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ABSTRACT

SUPERCONFORMAL SIGMA MODELS IN THREE
DIMENSIONS

In this thesis, we study superconformal sigma models in three dimensions [1,
2]. These models are formulated as field theories [3] of smooth maps from a three-
dimensional world-volume into a target space, subject to supersymmetry and conformal
invariance. The geometric constraints imposed by these symmetries on the world-

volume and on the target space are analyzed in detail [1,4-6].

It is established that conformal invariance forces the target space to be a Rie-
mannian cone [4], regardless of whether supersymmetry is present [1]. The minimal
supersymmetric extension of the model does not impose additional restrictions on the
target space geometry. Instead, supersymmetry invariance constrains the geometry of
the three-dimensional world-volume, since it requires the supersymmetry parameter to

be a conformal Killing spinor [2].

Three-dimensional manifolds admitting local conformal Killing spinors have been
classified in both Euclidean and Lorentzian signatures [2,5,6]. Regardless of the metric
signature, the conformal Killing spinor equation admits four independent local solutions
on a three-dimensional manifold if the manifold is locally conformally flat. In the
Euclidean case, no solutions exist otherwise. In contrast, in Lorentzian signature, if
the manifold is not locally conformally flat but is locally conformally equivalent to a

pp-wave metric, then exactly one conformal Killing spinor may exist.
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OZET

UC BOYUTTA SUPERKONFORMAL SIGMA MODELLER

Bu tezde, ii¢ boyutta siiperkonformal sigma modelleri incelenmektedir [1,2]. Bu
modeller, ti¢ boyutlu bir zar-hacminden hedef uzaya tamimh tiirevlenebilir fonksiyon-
larin olusturdugu, siipersimetri ve konformal degismezlige tabi olan alan kuramlari
olarak formiile edilmektedir [3]. Bu simetrilerin zar-hacmi ve hedef uzay tizerinde day-

attig1 geometrik kisitlamalar ayrintili bigimde analiz edilmistir [1,4-6].

Stpersimetrinin varligindan bagimsiz olarak, yalnizca konformal degismezligin,
hedef uzayimn bir Riemann konisi olmasini zorunlu kildigi ortaya konmustur [1,4]. Mod-
elin asgari siipersimetri ile genisletilmesi, hedef uzay geometrisi iizerinde ek kisitlamalar
getirmez. Bunun yerine, siipersimetri degismezligi siipersimetri parametresini bir kon-

formal Killing spinoru olmaya zorlar ve ii¢ boyutlu zar-hacminin geometrisini kisitlar

12].

Yerel olarak konformal Killing spinor denkleminin ¢éziimiiniin oldugu ti¢ boyutlu
¢ok kathlar hem Oklidyen hem de Lorentz durumlarinda simflandirilmigtir [2, 5, 6].
Hem Oklidyen hem de Lorentz durumlarinda, eger {i¢c boyutlu cok kath yerel olarak
konformal diiz ise, konformal Killing spinor denklemi dort bagimsiz yerel ¢oziim kabul
eder. Oklidyen durumda, aksi takdirde hicbir ¢6ziim yoktur. Buna karsihk, Lorentz
durumunda, ti¢ boyutlu yerel olarak konformal diiz olmayan ¢ok katlilar tizerinde ancak
yerel olarak bir pp-dalga metrigine konformal olarak denkse, yalnizca bir adet konformal

Killing spinoru var olabilir.
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1. INTRODUCTION

String theory is a candidate framework for unifying quantum mechanics and gen-
eral relativity into a consistent theory of quantum gravity by replacing point particles
with one dimensional extended objects, called strings [7-11]. The fundamental theory
for a bosonic free string is formulated by considering the area of the surface traced
out by the string during its motion in space-time. This area is computed through the
integral of the area element constructed from the induced metric tensor, leading to the
Nambu-Goto action [12]. However, the presence of field derivatives inside a square root
in the Nambu-Goto action makes the quantization process technically challenging. An
equivalent and more tractable formalism is provided by the Polyakov action [13]. The
Polyakov action requires an independent metric tensor on the world-sheet, which re-
sults in the fact that it exhibits Weyl symmetry [14] in addition to the diffeomorphism
symmetry. As a consequence, the Polyakov theory of a string possesses conformal sym-
metry. Conformal symmetry refers to invariance of the action under transformations
that preserve angles while allowing local scaling of distances (see for example [15,16]).
The requirement of conformal invariance on the two-dimensional world-sheet ensures
the consistency of the theory by constraining the dynamics of the string and determin-

ing the critical space-time dimensions where the string can consistently propagate [9].

Additionally, supersymmetry, which relates bosonic and fermionic degrees of free-
dom (see [17]), is an equally fundamental symmetry in string theory. By associating
particles of different spin statistics, supersymmetry naturally stabilizes quantum cor-
rections and yields theories that are both mathematically consistent and elegantly
structured. There appears five consistent supersymmetric string theories in ten di-
mensions which are believed to be different limits of a single unifying theory known
as the M-theory [18]. At low energy limit, M-theory reduces to eleven-dimensional
supergravity, which admits a particular stable solution called the M2-brane, where a
brane can be understood as higher dimensional generalizations of a string (for further

details, see [19,20]). Recently, it has been realized that the coincident M2-brane theory



may be described by a superconformal field theory in three-dimensions involving scalar
fields in a suitable representation of certain Yang-Mills groups and Chern Simons in-
teractions [21-25]. In most studies of this model, the manifold parametrized by the
scalar fields, referred to as the target space, is assumed to be the Euclidean space,
while the three-dimensional space-time is taken to be the Minkowski space. The aim
of this thesis is to generalize this approach by considering a non-flat target space and
an arbitrarily curved three-dimensional space-time, thereby formulating the theory as
a sigma model. The resulting theory is known as the superconformal sigma model in

three dimensions [1,2].

The sigma model is originally introduced in the 1960s by Gell-Mann and Lévy
[26]. Its name sigma model originates from the fact that one of the fields in their
work was denoted by the Greek letter o. It was then reformulated into the nonlinear
sigma model [27]. In the 1970s, it gained attention for its asymptotic freedom in two
dimensions and became a prototype for studying non-perturbative effects in quantum
field theory [28-34]. In the 1980s, the nonlinear sigma model became central in string
theory [35-37], as the two-dimensional quantum field theory on a string’s world-sheet is
a sigma model whose target space is the space-time itself. Additionally, supersymmetric
extensions [38-41] of nonlinear sigma models were introduced around the same time.
Specifically in three dimensions, locally supersymmetric nonlinear sigma models and
their gauged extensions are introduced in [42] and [43], respectively. The sigma model
had also a lasting impact on mathematics, particularly through its connections to

harmonic maps/wave maps, moduli spaces, and mirror symmetry [44-46].

From the field theory perspective, a sigma model can be regarded as a theory of
smooth maps between differentiable manifolds [3,47]. The domain is generally taken
to be a Lorentzian manifold, modeling spacetime, and is commonly referred to as the
world-volume in string theory literature [7—11]. The codomain is typically a Rieman-
nian manifold, known as the target space, which, particularly in supergravity contexts,
is often realized as a coset space (for example, see chapter 4 of [48]). Sigma models

play a pivotal role in describing the dynamics of branes, as they provide a systematic



framework to encode how branes propagate through and interact with the ambient
spacetime, represented by the target space. A particularly important class of sigma
models, known as conformal sigma models, consists of those that exhibit conformal
invariance [1]. One significant consequence of imposing conformal symmetry is that
the geometry of the target space becomes strongly constrained [4]. When conformal
symmetry is extended to include supersymmetry, the resulting theories are referred
to as superconformal sigma models. The enhanced symmetry structure imposed by
superconformal invariance further restricts the allowed target space geometries, with
the specific constraints depending on the number of supersymmetries present. More-
over, the presence of supersymmetry also imposes constraints on the geometry of the

world-volume.

This thesis is devoted to the study of superconformal sigma models in three
dimensions, with a primary focus on the geometric constraints imposed by these sym-
metries on the world-volume and target space, following [1,2,4-6] and using [49-51]

for the fundamental results.

Chapter 2 defines the sigma model [3,47], presents the fundamental aspects of
sigma model field theory, and discusses its symmetries. It is emphasized that the
symmetries of the sigma model is divided into two categories: space-time symmetries

discussed in Section 2.1.1 and internal symmetries explained in Section 2.1.2 [49].

