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Bu tezde, bir ultrahiperbolik Schrodinger denklemi sinirsiz bir bolgede Cauchy baslangig
sartlar1 ile birlikte ele alinmistir. Baslangic aninda ¢oziim hakkinda verilen bir ek bilgi
yardimiyla denklemin sag tarafindaki bir bilinmeyen fonksiyonun belirlenmesi ters
probleminin ¢éziimiiniin tekligi aragtirllmistir. Bu kapsamda tezin birinci boliimiinde, diger
boliimlerde ihtiyag duyulan bazi temel tanim ve teoremler verilmistir. ikinci béliimde bazi
yardimc1 onermeler yer almistir. Son boliimde ise ele alinan problemin ¢oziimiiniin tekligine

iliskin bir teorem sunulmustur.
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In this thesis, an ultrahyperbolic Schrodinger equation is considered in an unbounded domain
with Cauchy initial conditions. By using the given additional data at the initial time for the
solution, uniqueness of solution of an inverse problem of determining a function in the right-
hand side of the equation is investigated. In this context, in the first chapter, some basic
definitions and theorems which are needed in the other chapters are given. In the second
chapter, some auxiliary lemmata are given. In the last chapter, a theorem devoted to the

uniqueness of solution of the problem is presented.
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SIMGELER VE KISALTMALAR DIiZiNi

SIMGELER

Q : Verilen bir bolge

Q, : Olusturulan alt bolge

0Q : Q bolgesinin siir1

Q : Q bolgesinin kapanist

h : Planck sabiti

L'(Q) : Q bolgesi lizerinde Lebesgue Olgiilebilir ve integrallenebilir fonksiyonlar
uzayli

L*(Q) : Q bolgesi tizerinde Lebesgue Oolgiilebilir ve Kkaresi integrallenebilir

fonksiyonlar uzayi

ck(Q : Q bolgesinde tanimli k. mertebeye kadar siirekli kismi tiirevlere sahip
fonksiyonlar uzayi

H*(Q) : Kendisi ve k. mertebeye kadar tiim genellesmis tiirevleri L2(Q) ya ait olan
fonksiyonlar uzay1

AV : Biiylik Parametreler

: Divergent terimler, i = 1,2,3,4

w : w fonksiyonunun Fourier doniistimii
. o . . - . ou
U : u fonksiyonunun ¢ degiskenine gore kismi tlirevi; u, = o
. o . . - . ou
Uy, : u fonksiyonunun x; degiskenine gore kismi tiirevi; u,, = Py
i
. o . . - . Ju
Uy, : u fonksiyonunun y; degiskenine gore kismi tiirevi; Uy =5
J
Vyu : u fonksiyonunun x vektoriine gore gradienti; Vou = (Uy,, Uy, - Ux,)
Vyu : u fonksiyonunun y vektoriine gore gradienti; Vyu = (uy,, Uy,, .., Uy, )
i=v-1 : Sanal birim

X1






BOLUM 1
ON BILGILER
1.1 GIRIiS

Bu calismada bir
Q=A{(z,y,t):z€e DCR" ye G CR" teR}
bolgesinde

Lu = dup + e, + Z s (T, Y)Up oy — Z bji (2, Y)Uy,y,

5=2 j=1
+ Z ar(x, Y, t)uxr + Z bl<x7 Y, t)“yz + CZO(.I', Y, t)u
r=1 =1
= fla,y,t)g(z,y) (1.1)

ultrahiperbolik Schrodinger denklemi
w(0,) z,y,t) = uy, (0, 2, y,t) =0 (1.2)

kogullar ile birlikte ele alinacaktir. Burada = = (x1, 29, ...,2,), ‘v = (29,23, ...,27,) €

n—1 _ u _ 2u _ Pu ou __ ou __ -
R Y = (yla Y2, -y ym)7 ox? Uzyzys oxz2 Uz, oy? Uiy, s dz,  Try By, Uy, GOS-
J

terimleri kullanilmigtir. Verilen bir ek bilgi yardimiyla (1.1) denkleminin sag tarafindaki
bilinmeyen fonksiyonun bulunmasi ters probleminin ¢oziimiiniin tekligi aragtirilmigtar.

Bilindigi iizere kuantum mekaniginde, bir pargacik ¢ (r, t) dalga fonksiyonuyla karakterize
edilir. Bu fonksiyon, ¢t aninda parcacigin uzaysal konumu hakkinda bilgi verir. Simdi m
kiitleli ve V(r,t) potansiyelinin etkisi altindaki bir pargacigi diigiinelim. Bu durumda

dalga fonksiyonu

9, h?
zﬁ% = —%V%ﬂ(r, t)+ V(r,t)u(r,t) (1.3)

Schrodinger denklemini saglar. Burada i = % olup h Planck sabitidir. Ayrica V? Laplace

operatoriinii gostermektedir. Bu denklemin iki énemli 6zelligi vardir:



i) Schrodinger denklemi ¢ ye gore lineer ve homojen bir denklemdir.

ii) Schrodinger denklemi zamana gore birinci mertebeden bir denklemdir. Bu nedenle
to anindaki durum biitiin zamanlardaki alt durumlar1 belirlemektedir (Peleg et al.

1998).

(1.1) denklemi genellegsmis Schrédinger denklemi olarak da adlandirilir. (1.3) denklemi ii-
zerine pek ¢ok galigma mevcut iken (1.1) denklemi ile ilgili sinirh sayida galigma yapilmigtir.
(1.3) denklemi igin gesitli ters problemler Baudouin ve Puel (2002), Mercado vd. (2008),
Amirov ve Yamamoto (2008), Bellassoued ve Choulli (2009), Yuan ve Yamamoto (2010),
Cristofol ve Soccorsi (2011), Kian vd. (2015), Triggiani ve Zhang (2015) de ele alinmugtar.
Diger yandan (1.1) denklemi igin bir baglangic deger probleminin ¢oziilebilirligi Kenig vd.
(1998, 2006) tarafindan aragtirilmigtir. Golgeleyen ve Kaytmaz (2019), (1.1) denklemi
igin bir ters problemin ¢oziimiiniin kararliligini géstermigtir. Bu tiir denklemlerin basta
su dalgasi problemleri olmak iizere farkli alanlarda énemli uygulamalar1 vardir (Davey
and Stewartson 1974, Djordjevic and Redekopp 1977, Escauriaza et al. 2011, Ichinose
1990, Zakharov and Schulman 1980, Zakharov and Kuznetsov 1986). Ayrica kuantum
kinetik teorisinde de bu denklemler kargimiza ¢cikmaktadir.

Bu tezin birinci boliimiinde temel tanmim ve teoremler verilmistir, ikinci boliimiinde bazi
yardimer 6nermeler yer almigtir. Son béliimde ise ele alinan problemin ¢oziimiiniin tek-

ligine iligkin bir teorem sunulmustur.

1.2 TEMEL TANIM VE TEOREMLER

Tanim 1.1 (Direkt Problem) Matematiksel fizikte denklem, bolge ve kosullar verildi-
ginde denklemi ve kogullar saglayan bir ¢éziimiin bulunmasina direkt problem denir (Ami-

rov 2001).

Tanim 1.2 (Ters Problem) Pratikte karsilasilan oyle problemler vardur ki, bunlarin
coztimleri i¢in ayrica ek bilgiye gerek duyulur. Verilen bu ek bilgiye gore denklemin bir
veya birkac katsayisinan veya sag tarafinin ya da sinar kosullarindan bir veya birkagina

denklemin ¢oziimai ile birlikte bulmak gerekir. Boyle problemlere ters problem adi verilir

(Amirov 2001 ).



Tamim 1.3 (Fourier Déniisiimii) f € L'(R) olmak iizere f fonksiyonunun Fourier
doniigtimii ve eglenik Fourier dontisimi sirasiyla

FRE) = fle) = / i€ f(2)d

R

Ff) = /eigmf(m)dm

R
seklinde tamvmlanir (Gasquet and Witomski 1999). Eger F[f] € L*(R) ise F operatirii,
Fnin tersi olur (F~' = F). O halde f ve ffonksiyonlam LY(R) uzayna ait oldugunda,
hemen hemen her yerde ]_:f(t) = f(t) yazilabilir.

Tanmim 1.4 (C*(Q) Uzay1) Q, R" uzayinda bir bélge olsun. Her negatif olmayan k tam
sayisy igin || < k olmak tizere D¢ kismi tirevleri QQ béolgesinde siirekli olacak sekilde tiim
@ fonksiyonlarmmn olusturdugu vektor uzaye C* (Q) ile gosterilir (Adams and Fournier

2003). Bu uzayda norm asaqidaki sekilde tanimlanwr (Mikhailov 1978):

I lorigy = D maXID"f )|

la |<k

Tanmim 1.5 (L' (Q), L?(Q) Uzaylar1) L'(Q), Q tizerinde Lebesque dl¢iilebilir ve integ-
rallenebilir tiim fonksiyonlarn olusturdugu ciimle; L*(Q), Q fizerinde Lebesque dlgiilebilir
ve modiliiniin karesi integrallenebilir tim fonksiyonlarin olusturdugu ciimledir. Bu kiime-

lere ait bazi onemli ozellikler asagida verilmistir (Mikhailov 1978):
i) LYQ) ve L*(Q) lineer uzaydir ve Q swmarl bir bolge ise

(@) c L*(Q) ¢ LY(Q),

ii) LY(Q), dizerinde tanymlanan

1 llorr = / (@) de
Q

normuna gore bir Banach uzayidar,

iii) L%*(Q), tizerinde tanmamlanan

(i, fo) o /f1 AC)



1¢ carprmana gore bir Hilbert uzaydr, bu i¢ ¢carpim ile tanimlanan norm
2
£y = ([ 1 @ da)1”
Q
bicimindedair.

Tanmim 1.6 (H* (Q) Uzay1) H*(Q), kendisi ve k. mertebeye kadar tiim genellesmis tii-
revleri L*(Q) uzayna ait olan tiim fonksiyonlarn olusturdugu ciimledir. Bu ciimleye ait

bazi ozellikler asagquda verilmistir:

i) HY(Q) lineer uzaydir ve H°(Q) = L*(Q) olarak tanimlanar.

ii) H*(Q) itizerinde tanamlanan

(f1, f2) v = Z /Daf1Da£dx

la|l<m g

i¢ carpymana gore bir Hilbert uzayidr, bu i¢ ¢carpum ile tanimlanan norm

£y = (3 [ 1D7 41 day”?

lal<k

bi¢imindedir (Mikhailov 1978).

Teorem 1.1 Eger f € C*(R) ve f, f', f" fonksiyonlar integrallenebilirse f integral-
lenebilirdir (Gasquet and Witomski 1999).

Teorem 1.2 (Plancherel) R 'nin Lebesque élgiimii sonsuz oldugundan L*(R) kiimesi
LY(R) 'nin alt kiimesi degildir. Bu nedenle yukarida verilen Fourier dondisimii tanwma
her f € L*(R) fonksiyonu i¢in direkt olarak uygulanabilir degildir. Ancak, eger f €
LY(R) N L*(R) ise yukaridaki tanwman kolayca uygulanabilecegi agiktir. Ayrica bu du-
rumda | € L*(R) dir. Ashnda HfH 12 = ||fl|L2 olup bu bagintiya Plancherel doniisimdii
adqv verilir. Boylece L* uzaynda f ve ]? ayne rolii oynar (Rudin 1987).

Teorem 1.3 Her f € L? fonksiyonuna, asagidaki 6zellikleri saglayan bir fAE L? fonksi-

yonu karsilik gelir:

i) Eger f € L' N L? ise fdaha once tanimlandigi sekliyle f’nin Fourier doniigiimiidiir.



ii) Her f e L% ise ||f|[z2 = ||f||r2.

iii) f — fdbnﬂ@imii L? — L2 ye olan bir Hilbert uzay: izomorfizmidir (Rudin 1987).






BOLUM 2
BAZI YARDIMCI ONERMELER

Ele alinan ters problemin ¢oziimiiniin tekligini arastirmak icin 6ncelikle bazi lemmalar
verecegiz. Denklemi daha uygun bir hale getirmek i¢in yeni bir degisken doniigtimii tanim-

layalim:

- 1 .
T1 = V2x1 — 0y, 1 = §(m1 + 80)?, 260 < min{ag, v}, §o > 0.

