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ABSTRACT
TOEPLITZ MATRICES AND THEIR NUMERICAL SPECTRAL PROPERTIES

Sarihiiseyinoglu, Sanem
M.Sc., Department of Mathematics
Supervisor: Assist. Prof. Dr. Yusuf Cesur

July 2008, 45 pages

In this study , we investigate the eigenvalues of a non-hermitian Toeplitz matrix
A. These are usually highly sensitive to perturbations,having condition numbers that
increase exponentially with the dimension N. An equivalent statement is that the re-
solvent (zI — A)* of a Toeplitz matrix may be much larger in norm than the eigen-
values alone would suggest-exponentialy large as a function of N, even when z is
far from the spectrum. Because of these facts, the meaningfulness of the eigenvalues
of non-hermitian Toeplitz matrices for any but the most theoretical purposes should
be considered suspect. In many applications it is more meaningful to investigate the
e — pseudoeigenvalues: the complex numbers zwith [|(zI — A)~Y| > 2.

In the second part of study we investigate the pseudospectra of Linear Operators
and analyzes the pseudospectra of Toeplitz matrices, and in particular relates them to
the symbols of the matrices and thereby to the spectra of the General Toeplitz matrices.
Our results are reasonably complete in the triangular case, and preliminary in the cases
of non-triangular Toeplitz matrices with smoothly varying coefficients.

Thisstudy presents computed examples of pseudospectrum for the General Toeplitz
matrices with using M athematicaand Matlab programming, and applicationsin numer-

ical analysis.
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OZET
TOEPLITZ MATRISLER VE ONLARIN NUMERIK SPEKTRAL OZELLIKLERI

Sarihiiseyinoglu, Sanem
Master Tezi, Matematik Bolumu
Tez Yoneticisi: Yrd. Dog. Dr. Yusuf Cesur

Temmuz 2008, 45 sayfa

Bu calismada, hermitian olmayan bir A Toeplitz matrisinin dzdegerlerini aras-
tirryoruz. Genellikle bunlar kiiciik otelemelere kargl asirt duyarlidirlar ve kogsul sayilari
N boyutunabagli olarak Ustel olarak artmaktadir. Bunaesdeger bir ifadeise bir Toeplitz
matrisine ait dzdeJerleri (zI — A)~* rezolvent fonksiyonu ile incelenebilmesidir. Rezol-
ventin, spektruma ait z noktalarina cok yakin noktalarda N’ e bagli olarak tstel olarak
hizla norm degerleri artar. Bu nedenle hermitian olmayan Toeplitz matrislerine ait
bircok teorik calismada rezolventten yararlanilarak calisilir. Bu bakis atinda birgcok
uygulamada e-6telenmis 6zdegerleri arastirma iglemlerinde rezolventten yararlanilir.
Kisacabir zkomplekssaylsmda||(zl - A)‘1|| > g1 yardimiyla e-6telenmis 6zdegerl eri
incel enebilmektedir.

Calismanin ikinci kisminda ise Lineer OperatoOrlerin pseudospektrumu arastiril-
maktadir. Burada ayrica Toeplitz matrislerin spektrumlarina ait zellikleri semboller
yardimiyla da agiklanmaktadir. Yaptigimiz calismada elde ettigimiz sonuclar, Ucgen
ve Ucgen olmayan Toeplitz matrislerinde ve degisken katsayili durumlarda da elde
edilmigtir.

Bu calismada Genel Toeplitz matrislerinin pseudospektrumu ile ilgili drneklerin

aragtirilmasinda M athematicave Matlab programlarindan ve nimerik analiz tekniklerin-

\'



den yararlaniimistir.

Anahtar kelimeler: Ozdeger, dzvektor, dtelenmis 6zdeger, spektrum, pseudospek-

trum, Toeplitz matris.
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CHAPTER 1

INTRODUCTION
1.1 History of Pseudospectra

In this section we attempt to survey the history of the subject of pseudospectra. In the
context of Hermitian and near-Hermitian systems, mathematical physicists have for
years spoken of quasimodes, which are the same as what we would call pseudomodes
or pseudo-eigenvectors.

In the nonnormal context, the earliest definition of pseudospectra we have encoun-
tered is given in J. M. Varah's 1967, The Computation of Bounds for the Invariant
Subspaces of a General Matrix Operator [1]. Varah introduced the notion of an -
pseudo-eigenvalue under the name r-approximate eigenvalue, as shown in Definition
1.1. Motivated by hisanalysis of the accuracy of eigenpairs produced by computer im-
plementations of the inverseiteration algorithm, Varah incorporated a parameter, 1, in

this definition to describe floating-point precision.

o A _ eigenvalue ) ) _
Definition 1.1 { }isan r-approximate { } of Aif there exists a matrix
y e genvector
_ A eigenvalue
E with ||[E|l, = r.py suchthat { } isan exact { }of A+ E.
y eigenvector

This definition isfirst definition from Varah's unpublished 1967 thesis [1].

Landau applied this concept to the theory of Teoplitz matrices and associated inte-

gral operators.



Definition 1.2 A is an e-approximate eigenvalue of A, if there exists ¢ € D(rQ), with
llell = 1, such that ||Ar¢ — A¢|| < e. We call ¢ an e-approximate eigenfunction corre-

sponding to A.

This definition is first published definition of pseudospectra from Landau, 1975
[2].

In Novosibirsk, S. K. Godunov and his colleagues conducted research related to
pseudospectra throughout the 1980s. Those involved included A. G. Antonov, A. Y.
Bulgakov (later Haydar Bulgak), O. P. Kirilyuk, V. I. Kostin, A. N. Mayshev, and S.
I. Razzakov. Godunov, together with Ryabenkii and others, had made significant con-
tributions in the 1960s to the study of how nonnormality affects the numerical stability
of discretized differential equations. In fact, in their 1962 monograph, Godunov and
Ryabenkii introduce the spectrum of the family of operators {R,}, indexed by a mesh
parameter h [3]. A point z € C isin this set if, for every ¢ > 0, z is an e-pseudo-
eigenvalue of R, for al sufficiently small h.