Chapter 3 explores the applications of sigma models in brane mechanics [7-11,52].
It begins with a brief discussion of the point particle in Section 3.1, then proceeds to the
bosonic free string in Section 3.2. Subsequently, the string is generalized to a p-brane,

and the role of sigma models in brane dynamics is examined in Section 3.3.

Chapter 4 introduces the conformal sigma model [1,2]. This model is analyzed in
detail, demonstrating that its target space must be a Riemannian cone [4]. Addition-
ally, the application of conformal sigma models with a one-dimensional target space to

the study of conformally coupled scalar fields is briefly discussed in Section 4.1 [53-59].



Chapter 5 focuses on the three-dimensional case and discusses supersymmetric
extensions of the conformal sigma models [1,2]. It begins by presenting the necessary
formalism for spinors on curved manifold and introducing our spinor conventions [49]
in Section 5.1. Subsequently, the minimal supersymmetric extensions of the conformal
sigma models are discussed in Section 5.2, where it is addressed that the supersymmetry
parameter used to construct the supersymmetry transformations must be a conformal
Killing spinor [1,2]. Next, Section 5.3 examines various properties of conformal Killing
spinors: In particular, Theorem 5.1 establishes that a conformal Killing spinor gives
rise to a conformal vector field [60], Theorem 5.2 proves that the number of solutions
to the conformal Killing spinor equation depends solely on the conformal class of the
metric tensor [2,5,6] and Theorem 5.3 derives the restrictions imposed on a manifold
by the existence of a conformal Killing spinor [5,61]. As a consequence, we conclude
that any three-dimensional locally conformally flat manifold admits four independent
local conformal Killing spinors and that in Lorentzian signature, a non-zero conformal
Killing spinor exists on a three-dimensional manifold that is not locally conformally

flat if and only if it is conformally equivalent to a pp-wave metric [2,5, 6].

Finally, the thesis is concluded with remarks on extended supersymmetric con-
formal sigma models, emphasizing that the target space of the N' = 2 superconformal

sigma model is a Kéhler cone whose base is necessarily a Sasakian manifold [2,4,62].



2. SIGMA MODEL

A sigma model is defined by a triple (X, M, ®), where @ represents a smooth map,
referred to as the sigma model map, from a p+1 dimensional Lorentzian manifold (X, g)
with metric tensor signature (—,+,...,+) into a d-dimensional Riemannian manifold
(M, G), where g and G represent metric tensor fields, respectively [3,47]. The domain,
X, of the sigma model is called the world-volume (in particular, world-line if dimX = 1
and world-sheet if dimX = 2) while the co-domain, M, is called the target space.
The reason for this terminology is that it fits best for the brane mechanics [7-11].
Specifically, a sigma model is called a linear sigma model if the target space happens

to be a vector space. Otherwise, it is said nonlinear sigma model (see Section 2.1).

The notation for coordinates is schematically illustrated in Figure 2.1. Specifi-
cally, local coordinates on the world-volume X and the target space M are denoted by
xt for p=0,...,pand y* for a = 1,...,d, respectively. Accordingly, the components
of the Levi-Civita connections V on the world-volume and D on the target space are
denoted by I'*,, and I',, respectively. Since the coordinates, y*, are real functions

on the target space, the compositions

"=y od (2.1)
yield d real functions on the world-volume, which plays the role of the scalar fields of a
field theory, called the sigma model field theory. As it can be seen in the sigma model
literature, particularly in [3,7-11,47,48], the most basic level sigma model field theory

action is expressed as

Sl¢) = /X P /50" Gy (608D, 8, (2.2)

where /—¢g denotes the square root of the absolute value of the determinant of the
world-volume metric tensor g,,. The minus sign is introduced to ensure that the
expression under the square root is positive, since the determinant is negative due to

the mostly plus Lorentzian signature of the world-volume metric.
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Figure 2.1. Hlustration of a sigma model in local coordinates

2.1. Symmetries

The sigma model field theory possesses both space-time (orexternal) symmetries
and internal symmetries. The space-time symmetry refers to the invariance of the
action governing the dynamics of the scalar fields (2.2) under a world-volume diffeo-
morphism. On the other hand, the internal symmetry corresponds to transformations
of the scalar fields without transforming the world-volume coordinates. As we will
show in Section 2.1.2, internal symmetries of the sigma model (2.2) is formed by the
isometries of the target space, that is, the metric preserving diffeomorphisms on the

target space.



2.1.1. Space-time Symmetries

Given a diffeomorphism on the world-volume sending x# + ##(z) with the inverse

2P +— 2#(2), the world-volume metric tensor and scalar fields transform as

o 0z 028 " S n ar
(1) = 3o ) = 0us(0()) 9z o () e B(8) = 6 a(d). (29

These induce the transformations of the term including the target space indices and

the inverse world-volume metric as

9¢® 0" 00" 0" L 9¢r9¢ . 9¢" 0" Dz Da®
Gar(9) g g > Covl®) 77 o = Covl@) 537 ze = Corl9) 5 55 97 9z (2
ap e g OF 92
9" (@) = g7 (2) = g7 (x(@)) (2.5)

Dz OxP’
where equation (2.5) is obtained by §% (%) s () = 5" 5. Moreover, the volume element

transforms trivially which can be verified by observing the transformations

P s PG = JdP e, /=g A/—§ = VJflg, (2.6)

where J is the Jacobian determinant of coordinate transformation. Consequently,

transformation (2.4) is compensated by (2.5), leaving the action (2.2) invariant.

Invariance under world-volume diffeomorphisms is essential from the perspective
of field theory: In string theory, the world-volume is typically taken to be Minkowski
space with the corresponding Minkowski metric tensor denoted by 7, = diag(—, +,...,+).
Consequently, the Lorentz symmetry of the action (2.2) can be directly verified by con-
sidering a world-volume diffeomorphism of the following form: x# — ##(z) = Aﬂ#:p“,

where Aﬂu is a Lorentz transformation, i.e., it satisfies A[‘M/l‘; i = Myw-
2.1.2. Internal Symmetries

Similarly, one can consider a diffeomorphism on the target space space, sending

y® — §%(y). It implies transformations of scalar fields as
¢*(x) = ¢ ((x)). (2.7)
We emphasize that the transformation (2.7) of the scalar fields is an internal trans-

formation as the coordinates z# remain fixed. Infinitesimal version of the internal



transformations can be described by considering a flow on the target space instead of
an arbitrary diffeomorphism and the infinitesimal internal transformations of the scalar

fields is expressed as [49]
Ot 0" = k*(9), (2.8)

where the k% are the components of the infinitesimal generator of the flow. Under the
internal transformation, only fields in the integral (2.2) that carry target space indices
are transformed, namely,

0G, “ a a
Oiar. (Gan(#)0u0" 0,0%) = = ¢;’kda 30, 0" + Gap0,k0, 0" + G0, 6" 0, k"

o aGab d akc 6l€c a b
_<8¢dk+GCb8¢ +Gac ¢> gbauqb

oke oke . 2.9
(o[ ] [ rue] a9

— (GcbDakc + GacDbkc> 8u¢aau¢b

= (Daky + Dyka) 0,60,

for which we use the metric compatibility condition, that is

aG(ab
Br

The transformation (2.9) leaves the action (2.2) invariant if and only if

O — DdGab - - ch(l Gcb - chb Gac- (210)

D, ky + Dyk, = 0. (2.11)
A vector field satisfying the condition (2.11) is called a Killing vector field, the flow
of which is an isometry. Therefore, only target space isometries induce internal sym-
metries. Generators of the Lie algebra of the isometry group are target space vector
fields with components kf(¢) where I is the Lie algebra index. Thus, a Killing vector
field can be expressed as k% = §7k%, with constants 67, so that the infinitesimal trans-
formation (2.8) reads dint. ¢ = 07k%(¢). Promoting 6’ to z-dependent functions on the

world-volume gives the gauged sigma model. For further details, we refer [1,2,63].

Finally, we clarify the terminological distinction between linear and nonlinear
sigma models: When the target space is a vector space, the isometries correspond to
linear transformations. In contrast, if the target space is an arbitrary smooth manifold,

the isometries may be highly nonlinear.