Buna gore
1 —~ 2 ~ o~
u(z,y,t) = U(é(% +80)°, Ty ey Ty Yy ) = W(T1, T2y oy Ty, Y, 1),
_ dz 4 1 r r L, _
Ugy = - v Ugyoy = Uz 3 (xl + (50) ? - Uz, (371 + 50) ’

Uz, — Uz, ==
ldiCl 1$1+50

oldugu goriiliir. Bu durumda (1.1) denklemi agagidaki formlarda yazilabilir:

m
ity + Uz, (T1 + 60) 2 — Uz, (T1 + 0) > + E s,y — E bjjty,y,

n

- _ VU | . U
+(a1(Z1 + do) + (z1 + o) 2)u;1m + Apily, + Z b, + apu
1 0 = =1

= f(:c,y,t)ﬁ(m,y),

iy + Uz, 7, (T1 + 00) 7> + Tz, (@1 + (T2 + 00) > = (F1 +00) ™) + Y _ Guslia,,

m
E bjjuyjyJ Ay, + g biu,, + apu

r=2 =1

- f(ﬂf,y, )g(x,y),

(T1 + Go)ity + (T1 + 60) "Uzz, + (F1 + do)arliz, + (T1 + 60) Y _ Guslla,a,
s=2

bjjty,y, + (T1 + do) Zaraxr + (Z1 + do) Zgﬂyl + (T1 + do)aou

1 r=2 =1
= (fl + 50)f(33, Y, t)g(!lﬁ', y)a

(1’1 + (50)

MS

<.
Il



Burada
- 1 9

Ass = ass(ﬁ(-rl_F(SO) 7x27---7$n>y); s=2,.
- 1

a, = ay (§(x1+60) "y t); r=2,.,n,
- 1

ap = Qo (5(‘%1 +50) xayvt)a

- 1 ~ _

a = @ (§(ZE1+50) xayvt)(ml_’_é()) b
- 1 ) '

bjj = bjj(5(1'1+50) ,LCQ,...,l’n,y); ] = 1,
~ 1

by = (§(x1—|—50) "eyyt); 1=1,...,m,
r 1 ~ 20

f = f(§(l'1—|—(50) ) £E,y,t),

- 1

g = 9(5(7 +50)2>,$,Z/)

seklinde alinmigtir. Basitlik acisindan 74, 25, Z,, ¥;, Ui,

T1, Ts, Try Yjs Yis W, Ass, Qr, bjj, by gosterimleri ile degigtirelim:

Lu

(T1 + 0o)

@1+ 00) (D il + Y by, + doli)

Uz, 7,
n

r=1

1=

(*%1 + 50)f~($a Y, t)a(xv y)

2

(171 + 50)71

Ugyay

n

+ (.731 + 50)(2 AsgUy s — Z bjjuyjyj + Z’U,t)

1

s=2

s=2

J=1

(@1 + 00)°

7m7

+(z1 + 50)(2 Ay, + Z biuy, + apu)

r=1

=

(5171 + 50)f(ilf, Y, t)g<x7 y)

1

Simdi yeni bir bilinmeyen fonksiyon tanimlayalim:

w = ue

k > max{d,,ds} olup d,, ds sayilar ti¢tincii boliimde tanimlanmigtir. Buradan

u

—kt?
)

2 2 2
wer | wy = wet + 2ktwe”

kt?

Wy, €

kt?

Wy €

Wy

s

e

kt?

_ kt?
Y u:rlrl - w:plxle

_ kt?
9 U’IL‘SIS - wxsmse

_ kt?
» Uyy; = Wyy,©

)

Y

=1

n m
+ (&1 4 00) (D sz, — 3 bjjllyyy, + i)

9

U, Qss, aT‘? bjj, by gﬁsterimlerini



yazilabilir. O halde (2.1) denkleminden

(x1 + 50)_1ww1mlekt2

+(x1 + 50)(2 czssttjggsmsekt2 — Z bjjWy,y, eFt 1 i(wteth + Zktwektz))

s=2 j=1
n m
kt? kt? kt?
+(21 + do)( 5 a,wy, €™ + g biwy,e™ + agwe™)
r=1 =1

= (@14 o) f(x,y,t)g(7,y),

2y + 0o )iktwe™ + (x1 + 8o )iwe™ + (z1 4 00) Wy, g, €

2 2
+(71 + 50)(2 asswxsxsekt - Z bjjWy,y, e )
s=2 J=1
(214 00) (Y @y, e+ by, e + aguet™)
r=1 =1
= (xl + (50)f($, Y, t)g<x7 y)

elde edilir. Diger bir sekilde

Lw + 2(zy + 8o)iktw = (21 + 60)F(x,y,t)g(z,y), (2.2)

w0, z,y,t) = w0/ z,y,t) =w(x,y,0)=0 (2.3)

olarak yazilabilir. Burada

F(z,y,t) = f(z,y,t)e™

dir. Diger yandan

Lw = (1+ 60)iw + (21 + 00) Waye, + (21 4 00) (D taatWare, — Y bjjwy )
s=2 j=1

+<$1 + 50)(2 Ay Wy, + Z blwyl + Clow)
=1

r=1 =
oldugu goz 6niinde bulundurularak ¢ = 0 i¢in (2.2) denkleminden
es) g i)
) = o lwlx,y, )
flz,y,00 "

1 >
g(w,y) = —m/_ooﬁw(%yaﬁ)dﬁ (2.4)

olarak bulunur. Burada

2 f(2,,0) = fo, Flwe) = i&w, F~'F(w,) = F~'(i6®) = % / e

—00



gosterimleri kullanilmigtar.
(2.2) denklemine ve (2.3) kogullarima t-ye gore Fourier doniigiimii uygulanir ve i = /—1

oldugu goz oniinde bulundurulursa
—(1 4 00)6@ + (1 + 00) Wyyay + (21 + 00)(D_ Casllpra, — Y bjjily,)

5=2 j=1

+(21 + 6o) Z@ + " by, + @gw) — 2(1 + 60) ke

=1
ve
Q/E(O,llf,y,g) = @$1<0,/$,y,5) =0 (26)

elde edilir. Diger taraftan @ = i (2,4,€) + iy, 5.6), F = fi(2,9,€) + ifalz,y,)
seklinde yazilabildigi kabul edilerek asagidaki gosterimi tanimlayalim:

LOQO = —<CL’1 + 60)5()0 + ('rl + 50)_190901961

+(x1 + 00)( Z Qss Py oz, — Z bjiPy,y,) — 2(x1 + o)k,

= (171 + 60)7190$1$1 + (‘7:1 2 50)(2 UssProxs — Z bjjgoyjyj — 2]{7@05 ™ 590) (27)

Burada ¢, w fonksiyonunun reel veya sanal kismim gostermektedir. Daha acik olarak

W= py(2,y,8) + ipy(,y, §) olmak lizere ¢ = p; veya p = ¢, dir.

Asagidaki gosterimleri tanimlayalim:

1 1
Qy={(z,y):z eR" y e R", 2y >0,0<5x1+5;(%—:5?)%52(%—@/2)2 <7},

x=e" ap>0, y+a=n<1, a < P(z,y) <.
2.1 LEMMA 2.1

Lemma 2.1 Kabul edelim ki |laii|lcsmzg) < M, 2 < i < n, [|bjllesprg) < M, 1 <

j<muoveld<vy< min{m%,l} olsun. Burada o bir sabit olup 0 < g9 <

o
4
0 <eg < % seklindedir. Bu durumda yeterince biiyiik

5* = 5*(oz1,0z2,M,n,m,7), Ve = V*(alaa%M?(S?nama’Y)a A>i< = )\*(aha?aMa V7n7m77>

10



saylary vardur dyle ki eger § > 0., v > v, ise tim ¢ € 02(@7) ve her A > A\, i¢in asagidaki
egitsizlik gecerlidir:
P (Low)*x* + 20w (21 + 50)X2A90(L090)

> 20wy x* + Az + do)x Z @3+ Mv(x1 + 6o)x Z <Pyj

=2

4
HINIY TR 4 " di(p). (2.8)
Lemma 2.171 ispatlamak i¢in agagida Lemma 2.2 ve Lemma 2.3 verilecektir.

2.2 LEMMA 2.2

Lemma 2.2 Lemma 2.17in kosullar saglansin. Eger X\, v ve § parametreleri bir pozitif

sabitten biiyiik ise bu durumda her ¢ € C’2(@7) asagidaki egitsizligi saglar:

VI Lop) X > 20wy %607 X+ Av(a + 60)daax® Yl

1=2

+Av(zy + 50)5a2X2 Z gozj + /\31/454@/72”_3@2)(2

j=1
+2X08 (1 4 00)° (D (@i, e, — D _(bisth, ), )X + Zd ). (2.9)
i=2 j=1

Ispat. Ik olarak yeni bir bilinmeyen fonksiyon tanimlayalim:

¥ = xp.

Bu durumda

e = I, @ =Vex
(pmi = Xﬁl(ﬁmi + )‘Vwiyilzﬂxiﬁ)v

Coes = X Oz, + ™7, Oy + A7, 0,
FAPTH TR — (v + DY T TR+ T e, )0)
= X' (Joias + 200000, Iy + (NP2 — (v + 1) 22
+Ap ™, D),
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Porer = X WDagay + 200077, Gy + (W27 7200 — A+ 1) 27,
+)\V¢_V_1w$1$1)19)7
Gy = X Dy + 2000777, Dy + (N2 20— dw(v + 1)y~ 2y

AT, )0)

esitlikleri yazilabilir. Yukaridaki egitlikler dikkate alinir ve gerekli hesaplamalar yapilirsa,

W/H (LUSO)2X2 = W/H((:Cl + (50)71@1?111 + ('rl + 60)(2 allgpxqzq - Z bjjgpyjyj
=1

=2

—2kp, — £0))*X?

= X2¢V+l((xl + 50)_1X_1(19x11‘1 + 2)\wa1/71¢11 19:01

PRy + 1) R, 4 ™, )
"‘(Il + 50)(2 a’iiX_l(,ﬁwi:Bi + 2>‘Vw_y_177/}mi19$i

1=2

FOBAT 2L w4+ Y 2+ A T )0)

N Z bij_l(ﬁyjyj + 2AV¢_V_1¢E/J' Uy,
j=1
PR 4 D+ a , )0)
—2kex ! — €0 Y))?
= ¢”+1(zl + 29+ 23+ 24+ Z5)2
= PP+ (2o 2+ 2) + 25 + 202 + 2017

+221(24 + 25) + 22023 + 223(24 + 25)) (2.10)
bulunur. Burada

zZ1 = 2]43(1‘14‘50)195,

g2 = _((‘rl + 50)_119161361 + (xl + 50)(2 awﬁ%% - bjj/&yjyj))?
i=2 j=1
7 = =20 (W, (1 60) My 4 (21 +60) D @iithy Va, — D> bjsth,, By,)),
i=2 j=1
24 = —Eoﬁ,

25 = &(x1+ 6o)0,

12



Ey = (x1+ 50)_1()\2v2@/)_2”_2¢2 — (v + 1)¢_”_2¢2 )

(@ +00) (Y au(W AT TR — M(v + DY R+ e )
=2
=D b (NPT — (v 4+ DT TR T T, )
j=1

olarak tammmhdir. Simdi (2.10) esitligindeki terimleri tek tek degerlendirelim. Burada

L,i=s . Lj=k .
wﬂcﬂs = (2<7”S<n); ,lvbyjyk - (1 §]7k<m)>

0, i#s 0, j#k B
wmiyj = 07 wxl = 67 wxll‘l = 0

olduguna dikkat edilmelidir.
Ik olarak

2wu+1212’2 = 2wy+12k<$1 + (50)195(—(1'1 -+ (50)7119331951
—(@1 4+ 00)) tii¥za, — > bisVyyy,))
=2 j=1
= —4ky" (21 + 60)V¢ (1 + 60) Wy

+(z1 + 50)(2 @iV, — Z bjj0y;4,))

=2 Jj=1

= Ak T Oy, — AR (@1 4 00)0e Y | i,

=2

+AkY"H (21 + 60) D¢ Z bjiVy,y,

j=1

= =2k MWel,0y) — 2k(21 + 00) D 20" itV s,

1=2

+2k(zy + 8p)? Z 2715060,

j=1
yazilabilir. Asagidaki islemlerde 9, a;; ve bj; fonksiyonlariin £ degiskeninden bagimsiz

oldugu unutulmamalidir.

2wy+119£19$11ﬂ1 = (¢V+119£79$1)$1 + <¢V+119€79!E1)1"1 - (¢V+1199201)€
—(V+ D), 9eay — (v + DY, Db, + (V)7
= 2(¢V+119§19x1)x1 —2(v+ 1)¢V¢x119£19z1 - (¢V+119§1)Ea
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20" 4 0e0na, = (Va0 )y + (0 0060, )0, — (07 ai9?))e
—(¥" 1 31) 0,900, — (V7 031) 0, 900, + (07 ag) 2,
= 20" iV, )e, — (Va3 )e — 247 aii)e OV,
= 20" aalgly, ), — (VT anty e
—2(v + )", a0, — 20" (ii) 2, V¢V,

2 by ety = (VT byedy))y, + (0T 00y, )y, — (0 b2 e
— ("), 060y, — (07F101)y, 00y, + (07 10j)e 0,
= 20" by 060y, )y, — (W05 e — 207 by )y, 060,
= 2047105060, )y, — (V7105505 )e
—2(v + 19", bidedy, — 207 (bj;)y, Dedy,

esitlikleri yerine yazilirsa

20" 21z = — AW T 00, )y + 4k (v + DYV, I + 2KV T2 )
—2k(z1 + 5p)? i(2<wy+laiiﬂ£§xi)mi — (" a2 )e
—2(v+ 1)¢V¢;a2iﬂ9§191i — 20" (043) 0,0V,
+2k (21 + 6o) i@(#}"“bjﬂ?sﬁyj)yj — (" 97 e
j=1

—2(v + 1)wywyjbjjﬁ§ﬁyj — 2y (bj3)y; ly;)

= Ak(v+ DY, 9eda, + 4k(v + 1)(z1 + 00)0" Y ¥, aided,
=2

+4]€($1 + 50)2wy+1 Z(a”)xlf}gﬁzz — 4]€(V + 1)(1’1 + 50)2wu Z wyjbjjﬂfﬁyj
1=2 Jj=1

—4/{2(ZL‘1 + 50)%”“ Z(bjj)yjﬁiﬁyj + dy (19)
j=1

= 20"z (v + DY (@1 4 00) gy Ve + (v + 1T @+ 80) D, aid,
1=2

n m

+(z1 + o) Z(Un’i)miﬁzi — (v + Dy (21 + bo) Z wyjbjjﬁyj

1=2 7=1

—(z1+ do) Z(bjj)yjﬁyj) + da(¥)

J
= 277/Jy+12126 + dg(l?)
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oldugu goriiliir. Burada

n

2 = (+ DY (@14 00) W, V0, + (@1 4 00) O ity 0o, — Y bjsib, 0y,))
i— =1

@1+ 00) O (@it)aVa, — > (bi)y,0y,)

i=2 j=1

dir. O halde, (2.10) esitliginde bulunan birinci, tigiincii, dérdiincii ve beginci terimler igin

2ab > —a? — b? kullanilarak

P22 + 23 4 22123 + 221 22)
P22 4 22) + T 222 4+ T 22129

= P2+ Z2) + V122 25 + PV T1221 26 + do (V)
P22 4 22 + 22123 + 22126) + da ()

v+l z{ + z§ +221(23 + 26)) + d2(V)

v+1

(e

> P o) = 2 — (54 26)%) + da(V)
Y25 — 25 — 22326 — 2¢) + da (V)
P

Z3

v+1

= (220 + DY (01 + 80) My, Uy + (w14 80) (D @ity Ve,

= bt )+ 4 80) (@)D, — (i)
—((v+ 1)7#71((371 + 50)717%11911 + (21 + 50)(2 ity Ve,
- Z bjj¢yjﬁyj)) + (xl + 50)(2(%1)%6% - Z(bj ’)yjﬁyj))z) + d2(79)
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= 2z DY (@4 80) O + (4 80) (Y it O,

1=2
n

o ijjwyjﬁyj)) - 223($1 + 50) Z Cl“ T; Z
J=1 =2 j=1

(v + D27 ((21 + 80) Wy, Doy + (21 + 50)(2 Wiy, Uz, — Z )

=2
—2(v 4 1) (w1 + 80) M Dy + (21 +60) (O aisth,, Vo, mew Jy,))
=2
({231 + 50) au Z
1=2 j=1
(fL'l + 50) au T; Z + dQ(,ﬂ)
i=2 j=1

= P (=2z(v + 1)U (21 + 60) Uy, Uay + (21 + 50)(2 it Vo, — Z i ¥y, Vu;)

n

—(v + 1) (@1 + 00) ", Yy + (21 + 00) (D aiithy, e, Z b, 0y,))?

