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ABSTRACT

GEODESICS OF THREE-DIMENSIONAL WALKER
MANIFOLDS

Gokeen Biiyiikbag Cakar
M.S. in Mathematics
Advisor: Biilent Unal

July 2016

We review some basic facts of Lorentzian geometry including causality and
geodesic completeness. We depict the properties of curves and planes in three-
dimensional Minkowski space. We define the Walker manifolds, that is, a
Lorentzian manifold which admits a parallel degenerate distribution. We cal-
culate the Christoffel symbols and Levi-Civita connection components, Riemann
curvature and Ricci curvature components for an arbitrary three-dimensional
Walker manifold and strictly Walker manifold.

Finally, we derive the geodesic equations of a three-dimensional Walker mani-
fold and investigate the geodesic curves in it, particularly the ones with a constant
component. We prove that any straight line with a constant third component is
a geodesic in any Walker manifold with the causality depending on its second
component. We prove that the existence of a geodesic in a Walker manifold with
a linear third component implies that the manifold is strict. We also show that
any three-dimensional Walker manifold is geodesically complete.

Keywords: Walker manifold, Lorentzian manifold, geodesic.
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OZET

UC BOYUTLU WALKER MANIFOLDLARDA
JEODEZIKLER

Gokeen Biiyiikbag Cakar
Matematik, Yiiksek Lisans
Tez Danigmani: Biilent Unal
Temmuz 2016

Lorentz geometri ile ilgili bazi bilinen gercgekleri, nedensellik ve jeodeziklerce
tamhk gibi, gozden gecirdik. Uc boyutlu Minkowski uzaymdaki egri ve diizlem-
lerin Ozelliklerini inceledik. Walker manifoldunu tamimladik, 6yle ki, paralel de-
jenere bir dagilim kabul eden Lorentz manifoldlarina Walker manifoldu denir.
Herhangi bir ti¢ boyutlu Walker ve mutlak Walker manifoldunun Christoffel sem-
bollerini, Riemann ve Ricci egriliklerini hesapladik.

Son olarak herhangi bir ii¢ boyutlu Walker manifoldunun jeodezik denklem-
lerini bulduk ve jeodezik egrilerini arastirdik, ozellikle de bir bilegeni sabit olan
egrileri inceledik. Uclincii bileseni sabit olan herhangi bir diiz cizginin bir Walker
manifoldu tizerinde her zaman bir jeodezik egrisi oldugunu ve bu egrinin ne-
denselliginin ikinci bilegenine bagli oldugunu kanitladik. Bir Walker manifoldu
tizerinde dogrusal bir iigiincii bilegseni olan bir jeodezik egrisinin varliginin bu
manifoldun tekdiize olmasini gerektirdigini kanitladik. Ayrica her ii¢ boyutlu
Walker manifoldunun jeodeziklerce tam oldugunu gostedik.

Anahtar sézciikler: Walker manifoldu, Lorentz manifoldu, jeodezik.
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Chapter 1

Introduction

It is known that if there exists a parallel line field on a Riemannian manifold,
then the manifold decomposes locally as a direct product. If the line field is non-
degenerate, i.e., is generated by a non-null locally defined vector field, then this
property can be extended to semi-Riemannian manifolds (see [1], [2]). However,
the geometrical consequences of the case that there exists a parallel degenerate
line field on the manifold are not yet well understood. A Walker structure is a
parallel degenerate plane field on a manifold. The existence of Walker structures
yields many of the fundamental differences between the Riemannian and semi-
Riemannian geometries. Walker described the canonical form for a space with
parallel field of null planes in [3]. In [1], Chaichi, Garcia-Rio and Vézquez-Abal
investigated the curvature properties of a three-dimensional Walker manifold.
They obtained a complete characterization of Walker three-manifolds being lo-
cally symmetric or locally conformally flat. Moreover they showed nice families
of examples of such properties in the Lorentzian setting. Then, Calvaruso and De
Leo investigated Ricci solitons on three-dimensional Walker manifold in [2]. They
proved that there exist non-trivial Ricci solitons on several classes of these mani-
folds, depending on the defining function f. In [4], Nadjafikhah and Jafari applied
the Lie symmetry group method to determine the Lie point symmetry group and
provided example of solution of the system of partial differential equations that

is determined general form of four-dimensional Einstein Walker manifold. In [5],



Bejan and Druta-Romaniuc establish that on a three-dimensional Walker mani-
fold M admitting a unit spacelike vector field, any lightlike curve that is normal
to this vector field is a reparametrization of a lightlike geodesic. They also obtain
magnetic curves corresponding to a Killing vector field admitted by M. More-
over, some characterization of the normal magnetic trajectories associated to the
Killing vector field d, on M are obtained and some examples of Killing magnetic

curves on such manifolds are provided.

Lorentzian geometry is the mathematical theory used in general relativity. A
Lorentzian manifold is a smooth paracompact manifold furnished with a non-
degenerate metric of signature (1,n — 1) (or equivalently (n — 1,1)). It is well
known that any non-compact paracompact manifold M admits a Lorentzian
structure. However, the only compact manifolds admitting a Lorentzian structure

are the manifolds with Euler characteristic zero (see [6], [7]).

In the second chapter of this thesis we recall some basic definitions and prop-
erties of the Lorentzian geometry by following [6], [7], [8], [9], [10], [11]. In section
2.2, we define the Lorentzian metric space E? and the causal character of tan-
gent vectors and subspaces. Any nonzero vector v in the tangent space of M is
said to be timelike (respectively spacelike, lightlike) if g(v,v) < 0 (respectively
g(v,v) > 0, g(v,v) = 0). A Lorentzian manifold M admitting a continuous,
nowhere vanishing, timelike vector field X is said to be time oriented. By us-
ing this vector field, the non-spacelike vectors are separated into two classes at
each point. These two classes are called past directed and future directed. A
Lorentzian manifold (M, g) together with a choice of time orientation is called
a space-time (see [7], [9]). In section 2.3, we introduce the parametrized curves
in Lorentzian space [12], [9] and give some examples of plane and spatial curves
in this space. In section 2.4, we introduce the Frenet trihedron {7, N, B} as an
orthonormal basis for E3 and find the Frenet equations of curves depending on
their causal characters. Finally in section 2.6, we introduce the connections and
curvatures of a semi-Riemannian manifold. There is a unique affine connection
on M compatible with the metric which is called the Levi-Civita connection. To
describe the geometry of an n-dimensional manifold, we use curvature definition

of Riemann and some other notions such as Ricci curvature and scalar curvature.
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One can find the details about these notions in a number of book and papers such
as (6], [7], [8], [2], [13], [14]. We define the geodesic completeness of a Lorentzian
manifold in section 2.8 (see [7], [15]).

In chapter 3, we introduce three-dimensional Walker manifolds, that is, a three-
dimensional Lorentzian manifold admitting a parallel degenerate line field. If the
underlying line field can be generated by a null vector, then the manifold is called
strictly Walker manifold [2], [1]. The Walker manifolds are described in terms of
local coordinates {z,y, 2} and a defining function f = f(z,y, z). There is a large
class of Walker manifolds, depending on the defining function f. If the Walker
manifold is strict, then it can be characterized by f = f(y, z). In section 3.1, we
define the vector product for a Walker manifold and construct an orthonormal
basis [5]. In section 3.2, we calculate the connections and curvature components
of an arbitrary three-dimensional Walker manifold and a strictly Walker manifold
(see [2], [13]).