3. SIGMA MODELS IN BRANE MECHANICS

Sigma models occupy a central role in theoretical physics, particularly in the
formulation of the dynamics of p-branes [8,9]. The present chapter aims to provide a
motivation for employing sigma models in the study of p-brane dynamics. We begin
with the motion of a free point particle, which can be regarded as a zero-brane, i.e.,
p = 0. We then proceed to the case of a free bosonic string, which is defined as a
one-brane, i.e., p = 1. Finally, we generalize the bosonic string action to an extended

object known as a p-brane.
3.1. A Free Point Particle

The trajectory of a free point particle moving in a curved space-time (M, G) is
described by a smooth curve @: [ — M, where the interval [ is called the world-line
with coordinate 7. The trajectory is expected to be a geodesic in space-time, which is

defined as a solution to the geodesic equation given by [51]

d2¢a . dgbb d¢c
dr? R (QS)E dr 0,

(3.1)

where ¢%(7)’s are components of the curve in coordinates given in Figure 2.1. The
associated action yielding the equations of motion (3.1) is given in terms of the length

of the trajectory as [8]

61 = [ ry~Gul0) . 32

where m represents the mass of the particle. Additionally, introducing an auxiliary non-
zero field e(7) on the interval I, the motion of a free particle can be also formulated
through the action [§]
1 do® dg®
Slevo] = 5 [ ar (X 0IGue 0 e(r)) (3.3
which also yields the geodesic equation (3.1) as equations of motion so that action (3.3)

is on-shell equivalent to the action (3.2).
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3.2. A Free Bosonic String

A string is a fundamental generalization of a point particle to a one-dimensional
object propagating through a space-time (M, G). As it propagates, it traces out a two-
dimensional surface in the space-time. In string theory, this surface is usually required
to be a 2-dimensional embedded submanifold of M. Hence, dynamics of a string is
encoded by a smooth embedding @: X +— M, where X represents a 2-dimensional
manifold X, known as world-sheet. Then, the surface drawn by the motion of the
string corresponds to the image of X under the map ®. Analogous to the free point
particle case, the theory governing the free motion of a bosonic string is constructed
based on the area of the surface traced out by the string in space-time [7-11,52]. Using
the notation introduced in Figure 2.1, the components of the embedding map are
denoted by the real functions given in equation (2.1) so that the action characterizing

the motion of the string, known as the Nambu-Goto action, is given by

&mMﬂZTAyLG@M%a (3.4)

where 7' is a constant, known as the string tension and G(¢) denotes the determinant
of the induced metric which is given as

GW(Qb) = Gab8u¢aau¢ba (3~5)
so that v/ —G(¢)d*x becomes the area element of the surface traced out by the string.

There exists yet another action, known as the Polyakov action, describing the
free motion of a bosonic string. The Polyakov action requires an independent metric

tensor, denoted by g, on the world-sheet X and is given by

Seloper o] = 5 [ Erv=gg"G(0) (3.6

which has the same form as the sigma model action (2.2), except that the Polyakov
action (3.6) admits the world-sheet metric tensor g as a dynamical field, in contrast
to the sigma model action given in equation (2.2). The Polyakov action provides an
equivalent formulation of the motion of a free bosonic string as the Nambu—-Goto action.

This statement is explicitly proven in Theorem 3.1.
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Theorem 3.1. The Polyakov action is on-shell equivalent to the Nambu-Goto action.

Proof. The variation of the Polyakov action (3.6) with respect to g"” yields

359 = [ @0y=5 (Gul6) = j™Gor(0)) 89 (37)

which results in the equations of motion

1 (03
G (9) = 599" Gas(9). (3.8)
That is, the induced metric tensor G, (¢) is proportional to the world-sheet metric
tensor g,, with proportionality factor given by the scalar function g**G,s(¢). As a

result, evaluating the determinants and inverses of both sides of equation (3.8) yields

’BGaﬁ( 9) w_ 2 v
—V-9 G aﬁGaﬁ(aﬁ)gM : (3.9)

where the first equality follows from the fact that dim X = 2, while the second equality

~G(6) =

uses the observation that g*’G,s(¢) # 0 since otherwise, equation (3.8) would im-
ply G,.(¢) = 0, which contradicts the requirement that G,,(¢) be a metric tensor.

Consequently, the overall factors cancel each other so that we end up with

—G(9)G" = V/=gg"". (3.10)

Finally, we conclude the proof by inserting (3.10) into (3.6), resulting in

T
Selonst = | /=G Gpulé) =T | Pr/=G8) = Sxchman (311
X X

since GG, (¢) = 2. O

The beauty of the Polyakov action (3.6) lies in the fact the the partial derivatives
of the scalar fields ¢* do not appear under a square root, in contrast to the Nambu—
Goto action (3.4), which simplifies canonical quantization. Furthermore, the Polyakov
action possesses Weyl symmetry, which is absent in the Nambu—Goto action. A Weyl
transformation is defined as a rescaling of the world-sheet metric tensor g,, without a

transformation of the coordinates x*, that is,

G () — le(gC)gW(x) (3.12)
for some real-valued smooth function f defined on X. We emphasize that a Weyl

transformation is more general than a conformal transformation that we will study in
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the next chapter [15,16]: In a Weyl transformation, the smooth function f in equation
(3.12) is arbitrary. Although a conformal transformation can also be written in the form
of equation (3.12), in that case the function f is not arbitrary; rather, it is determined
by a coordinate transformation and thus strongly depends on the chosen coordinate
system. The invariance of the Polyakov action under a Weyl transformation can be

readily verified by evaluating

V=g e =g, g e H g, (3.13)
where the z-dependence has been suppressed. As a result, the overall factors cancel
out, and the Polyakov action (3.6) remains unchanged. The emergence of Weyl sym-
metry is closely to the fact that introducing an independent dynamical world-sheet
metric tensor in the Polyakov action does not introduce additional dynamics beyond
those already present in the Nambu—Goto action since the dynamical world-sheet met-
ric tensor g in the Polyakov action can always be gauged away by a suitable Weyl
transformation as follows: Firstly, it is a well-known fact that any two-dimensional
manifold is locally conformally flat (see for example [50]), meaning that, around any
point, there exists a coordinate system in which the metric tensor is conformally related
to the flat Minkowski metric tensor 7, = diag(—,+,...,4). That is,

Guo(x) = € 2, (3.14)
where F' is a real-valued smooth function defined on the world-sheet and strongly
depends on the chosen coordinate system x*. Consequently, the Weyl symmetry pro-
vides the opportunity of locally scaling the world-sheet metric tensor with €2 without
disturbing the action, resulting in a symmetry of the Polyakov action given by

Juv = Nyw- (3.15)

Consequently, one can always locally use the Minkowski metric tensor field.

3.3. Bosonic p-brane

A p-brane is the natural generalization of a string to a p-dimensional extended
object, where p > 1. Analogously, it propagates through space-time (M, G) and sweeps
out a (p+ 1)-dimensional volume which is supposed to be an embedded submanifold of

the space-time and its dynamics is also modeled by an embedding @ : X + M, where
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X is a (p + 1)-dimensional Lorentzian manifold and @ is an embedding. In the brane
mechanics literature [7-11], the Lorentzian manifold X is referred to as the world-
volume, thereby justifying our terminology. The action characterizing the dynamics of
a free bosonic p-brane is formulated in terms of the volume swept out by the p-brane

during its evolution through space-time. Thus, it is given as

Si6) =, [ @*1ay/=G(0) (3.16)
b
where the constant 7, is called the p-brane tension [8] and G(¢) is the induced metric

described in equation (3.5). As in the case of string, there exists an on-shell equivalent

formulation of the dynamics of a free bosonic p-brane, explained in Theorem 3.2.

Theorem 3.2. The free p-brane action (3.16) is equivalent to the action

Sl 871 = 2 | #Mev=5(0"Goul®) + ), (317)

where the cosmological constant is defined as A, =1 — p.