2
oo+ 50><§n;<aii>m - f;@jjwyj)

o 1 B0) Mo+ 1+ 5o><§n; it Do — i bty )
‘(o + %)é(amm - i(bmyﬁw)

—(x1 + 50)2(2(%2-)%19@ — il(b”)y]ﬁ 2) + dy(0)

elde edilir. Ayrica

z3 = —2>\I/77/J_V_1<(x1 + 50)_17/)x119x1 + (£E1 + 50) Z Clul/) /19 ijj¢ ﬁyj

=2
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oldugu goz oniinde bulundurularak

¢”+1(zf + zg + 22123 + 221 2)

>
=2
X (v 4+ D)7 (21 + 60) "y, Uy + (21 + 60)( Z i, Ve, Z bijthy, Dy;))
=2
_<V + 1)2¢_2(<I1 + 50)_11/)37119351 + (1'1 + 50) Z aud) 19 Z%%Jﬁy,
=2

—2(—=2Xp ™ (21 + 00) My, Uy + (21 + 50)(2 i Doy — Z bij by, Vy;)))
=2 j=1

('xl + 50) Z am g Z
1=2

j=1
n

—2(v + 1)1/1_1((331 . 50)_1¢w1?9x1 + (1 + 0o)( Z iz, Ve, ijjw ;)
=2
=2y

Zm: ) + da (1)

7=1

n

X(ZL‘l + 50) Z au x;
=2

(xl + 50) Z au T;
=2

= PP A+ D) (21 + 80) My, ey

(@1 +00) (D ity Ve, — Y bisthy, Uy))?
i=2 j=1

—(v 4+ 102 (21 + 60) "y Uy + (214 60) D @iithy Vo, — > bjjthy, 0,,))°
i=2 Jj=1

FA(z1 + 60)0 " (1 + 50)‘1%%

(1 +00) (Y aith, O, Zbﬂwyﬁ Z @i)e Dz = > (bi3)y;0y;)
i=2 Jj=1
—2(v 4+ 1)(z1 + d0)t (21 + 60) "y, Uay
+(5U1 + 50) Z azzw 19 Z bjjwyjﬁyj Z an)w ﬁrz - Z(bjj)yjﬁyj)
i=2 j=1

n

— (w1 + o)’ Z i ), Z 3i)us Y %) + da(¥)

=2 7j=1

17
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= YA+ D= (v +1)%77)

X((21 4 00) "y, Uy + (21 4 00) (D @iithy, Vo, — Zbyﬂb Iy,))?

=2 7j=1

+(4)\V¢_”_1 —2(v+ 1)¢_1)

X (214 00) " 4y, Uy + (21 + d0)( az‘z‘%ﬁzi = b, 9,))
=1

i=

3

X(Il + 50)(2 azz T; 3:1 Z
1=2 j=1

—(z1 + 50)2(2 i)z Vs Z ii)us ¥ 2) + da(¥)
=2 7j=1

elde edilir. Asagida 2ab > —oga® — 3—20, oo = (v +1)p~! > 0 esitsizligi kullanilirsa,
2((x1 + 00) Wy oy + (21 +00) (D @isthy U, — D bjsth, 0y,))

1=2 j=1
X(xl + 50)(2 azz a3 xl Z
=2

Jj=1

> —oo((x1+ 80) " Py, Uy + (w1 + 50)(2 iy, Uy — Zb 0y, 0y;))°
=2
1 n m
_O'_O(xl + 50)2(2(%2)%0% - Z(bjj)ﬁt/jélyj>2
i=2 Jj=1

bulunur. Boylece

W’H(zf + zg + 22123 + 22129)
A+ 1) = (v 1)%07?)

(w14 60) My Uy + (214 00) O @ity ay — Y bijthy, Uy,))°

i=2 j=1

v

+ T = (v+ 1y

x(=ao((x1 + 00) Wy, Va, + (@1 4+ 00) D aiithy, B, = Y bjjtb, 9y,))
=1

=2

o+ 80 (Y @, = (b0, )
— (1 + 50)2(2(%‘)%19@ - Z(bjj)yjﬁyj)Q) + da(9)
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= P AW+ DT = (v +1)% 7% = 2o I/J_V_l + (v +1)oe™)

n

X ((z1 + o)~ %179:1:1"‘ (21 + 6o)( Zauw Vay — waw 19!/3)

—Uio(?)\mﬁ_y_l —(v+ 1Y ) (a1 + 50)2(2(%‘)%19@ - Z(bjj)yjﬂyj>2
—(z1 + 50)2(2(%‘)@19@ - Z(bﬂ)yﬁ )?) + da(V)

= VAT oo((21 4 00) g, Dy + (1 + 50)(2 Giithy Vs, = ) bjjtby, 0y)))
: ‘=

1 n m
—0—2)\V¢7%1(5€1 + 60)2(2 CL” 2] zz Z + d2(19)
0 i=2 =
> —22wh(x1 + 00)° () (@ii)a, Ve, — > (i), Vy,)* + da(V) (2.11)
=2 j=1

elde edilir.
Tkinci olarak, (2.10) esitliginde altinci terim icin

221(24 + Z5)¢V+1 = 2(2k<$1 + (50)195)(—E019 + 519(1'1 + 50))¢V+1
= —4]{7(1’1 + 50)E019"L9§’¢V+1 + 4]€($1 + 50)2§19195¢V+1
= (=2k(x1 + Go)p" T Egl?)e + (2k(1 + 00)* " H0?),
—2k(zy 4 60)2p T (2.12)

yazilabilir.

Uciincii olarak:

22325¢V+1 = 2(—2/\1/77/1_1/_1((1'1 + 50)_177/}35119%1
+(@1+60) (Y @ity Ve, — Y bjsthy, 0y,)))E0(1 + S0) 9"+
=2 j=1

= &Iz + 0o)((x1 + 00) My, s

n

+($1 + 50)(2 a’iil/}miﬁmi - Z bjjwyjﬁyj))
i=2 j=1

n

= —AEY, 0, — AED(wy + 00)2 (D ity e, — D bty Uy,)
j=1

=2
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n

= _2)\U(£wa:1,192>331 - 2)\V(.731 + 50)2 <a12w$7£ﬁ2>%

=2
—|—2)\V(331 + 50)25192 Z(a”w ) + 2)\7/ 1'1 + (50 2 Z Jﬂp 5192
i=2 j=1
—20w(wy + 002607 Y (bjthy, ), (2.13)
j=1

olur. Burada v = 0 oldugu goz oniinde bulundurulmustur.

T1T1

Dordiincii olarak, (2.10) esitligindeki yedinci terim igin

22230 = 2(—(21 4 00) MWara, — (@1 4 00) D @iitasa, — > bjjPyy)
(—2>\W/f—”_1((1’1 + 50)_1¢x1?9w1

371+50 Zauw 79:51 Zb]ﬂﬂ ﬁyj ))wwrl

7j=1

= Aw((z1+ 00) Dy, + (21 + 50)(2 i Vg2, — Z bjjUy,y;))

X ((z1 4 00) "y, Uy + (21 + 50)(2 iy, Oy — Z bijthy, Dy;))

=2
elde edilir. Yukaridaki esitlikte carpma isleminden dolay: ortaya ¢ikan dort terim agagida
degerlendirilmigtir:

Birinci terim:

AN (1 + 80) 24 Vi Vg = 20080, (21 4 80) 7203, )y + 4N, (1 + 80) 207,
olarak yazilabilir.

Ikinci terim icin

4)\V'l9x1;p1 Zazﬂ/} 19061 Zbﬂw ﬁy]

7j=1

= 2\ Z 2¢xiai,;19miz9mlml — 2\v Z 2¢yj bjjﬁyj ﬁl"lml
=2 =1
esitliginde
2¢xiaiiﬁ$iﬁ$1$1 = (ﬂ)xzauﬁxﬂgacl)xl + (¢x1azzﬁwlﬁx1)x1 - (wmauﬁi )acl
_<¢ziaii>wﬂ9wﬂ9x1 - (wx,-aii>x179xﬂ9w1 + (¢xia11)m119331
= 2(¢x¢&iiﬁ$iﬁ$1)x1 - (1/1%61”19:25 )961
_2(¢zzazz)x1f‘9m,ﬁx1 + (wxiau)xzﬁil
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ve

waj bjjﬁyj 1955111 = (wyj bjjﬁyj 19$1)361 + (wyj bjj/l?yjﬁml)xl - (wyj bjjﬁil)yj
- (¢yj bjj)l'l ﬁyj 7“9I1 - (¢yj bjj)l'l ﬁyj 19I1 + (¢yj bjj )yj 199251
= 2(¢yj bjjﬁyj 19451)361 - (¢yj bjjﬁil)yj

_2(wyj b]j)l'l ﬁy]’ 19%1 + (1/Jyj bﬂ])yj /19331

terimleri yerine yazilirsa

4)\V19x1z1 (Z anqwbxlﬁﬂ% - Z bjj¢yj ﬂyj)
i=2 Jj=1
i=2
_ZAVZ(2(¢yjbjjﬂyﬂ9x1)m1 _ (I/Jyjbjjﬂ?:l)yj - 2(¢yjbjj)m119yﬂ9w1 + (/%Dyjbjj)yj,ﬁil)
j=1

bulunur.
Uciincii terim icin
4)‘V(Z a“ﬁwﬂ?z e Z bjjﬁyjyj)wwlﬁxl
=1

=2

= 2w W, e Ve, — 200 Y 20, b0, 0y,
=2

=1

esitliginde

20, 00, V00, = (Vg 0ii0,00,)0; + (Vg 000010z, ) o — (Vg @i )y
—(V 4, @ii) 0 Va1 Uy — (U, Qi) 2,0y Ve, + (wmlaii)xlﬁii
= 204,002,V )a; — (1, 0ii 0% ),
—2(4, i) 2, D, O, + (U, Qi) 2, U5,

ve

200,300 gy, = (Wb, )y + (Vi 0y,)yy — (W0, b33 s
(Y, 05)y; Ve Oy — (V1,030 Oy A (3,055) 0, 0,
= 20, b0, Dy, )y, — (0 b 02 )y
—=2(¢04,b55)y; Vs Oy + (14,055)00 05
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esitlikleri kullanilarak

4)‘V(Z a”ﬁxzxz - Z bjjﬁyjyj)wxlﬁxl
i=2 j=1

= 2)\VZ(2(%1GM9$179%)% - (%lamﬁi)m - 2(%1%1)%7%179% + (%lam)zlﬁi )
=2
—2\v Z(2<¢xlbjﬂ9wﬂ9yj)yj - (wxlbjjﬁzj) (Q/Jxlbﬂ)ygﬁmﬁy] + (wmlbjj)xl Yj )
j=1

elde edilir.

Dordiincii terim igin

4)\y(1‘1 + 50 Z Uss Vs ag Z bkkﬂykyk)(z am?vazﬁﬂﬁz - Z bjj,lvbyj ﬁyj)
k=1 i=2 j=1
= 2w(xy + &) Z 20,5403t 5 U, Vs, — 200 (21 +60)7 Y Y 20505500, 0y Vo,
S,i=2 s=2 j=1
—2\v(z1 +60)* Y Z ik tiith g, Ve, Dy, + 220(21 + 60)> D 2bdyjiby, Uy Dy
k=1 i=2 kj=1

esitliginde yer alan terimleri agsagida degerlendirelim:

2assaii¢xﬂ9xﬂ9xﬂ:s - (assaii¢xi0$iﬁxs)x5 + (assaii¢xiﬁmi0ms)xs - (assaii¢x-ﬁi )J:,
_<assa'iiwxi):rsﬁmi19ms - (assaiiw )mgﬁxlﬁzg + (assazﬂ/} ):EZ T
= 2(assaii¢xiﬁmiﬁzs)xs - (aSSa’i’iwx-ﬁx ):cz

—Z(assaiizb )xsﬁxlﬁxs + (assazzwxl)m Ts?

