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ABSTRACT

TRIANGULATIONS OF THE SPHERE AFTER
THURSTON

Thurston proved that space of non-negatively curved triangulations of the
sphere can be parametrized by a quotient of positive part of a Lorentzian lattice of
rank 10 by a group of isomorphisms of the lattice. Also square-norm of a lattice
point gives number of triangles in corresponding triangulation.

We extended his result to 2 new families of triangulations. More precisely we
prove that there are 2 Eisenstein lattices with a Hermitian product on them such
that positive part of each lattice divided by some isomorphism group of the lattice
parametrizes space of triangulations with 4 singular points incident to 3 triangles
and space of triangulation with 6 singular points incident to 4 triangles, respectively.
Also we prove that square-norm of a lattice point gives number of triangles in corre-
sponding triangulation.

In addition we prove a similar result for space of quadrangulations having 4 singular
points incident to 2 quadrangles.

Our approach gives another proof of Thurston’s theorem and Ayberk Zeytin’s theo-
rem which is an analogue of Thurston’s result for non-negatively curved quadrangu-

lations.
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OZET

THURSTON’IN ARDINDAN KURE UCGENLEMELERI

Thurston kiirenin negatif olmayan egrilikli iiggenlemelerinin 10 boyutlu bir
Lorentz kafesin pozitif bolgesinin kafesin bir izomorfizma grubuna boltimiiyle parametrize
edilebilecegini gosterdi. Ayrica kafesteki pozitif bir noktanin kare normunun ona
karsilik gelen tiggenlemedeki tiggen sayisini verecegini gosterdi.

Biz bu kamit1 iki yeni ticgenleme ailesine genelledik. Uzerinde Hermite carpimi olan
oyle bir Eisenstein kafes vardir ki, kafesin pozitif boliimiiniin kafesin bir izomorfizma
grubuna boliiti 4 tekil noktali, her tekil noktanin 3 liggene komsgu oldugu tiggenleme
ailesini parametrize eder. Benzer sekilde Gyle bir Eisenstein kafes vardr ki, bu kafesin
pozitif bolm 6 tekil noktal ve her tekil noktanin 4 iiggene komsu oldugu ticgenleme
ailesini parametrize eder. Ayrica bir kafes noktasinin kare normu ona kargilik gelen
li¢genlemedeki tiggen sayisini verir.

Bununla birlikte 4 tekil noktali ve her bir noktanin 2 kareye komsu oldugu karelemelerin
uzay1 i¢in benzer bir sonug kanitladik.

Kullandigimiz metod Thurston’in teoreminin ve Ayberk Zeytin’in negatif olmayan
egrilikli karelemeler i¢in Thurston’in sonucunun benzeri olan teoreminin yeni bir

kanitini vermektedir.
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1. INTRODUCTION

To explain our setting let
0<k1,k2,...,kn<6,n>3, (].].)

be natural numbers so that

zn:ki =12 (1.2)
=1

There is a finite list of tuples k = (k1, k2, ..., k) satisfying these conditions. Let
T(E,l) be set of labeled triangulations of the sphere having essentially n vertices
incident to 6 — k1, ...,6 — k,, triangles and others incident to 6 triangles. Meaning of

essentially will be explained later. When k = (1,1,1,1,1,1,1,1,1,1,1,1) Thurston
proved that [4]

T(k,l) = E*T, (1.3)
where F is lattice in a complex Lorentzian space and I' is a group of automorphisms
and E7T is positive part of lattice with respect to a Hermitian form. We give a

different proof of this result and generalize it. More precisely, we prove that if

k= (ko, ko, . .., ko) (1.4)



satisfies conditions of (1.1), (1.2) then

T(k,1) = E(k)* /T(k), (1.5)

—, -

where F/(k) is lattice in a complex Lorentzian space and I'(k) is a group of automor-

phisms. Here is a list of tuples k = (ko, ko, .., ko) satisfying (1.1), (1.2):

(1,1,1,1,1,1,1,1,1,1,1,1) (1.6)
(2,2,2,2,2,2) (1.7)
(3,3,3,3). (1.8)
Let
0<Q1,QQ,...,qn<4,TL>3, (19)

be natural numbers so that

> q=38 (1.10)

=1

Similarly set ¢ = (q1,¢2,...,qn). Let Q(,1) be the set of labeled quadrangulations
of the sphere having ’essentially’ n vertices incident to 4 — ¢y, ..., 4 — ¢, quadrangles

and others incident to 4 quadrangles. When ¢= (1,1,1,1,1,1,1,1) it was proven [3]



that
Q1) =GHr, (1.11)
where G is lattice in a complex Lorentzian space and I is a group of automorphisms.

We give a different proof of this result and generalize it. More precisely we prove

that if

7 = (40 40 -+ 90) (1.12)
satisfies conditions of (1.9), (1.10) then
Q(q,1) = G()*/T(9), (1.13)

where G(q) is lattice in a complex Lorentzian space and I'(¢) is a group of automor-

phisms. Here is the list of these kind of tuples:

(1,1,1,1,1,1,1,1) (1.14)

(2,2,2,2). (1.15)

List of arrays k (and @) satisfying (1.1), (1.2) and (1.9), (1.10) can be found in
[2].



2. BASIC FACTS ABOUT CONE METRICS,
TRIANGULATIONS AND QUADRANGULATIONS

2.1. Cone Metrics

We present some well-known facts about cone metrics. See [5], [8] for more
information.
We will represent the unit sphere in 3 dimensional Euclidean space by S2. Sometimes
we will identify it with complex projective line by steographic projection.

For any 6 > 0, let
Vo ={(r,t):r>0,t € R/OZ}/ 0,5)~04)- (2.1)
A cone with cone angle 6 is the set Vj under the following metric:
ds* = dr? + rdt*. (2.2)
Definition 2.1.1. A singular Riemannian metric on S* is called (Euclidian) cone

metric if each point P has a neighborhood Up which is (diffeomorphically) isometric

to a neighborhood of some cone Vy,, via a map sending P to (0,0).

Op will be called the cone angle at P. kp = 27 — 0p will be called the curvature

at P. When kp = 0, we will call P regular, else it will be called singular.

Theorem 2.1.2 (Gauss-Bonnet). Let p be a cone metric on S* with singular points



X1, ..., Ty of respective curvatures ki, Ko, ..., Ky, then

i ki = 4m. (2.3)
i=1

This theorem enables us to define spaces of cone metrics. Given kK = (K1, .., k)

such that
D ki =dm ok < 2m R #0, (2.4)
i=1

Definition 2.1.3. k = (K1, ..., Ky) s called a curvature data if it satisfies (2.4).

Let C(k) be the set of cone metrics of unit area with n singular points of curva-
ture K1, ..., K, up to orientation preserving diffeomorphisms. Similarly let C'(k,[) be
the set of the labeled cone metrics of unit area, having n singular points of curvature,
respectively, K1, ..., k,, up to orientation preserving diffeomorphisms.

The following theorem gives a nice way to consider C(k,[). For a proof, see [8].

Theorem 2.1.4. Assume that k = (k1,.., k) satisfies (2.4). Given any smooth
Riemannian metric p on S* and a sequence of distinct points (x1, ..., x,) of it, there
exists a unique conformal cone metric of area 1 on S? with singular points x;’s such
that curvature at x; is k;. Conversely any cone metric has a n smooth Riemannian

metric in its conformal class.

Now fix the spherical metric on S?. Let A be the big diagonal in Pgx Pgx

-+ xPg. By the theorem above, we get a map from Pgx Pgx -+ xPg — A to



C(r,l), sending each (1, ...,x,) to the cone metric mentioned in the theorem. It is

not difficult to see this map is surjective and induces a natural bijection:
X(n) =Pg x PG x -+ x P — A/PGLy(C) = C(k, 1), (2.5)
that is, space of labeled cone metrics is the moduli space of n points on the sphere.
Sometimes we will represent a cone metric p € C(k,1) by (u, (21, ...,x,)) or by
just a point in configuration space, (z1, ..., z,), by the help of the previous theorem.

