +

ay +
. 1
.'_"__
Qf

converges to x. We have, x € Q if and only if this process terminates, that is, x =

[ag; a1, ...,ay] = ay. Otherwise, x is a irrational, see Proposition 1.1.



Example 1.1. Continued fraction expression of the Euler number and the rational

number ‘11—2 18

e~ 2+

L+ — =2+

2+ 14—

14— A4z
1 3

1+

4+ .
where their abbreviated forms are [2;1,2,1,1,4,1,1,6,...] and [2;1,4, 3], respectively.
One can realize that the Fuler number has an infinite continued fraction expression

while ‘11—2 has finite.

Proposition 1.1. Fvery rational number can be expressed as a finite continued frac-
tion. Conversely, if a number is expressed by a finite continued fraction, then it is a

rational number.

p
Proof. Let — be a rational number with ged(p,q) = 1. By Euclidean algorithm, we

have: !
p = ao-q+bo
q = a1.bg + by
by = as.by + by
by = ag.by + bs

bn—2 = an-bn—l + bn
bn—l = an+1.1 +0
Note that since ged(p,q) = 1, b, must be 1. So, we may write:
P bo

-—=ay+ — (1.1
q q )

1 bo
Now, we continue process by writing ag + — instead of ag + —. However, we know
bo q



q by
from the above that we can write poas + = By putting this in Equation 1.1
0 0
1
—=aqap+
q by
a; + —
R

We repeat the same process until we get b, = 1. After reaching b, = 1, our process
is completed because if we kept doing the same thing, we would find b,,; = 0, which

contradicts our definition. Therefore, we finally have:

1

—=ag +
q

a1 +
1

bn—l

CLap +

p
Hence, we get a continued fraction of any irreducible rational number — | which is
q

[ag; a1, az, ..., an,ay.1]. The other side of the statement is obvious. O
p 45

Example 1.2. For the rational number — = 6 Fuclidean algorithm gives:
q

45 =2 x 16+ 13

16=1x13+3
13=4x3+1
3=3x1+0

Now that we have written the Euclidean algorithm, we can write the rational number

45

T as a continued fraction.
45 13 1
—=2+_—=2+—
16 16 16

13

16 3 1
13 13 13
13



45
Hence, we finally have a continued fraction of the rational number 6 as

45 1
oy —2:1.4.3
16 + 1 [777]

1.2 Modular Group

In this section, we will define a general linear group with integer coefficients and special

linear group. Then, we define modular group and investigate actions of these groups

on Q u {w0}.

Definition 1.2. General linear group , denoted by Glio(Z), with integer coefficients

s defined as the set of 2 x 2 matrices

a b
| a,b,¢,deZ, ad —bc = +1
c d

Special linear group SLy(Z) is the subgroup of GLa(Z) which consists of those ma-
trices of with determinant 1. Note that the center of the groups SLa(Z) and GLy(Z)

are both {I,—1I} where I is the identity matriz. Hence, we have the following groups

PSLy(Z) = SL2(2) /(1)

PGL,(Z) = GL2(Z) /{ﬂ}
The latter, namely PSLy(Z), is called the modular group.

Theorem 1.1. (Bell et al., 2017) SLy(Z) is generated by T = (3 1) and S = (Y ')

Remark. Consider elements U = (9}), L, T and S of GLy(Z) where L is defined as

L =TS. Then we know the following properties of above matrices:

i. Order of the matrices S and T in GlLo(Z) is 4 and o, respectively.
ii. L =TS has order 6 as (T'S)* = —1I

ii. U has order 2 since U2 = 1



Note that the order of S and L are 2 and 3, respectively in PSLy(Z).

Corollary 1.1. PSLy(Z) is generated by S and L, freely. That is:

PSLy(Z) = Z /oy, x L /37,

In particular, every element of PSLa(Z) can be written as a word in S, L, L*. We will

assume that such a word is minimal, i.e. has no cancellation from now on.

1.2.1 Group Actions

Definition 1.3. Let G be a group and X be a non-empty set. We say that G acts on
X if there is a map: a: G x X — X satisfying
a. ale,x) = x where e is the identity in G and x € X .

b. a(g1, (g2, z)) = ala(gr, g2), x) where g1,92 € G and x € X .

We write g - x instead of o(g,x). Therefore, the conditions are:

a e€e-r=2a

b. g1 (g2-7) = (9192) - @
Example 1.3. Let G be the symmetric group S,, and X be the set containing integers

from 1 to n. We can define an action of S, on X wvia the map:

a: S, x X — X

(0, k) = p(k)

where p € S, and k € X.

a. e-k=e(k) =k since e send k to k for all ke X.

b. p1-(p2-k) = p1-pa(k) = pr(pa(k))= (prop2)(k) = (prop) -k

where p1, pa € Sy, and k € X are arbitrary. Therefore, S, acts on X via «.



Example 1.4. Denote Q U {0} as Qy and let G = GLa(Z). GLo(Z) acts on Qo as

follows:
m: GLy(Z) x Qu {0} — Q U {0}
p q pr +4q
T = reQ
r s T+ S
P q P g p
T | — 3 xTi= - r = {0}
rs ros "
p q S
T = 0 r=—-
r
ros
We have:
1 0 z+0
o[-z = xr = =2
0 1 0+1
o Let g1 = pr and g = b2 be any two elements of GLa(Z) and
o S T2 S2
reQu {w}.

"¢ P2 + q2 (p1p2 + qir2)x + (P1G2 + q152)

gr-(g2-x)= . —
| ) T S1 Tk + S2 (par1 + 1281)x + (g1 + 5182)

D2r1 +7T281 Qo1 + 51852

P1iP2 + qiT2 P1g2 + q1S2 . P11 Q1 D2 Q2 .
T S T2  S2

= (g192) - @

The reader may verify that the infinite part of this action is also satisfied.

Definition 1.4. Let G be a group acting on a set X. The set
G- r:={g-z]|geG}
s called the orbit of x.

Definition 1.5. Let G be a group acting on a set X. For x € X, the set
Go={9eGlg-z=ua}

is defined as the stabilizer of x in G.



Note that G, is a subgroup of G since for arbitrary g¢;, g € G
(9)(g2) ™" -z = (g)(ga" - 2) =g1-w=2
e-r=2=x
Hence g19,' € G, and e € G,.

Definition 1.6. Let G be a group acting on a non-empty set X. The kernel of this

action is defined as the set

K={9eG|g-z=ua forall xe X}

Since we look for elements of G that fix each and every element of X, we can rewrite

the kernel of an action as the intersection of all the stabilizers, so

ﬂGI={geG’|g-x=:ﬁforallaseX}

rzeX

Since the intersection of subgroups is also a subgroup, K is a subgroup of G. Moreover,

for every g € G, we also have gK¢g~! = K since for any z € X
(gkg™") -z =g (k- (g7 )
=g-(¢7" ) since k € Gy1,,
=(997") -
=1x
for every k € K. Therefore, K is a normal subgroup of G.

Example 1.5. We consider the action of SLo(Z) on Q. The stabilizer of co is:

SLy(Z), = {A€SLy(Z) | A0 = w0}
= {9 eSLa(2) | £ = o0}
~{(19) eSLy(2) | r = 0}
={(0%) €SLa(Z) | ps = 1 and q € Z}

n

Hence stabilizer of oo in SLy(Z) is the set {
0 =1

€ SLy(Z) | where n e Z}

Proposition 1.2. Suppose that G is a group so that G acts on a set X and K is the
kernel of this action. Then G/K also acts on the set X.



Proof. Suppose that G acts on a set X with a : G x X — X and K is the kernel
of this action. Then, define 7 : G /¢ x X — X such that n(gK,z) = a(g,z). This
definition is well-defined since if gK = hK, then we know that ¢ 'h € K. Therefore,
g th-x = x and that gives us h-z = g-z for arbitrary € X. This also defines a group

action since K -z = x by definition of K and

0K (K -2) =K -(92-2) =91-(92-2) = (9192 - ) = (192K - ) = (1 Ko K) - x

where g1 K, g, K € G /)¢ and K is identity of G /.

Proposition 1.3. Consider the action of SLy(Z) on Q. The kernel of this action is
the set {I,—1I} where I is the identity matriz.

Proof. Let A= [ ¥ ¢ | be an clement of SLy(Z) and x be any element of Q.. Then
ros

pr+q

T+ S
A€ SLy(Z) and ps —rq = 1 = ps, it follows that p and s are both 1 or both —1. O

A-x =z if and only if = x and so we must have p = s and ¢ = r = 0. Since

Remark. As SLy(Z) acts on Q u {0}, PSLy(Z) also acts on Q with the same frac-

tional linear transformation by Proposition 1.2 and Proposition 1.3.