2a55bjj¢yjll9yj19$sl's = (aSSbjj¢yj0yjﬁ$s)$s + (assbjj¢y-0yjﬂxs)ms - (assbjj¢ -19325 )y-
_(assbjjwy)xsﬁyﬂ? (ass J]w )wsﬁyjﬁws + (ass Jﬂ/} )y; Ts

—Z(Clssbjjw )xsﬂyJﬁxs + (@ss JJ¢ )?JJ Ts)

20650i0, VoV =  (Dkr@iity, V2,0, )y + (Drr@iity, 00,0y, )y, — (bkkaiiwx-ﬂzk)mi
— (brk@iithy, )y, Ve Vg — (krii®y, )y P, Oy, + (bkraiith, )xl ”
= 2(bkriithy, 00,0y, )y, — (bkkaiiwx_ﬁ i
—2(brr @i, )y Uz Oy, + (Dkrtiity, ), V5
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20kbji 0y, Oy . = (Dukbygty, 0y, 9y )y + (akbyjtby, Dy, 9y )y — (Daabystdy, 95, )y,
—(bkkbjjwyj)ykﬁyjﬁ (bkkbﬂwyj)ykﬁyjﬁyk + (berbjjrb,, )y] ”
= Q(bkkbjj¢yjl9yj19yk) (bkkbﬂwy] yk>
—2(brbj by, )y Oy, O + (Diibigthy, )y, 05,

Buradan dordiincii terim

4)\V(Z)31 + 50 Z ssVz,a, Z bkkﬂykyk)(z a11¢x119$1 - Z bjjwyj/&yj)
s=2 i=2 j=1
= 2>\V(l‘1 + 50)2 Z (2(assaii¢xiﬁxiﬁxs)x5 - (assaiid];piﬁis)xi
5,1=2

_z(assaii¢ )xsﬁxlﬁxs—i_(assanw )l"z xs)

—2\v(z1 + 6p)? Z Z (ssbsjty Dy, 0o, )an — (asshijiby, U2 )y,

2 j=

—2((155 jjwyj)wsﬁyjﬁxs (assbjj@b )y; 1992@)

—2>\V Il + (50 2 Z Z bkkazﬂﬁxﬁrzﬁyk) (bkkam'(ﬁzl yk)
k=1 i=2
(bkkam¢ )ykﬁxllﬁyk + (bkkaud) )a:l yk)
+200(w1 4 00)° > (2(kkbjitby, 0y, )y, — (b, 0y, )y,
k,j=1

(bkkbmw )ykﬁygﬁyk"‘(bkkbﬂw )yg yk)

olarak bulunur. Boylece

22223wll+1

= 2>‘V¢x1((‘7jl + 50)_2193:1)301 + 4)‘V¢ml (xl + 60)_3193:1

n

+2>‘V( ( (¢x¢aiiﬁ$iﬁ$1)$l - (@ijplauﬁil)zl - Q(d)ziaii)mﬁxiﬂm + (@ijpﬂZZ)zLﬁil)

—Z (0,350, D Jon = (W, 05592, )y = 2003, b35)e Vs Dy + (0, b3, 03,
+Z (Y2, @i,V ), (@Dzlan Do — 2V, @ii) 2 V0, P, + (¢zla22)x1193:)

- 2(2(¢I1bjjll9wlll9yj)yj - (wmbjjﬁ;j) (¢I1b]])yjﬂ 19 + <¢a:1bjj)a:1 vj ))
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= (V2M+1)+1)Mn+m—1)

olur. Burada E, = (vV2(M +1)+1)M(n+m—1), 6 > 6, = 2E}, = § > 2E}, —

El, = £ — E}, > 0 olarak alinirsa ve (2.30) esitsizligi kullamlirsa
1
By > 2 w(zy + 09) 3(6 + 5(5 — E}y) > 2 \v(wy + 09) 20 > 2wy 36

bulunur.
Simdi 192,’11111 katsayisi olan Fy toplamini diizenleyelim:

Bu amagla bir gq say1isim 0 < g9 < %' olacak sekilde segelim. Bu durumda

(3051 580 = (S(Oél — 60) > 5(&1 — %) = Z(S(Jél

yazilabilir. Eger

§y = ai(\/i—i- 3M*(2v2 + 1)(n — 1) + 4M>V2m

+M?(2vV2 4 D)m + M?*(n — 1) + M?*m)

36

(2.31)

(2.32)



olmak tizere § > 5 alimirsa

iala > V24 3M22V2+1)(n — 1) + 4M?*/2m

+M2(2V2 + 1)ym + M*(n — 1) + M*m,

_%ala < —(V24+3M22V2 4+ 1)(n — 1) + 4M*V2m

+M2(2V2 + 1)m + M?*(n — 1) + M*m)
elde edilir. O halde

Ey = 2 v(xy + 00)(0aq — g

—/2y — (21 + 80) BM2(24/27 + 1) (n — 1) 4+ 4M?\/2ym + M>*(2\/27 + 1)m)
— (21 + 80)Y(M?(n — 1) + M?*m))

oldugundan 0 < v < 1 ve 0 < ¢ < 1 oldugu dikkate alinirsa E icerisindeki terimler

agsagidaki sekilde degerlendirilebilir:

V27 + (21 + 80)(BM2(24/27 + 1) (n — 1) + 4AM>\/2ym + M?(21/27 + 1)m)
+(my + 80)t(M?(n — 1) + M*m)

< V27 + 27(3M2(2m +1)(n — 1) + 4M>\/2ym + M?*(2y/27 + 1)m)
—l—%yw(MZ(n — 1)+ M°m)

< V24 3M*2V2+1)(n — 1) + 4M*V2m + M*(2V2 + 1)m + M?(n — 1) + M>m.
Sonug olarak
3 1
E2 > 2)\1/(1'1 + (50)(150&1 — 15&1) = )\V(fl?l + 50)50&1 (233)

bulunur.
Simdi ﬂ;j’nin katsayisi olan E3 toplamini diizenleyelim:

Bu amagla bir gy sayisim 0 < g9 < %2 olacak sekilde segelim. Bu durumda

6@2 — 550 = (5(0&2 — 50) > 5(0&2 — %) = 2(5042 (234)

yazilabilir. Eger

dy = ai(\/i+3]\/[2(2\/§+1)m+4]\/[2\/§(n—1)

+M*(2vV2 + 1)(n — 1) + M*(n — 1) + M*m)
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olmak {iizere § > 03 alimirsa

;lozzé > V24 3M2(2V2 4 1)m + 4M*V2(n — 1)
+M22V2+1)(n — 1) + M?(n — 1) + M?m,
1

—020 < —(V2 4 3M?(2v/2 4+ 1)m + 4AM>*V/2(n — 1)

+M2(2V2+ 1)(n — 1) + M*(n — 1) + M*m)
elde edilir. O halde

E3 = 2/\1/(!E1 + (50)(50&2 - (560 - \/ﬁ
— (1 + 60) (BM3(24/27 + )m + 4M?\/2v(n — 1) + M?(2\/27 + 1)(n — 1))
— (w1 4 0o)p(M?(n — 1) + M?m))

oldugundan 0 < v < 1 ve 0 < 9 < 1 oldugu goz 6niinde bulundurulursa FEj5 icerisindeki

terimler agagidaki sekilde degerlendirilebilir:

V27 4 (21 4 80) BM2(2¢/27 + 1)m 4+ 4M?\/2v(n — 1) + M*(2y/2v +1)(n — 1))
(21 + 80)Y(M?(n — 1) + M*m)

< V2t 27(3M2(2\/%+ Dm +4M?\/2y(n — 1) + M?*(24/27 + 1)(n — 1))
oM (0 — 1) + M?m)

< V24 3M*(2V2+ 1)m +4M*V2(n — 1)

+M2(2vV2 4 1)(n — 1) + M?*(n — 1) + M>m.
Sonug olarak
3 1
Es > 2)\I/(l'1 + (50)(1(50[2 — Z(Sag) = )\V(.Tl + (50)50&2 (235)

bulunur.

Simdi ¥*'nin E, katsayisini ele alalim:
Ey = Eg + Eso + 2(x1 + 00)" WEO_(aat, e, — > (b1, )y,)-

=2 j=1
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Burada

En = =2\ (w1 +80) 20727, — 20008 ) (auy™™ 2),, 000,
=2

n

+2)\3 352 Jjw72l/ Q)xlw?/ 2)\3 362 Z(aiiwxiwi2yi2>xi
j=1 =2

n

—2X33 (2, + 6p)? Z (Giiasswxiiﬁisiﬁ_QV_Z)ri

1,5=2

+2)\3 3 ZL‘l + 50 2 Z azibjj¢xi¢_2y_2)xi¢§j

=2 j=1

m n

—|-2)\3V352 Z(bjjwyjﬁbibiz)yj + 2)\3 1‘1 + (50 2 Z azibjj'lﬂyjqﬂi%i?)yjqﬂi

j=1 Jj=1 =2
—2)\3V3(:U1 + 50)2 Z (bjjbkkwijzkwiwﬂ)yw
G k=1

m

Eyp = 2/\2V2(5(($1 + 60)71E01)x1 + (z1 + 50)(2 ai), E01 Z j]wy]EOI y]
i=2

J=1

_2(1,1 + 50)2k¢u+1’

En = (z1+ 50)71@ + 1)¢7V72¢92cl

1+ 60)(Oai((v+ D202, =™ N, )
1=2

- Z bjj((y + 1)7#7”721&;2/]- - wiyilwyj%'))
j=1

olarak tamimhdir.
Simdi Fy; ifadesini degerlendirelim:

1, = 6 oldugu dikkate alinarak

2230383 (w1 + 60) 2272,
= 2X%88%(=2(zy + 60) PP = 2(v + DY Y, (31 + 60) 7P

= AN (v + 1) (@1 4 00) 2T T3 4+ AN3BG3 (g 4 6) B2,
—2)\%3§ i(aii¢_2y_2>x1¢i
=2
= —2\% Zn:((aii)xlw—”—? = 2(v + DY, a4yl
1=2
= AP+ D)3 i agtpy, — 2XP0 2 i(au)mlwii,
=2 =2
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(2.36)

(2.37)



2)\3y35 Z(bjjw—2u—2)x1¢12/j
j=1

2078 (b 27 = 200+ D0, b2
j=1

—4)\3y352(y + 1)¢—2I/—3 Z bij;Di- + 2)\3y3577/}_2'/—2 Z(bjj)xﬂ/)?,ja

j=1 j=1

n

—oA31362 Z(aiﬂ%iwﬂwz)xi
i—2

—2X°156% > (@) e p 077 H it 0 = 2w + DR as)

=2

4)\3 352(V +1 ¢_2V s Z azﬂ/} - 2)‘3 352¢_2V 2 Z((a%)mzwzz + alﬂ/}ﬂﬁzﬂﬁz)’

=2

n

—2)\31/3(1'1 + (50)2 Z (aiiasswxiwiswimli%wi

1,5=2

n

—2>\3I/3<$1 -+ (5())2 Z aiiasswxidjis(_z(y + 1)¢_2V_3¢xi)

1,5=2
n

—2X33 (21 + 6p)? Z (Giiass¢xi¢is)wi¢_2y_2

1,8=2

4)\31/3(1‘1 + (50)2(V + 1)'¢_2V_3 Z aiiasswiid}is

1,5=2

—2)\31/3(1'1 + (50)2'¢72V72 Z (aiiassw:piwis)ww

1,5=2

3

A (1 +60)2 D Y (aibyjth, 0 )a

=2 j=1

3

Ms

2X°% (21 + 8o)? ((@3)asbj 0, 0™ 72 4 i (b ) 0, 022

i=2 j=1

+aiibjjwziziwi2yi + ai; ]ﬂﬁ ( <V+ 1)%972”7?@ ))%2,]
— ANV (21 + 60)2 (v + D)2 78 Z Z i Jﬂﬁxﬂ/’yg

=2 j=1

+2>\3V3<371 + 50)2¢_2V_2 Z Z«an)mlbﬂwm + a”(bﬂ)%qﬂxz + aiibjj¢xixi)w§j’

1=2 j=1
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(2.38)

(2.39)

(2.40)

(2.41)



m

AMA6% Y (bjjb, ),

J=1

= 2% Z((bjj)yj¢yj¢_2y_2 + bjj¢yjij_2y_2 —2(v+ 1)¢_2V_3¢§jbjj)

j=1

— AR DS bR AR S (byy)ty, + ity ) (242)

j=1 7j=1

n

2)\3 3 CU + 50 222 Qi gg¢y]¢_2y z)y]wi
j=1 i=2

— 2)\3 3 Il +60 ZZ (l” » ]¢yJ¢_2V 2_'_a”( ]j)yj¢yJ¢_2V 2

]:1 1=2

+aiibj 0, , 0 272 4 g bijby, (—2(v + 1)¢72V73?/1y]-))%2ci

n

- —4)\31/3(3:]_ + 50) v + 1 N Z Z aZZ ]]wxlwyj
Jj=1

1=2

F2X°03 (21 4 80)* 9™ QZZ @ii)y, bijthy, + aii( Jj)ij + aiibjjthy,y, )w

Jj=1 =2

—2X303 (21 + 6p)?