Proof. Following the same procedure used to derive equation (3.8), variation of the

action (3.17) with respect to g"” gives

1 o
GHV(¢) = ég/u/ (g 6Ga,8(¢) + Ap) . (318)
Multiplying both sides of equation (3.18) by ¢ and contracting indices gives
v ptl, o
g,u G/U/(¢) = T (g ﬁGa6(¢> + A;D) : (319)
Hence, solving equation (3.19) for ¢"*G,,(¢), we obtain
v pt1
"G (¢) = ———A,,. (3.20)
p—1
Substituting equation (3.20) back into equation (3.18), we find that
G,u,l/((b) = Guv (321)

showing that the world-volume metric is equal to the induced metric. Finally, inserting

equation (3.21) back into the action (3.17), we end up with

Sk = 3 | 0/ =G0 (G Gulé) + 4) =T, [ Ve y/=G(6).  ©
X

X
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As a consequence, free p-brane can be equivalently formulated as a sigma model
field theory with dynamical world-volume metric tensor. Since the bosonic p-brane
action (3.17) treats the world-volume metric tensor g as a dynamical field, it is natural
to include the Einstein-Hilbert term, namely /—g¢R,, where R, is the Ricci scalar
associated with g, into the action (3.17) to promote it to a genuine theory of gravity.
Moreover, the cosmological constant A, in (3.17) can be replaced by a target space
potential U(¢) to incorporate more general interactions of the p-brane. Consequently,

the action for a bosonic p-brane may be written as

Sl '] = =3 | @1ay=G (B + 9" Cul0)0u00.8 +U(8)) . (322)

where we fix constant 7, = —1 as in [2]. A possible solution for the world-volume
metric tensor in (3.22) may be obtained by help of an ansatz

g=eh, (3.23)
where h is a fixed metric tensor on the world-volume and ¢ is a scalar field on the
world-volume, known as the dilaton field. Hence the dilaton field, ¢°, replaces the
dynamics of the world-volume metric tensor g,, and so we aim to write the action
(3.22) in terms of the dilaton field. Firstly, using the ansatz (3.23), a relation between
volume forms, inverse metric tensors and associated Ricci scalars corresponding to g

and h are found as (see Appendix D of [51])
g = e*2¢0h“”, V=g = e(p+1)¢0\/—_h, (3.24)
Ry = e " [Ry, — p(p — D)h"™8,6°9,6° — 2pV"9"¢°] , (3.25)

where V" is the Levi-Civita connection associated to the fixed metric tensor h. Com-

bination of (3.24) and (3.25) simplifies the first term in the action (3.22) as
VEgRy = V=l (P70 Ry — p(p — DR0,6°0,0] + 2pe® DY Tl )
= V=R (0709 [y, = plp — 1)1 8,0°0,0°] + 2pV (0D 91 0) — 290700, 09")
= vk (7 [y, = p(p — V1" 9,6°0,6°] = 2p(p — 1)V 90,6 (3.26)
= V=he® D[Ry + plp — D1 9,6°0,8°)
where the divergence term, namely VZ (e(p*1)¢08“¢0>, disappears at the third step

since its integral is converted into a boundary integral, which is assumed to vanish under

the condition that the fields vanish at the boundary. Subsequently, the equalities (3.24)
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helps us to write second and third terms of action (3.22) in terms of dilaton field as
V=99" Gap(6")0,u8"0,¢" = e~V =R Got ()08 0,8, (3.27)
V=gU(¢") = e DIV=RU (¢°). (3.28)

As a result, by substituting the expressions (3.26), (3.27), and (3.28) into the action
(3.22), we obtain it in the form

S[gbo,(ﬁa] _/ dp-i-lx\/iep 1)¢ (Rh+p( _ 1)h/w [au¢oau¢0+Gab(¢)ap¢aau¢b} +U(¢a))

/ "/ —he® ™V (Ry + W G ap ()8, 8,0 + U(4)) (3.29)

where the capital Latin indices A = 0,1,...,d are introduced to distinguish between

#° and ¢ and we have defined

(

Gap(¢p) for A=a,B=0

Gap(9) = {p(p—1) for A=0,B=0 (3.30)

0 for A#0, B=0.

The action (3.29) also describes the motion of a string and is written in the so-called
string frame, whereas the action (3.17) is expressed in the Einstein frame. For further
details on the distinction between these two frames, we refer the reader to Section 1.8.1
of [9]. Additionally, the string frame action of a bosonic p-brane, given in equation

(3.29), can be expressed more compactly as [2]
1 0 . -
SI,07 = —3 [ @0 VT (0D R+ Gan(@0,0°0,6° + T(5) . (331
be

where we have defined (3.29)

P

G~(ab(gg) - e(pil)(bOGab(gb)
U(9) = e"™MU(g),  Gapl(d) =3 Goo(d) = p(p — 1)elr=D" (3.32)
| Gao(6) =0

where ¢ represents ¢4 = (¢°, ¢*) while ¢ stands for only ¢*’s. The action (3.32) will

be used in the next chapter to introduce conformal sigma model field theory.
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4. CONFORMAL SIGMA MODEL

In this section, we assume p > 1 unless stated otherwise. The conformal sigma
model field theory is obtained by generalizing the string frame action of a p-brane
written in the form given in equation (3.31). Specifically, we promote the factor e(P=1¢"
multiplying the Einstein-Hilbert term in (3.31) to an arbitrary target space potential,
denoted by f/(&), and treat the target space metric tensor G 4 B(gg) and the target space
potential U (gz;) as arbitrary functions of the scalar fields. Consequently, we end up with
an action given by [1]

1

516,07 = =3 [ @R (VR + Gan(@0,00,6° + TG)) (41

in which we emphasize that the metric tensor A is considered as a fixed background
metric tensor. As previously mentioned, the action (4.1) describes a sigma model for
which the world-volume, target space, and a sigma model map are denoted by (X, h),
(M, ), and @, respectively. We emphasize that the target space (M, G) is considered
as a (d + 1)-dimensional Riemannian manifold with coordinates y* = (y°, %) so that
the components of a sigma model map is given by ¢ = (¢*) = (¢°, ¢*) while we
denote ¢ = (¢*) as in (3.31). The conformal sigma model field theory is obtained
by assuming an additional ingredient on the world-volume: The world-volume metric

tensor is assumed to admit a conformal Killing vector field &, which is defined in

Definition 4.2.

Definition 4.1. A vector field & is called a conformal Killing vector field if
vygu + vl/f,u = 4whw/7 (42)

where V,§, = 0,8, — 1'%, §a and w is a smooth real function given ast
1
w=—--V,E" 4.3

A Killing vector field is a special case of a conformal Killing vector field, defined by
equation (4.2) with w = 0.

IThis can be verified by observing that 4(p + 1)w = dwh* h,, = h**(V &, + V,E,) = 2V ..



17

Finally, the conformal sigma model field theory is defined by action (4.1) and the

condition that it is invariant under the rigid conformal transformation given by [1]
dcd™ = € 0,0" +wr(9) (4.4)
where ¢ is a conformal Killing vector field satisfying (4.2) and v*’s are real functions
on the target space M. Obviously, the rigid conformal transformation (4.4) reduces
to the Lie derivative of the scalar fields when w = 0. The transformation (4.4) is
described as a rigid transformation because it leaves the world-volume metric tensor

h unchanged, that is, 6ch,, = 0. The conformal transformations (4.4) constitutes the

closed conformal algebra, as proven in Theorem 4.1.

Theorem 4.1. The Lie bracket of any two conformal transformation defined in (4.4)

s again a conformal transformation.

Proof. Tt is easy to show that given conformal Killing vector fields & and & with propor-
tionality functions w; and wy respectively, their Lie bracket, denoted by £3 = [£2,&], is a
conformal Killing vector field with the proportionality function ws = £50,w1 — &{'0,wo.
Thus, if the conformal transformations (4.4) corresponding to the conformal vector

fields & and & are denoted by d¢, and d¢,, the calculation

ov
601502¢A = 601( gau¢A + wQUA) = 58“((501 ¢A) + W2W(5C1 (bB)
(4.5)
A
= &(0,8)0,0" + /602, 0" + L0 (wiv?) + walf Dv™ + wMQUBg#
directly reveals the bracket to be
o A
s, deulo = 0,000 + €1 E508,0" + G ou(rv™) + watl Qe + o5 5
A
- (55‘(%55)8@/* + &5 02,0" + & 0u(warv) + Wi D0 + wowiv®? SZB>
= & (060)0,0™ — €1(9,65)0,0™ + v Buwr + v D (4.6)
= [€5(0uEY) — £ (0u€8)] o™ + (€5 Duwr + & Do) 0™
= 50,6 + wyv(9)
= 5C3¢A

which implies that [6¢,, dc,] = dc, where the reversal of order is emphasized [1]. [
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The target space of the conformal sigma model is kept as arbitrary as possible,
satisfying the requirement that the conformal sigma model action is invariant under the
conformal transformation. The infinitesimal variation of the action (4.1) with respect

to the conformal transformation (4.4) is calculated [1] as

Sol0") = 5

+w <v a% —2(p + 1)(7(&)) +wRy, <v % —2(p - )‘7(¢3)> (4.7)

oV
—28uw8“¢3 (UB — 2p(9¢ )

/ derlZC\/ —h [wapL(bAa“(bB <Z~>AUB —+ f)BUA — 2(]) — 1)éAB>
X

Y

where D represents the Levi-Civita connection of the target space M with components

I'°,5 so that
DAUB = 8Av3 - fCAB (YoR (48)

The infinitesimal variation (4.7) is vanishing if

25AUB + 2~)BUA = 2(19 - 1)GAB, (4-9)
vg = 2p05V (4.10)

A0,V =2(p — 1)V, (4.11)
v19,U = 2(p + 1)U. (4.12)

Equation (4.10) shows that the v4’s are components of a vector field that is hypersurface
orthogonal to the level surfaces of V. Additionally, any vector field satisfying equation

(4.9) is known as a homothetic vector field [4].