Finally in chapter 4, we focus on the geodesics of a three-dimensional Walker
manifold (M, gs), in particular, the ones with a constant or linear component.
Suppose that v(t) = (7(t),72(t),73(t)) is a curve in (M, gs), we prove that
straight-lines on M with a constant 3 is a geodesic in M and its causal character
depends on its second component, that is, if v, is constant, then v is a light-
like geodesic; if it is not constant, the curve is a timelike geodesic (see Corollary
4.0.10). Moreover, we establish that if there exists a geodesic in M with a linear
third component, then M is a strictly Walker manifold (see Corollary 4.0.11). In
a strictly Walker manifold, if v is a geodesic, then 3 is either constant or linear
(see Corollary 4.0.12). We also show that any Walker manifold of dimension three
is geodesically complete (see Theorem 4.0.15) [1], [10].



Chapter 2

Preliminaries

In this chapter we state some basic definitions and results from semi-Riemannian
and Lorentzian Geometry. These definitions and results may be found in a num-
ber of books such as [6] and [7]. Our definition of curvature is in agreement with

[7], but it is the negative of the definition used in [6].

2.1 Manifold Theory

In this section, we define some basic terms from general manifold theory and also

introduce some notational conventions.

Throughout this work any manifold M is assumed to be connected, Hausdorff,
para-compact, and smooth. The set of all tangent vectors to M at p € M is
denoted by T,(M). The set of all tangent vectors to M is denoted by T'(M).

A smooth section X of T'(M) is a vector field in M. The set of all vector fields
in M is denoted by X(M). Let v: I — M be a smooth curve, then a vector field
along 7 is a smooth mapping V': I — T(M) with V(t) € Ty (M) for all t € 1.
Let X() denote the set of all vector fields along .



Let M be a smooth manifold. A metric tensor g in M is a (0,2) tensor field
in M of constant index that is symmetric and non-degenerate. The signature of
g is denoted by (r,s) and the index of g is r where g has r negative eigenvalues

and s = n — r positive eigenvalues.

A semi-Riemannian manifold (M, g) is a smooth manifold furnished with a
metric tensor g. (M, g) is called a Riemannian manifold if the index of g is zero,
i.e, g has no negative eigenvalues. (M, g) is called a Lorentzian manifold if the
signature of g is (1,n — 1) (or, equivalently, (n — 1,1)) and the dimension of M
is greater than or equal to 2. Throughout this work any manifold M is assumed

to be Lorentzian.

We use ( , ) as an alternative notation for g(v,w) = (v,w) € R for tangent
vectors, and g(V, W) = (V,W) € X(M) for vector fields.

2.2 The Lorentz-Minkowski Space E3

In this section we introduce the Lorentz-Minkowski space with an interest on the
curves on this space. First, we state some basic definitions and then we develop
the Frenet equations for curves in E3. The definitions and propositions in this

section can be found in [9].

Let R? be the real vector space with the canonical basis B, = {E, Fs, E3}
where,

E, =(1,0,0), FE>=(0,1,0), E53=1(0,0,1).

The three-dimensional real vector space with the Euclidean metric, (R?, (,).), is
denoted by E?.

Definition 2.2.1. The metric space E? = (R3, (,)) with the Lorentz metric
(u,v) = vy + ugve — uzvy,  where u = (uy, ug,u3), v = (vq, Vg, v3)

is called the Lorentz-Minkowski space.



In Lorentz-Minkowski space, each vector have a causal character as follows:

Definition 2.2.2. A vector v € E} is called

(i) timelike if (v,v) < 0,
(ii) null or lightlike if (v,v) =0 and v # 0,

(iii) spacelike if (v,v) > 0 or v = 0.

The set of all null vectors in E3 is called the light cone, that is,
C={(z,y,2) € E}}a* + y* — 2* = 0} — {(0,0,0)}.
The set of all timelike vectors in E? is
T ={(x,y,2) € E}|2* + ¢y* — 2% < 0}.
Let U C R? be a subspace and the induced metric (u,v)y on U,
(u,v)y = (u,v), u,v e U.

The characterization of the causality of a subspace U is as follows:

(i) U is called spacelike if (, )y is positive definite.
(ii) U is called timelike if the index of (, )y is 1.
(iii) U is called null if (, )y is degenerate.

Proposition 2.2.3. Let U C E3 be a subspace. Then

(i) dim(U*) =3 — dim(U).
(ii) (UH)t =U.
(iii) If U is non-degenerate, then UL is non-degenerate.

(iv) U is spacelike (respectively timelike, null) if and only if UL is timelike (re-

spectively, spacelike, null).



(v) If v is a timelike or spacelike vector, then E3 = Span{v} & Span{v}=.

Proposition 2.2.4. (i) Let u,v € E? be lightlike vectors. {(u,v) = 0 if and

only if w and v are linearly dependent.

(ii) If u,v € E? are two non-spacelike vectors with (u,v) = 0, then they are

lightlike vectors.
(iii) If u,v € E3 are timelike vectors, then (u,v) # 0.
(iv) If U is a null subspace, dim(U NUL) = 1.

Proposition 2.2.5. Let W C 2 be a vector plane. The following are equivalent:

(i) There exists a timelike vector in W.
(i1) There exist two linearly independent lightlike vectors in W.
(iii) W is a timelike subspace.

Proposition 2.2.6. Let U C E3 be a subspace. The following are equivalent:

(i) U is a null subspace.

(i1) There exists a lightlike vector in U but there does not exist a timelike vector.
(i) UNC = L — {0}, dim(L) = 1.
Proposition 2.2.7. Let W C E} be a vector plane given by an orthogonal vector
fie. Then W is a spacelike (respectively timelike, lightlike) plane if and only if i,
is a timelike (respectively spacelike, lightlike) vector.

We define the norm of a vector u € E? as

|ul = V/[(u, w)].

The vector u is said to be unitary if |u| = 1.



Definition 2.2.8. Let u € E? be a timelike vector. The timelike cone of u is the

set:

C(u) = {v € T|{u,v) < 0}.

Note that C(u) # () since u € C(u). Furthermore, if there exists another
timelike vector v € E}, (u,v) < 0 or (u,v) > 0 (by Proposition 2.2.4) and T is
the disjoint union of C'(u) and C(—u).

Proposition 2.2.9. Let u and v be two timelike vectors.

(1) v e C(u) if and only if C(v) = C(u).
(ii) w and v are in the same timelike cone if and only if (u,v) < 0.

(iii) The timelike cones are conver sets.

Let B = {ey,es,e3} be an ordered basis for E. B is called a null basis (or
null frame) if e; is a unit spacelike vector and ey, e3 € Span{e; }* are null vectors

lying in the same component of C, that is, (es, e3) = —1.

A difference between E? and E? is the Cauchy-Schwarz inequality. Recall that
the Cauchy-Schwarz inequality for u,v € E? is

[{u, )] < Jullv]

and the equality holds if and only if v and v are linearly dependent.

In Lorentz-Minkowski space, there exists a backwards Cauchy-Schwarz inequal-

ity for the timelike vectors which is the reverse of the inequality in E3.