NE

(byjbrrthy, W5, 0~ 272),,

o
Il
—

j7

NE

= 2X%03 (2 + 6p)? bjjbkk¢yj¢§k<_2(y + 1)1&72”737%]')

o~
Il
—

j7

NE

—2X303 (21 + 6p)? (bjjbkk¢yj¢zk)yj¢_2y_2

i
I

J

= ANy 4 00) (v + DY bl 0,
k=1

—2)\31/3(1'1 —+ 5())21#—21172 Z (bjjbkkwyj w?/k)yj

jk=1
elde edilir.
Bu durumda (2.36)-(2.44) esitliklerinden Ejy; asagidaki sekilde yazilabilir:

(2.43)

(2.44)

Ey = 43w+ D)y 273 (6 (@ 4 60) 2+ 6° Z agp? — 6 Z bjﬂsz + 67 Z a2,

+(z1 + 60)° Z aiiasswiﬂﬁxs (1 + do) Z Za“ b2 wyj — 5 Z bjji/J

1,5=2 =2 j=1
—(x1 + 6o)? Z Z aiibjjwi1/}§j + (21 + 89)° Z bjjbkk¢§j¢§k)
j=1 i=2 Jk=1
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o - S n 5 m
—|—4)\3U3”¢ 2 2(53(.’131 -+ (50) 3 5 Z a“ fEl 5 Z
=2 7j=1
62 )
Y ((aii)xi¢xi + Giﬂﬁzm) - w Z (aiiass¢xi¢§s)mi
=2 1,5=2
+% CL“ x; ]]¢ + am( ]J)mﬂﬂxl + Qg ]]¢mzmz)¢yj
=2 j=1
6 & (z1 + dp)?
+§ Z(( jj)ijyj + bjjwyjyj) - % Z (bjjbkkwyjq’b?/k)yj
j=1 jk=1

(x4 +6
+— 5 Z CL” Yj jjw "‘azz( JJ)ij + Qg j]lpy y])wxl)
7j=1

=2

Yukaridaki esitlikte pozitif terimler atilirsa, Fj i¢in asagidaki esitsizlik elde edilir:

E4 Z 4/\31/3(V + 1)¢_2V_354($1 + 60)_2

1 1 ¢
NI 25226 (21 + 6o) 52 i), U, gz

=2
- Z((a’%)mzwm + aiz‘¢mﬂ;l - ) Z azza'ssz/}
1=2 i,5=2
(1‘ _|_50)2 iy
+1T Z((aii)ﬂfibjjw.z’i + @i (bjj) e, Vs, + aiibjijixi)Qij
=2 j=1
= 551 + d0)? -
+Z Ji yﬂ¢yj + J],l’byayj Z bj]bkkﬂ’b q/}yk
Jj=1 7,k=1

m n

.Tl + (50
Z ((aii)y, by, + @i (bj)y; ¥y, y T aiibjjwyjyj)wii)

n m

+Ey0 + 2(x; + 50)2)\V§(Z(%¢xi>wi - Z(bjﬂ/)yj)yj>~ (2.45)

i=2 j=1

Simdi son esitsizlikteki terimleri (z;+0¢) < 1,0 > 4,0 <y < 1, |[¢,,

< VT |6, < V.
HaiiHCl(liG) < M, HbjoCl(liG) <M, 2<i<n,1<j < m esitsizliklerini ve ¢, , =1

(1=s;2<i,s<n), ¢ 1(j=k;1<j,k<m)oldugunu goz éniinde bulundurarak

Yivk
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degerlendirelim:
I 2
25(331 + 50) - = (a“)mw% +

1=2

- Z((a”)xzwml + a’nwxlwl) - (3:1— Z Gmass%%s)
i=2 p—

S| =

(bjj)an ¥y,

[e9)

1

°”Ti

Yi

50)? o~
+M : Z((aiz)x bjj ¥ + ;i J])mzwl'z + Qi Jﬂ/}mzl‘z)w

=2 j=1
£ (i), +bigty,) — LTS Z (bjgbritly, 03 )y,
j=1 k=1
+(15—20) Z ((a”)yg Jﬂby] + CL”( J])ygwy] + Qi ]Jwy]y])w
=1 i=2
1 < 1 “
_ -3
— 25(%1 + 50) — 5 - a“ xl 5 ;

- Z((an)xzwx, + aii’l/}a;livl + Z J] Yj wy] + bjjdjy]yj)
=2 j=1

T1 + 60)? —
_(15—20) Z ((aii)xiass¢xi¢is + aii(ass)wiwxﬂbis
1,5=2

+a‘iia/85wxixiw;255 + 2aiiasswxiwmsw:&gwi>

331 + 50 n m
ZZ Wii)a; bjjt,, + aii( J])Iz¢wl + Qi J]wmlml)w y;
i=2 j=1

(ZEl + 50)2 2
L= SN i)y, bijthy, + aii(big)y, ¥y, + aibijthy., W5,

j=1 i=2

2 m
=g D (03 bty 0, + by (B 0,05,

+bjj bkkwyjyj % + ijj bkkwyj wyk wykyj)

1 m
> 25([L‘1—|—60 Z| Qi; I1¢xl| SZKb]J)
—Z(Kam)xﬂ/@ + ’@ii¢xixl Z ]J Yj y]‘ +‘ Jjwyjy]‘)
i=2 j=1
T+ 00)? —
—% Z(KCL“’)%CLsswxiwis + |aii(ass)xiwmi¢?zs
1,5=2

+|aiiass,¢)xixiwis| + |2aiia58¢xiwzs¢xsxi )
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>

v

50)? —
_MZ > (1), bisto, 2,

(]) + 5 )2 n m

& :

i=2 j=1

+ i (b)), 1y, 05|+ laiibyji,,, 03]

2
(@00 > (1(bj)y, brrthy, 02, |+ [ (brr)y, &, 005 |

jk=1

by brrhy, . 05, |+ 1205506680, 0y, Py 1)

m

20 =Y (@) 2 = > 1(bjj)an |
i=2 Jj=1
- Z(’(au)xﬂbxl + |aiiwxix, Z ]] Yj y]’ + | Jj¢yjy]|)
i=2 j=1
- Z ((@is) 2, 0ss 003, |+ |0ii (s 2,004,053,

1,5=2

2
+|aiiass¢xixi¢xs| + |2aiiass¢xir¢)xsr¢azsxi

)

=2 j=1

m n
1

D (@ia)y, bijthy, W3] + lai(bi)y, by, 02| + laibid, . %)

ji2

Z i )y Daktly W2, |+ b5 (b )y, oy, 02, |

7,k=1
+’bjjbkkwyjyj ¢§k| + |2bjjbkkwy] wykwykyj |)

26 — M2y(n — 1) — M2ym — M+/2y(n — 1) — M(n — 1) — M+\/2ym — Mm
—M?2yy/27(n — 1)* = M?2yy/2y(n — 1)* — M*2y(n — 1)® — M?4y(n — 1)
—M?2y/27(n — 1)m — M?2y,/2y(n — 1)m — M?2v(n — 1)m

—M?2y/27(n — 1)m — M?2y/2y(n — 1)m — M?2vy(n — 1)m — M?2vy/2ym?
—M227\/ﬂm2 — M?*2ym?* — M?*4ym

20 — (n — 1)2(M?2y+/2y + M?2y/2vy + M?2~)
—(n — 1)(M2y + M~/2y + M + M?4v) — m?(M?2y+/2y + M?2v+/27y + M?*27)
—m(M2y + M+/2v + M + M?*4~)

—(n — 1)m(M?2y+/2y + M?2v/27y + M2y 4+ M?2y+/2y + M?2v/2vy + M?2~)
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20 — (n — 1)2(M?4y\/2y + M?*27) — (n — 1)(M2vy + M+/2y + M + M?*4y)
—m*(M?4y+\/27y + M?27y) — m(M2y + M+/2y + M + M?4)

—(n — D)ym(M?8y/2y + M*4)

26 — (n — 1)2(4vV2M? + 2M?) — (n — 1)(2M + V2M + M + 4M?)
—m2(4V2M? + 2M?) — m(2M + V2M + M + 4AM?)
—(n — 1)m(8V2M? + 4M?)

— (4V2M? 4+ 2M*)((n — 1)2 +m? + 2(n — 1)m)
—(2M + V2M + M + 4M*)(n +m — 1)

— 4V2+2)M*(n4+m—1)> — (V2+3+4M)M(n+m —1).

Burada eger

52 6y = (V24 M (nt m — 17 + (VI 43+ 4M)M(n +m — 1)

alinirsa

1 m
2(5(&31 + (50)73 - = CL” fBl g Z
- =1

(o9
—_

B Z Q5 %77/) + azz¢x1x1) - ( (526 ) Z<a”a55¢xl¢x‘)

1,5=2

1 0 ZZ a'u X ]]’QD + a”( ]J) djxl + Qii ]]qva iTq )¢ Yj
=2 j=1
" 1171 —|— 50 -
+ Z(( Jj)yg¢yj + bjﬂbyjy] Z bJkakwijyk
j=1 7,k=1
(ml + 50 9 m n
ZZ CL” Yy jjwyj + am( j])ijyj + i j]wy y]WQ
7j=1 =2
0 (2.46)
olur. Diger taraftan
(54(1'1 + 50)_2 > 54 (247)
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oldugundan

2)\31/354(11 + 1)(33'1 + (50)72?&721/73 + E42

> N st (v 4 1)y P

+2(8((x1 + 60) " Eor)ay + (21 4+ 00) O _(aiity, Bor)a, — 3 _(bjjtb, Eon)y,))
=2 j=1
_2( + 5 )2 k wl/—i-l)
X1 0 )\21/2
> N2 st (v + 1)y
—2[6((z1 + 60) " Eor)ay + (21 + 60)O_ (@it Eor)a, — 3 (b, Eor)y, )|
i=2 j=1
2 + 60 g0
X 0 )\21/2
> A2 (4wt
—2[6((z1 + 60) " Eor)ay + (21 + 60)(D_ (@it Bon)a, — Y _(bjsth,, For)y,)
=2 j=1
_2( + ) )2L¢V+1)
T 0 )\21/2
> 0,
2)\31/354(V + 1)(1]1 + 50)_2¢_2V_3 + E42 >0 (248)

dir. Boylece (2.45) esitsizliginin, (2.46)-(2.48) esitsizlikleri kullanilarak

n

By > 22X v+ 1) 4 20€(n1 + 60)° OO (it )e, — > (bigthy, ),)
i=2 j=1

> NPT 20 (1 + 00)° () (@it ) — (i, )y,) (2.49)

=2 j=1
oldugu goriiliir. Sonug olarak
P (L)X > 20wy 2807, + Ay + o) Z 3,

i=2

AV (21 + do)daz Y0y + 20345t R

F2A0E (21 + 00)° (O (aathy)a, — Y (bjjthy, )y,
i=2 Jj=1
+d1(9) + da(V) (2.50)
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degerlendirmesi bulunur.
Diger taraftan, agagidaki esitlikler kullanilarak (2.50) degerlendirmesi ¢ fonksiyonu igin
elde edilir.

X = =T () = 2, 08,
D= Mt = AT, o, = (o, — AT, )
92, = (= ™, 0023
= (@2, =207 T, o, + AT TR 0%)\
= @h X =20 T, 00, X+ AT TR 0P
ﬁii’nin ifadesi icin
=20 T 00,0 = =T T, (00X,
W™, 0P )e, = (= + )P0 0+ 0T T, 07X
™ Mg, 200, X% + T T L 00 (=200 T e, )
= =W+ D72 0+ ™ T, 0P

A, 200, X2 — 2NPRPTH T2 o7

AT N, (%)X = v+ DT TR 0%+ AT T 0P
2N TRR 0P = (0T T, 0 ),
esitlikleri kullamhrsa v, , =1 (2 <4 < n) oldugundan
05, = oa X = MR TR O = A(v + 1) T TR o
_|_)\l/w v—1 2 2 )\V(wfl/flwxigpQXZ)xi
ve buna bagh olarak 1, =9, v, ,, = 0 oldugu goz éniinde bulundurularak
2 2 252 202 2 —v—2
v, = g@il)f — N2 2 0M 2 — Av(v 4 1)0%y 0%y
A
bulunur. Benzer sekilde, ¢, = 1 (1 <j <m) oldugu dikkate alinarak
/l9yj = ((pyj - )\le_y_lwyj ()O)X7
192A — §0sz2 o )\2y2w721172w12/jg02x2 - )\I/(V 4 1)w7V72w§j(102X2
PTG = M, 6,
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elde edilir. Sonug olarak,

Ay 2005, + Av(1 + Go)dan Y 05+ Av(ay + Go)dag Y 02 + 22345y 9
i=2 j=1
— 2)\V7735<()021X2 . >\2V2(S2'¢ 2v— 2902X2

(v + 1)8% 2022 = (00 o))

n

A (1 + 80)dar Y (92 X% — NPT 2 0P\ = Ay + Dy 0%y
1=2

FAp T TN = (T T, 02X )

AV (1 + 6o)daz D (9] X* = NP 2R 0PN = Av(v + Do o
j=1

—f—/\V’QZ) v—1 2 2 /\V(@D_V_llﬂijOQXQ)yj)+2)\3V454¢_2V_3902X2

= 2)\V7_35apilx2 + Av(z1 + 6o)darx’ Z 9021-

1=2

+/\V(IE1 + 50)6042)(2290?2“ + 2/\3V454¢_2V_3§02X2

j=1
2222350 T 02X ) ey — A2y + 0g)day 2(7?7%1%“902)(2)@-
=2
NV (21 + do)daz Y (M, 0*XP)y,
j=1

_2)\31/3773531? 2v— 2Q02 2 )\3 3((131"‘(50)(50[ —2v—2 2X2Z¢1‘Z
—A* (1 + 6o) gy 2%2%

N2 (27383 (v + D)+ (11 4 6o)dan (v + 1)y 2 i V2,

=2

(331 + 50)(50&2 v+ 1)y 2 Z¢i 1"1 + 60)5041w ( - 1)