2.2. Triangulations and Quadrangulations

Given a curvature data k, let Cy(k) be the set of cone metrics on S? having
curvature data k. Similarly we define Cy(k,[) to be the set of labeled cone metrics

on S? having curvature data x. If the curvature data is of the form

™ m ™
KR = (k’lg,k’gg, ...,]{,’ng),k’i eZ (26)

k= (ki ko, ... ky), (2.7)
then we introduce 2 new sets :

To(/;) = {p € Cy(k) : p is obtained by gluing equilateral triangles of edge length 1}
(2.8)



To(l;, ) ={p € Cy(r,l) : pis obtained by gluing equilateral triangles of edge length 1}.
(2.9)

-

Definition 2.2.1. We say that two cone metrics p and p' in To(k) (respectively in
To(k, 1)) are equivalent, p ~ ', if they are isometric as cone metrics via an orienta-
tion preserving isometry sending edges, vertices triangles of i to edges vertices and
triangles of 1, respectively. We define the unlabeled and labeled spaces of triangula-

tions as

T(k) = To(F)/ ~ (2.10)
T(k,1) = Ty(k, 1)/ ~ (2.11)

Now we define spaces of quadrangulations. Given the curvature data

T T n
=z @5 s) G €L 2.12
K (Q127Q227 ,» q 2)q€ ( )
J: (QI7q27"'7qTL)7 (213)

we introduce 2 new sets :

Qo(q) = {p € Co(k) : p is obtained by gluing squares of edge length 1}  (2.14)

Qo(q) = {1 € Co(k,1) : u is obtained by gluing squares of edge length 1}. (2.15)



Definition 2.2.2. We say that two cone metrics p and p' in Qo(q) (respectively in
Qo(q,1)) are equivalent, u ~ 1, if they are isometric as cone metrics via an orien-
tation preserving isometry sending edges, vertices squares of j to edges vertices and
squares of ', respectively. We define the unlabeled and labeled spaces of quadrangu-

lations as

Q(7) = Qu(@)/ ~ (2.16)
Q(7,1) = Qo(q1)/ ~ (2.17)

2.3. Alexandrov Unfolding Process

Let 4 be a cone metric on S? with n (n > 2) singular points of positive cur-
vature. Call these singular points vy, vs,...,v,. Let s; (2 < ¢ < n) be a length
minimizing geodesic joining v; to v;. It follows that s; and s; intersect at only v,
when i # j. If we cut S? along s;’s, then we can unfold it to the plane without
overlapping as a polygon with 2n — 2 vertices.

The process described above is called Alexandrov unfolding.

Resulting polygon P has n — 1 vertices coming from v; and n — 1 vertices corre-
sponding to v;’s (i > 1). We can label vertices of the polygon as ay, s, ..., a0, o
so that the labeling gives counter clockwise orientation on boundary of the polygon
and the vertices with odd index correspond to v; and also each of the other vertices
corresponds to a unique v; (i > 1). This polygon has special property that for each
i > 0 the lengths of the segments [ag;_1, ;] and [ag;41, @] are equal. Also the

angle at o; is same the angle at the corresponding vertex of S%. If we glue the edges



[ag;_1, ;] and [ovgi 41, ap;] we get a cone metric on sphere with n singular points.
Indeed this metric, after some normalization, is nothing else than pu.
The theorem below summarizes that what we have said about Alexandrov unfolding

process.

Theorem 2.3.1 (Alexandrov Unfolding). Let p be cone metric with positive cur-
vature data k. Let xq,..,x, be its singular points. Let s;, 2 < 1 < n, be a length
minimizing geodesic joining x1 to x;. Then S* —Us; can be developed into the plane
as polygon without overlapping. Starting metric j can be obtained from this polygon

after glueing its edges in an appropriate way.
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3. TRIANGULATIONS AND CONE METRICS WITH 3
SINGULAR POINTS

3.1. Sphere with 3 Singular Points

We start with triangulations having exactly 3 singular vertices. There are only

3 such families:

T(4,4,4),T(5,4,3),T(5,5,2). (3.1)

Let Eis be the set of Eisenstein integers. Eis gives a triangulation of plane, we will
obtain triangulations of sphere by this triangulation. Throughout this thesis Eis will

represent both Fisenstein integers and corresponding triangulation of plane.

3.1.1. T(4,4,4)

In this case there are 3 vertices incident to 2 triangles. Given a point p in
Eis — {0}. Let L be the line joining p to origin. Draw 2 equilateral triangles having
L as an edge. Vertices of the quadrilateral ), which is union of these two triangles,
are in Eis. If we glue [; with [{ and [y with [}, we get a triangulation in 7'(4,4,4).

See Figure 3.1.
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A
A AV VAN
TAVAY, JAY VA
VAVLN Y YAV
JAVAVAVAVAVAVAVAY

Figure 3.1: Obtaining an element of 7'(4,4,4) from a lattice point.

Any triangulation in 7'((4,4,4)) arise from this procedure. There are to ways

to see this.

Given a triangulation, we associate a metric declaring that each triangle is equi-
lateral of edge length 1. Sphere with this metric admits universal branched cover U
which is a triangulated surface, together with a map P : U — S2, sending triangles
to triangles isometricly. If we take a preimage vy of a singular vertex v; under P and
send one triangle incident to it to A(0, 1, d),where A(0, 1,4) is a triangle with vertices
0,land 6,0 = e%, while sending singular vertex to origin and keeping orientation,
then we can uniquely send universal branched cover to plane by developing map,
dev. Also developing map sends vertices and triangles in universal cover respectively

to vertices and triangles in Eis.
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Let T be a triangulation in 7'(4,4,4) and vy,v9,v3 be singular vertices of this
triangulation. These points are only singular points in the corresponding (cone) met-
ric and they have cone angle %’T Cut the sphere through a geodesic g; joining v,
to vy and a geodesic, go, joining vy to vs. It can be shown that ¢g; and g, intersects
at only vy, therefore S? — {g1, go} is simply connected Euclidean surface. Therefore
P71(S? — {g1,92}) is a cover for S? — {g1, g}, that consists of isometric copies of
S? — {g1,92}. Take one of these copies that contains vy in its closure, call it C.
dev(C) is isometric to C. Hence dev(C') is a quadrilateral with vertices in Eis and

2

one of them is 0. Also the angle at 0 and at dev(vs) is 5. Also angle at other 2

vertices is 3. Therefore this quadrilateral is 'same’ with of Figure 3.1 Gluing [y, I}

and lo, [}, we get a sphere triangulation same with the original one.

Other method is due to Thurston [4]. Since valencies at each vertex divides 6,

quotient of plane by a suitable triangle group is desired triangulation.

Note that we found a correspondence between 7'(4,4,4) and Eis — {0}. Norm
of an element « in Eis— {0} gives number of triangles in corresponding triangulation.

More precisely 2aa is number of triangles.

This is not a one-to-one correspondence.If you take an element « in Eis — {0}
then a and wa give same triangulation, where w is any sixth root of unity. This is

the only case, that is T'(4, 4, 4) is parametrized by Eis—{0}/ < § >. Let’s prove this.
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Assume that a triangulation T is given. We get an element o in Eis — {0} by
above process. We will show that we can get only wa by using above process.
While defining developing map we took a triangle incident v; € P~!(v;) and sent it
A(0,1,6). If we take another triangle incident to 77 and adjacent to first one and

send it to A(0,1,8) we get another developing map, dev, such that
dev = 6*'dev. (3.2)

Therefore changing developing map in above manner changes a with wa.