Theorem 2.2.10. Let u,v € E} be timelike vectors. Then
[{u, ) = Jullv]

and the equality holds if and only if v and v are linearly dependent. If u and v

lie in the same timelike cone, then

(u,v) = —|u||v| cosh av (2.2.1)
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for some unique number o > 0 which is called the hyperbolic angle between u and

V.

Now, to define the angle between any two vectors u,v € E3, we first assume
that v and v are linearly independent and they are not null. Let W be the plane
generated by u and v. The induced metric on W can be Riemannian, Lorentzian

or degenerate.

In the Riemannian case, the angle between two spacelike vectors is defined

same as the usual definition in Euclidean space.

In the Lorentzian case, the plane is isometric to E2, the Lorentz-Minkowski
plane, and an isometry preserves the angle. The angle between two timelike

vectors lying in the same timelike cone is defined in Definition 2.2.1.

U2, the set of unit vectors in E?, has four components,

HY = {(z,y) € Ef|2* — ¢y* = =1,y < 0},
HY = {(z,y) € E]a” —y* = —1,y > 0},
Si” ={(z,y) € Ef|2” —¢* = 1,2 < 0},
SiT = {(z,y) € Ef|a® —y* = 1,2 > 0}.

H! UH! consists of the timelike vectors and S;~ US| consists of the spacelike

vectors.

Definition 2.2.11. Assume that u,v € E? are non-zero spacelike vectors such

that ﬁ and ﬁ are in the same component of U2. The angle o between u and v

is uniquely defined by
(u,v)
Julfo]

cosha = (2.2.2)

Note that we do not define the angle between two vectors if they do not lie in

the same component of U?.

Finally, in the case that the plane is degenerate, again, we do not define the

angle between the vectors.



Now, we define the time orientation for the Lorentz-Minkowski space. Let B
denote the set of all ordered orthonormal bases such that B = {e1, €2, e3} € B and
es is timelike. Then the equivalence relation ~ between two basis B = {ey, 3, €3}

and B’ = {e], €}, €4} is defined as
B ~ B', if e3 and €} are in the same timelike cone, i.e., {e3, e;) < 0.

There are two equivalence classes determined by this equivalence relation. these
equivalence classes are called the timelike orientations. An ordered pair (E3, [B])

for some B € B is said to be timelike oriented.

Definition 2.2.12. Let B, = {E\, Ey, E3} with E3 = (0,0,1). A timelike vector
v = (v1,v2,v3) is called future directed (respectively past directed) if v € C(Es),
that is, v3 > 0 (respectively v € C(—FEj3), that is, v3 < 0).

Conversely, if we fix the timelike cone C(Fj3), then an orthonormal basis
B = (e1,e9,€3) is said to be future directed if e3 € C(Es3) or equivalently, if

e3 is future directed.

Now we define the Lorentzian vector product.

Definition 2.2.13. The Lorentzian vector product of any two vectors u,v € E?

is the vector which is unique and denoted by u x v that satisfies
(u x v,w) = det (u,v,w), (2.2.3)
where w € B, and det (u,v,w) is the determinant of the matrix consists of the

vectors u,v and w as its rows.

The Lorentzian vector product u X v can be obtained in coordinates with

respect to the basis B, as follows:

15 —k
V1 V2 (%]

10



Remark 2.2.14. Let u and v be non-degenerate vectors. B = {u,v,u X v} forms
a basis for E2 and the time orientation of B is determined by the causal characters
of u and v, that is, if v and v are both spacelike, then u x v is timelike and B
is negatively oriented. If u and v have different causalities, then B is positively

oriented.

2.3 Curves in Minkowski Space

In this section we define the curves in Minkowski space and their causalities. Then
we construct the theory of the Frenet trihedron for curves in E3. We followed the
book [12] and the paper [9] for the basic definitions.

A (smooth) curve « is a smooth map v: I — E3 where I C R is an open

interval.

A curve is called regular if +/(t) # 0 for all t € I. Any timelike or lightlike
curve is regular.

Throughout this thesis any curve 7 is assumed to be smooth and regular.

Definition 2.3.1. Let v be a regular curve in M. ~ is said to be

(i) spacelike at t if (7/(¢),7'(t)) > 0,
(ii) timelike at ¢ if (7/(¢),~/(t)) <0,

(iii) lightlike at ¢ if (7/(t),~/(t)) = 0.

The curve + is spacelike (respectively timelike, lightlike) if 4/(¢) is spacelike (re-
spectively timelike, lightlike) for all ¢ € I.

Note that a curve may not be one of these types. For example, let v: R — E3
be defined as:

2

t
v(t) = (sint, cost, 5)

11



7' (t) = (cost, —sint,t), so 7 is a regular curve. As (7/,7') =1 — 2, the curve v
is timelike in (—oo, —1) U (1, 00), spacelike in (—1,1) and lightlike in {—1,1}.

Example 2.3.2. Let v be a plane curve, i.e., it lies in an affine plane of R3. We

determine its causal character.

(1) If v is a straight-line, that is, v(t) = p + tv, p,v € R3 with v # 0, then its

causal character is the same as the vector v.

(2) If 7 is a circle of radius r and in the form ~(t) = r(cost,sint,0), then it is

a spacelike curve lying in the spacelike plane define by z = 0.

(3) If vis a hyperbola in the form (t) = (0, sinh ¢, cosh ¢), then it is a spacelike

curve lying in the timelike plane define by x = 0.

(4) If v is a hyperbola in the form ~(¢) = r(0, cosh ¢, sinh ¢), then it is a timelike

curve lying in the timelike plane define by x = 0.

(5) If ~v is a parabola in the form ~(t) = (¢,t?,t?), then it is a spacelike curve
lying in the lightlike plane define by y — 2z = 0.

Example 2.3.3. Let v be a spatial curve and » > 0, h # 0.

(1) The helix y(t) = (rcost,rsint, ht) of pitch 2wh. This curve lies in the

2

cylinder defined by z? + y? = r?. v is a timelike (respectively spacelike,

lightlike) curve if r? < h? (respectively r? > h% r? = h?).

(2) The curve v = (ht,rsinht,rcosht) is a spacelike and lies in the hyperbolic

cylinder defined by y? — 22 = —r%

(3) The curve v = (ht,r cosht,rsinht) lies in the hyperbolic cylinder defined
by y* — 2% = r%. v is timelike (respectively spacelike, lightlike) if h% —72 < 0
(respectively h? —r? > 0, h? —r? = 0).

Proposition 2.3.4. Let v: [ — E? be a non-spacelike curve. There exist smooth
functions f,g: J C R — R such that t = ¢(s) and



Let v: R — E? be a closed curve. There exists a minimum value 7' > 0 such

that v(T' +t) = 7(¢), i.e., 7y is periodic. Particularly, the trace of 7 is compact.

Theorem 2.3.5. Let v be a closed curve. If v is a spacelike curve lying on a

plane W C E32, then the plane W is spacelike.

The theory of closed spacelike plane curves is same as the theory in an Eu-
clidean plane since a closed spacelike plane curve is isometric to a closed curve
in an Euclidean plane. However there is no such theory of closed non-spacelike

curves.
Theorem 2.3.6. There do not exist closed timelike or lightlike curves in E3.