7=1
—(x1 + 0o)dyp™"™ 1m)<,02x2 (2.51)

bulunur. Ayrica (z; + dg) < %7, vt > 1, Zwil < 27, Z@Dzj < 27v oldugundan
— =
v > v = 27730 + 34267 (ay + a2) + 1 olmak {izere (2.51) esitligindeki dordiinet,
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sekizinci, dokuzuncu ve onuncu terimler icin
)\31/464w 2v— 3¢2 2 )\3y3,}/ 363w 2v— 2¢2X2

—)\3y3(1;1 + 50)50[1%&721/72802)(2 Z ¢3:L _ )\31/3(1,1 + 50)(50421#72”72@2)(2 Z ¢ZJ

i=2 j=1

_ ¢2X2w721172()\3y454w71 . 2)\3y377353 _ )\3V3($1 + 50)6061 Zwiz

1=2

—)\3V3(351 + 8p)day Z %QM)

j=1
3 3
> PTG — 2033360 — /\3V31’}/(50412’}/ — )\3y3176a227)
oy 301 3 oo

— SDQXZ’QD 2 2)\31/354(1/_27 35 1_5725 3(0&1+O&2))

Z A3V354¢_2V_2(,02X2 (2.52>
yazilir. Bu sonug ve onbirinci, onikinci ve oniigiincii terimler birlikte degerlendirilirse her
A> M =273w+ 1)+ 32+ 1)(a + ), 0 <9y <1ver>1ign

)\3 3541/}721/ 2 2 2 2)\2y2fy 3(53(1/—"1)7”7” 2 2X2

—N02(z1 + o)don (v + L) 2;82%
— N2 (z1 + 0g)Sag(v + 1)~ 2 2)(221/1%

— )\2V354w 2v— 2902X2()\ o 2V—17—3571( 1)¢V

—v Ny + 00)0 Py (v + 1)y Zl/) N+ 00)0 Pag(v + )" Z%@)

J=1

3
> NN = 297 v + 1) = rea (v 1)2y - %m(v +1)27)

3
= AT NN = 2970 1) = 57 + D + )

A%

0 (2.53)
olur. O halde yukaridaki egitsizliklerden (2.51) esitligini v > v ve A > Ay i¢in

2\ 2607, + (a1 + do)day Y02,

=2

+)\V<£L'1 —+ (50)(50&2 Z 1912/] + 2)\3]/4541#*21/73192

j=1
> 2)\y7*35gpilx2 + Av(xy + 6o)da x> Z wii + Av(x1 + 6o)dax? Z SO;
=2 j=1
FA VAT 0PN 4 ds(p) (2.54)
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olarak yazabiliriz. Burada

n

ds(p) = —2X2725(0 7 100X e, — AP (@1 4 60)0an Y (VT T, 07X

i=2
NV (1 + Go)daz D (T, 0PXP)y,
bigiminde tanimhidir. Boylece

P Lop)* X > 20078607 X 4 A1 4 60)danx® Y | @l
i=2
+Av(xy + (50)5042)(2 Z gozj + )\3V4541p’2”’3<p2x2

J=1

n m

F2ME (w1 + 00 (D (@ithy e, — D (bijthy, )u )X+ Y d;()

i=2 j=1 j=1

esitsizligi bulunur ve ispat tamamlanir. m
2.3 LEMMA 2.3

Lemma 2.3 Asaqidaki esitsizlik Q) da saglanr:
2\v(x1 + 60) XA (Loyp)
—2X AP (02 + M(z+60)° (D@2 + > ¢l))

i=2 j=1

PR (62 + M2y(n +m — 1))A%p?

Y

—CN2 2 0220 — 20w (g 4 60)2XPAER? + da(p).
Burada C > 0, a;;, bj; katsaylarina ve n, m ye bagl olup

d4(90) = 2)‘V(X2A9090x1):c1 - )\V((XzA)CCI 902)931

+2Av(21 + 60)2(X°A Z Wi PPy, )a — (1 + 60)* (A Z @ii) e,

=2

—2\v(z1 + dg)? 2AZ bﬂgmpy ;+Av(a + 80)%((x AZ bjj)y;

7j=1
—(2\v(zy + 50)2X2Ak’<,02)5,

m

A= Z(an%c)x - Z(bjj¢yj)yj’
i=2

Jj=1

ffq‘,

J'

(2.55)

A’ = max{(v/2y+ )M +m —1)+ M(n —1),(\/2y + )M (n+m — 1) + Mm}

seklinde tanimlvdar.
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Ispat. Ik olarak agagidaki esitligi ele alalim:

2X\v (1 + 80)x*Ap(Lo)

= 2\v(z1 + 60)x*Ap((z1 + 60) P ya,

+(z1 + 50)(2 i Py — Z bjiPyyu; — 2k = £9))

i=2
= 20X°App, o, + 20 (z1 + 60) P Ap Z WiiPg,0, — 220(21 + 60)°X Ay Z bjiPy.ys

=2 j=1

—4A\v(xy + 50)2X2A90k90§ — 2 (21 + 6o) PP A€o,

Bu egitlikteki terimler a,,b,, = (a4,0)s, — ap,0,b 6zdesligide goz oniinde bulundurularak

degerlendirilirse,

22 Ao, . = 2X0((XAeo,, )er — OCAN) s 00, — XPAP2)

= 200CA00,, )ey — 20A(X°A)2 0., — 22X A2,

A (PN) 2 000, = WA (9)a

= AV(((X2A)I1902):61 = (X2A)x1x1%02)>

2AX°Ap0, . = 22003 AP0, ) — AV((XPA), 07y

A (XA 0, 0° — 20X ALE (2.56)

=2 =2

= 2\v(r; + 50)2)(2/\2 @i (PP, )e: — 909201)

1=2

= 2 \v(zy + dp)? QAZCLN (0e,,)

—2\v(z1 + do)* A Z Clii%f?iia
=2

2)\V(Z)31 + 50)2X2A Z aii(@@xi)xi

=2

= 2Xw(x1 + 60)* (A Z Wi PPy, )z — 20(21 + 80) (XA Z i) 2, PP,

=2 =2

= 2 \v(z + 50 2A Z au‘P‘P;p — () + 50 2A Z Wii)a; (97 )i
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)\ 1’1 + 50 2AZG”L’L Z; x,'

= v (ml -+ (50 X AZ@M z; xl - (X2A2&ii)xﬂi¢2)>
=2

2 v (21 + 6o) P A Z Ui Pz

=2

= 2>\V I‘l + 50 2A Z CL%QOQPQ; - )\V(xl + 50 2A Z azz xz; P 1:1-

+Av(z1 + 60)2(*A Z i) e, 0> — 220(21 + 60)? 2AZ augow , (2.57)
—2X\v(z1 + 80)*x*Ap Z bjj Py, = —2Av(z1+ 50)2 A Z bii PPy,
Jj=1 j=1
= —2\w(z1 +60)>X*A ) bji((eey,)y, — ¢2)
j=1
= 2@+ 60)°X°A D bji(pp,.)y,
j=1
—|—2)\V<561 + (50)2X2A Z bjj@f/j s
j=1

—2\v(z1 + 60)°X°A Z bjj(SOSOyj)yj

=1

= —2w(z1 +60) (A Y b, )y, + 2M0(@1 + 80)*( QAZb” 5 PPy,

jl j].

= —2X\v(zy + &p)? AZ b”<p<py ;+Av(z + 8o)? 2Azbjj Yi yy’

AV I1+50 QAZb]J y] vj

= A (l‘l + 5() AZ b]] yj yi (X2AZ bjj)yjyj902)a
=1

—2\v(z1 + do)* P A Z b”<py]y]

7j=1
= =2Xw(x1 +00) (A b, )y, + A+ 60) (A bis)y, %),
j 1 j=1
—v(z; + 60)*(x*A Z bii)y > + 220 (x1 + 60)°X*A Z b]jgoy : (2.58)
Jj=1 j=1
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—4v (1 + 60)°X* Aok = —(2Av(z1 + 00)*X° Akp?)e,

—2 v (21 + 00) P Al = —2Xv(m1 + §) 2 AEY?

elde edilir. (2.56)-(2.60) esitlikleri kullanilarak

2 v(xy + 50)X2A<p(L0g0)

= 2\(x 2/\@0@0901);,;1 - AV(( 2A)a¢1 902)901 + AV(XQA)MJJ‘PQ - QAVXZASO:%@

+2\v(xy + 50 2A Z i PPy )a; — AW (T1 + (50 2A Z Aii) ;P

+Av(z1 + 60)2(PA Z i)z, 0" — 220 (21 + 50)* A Z aug0$7

—2)\v(x1 + 6p)? 2AZ bijppy,)y; + Av(z1 + 60)2((X*A Z bjj)y,

7j=1

— (x4 60)2(x AZ bi;) yjngo + 2X\w(zy + 6p)? QAZ b]jgpy

7j=1

—(2>\V($1 + (50)2X2A]€g02)§ — 2>\l/($1 + (50)2 2A§g0

n

= MWOCNan @® = 200X °AQ2 + A(x1 + 00) (FCA D i),
=2

—2v(z1 + 00)*x2A Z aiips, — Az + 0)> (A Z bi)ysus 0

j=1

+2\v(x1 + 50)2X2AZ bjj(p;]. — 2Xw(z1 4 00)*X*AEP? + da(p),

j=1

20v(z1 + do) X Ap(Lop)
= —20A(92, + (21 4 60)° () aael, — Y biiel)
i=2 j=1

+Ap? — 2 () + 60)2X2A§<,02 + dy(p)

bulunur. Burada

n m

A= M((X°N) 2y, + (214 60)2 (A Z Wi )vis — (x°A Z bij)yiu;))

=2 Jj=1

93

Yj

(2.59)

(2.60)
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dir. Diger taraftan [A] < A°, |a;| < M, 2 <i<nve|bj;| <M, 1<j<m oldugundan

—20ANP (2, + (21 + 50)2(2 s, — Z i)
=1

=2
> “2M\|ANC(el, + (w14 00O laugl | + ) Ibiiel])
i=2 j=1
> —20AP (2 + M1+ 60)° @2 + Y @) (2.62)
=2 =1

yazilabilir. Ayrica A katsayisini degerlendirmek igin

0Nz = (O)m A + X Asy,
O Narer = (O )aA + X Aoz
0w A+ 0Dz Aas + () Aay + X Aera
Oz A + 20001 Asy + X Ay,
(CAai)e, = (XD)eAas + XAy, a5 + X2 M),
(CACi)za, = (e Aaii + X Ag i + XM (0ii)z, )z,
= 0w Aii + ()N, i + ()2, M),
+ 02w, i + X N, ii + X Aa (i),

= X2<A$z‘rz‘aii + sz(a”)xz + sz (a")ﬂﬂz + A<a“)$zmz)

+(X2)xi (Ap,aii + Aaii)z, + Apyai) + (XZ)xixiAaii + (XQ)xiA(aii)xm

(Ao, = M) 2,0ii)a, + (XF)as (20a,05 + Aaii)a,)

+X2(Axixiaii + 274, (i) 2y + Maii) ;)

(XPAbjj)y, = (), Abjj + XAy, bss + X2 A(bs)y,
OCAb; )y, = AXP)y,055)y, + (X, (20,055 + A(bs)y,)
XAy, 055 + 28y, (bi5)y, + A(bsi)y,0;)

o4



bagintilar1 yardimiyla

A = AV((XQ)xlxlA + Q(Xz)IlACIE1 + X2Aw1x1

@1+ 00)° O (MO 2, it)a, + ()2, (28,0 + Maii)a,)

=2

X (Mo, @i + 200, (30) 2, + Maii)o,a,))

(A<(X2)yjbj ')yj + <X2)yj(2ijbjj + A<bj ')yj)

NE

1

J
X2 ijyjbjj + 2ij (bjj)yj + A(bjj)yjyj))) (2'63)

_l_

bulunur. Ayrica ¢, =6 ve ¥, ,, = 0 oldugu goz 6niinde bulundurularak

2 2N

X
()
(Danes = —200(=(0 + D) 22 2+, L X
T, (=200, v %))
= 20w(v+ 1)o7 + YT

)

=227, e = 2 T ey,

= 2228+ (v + )52 72,

(XQ)% - _2)\V¢_V_11/}a:i62)\w_y - _2)‘V¢_V_11/}a:ix27
(e = —22(=w+ D22 >+, X+, (=200 Y, 1))
= 2 2Ap T+ (v DR — T, ),

(@i(XM)e)es = (@), (X)a; + (X iz,
= (@) (20007 M, X?)
g (2Ax AT L 4 (v DT TR =0T T )
= 2w (aaAy ™ 7L+ (v DT T =0T T )
— (@)™,

Oy, = —2w0™ g, P = 2y,

(X2)yjy]~ — _2)\1/(_(1/ 4 1)w71/72w12/jx2 + pruflwyjijQ + zp*l/*lwyj(_QAwallflwij2>)
= 2)\UX2(2>\V’¢)_2V_21/1121]. + (1/ + 1)1/1_1/_22032“ - Q/)_V_l,gbyjyj)a
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B Oy )y = 053)5, (X + b3 (X0,
= (bj)y; (227, )
o AT T+ (v 1T Ry — T )
= 2 (by; (A 2 4 (v DY TR T )
— (b))

esitlikleri yazilabilir. Bu son egitlikler kullanilirsa

A = w22y 4 (v 4 1)8% Y HA
+2(=2260 7 ) Agy + X Ao

n

s+ 00)* (O (A22x (@A™ 702 + (v + Dy 722 — ™, L)

=2

_(aii)mi¢_y_1¢xi) — 2)‘V¢_V_177/}xix2(2Aziaii + A(ais)s;)
X (N aszs @i + 280, (i) + Mid)ia,))

— > (A2 (b Ay T2+ (v 1) R = )
7j=1

—(bj )y 07T, ) = 20T T, X3 (20, by + Abyg)y,)
+X2(Ay]yy bJJ + 2A (bjj)yj + A(bjj)yjyj))))

elde edilir. Diger taraftan ¢, , =1, Yy, =1vetp,, =0,2<i<n 1<) <moldugu

Tiy;

dikkate alinarak

A= D (@tn)e = D (i),
=2 7=1
- Z((an)mﬂbxl + a’iﬂ/}mle Z JJ Yj wy] + J]l/Jyij)
=2 j=1
= Z(aii)xi%i + Z ij — Z(bjj)yj%j - Z bjj»
=2 1=2 j=1 j=1
Aoy = Z((az‘z‘)xixi%i + (ii)o, Ya,) + Z(@z‘z‘)xi
i=2 i=2
- Z((bjj)yngl/}yj + .7.7 y] ijz Z
j=1 j=1
= Z(all)$z$z¢xz + 2 Z(aw)xz - Z(bjj)yj$i¢yj - Z(bjj)l'i’
=2 =2 7=1 7=1

o6



n

n

1=2 [

Z JJj y]xzxzwyj + (b]])ygxzwijl) -

Jj=1 J

(bjj)mixi

1

n n m

= (azz)xlxlxlwxz +3 Z azz ;T Z y]xlacl - Z(bjj>x¢x¢7

=2 =2 =1 j=1

~.
<.