The Novosibirsk group defined the e-spectrum by relative rather than absol ute per-

turbations:

oo(A) ={zeC:||z- A > lIIANY

In[4] and [5], computed plots of pseudospectrawere presented and called ” spectral
portraits of matrices” containing various " patches of spectrum” , and computations
based on both contour plotting and curve tracing were discussed. A sketch of two
pseudospectra had appeared earlier in a 1985 paper by Kostin and Razzakov [6].

Pseudospectra were investigated in several papers by J. W. Demmel in the mid-
1980s, appearing with the labels S(A, €) in [7] and o (g, A) in [8]. The former paper
contains the first published computer plot.

Beginning in the mid-1980s, D. Hinrichsen and A.J. Pritchard wrote a number



of papers on the stability radius of a matrix, i.e., the distance to the set of unstable
matrices. In a 1992 paper [9] they introduced the term spectral value set and notation
o (A, p) to denotethereal structured e-pseudospectrum of anonnormal matrix. Another
paper by Hinrichsen and Kelb in 1993 extended these ideas to complex perturbations
and also to more general structured perturbations [10].

Trefethen’s first publications that mentioned pseudospectra were [11] and [12] in
1990 (the first uses the term e-approximate eigenvalues). These were an outgrowth of
a 1987 paper by Trefethen and Trummer, who found eigenvalues that were extraordi-
narily sensitive to perturbations but failed fully to appreciate their significance [13]. A
crucial collabarator in this work was Trefethen's student Satish Reddy, who began to
work with pseudospectrain 1998 and made many contributions after that date. Reddy’s
early work on these topics was summarized in his 1991 thesisat MIT [14].

In 1992 Trefethen’s paper * Pseudospectra of Matrices appeared, which presented
the idea of pseudospectra and exhibited thirteen examples [15]. It was after this point
that the idea began to be widely known. A later companion paper, ' Pseudospectra of
Linear Operators’ , presented ten examplesinvolving operators on infinite-dimensional
spaces [16].

The papers by Demmel and Wilkinson mentioned above cite each other, and they
both cite the paper of Varah [17]. Apart from these cases, none of the papers discussed
here published before 1990 cite any of the others. These data suggest that pseudospec-
tra have been invented at least five times:

J.M. Varah 1967 r-approximate eigenvalues, 1979 e-spectrum

H.J. Landau 1975 e-approximate eigenvalues

S.K. Godunov et al. 1982 spectral portrait

L.N. Trefethen 1990 e-pseudospectrum

D. Hinrichsen and A.J. Pritchard 1992 spectral value set



1.2 Introduction

Many of the non-hermitian matrices that arise in applications have eigenvalues that
are highly sensitive to perturbations. Indeed, for a family of matrices with variable
dimension N, the sensitivity of the eigenvalues often increases exponentially as N —
o0. In such circumstances eigenvalue analysis may lead to misleading conclusions, and
the reasons lie deeper than the possibility of rounding errors on a computer. Highly
sensitive eigenvalues are areflection of the fact that the basis of eigenvectorsis highly
ill conditioned, and when this is the case, it is unlikely that there is good reason for
working with that basis. Yet any statement about el genval ues depends ultimately on the
properties of the associated eigenvectors, whether or not they are mentioned explicitly.

We believe that in problemslikethis, afruitful alternativeisthe analysis of pseudo-
eigenvalues. In particular, the purpose of this thesis is to investigate the pseudospec-
tra of various kinds of Toeplitz matrices, finite-difference equations, matrix iterations,
spline approximation, signal processing, and other problems.

Traditional analysis of linear modelsisbased upon eigenvalues, and for many prob-
lems across mathematics, science, and engineering, such analysis is successful. This
is most notably true for self-adjoint matrices and operators, which possess a basis of
orthogonal eigenvectors. Areas of successful applications of eigenvalue techniquesin-
clude acoustics, structural analysis, quantum mechanics, |ow-Reynolds-number fluid
mechanics, and numerical analysis.

In recent decades, recognition has grown that one must proceed with greater cau-
tion when a matrix or operator lacks an orthogonal basis of eigenvectors. Such opera
tors are called non-normal, and this property can lead to arich variety of behavior. For
example, non-normality can be associated with transient behavior that differs entirely
from the asymptotic behavior suggested by eigenvalues. Such transients may manifest
themselves in slow convergence of iterative processes, in nearness to instability, and

in the transition to turbulence in fluid flow. Numerous tools have been suggested to
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describe non-normality and analyze its effects. These include classical tools of ma-
trix and operator theory, such as the numerical range, the angles between invariant
subspaces, and the condition numbers of eigenvalues.

This thesis is devoted to describing and illustrating pseudospectra, a further tool
that has proved useful in avariety of circumstances.

In the simplest context of matrices, the definitionsare asfollows. Let Abean NxN
matrix with real or complex coefficients ; we write A € CN*N, Let v be a nonzero rea
or complex column vector of length N, and let z be areal or complex scalar; we write
ve CVand A e C. Thenvisan eigenvector of A, and 1 € C is its corresponding

eigenvalue, if

Av = Av. (1.1

The set of al the eigenvalues of A is the spectrum of A, a nonempty subset of the

complex plane C that we denote by o (A).

o(A) ={1eC: Al - A =0}

The spectrum can also be defined as the set of points 1 € C where the resolvent
matrix,

(1-A"

does not exist. (1 — A) isshorthand for (41 — A), where | isthe identity.[18]

If 2isan eigenvalue of A, then by convention we define the norm of (1— A)~* to be
infinity. But what if ||(4 — A)™|| isfinite but very large? This pattern of thinking leads
to Definition 1.3 (iii) of pseudospectra.

Let ||.|| denote the 2-norm. The definition of pseudo-eigenvaluesis as follows:



Definition 1.3 Given ¢ > 0, the number A € C is an e-pseudo-eigenvalue of A if any
of the following equivalent conditions is satisfied:

(i) Aisaneigenvalueof A+ E for some E € CVN with ||E|| < &;

(ii) Ju e CN, Jjul| = 1, such that ||(A — A)u|| < &;

(i) | (2 = AY| > &4

(iv) on(2 - A) < &.

The set of all e-pseudo-eigenvalues of A, e-pseudospectrum, is denoted by o.(A)
or A,(A) or smply A,.