Also if we choose € adjacent to C, instead of C, the quadrilateral that we get is
obtained from the original one by a rotation of angle %” So we conclude that if we
start a region C” incident to vy we get 6%« instead of a.

Next we analyze how does o changes when we start with another v; € P~(vy). Let
R be the base triangle incident to 77, that is the triangle that we sent to A(0, 1, ).
There exists a loop 3 in S* — {vy,ve,v3} such that 7(5(77) = v] and by sending
triangle 715(R) to A(0,1,6) we get another developing map dev’. We have

devory' = dev'. (3.3)
Now changing C' with C" = 75(C) and sending C” to plane by dev’ we get same

quadrangle, therefore v does not change in this case.

Assume that we cut sphere as before through g; and g but we change devel-
oping map; we start with vz and send one of it’s inverse images to origin. In that

case the quadrilateral () that we obtained changes with —(), therefore « transfers to
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2a

Figure 3.2: Obtaining an element of T'(5,4, 3) from a lattice point.

—a = §%a. Also instead of cutting the sphere through ¢; and g, we can cut through
a geodesic joining v; to vy and a geodesic joining vs to vs. In that case the quadri-
lateral @ rotates by an angle of Z, so a changes to da. These imply that cutting the
sphere through v;s with different orders just change o by multiplication of a sixth
root of unity.

Hence we showed that given a triangulation of desired form, any two numbers ob-

tained from this triangulation by our process differ by a sixth root of unity.

To summarize, we proved that there is a one to one correspondence between
T(4,4,4,4) and Eis—{0}/ < § >. Also norm of an element in later set gives number

of triangles in corresponding triangulation.
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o AVAN
S/ 7A TAVAN
009/ AVAVA
S KVAVAY

Figure 3.3: Constructing an element of T'(5,5,2) from a lattice point.

3.1.2. T(5,4,3)

Given o € Eis — {0}, consider equilateral triangle with vertices 0, 2a, §~ 2«
(Figure 3.2). Call these vertices vy, vy, v3 respectively. Let v be midpoint of the line
segment between vy and vs . Gluing [y with [} and Iy with [ (see Figure 3.2) we get a
triangulation of desired form. As before, all elements in T'((5, 4, 3)) can be obtained
by this process and Eis — {0}/ < § > parametrizes T'((5,4,3)). Also observe that

4o gives number of triangles in corresponding triangulation.

3.1.3. T(5,5,2)

Given a € Eis — {0}, construct a quadrangle with vertices a, 6 ‘o, a + d '

(Figure 3.3). Observe that the angle between Iy and I, I} andl} is %*. Gluing
Iy with [}, Iy with [}, we get a triangulation of sphere of desired form. As before

Eis — {0}/ < § > parametrizes T((5,5,2)). In this case, 2a@ gives number of



VAVAVAVAN

Figure 3.4: Triangle on the left transforms to triangle in the middle when « changes to

2a, Triangle on the left transforms to triangle on the right when when «

changes to 4a

triangles in the triangulation.

3.1.4. Summary

Theorem 3.1.1. Fach family of triangulations of sphere with 3 singularities is
parametrized by Eis — {0}/ < 6 > . Also norm of an element in Eis — {0}/ < § >

gives number of triangles in the corresponding triangulation.

Also in these cases, if we change o with ka, then we change a triangle to a
triangle which is subdivided to k? triangles accordingly (Figure 3.4). Hence we have

the following theorem.

Theorem 3.1.2. If T is triangulation corresponding to «, then triangulation corre-
sponding to ko ,where k is a natural number, is obtained by subdividing each triangle

in T to k? triangles accordingly.
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Figure 3.5: Constructing a cone metric with 3 singular points

3.2. Cone Metrics with 3 Singular Points of Positive Curvature

Let S? be the sphere with 3 singular points having positive curvature. Let
2 > 6y > 01 > 03 > 0 be 3 cone angles at singular points wvs, v1, v3, respectively.

Following Gauss-Bonnet equation holds.

> (2r—6;) =4n (3.4)

91 -+ (92 + 93 =21 (35)

Cut the sphere through a geodesic g; joining v; to vy and g, joining vs to v3. Let U be
universal branched cover for S? — {g;, go}. Developing map sends U to a quadrangle
(Figure 3.5). By identifying lywith { and I, with I}, we can get cone metric back. We

proved the following theorem:

Theorem 3.2.1. Any cone metric on sphere with 3 singular points can be obtained

by gluing two isometric copies of some triangle along their boundary.
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4. TRIANGULATIONS AND QUADRANGULATIONS

4.1. An Example: k = (7,7, 7, )

Let k = (m, 7,7, 7), k= (3,3,3,3),
explicitly construct C'(k), C(E, 0), T(E), T(

= (2,2,2,2). In this section we will

7
k1), Q(), Q(q,1). Let

H(k) =C?={(21,22) : 21,2 € C}. (4.1)

We will call this vector space the space of parameters corresponding to k. Define

a Hermitian product on this space :

((21,22), (w1, w2)) = i(zlw_z — 2W07). (4.2)

One can regard an element z = (21, 22) as a triangle in C with vertices 0, 21, z5. Then
(z,z) is just the signed area of this triangle. This is why this Hermitian product is

called the area-Hermitian product. We are mainly interested in the set
H(k)={z€ H(k): (z,2) >0}, (4.3)

which consists of positively oriented triangles in H(x). There is a nice way to obtain

cone metrics from these triangles. We first name mid points of edges of a triangle
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Figure 4.1: Tetrahedrons from triangles in the plane

z = (z1, 29) as follows

Glue the segments [0, zo] with [z1, 23], [21, x3] With [29, 23], [29, 4] With [0, z4]. By
this way we get a cone metric with four singular points of curvature 7, 7, 7, 7. See

Figure 4.1. Thus there is a map

H* (k) — C(r) (4.4)

which induces a map

¢ :PH' (k) — C(k), (4.5)

where PH* (k) is the complex projectifijation of H* (k). Since signature of area Her-

mitian form on H(x) is (1,1), PHT (k) is nothing else than H% = HE.
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This map is surjective. Pick a cone metric u € C(k). Choose a singular point,
call it ;. There exists length minimizing geodesics from x; to other singular points
X9, 3, 4. Call these geodesics gs, 93,94 and assume that when we look from xq,
g2, g3, g4 are in counter clockwise orientation. Apply Alexandrov unfolding process
[1] to this cone metric: Cut S? through g¢s, g3, g4. Resulting object can be embedded
to C without overlapping. Therefore we get an element z in PH* (k) and ¢(z) = p.

This map is not injective. The elements below give rise to the same cone metric:

11
<21, 22>a<21, Z2> 01 :<Z17 Z1+Z2> (4.6)

This is because the latter triangle can be obtained from the former by a cutting and
gluing operation. Cut the triangle (0, z1, 22) from [0, x3], glue [z3, 2z2] with [z3, z1] to

get the triangle (0, 21, 21 + 22). Similarly we see that

a b
<21 22>,<zl z2> ; (4.7)

Cc

a
give the same cone metric, where € SLy(Z). Thus ¢ induces a map
c d
PH* /PSLy(Z) — C(k) (4.8)

One can show that this map is also injective.
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One can define a map ¢ : PH* — C(k, 1) so that the following diagram is commuta-
tive:

PH* i C(r,1)

|
C(k)

where 7 is the label-forgetting map; sending (i, (21, ..., ,))) to u € C(x). The map ¢
is defined as follows: take an element P = (z1, z2) € PH™, glue as before to get a cone
metric p. Let x; be the point in singular metric corresponding to points 0, z1, 2o and
let x5, x3, x4 be points corresponding to, respectively, the points %,%,%. Define

&(P) = (i, (x1, 72,73, 24)). This map is surjective, but not one to one. Indeed,

O((21,22)) = 0((z1 + 222, 22)) = 6((21,221 + 22)). (4.9)

Thus there is a well defined surjective map
PH*/T(2) — C(k,1), (4.10)

where I'(2) is the congruence modular group of level two defined as

a b a 10
re)={ e PSL(2,Z) : = mod 2}. (4.11)
c d c d 0 1

We know that I'(2) has index 6 in PSLy(Z). Since there are 6 different ways to label
vertices of a generic cone metric with curvature data k, we see that the map above

is indeed a bijection.
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Let 6 = eXp(%\F). The ring

Eis={a+b):a, beZ} (4.12)

is called the ring of Fisenstein integers. This ring is the ring of algebraic integers in
Q(v~=3).