We have seen that GLy(Z) acts on Q U {oo}. Let’s consider how some specific elements
of GLy(Z) acts on (Q u {w0}). Let S, T, L,U € GLy(Z) and x € Q U {0} then:

— O
o |

—_

= —




1.3 Continued Fractions and Modular Group

Let ag + ———— = [ag, a1, - - - | be any continued fraction. One can realize that:
1
a; + —

[ag; a1, az, a3 -+ =T -
ay +

as + —

= T“O.[al;ag,ag, .. ]

1
= TGOU . al _|_ —
1
as + —
1
=Teyure .
1
ao +

1

az + —

= TGOUTal.[ag; as,aq, . . ]
=ToUT"UT* - [as; a4, as, - . .|

This process does not end if the continued fraction is infinite. However, the continued
fraction is finite, then it is a finite process. Let [ag; a1, asa, . .., Gpn, any1] be any contin-

ued fraction. By applying the above process, we can obtain the following result:

[ao; a1, as,. .., an, apiq| = TOUTUT?U -- - T"UT* - (0)

Notice that the matrix U is not an element of neither SLy(Z) nor PSLy(Z) since

det(U) = —1. However, we have



10

-1
11 -1 -1

UTU = = L?S € PSLy(Z)

(UTU)* = UT"U = (L*S)" € PSLy(Z)

since U? is identity. By using the above results, we can write continued fractions in
terms of the elements of PSLy(Z). Let [ag, ai,az, ... an, ay+1] be any finite continued
fraction. We have:

(LS)®(L2S) ... (L2S)* =1 (LS)® (L?S)+1 - (), n is even

[ag,a1,...an, ani1] =

(LS)®(L2S)™ ... (LS)™-1(L2S)a (LS)+1 - (0),  n is odd

In fact, when n is even and if we write LS instead of T and L2S instead of UTU, then

we have :

(LS)®™(L*S)™ ... (L2S)* = (LS)™UT**" - (0)

Since there is no more U, we cannot write L2S again. We fix this problem as follows
UT™!' - (0) = UT* U - (o0) = (L*S)*+ - (o0)

Definition 1.7. To a continued fraction |ag; ay,as, ... | (finite or infinite) we associate
the word (LS)™(L2S)* (LS)* ... in PSLy(Z) and call this the word of the continued

fraction.

p 45 45
Example 1.6. Let — = T and we know from the Example 1.1. that 6= [2;1,4,3]
q

where n + 1 = 3 and so n = 2 which is even. By using the above formula, we can

45
write 16 in terms of elements of PSLo(Z) with group action on Q U {0} as follows:

(LS)*(L*S)(LS) (L*S)* - ()

p 83
Example 1.7. Let — = To If we write Euclidean algorithm, we have:
q
83=4x19+7
19=2x7+5
T=1x5+2
h=2x2+1

2=1x2+0
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where ag, a1, as,a3 and ag are 4,2,1,2,2 respectively. Therefore, 0= [4;2,1,2,2]
where n+1 =4 and so n = 3 which is odd. Now, we can write this continued fraction

in terms of L and S by using the above formula. Hence, we have the following:

83
15 = (L9)(L28)*(LS) (L*S)*(LS)? - (0).

Notice that (LS)*(L2S)*(LS) (L2S)*(LS)* = (3 $3).

Let us summarize the above discussion in the following Theorem.

Theorem 1.2. For any finite continued fraction [ag; a1, as, ..., an+1] we have:
(LS)™(L2S)™ ... (LS)* (L*S)™+' - (20) n is even

[ao;al, s 7an+1] =

(LS)(L2S)™ ... (L2S)* (LS)™=+1 - (0)  n is odd
Similarly, for any infinite continued fraction [ag; aq,aq, .. .|, the sequences
Py = (LS)®(L?S)™ ... (L2S)™N+1 . (o0)

On = (LS)™(L2S)™ ... (LS)™~ - (0)

converges to |ag; ay, az, .. ..

1.4 Farey Tree and Flip

In this section, we will define the Farey tree and define flip move on the Farey tree.

We start with:

Proposition 1.4. Let H = {a+ib | a € R,b € R} be the upper half-plane. Then

PSLy(Z) acts on H U R U {0} as fractional linear transformation:

PSLy(Z) x HUR U {0} — H U R U {0}

P q zZ+q
-2 =
g rz+S

where z € H U R U {oo}.

Proof. We have:
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o [ .z = vy =

b and Wy = P2, any two elements of PSLy(Z) and

T2 So

e Let Wl =

eruRu{oo}

Wy (Wy-z) =

n @ p2z+ g2\ (pp2 + qir2)z + (P1g2 + ¢152)
ros roz + Sg (par1 + res1)z + (gary + S152)

B (p1p2+Q17”2 P12 + G152 , ( P1 ¢ D2 Q2 ) .

P2r1 + 7281 Qo1 + 51852 T S To So

= (WiWs) - 2

Example 1.8. Table 1.1 contains the actions of S, L, L*, LS and L*S of PSLy(Z) on

0,7 and oo. Since the element S fizes i, this action is not free. Similarly, the element
L fizes e %

. 0 a0 1

S 0 0 1

L 0 1 1+ 1
L? 1 0 2
LS 1 o) 1+ 1
L?S 0 1 %

Table 1.1: Elements of PSLy(Z) and their action

We label the part of unit circle in H joining ¢ to e by I and denote this ;. For any
W e PSLy(Z), we label W - v; by vy, that is, we consider the orbit of ; under the
action of PSLy(Z). This set is a bipartite ribbon graph, in fact a tree. There are two
types of vertices: one is of degree 2, denoted by o, which can be identified with the W
coset of (S) = {I,S}, i.e. {W, WS} and the other is of degree 3, denoted by e, which
can be identified with the W coset of (L) = {I, L, L*}, i.c. {W,WL,WL?}. Vertices
of the form {W, WS} connect edges labeled with W and WS, and vertices of the form
{W,W L, W L?} connect edges labeled with W, WL and W L?, see Figure 1.1.
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Definition 1.8. The tree defined above is called Farey tree and denoted by F.

The set of edges of F, denoted E(F), can be identified with elements of PSLy(Z), as

a result of the construction.

SE2SE? sL*s sI? s i L

LS LSL LSLS

Figure 1.1: Labeled Farey tree F

w

2
WL WL
q p+2q p+q 2p+q 4
s r+2s T+s 2r+s i

Figure 1.2: Farey tree, locally; where W = (2 1)

Figure 1.2 can be obtained by considering the image of the line joining 0 to oo in H under

the elements W, WL, W LS WLSL, WLSL? WL WL?S,WL?SL and WL?SL?
Definition 1.9. Given any W € PSLy(Z), the flip move on WL -{I,S} is defined as:

Jwiwirsy :PSLa(Z) — PSLy(Z)

X = fWL-{I,S} (X)



-

X,

WI2SI2X,
where fiwr.q1,51(X) =

14

if X does not start with W

if X = WL2X', for some X' in PSLy(Z)

WLX', if X = WLSLX' for some X' in PSLy(Z)
(WLSLX', if X = WLSL*X' for some X' in PSLy(Z)
a, .
Twrwis(W )\ N A fu LwLs(WLSL)
& » \\\
oW IfVLSL‘S.v"""
i L fwrwis(WEL)
% Wi WLS
a T o
W’]_'f . b “s‘\’VVLSL2 f“,’)‘“,[S(EVLS)
0.’41 \“0
{3

2

fWL.WLs(I/VLQ)I.f,

K
i

Figure 1.3: The flip fwrwrs

P

.. fwrwis(WLSL?)

We apply the flip move on WL and W LS, which is shown in red in Figure 1.4 and get

the Figure 1.5.

Figure 1.4: Before Flip move
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Sw e rs(W)

fwrwrs(WLSL?)

2p+q £
2r+ s

A p+2q ptg
8 r+2s T+ s

Figure 1.5: After Flip move

We can see from the above figure that the flip move sends the interval (%, 2) to itself

as follows:
qp+tyq qp+2q
sr+s s’ r+2s
p+q 2p+gq p+29 ptgq
r+s 2r+s r+2s’r+s
2p+qp ptqp
2r +s'r r+sr

What we have after applying flip move is actually a piecewise linear function which is

identity outside the interval (,2). Moreover, for z € (4,2), we have:

<1+qs—q)' L gp"'q
2 1mgs ) s'r+s
—a5- 3qr— prq+3pq+p .x. e pra2rty
—s2—3rs—r2 qs+3ps+pr ’ r -+ 87 2+ s
fwr, wrs(x) = <
14pr —p? 2p+q p
( 2 1— p?" : T e 2 y
r+sor
otherwise
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Consider the flip move on WLSL, W LSLS, where WLS = (pp+q). In a similar

rr+s

fashion fwrsr.q1,sy is:

p+q 2p+q p+q 3p+2q
r+s2r+s r+s 3r+2s
2p+q 3p+q 3p+2q 2p+q
r+s3r+s] \3r+252r +s
3p+qp 2p+qp
3r+sr 2r + s’ r

More precisely,

<1+(p+q (r+s)  —(p+q)? > o e Ptq2pty
r+s)? 1=(p+q)(r+s) ' r+s 2r+s
(—opr 4qr—ps—qs  5p?+5pq+q> > cr. 1€ w w
—b5r2—5rs—s®  Spr+dps+qr+qs ) o + 8’ 3r+ s
Jwirspwrsts(x A
) <1+pr —p? ) 3p+qp
. T E , -
1=pr Ir+sr
1 0
-z, otherwise
01

Consider the flip fyzwrs. Before the flip move, the word W L? is the label of the half
circle joining ¢ to 4. After flip move, W L? replaces the word W L?SL? which means
that W L? attached to the line to which WL2SL? attach. We can say that the flip
move firwrs sends WL? to WL?SL? If we examine how flip move changes other

edges, we will get the following result:
WL — WL*SL?
WLSL —> WL?
WLSL? — WL

We can get the same transformations while writing the flip fwrwrs by multiplying
matrices to transform the above words on the left to words on the right. For example,
WLASW—1. WL? = WL2SL? and notice that

p g\ [1 0 5 —q 1+qgs —¢?