Equivalently, the e-pseudospectrum can be defined in terms of eigenvalues of per-
turbed matrices.

If A isin the e-pseudospectrum, it is an e-pseudo-eigenvalue of A. With each
pseudo-eigenvalue we can associate a pseudo-eigenvector (non-unique, in general),
and these quantities lead to a second definition of pseudospectra.

For any matrix A € CN*N, the definitions (i), (ii) and (iii) are equivalent.

If A is an operator of infinite dimension instead of a matrix, we take condition
(i) to be the definition of A.(A). Equivalents of the other definitions can be obtained
with slight modifications to ensure that the sets are closed. Our definitions generalize
readily from matrices to operators, and also to other norms, but we shall not pursue
such generalizations here; see [19].

If the matrix or operator A isnormal (i.e, it has an orthogonal basis of eigenvec-
tors), then its 2-norm e-pseudospectrum consists of closed balls of radius & surrounding
the eigenvalues. For non-normal matrices, the pseudospectra can be much larger, and
thus much more interesting.

More generally (in any norm), trouble arises if the basis of eigenvectors is ill-
conditioned. If avector iswritteninterms of thisbasis, the expansion coefficients may
be huge relative to the size of the vector itself. The ”physics’ of the system may then

be dominated by the evolving pattern of cancellation of these coefficients, rather than
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by the behavior of individual eigenvalues.

Consider a ssmple example, the 2-norm pseudospectra of a matrix A of dimension
30, illustrated in Figure 1.1. The eigenvalues are plotted as black dots on the complex
plane, and colored lines mark the boundaries of various pseudospectra. The color
bar on the right indicates the 1og10 of each boundary, so in Figure 1.1 we draw the
boundaries of the e-pseudospectrafor £ = 107%°, 1071, 10-%°, 102 and 10-2°. Notice
that for some values of &, the pseudospectrum is connected, while for smaller ¢ it can
consist of digoint sets. Sometimes the pseudospectral boundary about an eigenvalueis
too small to be clearly visible on our plots. In Figure 1.1, thisis the case for the 10-2°

contour about the eigenvalue with largest imaginary part.

N O O

(1.2)

N O O DN

N O O N
o O N
o O

with the symbol;

f(2=222+2z (1.3)



||:|!'||uI:IESF_I|’-‘{Ir-'| nanm)

Bf dim=30

Figure 1.1: Spectrum (black dots) and boundaries (colored lines) of five
e-pseudospectrafor a matrix of dimension 30.

Areas where non-normality is important include: hydrodynamic instability, matrix
iterations, meteorology, Markov chains, control theory, and analysis of high-powered
lasers.[20]

Toeplitz matrices provide one of the most compelling applications of pseudospec-
tra. A Toeplitz matrix has constant entries on each diagonal, and the corresponding
infinite-dimensional Toeplitz operator is a singly-infinite matrix. The constants on the
diagonals are the Laurent coefficients of the symbol, a complex-valued function whose
domain is the unit circle, S. The spectrum of the Toeplitz operator is determined by
thesymbol, f. If f iscontinuous, then the spectrum isthe f(S) together with all points
this curve encloses with non-zero winding number. The eigenvalues of finite Toeplitz
matrices are very different, typically falling on curvesin the complex planefor arbitrar-
ily large (but finite) dimensions. It is well known that these eigenvalues are typically
difficult to compute accurately.

It turns out that while the eigenvalues of finite Toeplitz matrices do not gener-
aly converge to the spectrum of the corresponding infinite-dimensional operator, the
pseudospectra of the finite matrices do converge to the operator pseudospectra for a

broad class of symbols.



CHAPTER 2

PSEUDOSPECTRA

2.1 Basic Definitions

Definition 2.1 Normed Space, Banach Space :

A normed space X is a vector space with a norm defined on it. A Banach space
is a complete normed space (complete in the metric defined by the norm; see (2.1),
below). Here a normon a (real or complex) vector space X is a real-valued function
on X whose value at an x € X isdenoted by ||x|| and which has the properties,

(NI1) I >0

(N2) x| =0 x=0

(N3) llaxl = led Il

(N4) [Ix+ Yl < [IXl + [Iyll (Triangle Inequality);

here x and y are arbitrary vectorsin X and « is any scalar.

A normon X definesa metric d on X which is given by

d(xy) = lIx -yl (x,yeX) (2.1)

and is called the metric induced by the norm. The normed spacejust defined is denoted

by (X, |I.Il) or simply by X.

Definition 2.2 The Euclidean norm of a vector X = [Xy, X, ..., X,] € CN is:

Xz = 4 Z %2 (2.2)



Definition 2.3 The Euclidean norm of a matrix Aqxn IS

1Al = (2.3)

where a;; is the i-th row and j-th column of the matrix A.

Definition 2.4 Linear Operator:

A linear operator A isan operator such that

(i) thedomain D(A) of Aisa vector space and therange R(A) liesin a vector space
over the samefield,

(i) for all x,y € D(A) and scalars «,

A(X+Y) = AX+ Ay
A(aX) = aAX. (2.49)

Definition 2.5 Bounded Linear Operator:
Let X and Y be normed spacesand A : D(A) — Y alinear operator,where D(A) c
X. The operator A is said to be bounded if there is a real number ¢ such that for all

x € D(A).

|AX|| < c.||X| (2.5

Definition 2.6 (Eigenvalue, Eigenvectors, Spectrum and Resolvent set of a
matrix in finite dimensional spaces):

An eigenvalue of a square matrix A = (&;;) is a number A such that

Av = AV

has a solution v # 0. Thisv is called an eigenvector of A corresponding to that

eigenvalue A. The eigenvectors corresponding to that eigenvalue A and the zero vector

10



form a vector subspace of X which is called the eigenspace of A corresponding to that

eigenvalue A.
The set o-(A) of all eigenvalues of A is called the spectrum of A. Its complement

p(A) = C - o(A) inthe complex planeis called resolvent set of A.

\C

oA

Figure 2.1: where p(A) = C — o(A).

Definition 2.7 (Regular value, Resolvent set and Spectrum in infinite dimensional
spaces):

Let X # {0} be a complex normed space and A : D(A) — X alinear operator with
domain D(A) c X. Aregular value z of A isa complex number such that;

(R1): R(A) = (2l — A)~! exists.