Let E = 2Eis x 2Eis = {(221,222) : 21,22 € Eis}. Each z € ET = EN H™ gives
us a triangle with vertices and midpoints of its edges are in Eis. The gluing process

described above gives us a triangulation. See Figure 4.2. There is a well defined map
¢ Bt = T(k). (4.13)

The Alexandrov unfolding process implies that this map is surjective. It is obvious

that

V((21,22)) = ¥((d21,022)) = ¥ ((21, 22) ‘ Z ), (4.14)

a b
where € SLy(Z). This implies that there is a well defined map
c d

E*/SLy(Z) x Z./6Z — T(k), (4.15)

which is actually a bijection.
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Figure 4.2: Triangulations from Eisenstein lattice
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Let Z[:] be set of Gaussian integers, G = 2Z[1] x 2Z[t] and GT = GNH™. The

same gluing process gives us a mapping GT — Q(¢) and it is true that
GT/SLy(Z) x Z/6Z = Q(q). (4.16)

Cases of labeled triangulations and quadrangulations can be studied similarly. We

have the following results:

E*/T(2) x Z/6Z = T(k,1), (4.17)
G*/I(2) x Z/6Z = Q(q,1). (4.18)

4.2. Space of Parameters
In this section we describe how to obtain elements of C(k,!), where

K= (K1 .o, Kn), ki € (0,2m),n > 3 (4.19)
> ki=dm (4.20)
i=1
is a given curvature data. A curvature data satisfying the above conditions will be

called positive. Assume that k is a positive curvature data. Given o € S,,, symmetric

group on n letters, let ok = (Ky(1), --; Kom))- Let 0; = 2m —k;. We define a parameter
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space :

H(O’K]) = {(Zg, ey Zgn) € C2n72 123 = O, e’e"@)(zmﬂ - ZQZ') = Z9i—1 — %92, 2 S 7 S n)}

(4.21)

where 25,1 = 0. There is an area Hermitian form defined on this parameter spaces:

if 2 = (23,..., 200) and w = (w3, ..., way),

n
7

(2w} = 7 ) (i1 — 2iaT07) (4.22)

=3

Remark 4.2.1. The signature of this area Hermitian form on H(ok) is (1,0,n —3).
For a proof, see [9].

Let HY(ok) = {# € H(k) : (z,2) > 0}. Since the signature of the area-

Hermitian form is (1,0,n — 3), we have

Corollary 4.2.2.
PH* (or) = HY ™, (4.23)

where PH (ok) is complex projectification of H* (o) and Hg® is n — 3 dimensional

complex hyperbolic space.

Let U(ok) C H*(ok) be the open set consisting of positively oriented sim-
ple (non-overlapping) polygons. If z is such a polygon, by gluing edges [z2;11, 22i]

with [29;_1, 20;] we get a cone metric p. Label the cone point corresponding to
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23, 25, ---, Zan—1 @S To(1). Label the cone point corresponding to za; as T,(y. (1, (1, ..., Tn)),

after a normalization, is an element in C'(k,1). Thus there are maps

VY, PU(ok) = C(k,1). (4.24)

Is every element of C(k,[) in the image of 1,, for some o € 5,7 The Alexadrov

unfolding process [1] provides an affirmative answer for this question.

4.3. C(r,l) is a Complex Hyperbolic Manifold

In this section we prove that 1),’s provide complex hyperbolic charts on C(k,1).
These charts are equivalent to Thurston’s charts; more precisely they are special
examples of Thurston’s charts. Therefore we start with a review of Thurston’s theory

[4][pages 525-527].

Proposition 4.3.1 ([8], Proposition 2). Every cone metric on a compact surface
admits a geodesic triangulation such that singular points are vertices of the triangu-

lation and each edge is incident to two different faces of the triangulation.

Let p € C(k,l), vq,...,v, be singular points of u. Let T be a triangulation
of u satisfying properties mentioned in the proposition above. Let S2 be universal
branched cover of S? with respect to p. Let T be associated triangulation on uni-
versal branched cover. Choose one of the edges of T and map it isometrically on C.
This extends to a developing map D : S2 — C. If e is a directed edge of T, let
Z(e) be difference of images of end points of e under developing map. These vectors,

Z(e)'s, satisfy some conditions:
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1. The sum of vectors corresponding to oriented boundary of a triangle is 0.

Let H : T1;(S? — {v1,...,v,}) — Isom(EE?) be holonomy of cone metric p and
I1;(S? = {v1,..., v, }) = S' C C be it’s orthogonal part.

2. Z(r,(e)) = Ho(7)Z(e), for all v € I1;(S? — {v1, ..., v, }) where 7, is covering

transformation of S? over S? associated to 7.

Now let H(u,T) be set of all maps, e(T) — C, satisfying these conditions,
where e(T) is edge set of T. This space has dimension n — 2 and has an area Hermi-

tian form on it. Signature of this form is (1,0, n — 3). Therefore PH* (1, T) = HE .

We describe how cocycles near Z parametrize cone metrics near pu. Take a
'polygon’ F' C 52 such that edges of F' are in ¢(T) and vertices of F are v(T), set of
vertices of T. Choose F' so that interior of F is in one to one correspondence with
an open set of S? whose closure is S?. Such a polygon will be called a fundamental
domain for p with respect to 1. Develop F' to the plane to get a polygon in the
plane. We will call this polygon also F'. Now assume that F' can be chosen so that
developing does not overlap. After gluing the edges of F' accordingly one can get the
cone metric back. Also cocycle conditions imply that angles at vertices of F' satisfy
some conditions. The polygons close to F' and satisfying the same cocycle conditions

give a cone metric after appropriately gluing.
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Now let P € U(ok) C H"(0k) be a simple polygon. Let (u, (z1,...,2,)) =
1, (P). Triangulate P in a way that its vertices are vertices of the triangulation and
its edges are in the edge set of triangulation and also this triangulation induces a tri-
angulation on (u, (x1,...,2,)) = ¥s(P). Let T be such a triangulation of P. We will
call triangulation induced on p also T. Our objective is to obtain a complex vector
space isomorphism between H(u, T) and H(ok) respecting area Hermitian products.
This will imply that the maps 1,’s, introduced in the previous section give rise to

complex hyperbolic charts, which are some examples of Thurston’s charts.

In S2, universal branched cover of S? with respect to j, there exist a funda-
mental domain F' which is isometric to P, perhaps up to scaling. Let e; be edge
of F corresponding to edge [z;, z;11] of P, where 3 < i < 2n and z3,,1 = 0. Now
for each 2/ = (z5,...,2,) € H(ok), let y(z') € H(u,T) be the cocycle so that
y(2')(e;) = zi, — 2, where 25, ; = 0. This is the desired isomorphism. The follow-

ing proposition summarizes what we have done in this section.