The constraint equations (4.9)—(4.12) impose strong restrictions on the geometry
of the target space, and our objective is to classify the Riemannian manifolds that
satisfy these conditions. A concrete example that solves these constraints is provided
by the Euclidean space equipped with the Kronecker delta metric tensor, that is, M=

R4 with G4 = g, for which a solution is obtained by setting [1]

N _1
A= (p— 1y, V= p4p 8 apy P (4.13)

2(p+1)
p—1

and U is an arbitrary homogeneous function of degree , meaning that it satisfies
2(p+1)

Uky®, ... kyY) = k »=1 U(y°,...,y?) for any real constant k as a consequence of
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Euler’'s homogeneous function theorem [64]. This example fits into a more general
framework: as we prove in Theorem 4.2, the target space must be a Riemannian
cone, following [1,4]. Since Euclidean space can be regarded as a Riemannian cone
by choosing suitable coordinates, it is therefore expected that a solution exists for a

Fuclidean target space.

Definition 4.2. The Riemannian cone over a Riemannian manifold (M,G) is the

smooth manifold M = R x M equipped with the Riemannian metric
G =dr’ +1°G, (4.14)

where r denotes the coordinates on RT. The metric (4.14) is known as the cone metric

and (M, G) is called the base manifold.

Theorem 4.2. The target space of the conformal sigma model s a Riemannian cone.

Proof. We begin by demonstrating that v* is a non-zero vector field, which is equivalent
to the statement that its norm defined as
N, = vy = G apv?o®, (4.15)
is never zero as the signature of G'is (+,...,4). It can be seen as follows: The second
constraint equation (4.10) implies that
Davg = 2p(0405V — I'C,500V) = 2p(0p04V — %, 0cV) = Dpva (4.16)
so that the first equation (4.9) boils down to
Davg = (p— 1)@,43. (4.17)
As a consequence, the covariant derivative of the norm is evaluated as
DN, = 2(Dpvp)v? = 2(p — 1)va, (4.18)
where we use metric compatibility condition, i.e., D4Gpe = 0, and equation (4.17).
Thus, metric tensor is found to be proportional to second derivative of norm since
D4DpN, =2(p — 1)Davg = 2(p — 1)*Gap, (4.19)
which proves that the vector field v cannot have vanishing norm, that is,
N, # 0, (4.20)
since N, = 0 implies that Gap = 0, yielding a contradiction as the metric tensor cannot

be zero. Next, since the norm N, is a real function, its covariant derivative is equal to
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its exterior derivative, that is 94N, = D4 N,. Combining this fact with the equations

(4.10) and (4.18) yields the differential equation
OaN, = 4p(p — 1)04V (4.21)

for which a solution can be constructed as

N, =4p(p — 1)V (4.22)
up to an integration constant. The solution (4.22) provides a method for constructing

a unit vector field in the direction of the vector field v as

(%
VN,

Using equation (4.10), the vector field X can be written in components as

X, = 4 = |—P 5,V =0, (4.24)
V4p(p — )V (p—1DV

where we have defined a smooth real function r on the target space M as

VN, dp -
i =oon” (4.25)

We emphasize that the real function r is globally defined on the entire target space,

X =

(4.23)

r

as potential V is globally defined. Thus, X turns out to be a unit vector field that is
hypersurface orthogonal to r, which implies that there exists a coordinate system (r, y%)
on M such that the metric tensor field can be expressed as (Corollary 6.42 in [50])
G=dr?+ éab(r, y*)dy“dy’, (4.26)
in particular, G 9 = 040 and GA° = §4° where y* = (y° = r,y*) [4]. In these coordi-
nates, X becomes unit vector field along the r-direction. That is, in these coordinates,
equation (4.24) becomes? X4 = 40, so that X4 = GAPX 5 = GA° = §4°, implying
X =X, =0y =0,. (4.27)
Therefore, the definitions given in (4.23) and (4.25) imply that

VA

Xy=———, (4.28
(p—1)r )

so that we can express v*’s in the coordinate system y* = (r,y%) as
I (p—1)r 64%  thatis, v = (p—1)r0,. (4.29)

2In fact, the X 4 are the components of the 1-form dual to the vector field X“. In the basis formed
by coordinates y“, this 1-form can be written as X 4dy? = Oardy? = dr.
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Finally, the homothety condition (4.9) turns out to be [4]
2(p — 1)GAB = 090cGap + GacdpvC + Gpedav®
=(—1) (TaoéAB + Gao0pr + GBOaAT> (4.30)
= (0= 1) (ro0Gan + Gaods + CGpod’s)
where we have used the fact that 75,41)3 + 1531) 4 corresponds to the Lie derivative of
G ap along the vector field v, and hence it is equal to the right-hand side of the first line
of equation (4.30). In particular, setting A = a and B = b in equation (4.30) implies
2G (1, y?) = 10,Gap (1, y%) (4.31)
which can be solved by separation of variables as
Gap(r, y*) = 12°Gop(y?) (4.32)
where the functions G, are independent of the r-coordinate. Finally, substituting the
expression (4.32) into (4.26) yields
G(r,y?) = dr? + 12 G (y?) dydy®, (4.33)

which explicitly reveals the fact that the target space (M ) é) is a Riemannian cone.
The base manifold is a sub-manifold M C M, determined by fixing r = constant (or
equivalently determined by the level sets of the target space potential V due to the
definition (4.25)). In this setting, the coordinates y* parametrize the base manifold M,
which is equipped with the Riemannian metric tensor G' = G (y®)dydy®. O

The appearance of the Riemannian cone structure of the target space enables
us to write the conformal sigma model (4.1) as a sigma model field theory with a
Riemannian cone target space, following Section 2 of [1], as follows: The definition of

the r-coordinate given in (4.25) can be reversed to find the target space potential as
~ -1
Vi =2, (4.34)

that is, it turns out that the target space potential is a function of only r. Additionally,

equation (4.12) for target space potential U on the coordinates (r, %) is reduced to
029,40 = (p — D)ro.U = 2(p + 1)U (4.35)

due to equation (4.29). To solve the differential equation (4.35), we apply separation
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of variables method and write U(y?) = U, (r)U(y*), yielding a solution

~ 2(p+1)

U(r,y*) =r»1 U(y*) (4.36)

for some arbitrary function U(y?) that is independent of r. Consequently, substituting
expressions (4.33), (4.34), and (4.36) into the conformal sigma model action S[¢", ¢“]
given by (4.1) yields the Lagrangian density of the action on the (r, y*)-coordinates of

the target space as
~ 4
L=vV=h(¢) (%Rh + 1 (04070, + Gan($)0,0"00¢'] + (¢7) 771U <¢>> , (437)

where ¢" = ¢° = ro® and, as usual, ¢ = (¢!, ..., ¢%). Thus, the scalar field ¢" plays a
role analogous to the dilaton field appearing in the string frame p-brane action (3.29),
in the sense that the procedure used to derive the action (3.29) from the action (3.22)

can be reversed. This is achieved by introducing a world-volume metric defined as

_4
v = (¢T)p_l h',uzu (438)
where g, becomes a dynamical field reflecting the dynamics of ¢", while h,, remains

a fixed background metric tensor. The identification (4.38) immediately yields that

2(p+1)

Voh= (00T Vg, b = () g (4.39)

so that one directly derives the identity

1
vV —hh*" = (W)Q\/—gg’“’. (4.40)
Additionally, equation (4.38) relates the Ricci scalars associated to g and h as (for

details, see equation D.9 in [51])

— (AT 4p "N A 1y o
B =14) <R9+(p—1)vi( " ) p—1(g)2’ Ot "d))’ (4.41)

where VY represents the Levi-Civita connection associated to the metric tensor g.