(R2): R,(A) is bounded.

(R3): R,(A) isdefined on a set whichisdensein X.

where the matrix R,(A) = (zI — A)~ is known asthe resolvent of A at z.

The resolvent set p(A) of Aisthe set of all regular values z of A.

It's complement o(A) = C — p(A) in the complex plane is called the spectrum of
operator A, and az < o(A) iscalled spectral value of A.

Point Spectrum: The point spectrum or discrete spectrum o p(A) is the set such
that R,(A) doesn't exist. Az € op(A) is called an eigenvalue of A.

Continuous Spectrum: The continuous spectrum o¢(A) is the set such that R,(A)

exists and satisfies (R3) but are not (R2), that is, R,(A) is bounded.

11



Residual Spectrum: The residual spectrum o (A) isthe set such that R,(A) exists
('and may be bounded or not) but does not satisfy (R3) that is the domain of R,(A) is
not dense on X.

If X isinfinite dimensional, then A can have spectral values which are not eigen-

values.

at4) \C|

a. (A) 204
a, (A

Figure 2.2: where o-(A) = 0p(A) U o¢(A) U o (A) and p(A) = C — o (A).

Definitions of Pseudospectra:

Definition 2.8 The o.(A) isthe set of z € C such that

ze o(A+E) (2.6)
for some E € CNN with ||E|| < e.
The e-pseudospectrumis the set of numbersthat are eigenval ues of some perturbed
matrix A + E with ||[E|| < e.

Definition 2.9 o.(A) isthe set of z € C such that

l(z— AVl < & (2.7)

for somev e CN with ||v]| = 1.

12



The number z in (2.7) (or equivalently in any of our definitions) is an
e-pseudo-eigenvalue of A, and v is a corresponding e-pseudo-eigenvector. In words,

the e-pseudospectrum s the set of e-pseudo-eigenval ues.

Definition 2.10 Let A€ CNN and & > 0 be arbitrary.

The e-pseudospectrum o, (A) of Aisthe set of z € C such that

oA =(z:||@d -A >t ze) (2.8)
Definition 2.11 For ||| = ||.|l5, o=(A) isthe set of z € C such that
Sin(z— A) < . (2.9)

From ||(z— A)~Y|, = [smin(z— A itisclear that (2.9) is equivalent to (2.8) and

therefore also to our other characterizations of pseudospectra.

Definition 2.12 A Laurent operator A is a bounded linear operator on 1,(Z) with the
property that the matrix of A with respect to the standard orthonormal basis {e; [

of 1,(Z) isof theform

dQ a; az
a a’{) a
@ a

Here aj; denotes the entry a, located in the zero row zero column position. In other
words, a bounded linear operator A on I,(Z) is a Laurent operator if and only if

< Ag, gj > depends on the difference j — k only.

13



Definition 2.13 Let A be a bounded linear operator on I,. In the sequel the formula

dj;p a2 a3

A~ 1 Ap A3 - (2.10)

dzy dz2 dg3

means that the matrix in the right hand side of (2.10) is the matrix corresponding
to A and the standard orthonormal basis e, e, ... in l,. WWe say that A is a Toeplitz

operator if

d a1 a2

a aO a_ PP
A=| " . (2.12)

L a Q

In this case we refer to the right hand side of (2.11) as the standard matrix rep-
resentation of A. Recall that e; = (0,...,0,1,0,...), where the one appears in the j-th
entry. Thus A is a Toeplitz operator if and only if < Ae,€; > depends only on the

difference j — k.

Definition 2.14 Formally, a function f is complex analytic on an open set D in the

complex lineif for any z, in D one can write

f(2 = Z an(z—20)" = a0 + &u(Z - 20) + Az — 20)* + ag(2— 20)° + ...
n=0

in which the coefficients ap, a; ... are complex numbers and the seriesis convergent
for zin a neighborhood of z,.
Alternatively, an analytic function is an infinitely differentiable function such that

the Taylor series at any point z, in its domain

14



- £(n)
AR =Y TG gy

|
! n:

is convergent for z close enough to z, and its value equals f(2).

2.2 Pseudospectra of Linear Operators

In this section we set down the fundamentals of the theory of pseudospectrafor linear
operators in Banach space. Fortunately, the technical details do not matter for many
applications, and we use alanguage closer to linear algebra than functional analysis.

Let X be a complex Banach space, that is, a complete normed vector space over
the complex field C with norm |.|| . We shall consider linear operators mapping X into
itself. Such an operators A has a domain denoted by D(A) € X, which may or may
not be all of X. We denote by B(X) the set of bounded operators on X ; for A € B(X) ,
we assume without loss of generality D(A) = X. We denote by C(X) the set of closed
operators on X. (An operators A is closed provided that if {uy} is a sequence in D(A)
converging to alimit u € X and if {Au,} convergesto alimit v € X, then u € D(A)
and Au = v.) An unbounded closed operator will necessarily have D(A) # X, although
many such operators are densely defined, meaning that the closure of D(A) is X.

For Ae C(X)and E € B(X) , A+ Eisasoin C(X) , withdomain D(A+E) = D(A).
A special caseisthe situation where E isamultiple of the identity. Thus perturbations
of closed operators by bounded operators or shifts introduce no technical difficulties.

Given A € C(X), abounded inverse is an operator At € B(X) such that AA is
the identity on X and A~*A is the identity on D(A). This is the only kind of inverse
we shall be concerned with, and when an expression like A or (z — A)~* appears, it

should always be interpreted as a bounded inverse, defined on all of X.
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Invertibility and perturbation of closed operators:

Theorem 2.15 Suppose A € C(X) has a bounded inverse A-1. Then for any E € B(X)
with

1
IE)| < ——
o

A + E has a bounded inverse (A + E)~! satisfying

A~

A+E) Y s ———

(2.12)

Conversely, for any u > m there exists E € B(X) with ||E|| < u such that

(A+ E)u = Ofor somenonzerou € X.