WIL*SW—! = =
r sl \1 1 —-r p -2 1—g¢gs
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Similarly, we can transform WLSL and WLSL? to WL? and WL by multiplying
them with W(L2S)?L*W~"! and W SL?*W ~! respectively, and get the related matrices.
Hence, we can write transformation by using words instead of matrices as follows:

r

qp+q
WLASW—L .z, re |-
\s r+s
p+q2p+q
= WLA(SL?)?*W—1. €
fwrwrs(x) ( ) T, T s o+ s
2p+qp
WSL*WL .z, Te ) —
2r+s'r

\

Similarly, the flip move on W LSL, W LSL can be written as:

.
p+q 2p+gq
WLSLW™! .z, T E ;

r+s 2r+s
2p+q 3p+gq
=S WL(SLAH)*W-1. -
fwrswrsps(x) = < (SL?) T, TE€ 2 + 5 31 ts

3p+qp

WSL2WL .z, Te ) —

3r+s'r

\

Definition 1.10. The support of a function f : J — J is defined as the subset of J

on which the function does not fix any point.

The support of a flip fyr.¢7.s) can be determined quickly by computing the word WS as
a matrix. For example, the matrix W = LSL? = (Z} ) gives the interval (2,1) which
has no meaning. However, WS = LSL?S = (21) gives the interval (1,2). Careful
reader will immediately recognize that both the definition and the above discussion for
a flip on {7, S} is irrelevant. We define the flip f; ¢ ourselves as follows:

-

-1 —1
L - -
T, T € 0T
IS —-10
X, TE T,I
f1,5($)=<
01
L? x, wel|- -
11
S 11
L - _ _
T, XE€E 70
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Note that unlike other flips, fr ¢(x) does not fix any point in R u {o0}. frg is of order

4, see Proposition 1.5 below.

Example 1.9. The support of fwrwrs is the interval (1,2) where W = (2 2).

Remark. The elements we have seen so far are generally in the form fwrwrs, but
this just depends on the choice of the word. For example, if we choose W LSL? instead
of W, we will have the element fwrswr, namely that corresponds to same edges and
vertices with W on which we apply the flip move. We can also write the linear frac-
tional transformations defining fwrswr by choosing WLSL? = (:’T’Ig %fig) and get

the fractional linear transformation as follows:

Wi -z xe (32 2)

Jwoswr(x) = AWy -z, e (2,00) U (—m, )

where

W 1+ 4pg + 2ps + 2rs + qs —4p? — 4pg — ¢?
1 i

4r? 4 4rs + s2 1 —4pg — 2ps — 2rs — qs

r+3ps+qs —p*—3pq—q¢*
W, = p 4 q p Pq — 4

r? 4+ 3rs+ s> —qs— 3qr —pr

1+pr+ps+qr+gs —p? = 2pq — ¢*
W3 =

r2 + 2rs + 52 1—pr—ps—qr—gqs

Proposition 1.5. Fvery flip applied to a pair WL, W LS has order infinity except to
the pair 1,S. fr.s has order 4.

Proof. fy 1 wrs isa piece-wise linear function and each piece-wise function of fy 7 wrs
are determined by an element of PSLy(Z). We will show that the order of fwrwrs
is infinite by showing that the matrices,which determines piece-wise functions, have
order infinity. One can realize that the traces of matrices that determines piece-
wise functions of fywrwrs are either 2 or 3. For example, tr(WLASW=1) = 2 and
tr(WL*(SL?)?W~1) = 3. We claim that the order of matrices whose traces are 2 or
3 is infinite. Consider an element W of PSLy(Z) with trace 2. Then characteristic
polynomial of W is p(A) = A2 —2X + 1. We also know that W satisfies its characteristic
polynomial so we have W2 — 2W + Iy, = 0. If we multiply this equation with W
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repeatedly and rewrite the equation, we get

W3 =2W? - W
— 22W — L) = W
= 3W — 2155

W =3Ww? - 2w
= 32W — Ihyp) — 2W
= 4W — 3l5,9

W" =nW — (TL — ].)szz

One can see from above W" = [5,9 or W" = —I5,5 if and only if W™ = I[5,5 or
W™ = —1I5,5, which contradicts to the fact that W has trace 2 so W has order infinity.
Similar process can be applied to when the trace is 3 and it is observed that the
matrices with trace 3 have order infinity too. Since matrices corresponding to piece-

wise functions have order infinite, order of fyy 1w s is infinite as well. O

Proposition 1.6. The inverse of fwrwrs s fwrzwirzs.

Proof. Here we have how the words are replaced by fwrwrs(the left one) and

fwr2wr2s(the right one).

WL — WIL2SL? WIL*SL? —s WI?
WLSL —> WIL? WI?— WLSL
WLSL? — WL WL+~ WLSL?

Therefore, for any = € I, (fwrzwrzs)(fwewrs)(@) = (fwrwes)(fwrzwrzs)(z) = x O

1.5 Thompson’s group F and T

Thompson’s group F, T and V were introduced by Richard Thompson in unpublished

notes in 1965. Different definitions of these groups have emerged since their first
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introduction(in the context of algebraic logic). They all are finitely presented infinite
groups. The groups T and V are simple but F is not. These groups have interesting
properties. Therefore, these groups, especially F, are widely studied. In this work,
we will be interested in F and T both of which will be defined as groups of certain

piecewise linear transformations.

Definition 1.11. Thompson’s F group is defined as piece-wise linear homeomorphisms

of the interval |0, 1] satisfying

1. finitely many non-differentiable points, which is also called breakpoints points, are

dyaduic; that is, they can be writlen as 5 where a € Z and n € N

1. any element f of the group is increasing
1. derivative of any point in f € F except breakpoints are the integer powers of 2

Example 1.10. The function

2, 0<z<i

al@)=qr+1i l<ao<!
1 1

=2, s3<z<l

is indeed an element of F. First, the breakpoints of o are le %, which are dyadic, and a

is increasing. The derivative at any point, except breakpoints, is of the form 2", n € Z.

Example 1.11. Consider two elements of Thompson’s group F

x, 0<a:<%
% 0<z<i
2 2 e, 1l 38
flz) = L1 2oy =¢ Y 2
x) = $—Z, §<$<Z ag\r) = 1 3 .
T —3 IST<g
87 4 8
20 — 1, %éxél
(22 -1, f<z<1

Since both f(x) and g(x) are increasing functions that have dyadic breakpoints and a

derivative to the integer power of 2 at each point of the interval [0, 1], they are elements

of Thompson’s group F.

Theorem 1.3. Belk (2007) F is torsion-free.
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Proof. Let f be a non-identity element and ¢y be such a number that f(tg) = to and
f(to +€) # (to + €) for every € > 0. Therefore, a right-hand derivative of f at ¢, is
2™ so the right-hand derivative of f™ at ty must be 2™ for every m € N by using the
chain rule. This means that all powers of f are different from each other and are not

equal to the identity. O

Theorem 1.4. (Belk, 2007) Thompson’s group F is generated by f(x) and g(x) where

the elements f and g are defined in the Example 1.11.

After all the information above about F, we can now give the definition of T. In group F,
our elements are functions whose domain and range are the interval [0, 1]. Similarly, we
define T as a group of piecewise linear transformation on S* The remaining conditions

are updated accordingly. We interpret S! as the quotient, i.e. [0, 1] / {0~ 1}

Definition 1.12. (Cylic Order) A cyclic order on a set X is a relation R < X? |
where (a,b,c) € R but we use the notation a — b — ¢, satisfying the followings:
1.Cyclicity: If a - b — ¢ thenb — ¢ — a

2. Anti-symmetry: If a — b — ¢, then it is not true that ¢ — b — a.

3. Transitivity: Ifa — b — c and a — ¢ — d, then a — b — d.

4. Ir-reflexivity: If a — b — ¢, they are all distinct.

5. Totality: If a,b, and c are distinct, then either a — b — ¢ or ¢ — b — a.

C
Consider the points on the circle given on the right. One can e B
define cyclic order as traveling counterclockwise on this circle. E A
We can order any three elements on the circle. Let’s start with
H
the letter A and travel in a counterclockwise direction. We first F

encounter B, then C. Hence, we can write A —> B — C. If we
start from B and use the same letters, we can also write B — C' — A. We cannot
write C' — B — A because after starting the letter C', we reach A then C'. We can put

in order for any three points that can be randomly selected from the circle.