Proposition 4.3.2. For each (p,(x1,...,x,)) € C(k,l) = X(n), there exists a
permutation o € S, and open sets U, U’ such that (u,(x1,..,2,)) € U C X(n),
U C PHY(ok) and 1, : U — U is isomorphism of complex manifolds. Further-
more, ,’s provide complex hyperbolic charts; if o' is another such permutation,
transition map is an isomorphism of some open sets of complex hyperbolic spaces

PH(ok) and PH(o'k). C(k,l) is n — 3 dimensional complex hyperbolic manifold.

Definition 4.3.3. We denote metric completion of C(k,1) with respect to complex
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hyperbolic metric given in above proposition, by C(k,1).

Here we present Thurston’s main theorem:

Theorem 4.3.4 ( [4], Theorem 0.2). Let k = (K1, ...,kn) , be a curvature positive
curvature data. C(k,l) form a complex hyperbolic manifold whose metric completion,
C(k,1) is a complex hyperbolic cone manifold of finite volume. This cone manifold
is an orbifold (that is, the quotient of a discrete group) if and only if for any pair k;,

kj whose sum s = Kk; + K; that is less than 2w, either

o (21 — s) divides 2w, or

® K, = kKj and ™ — K; divides 2.

4.4. Reparametrization of C(x,1)

In the previous sections we proved that C(k, [) can be parametrized by PH ™ (ok)’s.
More precisely, we proved that C(k,[) is parametrized by open sets PU(ok)’s. The
aim of this section is to prove that C(k,[) can be parametrized by using just an open

set of PH™ (k).

First we define a new vector space of parameters:

Definition 4.4.1. Ho(O'K)) = {(Zl, ...,Zgn) € C2n : 616‘7(">(221'+1—2’2i) = Z29;—1—%2i, 1 <
1 < n,zy = 0},

where 29,11 =0 and 0; = 21 — K;.

We define the area Hermitian product on this space:
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Definition 4.4.2. Let z = (21, ..., 205), W = (W1, ..., Wway,) € Ho(OK), 2on11 = Wops1 =
0.

(z,w) := @ Z?Zl(ziwiﬂ — Zip105).

Remark 4.4.3. The signature of the area Hermitian form on Ho(k) is (1,1,n — 3).
A proof of this fact can be found in [9].

Remark 4.4.4. The map
I=1,:(z324,..., 220) — (0,0, 23, ..., 29,) (4.25)
gives an embedding of H(ok) to Ho(ok) which respects area Hermitian form.
Denote by No(ok) the null vector space in this parameter space. Every element
in Ho(ok) can be uniquely written as a sum of elements from Hy(k) and Ny(k).
There exists a map
I, : Hy(ok) — H(ok) (4.26)
such that
1. Iy 01, =id on H(ok)

2. Ker(Il,) = Ny(ok)
3. (z,w) = (I1,(2), I, (w)).
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Observe that these imply that

Hy(ok)/No(ok) = H(ok). (4.27)

Let

Up(or) =11

SHU(ok)). (4.28)
Observe that 1, o I, [y,(ox) gives a map from Up(ok) to C(k,1). Here is another
way of considering this map. Let z = (z1,...,20,) € Up(ok) be a simple polygon,
necessarily positively oriented. Glue the edge [22;, 22i41] With [29;_1, 29;] for all 1 <
i < n to get a cone metric . Let x,(;) be the singular point corresponding to zy;,

then

Vo o o Tugon) (2) = (s (1, -0, T0)). (4.29)

Now we define an isomorphism between Hy(ok) and Hy(k) when o = (i,i 4+ 1) € S,

is a transition, 1 <1 < n.

Take a polygon z = (z1,...,29,) € Ho(ok). Cut z through the line segment
[29i, 22i+3]. Glue the edge [29;, z2;—1] with the edge [29;, 22;+1] by rotating the poly-
gon [29;, 22i11, 2212, Z2i+3, 22;] around the zy; by an angle of ; in counter-clockwise

oriantation to get an element 2’ in Hy(k). See Figure 4.3.



—
221 = 242

!
Z2i+1

Figure 4.3: Operation F, g

Call this map, which is an isomorphism of complex vector spaces, F,
that if z € Uy(ok) and F,o(z) € Up(k) then

¢J o HO’ TUO(m) (Z) = 77Z}id o Hid rUO(n) (FO' O(Z))7

where id € S, is the trivial permutation.

. Observe

(4.30)

32



F, induces a vector space isomorphism

F, : H(ok) — H(k),

33

(4.31)

which respects the area Hermitian form and makes the following diagram commute:

Fa’,O
Hy(ok) — Hy(k)

Observe that (4.30) implies that z € U(ok) and F,(z) € U(k) gives the same

cone metric :
¢0(2) = ¢zd(FU(Z))
Remark 4.4.5. Let

K = (k’lz, ceey kn

v
—), kieN,
3 3)7 G

be a given positive curvature data. Let

E - (kl, ceey kn)

(4.32)

(4.33)

(4.34)
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We define two types of Eisenstein lattices:
Eo(ok) :={z € Hy(ok) : z; € Eis}. (4.35)

When o = (i,i+1), F, induces an isomorphism between lattices Eo(ck) and Eo(k).

Stmilarly define
E(ok) :={z € H(ok) : 2 € Eis}. (4.36)

When o = (i,i + 1), F, induces an isomorphism between lattices E(ok) and E(k).

Remark 4.4.6. Let

7 T
R = (q1_7"'7QH_)7 qi GN, (437)
2 2
be a given curvature data. Let
7= (q1, - qn)- (4.38)
We define two types of Gaussian lattices:
Go(0q) :={z € Hyo(ok) : z; € Z[1]}. (4.39)

When o = (i,i+1), F,o induces an isomorphism between lattices Go(oq) and Go(q).
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Similarly define
G(0q) :={z € H(ok) : z € Zi]}. (4.40)

When o = (i,i+ 1), F, induces an isomorphism between lattices G(oq) and G(q).

If 0 € §,, any permutation, we know that we can write it as a product of transi-
tions. This implies that there are maps I o, F;, which are vector space isomorphisms

respecting the area-Hermitian form and make the following diagram commute:

Fa’,O
Hy(ok) — Hy(k)

Remark 4.4.7. Since F, is a composition of cutting gluing operations it respects
cone metrics. More precisely, if z € U(ok) and 2’ € U(o'k) and F,(z) = Fy(2'),
then ¢U(Z> = ¢0’(zl)'

Remark 4.4.8. Let

), ki € N, (4.41)
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be a given positive curvature data. Let
k= (kp, ..., kn). (4.42)

Remark 4.4.5 implies that when o € S,,, Fy, o induces an isomorphism between lattices
Eo(ck) and Ey(k).

Also F, induces an isomorphism between lattices E(ck) and E(k).

Remark 4.4.9. Let

T T
k= (Q1§7 aQn§)7 q; € N; (443)

be a given curvature data. Let

7= (q1, -, qn)- (4.44)

Remark 4.4.6 implies that when o € S, Fy o induces an isomorphism between lattices

Go(UCD and GQ(@
Also F,; induces an isomorphism between lattices G(oq) and G(q).

Since F, respects the area Hermitian form, it induces an isomorphism of com-

plex hyperbolic spaces:

F, :PH"(or) — PH" (k). (4.45)
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Let

V = V(k) := UF,(PU (o)) C PH* (k). (4.46)

The following theorem asserts that C(k,[) can be parametrized by the open set V/

when curvature data s is nice.

Theorem 4.4.10. If the curvature data k is positive, then there is a surjective map

Y :V CPH" (k) = C(k,1) (4.47)

such that for any cone metric p € C(k,l) there exists an open set U C V with the
property that u € (U) C C(k,l) is open and ¢ [y induces an isomorphism of com-
plex manifolds U and 1(U). Moreover if U’ is another such open set, the transition

map is given by an automorphism of PHT (k). C(k,l) is a PHT (k) manifold.