Therefore, multiplying equation (4.41) by 2-1v/—h(¢")? yields the expression

4p
-1, —1 1 wve e ote”
Pt =g (R - e ) +v=a v (ZF)
-1 1 divergence term
— V=7 (%RQ - Wg’“’ﬁuﬂ&,(br) , (4.42)

where we have used equations (4.39) and (4.41), and we have integrated out the total

divergence term by the same reasoning applied in equation (3.26). As a result, by
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inserting the expressions (4.39), (4.40), and (4.42) into the Lagrangian density (4.37),

the action (4.1) can be rewritten as

1

Slawn ] = =5 [ @0 v=g{ oy 4 Gu(0) 0,600,004 U@) ) (443

which closely resembles the action (3.22), where the space-time (M, ) corresponds to
the base manifold of (M, ). This correspondence reveals a connection between the
conformal sigma model and general relativity, as the action (4.43) effectively describes

scalar fields coupled to gravity with a potential.

4.1. Conformally Coupled Scalar Field

A particularly interesting case arises when the target space of the conformal
sigma model (4.1) is taken to be a one-dimensional manifold, with the single scalar
field denoted by ¢. In this case, the target space is trivially a Riemannian cone, which
allows us to identify ¢ with ¢" in (4.37). Specializing to a three-dimensional world-

volume, i.e., setting p = 2, the action takes the form
~ 1 1~ - -
Slol=—3 / &’z vV —h (§¢2Rh + W0, 0,0 + 2a¢6> , (4.44)

where the potential term U(¢) in (4.37) is taken to be constant 2a.. This is necessary
because there are no additional dimensions, so that the solution given in (4.36) implies
that U(y®) must be a constant. Accordingly, the ansatz (3.23) becomes

G = &lh,ﬂ/, (445)
which implies that the action (4.44) can be expressed as

1
Slow) =~ [ @5 (R, +20). (4.46)
This expression follows directly from the procedure used to derive (4.43) from (4.1).
The action (4.44) is invariant under a conformal transformation that is defined in terms
of a smooth real valued function {2 as

2 -
2

?, (4.47)

since transformation (4.47) does not change ansatz (4.45). This model, known as the

B = €Chy,, G e

conformally coupled scalar field, has been studied in detail in the literature [53-59].
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5. SUPERCONFORMAL SIGMA MODELS IN THREE
DIMENSIONS

Focusing on a three-dimensional world-volume, corresponding to the membrane
case (p = 2), the superconformal sigma model in three dimensions [1,2] is defined as the
supersymmetric extension of the conformal sigma model (4.1). Since the introduction of
supersymmetry requires the existence of spinors on the world-volume (X, h), we begin
by explaining how spinors can be defined on a curved space-time and by introducing

our spinor conventions.
5.1. Majorana Spinors in Three Dimensions

A spinor on a curved space can be defined through the wvielbein (or tetrad) for-
malism (see for example [65]). The fundamental field in the vielbein formalism is
called the vielbeins that carry two different types of indices; the indices u, v, p = 0,1, 2,
which are the coordinate indices and sometimes called curved indices and the indices
i,7,k = 0,1,2 that are referred to as tangent (or flat) indices. A vielbein is denoted as
e’ ,(r) and is defined through the condition that

hya = €€ 035 (5.1)

#  which are defined as the matrix

7

There also exists inverse wvielbeins, denoted as e

inverses of the vielbeins, that is,

efl'e’, =d", &, =¢€ el (5.2)
Since vielbein carries an upper tangent index and a lower curved index, it transforms
as a one-form under coordinate transformations while under a change of vielbeins, its
transformation law is given by
e, (x) = &, (z) = A(2)e’ (), (5.3)
where A%(x) is called a local Lorentz transformation, satisfying
A'i(@) X () = 1 (5.4)
Accordingly, covariant derivative of a vielbein, denoted by Vueiu, is defined so as to be

compatible with both coordinate transformations and local Lorentz transformations.
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It is given by (equation (7.111) in [49])
Vueiy = 0ueiy + wuij el — re,, e, (5.5)

where wukj = n'*w,,; are the components of the spin connection. Components of the
spin connection are obtained by the vielbein postulate® given as

Ve, =0, (5.6)
which results in

Wi = € (Oue;" +€T%,) (5.7)

i
where e,, = nge*,. Although it is not apparent in (5.7), components of the spin

connection are anti-symmetric in (¢, j) indices which can be verified by observing that

a k a k a k « « k
€ia0u€;" = Nik€ o 0ue;" = nine"oOpe;™ = nik[ 0y (6 abj ) — ;" 0u€",]

(5.8)
= —¢,%" (Vuhas + I hos + I 5 hag) — €;50,¢
r ) B 6 )
= —ejo‘eigf ua — €06 Fuﬁ = ejeauei
implying
_ ) B 6 9 0
Wuij = =€ gl "o — €joei 175 — €jp0ue;” + eige; 17, (5.9)

_ 0 B 0 _
= —eje (Quei + €i FMﬁ) - _(’(’)MJZ

Next, a Clifford algebra on the world-volume is defined as an algebra generated
by the gamma matrices ~; satisfying
{715} = v + v = 2n (5.10)
where 7;; is the Minkowski metric represented in tangent indices. The tangent indices
of gamma matrices are raised and lowered by the Minkowski metric, such as
v =07 (5.11)
Here, we emphasize that the gamma matrices are constant 2 x 2 complex matrices that
constitute the irreducible Hermitian representation of the Clifford algebra, that is, each
7" satisfies the condition that [49]
(%)" = 20770, (5.12)

where (7;)" is defined as the complex conjugate of the transpose of matrix ;.

30ne can show that the vielbein postulate (5.6) is equivalent to the metric compatibility condition,
ie., Vohy, =0.
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Using gamma matrices and vielbeins, the local gamma matrices are defined as

Y=y and AF =yt = At =h"y,. (5.13)
One immediate implication of the definition (5.13) is that
Vi i ij L ij
V= WU iy = 0y = g (e ) = mgn? = 3, (5.14)

since the world-volume (X, h) is three-dimensional manifold. Moreover, the definition
(5.13) allows us to compute the anti-commutators of local gamma as
{/}/ﬂv 71/} - eipeju{7i> ’Y]} = eiuejunij - 2hul/' (515)

The anti-commutator of the gamma matrices, defined by

1 1
Yij = 51 vl = 5 (i = V%) (5.16)

2 2
generates a Lie algebra that is isomorphic to the Lorentz algebra. This isomorphism
yields a representation of the Lorentz algebra known as the spinor representation.
Finally, a spinor field €(x) is defined as an object that transforms under local Lorentz
transformations according to the spinor representation of the Lorentz group. That is,
e(z) > e N @rig(y), (5.17)
Accordingly, the covariant derivative of a spinor is defined such that it transforms in

the same way as the spinor itself under local Lorentz transformations, namely,

1 i

V,e(x) = (@L + Wi (x)y ]> e(z) (5.18)

which implies a significant commutator identity given as
1 i 1 o
[V,UJ VV]E = ZR,uuij/y Te = ZRHVQBV 6' (519)
Here, R,.i; = Ruyaﬁeaieﬁ J where RR,,,.3 is the Riemann curvature tensor and

| . . 1

P = eaieﬁj’y” =5 [eaﬂla@B]’Vq D) [’7a77ﬁ] : (5.20)

In three dimensions, it is possible to impose an additional reality condition on spinors
as follows: For the 2-dimensional complex irreducible Hermitian representation of the
Clifford algebra in three dimensions, there exists a unitary matrix, denoted by C' and
called the charge conjugation matriz, which satisfies

CT=—-C and v = —Cy07, (5.21)

in addition to unitarity that is defined as

ct=cC. (5.22)
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The existence of the charge conjugation matrix allows us to construct symmetric ma-

trices from the gamma matrices as
(C)" =~ CT = (=CuC™)(=C) = O, (5.23)

due to equations (5.21). Moreover, equipped with the charge conjugation matrix C,

one defines the Majorana conjugate of a spinor €, denoted by €, as

' C. (5.24)

€
One can show that ée transforms as a scalar under local Lorentz transformations (see
Chapter 7 of [49]), which implies that 0, (ée) = V ,(€e) yielding
V,e= (V,.e)'C =V e (5.25)
Finally, the Majorana spinor field is defined as a spinor field e satisfying

€" = Be, where B = Cn. (5.26)

Throughout this thesis, all spinor fields are taken to be Majorana spinors.
5.2. N =1 Superconformal Sigma Model

The minimal supersymmetric extension of the conformal sigma model (4.1) is
obtained by introducing the supermultiplet of fields (¢#,%*), where the ¢* denote
scalar fields, i.e., spin-0 fields, as before and the 1“4 denote fermionic fields that are
spin-3 fields. The corresponding action is given by [2]

Ssusy = Sp + Sr, (5.27)
where Sp is the bosonic part defined in (4.1), for which U(¢) is expressed in terms of
a real function, F, on the target space M, referred to as the real superpotential, via