The theory of resolvents, spectra, and pseudospectra is derived by applying Theo-
rem 2.15 to shifted operators z— A, where zisacomplex constant. Given A € C(X) and
z € C, the resolvent of A a z is the operator (z — At € B(X),
if this exists. The resolvent set p(A) is the set of numbers z € C for which (z - A)™*
exists. Theorem 2.15 impliesthat p(A) isopen. Infact, (z— A)~tisan analytic function
of z € p(A), which implies that ||(z— A)™*| is an unbounded continuous subharmonic
function of z € p(A) and that it satisfies the maximum principle for z € p(A).[21].

The spectrum of A € C(X) is the complement of the resolvent set in the complex
plane: o(A) = C — p(A). Since p(A) is open, o(A) isclosed. For A € B(X), o(A) is
bounded and nonempty. For A € C(X), o(A) may be unbounded or empty.

For any A € C(X) and z € p(A), we have

1

1=~ Fezom)

Thus||(z— A)™|| approaches oo as z approaches the spectrum. We now introduce a
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notational convention.

Convention: If ze o(A), wewrite [|(z— A)™Y| = oo.

Thus for z € o(A), we shall use the notation ||(z— A)~Y| even though , (z— A)™
itself does not exist. If Aisamatrix on afinite-dimensiona space, this usage is very
natural since any z € o-(A) must be an eigenvalue, so (z— A)tisindeed’infinite’. For
operators, it is more artificial, since there may be points in the spectrum that are not
eigenvalues. This convention gives usthe ability to derive awide range of results about
resolvents and perturbations from a single fact: ||(z— A)™| is a continuous function

from the entire complex planeto (0, o].

Norm Of The Resolvent:

Theorem 2.16 Given A e C(X), and with [(z—A)|| defined as oo for

z € o(A), the norm of resolvent ||(z— A)™| is a function from z € C to (0, %] with
the following properties. It is continuous and unbounded and takes the value co pre-
cisely on o(A). For z ¢ o(A) it is subharmonic and satisfies the maximum principle as
well as the bound

l(z- A (2.13)

1> N
~ dist(z o(A)

Ifz¢ o(A), thenz¢ o(A+ E) for any E € B(X) that satisfies

El< ——m8M—
IEll < Tz— A

conversely, for any u > ||(z - A)‘1||_1, there exists E € B(X) with ||E|| < x such that

(A + E)u = zu for some nonzero u € X.

According to Theorem 2.16 every z that is not in o-(A) isalso not in (A + E) for

sufficiently small ||E]|.
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We defined e-pseudospectrum of a matrix A in three equivalent ways. The same
three definitions apply for linear operators in Banach space. Statements of aspects of
thisequivalencein various contexts can be found in anumber of publications, including
[22,23,24].

Three equivalent definitions of pseudospectra:

Let A € C(X) and £ > 0 be arbitrary. The e-pseudospectrum o (A) of A isthe set

of z € C defined equivalently by any of the conditions

=AY > e, (2.14)
ze o(A+ E) for some E € B(X) with ||E|| < &, (2.15)
zeo(A) or ||(z- Al < & for someu e D(A), |ul| =1 (2.16)

If [|(z— AUl < &, then zis an e-pseudo-eigenvalue of A and u is a corresponding

&-pseudo-eigenvector (or pseudoeigenfunction or pseudomode).

From the material above we obtain the following collection of facts about pseudospec-

train Banach space Figure 2.3 gives a schematic view.
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Figure 2.3: Schematic view of the geometry of pseudospectrafor an operator in Banach
space. The black region and the thick arc indicate components of the spectrum that are
not just points. For zin the interior of an open region of spectrum, though zisin the
&-pseudospectrum for any ¢ > 0, eigenvectors and e-pseudo-eigenvectors may or may
not exist. This sketch corresponds to a bounded operator. For an unbounded operator,
though the spectrum may still be bounded, all the pseudospectrawill be unbounded.

Properties of pseudospectra:

Theorem 2.17 Given A € C(X), the pseudospectra {o.(A)}.-o have the following
properties. They can be defined equivalently by any of the conditions (2.14) — (2.16).
Each o.(A) is a nonempty open subset of C, and any bounded connected component
of o-,(A) has a nonempty intersection with o-(A). The pseudospectra are strictly nested

super sets of the spectrum:

Nes00:(A) = o (A),

and conversely, for any 6 > O,
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Ters(A) 2 0:(A) + A,
where A; is the open disk of radius 6.

Proof.

The equivalence of the three definitions follows from Theorem 2.16. The condition
SUP,, ) ||(Z— A)7Y| = oo implies that o.(A) is nonempty, and the maximum principle
for ||(z— A)™2|| impliesthat any bounded complement of o-,(A) intersects the spectrum.
(Thusif o-(A) isempty, o.(A) isunbounded for all € > 0.) The statement about No-.(A)

follows from the upper-semicontinuity of the spectrum. o
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CHAPTER 3

TOEPLITZ MATRICES
3.1 General Toeplitz Matrices

Definition 3.1 Any n x n matrix A of the form

d @ - G2 Gp-1

a, &
A=|la, a; "~ a a (3.1)
B
| &n @ - A1 A |

isa ToeplitzMatrix. If thei , j element of Aisdenoted A , then we have Ajj = a;_;.

Let f(2) denote the symbol

f(2) = Z Az = . +ta .zt vapl +artt . (3.2)

with

Z lay| < oo. (3.3)
k=—c0

Theorem 3.2 Let Aand f be as describe above.
(i) If AisaLaurent operator, A(A) = f(S).
(i) If Aisa Toeplitz operator, A(A) = f(A).
(iii) If Aisa Toeplitzmatrix, A(A) = f({0}) = {ap}.
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In the case of Toeplitz or Laurent operators, the spectrum A of A is fully under-

stood:

Theorem 3.3 Let Aand f be as described above.
(i) If Aisa Laurent operator, A(A) = f(S).
(i) If Alis Toeplitz operator, A(A) = f(S)U {21 € C: I(f(S), ) # O}
Here and in the theorem below, I (f(S), 1) denotes the winding number or index of

the continuous curve f(S) about the point 2 € C, and where S isthe unit circle.

1P
O =5 [ gtz A4S,

If A € £(S), then I((S), A) is undefined.