Proof. If z € V, there exists 0 € S, and 2’ € PU(ok) such that F,(2') = z. Let
¥(2) = 1,(2"). Remark 4.4.7 implies that 1 is well defined. This map is surjective
since images of 1,’s cover C(k,1). Since 1,’s provide complex hyperbolic charts and

F,’s are isomorphism of complex hyperbolic spaces, other two assertions follow. [J

4.5. Degenerate Cone Metrics : C(k,[)

In the previous section, we parametrized C(k,l) by U(ok)'s. We enlarge

U(ok)'s to parametrize C(k,l). Assume that x = (ki,..., k,) be a curvature data
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such that k; >0 forall 1 <7 <n. If

R = (/11, K2, KJ3) (448)

we define

U*(k) = U(). (4.49)

If kK = (K1, ..., Kn), n > 3, U*(k) is defined inductively as follows.

o If k1 + Ky < 2w, then the mapping

A(l) : (Zg, ceey Zgn_g) — (0, 0, 23y ennny Zgn_g) (450)

is an embedding of H(x') to H(k), where

k' = (K1 + Ko, K3,y -y K ) (4.51)

o If K; + Kip1 <27, 1 <i < n, the map

A(Z) : (Z?)v o5 B2 --ZQn—z) — (237 oy 224y %2 + e_wi(zzi—l - Zzi), 224y R2%+15 -+s Zzn)

(4.52)
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Figure 4.4: When we apply A(2) to the element z in H(3F, m + Z,7) ( left), we get an

element 2’ in H(3F, 7w, Z,m) ( right).
is an embedding of H(k') to H(k), where
K = (K1, - Ki 1, Ki + Kit1, Kig2s - Fn)- (4.53)
Figure 4.4 describes A(2) when n =4 and kg + k3 < 27.

Now we define

U*(k) =U(k) U{A@G)(2) : ki + Kip1 < 27,2 € U (K1, ooy Ki + Kig1, - kn)) b (4.54)
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Observe that by gluing edges of elements in U* as before, we can get degenerate cone

metrics.

Proposition 4.5.1. For all 0 € S,,, the map 1, extends to a map

PU* (oK) — C(k,1) (4.55)

such that union of the images of these extension maps cover C(k,1).

Proof. Thurston’s construction implies that

C(k,1) = C(k,1) Uy C(r,1) (4.56)

where k' = (K1, ..., Ki+Kj, .., Ky ), whenever k;+r; < 27 ¢ # j. In our construction, it
can be shown that union U*(ok)’s parametrize all elements in C'(x, [), by an inductive

argument. O

Remark 4.5.2. PU*(ok) is in the closure of PU(ok). The extension given in the

proposition is a continuous extension. By abuse of notation we will denote extension

of Vg by Vg

Let’s define

V* = Uyes, Fy (PU*(0k)). (4.57)

The set V' is connected. This follows from the facts that PU(ok) is connected for
all o € S, and when 7 € S, is a transition, the set F,(PU(7x)) N PU(k) is not
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empty. Now assume that k = (K1, ..., k) is a curvature data that satisfies conditions
of Theorem 4.3.4. That is n > 3 and for any pair of x;, k; whose sum s = k; + k; is

less that 27, either

(2w — s) divides 27, or (4.58)

2 _
Ki = K;, % divides 2. (4.59)

Let U" C PU'(k) be an open set such that ¢ [ is a chart. Theorem 4.3.4 implies

that there is a surjective map

v PHY (k) — C(k,1) (4.60)
and a discrete group I'(k) of isomorphisms of PH* (k) such that ¢(x) = ¢ (y) if and
only if there exists g € I'(k) with g(z) = y. Moreover 1 is an extension of 1 [
Now let K = 1~*(C(k,1)). Necessarily

Y [ K= C(k,l) (4.61)

is complex analytic. Since 1) coincides with ¢ [ on open set U and since 1) is

analytic, V' is connected, we have

¥ lv=1. (4.62)

Also observe that continuity of ¢ and 1,’s imply that if z € V and z = F,(2’) for
some 2’ € PU(ok), we have 9(2) = 1, (2').
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We summarize these results in the following theorem.

Theorem 4.5.3. Let k = (Ki,..,k,) be a curvature data satisfying conditions of
Theorem 4.5.4. There exists a discrete group T'(k) of isomorphisms of PHT (k) and

an extension of Y

Y PHY (k) — C(k,1) (4.63)

such that

<

1S surjective.

1
2. (z) = Y(y) if and only if there exists g € T'(k) such that gx = y.
8. If x = F,(y) for some y € PU(ok),then ¥(x) = 1, (y).
4

W Ty V= O(k, 1) is surjective.

4.6. On The Fundamental Group of X (n)

The aim of this section is to review basic facts about braid groups and fun-
damental group of X (n). Recall that X (n) is moduli space of n points in Pg and
X{n} = X(n)/S,. Also recall that X(n) = C(k,I).

Let A be the main diagonal in C". Let z € C" — A. Consider the space

Cc" — A/S, (4.64)
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where the action of the symmetric group is given by permuting coordinates of a given

element in the space. Let

B, =11,(C" = A/S,, z). (4.65)

This group is called braid group on n strings. it has n — 1 generators:

® 01,--y0n-1

The set of relations are generated by the followings:

1. 0,0 = ojo; for all |i — j| > 1,

2. 0,0,410; = 0;110;0;41 for all 1 <4 <n — 2.

The quotient map

C"—A—C'—A/S, (4.66)

is a Galois covering map with S,, as the deck transformation group. Therefore we

have a natural inclusion

Cn:=1L(C"—A,z) = II,(C,, — A/S,, x) (4.67)



44

This means that C,, can be thought as a subgroup of B,,. This group is called the

pure braid group. For any 1 < j, let

_ -1 -1 -1 2 o

{A;; 11 <1< j<n}is aset of generators for C,. Relations for C,, are well known,

but we do not put them here since we do not need them.
It is well known that fundamental (orbifold) group of X{n} is a quotient of
B,,. By abuse of notation we represent generators of this group by
® 01,-,0n-1-

Thus

Aij = U_l 0'»_3

-1 2
j—19; 2...0',L~+1Ui0'i+1...0j,20j,1. (469)

represents a generator for fundamental group of X (n).
Figure 4.5 shows how to represent a generator o; of fundamental group of X {n}.
4.7. On Developing Map and Holonomy

In this section we we give a review of the theory of the developing map and

holonomy representation corresponding to a manifold M with an analytic (G, X)
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Figure 4.5: The path o;
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structure on it. Our main reference is [10].

Let X be a manifold and G be a group of diffecomorphisms of X. A (G, X) struc-
ture on a manifold M is a collection of open sets U; and diffeomorphisms ¢; : U; — X
to open sets of X, such that transition maps are given by restrictions of elements
in G. The pair (G, X) is called analytic if for all g1, g € G that coincide on a non-

empty open set we have g; = ¢g».

Let (G,X) be an analytic structure on M. Let ¢ : Uy € M — X be a
coordinate chart. If ¢9 : Uy C M — X is another coordinate chart such that U; N U,
is non-empty and connected, there exists g € GG such that g o ¢o = ¢ on Uy N Us.
Moreover, g is unique with respect to this property. Thus we can extend ¢; to a map
defined on U; U U,. Now take a point x € U; and let v be a path starting at z. By
above analytic continuation process we can extend ¢; along v. The map obtained

near end point of v depends only of homotopy class of v. Therefore we have a map

dev: M™ — X (4.70)

where M™ is the universal cover of M. If n € II;(M,x) any deck transformation,
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there exists a unique h(n) € G such that

dev on = h(n) o dev. (4.71)

The map

h: (M) = G (4.72)

is a homomorphism and called holonomy representation. We state a well known

result relating holonomy and orbifolds.