Definition 1.13. Thompson’s group T is defined as piece-wise linear homeomorphisms

of St = [0, 1] /{0 ~ 1} satisfying

1. finitely many non-differentiable points, which is also called breakpoints points, are

dyaduc; that is, elements can be written as 5 where a € Z and n € N
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1. homeomorphisms are orientation-preserving

1. derivative of any point except breakpoints are the integer powers of 2

Example 1.12. The only difference between Thompson’s group F and T is the domain;

any element f € F is still an element of T. Hence, in Example 1.10, the function

2z, 0<:13<4—i

_ 11 1

=r+3, ST<;
1 1

5 gsesl

is also an element of T.

We can also show this function by using two circles where the inner circle represents

the domain of the function and the outer represents the range of the function.

B
=]

Figure 1.6: Demonstration of the function f in Thompson’s group T

Since our elements in Thompson’s group T are from S! to S*, #(0) and ¢(1) do not
need to be 0 and 1, respectively as in group F where ¢ is an element of T. In the next

example, we will have an example of an element of T which is in T but not in F.
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Example 1.13. Consider a function on unit interval

2x+}1, O<:c<;1L
tr)=qz+3, it<ax<i

z 1 1

31 asrsl

whose graph is given as in Figure 1.7. If we check the intervals the function t maps,

we get the following:

t(z) is an orientation-preserving function with rational breakpoints having derivative
an integer power of 2 which makes t an element of group T. It seems t(x) is also an

element of the Thompson’s F but it is not because t does not fix points 0 and 1.

b =

Figure 1.7: Circle diagram of the function ¢
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Example 1.14. We have mentioned before that the Thompson’s group F is generated

by two elements f(z),g(x). Then, consider a function

T 3 1

5T 1 0<3§<§

Cla)=q20-1, i<a<3
1

r -, %<m<1

C(x) is a function which preserves orientation of S* with dyadic rational breakpoints
and has derivative an integer power of 2. Therefore, it is an element of the Thompson’s

T group but it is not an element of Thompson’s ¥ group since it does not fix the points

0 and 1.

Theorem 1.5. (Cannon et al., 1996) The elements f,g and C generate the Thomp-

son’s group T and satisfy the following:

L [fg ' flef] =1

2. [fg~ ' f29f?] =1
3. C = g(f~'Cy)
4. (f1Co)(f'gf) = g(f2Cg?)

5. Cf=(f"Cg)*
6. C® =1
Remark. Fvery flip is naturally an element of T. So we define:

Definition 1.14. We define the flip subgroup P of T as those elements of T which can

be expressed as a finite sequence of flips.

Proposition 1.7. Two elements fwrwrs,fwrscwrsws of P do not commute.

Proof. We know the all transformations of fyrwrs and fwrsrwirsrs from above. If
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we look at fwrsrwrscs © fwrwers, then

WL2SW—1. g, x €

W(LS)*L*W—' -z, =ze€
fwrsewrsws © fwrwis(x) = <

(55
WLHSL?PW ! -z, xe (B, 22t

(

(

WL(SIAWL -2, zec
W(SL?)*W=! . a, T e (4?+?, 1—”)

dr+s? r
x, otherwise
\
( 2 1 2p+
4. q <4pTgq
WLSW— -, xe(s,2r+s)

WLASL(SL?PW ! -z, xe (344, 3041)

2r+s’ 3r+
fwrwers © fWLSL,WLSLS(fl?) = 4 3T s
2\2777— +
W(SL*?*W1 .z, xe(Bf—Jr‘sl,f)
x, otherwise

\

One can see from above that transformations of fwrwrso fwrstwrsws(z) on the inter-

p+q 4ptg

Val (r—i-s7 Ar+s

) are not same with transformations of fw s wrsrso fwr.wrs. Therefore,

they cannot commute. Since we proved that these two functions do not commute on

p+q 4p+gq
r+s’ 4r+s

the interval ( ) just by checking transformation, then we can ask the following
question. How much the composition of these two functions are close to commute?
To measure it, we calculate the commutator of elements on the intervals that func-

tions do not commute. Since transformations are different on the intervals (%, gf’,—j:g),

(2p+q 3p+q) and (3p+q 4p+q

e Soro e o +s), respectively, we compute the commutators for each inter-

val. Note that commutator of two element a, b of a group is a~'b~'ab and it is denoted

by [a,b]. Let’s begin with computing the commutator of the transformations of the

interval (24,200 fiypop wises © fwrwes(x) = WLASW™ and fwrspwises ©

fwrwrs(z) = WLASL2SL*W~! on the interval (fig, gfig) Therefore, their com-

mutator [WL2SW =1 WIL*(SL?)?W '] is WSLSL*W~!. Similarly we need to check
[WL2SL(SL*)3W =Y, W (LS)?L*W '] for the commutator on the interval (224, 3+4),

2r+s? 3r+s
and we get W(LS)*L*(SL?)?S(LS)*LW . For the last interval (3244, 2244) the com-
mutator [W(SL2)2W 1, W LS(L2S)Y L2W 1] is W(LS)T[2SLS(L2S) L2W ! 0

Remark. Commutativity in group P depends only on the support of the element. This

means that if we look for the commutativity of two elements, it is enough to check
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whether their supports intersect. If they intersect, they do not commute; if they do not,

they commute.
Example 1.15. In this example, we try to decide whether elements fyw(Lsyr,w(Lsyn+1

Jwrwrs commute or not. First, we write the element [y (rsynr,w(Lsyn+1-

WLS)"L(SL)"W v, we (e, ()

+s? (n+1)r+s

JwwsynLwwsy+ = { W(LS)"L*(SL*>)"*?W~! .z, xe (

(n+1)p+q (n+2)p+q>
(n+1)r+s’ (n+2)r+s

(n+2)p+q
(

WSL2W! .z, e (

n+2)r+s’

Since we know the element fwrwrs from above, we can obtain fw(rsymrw s+t ©

Jwrwers and fwrwers © fw(nsynnw(Ls)ym+1 , respectively.

WI2SW—! .z, s ( )
W(L2S)2L*W ' -z, re ( L 25’%)
1 (n+1)p+q
WSLPW—1 .z, z e (51;73’ (Z+1)Zr)+s)
fwwsyrpwwsym © fwwrs(®) = { W(LS)" L(SL)" 1 L2W 1.2, ze (g;;ﬂ”::g, EZI?%’;’IZ)
WLS) LASLA W, we (GERE )
WSLESLAW ! -z, ve (fp.e)
xT, otherwise
(
WL2SW—! .z, re (4B
_ 2p
W(L2S)2L2W " -, we (4, 200)
WSL2W=! -z, re

WL,WLS © JwW(LS)"L,W (LS)»+1\T) = - e,
f f (x) = W(LS)"2L(SL2)"W 1

)
m

np+q (n+1)p+q
nr+s’ (n+1)r+s

(
(&
(22ee, mee)
ve
(

WLS)™ LI W ow, we (e, (e
- n+2)p+

WSL2SL*W 1 - x, ve (Ewagfi» %)

T, otherwise

\

As in the above Proposition 1.7, we compute the commutators for the intervals that
fwrwrs and fwLsynnwwsyn+r do not have the same transformation to show how

close these functions are to commute. One can see that we need to compute commu-

np+q (n+l)p+q (ntlptq (n42)p+q ) .7
nr+s’ (n+1)r+s (n+1)r+s’ (n+2)r+s

tators of transformations for the intervals (

(n+2)p+q (n+3)p+q
(n+2)r+s’ (n+3)r+s

), respectively. For the first interval, one can check the commutator



27

[WSL2W =, W (LS)"2L(SL*)"W '] and get

W(LS)" ™ L*(SL*)*L(SL*)"W !

Secondly, we compute the commutator for the interval (EZE;&,’ IZ, E:’Lig;f IZ),that is,

[W(LS)" ' L(SL*)" LW W(LS)"*L(SL*)"W '] and we have

WL(LS)"L(SL*)"* L*(LS)" ' L(SL*)"W !

Finally, for the last interval, we need [W(LS)"L?*(SL*)"3W =1 WSL>SL*W ] for

the commutator, and we have
WL(LS)" S L(LS)’ L(SL*)"*W~!

We actually know that these two functions do mot commute without computing any

transformation of intervals because their supports intersect.

Theorem 1.6. The set of fractional linear transformations getting from the flip move

15 isomorphic to Thomson’s T group.

We will prove Theorem 1.6, but we need more information.

Minkowski’s Question Mark Function, denoted ?(z), is an order-preserving, con-
tinuous function that bijectively maps rational numbers on the unit interval to dyadic
rational numbers on the unit interval. There are many ways to define Minkowski’s
Question Mark Function such as using continued fractions or modified Farey sequences.
We define the function by using continued fraction expression of the rational numbers.
If x is a rational number on the unit interval, there exists a unique continued fraction
expression of x = [ag;ay,as, - ,a,] for some integer n > 1. Note that ag must be 0

for this case due to x € [0, 1].