Proposition 2.3.7. For any timelike or spacelike curve v: I — E3 with given
to € I, there exists a reparametrization 1 = v o ¢ satisfying [¢'(s)| = 1 for all
s € (—e€,¢€) for some €,0 > 0 and a diffeomorphism ¢: (—¢,€) — (to — d,to + 0).

Lemma 2.3.8. If the curve v is lightlike and its trace is different than a straight-
line, then we can reparametrize v as » = 7 o ¢ such that [¢"(s)] = 1. This

parametrization is called pseudo-parametrization by arc length.

Remark 2.3.9. Let ) = v 0 ¢ be a reparametrization of a curve . Then v and

1 have the same causal character.

2.4 Curvature and Torsion of Curves in Minkowski

Space

We want to find a basis for E? and describe the geometry of a curve v with
the variation of the basis at each point of the curve. We will use the Frenet
trihedron {T'(s), N(s), B(s)} to do this. The Frenet frame is an orthonormal
basis of Euclidean space with B = T' x N and this basis is positively oriented.
See [9] for details.

13



Let the curve v € E? be parametrized by the arc length or pseudo arc length.
Recall that T'(s) is the velocity vector of v, that is, 7/(s) = T'(s). There are some

problems appearing in the Minkowski space.

(1) Let v be a lightlike curve. Then T is a lightlike vector and therefore,
{T', N, B} is not an orthonormal basis. In this case, we will use the concept

of null frame.

(2) Let {T, N, B} be an orthonormal basis for E?, where we define B =T x N.
Then the basis {7, N, B} may not be positively oriented. As an example,

if T"and N are spacelike, then the basis is negatively oriented.

(3) The orthonormal basis {T', N, B} is not necessarily future directed.

Consider a straight-line parametrized by «y(s) = p + sv. Then 7”(s) = 0. In this

case, the curvature of v is said to be 0.

Conversely, let v be a regular curve satisfying ”(s) = 0 for all s. Then, by
an integration, v is found as y(s) = p + sv, a straight-line, for some p,v € E3,
v # 0. Observe that there are other parametrizations of a straight-line, such as
v(s) = (s + 5%,0,0) where v" # 0.

Consider a curve v: I — E? parametrized by the arc length or pseudo arc

length. The vector

T(s) =+'(s)
is called the tangent vector at s. Then (T(s),T(s)) is constant, in fact, equals
—1,0 or 1. After differentiating the inner product with respect to s, we obtain
(T'(s),T'(s)) = 0, and this means that 7"(s) is orthogonal to T'(s). To avoid the
straight-lines, we assume that 77(s) # 0 for all s € I and T"(s) # AT'(s) for all
A € R and each s.

Depending on the causality of T'(s), we find the Frenet equations. In the
following discussion we assume that the curve v is parametrized by the arc length

or pseudo arc length.
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(1)

If the curve  is timelike, then T'(s) = +/(s) is a timelike vector and T"(s) is
spacelike by Proposition 2.2.3. Since T"(s) is spacelike, it is different than
zero and T'(s) and 1"(s) are linearly independent. The curvature of v at s

is defined as
K(s) = |T'(s)|.

N(s), the normal vector at s, is defined by

_T(s)
k()

This gives T'(s) = k(s)N(s). Furthermore x(s) = (I"(s), N(s)). The
binormal vector B(s) is defined by

N(s)

B(s) =T(s) x N(s).

This gives a unitary spacelike binormal vector. {T'(s), N(s), B(s)} forms
an orthonormal basis for E? for each s and is called the Frenet trihedron of

~v at s. This basis is positively oriented since
det (T,N,B) =(T'x N,B) = (B,B) =1>0.
The torsion T of v at s is defined by
7(s) = (N'(s), B(s)).

We differentiate the vector functions 7', N, B and write them in coordinates
by using the Frenet basis. Finally, we have the Frenet equations (Frenet

formula), that is,

T 0 k O T
N’ =\ 0 T N . (2.4.1)
B’ 0 —7 0 B

If the curve 7 is spacelike, then T'(s) = +/(s) is a spacelike vector and T"(s)
may be timelike, spacelike or lightlike by Proposition 2.2.3. We analyze

each case.
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(i)

If T'(s) is timelike, the curvature of v is

k(s) = |T'(s)| = V/—(T"(5), T"(5)).

The normal vector is

and the binormal vector is
B(s) =T(s) x N(s).

Note that B(s) is a spacelike vector and so, the Frenet basis is posi-
tively oriented.
The torsion of v is 7(s) = (N'(s), B(s)). The Frenet equations are

obtained as

T’ 0 O [
N |=|rx 0 7 N |. (2.4.2)
B’ 0 70 B

If T'(s) is spacelike, we find the curvature of v as
r(s) = [T"(s)l,

the normal vector as

and the binormal vector as
B(s) =T(s) x N(s).

In this case B(s) is a timelike vector and therefore, the Frenet basis is

negatively oriented since
det (T,N,B) =(T' x N,B) = (B,B) = —-1<0.

We obtain the Frenet equations as

T’ 0 k 0\ ([T
N |=-x0 7| N[ (2.4.3)
B 0o r0)\B

The torsion of ~ is



(iii) If the vector T"(s) is lightlike, the curvature of 7 is not defined. There

is the definition of pseudo-torsion T of v which is obtained by
7=—(N',B)

where the normal vector is defined as N(s) = T'(s) and the binor-
mal vector is defined as the unique lightlike vector B(s) satisfying
(N(s),B(s)) = —1. The Frenet equations are

T 01 0 Ik
N =0+ 0 N |. (2.4.4)
B’ 1 0 —1 B

Note that N and T are linearly independent and B and 7" are orthog-
onal to each other. However, {T'(s), N(s), B(s)} does not form a basis
for E3 because N(s) and B(s) are lightlike, it is a null frame and we

do not know its time-orientation.

(3) Let the curve v be lightlike. Then the tangent vector is T'(s) = +/(s)
and the normal vector is defined as N(s) = T"(s) which is spacelike. The
binormal vector is defined as the unique lightlike vector orthogonal to N (s)
and satisfying (T'(s), B(s)) = —1. The vectors 7" and B are null, therefore
{T, N, B} is a null frame of E3. The pseudo-torsion of 7 is defined as

T=—(N',B).

However, the curvature of the curve is not defined in this case such as the
spacelike curves with lightlike normal vector.

The Frenet equations for this curve are

T 01 0 T
N |=|r01|]| ~¥]. (2.4.5)
B’ 070 B

Remark 2.4.1. A curve may not have the same causal character in the whole
interval I, that is, 7"(s) may have changing causal characters in /. In the above
discussion, it is assumed that the causal character of y(s), so the causal character

of T(s) is the same in whole 1.
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Example 2.4.2. [9]

(1) Consider the timelike curve

V2 — h2 r2 — h? r2 — h?

with 72 — h? > 0. Then

16 = (g eosh () s ()

/ 1 . s s
T(S) =7 (S) = ﬂ (h,rsmh(ﬁ),rcosh (ﬂ)) .