Theorem 3.3 (ii) assertsthat the spectrum of a Toeplitz operator can be divided into

three parts, and these can be interpreted as follows:

[(f(S), ) > 0: geometrically decreasing right eigenvectors,
[(f(S), ) < 0: geometrically decreasing left eigenvectors, (3.4)
A € f(S) : approximate el genvectors with no geometric .

increase or decrease.

These interpretations will be the key to our analysis of pseudospectra below.

Proof. As mentioned in the proof of Theorem 3.2 (i) carries over to the present case
unchanged. The result for Laurent operators was first proved by Toeplitz in 1911
[25]. As for (ii), this result was first proved independently around 1958 by Krein
[26] and Calderon, Spitzer, and Widom [27], with the regularity assumption (3.3), and
generalized to arbitrary continuous symbols by Devinatz in 1964 [28]. A proof based
on (3.3) goes as follows. Without loss of generality consider A = 0, and suppose first

A¢ f(S)u{deC:I(f(S), ) # 0}, thatis, I(f(S), ) = 0. Then f(2) has a continuous
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logarithm L(2) on S which is aso in the Wiener class, and if we divide the Laurent
series of L(2) into analytic and coanalytic partswith respectto S, L(2) = L. (2 + L_(2),
then L, (2) and L_(2) are also in the Wiener class. This gives us a factorization of the

symbol,

f(z) — eL(Z) — eL+(Z)+L,(Z) — eL+(Z)eL,(Z) — f+(Z) f_(Z),

which corresponds to factorization A = A, A_ of the Toeplitz operator into upper and
lower triangular Toeplitz operators of the kind considered in
Theorem 3.2 (ii). Since f,(2) and f_(z'!) are nonzero in A, where A = DU S, D
is the open unit disk in the complex plane, S isthe unit circle, and f(2) isanalytic in
D and continuous in A, that theorem implies that A, and A_ are both invertible, and
therefore the same is true for their product A.

Conversely suppose 1 € f(S)U {1 € C : I(f(S),2) # 0}. If 1 € (S), then as
indicated in (3.4), A may have no eigenvectors, but e-pseudo-eigenvectors can be con-
structed by multiplying vectors (1,z 2%, ...)" for z e S by a smooth envel ope to reduce
edge effects. By making the envelope sufficiently smooth, & can be made arbitrarily
smal, and this implies A € A. On the other hand,
suppose 1(f(S),4) =# 0O, or, without loss of generdity (by symmetry),
[(f(S), ) = n> 0. The arguments below will show that A has geometrically decreas-
ing e-pseudo-eigenvectors for arbitrarily small €, so again, 1 € A. A more standard
proof notes that by the argument of the last paragraph, the Toeplitz operator defined by
the symbol z"f(2) isinvertible. If A were invertible too, this would imply the invert-
ibility of the Toeplitz operator defined by the symbol z"f(2)/f(2) = z", namely the

n-th power of a shift operator, which would be a contradiction. o

If N islarge and ¢ is small, then in analogy to (3.4), A, looks approximately like

the union of three sets;

23



oo =A = UQRU (A +A) (3.5)

We must explain this notation. For any r < 1 and R > 1, the sets Q, and QR are

defined by
Q ={zeC:I(f(S)),2 > 0}, OR={zeC:I1(f(SRr),2) < O}. (3.6)

where S, and Sy arecircles. In (3.5), appropriate values are

N-1
=™, R=@EO™, =) lad (3.7)
k=1

for some constants ¢ and C analogousto cy. (Inthefigures below, c and C are taken
equal to 1.) The sets Q, and QR correspond to geometrically decreasing right and left
pseudo-eigenvectors of A, respectively. Equivaently, they correspond to geometrically
decreasing and increasing right pseudo-eigenvectors. Finaly, the set A + A, in (3.5)
consists of the union of the e-balls about the eigenvalues of A, and corresponds to

pseudo-eigenvectors with no geometric increase or decrease.

3.2 Matrix Examples

To illustrate (3.5), let us begin with the tridiagonal matrix

A= (3.8)
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of dimension N. Since A can be symmetrized by a similarity transformation in-

volving thematrix D = diag(1, 3"/2,31,...,3N-Y2), itseigenvalues are real:

nj
N+1’

o(A) = A = {2V3cos 1<j<N} (3.9)

The condition number of D is exponentially large as a function of N, however, sug-
gesting that the exact eigenvalues of A are unlikely to be very meaningful. Figure (3.1)
shows that in fact the e-pseudo-eigenvalues of A with e = 1072 and N = 100 lie ap-
proximately along an ellipse. To explain this distribution, note that the symbol for this
exampleis

f(2=3z+z1 (3.10)

=
1 p—7
]

Figure 3.1: The left plot shows the eigenvalues of matrix A with MatLab, where A
tridiagonal matrix (3.8) of dimension N = 100. The eigenvalues of A arereal. The
dash curve is f(S), the boundary of the spectrum of the associated Toeplitz operator.
The solid curve is the boundary of the set Q, U QR of (3.5), an approximation to the
boundary of the e-pseudospectrum, € = 107, 1073, 1075,...,107°. The eigenvalues of
A are also ploted by Mathematica and they are marked by red points at the right side.
Eigenvalues of A + E (3.8) are marked by blue points, ||E|| ~ £ = 1072; result from ten
random perturbations are superimposed.

The dashed curve in the figure is the ellipse is f(S), which is the boundary of the

spectrum of the associated Toeplitz operator. The solid curve is f(S;) with r defined
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by (3.7). Evidently A, is closely approximated by the set Q, of (3.5). In the example
Q, isthe only term in (3.5) that matters, because A is contained in Q;, and QR is the
empty set.