Ay =) (@)oo, + (@)a ) + D (ai)y,
=2 ;
= B3y thy, + ), y,) —

j=1 7j=1

T
.MS

wnm

n n m m

= Z(azz)$7y7¢xz + Z(aii)yj > Z(bjj)yjijyj -2 Z(bjj)ij

i=2 j=1 j=1

n n

yiy; T Z((aii)xiyjijxi T (aii)xiijxiyj> + Z(aii)yjyj
=2 1=2

- Z((bjj)yjyjyqubyj + (bjj)yjijyjyj) —2 Z(bjj)yjyj
j=1 j=1

= Z(aii)xiyjyj¢xi + Z(aii)yjyg Z Dy ¥ 3Z(bjj)yjyj

1=2 1=2

bulunur. Asagida |¢x| < V2, |¢yj| < V2, ||aii||03(m) < M ve ||bjj||03(m) < M,
2 <i<n, 1< 5 < megitsizlikleri kullanilmigtir.

AL <D @a)ata | + > lail + ) 1(0i3)y, 0, |+ > bl
i=2 i=2 j=1 j=1
My/2v(n —1) 4+ M(n —1) + M~/2ym + Mm

= M(GK/2y+1)(n—1)+M(/2y+1)m
= (V2y+1)M(n+m—1),

IN

|As

< Z ‘(all)xzxz¢$l +2 Z |(a'“)50z + Z |(bjj)ijiwyj‘ + Z |(b]J)Iz
i=2 =2 J=1 J=1
< My2y(n—1)4+2M(n—1) 4+ M+/2ym + Mm

= (V2y+2)M(n—1)+ (v/2y+1)Mm

— (\/Z+1)M(n+m—1)+M(”_1)a
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< Z |(all)zzzzzzw$1’ +3 Z ’(am)mzmz + Z ‘(bjj)yjmimiwyj| + Z ’(bJJ)szwz
i=2 i=2 =1 =1

M~+/2v(n — 1) 4+ 3M(n — 1) + M+/2ym + Mm
= My2y(n+m—1)+ M3(n—1) +m),

IN

|A

IN

yj| Z |(al7»>1'zy]¢xz + Z |(aii)yj| + Z |(bjj)yjijyj| +2 Z |(bjj)yj|
=2 =2 j=1 j=1
My/2y(n —1)+ M(n—1) 4+ M+/2ym +2Mm

= My2y(n+m—1)+ M(n+2m—1)

= (V2y+1DMn+m—1)+ Mm,

IN

|ijyj| < Z |(aii)wiyjyj¢xi + Z Kaii)yjyj| + Z |(bjj)yjyjyj¢yj| +3 Z |(bjj)yjyj|
i—2 i=2 j=1 j=1
< My2y(n—1)4+ M(n—1) + M+/2ym +3Mm

= M\/2y(n+m—1)+ M(n+3m—1)
dir. Diger taraftan

Al < A% [AG ] S A [A,l <A

Bawl < MyZ(n+m— 1)+ M(3(n— 1) +m),
Ayl < My2y(n+m —1)+M(n+3m—1) (2.64)

bagintilar1 kullanilirsa

AL S AR 2l + D gy

n

+(@1 4 00)2 O (14N a2 | + [200(v + 1) a3,

=2
+]2)\ux2aiiw*"*1wmm

220, P (i)

+ 22X (@3) 0 0T g, | AN T T, P as|
)

+ |X2 (aw)xﬂ?z

+ 2% (@),

+ 3 (AN X300 72 22 | [20w(v + )X b0 720 |+ 200 T, |
j=1

F220x 3 (big)y, 0 0y |+ [T T, byl + 120007 0, X3 (b)) |

+2[x3(05)y;] + X (7)w;0,1)))

+/\V(X2|Ax1$1| + (ml + 50)2(2 |X2au||szIz| + Z |X2bjj||ijyj |))

i=2 j=1
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ve diger bir sekilde

4] < 4A3v3x2w‘2”‘2A°(62+<x1+5o>2<Zlau¢ |+Z|%%J|

=2

+)\2y2w7V7152X2A0(2(V 4 1)w71 4 %

(%1 + do)?
52

—HQ(a”)Iz T

(20w + DYWL + Rasity |
1=2

+ |41y, aii| + 24, (i), |)

+Z 1200 + Dby g | + 1265580y, + [2(bj5)y, 0y, |

+’4¢yjb33‘ + 128y, (0j5)y; 1))

+Aux2<§n;<lz<an>m|zx° (@) |A9) + f;<|2<bjj>yj A0 1 [(by3) A7)
i= =
TN %)%i ll v + i by 18y, )
i= j=
elde edilir. Eger
A > de iazwﬁ)wiw ()| AY) + iluz(bjj)ij F1(b35) 1A
i= =

+|A$1I1| + (*Tl + 60>2<Z |a"”||A$z$z| + Z |bjj||ijyj |)
=2 j=1
olarak alinir ve v > 1 oldugu goz 6niinde bulundurulursa

Al < AR A 4 (o 4 002 a2+ Py )
=2 7=1
+A2V2¢_V_1(52X2A0(2(V + 1)1/1—1 + %

2 n
00 (S (2 + 12, + Paits

2
0 1=2

+12(0ii) 2, Vs, | + 140, ai] + 1200, (i), )

—|—Z |2 v+ 1 j]w wyj| + |2bj]wyjy]| + |2( JJ)y]wa|

7j=1

+|4¢yj bjj| + |2¢yj (bjj)yj |))) + )\2y2x2

29



= AN TENO(6% + (2 + 50)2(2 a2,

+ Z |bJJwy]’

1=2
+/\2V2¢_V_152X2(A0(2(V+ 1),¢—1 +%
21+ 00)? — B
(15—20)(2(12%@ + 1)y WE | + 2040,

1=2

+ |4¢x1au| + |2¢x1 (au)ﬂczD

+ > (1200 + Dby W% |+ (265510, |+ 12(b57)y,,,|
=1

+|2(au)wz z

wlﬂrl

+49,,bj5] + 29, (bjj)y;1))) + 52

)

= 4)\3V3X21p72y72/\0(52 + (%1 + 50)2(2 |(lu¢g251
1=2

+ > lbj9E D)
j=1

+C>\2V2’QZ)_V_152X2
esitsizligi elde edilir. Burada

2 n
¢ = 20w+ 1)y + 5+ B S (a4 1)y,

1=2

m

)+ > (1200 + Db |

j=1

120550y, |+ 12(b55) ;0| + 140, bj5| + 120, (b)), 1)) +

H12(aii) eV, | + |40y, 05| + |20, (05,

wl/+1
52

dir. O halde mutlak deger tammindan ve |a;| < M, [b;;| < M, |, [* < 27, [, [* < 27,

2 <1< n,1< 7 <m kabullerinden

A > AN A6 (1 + 50)2(Zn: laa?,| + Zm: 1b35¢3,1)
i=2 =1
—CN2 2622 ]
> —AN YT TN 4+ M2y (n — 1) + M2ym) — OXW29 ™" 162 (2.65)
yazilabilir. (2.62) ve (2.65) esitsizlikleri kullanilarak
22w(x1 + 80)x*Ap(Log)
_2/\VA0X2<9%1 (r1 + 50 Z S%l + Z QOyJ

— AN} AT TR0 + M2y(n 4+ m — 1))A0 2

v

CX2 27" L6220 — 2D (g + 80)° X 2AEQ? + dy(p)
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ispat tamamlanir. m

Lemma 2.1’in ispat1. (2.9) ve (2.55) esitsizlikleri taraf tarafa toplanirsa,

¢”+1(L0g0)2x2 + 2 v(xy + 50)X2A¢(Logp)

> 2)\U’y’3(5¢ilx2 + Av(zy + 50)5041)(2 Z Wii

=2
(1 + Go)dasx” Y @h + Nty TR
j=1
n m 3
+2M0E (21 4 00)° (OO (@ithy ), — D (bijthy )y )*X + D d;()
=2 j=1 =1

—2/\VA0X2(<,0§1 + M(z1 + 50)2(2 80331- + Z 9053'))

i=2 j=1

— AN AR TR(0% + M2y(n 4+ m — 1))A%p?

—CN 2 2 0% — 2D w(zy + 80)° X EALQ? + dy(@)

4 n

= Y di(p) + 222 (7720 — A°) + Av(1 + J0) (S — 20°M (21 + 60))x* Y #2,

=1 1=2
+ (1 4 80) (S — 2A° M (21 + 60)) x> Z goij
=1

4
+AN YT 302y (% — YA (6% + M2y(n4+m — 1)) — %52@&”2)

4 n
> > dilep) + 200l (720 = A°) + Av(wy + 6o) (Sar — 20 M) 2,
=1 1=2
+ (1 4 60) (Say — 2A° M)y Z 90;2,3-
j=1

5t C
HAN3 YT B2y (”T — A2 (5 + M2y(n+m —1)) — E(WM) (2.66)

bulunur. Burada

73— A"> 1= 6> (1+A%,

Say —20°M~y > 1= 6 > (1+2A°M~y)/ay,
Say — 20 M~y > 1= 6 > (1+20°M~)/ay
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dir. Diger taraftan

0 < <1, A>N=C, v>1,

v > vg= %(1+A0(52+M2’y(n+m— 1))+ 6%)

oldugundan
4
v _ YA (6% + M2y(n+m — 1)) — E@/}”Héz
4 AV
vo' 052 2
> 1

olur. Burada 4, A ve v parametrelerini 6 > d,, A > A\, v > v,,

5* = ma’X{47 61762753754755}7
6 > 85 =max{(1+ A%y (1 +2A°M~v)/ay, (1 +2A°M~)/as},

Ao = max{A, Ao, A3}, v, = max{vy,va}
olacak gekilde segelim. Bu durumda (2.66) esitsizliginden

VT (Low) X2 + 20v(x1 + 80)x2Aw(Lop)

> 2wl X+ vz + 80)x> D @l + Av(an + 6o)x Y e

=2 j=1
4
HNY TGP+ " di()
=1

elde edilir. Boylece ispat tamamlanir.
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BOLUM 3

ULTRAHIPERBOLIK SCHRODINGER DENKLEMI iCiN BiR TERS
PROBLEM

Problem 3.1 (1.1)-(1.2) bagintilarindan

u(z,y,0) = a(z,y) (3.1)

ek bilgisi yardimayla (u, g) fonksiyonlar ¢iftinin bulunmasy problemini ele alalvm.

Simdi asagrdaki kiimeyi tanimlayalim:

U = {ulz,y, t);u € C(Q),10; ul, 10/ uq, |, 10; .z, |, 10wy, < K, exp(dut?)}.

3
, 0 Uy

Burada 0 < 8 < 2,00 = gTBﬁ; $,7=2,.,n;i,l=1,....,mve K, d, >0 sabitleri u(x,y,t)

fonksiyonuna baglidar.

3.1 TERS PROBLEMIN COZUMUNUN TEKLiGININ ARASTIRILMASI

Teorem 3.1 Kabul edelim ki

a; € CS(D X G), bjj S CS(D X G),

Y (@i, 9)e (€)= aal € = (by(2,9))u () = aalCP, (3.2)
i=2 j=1
dai? > a3 Yh, =Y bylr >y Ul (3.2)
i=2 i=2 j=1 j=1

olacak sekilde oy, ag, as, ay > 0 sabitlert mevcut olsun.