T(s) is a timelike and future directed vector. Then we have

r s , s
T'(s) = o (O,COSh (—702 = h2),smh(—m))

and

Hence

We obtain
h

r2_h2'

(2) Let y(s) = r(0,cosh(s/r),sinh(s/r)). Then we have

7= (N',B) =

T(s)= (O,sinh(;),cosh(f)> and

r

T'(s) = % (O,cosh(é),sinh(%)

,
We find k = 1/r. Furthermore,

N(s) = <0,cosh(§),sinh(;)>

and B(s) = (—1,0,0). Hence, 7 = 0.
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1
(3) Letv(s) = —;(cosh(rs), rs,sinh(rs)). We find the vectors T', N, B as follows:

r
L .
T(s) = ;(smh(rs), 1, cosh(rs)),
N(s) =T'(s) = (cosh(rs), 0, sinh(rs)),
B(s) = g(sinh(rs), —1, cosh(rs)).
2
It follows that the pseudo-torsion is 7 = 5

2.5 Exponential Map and Operators

In this section, we briefly define the exponential map and recall the definitions of

some basic operators. See [6] for details.

Definition 2.5.1. Let M be a semi-Riemannian manifold, p € M and D, be
the set of vectors v € T,,(M). There exists a unique mazimal (i.e., inextendible)
geodesic v, : I — M defined at least on [0, 1] such that ~,(0) = p and 7,(0) = .
The map

exp,: Dy — M,

defined as exp,(v) = 7,(1) for all v, is called the exponential map [6].

Note that D, is the largest subset of T,,(M) such that exp, can be defined on
it. D, = T,(M) for all p € M if M is complete.

Let v € D, and t € R. Then

exp, (tv) = V(1) = (1)

This means that the lines passing through the origin of 7,,(M) are carried to
geodesics of M passing through p by the exponential map exp,,.

Proposition 2.5.2. Let {eq,...,e,} be any basis of T,(M). For (x',...,2") in
a neighborhood of the origin, the map

alep + -+ a"e, — expy(aler + - +a"ey)
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18 a diffeomorphism from Dy onto a neighborhood U C M of p.

The point (z',...,2") and exp,(z'e; + --- + 2"e,) in U together gives us a
coordinate chart for M, called normal coordinates based at p for U. If for any
two points in U there exists a unique geodesic segment of (M, g) between these
points contained entirely in U, then the set U is called a convex neighborhood of
p. One can prove that for each point p in a semi-Riemannian (hence Lorentzian)
manifold, there exist arbitrarily small convex neighborhoods of p [16]. The set
U is called a convex normal neighborhood if for each ¢ € U, there are normal

coordinates based at ¢ containing U [17].

Definition 2.5.3. For an ordered pair X,Y € X(M), the Lie bracket is a vector
field [X,Y] € X(M) such that for a smooth function f

(X, Y]() = X(Y(f) = Y (X(f)).

Specifically, for X = >"7" | X'

=1 81‘1’

;0Y" (9X 0
Z Z ori (91:j ) oxt’

i=1 j=1

The metric g € TY(M) is represented in the local coordinates (U, (2!, ..., z"))
in M by

g|U = Z gU dl‘ ®dl'] or (g|U) = (gzj(w))nxn

1,7=1

Assume that f: M — R is a smooth function. The gradient of f, denoted by
grad(f) € TV(M), is defined as

Y(f) = df(Y) = g(grad(f),Y)

where Y € X(M) is any vector field and df € XY(M). In local coordinates
(U, («t, ... 2")),

grad(f) =) g" AR

< Oxt Oxd”
i,7=1
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2.6 Connections and Curvature

In differential geometry, it is too difficult to describe the infinitesimal geometry
of a manifold of dimension at least three by a single number at a given point.
Riemann found an abstract and rigorous way, now known as the curvature tensor.
Similar notions have found applications everywhere in differential geometry. In

this section, we define these notions.

Definition 2.6.1. Let M be a differentiable manifold.
A map V: X(M) x X(M) — X(M) is called an affine connection in M if

(i) VixigvZ = [VxZ +gVyZ ;
(ii)) Vx(Y+2) =VxY +VxZ7Z;

(iif) Vx(fY) = X(f)Y + fVxY
forall X,Y,Z € X(M) and f,g € C*(M,R) (note that VxY := V(X,Y)).
The vector field VxY is also known as the covariant derivative of Y along X.
3]
Theorem 2.6.2. On a semi-Riemannian manifold (M, g) there is a unique con-
nection V which is symmetric and compatible with g such that
(i) [X,Y]=VxY —VyX and
(i) X{Y,2) =(VxY,2) +(Y,VxZ),

forall X,Y,Z € X(M). V is called the Levi-Civita connection of M and satisfies

the Koszul formula

AVXY, Z) =X(Y, Z) + Y(Z,X) — Z(X,Y)
- <X7 [Y7 Z]> + <Y> [Z’ X]) + <Z7 [X’ Y]>
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Definition 2.6.3. In local coordinates (z!,...,z"), the Christoffel symbols for
the Levi-Civita connection are the real-valued functions I'%; on a neighborhood
U C M such that
Vodj =Y Thoe (1<i.j<n) (2.6.1)
k

where
n

;1 1 (Ogu | 09 Ogjk
I, =~ i : . 2.6.2
ik 2;9 <8w3 * dzk Ozt (26.2)
and 0;,0;,0, are the coordinate vector fields 9/0x%,0/0z7,0/0x", respectively

and g = (gi;)~" [8].

On a semi-Riemannian manifold (M, g) with the Levi-Civita connection, the
function R : X(M)? — X(M) defined as

R(X,Y)Z =VxVyZ - VyVxZ —VixyZ (2.6.3)

is a (1, 3) tensor field in M called the Riemannian curvature tensor of M. There

is an alternative notation for R(X,Y)Z as Rxy Z.

If XY € T,(M) , the f—linear operator
R(X,Y) : Ty(M) — Ty(M)

sending each Z to R(X,Y)Z is called a curvature operator.

The Riemannian curvature tensor has the following symmetries:

Proposition 2.6.4. [6] For XY, Z W € T,(M),

1. R(X,Y) = —R(Y,X),
3. RIX,)Y)Z+ R(Y,Z)X + R(Z,X)Y =0 (First Bianchi identity),

4. (R(X,Y)Z, W) =(R(Z,W)X,Y) (Symmetry by pairs).
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Lemma 2.6.5. [6/ On the coordinate neighborhood of a coordinate system

1 n
r,...,T7,

R(8;,0;)0h = Z R0,

where the components of R are given by

8
szg 8 k + Z F]m ik Z Fzm ;7116

Definition 2.6.6. A semi-Riemannian manifold M is said to be flat if its cur-

vature tensor R is zero at every point p € M.

The trace of the Riemann curvature tensor is the Ricci curvature, a symmetric

(0,2) tensor. The components of the Ricci curvature are

Z R, (2.6.4)

Let {Fy, ..., E,} be an orthonormal frame field. Then the Ricci curvature can
be defined as

Ric(X,Y) Zem (B, Y)X, E,,) (2.6.5)
where X, Y € X(M) and ¢, = (Ey,, En).