Definition 1.15. (Salem, 1943) Minkowski’s Question Mark Function ?(x) is defined

as

-1 i—1
7(1’) - Z 2(a1§-a2+)~

i=1

wta;)—1

for any rational number z in [0, 1].

This function can be extended for every element of the unit interval since rational

numbers are dense in real numbers and because of the continuity of the function.
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In that case, we write oo instead of n because the continued fraction expression of
irrational numbers does not terminate. What we did till now is not sufficient to prove
the theorem. This theorem only allows us to find a bijective function from rationals
on the unit interval to dyadic rationals on the unit interval. However, support for each
element of the group getting from the flip moves is not limited to rationals on the
unit interval. We need to have all rationals in R. Therefore, we need a function that
bijectively maps dyadic rationals to Q. Let’s denote dyadic rational numbers on the
unit interval by Q,. Such function  : Q; — Q. is defined as for every x € Qs

.
—1

?7-1(42)>

—7742 — 4x),

o
N

r <

N
S
N
=

N
&
N
ENTSUREN I [E

"
—
8
S—
|
N
N

771 (42 — 2),

1
\ ?—1(4—4z)>

NI [GURE T
N

&

N

—_

where % and _Tl represents o0 and —oo ,respectively. ( is a continuous function sending
all rational numbers bijectively to dyadic rationals on the unit interval. As we do
in Minkowski’s Question Mark Function, we can change domain of the function ( :

[0,1] — R u {w0}. (See (Vepstas, 2014) for more details)

Remark. For any W € PSLy(Z)/{I,S} starting with L?, fwrwrs always induces an
element of the Thompson’s group F.

Now we can give the proof of the Theorem 1.6 as follows.

Proof. Consider the flip f; s and the sequence of the flips f1. rs, fr.s, fsr.srs, fr.s, fr.Ls
and set these flips as o and 3, respectively. By (Lochak and Schneps, 1997), a homo-

morphism ¢ is an isomorphism from the group P to T such that

6(4) = fa?
6(B) = f*a
6(C) = 5



2 HOMOLOGY AND COHOMOLOGY

In this section, we will define homology and cohomology modules in terms of chain
complexes and give examples. Then, we define group cohomology by defining group

module structure and investigate some low-dimensional group cohomology modules.

2.1 Homology

Let R be a commutative ring with unity.

Definition 2.1. Let {C,},ez be a family of R-modules and let R-module maps d,, :
C, — C,_1 be R-module homomorphisms such that d,_,od, =0 for everyne Z. We
call such a sequence family a chain complex denoted by C,. Elements of the kernel
of d,, are called n-cycles and denoted by Z,, = Z,(C,). Elements of the image of d,,+1
are called n-boundaries of C, and denoted by B,, = B, (C)

Example 2.1. Notice that, since d,_1 o d, = 0, we have
0cB,cZ,cC,

Observe that Z, and B, are R-modules. Therefore, Zn / B,, 1s a R-module as well.
Definition 2.2. The n'* homology group of Cy is the quotient H,(Cy) = Zn /Bn'
Example 2.2. Let p be a prime number and C,, = Z/p2Z forn =0, and C,, =0 for
n < 0. Consider d,, : C, — C,_y defined as d,(t) = pl so that we have

”MZ/pz d_n,Z/pz mz/pl..gz/pzﬂ’z/pzﬁ)

Above sequence is a chain complez since d,,_10d,(t) = d,_1(pt) = p*t =0 forallneZ

Hence, we can compute the homology of the chain complex. Precisely,
Zo = o el /i) dy(z) = 0}

B, = {x | dn+1(n) =ux for some x € Z/pZZ}
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H,(Cy) = Zn /B, = (0.7 p"'<p_1)p}/{5,z‘9,%---(p— Dp} =10}

Ho(Cy) =20 /B, = ZIP°L Jo = L /27

forn <0, H, = {0} since all C; = {0} fori <0

2.2 Cohomology

Again, let R be a commutative ring with unity.

Definition 2.3. Let {C"},cz be a family of R-modules and let d" : C™ — C"! be
a family of R-module homomorphisms so that d*™t od® = 0 for all n € Z. Such a
sequence is called cochain complex and denoted by C*. Elements of the kernel of d™ are
called n-cocycles and denoted by Z™ = Z"(C*). FElements of the image of "1 are
called n-coboundaries of C* and denoted by B" = B"(C\).

Again, we have

because d"*! o d" = 0.
Definition 2.4. The n'* cohomology of C* is the quotient H"(C*) = Z" /gn.
Example 2.3. Let C™ be the same Z-modules in the Example 2.2. This time consider
d": C™— C™! where d"(t) = pt for every n € Z. We get following sequence
dn+1 dn dn—l d2 dl dO d—l
e Lfp Ll =T/ EL)p L L e
Since d"~! o d™(t) = d"1(p*t) = p’t = 0, above sequence is cochain complex. We

compute its cohomology as follows:

forn >0,
Ho(C) = Zn/p, = {08200 =D} /(55,95 (p—1)p} = {0}
for n=0,

Ho(Cy) =20 /B, =L/P°L )y = L | 27,

forn <0, H, = {0} since all C; =0 fori<0
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2.3 Group Cohomology

Definition 2.5. Let G be a group. We say that an abelian group M is G-module if
there is a group action o : G x M — M satisfying

g (a1 +a)=g-a1+9g-as

(9192) -a=g1-(g92-a)

where g, 91,92 € G and a,ay,as € M are arbitrary

Example 2.4. Let M be any abelian group and o : G x M — M where g-m = m for

all g € G and for all m € M. This action is called the trivial action, and M is called

a trivial G-module.

As in the cohomology of R-modules, we use cochain complexes to define group coho-

mology.

Let A be a G-module and for n > 0, let C"(G, A) be the set of functions [ : G" — A,

namely
CU G A) ={f|[f:G"— A}

We endow C"(G, A) with pointwise addition so that it becomes an abelian group.
Since A is abelian, the set C"(G, A) is abelian for all n where the zero map which
sends everything zero is the identity element of the set. Now, we define G-module
homomorphisms to create cochain complex structure as follows:

Definition 2.6. Let f € C"(G, A) and define d" : C"(G, A) — C"1(G, A) as

n

d" ()91 gnr1) = g1 f(92. 95, gns1) + Z(—l)if(gl,gg, s §im15 Gii+1s - - - Gnt1)
i=1

+ (=)™ f(91, 92, - - - gn)

Proposition 2.1. In this setting, d"** o d"(f) = 0 for every n € N and as a result, we

can obtain the following cochain complex

dn+1

0415 0060 A) L olG, A) DL I o, A) S oy artt A) 2

Remark. Since G° = {1}, C°(1, A) contains all functions from 1 to A and each func-
tion sends 1 to different elements of A. Therefore, C(1, A) =~ A. Therefore:

dn+1

045 AL ova, A) L I onan, A) L onti et A4) D
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Definition 2.7. Let Z"(G, A) = ker(d") and B"(G,A) = im(d"~'). Then, n' coho-
mology group of G with coefficient A is the quotient group

H”(G7A) = Zn(G,A) /Bn(G,A) = ker(d") /im(d"’_l)
Example 2.5. (Zeroth Cohomology Group)

From definition, H*(G, A) = 7°(G, A) /BU(G7 A) = Z°(G, A) /o = Z°(G, A). We have
mentioned before that we can see C°(G, A) as A. Therefore,

H(G,A)=27°G,A) ={ae A|xa=a}
for every x € G. This H°(G, A) is also denoted by AC.
Example 2.6. (First Cohomology Group)

If we write Z'(G, A) and B (G, A) respectively, we get

ZUG,A) ={f:G— A f(gh) = gf(h) + f(9)}
BYG,A) ={f:G— A| flg) = ga—a} for some ae A

In the case that A is a trivial G-module, B'(G,A) = 0 and Z'(G,A) = {f : G —
A | f(gh) = f(h) + f(g9)} which means that Z'(G,A) = Hom(G,A). Therefore,
HY(G,A) = Z1(G, A) /Bl(G,A) — ZY(G.A) Jog = Hom(G, A)



3 GROUP EXTENSIONS AND COHOMOLOGY

In this chapter, firstly, we will define group extension and discuss some of their prop-
erties. Then, we will classify group extensions via factor system. Finally, we will study

the connection between the group extensions and elements of the second cohomology

group.

3.1 Group Extensions

Definition 3.1. Let {G,,},ecz be a family of groups with homomorphisms f; where i € Z
such that

U G_2 h) G_l ﬁ) GO L Gl ﬁ) GZ ce . Gn—l f"_l) Gn L G"Jrl oo

The above sequence is called exact at G,, if im(f,,) = ker(fn+1). The sequence is called
exact if it is exact for all G,,.

If the sequence has only five terms, that is of the form
a B
and 1s exact, then it is called short exact sequence.