Theorem 4.7.1 ([10],Theorem 2.26). Let Q be a (G, X) orbifold where (G,X) is
analytic and G is a group of isometries of X. Let Q — X(Q) be its reqular points.
If Q is complete and X is simply connected, image of holonomy representation h :
I (Q—3(Q)) — G 1is discrete subgroup I'of G which acts properly and discontinuously
on X. @ is isometric to X/T.

Corollary 4.7.2. Assume that k is a curvature data satisfying conditions of Theorem

4.8.4. Let

hol : T1,(C(k,1)) — Isom(PH™ (k)) (4.73)

be holonomy representation.

hol(I1,(C(k,1))) = I'(k) (4.74)

Proof. All the requirements of above theorem are satisfied. C(k,[) is a complete
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(IsomPH™"(k),PH"(r)) orbifold. (IsomPH*(k),PH"(k)) is analytic. PH™ (k) is

simply connected. O]

4.8. An Explicit Construction of Holonomy Representation When All
Cone Angles are Equal

Assume that curvature data k = (ky,...,K,) satisfies conditions of Theorem

4.3.4 and k1 = kg = ... = K,. We have a surjection

b PH* (k) — C(, 1) (4.75)

and a discrete group I'(k) of isomorphisms of PH " (k) such that

PH"(k)/T(r) = C(k,1) (4.76)

See Theorem 4.5.3. The restriction of this map on V* is surjective and given by the
gluing operation defined before. Corollary 4.7.2 says that holonomy representation

can be constructed in a way that its image is just I'(k).

The aim of this section is to explicitly construct the generators of I'(k). More
precisely, we will construct element hol(A;;) where A;; is a generator of IT; (C'(x, 1)) =
I1;(X(n)). Our strategy is first to define the holonomy corresponding to half twist

o; and then construct it.
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S, acts on C(k,l) = X(n) by permuting coordinates of a given point. If

r=(x1,..,2,) € X(n) and 7 € S,
7% 1= (T7(1); -, Tr(n)) € X(n). (4.77)

This action induces an action of S, on paths in X(n). Let 7;, 1 <i <n — 1, be the

transition (i,i+ 1) € S,,. Fix z = (x1,..,x,) € X(n).

Let ; be the path in the Figure 4.5 joining (z1, ..., T, Tit1, .o, Tp) With (1, ..o, Tig1, Tiy ooy Tny)-
One can define products of ¢;’s by using composition of paths and action of S, on
paths in X (n). For example

0109 := 09 - (T207), (4.78)

where 750 is the path obtained by action of 7, applied to o1 and o5 (1907) is product

of paths oy and m0;. We can write the loop A;; as a product of loops o}s as follows:
Aij = 0-]'_—110-]'_—12"'U;kllo-go-i+1"'0-j—20-j—1' (479)
Each o; induces a deck transformation. If v is any path starting at x, then

i+ (Ti7) (4.80)
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is another path starting at x. Thus there is a deck transformation

o X(n)~ — X(n)~ (4.81)

where X (n)™~ is the universal cover of X (n). There is an element hol(o;) € Isom(PH™ (k))

such that

dev o o; = hol(o;) o dev. (4.82)

This implies that

hol(Ay;) = hol(o;_1) ‘hol(o;_2) " ...hol (1) hol(0?)hol(0i41)...hol (o) hol (7).
(4.83)

Here is another description of hol(o;). Let 2’ be and point of ;. Take a chart

¢ U — PH* (k) (4.84)

such that z € U. The analytic continuation of ¢, along o; gives us a map ¢ in a

neighborhood of ¢;. Let U’ be neighborhood of 2’ such that ¢ is defined. Let

U'={yeU:nyelU'} (4.85)
U ={rz:2€U"}. (4.86)
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The map

o(U") = o(rU") (4.87)

given by

z = ¢ (2) (4.88)

is a restriction of an element of PH' (k) and this element is nothing more than

hol(o;). This is the construction that we will use.

Let 1 < i < n. Consider the parameter space Hy(x). Take a non-overlapping
positively oriented element z = (z1,...,20,) € Hp(k). Cut this polygon z through
[29i13, 20i]. Glue the edge [29;, 22;11] with the edge [29;, 22;_1] . By this process we get

an element 2’ in Hy(k). See Figure 4.6.

If the cone metric that z is represented by (x1, ..., Z;, Ziy1, ...Z, ), then the cone
metric that 2’ gives is represented by the element (xy, .., ;1 1, z;, .., z,,). This cutting
and gluing operation gives us an isomorphism

a;o: Ho(k) — Hoy(k) (4.89)

which induces an isomorphism «; making the following diagram commutative:



!
221 = Z9i4 9

Figure 4.6: A geometric description of ap;
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From the map «; we obtain an isomorphism
a; :PH" (k) — PH" (k) (4.90)

with the property that 1f7/_)(2) = ($1, 199 Liy Tit1y «es l’n) then &(551(2)) = (:E17 y 59 Litly Loy ooy I’n)

Remark 4.8.1. IfE 1s one of the following tuples

e (1,1,1,1,1,1,1,1,1,1,1,1)
e (2,2,2,2,2,2)
e (3,3,3,3)

then a; induces an isomorphism of the lattice E(k). Similarly if ¢ is the one of the
following tuples

e (1,1,1,1,1,1,1,1)

b e b e e A

e (2,2,2,2)

then «; induces an isomorphism of the lattice G(q).

If x € PH" (k) than we can find a loop v; € ¢~ *(X(n)) C PH* (k) starting at



x and ending at @;(z) such that ¢(7;) is homotopic to ¢;. This proves that

hol(o;) = «;.

Thus we have the following corollary:

Corollary 4.8.2. If: < j,

~—1 ~—1 ~—1 =2 = =
hOl(AZ]) = aj—laj—Q"‘ai+1ai Q1.0 200 1.

When i < j, let

* . . —1 -1 -1 2
Aij = OzjiloéjiT..OéiJrlO_/i Qy1...0 2001

Aj; is an isomorphism of H (k).
4.9. Triangulations
Now assume that the curvature data is of the below form:

K = (/ﬁg, o kns), ki =1,2,3,4,5.

7T
3

o4

(4.91)

(4.92)

(4.93)

(4.94)
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Let k = (ky, ..k,) and
E(k) = {z = (23, .., 22n) € H(r) : 2 € Eis} (4.95)
Consider the set

U(E(ak) N U*(ok)). (4.96)

By gluing edges of an element z in this set as before one can get a labeled
cone metric on sphere. Since coordinates of z are in Eis, this gluing process gives a

labeled triangulation of S?. Denote the set of triangulations obtained this way by
To(k,1). (4.97)

Definition 4.9.1. Two triangulations t; and to in TO(E, l) are equivalent, t; ~ to, if
there exists an orientation preserving isometry of corresponding cone metrics which
respects labeling and sends vertices, edges, triangles of t1 to vertices, edges, triangles

of ta, respectively. Set
T(k,1) = To(k, 1)/ ~ . (4.98)
The Alexandrov unfolding process implies that any sphere triangulation with

appropriate curvature data is equivalent to some triangulation in TO(E, [). This is

the motivation behind the previous definition.
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Now assume that & is one of the following tuples:

e (1,1,1,1,1,1,1,1,1,1,1,1)

o (2,2,2.2,2,2)

e (3,3,3,3)
Take any element z in E*(E) Applying A};’s appropriately to z, one can obtain an
element 2’ in E(E)H(FUU*(UK)). The gluing process gives us an element T'(k, ). Since
«;’s and F,’s are cutting gluing operations the triangulation that we obtained does
not depend on z’. More precisely, if z” is another such element then the triangulations

that 2’ and z induces are same. Thus there exists a surjective map

O(k) - E(k)t — T(k,1). (4.99)
Let I'(k) be the group of automorphisms of E(k) generated by Aj’s and 6, where 0
is a primitive sixth root of unity. Action of § is given by multiplications of element