Obviously the matrix (3.8) is very specia. To illustrate (3.5) more fully, consider

the more " generic” example

(0 0 1 08
2% 00 1 08
20 0 1 08

B= (3.11)
2 0 0 1
2 0 0
2 0

of dimension N. The symbol of this matrix is

f(9=2iz'+7Z+0872 (3.12)

Thecurvein Figure (3.2) showsthat thisfunction maps S onto arather complicated
shape that might be a rendering by Picasso of the head of abull. The two "horns” are
enclosed by f(S) with winding number +1, the "face” with winding number -1, and
according to Theorem 3.3, the spectrum of the Toeplitz operator is the union of both
of these regions together with the dashed boundary curve. The pseudospectrum of the
Toeplitz matrix, however, is smaller, and consists of three parts. Within each horn is
aregion Q, enclosed by f(S,) with winding number +1 (solid curve). Within the face
isaquite disjoint region QR enclosed by f(Sg) with winding number —1. Connecting

these sets are chains of eigenvalues that are evidently insensitive to perturbations.
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[TTT]

11

Figure 3.2: Same as Figure (3.1), but for the matrix B of (3.11), N = 100. The two
regions of pseudo-eigenvalues within the "horns” are enclosed by f(S;) with winding
number | = +1, and the region of pseudo-eigenvalues in the "face” is enclosed by
f(Sgr) with winding number | = —1. The eigenvalues of B are also plotted by Mathe-
matica and they are marked by red points at the right side. Eigenvalues of B+ E (3.11)
are marked by blue points, ||[E|| * & = 107?; result from ten random perturbations are

superimposed.

For amore orderly pair of examples, Figure 3.3 and Figure 3.11 are analogous pl ot

for the two 100 x 100 matrices,

[0 2
00 2
C:=|2 00 2
200 2

2 00|

C0.8 =

27

0.8

2
0 2

0 0 2
08 0 0 2
08 0 0

(3.13)



o

il "ir.lrI = 1a0. i i i
-4 2 ) 2 4 &

Figure 3.3: The matrix C, of (3.13), N = 100. The three lobes of pseudoeigenvalues
are enclosed by f(Sg) with winding number | = —1.

Ingwl:resnlv ent norm)

Imag < Real

Figure 3.4: The resolvent norm as a function of z € C for the matrix of C,. The spikes
occur at eigenvalues of C,; in principle they extend to infinity.
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Figure 3.5: Four plots corresponding to N = 100 and ||E|| = 102 show eigenval ues of
4 randomly perturbed matricesC, + E.
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n=100;
C; =DiagonalMatrix[Table [0, {ny]]:
Forfi=1,i=n-2, i++, Cepgipt,ig =2 517
For[i=1,1=n-1, 1++, Cypiap=27]7
Print[MatrixForm[C;]]:
I, =IdentityMatrix[n]:
M=C; - A1,
plA ] =Det[Ci-AT];
golzset = 3olve[p[d] =0, 4]:
For[i=1l, iz=n, 1++,

A = solsetp; 1,.:pf] -
Print] C: = ,MatrixForm[C:z]]:
Print[C:; - A, I,, = ,MatrixForm[C:;], - A, MatrixForm[I,.]]:
Print[C:; - A, I,, = , MatrixForm[M]]:
Print[The characteristic polynomial is];

Frint[p[A] = [Cz-A I, |-

Print(p[d] = , p[A]]:

f[4_] = Factor[p[4d]]:

If[Not[p[Ad] === q[A] ], Print(p[i] = , q[A]]]*

Print[To find the eigerwralues of the matrix C;]:

Print[3olwe , p[d] = 0];

Print[Get]:;

For[i=1,1i=zn, 1++,
Print[ , A4, =, 43, = , Chop[MN[43]]] 17

Print[{ o, ¥t = , nokta= Table[{ConplexExpand [Re [Chop [N[A111]1-

ConplexExpand [Tw[Chop [W[A;111 1), §1, k)]

MNeeds [Graphics "Colors"]:;

dots = ListPlot[nokta, Plotityle = { Fed, Pointiize[0.025] 1,
DisplayFunction— Identity]:

show[dots, PlotRange — All, &<es — False, AxesLabel — (X, ¥},
DisplayFunction— $DisplayPunction]

Figure 3.6: Program for plotting o-(C,) and o(C, + E) with Mathematica.
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Figure 3.7: Eight plots corresponding to N = 36, 72, the eigenvalues of C, are marked
by red pointsand ||E|| = 1072, 10°3, 10~*. Each plot shows eigenvalues of 10 randomly
perturbed matrices C, + E and this eigenvalues are marked by blue points plotted by

Mathematica.
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Figure 3.8: Eight plots corresponding to N=100,250, the eigenvalues of C, are marked
by red pointsand ||E|| = 1072, 103, 10~*. Each plot shows eigenvalues of 10 randomly
perturbed matrices C, + E plotted by Mathematica.
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Figure 3.9: The plot corresponding to N = 500, ||E|| = 10-2 and shows eigenval ues of
4 randomly perturbed matrices C, + E.

Figure 3.10: The plot corresponding to N=1000 , ||E|| = 102 and shows eigenvalues
of 2 randomly perturbed matricesC, + E.

33



dim = 100 . . 1
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Figure 3.11: The matrix Cypg of (3.14), N = 100. The triangular region of pseudo-
eigenvaluesis enclosed by f(S;) with winding number | = +1.

log, - (resolvent narm)

g YA Real

Figure 3.12: The resolvent norm as a function of z € C for the matrix of Cyg. The
spikes occur at eigenvalues of Cqg; in principle they extend to infinity.
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In both cases, the e-pseudospectrum for & = 1072 is a three-fold symmetric shape
about the origin consisting of the union of three spikes and a region with significant
interior. The spikes would have lengths approximately 3,9 in Figure 3.3 and approx-
imately 2,9 in Figure 3.11 in the limit N — oco. The regions with interior are the
contributions Q, and QR. To see where they come from, note that C, and Cyg are

special cases of amatrix C, with symbol

f(2 =z+yz? (3.14)

For |y| < 0.8, f(S) haspositive or zero index with respect to al pointsy € C—f(S),
for |y| > 2 the index is negative or zero, and for 0.8 < |y| < 2 there are points A of
both positive and negative index. These observations associated Toeplitz operators.
For the pseudo-eigenvalues of the Toeplitz matrices, other curves f(S;) and f(Sg)
become relevant. In Figure 3.3, withy = 2, Q, isempty and only QR contributes to

the pseudospectrum. In Figure 3.11, withy = 0.8 isempty and only Q, appears.