Remark. In such a case, we must have ker(a) = im(1 — N) = 1, meaning o must be

injective. Similarly, since @@ = ker(Q — 1) = im((3), 8 must be surjective.

Example 3.1. Consider the sequence

0-—>Z52%Z /)y —0

where f sends x to 2x for all x € Z, and g sends y toy for all y € Z. Our claim is that
the above sequence is exact. Since ker(f) = {z |f(z) = 22 =0} = 0 = im(0 — Z), the
sequence is exact at left Z,and since im(g) = Z /o7, = ker(% /o7, — 0), it is exact at
Z/QZ. To prove that the sequence is exact at middle term Z, it is enough to show that
ker(f) = im(g). Since f sends every x to 2z, im(f) = 2Z and since g(y) = 0 whenever
y = 2k for some k € Z, ker(g) = 27Z. Hence, ker(g) = im(f) which gives exactness at

right 7. and also gives the exactness of the sequence.
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Lemma 3.1. Consider the short exact sequence

1—-N%aglho—1

Then, the followings hold true:

i. There is a normal subgroup N' of G which is isomorphic to N.

ii. There is a normal subgroup N" of G such that G /N7 =~ Q

Proof. i. Since we have a short exact sequence, « is injective. By exactness, we also
know that im(«) = ker(8). Since ker(8) < G, im(o) = a(N) is also normal in G.
We know a(N) =~ N with map a — «a(a). Hence, we found a normal subgroup of G
isomorphic to N.

ii. By the first isomorphism theorem, we know that G / ker(8) = im(f). However,
im(f3) = @ by surjectivity ,and ker(f) = im(«) = a(N). Hence, we get G/Q(N) ~ Q.
O

In particular, for any normal subgroup N of GG, the sequence

is a short exact sequence where i : N — G (resp. 7 : G — G /) defined as i(z) = z

(resp. m(z) =z + N).
Definition 3.2. Let N and Q) be two groups. A group G is said to be an extension of
N by Q if

1. G has a normal subgroup N' which is isomorphic to N.

2. G /N is isomorphic to Q.

In such a case, we have the following short exact sequence
1 >N->G->G/y —1
Example 3.2. We can extend any two groups via direct product. That is, if we let A

and B be any groups, then the sequence
1— AL AxBLB-—1

where f(a) = (a,1) for alla€ A and g(a,b) = b for all (a,b) € A x B, is exact.
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Example 3.3. Consider the sequence

0—2, Lz %7 —0

where f(T) = mT for any T € Z,, and g(y) = y for any § € Zy, Since im(f) =
{0,m} = ker(g), the sequence is exact at Z,,,. This sequence is exact by injectivity and

surjectivity, so we have a group extension. Hence, Ly, is an extension of Ly, by Z,.

We can also write Z,,,, as a group extension of Z,, by Z,, since Z,, <Z,, and Lonn / 7, =
Zp,. However, this change may sometimes not be valid. For example, we can write
symmetric group S3 as an extension of Zjz by Z,. However, it is not an extension of Z,
by Z3 because S3 has no normal subgroup which is isomorphic to Zs. S has only one

non-trivial normal subgroup which is A3 and that is isomorphic to Zs.

Definition 3.3. Consider a group extension of N by Q)
a B

A function v : Q — G is called transversal function if 5(v(q)) = q for every q € Q.

Notice that v need not be a group homomorphism. If it is a group homomorphism, the

extension is called the split and exact sequence is called splitting exact sequence.

Example 3.4. Consider the sequence in Fxample 3.3

0—Z, 57, 57 —0

We need to find a function h : Zy, — Ly such that g(h(q)) = q for every q € Z,,. Let
h(q) = q for every q. Then

g(h(m=T)) = g(m=T) = n—1

Hence, we get g(h(q)) = q for every q € Z,,. Since h is a homomorphism, this is a split

extension and the sequence is splitling exact sequence.
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Example 3.5. Consider the sequence

0—Z)og L2 )47 S 2 )5y —0

o Since im(f) = {0,2} = ker(g), the sequence is evact at Z /47,
o Since f(0) = 0 and f(1) = 2, f is injective ,and that gives exactness at left Z /97,

o For0eZ/y7, g(0) =0 and for 1€ Z /97, g(1) = 1 so g is surjective and that
gives exactness at right Z /27,

Hence, we know that Z /47, is a group extension of Z /o7, by Z /o7, Let h : 2L /oy, —
Z |y, be a function such that f(0) = 0 and f(I) = 1. g(h(0) = g(0) = 0 and
g(h(1) = g(1) =1 so gh = 1 |Z/2Z' However, h is not a homomorphism since
1 = h(z.2) # h(2)h(z) = y*> # 1. Hence, h is just a transversal function, which means

that the extension is not split.

3.2 Classification of Group Extensions

Let N and @ be two groups. We can define many group extension by using N and @

as we have seen above.

Let us first introduce an equivalence relation on the set of group extensions.

Lemma 3.2. (Hunger ford, 2003) (The Short Five Lemma)

Let A,B,C, A", B" and C’" be groups and i,m,i, 7 be homomorphisms, as shown in the

diagram below.

1 y A’ U sy B’ u s

~
—_

Suppose that the following diagram is commutative, which means that i'a(a) = ¢i(a)
for every a € A and '¢(b) = pm(b) for every b € B. If the above two short sequences

are exact and if o and B are isomorphism, then ¢ is also an isomorphism.
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Definition 3.4. Let N and Q) be two groups. Two group extensions G, G' of N by
Q are called equivalent if there is a function ¢ : G — G' which makes the following

diagram commutative.

1 > N - > G z > Q) 1
id é id
1 s N d > G LENS 1

Notice that since maps from N to N and from @ to ) are isomorphisms, this makes
¢ : G — G’ isomorphism by short five-lemma. Hence, any two equivalent group

extensions are always isomorphic.

Example 3.6. Let S5 = {(1), (12), (13),(23), (123), (132)} be the symmetric group on 3

letters and Dy = {1,a,b,b*, ab,ab®} be the dihedral group where a and b are generators
of the group satisfying a*> = b> = (ab)?* = 1. We can write both Sz and D3 as a group

extension of Zs by Zs with following maps:

For Ss
i(0) = (1) (1) = (123) i(2) = (132)
(1)) =0 7((123)) =0 w((132)) =0
r((12)) =1 «((23) =1 =((13)) = 1

For Ds

I ©'((ab)) =1 7'(ab?) =1

ﬂ\
—
IS
SN—
I

Hence, we have the following diagram of extensions of Zs by Zs.

1 )Zg : )Sg L )Zz

~
—
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Let ¢ be a function from Ss to D3 such that

o((1)) =1 6((123)) = b ¢((132)) = v*
#((12)) = a $((13)) = ab o((23)) = ab”

Since i'(id)(a) = ¢i(a) for every a € Zs and 7' ¢(b) = id(w)(b) for every b € Zo, the
above diagram is commutative. Hence, we find a homomorphism ¢ that makes diagram
commutative and that ¢ is isomorphism by short five lemma. Hence, S and D3 are

two equivalent group extensions of Zz by Zs.

Proposition 3.1. Let R be the set of all group extensions of N by ) and let being
equivalent be our binary relation on R. Then "being equivalent” is an equivalence

relation on R.

Proof. We denote elements of R as (G,i,7) ,and binary operation as (G,i,7) ~
(G',i',7") where i,m,i' and 7’ are maps that make up related extension. For all

(G,i,m) (G, 7") and (G",i",7") € R:

e Reflexive: It is clear since any group is isomorphic to itself by identity map.
Therefore we have such function making diagram commute. Hence, (G,i,7) ~

(G,i,m)

e Symmetric: Let (G,i,m) ~ (G',i',7"). Then there is a ¢ : G — G’ where
¢ is a isomorphism. Since ¢ is a isomorphism, its inverse ¢! exists. Hence,

(G',i',7') ~ (G,i,7) where ¢! makes diagram commute.

e Transitive: Let (G,i,7) ~ (G',¢,n') and (G',7,7’) ~ (G",i",7"). Therefore,
there are isomorphisms ¢ and ¢ which make diagrams commute as in the follow-

ing diagram.

1 > N : > G g Q 1
lid l¢ lz’d

1 > N ol LNy > 1
lid l(é’ lid

1 > N Nyl ~ 5 Q > 1

Since ¢'¢ : G — G’ is isomorphism which does not disrupt commutativity of diagram,

we can say (G,i,m) ~ (G”,i",7"). Hence ~ is an equivalence relation on R. O
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Let us introduce factor systems on G-modules.

Remark. Let N be an abelian group with respect to addition and Q) be any group.
Suppose that we have a group extension G of N by Q.