U () = G'P(0) 01F () 05F (9) (5.28)
and, for convenience [2], V() is multiplied by a factor of . On the other hand, the

term S corresponds to the fermionic part and is given by

— —%/ d3x\/—_h (@Z_)A’YMDMZ)BGAB(Q;) + DAan(Qg)izAiﬁB) 7 (5.29)
X

where = + T an as in (5.18). e action given in
here DA = V, A + 'y, 0,050C and V 04 5.18). Th

Sk

(5.27) characterizes a superconformal sigma model as it is invariant under both super-

symmetry transformations and rigid conformal transformations. The rigid conformal
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transformation of the scalar fields is given in (4.4), while conformal transformation of

the spinor fields is given by
Sopt = MV, + }L(vug,,)ww + 2w — woB T4 y°, (5.30)
where &, w are defined as in (4.2) and v* is given as in equation (4.4). Supersymmetry
transformations are given in terms of supersymmetry parameters € and A as
Ssusyd™ = &, dsusyp® = 9.0 " e — GABOpFe + %UA)\. (5.31)
As already shown in Section 4, the bosonic part Sg is invariant under the conformal
transformation (4.4) if and only if the target space is a Riemannian cone. Similarly,
as demonstrated in [1], the Riemannian cone structure of the target space is also
a sufficient condition for the fermionic part Sg to be invariant under the conformal

transformation of the spinor fields (5.30). However, supersymmetry invariance (5.31)

of the action (5.27) requires a relation between e and A, which is given as

1
VME = 5’}/“)\ (532)
Hence, the spinor field A can be written in terms of € as
1 3 2 2
’}/'LLVHE = 57‘“’}/‘“)\ = 5)\ = A= §7“VH6 = ngG, (533)

where Ip = 4#V,, is the Dirac operator. Thus, equation (5.32) turns out to be

1
V€= gvulDe, (5.34)

and we conclude that € is a conformal Killing spinor as defined in Definition 5.1.

Definition 5.1. A spinor field € in a general p + 1-dimensions satisfying

1
VHE = m’}%lp@ (535)

is called a conformal Killing spinor [2]. When X is proportional to €, i.e., A\ = ce for

some complex constant c, the spinor € is called a Killing spinor.

As a result, the minimal supersymmetric extension of the conformal sigma model
is called the N = 1 superconformal sigma model, where N denotes the number of
independent conformal Killing spinors used as supersymmetry parameters to construct
the supersymmetry transformations. We emphasize that N does not represent the

number of solutions to equation (5.32).
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5.3. Conformal Killing Spinor

The existence of a conformal Killing spinor on a three-dimensional manifold is not
guaranteed a priori. In this chapter, we classify three-dimensional manifolds that admit
local conformal Killing spinors, following [2,5]. Since the signature of the metric tensor
h plays no role in the analysis, results presented here are valid for arbitrary metric
signatures. We begin showing the relationship between conformal Killing spinors and

conformal Killing vector fields.

Theorem 5.1. A conformal Killing spinor (5.34) induces a conformal Killing vector
field (4.2) given as
VH = évyte. (5.36)

Proof. The covariant derivative of V), is evaluated as

1 _
V.V, = (Ve e+ év,(Vye) = 5 (EV A — Muwe) (5.37)
where we use V7, = %V,ﬁiu = 0 and equation (5.25) to derive that
_ = 1 1 1-
Ve=V,e=(V,e)'C = gATng = —éATC% = —5/\%. (5.38)

Consequently, equation (5.37) gives the symmetrization of V,V,, in (4, ) indices as

1 . -
ViV +VVu=3 ({7 vt = M wre) = by (EX = Xe)

2 1
= Shu (Y7 Ve + (Voe)r7€) = Shu Vo (617€) (5.39)

2 o
- ghﬂyvo—v

where we use equation (5.33) and multiply equation (5.38) from the left by v* to derive
that \ = —%V#E We conclude the proof by recalling equation (5.39) is the definition
of a conformal Killing vector field given in (4.2). O

Our aim is to find local solutions to the conformal Killing spinor equation (5.32),
provided a world-volume metric tensor h. As it is proved in Theorem 5.2, number of
solutions to the conformal Killing spinor equation depends only on the conformal class

of the world-volume metric tensor.
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Theorem 5.2. Let h and h be two world-volume metric tensors, satisfying

iLuV = GQQhuua (540)

for some smooth real-valued function §2. If (¢, \) is a solution to (5.32) with respect to

By, then (é,\) = (e/2€,e2/* (X + £770,02€)) is a solution with respect to P

Proof. Equation (5.40) gives the relation between inverse metric tensors as
W = e 2 phr. (5.41)
Then, definition of vielbeins (5.1) yields that

> 202 20 i _j 5i 5j
hy, = e hy, = e*“e' e n; =ée & nj. (5.42)
p 1 u

As a result, the objects defined by éiﬂ = eQei“ constitute a set of vielbein fields asso-

ciated with the metric h. Accordingly, inverses are found by definition (5.2) as

el =e el (5.43)

7

Subsequently, spin connection w,;; associated with h is expressed by formula (5.7) as

J
By = €y (17067 + 06" (5.44)
where I “,, s are components of the Levi-Civita connection associated to h. These

are related to the components of the Levi-Civita connection ™, associated with the

metric tensor h via the relation [51]
v, =1, +0,0.02+0,0,02— hs,h"70-(2. (5.45)
Consequently, we evaluate the spin connection associated with h as

Wi = eneiy [FVW (h) + 6,0, + 0",0502 — hwh”&()} e_erg + Oy (e—(ze‘u)}

) J

= e {717 () + ¢ 8,0+ 8",6,70,2 — 7 hou 0. Q2 + Do) — e,9,2}

_ o
= w,i; + (¢)7¢;

- ei"eju) 0,12

i

where e,” = h""e;,. Accordingly, covariant derivative of € with respect to his given by

. 1 g 1 g 1
VZE =0+ —w, .. V"e+ 58096j06-u’71]6 = Vﬁe + 3 (05 027,77 — 0u82) €

L L (5.46)
0,00 - o0
where we use that e;%¢; 77 = huee;” (V97 — ") = 7,77 = 0°,. Therefore,
- 1 S\ 1 i 1.
Vie = /2 (5@06 + VZE) = 5%69/2 (A +770,02¢) = 57“)\. (5.47)
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Moreover, existence of a solution of the conformal Killing spinor equation imposes

a condition, known as integrability condition, on the Cotton tensor [66] defined as

Crvp =V ,Suu — VS (5.48)
where the Schouten tensor [67] S,, is given as
R 1
S/W = RW’ - th/ — h'uVS#V == ZR, (549)

with Ry, = R, and R = h*”R,,, denoting the Ricci tensor and Ricci scalar associated

to the metric tensor h, respectively. The details* are discussed in Theorem 5.3.

Lemma 5.1. For any dimension p + 1, we have the identity
1
Pe = VIV e — B (5.50)

known as the Lichnerowicz formula [68, 69]

Proof. Riemann curvature tensor in three dimensions can be written as [50]
Rvap = huaSus — huaSus — PusSva + hpSuas (5.51)
which, in turn, implies that
Ruvas?’ 7™ = 2 (RuaSusy’ v + hupSuay’7?) = —g’m — 257" (5.52)
Here, we use the fact that product of two gamma matrices can be decomposed into
symmetric and antisymmetric parts® as v#y” = h* + y*| yielding

1 1
hyaSusy’ v = 5 e Sus” (v*y” = 4Py*) = 5P Sus” (2077 — 2+P~) (5.53)

v 14 v R
= Suu” — Sugh B’Vu = S — Z%u
where in the third equality we have used the symmetry of the Schouten tensor, and

the identity that

1
Ty V™ = Shugy” (207 = 2979) = 9" = "y = =29 (5.54)
As a result, we calculate that

R
Ruwoi?" 1" = Ryuash® +7" (Ruap’7*®) = =577 = 25,ah"* = 2R (5.55)

since R, qp is anti-symmetric in (p, ) indices.