Theorem 3.4 Let A be a banded Toeplitz operator with bandwith I, i.e., ax = O for
|kl > I. Let f(2) bethe symbol of A, and let Ay denotethe N x N Toeplitz matrix defined

by a;_n,...,an_1. Thenfor anyr < 1andp > r we have

Q: UQY U (A(A) + A,) € A(AN) for  &=CJ, (3.15)
where C is a constant that dependsonr , p and a 4, ..., & but not on N.

Proof. First of all we note that the inclusion A(A) + A, € A.(Ay) isatravidlity, valid
for any matrix or operator. Second, by symmetry, Q¥ must satisfy an estimate of the
type (3.16) if Q" does. Thus all that we really have to proveis Q" € A (An).
Givenany r < 1, let 1 € Q, be arbitrary. Assume without loss of generality that
a1 # 0. Then f(2) hasapoleor order exactly | at z = 0, and since I (f(S;), 1) > 1, it

follows by the argument principle that the equation f(z) = A hasat least | + 1 solutions
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z € D;, counted with multiplicity. Let zy,z, ...,z beany | + 1 of these solutions; if
there are more, we do not need them. Assume for the moment that the z; are distinct.

Corresponding to each zj isavector u; = (1,7, 7, ..., 2 )" that satisfies,

(A -AYy =7 + - uj + Vi, (3.16)
a-l al

wherev; isdefined viaan N x N matrix with nonzero entries only in the upper-right

| x I triangle:

a

Now let u = le:o Ccju; be a nonzero linear combination of these | + 1 vectors
with the property that the last | entries of le:o erc,-u j are 0. Then the contributions

involving v;j in (3.17) cancel, and we have

A -AYu=| : - le Z'cju;. (3.17)

aq - =
We need to relate the norm of the right-hand side of this equation to |jul|. To do
this, write u = Uc, where U isthe N x (I + 1) Vandermonde matrix whose columns are
the vectors u;, and cisan | + 1-vector. Let L be the lower triangular matrix above, and

let D be the diagonal matrix with elements Z), ..., Z¥. Then we have

lUD]l = [UDU*U|| = [UDU*u| < «(U) IIDIl [lull .

36



where U* denotes the pseudoinverse of U and x(U) = /o iSits condition num-

ber. Since ||D|| < rN, it followsthat (3.18) implies

I(a1 — Al
lull

< k() [IL, (3.18)
by condition and therefore, by condition (ii) of the definition in the Introduction, A €
A (AN) for & = rNg(U)|IL]|.

This completes the proof except for two points: the constant C in (3.16) isrequired
to be independent of 1 € Q, and N, and we have assumed that the roots z, ...,z are
distinct. These matters can be dealt with asfollows. If theroots z, ..., z are distinct for
al e ﬁr, then the function

Al — A (- A"
ap T v _ gp A ||

N>1 N>1

is a continuous function of 1 on the compact set Q,; its maximum provides the
constant C in (3.16), and we can take p = r. On the other hand, if some of the roots
2, ...,z are confluent at some points 1 € ﬁr, then an analysis involving confluent
Vandermonde matrices yields a bound anal ogous to (3.19) except with rN replaced by
an algebraically growing factor at worst N'rN. In this case we need to take p > r.

Doing so yields the conclusion that

o TN =AY _ e - A

N>1 PN N>1 PN

is bounded at every point A, € Q,, and since this supremum is easily shown to be

continuous, this establishes (3.16) in the confluent case. O
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Theorem 3.5 Let A be an arbitrary Toeplitz operator with absolutely summable en-

tries, and let Ay denoteits N x N Toeplitz matrix section. Then

1m Ac(An) = A:(A) (3.19)

for each ¢ > 0, and therefore

lim lim Au(An) = A(A). (3.20)

To close this section, we present afinal example from numerical analysis. Let

A=L+D+U (3.21)

be the symmetric tridiagonal matrix with entries 1, -2, 1, with L, D, and U denot-
ing the subdiagonal, diagonal, and superdiagonal parts. Such a matrix would arise in
the discrete solution by finite differences of aone-dimensional constant-coefficient dif-
fusion equation. When alinear system Ax = Bissolved iteratively by the Gauss-Seidel

iteration, the errors e satisfies €M = G"e9, where
G=-(L+D)y'u

is the Gauss-Seidel iteration matrix . The spectrum of this matrix has been of
interest for many years, because it determines the asymptotic convergence rate of the
Gauss-Seidel iteration. The asymptotic convergence factor is the spectral radius p(G),
which is equal to the largest of these eigenvalues and of size 1 — O(N2).

It is readily shown that except for a first column which is zero, G is an upper

Hessenberg Toeplitz matrix:
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>l
0 3
1 1
0 37 3
o L 1 1
G= j j i 1 (N x N). (3.22)
0 % 5§ 2 3
1 1 1 1 1
0 % % 5 1 3
1 1 1 1 1
10 & % i 5 4|

If oneignoresthefirst column, the symbol of thismatrix inthelimit N — oo isthe

quotient of the symbols of —U and L + D:

z

(@ =57

For N = 100, the corresponding curve f(€2;) and some computed pseudo-eigenval ues

are shown in Figure 3.13.

-2
0a T T T T T |—. 5
0B} o
04r
0ol e | |
at || 4
.UE
. | 7
04
06t frm— - 1
- d|m|=1l:|0 . , l ] s
05 ] 05 i 1.5
.26

Figure 3.13: Eigenvalues of G + E, ||E|| = ¢ = 1072,...,107% are in the curves,
where G is the Gauss-Seidel iteration matrix of (3.23), with N = 100. As
shown by Frankel in 1950, the eigenvalues of G are rea and complex numbers in
~ (—0.2,0.3) and complex numbersin ~ (0.3, 1), marked by black points.
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Why was the sensitivity to perturbations of the eigenvalues of the Gauss-Seidel
iteration matrix not discovered in the 19507 The reason is that the largest eigen-
value of G isinsensitive; in fact, one can show that its condition number is asymptotic
tolasN — oo. Thus the distinction between eigenvalues and pseudo-eigenvalues
has no effect on the observed convergence rate for the Gauss-Seidel iteration applied
to the matrix A of (3.20). If A istaken to be nonsymmetric, however, as occurs in
the discretization of convection-diffusion problems, the picture changes utterly. The

pseudospectral radius of G may be much closer to 1 than the spectral radius.
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