We can see N as a QQ-module. Let ® : QQ x N — N be a function such that

d:Qx N >N

(¢g,n) —q-n:=n'

where i(n') = g~ti(n)g and p(g) = q for every n,n’ € N and for every q € Q. Note
that such g always exists because p is surjective but choice of g is not unique. For this
reason, we first show that this definition is independent of the choice of g. Suppose
that q-n := gy "i(n)g1 and q-n := gy 'i(n)gs for some q € Q, g1, 9> € G with p(g1) = q,
p(g2) = q and n € N. We have p(g2)"'p(g1) = ¢7'q¢ = 1 = plg;'q1). Since the
sequence * is a short exact sequence, we know that ker(p) = im(i). Hence, we get
g5 g1 € im(N). We now check that giy'i(n)gi = g5'i(n)ga. Before checking it, we
should point out two things. First, N is isomorphic to i(N) via the map ¢ : N — i(N)
,where ¢(n) := i(n) and we proved in the Lemma 3.1 that i(N) is normal subgroup
of G. For this reason, g ti(n)g is always an element of i(N). Second, since N is

an abelian group, i(N) is also abelian group. If we multiply gi “i(n)g from right with
(9291) (92" 91) = (91" 92) (92 ' 91), we get

(g1 'i(n)gr1) = (g1 "i(n)g1) (g1 '92) (g2 o)
= (g5 '91) (g7 " (n)g1)(gy *g2) since i(N) is abelian

=gy 1i(n)gg since G 18 associative.

Hence, we show that our definition of G-module structure is independent of g. Now

that we have proven that choice of g is not important, we can proceed to the proof that

N is a Q-module.

o Let q1-(g2-n) =n1, ¢1-n=ny and g1 - ny = ny where p(g1) = q1 and p(ga) = ¢o
so we know that gy 'i(n)qy = i(ny) and gy 'i(n2)ge = i(n1). If we combine these,
we get g5 197 i(n)gigs = i(n1). Hence q1 - (g2 -n) = ny = (q1q2) - n for every

n,ni,ne € N and for every qi,qs € Q.
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o Let g(ny +ng) =ng , q-ny =n' and q-ny = n” where p(g) = q. Hence, we can

write the following:

i(ng) = g ti(ny + na)g = g 'i(n1)i(n2)g
= (9)""i(m)g) (9 "i(na)g)

=i(n")i(n") =i(n" + n")

e Since i is injective ng =n' +n” = q-ny + q-ny for every n',n" , ny,ny € N and

for every q1,q2 € Q.

Hence, we can see N as a QQ-module.

Example 3.7. Consider the following short exact sequence

0—Z/375 8552 )97 —1

be an short exact sequence with the maps

where 1 and 1 are generators of Z /37, and Z /o7, respectively. Now, we try to see
Z /37, as a L [o7,-module.

=0 are trivial since g((1)) =1

0
Since (12)71f(0)(12) = (12)(1)(12) = (1) = f(0) we have 2-0 =0
Since (12)71f(1)(12) = (12)(123)(12) = (132) = f(2) we have 2-1 =2
Since (12)71£(2)(12) = (12)(132)(12) = (123) = f(1) we have 2-2 =1

Lemma 3.3. Let N be a Q-module and assume that we have the following a splitting

exact sequence:
In—NLG5HQ— 1,

with homomorphism p satisfying w(p(q)) = q for all g€ Q .Then G = N x Q.



41

Proof. Before proving , we should note that p(Q) = {p(q) : ¢ € Q} and i(N) =
{i(n) : n e N}. To proof this, we should first realize that i(N) n p(Q) = {1}. Assume
that there is a non-trivial element g € i(N) n p(Q). Therefore, there exists n € N
such that i(n) = g and there exist ¢ € @ such that p(q) = g. Moreover, since our
sequence is exact, im(i) = ker(7) must be satisfied so g € im(i) = ker(7). However,
7(p(¢q)) = m(g) = 1. This can be true if and only if ¢ = 1 which contradicts to our
assumption. Hence, we get i(N) np(Q) = {1}. Now, we can write a bijection between

N x @ and G.

a:NxQ—G

(n,q) :==i(n)p(q)

Secondly, we will show that the above map is actually bijection. Note that identity
element of the group N x @ is (1y, 1g). This map is injective because both i and p are
monomorphism and a(n, q) = i(n)p(q) = 1¢ it follows that i(n) = 1 and p(q) = 1 so
this can be true if and only if n = 1y and ¢ = 1g. This map is surjective because we
can write g = g(p(7(g))) " 'p(m(g)) for every g € G. It is obvious that p(7(g)) € p(Q). It
is enough to show that gp(w(g))~ € i(N). Since 7(gp(n(9))™") = 7(g9)n(p(n(g))~" =
m(g)m(g)~! = 1, we conclude that gp(m(g))~' € ker(mr) = im(i) and so gp(7(g))~' €
i(N). Therefore, for any g € G, there exist (n,q) such that a(n,q) = ¢. Finally, we
will prove that for every g € G, there is a unique n and ¢ such that g = i(n)p(q).
Suppose that, representation is not unique. Let’s say g = i(n1)p(q1) = i(n2)p(g2) with
ni,ne € N and q1,qy € Q. If we multiply g with i(ny)™! from left and p(g;)~! from
right, we finally get i(n1)"'gp(g2) ™" = p(q)p(g2) ™" = i(n1)"i(na) € i(N) N p(Q) = 1.
Therefore, we must have ny; = ny and ¢; = ¢» and this gives us that representation is

unique. O

Remark. Lemma 3.3 may not be true if the given exact sequence is not split. For
example, consider the exact sequence given in Example 3.5. We proved that the sequence
is not split. However, we cannot find an isomorphism between Z/QZ X Z/QZ and Z/42
because L /97, x Z/QZ has no elements of order 4 while Z/42 has.

Remark. Let N be an abelian group written additively and ) be any group. As we

mentioned and prove in Remark 3.2 that we can see N as a Q- module. Then we can
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modify what we have in that remark as below:

gi(n) =i(q-n)g

where 7(g) = q for some g € G. We denote this by commutation rule.

From now on, for notational convenience we denote the identity of the -module N by

0 instead of 1y.

Definition 3.5. Consider a group extension of N by ) determined by the exact se-
quence

0—NLGLQ—1 (3.1)

where N is a Q-module and p is the transversal function from @ to G and p(1) = 1.

A function f: Q x Q — N is called factor system if it satisfies the following:

p()ply) = i(f(z,y))p(zy)

The function f is measure of p being a group homomorphism. How close f is to be

f(z,y) =0 for all x,y € Q, so is p close to being a group homomorphism.

Theorem 3.1. Let

0—N-SG5Q—1

be a group extension with transversal function p. Then this extension gives rise to a
factor system. Conversely, if given any f is a factor system, there is a group extension

G of N by Q) depending on transversal function p.

Before proving this, we should first define a group law on N x ). We define group
law on N x @) by using the fact that we have a bijection from N x ) to G where
a(n,q) = i(n)p(q). Before defining, we first calculate [i(n)p(q)] - [i(m)p(z)] this as

below:
i(n)p(q)i(m)m(x) = i(n)i(q - m)p(q)p(z)

=i(n+q-m)i(f(g x))p(gz)

=i(n+q-m+ f(g,v))p(qgz)
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where f is a factor system. Now, we posses everything to define group law on N x Q.

The group law on N x @ is given by
(n,q) - (m, ) = (n+q-m+ f(g,2),qx)
Note that (0, 1) is identity element of this group since
0,1)-(m,z) =0+1-m+ f(1,2),z) = (m,x)

for every (m,z) € N x Q. We show later that f(1,z) = 0. Moreover, (n,q) - (m,z) =
(0,1) if we choose ¢ = 7' and n = (g-m+ f(g,x))~" so we posses that every element
has a multiplicative inverse. It is enough to show that above law is associative. Let

(n1,q1), (N2, g2) and (ng,gqs) be elements of (IV, Q). Then

(n1,q1) - ((n2,q2) - (n3,q3)) = (N1, 1) - (N2 + @2 - n3 + f(q2, 3), 4243)

m+ ¢ - (ne +qo-n3 + fa2,03) + f(1,9203), (1023)

nm o+ q - no + (g1, ¢2), (162)

= (
= (
=(m+aq n2+qe-ns+a- feae)+ fla,es) ages)
((n1,q1) - (n2,g2)) - (n3,q3) = (
= (

ny+aq - ne + f(q, @) + e - ns + f(q1q2, G3), 41G203)

Hence (N x @Q,-) is associative if and only if it satisfies

Q- fla2q3) + flar, 2a3) = f(q1, @) + fla1ge, g3)

We actually know that the group (N x @, -) is associative because we get law from
Lemma 3.3 where associativity of N x () comes from associativity of N and ). Now,

we can prove Theorem 3.1.
Proof. Suppose that
Iy —NLG5Q—1g

be any group extension of N by @ and p is a transversal function satisfying p(1) = 1.

Since

m(p(x)p(y)p(xy)) ™" = (7p)(x)(7p)(y) - (7p)(xy) ") = (zy)(ay) " =1

then we get p(x)p(y)p(ay)~"' € ker(r) = im(i). Therefore, there exist a unique element
n € N such that i(n) = p(z)p(y)p(zy)~*. If we define f(z,y) = n, then we have

p(@)p(y) = i(f(z, y))p(xy)
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for all z,y € Q.