4 Although the Lichnerowicz formula holds in any dimensions, we provide a proof here restricted
to three dimensions.
PMore precisely, 7#v" = 3 ({v*,7"} + [¥*,7"]) = W + .
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Consequently, we end up with

1
Pe ="V, (' V,€) = Y7V, Ve = BV, Ve + =4[V, V., Je

. __ (5.56)
= V'V ,e + gRﬂyaBWWWQBE = VI'Vye — S Re.
O
Lemma 5.2. A conformal Killing spinor € satisfies ZDQE = —%Re .
Proof. For a conformal Killing spinor (5.34), we have
1 1 1 1
VIV e = S Va(37"Vie) = S Va(Y7V0e) = 59 Va(7"Voe) = 512526
so that we end up with
3
Ple= —3Re (5.57)
O

Theorem 5.3. Ezxistence of a conformal Killing spinor € on (X, h) implies

Cop’e=0. (5.58)

Proof. Firstly, we begin by calculating

1 V_« v
_R,ul/aBV Y Fe= v [vw VV]G =

1 (V% V udbe — 47,V Pe)

W

1
— VMZDE —3 (2huw — Y1) V" De
(5.59)

1 2
= < (Vube+r0%)
1 R
= gvuzpe — g e

Inserting equation (5.52) into equation (5.59) and then solving for V, [pe = 2V, \ gives
us the result
VA = —S,a7. (5.60)

Accordingly, the second covariant derivative of X is found as
(64 (0% (6] 1 (0%
Vuvu)\ = (vus,uoz) ve— Suofy VVE = = (VVS/LQ) Ve — 55;10/7 ’YV)\ (561)
Anti-symmetrization of equation (5.61) in (u, ) indices yields the identity

1
[v/u Vy])\ = Cauv7a€ + 5 (S;wcﬁ)/a’yu - Sva7a7u) A, (5'62)
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the left-hand side of which is computed via a method analogous to that used in equation

(5.52), yielding

1 (6% 1 (0%
[V, VoA = ZRuvaﬂV X = B (huaSvs — hwaSup) ¥ O
1
9 (SVB(56M - 767#) - Suﬁ(éﬁu - ’767u>) A
1 (5.63)
=3 (Sun = Sup?* Y = S + Sus?’ 1) A
1
= 9 (S;wcfyaryu - Suofya'ylt) A
since
hua?®® = hyua(h®® — 4Py%) = 68, — Py, (5.64)

Finally, the integrability condition (5.58) is obtained by inserting equation (5.63) into
equation (5.62). O

Next, we classify three-dimensional Euclidean and Lorentzian manifolds admit-

ting conformal Killing spinors.

Definition 5.2. A smooth manifold is called locally conformally flat if there exists a
coordinate chart on which the metric tensor can be written as
h,uzx - 62an,l/7 (565)

for some real-valued smooth function 2.

Conformally flat three-dimensional manifolds are characterized by Theorem 5.4.

For the proof, we refer Theorem 7.37 of [50].

Theorem 5.4. A three-dimensional manifold is locally conformally flat if and only if

its Cotton tensor vanishes.

Therefore, the integrability condition (5.58) is trivially satisfied for any locally
conformally flat manifold regardless of the signature of the metric tensor. This implies

that every locally conformally flat manifold, such as S® in Euclidean signature and AdSs;
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in Lorentzian signature, admits four linearly independent, non-zero local conformal

Killing spinors® . In flat space, equation (5.32) reduces to

1 17
Oyen = 37 0,6y, (5.66)

for which the general solution is found in terms of constant spinors €; and e as [2]
€y = hy,€1 + €, (5.67)
where x#’s represent the global coordinates on the flat space. One can easily confirm

that this constitutes a solution by observing that

1 1
g%fyyauen = g%ﬂyvafl = Yu€1 = a,uena (568)
since J,x” = 0”, and 9,7, = V]y, = 0. Therefore, Theorem 5.2 gives those four

independent local conformal Killing spinors on a locally conformally flat manifold as
e = e, (5.69)

Now, we suppose that the manifold is not locally conformally flat, i.e., C,, # 0.

Lemma 5.3. Given arbitrary vector fields X", Y*, the vector field
V=, X'Y? (5.70)

is null if there exists a non-zero local conformal Killing spinor.

Proof. Using the vector field (5.70), we construct 2 x 2 matrix V,7* that annihilates
e due to equation (5.58). Therefore, existence of a local conformal Killing spinor e
implies that

0= (V") e =V VA" e =V, VR e = ViV, e. (5.71)
Therefore, if € # 0, then V*V,, = 0. O

In Euclidean signature, a null vector must vanish identically, i.e., V¥ = 0. This
occurs if and only if the Cotton tensor is zero, since the vector fields X# and Y* in
equation (5.70) are arbitrary. Hence, in Euclidean signature, a conformal Killing spinor
exists if and only if the manifold is locally conformally flat, for which there are four

independent solutions.

6We have two independent spinors, each with two free components, yielding a total of four linearly
independent solutions to the conformal Killing spinor equation.
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On the other hand, in Lorentzian signature, the vector V# can be non-zero even if
it is null. In this case, the matrix V,7* is not the zero matrix since the gamma matrices
are linear independent, while its square is zero. Such a matrix has precisely one zero
eigenvalue, implying that on a Lorentzian manifold which is not locally conformally
flat, there exists exactly one non-zero local conformal Killing spinor. Furthermore, as
shown in [5], any such manifold is locally conformally equivalent to a pp-wave metric.

For further details, we refer [2,5, 6]

5.4. Comments on N/ = 2 Case

N = 2 superconformal sigma model in three dimensions is discussed in [1,2]. As
is generally the case in supersymmetric theories, N' = 2 supersymmetry requires the
target space of a general sigma model to be a Kéhler Manifold [70,71]. Additionally, the
presence of conformal symmetry necessitates that the target space be a Riemannian
cone. Consequently, the target space of the A/ = 2 superconformal sigma model in
three dimensions must be a Kéhler cone. A crucial consequence of this result is that

base manifold is necessarily a Sasakian manifold [62, 72].
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6. CONCLUSION

In this thesis, we have undertaken a detailed study of three-dimensional super-
conformal sigma models. A central result established is that conformal invariance
alone requires the target space to be a Riemannian cone [4], irrespective of whether
supersymmetry is present [1], illustrating the strong geometric constraints imposed by
conformal symmetry. Specializing to three dimensions, we investigated the minimal su-
persymmetric extension of the conformal sigma model and realized that supersymmetry
transformations can be consistently defined only when the supersymmetry parameter
is a conformal Killing spinor [2], ensuring compatibility between supersymmetry and
conformal invariance. We further emphasized that, just as rigid conformal symme-
try constrains the target space geometry, the existence of a conformal Killing spinor
imposes nontrivial restrictions on the world-volume geometry. To analyze this, we
classified three-dimensional Euclidean and Lorentzian manifolds admitting conformal
Killing spinors, using the integrability condition and exploiting the fact that the num-
ber of solutions depends solely on the conformal class of the metric. We showed that,
for both signatures, there exist four independent local conformal Killing spinors when
the three-manifold is locally conformally flat. In the Euclidean case, no solutions ex-
ist otherwise. In contrast, for Lorentzian manifolds that are not locally conformally
flat but are locally conformally equivalent to a pp-wave metric, exactly one conformal
Killing spinor exists. These results provide a deeper understanding of the geometric
and symmetry structures underlying superconformal sigma models in three dimensions,
which are particularly significant for understanding coincident M2-branes and related
aspects of M-theory and supergravity. Nevertheless, several open directions remain for

future research.

First, while models with A/ = 1,2 supersymmetry have been explicitly con-
structed in [1,2], the formulation of models with A/ = 4 supersymmetry remains an

open problem.
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Second, the framework of superconformal sigma models can be extended to in-
corporate higher-curvature terms on the world-volume, in analogy with f(R) theories.
For instance, adding a term of the form /—h f(Ry,), defined purely on the world-
volume and independent of the scalar fields, preserves invariance under rigid conformal
transformations. Consequently, the key result that the target space must necessarily
be a Riemannian cone remains valid. However, such modifications could affect the

supersymmetry transformations.

Another promising direction concerns extending the present framework beyond
three dimensions. In this work, we focused on M2-branes by restricting attention
to three-dimensional world-volumes. However, eleven-dimensional supergravity, the
low-energy limit of M-theory, also admits another stable solution, the M5-brane [20,
73], which may be expected to be described by six-dimensional superconformal sigma
models. Extending the present analysis to this higher-dimensional setting could provide

valuable new insights into the geometry and dynamics of M-theory.

Additionally, the internal symmetries of a sigma model, arising from target space
isometries, can be promoted to local symmetries by gauging them [47]. Gauged versions
of superconformal sigma models have already been analyzed in detail in [2,63], and

further exploration could deepen our understanding of their structure and applications.

Finally, an alternative and elegant approach involves constructing superconformal
sigma models directly within the superspace formalism as in [74], which may yield a

more unified and geometrically transparent framework.
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