The Ricci tensor p is the (1,1) tensor field that corresponds to the Ricci

curvature. The components of the Ricci tensor can be obtained as follows:

=> g Ruj=Y_ 9" Rjm. (2.6.6)
m=1 m=1

Ricci curvature plays a key role in general relativity since it is the one which
enters into the Einstein field equations rather than the full Riemann curvature
[18]. A manifold (M,g) is said to be an Einstein manifold if its Ricci tensor
is proportional to the metric tensor g at every point p € M, i.e, p = Ag. In
particular, M is called Ricci flat if its Ricci tensor is identically zero. A flat

manifold is certanly Ricci flat, but the converse does not hold [6].
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The trace of the Ricci tensor is the scalar curvature T.

i=1

ij=1

2.7 Causality

In this section, we briefly state some basic definitions about the causality of

Lorentzian manifolds.

Definition 2.7.1. The causal character of a nonzero vector x € T,M is

o timelike if g(z,x) < 0,
e null or lightlike if g(z,x) = 0,

o spacelike if g(x,z) > 0.

The set of all null vectors in T},M is called the light cone at p that is:

¢ ={X € Eilg(z,z) = 0} — {(0,0,0)}.

If M has a timelike vector field X, then we say M is time-oriented by X.
In this case, a non-spacelike tangent vector Y, € T,,(M) is called future directed
(respectively, past directed) if g(X,,Y,) < 0 (respectively, ¢g(X,,Y,) > 0). A

space-time (M, g) is a time-oriented Lorentzian manifold.

Let p,q € M. If there exists a smooth future directed timelike curve from
p to g, we write p < ¢q. If p = ¢ or if there exists a smooth future directed
non-spacelike curve from p to ¢, we write p < q. The chronological future of p is
defined as

I'(p) ={qg € Mp < ¢}

and the chronological past is defined as

I (p) = {q € M|q < p}.
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The causal future of p is defined as

Jtp)={qe Mlp < ¢}

and the causal past is
J~(p) ={q € Mlqg <p}.
The sets I7(p) and I~ (p) are always open in any space-time, while J*(p) and

J~(p) are neither open nor closed in general.

A space-time (M, g) is called chronological if p ¢ It(p) for all p € M, i.e.,
there does not exist any closed timelike curves in (M, g). (M, g) is called causal
if there exists no pair of distinct points p,q € M satistying p < ¢ < p. This is
equivalent to that (M, g) contains no closed non-spacelike curves. Note that if
M is compact, then (M, g) contains a closed timelike curve. Therefore in general

relativity, the space-times are assumed to be non-compact.

Let U be an open set in a space-time. U is called causally convez if it does not
intersect with a non-spacelike curve in a disconnected set. A space-time (M, g)
is called strongly causal at p € M if all neighborhoods of p are causally convex.
If a space-time is strongly causal at each point, it is said to be a strongly causal

space-time.

Let g; and g9 be strongly causal Lorentzian metrics in M. The future and
past sets are the same at all points for ¢; and gy if and only if g1 = wg, for
some smooth function w : M — (0,00), i.e., g1 and g, are globally conformal.
Let C(M, g) denote the set of all Lorentzian metrics globally conformal to g.
Thus, the basic properties of the causality theory is independent of the choice of

Lorentzian metric representing C'(M, g).

Definition 2.7.2. Let (M, g) be a Lorentzian manifold and p,q € M, with p < q.
If v: [0,1] — M is a future directed piecewise smooth non-spacelike curve from p
to q differentiable except at 0 =t; <ty < --- <ty = 1, the Lorentzian arc length
of v, Ly(7), is defined as

k=1 oty
Ln=3 [ V=t
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Finally, the Lorentzian distance d : M x M — R U {oo} is defined as:

0 if ¢ & J"(p),
sup{Ly(7)l7 € e} if g € JT(p)

where p,q € M and ,, is the set of all future directed piecewise smooth non-

d(p,q) =

spacelike curves.

In Lorentzian manifolds, if p < ¢ < r then

d(p,q) +d(q,7) < d(p,r)

which is known as the reverse triangle inequality.

2.8 Completeness

In this section, we briefly state some basic terms about completeness of Lorentzian

manifolds.

A (smooth) curve on a manifold M is a smooth map v: I — M where I C R
is an open interval. The curve « is called regular if 7/(t) # 0 for all ¢ € I.

Throughout the manuscript, any curve ~ is assumed to be regular.

Definition 2.8.1. Let M be a Lorentzian manifold. A smooth curve v: I — M
is called geodesic if its vector field 4/(t) is parallel, i.e., its acceleration is zero:
7"(t) = 0 for all t € I where v"(t) = V.,7/(t). Also note that if ~ is a geodesic,
then g(+/(t),~/(t)) is constant for all t € I.

A smooth curve v: I — M in a semi-Riemannian manifold is called a pre-
geodesic if there exists a repametriziation of it which is a geodesic. A parameter

s is called an affine parameter for a pre-geodesic v if 7" (s) = 0.

A smooth curve v: (a,b) — M in a semi-Riemannian manifold is said to be
inextendible to t = a (respectively to t = b) if the lim; ,,+ y(f) (respectively

lim; ;- v(t)) does not exist.
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Recall that if v is a geodesic, then its tangent vector field 4/(¢) has the same
causal character for all ¢ € I. Thus, a geodesic is called spacelike (respectively
timelike, null) depending on the causal character of its tangent vector ~/(t) for

any t € 1.

The Hopf-Rinow Theorem ([7]) states that in a Riemannian manifold, the

metric completeness and geodesic completeness are equivalent.

Definition 2.8.2. Let (M, g) be a Lorentzian manifold and v(¢) be a geodesic

on it. « is called complete if it can be defined on R.

The Lorentzian manifold (M, g) is spacelike (respectively timelike, null) com-
plete if all spacelike (respectively timelike, null) inextendible geodesics are com-
plete. A space-time is called a geodesically singular space-time if it is non-spacelike
incomplete. Note that spacelike completeness, timelike completeness and null

completeness are independent ([7]).

A Lorentzian manifold (M, g) is called geodesically complete if every geodesic

curve v in M can be defined on R.
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Chapter 3

Three-Dimensional Lorentzian
Walker Manifolds

In this chapter, we give the definition of a Walker manifold and a strict Walker
manifold. Then we investigate their connection components and curvature ten-

SOrs.

Let M be a semi-Riemannian manifold and T'(M) = V; & V,, where V; and
V), are smooth subbundles, called distributions. This defines two complementary
projection m; and my of T(M) onto V; and V,. V; is said to be a parallel distri-
bution if Vm; = 0. Equivalently this means that if X is any smooth vector field
taking values in Vi, then VX also takes values in V;. In the Riemannian setting,
we can take Vy = Vf to be the orthogonal complement of V; and then Vs is again
parallel. If M is semi-Riemannian, then V; NV, is not necessarily trivial. V; is
said to be a null parallel distribution if V) is parallel and if the induced metric on
V: vanishes identically. A manifold is called a Walker manifold if it admits a null
parallel distribution and it is called a strictly Walker manifold if this distribution
is spanned by a null vector [4], [2].

Definition 3.0.3. A three-dimensional Walker manifold (M,gys) is a three-

dimensional Lorentzian manifold admitting a parallel degenerate line field with
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the local coordinates (z,y, z) where the metric tensor is expressed as

00 1 —f 01
gr=10 ¢ 0|, with the inverse g;lz 0 0 (3.0.1)
10 f 1 00

for some smooth function f(z,y,z) defined on the manifold M and ¢ = =+1.
Throughout this work we will take ¢ = —1. Note that the Walker manifold
(M, g¢) has signature (2,1) if ¢ = 1 and (1, 2) if ¢ = —1 and is Lorentzian in both

cases.