Conversely, let’'s N x @) is a group defined as above and denote it by Gy. Since
i(n) = i(n)p(1) for any n € N which gives us an injective function from N to N x Q
and (n,q) — ¢ which gives us a surjective function from N x @ to Q, we can write a

new group extension where factor system is used
0—NLG5HQ—1

and this extension is equivalent to the extension 3.1 so the group extension gives rise

to a factor system under the G-module structure. O

Theorem 3.2. (Brown, 2012) The function f: Q x Q — N is a factor system if and
only if it satisfies the following
f2,1) =0 = f(L,y) forall z,yeQ (3.2)

v [(y,2) = Jxy, 2) + [(z,y2) = [(2,y) = 0 for all 2,y,2€ Q. (3.3)

Proof. Let f be a factor system and G be a group that we defined on N x ) as above.
Equation 3.2 holds since p(z)p(l) = i(f(x,1))p(x) and it follows that f(x,1) = 0
,and similarly p(1)p(y) = i(f(1,y))p(y) which gives f(1,y) = 0 where p is transversal
function. Equation 3.3 holds since G is associative.

Conversely, suppose that the equation 3.2 and 3.3 holds on a function f. We define a
group G where G is a set N x () and the group law is defined as

(n1,q1)(n2, q2) = (1 + q1 -2 + f(q1,¢2), 102)
Since N x 1 = N and G/N x1=0x@Q =@, we get a group extension
00— N->GC—-Q—1

The rest is what we do in the proof of the Theorem 3.1 so we guarantee that the

function f is the factor system. O

While determining the factor system, we use the homomorphism ¢ and the transver-
sal function p. We will try to answer that what would change if we choose another
transversal function p’ satisfying p’(1) = 1 because this p’ can give another factor sys-

tem f’ which is different than f. Now, we try to investigate the connection between f

and [’
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Remark. Let p and p' be two transversal function and both satisfy p(1) = p'(1) = 1.
We proved in Remark 3.3 that we can write every element g of G as a multiplication
of i(n)p(q) for some n € N and q € Q. Therefore, for every x € Q, there must be an
element i(n) such that p'(z) = i(n)p(x) which means that p(x) and p'(x) are in the
same coset of i(N) for allx € Q. Let i : Q — N be a function such that i(pu(z)) = i(n)
so if we rewrite the equation, then p'(x) = i(u(x))p(x).

Suppose that p and p’ are two transversal functions satisfying p(1) = 1 and p/(1) = 1
and these functions corresponds to the factor system f and f’ respectively. We show
that there is an element i(u(z)) € N such that p/'(z) = i(u(x))p(z). Hence we can write

the factor system f’ as

i(f(z,y) = p'(2)p' (y)p (zy) ™

i(pu())p()i(p(y))p(y)pley) il p(zy) ")

i(p(x)) + p(x)i(u(y))px) ™" + pla)p(y)p(ey) ™ —i(pu(zy))
i(f(z,y)) +i(p(z)) —i(p(zy)) +i(z - p(y))

Hence we get a relation between f with f’ by using injectivity of

i(f'(x,y) = f(x,y) = i(p(@) — pley) + 2 - p(y))

) = flay) = ple) — plzy) + 2 - ply)

Note that, f and f” are two factor systems that give rise to equivalent group extensions.
Definition 3.6. Let
0—NLGLQ—1

be a group extension and f, f' be two factor systems of this group extension. We say f

and f' are equivalent if there is a function p: QQ — N so that

[ y) = fa,y) = p@) — pley) + 2 - u(y).

Proposition 3.2. (Brown, 2012) Two equivalent group extensions corresponds to

equivalent factor systems.

1 > N d > G E > Q » 1
lid ¢ id
1 > N 2 > G T 5 Q >y 1
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Proof. Let f be a factor system determined by i and p and f’ be a factor system
determined by ' and p’ where we define p’ : @ — G’ such that p/'(z) = é(p(x)).
Note that, p’ is a transversal function since 7'(p/'(z)) = 7'(¢(p(z)) = 7(p(x)) = = by

commutativity of diagram. Therefore, we can write

P (ay)d' (f'(x,y)) = p'(2)p'(y) = é(p(2))d(p(y)) = ¢(p(x)p(y))
= o(p(ay)i(f(z,y)) = d(p(ay))o(i(f(z,y))
= p'(2y)i'(f(z,y))

Since i’ is injective, we get f(x,y) = f'(z,y) for every z,y € Q. O

Note that converse of the this proposition is also true.
Corollary 3.1. There is a one-to-one correspondence between the set of equivalence

classes of extensions of N by @ and the set of equivalence classes of factor systems

determined by N and Q.

3.3 Second Cohomology Group and Group Extension

We know that

Z2(G,A) ={f:GxG— Al g1f(92,95) — (9192, 95) + [(91,9295) — f(g1,92) =0 }
B*(G,A) ={f:Gx G~ A| f(g,h) = zh(y) — h(zy) + h(z)}

Therefore, we can compute H?(G, A) as H*(G, A) = Z*(G, A) /BQ(G7 AR
Theorem 3.3. (Brown, 2012) There is a one-to-one correspondence between the set

of equivalence classes of group extensions of A by G and H*(G, A).

Proof. We proved before that any factor system f satisfies g1 f(g2,93) — f(g192,93) +
f(91,9293) — f(g1,92) = 0 for every gi,92,93 € G so it is clear that f € Z*(G, A).
Moreover, two factor system f, f are equivalent if f' — f = zh(y) — h(xzy) + h(z) for
some function h so f’ — f € B*(G, A). Hence, if we use the fact that in Theorem 3.1,
then we posses that two extensions of A by G are equivalent if and only if there is a

class of H?(G, A). O
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3.4 Euler Class as a factor system

We define a function f : T x T — Z such that f(g1,92) = N(g192) — N(g291) where
N(g) is the number of breakpoints an element g € T. We will use the fact we obtained
at the end of the Chapter 1, namely that there is a one-to-one correspondence between
the Thompson’s group T and the group generated by the flip moves to investigate that
f is a factor system, that is, we calculate the number of breakpoints of the functions
provided by flip moves in the function f instead of the elements of the group T in the
function f. Before investigating whether f is actually a factor system, we first need to
define module structure of the system. We consider the Z as a trivial T- module in our

case. Now, we need to check that the function f satisfies the following

f(g1,92) + (9192, 93) = (91, 9293) + (g2, 93)

If we rewrite the equation in terms of the number of breakpoints and simplify, we posses

the following:

N(g192) — N(g201) — N(939192) = —N(g29391) + N(9293) — N(g3g2) (3.4)

N(9192) — N(g291) — N(g3g192) + N(g29391) — N(g293) + N(g3gz2) = 0 (3.5)

where g¢;’s are of the form fyp wrs for some W e PSLy(Z). We need some facts about

the group P to go further.

Remark. Consider two elements of the group P, the the followings are true:

e Their non-trivial support are totally different, that is, they commute
o Their non-trivial support intersect at only one point

e One’s non-trivial support contain the other’s.

These properties are made inferences with ease just by checking the Figure 1.2.

In light of this information, we will check into whether the equation 3.5 are satisfied
by separating into cases:

Case 1: All g1,90 and g3 commute each other.

Case 2: While one of the three elements non-trivial support contains the non-trivial
support of other, the third one commutes with both of them.

Case 3: One’s non-trivial support contains the other two’s.
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In case 1, all details are trivial since N(gh) = N(g)+ N(h) = N(hg) whenever gh = hg,
the equation 3.5 are satisfied. In case 2, there are six situations to prove this but we

will examine only three of them.

1. gi’s non-trivial support contains g»’s and g3 commutes with these two. In this

situation, if we rewrite the equation

N(g192) — N(g291) — N(g39192) + N(929391) — N(g293) + N(g392)
= N(9192) — N(g291) — N(939192) + N(g29391)

= N(9192) — N(9201) — N(g3) — N(g192) + N(g9291) + N(g3)
=0

2. ¢o’s non-trivial support contains ¢3’s and ¢g; commutes with these two. In this

situation, if we rewrite the equation

N(g192) — N(9291) — N(g3g192) + N(929391) — N(g293) + N(g392)
= —N(g39192) + N(929391) — N(g293) + N(g392)

= —N(g1) — N(g3g2) + N(g293) + N(91) — N(g2g3) + N(g3g2)
-0

3. g3’s non-trivial support contains ¢;’s and go commutes with these two. In this

situation, if we rewrite the equation

N(g192) — N(9291) — N(g39192) + N(929391) — N(g293) + N(g392)
= —N(939192) + N(g29391)

= —N(g391) — N(g2) + N(g2) + N(9391)
=0

The rest of the other three situations are just another version of the above. One can
check into that they all are verified.
Now we suggest the following conjecture.

Conjecture: There is still some computations to be carried out in order to deduce that

the above f is indeed a factor system. Furthermore, we conjecture that the element of

H?(T,Z) determined by f is the Euler class.
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Future Work: The Case 3 should be proved to show that the function f is a factor
system. Then, we will show that the class determined by the function f is indeed the
Euler Class.
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