Burada '€ = (&,,...,&,) € R"! ve ¢ = ((4,(s, -, (,,) € R™ olarak tanambdir. Ayrica

f€C(Q), 0] f] < Kyexp(dst?), f(x,y.0)#0
olsun. Problem 3.1 en ¢ok bir (u, g) ¢ozimiine sahiptir éyle ki w € U, g € C(D x G).
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Ispat. Kabul edelim ki a(z,y) = 0 ve (u,g) Problem 3.1’in bir ¢oziimii olsun. (2.5)
denklemi, (2.6) kogullar1 ve (2.7) ifadesi kullanilarak

Lop, = mg, s=1,2; (3.3)

0,0/ 2,5,6) = (¢4)e(0)2,9,6) =0 (3.4)

yazilabilir. Burada

n m

Lop, = (1 + 60) " (@)eran + (21 +00)(D_ is(0)ares — D 0ii (@), — 2k(0,)e — £0,)

i—2 j=1

seklinde olup m; ve my ifadeleri icin F= fi+ifo, W= @, + i@y, Uy, = Q1 + iag,,

QoW = a1 + iasg, @ = by + by tammlamalar: kullanilirsa
51 N, W N .
P [t = ~(nirifag [ o+
1 2 e
1 [ A Y
= —flﬁ/_oo&ﬁdf—lfl%/_oof‘ﬂzdf
Y L
“ifiy [ e+ g [ gonte

—(Zm + Z@) = —(Z a1r + Zagr + Z bll + Zbgl
r=0 =1 r=0 =1

esitliklerinden
(1 + So0)(— / cwde — Zarwx Zblwyl
— @rahy [ eeds—ing [ sode
miteg et hig [ ot
—z;(alr—kmgr ibuﬂb%
= =

= my+ms

oldugu goriiliir. Burada w,, = w gosterimi kullamlmigtir. Boylece
I 1 [ & -
mi = (wrd)(-hip [ edes fop [ goe= Y an = b
foJ o foJ oo r=0 1=1
I I a =
ma = ($1+50)(—f1%/ f%df—ﬁ%/ f@1d5—z@2r—zbzz)
- -0 r=0 =1
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olarak bulunur. Diger taraftan

( / fprde)? = / (14 )21 4 )Py de)?
< / (1+€) e / E(1+ &) e
< Ol/oo(1+£2>2so?d§,
( / Eade) < Oy / (1+ P2, C) = / (1+€2) e,
O an)? <md a, (a+b+c+d? <4(a®+ 0+ +d?)

k=1 k=1
esitsizlikleri kullanilarak

1 [ I - 7
miemd = (o140 / e+ fore / mgsozdg—;an—lzlbuf

an + 50)2(—f1% / Z Epdt — f% / Z Eorde = = b

IA

(21 + 5o>2<4fffi02< / Z Erde)” + 4f§fi02< / Z Goudd + 43 o) + 400 b

1, [ 1 [ - -
wafig([ eouter+ 4f§f—g( | ey + 4 o + 43

< (a1 4 80 (4~ 5 rapl 5 / Epde) + (4f2— i / Eipyé)?
+4(n+1)) (ai, +a3,) +4m2 (b3, + b31))
r=0 =1

= (o1 +80)2( fl”? /aold& /mdé

+4(n+1) Z(alr +a2) +4m Z (b2, +b%))

r=0 =1

e 1f+0f2)< 1 / (1+ P22 1 Cy / T+ @2

+a(n+ 1)) (af, +a3,) +4m Y (b}, +b3))
=0 =1

IN

(Il + 50)2(

— (@ + 022+ [ Tt @R+ e

fo

+4(n +1) Z(alr +a3,) +4m > (07, + b)) (3.5)

r=0 =1
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elde edilir. Simdi Lemma 2.1 de buldugumuz

W (Log,)*X* 4 20v(21 + 80) A, (Low,) X

< TN (Low,)2X + (Lo, )% + N12 (1 + 80) 2 A% 02y

egitsizligin sol tarafini degerlendirelim. Bu amagla toplam semboliide yukaridaki esit-

sizlige dahil edilerek:

2

D (@ (Lop,) X + 2w + d0) Mg, (Low,)x?)

s=1
2
< S W Lo X + (Lop,) P + N2 + 60)2A%0%x)
s=1
2
= D (W + D)(Low,)*X* + XV (w1 + 60)*A%02x )
s=1
= @+ 1)(m] +m3)x® + NV (21 + 80)* A% (0] + 93)X°
< @ Do 80 A “ip g / (1+ (G + e
0 —00
+a(n+ 1)) (af, +a3,) +4m Y (b, + b3)x>
r=0 =1
A2 (21 4 00) 2 A% (9] + 3) (3.6)

yazilir. Ikinci olarak Lemma 2.1 deki esitsizligin

W (Low, )X + 2Mv(21 + 50)/\%(%%) 2

> 2wx3(p,)3, + Ay + 0o)x Z(%) + Av(z1 +60)X* D (#,)r
7=1

=2
4

HNAYT NG ) di,)
=1

sag tarafin1 degerlendirelim:

2 n m

D @A (0,2, + M@+ 60)x” Y (9.)% + A+ d0)x” Y (#,),

s=1 1=2 ]:1

4
HANB YT IR 4 Zdi(%))

2 2 n 2 m
= 2 w2 z:(gos)gc1 + Av(71 + do) x> Z (p,)2. + Av(z1 + do)x° Z Z ©,) yj
s=1 s=1 =2 s=1 j=1
2 2 4
HANAYT TN TR D N i) (3.7)
s=1 s=1 i=1
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O halde (3.6) ve (3.7) birlestirilirse

n

2 2 m
2AuxZgosm+)\V$C1+50X2ZZ% +AV$1+50X2ZZ%%
s=1

s=1 1=2 s=1 jII

2 2 4
AN Y232 Z 02+ Z Z di(ps)
s=1 s=1 i1

o ey / (1+ E22(2 + B

+4(n+1) Z(a%r +a3,) + 4m Z(bil +05))x?
I=1

r=0
2 (w1 + 60)2A%(F + 3) X (3.8)

IN

(" + 1) (1 + 00)*(4

+A

elde edilir. (3.8) esitsizligini (1 + £%)? ile carpip (—oo, 00) araliginda integralini alalim:

2 0o n m
Z/ (2)\1/(808)?:1 —+ )\V($1 + 50) Z( ) 2 )\V ml + 50 Z QOS yj
s=1"Y % ) Jj=1

HNB YR\ (1 4 €7) d§+22/ 1+ &)2de
s=1 =1
< @ D@0 [ (e iy / (142
fO —00 P ;| —00
A(n +1) / ) > (af, + a3,) (1 + €3¢ + 4m / Z bl + ) (1 + €7)%dE) X
r=0 , _ =1
W BPANC Y [ (e (39)
s=1Y —>X
Burada
fo = G maL{iQ}, (3.10)
(z,y)eDxG J§
C: = [ (4 e < oo (3.11)

bi¢iminde tanimhidir. (3.9) esitsizliginin sag tarafindaki terimler igin Parseval egitligi

kullanilir ve | a,| < Cy oldugu goz éniinde bulundurulursa

/ (1 + @ arar e = / T

= / |arwx7,|2dt+2/ |0 (a,wy, ) 2dt+/ |02 (a,w,, ) |*dt

o —0o0 e}

<2 Y e P

> p<p<L2

20!, / > (07w, dt

® 0<p<L2

2d§+2/ €2|W2d5+/ o Pde

IN
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~ 20y / (o, [2dt + / Oy, [2dt + / 102w, [2dt)

- 2ca</ w2t + / Gron, [2dt + / Py Pdt)
- 2C'</ o Pde + / iew e + / (i€ 2 )

o0 —00

= 20} | (1+&+&Y|w,, [*d¢

= 20

/.
< 20'/00 (1+ €)% e
/.

(1+¢%)? ((p1)2, + ()2, )deE

o0

elde edilir. Burada C}, Cy’a bagh bir sabittir. Ayrica |a,w,.|? = a?, + a2, oldugundan

| @@y rera <acy [ as@re + 2 )i

o0 —00

yazilabilir. Burada r = 0, ..., n icin toplam alinirsa

/- Z @+ a1+ €)de

< 20 / S, + (0o + A+ 1+ €2 (3.2

r=1
elde edilir. Benzer sekilde |9/b;| < C oldugundan

o0

/ (1 + €2)2 g P < 20, / (1+ €202, + (2% )i

— 00

yazilabilir. Burada \Z;w\yl |> = b2, + b2, yerine yazilirsa
| @ eras a0y [ @R + e

o0 —00

ve l =1,...,m i¢in toplam alinirsa

/ 6+ ) 1+5)d5<20'/ S (@02 + (22)2)(1 + €97e (3.13)

> =1 =1

bulunur. O halde (3.10)-(3.11) esitlikleri ve (3.12)-(3.13) esitsizlikleri (3.9) esitsizliginde

yerine yazilirsa

n

2 0o m
3 / (2w(p,)2, + Wl +30) S ()2 + Ml +00) S (6,)2
s=1"Y > =2 =1

.

HNPYT TGN+ EPAE+ D Y / i di(p,)(1+ &)%de



2 0o
< WD)+ 002U Y / (1+ )22
s=1"Y ~>

18(n+ 1), / T (02 + (02 + R+ )1+ )

r=1

+8mC'/ Z 01)2, + (05 yl)(1+€2)2d€)x2

=1

2 00
TNV (1 + 00)P A% ) / (1+&)%p3de
s=1Y >

2 00
= W D)+ 004G S / (1+€2)2 2
, _ s=1
8(n+1)C5 Y / (17 0u? + @)1+ €2)2e
. 50:01
+8mCy S / 7y a2 (1 + €2)2d6)x
s=1"Y ~X

2 00
S+ PR [ Pt (3.14)
g=1 Y~

elde edilir. Boylece (3.14) esitsizliginden

2 00 2 o N

By [ (P2, (14 €8 + Bx 3 / D (e (1 + €7
5212

+E7x22/ Zws (1+¢ 2d§+EX2Z/ P21+ )2
s=1"Y

2 4

>3 / £%)2de (3.15)

s=1 =1

oldugu goriiliir. Burada

Es = 2\ —8(n+ 1)Co(¢" ™ +1)(x1 + )7,
Es = (1 +60) —8(n+ 1)CH ™ + 1) (w1 + 6o)?,
E; = Mv(xg+ o) — 8mCh(¢" ™ + 1) (z1 + 60),
Es = 4N — 4T 1) (21 + 60)* foCs
—8(n + 1)CLW" T + 1)(1 + 60)% — A202 (2 + 59)2A2

olarak tammlidir.

Eger A > 1, v > vy = % +8(n+1)Ch, 0 <t < 1 ve (z1 + dg) < 1 esitsizlikleri dikkate
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alinirsa

Es > 2\ —16(n+1)Cj
1
> 2A(§ +8(n+1)Cy) — 16(n + 1)
= A+ 16A(n+1)C{ — 16(n + 1)C}

> A (3.16)

olur.
Tkinci olarak A > 1, v > vy = 1+ 16(n + 1)C), 0 < ¢ < 1, (z1 + &) < 1 esitsizlikleri ve
(x1 + o) # 0 oldugu gvz oniine almarak

1
( (561 + 50)
z1 + 80)?(Av — 16(n + 1)Cp)
(
(

Es > (x1+80)*(\v
( )
(z1 + 6p)?
( )
( )

— 16(n + 1)C)

AV

A1+ 16(n + 1)C}) — 16(n + 1)CY)

> (x1+ o ) (317)

bulunur.
Benzer sekilde A > 1, v > vy = 1+ 16mCj, 0 < ¢ < 1, (z1 + 69) < 1 segilerek ve
(1 + o) # 0 oldugu dikkate almarak

By > (z+ 50)2(Avm — 16mCo)
> (214 60)* (v — 16mCy)
> (1 + 60)2(M(1 + 16mC}) — 16mCy)
= (21 + 80)*(A + 16AmCy — 16mCy)
> (21 + 60)% A 19

elde edilir.
Son olarak A > max{\s;, s}, As = (A%)2, N5 = 8f,Cy + 16(n + 1)C4, 0 < ¥ < 1,

(r1 4+ d0) < 1, |A| < A% ve v > 1 alinirsa
Eg > 403273 — 8f,Cy — 16(n + 1)Cl — Nv2(A)?
)\31/31&721/73 o )\21/2<AO>2 > )\3y3 o )\2V2A4

> N2 -\ =0,
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N33 _8fCy —16(n +1)C, > Nv® — \s
> MNP — )
> AP — NP =0,
Eg > 22313y 23 (3.19)

bulunur. Yukaridaki (3.16)-(3.19) esitsizlikleri (3.15) esitsizliginde yerine yazilirsa ve A >
1, v > 1 oldugu dikkate alinirsa

n

}j/ 2 A+ 602 S (002 A+ 60 S ()
7=1

=2

F2NS LAY BN (1 4 €2)2dE < — ZZ/ &°)%de,

s=1 i=1

2 e
Z/ X332 302\ (1 4 €2)2dE < — ZZ/ S+ E%)%de,
s=1Y ~>®

s=1 =1

2 4 .

+€%)2dg

2 o]
207 o (14 6
;/_m Pix

elde edilir. Son esitsizlikte 2(1 + €)% > 1, ¥ > 1 almir ve 0 < ¢ < 1 oldugu goz éniinde

=1 =1

bulundurulursa

2 4 00

Z/ %_ﬁﬁ22/¢mmwmk

olur. Eger A — oo i¢in limite gecilirse ¢; = ¢, = 0 olur. Boylece g = 0 bulunur ve ispat

tamamlanir. =
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BOLUM 4

SONUC

Bu tezde, ultrahiperbolik Schrodinger denklemi igin bir ters problem ele alinmig ve
baglangi¢ aninda verilen bir ek bilgi yardimiyla ¢oziimiin tekligi arastirilmistir. Burada
kullanilan temel arag Lavrenti’ev vd. (1986) da verilmis olan Carleman tipi bir esitsizlik-
tir. Bu yontem, Klibanov ve Timonov (2004) ve Amirov ve Yamamoto (2008) tarafindan
parabolik, hiperbolik ve Schriodinger denklemlerine uygulanmigtir. Ayrica tezde ele alinan
problem caligilirken Fourier analizinin kavram ve araglarindan faydalanilmigtir. Ultra-
hiperbolik Schrodinger denklemleri ek boyutlar igerdiginden bagta Sicim teorisi olmak

iizere modern fizik kuramlar1 agisindan 6énem tagimaktadir.
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