-

in E(k) by .
Theorem 4.9.2. Iflg 1s one of the followings:
o (1,1,1,1,1,1,1,1,1,1,1,1)

o (2,2,2,2,22)
e (3.3,3,3)
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then

T(k,1) = E(k)"/T(k). (4.100)

-,

If z € E(k)", then number of triangles in the corresponding trianglulation is

4

75 < 52>

Proof. By construction
V() (A5 (2) = b (k) () (4.101)
and obviously

D(k)(02) = (k) (2) (4.102)
for all z € ET(k). Thus ¢ (k) induces a surjective map

E*(k)/T — T(k,1). (4.103)

We show that this map is injective. Assume that two lattice points z” and 2’ give
same triangulation. This implies that they give same cone metric. Thus there exists

-

g € I'(k) such that g is a composition of Aj;s and

g = e’y (4.104)
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This implies that ez and 2" gives same triangulation. Therefore 8 = 13,1 €Z.
Thus hz' = 2" for some h € F(/;) This implies injectivity of the given map.
Second assertion follows from the fact that Hermitian form considered gives actually

the area of the polygon corresponding to an element in the parameter space. O

4.10. Quadrangulations

Assume that curvature data is of the below form:

K= (qlzw"aCJnE)a q; = 1a273- (4105)
3 3
Let ¢ = (q1,..qn) and
G(q) ={z = (23, .., 220) € H(K) : 2; € Z[1]} (4.106)
Consider the set
U(G(eq) NU*(ok)). (4.107)

By gluing the edges of an element z in this set as before one can get a labeled cone
metric on sphere. Since the coordinates of z are in Z[i], this gluing process gives a
labeled quadrangulation of S?. Denote the set of quadrangulations obtained by this

way by

Qo(q,1). (4.108)
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Definition 4.10.1. Two quadrangulations t; and ty in Qu(q,1) are equivalent, t; ~
to, if there exists an orientation preserving isometry of corresponding cone metrics
which respects labeling and sends vertices, edges, quadrangles of t, to vertices, edges,

quadrangles of to, respectively. Let

QT 1) == Qo(q. 1)/ ~ . (4.109)

Now assume that ¢ is one of the following tuples:

e (1,1,1,1,1,1,1,1)
e (2,2.2,2)

Take any element z in G*(q). Applying Aj;’s appropriately to z, one can obtain
an element 2’ in G(q) N (UF,(U*(0k))). The gluing process gives us an element
T(k,1). Since a;’s and F,’s are cutting gluing operations the triangulation that we
obtained does not depend on z’. More precisely, if z” is another such element then

the triangulations that 2z’ and z” induces are same. Thus there exists a surjective

map

U(q) - G(@)T — Q(3.D). (4.110)

Let T'(q) be the group of automorphisms of G(¢) generated by Aj;’s and + = v/—1.

Action of ¢ is given by multiplications of element in G(§) by 2.

Theorem 4.10.2. If ¢ is one of the followings:
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o (1,1,1,1,1,1,1,1)
o (2,2,2,2)

then

Q@1 = G(@* /1@ (4.111)

If z € G(q)*", then number of quadrangles in the corresponding quadrangulation is

<z,z>.

Proof. Proof of this theorem is similar to proof of previous theorem. [
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APPENDIX A: More Information about Cone Metrics

In this appendix we will give detailed information about cone metrics defined
on arbitrary compact surfaces. Our main references will be [5], [8].

We start with generalizing definition of cone metrics.

Definition A.0.3. A triangulated surface is a surface S and a set of pairs T =
{(Ty, fo) }aca where each T, is a compact subset of S and f, : T, — R? on a non-

degenerate euclidean triangle such that

o T ’s cover S.

o [f a # [ then intersection of T, and T is either empty or edge or a vertex.

o I[f T, NTs is not empty then there is an element g.z € E(2) (the group of
isometries Euclidean plane) such that f, = gasfs.

We define triangle edge and vertex accordingly.
Definition A.0.4. A piecewise flat surface is a triangulated surface.

Definition A.0.5. A cone metric is a metric on a piecewise flat surface obtained by

using given triangulation.

Observe that for each point on a piecewise flat surface S there is well defined

notion of angle 6, for each point p.
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Theorem A.0.6. (Gauss-Bonnet) For any compact piecewise linear surface S with-

out boundary we have

> (2 —6,) = x(5) (A1)

peS

where x(S) is Euler charateristics of S.

A.1. Universal Branched Cover, Developing Map and Holonomy
A.1.1. Universal Branched Cover

Let S be a compact piecewise flat surface. Let z; ..., z, be its singular points.

Let
S'=8—{x1...,x,}. (A.2)

Let U’ be the universal cover of S’. There is an induced metric p on U’.

Definition A.1.1. Metric completion of U', U, with respect to u is called universal

branched cover of S.

A.1.2. Developing Map

Consider a piecewise linear surface S. Take a triangle T" on it. There is triangle,
T on U which maps isometrically to T by the covering map. There is a unique

extension of this map to U which is local isometry.
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Definition A.1.2. Above extension is called developing map and will be denoted as

dev: U — R2. (A.3)
A.1.3. Holonomy
Let S be a piecewise flat, compact, closed surface with singular points z1, ..., x,.
Let
S'=85—{x1...,x.} (A.4)
and also
I :=11,(5, p) (A.5)

fundamental group based at p of S’
Denote by 7, deck transformation corresponding to a € II. Observe that 7, acts
on U, universal branched cover of S, as an isometry. Let dev be a developing map.

There is an element hol(«) in E(2) such that

devt, = hol(a)dev (A.6)
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Lemma A.1.3. The map
hol : 11 — E(2) (A.7)

obtained as above is a group homomorphism.

Definition A.1.4. The map hol is called holonomy associated to developing map

dev.

A.2. Piecewise Flat Surfaces and Riemann Surfaces

Each piecewise flat, closed, oriantable surface can be considered as a Riemann
surface. Indeed the metric gives natural coordinates at each point and change of
coordinate maps are conformal. Observe that singularities disappear from conformal

view of point. There is a theorem about converse direction.

Theorem A.2.1. Let S be a closed, connected surface without boundary. Fix n

distinct points py ...,p, € S and n reel numbers ki, ..., Kk, € (—00,2m) such that

Z ki = 2mx(9). (A.8)

Then, up to homothety, there is unique conformal cone metric having angle 27 — K;

at Di-
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A.3. Hopf-Rinow Theorem, Arzela-Ascoli Theorem and Generalized

Gauss-Bonnet Theorem

In this section we give statements of Hopf-Rinow and Arzela-Ascoli theorem.

We also state another useful theorem.

Theorem A.3.1. (Hopf-Rinow) Let M be a complete connected, piecewise flat sur-
face. Then any two points in M can be joined by a shortest geodesic in M. Also
given a vector v € T,M) (tangent cone at p) there is a unique geodesic with initial

tangent vector v and which is defined in a neighborhood of p.

Theorem A.3.2. Let X be a metric space. If a sequence of continuos curves 7, :
[a,b] — Xis uniformly bounded and equicontinuous, then it contains a uniformly

convergent subsequence.

Theorem A.3.3. Let M be a compact path metric space. If a sequence of constant
speed curves vy, : [a,b] — M has uniformly bounded lengths then the sequence contains

a uniformly convergent subsequence.

We present a generalization of Gauss-Bonnet theorem for surfaces with bound-

ary.

Theorem A.3.4. (Generalized Gauss-Bonnet) Let M be a piecewise flat surface.
Let F' be a compact region of it. Assume that the interior of F' contains n singular
points of angles 0 ..., 0, and boundary of F' consists of geodesics with corner angles

aq, ..., a . We have
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