Throughout this manuscript M is assumed to be a three-dimensional Walker

manifold.

3.1 Vector Product

We defined the Lorentzian vector product (see Definition 2.2.13). Now we will
define the vector product for the special case, that is, the metric is a Walker

metric g;.

Let u,v € M. The vector product of u and v, u X v, is the unique vector
satisfying
wy Wy ws
(ux v,w) =det (u,v,w) = [u; uy ug (3.1.1)

V1 VU2 Vs

where w € {E}, Ey, E3}. We obtain the product vector as

u X v = (uvg — ugvy — (UgV3 — Uzve) f, U1V3 — U3V, UgV3 — UgVs). (3.1.2)

Now we can construct an orthonormal frame on (M, gs). Let u = (0,1,0) and

1
v =(0,0,——). Then

V171
uUXv= (—\/?,O,%).
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Note that |u| = |v| = |u x v| = 1. Here we assume that f > 0, since one can

study the case f < 0 similarly. We obtain an orthonormal frame

1 1
€1 = _\/fax + ﬁaz, €y = 8y, €3 = _az (3'1'3)

S

Moreover,
(er,e1) = =1, (ez,e9) = —1, (es,e3) = L.

{e1, eq, €3} forms an orthonormal basis for T'(M).

3.2 Connections and Curvature

We begin our investigation by calculating the Christoffel symbols and the Levi-

Civita connection.

Proposition 3.2.1. We can calculate the Christoffel symbols by using the formula

m 2.6.2
o I (09 Ogi g
e — = il : Jt J
k9 Zg <8x3 T o0k T B

=1

and we find the possible nonzero Christoffel symbols of a Walker metric g¢ as

follows,
1
I, =14 =-f
13 31 2f7
1
Fés = F?la = §fy7
1
F§3:§(fz+ffx)a
1
F§3 = éfy’
1
s, =—=f,
33 5
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Proof. By using 2.6.2, we establish the the Christoffel symbols as follows.

1 < dgu  Ogu  Ogu
1—\1 — 1 o
) ;g ( Ox * Or  Ox!

% 11 (8911 +8911 8911) n 1 4 (3912 n 0912 8911)

ox ox ox
1913 (8913 4 9913 _ a911)

29

ox ox dy

2 ox ox 0z
=0,
1o 093 Ogu 9913
Fl — 11 .
B2 1:19 (89@ "9~ ad
. 1 11 (0g31  Ogii  Ogis 1 15 (0gs2 Ogiz  Ogi3
N (83: i 0z oz +2g Ox * 0z oy

y 1 13 0933 X Og13 _ Og13
2 ox 0z 0z

1

Similarly, we can calculate all of the components Fék of the Christoffel symbols

and find as given above. O

Now, as we know the Christoffel symbols, we can calculate the components of

the Levi-Civita connection.

Theorem 3.2.2. The possible nonzero components of the Levi-Civita connection

of any metric gy are

1

1
Vﬁyaz - éfyaz

1 1 1
Vazaz = é(ffa: + fz)ax + §fyay - §fxaz

Proof. After a straightforward calculation by using (2.6.1) and Proposition 3.2.1,
Vo, 0n = > Th 0k
k

=T1},0, +T30, + T30,
— 0’
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Vo, 0. = Y Tk
k
=T'1,0, + 110, + 1,0,
1
= = a:asc
2f

Similarly, we can find all components Vy,0; of the Levi-Civita connection of g;

as given above. O]

Theorem 3.2.3. As given in (2.6.3),
R(0;,0;)0k = Va,Vo,0k — Va,Va,0r — Vs, 0,0k, (3.2.1)

where 0;,0;, 0y is the coordinate basis, the Riemann curvature of the manifold M

1s determined by the following possibly non-zero components,

R(0z,0.)0, fzz 2,
R(0z,0.)0, fxy 2,
R(9,,9.)0, fxy 2,
R(9y,0:)9, fyy .

1 1
(8:5, a ) 2ff:ca: T §f:cyay - §fxy8za

1 1 1
R<aya a ) 2ffzy ifyyay - §fmyaz

Proof. By using (2.6.3),

R(0r,0,)0, = V9,V5,0: —V,Vo,0:. — Vg, 0,00
p— O’

R(aa:a az)a:r: = Vamvazax - Vazvazax - V[BI,BZ}GI
1
1

Similarly, all components R(0;, 0;)0 of the Riemann curvature can be calculated

as above. O]
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Theorem 3.2.4. The Ricci tensor of a three-dimensional Walker manifold

(M, gy) is
sfee 3oy 3fw
p=1 0 0 —3fy
0 0 3fu

p has eigenvalues Ay =0, Ay = A3 = %fm

Proof. To calculate the Ricci curvature, we use the formula given in (2.6.5), that
is,
Ric(X,Y) =Y em(R(em, V)X, em)
m=1

and the orthonormal frame in (3.1.3). After a straightforward calculation by
using these and Theorem 3.2.3, (2.6.6), we find the Ricci tensor as above. [

Corollary 3.2.5. A three-dimensional Walker manifold (M, gy) is flat (Defini-
tion 2.6.6) if and only if

f(2,y,2) = zalz) + yB(=) + ((2). (3.2.2)

Theorem 3.2.6. (M, gy) is flat if and only if it is Ricci flat.

Proof. 1t is clear that if M is flat, it is Ricci flat. Conversely, if M is Ricci flat,

then we have
f$$ = fa:y - fyy = 07

which implies that the Riemann curvature tensor is zero and so M is flat. ]

The trace of p is the scalar curvature 7 of (M, gr) and is

T = fxz

The Lorentzian three-manifolds admitting a parallel null vector field which
is spanned by 0, are called strictly Walker three-manifolds . A strictly Walker
three-manifold can be characterized by f = f(y, z), i.e., f is independent of the

parameter x (see [1]).
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Corollary 3.2.7. Let (M, gy) be a strictly Walker three-manifold.

1. The non-zero components of the Christoffel symbols of M are
1
F%zz = Féz = §f Y
1
N, =—f.
33 2f
1
F§3 - §fy
2. The non-zero components of the Riemannian curvature tensor of M are
1
R(8y, 0.)0, = §fyyaﬂc

1
R(9,,0:)0: = 5 fny-

3. The Ricci tensor p of M is

0 0 3w
p=100 o0
00 0

and the eigenvalues of p are equal to zero.

4. The scalar curvature of M is zero.
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Chapter 4

Curves on a Walker Manifold

In this chapter, we discuss the geodesic curves of a three-dimensional Walker

manifold, with a focus on the curves with a constant or linear component.

Recall that a curve « in M is said to be timelike (respectively spacelike, light-
like) at ¢ if 4/(¢) is a timelike (respectively spacelike, lightlike) vector. The curve
v is timelike (respectively spacelike, lightlike) if +/(¢) is timelike (respectively
spacelike, lightlike) for all ¢t € I. [9]

Example 4.0.8. Consider the plane curves in (M, gy).

(1) Let the curve be the straight-line v(t) = p + tv with p,v € R? and v # 0.
The causal character of this curve is same as the causal character of the

vector v.

(2) The hyperbola v(t) = r(cosht,sinht,0) is a timelike curve lying in the
lightlike plane defined by z = 0.

Proof. (1) 4'(t) = v, and so (v,7) = (v,v). Thus, v has the same causal

character as the vector v.
(2) +/(t) = r(sinht,cosht,0). Then
(v,7') = —cosh®t
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which is negative for all ¢ € R. Therefore, the hyperbola 7 is timelike.
The induced metric on the plane z = 0 is g¢|.—o = —y?, so it is degenerate.
Hence, the plane represented by z = 0 is a lightlike plane and the curve vy

lies on it.

The Euclidean geometry has no curvature and so a straight-line is the shortest
path between two points in the Euclidean geometry. However, in General Rel-
ativity, the space is curved by the mass. A geodesic is the notion of a straight
line to the curved space, so that a geodesic is (locally) the shortest path between

points in the space.

Recall that a curve v: I — M on a semi-Riemannian manifold M is called a
geodesic if " (t) = V.. (t) = 0.

Corollary 4.0.9. Let v(t) be a curve defined on U C M with the coordinate
functions v1(t),v2(t),v3(t). ~ is a geodesic of M if and only if its coordinate

functions v satisfy
()24
TR dt dt

fork=1,23.

It follows that the geodesic equations of a three-dimensional Walker manifold
(M, gy) are

d27 d%d% d%d% d73

d2 1 /dy\?
2. 12 + ny (ﬂ) = 0,

d¢? dt

42 1. [dy)\?
3. 0 o (52) =0
dt2 2 dt
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<0, v is timelike
4. (v,7) =10, ~ is lightlike -

>0, ~y is spacelike

For an arbitrary f,

(i) If we have a curve with constant ~;, the curve v(t) = (¢, 72, 73) satisfying

the following equations is a geodesic in M.

dydys dy\" _

dt
2
2. ijz+1f <d%> =0,

dt2 27Y \ dt
Py 1 dys

3. — =0
iz 2l (dt ’

<0, 7 is timelike

4. (¥,7) =~ @:f A" _ 0 is lightlik
-\ dt a1 ) v 1s lightlike -

>0, ~ is spacelike

(ii) If we have a curve with constant ~,, the curve v(t) = (71, ¢, v3) satisfying

the following equations is a geodesic in M.

d2’71 d’Yld’YB d’Yz
1. " - > :O,
TR TR T (ff + f2)

1 ds 2_
2. 5k <W> =0,

2 2
3 L L (d) g
d t2 2 dt

<0, v is timelike

4 <7’7>—2M%+f % 2: 0 is lichtlik
A dt dt dt YIS HEAtERe

>0, ~ is spacelike
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Notice that, if ddif # 0, then it follows from (2) that f, = 0 and so

(iii) If we have a curve with constant 73, the curve v(t) satisfying the following

equations is a geodesic in M.

dz’h

1. iz =0,
d2’72

2. 1z =0,
d2’Y3

3. 1 =0.

The curve is in the form v = (a1t + ag, bit + by, ¢).
<0, 7 is timelike

4. <’7,7’7/> = _b% = .
0, 7y is lightlike

v(t) = (ait + ag, byt + be,¢) is a timelike geodesic if by # 0. If by = 0,
v(t) = (a1t + ag, by, ¢) is a lightlike geodesic in M.

Corollary 4.0.10. Any straight-line v(t) = p + tv with p,v € M and v =
(v1,v9,0) is a geodesic in the manifold (M, gf) with an arbitrary f and its causal

character is the same as v.

Proof. Let v(t) = p +tv and v = (v1, v,0).
v = v = (v1,v9,0).

Hence v has the same causal character as v. Moreover, v(t) satisfies the geodesic

equations for any f. O

Corollary 4.0.11. Let (M, gs) be a Walker manifold. If there exists a geodesic
curve in the form y(t) = (71(t),72(t), cit + ¢2) in M where ¢; # 0, then M is

a strictly Walker manifold. Moreover if o is also linear with respect to t, then

f=1r@).
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Proof. Let ~v(t) = (71(t), 72(t), c1t + c2) be a geodesic in M, where ¢; # 0. Then

~ satisfies the geodesic equations

d? d%

d
dt2 1fa: ’72

1.

1fy (ffx+fz) 7

1,
2

d? Y2
d?

1
2. + éC%fy = O,

1
3. —§c§fx = 0.

Since ¢; # 0, f, = 0 followed from (3). Thus f = f(y, ), that is, M is a strictly
Walker manifold.

For the second part, let v(t) = (71(t), bit+bo, c1t+¢2). Then v = (v1(t), b1, ¢1)

and the geodesic equations become

d? i1

v 1
a2 lemd—lt + 50? (ffe+ f) =0,

1
2. §C%fy = O,

1
3. —§c§ fz=0.

It follows from (2) and (3) that; f, = f, = 0. Therefore f = f(z). O

Corollary 4.0.12. Let M be a strictly Walker three-manifold, admitting a par-
allel null vector field spanned by {0,}. M can be characterized by f = f(y, z) so
that f is independent of the parameter x. In this case, f, = 0 and the geodesic

curves in this manifold satisfy the following equations:

d% dyedy; 1, (dy\?
L Thegrae Tl lar ) 70
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d?y 1 dys\?
2, S (922 o
+2fy<dt ’

<0, s timelike
4 () =10, ~ is lightlike -

>0, s spacelike

d
This means that d_vtg is a constant ¢; so that any curve in the form

’Y(t) 3 ('71 (t)’ 72<t)? ¢t + C2>

with 1, 72 satisfying the equations above are geodesics in M for any f(y, z).

Moreover, if ¢; = 0, then v is a straight-line:
~v(t) = (a1t + ag, bit + by, c3).

The causality of v depends on by, that is,

e if by = 0, then ~ is a lightlike geodesic,
e if by # 0, then v is a timelike geodesic.

Example 4.0.13. Let M be a Walker manifold with the defining function

f(z,y,2) = x/z where z # 0 and z, z are linear in ¢ with unit speed.

(i) If v(t) = (a' + at, b’ + bt, c) then y(t) is a timelike geodesic in M.
(i) If v(t) = (a’ + at, b, c), then it is a lightlike geodesic in M.

Example 4.0.14. Let (M, g¢) be a strictly Walker manifold with f = y+2z where
y =t, 2 = t*. A unit-speed timelike geodesic on this manifold is either (t) =
(crt+cg, —t+4cs, cq) or y(t) = (ert+ca, t+c3, ca). Moreover, y(t) = (cit + ¢, ¢3, ¢4)

is a lightlike geodesic on this manifold for any ¢, o, 3, ¢4 € R.
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A semi-Riemannian manifold M is called geodesically complete if every geodesic

curve v in M is defined on R.

Theorem 4.0.15. A Walker three-manifold M with the metric g; as given in
(3.0.1) is geodesically complete.

Proof. To prove this, we use a criterion from [10] for geodesic completeness that
“a semi-Riemannian metric defined globally on R™ whose Christoffel symbols
satisfy

Iy =0
for all j, k < i is geodesically complete.”It is seen from Proposition 3.2.1 that all
of the Christoffel symbols I‘;k with j, k < i are equal to zero. Therefore, (M, gy)
is geodesically complete [1]. ]
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